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Evaluation numérique d'une métho de Galerkin discontin ue
non-conforme en maillages triangulaires pour la résolution des
équations de Maxw ell instationnaires

Résumé : Dans cette étude, on réalise une évaluation numérique détaillée de la méthode Galerkin
discortinue non-conforme en maillages triangulaires pour la résolution des équations de Maxwell in-
stationnaires précédemmetn introduite dans [15], puis étendue dans [16]. Dans la méthode considérée
dans[16], l'ordre d'interpolation p et le pasdu maillage h varient localemen. La méthode DGTD- Py, :Pp,
résultante combine une approximation certrée pour I'évaluation des ux aux interfacesertre élémeris
voisins du maillage, a un schémad'intégration en temps de type saute-mouton. De plus, cette méthode
autorise l'utilisation de maillagesnon-conformespossédaih un nombre arbitraire de noeuds ottan ts. On
préserie ici les résultats d'une série d'expériencesnumériques pour évaluer la cornvergence,la stabilité
et I'é cacité de la méthode, mais aussiidenti er seslimitations. Cestests numériquessort e ectués en
deux dimensionsd'espaceet dansdesmilieux homogénest hétérogénesavecdi éren ts typeset di éren tes
localisations d'interfacesertre matériaux.

Mots-clés : équationsde Maxwell, domain temporel, méthode Galerkin discortinue, maillagestrian-
gulaires non-conformes,méthode hp.
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1 Intro duction

The di culties linked to the numerical solution of the time-domain Maxwell equations nd their roots
in the characteristics of the underlying wave propagation problemsi.e. the geometrical characteristics of
the diracting objects, the physical characteristics of the propagation medium (heterogeneity, physical
dispersion and dissipation) and the characteristics of the sources(wires, etc.). Applications with suc
characteristics can be found throughout the applied sciencesand engineeringe.g.the designand optimiza-
tion of antennas [7] and radars [28], the design of emergingtechnologiessud as high speed electronics
and integrated optics, and a variety of military and civilian applications [29]-[27]. Other challenging ap-
plications are addressingsccietal questionssuch asthe potential adversee ects of electromagneticwaves
emitted by mobile phones[31]. Such problems require high delit y numerical solutions with a rigorous
cortrol of the numerical errors. Even for linear problems such conditions force one to look beyond stan-
dard computational techniques and seeknew computational frameworks enabling the accurate, e cien t,
and robust modeling of wave phenomenaover long simulation times in settings of realistic geometric
complexity.

The simplicity and reasonableaccuracy of the classical nite di erence time-domain (FDTD) method
[39] has propelled this method to becomethe method of choice among engineersand sciertists solving
Maxwell's equationsin the time-domain. In particular the last decadehas seenan increasednumber of
applications and further developmerts of this method, many driven from the very in uential texts by
Taove [33. It is howewer clear that the original FDTD method has seweral limitations. Its inherent
secondorder accuracy limits its ability to correctly represen wave motion over long distancesunlessthe
grid is prohibitiv ely ne. Furthermore, the simplicity of the method, often recognizedasits strength, also
becomesits most sewere restriction by prohibiting the accurate represenation of problemsin complex
geometries. In recen years, a number of e orts aimed at addressingthe shortcomings of the classical
FDTD sdceme, e.g. embedding schemesto overcome staircasing [13]-[37], high order nite dierence
schemes[33]-[19], non-conforming orthogonal FDTD methods [10]. Other techniques and improvemerts
are discussedin [33]. Most of these methods, however, have not really penetrated into main stream user
community, partly due to their complicated nature and partly becausethese new methods themsehes
often intro duce other complications.

Finite elemen time-domain (FETD) methods can handle unstructured meshesand complex geome-
tries but the dewelopmert of such methods for solving Maxwell's equations, especially those with high
order accuracy, has beenrelatively slow. A primary reasonis the appearanceof spurious, non-physical
solutions when a straightforward nodal continuous Galerkin nite elemen schemeis usedto approximate
the Maxwell curl-curl equations. Bossait made the fundamertal obsenation that the use of special
curl-conforming elemens [24] would overcomethe problem of spurious modes by mimicking properties
of vector algebra[4]. Although very successfulsuc formulations are not ertirely void of problems: the
algebraic problems are larger than for nodal elemens and the conformity requiremerts of the continuous
Galerkin formulation makesadaptivity complex.

In an attempt to o er an alternativ eto the classical nite elemert formulation basedon edgeelemerts,
we consider here discortinuous Galerkin formulations [8] based on high order nodal interpolation for
solving the rst order time-domain Maxwell's equations. Discortin uous Galerkin time-domain (DGTD)
methods basedon discortinuous nite elemer spacesgasily handle elemerts of various typesand shapes,
irregular non-conforming mesheg15], and even locally varying polynomial degree,and henceo er great
exibilit y in the meshdesign, but they alsolead to (block-) diagonal massmatrices and therefore yield
fully explicit, inherently parallel methods when coupled with explicit time stepping [3]. In fact, for con-
stant material coe cien ts, the massmatrix is diagonal for a judicious choice of (locally orthogonal) shape
functions [30]. Moreover, cortinuity is weakly enforcedacrossmeshinterfacesby adding suitable bilinear
forms (so-callednumerical uxes) to the standard variational formulations. Whereashigh order discorti-
nous Galerkin time-domain methods have beendeveloped on conforming hexahedral [9] and tetrahedral
[18] meshesthe designof non-conforming discortin uous Galerkin time-domain methods is still in its in-
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fancy. In practice, the non-conformity can result from a local re nement of the mesh(i.e. h-re nement),
of the interpolation degree(i.e. p-enrichment) or of both of them (i.e. hp-re nement).

