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Couplage explicite stabilisé en interaction
fluide-structure avec fluide incompressible

Résumé : Dans ce travail on propose un schéma de couplage explicite pour
la résolution numérique de problémes d’interaction fluide-structure comportant
un fluide visqueux incompressible. La formulation discrete couplée est bassée
dans la méthode de Nitsche et le rajout d’un terme de pénalisation donnant un
contrdle L? de la variation des contraintes du fluide sur Iinterface. Le schéma
est stable, dans la norme de I’énergie, indépendamment du rapport de den-
sités fluide-structure. Des expériences numériques, en deux et trois dimensions,
montrent qu’on peut obtenir une précision optimale en temps aprés quelques
itérations d’un algorithme de Résidus Corrigés.

Mots-clés : Interaction fluide-structure, méthode de Nitsche, fluide incom-
pressible, discrétisation en temps, couplage explicite, algorithme de Résidus
Corrigés
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1 Introduction

Computational Fluid-Structure Dynamics (CFSD) is of great importance in
practically all engineering fields, from aeroelasticity to bio-mechanics problems
(see, for instance, [29, 10, 12, 25] B11 28, B3, 18, 15 B8] 2] and the references
therein).

In this paper we address the numerical simulation of fluid-structure inter-
action problems involving a viscous incompressible fluid. This problem is par-
ticularly difficult to treat efficiently when the fluid added-mass, acting on the
structure, is strong. In other words, when the fluid and solid densities are close.
Indeed, in such situations, explicit coupling schemes, i.e. that only involve the
solution of the fluid and the structure once (or just a few times) per time step
(see [32), 34, [12] for instance), are known to give rise to numerical instabilities
(see [25] 311 7).

Up to now, these instabilities have been overcome mainly through the use of
implicit coupling schemes (see [27, [18, [14) [15] [8, 1]). Such an approach leads to
a fully coupled problem at each time step, the solution of which often requires
a high computational effort. Recent advances suggest the use of semi-implicit
coupling schemes [I3] (see also [35]), which involve a simplified fully coupled
problem.

Although significant improvements have been achieved in the last years, to
the authors knowledge, none of the existing strategies are able to allow fully
explicit coupling without compromising stability. Theoretical explanations of
this issue have been reported in [7, I7]. In particular, in [I7], it is argued that
no explicit scheme can be constructed which would be unconditionally stable
with respect to the fluid-structure density ratio.

In this paper we propose a stabilized explicit coupling scheme, whose sta-
bility properties are independent of the fluid-structure density ratio. For the
coupling of the fluid and the solid we use a formulation due to Nitsche, to which
we add a stabilizing term giving L?-control on the fluid force variations at the
interface.

Nitsche’s method [30] (see [19] for a review) is a classical method for im-
posing essential boundary conditions weakly. Unlike the penalty method, it is
consistent with the original differential equation. Indeed, optimal convergence
is retained without perturbing the conditioning of the matrix. Recently, the
Nitsche’s method was proposed in a domain decomposition framework in [3].
It has then been extended to different multi-physics problems. Let us cite the
coupling of the Stokes-Darcy problem [5], the coupling of elliptic-hyperbolic
problems or problems with discontinuous diffusivities [6] with special focus on
iterative solving. In the context of fluid-structure interaction, using implicit
coupling, some results are given for vibration problems (acoustics) in [20] and
for transient fluid-structure interaction problems with moving fluid domains in
[21].

An explicit decoupling of the fluid and the structure using Nitsche’s matching
conditions alone is not stable. The key to stability is the penalty term on the
fluid force fluctuations acting on the interface.

The main disadvantage of the method is that the weak consistency of the
stabilization term is of order O(§t%) only leading to a scheme that is too dissipa-
tive in practice. In order to enhance accuracy, we propose an improved explicit
coupling scheme involving a few defect-correction iterations (see e.g. [37]).

RR n° 0123456789



4 E. Burman & M.A. Ferndndez

The remainder of the paper is organized as follows. In the next section we
introduce the fluid-structure interaction problem under consideration. The cor-
responding Nitsche’s space semi-discretized formulation is described in section
Section is devoted to the time-discretization. In particular, in para-
graphs and we introduce the classical coupling schemes, implicit and
explicit, and analyze their stability properties within the Nitsche’s framework.
Motivated by these results, in section we introduce our stabilized explicit
coupling scheme. We analyze its stability properties and provide a formal con-
sistency analysis that highlights the optimality loss due to the stabilizing term.
We then propose to recover optimal time-accuracy by performing a few defect-
correction iterations. Numerical experiments illustrating the theoretical results,
and the efficiency of the proposed scheme, are reported in section Finally, a
summary of the results and some conclusions are provided in section §71 Some
of the results of this paper have been presented, without proof, in [4] as a brief
note.

