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particular experiment. Finally, we give a semantic measure of execution time:
we prove that we can compute the number of cut-elimination steps leading to
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Une mesure sémantique pour le temps
d’exécution en Logique Linéaire

Résumé : Nous faisons une étude sémantique du temps de calcul (c’est-a-dire
du nombre d’étapes d’élimination des coupures menant 3 la forme normale)
d’un réseau (de preuve) de MELL non typé. Nous prouvons d’abord que 1)
un réseau est normalisable de téte (c’est-a-dire normalisable & profondeur 0) si,
et seulement si, son interprétation dans la sémantique relationnelle basée sur
les multi-ensembles n’est pas vide et que 2) un réseau est normalisable si, et
seulement si, son interprétation ezhaustive (une restriction convenable de son
interprétation) n’est pas vide. Nous définissons alors une taille sur les expéri-
ences des réseaux et nous donnons une relation précise entre le nombre d’étapes
d’elimination des coupures d’une suite quelconque de réductions stratifiées et
la taille d’une expérience particuliére. Enfin, nous donnons une mesure séman-
tique du temps de calcul : nous prouvons que nous pouvons calculer & partir
de l'interprétation de chacun des deux réseaux le nombre d’étapes d’élimination
des coupures transformant en un réseau sans coupures le réseau obtenu en con-
nectant deux réseaux sans coupures. Ces résultats sont inspirés par des résultats
semblables obtenus par le premier auteur pour le lambda-calcul (non typé).

Mots-clés : Logique linéaire, sémantique dénotationelle, réseaux de preuves,
complexité implicite du calcul.
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A semantic measure of the execution time in
Linear Logic

Daniel de Carvalho , Michele Pagani , Lorenzo Tortora de Falco

We give a semantic account of the execution time (i.e. the number of cut-
elimination steps leading to the normal form) of an untyped M ELL (proof-)net.
We first prove that: 1) a net is head-normalizable (i.e. normalizable at depth 0)
if and only if its interpretation in the multiset based relational semantics is not
empty and 2) a net is normalizable if and only if its exhaustive interpretation (a
suitable restriction of its interpretation) is not empty. We then define a size on
every experiment of a net, and we precisely relate the number of cut-elimination
steps of every stratified reduction sequence to the size of a particular experiment.
Finally, we give a semantic measure of execution time: we prove that we can
compute the number of cut-elimination steps leading to a normal form of the
net obtained by connecting two cut free nets by means of a cut link, from the
interpretations of the two cut free nets. These results are inspired by similar
ones obtained by the first author for the (untyped) lambda-calculus.

1 Introduction

Right from the start, Linear Logic (LL,[Gir87]) appeared as a potential logi-
cal tool to study computational complexity. The logical status given by the
exponentials (the new connectives of LL) to the operations of erasing and copy-
ing (corresponding to the structural rules of intuitionistic logic and of classical
logic) shed a new light on the duplication process responsible of the “explo-
sion” of the size (and time) during the cut-elimination procedure. This is wit-
nessed by the contribution given by LL to the wide research area called Implicit
Computational Complexity: a true breakthrough with this respect is Girard’s
Light Linear Logic (LLL,[Gir98]). A very careful handling of LL’s exponen-
tials allows the author to keep enough control on the duplication process, and
to prove that a function f is representable in LLL if and only if f is poly-
time. More recently, other “light systems” have been introduced by Asperti
and Roversi [AR02], Danos and Joinet [DJ03], Lafont [Laf04] and others: sev-
eral simplifications are proposed and suggest that LLL is only one among the
possible solutions (rather a research theme than a logical system).

Light systems can be presented as subsystems of LL obtained by restricting
the use of the exponentials: some principles (formulas) provable in LL do not
hold in light systems. However, a more geometric perspective on light logic
is possible. It comes from the introduction of proof-nets, a geometric way of

*INRIA-Lorraine, Nancy — Daniel.decarvalho@loria.fr
fPPS, CNRS & Université Paris VII — Michele.Pagani@pps.jussieu.fr
iDipartimento di Filosofia — Universitd di Roma Tre — tortora@uniromas3.it

RR n° 6441



4 Daniel de Carvalho Michele Pagani Lorenzo Tortora de Falco

representing computations; actually one of the most important consequences of
the logical status given by LL to the structural rules. Light proofs have been
presented in [Gir98] as proof-nets. This viewpoint was stressed in [DJ03]: the
authors give a geometric characterization of ELL proof-nets, that is proof-nets
belonging to a subsystem of LLL where the functions computable in elementary
time (and only those functions) are representable. The system of LL proof-nets
is not modified and a global condition on the graph representation of proofs
allows to isolate the ones belonging to ELL. A similar work for LLL has been
done in [Maz06]. We believe that it is not by eliminating objects with a “bad”
computational behaviour that we learn something on the very nature of bounded
time complexity, but rather by comparing different computational behaviours,
and by finding abstract ways to distinguish the ones from the others. This is,
in our opinion, the interest of works like [DJ03] and [Maz06].

Following this kind of idea, in [LTdF06] a new approach to one of the main
questions arisen from [Gir98] (maybe the main one), the quest of a denotational
semantics suitable for light systems (a semantics of proofs in logical terms, or
more generally a model), is proposed. Instead of modifying (like in the previous
proposals: [MOO0O0, Bai04]) the structures (games, coherent spaces) associated
with logical formulas® so that the principles valid in LL but not in the chosen
light system do not hold in the semantics, [LTdF06] deals with a property of the
elements of the structures (the interpretations of proofs) characterizing those
elements which can interpret proofs with bounded complexity. In [LTdF06], it
is proved in particular that an LL proof-net is an ELL proof-net iff its inter-
pretation is “obsessional”. That is, the semantic property “being obsessional”
characterizes, among the interpretations of all LL proof-nets, those ones which
are interpretations of ELL proof-nets.

If one seeks a semantic/mathematical point of view on bounded time com-
plexity, one of the limits of [LTdF06] is the choice of the logical systems to
represent elementary/polynomial time. The previoulsy mentioned result, for
example, gives a characterization of ELL proof-nets; but there exist LL proof-
nets which are not ELL proof-nets and can nevertheless be “executed” in ele-
mentary time (i.e., roughly speaking, adding them to ELL does not prevent the
cut-elimination procedure from being elementary). This is often the case for
systems (of A-terms, proofs, etc...) characterizing a complexity class: not all
the objects excluded have a “bad” complexity behaviour.

A different approach to the semantics of bounded time complexity is possible:
the basic idea is to measure (by semantic means) the execution of any program,
regardless to its computational complexity, in the spirit of comparing different
computational behaviours to learn (afterwards) something on the very nature
of bounded time complexity. Following this approach, in [dC07, dC] one of the
authors of the present paper could compute the execution time of an untyped
A-term wia its interpretation in the co-Kleisli category of the comonad associ-
ated with the finite multisets functor on the category Rel. The interpretation
of a A-term in this model is the same as the interpretation of the net translating
the A-term in the multiset based relational model of linear logic. The execution
time is measured here in terms of elementary steps of the so-called Krivine’s
machine. Also, [dC07, dC] give a precise relation between an intersection types

IThe basic pattern of denotational semantics is to associate with every formula some struc-
ture and with every proof of the formula an element of the structure called the interpretation
of the proof.

INRIA
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system introduced by [CDCV80] and experiments in the multiset based rela-
tional model. Experiments are a tool introduced by Girard in [Gir87] allowing
to compute the interpretation of proof-nets directly (without reference to se-
quent calculus) and pointwise. An experiment corresponds to a type derivation
and the result of an experiment corresponds to a type. The intersection types
system considered in [dC07, dC] lacks idempotency and this fact was crucial in
this work. In our work, this corresponds to the fact that we use multisets for
intrepreting exponentials and not sets as in the set based coherent semantics.
The use of multisets is essential in our work too.

In the present paper, we apply this approach to Multiplicative and Exponen-
tial Linear Logic (MELL), and we show how it is possible to compute the number
of steps of cut-elimination by semantic means (notice that our measure being
the number of cut-elimination steps, here is a first difference with [dC07, dC]
where Krivine’s machine was used to measure execution time). Let us be more
precise: if 75 is a proof-net obtained by applying some steps of cut-elimination
to 71, the main property of any model is that the interpretation [ ] of 7y is the
same as the interpretation [m2] of 72, so that from [m1] it is clearly impossible
to determine the number of steps leading from m; to mo. Nevertheless, if 7 and
o are two cut free proof-nets connected by means of a cut link, we can wonder:

1. is it the case that the thus obtained net can be reduced to a cut free one?

2. if the answer to the previous question is positive, what is the number of
cut reduction steps leading from the net with cut to a cut free one?

The main point of the paper is to show that it is possible to answer both these
questions by only referring to [m1] and [r2].

Notice that the first question makes sense only in an untyped framework
(in the typed case, we know that cut-elimination is strongly normalizing, see
[Gir87] and [Dan90]), and indeed section 2 is devoted to define an untyped
version of Girard’s proof-nets, based on previous works (mainly [Dan90] and
[Reg92], [LTdF06], [PTdF07]). Following [PTdF07], we first define pure struc-
tures (corresponding in the typed case to proof structures, graphs which are
not necessarily logically correct proofs) and we define cut-elimination for pure
structures. More generally, in the whole paper we use correctness (in our frame-
work Definition 8) only when it is needed (and it is rarely the case!): this allows
to precisely determine where and how correctness is used to prove results. The
cut-elimination procedure we define is similar to A-calculus [-reduction, in the
sense that the exponential step (the step (!/7) of Definition 6) is much more
similar to a step of [-reduction than it usually is. This is essential to prove
our results (see Remark 10). We consider in the paper two reduction strategies:
head reduction and stratified reduction. The first one consists in reducing the
cuts at depth 0 and stop. The second one consists in reducing a cut only when
there exists no cut with (strictly) smaller depth. These reduction strategies ex-
tend the head linear reduction of A-calculus implemented by Krivine’s machine
(and considered in [MP94] in the framework of pure proof-nets).

In section 3, we introduce the model allowing to measure the number of
cut-elimination steps. Experiments are a central tool in our approach. An
experiment lives in between syntax and semantics: it is defined on a pure struc-
ture (it depends on it), but its “result” (that is the labels it associates with the
conclusions of the pure structure) is a point of the interpretation of the pure

RR n° 6441



6 Daniel de Carvalho Michele Pagani Lorenzo Tortora de Falco

structure. Taking as starting point the usual multiset based relational model
and the usual notion of experiment for this model, we are faced to a problem:
an important lemma (Lemma 23) requires the interpretations of ® (resp. 1,
) and % (resp. L, ?) to be different (see also the introduction of section 3),
because we don’t consider only intuitionistic nets as in [dC05]. We thus define
experiments like in [LTdF06], where the distinction between dual constructions
was also necessary. This choice of experiments has a categorical counterpart,
which is discussed in section 3. What we need is an object of the category
Rel, allowing to shift from a typed to an untyped model in such o way that
dual logical contructions are interpreted differently in the model. We outline
in subsection 3.1 a categorical interpretation of untyped MELL, and we define
such an object (so as the required morphisms) in subsection 3.2. We conclude
the section with the definition of experiment (Definition 11 of subsection 3.3).

In section 4, we give a clear account of the importance of the notion of exper-
iment for our purposes, by proving the Key-lemma (Lemma 20): experiments
can be used as counters for cut-elimination steps. Indeed, the Key-lemma shows
that every cut-elimination step makes the (suitable notion of) size of an experi-
ment decrease exactly by 2. All our results essentially rely on this lemma. The
first step we then accomplish is to precisely relate head and stratified reduc-
tions to experiments. Proposition 24 (resp. Proposition 34) proves that a net is
head-reducible (resp. stratified-reducible) to an head-cut free net (resp. a cut
free net) 7’ if, and only if, it has at least one experiment (resp. one ezhaustive
experiment, see Definition 30). These results are the analogue of classical re-
sults for A-terms: a A-term is head-normalizable (resp. weak normalizable) if,
and only if, it is typeable in the appropriate intersection types system. Then we
give a quantitative insigth of this correspondence reduction/experiment: The-
orem 27 (resp. Theorem 38) recovers the number of head (resp. stratified)
reduction steps from 7 to a head-cut free (resp. cut free) 7’ from the notion
of size of an experiment (resp. of an exhaustive experiment). These results are
first proved for the head reduction (Subsection 4.1) and then extended to the
stratified reduction (Subsection 4.2).

Finally, section 5 allows to shift from experiments to their results, thus giving
the required relation between semantics and execution time. We prove that we
can answer both the initially stated questions by only referring to [m1] and
[m2]. This shows that a (rather precise) notion of time is still present in the
denotational interpretation of a net.

Let us conclude with a little remark. In [TdF03], the question of injectivity
for the relational and coherent semantics of LL is adressed: is it the case that
for m and 7’ cut free, from [7] = [7'] one can deduce m = «'? It is conjectured
that relational semantics is injective for MELL, and there is still no answer to
this question. Given 7; and 75, we don’t know how to compute the normal form
of the net obtained by connecting 7; and 7 by means of a cut link from [r]
and [m2]. However, the present paper shows that from [r1] and [m2] we can at
least compute the number of cut-elimination steps leading to a normal form.

