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l¡a	q*i@aea~lmgVjmXk¨({tc��#ikW4XIa\¢§ueikW�cfT�X!lm�@ceufib�bo7�Ácflmik�Pik¢�qVufi`ik¢¯r9�VX#ceaIÄ©�B�kX#i@W4X�cfuel¡��Å1�O_Rik¢

∗ Ò§Ó©Ô|Ò¯Õ
Ö¯×`ØÁÙµÙ-Ú�ÛÝÜOÞÁßkÓ©Ú�ÜOà°á�âLã�Ú�ÜOÛÝÞdä¡å æOÞdà~Ú�Ù§çÁÚ�äÝèOØ#é©äÝØÁÙµÛêÚNå ëmÙ
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ufXIqVufXNa~XI�/cflm�V���#ikW4qVobc��?cflmik�7a
�b�k��cfo��kj¤jm_4ik�VXxi�¢|ceTVX\W4i@a~c lmW�q*ikufce�k�/c1�#ik��afXIn/oVXI����XNa=ik¢
cfTVX¥jmik�@lm�I��j�adc��?cfo7a\�klm�kX#�3g`_Rz�z¬cfi�cfT�X�adceufo���cfoVu���j�ueoVjmXIaI¨�z|lm�kT/c\qVuei/ik¢µa\T��O�kX�g7XIX#�
qVufXNa~XI�/cfXI�Bl¤� A }Clmu�J@�KEG�kaxqVuei/ik¢¯r9��X�ceaI¨\S1TVlmaC�`lmX#Å�q*iklm�@c\Å1�kaLa~cfueXIaeafXI��lm� A P�R/�T��E9³�ceTVX
��obceTViku�a��klm�kX	�4�@X#i@W�X#cfuelm����T7��u��k�ÁceX#uel¤´N�?cel¤i@�!i�¢²�=z
zPqVuei`i�¢¯rt�VX�c�a#ÄbceT��?cxlmaLqVufi`ik¢¯r9�VX#cea
g7XIj¤i@�V�klm�V�\cfi���a~oVg7a~_ba~cfX#W i�¢Ez�z
z�Å�TVXIufX1ceTVX�¢§oV����cflmik��a ��i@W�q�obce�kgVj¤XLl¤�¥XIj¤XIW�XI�/ce��ue_
cflmW�X4¦µ�k����i@�Vjm_�ceTVi@afX�¢§o����Ácel¤i@��ae® ��ueXLueX#q�ufXNa~XI�@c���gVjmXk¨©S1TVX\a~_ba~cfX#W ik¢�z�z3qVufi`ik¢¯r9�VX#cea
lma��Vikc�W4ib�bl¤±�XI�¸�������B�@j¤i@g���j1��i@���bl¤cflmik�¬i@�«ceTVX��@ue�kqVT«ueX#qVueXIafX#�/c��?cflmik�¬i�¢LqVuei`i�¢µa
��jmj¤i?Å�aLcfi�lmafikj¡�?ceX	ceTVX�i@�VXIaCg*X#jmik�V�@l¤����cfi��=z
zG¨Ey a~lmW4l¤j¡��uCÅ i@ufÉ�¢§i@uCz
z�z�T��kaxg7XIX#�
�bik�VXhl¤� A [B�k´I�k�OEt¨ � X	g*X#jml¤XI�kX�ceT��?cCl¶cClmaL�Vi�cLg`_�X#jml¤W4lm���?cel¤����ikgbvdXN�Ác�a�Å�l¤cfTR��F~g��@�DG
��ikW4qVoVce�?cel¤i@����j@g7XIT��O�`l¤i@oVu|ceT��?c©Å X=j¤XN��ue�	a~i@W�X#cfTVlm�V��i@��cfT�X=�kXIuf_x���?ceoVueX=i�¢bg*ikoV�7�bXI�
cflmW�X4��i@W4qVj¤X#£bl¶cd_@Ä*g�obcCu��?ceTVX#uCg`_���ikW4q��kuflm�V�!�Vl��HX#ueX#�/cC�#ikW4qVobc��?cel¤i@����j©g7XIT��O�`l¤i@oVu�a#Ä
�����Rg/_�±��7�bl¤�����kg�adceue�@�ÁcCÅ��O_ba�cei��bl¡a~cflm�V�koVl¡afTBcfT�X�i@�VXIaL¢§ufi@W cfTVX�i�ceTVX#u�aI¨CS1TVl¡aClmaIÄ
l¤�(iko�u�ikqVlm�Vlmik�|Ä`ceTVX�l¤�/ceX#ueXIa~c1ik¢©Å�ikueÉba�j¤lmÉkX#A P�R/�T�KE©����� A [R��´I�@�KEt¨

ÇVikjmjmi?Å�l¤�V��ceTVlma�É/lm����i�¢�l¡�bXI��ÄVl¤� A zbS
��Ç©�@�KE
�4�VXIÅ �kqVqVuei@�@��T�cfi¥i@�VX\i�¢©cfTVXhW4�kl¤�
n@o�XIa~cflmik��aG�kufl¡afX#��¢§ufi@W AÝ}Cl¤u�Jk��E©¦§W¥�O_`g*X1cfTVX�W¥�kl¤�¥i@�VXN®�Ä�cfT�XLn/oVXIa~c=i�¢E�	�bXI�Vi�c��?cel¤i@����j
a~XIW4�k�/cfl¡�#a\a~o�l¶c���gVjmXh¢§i@u\j¤lm�kT/c�a~_ba~cfX#W¥a4¦µ��afX#W¥���/cfl¡�#axi�¢�qVuei/ik¢µaLlm�­j¤i@�kl¡�#��j
cfXIufW¥aIÄEiku
W�i@ufX��@X#�VXIue�kj¤jm_��\W4ib�bXIj¡®�Ä@l¡aGqVueikq*i@afXI�|¨�{°��a~cfXN�k�4i�¢EW4ib�bl¤¢§_/lm�V�!¦µj¤lmÉkX�lm�¥ceTVX�qVueX#�`lmiko�a
qVufi@q7i/af�kjmaI³ A [��C�k�`Ä����klm�k�KE¯®\cfTVX�a~cfueo��ÁceoVueXIa�¦µ�@��W4XNa#Ä��#ikTVXIufXI�/cha~q��@��XNae®C�kaeafi`�#lm��cfXN�
Å�l¶ceTRjmik�kl¡�#�kj|¢§i@ufW�oVjm�@a���a~i!cfT���cLcfT�X�qVuelm����lmqVjmXIax�O�kj¤l¡��lm�Rz�z¬gVobc\�Vi�c\lm��cfTVX4��TVi/a~XI�
j¤lm�kT/c=af_`a~cfXIW �bi���i�c=TVi@jm��lm��cfTVXLafX#W¥�k�@celm�Ia#Ä A zbS©�VÇ��k�KEH�bXI�kjma�Å�l¤cfT��\q�ufi@q7XIu~cd_	ik¢7ceTVX
X#jmX#W4X#�/cea�i�¢1ceTVX�a~cfueo��ÁceoVueXIa!¦§cfTVX�l¤�/ceX#ueqVufX#ce��cflmik��a�ik¢�qVuei/ik¢µae®	��T���u��k��cfX#uelm´#lm�V��cfTVi/a~X
X#jmX#W4X#�/ceaxÅ�TVl¡��T ��½��­l¤�/cfXIufq�ufX#cLqVuei/ik¢µa�Å�l¤cfTBg*iko����bXI�R��ikW4qVjmX�£bl¤cd_k¨�{°� A zbS©�VÇ��k�KEtÄ7l¤c
lmahqVufi?�@XI�3l¤�Pq7��ufcfl¡��oVj¡��u�ceT��?c����Pz�z q�ufi`i�¢¯rt�VX#c	lma	�k�P�=z�z¹qVufi`ik¢¯r9�VX#c	l��¸l¶c�a	lm�/cfX#ufr
qVufX#ce��cflmik�«l¡aSF~ikg7a~XNafafl¤i@����j GÁ¨(S1T7�?c�l¡aIÄ�cfTVX�a~XIW4�k�/cfl¡��qVueikq*X#ufcd_7F~g7XIl¤���Rikg7a~XNafafl¤i@����j G
��T���u��k��cfX#uelm´#XIaIÄb��W4ik���4cfTVX	lm�/cfXIufqVueX�c��?cel¤i@��a1i�¢²��jmj�z�zÆq�ufi`i�¢¯rt�VX#ceaIÄbcfTVi/a~X�i@�VXIa�Å�TVlm��T
��ueXClm�/cfXIufqVueX�c��?cel¤i@��a�i�¢��=z�zÆqVuei`i�¢¯rt�VX�c�a#¨

{t¢Gik�VX�a~XIX#Éba��!afX#W¥�k�@celm���OW¥�?ceTVX#W¥��cfl¡�#��j�q7i@l¤�/cxik¢G�`l¤XIÅ i@�Bg*ikoV���VXI�(cel¤W4X��#ikW�r
qVj¤X#£bl¶cd_@Ä�i@�VX�i�¢CcfT�XBj¤lmW4l¶c�a�ik¢>A zbS
��Ç©�@�KExl¡a4ceTVXR��TVi@lm�#X�ik¢xceTVXBjmik�@lm�I��j�af_`a~cfXIW¥a4cfi
ufXIqVufXNa~XI�/c4XIj¤XIW4X#�/ce�kuf_ �Oq*ikjm_`�VikW4l¡��j cflmW4Xk¨¹S1TVX�qVueX#�`lmikoVj¡af_PW�XI�/cflmik�VXN�¬ueXIafoVj¤cIÄ ¢§iku
X�£V��W4qVjmXkÄH�klm�kXNa��!��T7��u��k�ÁceX#uel¤´N�?cel¤i@��ik¢G�=z�z�qVuei/ik¢¯r9��X�cea!�*gVobcCcfTVXIufX�X�£blma~cCz
z«qVuei`i�¢¯r
�VX�c�a	Å�TVl¡��TP��ueX���i�c	�=z
z qVuei/ik¢¯r9��X�cea��k���Æ�#�k�­��X#�kXIu~ceTVX#jmXIaea\g*XLFdX#£bXI��oVcfXI�HG4lm�ÆX#jmX�r
W�XI�/ce��ue_�cflmW�X4¦§l9¨ Xk¨mÄ/ueiko��kTVjm_�afq*XI��É`lm�V��Ä/�k�V�Vl¤�V�hcfTVXIW cfih� z�z­�bi`XIaG��i�c q�ufXI�kX#�/cGceTVX
��obcfr9XIj¤lmW4l¤����cflmik�«q�ufib��XN�boVueX�¢§ueikW�g*X#lm�V�RXIj¤XIW�XI�/ce��ue_V®Á¨­S1TVlma�l¡a�ik¢¯cfXI�PcfTVX(�#�@a~X�¢§iku
a~_ba~cfX#W¥a�¦§i�¢

λ
r9cfX#ueW¥a#Ä²q�ufi`i�¢µaIÄ©X�ce�k¨¤¨m¨Ý®���T���u��k��cfXIuflm´#lm�V���B��i@W4qVj¤X#£bl¶cd_Æ��j¡�kaea#³��Vikc���jmj

cfTVX�i@gbvdXI��cea1X�£V�#j¤o��VXI��T��O�kX\�0Fdg7�k�DG���ikW4qVjmX�£bl¤cd_�g*X#T��O�`lmikoVuN¨
y«�bl"�*XIufXI�@c���qVq�ufi/�k��Txcfi�ceTVX afX#W¥���/celm�IaEi�¢bg*ikoV���VXI�\cel¤W4X=�#ikW4qVjmX�£bl¶cd_Cl¡a|q*i@aea~lmgVjmXk³

cfTVXxg��kaflm��lm�bXN��l¡a²cfihW�XN�kafoVueXh¦§g`_4a~XIW4�k�/cfl¡��W4XI���7ae®©ceTVXLX#£bXI��oVcflmik�¥i�¢|�k�/_�qVueik�@ue�kW�Ä
ufXI�@��u��bjmXIaea�cfi�l¤ceaC��i@W4qVobce��cflmik���kj
�#ikW4qVjmX�£bl¶cd_@Ä�lm��cfT�Xha~q�l¤uel¶cxi�¢=��i@W4q���uel¤�����bl��HX#ueX#�/c
��ikW4qVoVce�?cel¤i@����j²g*X#T7�O�/lmiko�ueaxcfi(jmXI�kuf�·¦µ��¢¯cfX#ueÅ1��u��Vae®xafikW4X�ceTVl¤����i@�RceTVX¥�kXIuf_��7�?cfo�ufX
i�¢�g7i@oV���bXN�!cel¤W4X	�#ikW4qVjmX�£bl¶cd_@¨GÇVi@j¤jmi?Å�l¤���hceTVlmaL��qVqVuei@�@��T|Ä`l¤� A �7w��DC`Ä��7w4E|ik��X�i�¢�ceTVX
��obceTViku�aLik¢GcfT�X�qVueXIafX#�/cCq���q*X#u\��i@oVjm�3��i@W�q�obcfXhcfTVX4X�£bXN��obcel¤i@��cflmW4X�ik¢ ���Bo��@cd_`q*XI�
λ
r9cfXIufW ÃNÂµ½(l¤cea\lm�/cfX#ueqVueX�c��?cflmik�Rl¤�3cfTVX¥�#i�r$#\j¤XIlmafj¤l��#��cfXI�kikue_(i�¢ cfTVX¥��i@W4ik���@�B�kaea~ib�#l¶r
�?cfXN��Å�l¤cfT�ceTVX	±���l¶ceXhWho�j¶celmafX�c�a�¢§oV�7�Ácfi@uLi@��cfTVX��#��cfX#�@ikue_���Ì - ¨�S1TVXhlm�/cfXIufqVueX�c��?cel¤i@�
i�¢|�

λ
r9cfXIufW lm��ceTVl¡aGW4ib�bX#j7lma�ceTVXLae��W4X��ka²cfTVX�lm�/cfXIufqVueX�c��?cel¤i@��ik¢7ceTVX��VX#cGcfu����7a~j¡�?cel¤�V�

cfTVX
λ
r9cfXIufW lm��ceTVXLW�oVj¶celmafX�c1g��@a~XN�¥ufXIjm��cflmik���kj�W4ib�bX#j*i�¢|jmlm�VXI�ku jmik�@lm�k¨©S1TVXxX�£bXI�#obcflmik�

cflmW�X�l¡a	W4XI�@a~oVueXI�ÆT�X#ueX�l¤�«cfX#ueW¥ahik¢�X#jmX#W4X#�/ce�kuf_Æa~cfX#q7ahik¢�ceTVX(a~ikrt�I��jmj¤XN�%#\uelm�/lm�VX � a
W4�@��TVlm�VXk¨²y�j¡afi�ÄQA �*w��DC`Äb�7w4EE�@l¤�@XC��qVueXI��l¡afXLueX#j¡�?cflmik�!g7X#cdÅ XIX#���k�!lm�/cfX#u�afXI�Ácel¤i@��cd_`q*XIa
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af_`a~cfXIW�l¤�/cfueib�bo��#XI�Pg`_ AÝw P�w��x�@��E������«X�£bq7XIuflmW4X#�/cea�lm�«cfT�X!Who�j¶celmafX�c4g��kafXI�«ufXIjm��r
cflmik�7��j�W4ib�bXIj-¨1�²£bq*X#uel¤W4X#�/c�aL��ueX	�4cei/i@j�lm�/cfuei`�Vo���XN�(g/_�}Clmue�kue��lm� A }Clmue�HC&E©�kj¤jmi?Å�lm�V�
cfi­��i@W�q�obcfX!cfTVX�l¤�/ceX#ueqVufX#ce��cflmik�Pi�¢�q�ufi`i�¢¯rt�VX#cea��bl¤ueXI��cfjm_ ¦§Å�l¤cfTVi@obc�ueX�¢§XIufXI����X�cfi3afX�r
n/oVX#�/c��#�kjm�#oVj¤o7ae®=�����!q7i@l¤�/cdÅ�l¡a~X@¨�yL�!X#£`q*X#uelmW�XI�/c1�#ikueufXNa~q*ik����a²cfi4��cd_`q*XC�VX#uel¤�?�?cel¤i@�
���7�(cfTVX�ufXNa~o�j¶cCi�¢=���RX�£bq7XIuflmW4X#�/cx�#ikueufXNa~q*ik����a1cfi��¥cd_`q7X@¨xS1TVX�l¤�/ceX#u�a~XN�Ácflmik�(cd_`q*XIa
af_`a~cfXIW ��i@��aflm�bXIufXN�¥lm� A �7w��DC`ÄV�7w4E|jm�@��Éba l¡�bXIW�q*i�ceX#���#_!���7�¥cfT�lma1¢µ�@�Ác1Å��@a1��ueo���l¡��jHlm�
cfT�lma\Å�ikueÉH¨�{°�3i@oVu\Å i@ufÉHÄ*cfTVl¡a���i@ufueXIafq*ik���VaLcfi�cfT�X�¢µ�@�Ác\cfT7�?c�Å X�o�afX�W�oVj¤cfl¡a~X#ceaC¢§iku
lm�@ceufXIqVueX�cflm�V��X�£bq*ik�VXI�@celm�kjma��k���3�Vi�c	afX�cea��@a\l¤�3cfT�X�a~X#c\g7�kafXI�­��ikT�X#ueX#�/c\afX#W¥�k�@celm�Ia#¨
S1TVX�o�afX\i�¢�WhoVj¤cfl¡afX�cea1l¡a�XNafafX#�/cfl¡��jHlm�(ikoVu�Å�ikueÉ4cfi`i�¨

