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Convergence d’un schéma non monotone pour les
équations HJB avec donnée initiale discontinue

Résumé : On étudie un schéma non monotone pour ’équation Hamilton Jacobi Bellman
du premier ordre, en dimension 1. Le schéma qu’on considere est lié au schéma anti-diffusif,
appellé UltraBee, proposé dans [7]. Dans ce papier, on prouve la convergence, en norme L!,
a lordre 1, pour une condition initiale discontinue. Le caractere anti-diffusif du schéma est
illustré par quelques exemples numériques.

Mots-clés :  équation HJB, schéma non monotone, estimation d’erreur en norme L',
schéma anti-diffusif, condition initiale discontinue
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1 Introduction

We consider the following first order Hamilton-Jacobi-Bellman equation:

Ie(t, ) + glélic(f(;v, a) Ux(t,x)) =0, t>0, x€R, (1a)
9(0,2) = wvo(x), =z €R, (1b)

with discontinuous initial data vg. In optimal control theory, the solution ¢ of equation
(1) corresponds to the value function of the optimized problem [3, 2]. It is usual that this
function, as well as the “final” cost vy, is discontinuous (for instance for target or Rendez-
Vous problems).

In the continuous case (vy is continuous), there are several contributions dealing with
numerical schemes for the discretization of HJB equations [8, 10, 1, 13]. The work of
Barles and Souganidis [4] gives a general framework for the convergence of approximated
solutions towards the viscosity solution, under generic monotonicity stability and consistency
assumptions. In that case, an error bound in Az? is exhibited, Az being the mesh size,
whenever the function vy is bounded ~-Holder.

Nevertheless, when we deal with discontinuous intial data vg, classical monotone schemes
are no more adapted. In fact, if we attempt to use these schemes, we observe an increasing
numerical diffusion around discontinuities, and this is due to the fact that monotone schemes
use at some level finite differences and/or interpolation technics.

In this paper, we analyse an explicit scheme for the numerical resolution of (1), closely

related to the HJB-UltraBee scheme proposed in [7]. We give a convergence proof, show
anti-dissipative properties of the scheme, and give a L'-error estimate.
The UltraBee scheme has been developed to study compressible gas dynamics [9], and

more precisely to solve the transport equation. A generalization to HJB equations and many
academic tests have been done to evaluate the behaviour of the scheme when dealing with
discontinuities [7]. Its comparison with the viability algorithm [5] [15] was encouraging to
study more deeply convergence results.

Let us stress on that this scheme is explicit and non-monotonous (neither e-monotone
in the sense of R. Abgrall [1]). As far as we know, there are few non-monotone schemes
that have been proved to converge for HJ equations. In [12], Lions and Souganidis show the
convergence of a TVD second order scheme, but which is implicit.

For a large class of discontinuous initial data vy, and under some asumptions on the
dynamics f(z,a) (see asumption (H3) in Section 2), we obtain a first-order error bound in
L' norm, of the following form:

|V (tn,.) = O(tn, )lor@ < C(L,tn,v0)Az Y, >0, (2)

where ¥ is the viscosity solution of (1), V' is the numerical approximation and C(L, ¢, vg)
is a positive contant wich depends only on ¢,, on L (Lipschitz constant of x — f(z,a), see
Section 2.1), t,, and on the total variation of vy (see Definition 2.2).

RR n° 0123456789



4 O. Bokanowski, N. Megdich & H. Zidani

This is the first result of this kind to our knowledge, in the case of discontinuous viscosity
solutions. Furthermore, in some particular cases, such as the eikonal equation (J;+|J.| = 0,
corresponding to A := {+1} and f(z,a) = a), the constant C does not depend of ¢,,. This
shows a "non-diffusive” behavior of the scheme, as identified in [9], for the advection case
with constant sign velocity.

The paper is organized as follows: Sections 2 and 3 are devoted to the proof of (2) in
the case of piece-wise constant initial data. In Section 4, we prove (2) for more general
discontinuous initial data. In Section 5, we weaken some assumptions made before on the
velocities and prove a similar estimate for a modified scheme. We conclude in Section 6 by
some numerical illustrations, in particular showing the non-diffusive behavior of the proposed
scheme. The appendix contains some useful technical results.

2 Preliminaries

2.1 Notations and preliminary results

We denote by vg : R — R a bounded lower semicontinuous (l.s.c.) function, A a compact
set, and f: R x A — R a continuous function satisfying:

AL >0, Vae A, Vz,y € R, |f(y,a) — f(z,a)| < Ly — z|. (3)

It is known that, under these assumptions, equation (1) admits a unique bounded l.s.c.
bilateral viscosity solution [3, 2]. For convenience of the reader, we recall in the following
definition the viscosity notion we use.

Definition 2.1. A bounded l.s.c. function 9 is a bilateral viscosity solution of (1) if,
i) for any ¢ € C*((0,+00) x R) and at any local minimum (t,x) €]0, +oo[xR of ¥ — ¢,

Pe(t, ) + ?g}(f(fm @) ¢z (t,z)) = 0.

i) lim ir+1f19(t,y) =uv(z), VreR.
t—0
y—w

If we set for all z € R

fm(z) = min f(z,a) and  fu(z) = max f(z, ),

then equation (1) can be rewritten in the equivalent form:

9e(t, ) + max(fon(z) V(¢ x), fu(z) d:(t,2)) =0, t>0, zeR, (4a)
30, z) =vo(z), z€R. (4b)

INRIA
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Notice that by (3) and the definitions of f,, and fas, we have fp,(z) < fa(x), Vo € R, and
also

(H1) f,, and fa are L-Lipschitz continuous.
For simplicity of presentation, we first suppose the simplifying additional assumptions:

(H2) fm and fas are of constant sign,
(H3) fm and fas are increasing functions of x.
These assumptions will be weakened in Section 5.

Remark 2.1. Assumptions (H1)-(H3) are satisfied for the particular case of the Eikonal
equation: Yi+cldy| = 0, where ¢ is a given constant and ¢ > 0 (taking far(z) = — f(z) = ¢).

We now define exact and approximated characteristics that will be very useful throughout
the paper. Let x; := j Az be a uniform mesh with Az > 0 and j € Z, and denote:

o1
Tip1 =+ g)Ax, and  Ij:=lz;_ 1 a0

As the dynamics f,, and fj; are lipschitz continuous, then for any x € R we can define
characteristics X and X as the solutions of the Cauchy problems:

XM(t) = fu(XM (1)), X7 (t) = frn( X)),
{ XM (0) :zl,w and { X™(0) = . (5)

We also define approximated piece-wise constant velocity functions fy, and f5, such
that, Vj € Z:

far(@) = fau(zg), Vo€ I,
Bl by St e 5
MAate fu(xj) otherwise,

and

fn(@) = fm(x;), Ve,
0 if fr(x;) fm(zj41) <0
S (. — J Jj+ )
ACSY) { fm(z;) otherwise.
In general, the differential equation

Xw(t) = fAS/'[(X$(t))a a.e.t >0, Xw(o) =, (6)
may have more than one absolutely continuous solution. The non-uniqueness comes from
the behavior on boundary points (xj +1 ) in the case when the velocity vanishes (or changes
sign). Throughout this paper, we shall denote by X M-S the function defined by:

XM:Ssolution of (6), and (7a)
XMS() = 2y,

if * >0 s.t. @ EAk then XMS(t) =x,, 1 Vt>t*. (b

parzosed I O =2y V20 (1)

RR n° 0123456789



6 O. Bokanowski, N. Megdich & H. Zidani

We have uniqueness of such solution (see appendix A). We construct X in a similar way.

Lemma 2.1. Assume that (H1) holds. Let a,b be in R. The following assertions are
satisfied:
(1) For everyt > 0, we have:

max (|X205(6) = XM (1)), XS — X (1)]) < 5Lt e Ax,

N =

where L is the Lipschitz constant of fyr and fr, (see (H1)).
(i1) Let s <t and assume that X75(0) > X;V[’S(H), for every 0 € [s,t]. Then

XT5(1) = X ()] + Aa < HOI (XS (s) - X0 (s)] + Aa).
On the other hand, if X (0) > XM (0), for every 0 € [s,t], then
X8 = X (0] < "X (s) = X (s)])-
(iii) Assume (H1) and (H3). If a > b, then the functions t — XMS(t) — X°(t) and
t— XM(t) — X;(t) are increasing for t > 0.
(iv) Assume (H1) — (H3). If 5% < a — b, then the function t — X M:S(t) — X" (t) is
increasing for t > 0.
(v) Assume (H1) — (H3). If X;n’s(ﬁ) > Xm5(0), for every 6 € [s,t]. Then we have
X5 (8) = XS ()] + Aw < MO (X5 (5) = X (s)| + A).
On the other hand, if XM5(0) < X;\/[’S(G), for every 0 € [s,t], then
X515 (1) = XS )] + Az < eHE (XG5 (s) - X1 (s)| + Aa).
Proof. (i) Let z € R and j € Z such that z € I;. For y € R, the following inequality holds

\far(@) = fu@) = [fa(ay) = far(@) + far(e) — far ()]
< %LAx+L|x—y|.

Therefore, for all ¢t > 0, we get:
t
X215 () - X' = I/O (FRr (X215 (s)) — far(X2'(s))) ds|
t
< %LtA;v + L/ |XMS(s) — XM (s)|ds.
0

Hence by using Gronwall’s Lemma we obtain the desired estimate for |X9(t) — XM (¢)].
The bound for | X, (t) — X*(t)| is obtained in the same way.

INRIA
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(ii) Let 6(0) := X75(0) — X"°(0) + Az. We have

L) = FSxms(0) - 155 (0))

do
Fo(Xms(0)) — fi (X0 0))

< L<X;”’S(9) - x"50) + Am) =L §(6).

IN

The result follows by using a Gronwall estimate. The proof for the other estimate is similar.
(iii) Define 6(t) := XM:3(t) —X;n’s(t), and t* := inf{t > 0,d(¢) < 0}. As §(0) > 0, then
t* > 0. Then for all ¢t € [0,¢*[, §(t) > 0 and we have:

S0 = SRS FEOES0) = A 0) — £SO W),
which is positive, for ¢ € [0,¢*], by (H3). We deduce that J is increasing on [0,¢*[. Suppose
that t* is finite, then we get by continuity of X% and X;n’s that 0(t*) > 6(0) > 0. This
contradiction shows that t* = 400 and ¢ is increasing for all ¢ > 0. (The proof is similar for
t— XM (1) - Xp(1).)