INRIA
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2 Proof-nets

After their introduction by Girard in [Gir87], proof-nets have been extensivley
studied and used as a proof-theoretical tool for several purposes. All this work
led to many improvements of the original notion introduced by Girard.

We use here an untyped version of Girard’s proof-nets. Danos and Regnier
(|[Dan90] and [Reg92]) introduced and studied “pure proof-nets” that is the ex-
act notion of proof-net corresponding to the (untyped) A-calculus. There has
been no real need for a different notion of untyped proof-net until Girard’s
work on Light Linear Logic ([Gir98]): using the fact that the complexity of the
cut-elimination procedure does not depend on types (a key property of light sys-
tems) Terui ([Ter02]) introduces a “light” (untyped) A-calculus enjoying strong
normalization in polynomial time and encoding all polytime functions. This
calculus clearly corresponds to an untyped version of ILAL’s proof-nets (ILAL
is an intuitionistic variant of LLL, see [AR02]. See also [BMO04] for a similar
result). In the same spirit, an untyped notion of proof-net (called net) is in-
troduced in [LTdF06] in order to encode polytime computations: the novelty
here is the shift from the intuitionistic to the classical framework. This imme-
diately yields cuts which cannot be reduced and called clashes (see figure 2). In
[PTAFO7], in order to prove strong normalization for full second order LL, a fur-
ther generalization of the notion of [LTdF06] is proposed and studied: the one of
pure structure. A pure structure is a net which is not necessarily correct (in the
sense of Definition 8). The introduction of proof structures (i.e. graphs which
do not always correspond to logically correct proofs) dates back to [Gir87], but
it took much time to really start exploiting the presence of such objects (like
for example in ludics [Gir99], [Gir01]). Recent works (in particular [PTdF07])
show that we always learn something when we are able to precisely determine
where and how correctness is used to prove results. From the perspective of the
present work, the notion of pure structure turns out to be the appropriate one:
most of our results (but not all of them!) are proved for pure structures.

A last comment on the syntax: we choose here a version of pure structures
where 7-links have n > 0 premisses (these links are often represented by a tree
of contractions and weakenings). We also have a b-node which is our way to
represent dereliction. These choices are just driven by the attempt to have a(n
as much as possible) simple presentation of our results. Notice, however, that
the reduction steps (and more precisely the exponential step) have to be defined
the way we do it in order for our results to hold (see also Remark 10 and Figure
8).

Definition 1 (Flat) A flat is a finite (possibly empty) labelled directed acyclic
graph whose nodes (also called links) are defined together with an arity and a
coarity, that is a given number of incident edges called the premises of the node
and a given number of emergent edges called the conclusions of the node. The
valid nodes are in Figure 1.

The links are divided into three groups: the ax- and cut-links are called
identities; the ®-, &¥-, 1- and 1 -links are called multiplicatives; the !-, b- and
?7-links are called exponentials.

An edge can have or not a b label: an edge with no label (resp. with a b label)
is called logical (resp. structural).

RR n° 6441
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¢

Figure 1: MELL links

The b-nodes have a logical premise and a structural conclusion, the ?-nodes
have k > 0 structural premises and one logical conclusion, the !-nodes have
no premise, exactly one logical conclusion, called also main conclusion of the
node, and k > 0 structural conclusions, called auxiliary conclusions of the node.
Premises and conclusions of identities and multiplicatives are logical edges.

We allow edges with a source but no target, they are called conclusions of
the flat.

The size of a flat «, denoted by s («), is the number of the logical edges in
a. We denote by !(«) the set of !-links of «.

Links (resp. edges) will be denoted by middle Latin letters l,m,... (resp.
initial Latin letters a, b, . .. ); flats will be denoted by initial Greek letters a, 3, . ..

When drawing a flat we represent edges oriented up-down so that we speak
of moving upwardly or downwardly in the graph, and of nodes or edges “above”
or “under” a given node/edge. In the sequel we will not write explicitly the
orientation of the edges.

In order to give more concise pictures, when not misleading, we may repre-
sent an arbitrary number of b-edges (possibly zero) as a b-edge with a diagonal
stroke drawn across:

b b| b

In the same spirit, a ?-link with a diagonal stroke drawn across its conclusion
represents an arbitrary number of ?-links (possibly zero)

P - 9

For an example of this notation see Figure 6.

Definition 2 (Pure structure) A pure pre-structure (pps for short)  of depth
0 is a flat without !-nodes; in this case, we set flat(w) = .

INRIA
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A pure pre-structure © of depth d + 1 is a flat «, denoted by flat(w), with
a function that associates with every !-link o of a with n,+ 1 conclusions a pps
7° of depth at most d, called the box of o, with n, structural conclusions corre-
sponding® to the n, auziliary conclusions of o and exaclty one logical conclusion
corresponding to the main conclusion of o. Moreover o has at least one !-link
with a box of depth d.

For any pure pre-structure m, we define, by induction on depth(w), the size
of 7, denoted by s(m), as follows :

s(m) = s(flat(m)) + Z s(m°) .

o€!(flat(m))

The depth of a link [ in a pps 7 is the number of boxes of ™ containing .
The links of a given flat of a pps all have the same depth, so that the depth of
a flat of a given pps is well-defined.

A pure structure (ps for short) is a pps with no structural conclusion.

Remark 3 Concerning the presence of empty structures, notice that the empty
flat does exist and it has no conclusion. Its presence is required by the cut-
elimination procedure (Definition 6): the procedure applied (for example) to the
ps containing a unique flat consisting of a !-link with only the main conclusion
a cut and o ?-link with 0 premises yields the empty graph. On the other hand,
notice also that with o !-link o of a pps, it is never possible to associate the
empty pps: o has at least one conclusion and this has also to be the case for the
pps associated with o.

Conventions. Given a link [ of a ps m, we will often speak of “the flat of [”
always meaning the biggest flat of m containing [.
We will sometimes refer to “the maximal flats of a ps”, meaning the flats which
are not (strict) subgraphs of other flats of the ps.

In general, ps may contain “pathological” cuts (see examples in Figure 2),
that is cuts which are not reducible. This is due either to bad “typings” (the
cut premises are not dual edges), or to bad “geometric” configurations: in the
following definition we call the former clashes and the latter deadlocks.

Definition 4 (Clash and deadlock) The two edges premises of a cut-link are
dual when :

one is a conclusion of a ®-node and the other one is the conclusion of a %¥-node,
one is a conclusion of a 1-node and the other one is the conclusion of a 1 -node,
one is the main conclusion of a !-node and the other one is the conclusion of a
?7-node.

A cut-link is:

a clash, when the premises of the cut-node are not dual edges and none of the
two is the conclusion of an ax-link;

2We mean here that there exists a bijection from the set of sructural conclusions of the
link o to the set of structural conclusions of the pure pre-structure 7°.

RR n° 6441
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® O
Q)
ew) ew) ew) @
Figure 2: example of clashes (the two ps on the left) and of deadlocks (the two
ps on the right)

a deadlock, when the two premises of the cut-link are conclusions of the same
ax-link or one of the two is the main conclusion of a !-link o and the other one
is the conclusion of a 7-link having among its premises an auziliary conclusion

of o

reducible, otherwise.

Remark 5 Notice that with every premise b of a 7-node is associated exactly
one b-node (which might have depth much greater than the ?-node): we’ll refer
to this node as “the b-node associated with b”. On the other hand, with every
structural conclusion b of a !-link (resp. of a b-link) of a ps is associated a unique
?-link: we’ll refer to this node as “the 7-node associated with b”.

Definition 6 (Types of cut and cut reduction) Let © be a ps, let t be a
reducible cut-link of ™, a and b the premises of t, and let « be the (biggest) flat
of ™ containing t ot depth 0. We define the flat o', obtained by applying some
transformations to a (these depend on the type of the cut t). The one step reduct
7' of 7 is obtained from w by substituting o’ for « and, in the (!/7)-cases, by
slightly modifying the rest of the ps.

(ax): one premise of t, say b is the conclusion of an ax-link (see Figure 3). In
this case o' is obtained by erasing the cut link, its premises a and b and the the
axiom, and by connecting the remained conclusion c of the axiom with the node
of conclusion a in ;

Figure 3: reduction of a cut of type (ax)

(®/%): one premise of t is the conclusion of a ®-link, the other one is the
conclusion of a B-link (see Figure 4). In this case o is obtained by erasing
the 2-link, the @-link and the cut link t (and its premises) and by putting two
new cut links between the two left (resp. right) premises of the %-link and of the
®-link?;

3Notice that this means that the premises of the ®/2-links are ordered; we shall see in the
transformation associated with the (!/7) cut-link that this is not the case of the premises of
the ?-links.

INRIA
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Figure 4: reduction of a cut of type (®/%)

e (1/1): one premise of t is the conclusion of a 1-link, the other one is the
conclusion of a L-link (see Figure 5). In this case o/ is obtained by erasing the
three links: 1, 1 and the cut (and its premises);*

Figure 5: reduction of a cut of type (1/1)

e (1/7)g: one premise of t is the main conclusion of a !-link and the other one is
the conclusion of a ?-link having 0 premises. In this case, the !-link (together
with its box) and its conclusion edges are erased. We then erase the 7-link, the
cut and its premises. Notice that the 7-links of ™ associated with the conclusions
of the erased !-link have lost some premisses;

e (1/7)s0: one premise of t, say a, is the main conclusion of a !-link and the other
one (i.e. b) is the conclusion of a ?-link having VY, ... b, as premises, with k > 1
(see Figure 6). Let’s call o the !-link and suppose it has h auziliary conclusions,
let 7° be the box® of o, let w be the ?-link, let v; be the b-link associated with b,
and let 3; be the flat of v;.

The set {b},...,b}.} of w’s premises can be split into two disjoint sets: let C
(resp. B) be the set of w’s premises whose associated b-link belong (resp. does
not belong) to the same flat as w.

Consider k copies of o (and of 0’s box), call 01, ..., 0 these !-links and 7, ... 7o
their bozes. Now proceed as follows:

— erase t and its premises, w (and its premises), o (and its conclusions and
its box)

— if b; € C, then erase the b-link v; of a and cut v;’s premise c; with the
main conclusion of the box %/ of o;

— if b}, € B, then substitute the flat 3; of v; by considering the flat B; (that is
B; where v; and its conclusion have been erased) and by cutting the premise
of v; with the main conclusion of ©% . Of course every !-link of 7' con-
taining this flat has different auziliary conclusions from the corresponding

4This case -so as the (!/?)o one- might yield an empty graph.
5Remember that 7°, so as the pps associated with every !-link, cannot be empty.
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I-link of 7: its auxiliary conclusion corresponding to the conclusion of v;
has been substituted by h auziliary conclusions (the auziliary conclusions

of 77 )

— for every auziliary conclusion d of o in w, we now have k auziliary conclu-
sions dy, ..., dy of, respectively, w°,... 7w . Letl be the 7-node associated
with d in w: in 7' this will be the ?-node associated with d1,. .., dy.

We denote by t(r) the ps® obtained applying the transformation previously
defined associated with the cut link t. We’ll also refer to t(m) as a one step
reduct of w, and to the transformations associated with the different types of cut
link as the reduction steps.

We write ™ ~ 7', when 7' is the result of one reduction step.

A reduction step is said to be a head reduction step when the reduced cutt has
depth 0 in m: we write T ~p, 7', when 7' is the result of one head reduction step.
A reduction step m ~ t(7) is said to be a stratified reduction step when for every
cut-link (including non-reducible ones) t' of m we have depth(t) < depth(t'): we
write ™~ 7™ when 7' is the result of one stratified reduction step.

We denote a reduction sequence R from m to 7' as the sequence of ps
(m1,...,7p), 8t R=1m ~ m ~ ... ~ 7, = . A reduction sequence R
is an head reduction (resp. a stratified reduction) when every step of R is an
head (resp. a stratified) reduction step.

Notice cut reduction is defined on ps and not on pps. This is because we
want ~> to leave unchanged the number of conclusions of a structure: this is
true only for the logical conclusions, the structural ones may be changed by the
(1/7)-steps. In the sequel, however, we need to speak of the cut reduction of a
box 7° (which is a pps) associated with a !-link o: in that case we mean the cut
reduction of the ps obtained by adding to 7° the ?-links of 7 associated with the
structural conclusions of 7. Notice that the cut reduction cannot be applied to
deadlocks nor to clashes, and this means that there are ps (even nets) which are
normal w.r.t. cut reduction” even if they are not cut free (consider for example
the ps of Figure 2).

Conventions. Given a binary relarion R, we denote by R* its reflexive and
transitive closure. So in particular, ~*, ~»} and ~»} denote the reflexive and
transitive closure of resp. ~=, ~»p, and ~.

We now give a precise definition of the notions of ancestor and residue of an
edge/node: the point is to know whether a given edge/node of () is “created”
by the cut reduction procedure or “residue” of some 7’s edge/node.