{°�	ceTVX1qVueXIafX#�/c©q7��q*X#uNÄ�Å X1��q�qVj¤_\ceTVl¡a²��qVqVuei@�@��T�cfi\[�oVj¤cflmqVjmlm�I�?cel¤�@X1�k���	�G£`q*ik��X#�br
cfl¡��j/z|lm�VXI�ku
z�ik�kl¡��¦µ[B�=z�z©®ÁÄ?�����\Å�X=afTVi?ÅÆTVi?ÅÆl¶c©lma�q7i/afaflmgVj¤XGcfiL�#ikW4qVobceXGcfT�X=�`oVWhg*X#u
i�¢1adceX#q�a	i�¢��#obc~rtX#jmlmW�lm����cflmik�­g/_3a~XIW4�k�/cfl¡��W4XN����a¥¦µ�Vi�celm�#X4cfT���c\i@oVu�W4XI�@a~oVueX�g7XIl¤�V�
cfT�X¥�/o�Whg*X#u�i�¢1��obcfr9XIj¤lmW4l¤�7�?cflmik�Pa~cfXIq�a#Ä�TVX#ueX4lma	��±�u�a~c��Vl��HX#ueX#���#X4Å�l¶ceT A �7w��HC`Ä|�7w4E
Å�TVXIufX�#\uel¤�`lm�VX#� a�W4�@��TVlm�VX\Å��@a1o�a~XN��cei4W�XN�kafoVueXCX#£bXI��oVcflmik��cflmW�XO®Á¨Gz�X�c�o�a1g*X�W4ikueX
qVueXI�#lmafXk³²l¤¢

π2
lmaL�4qVufi`ik¢¯r9�VX#c�ikgbc���lm�VXI��g`_���q�qVj¤_`lm�V�¥a~i@W4X\a~cfXIq�a�ik¢��#obc~rtX#jml¤W4lm���?cel¤i@�

cfi
π1
ÄkcfTVX�W¥��lm��qVufi@q7XIu~cd_�ik¢H�k�`_	W4i`�VX#jbl¡a�cfT���c²cfTVX1lm�/cfX#ueqVueX�c��?cflmik�

Jπ1K
i�¢
π1
l¡a©cfTVX

ae��W4X	�ka�ceTVX	lm�@ceX#ueqVueX�ce��cflmik�
Jπ2K

i�¢
π2
Ä7afi�ceT��?c�¢§ueikW

Jπ1K
l¶cxlma��#j¤XN��uej¤_!l¤W4q*i@aea~lmgVjmX

cfi��bX�ceX#ueW4l¤�VX�cfTVXC�`oVWhg*X#u i�¢�a~cfX#q7aGjmXI�k�Vl¤�V�h¢§ufi@W
π1
cei
π2
¨ � XI�kX#ufcfT�X#jmXIaea#Ä@l¶¢

π1
�k���

π2
��ueX�cdÅ�i	��obc ¢§ufXIX�qVuei/ik¢¯r9��X�cea ��i@�V�VXI��cfXN�4g/_�W4XI�k��aGik¢E�h��obc�j¤lm�VÉHÄ@Å�XL�I���¥Å�ik���bXIuI³
�@¨1lma l¶c�cfT�X\�I�kafX�cfT7�?c�cfTVXCcfT`o�a ikgVce��lm�VXN���VX#c1�I����g*X\ufXN�bo���XN�4cfi4�h�#obc�¢§ufXIXxi@�VX��
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{°��Y`oVg7a~XN�Ácflmik� �V¨m�kÄ/Å XC�bXIae��uel¤g*X�ceTVXCW4�kl¤��l¤���kueXI�blmX#�/cea=�VXI�#XIaeaf�kuf_�cfi��bX�±7�VXC�hW4i`�VX#j
i�¢ o��@cd_`q*XI�3�VX�c�a#¨�yLa\l¤c\l¡aCÅ XIj¤j¤rtÉ/��i?Å��|ÄHcfTVX4afTVl¶¢¯c�¢§i@ufW cd_`q*XI�Rcfi�oV�/cd_`q7XN�RW4ib�bX#j¡a
XIaea~XI�@celm�kj¤jm_(ufXIj¤lmXIaCi@��cfTVX¥��TVi@lm�#Xhik¢ ��afoVl¤ce�kgVj¤X�ikgbvdXN�Ác\l¤�3cfT�X��I�?cfXI�ki@uf_�o�afXI�Blm�BceTVX
cd_/q*XI���#�@a~X@¨©S1T�XCae��W4Xx�kqVqVjml¤XNa�TVX#ueXkÄ`gVobc1l¤c ceoVuf�7a i@obc�cfT���c�lm�!i@ue�bXIu=¢§i@u i@oVu1W4i`�VX#j
cfi!ueX#j¡�?ceX	qVueXI�#lmafX#jm_�lm�/cfXIufqVueX�c��?cel¤i@��a�i�¢G��X�ceaC���7�(cfTVXIl¤uCX�£bXN��obcel¤i@�|Ä*�Vo���jml¶cd_��VXIXI�VaLcfi
g7X!Fd�`l¡a~lmgVjmXZG	l¤�(ceTVX�afX#W¥�k�@celm�Ia#¨�[�i@ufX���ik�7��ueX�cfXIj¤_@Ä�Å�X	É`�Vi?Å cfT���cxlm�

Rel
cfTVXhj¤lm�VXI�ku

¢§ikueWhoVj¡�ka
A
�k���

A⊥
T��O�kXCceTVX	af�kW4XClm�/cfXIufqVueX�c��?cel¤i@�|¨�{°��ceTVXh�kg�a~XI����X\ik¢
cd_`q*XIaIÄ`cfTVl¡a

W�XN����axceT��?c\Å X��bi��Vi�cCÉ/��i?Å�Å�TVX�ceTVX#uCr°af�O_/r�����i@oVqVjmX
(x, y)

lma\���3X#jmX#W4X#�/c\i�¢²ceTVX
l¤�/cfXIufq�ufX#ce�?cel¤i@�«i�¢C�B¢§i@ufW�oVjm�Ri�¢�ceTVX�a~T7��q*X

A ⊗ B
iku

A ` B
¨«S1TVl¡a�lm�b¢§i@ufW¥�?cel¤i@�

lma��VXN��XIaeae��ue_B¢§iku�iko�u�qVo�ufq*i@afXIaI³¥W4ikueX�qVueXI��l¡afX#jm_­Å�X!��X#XI�«l¶c�cfi­qVuei?�kX�z|XIW4W4�Æ���
i�¢�Y`oVg�afXI��cflmik�Æ��¨m�k¨ � X�a~TVi?Å�Ä�l¤�«Y`oVg7a~XN�Ácflmik� ��¨ �VÄ|TVi?Å ceiB��TVi`i@afX��k�­�kqVqVueikqVuel¡�?cfX
ikgbvdXN�Ác

D
i�¢

Rel
¨²S1TVX\jm�@adc�Y`oVg�afXI��cflmik� ��¨ �hlma1�bXI�kikcfXI��cfi��k�V�kqbc cei�i@oVu�W�ib�bXIj²¦§l9¨ X@¨

cfi4cfT�X	��TVikl¡��XCW¥�k�bX�lm�BY`oVg�afXI��cflmik�5�V¨Ý�k®=cfTVX���i�cflmik��i�¢�X�£bq*X#uel¤W4XI�@cN¨

����� �	��

��������������
�������
����! "����#$�����%��&'������()���!����&*�,+*&'�.-/(0�213&*�!��4
� X(ikoVcfjml¤�VX@ÄGlm�«cfT�lma¥afoVg�afXI��cflmik�|ÄG�­�#��cfX#�@ikuelm�I��jGlm�/cfXIufqVueX�c��?cel¤i@�«i�¢Lo��@cd_`q*XI��WhoVj¤cfl¤r
qVj¤l¡�#��cflm�kX��k����X�£bq7i@�VX#�/celm�kj�z|lm�VXI�ku=z|i@�kl¡��¨ � X�lm�/cfueib�bo���X1¢§i@u²cfT�lma²q�oVufq*i@afX���afXIn/oVX#�/c
�#��j¡��o�j¤o�ahcfT7�?c��#ikueufXNa~q*ik�7�Va\cfiRcfTVX�Who�j¶cel¤qVjml¡�#�?cel¤�@X�¢§u����@W�XI�/cI³�cfTVX�a~XNn/oVX#�/cea���ueX�ik¢
cfTVX	afT���q*X

` n
ÄVÅ�TVX#ueX

n
l¡a������?ceoVu���jElm�@ceX#�@X#uN¨

` n X�£V��T������kXCÅ�l¶ceT
σ ∈ Sn

` σ(n)

�?£blmikW
` 2

` m+ 1 ` n+ 1 ��obc
` m+ n

` m+ 1 ` n+ 1
⊗

` m+ n+ 1
` n+ 2 `
` n+ 1

1
` 1

` n
⊥

` n+ 1

` m ` n W4l¤£
` m+ n

�V��lmW4ik�
` 0

� X�Å1���/c²cei�l¤�/cfXIufq�ufX#c²cfTVl¡a=afXIn/oVXI�@c=�I��j¡��oVjmo�a²lm����[�{65ª�I�?ceX#�ki@uf_�¦-a~XIX0AÝw1YXJDCOE�¢§iku
cfTVX	�bX#±��Vl¤cflmik��i�¢ � ��7 ��½?À°º � 
�� �/®1lm�(a~o���T(��Å��O_4ceT��?cL�4afXIn/oVX#�/c

` n
l¡a1l¤�/cfXIufq�ufX#cfXI�

g/_3�!W4ikueqVTVl¡afW ¢§ufi@W
1
cei ˙n

i=1 D
Ä|Å�T�X#ueX

1
lmaxcfT�X�o��Vl¶c\ceX#��afiku����7�

D
lma���q���ufr

cfl¡��oVj¡��u�i@gbvdXI��c�i�¢©cfTVX��#�?ceX#�@ikue_k¨=Y`i7ÄVÅ X	�VX�±��VX�����ikgbvdXN�Ác
D
i�¢©cfT�Xh�#��cfX#�@ikue_������

6W�i@ufq�TVlmafW¥a
f
Ä
g
Ä
fD⊗D

Ä
fD`D

Ä
f1
�k���

f⊥
lm��cfTVX	�I�?ceX#�ki@uf_�afo���T�cfT���c	³

8 f lma���W4ikueqVTVl¡afW ¢§ufi@W
D⊥

cfi
D
�

8 g l¡a���W4ikueqVTVl¡a~W ¢§ueikW
D
cei
D⊥

�

8 fX

l¡a���W4ikueqVTVl¡a~WÈ¢§ufi@W
X
cei
D
¢§i@u

X ∈ {D ⊗D,D `D, 1,⊥}

Ò§Ó
Ô�Ò¯Õ



� ¿#º��4½���À9Â����¥º�½O¿Á¾	�fº�

��À§¼Vº�ºf»`º���¾bÀ9Â�
��RÀ-Â��¥º	Â�����Â��Hºe½�����
��kÂ�� ��C

cfT7�?cLae�?cfl¡a~¢§_¥cfTVX\¢§i@j¤jmi?Å�lm�V��XNn/o��?cel¤i@��a\³
8 g ◦ f = idD⊥

�

8 fD`D
⊥ ◦ g ◦ fD⊗D = g ⊗ g

�

8 fD⊗D
⊥ ◦ g ◦ fD`D = g ` g �

8 f⊥⊥ ◦ g ◦ f1 = id1

8 ����� f1⊥ ◦ g ◦ f⊥ = id⊥
¨

S1TVXNa~X\W4ikueqVTVl¡a~W¥a��kufX\o�afXI���ka�¢§i@j¤jmi?Å�a\³
8 Å X\o�afX f ¢§iku1ceTVX�lm�@ceX#ueqVueX�ce��cflmik��i�¢
cfTVX	��£`lmikW ufoVjmX �
8 Å X\o�afX g ¢§iku1cfT�X�l¤�/cfXIufq�ufX#ce�?cel¤i@��ik¢�ceTVX	��obc�ueoVjmX �
8 Å X\o�afX fX

¢§iku1ceTVX�lm�@ceX#ueqVueX�ce��cflmik��i�¢©cfTVX
X
rtueoVj¤X@Ä`Å�TVX#ueX

X ∈ {⊗,`, 1,⊥} ¨
S
i!�k�I��ikW4ib�V��cfX�¦§o��@cd_`q*XI��®�X�£bq*ik�VXI�@celm�kjma�l¤�R�!�#�?ceX#�@ikuelm�I��j|a~cfueo��ÁceoVufX@Ä�Å�X	�VXIXI��cdÅ�i
W4ikueX\W�i@ufq�TVlmafW¥a#³

8 f!D
l¡a��4W�i@ufq�TVlmafW ¢§ueikW

!D
cfi
D

8 ����� f?D

lma���W4ikueqVTVl¡afW ¢§ufi@W
?D

cfi
D

afo���T!ceT��?c
8 f?D

⊥ ◦ g ◦ f!D =!g

8 ����� f!D⊥ ◦ g ◦ f?D =?g
¨

����� � �2� 

��� �'& 
�� 4 �2��
�&'�����!4 ����� +*&'�.-/(0�21 & ����4
� X��bX#±��VX@Ä²l¤�PceTVl¡a�afoVg�afXI��cflmik�|Ä©ceTVX�W4ib�bXIj Å�TVXIufX!Å X���ueX��ki@l¤�V�BcfiRlm�/cfXIqVufX#c��VX#cea
lm� Y`oVg7a~XN�Ácflmik� �V¨ �V¨ � XÆadc���ufc!¢§ueikW cfTVX­Å�X#jmj¶rtÉ`�Vi?Å�� �#�?ceX#�@ikue_

Rel
ik¢ha~X#cea(���7�

ueX#j¡�?cflmik�7a#ÄHT��O�`lm�V��lm�­W�lm���RcfTVX4o�afo��kj©W�oVj¤cfl¡a~X#c\g7�kafXI�BueX#j¡�?cel¤i@����j©W4ib�bX#j�¦
⊗
����� `��ueX\cfT�Xh�#�ku~ceXIaflm�k��q�ufib�bo���cIÄ

1
�����
⊥
��ueXCcfTVX�a~lm�V�kjmX�ceik�

{∗}
Ä
!
�����

?
��ueX\cfTVX�±7�Vl¶ceX

Who�j¶celmafX�c�a²¢§oV����cfi@u�®�¨�Ç�ufi@W YboVg�afXI�Ácel¤i@� �V¨m�kÄ@l¶c�lma ��jmXI��uGcfT���c=cfT�XL�bX#jml¡�#�?ceX�q*iklm�@c�lmaGcfTVX
��TVi@lm�#X�ik¢�ceTVX�ikgbvdXN�Ác

D
¨©{tc²cfo�uf��a�i@obc²cfT7�?c²cfT�X�W�i@ufX������-�@X1��T�ikl¡��X1i�¢Ha~o���T4���4i@gbvdXI��c

l¡aG�Vikc=a~oVl¤ce�kgVjmX�¢§ikuGi@oVu²qVoVueq*i@afXIaI¨
{°���VX#XI�|Ä@jmX�c
A′
g*XL��afX�cGceT��?c �Vi/XNa~� � c=�#ik�/ce�kl¤�¥���`_

��i@oVqVjmX��Viku�±��Vl¤cfX	W�oVj¶celmafX�c�a��Vi@u
∗
¨=S1T�X�±�u�adc�l¡�bXI�4l¡a1cei�a~X#c