This work is a cortinuation of [16] where a hp-like DGTD- Py, :P,, method was intro duced for solv-
ing the two-dimensionaltime-domain Maxwell equations on non-conforming triangular meshes. It was
numerically shown that the proposedmethod has many advantagesby comparing it with a h-re nement
one. The main goalsof this report are, on one hand, to study numerically the corvergenceof the h- and
hp-re nement DGTD methods for propagation problemsin both homogeneousand heterogeneousnedia
and using conforming and non-conforming meshesand, on the other hand, to comparethese methods in
terms of accuracy and computational costs. The rest of this report is organized as follows. In section 2
we recall the basic features of our discortin uous Galerkin time-domain formulation for solving the rst
order Maxwell equationsin the time domain, basedon totally certered numerical uxes and a leap-frog
time-integration scheme. Numerical experiments are preseried in section 3 for homogeneoudgnedia and
section 4 for heterogeneousdomain. Finally, conclusionsand future works are summarizedin section 5.

2 The discontin uous Galerkin scheme

We shall considerthe solution of the two-dimensional Maxwell equationsin the TM z polarization on a
bounded domain R2.

S @& @y, e,
i e @' a °
@y @,
=0 2.1
g a G 0; (2.1)
9 @ @Z:O'
@ @ ’

where the unknowns E = (0;0; E;) and H = (Hy; Hy;0) are the electric and magnetic elds respectively.
The electric permittivit y and the magnetic permeability  of the medium are assumedto be piecewise
constart. Moreover, we assumethat the eld componerts aswell asthe material parameters and do
not depend on the z coordinate. On the boundary = @ we use either a perfect electric conductor
condition i.e. E; = 0, or a rst order Silver-Muller absorbing boundary (i.e. an arti cial boundary used
to truncate the computational domain) condition i.e. E; = ¢ (nyHyx nyHy) or both of them, wherec
is the speed of propagation and 1 = (ny; ny) denotesthe unit normal vector pointing outward to

We considera partition T, of into a setof triangles T; of sizeh; with boundaries @; such that h =
TmZaTlx hi. Toeah T; 2 T,, weassignanintegerp; 0and we collectthe p; in the vectorp= fp; : T; 2 Tho.
i h

Within this construction we admit mesheswith possibly hanging nodesi.e. by allowing non-conforming
(or irregular) mesheavhereelemen verticescan lie in the interior of edgesof other elemeris (seeFig. 2.1).
Each triangle T; is assumedto be the image, under a smooth bijective (di eomorphic) mapping i, of a
xed referencetriangle T = f2; 9 ;¢ 0;R+¢ 1g. Assumingthat T; is a straight sidedtriangle de ned
through the coordinates of the three verticesv, v}, and v} (seeFig. 2.2), the correspondencebetweenthe
two triangles T and T; is establishedthrough the useof the barycertric coordinates( 1; »2; 3). Werecall
that any point x' 2 T; can be expressedas a corvex combination of the vertices of T; and the mapping
is simply givenby ; : (R;$)2 T! x',suchthat x'(#;9) = qvi+ 2vh+ 3vi, where 1+ ,+ 3=1
andO0 (1; 2; 3) lwith ;=1 R ¢ 2=2%Rand 3=¥.

In the following, for a given partition T, and vector p, we seekapproximate solutions to (2.1) in the
nite dimensional subspaceV,(T,) = fv 2 L2() “VT, 2 PPi(T) ; 8T; 2 Thg, where PP (T;) denotesthe
spaceof nodal polynomials f' j; g}’;l of total degreeat most p; on the elemen T;. The spaceV,(Th) has

the dimension d;, the local number of degreesof freedom (DOF). Note that the polynomial degree,p;,
may vary from elemen to elemert in the meshand that a function vf 2 V,(Ty) is discortinuous across
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elemern interfaces. By non-conforming interface we mean an interface ayx which has at least one of its
two verticesin a hanging node or/and Pija, € Pxja, -

Figure 2.1: Irr egular meshwith hanging nodes.

For eadh triangle T;, ; and ; respectively denotethe local constart electric permittivit y and magnetic
permeability. For two distinct triangles T; and T in Ty, the intersection T; \ Ty is an (oriented) edgesix
which we will call interface, with oriented normal vector Ay and with unitary one 8y . For the boundary
interfaces, the index k correspondsto a ctitious elemer outside the domain. Finally, we denote by V;
the set of indices of the elemens which are neighbors of T;.

y
(0,2) n
xY)=tiky)
x+Hy=1 1
A XY)=ti(x,y)
T y
vi
(0,0) 10) ¢ X

Figure 2.2: Mapping between the physial triangle T; and the master triangle T.

The DGTD method at the heart of this study is basedon a leap-frog time scheme (E, is computed
at integer time-stations and Hy, and Hy at half-integer time-stations) and totally certered numerical
uxes at the interface between elemens. Decomposing Hy, Hy and E, on elemen T; according to

1 X n+ 1 X
Hy(;t"*2) = Hy, 2" and E (;;t") = EZ, i, wherex 2 fx;yg.
j=1 j=1
; : n+ i n+ i n+ 1
Usingthe notations E}, = (EJ,;:::;ED, )'andHy; 2 = (Hy;, ?:::1; Hyy 2)", the DGTD- P, method
writes: '
8 En_+1 En_ n+ i1 n+ 1 X n+ L1 n+ 1
Mi == t . = KiHy, 2+KinXi + Gxy © Gy 5
. . k2V;
Hni"'i Hni 2 X
iMi% = KiyEgi ngk ;
% . . k2V i
Hn»+§ Hn‘ 5 X
2 M " f— = KIER+ R
k2V i

whereM; is the local mass(symmetric positive de nite) matrix, and K} is the (skew-symmetric) sti ness
1
matrix. The vector quantities F;, and Gy, Z are de ned as:

RR n° 6311



6 H. Fahs

1 1
Fle = SKELG G’ = SkHL s
where S isthe d; dx interface matrix on sy which veries 'S¢ = & (if si is an internal interface)
and'S; = S (if sk is a boundary interface). Note that, for non-conforming interfaces,we calculate the

matrix S} by using a Gaussquadrature formula [16].