(tv) Similar arguments as in (4i7)

(v) The proof is obtained as in (i7). a

Lemma 2.2. Let vg be a bounded l.s.c. function on R, and assume that (H1) holds. Then,

the unique viscosity solution of (4) is given by:

e | , Vt>0, zeR 8
( m) ye[xy(gl)r,l)(;n(,t)] Uo(y) JU ( )

Proof. Notice that equation (4a) can be rewritten as follows

De(t, x) + m{%}i] {1 =) fm(2) + afu(z)) - Vst x)} =0, t >0, z € R. (9)
ac|0,
The unique viscosity solution of equation (9) satisfying the initial condition (4b) (see [2]) is
given by
19 t, = i Xa —t = i s
(to)= mmin e (=)= min oW
where X is the solution of X2(0) = x and X2 (t) = (1 — a(t)) fm (X&(t)) + a(t) far (X2 (t))
for t > 0 with € L*°(R™, [0, 1]). O

We also consider the function ¥ which is defined in an analogous way as in (8), but with
the approximated characteristics X%, X™% instead of X and X

95 (t,x) == vo(y), Vt>0, xR (10)

min
ye[ X215 (=), X5 ()]

This approximate function will play an important role throughout the paper.

RR n° 0123456789



8 O. Bokanowski, N. Megdich & H. Zidani

Proposition 2.1. Under assumption (H1), we have':
19(t,.) — 95 (t, )| 1wy < Lte™ TV (vg) Ax. (11)

Proof. By using Lemma B.1 (taking al = XM (—t), b} = X™(~t), and a2 = XM-5(—1),

b2 = X™9(—t)) (whose inverse functions are XM (t), X™(t), and X5(t), X5(t) respec-

tively) together with Lemma 2.1 (i), we obtain the L'-norm estimate. O
Using Lemma B.3, we also obtain

Proposition 2.2. Under assumption (H1),

TV(99(t,.)) < TV(vy), Vt>0.

For E C R a given set, we shall use in all the sequel the notation 1g for the function defined
by:

1 ifrek,
Lp(w) = { 0 otherwise.

2.2 The HJB-UltraBee scheme

Let At > 0 be a constant time step, and t,, := nAt for n > 0. We set the following notation
for local ”CFL” numbers:

m At M At
v; :Efm(l’j) and  v; :EfM(mj),

and v = {v", j € Z}, vM = {v}, j € Z}. An adaptation of the UltraBee scheme
has been proposed and numerically tested for the HJB equation [7, 5, 6]. Let us recall this
formulation. We first introduce the notation for the average values of initial data:
1 i+
VO = A_x/ * vo(z)de, jET. (12)

xZ .
i—

As we deal with an explicit scheme, we will assume in all the paper that the mesh size
satisfies the CFL condition:

At

max max (| frm (2)|, |far(2)]) T < 1. (13)

IThroughout this paper, we will use the following definition for the variation of a real-valued function w.

Definition 2.2. Let w be a real-valued function. the total variation of w is defined by:

TV (w) := sup { Z lw(yj+1) —w(y;)l; k€ N*,and (yj)1<j<k+1 increasing sequence} .

INRIA
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Algorithm 1 :

Initialization: We compute the initial averages V°

= (Vjo)jez as defined in (12).
Loop: For n > 0, We compute V! = (V"H)jez by:
e Define “fluxes” V]’j_l(u) for v e {v™

2

,vM} as follows:
If v; > 0 for every j € Z, define:

min(max (V) 4, b;'_(l/)), BJ'-|r (v)) %f v;i >0
W) =9 Vi if vj=0and V" £V
%5 if vy =0and V' =V,
where
b (v) o= max (V) V) 4 (V) = max(V, V), »
B+(V) min(V}", V1) + o= (V" — min(V}", V1)),
If v; <0 for every j € Z, define:
min(max(V}",b; (v)), B; (v)) ifv; <0
Vitipw) =3 Vi, if vy =0and V" # V;}H
V;-" 1fVJ—OandV =V,
where
5 ) = (V7 Vi) 4 1 s V) )
By (v) = min(V{", Vi) + g (Vi = min(Vi*, Vi)

e For v € {v™, 1M}, let

Vi) = Vi (Vi 00 = Vi, 0)
e Finally, set V**' := min (Vj"“(um), Vj”“(z/M)) for every j € Z
In all the sequel, we shall use the notation

<min (Vi wm), Vj"“(vM))>

SUB(VH) . .
JEL

Under assumption (H2), we notice that the resulting scheme is well defined. We associate
to the scheme values (Vj")j, the l.s.c. step function V(¢,,.) defined for every ¢, >0, z € R
by

Vitn,a) =4 7 iz €loj—g 2l (16)
’ min(V;", Vi) ife =,

RR n° 0123456789



10 O. Bokanowski, N. Megdich & H. Zidani

2.3 A first case where fronts do not meet

We consider here the case of an initial data of the form

’UQ(JJ) = 1],00713[(%) + 1]a7+oo[(x)7 (17)

where a,b € RU{+oo} and a > b. Our aim in this section is to study in this simple case the
relationship between the viscosity solution at time ¢,,, ¥(¢,,.) and the values V™ computed
by the HJB-UB algorithm. We show, under the CFL condition, an L'-error estimate in Az
stated in the following theorem:

Theorem 2.1. We assume that (H1) — (H3) and the CFL condition (13) are satisfied. Let
vo be defined by (17), Ax be such that a > b+ 3Ax, and ¥ be the viscosity solution of (4).
Then

1V (tn,.) — 9(tn, 1) < (1 + Ltne™)TV (vo) Az,  Yn > 0. (18)

Before dealing with the proof of Theorem 2.1, it will be useful to have the analytic
expression of the viscosity solution ¢ (known in this case, since vg has a simple form):

Remark 2.2. Assume assumption (H1) is satisfied, a > b, and vo as in (17). Then using
Lemma 2.2 and by a direct calculation we obtain that the Ls.c. wviscosity solution of (4) is
given by :

ﬁ(t, 33) = 1]7007Xg””(t)[($) + 1]X(1L‘/’(t),+oo[(m)' Vi >0, x €R.
Also, the function 9° defined by (10) satisfies:

ﬁS(t,x) = 1]7oo7Xg”’S(t)[($) + 1]X{§W‘S(t)7+oo[($)’ YVt >0, x € R.

In the following we denote by 77" the cell averages of ¥°(t,,, ), defined by

5?7” = ix/ 93 (tn,z) de  for j € Z, neN. (19)
1

Lemma 2.3. Assume that (H1)— (H3) hold, vo is defined by (17), and a > b+ 3Ax. Then
the values V" computed by algorithm 1 satisfy:
S,n

Vi=9," ¥n>0,VjeL

Proof. Case 1. We consider the case of vg(x) := 1)4,o[(2), and proceed by recursion on
n >0 (the case vo(z) = 1)_o p/(x) may be treated in a similar way).
Let j € Z be such that the discontinuity position z,, := X3*%(tn) lies in Jo; 1,2, 1].

INRIA
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Then we have V;' = 0 for k < j, V" € [0,1[, and V' = 1 for k > j. By straightforward
calculations, if v™ > 0, we can verify that

—S,n+1

T =V =0

v = Vj”le = max(0, 1{\]/[” — VJM),

5;_9_,:114-1 _ V‘Til { 1- VVJJ% max(0, VJM -V it I/j]-w >0
! 1 ifvM =0

and, if vM <0,

[vM | .
! 0 ifvM=0
Efan—&-l _ an+1 — min(l, an + |ngw|)7
—S,n+1 +1
i =V = L
. =S, . —=S, .
and in all cases, 0" = VM =0, Vk < j—2 and U, = VM = 1 Vk > j + 2.

This means that the HJB-UltraBee scheme computes exactly V""" 1(vy) from V" for the
advection with velocity fI\S/I In the same way we obtain that V"*1(1,,) computes exactly

the average values from V™ for the advection with velocity f. Hence we have, for every
kelZ,

" 1
ittt = 55 /1 1ix20:5 (Ag) 00 (%) 2, (20)
1
n+l/ my\ __
VI wm) = N /Ik 1]X;';;S(At),oo[(x)dx' (21)

Since X79(At) < XM:5(At) we deduce that V" (vM) < VPH(v™), and, for all k € Z,
Vk’n+l — an+1(VM).

This concludes the proof of Es’”“ =yt

Case 2. Consider the case of vo(7) = 1j_oop((2) + ljg,00[(x). As a —b > 3Ax, by
Lemma 2.1 (i), we get XM5(t) > 3Az + X;5(t) for t > 0. This means that there are
at least two successive cells with value V" = V.| = 0 separating X;" S(t,) and XM-S(t,,).
Then as in Case 1 we obtain for k > j + 1 that (20) and (21) are also valid, and thus

fork>j+1, VrHi=yrHieM) = Efmﬂ

(i.e, an exact evolution following the discontinuity position X+9(¢,,,1)). Also, in the same
way as in Case 1, we obtain

for b <j, Vi =vet ) = 9"

RR n° 0123456789



12 O. Bokanowski, N. Megdich & H. Zidani

i.e, an exact evolution following the discontinuity position X m,5 tna1)). This concludes to
b +

v = 90" for all k € Z. O

Proof of Theorem 2.1: Since V" = Efm, for all j € Z and n > 0, we obtain:
195 (tn, ) = V(tns )l rw) < Az TV (95 (tn,.)) = 28z = TV (vo) Ax. (22)
Inequalities (22) and (11) lead to the desired result (18). O

Remark 2.3. Lemma 2.3 shows the behaviour of the HJB-UltraBee scheme: when the two
discontinuities are far from each other, the algorithm is able to recover, from the average
values, their exact positions XM5(t) and X;n’s(t). Then the scheme makes these disconti-
nuities evolve with the piece-wise constant velocities fy; and f5 . This is due to the fact that,
as long as the discontinuities are separated by more than 3Ax from each other, the extrema
of 95 can be identified by the scheme.

This interpretation of the scheme extends some results of [11] (for the advection case) to
HJB equations. We will see in the next section that this exact computation of the averages
of 9% is no more possible when two discontinuities lie in two successive cells, or in the same
cell.