D′ =
⋃

n∈N
D′

n

Ä�Å�T�X#ueX
D′

n

l¡a��bX#±��VXI��g`_�lm���bo���cflmik�(ik�
n
�ka�¢§ikjmjmi?Å�a#³

8 D′
0 = A′ ∪ {∗}

�

8 D′
n+1 = D′

0 ∪ (D′
n ×D

′
n) ∪Mf (D′

n)
¨

� X	a~X#c
f = g = idD′

���7�

fX = {(x, x) ; x ∈ X} : X → D′ ¢§iku X ∈ {D′ ⊗D′, D′ `D′, 1,⊥, !D′, ?D′}

S1TVXC��TVikl¡��Xxi�¢
D′

jmXI�k��aGcei��hafX#W¥�k�@celm�Ia=Å�T�X#ueXL�VX#cea=cfT���c�T��O�@XL��j¡�kafTVXNa �I����T��O�@X
����ik�brtX#W4qbcd_�l¤�/ceX#ueqVufX#ce��cflmik�|¨LÇ�ikuCX�£V��W4qVjmXkÄ*g`_��k�V�blm�V�����B�?£blmikW jml¤�VÉ�cei�cfT�X	cdÅ�i

Ô�Ô Ü�VXW�YZYK[



�I� ��½��7Âµº����@º��G½��ÁÃO½�� ¼X
	��Â���¼Vº
�¤º���½��/½��7Â��*
��fº���
O
�� 
��ÁÀM
��f½��kº��
½��I��


��j¡�kafTVXIa�i�¢�Ç©l¤�@oVueX �bÄOik��XGikgbc���lm��a=¦§¢§ikjmj¤i?Å�lm�V� PxX�±7�Vl¶cel¤i@�!�@�GÅ�TVX#ueXGi@�VX=afoVg�a~cfl¤cfobceXIa
D′¢§iku

D
®
cdÅ�ix��X�ceaGÅ�l¶ceT��C�Vi@�br9XIW4qbcd_	lm�@ceX#ueqVueX�ce��cflmik�|¨©S1TVl¡a�Å i@oVjm����i@�/cfu��k�bl¡�Ác²z|XIW�W¥�

����ik¢ Y`oVg�afXI��cflmik�3��¨m�kÄ*Å�TVlm��TRlmaCXIaeafX#�/cfl¡��j�cfi�qVufi?�@X�ikoVuCW¥��lm�BueXIafoVj¶c�aLik¢�Y`XN�Ácflmik� �b¨
S1T��?c � aLÅ�T/_�Å X���TVi`i@afX\�k�Vi�ceTVX#uLikgbvdXN�Ác

D
¦§lm��a~cfXN�k�(i�¢

D′
®�ik¢
ceTVXh�I�?cfXI�ki@uf_�ik¢Ga~X#cea

������ueX#j¡�?cflmik�7a#Ä?ceT`o�a²ikgVce��lm�Vlm�V�	�\�bl"�*XIufXI�@cGW4ib�bXIj-Ä`a~o�l¶c���gVjmX1¢§iku²i@oVu²qVoVueq7i/a~XNa#¨�y·ÉkXI_
¢§XI�?ceoVueX¥i�¢

D
lma�cfT���cIÄ
¢§iku	XI�kX#ue_

x ∈ D
Ä�ik��X¥T��ka

x 6= x⊥
¨�S1TVl¡a	Å�lmjmjGg7X!o�a~XN�­cfi

qVufi?�@XCz�X#W4W¥�¥���(¦µafX#X	�kjmafi>PxX�±7�Vl¶cel¤i@���k��i�¢²Y`oVg�afXI��cflmik�(��¨Ý�k®�¨
z|X�c

A
g*X1�CafX�c©cfT���c²�Vi/XNa~� � cG��i@�/ce��lm�h�k�/_	�#ikoVq�j¤X�i�¢7cfTVX�afT���q*X

(+, x)
�Vi@u

(−, x)
�k���

j¤X#c
ψ
g7X4���Rl¤�`�ki@j¤oVcflm�kXhg�l vdXN�Ácflmik�3ik�

A
Å�l¶ceTVikoVcx±V£bq*iklm�/cI¨ � X4afX�c

D =
⋃

n∈N
Dn

Ä
Å�TVX#ueX

Dn

l¡a��bX�±���XI��g`_!lm���bo���cflmik��ik�
n
�@a�¢§ikjmj¤i?Å�aI³

8 D0 = A⊕ (1⊕⊥)
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?À°º�� � �

e : π
$xÂ¡¿!½���¾	�Q��À9Â�
�� � ¼`Â���¼¸½O¿�¿�
&�#Âµ½?À°ºÁ¿ � Â¯À§¼�º�Ã?º:� � ! , �êÂ��! o 

� flat(π)

½
��¾ �êÀ9Â¡¿#º�À

[eo
1, . . . , e

o
k]

�
k ≥ 0

� 
 �3ºf» � º:�ÁÂ��¥º:�7Àµ¿,
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⊗
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∑
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∑
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T��ka
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=
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⊥
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� � �7¨²S1TVX�qVuei`i�¢
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¨

yLaeafoVW4XRceT��?c � ��c
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!
rtj¤lm�VÉH¨ � XP�bX#�VikcfXÆg`_

o
ceTVl¡a(j¤lm�VÉH¨ Y`X#c

e(o) =
[e1, . . . , em]

�k���!jmX�c
πo

g*X\cfT�X�g7iO£!ik¢
o
¨ � i�ceXxceT��?c

k = n− 1
¨

S1TVXIufX1X�£bl¡adc�a
i0 ∈ {1, . . . , n}

afo���T�cfT���c
ci0

l¡a�cfTVX�W¥�kl¤�¥��i@����jmo�afl¤i@��ik¢
o
¨ � XL�bX�r

�VikcfX²g`_
coi0

ceTVX²W¥��lm�	��ik�7��jmo�a~lmik�Ci�¢
πo
¨ � X²T��O�kX

e(ci0) = (+, [e1(c
o
i0

), . . . , em(coi0)])
Ä

TVXI����X
s(e(ci0)) = 1 +

∑m

j=1 s(ej(c
o
i0
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¨
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¨²S1TVX#�
ci
lma1���(��oV£`lmjmlm�kuf_4��i@����jmo�afl¤i@�!i�¢

o
¨ � X\�bX#��i�cfX

g`_
coi
ceTVXP��ob£blmj¤l¡��ue_·��ik�7��jmo�a~lmik�ªi�¢

πo
�kaea~ib�#lm��cfXI�·Å�l¤cfT

ci
¨ � X­T��O�kX

ej(c
o
i ) =

(−, µj)
¢§iku

j ≤ m
�����

e(ci) =
(
−,

∑m
j=1 µj

) Ä�Å�TVl¡��T¬lmW�q�j¤lmXIa4ceT��?c
s(e(ci)) =

∑m
j=1 s(ej(c

o
i ))− (m− 1)

¨
� XCT7�O�kX

s(e) = 1 +

m∑

j=1

s(ej)

≤ 1 +

m∑

j=1

(

n∑

i=1

s(ej(c
o
i ))− k)

¦§g*XI�I��o�afX�g`_�l¤�7�bo��Ácel¤i@�(T/_`q*i�ceTVXIaflma
s(ej) ≤

m∑

i=1

s
(
ej(c

o
j )

)
− k)

= 1 +
m∑

j=1

n∑

i=1

s(ej(c
o
i ))−mk

= 1 +
n∑

i=1

m∑

j=1

s(ej(c
o
i ))−mk

= 1 +

m∑

j=1

s(ej(c
o
i0

)) +
∑

1 ≤ i ≤ n
i 6= i0

m∑

j=1

s(ej(c
o
i ))−mk
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= 1 +

m∑

j=1

s(ej(c
o
i0

)) +
∑

1 ≤ i ≤ n
i 6= i0

m∑

j=1

s(ej(c
o
i ))−m(n− 1)

= 1 +

m∑

j=1

s(ej(c
o
i0

)) +
∑

1 ≤ i ≤ n
i 6= i0

(

m∑

j=1

s(ej(c
o
i ))− (m− 1))− (n− 1)

= 1 +
m∑

j=1

s(ej(c
o
i0

)) +
∑

1 ≤ i ≤ n
i 6= i0

(
m∑

j=1

s(ej(c
o
i ))− (m− 1))− k

=

n∑

i=1

s(e(ci))− k .

S1TVX�i�ceTVX#u��I�kafXIa1��ueX\j¤X#¢¯c�cfi4cfT�X�ufXN�k�bXIuI¨
�

{°� AÝ}Cl¤u��DCOEVq|¨©����r
C?��Ä?}Clmu���u��	a~T�i?Å�a�ceT��?cG�kjmafixlm��cfTVX�afX#W¥���/cfl¡�#a©Å�X1T��O�kX1�L��i�cflmik�
i�¢ ueXIafl¡�boVX4oV���bXIu	��obc�ueXI�bo7�Ácflmik��¨ � ��W4X#jm_kÄ|T�X�q�ufi?�@XIaLcfT���c	l¶¢

π  π′
ÄEceTVX#�ÆXI�kX#ue_

X�£bq7XIuflmW4X#�/c
e : π

T��@a�� F~ueXIaflm�bo�XZG −→e : π′
a#¨ cI¨
|e| = |−→e |

Ä?�ka
Å XIj¤j/�ka|XI�kXIuf_CX�£bq*X#uel¤W4X#�/c
e′ : π′

T��@aL���7F~�k����XNadceiku
G ←−
e′ : π

ÄEa#¨ cI¨
|
←−
e′ | = |e′|

¨CS1TVl¡a�¢µ�k��cxT��@aL�@aL�!�#ik��afXIn/oVXI����X
cfTVXxl¤�`�?��uelm�k����XLi�¢EcfT�XLlm�@ceX#ueqVueX�ce��cflmik�

JπK
o����bX#u���obc�ufXN�bo���cflmik�R¦µTVX#ueXLS1TVXIikueX#W �N�k®�¨

{°�RceTVX4¢§ikjmj¤i?Å�lm�V�(z|XIW�W¥������Å�X�ueX�±7�VX�}Cl¤u���u���� axq�ufi`i�¢dÄ�g/_Rq7i@l¤�/cflm�V�(ikoVcCceT��?cNÄ
l¤�ª�I�kafXBi�¢	T�XI�k�br9ueXI�bo7�Ácflmik��Ä��Vi�c�ik�Vjm_

e
���7� −→e T7�O�kX�ceTVX3ae��W4XBueXIafoVj¤c!gVobc���j¡a~i

s (−→e ) = s (e)−2
¨�Y`o���T����VXIÅ F~n/o��k�@cel¶c��?cel¤�@XZGGl¤�7a~lm�kT/c
lm��ceTVX ueX#j¡�?cel¤i@��afTVl¤qhg7X#cdÅ XIX#�

e�����\l¤cea�ufXNa~l¡�boVX −→e l¡a���cEcfTVX ��ikueX²i�¢`iko�u|qVueik�ku���W¹cfi�a~cfo��b_\��i@W4qVobce��cflmik���kj�qVueikq*X#ufcflmXIag/_�a~XIW¥���/cfl¡�CW�XN����aI¨
� X#¢§ikueXLqVuei?�`l¤���hz|XIW�W¥�����VÄ/jmX�c1o�a1��ik�7a~l¡�bX#u�����X#£V��W4qVjmXk¨²S
�kÉkXLcfTVXCX�£bq*X#uel¤W4X#�/c

e : π
i�¢CÇ©lm�koVueXR�N�3�k���¸��ik�7a~l¡�bX#u

π  h π1
³�cfT�X�j¡��g*X#jmjml¤�V�­i�¢

π1
� a4XN�b�kXNa��k���

!
r

j¤lm�VÉba4�bX�±���XIa��BueXIaflm�bo�X −→e : π1
i�¢
e
¦-�?c4j¤XN�ka~c��k�I��i@ue�blm�V��ceiBceTVX��#ik��a~cfueo���cflmik�«ik¢

ufXNa~l¡�boVX4�klm�kXI�Rg`_3}Clmue�kue�Bl¤� AÝ}Cl¤u��DC�E§®Á¨¥S1TVX4ueXI�k�VX#u��#�k�3��TVXN��É(cfT���c
|−→e | = |e|

�����
s (−→e ) = 6 + 18 = 24 = s (e) − 2

¨¬{tc¥l¡a4Å i@u~ceT¬�Vikcfl¡��lm�V�3cfT���c
e : π

T��ka4W4ikueX
cfT��k�Bik�VX�ufXNa~l¡�boVX@³ jmX�c

e
−→u
x

¦µufXNa~q�¨
e
−→u
y

®�g7X�cfT�XhX�£bq*X#uel¤W4XI�@cxi�¢²cfT�Xhg*iO£(ik¢
π1

Å�TVlm��T
ce��É@XIa�ceTVX(�O�kj¤o�XIa

x, x⊥
¦§ueXIafq|¨

y, y⊥
®�ik�¸g7ikcfT¸cfT�X(��£bl¤i@W4a�lm�¸cfTVX(g*iO£HÄ�������jmX�c

−→
e′
g*X�cfTVX�X�£bq*X#uel¤W4XI�@c4i�¢

π1
Å�TVlm��T¸�bl"�*XIueah¢§ufi@W −→e ik�«ceTVX

!
rtj¤lm�VÉ −→u ÄGÅ�TVXIufX�Å Xa~X#c −→

e′ (−→u ) = [e
−→u
x , e

−→u
y ]
¨¸S1TVX(X#£`q*X#uelmW�XI�/c −→

e′
T��@a�cfTVX�ae��W4X Fduel¤�@T/c G��ka −→e cei3g*X

��ik�7a~l¡�bX#ueXI�¬�BueXIaflm�bo�X!i�¢
e
¦µl¤��q���ufcfl¡��o�jm�kuhik��X�T��@a

|e| = |−→e | = |
−→
e′ |
®Á¨ � i�c4ik�Vjm_

����X�£bq*X#uel¤W4XI�@cL�I���(T��O�@X	a~XI�kX#u���jHueXIaflm�VoVXIa�g�obcLl¤cx�#�k�B��j¡a~i4T��O�@X	a~XI�kX#u���jE�k����XNadceiku�a#¨
{°���bX#XN�EÄE��i@��a~l¡�bXIu

π1  h π2
�k���(ceTVXhX#£`q*X#uelmW�XI�/c

e2 : π2
�bX#±��VXN��g`_!ceTVXhj¡��g*X#jmj¤lm�V�

i�¢
π2
l¤�(Ç©l¤�@oVufX��I��³�g7ikcfT −→e ����� −→

e′
�#����g*X\�#ik��afl¡�bX#u1�����#XIa~cfi@uea i�¢

e2
¦µikuNÄ`ae��l¡�¥ceTVX

i�cfT�X#u�Å1�O_�ufi@oV���EÄ
e2
l¡a1cfTVX�ueXIafl¡�boVX\i�¢©g7ikcfT −→e ���7� −→

e′
®Á¨

z|X�cGo7a=��i@W4W�XI�/c=�\gVl¶c=cfTVl¡aG�@X#ue_h�bX#jml¡�#�?ceX�qVTVXI�VikW4X#��ik�B¦§W¥�k�/_������#XIa~cfi@ueaIÄ?W¥���`_
ufXNa~l¡�boVXNae®1g`_�j¤i`i@É/lm�V�¥W4ikueXh�I��ueX�¢§oVjmj¤_��?cxcfTVXh�I�kafX	i�¢�ceTVX��bl"�HX#ueX#�/cLueXIaflm�bo�XIa −→e �����
−→
e′
i�¢
e
¨ � T7�?chT��kqVq*X#��ahlma\ceT��?c�Å X¥T��O�@X��P¦§W�oVj¶cel¡®~a~X#c�ik¢���j¡��g*X#j¡a	ik¢1�k�

ax
r9jml¤��É

¦¯cfT�X¥j¤X#¢¯c	g7iO£Rik¢
π
®�Ä©�k���3�#obc	ueXI�bo���cflmik�3ufXNn@o�l¤ueXIaxcfT7�?c	Å�X4afqVjml¶c�ceTVl¡a¥¦§Who�j¶cel¡®~a~X#c	l¤�

cdÅ i­¦§Who�j¶cel¡®~a~X#ceaIÄEXI�k��T�ik¢GÅ�TVl¡��T3��i@�/ce��lm��aC�¥j¡��g*X#j¡a#¨C{°�
Rel

ÄHceTVX#ueXhl¡aL��i��#�k�Vik��lm�I��j
Å��O_!cfi�i@q7XIue��cfX	afo���TB��afqVj¤l¤c~cel¤����¨�S1TVl¡a�l¡a�lm�Ba~T7��ueq(�#ik�/cfu��ka~c�cfi�cfTVX��#�kafX�i�¢G�#ikTVXIu~r
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afX#W¥���/cfl¡�#aI³©Å�TVl¤jmX\�	�VX#c1�I����T��O�@Xx�bl"�HX#ueX#�/c