2 The coupled problem

We consider a low Reynolds regime and assume that the interface undergoes
infinitesimal displacements. The fluid is described by the Stokes equations in a

Fd \ d
~ T

Fir/ Qf / b \Pout
d/’ /. \
r S o~

Fd
Figure 1: Geometrical description

fixed domain Qf ¢ R?, d = 2,3. The structure is described by the classical linear

elasticity equations in the solid domain Q° C R?. We denote by & 2f 505 N o0t

the fluid-structure interface and 9Qf = ' Ut Uy, 9Q° = rfUT U X,
are given partitions of the fluid and solid boundaries, respectively (see Figure
. The coupled problem reads as follows: Find the fluid velocity and pressure
(u,p) and the structure displacement 1 such that

plou—V - o(u,p) =0, in QF
V-u=0, in Qf
wu=wu, on I

o(u,p)n =g, on TI°",

pPOim =V -o%(n) =0, in O
o’(n)n®*=0, on I

INRIA



Stabilized explicit coupling in FSI with fluid incompressibility 5

satisfying the interface coupling conditions

u = om, on X,
{ o°(n) ¥

‘n® = —o(u,p) n, on X,

and the initial conditions u(0) = ug, 7(0) = n, and 9n(0) = vy. Here, p

and p® stand for the fluid and solid densities, o (u,p) ef —pI + 2pe(u) and
o°(n) for the fluid and solid stress tensors, p for the fluid dynamic viscosity,

e(u) 1 (Vu + VuT) for the fluid strain rate tensor, @ for a given velocity
profile and g for a given surface load.

Although — is a simplified linear coupled model, it features some of the
main stability issues that appear in complex non-linear fluid-structure interac-
tion problems involving a viscous incompressible fluid (see e.g. [25] Bl [7, 13]).

3 Nitsche’s formulation: space semi-discretization

In this section, we provide a space semi-discretized formulation of the coupled
problem —. The fluid and structure equations — are discretized using,
in both domains, standard finite elements techniques. The coupling conditions
(3), on the contrary, are treated in a less standard fashion: by using Nitsche’s
penalty method.

In what follows, we will consider the usual Sobolev spaces W™ 1(Q2), with
norm || - |lm.q.0, m > 0 and ¢ > 1. In particular, we have L(Q) = W%4(Q). We

use the standard notation H™ () & W™2()). The norm of H™ () is denoted
by || - lm.q, in particular || - ||o,o stands for the norm of L?*(2). Moreover, for
each X C 09, with meas(X) > 0, we define H%(Q) as the space of functions
v € H'(Q) such that v|x = 0 in the sense of traces.

For the discretization in space, we introduce a family {7,f}1~0 ({7} n>0) of
regular finite element triangulations of the domain Qf (resp. Q°). The subscript
h refers to the level of refinement of the triangulations. Accordingly, let W, x Qp,
denote a conforming, inf-sup stable, finite element approximation of [H!(Qf)]4 x

L?(QF), and X, a conforming finite element approximation of [HE,(02°)]%. We

also introduce the space V4, T, 0 [HL. (254

We may write the space semi-discretized Nitsche’s formulation of — as:
For all ¢t > 0, find (Uh,ph, ’I’[h,’l:)h) e Wy x Qpn x Xy x Xy, with wp, = wp, on I'",
such that

Af((ufhph)? (’Uh, Qh)) + AS((nhv hh)a (wh7 wh))

- / o(up,pp)n - (vn — wy) — / (up — Omy,) - o(avh, —qn)n
s )

+’Y%/E(uh—3t77h)'(vh—wh):/r g-vn, (4)

out

for all (vp, qn, wp,wp) € Vi X Qp X Xp x Xp,. Here, @y, stands for a suitable
interpolation of the boundary data w on I'*, « for a given parameter taking
values in {—1,1}, and v > 0 for the Nitsche’s penalty parameter. Moreover, the
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6 E. Burman & M.A. Ferndndez

fluid and solid (volumic) bi-linear forms are given by

Af((uhaph)v (Uhth)) & Pf/ Orup - vy, +/ o(up,pn) : €(vn) +/ 'V - up,
Qf Qf Qf

A (i) (s @0)) 97 | Dy - wn o+ a® (s wn) + / (it = Oumy,) - o,
where a® stands for a general solid stiffness symmetric bi-linear form.