3 Case of piece-wise constant initial data

In this section we assume that there exists an increasing sequence of real values (v;)i=o,... p+1
with yo = —00, yp+1 = 400, and (7;)i=o,... p such that

Z ryil]y'i,yﬂrl[(m) for z € R\{ylv ceey y;D}a
i=0,...,p (23)
min(y;—1, ;) forx =y;andfori=1,...,p.

vo(z) =

With this definition, vy is a l.s.c. piece-wise constant function. We also assume that the
mesh size Ax satisfies:

1
Az < 3 1;2?_1(2/“1 = Yi)- (24)

We have derived in the previous section an error estimate when the discontinuities keep
far enough from each other (more precisely, when they are separated by at least two entire
cell intervals). In general, two discontinuities may become very close. Two critical cases
may happen, see Figure 1.

In these cases, one time step of the UltraBee scheme given in algorithm 1 may not com-
pute the average values exactly. In fact, it would do a false interpretation of the maximum
value and of the discontinuity localization. The idea is to anticipate this critical situation.
Hence when two discontinuities are too close, a truncation is done such that just one discon-
tinuity remains in its right location (see Fig. 2). Here we modify the HJB-UltraBee scheme
around maxima when one of the two critical cases of Fig. 1 occur.

INRIA
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g i

1 | | | —+—

casel Case?2

Figure 1: Critical cases of truncation

Algorithm 2
Initialization: We compute the averages (V});ez by (12)

Loop: For n > 0:
A) Compute W := Syp(V™) (HIB-UltraBee step).
B) (Truncation step)
e For all indexes j such that

Wj > max(Wj_l, Wj+1), and Wj = an
or and V" = W; 2 < V" — Wjio,
Wj > ijl, Wj+1 > Wj+2, and Wj < V}n
set
n+1 n+1
VI = Wi, V= W,

Wi_o —W;
and V,”"'1 = I/Vj_"_2 + =2 = Wi+2

Wit — W,
j+1 ‘/}7L_Wj+2 ( J+1 J+2)7

e For all indexes j such that

Wj > max(Wj_l, Wj+1), and Wj = ‘/jn
or and V" = W; 2 > V" — Wi,
Wj,1 > Wj,Q, Wj > Wj+1, and Wj < ‘/Jn

set
n+l . n+l . __
Vi = Wige, V' = Wi,

Jj+1
Wipo — W;_o

d vrtl.=w,_ Wi 1 — W,_s).
an j—1 2+ ijn_Wj72 ( Jj—1 J 2)

e Otherwise set Vj”+1 = W;.
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14 O. Bokanowski, N. Megdich & H. Zidani

(a) Initial data 9°(0,.)

.- Exact evolution at time t1, 195(2517 .

—————————— ‘ ~Exact evolution at time ¢4, ﬁs(tl, J)

93 (t1,.), with averages V*

zj Tjt1

Figure 2: Truncation step for critical case 2

Hereafter the truncation step will be denoted by

VL= Ty (W).

Remark 3.1. The truncation step modifies values only near local strict mazima of (Vj")jez.

The test V' — Wj_o < V' — Wjyo (resp. VI —=Wjg > V]~ Wii2) allows to check
if the left jump is strictly smaller (resp. equal or greater) than the right jump near a local
mazxima, see Figure 2. In this case, the truncation corresponds to a recomputation of the
average values such that the right (resp. left) discontinuity position is correctly coded. Hence
the truncation allows to get rid of the left discontinuity and to keep the right one in its correct
location. This truncation step aims to improve the treatment by the UltraBee scheme and to
prevent the presence of two discontinuities in the same cell or in adjacent® cells.

The main result of the section is the following.

2We mean by adjacent here the neighboring cells from the left and from the right
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Convergence of a non monotone scheme for HJIB equations 15

Theorem 3.1. Assume that (H1) — (H3) are satisfied. Let vy be a piece-wise constant
function as in (23). We assume that the mesh size satisfies (13) and (24). Let ¥ be the
viscosity solution of (4), and let V be defined by (16) and algorithm 2. We have

IV (tns ) = Ot M) < (Ltn +4)e" TV (vo) Az, V¥n > 0.

Notice that the total variation of vy given by (23) is TV (vg) := Z [Vit1 — vil-
i=1,...,p—1

Remark 3.2. We shall also see in the proof, for instance in the case of the eikonal equation,

—5, . o
that 9, "= V" as long as the discontinuities are far enough one from each other.

3.1 A first simple case when two fronts may meet

Let a,b be in R, with b > a 4+ 3Axz. Consider the following initial data:
vo(z) = Ljgpp(z), ae. xe€R. (25)

Remark 3.3. Thanks to (8), under assumption (H1), the unique l.s.c. viscosity solution of
(4) is given by (fort >0, x € R):

Lixmy xm(@), if XM () < X(t)
._ [XM (), X () [\ a b )
I(t, @) = { 0 ’ otherwise. (26)

Also, by definition of 9° (see (10)), for t >0 and € R we get

. m,S
95 (t,z) = Lxans gy xpos (@) i X302 < X7(0), (27)
0 otherwise

(the approzimated characteristics XM and Xgn’s are defined as in (7)).

As in (19) we denote by 77" the average cell values of 9% (t,, ).

Lemma 3.1. Assume that (H1) — (H3) are satisfied. Let vo be as in (25), and the mesh
size satisfy (13) and Az < %a. For every n > 0, we have

IV (tn,.) — 0% (tn, M <4Ax eltn, (28)

Proof. For n € N, let j, and £, be two integers such that X9(t,) e]fjnfévxjwr%] and
S

X" (tn) €lwg, —1 @0, 4 1]

Two cases may occur:

(7i) There exists a first index n > 1 such that ¢,, < j, + 3.
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16 O. Bokanowski, N. Megdich & H. Zidani

Assume (7). By the results of section 2.3 we know that the scheme computes the exact
averages of ¥° as long as the fronts are separated by at least two cells, that is, in the case
for all k < n, ¢ > jr + 3. In particular, no truncation step has occured in this case. We

then have Vi = 579’

; " and can conclude as in (22) to

9% (tn, ) = V(tn, )@y < Az TV (95 (ty,.)) = 28z = TV (vy) Az. (29)

Assume now (i7). For k < n, the estimate (29) holds (no truncation done yet). For k > n,
a truncation has occured at step n and thus V¥ = 0. For k > n, we then have (using
Lemma 2.1(i7)) ||V (tk,.) — 9 (tg, )||r = ||9° (tk, )|z = max (O,Xg“s(tk) — XM5(ty)) <
el tn) (X5 (1) — XM5(t,) + Az) < el 4Az. This gives the desired bound. O

Proof of theorem 3.1 in the case vy is given by (25): It is now a simple consequence
of (28) and of Proposition 2.1.

3.2 Proof of Theorem 3.1 in the general case

We notice that since vy is a step function, ¥°(t,.) is also a step function. We need to define
a truncation ¥* of ¥° that will be connected to the scheme values.

For a given piece-wise constant l.s.c. function w (of the form (23)), we define the trun-
cation function Trunc(w) as follows. For z € R, set

z{ :=sup{z, z <z, w(z) #wx)} € [—o0, 0,
z5 =inf{z, 2>z, w(z)# w(x)} €] — 00, ]

(i.e. the closest left and right discontinuities of w to x). Let j; be such that zf €
Jj,—1,2; 1] and jz be such that 25 € [z, 1,2, 1[. Then set (see Fig. 2(b)):

max(w(z7), w(z5)) if j2 € {j1 +1, j1 +2}
Trunc(w)(z) := and w(z) > max(w(zy), w(z3)),
w(x) otherwise.
We now define the function 9¥* by:
e ¥%(0,.) := g, and

o Vn >0, ¥ (tyy1,.) = Trunc(w,y1) where

Wyt (x) = e min 9 (tn,y). (30)
yE[XZT7 (- A1), X7 (—At)]

In the next result we derive an L'-error bound for 9¥ — 9. We also prove that the cell
averages of ¥* are exactly the values given by algorithm 2.
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Convergence of a non monotone scheme for HJIB equations 17

Lemma 3.2. Assume (H1)-(H3).
(i) Y >0, [|05(tn,.) — P (tn, ) L1(r) < (el — 1) TV (vg) A
(1) Vj € Z, ¥Yn > 0, we have

1
— : =Vr
x/jjﬁ(tn,x)dx Vi,

Proof. (i) First we notice that for ¢ > 0, ¥¥(¢,.) is a piece-wise constant l.s.c function (this
can be proved, as for 9°, by using a recursion argument).
At a given time t,, let (Jay, Bi[)i=1,...p be the local maxima intervals of 9 (tn,.) (ie.
95 (tn, ) = const = p; on |y, Bi] and p; > max(9° (tn, a;), 9% (tn, B:)))-
Then we obtain
(a) ¥*(tn,.) and ¥5(t,,.) can only differ on the intervals U;,—1, . p]a, Bi[,
(b) Vi, if 94(t,,.) and 99(t,,.) differ on Jay, B[, then Vo €lay, B, ¥*(tn,x) =
max(ﬁs(tn; 041')7 93 (tnv ﬁz))
Indeed, by Lemma 2.1(ii7), the length of the minima regions of 9 can only increase, so they
will not deasappear and create new local extrema; Also by (H3) the fronts of an increasing

region of ¥° cannot get closer, as well as the fronts of a decreasing region of 9.
Now if 9 (t,,.) and 9*(t,,.) differ on some interval Ja;, 3;[, we have for = €]ay, Bi:

||19S(t7’b7) _ﬁn(t’ﬂﬂ)HLl([al,ﬂl]) = <198(tn7x) _max(ﬁs(tnaai)aﬁs(tnaﬁi))> |67, - O[i|
< TV (tn, )i o, Bi]) 18; — al.
Also we know that a truncation has occured at some time t; < t,. At time tj, the dis-
continuity positions corresponding to «; and §; are located in o := X25(—(t,, — t;)) and
BY = X;’Z’S(—(tn — tx)) respectively. Since the truncation has occured, o and 3 are sep-

arated by less than two cell intervals, and |3 — o?| < 3Az. By Lemma 2.1(ii), we thus
have

Hn ) (0 — o) + Av) — Az
(4et —1)Ax.

|Bi —

<
<

Summing these bounds for all local maxima intervals [a;, 3;] we obtain ||0°(t,,,.)=9*(tn, )| L1 (®) <
(4ettn — 1)AzTV (95 (tn,.)). Then we conclude the proof of (i) using Proposition. 2.2.