Rel
X�£bq7XIuflmW4X#�/cea Å�l¤cfT�cfTVX\af�kW4XLueXIafoVj¶c

¦µ�@a�l¤c�lma1ceTVX	�#�@a~XC¢§i@u −→e ,−→e′ : π1
®�Ä�lm��ceTVX\¢§u���W4X#Å�ikueÉ¥i�¢G}Cl¤u���u���� a���i@TVX#ueX#���#XCafq��@��XIa
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����X�£bq*X#uel¤W4X#�/c1��ueX
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��V¿ c1, . . . , cn ¿+&mÀ &
π  h π
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e : π
À¯¼�º:�eº\Â¡¿ −→e : π′

¿+&mÀ"&
|e|c1,...,cn

= |−→e |c1,...,cn

$G½�� �
s (−→e ) = s (e)− 2

-
�.&N�:
��­º�Ã?º:� �

e′ : π′
À¯¼�º:�fºRÂ¡¿ ←−

e′ : π
¿ &mÀ &

|
←−
e′ |c1,...,cn

= |e′|c1,...,cn

$¥½�� �
s
(←−
e′

)
=

s (e′) + 2
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� � �7¨ z�X�c
π  h π′
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t
g*XRceTVXRueXI�Vo���XN�¹��obc(i�¢

π
¨ ��XIW�XIWhg*X#u�cfT���c�g`_

�bX#±��Vl¤cflmik�­i�¢
 h

Ä
t
T��@aC�VX#qbceT

0
l¤�
π
¨�z�X�c

α
¦§ueXIafq|¨

α′
®Lg*X�cfTVX4W¥�?£blmW¥��j � �?c��?c

�bXIqbcfT
0
i�¢
π
¦§ueXIafq|¨

π′
®�¨�S1TVX�q�ufi`i�¢=afqVjml¶c�aCl¤�R¢§ikoVu\�#�@a~XNa#ÄH�bX#q*X#�7�bl¤����i@��cfTVX�cd_`q7X

i�¢
t
¨

���V� Ì
(ax)

� {t¢
t
l¡a�ik¢=cd_`q7X

(ax)
Ä�cfTVXI�­i@oVu�q�a��kufX¥�ka\lm�ÆÇ
lm�ko�ufX �V¨¥z�X�c	o�a\qVuei?�kX

q*iklm�@c4�k³��#ik��afl¡�bX#u
e : π

ÄEÅ�X��bX#±��VX −→e : π′
a#¨ cI¨
|e| = |−→e |

Ä|�����
s (−→e ) = s (e) − 2

¨
z|X#c

d′
¦§ueXIafq|¨

o′
®�g7X	�k��XN�b�kX¥¦§ueXIafq|¨

!
r9jmlm�VÉV®�i�¢

α′
ÄbcfT�X#�

d′
¦§ueXIafq|¨

o′
®�lma1ceTVX�ueXIaflm�bo�X

i�¢���o��Vlmn/oVX!XI�b�@X
d
¦§ueXIafq|¨��

!
r9jml¤��É

o
®\ik¢

α
¨B[�i@ufXIi?�kXIuxceTVX�qVq7ah�kaeafi`�#lm��cfXN�3Å�l¤cfT

X#�@X#ue_
o′
lma�cfTVX�af�kW�X	�@a�ceTVX	ik��Xh�kaea~ib�#lm��cfXI��Å�l¤cfT

o
¨ � XhafX�cI³ −→e (d′) = e(d)

¦§ueXIafq|¨
−→e (o′) = e(o)

®Á¨ � ikcfl¡��X�ceT��?c −→e lma�Å XIj¤j¤rt�VX�±��VXN�EÄVlm��q���ufcfl¡��o�jm�ku�g7XN�#��o7a~X
e(a) = e(c)¦§lm�·¢µ�k��c

e(a) = e(b)⊥ = (e(c)⊥)⊥ = e(c)
®ÁÄ����7��l¤c�ae�?celma~±�XIa¥cfTVXR�#ik���Vl¶cel¤i@��a¥i�¢

PxX�±��Vl¤cflmik�Æ�@�k¨
w jmXI��uejm_

|e| = |−→e |
Ä�afl¤�7��X�X#�kXIuf_��#ik���#j¤o�aflmik�

d′
i�¢
π′ l¡a
cfTVX�ufXNa~l¡�boVX�i�¢*�L��i@����jmo�afl¤i@�

d
ik¢
π
�k�����`lm�#XC�@X#u�af��Äba~i�cfT7�?c −→e (d′) = e(d)

¨G[�i@ufXIi?�kX#uNÄ/�Vi�celm�#XxceT��?cN³
∑

o′∈!(α′)

∑

eo′∈−→e (o′)

s
(
eo′

)
=

∑

o∈!(α)

∑

eo∈e(o)

s (eo)

Å�TVlmj¤X
s (α′) = s (α) − 2
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b
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¦§ueXIafq|¨
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¦µufXNa~q�¨

o
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o
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d¦§ueXIafq|¨
!
r9jml¤��É
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π =
!

?
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ax

⊥

?

!

⊥
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1 1

?

cut cut

1 1
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?
[

(+, ∗) (+, ∗)

(−, 2[(+, ∗)])(
−, 2[x⊥] + 2[y⊥]
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[

(−, 2[x] + 2[y])
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x

y

2[eo
1
] + 2[eo

2
]

[

(+, ∗) (+, ∗)

(−, ∗)[

2[eu]
[ [

(−, 4[(+, ∗)])
(+, 4[(−, ∗)]) (+, 2[(−, ∗)])

[

x⊥

y⊥

(−, ∗)
(−, ∗)
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�O
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!

⊥

cut
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?
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[
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cut
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cut

(−, ∗) (+, ∗)
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2[e
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(+, 2[(−, ∗)])

[(−, ∗)
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)
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y

x x⊥
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−→u
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[ [

?
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?

(
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cut
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cut
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cut
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cut
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cut
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cut
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xy y x x⊥ x⊥ y⊥ y⊥
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!
rtj¤lm�VÉ¬l¡a¥Å�uel¶cfcfXI�·�@a��Æj¡��g*X#j
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ceTVX��?��jmoVXIa	i�¢
eo
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¦§ueXIafq|¨
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���V� Ì
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o
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πo

lm�
π′
ÄVXNa~q*XI�#lm�kj¤jm_��Vikc�ik�Vjm_!lm�
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π′
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?
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w
¨
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0
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−→e : π′
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e : π
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d′
¦µufXNa~q|¨
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!
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d
¦§ueXIafq|¨

!
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α
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l′
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−→e (d′) = e(d)
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¨hyxa\o�afo���j9Ä
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α
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e(o) = [ ]
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∑

l∈!(α)
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el∈e(l)

s
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s
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d
¦§ueXIafq|¨

l
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π
aI¨ cN¨

d
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o
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e′ (d) = e′(d′)
¦§ueXIafq|¨ ←−

e′ (l) = e′(l′)
®Á¨
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d
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o
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o
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¨�S1TVXI�

π
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cut
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t
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o

w
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?
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ŵ2

t̂1 t̂2

[

ô1
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ĉ2 ĉm+1
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ôi

¦§ueXIafq|¨
l̂ 6= ôi
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⊥
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π̂′
lma�cfT�X=ueXIafoVj¶c©i�¢VueXI�bo7��lm�V�
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l¤�
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Ä?T�X#���#X=g`_�z|X#W4W¥�L�V�kÄOÅ X ikgbc���lm�

���(X#£`q*X#uelmW�XI�/c −→
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Ä�aI¨ cI¨
|
−→
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�k���
s
(−→
ê

)
= s (ê) − 2

¨=Ç©l¤�7��jmj¤_@Ä7afl¤���#X
π′
lma

cfT�XxueXIafoVj¤c i�¢EceTVXLueXI�Vo��Ácel¤i@��i�¢EceTVXxueXIafl¡�boVXLik¢
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lm�
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Ä`g`_�lm���bo���cflmik��T/_`q*i�ceTVXIaflma Å�X
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a#¨ cI¨m³
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(−→
ê
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¨
� X\�#ik���#j¤o7�bXk³
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−→
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���7�

s (−→e ) = s
(−→
ê
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− 2 = s (ê)− 4 = s (e)− 2

S1TVX��bX#±��Vl¤cflmik�Æi�¢����­X�£bq*X#uel¤W4XI�@c ←−
e′ : π

¢§ueikW �k�ÆX�£bq7XIuflmW4X#�/c
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l¡a	��i@W�r
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|e| = |−→e |
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s (−→e ) = s (e)− 2

-
�.&N�:
���º�Ã?º:� �

e′ : π′
À§¼Vº��fº	Â¡¿ ←−

e′ : π
¿+&mÀ"&
|
←−
e′ | = |e′|

$ ½�� �
s
(←−
e′

)
= s (e′) + 2
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	�

� � �7¨�z|X#c
α
¦§ueXIafq|¨
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ik¢
π
¦µufXNa~q|¨
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?
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t
Ä
v
g7X�ceTVX

[
rtj¤lm�VÉR�@afafib��l¡�?cfXN�
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w
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v
¨
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α
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π′ =

cut

πo

?[
ao

[

g′

Å�TVX#ueX
πo

l¡a cfTVXCqVuei/ik¢¯r9��X�c��kaea~ib��l¡�?ceXI�¥Å�l¤cfT
o
lm�
π
Ä
c
¦§ueXIafq|¨

g
®=lma ceTVX\qVufXIW4lmafXxik¢

w¦§ueXIafq|¨
v
®�¨Gz|X#c

αo
g*X\cfTVX�W¥��£`lmW¥��j � ��c��?cL�bXIqbcfT

0
i�¢
πo
¨

� XBq�ufi?�@X�q*iklm�/cR�k³Rj¤X#c!o�a!�VX�±��VX −→e : π′
¢§ueikW

e : π
¨�Ç©lmuea~c�i�¢	��jmj�ueX#W¥��ueÉ

cfT���c
e(o) = [eo]

Ä�a~lm���#X�ceTVX4WhoVj¤cfl¡afX�c	lm�
e(a)

��i@�@c���lm��aCX�£V�k��cfjm_Bik��X�XIj¤XIW�XI�/c¥¦§cfT���c
lma
eo(ao) = e(g)⊥

®Á¨­{t¢
d′
¦§ueXIafq|¨

l′
®hl¡a��k�«XI�b�@XR¦§ueXIafq|¨­�

!
r9jml¤��Éb®	i�¢

α′
Ä�cfTVXI�¬l¤cea

�����#XIa~cfiku
d
¦µufXNa~q|¨

l
®�l¡a�lm�

α
i@u�lm�

αo
¨�{°��ceTVX	±7uea~cx�#�@a~X@Ä7afX�cN³ −→e (d′) = e(d)

¦µufXNa~q�¨
−→e (l′) = e(l)

® �Vlm��cfTVX	afXI�#ik�����#�@a~X@³ −→e (d′) = eo(d)
¦§ueXIafq|¨ −→e (l′) = eo(l)

®Á¨
w j¤XN��uej¤_

|e| = |−→e |
¨ [BikueX#i?�kXIu¥�Vi�celm�#X�cfT7�?c

s (α′) = s (α) + s (αo) − 2
¦
t
� a

ufXN�bo��Ácel¤i@��XIue�@a~XNa cfTVX�jmik�@lm�I��jEXI�V�kXIa
a
�k���

b
®ÁÄ�afi�cfT���cI³

s (−→e ) = s (α′) +
∑

l′∈!(α′)

∑
el′∈−→e (l′) s

(
el′

)

= s (α) + s (αo)− 2 +
∑

l∈!(αo)

∑
el∈eo(l) s

(
el

)
+

∑
l∈!(α)
l6=o

∑
el∈e(l) s

(
el

)

= s (α)− 2 + s (eo) +
∑

l∈!(α)
l6=o

∑
el∈e(l) s

(
el

)

= s (e)− 2

� X�qVuei?�kX�q*iklm�@c��V³BjmX�c�o�a��VX�±��VX ←−
e′ : π

¢§ueikW
e′ : π′

¨ªz|X#c
d
¦§ueXIafq|¨

l
®�g*X

���ÆXI�b�@X¥i�¢
α
aI¨ cN¨

d
l¡a��Vi�ch�(�#ik���#j¤o�aflmik�Æi�¢

o
��X#l¤cfTVXIuh��i@����jmo�afl¤i@�3�Vi@u�qVueX#W4lmafX¥i�¢

w
¦µufXNa~q|¨

l 6= o
®�¨�S1TVXI�

d
¦§ueXIafq|¨

o
®�T��@a��3oV�Vl¡n/oVX�ueXIafl¡�boVX

d′
¦§ueXIafq|¨

l′
®	lm�

α′ ³
a~X#c ←−

e′ (d) = e′(d′)
¦§ueXIafq|¨ ←−

e′ (l) = e′(l′)
®Á¨�z|X#c

eo g7X�cfTVX�ueXIa~cfuel¡�Ácflmik�Æik¢ e′ cfi πo

¦§Å�TVl¡��T·lma¥�ÆafoVgVqVq�a�i�¢
π′
®4�k�����VX�±��VX ←−

e′ (o) = [eo]
Ä ←−
e′ (a) = (+, [eo(ao)])

�����
←−
e′ (b),

←−
e′ (c) =

←−
e′ (a)⊥ =

(
−, [
←−
e′ (g′)]

) Äb���7�4±����kj¤jm_kÄ@¢§iku X#�kXIuf_4��oV£`lmjmlm�kuf_4��i@����jmo�afl¤i@�

f
i�¢
o
Ä ←−
e′ (f) = eo(fo)

¨²��X#W¥�kufÉ�cfT7�?c=ceTVl¡a��VX�±��Vl¤cflmik��i�¢ ←−
e′
W¥��É@XIa�a~XI��a~X�¦§l9¨ X@¨ ←−

e′
l¡a

l¤���VX#XI�(�k��X#£`q*X#uelmW�XI�/c�®Á¨
yLa�lm�!ceTVX\¢§ikueW4X#u��I�kafXkÄbik��X\�I����qVuei?�kX
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v
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o
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u
®©lm�

π
Ä
c
¦µufXNa~q|¨

g
®©lma²cfTVX
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w
¦§ueXIafq|¨

v
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e : π
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l′
®
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!
rtjml¤�VÉV®�ik¢

α′ ÄbcfTVXI�(l¶c�a������#XIa~cfi@u d ¦§ueXIafq|¨ l ®�l¡a�lm� α ¨=[�i@ufXIi?�kXIul¤¢
l 6= u

Ä�ceTVX#�
πl′ = πl

¨xYbi�afX�cI³ −→e (d′) = e(d)
�k��� −→e (l′) = e(l)

Ä*Å�TVX#�
l 6= u

¨�{tc
ueX#W¥��lm��a�cfi¥�bX#±��VX −→e (u′)

¨²{°�(iku��bX#u�cfi��Vi�ceTVl¡a#Ä��#ik��afl¡�bX#u�cfT�X\¢§ikjmj¤i?Å�lm�V�4qVq�a
π̂
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ŵ!
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ĉu

Å�TVXIufX
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l¡a��@afafib��l¡�?cfXN�ÆÅ�l¶ceT
ô
¨Æ��X#W¥��ueÉ3cfT���c

π̂  h πu′ ÄGa~i3Å X��#�k�«��qVqVjm_­cfTVX
lm���bo���cflmik�RT`_`q*i�cfT�XIaflmaLcfi

π̂
¦§lm���bXIXI��ceTVX4�bX#qbceTRik¢

v̂
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π̂
l¡aCj¤XNafaLcfT��k��cfT7�?c\i�¢

v
l¤�

π
®Á¨ � �
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e : π
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ê : π̂
¨�z|X#c

α̂
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�bXIqbcfT
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e(o) = [eo
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u
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¨ ��_

�bX#±��Vl¤cflmik�|Ä
e(b) = e(a)⊥
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∑
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)⊥
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∑
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ao
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a
Ä
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�kaea~ib��l¡�?ceXI�hÅ�l¶ceT
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Ä
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¨BS1T�lmahW�XN����a	cfT���c ∑
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i (a
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Ä©l-¨ Xk¨�cfT�X#ueX¥lma���¢§oV���Ácel¤i@� � �
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j ≤ k

ÄbjmX�c
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⊥
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o
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¨
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j ≤ k

Ä cfTVX(lm���bo���cflmik�·T`_/q*i�ceTVXIafl¡ahcei
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X�£blma~cfXI����X�ik¢
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j
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¨
Ç
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êj
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∑

i∈f−1(j) s (eo
i )+ s

(
eu

j

)
+2

¦
+2

afl¤���#X
π̂
T��@a²cfT�XLjmik�kl¡�#�kj

XI�b�@XIa
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∑
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∑
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¢§ueikW
e : π

���7�Pl¶c�lma�jmX�¢¯c�cfiBceTVX
ufXN�k�bXIuI¨

�

� ��� � ��
�4 + ����& ��� ��
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Å�X4�I���P��q�qVj¤_BcfTVX¥lm���bo���cflm�kX¥T`_`q7ikcfTVXNa~l¡aCcfi

π′
¦§Å�X�É`�Vi?Å cfT���c

Jπ′K
l¡a��Vikc�X#W4qbcd_
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��Q���¶¾`¿�Â�
�� a 
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s0(π) = s(
��½�À

(π)) =
��Â��
{s(e) ; e : π}.
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X�£bq7XIuflmW4X#�/c

e
ae�?cfl¡af_/lm�V��ceTVX!T`_`q*i�cfT�XIaflmahi�¢�Ç��@�Ác4���b³

s(|e|) =
{°�b¢
{s(|e|); e : π}

Ä
s(e) =

[�lm�
{s(e) ; e : π}

�k���
s(e) = s(|e|)

¨
{°���bX#XN�EÄ

s(|e|) =
{°�V¢
{s(|e|); e : π}

lmW�q�j¤lmXIaxcfT7�?c
s0(π) = s(|e|) = s(flat(π))

¦§g`_
Ç��k��ch� �k®�¨	ÇVueikW [�lm�

{s(e) ; e : π} = s(|e|)
Ä�Å XhcfTVXI�­�bXN�bo��#X�ceT��?c�[�lm�

{s(e) ; e :
π} = s0(π)
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e0 : π
¿Á¾ �e¼hÀ§¼V½?À

s(e0) =
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{s(e); e :

π}
$ � ºC¼�½?Ã?º

�¤º��D�kÀ§¼
(R) = (s(e0)− s0(π))/2 .
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¨ ��_�S1TVX#i@ufXIW �N�VÄ�Å�X	T��O�@X

JπK = Jπ1K
TVX#�7��X
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¿Á¾ �e¼¥À¯¼�½?À

s(e0) =
�(Â��
{s(e); e :

π
Â¡¿hºf»?¼�½?¾`¿ÁÀ-Â¯Ã?º

}
$ � ºC¼�½?Ã?º

�¤º:�H��À§¼
(R) = (s(e0)− s1(π))/2 .

