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Abstract

This article gives the sufficient condition which guarantees the existence of a refer-
ence frame in which a multi-output nonlinear system is linearizable with a linear
part depending on its outputs. Our method is based on the design of a reference
frame associated with nonlinear observable systems. Moreover, we give the general-
ization of the result obtained in [5] and [19]. And some examples are given in order
to highlight our thinking.
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1 Introduction

Given a nonlinear system, it is clear that no general approach can be used
to design an observer. However, at least there are two ways to try. The first
way is to design an observer directly to the given nonlinear system, including
Kalman-like observer [8], adaptive observer [3], sliding mode observer [13] and
so on. Nevertheless, some extra conditions should be imposed for these direct
approaches, such as Lipschitz, persistent excitation. The second method is
based on the conception of normal form. A normal form represents a class
of equivalent systems which possess the same properties (we focus on the
observability in this paper). In other words, the appearance differences among
this class of equivalent systems are not intrinsic, but because of the wrong
choice of the coordinates.

Obviously one of the keys of this category is to find out a coordinate transfor-
mation with which a given system could be converted into the target observ-
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able normal form. And then the existed nonlinear observer design techniques
can be easily applied. In this category, [3,1,2] deal with the problem of trans-
form a nonlinear system into a class of state affine ‘normal forms’. In fact,
in their works, the sense of normal form is more general since no structure
constraints were imposed for its linear part. However, it is also because of this
merit, some existed techniques for linear systems cannot be easily applied.
And this leads to the raise of linearization problem of nonlinear system.

The linearization problem with output injection was firstly treated in [10]
for single output system. And it was generated in multi-output systems in
[11,17]. Some other results about input-output injection for the linearization
problem were stated in [6,14]. Moreover, [15,16] gave the sufficient and neces-
sary geometrical conditions to transform a nonlinear system into the so-called
output-dependent time scaling linear canonical form. In [7], the author gave
independently the dual geometrical conditions of [15]. Furthermore, the geo-
metrical conditions to guarantee the existence of a local diffeomorphism and
an output injection to transform a nonlinear system in a ‘canonical’ normal
form depending on its output was presented [18][19], called Single Output De-
pendent Observability normal form (SODQO). Moreover, an extension for this
normal form with quadratic terms was also studied in [20]. As another natural
extension for our previous study, we will extend our result for multi-outputs
nonlinear system.

Motivated by this interest, this paper focuses on the analysis of nonlinear
systems with multiple outputs as follows:

T = f(z,u)
y = (hi(x), ..., hm(x))T

where x € R", v € R?, f: R" xIR? — R"™ and h :IR" — IR™ are
analytic, and we deal with the following problem: Find sufficient condition for
the existence of a local diffeomorphism ¢(z) = z to transform system (1) into

t=A(y,u)z + B (y,u)
y=0Cz



where

[ 2 | B (Y1, u) Ch
L 2‘.2 Bly) = 52(yliy2>u) o C?
| Zm | | B (Y1, s Yy 1) | | Chn |
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[ 4, (91, ) 0 0 ]
Agay=| e
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o B T R R e T
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| Zik | _ﬁi,ki (Y1, ---7yi7u)_
and
[ 0 0 0]
A, () = | ) X )
I 0 c Q-1 (Y1, e Yis ) 0]

with «; j # 0 for all y and v in a certain studied neighborhood. For dynamical
systems in the form 2, the high gain observer proposed in [4] can be applied
directly (refer to [4] for more details).

In this paper, we will give the geometrical condition which is sufficient to
guarantee the existence of a local diffeomorphism and an output injection
to transform system (1) into the normal form (2). This kind of linearization
will be named Multi-Output Dependent Observability normal form (MODO



normal form) and generalizes the result obtained in [5,19] for nonlinear systems
with single output. In section 2, we give some basic notations and a preliminary
result is presented in Section 3 in order to introduce our method. In section 4,
we propose our main result as a generalization of the result given in section 3.