(74) Now, we prove recursively that for all n > 0:
1
(Pn) V"= —x/lj P (t,, x)dz, Vj € Z

and

Q) Any two successive discontinuity positions in 9% (t,,, .)
" are separated by at least two cell intervals
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18 O. Bokanowski, N. Megdich & H. Zidani

((Qn) amounts to have ¥%(t,,.) = >, pl'l),, 4.\ a-€. , with y; €lwyi 1,25 41], Yigr €
(251,751 and j3 > 51 +3.)

For n = 0, ¥%(0,.) = vo = 9(0,.) and (Py) follows, also (Qo) is true by the definition of
vo and of the mesh step Ax.

Now let us suppose (P,) and (Q,). Let W := Syp(V"), and define w™*! as in (30).
Since V™ codes the average values of ¥*(¢,,,.) where the discontinuity positions are separated
by at least two cells, the Ultra-Bee scheme computes the correct averages for one time-step
evolution, and we will have

_ 1 n+1
W; = s /ij (x)dx

(this uses the same arguments as in the proof of Lemma 2.3).

As long as the discontinuity positions in w™*! are separated by at least two entire cells,
P (tns1,.) = Trunc(w™') = w™!, and we have (Q,41). Also an+1 values in step B) of
algorithm 2 are unchanged. Hence an+1 = W, which proves (P1).

Because of assumption (H3), the only case the discontinuity positions of w™*! may be
separated by less than two entire cells is around the local maxima. (Recall that by (H3),
discontinuity positions in a monotonous part of ¥#(t,,.) can only get far from each other.
This is also true for discontinuity positions around a local minimum, by Lemma 2.1(4i7)).

Now let us assume that 9% (t,,11, 7) := Trunc(w™1)(x) # w"*!(x) for some x € R. This
means that  is surrounded by two discontinuities of w"*!, denoted 2¥ and 2%, which are
separated by one cell (critical case 1), or which lie in two successive cells (critical case 2),
see Fig. 1. Let us consider for instance that we have a critical case 2 (critical case 1 being
similar). We may also assume that V* — W;_o < V]* — W as illustrated in Fig. 2.

In this case we see that the average values in cells I;_; and I; can be set to W;_o (hence
the redefinition V}"_Jrll = Vj"Jrl := W,_4 in algorithm 2). Then the remaining discontinuity
position € I;11 can be computed by two different ways: first, by

T—=Tipl Wi — Wi

2

Az ‘/jn - Wj+2 ’

and second, if Vj’_ﬁl codes the correct average value on I, after truncation,

Ty n+l .
T—wir VI — Wi

Az Wi — Wit

(recall that the scheme values should code the average of an exact piece-wise function). Thus
we obtain the desired definition of an+1 in terms of the (W}) as in algorithm 2 B), which
proves (Pp41).

On the other hand, after the truncation step, there are no more critical cases in m(th, 2
and thus we have (Qn41)- O
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Convergence of a non monotone scheme for HJIB equations 19

Proof of theorem 3.1 in the general piece-wise constant case: Combining Proposi-
tion 2.1 and Lemma 3.2(7) we obtain

Hﬁ(tna ) - 19ﬁ(tm -)”Ll(R) < ||19(tna ) - 195(tna -)HLl(]R) =+ ”ﬁs(tm ) - ﬁﬁ (tnv -)”Ll(R)
< (Ltp + 4l — 1TV (vo) A (31)

Then, using Lemma 3.2(i7), we obtain
[9%(tns ) = V(tns Iy < TV (O (tn, ) A (3

By construction of ¥* (and using Lemma B.3), we also have TV (9%(¢,.)) < TV (9°(t,.))
TV (vg). Together with (31), (32) we obtain the desired bound of Theorem 3.1.

[\
~

OlIA

4 Case of a general discontinuous initial data

In this section we generalize Theorem 3.1 (where we supposed that vy was a piece-wise
constant function) to more general discontinuous initial data vy.

We assume that vy : R — R is a l.s.c. function, with TV (vg) < oo, and that vy has a
finite number of extrema. More precisely we consider the following assumption :

There exist A1,...,Aq+1 and Bi, ..., B, real numbers with
AAl:—OOSBl<142<"'<Bq§14q_,_1=—i-oo7

(with possibly B; = —oo or By = +00), such that vy / on each [4;, By,

vo \, on each | B;, A;11], and vo(B;) = min(vo(B; ), vo(B;)).

(H4)

In particular A; are local minima of vy, and B; are local maxima of vg.
We also consider Az small enough such that the minima and maxima of vy are separated
at least by 3Ax:

1
Ar < § ) I{lln min (Bz — Ai, Ai+1 — Bz) . (33)
i=1,...,q

Let a regular grid with mesh size Az, and let At > 0.
We denote by v{’ the Ls.c. function associated to vg as follows. We set U =1, 235450,
for all j € Z,

o If U; N {(Ar)k=2,....q» (Bi)k=1,....q} = 0, set

1
of (z) = AT /Uj vo(y)dy, Vz eU;. (34a)
e otherwise if A, € U; (resp. By, € U;) set
ot () := vo(Ag)(resp. vo(By)) YV € Uj. (34b)
e Extend v{’ by lower semi-continuity :
v(};(xgj_%) = min (vg(a:;ji%), U(I)D(a:;jié)) . (34c)
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20 O. Bokanowski, N. Megdich & H. Zidani

Then the scheme values are initialized as usual but starting from v, i.e.
1
Wexp ) A=) (3)
TimdTiry

This initialization ensures that the initial step function v{’ will satisfy (23)-(24), and that
the coded discontinuities are separated by at least 3Ax. The aim of step (34) is also to keep
the correct (local) extremal value of vg. This is motivated by the fact that the exact minima
and maxima values should propagate. It allows to obtain better long-time approximations.

The general convergence result is the following.

Theorem 4.1. We assume (H1)-(H3), and consider a lLs.c. function vy satisfying (H4),
and such and TV (vg) < oco. We also assume that mesh steps Ax and At satisfy the CFL
condition (13) and (33). Let 9 be the unique viscosity solution of (4a)-(4b). We consider
(V;-O) defined by (34)-(35) and (V™)n>1 given by algorithm 2. Let V' be defined by (16). Then

[V (tn,.) = O(tn, lzrw) < (Ltn + T)e" TV (v) Az, Vn >0,

Remark 4.1. We can treal a discontinuous initial data of the form vo := 1r\{oy- In this
case we have vl = Ig\[— Az 540).

We shall need preliminary estimates

Lemma 4.1. We have
||U() — ’UéDHLl(]R) S 3A33 TV(’U())
Proof. The result is immediate by the definition of v{’. O

Now let 9% be the Ls.c. viscosity solution of (4a) with initial data v, i.e.,
97 (0,2) .= vt (x), VaeR.

The following estimate is essential in the analysis (the proof is postponed to the end of
the section).

Proposition 4.1. We assume (H1). Let ug and vy be two l.s.c. functions, such that
vo — ug € LY(R). We suppose furthermore that

(1) uo satisfies assumption (H4) (with (A;)i=2,... 4 local minima);

(1) for all interval I C R,

{uo/ onl=uwvy / onl,

ug \, on I = vy, on I (36)

(7i1) for any local minima A; of uo (i =2,...,q), uo(A;) = vo(4;).
Let u and v be defined by

u(t,x) := o(y), and wv(t,x):= min vo(y).

min U
ye[XM (1), X1 (—1)] ye[XM (1), X1 (=1)]
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We have

lv(t,.) = u(t, @) < e llvo — woll i) ¥t 2 0. (37)

Proof of Theorem 4.1. By construction of v{’, and under assumption (H4), the function

vl is increasing on intervals where vy is increasing, and decreasing on intervals where vy is

decreasing, and the local minima of v§" are the same as the ones of vy. Hence we can apply
Proposition 4.1 to compare ¥ and ¥¥ and obtain together with Lemma, 4.1:

[9(t,) — 97 (&, ) r) < ¥ (3BAzTV (vg)), VYt > 0. (38)
Now by Theorem 3.1 we also have
[V (tn,.) = O (tn, Mzrwy < (Ltn +4)eTV (0§ ) Az, Vn > 0.

Furthermore, it is easy to see that TV (vf) < TV (vg). Together with (38) this concludes
the proof of Theorem 4.1. O

We now conclude the section with the proof of Proposition 4.1.

Proof of Proposition 4.1: Step 1. We first study the case when ugy is a monotonous

increasing function. In this case vg is also increasing. u(t,z) = uo(XM(—t)) and v(t,z) =
vo(XM(—t)). Hence, using the change of variable y = X (t), we get

Wm—wmmw—-@ww—wmm

d
— [ hute X200~ ot X @)1 @)
R dx
Here, as fjs is Lipschitz then, by the Rademacher theorem, it is almost everywhere differen-
tiable and we get: % (t) = ea:p(f(;5 far(XM(s))ds). In particular, |2 (¢)| < et for all ¢ > 0,
and we obtain the bound

lu(t,.) — v(t, .)HLI(]R) < eLt”UQ — UOHLI(R).

The proof is similar when ug is a decreasing function.

Step 2. Now we study the case when wug has essentially only one local maximum located
in B;. More precisely, we suppose that ug ,* on (—oo, By) and ug \, on (Bj,0). The
representation Lemma C.2 allows to write ug as:

ug = min(u01, ’u,og), with U1 / and Uup2 \
where w1 and uge are defined as in Lemma C.2. Then the viscosity solution is given by:

u(t,z) = min (uor (X2 (—1)), w2 (X2 (—1))), t>0, z€R.
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By assumption (i), vo also satisfies vy , on (—oo, By) and vg \, on (B, 00). We can also
write vg = min(vg1, vo2) where vg; and v are also defined as in Lemma C.2, and we have

v(t,x) = min (UO;L(X;VI(—t))7 vo2( X2 (~t))) t=>0, z€R. (39)
Next, we define b as a meeting point for the following two curves at a given time ¢:
z— v (XM(=t)) and 2z — vea(X™(—1)).
Then

lu(t,) = v(t, |z ey = /

— 00

b +oo
lu(t, z) — v(t, z)|dz + /b |u(t, z) — v(t, x)|dz.