	�

� � �7¨¥S1TVX¥qVuei`i�¢ l¡a�g`_Blm���bo���cflmik�Æik�ÆjmX#�V�kcfT
(R)

¨!yLaea~o�W�X¥jmX#����cfT
(R) = 0

Ä|l9¨ X@¨
π = π′

¨�z�X�c
e0 : π

g*X!afo���T­cfT���c
s(e0) =

[Bl¤�
{s(e); e : π

l¡a1X�£bT��ko�adcel¤�@X
}
¨���_

z|XIW4W4�7�DCbÄEÅ X�T��O�@X
s1(π) = s(e0)

¨�yxafafoVW4X
R = (π1, . . . , πn)

Å�l¤cfT
n > 0

¨ ��_
z|XIW4W4� �/�bÄ`ceTVX#ueX�lmaL���(X�£bT��ko�adcel¤�@X\X�£bq7XIuflmW4X#�/c −→e0 : π1

afo���T�cfT���c
|−→e0 | = |e0|

�k���
s(−→e0) = s(e0)−2

¨GY/cel¤jmj�g`_�z|X#W4W¥�0�@�VÄkl¤¢
s(e1) =

[�l¤�
{s(e); e : π1

l¡a�X�£bT��ko�adcel¤�@X
}
Ä

cfT�X#ueXRX�£bl¡adc�a ←−e1 : π
X#£`T7��o�a~cflm�kXRafo���T ceT��?c

s(e1) = s(←−e1) − 2
¨ S1TVX#�

s(−→e0) =[�lm�
{s(e); e : π1

l¡a1X�£bT���o7adcel¤�@X
}
¨ ��_PS1TVX#i@ufXIW �O�bÄ�Å�X!T��O�@X

JπK = Jπ1K
TVXI����X

Ô�Ô Ü�VXW�YZYK[
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s1(π1) = s1(π)
¨ � XC�#�k�¥cfTVXI���kqVqVjm_�ceTVXLlm���bo7�Ácflmik��T`_/q*i�ceTVXIafl¡a²cfi

π1
¦
π1  

∗
s π

′ l¤�
n− 1

adceX#q�a��k���
s(−→e0) =

[�lm�
{s(e); e : π1

lma1X#£bT���o�a~cflm�kX
}
®Á³

n− 1 = (s(−→e0)− s1(π))/2

= (s(e0)− 2− s1(π))/2

= (s(e0)− s1(π))/2− 1 .

�

�!Ì �«�b�&� 	 � �*¼�ºh¿�½��4º�½O¿��xº:�¥½��  � �4¼X
�� �O¿4�:
��hÀ¯¼�º�¿ÁÀ �f½?À9Â � º��#�fº���¾ ��À9Â�
�� &
y��(l¤W4W4XI�Vlm��cfX	��i@��afXIn/oVX#�7��X\i�¢�S1TVX#i@ufXIW �k��l¡a�cfTVX\¢§i@j¤jmi?Å�l¤����³
� Ð � Ð - -µ�b� Í
� � �
º�À

π
��º�½ � ¿�$ ½�� � π1

0 , π
2
0

��º	À � 
 �#¾bÀ ���eºeº � ¿+&*��
��	º�Ã?º:� �4¿ÁÀ �f½?À9Â � º��
�fº��?¾ �#À-Â�
���¿#º�
#¾�º:�Q�eº

R1 � �fº�¿ � & R2 �*����
�� π
À 

π1

0

� �fº�¿ � & π2
0

�'$ � ºG¼�½?Ã?º length(R1) =
length(R2)

&

Ò§Ó
Ô�Ò¯Õ
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��À§¼Vº�ºf»`º���¾bÀ9Â�
��RÀ-Â��¥º	Â�����Â��Hºe½�����
��kÂ�� � J

� � � ���\
©����%���� 
 ���=

���	��� �h� 
 �������	��

�����

{°�3Y`XN�Ácel¤i@����Ä�Å�X	ueX#j¡�?ceXI�(TVXN�k�����7��adceue��cfl¤±�XI�(ueXI�bo7�Ácflmik�7a�cfi!X�£bq7XIuflmW4X#�/cea�¦§sGueikq*i�r
afl¶cel¤i@��aL�?���k���5���7Ä�S1TVX#i@ufXIW¥a�� C����7�7�@�@®�¨ S1TVXNa~X�ueXIafoVj¤cea��I���V�Vikc�qVueX�cfXI����cfi¥_`lmX#j¡�
��W4X�cfT�i`����jmjmi?Å�l¤�V�hcfi¥��i@W4qVobcfX\g`_�qVo�ufXIj¤_�afX#W¥���/celm�CW4XI�k��a cfTVX\�`oVWhg*X#u�ik¢
X#£`XN��obr
cflmik�(a~cfX#q7a ik¢©���VX�c	¦µiku1W4ikueXx�@X#�VXIue�kj¤jm_¥�hq�a�®Á³�ceTVl¡a1lma�g*XI�#�ko�afXC�k��X#£`q*X#uelmW�XI�/c

e : π�bXIq7XI���VaCik�(ceTVX�q7a
π
¨\S�i�a~o7�#��XIXI�EÄHÅ�XhafTVikoVj¡��g*X��kgVjmX	cfi��bX�ceX#ueW4l¤�VXhcfTVX��`oVWhg*X#u

i�¢²X#£`XN��obcel¤i@��adceX#q�aLi�¢
π
Å�l¶ceTVikobcxufX#¢§X#ueuflm�V��cfi

π
�Vi@u�cfi4ceTVX	X#£`q*X#uelmW�XI�/cea�ik¢

π
Ä*gVobc

ik��j¤_Rcfi
JπK

Ä�cfT7�?c	l¡a	ik��j¤_Rcfi(cfT�X�ufXNa~o�j¶c�a�i�¢�cfTVX!X�£bq7XIuflmW4X#�/cea	i�¢
π
¨ �L¢���i@oVu�a~X@Ä�l¤¢

π1  
∗ π2

Å�XhÉ`�Vi?Å cfT7�?c
Jπ1K = Jπ2K

Ä|afi¥cfT���cx¢§ueikW
Jπ1K

l¶cClmaC��jmXI�kufjm_(l¤W4q*i@aea~lmgVjmX
cfi¥�bX#cfXIufW4lm�VX\cfTVX\�`oVW�g7XIu�i�¢²adceX#q�a1jmXI�@�bl¤����¢§ueikW

π1
cfi
π2
¨ � X#�kXIu~ceTVX#jmXIaeaIÄ/l¤¢

π
�k���

π′
�kufXCcdÅ�i4�#obc�¢§ueX#X\�VX�c�a���i@�V�VXN�ÁcfXN�!g`_�W4XN����a1ik¢��4��oVc�j¤lm�VÉHÄVÅ�X\�I����Å i@���bXIuI³
8 lma l¶c�cfT�X\�I�kafX�cfT7�?c�cfTVXCcfT`o�a ikgVce��lm�VXN���VX#c1�I����g*X\ufXN�bo���XN�4cfi4�h�#obc�¢§ufXIXxi@�VX��
8 l¶¢GceTVX4����afÅ XIu�cei�cfT�X�q�ufXI�/lmiko7aLn/oVXIa~cflmik�RlmaCq*i@afl¶cel¤�@XkÄHÅ�T��?cClmaxceTVX��`oVW�g7XIuxik¢
��obc�ueXI�bo7�Ácflmik�(a~cfX#q7a1j¤XN�k�blm�V��¢§ufi@W cfT�X��VX�c�Å�l¤cfT���oVc�cfi��4��obc�¢§ueX#X\i@�VX��

� XxqVuei?�kXLl¤�!cfTVl¡a afXI��cflmik�!cfT���c Å�XC�I���!�k��a~Å�X#u g7ikcfT!cfTVXNa~XCn@o�XIa~cflmik��a g`_�i@�Vjm_�ueX�¢§XIu~r
uel¤�V��cei

JπK
�k���

Jπ′K
¨

z|lmÉkXG¢§iku²Y`XI��cflmik�	�7ÄNÅ�XG±7uea~c©afikjm�kX�ceTVX=cdÅ�i�qVueikg�j¤XIW4a|¢§iku
cfTVX TVXI�@�`rtufXN�bo��Ácel¤i@��¦§sGueikq*i�r
afl¶cel¤i@�h�/��������S1TVX#i@ufXIW �	C�i�¢HY`oVg�afXI��cflmik� �V¨¤�O®|�k����j¡�?cfXIu�¢§i@u�ceTVX�adceue��cfl¤±�XI�	ufXN�bo��Ácel¤i@�
¦§s=ufi@q7i/a~l¤cflmik���@�4���7��S1TVXIikueX#W �k��i�¢�YboVg�afXI�Ácel¤i@� �b¨Ý�k®Á¨

S1TVX¥¢§i@j¤jmi?Å�lm�V�,PLX#±��Vl¤cflmik�Plm�/cfuei`�Vo���XNah���Vikce��cflmik�ÆÅ�TVl¡��TPÅ�l¤jmj g*X�o�afX�¢§o�j lm�ÆcfTVX
afXIn/oVX#jEik¢
ceTVl¡a�a~XN�Ácel¤i@�|¨
��Ì��	��
 � 
-Ð���� 
 ��º

π
½�� �

π′
��º�À � 
 � ¿ &S��º#À c ��º4½ ��
��Q���¶¾`¿�Â�
�� 

�

π
½�� � �¤º#À

c′
��º

½ ��
��Q���¶¾`¿�Â�
�� 
 �
π′
&���º �@º:�Q
?À°º � �

(π|π′)c,c′

À¯¼�º � ¿0
���À°½?Â��Hº � � � ��
�� �*º��#À-Â��H� π ½�� �
π′

� � �¥º�½��V¿�

�h½ �#¾bÀ , �¶Â��. � Â¯À§¼ � �fº���Â¡¿#º�¿ c ½�� � c′ &

����� � ��
�1 � ���21*+)� ������&
�1�kafXI�!ik��Y`oVg�afXI��cflmik����¨m�kÄ`Å X��k��a~Å�X#u�TVXIufX@Ä`¢§iku�cfTVX�T�XI�k�br9ueXI�bo7�Ácflmik��Ä@ceTVX�n/oVXIa~cflmik��a
qVueX#�`lmiko�afj¤_��@�bufXNafafXI�|³EÅ X=±�uea~c²��T���u��k��cfX#uelm´#XkÄNlm�	cfXIufW¥a
i�¢

JπK
�����

Jπ′K
Ä?ceTVi@afX �#ikoVqVjmXIa

i�¢
�VX�c�a
(π, π′)

a~o7��T�cfT7�?c
(π|π′)c,c′

T��@a1�hTVXN�k�`r°��oVc=¢§ueX#XC�VikueW¥��j7¢§ikueW ¦§sGueikq*i@afl¶cel¤i@�
�/�@® �=�k���PÅ�TVXI�

(π|π′)c,c′
T��ka��BTVXN�k�`r°��obch¢§ufXIX!�Vi@ufW¥��j=¢§ikueW(Ä²Å X�a~TVi?Å ceT��?c�l¶c�lma

q*i@aea~lmgVjmX=ceix�bX#cfX#ueW4l¤��X=ceTVX1�/o�Whg*X#u©i�¢�TVXN�k�`r°a~cfX#q7a�jmXI�@�bl¤���L¢§ueikW
(π|π′)c,c′

cfiC�LTVXN�k�`r
��oVc=¢§ueX#X�q�a o�afl¤���	ik�Vjm_�cfTVXxl¤�V¢§ikueW4��cflmik��a=��ik�/c���lm�VXI�4lm�

JπK
�k���

Jπ′K
¦-S1TVX#i@ufXIW �	C�®Á¨

z|lmÉkX\lm��a~oVg7a~XN�Ácflmik����¨m�kÄ`ceTVl¡a�jm�@adc�ueXIafoVj¤c1l¡a�XNadc���gVjmlmafTVXN��¢§i@u�q�a#¨

 � Ð 
 Ð � 
 � 
µÐ � ��� ��º#À

π
� �eºÁ¿ � & π′

�)�eºC½>��¾bÀH���fº�º��*º#À � Â¯À§¼ n+1
� �fº�¿ � & n′+1

����
�� ,�
�ê¾`¿ÁÂ�
��V¿
c1, . . . , cn, c

� �fº�¿ � & c′1, . . . , c′n′ , c′
� & �*¼�º:�eº�ºf»@Â¡¿ÁÀ

x1, . . . , xn, x
′
1, . . . , x

′
n′ , x ∈

D
¿Á¾ ��¼ÆÀ§¼V½?À

(x1, . . . , xn, x) ∈ JπKc1 ,...,cn,c

½�� �
(x′1, . . . , x

′
n′ , x⊥) ∈ JπKc′

1
,...,c′

n′
,c′Â � $�½�� � 
�� � �!Â � $=À¯¼�º:�eºhºe»kÂ¡¿ÁÀ-¿h½�¼Vº�½ � , �#¾bÀ ���fº�º��*º#À π′′

¿�¾ ��¼(À§¼V½�À
(π|π′)c,c′  

∗
h π

′′
&

	�

� � �7¨²y�qVq�j¤_�sGufi@q7i/a~l¤cflmik���?�7¨
�

S1TVX ¢§ikjmj¤i?Å�lm�V�CS1TVX#i@ufXIW l¡a���±7uea~c��#ik��afXIn/oVXI����X i�¢7S1T�X#ikueX#W �DC`³|g`_�o�afl¤���xqVo�ufXIj¤_
afX#W¥���/cfl¡�C�V�?c��kaIÄ@Å�XC�I����g7i@oV���¥ceTVX\�`oVWhg*X#u�i�¢�T�XI�k�br9ueXI�bo7�Ácflmik��adceX#q�aI¨ w ik���#X#ue�Vlm�V�
cfT�X�o�a~X\ik¢©q�a1lm��a~cfXN�k��i�¢©�VX�c�a#ÄbceTVX	���7��jmik�ko�Xxik¢©��XIW4�kufÉ����4��qVq�j¤lmXIaI¨

Ô�Ô Ü�VXW�YZYK[
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� � Ì`Ð � Ì � � 	 �
º�À
π
� �fº�¿ � & π′ � �eº!½���¾bÀ ���fº�º � ¿ � Â¯À§¼ n + 1

� �fºÁ¿ � & n′ + 1
�7��
�� ,���ê¾`¿ÁÂ�
��V¿

c1, . . . , cn, c
� �eºÁ¿ � & c′1, . . . , c′n′ , c′

�/&%��
���º#ÃOº�� ��¼Vº�½ � , �#¾bÀ����eºeº � ¿ π′′
$9�:
��

º�Ã?º:� �!¼�ºe½ � , �fº���¾ ��À9Â�
��P¿#º�
#¾�º:�Q�eº R ��� 
��
(π|π′)c,c′

À 

π′′

$�Â �
y = (x1, . . . , xn, x) ∈

JπKc1 ,...,cn,c

½�� �
y′ = (x′1, . . . , x

′
n′ , x⊥) ∈ Jπ′Kc′

1
,...,c′

n′
,c′
$GÀ¯¼�º:� � ºC¼�½?Ã?º

�¤º:�H��À§¼
(R) ≤ (s(y) + s(y′))/2 .