2 Notations

Consider system (1), with a possible reordering of h;, we assume that there
exist ky > ko > ... > k,, > 1 and > k; = n such that
i=1

YV mo m

0= (0}, .08, .,0%,..05) (3)

where

0! = dL’} 'h;

is a frame of the cotangent bundle T*U. Thus, system (1) is observable. Integers
(ki){<i<m are called observability indices of system (1). For a nice description
and more details about this assumption, see [11]. Obviously the list of these
integers is generally not unique. For 1 <! <mand 1 < j < k;, let (1)
be the family of vector fields defined by:

1<i<m

0] (1i1) = (4)

0, otherwise

and construct by induction the following family of vector fields:

Tow = [Tipo1, /] = (=1 lad; 1, for 2 <r <k (5)

The family 7 = (75,j), <;<,, and 1<;<x, 1S @ basis of the tangent bundle TU. The
frame T was addressed firstly in [10] for p = 0 and m = 1 and it is well-known
in [10] that system (1) can be transformed into the normal form (2) if and

only if we have

[7_17i77—17j] = 07 for 1 S Za] S n. (6)

In this case, 7 is a frame with which system (1) is in the form (2).



3 Preliminary results

In this section, we will generalize the result stated in [5] and [19] to systems
with multi-output.

Lemma 1 For a system in the form (2) we have for 1 <1 <m, 1 <t <k,

!
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1 9 El (Ar,t—l (yb ces Uiy U) 27"71%*1) 5

r=

Tt =
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== |+ X Tojs (Y oy w) 2 2ns (7)
J=kr—t+itl s=j
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1,k —t4i+1y ooy A1,k —1
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smooth functions of (y1, ..., Y, u), Ogy]l ) repre-

ceens Bl —t4itly oy RlLk—1
sents the residue higher than order 2 with coefficient which is function of
(Y1, -, Y1, u) and

i 9 )
Afntz (Y1, iy u) = (—1) ZH Si’,f:—m Zﬁlzil’zﬂr,kr—tﬂ"i‘
t—1 , ( m (8>

t—it1 Lt By 1t —m
(—1) Sit—im—triv1 = I quk—j | Ty —tti
! j=t—i+1

m=t—i+1 ,t—m
h 8 t 87rl,i(y17---vyl7u) Sl,t d Sl,t d d
where Oy, m; represents =5, Sy and Syt gy G7€ efined as
follows

Si,j',l — 1’ Sl,t — lt—1 + Sl,tfl (9)

77,8 rj—1,s r,g,s—1

for1<Il<m, 1<r<I[,2<t<k,1<j<t—1landl <s<t-—j.

Proof 1 For a system in the (2) form, for 1 <1 <m, 71 = L9 then we

m,1 Oz1,1



use equation (5) to obtain

Tt = 7r1 ot 821 ot

+ Z
i=1
t—2

>

=1 \j=ki—

for1 <t <k and
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for 1 <t < kyo. Then by an induction, for 1 <t < k;, we get
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= S ayT Tl t—m
Z rit—i,m—t+i+1 2 H A k—j T ke —t415
m=t—i+ T

—i+1 Lt—m j=t—i+1

with the coefficients Sﬁ:;s defined by 9.

In order to determine the a; ;(yi,...,y;,u) for 1 <i<m, 1 <j <k —1, we
also impose that for 1 <, < m,

1, if l=17and j = k;,

8zi,j

0, otherwise.

Now, we are ready to state a set of partial differential equations which enables
us to compute functions «; ;(y1, ..., y;,u) for 1 <i<m, 1 <j <k, —1.