Definition 7 (Ancestor, residue) Let 7 be a ps, t be a cut-link of 7 and t(m)

be the one step reduct of m associated with t. When an edge d (resp. a node

— — «—

1) of t(m) comes from a (unique) edge d (resp. node 1 ) of m, we say that d
"’

(resp. 1 ) is the ancestor of d (resp. 1) in m and that d (resp. 1) is a residue of
— —
d (resp. 1 )int(w). If this is not the case, then d (resp. 1) has no ancestor in

6The fact that ¢(r) is indeed a ps can be easily checked.
"Le. to which no cut reduction step can be applied.
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B i i

Figure 6: reduction of a cut of type (!/7)

m, and we say it is a created edge (resp. node). We indicate, for every type of

cut-node t of Definition 6, which edges (resp. links) are created in t(m) (meaning
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Figure 7: example of a net which does not normalize. This net reduces to itself
by one (!/?) step and one (ax) step

that the other edges (resp. nodes) of t(w) are residues of some w’s node). We
use the notations of Definition 6:

e (ax): there are no created edges, nor created nodes in t(w). Remark that a,b
are erased in t(m), so that we consider ¢ in t(w) the residue of ¢ in m;

e (®/%): there are no created edges, while the two new cut-links between the two
left (resp. right) premises of the ®-link and of the ®-link are created nodes;

e (1/1): there are no created edges, nor created nodes in t(m);

e (1/7): every auziliary conclusion added to the !-links containing one 7% is a

created edge; every cut link between 7% ’s main conclusion and c; is a created
8
node.

Definition 8 (Nets) A switching of a flat « is an (undirected) subgraph of «
obtained by forgetting the orientation of o’s edges, by deleting one of the two
premises of each %¥-node, and for every 7-node | with n > 1 premises, by erasing
all but one premises of I.

A proof-net, net for short, is a ps 7w s.t. every switching of every flat of
is an acyclic graph.

Remark that the empty ps is a net. Moreover, a net cannot contain deadlocks
(while it may contain clashes).

Proposition 9 Let m be a net and t be a reducible cut-link of w, then t(m) is a
net.

PROOF. Standard (see [Dan90]). O

It is well-known that there are untyped nets non-normalizable, i.e. nets 7 s.t.
any reduction sequence starting from 7 can be arbitrarily long. The well-known
example is the net corresponding to the untyped A-term (Az.(x)z)Az.(x)z (see
[Dan90], [Reg92]). We give in Figure 7 a slight variant (which is not a A-term),
due to Mitsu Okada.

8Notice that every !-link of 7/ which contains a copy of 7° is considered a residue of the
corresponding !-link of 7, even though it has different auxiliary conclusions.
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Figure 8: example of two head reductions with different length in the “traditional
syntax’™ reducing first the cut ¢ and then the cut u gives the same result as
reducing at once u. The reader can check that in our syntax both ¢(7) and u(7)
reduce in exactly one step to the same net.

Remark 10 The syntax chosen for ps and nets is often called “nouvelle syn-
taxe”. With respect to our purposes (the semantic measure of cut reduction)
this choice is crucial. Indeed, one of the key property we are going to use is the
fact that two head (or stratified) reductions of a ps 7 leading to a cut free ps
mo always have the same length (see Corollary 29). This would be wrong in the
“raditional” syntaz of nets (the original one of [Gir87], or its untyped version,
see [PTdF07]), as the reader can see in the example of Figure 8.
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3 Denotational semantics

We define here the model allowing to measure execution time. It has a categori-
cal presentation, and it is possible to compute the interpretation of nets directly
in the model (without using the sequentialization theorem). Our aim is to use
the multiset based relational model (in the category Rel), but notice that we
want to interpret untyped srtuctures.

In Subsection 3.1, we describe the main ingredients necessary to define a model
of untyped nets. As it is well-known, the shift form typed to untyped models
essentially relies on the choice of a suitable object in the category used in the
typed case. The same applies here, but it turns out that in order for our model
to relate precisely interpretations of nets and their execution, duality needs to
be “visible” in the semantics. More concretely, we know that in Rel the linear
formulas A and A+ have the same interpretation. In the absence of types, this
means that we do not know whether -say- a couple (z,y) is an element of the
interpretation of a formula of the shape A ® B or A% B. This information
is necessary for our purposes: more precisely we need it to prove Lemma 23
of Subsection 4.1. We show, in Subsection 3.2, how to choose an appropriate
object D of Rel. The last Subsection 3.3 is devoted to adapt to our model (i.e.
to the choice made in Subsection 3.2) the notion of experiment.

3.1 A categorical framework for interpreting untyped nets

We outline, in this subsection, a categorical interpretation of untyped multi-
plicative and exponential Linear Logic. We introduce for this purpose a sequent
calculus that corresponds to the multiplicative fragment: the sequents are of
the shape - n, where n is a natural integer.

_bFn exchange with 0 € G,,
Fo(n)
o Fm+1 Fn+1
axiom
F2 Fmn cut
Fm+1 Fn+1 ® Fn+42 3
Fm+n+1 Fn+1
— 1 Fn
F1 Fn+1 L
Fm  Fn . ——— daimon
Fmtn X =0

We want to interpret this sequent calculus in a MIX category (see [CS97] for
the definition of MIX category) in such a way that a sequent - n is interpreted
by a morphism from 1 to 2y, D, where 1 is the unit tensor and D is a par-
ticular object of the category. So, we define an object D of the category and 6
morphisms f, g, fpep, fp3D, f1 and f1 in the category such that :

e f is a morphism from D+ to D;
e ¢ is a morphism from D to D*;

e fx is a morphism from X to D for X e {D® D,D® D,1, 1}
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that satisfy the following equations :
® gof=idpy;
* fpwpT 0 g0 fpep = 9 © g;
o fpeptogo fosp =g g;
o fitogofi =id
e and f1iTogo fI =id,.
These morphisms are used as follows :
e we use [ for the interpretation of the axiom rule;
e we use g for the interpretation of the cut rule;
e we use fx for the interpretation of the X-rule, where X € {®,%,1, L}.

To accomodate (untyped) exponentials in a categorical structure, we need two
more morphisms:

e fip is a morphism from !D to D
e and f7p is a morphism from ?D to D

such that
e fopTogo fip=lg

e and f!DL ogo frp ="g.

3.2 Relational semantics for untyped nets

We define, in this subsection, the model where we are going to intepret nets
in Subsection 3.3. We start from the well-known category Rel of sets and
relations, having in mind the usual multiset based relational model (® and %
are the cartesian product, 1 and L are the singleton {x}, ! and ? are the finite
multisets functor). From Subsection 3.1, it is clear that the delicate point is the
choice of the object D. It turns out that the more naive choice of such an object
is not suitable for our purposes. Indeed, let A’ be a set that doesn’t contain any
couple nor finite multisets nor x. The first idea is to set D' = |J, . D.,, where
D!, is defined by induction on n as follows:

neN

o D[ =A U{x};
* Dy =Dy u(D;

n

x D7) UM (Dy,).
We set

f=g=idp
and

fx={(z,z);z€eX}: X—>D'for Xe{D' @D, D'®D 1,1,D 7D}

The choice of D’ leads to a semantics where nets that have clashes can have
a non-empty interpretation. For example, by adding an axiom link to the two
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clashes of Figure 2, one obtains (following Definition 11 where one substitutes D’
for D) two nets with a non-empty interpretation. This would contradict Lemma
23 of Subsection 4.1, which is essential to prove our main results of Section 5.
That’s why we choose another object D (instead of D’) of the category of sets
and relations, thus obtaining a different model, suitable for our purposes. A key
feature of D is that, for every € D, one has x # z. This will be used to
prove Lemma 23 (see also Definition 30 of Subsection 4.2).

Let A be a set that doesn’t contain any couple of the shape (+, z) nor (—, ) and
let ¢ be an involutive bijection on A without fixpoint. We set D = |J,, oy D,
where D,, is defined by induction on n as follows:

e Dy=Ae(1lal);
® Dpi1=Do® ((Dr, ® Dy) & (D, ® Dy)) ® (1D, ®7Dy,),

BUC if B and C are disjoint
{+}xB)U{-} xC) else.

For x € D, depth(z) is the least integer n such that x € D,,. For x € D, we
define 2+ by induction on depth(z):

o if 2 € A, then 2t = (x) ; we set (+, %)~ = (—, %) and (—, )L = (+, %) ;

WhereB@C’:{

e we set (+,y)1 = (—,yt) and (—,y)* = (+,y1).
We set

f=g={@t2);2€eD}: D—D
fx ={(z,(+,2);2€X}: X - D for X € {D®D,1,'D}
and fx ={(z,(—,2));2€X}: X—>D for Xe{D®D,L,7D} .

Notice that, contrary to the previous case (D’), here D® D ¢ D (and the same
holds for 1,!,%, L,7?) and fpegp # fpxp (and the same holds for 1/L1, /7).
Furthermore, notice that if z € 1,D ® D,!D (resp. = € L,D%® D,?D), then
(+,2) € D (resp. (—,x) € D).

In this categorical structure, we know that we can compute the interpretation
of a net directly, that is by experiments and without sequentialization. We do
it in the following subsection.

3.3 Experiments

For a pps m with n conclusions ¢y, ...,c,, we define the interpretation of w
according to the sequence (ci,...,c,), denoted by [n]¢, . . .., as a subset of
297" | D, that can be seen as a morphism from 1 to 2y, D. If y = (z1,...,3,) €
75’?:1 D, then y; denote z;. We compute [7].,.... ., by means of the experiments
of m, a notion introduced by Girard in [Gir87] and central in this paper. We
define an experiment e of m by induction on the depth of m: remark that the
following definition is slightly different from that used in [TdF03], namely e is
defined only on the edges of flat(w).

Definition 11 (Experiment) An experiment e of a pure pre-structure m, de-
noted by e : 7, is a function which associates with every !-link o of flat(w) a
multiset [e3,...,e2] (k > 0) of experiments of 7°, and with every edge a of
flat(w) an element of D, such that if a,b,c are edges of flat(w) the following
conditions hold (see Figure 9):
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x zt x Y T Y
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Figure 9: experiments of pure proof-structures

e if a,b are the conclusions (resp. the premises) of an ax-link (resp. cut-link),
then e(a) = e(b)*;

e if c is the conclusion of a 1-link (resp. 1-link), then e(c) = (+, %) (resp. e(c) =
(_v *))’

e if ¢ is the conclusion of a ®-link (resp. %-link) with premises a,b, then e(c) =
(+,e(a),e(b))? (resp. e(c) = (—, e(a),e(b)));

e if c is the conclusion of a b-link with premise a, then e(c) = (—,[e(a)]);

e if c is the conclusion of a ?-link with premises aq,...,an, and for every i < n,
e(a;) = (—, p;), where u; is a finite multiset of elements of D, then e(c) =

—, > icn Wi ) in particular if ¢ has no premises, then e(c) = (—,[]);

e if c is a conclusion of a !-link o of flat(w), let 7° be the box of o and e(o) =
[€9,...,€e%]. If ¢ is the main conclusion of o, let c° be the main conclusion of
w0, then e(c) = (+, [€9(c?),...,e2(c?)]), if ¢ is an auziliary conclusion of o, let
c® be the auziliary conclusion of ©° associated with c, and for every i < n, let

e2(c?) = (= ), then e(c) = (=, Dy i),

If c1,...,c, are the conclusions of w, then the result of e according to the
sequence (ci,...,¢y), denoted by |e|c,.... ¢, is the element (e(c1),...,e(cn)) of
2" D. The interpretation of 7 according to the sequence (c1,...,cy) is the

set of the results of its experiments:

[[W]]q,...,cn = {|6|C1;~~~7Cn ;eimh .

The subscripts ., ... c
write 7] or |e|.

will be omitted when irrilevant, in which case we simply

n

In general an experiment e of a ps 7 is uniquely determined by its values on the
axiom conclusions and on the !-links of flat(w); if moreover 7 is head-cut free,
then any (compatible) choice of values for the axiom conclusions and for the
I-links of flat(m) defines an experiment. In Figure 10 we give some examples of
experiments: consider the net 7 and the experiment e defined by the topmost

9By definition of D, to be precise we should write (+, (e(a), e(b))), but to improve read-
ability we omit here (and in the sequel) some parenthesis and we simply write (+, e(a), e(b)).
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net of Figure 10. If one enumerates 7’s conclusions from left to rigth, then one
has le|c, e, = ((—,2[z] + 2[y]), (—,2[z"] + 2[y*])). The interpretation of r is:

{ ((—,[xl,...,x4]),(—,[xf,...,xi])); x; € {(—, %), (+,%x)}UA, }

[[77]}01702 = for i < 4

The reader can check that every cut reduct of 7 (for example the nets 7o, 73, 75
of Figure 10) has the same interpretation as 7. Indeed the invariance of the
interpretation under cut reduction is a key property, stated by the well-known
theorem:

Theorem 12 (Soundness) Let 7,7’ be two ps with n conclusions cy, ..., cy

PRrOOF. Standard (see [Gir87]): the theorem is also an immediate consequence
of our lemma 20. O

The empty net has no conclusion and it has exactly one experiment: the
unique function with empty domain. It is worth noticing that the interpretation
of the empty net is not the empty set: it is the singleton of the empty sequence
{()}. By Theorem 12, this means that every ps reducing to the empty net is
interpreted by {()}. Of course there are ps having an empty interpretation, for
example take any ps with an head-clash: no experiment meets the cut condition
of Figure 9. More interesting examples of ps having an empty interpretation,
are those ps from which starts an infinite head-reduction sequence.