In [15]-[16], a numerical dispersion was observed when a low order conforming DGTD-P,, (p = 0;1
and p; = p everywhere)is applied. This dispersion error is not reducednotably by using a h-re nement
strategy (i.e. by re ning the meshfor a xed p, yielding a locally non-conforming mesh). On the other
hand, the dispersion error is minimized when a p-enrichment strategy (i.e. by increasingp for a xed h)
is used. However, the latter approacd requires a large number of DOF thus increasing substartially the
computing time and memory usage. In the recert work [16] a hp-like DGTD method hasbeenproposed,
where we combine the h-re nement and p-enrichment strategies. This method consistsin using a high
polynomial degreein the coarse(i.e. not re ned) meshand a low order onein the re ned region. The
resulting schemeis referred to asa DGTD- Py :Pp, (or hp-re nement) method where p. and pr are the
polynomial degreesin the coarseand ne elemens respectively. We have numerically demonstrated
that the DGTD- Py, :Pp, method can strongly reduce, in the one hand, the dispersion error and, in the
other hand, the computational cost and memory consumption comparedwith the h-re nement method.
Of course, such a non-conforming schemeis a rst step towards a fully hp-adaptive method relying on
appropriate error estimators.

The stability of the DGTD- Pp, method for non-conforming meshess studied in [15] using an energetic
approach. Furthermore, a theoretical proof of the corvergencehas been establishedin [18] for any
interpolation degreep 6 0 in the caseof conforming simplicial meshes.It is showvn that the corvergence
rate of DGTD- P, method is O(Th™Mn(sP)) + O( t2), where t is the time step over the interval [0; T]
and the solution belongsto HS() with s> 1=2. Our attention is turned on the validity of this result in
the caseof non-conforming meshesusing the DGTD- P, and DGTD- Py, :P,, methods, and an answer is
given here on the basis of numerical simulations.

3 Homogeneous media

In this section,we considerse\eral wave propagation problemsin homogeneousnediafor which analytical
solutions exist. Our objectivesare the following:

to assesswmerically and comparethe convergenceof the conforming and non-conforming DGTD
methods,

to provide insights regarding the overall performancesof the hp-re nement DGTD- Py, :P,, method,

to compare,on one hand, the conforming DGTD- P, method with the non-conforming one and, on
the other hand, the hp-re nement method with the h-re nement one.

The above points are studied for the following test cases:

1. a conceriric PEC cylinders resonator,
2. acircular PEC resonator,

3. awedge-shagd PEC resonator.

INRIA
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3.1 Concentric PEC cylinders resonator

We consider a resonator which consistsof two concerric PEC cylinders with an electromagnetic wave
bouncing back and forth between the walls (see Fig. 3.1). The material is taken to be the vacuum

: : " . . 1 1
ie. = = 1 (relative quartities). The radii of the two cylinders arer; = 5 andry = > The exact
time-domain solution of the problem is [12]-[13]:

E; = coq!t+ )[Ji(!r)+ aYi(! n)];

Hx = %Sin(! t+ )sin()[Jo(t 1) J2(t 1)+ a(¥o(t r)  Ya(! 1))]
%COS{! t+ )[JI2(tr) + avi(! n)l;

Hy = %sin(! t+ )cos()[Jo(tr) Ja(tr)+ a(Yo(' r) Ya(! 1))

sin( )

Ir

cog! t+ )[I(! r)+ avi(! )l

forry < r < rp, where(r; )= (p x2 + y2; arctan(y=x)) are the usual polar coordinates; J, and Y, stand
for the n-th order Besselfunctions of the rst and secondkind, respectively. The valuesof the parameters
I and a are obtained by enforcingthe boundary condition E; = Oatr = r; andr = r,. Then, asin [12],
we set! = 9:81369599942805 and a = 1:7636838011092 First, a quasi-uniform conforming meshis
constructed (seeFig. 3.2 left). Then a non-conforming meshis obtained by locally re ning a cylindrical
zoneas shown on Fig. 3.2right. Contour lines of the E; componert at timest = 1 andt = 10 are shovn
on Fig. 3.3 for a calculation basedon the conforming DGTD- P; method.

Figure 3.1: Concentric PEC cylinders resonator setting.

Two strategiesare consideredfor this problem: the rst oneis the DGTD- P, (or h-re nement) method
and the secondoneis the DGTD- Py :Pp, (or hp-re nement) method.

h-re nemen t DGTD- P, metho d. We rst considerthe casewhere the interpolation degreep is
uniform and the meshsizeh is varied. In Tab. 3.1, we summarizethe CFL valuesewaluated numerically
for somep (i.e. by assessinghe limit beyond which we obsene a growth of the discrete energy). Tab. 3.2
and 3.3 give the L2 error on the electric eld componert E,, the convergencerate, the CPU time and the
number of time steps(# time steps)to reach t = 1 and using sequence®f conforming and non-conforming

RR n° 6311



H. Fahs

05 05

04 04

03| 03|

02 Il%‘ 02

N
3
b

o lﬂﬂ' 4 7 f 01
Vit il
N s N <2777 RN %
o2 ' ": :‘y Nﬂﬁ&%ﬁ{i@i’l’ B 02f
R RIS A 774
o WO | o
o4 \\\\‘Nt;sss% 04

i
A
\/
k

05 L
05 04 03 02 0.1 0 0.1 0.2 03 04 05

Figure 3.2: Concentric cylinders PEC resonator.
Example of conforming (left) and non-conforming (right) triangular meshes.