Proposition 1 If there exists a diffeomorphism which transforms system (1)
into form (2) then for 1 <1 <m, 1<t<k—-1,1<s<[-1,

[Ti,ts Toke) = AJ¢T1,e mod span {71, ..., Tie—1}

Y (1]
(T65 Tk = NaTie + Gig, o + Rig

t—1
e 1 ) 1 )
EJllvt - [ < E,t,klt+izl7klt+i> a l ‘| + - tj-‘l,t,tzl t~

a l2t k;

and
il It
> (YY)
i—1 j=kj—t+i+1 o
Ry=Y 5 ‘ 5
-1 O 1,k1—t+i+15 --5 #1,k1—1> azl,i
(Y15e-5Y1,1)
Y Zl,kl—t-‘ri-i-la () zl,kl—l
and
E— _‘9ysﬂ'l,t
e (10)

/\at = dz’ag{éll’t (Y1, -y, u) ...,(521-’t (Y1, -y, 1) ey 5? (y1, .-y, 1), 0, ..., 0},



. Ofm ey, yiw)| Lt l kl aylﬂ'l,t
defining 0, m 1= — oy = Ay T and
Lt
6l,t Al Ky Al,kl ayl (Al,i)
1 Lk —t+1i - Al’t

for1<i<t—1, and Aff is given in (8).

Proof 2 According to equation (7), for 1 <1 <m, 1<t <k — 1, we have

zl: (Art 1 (ylu s Y, U) 27"71%*1) 5

r=1
’ Tt 3Zl,t aZl,t—l

+7]if1 <y17 < Yl U)
Alt (yl’ < Yl U) Zr Jep—t+i

t—2 [ 1 5
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=2 r=1 \j=kr—t+i+ 5
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i; +O[3} R,k —tHit1ly ooy Rk —1, 921,17
(Y1,e--y1,u)
oy Rl kg —t+i+1s oy 2k —1
then we can calculate
8 STt 0
[Tl,t77—s,k5] = T 04, mod span {Tl 1 '~-a7—l,t71}>
Tt 2Lt
Defining A8, = — 2™t e obtain
Lt Tt ’
S
[T1t, T k] = A yT1e mod span {71, ..., Tig—1}
Moreover, as
— (Al Oyme) 1 0
[Tit, Tk = 5
Tt Tt OZt
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=l <A Al,kl—t—l—z‘ T T Alzzl ky—t+i 0
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i=1 4Lkt Z Oz,
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ky It
Z 771‘7 (yly-"aylau)

t—1 j=ki—t+i+1 8
; 0[2] 21,k —t4i+1s -5 Rl —1 8zl i'
+ (ylv“"ylvu)

vy Rk —t4i+1s -5 Rlk—1

Set

It
t

)\57,5 (Y1, s Yisu) = diag{di’t (Y1 s Uiy ) ...,5§’t (Yt s Yt W) 5 ey 08 (Y1y oy Yy 1) 5 ooy 0,00, 0,

It Lk | Oym
where ;" = Ay + Z=* and

dy (A7)
It Lk Lk Y Ly
07 = Ay — Ak i — oAt
Li
for1 <i<t—1, then
[T Ti] = Ay + Gi o + Rige (11)

Remark 1 In equation (11), )\%,t could be uniquely determined since G%l’t
might be separated according to the coefficients of second-order terms in 7y, .

Finally, the following result enables us to determine all the functions oy ; (1, ..., yi, v)
forl1<l<mand1<i:<Fk —1.

Proposition 2 If there exists a diffeomorphism which transforms system (1)
into form (2), then ay; = =2 for 1 <l < mand 1 < i < k — 2, and

Ti4+1
Q-1 = Tig—1, Where the m; for 1 < i < k; — 1 is the solution of the

following partial differential equations:

%:_,\f’i(yl,...,yl), Jor1<s<l—-land1<i<k —1

T
Oy, 71,4 1, 1k —1 li+1 Slk—1 .
M — oxp [ (08— T = o) dy — BT, for 1< <k — 2 (12)
o Lkj—1 1,k ’
Oy T -1 6kl£1 _Az,kﬁq
Tky—1 2

with B;:?:O and for 1 < it <k —1

! = ! Oy i

Lt ,t Yy tlit—m

Bl,i = Z St—i,m—t+i+1 . (13)
m=t—i+1 Tt—m

Proof 3 Obviously, according to (10), we have

0, i )
PeTli  Xe (g, o), for 1< s<l—land1<i<k—1
Tl ’