Note the boundary integrations on ¥, these are the Nitsche’s weak coupling
terms. The interface integrals involving the stress tensor o are computed face-
wise, as broken integrals. Let us emphasize that the approximation in each
subdomain (fluid and structure) involves standard conforming finite element
spaces, with strongly imposed Dirichlet boundary conditions on I'™ and I'd.
Only the interface coupling conditions (3] are treated using Nitsche’s method. In
particular, the functions of V}, and X}, do not necessarily match at the interface
Y, which leads to the interface integrals in . This differs from classic fluid-
structure formulations (see e.g. [25]), where interface integrals cancel due to the
strong enforcement of the kinematic condition 1.

Remark 3.1 The parameter o characterizes the type of formulation: sym-
metric (a = 1) or non-symmetric (o« = —1). The former is often preferred,
for instance, in order to derive optimal L?-error estimates for the fluid veloc-
ity (using the Aubin-Nitsche’s duality trick). Note that the Nitsche’s formu-
lation differs from the one proposed in [21], within a space-time frame-
work. Indeed, in [21|], the symmetrizing (consistent) coupling term is given by
Js(un — 9my) - o(vh, qn)n, instead of [;(un — Oimy,) - o(avn, —qn)n, as we
propose in .

Remark 3.2 As noticed in [3, [19], the first coupling term in (4)s3, involving
the fluid stresses on the interface, could be replaced by any convexr combination
of the fluid and solid interface stresses, namely,

Bo(up,pr)n+ (1 — B)o(n,)n, [ e€]0,1].
Here, for stability purposes (see Section @, we have chosen a fluid-sided “mor-
taring”, i.e. we take 8 =1.

3.1 Stability

In what follows, we shall make use of the following trace-inverse inequality (see
e.g. [39]) , X ,
lvnllo.ox < Crih™ |lvnllo x>  Yon € W, ()

for all K € 'Thf
The following Lemma provides an a priori energy stability estimate for the
semi-discrete formulation .

Lemma 3.3 Assume that the fluid-structure system is isolated, i.e. u = 0 and
g =0. Let (up,pn, My, My,) the solution of . Then, under the condition

v > 8(1+ a)Crr, (6)

INRIA
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the following energy estimate holds,
f
o 1
*HuhHg,Qf + 2 ||7th0 os t a (M, M) || €(up ||o ot
2

t
T .
[ s~ o5 < 5”“2”3,9*‘ - 5||n2||3,gs @l ()
0
In particular, for a = —1 this estimate holds true for all values of the Nitsche’s
penalty parameter v > 0.
Proof. By taking
(vhv Gh, Wh, wh) = (uh7ph7 at,r]ha atﬁh) )
in we have ,

d pf s ) 1 .
G (5 TunlBar + Sl B e+ 50 mm) ) + wllelun) o

+ %Huh — oy ligs — 201+ Oé),u/Z e(up)n - (up —0m,) =0. (8)

On the other hand, using the trace-inverse inequality and since |a| =1, we
obtain

4(1 + a)puCrr
Y

Y
7||Uh - 5t77h||(2),2~

—2(1+ a)u/E e(up)n - (up, — omy,) < ||6(uh)||3,9f

Thus, inserting this expression in and after integration over (0,t), we have

f s t
p P L
5||Uh(t)||§,gf + *Ilnhllﬁ,m + 50 (M, ) +ua/0 le(un)l§ o

S
. 1
#2019 ),
with
def 4(1 + a)Cr
Ha = K 1—f )

which completes the proof. O
Note that the (additional) interface term in the energy inequality appears
due to the dissipative character of the Nitsche’s coupling.

3.2 Partitioned formulation

In this paper we focus on partitioned procedures for the numerical resolution
of the monolithic (or global) formulation 7 1.e. methods which only involve
separate solutions of the fluid and structure sub-problems and (2) (with
appropriate boundary conditions on X). Such procedures enable the design of
efficient fluid-structure solution algorithms, while keeping state-of-the-art meth-
ods and software in each sub-domain (see e.g, [32] [12], 28], [18], [14], [15] [13]).

To this aim, we reformulate problem (4 in terms of two coupled problems
This can be achieved by simply taking (vp,qn) = (0,0) or wp, = wp, =0 in
which yields:

RR n° 0123456789



8 E. Burman & M.A. Ferndndez

e Solid sub-problem: Given (up,pp) € Wi, X Qp, find (n,,,7,,) € Xn x Xp,
such that

AS((nha hh)v (wh,wh)) + 7% / a75"7]1 s Wh
b

:7%/ uh-wh_/"(uh,m)n'whv (10)
» 3

for all (wp,wp) € Xp X Xp.

e Fluid sub-problem: Given 1, € X, find (up,pn) € Wi x Qp, with
up = uwp on ') such that

A" ((wn,pn), (vh,qh))*/

P

U(uhaph)n'vh*/

up-o(avp, *Qh)nJF’Y% / up- v
)

P

=—/ 3t”lh'U(Oé’Uha—fIh)n+7ﬁ/ 3t77h'vh+/ g-vn, (11)
Z h Z FOUt

for all (vh,qh) € Vi X Qp.