Figure 3.3: Concentric cylinders PEC resonator.
Contour lines of E; att = 1 (left) andt = 10 (right).
DGTD- P; methd using a conforming meshwith 1088 nodesand 2048 triangles.
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meshes.The characteristics of thesemeshesarealsolisted in Tab. 3.2and 3.3. The non-conformingmeshes
are obtained by re ning (one re nement level) the cylindrical zone1=3 r  3=8. Fig. 3.4 shows the

L2 error on E, asa function of the squareroot of the number of degreesof freedom (# DOF). We can

deducefrom Tab. 3.2 and 3.3 that the DGTD- P, method corvergesash® 8p 1 and ash® for p= 0,

for conforming as well as non-conforming meshes.

Table 3.1: Concentric cylinders PEC resonator.
Numerical CFL valuesfor the DGTD- P, methad.
p |O0]1]2]3] 4
CFL [ 10| 03| 0:2 | 0:1] 0:09

Table 3.2: Concentric cylinders PEC resonator.
Convemgene study for the h-re nement DGTD- P, methal using conforming meshes.
L2 error, CPU time and # time stepsare measured at t = 1.

Characteristics of the conforming meshes.

# nodes # triangles # DOF L2 error convergence CPU (s) # time
rate steps
DGTD- Pg
1088 2048 2048 5:24E 02 2 80
4224 8192 8192 2:62E 02 1:00 9 158
16640 32768 32768 1:31E 02 1:00 74 313
66048 131072 131072 6:56E 03 1:00 593 624
DGTD- P1
288 512 (mesh-A ?) 1536 2:52E 02 2 137
1088 2048 (mesh-B) 6144 6:46E 03 1:96 9 266
4224 8192 (mesh-C) 24576 1:65E 03 1:97 65 525
16640 32768 (mesh-D) 98304 4:11E 04 2:00 524 1043
DGTD- P,
mesh-A 3072 1:44E 02 3 205
mesh-B 12288 3:58E 03 2:01 21 399
mesh-C 49152 8:93E 04 2:00 168 787
mesh-D 196608 2:23E 04 2:00 1390 1564
DGTD- P3
mesh-A 5120 1:42E 02 10 410
mesh-B 20480 3:52E 03 2:02 71 797
mesh-C 81920 8:74E 04 2:01 565 1574
mesh-D 327680 2:18E 04 2:01 4916 3128

aThis means that mesh-A contains 288 nodes and 512 triangles, etc.

hp-re nemen t DGTD- P, :P, metho d. We now considerthe casewhere both p and h are locally
re ned. The obsened numerical CFL valuesfor the DGTD- Py, :P,, method are summarizedin Tab. 3.4.
We give in Tab. 3.5, the L2 error on E,, the corvergencerate, the CPU time and the number of time
stepsto reach t = 1 using non-conforming mesheswhich are obtained by re ning the zonel=3 r 3=8
as previously. Fig. 3.5 shavs the L? error on E, asa function of the squareroot of the number of DOF.
Clearly, the DGTD- Py :P,, method corvergesash@®; 8p: 6 0, and for pr = 0 the corvergencerate is
more than O(h:®) : 8pe.
In summary, the results givenin Tab. 3.2, 3.3 and 3.5 motivates the following remarks:

" in the caseof the h-re nement DGTD-P, method using both conforming and non-conforming
meshesiit is not necessanto increasethe interpolation degreep to more than 2. Clearly, doing so
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Table 3.3: Concentric cylinders PEC resonator.
Convemgene study for the h-re nement DGTD- P, methal using non-conforming meshes.
L2 error, CPU time and # time stepsare measured at t = 1.

Characteristics of the non-conforming meshes.

# nodes # hanging # triangles # DOF L? error convergence CPU (s) # time
nodes rate steps
DGTD- Py
1536 128 2816 2816 5:49E 02 3 117
5888 256 11264 11264 2:75E 02 1:00 19 231
23040 512 45056 45056 1:37E 02 1:00 155 458
91136 1024 180224 180224 6:86E 03 1:00 1270 913
DGTD- P,
416 64 704 (mesh-E ?) 2112 2:27E 02 3 199
1536 128 2816 (mesh-F) 8448 5:83E 03 1:97 17 389
5888 256 11264 (mesh-G) 33792 1:48E 03 1:98 131 768
23040 512 45056 (mesh-H) 135168 3:73E 04 1:99 1071 1526
DGTD- P,
mesh-E 4224 1:42E 02 6 299
mesh-F 16896 3:52E 03 2:.01 43 583
mesh-G 67584 8.75E 04 2:.01 347 1151
mesh-H 270336 2:18E 04 2:00 2842 2289
DGTD- P;
mesh-E 7040 1.41E 02 18 597
mesh-F 28160 3:50E 03 2:.01 144 1165
mesh-G 112640 8:69E 04 2:.01 1148 2302
mesh-H 450560 2:17E 04 2:.01 9466 4578

aThis means that mesh-E contains 416 nodes in which 64 are hanging nodes, and 704 triangles, etc.