)



Define

o, -
Bit = Tl gt (14)

1

where 1 <1l <m and 1 <1,t <k —1.
According to (8), for 1 <i,k <k —1,

ayz (A”) ayl (Bllf) _ 0yl7Tl,z' 4 8yl7Tl,kl—t+z"

Lt - Lt
Al,i Bl,i ﬂ-l,i ﬂ-l,kl—t—i-i

Lt Lk w
As 0y = Ay yl Lt hence

l k -1

Lki—1 _ lkl Lk

llc 1
B = Ty Ty 144
1, 1,144 Oy, Lk—1 Oy, Lk —1
:551_51:;2_8?;1 S +B A . +B o
T Tl

which yields

O 7 , 3 . _ .
nlhi exp/ ((52[-” — (52”” 1 5fffl> dy; — Bll’f’” Lfor1<i<lk—2
T ’

where Bl "=l s defined in (13) and ¢; # 0. As 52;‘3’11 = pfuTilyot | Al Zf 15

T,k —1

_ k1
Lk _ Lky Oy ik —m .
where Apy = > SWW’ then we obtain

Ik —1 1.k
Oy i1 Okt — Al

Tk —1 2

4 Main result

If there exists a diffeomorphism which transforms system (1) into form (2),
then equation (12) of Proposition 2 gives all ay; (y1,...,y,u) for 1 <1 < m
and 1 < i < k; — 1. Therefore, let us consider a new family of vector fields
defined as follows:

7~'l,1:77l,1 (y1,---,yz,U) 71,1 (15)

10



1

-1

i =

(711, f] fori=2:Fk

ki—1 N B
where 71 (Y1, ..., Y1, u) = 'H1 i (Y1, - Y u) - Set T = (Tij)1<icm and 1<j<k;
Fa <i< <<

and A = 07, we can define the following multi 1-form:

w=A"16. (16)

It is clear that

wT = Iy xn

Then we are ready to state our main result.

Theorem 1 There exists a diffeomorphism which transforms system (1) into
a MODO normal form (2) if

i) there exists a family of functions ay; (Y1, ..., yi,u) for1 <l <mand1l <i<
k;—1 such that the family of vector fields 7,; for 1 <l <mand1 <i <k —1
defined in (15) satisfies the following commutativity conditions

[FijiTod] =0, for1<i,s<m,1<j<kandl<I<k, (17)

or

i1) there exists a family of functions oy, (y1,...,y,u) for 1 < 1 < m and
1 <i <k —1 such that the R"-valued form w defined in (16) satisfies the
following condition

dw = 0. (18)

Proof 4 Assume that there exist ay; (Y1, ...y, u) >0 for 1 <1 <m and 1 <
i < ky—1 such that [T, ;,Tsy] =0 for1 <i,s <m,1 <j <k andl <l <k,
then it is well-known ([12], [9]) that we can find a local diffeomorphism ¢ = z
such that

0

¢*<Tl,i) = azl,i'

As ¢u(T1s) = 82 - is constant, hence

() = 0 (s I = 06 ) = v

Y

azl,i—i—l

11



thus %qb*(f) =y BH for1 <l <mand1 <1<k —1. Consequently, by

8zl,i
integration we obtain: ¢.(f) = A(y,u)z + B(y,u). Moreover, as dho7,; =0
for1 <l <mandl <i¢ <k —1anddhoT_1 =1, we obtain ho¢ = Cz
where C is defined in (1).

Finally, in order to prove that in Theorem 1 Condition i) is equivalent to Con-
dition i), it is sufficient to prove that equation (17) is equivalent to equation
(18). Recall that for any two vector fields X,Y, we have

dw(X’ Y) = Lx (W(Y)) — Ly (W(X)) - w([X7 Y])

Setting X = 7,; and Y = T4, we obtain

dw(ﬁ-ﬁj, %s,l) = L:Fi’jW(’Fs,l) — L:FSJLU(%Z',]') — CU([’E'J,%SJ]).