From the numerical point of view, the discrete solid sub-problem corre-
sponds to the finite element approximation of the structural mechanics sub-
problem ([2));, with the following Robin-type boundary conditions on the inter-
face:

o*(n)n — 7%&577 = o(u,p)n — W%u, on 3. (12)

On the other hand, the fluid sub-problem is nothing but the finite ele-
ment approximation of the fluid mechanics sub-problem , with the following
Dirichlet condition

u=0m, on X, (13)

weakly enforced using Nitsche’s method.

In summary, the fluid-structure Nitsche’s formulation can be reformu-
lated, in a partitioned fashion, as two sub-problems (structure and fluid) coupled
through Robin, , and Dirichlet-Nitsche, , transmission conditions. This
is in contrast with the traditional Dirichlet-Neumann formulation, where only
forces are transferred from the fluid to the solid (see e.g. [25] 26] 18] [15]). We
refer also to the recent work [I], where the coupling is prescribed in terms of
Robin-Robin conditions, in order to accelerate the convergence of a partitioned
solution procedure (within the context of an implicit coupling scheme).

Remark 3.4 In the traditional fluid-structure formulations (in which Vi, and
X}, match at the interface, up to interpolation), stability requires (at least theo-
retically, see e.g. [25]]) the interface fluid force to be given as the fluid-subproblem
variational residual. In the solid-subproblem of the Nitsche’s formulation
, on the contrary, no such a variational consistency is needed to ensure sta-
bility. The interface fluid force is simply given as an interface integral. This will
be crucial, in section {5, to stabilize a fluid-structure explicit coupling scheme.

INRIA



Stabilized explicit coupling in FSI with fluid incompressibility 9

4 Time discretization: coupling strategies

For the time discretization we propose to replace all time derivatives in -

by backward differences. Let (0,T) be the time interval of interest. For a
given integer N € N*, we introduce the time-step dt def T/N and the time grid
tn et ndt, with 0 < n < N. In what follows, we will use the following general

notation for the first order backward difference 95, X1 & 5t=1(xXn+1 — Xn).

We consider a first order backward difference discretization in the fluid and
a Newmark’s scheme for the structure, so that the fully discrete fluid and solid
bi-linear forms are given by:

n n def n n n
AL (). (o) ot [ oot [ ot ) e(wn)

+/ th . UZ+1
Of
n+1

. def . 1
(i) (o, on)) S | sy + Ga” (i

n+1

As a result, the fully discrete partitioned fluid-structure formulation is given by:

ot + nh7 wh)

e Solid sub-problem: Given (u},p};) € Wy x Qp, find (n ”H,nZH)
X, x Xj, such that

() o)) %[ o
*’YE Up - Wp — o(uy,pp)n - wy, (14)
p) by

for all (wy,, wyr) € Xp x Xp.

e Fluid sub-problem: Given (“)5th+1 € Xy, find (uzﬂ,pzﬂ) € Wi, X Qp,
with wf ™! = 4y, (t,11) on T'™, such that

AL (Y, (v, qn)) — / o (Wl g ey — / W (avn, —gn)n
>
+v%/ ntl /%m o(awvy, Qh)n+vh/8am"“
>
+ / Gltnsr) v, (15)
l"out

for all (vp,qn) € Vi X Qp.

If uj def uZH and pj, ef pzﬂ for 0 < n < N — 1, the scheme . .
correspondb to an implicit coupling scheme. On the other hand, if uj def up

and pj; def pp for 0 < n < N —1, the scheme is (fully) explicit or loosely coupled.

RR n° 0123456789



10 E. Burman & M.A. Ferndndez

In the next two paragraphs, we will discuss the stability properties of the
numerical schemes resulting from these choices of u; and pj. In Section §5| we
will show that the explicit coupling scheme can be stabilized by adding, to the
fluid sub-problem, a suitable interface time-penalization term.

4.1 Implicit coupling

For uj, = u L and D = Z“, 0 <n < N-—1, the scheme - corresponds
to an 1mpl101t couphng scheme. In other words, at each time level, n, the sub-

problems and are fully coupled.
By adding and . the implicit scheme can be reformulated (mono-

lithically) as follows: Find (w1, prtt prtt 9 tl) € W, x Qp x X x Xp, with
up ™t = @y (tygq) on '™, such that

Ao ((up L op ), (oo an)) + A5 (™), ('wh,wh))

- [otwt g ne (o - wn) ~ [ (@ - oun ) - olav, ~gn
b b
o [t —om ) - on—wn) = [ altui) o,

I‘out
(16)
for all (v, qn, wh, W) € Vi X Qp x Xp X X, which is a fully discrete counterpart

of .