The following definition introduces an equivalence relation ~ on the experi-
ments of a ps 7: intuitively the ~ equivalence classes are made of experiments
which associate with a given !-link of 7 multisets of experiments with same
cardinality (but nothing prevents two equivalent experiments from choosing dif-
ferent cardinalities for different !-links). This relation, as well as the notion of
substitution defined immediately after, will play a role in Section 5.

Definition 13 (Equivalence ~) For every pps m, we define an equivalence
relation ~ on the set of experiments of w. If w is of depth 0, then, for every
e:m e :m, we have e ~ €'. Else, for every e : w, € : m, we have e ~ €’
if, and only if, for every !-node o of w, there exists an integer m, there exist
e1: 7m0 ..., em im0 el O, .. el w0, where w° is the box associated with the
node o, such that

e we have (o) = [e1,...,en] and €'(0) = [e,...,el.] ;

e and, for every j € {1,...,m}, we have e; ~ ¢’.

For example, recall the experiment e : 7 defined on the topmost net of Figure
10: the ~-equivalence class of e is the set of all experiments of m which takes a
multiset of cardinality 4 on the left !-link and a multiset of cardinality 2 on the
right !-link.

Definition 14 (Substitution) A unary substitution o s a function from D
to D such that

e forz €D, o(a*) = o(a)*
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e for every y, z € D, we have o(p,y,2) = (p,o(y), 0(2))

e and for every x1,...,x,m € D, we have:

O'(p, [xh s 7xm]) = (pa [O—(xl)a s ao—(xm)])

where p € {+,—}. We denote by S1 the set of unary substitutions. If ¢ is a
function from a subset B of AU{(+,*)} to D, then there exists a unique o € S
such that for every x € AU {(+, %)}, we have

o(z) = o(x) if v € dom(p)
x if x ¢ dom(p) U (dom(p))

We denote by © this 0. For every integer n > 1, an n-ary substitution 7 is a
function from 7Y D to 7Y | D such that there ezists 0 € Si such that for
every y € 7Y D, for everyig € {1,...,n}, 7(y)i, = 0(yi,). We denote by S,
the set of n-ary substitutions. For every o € S1, for every integer n > 1, o™ is
the n-ary substitution defined by

o"(y); =o(y;) fori e {1,...,n}.

Notice that a function ¢ from a subset B of AU {(+,%)} to D uniquely
determines, for every n, an n-ary substitution, which will be denoted by " in
the proof of Lemma 44.

A similar notion of substitution plays a crucial role in [Pag07]. In our setting, an
important property is that the interpretation of a pps is closed by substitution,
as the following lemma shows.

Lemma 15 Let ™ be a pps with n conclusions ci,...,c,, let € : 7 and let
o € S,. Then there exists e : w such that o(|¢|cy .. .c,) = |€ler,....c, and e ~ €.

n

PrOOF. Immediate consequence of Definitions 13 and 14. Formally, by induc-
tion on s(m). O
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4 Relating reductions and experiments

In this section we make a first step in relating execution time and semantics:
we precisely relate head and stratified reductions to experiments (we already
pointed out in the introduction how experiments can be though as objects in
between syntax and semantics). The second (and last) step is the shift from
experiments to their results, and this is precisely the purpose of section 5.

The main results of this section are Proposition 24 and Theorem 27 for head
reduction (Subsection 4.1), and Proposition 34 and Theorem 38 for stratified
reduction (Subsection 4.2). Proposition 24 (resp. Proposition 34) proves that a
net is head-reducible (resp. stratified-reducible) to an head-cut free net (resp.
a cut free net) 7’ if, and only if, it has at least one experiment (resp. one
ezhaustive experiment, see Definition 30). Then we give a quantitative insigth
of this correspondence reduction/experiment: Theorem 27 (resp. Theorem 38)
recovers the number of steps of m ~% 7’ (resp. 7 ~»* 7') from the notion of size
(see Definition 16) of an experiment (resp. of an exhaustive experiment).

A central tool of the paper is Lemma 20, called Key-lemma, which points
out that experiment sizes provide a counter for head and stratified reduction
steps. The first part of the section is devoted to prove the Key-lemma. We then
use it to relate head reduction and experiments (Subsection 4.1), and we finally
adapt the thus obtained results to the more general case of stratified reduction
(Subsection 4.2).

Definition 16 (Experiment size) Let e : 7, we define the size of e, s (e) for
short, as follows:

se)=s(fam)+ Y Y s(e)

o€!(flat(w)) e°€e(o)

Notice that the part of s(e) which really depends on e, is the number of
copies e chooses for the !-links, the rest depends only on the ps 7. In particular
we have:

Fact 17 For every pps =, for every e : m, ¢ : w such that e ~ ¢’, we have

s(e) = s(e).

PrOOF. Immediate consequence of the Definition 13 of ~ and on the previous
remark. Formally, by induction on depth(r). O

Definition 18 (Size of an element) For every x € D, we define, by induc-
tion on depth(zx), the size of x, denoted by s(x):

if x € A or x = (p,*), then s(x) = 1;
if © = (p,y,2), then s(z) =1+ s(y) + s(2);
if v = (p,[21,. .., 2n]), then s(x) =1+ 377", s(x));

wherep € {+, —}. For every (x1,...,x,) € 2§ D (n>0), we set s(z1,...,2,)

Z?:1 8(337)
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Let’s now give an example of size computation: recall the experiment e : 7
on the topmopst net of Figure 10. We have: s(ef,),s(e") = 3 and then
s(e) =8+ 18 = 26, as for the result s (je]) =5+ 5 = 10.

Notice that for every point z € D or x € %Y | D, s(z) is the number of
occurrences of +, — and elements of A in = (view as a word).

The following lemma shows that the size of every experiment on a cut free
pps is at most the size of its result. More precisely, if © has no structural
conclusions and e : 7, then s (e) < s (Je|):

Lemma 19 Let 7w be a cut free pure pre-structure with n conclusions cy, ..., cp
and let ¢ : . Then we have

n

s(e) < Y sleler) — k

i=1
where k is the number of structural conclusions of .

PROOF. The proof is by induction on s(m).

Assume that flat(n) is a !-link. We denote by o this link. Set e(o) =
[e1,...,en] and let w° be the box of 0. Note that k =n — 1.

There exists ig € {1,...,n} such that ¢;, is the main conclusion of 0. We de-
note by ¢, the main conclusion of 7°. We have e(c;,) = (+,[e1(cf,), - - -, em(cf))])s
hence s(e(c;,)) = 1+ 3272 s(ej(cf)).

Let i € {1,...,n}\ {i¢0o}. Then ¢; is an auxiliary conclusion of 0. We denote
by ¢ the auxiliary conclusion of 7° associated with ¢;. We have e;(cf) =

(—, ;) for j < m and e(c;) = (—,Z;’;luj), which implies that s(e(c;)) =

Sty s(ej(ed)) — (m—1).
We have

s(e) = 1+ Zs(ej)

7)) — k)

IA
.
_|_

NE
=
Q@
=

(because by induction hypothesis s(e;) < Z s (ej(c})) — k)

= 1S sles(ef)) — mk
j=11i=1

= 130 slesled) — mk
i=1 j=1

= 1Y s+ S S s(es(e) — mk
= 1<i<n 7=
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j=1 1<i<n =1
1 # 1o
= 14 sleje@eN+ > O se(e) = (m—1)) = (n—1)
J=1 1<i<n 771
1 # 1o
= 14 sle(@ N+ Y O slei(e)) — (m—1))—k
j=1 1<i<n 771
1 # 1o
= s(e(e)) — k
i=1
The other cases are left to the reader. O

In [Gir87] p. 61-70, Girard shows that also in the semantics we have a notion
of residue under cut reduction. Namely, he proves that if 7 ~ 7/, then every
: «, : 9 —> / - :
experiment e : 7 has a “residue” e : 7’ s.t. |e] = | €|, as well as every experiment

/ /|_

¢ : 7' has an “ancestor” ¢ - T, s.t. |e le’|. This fact has as a consequence
the invariance of the interpretation [7] under cut reduction (here Theorem 12).

In the following Lemma 20 we refine Girard’s proof, by pointing out that,
in case of head-reduction, not only e and € have the same result but also
s (7€) = s(e)—2. Such a new “quantitative” insight in the relationship between e
and its residue ¢ is at the core of our program to study computational properties
by semantic means.

Before proving Lemma, 20, let us consider an example. Take the experiment
e : 7 of Figure 10 and consider m ~», my: the labelling of m1’s edges and !-
links defines a residue € : m of e (at least according to the construction of
residue given by Girard in [Gir87]). The reader can check that | €| = |e| and
s(€) =6+18 = 24 = s(e) — 2. It is worth noticing that e : 7 has more

than one residue: let e (resp. ef) be the experiment of the box of m; which
i

'

takes the values z,x" (resp. y,y") on both the axioms in the box, and let

e’ be the experiment of 7m; which differs from e on the !-link u, where we

= w LW : = (73] 9 =4
set €' (u) = [e,; ,e,’]. The experiment e’ has the same “right” as ¢ to be
—
considered a residue of e (in particular one has |e| = |€| = |¢’|). Not only

an experiment can have several residues but it can also have several ancestors.
Indeed, consider m; ~~;, w2 and the experiment es : w5 defined by the labelling
of 5 in Figure 10: both € and ? can be consider ancestors of ey (or, said the
other way round, es is the residue of both e and ?)

Let us comment a bit this very delicate phenomenon (many ancestors, many
residues) by looking more carefully at the case of the different residues € and
@ of e. What happens is that we have a (multi)set of 4 labels of an ax-link
(the left box of 7), and cut reduction requires that we split this (multi)set in
two (multi)sets, each of which contains 2 labels. In Rel, there is no canonical
way to operate such a splitting. This is in sharp contrast to the case of coher-
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ent semantics, where there exists a unique splitting of the original (multi)set.
Actually, that’s a way to express the so-called “uniformity” feature of coherent
semantics: while a net can have different Rel experiments with the same result
(as it is the case for ¢, ? : 1), in the framework of Girard’s coherence spaces
there exists exaclty one experiment for every point of the interpretation of a
given net, and, consequently, the ancestor and the residue of an experiment are
unique. Uniformity of coherent semantics was strongly exploited in [TdF03] to
prove injectivity of fragments of Linear Logic. But this is another story. ..

Lemma 20 (Key-lemma) Let 7, 7' be two ps with conclusions c1, ..., ¢, s.t.
m ~p, . Then:

. for every e :  there is € : 7’ s.t. leley,.en = |?|C1,...,cn: and s (€) =s(e) —2;

PrOOF. Let m ~», 7' and ¢ be the reduced cut of m. Remember that by
definition of ~vj, ¢t has depth 0 in 7. Let « (resp. ') be the maximal flat at
depth 0 of 7w (resp. 7’). The proof splits in four cases, depending on the type
of t.
Case (ax). If t is of type (az), then our ps are as in Figure 3. Let us prove
point 1: consider e : 7, we define € : 7’ s.t. |e| = | €], and s(€) = s(e) — 2.
Let d’' (resp. o') be an edge (resp. !-link) of o/, then d’ (resp. ¢’) is the residue
of a unique edge d (resp. a !-link o) of a. Moreover the pps associated with
every o is the same as the one associated with 0. We set: € (d') = e(d) (resp.
€ (0") = e(0)). Notice that e is well-defined, in particular because e(a) = e(c)
(in fact e(a) = e(b)* = (e(c)t)t = e(c)), and it satisfies the conditions of
Definition 11.

Clearly |e| = | €|, since every conclusion d’ of 7’ is the residue of a conclusion
d of m and vice versa, so that ¢ (d’) = e(d). Moreover, notice that:

SO s(¢) =2 X s

o’€l(a’) e €€ (o) o€!l(a) e°€e(o)

~1

— —
. for every ¢ : 7' there is ¢ : w st. |€e.. e = |€lcrscn, aNd s(
s(e')+2.

while s (¢/) = s(a) — 2, since a and b have been erased by the reduction of t.
We conclude that: s () = s (e) — 2.

Conversely, let us prove point 2: consider ¢’ : 7’. If d (resp. o) is an edge
(resp. a !link) of «, then d (resp. o) has a unique residue d’ (resp. o) in
o, except if d = a,b. Moreover the pps asso(c_iated with every o’ is the same
as the one associated with o. Then define: €' (d) = €'(d') if d # a,b (resp.
<e_’(o) = ¢€'(0')), and (e—’(a) = ¢€'(c), <e_’(b) = ¢/(¢)*. As in the former case,
notice that ¢ is well-defined and prove that |<e_’| = |¢’|, and s (<e_’) =s(e)+2.
Case (®/%). If t is of type (®/%), then our ps are as in Figure 4. As in the
former case, every edge d’' (resp. !-link o’) of o’ is the residue of a unique edge d
(resp. !-link o) of a and vice versa every edge d # a, b (resp. !-link o) of « is the
ancestor of a unique edge d’' (resp. !-link o’) of o/. Moreover the pps associated
with every !-link o’ of o’ is the same as the one associated with its ancestor o.

«—

Hence one can define easily ¢ : 7’ from any e : 7 (resp. ¢’

e :7') s.t. point 1 and 2 hold.