As w(Ts;) and w(T; ;) are constant, then we have

dw(ﬁ',j, 7~—s,l) = —W([ﬁ,ja 7~'s,l])-

Because w is an isomorphism and (7i ;)1 <ic, and 1<j<k
equation (17) is equivalent to equation (18). o

_, 18 a basis of TU, then

Example 1 Let us consider the following system:

S { (A B))

T1,1 = Hig, £1,171,2,
L plynu)

T12 = T, . T

T3 =7 (y1,u) 12,
.TQ

To1 = B (Y1, Y2, u) m (19)
2,1

T2 = B (y1,92,0) Grag

Y = 21,3,

Yo = T3 2,

with yp € |—1,1[, y2 € |—1,1[ and yuB # 0 for any u, y; and ys, then we can

12



obtain

1+z13 9
T = yu o Ox1a’
1 il Oy, (v(y1,w)p(y1,u)) )
T2 = S dars <(1 +213) 0w )xlﬁ dw11
T = 2 (% (r(y1,u)y(y1,u)) ayﬂ(yl,U)) L
' Oz1,3 (p(y1,u)y(y1,u)) 7(y1,u) 2019
( 1 Oy (v(yhum(yl,u))) )
I+z1,3 v(y1,u)u(y1,u) L1182, 4
Tyl = (I4z22) 8
J B(y1,y2,u) Ox2,1
2.1 (1+x2,2)
Toy = -2 (tasa) Iy, (5@1 2 u)) g (Z/l, u) 2 P
’ 12,2 (14z2,2) x2,1 Oxa,1
y2 ( B(y1,y2,u) yl’ Y2, u (I4z2,2)

which yields

5% 1 =0,

1 Oy Y(y1,u) | Oyq (u(y1,u)y(y1,u))
022 =270 + Tt
Py _ Oyy (B(yr,u)y(y1,u) 60y v(y1,u)

2,1 (u(yhu)v(zn Ju)) v (y1,u)

Oy (u(y1,u)y(y1,w) Oy (u(y1,u)y(y1,w))
Oy (Mtoiirme) | ()

AL — Oy, By1,y2,u)

L1 IB(yl vau)
52 _ 23y25(y17y2, u)

1 (91,927 ) ’

Then, according to (12), we have

Oyimyn 1 _ 51 _ 51
Tt =exp [ (01 — 019 — 05 ) dyr,
yemiz _ 1 (51 _ 3y17T11>
12 2,2 11
Oy _ 31 Oy Alynyau)
m21 1,1 By1y2.u)
Oypmar 152 _ Oy Blyryzw)
T21 2721 B(y1,y2,u)

which gives us w1 = c17y (Y1, w) (Y1, u), T2 = coy (Y1, u) and T3 = Qg1 =
¢ (Y1, Y2, u) , then we can obtain aq 1 (y1,u) = 2 (y1,u) and arg = ey (y1, u).
Then we have

7’:1’1 =C (1 + 513'1,3)

0x1,1’
~ 0
T2 = C5, 5>
~ _ r1,1 0
71,3 = 0x1,3 + 1+x1,3 Ox1,1°

13



and

%271 = C3 (1 + 1'272) %

2,1 0
0122 1422 Oz21

T22 =

It is obvious [T;j, Tst] = 0 for 1 <i,s <2, j€[1,3], t €[1,2]. So we have

_ , X i
c1(14+z1,3) _01(1+x1,3)2 T11 0 0
0 0 0 0
Cc2
w=ATF=1 0 1 0 0
1 T2,1
0 O 0 03(1+2272) _03(1—‘,—;1;272)2
0 0 0 0 1

which yields

T
z:qb(x): ™ lxm T13 S - 2,2
C1 (1+[E1’3)7 cy e 703 (1+ZE2,2)7 7

with this diffeomorphism, system (19) is transformed into:

z11 =10,

Z12 = %/ﬁ (y1,u) 211,
Z13 = G2 (y1, U) 21,2,
291 =10

Zo2 = 3 (Y1, Y2, u) 22,1

Y1 = 21,3,

Y2 = 222.