We notice that for x < b, u(t,z) = ue1 (XM (—t)) and v(t, ) = vo1 (XM (—t)). We thus get

b b
/ fu(t, 2) — o(t, )| do = / aon (X (—1)) — w01 (XM (~1))] d

Xt (—t) M
= / |uo1(x) — vo1(z)| exp (/ F (X2 (s))ds > dx
< e uor — V01| L1 (— o0, XM (~ 1)) (40)
In the same way:
/(b : lu(t,z) —v(t,z)] de < €T |jugy — U02||L1(Xgn(—t),+oo) (41)
—+oo

Since far > fm, then XM (—t) < X[*(—t). Hence combining (40) and (41) we obtain (37).
Notice that for Step 1 and Step 2 there is no need of assumption (4i7).
Step 8. We turn now to the proof in the general case (ug as in (H4)). Using assumptions
(23)-(24) we can decompose ug into monotonous parts: there exist an integer ¢ > 1 and real
numbers Ai,..., Agt1, B1,..., By as in (H4) (with possibly By = —oo or B, = +00), and
such that ug " on each [A;, B;[ and \, on each |B;, 4;11].
We first consider the time interval [0, 71| such that the number of local maxima ¢ of u
keeps constant.> We note that around a local minima A;, the solutions « and v will stay
constant in the following sense: if we set I! := [X7 (t), X} (t)] for ¢ € [0, 1], we have

u(t,r) = uo(A;) and v(t,z) = ug(4;), Vx € I}.

Hence, in order to bound ||u(t,.) — v(t,.)||1(r), We have to estimate the difference on the

remaining intervals Jf := [X}(t), X3'  ()]:

[u(t,.) — vt M ® = ZHU &)Ly,

3 For instance we consider 71 > 0 to be the first time such that min;—1,.. X(ZPH (t) — Xé\f (t) vanishes,
with a; := inf{z, uo(y) = uo(A;) Vo <y < A;} and b; := sup{z, uo(y) = uo(A;) VA; <y < z}.
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(the J! are disjoint as long as ¢t < 71). Notice that 9(t,.) and ¥ (¢,.) admit only one
maximum on Jf. Then as in Step 2 we can show that:

ut,.) — vt iy < " fug — vollL1(s0y = e Jluo = voll 1 ((as, A ))-
Summing the previous bounds we obtain for ¢ € [0, 71]:

q
lu(t,.) — vt M@ < € > lluo—vollpra,ai)
=1

e JJug — vol| 1 (m)- (42)

IN

Now we consider the case when the number of maxima ¢ may lower, and proceed recur-
sively on ¢q. We obtain on a time interval [y, 73], where the number of maxima is constant
and equal to ¢ — 1, the similar bound:

lu(t, ) = ot i < "™ Julm,.) = o(r, i), ¢ € [r,7l

Then with (42) we obtain for all ¢ < 75 the desired bound, and so on. This concludes the
proof of Proposition 4.1. O

5 Case of changing sign velocities

We explain in this section how to get a general error estimate using mainly assumption (H1).
Instead of assumptions (H2) and (H3) we shall use less restrictive assumptions that will be
detailled in Theorem 5.1 below. Let vg : R — R be a l.s.c. function such that TV (vg) < oc.
We consider a regular grid (z;) as in Section 2, and define f§; and f5 as in Section 2.1.

The following algorithm introduces two modifications to algorithm 2: left and right fluzes
(denoted by VL and V™%), for computing the UltraBee estimates, and a prediction step.
We will explain later on the relevance of these modifications.

Algorithm 3

Initialization: We compute the initial averages (Vjo) as in (34)-(35).
Loop: For n > 0, we compute V**! from V™ in three steps:

A) Evolution by a modified HIB-UltraBee scheme:

e Define “fluxes” Vﬂi ), V"5 () for v e {v™,vM} as follows:
2

i+3
If v; >0, set
min(max( j’jrl,bj'(y)),B;'(u)) ifv; >0
L n 3 n n
‘/;'+%(V) =4 Vi ifvj=0and V* £V,

Vi ifv;=0and V/*=V/",,
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If v; <0, set

min(max(V;,,b; (v)), B; (v)) ifv; <0
Vi) =< Vi if vj =0 and V' # VI,
i ifv; =0and V" =V,
+ - pt -
(where b, b;, B and B; are defined by (14)-(15)).
If v; > 0 and vj41 > 0, set Vj’lg(u) = Vﬁé(y)
If vjy1 <0and v; <0, set Vjﬁé(y) = Vﬁé(y)
If v; < 0 and vj41 > 0, then set

ViL, iV =V,

vre i vrh=Vn
n,R — Jj+1 J J -1
V;'Jr%(y) ’ { v otherwise

n,L — J
and V;'Jr%(y)' { VI, otherwise.

e For v € {v™, v}, let an+1(y) =V—vy, (Vﬂi(u) - V,"’If(l/)).
2

o Set V™11 = min (v"+1(ym), vn+1(yM)).

B) Truncation: Set V" T12 := Ty (V™H11) as in algorithm 2.

C) Prediction: Set W := Vn+1.2,
e (decreasing critical cases)
R L (W1 > Wy > Wisa > Wiz and Vi < W]
or [Wioa > Wyt > W, > Wis1 > Wiz and Vy' =W
and J=* i =J\{jeJ, st.j+2€ ]}
For j € J7%, set

n+l . __ n+l . _
‘/j—l = Wj,Q, ‘/J = Wj,Q, and

n Wit1 — W 44
VI = Wisa + W(Wjﬂ = Wiya). 4
. . i, J Jt2
e (increasing critical cases)
Lot J+ e j e Z, {Wj_,_l > Wj > Wj_l > Wj_g and ‘/jn < WJ:|
or |:Wj+2 > Wj+1 > Wj > Wj,1 > Wj,Q and V]n = Wj
and Jt*:=J\{jeJ, st.j—2€Jt}.
For j € JT*, set
VI = Wi, VM ;VVJ‘HW
j—1 — Wj— 45)
and V= Wyl + LI (W, — W), (
j—1 Jj=2 an_Wj_Q (Wisa i-2)
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Convergence of a non monotone scheme for HJIB equations 25

e otherwise set an+1 =W; (ie. for j such that {j — 1,7, + 1} N (J*UJT*) =0).

Then we have the following general error estimate:

Theorem 5.1. We suppose (H1). Let vy be an l.s.c. function satisfying (H4) and such that
TV (vg) < 0o (in particular vo has a finite number of extrema).

Let Az > 0 and At > 0 satisfy the CFL condition (13) and (33). Let V' be defined by
algorithm 3, V as in (16), and 9 be the viscosity solution of (4).

(1) If vo is piece-wise constant as in (23), with p discontinuities, and if

(H5a) >0, Vz eR, fi(z)+e < fu(x) and Aaz<i,

2L
or
(H5b) Vz eR, fi.(z) <0, fu(z) >0,

then

IV (tn,-) = O(tn, M@y < (Ltn + 4p)el' TV (vo) Az, Vn > 0. (46)
(iz) If

(H5¢) fm = fm and is an increasing function,

then

1V (tns ) = 9t i) < (1 + Ltne™™ )TV (vo)Az,  ¥n > 0. (47)

Remark 5.1. Assumption (H5b) is satisfied by the eikonal equation O+ c(x)|d;| = 0, where
c 1s a L-lipschitz positive function.

Remark 5.2. Asin [7], when far (resp. fm) changes sign, it is important to use two fluzes

Vﬁi and Vj’l’lf, which may be different on the cell’s interface containig the zero of far (resp.
2 2

fm). The choice made for these fluzes insure the stability, consistency and TVD* properties,

see [7, Remark 2.1].

Remark 5.3. When assumptions (H1) — (H3) hold, the discontinuities around a minimum
could only get far from each other. However, if we assume only (H1), the discontinuities
may become closer. A truncation in this feature would produce an error which is not always
controlled by the mesh size Ax. Hence we assume one of the (H5) assumptions in order to
avoid this truncation. Indeed, with (H5) two discontinuities around a local minimum cannot
become closer than 2Ax (see Lemma 5.3).

4Total variation diminishing
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Remark 5.4. When removing assumption (H3), two successive discontinuities in a mono-
tone zone of vy can become very close. This motivates the prediction step: if the disconti-
nuities are too close, we keep only one of them as shown in Figure 3. The algorithm then
codes correctly the exact localization of the remaining discontinuity. This prediction step is
handled only in the two critical cases explicited in figure 4, i.e. when the discontinuities are
separated by less than two entire cells.

Initial front positions

’ _Evolution of fronts ﬂs(tn+1, )

Prediction 9% (tnt1s-)

Figure 3: Prediction step

5.1 Preliminaries

We first prove in the following Lemma that the scheme computes the exact average values
of ¥° in some elementary cases, where truncation and prediction steps are not used.

Lemma 5.1. We assume (H1) and (13). Let a,b,«, 8 be real numbers, with 5 > 0.
Let vo(x) := o+ Blyq 4o (x) (Tesp. vo(z) := a+ BL_o0p((T)).
(i) We have 9°(t,x) := o + Bl xans ) 4 oof(@) (Tesp. 95 (t, ) = o+ ﬂl]—oo,X;"’s(t)[(x))f
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Convergence of a non monotone scheme for HJIB equations 27

I

— —

cael cae?2

Figure 4: Critical cases of prediction

(ti) V/n>0,Vj €Z :
1 g
_n__: n 4
Vit = x/ljﬂ (tn,x)dx (48)

Proof. Part (i) is obtained by direct verifications using (10). For (i), we shall treat the
case of vo(z) = 1jq 400[(7) (the other cases beeing similar). We proceed as in Lemma 2.3.
We prove the statement by recursion. Let us denote by z,, := X*5(t,) the discontinuity
position at time t¢,,. Note that it suffices to prove that

1
n+1/ My __ .
Vi) = N /Ij 1]X%1,5(At)7+oo[(x)dx Vj € Z. (49)

Indeed we have in the same way:

1
n+l/ my\ __ .
Vi) = N /Ij l]X;r:s(At))Jroo[(x)dac Vj € Z.

And this will prove that Vj"Jrl = V}"H(VM) as desired. In the case when for all j € Z,
v}t >0, (or if for all j € Z, v} < 0), the result comes from Lemma 2.3. It remains to treat
the case when (VJM ) changes signs. We denote v := v for simplicity.