	�

�����7¨3S1TVXIufX�X#£blma~cea
e : π

afo���TPceT��?c
|e|c1,...,cn,c = y

�k���ÆceTVX#ueX�X�£bl¡adc�a
e′ : π′a~o���T­ceT��?c

|e′|c′
1
,...,c′

n′
,c′ = y′

¨�Y`i7Ä�ceTVX#ueX4X�£bl¡adc�a
e′′ : (π|π′)c,c′

a~o���T­ceT��?c
s(e′′) =

s(e) + s(e′)
¨ � X�T��O�@XCg`_!S1T�X#ikueX#W � C`³

jmX#�V�kcfT
(R) = (

[�lm�
{s(e) ; e : (π|π′)c,c′} − s0((π|π

′)c,c′))/2

≤ s(e′′)/2

= (s(e) + s(e′))/2

≤ (s(|e|c1,...,cn,c) + s(|e′|c′
1
,...,c′

n′
,c′))/2¦µg`_�z|XIW4W4���OJ@®

= (s(y) + s(y′))/2 .

�

S1TVXLj¡�ka~c q��ku~c�i�¢EceTVXxafXI��cflmik��l¡a �VX#�kikcfXN��cfi�afTVi?Å TVi?Å �k���¥TVi?Å W�o���T!S1TVXIikueX#W
� �«�I��� g*XRlmW�q�ufi?�@XI�E¨ � l¶ceT¹ceTVXB�Vikce�?cel¤i@��a�ik¢	S1TVX#i@ufXIW �D�VÄ�af�O_¬cfT���c

y ∈ JπK�����
y′ ∈ Jπ′K

��ueX���i@W4q��?cel¤gVjmX�Å�TVX#�
y = (x1, . . . , xn, x) ∈ JπKc1 ,...,cn,c

�k���
y′ =

(x′1, . . . , x
′
n′ , x⊥) ∈ Jπ′Kc′

1
,...,c′

n′
,c′
¨«Ç�iku¥��uegVl¤cfu���ue_­�#ikW4q���cflmgVj¤X�X#jmX#W4X#�/c�a

y ∈ JπK�����
y′ ∈ Jπ′K

l¶cxlma��#j¤XN��uej¤_!l¤W4q*i@aea~lmgVjmX\cfi¥ikgVce��lm�(���(XIn/o��kj¤l¤cd_!lm��S1TVX#i@ufXIWÈ� ��³²l¶cLl¡a
�Vi�ch�bl"�E��oVj¤c�cfiB��TVXN��É(cfT���c�cfTVXIufX4X#£`l¡a~c��#ikW4q���cflmgVj¤X4XIj¤XIW�XI�/cea�Å�l¤cfTP�bl"�*XIufXI�/c�aflm´#XIaI¨
S1TVX�±�uea~c\lm�bXN��lmaxcfT�X#�3cfi(j¤i`i@É�¢§i@u	��i@W�q7�?cflmgVjmX�XIj¤XIW4X#�/cea

y
�k���

y′
Å�TVl¡��T3�kufX4��j¡a~i

F~afoVl¤ce��g�j¤X:G�Ä|W4XN���Vlm�V��cfT���c
s(e) = s(y)

¦¯¢§iku
e : π

®\���7�
s(e′) = s(y′)

¦¯¢§iku
e′ : π′ ®�ÄÅ�TVX#ueX

s(e)+s(e′) =
[�l¤�
{s(e)+s(e′) ; e : π, e′ : π′

���7�
|e|
�����
|e′|

�#ikW4q��?cel¤g�j¤X
}
¨

U�i?Å�X#�kXIuIÄNl¤c©l¡a���i�c©�#j¤XN��u��?c���jmjkceT��?c
cfTVXIufX X�£blma~c²a~oVl¤ce�kgVjmXC½�� �0��
�� � ½�À-Â��
�¤º1XIj¤XIW�XI�/cea
l¤�
JπK

�k���
Jπ′K

ÄbX#�@X#��Å�TVX#��cfTVXIufX\X#£`l¡a~c��#ikW4q���cflmgVj¤X\XIj¤XIW�XI�/ceaI¨�y���cfo��kj¤jm_kÄbl¤c�l¡a1Å�ufi@�V� �
cfTVXIufX4��ueX��I�kafXIaxl¤�3Å�TVlm��T­��i@W�q7�?cflmgVjmXhXIj¤XIW�XI�/cea\�bi�X�£blma~c\gVobc�a~oVl¤ce�kgVjmX��#ikW4q��?cel¤g�j¤X
X#jmX#W4X#�/cea\�bi@�'� cI³�c���É@X	¢§iku\X#£b�kW4qVj¤X����­�?£bl¤i@W �ka

π
���7��cdÅ�i��?£blmikW jml¤�VÉbax¢§ikjmjmi?Å XN�

g/_­� ` �k���Æ�
⊗
�ka
π′
¦¯cfT�XLF

η
r9X#£`q7����afl¤i@�HG�ik¢����P��£`lmikW�®�¨¥{°�3ceTVl¡a	�#�@a~X@Ä�ik��X�T7�ka

[�l¤�
{s(e) + s(e′) ; e : π, e′ : π′

���7�
|e|

�����
|e′|

�#ikW4q��?cel¤g�j¤X
} =

[�lm�
{s(e) ; e :

π}+
[Bl¤�
{s(e) ; e : π′} = s(π) + s(π′)

¦§W4ikueX�qVueXI��l¡afX#jm_�[�lm�
{s(e) ; e : π} = s(π)������[�lm�

{s(e) ; e : π′} = s(π′)
®ÁÄ7�����!cfTVX\ueXI�@�bX#u��#�k����TVXN��É¥cfT7�?c�Å�TVX#��X#�kXIu

s(y) =[�l¤�
{s(e) ; e : π} = s(π)

���7�
s(y′) =

[�lm�
{s(e) ; e : π′} = s(π′)

Ä²cfTVX(q*iklm�/cea
y ∈ JπK

�k���
y′ ∈ Jπ′K

½��fº��Q
?À���i@W4q��?cel¤gVjmXk¨
y W4i@ufX4a~o�gbcfjmX4Å��O_(ikoVc\l¡aC�VX#�@X#ufcfTVXIj¤XNafaCq*i@aea~lmgVjmXkÄ|�k���RT�X#ueX�l¡aCÅ�TVX#ueXhceTVX4�Vi�cel¤i@��a
i�¢�XIn/oVlm�?��jmX#���#X�g7X#cdÅ XIX#�·X�£bq*X#uel¤W4X#�/c�a������·ik¢\afoVg�a~cfl¤cfoVcflmik�¹a~cfo��blmXI�·lm�ªY`XN�Ácflmik� �
��ikW4X(lm�@ceiÆcfTVX�q�lm��cfoVueXk¨¹yxa��­W4��c~ceX#u¥i�¢C¢µ�k��cIÄ�Å X��biP��i�c¥�VX#XN��cfTVXB�#ikW4q��?cel¤g�j¤X
X#jmX#W4X#�/cea�cfi�g*X�afoVl¤ce�kgVj¤X!À¯¼�º:��¿#º��êÃ?º�¿ �HÅ�T��?cLÅ�X	�VXIXI�(l¡a�ceT��?cCÅ�TVX#�(ceTVX#ueX	X�£bl¡adcLcdÅ i
��ikW4q���cflmgVjmX¥X#jmX#W4X#�/cea

y
�����

y′
i�¢

JπK
�����

Jπ′K
Ä|ceTVX#ueX���j¡afi�X#£`l¡a~c¥¿:
��4ºR¦§q*i@aea~lmgVjm_

�bl��HX#ueX#�/c�¢§ueikW
y, y′

®�a~oVl¤ce�kgVjmX�X#jmX#W4X#�/cea
x
���7�

x′
ik¢

JπK
�k���

Jπ′K
� �@¨ y��Áceo���jmjm_kÄ

Å X�Å1���/ch�(gVl¤chW4ikueXkÄ©���kW�XIj¤_RcfiBg*X!�kgVj¤X4ceiR�bX#cfX#ueW4l¤��X¥cfTVi/a~X�afoVl¤ce�kgVj¤X!X#jmX#W4X#�/ceaI¨
& 
 Ó
Ø�ò-ÛÝàdÞ²ò9è?Úeò�ò-èOÛÝñ|ÛÝñ()�è?Úeò�è?Ú�÷N÷kÞdÜOñ
ÛÝÜLò-èOÞG÷OÙµÞ°çNÛÝØÁùOñ
Þ$#OÚ�ú�÷OäÝÞ �¡Ú #IÛÝØÁú·Ú�ÜOæ η Ö¡Þ #I÷?Ú�ÜOñ-ÛÝØÁÜ �tå

Ò§Ó
Ô�Ò¯Õ



� ¿#º��4½���À9Â����¥º�½O¿Á¾	�fº�

��À§¼Vº�ºf»`º���¾bÀ9Â�
��RÀ-Â��¥º	Â�����Â��Hºe½�����
��kÂ�� �7�

S1TVXhafikjmobcel¤i@��Å�X\¢§iko�����l¡a1cfi¥c���É@X	���(l¤�V±��Vl¤cfX�afX�c
A
¢§iku�ceTVX	g��@a~X�ik¢�cfTVX	lm���bo7�Ácflm�kX

��i@��a~cfueo���lmik� ik¢
D

¦µafX#X­YbXI�Ácel¤i@� �@®�¨ S1TVl¡a!l¡a�g*XI�I��o�afXRafoVl¤ce��g�j¤X3X#jmX#W4X#�/cea��#�k� g7X
XI�@a~lmjm_BqVuei?�kX#�ÆafoVl¶c���gVjmX4Å�TVX#�ÆceTVX#_­��ueX4ufXNa~oVj¤cea\ik¢�X#£bq7XIuflmW4X#�/cea	��T�i/i/a~lm�V�(�bl"�*XIufXI�@c
X#jmX#W4XI�@c�a�ik¢

A
¢§ikuxX#�@X#ue_��?£blmikW j¤lm�VÉ � ��¨ �xa~lm�V�¥ceTVXh�Vikcflmik��ik¢=a~oVg7adcel¶ceobcflmik�¬¦-�����(ik¢

XIn/oVlm�?��jmX#���#X�g7X#cdÅ XIX#�(X�£bq*X#uel¤W4XI�@c�ae®�s=ufi@q7i/a~l¤cflmik�(�@�4afTVi?Å�a�TVi?Åªcfi¥±7����l¤�
JπK

Ä7¢§iku
X#�@X#ue_

x ∈ JπK
Äb� Ffa~oVl¤ce�kgVjmX�X#jmX#W4X#�/c=Å�¨ uN¨ cN¨

x
G�cfT���c l¡a=���¥XIj¤XIW4X#�/c

y ∈ JπK
afo���T4cfT7�?c

s(y) =
[�lm�
{s(e) ; e : π

�����
|e|c1,...,cn

= x}
¨���_Æ��i@��a~l¡�bXIuflm�V��cfTVX!j¤XN�ka~cha~lm´#X¥ik¢

afo���T
y ∈ JπK

�����
y′ ∈ Jπ′K � &B�+&mÀ"& x ∈ JπK

½�� �
x′ ∈ Jπ′K

��
�� � ½?À9Â����mºhi@�VX	i@gbce�kl¤��a
cfT�X�X�£V�k��c4jmX#����cfT¸i�¢\TVXN�k�`rtufXN�bo���cflmik��afXIn/oVXI����XNa¥adc���ufcflm�V�­¢§ufi@W

(π|π′)c,c′
³(ceTVl¡a4lma

S1TVXIikueX#WÈ�	C`¨
S1TVXxufXN�k�bXIu=a~T�ikoVj¡�¥�Vikcfl¡��X�ceT��?c1Å XLo�a~XLcfTVXxl¤�V±��Vl¤cd_�ik¢

A
lm��iko�u=qVuei`i�¢dÄ/gVobc1�Vi�ceTVl¤���

lm���bl¡�#�?ceXIa�ceT��?c�ceTVlma�T/_`q*i�ceTVXIaflma1l¡a1�VXN��XIaeae��ue_ �`Å�X\ue��cfTVXIu���ik��vdXI�ÁceoVueXxceTVX�ikq�q7i/a~l¤cfX@¨

S1TVXxcdÅ i�¢§ikjmjmi?Å�l¤�V��jmX#W4W¥�kaIÄVa~i4�ka�sGueikq*i@afl¶cel¤i@�!�/���#ikoVj¡��g*X\qVufi?�@X#��lm��cfTVXC±�u�a~c
q��ku~c�i�¢�Y`XI��cflmik�­��³CÅ X4i@�Vj¤_Ro�a~X�ceTVX4�Vi�cel¤i@�3ik¢ XIn/oVlm�?��jmX#���#X4g7X#cdÅ XIX#�­X�£bq7XIuflmW4X#�/cea
���7��cfTVXxik�VX�ik¢|a~oVg7adcel¶ceobcflmik�|¨ � Xx��TVi/a~X1ceiha~ce�?ceXL���7�4qVufi?�@X1cfTVXIW �Vi?Å�Äkg*XI�I��o�afX�Å�X
�VXIXI�4ceTVX#W cei	qVuei?�kXLS1TVXIikueX#W �HC4¦-�����¥cfTVXI_�T7�O�kX��VihufXN��j�lm�/cfXIufXNadc�g/_�ceTVX#W¥afX#jm�kXIa�®Á¨
� ikcfl¡��X²ceT��?c
cfTVX qVuei/ik¢bi�¢Vz|XIW�W¥���@��lma�cfT�X=ik��j¤_xq7i@l¤�/c
Å�T�X#ueX²cfTVX���jmufXN�k�b_LW�XI�/cflmik�VXN�
lm�b±��Vl¤cd_!ik¢

A
l¡a�o�afXI�E¨

�=Ì � �¬� � � � ¿�¿Á¾	�¥º
A
Â¡¿4Â����4��Â¯À°º�&7��º#À

π
��º�½,�#¾bÀ����fº�º �/� ¿ � Â¯À§¼ n ��
�� �
�ê¾`¿ÁÂ�
���¿

c1, . . . , cn
$�½�� 
��H� � ¼`Â���¼ k ≤ n ½��fºh¿ÁÀ �Á¾ ��À9¾	�f½�� $ ½�� � �¤º#À

e : π
& �H¼�º:�fº4ºe»@Â¡¿�À-¿

e′ ∼ e½�� �
σ ∈ Sn

¿�¾ ��¼(À§¼V½�À
s(e′) = s(|e′|c1,...,cn

)− k
½�� �

σ(|e′|c1,...,cn
) = |e|c1,...,cn

.