5 Extension to system with unknown inputs

In this section, we extend our results to a system with unknown inputs and
which is in following form:

T = f(l‘,U) —|—g(w,u,w)

; (20)
v = (1 (@), o (@)

14



where z € R", ue RP, we RY, f : R" X RP - R" ,g: R" X RP x R — R"
and h : R" — R™ are analytic functions. For system (20) we seek the MODO
normal form along its output trajectory as follows:

t=Ay,u)z+ B (y,u) +n(y,u,w)
y=0Cz

(21)

where A (y,u), f(y,u) and C are defined in (2), and the matrix 7 (y, u, w) is
defined as the matrix 3 (y, u).

Theorem 2 System (20) can be transformed into MODO normal form (21)
by a diffeomorphism and an output injection if and only if there is a fam-
ily functions (o ;(y,u)) satisfies both commutativity con-
ditions:

1<i<m and 1<j<k;—1°

i) For1<i,s<m,1<j<kandl <1<k,

[T, Tsa] = 0. (22)

i)
9,Tij]=0for1<i<m, 1<j<k —1

Proof 5 From Theorem 1, we can state that there exists a diffeomorphism ¢
such that

o«(f) = Ay, u)z + By, u).

For1<i<mand1l<j <k —1, because ¢, (T, ;) = 85_ - is constant, hence
2,3

we have

0 -
%qb*(g) = ¢:(lg,7,4]) = 0.
Therefore ¢.(g) = n(y, w,w). Thus, we obtain the form (21).

Remark 2 If g(z,u,w) = g1(z, w)wr +..4+g,(x, w)w,, and also both conditions
i) and 1) of Theorem 2 are fulfilled, then:

77(% u, U)) = Bl(y7 u)wl + ..+ BQ(y7 u)wq (23>

Let us now study some special cases of the output injection.

Corollary 1 Let us assume that conditions i) and ii) of theorem?2 are fulfilled:

15



a) if [g,Fix,] = 0, for 1 <i < m, then:

n(y, u, w) = n(u, w)

b) ng(l’,u,U)) = gl(xau)ul + .. +gQ(x7u)uq and

[, o] =0 for 1 <i<m,1<k<p

then

Ny, u, w) = By(u)wy + .. + By(u)w,.

where B; are functions of u. ¢) if g(z,w) = g1(x)wy + .. + g4(x)w, and

(9K, Tik,) =0 for 1 <i<m,1<k<gq

then

n(y,u,w) = Biw; + .. + Byw,

where B; are constant vector fields.

Example 2 Let us consider the following system

2
: _ Ti1 r1,1
T11 =7 (Y1, ) (4o1.0)2 + (a0 W1

. _ 1,1
T2 =7 (y1,u) Tra,, T W1+ T21W2

To1 = B(y1, Y2, u)T12 (24)
Y1 = T12
Y2 = T21
with yy € |—1,1[, v8 # 0 for any u, y1 and yo, then we can obtain
_ I+ 9
L1 = S{yru) Oora
T2 = 3358172 + (372 (yb ’LL) (1f;i2)3 -7 (ylvu) 81/1 (7 (y17u>> (1f;’11‘2)2> 851?81,1
T2,1 = aaz,l

which yields

ayfy (yla u)

61,1 _ 2
! v (Y1, w)
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so according to equation (12), we obtain

aylﬂ'l,l o 5%71 o ay17(y1>u)

1,1 2 v (Y1, )

which gives 11 = oq1 = 17y (y1,u) . Consequently, we have

7'1’1 =C (1 + 1'1’2) 73171 |
0 T1,1 0
0x1,2 14x1,2 Oz21

e}

021

T2 =

T21 =

8‘372 11;’1172 ag,l = T2, $0 [g1,711] = [91,T12] = [91,T21] = 0.