In order to simplify the presentation, we introduce the following notations:
uptt et (upt pp ™) and Vi, Lof (vh,qn) stand for the fluid state and test

functions, @Z'H def (77”“,7]2“) and W, def (wp, wy) for the solid state and
test functions and

AU, @), (Vi W) AL ((wp ™, i), (vns gn))
+ A5, (), (wp, wh))

- / o, o ) - (wh — w)
)

*/( = 95mp ) - o (avp, —qn)n
)

+7%/(uﬁ+l Omp ™) - (vn — wp).

(17)

for the implicit coupling bi-linear form. As a result, simply reduces to

AU, 05, (Vi W] = / G(tnss) - vn, (18)

Tout

for all (Vh,Wh) € (Vh X Qh) X X}QL

4.1.1 Stability analysis — implicit coupling

As one could expect, implicit coupling is unconditionally stable in the energy
norm. Let E™ denote the total discrete energy of the system at the time level

INRIA



Stabilized explicit coupling in FSI with fluid incompressibility 11

n, defined by

Fn 4 defp ”

1 m
hHO of + T 5 *(nhs k) +5t* Z [l +1)||(2),Qf
m=0 (19)
’7# Z H m+1 atn

m=0

The next Lemma states the unconditional stability of the implicit coupling
scheme, . with u} x def uZ'H and pj, def p”'|r1

Lemma 4.1 Assume that the fluid-structure system is isolated, i.e. w =0 and
g=0. Let {( (uptt pptt gttt }OgngN—l the solution of ([14)-(L15) with

uj def uZH and pj, def pﬁ“. Then, under the condition @, the following
energy estimate holds,

E™ < E,

with 1 <n < N — 1. In particular, for o = —1 this estimate holds true for all
values of the Nitsche’s penalty parameter v > 0.

Proof. The proof follows, with minor modifications, the proof of Lemma
for the space semi-discrete case. Indeed, by testing with

(Vn, qn, wi, wp) = (wp ™t pp ™, Osemy T 95y T,

using (9)), summing over n, using condition (6)) and the definition (L9)), we get

En

||77h||o Qs T a *(nh,m3),

2

which completes the proof. O

Despite the outstanding stability properties provided by the previous Lemma,
implicit coupling has the major disadvantage of being too CPU-time consuming.
Indeed, at each time-level n, it involves the solution of the fully coupled system
, which can solved monolithically, by treating as an individual problem,
or in a partitioned fashion, by sub-iterating (until convergence!) between the

fluid and solid subproblems —.

4.2 Explicit coupling

For uj = u} and p; =pj, 0 <n < N — 1, the scheme - is explicit (or

loosely coupled). In such a procedure, one can advance in time by solving first

for the solid in , since (u}, py) is known from the previous time level, and

then for the fluid in , since 8&17”“ is provided by the previous solid step.

This simple splitting procedure for solving fluid-structure interaction problems,

is also known in the literature as conventional serial staggered (CSS) scheme (see
g. [32,12)).

Clearly, explicit coupling is very appealing in terms of efficiency: it only in-
volves one (or a few) solution of the fluid and solid sub-problems per time step.
However, this fluid-solid splitting can drastically compromise the numerical sta-
bility of the scheme, as showed in [7, [I7], when dealing with incompressible
fluids.

RR n° 0123456789



12 E. Burman & M.A. Ferndndez

To illustrate this issue, in the case of the partitioned Nitsche fluid-structure
formulation (14)-(15), we reformulate the explicit coupling scheme in a mono-
lithic fashion as we did for the implicit scheme in (|18)), by adding the expressions
and . This yields the global problem: Find ( "H,pzll, nZ“,nZH)
Wh X Qp x Xp, x Xy, with uh+1 = up(tpy1) on I such that

A5 (™ pi ), (v, qn)) + A5 (™ apth), (wh,wh))—/ga( utpitn vy,
+ [ otwpinwn ~ [ @it - o) oo —an
> >

Ly / (WP — o) -y, — o / (ufl — O +Y) -y, = / g(tnsn) - vh,
h s h s rout

(20)
for all (vp, qn, wp, wp) € Vi X Qpn X X X X, which is a explicit coupling fully
discrete counterpart of . Equivalently, in a more compact form,