	�

� � �7¨ � X�q�ufi?�@XkÄ/g/_!l¤���Vo��Ácel¤i@��i@�
s(π)

ÄbcfT7�?c�¢§iku�XI�kXIuf_¥lm�b±��Vl¤cfX	afoVg�afX�c
A′
i�¢
A
Ä

cfT�X#ueXCl¡a��k��X#£`q*X#uelmW�XI�/c
e′ ∼ e

aI¨ cN¨
�@¨
s(e′) = s(|e′|c1,...,cn

)− k

�V¨
σ(|e′|c1,...,cn

) = |e|c1,...,cn

¢§iku�afikW4X
σ ∈ Sn

Ä
��¨1l¶¢

a
l¡a��4��ik�7��jmo�a~lmik��i�¢²���(�?£bl¤i@WÈjml¤�VÉ�i�¢

flat(π)
ÄVcfTVXI�

e(a) ∈ A′
¨

yLaeafoVW4XLceT��?c
flat(π)

lma��
!
rtj¤lm�VÉH¨ � XC�bXI�Vi�ceXxg`_

o
cfTVl¡a�j¤lm�VÉ!�k����g`_

πo
l¤cea1g*iO£H¨

Y`X#c
e(o) = [e1, . . . , em]

¨Bz|X#c
A1, . . . , Am

g*X�l¤�V±��Vl¤cfXkÄ²q7��lmufÅ�l¡a~X��blmaµvdiklm�/cIÄ²afoVg�afX�cea
i�¢
A′
Ä ���!g`_Rlm���bo���cflmik�PT`_`q7ikcfTVXNa~l¡a\cfT�X#ueX¥lma

e′j ∼ ej

¢§iku	XI�kX#ue_
j ≤ m

aI¨ cN¨!q*iklm�/cea
1− 3

TVi@jm�3¦¯¢§i@u q*iklm�/c���Ä/Å�Xx��T�i/i/a~X�¢§iku�X#�kXIuf_
j ∈ {1, . . . ,m}

�@a
A′
ceTVXCafX�c

Aj

®�¨�{°�
q��ku~celm�#oVjm�ku�cfTVXIufX�l¡a

σj ∈ Sn

aI¨ cN¨
σj(|e′j |) = |ej |

¨NPxX�±���X
e′(o) = [e′1, . . . , e

′
m]
¨

� X=�Vi?ÅPT��O�@X²cfiCa~T�i?Å3ceT��?c
e′
ae�?celma~±�XNa|q*iklm�@c�a

1−3
¨�ÇVi@u
q*iklm�/c �VÄevdo�a~c�ufXIW�XIWhg*X#u

cfT7�?c
A1∪· · ·∪Am ⊆ A′

¨©yLaE¢§i@u|q*iklm�@c
�VÄIÅ�X²É`�Vi?Å­g/_xl¤�7�bo��Ácel¤i@��T`_/q*i�ceTVXIafl¡aHcfT���cIÄN¢§iku
X#�@X#ue_

j ≤ m
Ä
σj(|e′j |) = |ej |

¨²Y`lm����X
A1, . . . , Am

��ueX=q��kl¤ueÅ�l¡a~X=�Vlmaµvdiklm�/cIÄ ⋃
j≤m σj |Ajl¡a �\¢§o����Ácel¤i@�

ϕ
¢§ufi@W ⋃

1≤j≤mAj

cei
D
¨ ��_4a~X#c~cflm�V�

σ = ϕn ¦§ueX#W4X#W�g7XIu PxX�±���l¶cel¤i@�
& � þ�èNÞ©àdØÁöÁÜOØÁñ9àdÞdÜ�ò9Û`ú�ÛÝöÁè�òHöÁùNÞ~ñ-ñHò9èOÚeò|ñ9ùOàtèLÚ�Ü�Þ$#N÷�ÞdÙµÛÝú�Þ~Ü�ò|ÛÝñEÚ�Ü��-ÛÝÜ�øµÞdà°ò9Û ç�Þ � n Ö¯Ø 'Oñ9Þdñ-ñ9ÛÝØÁÜ?Ú�ä	���
Þ ##Ö÷�ÞdÙ-ÛÝú�ÞdÜ�ò*ÛÝÜ=ò9èOÞ�ñ9ÞdÜOñ-Þ|Ø�ë�� þbæNû 
Áÿ��¯åbþ|èOÛÝñ�ÛÝñ�ÜOØ�ò*÷NÙ-ÞdàdÛÝñ9Þdä á�ò-èOÞ|à~Ú�ñ9Þ �VÛ ë�ò9èNÛÝñ7ÜOÞ$) %#ÛÝÜOæ1Ø�ëkÞ$#N÷�ÞdÙ-ÛÝú�ÞdÜ�ò

ò9Ú�%ÁÞ~ñ 	GàdØÁ÷OÛÝÞdñEØ�ëVÚ '�Ø #�Ú�ñ9ñ-ØIàdÛêÚeò-Þ~æ )�Û ò9èLÚGöÁÛ ç�Þ~Ü ! Ö¯äÝÛÝÜ�%kßÁò-èOÞdÜLò-èOÞ©ò )HØ�äêÚ�'�ÞdäÝñHØ�ëVÚGöÁÛ ç�Þ~Ü ax Ö¯äÝÛÝÜ&% Ø�ëò-èOÞ '�Ø"# )
ÛÝäÝä
'�ÞEæOÛ �kÞdÙ-ÞdÜ�òfß�)�èOÛÝàtè )|Ú�ñVÜOØ�òVò9èOÞ|à~Ú�ñ9ÞHë¤ØÁÙbò9èNÞ��-ÛÝÜ�øµÞ~à°ò-Û ç�Þ � n Ö¯Ø 'Oñ-Þ~ñ-ñ9ÛÝØÁÜ?Ú�ä	���EÞ$#I÷�Þ~ÙµÛÝú�ÞdÜ#ò-ñØ�ë�� þbæOû 
Áÿ��¯å& � í ùOàtè A1, . . . , Am

Þ #IÛÝñ-ò|ë¤ØÁÙ m Ú�Ù 'OÛ ò-Ù9Ú�Ù§á\äêÚ�ÙµöÁÞ²ñ9ÛÝÜNà~Þ A ÛÝñ|ÛÝÜNüOÜOÛ ò9ÞÁå
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O
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�#�¥i�¢²afoVg�a~cfl¤cfobcel¤i@�7®ÁÄ7Å X�T��O�@X
σ ∈ Sn

�k���
σ(|e′|c1,...,cn

) = |e|c1,...,cn

¦¯ceTVlmaLlmaL�k�Áceobr
��jmj¤_�cfT�XxÉ@X#_�q7i@l¤�/c ik¢EcfTVXCqVuei`i�¢e®�¨Gw i@����XIuf��l¤�V�hq7i@l¤�/cx�@Ä`Å XxT��O�kX�ceihW¥��É@XL�	q7�?cflmX#�/c
��ikW4qVoVce�?cel¤i@�|³�Å�X�É/��i?ÅPcfT���c

n = k+1
¦§g*XI�#�ko�afX

flat(π)
l¡a²�

!
r9jmlm�VÉV®Á¨ � _�lm���bo7�Ácflmik�

T/_`q*i�ceTVXIaflmaIÄ
¢§ikuhXI�kXIuf_
j ∈ {1, . . . ,m} s(e′j) = s(|e′j |) − k

¨��x�ÆceTVX�i�ceTVX#u�T����7�EÄ
ufXIW�XIWhg*X#u
cfT���c²Å X���jmufXN�k�b_C�Vi�celm�#XI�hl¤�hcfTVX1qVuei`i�¢Vi�¢*z|X#W4W¥�	�OJ�ceT��?c�l¶¢*Å X��bX#��i�cfX�g`_
coi0

ceTVX�W¥��lm�¥��i@����jmo�afl¤i@��ik¢
πo
ÄkÅ�X�T7�O�kX

e′(ci0) = (+, [e′1(c
o
i0

), . . . , e′m(coi0)])
Ä/TVXI����X

s(e′(ci0 )) = 1+
∑m

j=1 s(e
′
j(c

o
i0

))
¨Gy�����l¶¢

i ∈ {1, . . . , n} \ {i0}
Ä@cfT�X#�

ci
lma������kob£bl¤j¤r

lm�kuf_4��i@����jmo�afl¤i@��ik¢
o
�����4l¤¢|Å X��VX#�VikcfXLg`_

coi
ceTVXL��oV£`lmjmlm�kuf_���ik�7��jmo�a~lmik�4ik¢

πo
�kaea~ib�#l¶r

�?cfXN�!Å�l¤cfT
ci
Äbik�VXCT��ka

e′j(c
o
i ) = (−, xj)

¢§iku
j ≤ m

�����
e′(ci) = (−, x1 ∪ · · · ∪ xn)

Ä
Å�TVlm��T(lmW4qVj¤lmXIa�cfT���c

s(e′(ci)) =
∑m

j=1 s(e
′
j(c

o
i ))− (m− 1)

��� ¨
Y`i�ÄGi@�PcfT�X�i@�VX!T��k���

s(e′) = 1 +
∑m

j=1 s(e
′
j) = 1 +

∑m

j=1(s(|e
′
j |) − k) = 1 +∑m

j=1 s(|e
′
j |) − mk

Äh����� i@� cfTVX«ikcfTVXIuBT��k���
s(|e′|) =

∑n

i=1 s(e
′(ci)) = 1 +∑m

j=1 s(e
′
j(c

o
i0

)) +
∑

1 ≤ i ≤ n
i 6= i0

∑m
j=1(s(e

′
j(c

o
i )))− (n− 1)(m− 1) =

1+
∑m

j=1

∑n

i=1(s(e
′
j(c

o
i )))−k(m−1) = 1+

∑m

j=1 s(|e
′
j |)−km+k

¨
Y`i�Å�X�lm���bX#XN�
T��O�kX

s(e′) = s(|e′|)− k
¨

S1TVX\i�cfT�X#u��#�@a~XNa���ueXxXN�kafl¤XIu�������jmX�¢¯c�cfi4ceTVX�ueXI�k�VX#uN¨
�

S1TVXRueXI�@�bX#u!afTVi@oVjm�¹�Vi�celm�#XBcfT7�?c�lm� ceTVXRqVuei`i�¢	ik¢hz|X#W4W¥�P�@�«Å X3o�afXI� lm�ª���
XIaea~XI�@celm�kj=Å1�O_BceTVX�¢µ�@�Ác	ceT��?c

A1, . . . , Am

�kufX¥q7��lmufÅ�l¡a~X��Vlmaµvdiklm�/cI¨B{t¢�ceTVlmahÅ XIufX!�Vi�c
cfTVXh�I�kafXkÄ��!��ik� � lm��c�l¤�(ceTVXh�bX#±��Vl¤cflmik��ik¢

σ
�#ikoVj¡��i`�I��oVuN³Gl¤¢²ik�VX	T7�k�

x ∈ Aj1 ∩ Aj2�����
σj1(x) 6= σj2 (x)

Ä/cfTVX#�!ik�VXxÅ i@oVjm�4g*XLlm�¥ceufi@oVgVjmX�Å�TVX#��cfue_/lm�V��cei��bX#±��VX
σ
¢§ufi@W

σ1, . . . , σm

¨
�=Ì � �«� � � � ¿�¿Á¾	�4º

A
Â¡¿!Â��'�N��Â¯À°º'& ��º#À

π
��º�½ ��¾bÀ9���fº�º � ¿ � Â¯À¯¼ n ��
�� �
�ê¾`¿ÁÂ�
��V¿

c1, . . . , cn
½�� ���¤º�À

e : π
& �4ºC¼�½?Ã?º

s(e) =
��Â��
{s(|e′|c1,...,cn

) ; e′ ∼ e
½�� �
∃σ ∈ Sn s.t. σ(|e′|c1,...,cn

) = |e|c1,...,cn
}.

	�

�����7¨ z|X#c
e′0 : π

g*X3aI¨ cN¨
s(|e′0|) =

[�lm�
{s(|e′|c1,...,cn

) ; e′ ∼ e
���7�
∃σ ∈

Sn s.t. σ(|e′|c1,...,cn
) = |e|c1,...,cn

}
¨ ��_�z|XIW4W4�R�&J��k���BÇ7�k�Ác��KCbÄ

s (e) = s (e′0) ≤
s (|e′0|)

¨GS1T/o7a1Å X\T��O�@X

s(e) ≤
[�lm�
{s(|e′|c1,...,cn

) ; e′ ∼ e
���7�
∃σ ∈ Sn s.t. σ(|e′|c1,...,cn

) = |e|c1,...,cn
}.

� _�z|XIW�W¥���k�¥�k����Ç7�k��c	�KC`Ä`Å�X\T��O�kX

s(e) ≥
[�lm�
{s(|e′|c1,...,cn

) ; e′ ∼ e
���7�
∃σ ∈ Sn s.t. σ(|e′|c1,...,cn

) = |e|c1,...,cn
}.

�


 � Ð�
=Ð � 
 � 
-Ð��
� � � ¿e¿Á¾	�¥º
A
Â¡¿1Â����4��Â¯À°º�& ��º#À

π
��ºL½L��¾bÀT���eºeº � ¿ � Â¯À§¼ n ��
�� �
�ê¾`¿ÁÂ�
��V¿

c1, . . . , cn
½�� ���¤º�À

x ∈ JπKc1,...,cn

& �H¼Vº�� � º\¼V½�ÃOº
��Â��
{s(e) ; e : π

½�� �
|e|c1,...,cn

= x}

=
��Â��
{s(|e′|c1,...,cn

) ; e′ : π
½�� �
∃σ ∈ Sn s.t. σ(|e′|c1,...,cn

) = x}.
& 	 þbØ�ú�Ú�%ÁÞ|ò-èOÞdñ9Þ�àdØÁú�÷OùNò9Úeò-ÛÝØÁÜOñ|ÞfÚ�ñµá�ßOÙµÞ~ú�Þdú 'kÞdÙ�ò9è?Úeò~ßOë¤ØÁÙHÞ°ç�ÞdÙµá x ∈ D ß s(x) ÛÝñHò-èOÞ�Ü#ùOú '�ÞdÙHØ�ë

+ ß − Ú�ÜOæxØ�ëVÞ~äÝÞdú�ÞdÜ�ò9ñ�Ø�ë A ÛÝÜxò-èOÞ )EØÁÙµæ x å
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� ¿#º��4½���À9Â����¥º�½O¿Á¾	�fº�

��À§¼Vº�ºf»`º���¾bÀ9Â�
��RÀ-Â��¥º	Â�����Â��Hºe½�����
��kÂ�� �D�

	�

� � �7¨GY`X�c
q =

[�lm�
{s(e) ; |e|c1,...,cn

= x}
���7�

r =
[�lm�
{s(|e′|c1,...,cn

) ; e′ : π
���7�
∃σ ∈ Sn s.t. σ(|e′|c1,...,cn

) = x)}.

Ç©l¤u�a~cIÄOÅ X=qVufi?�@X²cfT7�?c
q ≤ r

¨�z|X#c
e′ : π

g*X1a~o���T\ceT��?c
∃σ ∈ Sn, σ(|e′|c1,...,cn

) = x
¨

��_�z�X#W4W¥�¥���VÄ?cfTVXIufX�X#£blma~cea
e : π

a~o7��T�ceT��?c
|e|c1,...,cn

= x
�����

e ∼ e′
¨©S1T�lma=W�XN����a

cfT7�?c�l¶¢
Å Xxce�kÉkX
e′0 : π

aI¨ cN¨
s (|e′0|) = r

Ä`ceTVX#ueXxX#£blma~cea
e0 ∼ e′0

aI¨ cN¨
|e0| = x

¨ ��_�Ç��@�Ác
�KC��k����z�X#W4W¥���&JV³

q ≤ s (e0) = s (e′0) ≤ s (|e′0|) = r
¨

S1TVX�qVufi`ik¢�i�¢
r ≤ q

lma�XI�@a~lmX#uN³4j¤X#c
e : π

g*X(a#¨ cI¨
s (e) = q

¨ ��_Pz|XIW4W4�R� �VÄ
s (e) =

[Bl¤�
{s(|e′|) ; e′ ∼ e

�k���
∃σ ∈ Sn s.t. σ(|e′|) = |e|} ≥

[�lm�
{s(|e′|) ; ∃σ ∈

Sn s.t. σ(|e′|) = |e|}
¨

�

yLa�qVueX#�`lmiko�afj¤_­adc��?ceXI�EÄ�ceTVX!W¥��lm�«q*iklm�/c�i�¢LS1T�X#ikueX#W��HC(lmahcfT���chceTVX!jmX#�V�kcfT«ik¢
X#�@X#ue_!TVXN�k�`rtueXI�bo���cflmik��afXIn/oVX#�7��X	a~ce��ufcflm�V�4¢§ueikW

(π|π′)c,c′
¦§Å�T�X#ueX

π
�����

π′ ��ueX	��obc¢§ueX#XCq�ae® ���7��jmXI�k�Vl¤�V�hcfi4�hT�XI�k�brt�#obc=¢§ueX#XCq�a1�#�k�!g*XC�bX#cfXIufW4lm�VXI��¢§ufi@W
JπK

���7�
Jπ′K

¨
� l¤cfT­ufXNa~q*XI��cxcei!ceTVX¥�blmae��o7afafl¤i@�R�?cCcfT�X�g*X#�@l¤���Vl¤����ik¢�Y`oVg�afXI��cflmik� �b¨m�kÄH�Vi�celm�#XhceT��?c
TVXIufX�cfT�X4�#ikW4q���cflmgVl¤jml¤cd_Bi�¢