: 7 from any
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1 =
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Figure 10: example of an experiment e : m and its residues under cut reduc-
tion. The value of an experiment on an edge or !-link is written as a label
of that edge/!-link. Inside the box we use different styles to describe differ-
ent experiments: in particular in the left box (resp. right box) of 7, we write
in typewriter the values of e} (resp. e") and in bold the values of e3. For
simplicity we have omitted the values on the structural edges.
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Case (1/1). If ¢ is of type (1/L1), then the case is immediate and left to the
reader.

Case (!/?). If t is of type (!/?), then our ps are as in Figure 6.!° This case
has a more delicate proof, since the !-link o dispatches several residues of its
box ¢ in 7/, especially not only in o/, but at any depth of 7’. The proof is by
induction on the arity of the 7-link w.

Base of induction. Suppose w has arity 0, let us prove point 1: let us define
€ : 7 from any e : m. If d’ (resp. I') is an edge (resp. a l-link) of o/, then
d' (resp. l') is the residue of a unique edge d (resp. !-link l) of . Moreover
the pps associated with I’ is the same as the one associated with [. So define

€ (d) =e(d) and €(I') = e(l). As usual, | €| = |e|. As for the sizes, remark
that s (o) = s(a) — 2, since a,b are the only two logical edges of a erased in
o'. Moreover, since e(0) = [], we deduce:
> s@=2 Y= X ()
le!(a) etee(l) lel(a) etee(l) rel(a’) e’ ee (')
10

We conclude: s(€) =s(e) — 2.

Conversely, let us prove point 2: consider e’ : . Let d (resp. [) be any edge
(resp. !-link) of 7 s.t. d is not a conclusion of o (resp. | # o). Then d (resp. 1)
has a unique residue d’ (resp. I') in o, moreover the pps associated with [’ is the

same as the one associated with I. So set: €’ (d) = €'(d’) (resp. (e_’(l) =ée'(l")).
Moreover define <e_’( ) =[] and <e_’(d) = (—,[]) for every auxiliary conclusion d of
o, (e—(c) = (+, []) for the main conclusion ¢ of 0. Remark that ¢ is well-defined
and check that |e’| = |¢/|, and s (e ) =s(e)+2.

Induction step. Suppose w has arity m + 1, for m > 0. Then 7 has the
following shape:

Let 7 be the ps obtained from 7 by substituting the highlighted subgraph
with the following one:

N
I

where with both 07, 03 is associated the pps 7° associated with o in 7. As
usual we denote by @ the maximal flat at depth 0 of 7.

10Ty be precise, Figure 6 deals with the general case where ¢ is at any depth of .
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Let 7’ be the result of reducing f1 in 7, so that 7 ~»;, 7. Moreover notice
that 7/ ~~), 7', by reducing the residue of #, in 7.

Now, let us define € : 7’ from e : w. At first we define an experiment € : 7,
s.t. [e] = |e| and s (€) = s (e) + 2.

Let d (resp. 1) be an edge (resp. a -link) of &. Suppose d is not a conclusion
of w; nor of 0; (resp. T+ 0;) for i = 1,2. Notice that such a d (resp. T)
corresponds to a unique edge d (resp. !-link ) of a; moreover the pps associated
with | is the same as the one associated with . So define é(d) = e(d) and
) = e(l).

It remains to define € on 67, 03, on their conclusions and on bAl, 6; Let a°
be the conclusion of 7° which corresponds to a in 7, let e(0) = [ef, ..., e2], for
n > 0, and for every i < m+ 1, let e(¢;) = (—, ui)- We know that:

ST | =) = el@)t = (. [e5(a), .. e (a )

i<m-+1

This means that >, 1t = [e9(a®)t, ... €% (a®)t], hence there is a func-
tion f : {1,...,n} — {1,...,m+ 1}, st. for every j < m + 1: e(c;) =
[e2(a®)* s.t. i € f71(4)].1* So fix f once for all, and define:

&6 = [ef st ie (1)
e(0s [ef st i€ fH(H),2< ) <m+1]
ea) = (

)
[
i
(]
E

2<i<m+1

as well as, for every auxiliary conclusion d; of 0;, i = 1, 2:

2<j<m+1
ief = (j)

where d is the conclusion of o corresponding to d; and ds, d° is the conclusion
of 7 corresponding to d, and for every j < m + 1,i € f~1(j), e?(d°) = (—, v).

1UNotice that this fuction is not necessarily unique (due to the fact that
[€9(a®)*, ..., e2(a®)L] is a multiset), and this implies that € is not unique (and similarly for
point 2, ‘€ is not unique): recall the example of Figure 10.
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One can prove easily that |¢| = |e|. Concerning the sizes, remark that s (@) =
s (@) + 2, since the logical edges a, b of o have been duplicated in @. Moreover:

Z s(e?) = Z s(ea)+ Z s(e@)
e°€ce(o) e®1€e(61) %2 €2(63)

So we conclude:

s (@) 5 (@) + Xtei(a) Leice(d) (elA)

7 S
S (Oé) + 2+ EEOEE(O) S (60) + ZlAE!(a) Eefe’é(lA) S (el)
61,6
5() + 24 Xici(a) Detee S (€1)
= s(e)+2

Now that we have such an experiment ¢, we can define ¢ : 7/ using Lemma
21. Recall that 7’ is the result of reducing ¢; in 7, hence by Lemma 21, we obtain

. = = = s . . .
an experiment e : 7, s.t. |€|= €] and s (e) = s(€) — 2. Finally, since 7’ is
the result of the reduction of the residue of #; in 7/, by induction hypothesis we

. . — ’ — = — =
obtain an experiment ¢ : 7’ s.t.: | €| =|¢| and s(e):s(e) —2.

We conclude:

and

—

s(?)zs(g)—2=s(a)—4:s(e)_2

—

The definition of an experiment ¢’ : 7 from an experiment ¢’ : 7’ is com-
pletely symmetric to the definition of € : 7/ from e : 7 and it is left to the
reader. O

Lemma 21 (Auxiliary lemma) Let 7 be a ps, t be an head-cut of © of type
(1/7) s.t. the ?-link directly above t is unary. Let ' be the result of the reduction
of t, then:

. for every e :  there is € : 7' s.t. le|] = |€|, and s (€) = s(e) — 2;

— — —

. for every ¢’ : 7’ there is € :m s.t. || =€, and s (e’) =s(e)+2.

PROOF. Let a (resp. ') be the maximal flat at depth 0 of 7 (resp. 7'), w be
the unary ?-link whose conclusion is a premise of ¢, v be the b-link associated
with the unique premise of w: the proof is by induction on the depth of v.
Base of induction. If v is in «, then:
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where 7° is the proof-net associated with o in 7, ¢ (resp. g) is the premise of w
(resp. v). Let a® be the maximal flat at depth 0 of 7°.

We prove point 1: let us define ¢ : 7’ from e : m. First of all remark
that e(o) = [e°], since the multiset in e(a) contains exactly one element (that
is e°(a®) = e(g)*t). If d’ (resp. I') is an edge (resp. a !-link) of o/, then its
ancestor d (resp. [) is in « or in a°. In the first case, set: € (d') = e(d) (resp.
€ (") = e(l)); in the second case: € (d') = e°(d) (resp. € (I') = e°(l)).

Clearly |e| = |€|. Moreover notice that s(a’) = s(a) + s(a") —2 (s
reduction erases the logical edges a and b), so that:

s(@) = s(0)+ ey Sereean s (&)

= 5 () +5(a%) =24 X ici(a0) Deteeoqy S (€) + Zﬁ!(a) Dereeqy s (€)
= s(a) —2+s(e?) + Zﬁ!(a) Dereeqy s (€)

= s (e) —

/

-
We prove point 2: let us define ¢ : 7 from e’ : /. Let d (resp. [) be
an edge of o s.t. d is not a conclusion of o neither conclusion nor premise of
w (resp. 1 # 0). Then d (resp. o) has a unique residue d’' (resp. !') in o:
— —
set € (d) = €'(d’) (resp. €' (I) = €'(I')). Let e° be the restriction of e’ to x°
& “—
(which is a subpps of 7’) and define ¢’ (0) = [e°], €' (a) = (+,[e°(a®)]) and
— — — —
e (b), e (c) = ¢ (a)t = (—,[e'(g")]), and finally, for every auxiliary conclusion
—
fofo, (e_’(f) = e°(f°). Remark that this definition of ¢ makes sense (i.e. € is
indeed an experiment).
— —
As in the former case, one can prove |¢/| = |e’| and s(e) = s (e’) —2.
Induction step. If v is in a link u, then:
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,
<

™= ) T =

where 7° (resp. 7*) is the pps associated with o (resp. u) in 7, ¢ (resp. g) is the
premise of w (resp. v). Let now e : 7 and let us define ¢ : 7’. Let d’ (resp. I')
be an edge (resp. a !-link) of o/, then its ancestor d (resp. [) is in a. Moreover
if [ # u, then 7" = 7. So set: €(d') = e(d) and € (I') = e(l), when [ # u. Tt
remains to define ¢ (u/). In order to do this, consider the following pps 7:

eb
|

where 7° is associated with 0. Remark that T ~», 7%, so we can apply the
induction hypothesis to 7 (indeed the depth of v in 7 is less than that of v in
7).12

Let us define from e : 7 an € : 7. Let a be the maximal flat at exponential
depth 0 of 7. Let e(0) = [e},...,€e9] and e(u) = [e},...e}], for h,k > 0. By

i

definition, e(b) = e(a)", i.e. (—h Zigh[ef(ao)]) = (—,ngk uj), where a° is
the conclusion of 7w associated with a, c* is the conclusion of 7* associated with
¢, and for every j < k, e¥(c") = (—, ;). This means that Y, [ef(a%)] =
> j<k M, i-e. there is a function'® f: {1,...,h} — {1,...,k}, s.t. for every
J<k =21 [€9(a®)*]: let us fix such an f once for all.

For each j <k, let €; : T be defined as follows:

o for every !-link lea:

— if T is in 7%, set: é}(i) = ef(l),

— otherwise [ = 0, then define: €;(0) = [e¢ s.t. i € f71(4)],

12Recall that cut reduction is defined on ps and not on pps, however we have adopted the
convention to speak of the cut reduction of a box 7°, meaning the cut reduction of the ps
obtained by adding to 7° the ?-links of 7w associated with the structural conclusions of =.
13By the way, notice that this function is not unique.

RR n° 6441



32 Daniel de Carvalho Michele Pagani Lorenzo Tortora de Falco

e for every edge d e a:

— if d is in 7Y, set: eAJ(cT) = ej(d),

— otherwise, d is b or a conclusion of o . Define: e?(g) = e}f(cA“) =
ey(c), €(@) = (+,[ef(a®) s.t. i € f1(4)]), and for every other aux-
iliary conclusion d of 0, let €;(d) = (_vzz'effl(j) yi), where d° is
the conclusion of 7° associated with c?, and for every i € f~1(j),

e7(d?) = (= vi).

Remark that €; : 7 is well-defined, in particular @(3) = é;(a)™, since by defi-
nition of e; and that of f, e?(?)\) =ej(c") = (=) = (—, Zief_l(j)[ef(ao)ﬂ) =
& (@)

Applying, for every j < k, the induction hypothesis to 7, we obtain the

€1

existence of e}‘, ) st |e}‘,| = |€;| and s (e}*l) =s(€)—2.

Finally we can complete the definition of €, by setting: € (u') = [e¥,...,e¥].
We leave to the reader the proof that ¢ is well defined and that |e| = | € |. Let
us prove instead that s (€)= s (e) — 2.

We know that s (o) = s (a) — 2, since a, b have been erased by t’s reduction;
moreover, for each j <k, s (e}‘,) = s (€;)—2. Notice that, by the definition of €},
we known that: s (€j) = Y ,c;-1(;) s (¢9) +5 (e}) +2 (42 since 7 has the logical

edges @,b in addition to ° and ™). So, s (e}‘,) = Diep1(y 5(€f) +s (e3+)7

from which we conclude that:

S(F) = 5(0)+ Lyeay Levewa s (¢")
= 5(0) =2+ Dree) Turea s (¢) + Teveriu 5 (<)
= s (a) -2+ Zéi‘((]) ZelEe(l) s (el) + Ze"Ee(o) s (eo) + Ze“Ee(u) 8 (eu)
= s(e)—2 ,

—

The definition of an experiment ¢’ : 7 from an experiment ¢’ : 7« is com-
pletely symmetric to the definition of € : 7/ from e : 7 and it is left to the
reader. O

4.1 Measuring head-reduction

In this subsection, we use the Key-lemma (Lemma 20) to relate head reduction
and experiments.

We now define so(7), an integer associated with a pps 7, which only depends
on [r]. Consider the nets of Figure 10: we have so(m) = 10, which is equal to
sp of every 7’s reduct. Indeed, an immediate consequence of Theorem 12 is that
when m ~~* 7’ one has so(7) = so(7').
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Definition 22 For every pps w, we set

so(m) = Inf{s(z); x= € [r]}.