Assume that @, €lz;_1,2;,1] (ie, V' = 0for k < j, V" € [0,1], and V" =1 for
k > j). We furthermore assume that z,, # Tjy1 (the case of z,, = Tj, 1 can be treated in
a similar way). In particular we have V" ; = V', and Vj1 = Vj42. Let us show that the

values (V"™ (v))g=j_1,j+1 are correctly computed by the modified UltraBee scheme. We
first state the following Lemmas:

Lemma 5.2. (i) VJZ’?R € [min(V}*, V), max(V;*, V[ )] (Consistency).
(i) (Stability) V]* = V', and v; > 0 = an+1 =V

(iid) (Stability) V" = V') and v; <0 = V' = Vo,

Proof of Lemma 5.2 Assertion (i) can be obtained as in [7].
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(i1) If v; = 0, is immediate. If v; > 0, we notice that V"’

On the other hand, if v;_; > 0, then v

i L= = V" because bJr ;r =V
+§ = ;ig = V}* (using V', = V" and the
cons1stency property). If otherwise v;_1 <0, then V]’ilf € {V}", V], (see definition), hence
2
v +1 =V
(m) the proof of this assertion is similar to (i7). O
We come back to the proof of Lemma 5.1.
In the case v; = 0, we have an+1(V) = V", which is the correct value (the characteristics

does not evolve in [;). If vj1; > 0, we already know from Section 2 that Vj’_f{l( ) is correctly
computed (we are in a subcase of v; 20,41 > 0). The case when Vi1 < 0 is similar. We
can use the same arguments to see that anjl(u) is also correctly computed.

Now we assume that v; > 0 (the case when v; < 0 can be treated in a similar way), and
study the different remaining cases.

1) Case vj_1 > 0. We can also suppose that v;j;1 < 0 (otherwise, (vi)r=j—1,54+1 > 0
and this has already been treated).

We first have V"Jrl J” 1 (using Lemma 5.2(¢ )) the correct expected value.
Also Vanrl V” (Vj Vi V" a ) Where V 1 is computed as in Algorithm 1 (Section
2) for positive velocities, and where V Vj" e = V/",. Hence the computation of an+1

is as in the case of positive velocities, and gives the correct expected value.

Finaly, V"Jrl V1 using Lemma (iii).

2) Case vj_1 < 0. First, an_+11 =Vr, - Vj,l(V;.Ti — ‘/;.73), where V”L =V, (by
- 2 2
definition in Algorithm 3), Vﬂg € [Vl Vol = {Vj 1} (by consmtency), hence an_+11 =

V' . Then, V"Jrl 7= (V”% — V]"If) where V,”’L1 has the flux definition with v; > 0,

and V B takes the value Vi (smce V*# VI, using the fact that z, # x;_ ). Hence in

the 1nterval I;, the estimate of the ﬂuxes are the same as in the case of positive velocities,
and are thus correct (exact evolution of the average values locating the discontinuity position
in I; or Ij11. Finaly, we have only to check the value of Vj’fll in the case vj;1 < 0. In

this case, Vj’llf = V4, (by Lemma 5.2(i7)), and V" L= 71 (by Lemma 5.2(4)), hence
n+1 n
Vi =V

3) Case v;_1 = 0. We first obtain V"' =V . Then V;"*! and V%" are computed as
in the case v;_1 < 0 (proof is left to the reader). This concludes the proof of Lemma 5.1 O

Remark 5.5. Indeed we have proved a more precise result: if at some time t, we have that
95 (t,,.) is a step-wise constant fonction with all successive discontinuities separated by at
least two entire intervals, and if (48) holds for j € Z, then also we have

1
Vit = E/ 0% (tpyr,x)de Vi€ Z.
I;
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Remark 5.6. Several estimates of Section 2 can be extended here. In particuar, under
assumption (H1) only, the estimates of Lemma 2.1(i),(i1) and (v) also hold (in particular
for changing sign velocities). Proof is left to the reader.

Lemma 5.3. We assume (H1) and one of the (H5) assumptions. Let a,b € R be such that
b—a>2Ax. Then for allt >0, X;VI’S(t) — X™5(t) > 2Ax.

Proof. If we assume (Hb5b) or (Hbc) it is easy to see that %(Xéw’s(t) — XmS(t) > 0,
for a.e. t > 0, hence the result. Now assume (H5a). Suppose there exists § > 0 such that
le\/[’s(ﬁ)—X;”’S(G) < 2Az. By continuity there exists 7 > 0 such that X;\/[’S(T)—X;”’S(T) =
2Az and

lew’s(t) — X™5(t) < 2Az, for t in a neighborhood V() of 7.

Case 1. We first suppose that X7(1) € I;_1 for some j € Z (i.e., X5(7) belongs
to the interior of a mesh interval) and thus also Xéw S(r) e Ij;11. In particular ¢ : ¢t —
X;\/[’S(t) — X™5(t) is differentiable at t = 7 and necessarily we have §(7) < 0. Hence
fm(ﬁjfl) Z fM(l'jJrl)' Then

fu(zj—1) = 2LAz < fu(zje1) < fnlzj-1) < fu(zj-1) — e,
and we get 2LAx > € which contradicts (H5a). Thus this case cannot occur.

Case 2. Now we suppose that X™9(7) = z;_1 for some j € Z (and thus X;VI’S(T) =

j4141)- If the two characteristics X () and X5 (9) move such that X5(§) € I; and
X;VI’S(G) € Ijyq for € V(771), then using (Hb5a) we get

u(@jn) < fmlzg) < fulzg) —e.
Since we also have far(zj+1) > far(z;) — LAz, we obtain
fu(zy) — LAz < fu(xj) —e < fu(zy) —2LAz
which leads to 2L < L, a contradiction. Otherwise, if the two characteristics move in the
same direction, we obtain a contradiction in the same way as in Case 1. O
5.2 Proof of Theorem 5.1

We first define a prediction operator as follows. Let w be a real piece-wise constant and Ls.c.
function. For z € R, set

27 i=sup{z, z <z, w(z) #w(x)} € [—o0, 0],
z5 :=inf{z, 2>z, w(z)# w(x)} €]— o0, ]
i.e. the closest left and right discontinuities of w to a given z. Let j and k£ be such that

21 €lzy_r,xjpa] and 25 € [mp_ g, mpg .
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Let us denote w(z™) := limy_;, y<p w(y) and w(z™) :=limy_,, 4>z w(y). Then set

w((21)7) fw((27)7) >w(z) >w((25)"), ke{j+1,j+2}
and z;” ¢]$k+27% $k+2+%[

Pred(w)(z) == ¢ w((z5)") ifw((zf)7) < w(x) <w((z5)"), ke{i+1,j+2}  (50)
andzfl ¢] j 2—3> j 2+ [
w(z) otherwise.

Remark 5.7. The above definition means that we set Pred(w)(x) = w((z{)7) in the case
x belongs to a decreasing zone of w (for instance), surrounded by two discontinuities ofw

that are separated at most by one cell, but also such that the next right discontinuity 22 1
at least separated by two cells from the right discontinuity z§ (see Fig. 3).

Then we define 9¥%(t,,.) for all n > 0 by :
o 94(0,.) := 0],
o Vn >0, ¥ (tyi1,.) = Pred(Trunc(w, 1)) where wy1 is as in (30).

We also define ¥° as in (10) but starting from v{’, i.e.:

93 (t,x) == min ot (y), Vt>0, xR (51)
yEX2"5 (=), X5 (1)

Now, we focus on the proof of Theorem 5.1 (i) (in particular we have v’ = vy here).
We follow the proofs of Theorem 3.1 and 4.1. For a given piece-wise constant initial data vg
(with discontinuities separated by at least 3Ax), it remains to prove that the following still
holds - in a similar way as in Lemma 3.2.

Lemma 5.4. Under the assumptions of Theorem 5.1(i), we have

()
Vn >0, [9%(tn,.) — 9 (tn, )| L1 r) < p(4e™t — )TV (vo) Az (52)
()
1
VjEeZ ¥n>0, V= —/ 9 (tn, x) dr. (53)
ACC Ij

Proof of Theorem 5.1. The proof of (i) follows by using (52) and previous estimates :
[V (tn,.) = (tn, )L )
IV (tns ) = 9 (tn, Moy + 19%(tns ) = 9% (s Mlr @) + 1195t ) = (b, oy

(tn
<
< TV(vo)Az + p(4ert» — )TV (vg)Ax + Lt,e""" TV (vo) Az
< (Lt +4p)el™ TV (vy)Ax.
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Now to prove (ii), notice that under assumption (H5c), equation (4a) is reduced to an
advection equation. In particular, as fj; is increasing then the discontinuities never meet:
we do not need any truncation or prediction step in the scheme. The proof of Theorem 5.1(ii)
is similar to the proof of Theorem 2.1.

O
In order to prove Lemma 5.4, we first establish the following.
Lemma 5.5. Assume that vy satisfies assumption (H4) (with (A;)i=2,... 4 local minima,).
(¢) for all interval I C R,
9 on I =9t onl,
I\, on I =98N\, onl,
(i) IfX%’S(tn) is a local minima of 9°(t,,.) (i =2,...,q), then it is also a local minima of

0 (tn, ), and we have 9 (tn, y) = 95 (tn,y) (= 05 (tn, X4 7 (tn))) for ally € (X305 (t), X 305 (ta)]-

Proof. By Lemma 5.3, two discontinuities positions a; and b; limiting a given minimum A;
in vy, initially separated by at least 3Az, stay at more than 3Ax in 9°(t,,.) and thus stay
separated at least by two cell intervals. In particular they cannot meet with our assumption.

Also since the operators Pred and Trunc do not modify the monotonicity and keep the
minima values, we obtain that 9¥%(t,,.) will keep the monotonicity regions of ¥°(t,,.) (as
well as the minima regions of ¥°(t,,.)). This proves both (i) and (i4). a

Remark 5.8. Note that a minima zone of 9°(t,,,.) can disappear. This happens only in the
case the neighboring left or right maxima zones disappear. By the previous Lemma 9*(t,,.)
will have a similar property.

Proof of Lemma 5.4(i). Let J; := [X%’S(tn),XZ’fl (tn)]. To show (52), by using
Lemma 5.5(i%), it is sufficient to obtain the following bound

95 (tn, ) — 9 (tn, ) 2 (ay) < p(4elt — )TV (vo, [Ai, Ait1]) Az (54)

(the result will then follow by summation on 7). It means that we need to show (52) in the
particular case when vy /" on [A;, B1] and v \, on [By, A2]. We can assume A; = —oo and
Ay = 0o to simplify.

Let 9%9(t,,.) := 99(t,,.). We define recursively the function 9** for k > 0 as follows.
Let t,,, be the first time where a prediction should be performed in the function 951 (¢, ,.)
(i.e., two successive discontinuities in a decreasing or in an increasing region of 9%*~1(¢,, ,.)
are separated by less than two entire cell intervals). Then set

O9R(t, ) = 08F (¢, ) for t < t,,
P (L, .) = Pred(@* 1t ,.)),

OHE(t x) = min 9**(t,, ,y) fort>t,, andz e R.
YEXE (bt ) XI5 (1=t )]
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This means that 9% (t,,.) is the function where only the first occuring prediction in 9%° =
99 is taken into account, ¥9%2(t,,.) is the function where only the first prediction in ¥%! is
taken into account, etc.