Moreover, due to go = x271ﬁ912, then we have [ga, T11] = 0, [g2, T12] # 0 and
(g2, T2.1] # 0. Thus system (24) can be putted into the following form:

As g1 =

. xT
21 = —— g Wo
’ c1(14x1,2) )

1o = a1y (v1, U)Zl,l + wy + 22,1W2

201 = B(Y1, Y2, u) 21 2 (25)
Y1 = 21,2
Y2 = 221

by the following diffeomorphism

T1,1
c1(1+z1,2)
¢ = T1,2

)

T21

Corollary 2 Assume conditions i) and ii) of theorem 2 are fulfilled and m >
q, then the OMC (Observability Matching Condition) for system (21) is as

follows:

mnk%m,l(y, u,w) =q
and

Ly u,w) =0, for 1<i<m,2<j<k

17



Here we give another example to highlight the above corollary.

Example 3 Consider the following system:

2
Tia

11 =7 (Y, u) e T (1, w) wi + ws

T19 =7 (y1,u) %

Ea1 = B(Y1, Y2, w)T12 + w1 + B(Y1, Yo, u)we (26)
Y1 = T12
Y2 = T21

with yy € |—1,1[, By # 0 for any u, y1 and y,. According to example (24) we
can get m 1 = aq 1 = 17y (Y1, w) which yields the following new vector fields:

11 =C (1 + 1‘172)

0x1,1

~ X
0 + 1,1 0

T2 = 0x1,2 1+x1,2 Ox21
~ _ 0
T2,1 = dra1

which means the diffeomorphism is as follows:

then system (26) can be putted into the following form:

Zi1 = m (7 (y1, w) w1 + ws)

é1,2 = 017(?/1; U)Zl,l

2}2,1 - ﬂ(y17y27u)zl,2 +w1 +ﬁ(y17y2au)w2 (27>
Y1 = 21,2
Y2 = 221

18



Then

m1 (Y, u, w) m (7 (g1, u) wy + wo)
Ny, ww) = | no(y,u,w) | = 0

N2, (Y, u, w) w1 + B(y1, Yo, u)wo

Since
1 1
— ,U)  ———
rank%ni,l(% u, w) = et ! ) er(l+u) , for1<i<2
1 ﬁ(yla Y2, U)

and

3%77172(:% u, U}) = 07

if v (y1,w) B(y1,y2,u) # 1 and ¢ (1 +y1) # 0, then Corollary 2 is fulfilled,
therefore both the state and the unknown input of system (26) can be recovered
by an observer.

Now, let us design an observer for system (27). We assume that u is bounded
and v (y1,u) B(y1,y2,u) # 1 and ¢; (1 +y;) # 0, then the left invertibility
problem for (27) may be solved by a step by step sliding mode observer [13]
of the following form:

él,l = El@sign (21’1 — 21’1>

219 = cry(yr, u) 311 + Kisign (219 — 219)

22,1 = B(y1, Y2, u) 212 + K3sign (21 — Z21)

where 219 = Y1, 221 = ¥2 and

~ 4 K1sign(z1,2—21,2)
211 =211+ Eyv== e

c1v(y1,u) .
’U~)1 _ Ti_yl)’}/ (yl, U) q(lli—i-yl) E2/€28ign (5171 — 21’1)
Wo 1 ﬁ(yl, Yo, U) Esk3sign (22,1 - 52,1)

with

if 21,2 :2172, E1 = 1, else E1 =0

if 221 :ZA’QJand 2171 = ,’2’171, then EQ = 1, else E2 =0

19



6 Conclusion

This article focused on seeking the MODO normal form. Firstly, the partial
differential equations were given to deduce all functions «; ;, with which we
can design a new frame of vector fields from the natural one associated with a
dynamical system with outputs. And then sufficient geometrical condition was
given in order to determine whether a system (1) can be transformed into the
normal form (2). Finally the obtained result was extended for systems with
unknown inputs. Nevertheless, one open problem remained to be solved is to
find the necessary condition.
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