10° — : . 10

L2 error
L2 error

—=— DGTD PO —5— DGTD PO
—%— DGTD P1 —*—DGTD P1
—+— DGTD P2 —+— DGTD P2
\ DGTD P3 DGTD P3
i i
10 5 10 . :
10 10 10 10 10 10
(DOF)M2 (DOF)*2

Figure 3.4: Concentric cylinders PEC resonator.
Numerical convergene of the h-re nement DGTD- P, methad.
Conforming (left) and non-conforming (right) triangular meshes.

Table 3.4: Concentric cylinders PEC resonator.
Numerical CFL valuesfor the DGTD- Py, :Pp, methad.
pe:pr [1:0/2:0/2:1|3:0|3:1|3:2|4:2]|4:3
CFL | 05 ] 03 | 03 ]019[019]019] 0.1 | 0.1
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Table 3.5: Concentric cylinders PEC resonator.
Convemgene study of the DGTD- Py :P,, methad.
Non-conforming locally re ned meshes.

L2 error, CPU time and # time stepsare measured at t = 1.

mest % DOF;® # DOF L2 error  convergencerate CPU (s) # time steps
DGTD- P;:Pg
mesh-E 16% 1600 2:51E 02 2 120
mesh-F 16% 6400 7:8%E 03 1:67 8 233
mesh-G 16% 25600 2:11E 03 1:90 64 461
mesh-H 16% 102400 7:08E 04 1:58 527 916
DGTD- P;:Pg
mesh-E 9% 2944 1:.90E 02 3 199
mesh-F 9% 11776  7:11E 03 1:42 21 389
mesh-G 9% 47104 1.91E 03 1:89 168 768
mesh-H 9% 188416 7:58E 04 1:33 1394 1526
DGTD- P3:Po
mesh-E 5% 4736 1:.90E 02 7 315
mesh-F 5% 18944  6:29E 03 1:60 53 613
mesh-G 5% 75776  2:14E 03 1:56 421 1212
mesh-H 5% 303104 8:52E 04 1:33 3445 2410
DGTD- P;:P;
mesh-E 22% 3456 1:.49E 02 4 199
mesh-F 22% 13824 3:71E 03 2:00 25 389
mesh-G 22% 55296 9:23E 04 2:01 194 768
mesh-H 22% 221184 2:30E 04 2:00 1597 1526
DGTD- P3:P;
mesh-E 15% 5248 1:.48E 02 8 299
mesh-F 15% 20992 3:66E 03 2:01 55 583
mesh-G 15% 83968 9:11E 04 2:01 461 1212
mesh-H 15% 335872 2:27E 04 2:00 3775 2410
DGTD- Ps3:P,
mesh-E 26% 6016 1:.42E 02 8 299
mesh-F 26% 24064 3:53E 03 2:02 63 583
mesh-G 26% 96256 8:76E 04 2:01 526 1212
mesh-H 26% 385024 2:18E 04 2:01 4262 2410
DGTD- P4:P2
mesh-E 19% 8256 1:.42E 02 21 597
mesh-F 19% 33024 3:50E 03 2:02 165 1165
mesh-G 19% 132096 8:70E 04 2:01 1340 2302
mesh-H 19% 528384 2:17E 04 2:01 10955 4578
DGTD- P4:P3
mesh-E 28% 9280 1:.42E 02 24 597
mesh-F 28% 37120 3:50E 03 2:02 188 1165
mesh-G 28% 148480 8:70E 04 2:01 1501 2302
mesh-H 28% 593920 2:16E 04 2:00 12254 4578

2SeeTab. 3.3 for the characteristics of these meshes.
bRepreserts the percentage of the DOF in the ne mesh.
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Figure 3.5: Concentric cylinders PEC resonator.
Numerical convergene of the hp-re nement DGTD- Py, :P,, methad.
Non-conforming triangular meshes.

doesnot improve the convergencerate. Furthermore, to reach a given error level, the DGTD- P3 is
more expensive than the DGTD- P, method.

for a given p, the conforming DGTD- P, method always requires lesscomputing time than the non-
conforming one. In fact, a comparisonof the two methods from the point of view of the CPU time
is rather unfair in the presen casesincethe local re nement of the meshis performed arbitrarily
(i.e. not motivated by any physical or geometrical concern).

in general, for a given error level < 10 2 the hp-re nement method is less expensiwe than the
h-re nement one. For example, if we usethe DGTD- P, :Py method for p. = 1;2; 3 respectively,
rather than the DGTD- Py method, the gainsin the number of DOF and CPU time vary from 95%
to 85% Similarly, the DGTD- P,:P; method can be comparedwith the DGTD- P, onefor p= 1;2.

nally , we have obsered that, in the caseof the DGTD- P, :P,, method, it is not reasonableto
increasethe interpolation degreep; in the coarsemeshto more than p; + 1 sincedoing so doesnot
improve the corvergencerate and results in increasedCPU time and memory usage.

Comparison with various FDTD metho ds. Here we compare the DGTD- Py method with two
dierent FDTD sdemes:

1. the classicalsecondorder Yee scheme [39] staggeredboth in spaceand time where the numerical
solution is carried out on a staircasal mesh;

2. a modi cation of the Yee scheme (refered as Ty(2,4)), see[35-[36], and chapter 2 in [33]. This
method is fourth order accuratein spaceand secondorder accuratein time. The numerical solution
is also computed on a stagger staircasal mesh.