We obtain for k=1,...,p,

19 (t, ) = 9% (b, | e < (4™ = DTV (w) Az (55)

Indeed, if t, < tn,, |[0%%(t,,.) — 9%~ 1(t,, . )||zr = 0, and if ¢,, > t,,, we obtain the bound
(55) by using similar arguments as in the proof of Lemma 3.2(3).

Also we note that 9*P(t,,.) = ¥%(t,,.), because there are at most p prediction steps
that can be done in ¥#(t,,.). Summing these bounds for k = 1,...,p and by a triangular
inequality this proves (54). O

Proof of Lemma 5.4(ii). The proof is obtained by a recursion argument on n > 0.

Lemma 5.1 shows that an isolated discontinuity of ¥ (¢,,.), as long as it keeps separated
from other discontinuity positions by at least two cell intervals, has its evolution correctly
coded by algorithm 3 for one time step. Also Lemma 5.3 implies that two discontinuities
positions a; and b; limiting a given minimum A4; in vy (and evolving as X% (t) and X, g S(t))
stay at more than 3Ax, and thus are separated at least by two cell intervals. Hence the
problem of having discontinuity positions in ¥° no more separated by two cell intervals can
only come from maxima regions or monotonous regions of 9.

Then as in Lemma 3.2(4i) we can show that the cell averages of Trunc(wy41) are well
coded by the scheme values ‘/}n+172 after Step A) and Step B).

Finally it remains to prove that the prediction step C) corresponds to the application
of prediction operator Pred on the function Trunc(wn+1). The proof is very similar to the
proof of Lemma 3.2(i7) for the truncation step (i.e. a discontinuity position vanishes and
the remaining discontinuity leads to a recomputation of average values). a

6 Numerical tests
In this section, we apply algorithm 2 and 3 to some examples. These tests show the numerical

relevance of the method especially for the truncation step. The L!-error is computed by the
formula:

)

n 1 n

error = E Az
J

where (V') are the numerical values and ¥ is the exact viscosity solution (4).

Example 1: piece-wise constant initial data. We consider the following Eikonal equa-
tion:
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for x € (—2,2) and with periodic boundary conditions. Notice that we can take fy; = 1
and f,, = —1. The CFL condition is % < 1 (here we have choosen the CFL number to be
At

A= =0.9). The initial condition is defined as follows:

2 if x €] — 1.6, —1],
1.7 ifze[-1,0.1]
0.2 ifx€]0.1,0.6],
1.2 if z €]0.6,1.2],
0.7 ifxe[l.2,1.6],

0 otherwise.

In Figure 5, we show the exact solution (black line) and the numerical values of algorithm
2 (cross) at different times.

We follow the evolution of two local maxima until they disappear, in particular in the
last two time steps: just before they disappear (c¢) and then just after (d). Notice that the
scheme computes exactly the mean value of the solution far from critical situations. In fact
the dynamics f,, and fjs are constant here, and the approximated characteristics X% and
Xm9 coincide with XM and X™ respectively. This leads to an exact computation of the
average values of ¥ = 9 by the scheme (except when discontinuities are too close)

Example 2: piece-wise continuous initial data.
The initial condition is given by

=2 +15 ifxe[-1,1],
9(0,z) = { 0 otherwise.

The results are shown in Figure 6.

Example 3: two local maxima.
Here we consider a piece-wise continuous initial data with two local maxima :

22 4+0.7 ifxe[-1,1],
9(0,z) = { 0 otherwise.

The results are shown in Figure 7.

Remark 6.1. In pratice, numerical tests show that when the initialization of the algorithm
is done with a projection with mesh size Ax (instead of 3Ax), the error gets smaller (up to
10 times smaller).

Example 4: We consider the eikonal equation (56) on (—1,1) but now with an initial
condition composed of two discontinuities, as follows:

(1 ifze]-07,09]
9(0,2) = { 0 otherwise.
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(a) error=0,t =0

(c) error=0.06, t = 0.26

(b) error=0, t = 0.20

(d) error=0, t = 0.3

Figure 5: (Example 1) Piece-wise constant function, #cells=70.
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054

. ,
(a) error=0.076,¢t =0 (b) error=0.047, t = 0.55
(c) error=0.020, t = 0.85 (d) error=0.055, t = 0.95

Figure 6: (Example 2) Evolution of a piece wise continuous function with one maximum, #
cells=72, initialization of the algorithm using v/’
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— T
20 -15 <10

T
05 00 05

T
10 15 20

(a) error=0, t =0

p—

-20

—
-15

T T T
-0 05 00 05

(b) error=0.12, t = 0.25

— T
20 <15 -0

T
-05 00

—
05

(c) error=0.09, t = 0.45

Figure 7: (Example 3) Piece wise continuous function with two maxima, # cells=70.

| Ax | error | Truncation Time | # cells |
0.1 0.16 0.72 20
0.05 0.07 0.76 40
0.025 | 0.025 0.79 80
0.0125 | 0.0025 0.8 160

Table 1: (Example 4) Evolution of the error with the mesh size Az, CFL = 0.9

We see in Table 1 that the error is bounded by 2Ax.

Example 5: Eikonal equation with varying velocity
In this example we deal with algorithm 3 in order to illustrate the prediction step. We

consider the following Eikonal equation:
ﬂt(t,ﬂ?)+|ﬂ?||7.9x(t,$)| 207 T e (_Ll)y

with periodic boundary conditions. Here we take fas(x) = |z| and fy,(z) = —|z|. The initial
condition is given by

0.4 ifxe€]—0.8,-0.5],

1 if x € [-0.5,0.6],
9(0,z) = 0.7 ifx€]0.6,0.7],

0.2 ifxel0.7,0.8],

0 otherwise.

Since f,, and fy; are not constant, ¥ and ¥° will differ. Results are shown in Figure 8.
In Fig.8(a), two critical cases of prediction appear simultaneously in the decreasing zone.
The algorithm handles only a prediction for the right discontinuity (Fig.8(b)). In Fig.8(c),
a prediction step is again needed, and so on.
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T T T — T T
-10 -08 -06 -04 -02 00 02 04 06 08 10

(a) error=0.095, t = 0.045
(before prediction step)

s

— T
-10 -08 -06 -04 -02 00 02 04 06 08 10

* UB
— exac]

(c) error=0.035,t = 0.4
(before prediction step)

(e) error=0.12, t = 0.855

L S o s s e s e B S e B
-08 -06 -04 -02 00 02 04 06 08 10

(b) error=0.0487, t = 0.045
(after prediction step)

— T T T T T T
-08 -06 -04 -02 00 02 04 06 08 10

(d) error=0.074,t =04
(after prediction step)

—T T T T T T T T T T T T T
-08 -06 -04 -02 00 02 04 06 08 10

(f) error=0.027, t = 2.52

Figure 8: (Example 5) Prediction steps in Algorithm 3, # cells=40
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A Definition of the approximated characteristics

We prove existence and uniqueness of the absolutely continuous solution X-(¢) of the
differential equation:

XMS(1) = [HXMS0) aet>0,  XMS(0)=aq, (57a)
XM () = ay

then XM5(t) = w1 Vt > t*(57b)
and fM(z;) fM (2541) <0 s

if 3* >0 s.t. {

We define recursively the caracteristic as follows. Assume that a €]z, _ 1Ty 1 ] for some
index jo. We consider the case far(xj,) > 0 (the case far(zj,) < 0 beeing similar). We
define 7y := 0,

T T+xj0+%—a if far(zjy) >0
1=T0+ —— M{Tj )

fm (ﬁjo) 70
and for k > 1,

Az
Tht1 =T + ——, if far(zjo4%) >0
fm (mjo +k) 70

(i.e., ﬁ is the time needed for a caracteristic to cross the interval I; ;). Otherwise,

jo+k

if there exists a first index k* such that fas(xj,4%+) < 0, then we define 74«41 := 400 and
stop the iterations. Note that since fjs is Lipschitz, we have either limy_ o 7% = +00 (in
this case set k* = 400), or there exists k* < +oo such that 7«41 := +00.

Now, t € [T, Tk+1[ and k < k*, we set

x(t) = x(7) + (t — ) fanr (Tjo+x)

(where x(70) = a and x(7) =z, 141 for k > 1), and if £ > 7+, we set

X() = x(7he)-

Then x(t) is a solution of (57).

In order to show the unicity of the solution of (57), we first notice that the first time
t* when two solutions may differ must be such that x(¢*) be on an interface: 3j € Z,
x(*) = @ 1. In the case far(x;)fa(xj41) < 0, by definition we have x(t) = x;, 1 for
all ¢ > t*, and unicity. Otherwise, in the case far(z;)far(z;4+1) > 0, we have necessarily
fau(zj) > 0 (we assume here that fas(zj,) > 0). Then the only solution for ¢ > t* in a
neighborhood of t*, is given by

X(8) = x() + (¢ = ) far (j41)-

This shows unicity.
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B TV bounds

Lemma B.1. Let vy be an Ls.c. function such that TV (vg) < co. For j =1,2, let x — aJ,
and x — bJ, be non-decreasing, one-to-one functions from R onto R. We assume that

(i) * — al and x — bJ are non-decreasing, one-to-one functions from R onto R (for
j=1,2).

(ii) al < bl for j =1,2 and z € R.

(1) there exists § > 0, such that,

Vo € R, max(|(a®)7!(z) - (a") 7 (@)],|(0*) 7 (@) - 0H) T (@)]) < 0.

(where (a?)~1 and (b7)~! denotes the reciprocical functions of a’ and b’ resp.).
Let also

vj(z) == min vo(y).
y€Elaz,bz]
Then
[lv1 — v2||L1(R) <26 TV (vp). (58)

Proof. We first assume that a2 = al, Vo. Then we notice that:
[va(@) = vi(2)] < TV (vo; [bz;b3]) (59)
where [o; 3] denotes the interval [min(«, ), max(«, 3)]. (To prove (59), assume for instance

the case bl < b2. Consider z; € [al,bl] such that vi(z) = vo(z1) and 25 € [al,b?] such
that va(2) = vo(22). If the minimum for vy can be reached in [al,bl] then vi(z) = va(x).