AE[(UZ+1,@Z+1),(Vh,Wh)] — / gn+1 SV, (21)
Fout
for all (V,, W},) € (Vi, x Q) x X7, where the explicit bi-linear form A is given
by
Ap[UH, 00, (Vi W) E AL (it o), (vn, an)
+ A5 (), (wh, wn))

- [otwt g tne ot [ otup s w,
= s

- / (up™ = Osmp ™) - o (avp, —gn)n
>

o [t —omp) o,

o [ = omp) w

From , it then follows that
A[(URH, 00, (Vi W) =A (U, 051, (Vi W)
et [ =),

- [ (o n - otulpin) - o,

; (22)
Therefore, the explicit coupling scheme can be thought of as an interface per-
turbation of the implicit coupling scheme. This perturbation consists of two
terms, related to the time variations of the fluid velocity and fluid stresses at
the interface 3. In the next paragraph we will see that the dissipative character
of the Nitsche’s coupling is able to control the first perturbation, under a suit-
able CFL-like condition (see Remark . The second, on the contrary, needs
a special treatment, which will be topic of Section

INRIA



Stabilized explicit coupling in FSI with fluid incompressibility 13

4.2.1 Stability analysis — explicit coupling

Let us stress that the purpose of this paragraph is simply to illustrate (not to
prove) the instability of the explicit coupling scheme —. The discus-
sion below will motivate the introduction of a new (stabilized) explicit coupling
scheme in Section

Lemma 4.2 Assume that the fluid-structure system is isolated, i.e. w =0 and
g=0. Let {(UZHaPZHa772+177'72+1)}0<n<1\,,1 the solution of (14)-(15) with
uy o uy and pj, e pjr. Then, under the conditions (6) and

ot < —=h, (23)

with Cx, > 0 a given constant, the following estimate holds,
E™ £ 5t P a2 < < 2E° 4 O [luf ||2
+ A lupllos < + Csllup 5.5
n—1
— 20t Z/ (o(up™tpptn — o (up', pin) - dsimp ™. (24)
m=0"%
Proof. By testing with

. _ n+l  n+l n+1 - n+1
(’Uh7qh7wh7wh) - (uh 7ph 7a5tnh 785t77h )7

using , multiplying by ¢, summing over 0 < m < n — 1 and using the
stability analysis of the implicit scheme, we have

n—1
E™ <E° — 6t% Z /2 (u;?+1 —uy') - s
m=0

T (25)

n—1
oty / (o™, p Y — ol i ym) - Do
m=0 X

As mentioned above, the term T3 involving the fluid velocity fluctuations at
the interface can be handled using the Nitsche’s penalty coupling term. Indeed,
we have

n—1
Ty :515% Z /(u}?“ —up) - (w4 Ot — )
s

m=0
T =
LS [ a0 6
m=0 z b
5t TH o m—+12 mi|2 m—+1 m|2
257 Z Juy ™ 6,s — llup'llo,s + lluy™ —up'llo s
m=0
s - o R
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14 E. Burman & M.A. Ferndndez

Finally, using we obtain

Oy
2

n—1
Y Vi :
T > St s — S bl s — 0t D7 g = dpemyy 1
m=0

By inserting this expression in , its last term can be controlled thanks to
the Nitsche dissipative term in E™, which completes the proof. O

The above Lemma shows that the first perturbation term in , involving
the fluid velocity fluctuations at the interface, can be handled using the Nitsche
penalty interface term in E™, under the CFL-like condition . However,
the second perturbation term in , involving the stress time fluctuations at
the interface, can not be controlled by the discrete energy of the system E™.
Actually, the energy estimate fails to control the pressure fluctuations on the
interface. Somehow this illustrates the infamous numerical instability featured
by the explicit coupling scheme, when dealing with incompressible fluids.

We refer to [7] for a rigorous explanation of this issue in a simplified frame-
work, relating the instability of the scheme to the fluid-solid density ratio pf/p®,
irrespectively of the discretization parameters. A further analysis, considering
different time discretization schemes, has been recently reported in [I7]. In
particular, the authors conclude that no sequentially staggered scheme can be
constructed which would be unconditionally stable with respect to the fluid-solid
density ratio.

Based on the above analysis, in the next section we propose a new explicit
coupling scheme which, under condition , is unconditionally stable with
respect to the fluid-solid density ratio.