The L2 error on the E, componert and the corvergencerate of thesetwo FDTD schemesmeasured
at timest = 1 andt = 10 are given in Tab. 3.6. Theseresults were taken from [1]-[38]. It is seenfrom
Tab. 3.6 that the staircasedFDTD approximation leadsto an extremely slow cornvergencerate at early
time (t = 1) and a divergert schemeat late time (t = 10). According to [3§], this is probably not only
becausethe staircasing misrepreseits the shape of the cylinders, but also becauseof the fact that in
this resonator casean electromagneticwave is bouncing badk and forth betweenthe walls, so numerical
errors accunulate quickly in the solution. TheseFDTD results are comparedwith the classicalcertered
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nite volume DGTD- Py schemeon conforming triangular meshes(see Tab. 3.6). One can seethat the
DGTD- Py consenesa linear corvergencerate even for a long simulation time.

Table 3.6: Concentric cylinders PEC resonator.
The L2 error on E, for two di er ent FDTD schemesand for the DGTD- Py methd.

t=1 I t=10

Yee scheme (staircased) cartesian grid 2.
grid L? error convergencerate grid L? error convergencerate
1000 4:322E 01 1000 5:1101E 01
4000 3635 01 0:28 4000 4:364E 01 0:23
16000 1:7422 01 1:.06 16000 6:683E 01 0:61

Ty(2,4) (staircased) cartesian grid °.
1000 4:038% 01 1000 2:642E 01
4000 3:347E 01 0:27 4000 7:07%€ 01 1:42
16000 1:57%€ 01 1.08 16000 7:243E 01 0:03

n The classical centered nite volume DGTD- Po scheme.
" DOF L2 error convergencerate " DOF L2 error convergencerate

90 2:62E 02 90 4:52E 02
180 1:31E 02 0:99 180 1:8%E 02 1:25
360 6:65E 03 1:00 360 8:96E 03 1:08

aResults were taken from [1]-[38].
bResults were taken from [1].

3.2 Circular PEC resonator

We considera circular PEC resonatorwith radius r = 1=2. The material is takento be the vacuum. The
exact time-domain solution of the problem is [36]:

E; = Ji(*r)costt+ );
e = Z0o(n) Ja(injeostt+ ) Zodi(tn)sing t+ );
Hy = 2Bo(tn) Je(njcostt+ ) n( nsin( t+ );

where! = 14:0311733396324, which is obtained from the PEC boundary condition E, = O at r = 1=2.
As in the previous test case,(r; ) represen the usual polar coordinates.

Numerical simulations make use of quasi-uniform triangular mesheswith possibly obtuse angles(see
Fig. 3.6 left). The percertage of triangles with obtuse anglesis between45 % and 50 % which correspond
to a maximum angle between 100 and 90 respectively. The non-conforming meshesare obtained by
locally re ning a cylindrical zoneas shownn on Fig. 3.6 right. Contour lines of the E, componert at times
t= landt = 10 are shonvn on Fig. 3.7 for a calculation basedon the conforming DGTD- P; method.

As for the previous test case,we apply the h-re nement DGTD- P, and the hp-re nement DGTD-
Pp. :Pp; methods.

h-re nemen t DGTD- P, metho d. For eat polynomial degreep, we usefour di erent conforming
and non-conforming mesheswhose characteristics are listed in Tab. 3.7 and 3.8. The non-conforming
meshesare obtained by locally re ning (one re nement level) the cylindrical zone0:3 r  0:4 of the
conforming meshes. We use here the same CFL valuesas in the previous example (see Tab. 3.1). We
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Figure 3.6: Circular PEC resonator.
Example of conforming (left) and non-conforming (right) triangular meshes.

Figure 3.7: Circular PEC resonator.
Contour lines of E; att = 1 (left) and t = 10 (right).
DGTD- P; methad using a conforming meshwith 4201 nodesand 8280triangles.

INRIA



Numerical evaluation of a non-conforming DGTD methal

givein Tab. 3.7 and 3.8the L? error on E,, the corvergencerate, the CPU time and the number of time
stepsto reach t = 0:8. Fig. 3.8 shaws the corresponding L2 error as a function of the squareroot of the
number of DOF. We can deducefrom Tab. 3.7 and 3.8 that for conforming as well as non-conforming
meshesthe DGTD- P, method corvergesas h@® for p

1 and ash® for p= 0.

Table 3.7: Circular PEC resonator.

Convemgene study for the h-re nement DGTD- P, methal using conforming meshes.
L2 error, CPU time and # time stepsare measured at t = 0:8.

Characteristics of the conforming meshes.

# nodes # triangles # DOF L2 error  convergence CPU (s) # time
rate steps
DGTD- Po
176 325 (mesh-A) 325 6:73E 02 <1 48
701 1350 (mesh-B) 1350 2:88E 02 1:19 2 182
2801 5500 (mesh-C) 5500 1:34E 02 1.08 24 717
11201 22200 (mesh-C) 22200 6:58E 03 1:02 417 2856
DGTD- P,
mesh-A 975 4:.45E 02 <1 160
mesh-B 4050 1:21E 02 1:83 10 606
mesh-C 16500 3:.07E 03 1:.95 169 2388
mesh-D 66600 7:76E 04 1:.97 2855 9518
DGTD- P,
mesh-A 1950 1:.32E 02 2 239
mesh-B 8100 3:19E 03 2:00 26 908
mesh-C 33000 7:89%E 04 1:.99 432 3582
mesh-D 133200 1:.96E 04 1:99 7229 14277
DGTD- Ps
mesh-A 3250 1:.29E 02 7 478
mesh-B 13500 3:17E 03 1:.97 86 1816
mesh-C 55000 7:88E 04 1:98 1450 7163
mesh-D 222000 1.97E 04 1:99 24190 28554
10* . 10* - .
—&— DGTD PO —8— DGTD PO
—*— DGTD P1 —»— DGTD P1
—+— DGTD P2 —+— DGTD P2
DGTD P3 DGTD P3
10° b 10°
10° b 10° b
10 = X 10t L = '
10 10 10 10 10 10
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Figure 3.8: Circular PEC resonator.