σ(y) ∈ JπK
�k���

σ′(y′) ∈ Jπ′K
l¡a\X�£bqVueXIaea~XN�Bg`_Ra~ce�?cel¤���

σ(y)n+1 = σ′(y′)⊥n′+1

¦§ueX#W4X#W�g7XIu
ceTVX1�Vi�c��?cel¤i@�
yi

¢§i@u
y ∈
˙n

i=1D
l¤�/cfueib�bo��#XI�Lvdo�adc

g*X�¢§ikueX0PLX#±��Vl¤cflmik�Æ�k�\ik¢©X#£`q*X#uelmW�XI�/c�®Á¨
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A
Â¡¿xÂ��'�N��Â¯À°º'& �
º�À

π
� �eºÁ¿ � & π′

����º�½ ��¾bÀ	���fº�º � ¿ � Â¯À§¼ n+1��
��Q���ê¾`¿ÁÂ�
��V¿
c1, . . . , cn, c

� �fº�¿ � & � Â¯À¯¼ n′ + 1
��
��Q���ê¾`¿ÁÂ�
��V¿

c′1, . . . , c
′
n′ , c′

�/& �*
��\º�Ã?º�� �
¼Vº�½ � , �#¾bÀ ���fº�º � ¿ π′′

$Q�:
���º#ÃOº�� ��¼Vº�½ � , �fº��?¾ �#À-Â�
��3¿#º�
#¾�º:�Q�eº R ����
��
(π|π′)c,c′

À 

π′′

$
� º\¼V½?Ã?º

�¤º��D�kÀ§¼
(R) =

��Â��





(s(y) + s(y′)− s0((π|π′)c,c′))

2
;
¿+&mÀ"&

y ∈ JπKc1,...,cn,c,

y′ ∈ Jπ′Kc′
1
,...,c′

n′
,c′

∃σ ∈ Sn+1, σ
′ ∈ Sn′+1,

σ(y)n+1 = σ′(y′)⊥n′+1





	�

� � �7¨ � X�T7�O�kX
j¤XI�V��ceT

(R) = (q − s0(π
′′))/2
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Å�l¶ceT

q =
[�lm�





s(e) + s(e′) ;
aI¨ cN¨
∃e : π, e′ : π′,

∃x1, . . . , xn, x, x
′
1, ..., x

′
n′ ∈ D

|e|c1,...,cn,c = (x1, . . . , xn, x)
�����

|e′|c′
1
,...,c′

n′
,c′ = (x′1, . . . , x

′
n′ , x⊥)





¦§g`_�S1T�X#ikueX#W � C�®

=
[Bl¤�





[�lm�
{s(e) ; |e|c1,...,cn,c = (x1, . . . , xn, x)}+[�lm�
{s(e′) ; |e′|c′

1
,...,c′

n′
,c′ = (x′1, . . . , x

′
n′ , x⊥)} ;

(x1, . . . , xn, x) ∈ JπKc1 ,...,cn,c

�����
(x′1, . . . , x

′
n, x

⊥) ∈ Jπ′Kc′
1
,...,c′

n′
,c′





=
[Bl¤�





s(y) + s(y′) ;
aI¨ cN¨

y ∈ JπKc1,...,cn,c, y
′ ∈ Jπ′Kc′

1
,...,c′

n′
,c′

∃(x1, . . . , xn, x) ∈ JπKc1,...,cn,c

∃(x′1, . . . , x
′
n, x

⊥) ∈ Jπ′Kc′
1
,...,c′

n′
,c′�k���

∃σ ∈ Sn+1, σ
′ ∈ Sn′+1

Ä�aI¨ cN¨
σ′(y) = (x1, ..., xn, x)

�����
σ′(y′) = (x′1, . . . , x

′
n′ , x⊥)





¦§g`_!s=ufi@q7i/a~l¤cflmik���@�/®Á¨

=
[Bl¤� {

s(y) + s(y′) ;
a#¨ cI¨

y ∈ JπKc1 ,...,cn,c, y
′ ∈ Jπ′Kc′

1
,...,c′

n′
,c′

∃σ ∈ Sn+1, σ
′ ∈ Sn′+1, σ(y)n+1 = σ′(y′)⊥n′+1

}

¦µafl¤�7��X
JπK, Jπ′K

�kufX��#j¤i/a~XN�!g`_!afoVg�a~cfl¤cfobcel¤i@��a�®Á¨
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����� �'����

����� �21 ���21*+)� ������&
���@a~XN��i@�(Y`o�g�a~XN�Ácel¤i@�!��¨Ý�bÄ`Å�X\Å��k�@c�cfi�X�£`ceX#���!cfTVX�ueXIafoVj¤cea�i�¢�cfTVX\qVueX#�`lmiko�a�Y`oVg7a~XN�Ár
cflmik� �b¨m�k¨!S1T�X#ueX�l¡a��Vi�ueXI�kj²qVueikgVjmX#W(³	Å�X�±�uea~ch��T��kue�@�ÁcfXIuflm´#X@ÄEl¤�ÆceX#ueW¥a\i�¢

JπK
�����

Jπ′K
ÄbcfTVi/a~X��#ikoVqVjmX\i�¢©�VX�c�a

(π, π′)
afo���T!ceT��?c

(π|π′)c,c′
T��@a1���#obc1¢§ufXIX\�VikueW¥��j*¢§ikueW

¦§sGueikq*i@afl¶cel¤i@���/�@®��V������Å�TVX#�
(π|π′)c,c′

T��@a����#obc�¢§ufXIX\�VikueW¥��j*¢§ikueW(ÄbÅ X�afTVi?Å cfT7�?c
l¶c�l¡a1q7i/afaflmgVj¤XCcei��bX�ceX#ueW�lm�VXCcfT�X��/o�Whg*X#u�i�¢�adceue��cfl¤±�XI��a~cfX#q7a�j¤XN�k�blm�V��¢§ufi@W

(π|π′)c,c′cfi�����obc ¢§ufXIXLq�a o�afl¤���	ik�Vjm_�cfTVXxl¤�V¢§ikueW4��cflmik��a ��i@�@c���lm�VXI�4lm�
JπKex

�k���
Jπ′Kex

¦µS1T�X�r
ikueX#W �k�@®Á¨Gz�l¤É@X\l¤�(qVueX#�`lmiko�a��I�kafXIa�¦µ�k����l¤�(q��ku~celm�#oVj¡��u1j¤lmÉkX\lm�BY`oVg�afXI��cflmik�(��¨Ý�k®�Ä`cfTVl¡a
jm�@adc�ueXIafoVj¤c1l¡a1XIa~ce�kgVjmlmafTVXI�!¢§iku�q7a#¨

 � Ð�
=Ð � 
 � 
-Ð��
� � �
º�À

π
� �fº�¿ � & π′

�)��º\½L�#¾bÀ ���eºeº��Hº�À � Â¯À¯¼ n+1
� �fº�¿ � & n′+1

����
�� ,���ê¾`¿ÁÂ�
��V¿
c1, . . . , cn, c

� �fºÁ¿ � & c′1, . . . , c′n′ , c′
�/& �H¼Vº��fº�ºe»@Â¡¿�À

x1, . . . , xn, x
′
1, . . . , x

′
n′ , x ∈

D
¿Á¾ �e¼PÀ¯¼�½?À

(x1, . . . , xn, x) ∈ JπK �
�

c1,...,cn,c

½�� �
(x′1, . . . , x

′
n′ , x⊥) ∈ JπK �

�
c′
1
,...,c′

n′
,c′Â � $�½�� � 
�� � �¥Â � $=À§¼Vº��fº�ºf»@Â¡¿ÁÀ-¿�½ ��¾bÀ ���fº�º��Hº�À

π′′
¿Á¾ ��¼(À§¼V½?À

(π|π′)c,c′  
∗
s π

′′
&

	�

�����7¨�yLqVqVjm_!sGueikq*i@afl¤cflmik�5����¨
�

S1TVX������kj¤i@�koVX�i�¢HS1TVX#i@ufXIW � �CTVi@jm��a#Äk�@a²�C±�u�adcG��i@��afXIn/oVX#�7��X1i�¢ES1TVX#i@ufXIW �k��³�g`_
o�a~lm�V��qVoVueX#jm_Ba~XIW¥���/cfl¡�h�V��ce�@a#ÄHÅ�X��I���Rg*iko�����ceTVX4�/o�Whg*X#uCi�¢ a~cfu��?cel¶±�XN�BueXI�bo7�Ácflmik�
adceX#q�aI¨ w ik���#X#ue�Vlm�V�hceTVX�o�afX�i�¢©q�a�lm��adceXI�@�!ik¢©�VX#ceaIÄV��X#W¥�kufÉ � J4��qVqVjmlmXIa1TVXIufX@¨
� � Ì`Ð � Ì � � � �
º�À

π
� �fº�¿ � & π′

� �eº!½���¾bÀ ���fº�º � ¿ � Â¯À§¼ n + 1
� �fºÁ¿ � & n′ + 1

�7��
�� ,���ê¾`¿ÁÂ�
��V¿
c1, . . . , cn, c

� �fºÁ¿ � & c′1, . . . , c′n′ , c′
�/&��*
���º�Ã?º�� ���#¾bÀ����fº�º � ¿ π′′
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��RÀ-Â��¥º	Â�����Â��Hºe½�����
��kÂ�� � �

¿ÁÀ �e½?À9Â � º�� �fº��?¾ �#À-Â�
��·¿�º�
#¾�º:�Q��º
R
��� 
��

(π|π′)c,c′
À 

π′′ $	Â � y = (x1, . . . , xn, x) ∈

JπK �
�

c1,...,cn,c

½�� �
y′ = (x′1, . . . , x

′
n′ , x⊥) ∈ Jπ′K �

�
c′
1
,...,c′

n′ ,c
′

$GÀ§¼Vº�� � º\¼V½�ÃOº

�¤º��D�kÀ¯¼
(R) ≤ (s(y) + s(y′))/2 .

	�

� � �7¨RS1TVXIufX�X�£bl¡adc�a
e : π

a~o7��TÆcfT���c
|e|c1,...,cn,c = y

�����ÆceTVX#ueX!X#£blma~cea
e′ : π′afo���T­cfT���c

|e′|c′
1
,...,c′

n′
,c′ = y′

¨�Y`i�Ä�cfTVXIufX¥X#£`l¡a~cea
e′′ : (π|π′)c,c′

afo���T­cfT���c
s(e′′) =

s(e) + s(e′)
¨ � X�T7�O�kXCg/_�S1TVX#i@ufXIW �k��³

j¤XI�V��ceT
(R) ≤ s(e′′)/2

= (s(e) + s(e′))/2

≤ (s(|e|c1,...,cn,c) + s(|e′|c′
1
,...,c′

n′
,c′))/2¦µg/_�z|X#W4W¥�(�&J/®

= (s(y) + s(y′))/2 .

�

� X3��i@����jmo��bXRcfTVX­q��kq7XIu�Å�l¤cfTªcfTVX­�kXI�VX#u���jml¤´N�?cel¤i@��cei�a~cfu��?cel¶±�XN� ueXI�bo���cflmik�¹ik¢
S1TVXIikueX#W �	C`³�ceTVX�j¤XI�V��ceT i�¢\X#�@X#ue_¬adceue��cfl¤±�XI�¸ueXI�bo7�Ácflmik� afXIn/oVXI����X�a~ce��ufcflm�V�Æ¢§ueikW
(π|π′)c,c′

¦§Å�TVXIufX
π
�k���

π′
�kufX���obc\¢§ueX#X�q�ae®C�k���BjmXI�@�bl¤����cfi(����obc\¢§ueX#X�q�a\�#���3g7X

�bX#cfX#ueW4l¤��XI�C¢§ueikW
JπK

�k���
Jπ′K

¨©S1TVXGik��j¤_\�bl"�*XIufXI����X²ib�#�#oVueuflm�V�1TVX#ueXkÄNl¡aEcfT�XGqVueXIafX#���#X
i�¢
X�£bT���o7adcel¤�@XLq*iklm�@c�a �k����X#£bq7XIuflmW4X#�/ceaIÄb�����¥Å�XCo�a~Xxl¤�����#ufo7��l¡��j*Å��O_�cfTVXx¢µ�k��c ceT��?c
F~X�£bT���o7adcel¤�`l¤cd_TGClma���qVueikq*X#ufcd_�ik¢
X�£bq*X#uel¤W4XI�@c�a��bXIq7XI���blm�V�¥ik�Vjm_�i@��ceTVX#lmu�ueXIafoVj¶c�a�¦§g`_
PxX�±��Vl¤cflmik���@�@®Á¨²z�l¤É@XClm��S1TVX#i@ufXIWÈ�HCbÄbÅ X\o�afXCcfTVX���i�ce��cflmik�

yi

¢§iku
y ∈
˙n

i=1 D
¨

� � Ì`Ð � Ì � � � � ¿�¿�¾	�¥º
A
Â¡¿xÂ��'�N��Â¯À°º'& �
º�À

π
� �eºÁ¿ � & π′

����º�½ ��¾bÀ	���fº�º � ¿ � Â¯À§¼ n+1� �fº�¿ � & n′ + 1
����
�� �
�ê¾`¿ÁÂ�
���¿

c1, . . . , cn, c
� �fºÁ¿ � & c′1, . . . , c′n′ , c′

� &	��
��!º�Ã?º:� � �#¾bÀ����fº�º
� ¿ π′′

$ �:
���º#Ã?º:� �4¿ÁÀ �f½?À9Â � º�� �eº ��¾ ��À9Â�
��B¿�º�
#¾�º:�Q��º
R
��� 
��

(π|π′)c,c′
ÀM

π′′
$ � º�¼V½?Ã?º

�mº:�H��À§¼
(R) =

��Â��





(s(y) + s(y′)− s1((π|π
′)c,c′))/2 ;

¿+&mÀ &
y ∈ JπKc1,...,cn,c,

y′ ∈ Jπ′Kc′
1
,...,c′

n′
,c′

∃σ ∈ Sn+1, σ
′ ∈ Sn′+1, σ(y)i

½�� �
σ(y′)i

½��fº�ºf»?¼V½�¾`¿ÁÀ-Â¯Ã?º
�:
��

1 ≤ i ≤ n, 1 ≤ i′ ≤ n′½�� �
σ(y)n+1 = σ′(y′)⊥n′+1





	�

� � �7¨ � X�T7�O�kX
jmX#�V�kcfT

(R) = (q − s1(π))/2
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q =
[�l¤�





s(e) + s(e′) ;
aI¨ cI¨
∃e : π, e′ : π′, ∃x1, . . . , xn, x, x

′
1, ..., x

′
n′ ∈ D

|e|c1,...,cn,c = (x1, . . . , xn, x)
���7�

|e′|c′
1
,...,c′

n′
,c′ = (x′1, . . . , x

′
n′ , x⊥)

�k���
xi, x

′
i

l¡a1X�£bT��ko�a~cflm�kXC¢§iku
1 ≤ i ≤ n, 1 ≤ i′ ≤ n′





¦µg`_!S1TVX#i@ufXIW �k�/®

=
[�lm�





[�l¤�
{s(e) ; e : π

�����
|e|c1,...,cn,c = (x1, . . . , xn, x)}+[�l¤�

{s(e′) ; e′ : π′
�����
|e′|c′

1
,...,c′

n′
,c′ = (x′1, . . . , x

′
n′ , x⊥)} ;

xi, x
′
i

lma�X�£bT���o7adcel¤�@XL¢§i@u
1 ≤ i ≤ n, 1 ≤ i′ ≤ n′





=
[�lm�





s(y) + s(y′) ;
aI¨ cI¨

y ∈ JπKc1,...,cn,c, y
′ ∈ Jπ′Kc′

1
,...,c′

n′
,c′

∃(x1, . . . , xn, x) ∈ JπKc1 ,...,cn,c,
∃(x′1, . . . , x

′
n, x

⊥) ∈ Jπ′Kc′
1
,...,c′

n′
,c′afo���T!ceT��?c

xi, x
′
i′
lma1X#£bT���o�a~cflm�kXC¢§i@u

1 ≤ i ≤ n,
1 ≤ i′ ≤ n′���7�

∃σ ∈ Sn+1, σ
′ ∈ Sn′+1

ÄVa#¨ cI¨
σ′(y) = (x1, ..., xn, x)

�k���
σ′(y′) = (x′1, . . . , x

′
n′ , x⊥)



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=
[�lm�





s(y) + s(y′) ;
aI¨ cI¨

y ∈ JπKc1,...,cn,c, y
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�����
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1 ≤ i ≤ n, 1 ≤ i′ ≤ n′���7�
σ(y)n+1 = σ′(y′)⊥n′+1
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