Otherwise we have 25 € [bl,b2] and va(z) = vo(22) < vo(z1) = v1(z). Hence
[v2(2) —v1(@)] = wolz1) —vo(z2)

= wo(z1) — vo(b}) 4 vo(by) — vo(22)
< wo(bl) —vo(z2) < TV (vo; [bL, b2]).

T

The case when b2 < bl is similar.)
Now we establish the following.

Lemma B.2. There exists a positive real measure p such that p(R) = TV (vo) and TV (vg;]|—
OO,,QD = ny]—Do,ﬁ[ d,u(y), fO’f' a.e 6 € R.

Proof. Let @y be defined by 7o (x) := limy .4 y<az vo(y) for every z € R (i.e, ¥o(z) = vo(z™).
Then 7 is left-continuous, and there exists a positive measure i such that TV (9, ] —o0, z[) =
f(] — oo, z]) for every x € R. (This can be deduced for instance from [14]). We have also
a({z}) = |vo(z™) — vo(z™)], for every z € R.
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Also, since TV (vg) < oo, vo admits at most a countable set of discontinuity points
denoted (an)n>0. Let

n = |vo(ay ) = vo(an)| + [vo(an) —vo(a)| = [vo(ay, ) — vo(a;))]

(gn > 0) and

W=+ Z InOz=a,
neN

where ;—,, is the dirac measure centered in a,. Then for z ¢ {a,, n € N}, we have
(] —o0,z[) = (] — oo, x[) + 3_, -, qn = TV (vo,] — 00, (). Passing to the limit z — oo we
obtain p(R) = TV (vg). O
We know come back to the proof of Lemma B.1 In particular we obtain from (59)
lva(z) — vi(z)| < pw([bi; b2]), ae. x €R.

Then we have, using the Fubini Theorem :

[1ae) —uias < [ ( / Rlye[b;;bg[du@)) da
xrec ye

- </ER 1y€[b}c;b§[dx)> du(y)
1(0*) " (y) — (6") () |du(y)

Il Il
——

yeR

< 0 du(y) <0 TV (vo).
yeR

Now in the general case when a2 # al, we have
[va() — va(@)] < TV (vo; [ag; a]) + TV (vos [by; b3]) (60)

(the proof is analogous to (59)). Then both parts of the R.H.S. of (60) can be handled as
before and we deduce (58). O

Lemma B.3. Let vy be an Ls.c. function with TV (vg) < co. We assume that for all x € R,
ay < by, and x — a,, T — by are non-decreasing functions, and consider

w(z) == min vo(y).
ye[ambm]

We have

TV (w) < TV (vp).
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Proof. Let xy < x1,--- < x, be real numbers. We want to estimate
§i= Y |wlz;) —wlw;1)]
Jj=1,....p

For all j, we define y; as the smallest real number of [a,; , b, ] such that w(z;) := ming, s, jvo(y) =
vo(y;). Let us prove that (y;) is a non-decreasing sequence. It suffices to check that z¢ < 21
= Yo < Y1
a) In the case by, < ay,, we obtain yo < y; trivially.
b) Otherwise, if mingg, b, ] Y0 = Minja, a, ]v0, then yo € [@zs @z, ] and thus yo < y.
c) Otherwise, we have min,, ] Vo = minjg, . |00 If the minimum w(y; ) = minf,, b, 10
is reached on [by,, by, ], then yo < by, < y1. If w(yy) is reached on [ay,, by,], then yo = y1.
Hence we have proved that yo < y; in all cases.
Then, by definition of TV (vg),

2ba

5= lvo(y;) —vo(y;—1)| < TV (vp).
Taking the supremum over all non-decreasing sequences (z;), we obtain the desired result.
O
Lemma B.4. Let vy be a real valued function such that TV (vg) < oo, then
TV (v) < TV (vo).

Proof. : The number of discontinuity points of vg is of zero measure as TV (vg) < co. It is
clear that |vg(z + Az) —vo(z)| < TV (vo; [z, + Ax[) for almost every = € R. Then we can
write

TV (vf)

Z| J+1

JGZ

N Z |v0 x4+ Azx) —vo(z)| dz

JEZ

N Z/I TV (vo, [,z + Az]) dx

JEZ

IN

IN

= X Z/ TV (vo, [yAx + zj, yAx + xj41[) Axdy

(we recall that x; = jAx here). To invert the sum and the integral, we have used that a.e
z € R, vy is continuous at the points (z + z;);ez. O
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C Representation Lemma

In this section we denote by ¥* the upper semi continuous (u.s.c.) envelope of a real valued
function 9. We also denote

— . . + . .
I(B™) = yﬁ}g{n}KBﬂ(y)? (BT) == yﬁ};}gwﬂ(y)-

We start with an elementary result related to the minimum of two viscosity solutions.

Lemma C.1. Let vg,vp1 and vz : R — R be l.s.c. functions. Let 9,791 and ¥ be the l.s.c
solutions of (4a) with initial data v, vo1 and vy respectively. If vo = min(vo1,vo2) then for
allt >0, z € R, 9(t,x) = min(d1 (¢, ), I2(t, x)).

Proof. Let w = min(¥1,72). It is easy to check that the function w is l.s.c, and satisfies
the initial condition w(0,z) = vo(z) in the sense of Definition 2.1 ii). Let ¢ be C'-regular
and (t,2) € RT x R a minimum of w — ¢ with w(t, z) = ¥1(t,x) (the case w(t,z) = 92(t, )
being similar). Then ¥; — ¢ has also a minimum at (¢, ). Since ¥, is a viscosity solution,
we obtain that ¢ satisfies (4a). Hence w is a l.s.c. viscosity solution of (4a). By uniqueness
of ¥, we obtain w = 9. O

Notice that the same arguments would not work for the maximum of two viscosity
solutions instead of the minimum.
We now give a representation formula for a viscosity solution in a particular case.

Lemma C.2. Let vg : R — R be a l.s.c function. We assume that there exists By such that
vo /" for x < By, and vy \, for x > By, and vo(B1) = min(vo(By ), vo(By")). We define the
functions:

vo(x) if x < By, vy (Bh) if < By,
vo1(2) == wo(By) ifx=B1, and wea(z) =< vo(Bf) if z = By,
vy (B1) if x > By, vo(x) if x > By.

Let 91 (respectively ¥2) be the ls.c. wiscosity solution of (4a) with initial condition vo1
(respectively vz ). Then vg = min(vo1,vo2) and

I(t, z) == min(V1 (¢, x),92(¢, ), t>0,z€R
is the l.s.c. wiscosity solution of (4a)-(4b). In particular, we have

9(t,2) = min (o (X2 (-0). 02 (21 ).
Proof. : Tt is easy to check that vg = min(vo1,vo2). Then we apply Lemma C.1 to obtain
¥ = min(¥1,92). Let It := [XM(—t), X7 (—t)]. We also have 91 (t, ) = infyecre vo1(y) =

vo1 (XM (—t)) as vy is an increasing function, and similarily 95 (¢, ) = vo2 (X7 (—t)) as vo2
is decreasing. O

INRIA



Convergence of a non monotone scheme for HJIB equations 43

References

1]

[2]

[11]

[12]

[13]

[14]

R. Agbrall and S. Augoula. High order numerical discretization for hamilton-jacobi
equations on triangular meshes. J. Scientific Computing, 15(2):197-229, 2000.

M. Bardi and I. Capuzzo-Dolcetta. Optimal control and viscosity solutions of Hamilton-
Jacobi-Bellman equations. Systems and Control: Foundations and Applications.
Birkhauser, Boston, 1997.

G. Barles. Solutions de wviscosité des équations de Hamilton-Jacobi, volume 17 of
Mathématiques € Applications (Berlin). Springer-Verlag, Paris, 1994.

G. Barles and P.E. Souganidis. Convergence of approximation schemes for fully non-
linear second order equations. Asymptotic Analysis, 4:271-283, 1991.

0. Bokanowski, S. Martin, R. Munos, and H. Zidani. An anti-diffusive scheme for
viability problems. Applied Numerical Mathematics, 56(Issue 9, in Numerical Methods
for Viscosity Solutions and Applications):1135-1254, 2006.

O. Bokanowski, N. Megdich, and H. Zidani. An adaptative antidissipative method for
optimal control problems. Arima, 5:256-271, 2006.

O. Bokanowski and H. Zidani. Anti-diffusive schemes for linear advection and applica-
tion to Hamilton-Jacobi-Bellman equations. J. Sci. Computing, 30(1):1-33, 2007.

M.G. Crandall and P.-L. Lions. Two approximations of solutions of Hamilton Jacobi
equations. Math. Comp., 43:1-19, 1984.

B. Després and F. Lagoutiere. Contact discontinuity capturing schemes for linear ad-
vection and compressible gas dynamics. J. Sci. Comput., 16:479-524, 2001.

M. Falcone; R. Ferretti. Semi-lagrangian schemes for Hamilton-Jacobi equations,
discrete representation formulae and godunov methods. J. Computational Physics,
175:559-575, 2002.

F. Lagoutiere. A non-dissipative entropic scheme for convex scalar equations via dis-
continuous cell reconstruction. C. R. Acad. Sci., 338(7):549-554, 2004.

P.L. Lions and P.E. Souganidis. Convergence of muscl and filtered schemes for scalar
conservation laws and hamilton jacobi equations. Numerische Mathematik, (69):441—
470, 1995.

S. Osher and C-W. Shu. High essentially nonoscillatory schemes for Hamilton-Jacobi
equations. SIAM J. Numer. Anal., 28(4):907-922, 1991.

W. Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition,
1987.

RR n° 0123456789



44 O. Bokanowski, N. Megdich & H. Zidani

[15] P. Saint-Pierre. Approximation of viability kernel. Appl. Math. Optim., 29:187-209,
1994.

INRIA



/<

Unité de recherche INRIA Futurs
Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopéle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-les-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhoéne-Alpes : 655, avenue de 1’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



	Introduction
	Preliminaries
	Notations and preliminary results
	The HJB-UltraBee scheme
	A first case where fronts do not meet

	Case of piece-wise constant initial data
	A first simple case when two fronts may meet
	Proof of Theorem 3.1 in the general case

	Case of a general discontinuous initial data
	Case of changing sign velocities
	Preliminaries
	Proof of Theorem 5.1

	Numerical tests
	Definition of the approximated characteristics
	TV bounds
	Representation Lemma