The first “measure” we give is purely qualitative: we show that a net can be
head-reduced to a head-cut free one iff its interpretation is not empty.
In the following lemma, the fact that for every 2 € D one has xz # z* plays a
crucial role: as mentioned in Subsection 3.2, the choice of D instead of D’ is
essential (the lemma would be wrong for the model induced by the choice of
D).

Lemma 23 Let 7 be a pps. If [r] is non-empty, then m has no head-clash.

PRrOOF. If a,b are the two premises of a clash, then there is no experiment e
s.t. e(a) = e(b)*. O

Proposition 24 Let m be a net with n conclusions ci,...,c,. There exists a
head-cut free net my such that ™~} mo if, and only if, [7]c,...c, is non-empty.

n

PROOF. Assume there exists a head-cut free net my such that © ~»} my. Since
mo is head-cut free, then it is possible to define experiments on 7, so that
[mo]ey.,....c, is non-empty. We conclude that [7]c, . ..., is non-empty by Theorem
12.

Now, we prove the converse by induction on so(7). At first remark that
7 has no head-clash by Lemma 23 as well as it has no head-deadlock, since it
is a net (i.e. a switching acyclic ps, recall Definition 8). Thus, 7 is head-cut
free or it has a reducible head-cut ¢. In the first case, set myp = w. Suppose
it is the second case. Then there exists an head-cut ¢ which is reducible ; we
denote by 7’ the result of the reduction of ¢t. By Lemma 20, so(7’) < so(7), so
we can apply the inductive hypothesis to 7’ (we know that [7'] is not empty
by Theorem 12): there exists a head-cut free net my such that 7' ~»} m. We
conclude that: m ~»p, 7' ~>% mo. O

We now turn our attention to the “quantitative” aspects of our result: we
show how experiments allow to compute the precise number of head cut reduc-
tion steps of a given ps.

Fact 25 Let w be a head-cut free pps with n conclusions c1,...,c, and lete:
be such that

for every conclusion a of every ax-link, we have e(a) = (p,*) with p € {+,—} ;

and for every !-link o, we have e(0) = [ ].

Then we have
s (leley,.en) = s(flat(m)) + k

where k is the number of structural conclusions of .

PrOOF. By induction on s(m). O
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Lemma 26 Let 7 be a head-cut free ps. We have
so(m) = s(flat(m)) = Min{s(e); e: m}.

ProOOF. It is a consequence of Fact 25 and of the following property of any
experiment e satisying the hypothesis of Fact 25: s(le|) = Inf {s(|e]); e : 7},
s(e) = Min{s(e); e: 7} and s(e) = s(|e|).

Indeed, s(|e|) = Inf {s(|e]); e : w} implies that so(7) = s(|le|) = s(flat(m)) (by
Fact 25). From Min{s(e); e : 7} = s(|e|), we then deduce that Min{s(e) ; e :
7w} = so(m). O

Theorem 27 Let m be a ps and let ©’ be a head-cut free ps. For every head-
reduction sequence R from m to 7', for every eq : w such that s(eg) = Min{s(e);e :
7w}, we have

length(R) = (s(eo) — s0(7))/2 .

PROOF. Because 7’ is head-cut free, it is always possible to define an experiment
of 7 (associate anything to the conclusions of az-links and the emptyset to every
Hink of 7'). From [n] = [#'] (Theorem 12) one deduces that there exists e : .
Let e : m be such that s(eg) = Min {s(e) ; e : w}. The proof is by induction on
length(R).

Assume length(R) = 0, i.e. 7 = 7’. In this case, by Lemma 26 one has
so(m) = s(ep)-
Assume length(R) = n > 0, i.e. R =7 ~»), m ~»} 7. By Lemma 20, there is
an experiment eg : 7 s.t. |eg| = |eo|, and s(eg) = s (eg) — 2. Still by Lemma
20, if ey : m then there exists &1 : 7 s.t. s(e;) = s(€1) — 2. Then s(eg) =
Min{s(e);e: m}. By Theorem 12, we have [r] = [r1] hence so(7) = so(m1).
We can then apply the induction hypothesis to w1 (71 ~3 ' in n — 1 steps and
Min{s(e);e:m} =s(eg)):

n—1 = (s(e) = so(m))/2
(s(eo) — 2 = so(m))/2
= (s(eo) —so(m))/2—1 .

O

The reader can check the theorem with the nets of Figure 10: so(7) = 10,
s(ep) = 26, and indeed every head-reduction sequence from 7 to 7g consists of
8 head-reduction steps.

Remark 28 The reader might be surprised that while Proposition 24 is stated
for nets, its “quantitative” version Theorem 27 is stated for ps. The point is that
in Theorem 27 we assume the existence of the cut free ps 7', which is a strong
assumption: it guarantees the existence of an experiment of ™’ (because it is cut
free) and thus of an experiment of m (by Theorem 12): this is all what we need
to establish the number of head cut-elimination steps leading from the ps m to
the head-cut free ps w'. With this respect, the geometric property expressed by
Definition 8 is not necessary.
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An immediate consequence of Theorem 27 is the following:

Corollary 29 Let 7 be a ps, and 7}, 72 be two head-cut free ps. For every head-
reduction sequence R' (resp. R?) from w to m§ (resp. 73 ), we have length(R') =
length(R?).

4.2 Measuring stratified reduction

We adapt in this subsection the results previously obtained (namely Proposition
24 and Theorem 27) to the case of stratified reduction. We introduce for this
purpose the notion of ezhaustive element of D. In the following definition, the
multiset !z is clearly related to the notion of projection of [TdF03]. Also, it
is worth noticing that the definition of ezhaustive experiment only rely on the
notion of exhaustive point of D: if 7 and n’ are pps with the same number of
conclusions and if e : m and €’ : 7’ are such that |e| = |¢/|, then either e and e’
are both exhaustive or they are both non exhaustive.

Definition 30 (Exhaustive element) Let x € D, we define the set \z by
induction on depth of x (see Section 3):

lz = QforzeDp=Ad (1@ 1)
! (p7 (.’13, y)) = !$U!y
!(_,[Cfl,...,ifn]) = U'xl
!(+,[$1,...,$n,]) = {[l‘l,...,xn]}u LJ'J;7

where p € {+,—}. We say that z is exhaustive whenever lx doesn’t contain the
empty multiset. An element (x1,...,x,) of 75’?:1 D is exhaustive when x; s
ezhaustive for every i € {1,...,n}. An experiment is exhaustive if its result
is ezhaustive. Given a set X C D, we denote by X* the set of the exhaustive
elements of X.

Again (as mentioned in Subsection 3.2), the fact that Vo € D one has v # x*,
has a consequence here: it might very well be the case that x is exhaustive while
1 san?
r— 1sn't.

Given a pps m, we are going to use exhaustive experiments eg : 7 such that
s(eg) = Min{s(e); e : 7 is exhaustive}. In case 7 is cut free, these exhaus-
tive experiments are exactly the ones called 1-experiments in [TdF03], as the
following Fact shows.

Fact 31 Let eg be an erhaustive experiment of a head-cut free pps © such that
s(eg) = Min{s(e); e : w is exhaustive}. For every !-link o of flat(r), there exists
an ezhaustive experiment e(, : 7° such that

s(ey) = Min{s(e); e: m° is ezhaustive}

and eg(0) = [eg].
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PROOF. Let o be a Hink of 7. If eg(0) = [ ], then !|eg| contains the empty
multiset, thus contradicting the fact that eg is exhaustive. If eg(0) = [e}), . . ., eh]
with n > 2, then clearly s(eg) is not minimal. O

In order to extend our results to the stratified reduction, we need to refine
our main tool: the key-lemma (Lemma 20). Notice that by Definition 30 of
exhaustive experiment, residues and ancestors of exhaustive experiments are
exhaustive (the notions of residue and ancestor of an experiment refer to the
discussion before Lemma 20).

Lemma 32 Let m and ©' be two ps with n conclusions ci,...,c, such that
7w ~sg . Then:

1. for every e : w exhaustive such that s(e) = Min{s(e); e: 7 is ezhaustive}, there
exists € : ' such that |e|c,,. c, = |€ler...c, and s(€) =s(e) —2;

2. for every €' : @' exhaustive such that s(e’) = Min{s(e); e : 7 is ezhaustive},
— —

n

sCn

«—
there exists ¢’ : m such that |€|c, . c, =1€|cy,...c, and s (e’ =s(e)+2.

PROOF. Let m ~, 7’ and ¢ be the reduced cut of 7. We proceed by induction on
depth(t). We prove only 1, the proof of 2 being symmetric. If depth(¢) = 0, then
m ~p, 7w and we can apply Lemma 20. Otherwise, let o be the !-link of flat(r)
whose box 7° contains ¢: the ps t(7°) is a one step stratified reduct of 7°. Let
e : w be such that s(e) = Min{s(e’); ¢’ : 7 is exhaustive}. Because by hypothesis
the reduction step leading from 7 to 7’ is stratified, we know that 7 is head-cut
free, which allows to apply Fact 31: we have e(0o) = [e°] for some exhaustive
experiment e° : m° such that s(e®) = Min{s(e’); ¢’ : x° is exhaustive}. By
induction hypothesis (applied to e° : 7° and ¢(7°)) there exists . t(m°) such
that |E’>| = |e°| and s (E’)) = 5(e°) —2. We then define ¢ by changing the value

of e on the !-link o (and leaving all the rest unchanged): we set e (0) = [gg]
One clearly has s (¢) = s (e) — 2. O
We now define the analogue of so(7), but restricted to [7]*: s1(7) is an integer
depending only on [7]°*. Notice that (exactly like for so(7)) when 7w ~* 7/
one has [r]¢* = [7']*® (Theorem 12 and Definition 30), which implies s;(7) =
81(7'(/).

Definition 33 For every pps m with n conclusions, we set

s1(m) = Inf{s(z); « € [7]“}.
The following proposition extends Proposition 24 to the stratified case:

Proposition 34 Let 7 be a net with n conclusions ci,...,c,. Then there exists
a cut free net mo such that ™ ~7 o if, and only if, []ST . is non-empty.

sCn

PRrROOF. Assume there exists a cut free net my such that 7 ~% my. Since 7
is cut free, then it is possible to define exhaustive experiments on 7y, so that
[7o]es ... c, is non-empty. We conclude that [7]¢¥ . is non-empty by Theorem
12. Now, we prove the converse by induction on si(w). First notice that 7 has
no head-clash by Lemma 23. Then by Proposition 24 there exists a head-cut free
net 7’ such that 7 ~»} 7’. One has [7] = [7'] and in particular [7]** = [=']**,
which means that [7']°" is not empty. Since 7’ is head-cut free, we can apply
Fact 31: for every l-link o of n’ with associated box 7’° one has that [#’°]¢* is
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non empty and that s;(7'°) < s1(7’) = s1(w). The induction hypothesis applied
to every such box 7’° allows to conclude. O
Like in Subsection 4.1, we turn our attention to the “quantitative” aspects of
our result: we show how experiments allow to compute the precise number of
stratified cut-elimination steps of a given ps.

Fact 35 Let w be a cut free pure pre-structure. Then we have
s(m) = Min{s(e); e: = is exhaustive} .

PRrOOF. By definition, if e : 7 the difference between s(7) and s(e) is the num-
ber of copies chosen by e for the !-links of w. But Fact 31 guarantees that if
s(eg) = Min{s(e); e : = is exhaustive} then ey chooses to take one copy for
every !-link of 7 (recursively w.r.t. the depth). More precisely, the proof is by

induction on depth(). O
Fact 36 Let 7 be a cut free pps with n conclusions c1,...,c, and let e : 7 such
that:

for every conclusion a of every az-link, we have e(a) = (p,*) with p € {+,—} ;

and for every !-link o, we have Card(e(o)) = 1.

Then we have
s(lefer,....e,) = s(m) + &,

where k 1is the number of structural conclusions of .

ProoOF. By induction on s(7). O

Lemma 37 Let 7 be a cut free ps. Then we have

si(m) = s(m)

= Min{s(e); e: 7 is ezhaustive} .

PROOF. Apply Facts 35 and 36 (here k¥ = 0 with the notations of Fact 36,
because a ps has no structural conclusion). O

Theorem 38 Let 7 be a ps and let ' be a cut free ps. For every stratified re-
duction sequence R from m to 7', for every eg : w such that s(eg) = Min{s(e); e :
m is exhaustive}, we have

length(R) = (s(eq) — s1(m))/2 .

ProoF. The proof is by induction on length(R). Assume length(R) = 0, i.e.
m = 7'. Let eg : 7 be such that s(eg) = Min{s(e); e : = is exhaustive}. By

Lemma 37, we have s1(7) = s(ep). Assume R = (m,...,m,) with n > 0. By
Lemma 32, there is an exhaustive experiment ey : 7 such that |eg| = |eo| and

s(ep) = s(eg) — 2. Still by Lemma 32, if s(e;) = Min{s(e); e : m; is exhaustive},
there exists €; : m exhaustive such that s(e;) = s(é1) — 2. Then s(eg) =
Min{s(e); e : m; is exhaustive}. By Theorem 12, we have [r] = [r1] hence
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s1(m1) = s1(m). We can then apply the induction hypothesis to w1 (m ~* 7’ in
n — 1 steps and s(eg) = Min{s(e); e : m; is exhaustive}):

n—1 = (s(eg) —s1(m))/2

(s(e0) — 2 — s1())/2
= (s(eg) —s1(m))/2 -1 .