5 Stabilized explicit coupling

In order to control the spurious oscillations of the fluid forces at the interface,
arising in the energy estimate , we add to the fluid sub-problem the
following weakly consistent penalty term:

ef ot n n
S(St(UZ+1a Vh) d: ’70; / a(sto'(uh+17ph+1)n : O'(Uh, qh)na (26)
b

with 7o > 0 to be chosen sufficiently large. Clearly, this corresponds to penalize
the fluid force fluctuations on the fluid-structure interface 3.
As a result, our new explicit coupling scheme is given by:

e Solid sub-problem: Given (u},p}!) € W), x Qp, find (nZH,ﬁZH) €
X, x Xj, such that

S - N . Ill'
5o ). o)) 0 [ i
b
_’yﬁ Up - Wh — U(uh,vplL)n'whv ( )
p z

for all (wy,,wy) € Xp x Xp.
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Stabilized explicit coupling in FSI with fluid incompressibility 15

e Fluid sub-problem: Given 9s;n) ™" € Xp,, find (u)} ™, pp*h) € Wi, x Qu,
with u ™! = 4y, (t,11) on T'™, such that

Af;t((UZ“,pZ“),(vh,qh))—/ U(UZ+17PZ+1)n'Uh_/ ul o (qvp, —gn)n
> ¥

+7%/ up o+ S5 (up ™ pp ™), (Ve an)) = — | Osm) ™o (avn, —qn)n
b b

ot [ ot ont [ gl on, 29
z

for all (vp,qn) € Vi X Q4.

For the stability analysis below, we reformulate this new explicit coupling
scheme in a monolithic fashion, by adding the expressions and . This
yields the problem: Find (uZH,p};H, 772“,7'72“) e Wi x Qp x Xp, x Xj,, with
ul ™ =@y, (ty41) on T, such that

A5, ((wn,pn), (v, an)) + A3 (05, 925), (Wi, W)

_/"(“ZH’PZ“)WUH/ o (up, py)n - wh
= by
- [t = oum ) - otov—an o [ @i =0t v,

=
ot [ = D) wn + Sa (w5, (0nsa0)
b))

= / g(tni1) - vh,
I‘Out

for all (vp, qn, wp, wyr) € Vi, x Qp x Xp, X Xj. Equivalently, in a more compact
form,

A O ) (Vi W) = [ g, (29)

for all (v, qn, wp,wr) € Vi X @ x Xp, X Xp, where the stabilized explicit
coupling bi-linear form Ag is given by

C AR (UL, 00HY), (Vi W) +85: (UL, V).

AS [(UZJrlv ®Z+1)a (Vha Wh)]
On the other hand, from , we obtain
AS [(UZ+1a ®Z+1)7 (V]"u Wh)] :AI I:(U;LH_la ®Z+1)7 (Vha Wh)]
ol [ =)
b

- [ (et n = otupin) - w,
>

ot
+%ﬁ/ Iseo(up ™, i n - o (vi, gn)n.
5
(30)

RR n° 0123456789



16 E. Burman & M.A. Ferndndez

5.1 Stability analysis

In this section we will prove that the dissipative character of the Nitsche’s
penalty coupling term in combination with makes the explicit scheme —
stable, for vy sufficiently large and under the CFL-like condition .

Theorem 5.1 Assume that the fluid-structure system is isolated, i.e. u = 0

and g = 0. Let {(u},p},n}, M) bo<n<n—1 denote the solution of —,
Under the following conditions

v > 8(1 + Oé)CTI,

st < =,
Vi

4h
Yo > <7 + 4CKT) )

the following energy estimate holds, for 1 <n < N,

(31)

2700t
O o (uft, p)m

B" + 2512 [ |3 + 3y

2700t
< 4By + 20 |uf||3 5 + 72

lor (e, D)5 5 (32)

In other words, the stabilized explicit coupling scheme — is conditionally
stable in the energy norm.

Proof. We proceed by first testing with
('Uh7 4dh, Wh, wh) = ('LLZ+1,pZ+1, 85t’r’;7,l+17 85th2+1)'

Then, using , multiplying by §¢, summing over 0 < m < n—1 and using the
stability analysis of the (unstabilized) explicit coupling scheme (Lemma ,
we obtain

n—1

E" 4 6t%||uﬁ||az n 2%5752 - /Eaﬁa(u;f“,p?f“)n o Pt n
m=0

Ty

n—1
< 2E°4+Cxlup |5 5 —26t Z/ (o™ p i — o (up, pif)n) - s+
m=0 2

15
(33)

In order to prove the stability of the scheme, we will show that the term E™+T}
can absorb the term T5.
First note that for the first term we have,

Yo
T =;5t (lo(ui, pi)nls s = llo(u), ph)nlfs)

n—1
20080 3 s (gl
m=0
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Stabilized explicit coupling in FSI with fluid incompressibility 17

Finally, term 75 in , involving the fluid force fluctuations at the interface,
can be bounded thanks to the new dissipative term T7. More precisely, we have

n—1
TQ = — 25t2 Z / 8§t0' m+1,phm+1)n 85 m+1
_o/2

n—1
<266 Y (| 0seor (wy ™ pi mllo,s (Jlup ™ = sy lo,s + llug  os)
m=0
n—1 h
<ot* ) [(61 +e2) — 050 (up ™ pp 3 s
m—0 TH