Numerical convergene of the h-re nement DGTD- P, methad.
Conforming (left) and non-conforming (right) triangular meshes.
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Table 3.8: Circular PEC resonator.
Convemgene study for the h-re nement DGTD- P, methad using non-conforming meshes.
L2 error, CPU time and # time stepsare measured at t = 0:8.

Characteristics of the non-conforming meshes.

# nodes # hanging # triangles # DOF L2 error  convergence CPU (s) # time
nodes rate steps
DGTD- Pg
181 40 300 (mesh-E) 300 7:71E 02 << 1 29
681 80 1240 (mesh-F) 1240 4.01E 02 0:.92 1 105
2641 160 5040 (mesh-G) 5040  2:05e 02 0:96 12 411
10401 320 20320 (mesh-H) 20320 1:.05E 02 0:96 224 1633
DGTD- P,
mesh-E 900 6:87E 02 <1 95
mesh-F 3720 196 02 177 6 350
mesh-G 15120 5:07E 03 1:.93 90 1368
mesh-H 60960 1:28E 03 1:.97 1484 5443
DGTD- P,
mesh-E 1800 2:10E 02 2 142
mesh-F 7440 499 03 2:03 14 524
mesh-G 30240 1:23E 03 2:.00 234 2052
mesh-H 121920 3:.06E 04 2:00 3838 8164
DGTD- Ps
mesh-E 3000 2:03E 02 4 284
mesh-F 12400 4:96E 03 1:98 49 1048
mesh-G 50400 1:23E 03 1:99 782 4104
mesh-H 203200 3:.06E 04 1:99 12681 16327

hp-re nemen t DGTD- Py :Pp, metho d.  The obsenednumerical CFL valuesof the DGTD- Py, :Py,
method are reported in Tab. 3.9. As with the h-re nement method, the non-conforming meshesare
obtained by locally re ning the cylindrical zone0:3 r  0:4. We givein Tab. 3.12the L? error on E,,
the convergencerate, the CPU time and the number of time stepsto reach t = 0:8. Fig. 3.9 shows the
corresponding L2 error on E, as a function of the squareroot of the number of DOF. It is clear from
Tab. 3.12 that the DGTD- Py, :P,, corvergesash@®; 8p: 6 0 while the corvergencerate for pr = 0 is
more than O(h®®)) : 8p.

Table 3.9: Circular PEC resonator.
Numerical CFL valuesfor DGTD- Py, :P,, methad.
Pc:pr [ 1:0/2:0]2:13:0]3:1[3:2]4:2]4:3
CFL [ 03] 02| 02 ] 01| 01 ] 0.1 | 0.08] 0.08

In summary, the results givenin Tab. 3.7, 3.8 and 3.12 call for the following commerts:

it is not reasonableto increasethe polynomial degreein the coarsemeshto morethan p; = pr + 1
(seeTab. 3.10). One can clearly deducefrom Tab. 3.10that the DGTD- P,:P; method is the least
expensive hp-re nement method for this problem.

the DGTD- P,:P; method is lessexpensive than the non-conforming DGTD- P, one. For example,
we have obsened (results not reported in a table here) that to obtain an error level of 0:4%, on
one hand, the DGTD- P; and DGTD- P, method require 19500and 8454 DOF respectively while
the corresponding CPU times are 160 and 29 secondsand, on the other hand, the DGTD- P;,:P;
method needs8100DOF and 28 seconds(seeTab. 3.10).
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the DGTD- P,:P; method can be comparedwith the conforming DGTD- P, one. Indeed, the results
of Tab. 3.10together with those of Tab. 3.11 show that the DGTD- P,:P; method is lessexpensive
than the DGTD-P; and DGTD-P3 ones, but it is not much more expensive than the DGTD- P,
method. One can note here that the results of the DGTD- P,:P; method remain very satisfactory
despitethat the spaceP; is usedin 53% of the triangles of the mesh.

Table 3.10: Circular PEC resonator.
# DOF and CPU time to reach an error level of 0:4%.
DGTD- Py, :Pp, methal with locally re ned meshes.

DGTD-PpCZpr | P]_ZP() | PZ:PO | Pz:Pl | Pgipo | P3:P1 | P3:P2 | P4ZP2 | P4ZP3

# DOF 25602 | 47088 | 8100 | 47090 | 12120 | 12150 | 17670 | 22500
# CPU (s) 320 | 1000 28 1200 | 170 157 190 201

Table 3.11: Circular PEC resonator.
# DOF and CPU time to reach an error level of 0:4%.
DGTD- P, methad using conforming meshes.

DGTD- P, | DGTD- Py | DGTD- P; | DGTD- P3

# DOF 13689 6402 10400
# CPU (s) 100 18 59
100 Lo T ———— 101 Dl B - N
DGTD P1:PO —&— DGTD P2:P1
—+— DGTD P2:P0 —¥— DGTD P3:P1
—p— DGTD P3:PO —&A— DGTD P3:P2

DGTD P4:P2
—*— DGTD P4:P3

107

L error
L2 error

10° b 10°

10° = s 0L =
10 10 10 10 10 10

(DOF)M2 (DOF)*2

Figure 3.9: Circular PEC resonator.
Numerical convergene of the hp-re nement DGTD- Py, :P,, methad.
Non-conforming triangular meshes.