Remark 39 The same as Remark 28 holds for the stratified reduction.
An immediate consequence of Theorem 38 is the following:

Corollary 40 Let 7 be a ps, and 7}, ¢ be two cut free ps. For every stratified
reduction sequence R (resp. R?) from m to w} (resp. ), we have length(R') =
length(R?).

INRIA



A semantic measure of the execution time in Linear Logic 39

5 Relating reductions and semantics

In Section 4, we related head and stratified reductions to experiments (Propo-
sitions 24 and 34, Theorems 27 and 38). These results cannot pretend to yield
a method allowing to compute by purely semantic means the number of execu-
tion steps of a net (or more generally a ps): this is because an experiment e : 7
depends on the ps w. To succeed, we should be able to determine the number
of execution steps of m without referring to 7 nor to the experiments of 7, but
only to [r], that is only to the results of the experiments of w. Of course, if
m ~* 1y we know that [m] = [m2], so that from [m;] it is clearly impossible
to determine the number of steps leading from 7; to m2. Nevertheless, if 7 and
7' are two cut free nets connected by means of a cut link, we can wonder:

e is it the case that the thus obtained net can be reduced to a cut free one?

e if the answer to the previous question is positive, what is the number of
cut reduction steps leading from the net with cut to a cut free one?

We prove in this section that we can answer both these questions by only refer-
ring to 7] and [x’].

Like for Section 4, we first solve the two problems for the head-reduction (Propo-
sition 42 and Theorem 47 of Subsection 5.1) and later for the stratified reduction
(Proposition 48 and Theorem 50 of Subsection 5.2).

The following Definition introduces a notation which will be useful in the
sequel of this section.

Definition 41 Le m and ' be two ps. Let ¢ be a conclusion of © and let ¢’ be
a conclusion of '. We denote by (w|n’),. .. the ps obtained by connecting © and
7' by means of a cut-link with premises ¢ and c'.

5.1 Head-reduction

Based on Subsection 4.1, we answer here, for the head-reduction, the questions
previously adressed: we first characterize, in terms of [7] and [7'], those couples
of nets (m,7") such that (7|7’), ., has a head-cut free normal form (Proposition
42); and when (7[7").. has a head cut free normal form, we show that it is
possible to determine the number of head-steps leading from (7|’ ). t0 @ head-
cut free ps using only the informations contained in [#] and [7’] (Theorem 47).
Like in subsection 4.1, this last result is established for ps.

Proposition 42 Let w (resp. 7' ) be a cut free net with n+1 (resp. n' + 1) con-
clusions c1,. .., cp,c (resp. ¢4, ...,c,,c). Thereemstwl,.. xn,xl,.. X, T €
D such that (z1,...,2n,x) € [W]ey. . cn.c and (24, ... 20, at) € [7]e o o

if, and only if, there ezists a head-cut free net 7' such that (7|7’), . ~} 7.

PrOOF. Apply Proposition 24. O
The following Theorem is a first consequence of Theorem 27: by using purely

semantic datas, we can bound the number of head-reduction steps. Concerning
the use of ps instead of nets, the analogue of Remark 28 applies.
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Theorem 43 Let w (resp. 7') be a cut free ps with n + 1 (resp. n' + 1) con-

clusions c1,...,cq,c (resp. cy,...,c.,,c). For every head-cut free ps ©", for
every head-reduction sequence R from (w|n’), ., to 7", if y = (x1,...,2n,2) €
[Tlervense and y' = (24, ..., xl at) € [7']e; .o, .cr» then we have

o

length(R) < (s(y) +s(y))/2 .

PROOF. There exists e : 7 such that |e|c,, ., = y and there exists ¢’ : 7’
such that || . . o =y'. So, there exists e” : (m|7), ., such that s(e”) =
s(e) + s(e’). We have by Theorem 27:

length(R) = (Min{s(e); e: (W"]‘(’l)c7c,} - So((ﬂ|7fl)c7c/))/2
< s(e”)/2
= (s(e) +s(e))/2
< ((elenone) 5Lt )2

(by Lemma 19)
(s(y) +s(y)/2 .

O

The last part of the section is devoted to show how and how much Theorem
43 can be improved. With the notations of Theorem 43, say that y € [r]
and y' € [n'] are compatible when y = (z1,...,2n,2) € [7]e,.....cnc and ¥y =
(2.2, at) € [[”/]]6’17~~,C,’,L,70’- For arbitrary compatible elements y € [r]
and 3’ € [7'] it is clearly impossible to obtain an equality in Theorem 43: it is
not diffcult to check that there exist compatible elements with different sizes.
The first idea is then to look for compatible elements y and 3y’ which are also
“suitable”, meaning that s(e) = s(y) (for e : 7) and s(e’) = s(y’) (for €’ : 7'),
where s(e)+s(e’) = Min{s(e)+s(e/); e: m, ¢ : 7’ and |e| and |¢’| compatible}.
However, it is not clear at all that there exist suitable and compatible elements in
[#] and [7'], even when there exist compatible elements. Actually, it is wrong;
there are cases in which compatible elements do exist but suitable compatible
elements don’t: take for example an axiom as 7 and two axiom links followed
by a % and a ® as 7’ (the “n-expansion” of an axiom). In this case, one has
Min{s(e) + s(¢/) ; e : m, €' : 7’ and |e| and |€¢/| compatible} = Min{s(e) ; e :
7w} +Min{s(e); e: 7'} = s(mw) + s(n’) (more precisely Min{s(e); e : 7} = s(m)
and Min{s(e); e: 7'} = s(n’)), and the reader can check that whenever s(y) =
Min{s(e); e : 7} = s(m) and s(y’) = Min{s(e) ; e : 7'} = s(«’), the points
y € [r] and ¢’ € [7'] are not compatible.
A more subtle way out is nevertheless possible, and here is where the notions
of equivalence between experiments and of substitution studied in Section 3
come into the picture. As a matter of fact, we do not need the compatible
elements to be suitable themselves; what we need is that when there exist two
compatible elements y and ¢’ of [7] and [7'], there also exist some (possibly
different from y,y’) suitable elements z and 2’ of [7] and [7']'. Actually,
we want a bit more, namely to be able to determine those suitable elements.

14 Notice that this is what happens in the previous example (axiom and n-expansion).
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The solution we found is to take an infinite set A for the base of the inductive
construcion of D (see Section 3). This is because suitable elements can be
easily proven suitable when they are results of experiments choosing different
elements of A for every axiom link'®. Using the notion of substitution (and of
equivalence between experiments) Proposition 46 shows how to find in [r], for
every = € [r], a “suitable element w.r.t. ” that is an element y € 7] such that
s(y) = Min {s(e) ; e : w and |e|.,,...c, = x}. By considering the least size of
such y € [7] and ¢ € [7'] w.r.t. « € [r] and 2’ € [7'] compatible one obtains
the exact length of head-reduction sequences starting from (7|7’)..: this is
Theorem 47.

The reader should notice that we use the infinity of A in our proof, but nothing
indicates that this hypothesis is necessary; we rather conjecture the opposite.

The two following lemmas, so as Proposition 46 could be proven in the first
part of Section 4: we only use the notion of equivalence between experiments
and the one of substitution. We chose to state and prove them now, because we
need them to prove Theorem 47 (and they have no real interest by themselves).
Notice that the proof of Lemma 44 is the only point where the already mentioned
infinity of A is used.

Lemma 44 Assume A is infinite. Let m be a cut free pps with n conclusions
c1,...,Cn, among which k < n are structural, and let e : 7. There exists ¢/ ~ e
and o € S,, such that

s(e') = s(l€']e,.c) — K

and
J(|el|cly~~~7cn) = |e|517~~~;cn'

PRrROOF. We prove, by induction on s(7), that for every infinite subset A’ of A,
there is an experiment ¢’ ~ e s.t.

L s(e') = s(le/ley,.cn) — K
2. 0(|€|er,....cn) = |€let,....c, for some o € Sy,
3. if a is a conclusion of an axiom link of flat(r), then e(a) € A’.

Assume that flat(n) is a I-link. We denote by o this link and by 7° its box.
Set e(0) = [e1,...,em]|. Let Ay,..., A, be infinite, pairwise disjoint, subsets
of A','® by induction hypothesis there is ¢/ ~ e; for every j < m s.t. points
1 — 3 hold (for point 3, we choose for every j € {1,...,m} as A’ the set A;). In
particular there is 0; € Sy, s.t. 0(|€}]) = |e;|. Define €'(0) = [e], ..., e}, ].

We now have to show that e’ satisfies points 1—3. For point 3, just remember
that A;U- - -UA,, C A’. Asfor point 2, we know by induction hypothesis that, for
every j < m, O’j(|€;|) = |e;|. Since A1, ..., Ay, are pairwise disjoint, Ujgm O'j|Aj

is a function ¢ from |J,;,, 4; to D. By setting ¢ = %" (remember Definition

15The cognoscenti might guess that such an experiment is an “injective (n-obsessional)” ex-
periment in the sense of [TdF03]. This is not precisely the case: if this new kind of experiment
takes 2 copies of a box associated with a given !-link, then the two labels of a given az-link of
the box will be different, which was not the case for the “injective (n-obsessional)” experiments
of [TdF03].

16Such A1, ..., Am exist for m arbitrary large since A is infinite.
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14 of substitution), we have o € S,, and o(|€/|¢,,....c..) = |€|ey,....c,, (this is actu-
ally the key point of the proof). Concerning point 1, we have to make a patient
computation: we know that n = k41 (because flat(n) is a -link). By induction
hypothesis, for every j € {1,...,m} s(e}) = s(le}|) — k. On the other hand,
remember that we already noticed in the proof of Lemma 19 that if we denote by
cg. the main conclusion of 7%, we have €'(c;,) = (+, [e1 (¢, ), .- -, e, (cm)]) hence
s(e'(ciy)) = 143770 s(ef(cg)). Andif i € {1,...,n}\ {io}, then ¢; is an auxil-
iary conclusion of o and if we denote by c{ the auxiliary conclusion of 7° associ-
ated with c;, one has €’(c7) = (—,z;) for j <m and e’(ci) =(—,z1U---Uxy),
which implies that s(e’(c;)) = 271, s(€f(cf)) — (m — 1)

So, on the one hand s(¢/) = 1+ 7", s(e}) = +Z,((|e;| k) =1+
Z;”ls(|e’|) — mk, and on the other hand s(|e/|) = >0, s(e'(c;)) = 1+
ST SEEN T Y | << Trals(€(e) — (- 1(m —1) =

1% i
1"’2] 1 i (s(e s(ef(cf))) —k(m—1) = 1+Zj 1 8(lef]) —km+k. So we indeed
have s(e’) = s(|e/ |) k.
The other cases are easier and left to the reader. [l

The reader should notice that in the proof of Lemma 44 we used in an
essential way the fact that A;,..., A,, are pairwise disjoint. If this were not
the case, a conflict in the definition of o could occur: if one had z € A; N A4;,
and o, (z) # 0j,(x), then one would be in trouble when trying to define o from
O1y.-+50m-

Lemma 45 Assume A is infinite. Let m be a cut free ps with n conclusions
C1,...,¢p and let e : m. We have

s(e) = Min {5(|6/|C1,...,Cn) ;€ ~eand3Jo €S, st 0—(|e/|517~~~;cn) = leler,....en )

PROOF. Let e : m be s.t. s(leg]) = Min {s(|€/|¢,,....c..) ; € ~ eand Jo €
Sp s.t. o(l€']ey,..en) = l€ler,....cn - By Lemma 19 and Fact 17, s(e) = s(ef) <
s(legl). Thus we have

s(e) <Min {s(|€'|cy,....c); € ~eand Jo € S, 5.t. (€ |er...c0) = |€ler,.en }-
By Lemma 44 and Fact 17, we have
s(e) > Min {5(‘6I|61,...,cn) ;€ ~eand do €S, st J(|€I|C1,...,Cn) = |e|517~~~;cn}'

O

Proposition 46 Assume A is infinite. Let w be a cut free ps with n conclusions
C1y...,¢n and let © € [7]c,,....c.. Then we have

n

Min{s(e); e:m and |€|c,, ¢, =}
= Min{s(le|c,..c.); € :mand o € S,y s.t. o(|€']e,....c.) = T}

17To make these computations easy, remember that, for every € D, s(z) is the number of
+, — and of elements of A in the word .
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PROOF. Set
g =Min {s(e); |e|es,...c, =}

and
r=Min {s(|€/|¢;....c,); € :mand Jo € S, s.t. o(|€']ey...cn) =)}

First, we prove that ¢ < r. Let ¢’ : m be such that 3o € S,,,0(|€/|¢;.....c..) = .
By Lemma 15, there exists e : 7 such that |e|., .., =z and e ~ ¢’. This means
that if we take ef, : 7 s.t. s(|eg|) = r, there exists eg ~ ef, s.t. |eg| = z. By Fact
17 and Lemma 19: ¢ < s(eg) = s(ep) < s(ley|) = 7.