3.3 Wedge-shaped PEC resonator

. . . L 3 1
We considera computational domain which is bounded by the curvesy = tan(7)x; X2+ y2 = 2 and

the x-axis (seeFig. 3.10). The boundaries of the sector are assumedto be perfectly conducting. The
exact time-domain solution is [36]:
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Table 3.12: Circular PEC resonator.

Convemgene study of the DGTD- Py :P,, methad.
Non-conforming locally re ned meshes.
L2 error, CPU time and # time stepsare measured at t = 0:8.

mest? % DOF;° # DOF L2 error  convergencerate CPU (s) # time steps
DGTD- P;:Pg
mesh-E 28 % 580 8:30E 02 <1 95
mesh-F 26 % 2440 1:99E 02 1:.98 4 350
mesh-G 26 % 10000 8:25E 03 1:23 66 1368
mesh-H 25 % 40480 2:34E 03 1:80 1123 5443
DGTD- P;:Pg
mesh-E 16 % 1000 1:30E 01 1 142
mesh-F 15% 4240 5:89E 02 1:10 9 524
mesh-G 15 % 17440 214 02 1:43 146 2052
mesh-H 15% 70720 1:85E 03 3:50 2427 8164
DGTD- P3:Po
mesh-E 10 % 1560 5:65E 02 3 284
mesh-F 10 % 6640 1:50E 02 1:83 26 1048
mesh-G 9 % 27360 6:39E 03 1:20 441 4104
mesh-H 9 % 111040 1:76E 03 1:84 7271 16327
DGTD- P;:P;
mesh-E 36 % 1320 2:52E 02 2 142
mesh-F 35% 5520 6:09E 03 1:98 11 524
mesh-G 34 % 22560 1.51E 03 1:.98 184 2052
mesh-H 34 % 91200 379 04 1:98 3016 8164
DGTD- P3:P;
mesh-E 26 % 1880 2:40E 02 3 284
mesh-F 24 % 7920 6:03E 03 1:92 31 1048
mesh-G 24 % 32480 1.51E 03 1:96 520 4104
mesh-H 23 % 131520 3:78E 04 1:98 8483 16327
DGTD- Ps3:P,
mesh-E 41 % 2360 2:03E 02 4 284
mesh-F 40 % 9840  4:96E 03 1:.97 37 1048
mesh-G 38 % 40160 1:23E 03 1:99 621 4104
mesh-H 38 % 162240 3:06E 04 1:99 10041 16327
DGTD- P4:P2
mesh-E 31% 3060 2:.02E 02 5 354
mesh-F 30 % 12840 4:96E 03 1:96 58 1310
mesh-G 29 % 52560 1:23E 03 1:98 993 5130
mesh-H 29 % 212640 3.06E 04 1:99 16239 20409
DGTD- P4:P3
mesh-E 43 % 3700 2:03E 02 5 315
mesh-F 42 % 15400 4:96E 03 1:.97 72 1310
mesh-G 42 % 62800 1:23E 03 1:99 1195 5130
mesh-H 40 % 253600 3:05E 04 2:00 20167 20409

2SeeTab 3.8 for the characteristics of these meshes.
bRepreserts the percentage of the DOF in the ne mesh.
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E, = J (!r)sin( )cos(t);

Hy = %[J (1) 3 n)sin( )sin(t)
%J (I rycos( )sin(! t);

Hy = ;‘_rp 1(0r) 3 s (0 n)]sin( ) sin(!t)

%J (! r)cos( )sin(! t);

where! = 16:75883874736Z8and = 134 are obtained by enforcing the PEC condition on the bound-

aries. Numerical simulations make use of quasi-uniform triangular mesheswith possibly obtuse angles
(seeFig. 3.11left). The percertage of triangles with obtuse anglesis between45 % and 50 % which cor-
respond to a maximum anglebetween94 and 91 respectively. The non-conforming meshesare obtained
thanks to local re nements of a region situated betweentwo arcs of the sectorasshown on Fig. 3.11right.

Contour lines of the E, componert at timest = 1 andt = 10 are shovn on Fig. 3.12 for a calculation
basedon the conforming DGTD- P; method.

y
y=tan(® /7) x

R=1/2

X
Figure 3.10: Wedge-shapd PEC resonator setting.

As for the previoustest caseswe apply the h-re nement DGTD- P, and hp-re nement DGTD- Py, Py,
methods.

h-re nemen t DGTD- P, metho d. For eat polynomial degreep, we usefour di erent conforming
and non-conforming mesheswhose characteristics are given in Tab. 3.13 and 3.14. The non-conforming
meshesare obtained by locally re ning (one re nement level) the zone of the domain bounded by the
curvestan(9 =7 ) y=x tan(3( 3) =7 )and1=5 x?+y? 3=10. The integer takesa value
in the set f9; 18; 36, 72g depending on the mesh size. We summarizein Tab. 3.13 and 3.14the L? error
on E,, the convergencerate, the CPU time and the number of time stepsto reach t = 0:75. Fig. 3.13
shaws the corresponding L2 error on E, as a function of the squareroot of the number of DOF. The
obsened numerical CFL valuesare given in Tab. 3.1. We can deducefrom Tab. 3.13 and 3.14 that the
DGTD- P, method corvergesash® if p= 0and ash® if p 1 (exceptedfor p = 2 using conforming
mesheswhere the corvergencerate is closeto O(h?:9)).
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