The proof of r < ¢ is easier: let e : ™ be s.t. s(e) = ¢q. By Lemma 45,
s(e) =Min {s(|e']); ¢’ ~ e and Jo € S, s.t. o(|e’]) = |e|} > Min {s(|¢’]); To €
Sp st o(le/]) = lel}- O

As previously stated, the main point of Theorem 47 is that the length of
every head-reduction sequence starting from (7|7’), ., (where 7 and 7" are cut
free ps) and leading to a head-cut free ps can be determined from [7] and [7'].
With respect to the discussion at the beginning of Subsection 5.1, notice that
here the compatibility of o(y) € [#] and o'(y') € [n] is expressed by stating
o(y)nt+1 = 0’ (y )41 (remember the notation y; for y € 2§ | D introduced just
before Definition 11 of experiment).

Theorem 47 Assume A is infinite. Let m (resp. ©') be a cut free ps with n+1
conclusions c1,. .., cp,c (resp. withn’ +1 conclusions ¢, ...,c.,,, ). For every
head-cut free ps ", for every head-reduction sequence R from (w|n’)_ . to 7",
we have

length(R) =
(s(y) +s(y') — so((m|n’), .,))

2 ) s.t. Yy € [[Tr]]clwwcmc’
Min Y €] .cr, e
do € SnJrl, = Sn’Jrla
o(Yn+1 =0 (Y )11

Proor. We have
length(R) = (¢ — so(7"))/2
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with
s(e)+s(e/); st. Je:me
. Iz1,...,zn, 2,2, ...z, €D
¢ = Min leley,...enc = (X1, .-, &n, ) and
|e/|C,17~~~1C;L/7C/ = (xllv R Z‘;l,,l'l)

(by Theorem 27)
Min{s(e); leles.....enc = (@1, Tn, ) }+

— Min Min{s(e/) ) |el|c’1,...,c;,,c’ = (xllv cee 7x;v,’7xL)} 5
(@1,..., 20, x) € [T]ey,....cn.c and
(2, ... 20 xt) € [[ﬂlﬂc’v---vciwc'
s(y)+s(y); sty €mler, . cnen ¥ € [[W'ﬂc'l,...,cgl,,c'
@1,y Tny @) € [Ter,cne
_ M Az, ... 20, at) € [[W/ﬂc'l,...,c'n,,c'

and do € Sp,41,0" € Sprga, sit.
o'(y) = (z1, ..., Tn, ) and

oY) = (zh,...,2, at)
(by Proposition 46).
= Min{ S(y) + S(yl) ’ S.t. y € [[Tr]]clwuyc'n757yl € [[ﬂ—/ﬂcllr'~~:c/n/’c, }
Jo € Spi1,0 € Sprg1,0(Y)ng1 = U/(y/)iurl

(since [r], [#'] are closed by substitutions).

5.2 Stratified reduction

Based on Subsection 4.2, we want to extend the results of the previous Subsec-
tion 5.1. There is no real problem: we first characterize, in terms of [7] and
[7'], those couple of nets (m,7’) such that (|7’), ., has a cut free normal form
(Proposition 48); and when (7|7’), . has a cut free normal form, we show that
it is possible to determine the number of stratified steps leading from (7|7’), .,
to a cut free ps using only the informations contained in [7]** and [7']°® (The-
orem 50). Like in previous cases (and in particular like in Subsection 4.2), this
last result is established for ps.

Proposition 48 Let w (resp. ©') be a cut free net with n+1 (resp. n'+1) con-

clusions ci,...,cn,c (resp. ¢y,...,c.,,c'). Thereexistxy,...,Tpn,2},..., 20, @ €

»y“m/ yn’

D such that (z1,...,%,,2) € [7]& and (z},...,2,,2t) € 7] oo
* 17

n
if, and only if, there exists a cut free net ™ such that (w|n'), . ~% 7.

y0+03Cn,C

PrOOF. Apply Proposition 34. O

The analogue of Theorem 43 holds, as a first consequence of Theorem 38: by
using purely semantic datas, we can bound the number of stratified reduction
steps. Concerning the use of ps instead of nets, Remark 39 applies here.

Theorem 49 Let 7 (resp. ©') be a cut free ps with n+ 1 (resp. n' + 1) con-

clusions c1,...,cp,c (resp. cy,...,c.,,c'). For every cut free ps ©”’, for every

» Cm/o
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stratified reduction sequence R from (w|7’). ., to 7", if y = (z1,...,20,7) €
[[ﬂ—ﬂgiz,...,cmc and y' = (2},...,2,,21) € [[w’]]gf

yn’

e then we have
n

length(R) < (s(y) +s(y'))/2 .

PrOOF. There exists e : 7 such that |e|c, ¢, = y and there exists ¢’ : 7’
such that |e'|; o~ o~ =y'. So, there exists ¢” : (7|r’), ., such that s(e”) =
s(e) + s(e’). We have by Theorem 38:

length(R) < s(e”)/2
= (s(e) +s(e))/2
< ((elensneme) + 50€/ et et )2

(by Lemma 19)
(s(y) +s(y"))/2 -

O

We conclude the paper with the generalization to stratified reduction of
Theorem 47: the length of every stratified reduction sequence starting from
(|7"). . (where m and 7’ are cut free ps) and leading to a cut free ps can be
determined from [r] and [#']. The only difference occurring here, is the presence
of exhaustive points and experiments, and we use in a crucial way the fact that
“exhaustivity” is a property of experiments depending only on their results (by
Definition 30). Like in Theorem 47, we use the notation y; for y € 2" | D.

Theorem 50 Assume A is infinite. Let w (resp. @' ) be a cut free ps with n+ 1
(resp.n’ + 1) conclusions cy,...,cn,c (resp. ci,...,c,,c'). For every cut free

ps @, for every stratified reduction sequence R from (m|n’), ., to ", we have

length(R) =

(s(y) +s(y) = s1((nl7’), ))/25 sty € [mler,.cnres
yl € Hﬂlﬂci,...,cfll,,c’
do € Spt1,0" € Sprg1,0(y): and
o(y'); are exhaustive
for1<i<n, 1< <n

and o(yY)n+1 =0 (¥ )i 11

Min

Proor. We have
length(R) = (q — s1(w))/2

RR n° 6441
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with
s(e)+s(e); st. Je:me ', 3z, .. 2, 2,2), ..., 2, €D
. |€|c1 eyCnyC — (3;‘1,...,1‘7“33) and
= Min o
q |e’|c§’,.,’c;’“d = (2},...,2/,,21) and

x;, x; is exhaustive for 1 <1i <n,1 < <n/
(by Theorem 38)

Min{s(e); e:m and |e|¢, .. cne = (T1,. .., Tn,z) }+
= Min<{ Min{s(e/); e : 7’ and |€/|c’1,...,c/,,c/ = (2h,..., 2/, 21)};

x;, x5 is exhaustive for 1 <i < n,1 <4 <n'

s@)+sy); sty el cnet €[ er, e

E|({E1, v ’xmx) € |I7T]]Cly~~~;c'n757
/ / 1 /
El(xla sy T, T ) € [[7T ]]CI17~~~7C:L/7(3/
— Min such that x;, 2/, is exhaustive for 1 <17 <n,

1< <n

and do € S;,41,0" € Sy, 8it.
o' (y) = (x1, ..., Tpn,x) and
o) = (z},....z,,, xt)

(by Proposition 46).

s(y) +s(y); sty €r)e,.cney € [[WI]]CQ,...,C;,,,C’
do € Spt1,0’ € Sprya,0(y); and

= Min o(y'); are exhaustive

for1<i<n,1<i¢<n

and o (y)n+1 =" (¥ )iy

(since [r], ['] are closed by substitutions).

Aknowledgements: we would like to thank Paul-André Mellies for a stimu-
lating discussion on the denotational semantics we have presented.

INRIA



A semantic measure of the execution time in Linear Logic 47

References

[AR02]

[Bai04]

[BMO4]

[CDCVS0]

[CS97]

[Dan90]

[dC]

[dCo5]

[dCO7]

[DJ03]

[Gir87]

[Gir9g]

[Gir99]

RR n° 6441

Andrea Asperti and Luca Roversi. Intuitionistic light affine logic.
ACM Transactions on Computational Logic, 1(3):1-39, January
2002.

Patrick Baillot. Stratified coherent spaces: a denotational semantics
for light linear logic. Theoretical Computer Science, 318(1-2):29-55,
2004.

Patrick Baillot and Virgile Mogbil. Soft lambda-calculus: a language
for polynomial time computation. In Igor Walukiewicz, editor, 7th
International Conference Foundations of Software Science and Com-
putation Structures (FOSSACS’04), volume 2987 of Lecture Notes in
Computer Science, pages 27—41. Springer-Verlag Heidelberg, 2004.

M. Coppo, M. Dezani-Ciancaglini, and B. Venneri. Principal type
schemes and A-calculus semantics. In J. P. Seldin and J. R. Hindley,
editors, To H. B. Curry : Essays on Combinatory Logic, Lambda
Calculus and Formalism, pages 535-560. Academic Press, 1980.

Robin Cockett and Robert Seely. Proof theory for full intuitionistic
linear logic, bilinear logic, and mix categories. Theory and Applica-
tions of Categories, 3(2):85-131, 1997.

Vincent Danos. La Logique Linéaire appliquée a l’étude de divers
processus de normalisation (principalement du A-calcul). Thése de
doctorat, Université Paris VII, 1990.

Daniel de Carvalho. Execution time of lambda-terms via non-
uniform semantics and intersection types. submitted.

Daniel de Carvalho. Intersection types for light affine lambda, calcu-
lus. Electr. Notes Theor. Comput. Sci., 136:133-152, 2005.

Daniel de Carvalho. Sémantiques de la logique linéaire et temps de
calcul. Theése de doctorat, Université Paris VII, 2007.

Vincent Danos and Jean-Baptiste Joinet. Linear logic and ele-
mentary time. Information and Computation, 183(1):123-137, May
2003.

Jean-Yves Girard. Linear logic. Theoretical Computer Science, 50:1—
102, 1987.

Jean-Yves Girard. Light linear logic. Information and Computation,
143(2):175-204, June 1998.

Jean-Yves Girard. On the meaning of logical rules I: syntax vs.
semantics. In Ulrich Berger and Helmut Schwichtenberg, editors,
Computational Logic, pages 215-272. Springer, 1999. NATO series
F 165.



48

Daniel de Carvalho Michele Pagani Lorenzo Tortora de Falco

[Gir01]

[Lafo4]

[LTdF06]

[Maz06]

[MO00]

[MP94]

[Pag07]

[PTdF07]

[Reg92]

[TdF03]

[Ter02]

Jean-Yves Girard. Locus solum: From the rules of logic to the logic
of rules. Mathematical Structures in Computer Science, 11(3):301-
506, June 2001.

Yves Lafont. Soft linear logic and polynomial time. Theoretical
Computer Science, 318(1-2):163-180, June 2004.

Olivier Laurent and Lorenzo Tortora de Falco. Obsessional cliques:
a semantic characterization of bounded time complexity. In Pro-
ceedings of the twenty-first annual IEEE symposium on Logic In
Computer Science (LICS ’06), 2006.

Damiano Mazza. Linear logic and polynomial time. Mathematical
Structures in Computer Science, 16(6):947-988, 2006.

A. S. Murawski and C.-H. L. Ong. Discreet games, light affine logic
and ptime computation. In Peter Clote and Helmut Schwichten-
berg, editors, Computer Science Logic, 14th Annual Conference of
the EACSL, Fischbachau, Germany, August 21-26, 2000, Proceed-
ings, volume 1862 of Lecture Notes in Computer Science, pages 55—
92. Springer, 2000.

G. F. Mascari and Marco Pedicini. Head linear reduction and pure
proof net extraction. Theoretical Computer Science, 135(1), 1994.

Michele Pagani. Proofs, denotational semantics and observational
equivalences in multiplicative linear logic. Mathematical Structures
in Computer Science, 17(2):341-359, 2007.

Michele Pagani and Lorenzo Tortora de Falco. Strong normalization
property for second order linear logic. Submitted to Theoret. Comp.
Sci., 2007.

Laurent Regnier. Lambda-Calcul et Réseauz. Thése de doctorat,
Université Paris VII, 1992.

Lorenzo Tortora de Falco. Obsessional experiments for linear
logic proof-nets. Mathematical Structures in Computer Science,
13(6):799-855, December 2003.

Kazushige Terui. Light logic and polynomial time computation.
Ph.D. thesis, Keio University, 2002.

INRIA



/<

Centre de recherche INRIA Nancy — Grand Est
LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-1és-Nancy Cedex (France)

Centre de recherche INRIA Bordeaux — Sud Ouest : Domaine Universitaire - 351, cours de la Libération - 33405 Talence Cedex
Centre de recherche INRIA Grenoble — Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier
Centre de recherche INRIA Lille — Nord Europe : Parc Scientifique de la Haute Borne - 40, avenue Halley - 59650 Villeneuve d’Ascq
Centre de recherche INRIA Paris — Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex
Centre de recherche INRIA Rennes — Bretagne Atlantique : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex
Centre de recherche INRIA Saclay — Tle-de-France : Parc Orsay Université - ZAC des Vignes : 4, rue Jacques Monod - 91893 Orsay Cedex
Centre de recherche INRIA Sophia Antipolis — Méditerranée : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