L yp L yp
to ||’uerl A5y 15 5 += || PR s

n—1

h m m
<5t? Z [(61 + e2)— || Ose0 (u) T, iy +1)n||(2)72
m=0 s
Ly, L yp m
+ E?Huh A — Ostmyy’ +1||Oz + CK [e(u +1)”§,Qf ’

where we have applied a trace inequality combined with the Poincaré’s and
Korn’s inequalities. We now choose
4~6tC
€1 — 4(5t, €y — %,

to obtain

5t3 [ 4h e .
T S? < 5 +4CKT> Z [|05:0°( m+17phl+1)

m=0

i (35)
1
+or 3 (Bt = s s+ et ) g )
m=0
By assuming that
4h
Yo > (7 + 4CKT> ; (36)

the first term, in the right hand side of , is absorbed by , using the
dissipation of the stabilization term . The rest of terms are controlled, as
usual, by the dissipative penalty Nitsche coupling and the viscous dissipation
of the fluid in E™. We obtain the desired estimate by inserting the bounds
and in , which completes the proof. O

We conclude this section with a series of remarks.

Remark 5.2 According to Theorem[5.1], the stability of the scheme is indepen-
dent of the fluid-solid density ratio p'/p®. This is a major advantage compared
to the standard explicit-coupling, whose (in)stability precisely relies on this ratio,
irrespectively of the discretization parameters (see [T, [17]).

Remark 5.3 The proof of Theorem[5.1] is based, exclusively, on the dissipation
due to the Nitsche coupling and the time force penalization terms. As a result,
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18 E. Burman & M.A. Ferndndez

our stability result is independent of the dissipative features of the fluid and
solid time discretization schemes. This is a significant progress with respect to
the stability result stated in [13], for a semi-implicit coupling scheme, whose
proof purely depends on the dissipative properties of the solid time discretization
scheme (a leap-frog scheme). On the other hand, as regards the fluid time-
discretization, one can use, for instance, a neutrally stable second order scheme.

Remark 5.4 Because of their common structure, we have used the terminology
CFL for the stability condition (31)2. However, we must stress that their nature
and impact on the numerical solution are completely different. Actually, from
the proof of Lemma one can notice that 2 does not arise from bounding
amplification factors, which is indeed the case for the classical CFL condition.
As a result, failing to satisfy 2 only indicates that the constant Cy is not
h—uniform. In particular, according to the energy estimate , for h >0
(fired) the numerical solution remains always bounded, irrespectively of n, so
no CFL time blow-up appears.

5.2 Stabilization and artificial compressibility

In this paragraph we motivate the role of the time-penalty term as a quasi-
incompressible approximation at the discrete level. For the sake of clarity, we
neglect the viscous term in so that the stabilization term reduces to

def Ot
Sse(pptt an) = 'YOE/ sty .
>

As a result, the discrete continuity equation in is given by

ot " "
W’o*/ Ao an, +/ anV -uptt =0,
uJs of

for all g;, € Qp, which corresponds to the discrete counterpart of the modified
continuity equation
cstx0p+V-u=0, in f.

Here, cs1,5 def (700t /11)dx can be thought as an artificial compressibility param-
eter, where 0y, stands for the Dirac measure on the surface X.

We can, therefore, interpret the stabilization of the explicit coupling scheme
as a quasi-incompressible approximation. Let us note that, the artificial
compressibility c¢s; 5 is purely restricted to the wall ¥, through the Dirac mea-
sure dy. In practice, it is limited to the first layer of fluid mesh elements from
the interface 3. Formally, cs¢ s goes to zero as long as 6t — 0. Actually, we shall
see in the next paragraph that, under suitable assumptions on the discretization
parameters, the penalty term is of order O(ét%), and hence consistent with
the original equation.

The role of the divergence-free constraint in the fluid-structure coupling has
already been outlined in the literature. Let us cite, for instance, the work
[36, 23], where quasi-compressibility is introduced in order to accelerate the
convergence of fixed-point iterations towards the solution of an implicit cou-
pling scheme. Here, the quasi-compressibility vanishes at convergence and the
artificial compressibility parameter is chosen so as to optimize efficiency (it only
depends on physical quantities) and not for consistency or stability purposes.
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Stabilized explicit coupling in FSI with fluid incompressibility 19

Finally, let us mention the non-consistent approach where artificial compress-
ibility could be introduced at the continuous level [I1], in order to avoid explicit
coupling instabilities.

5.3 Weak consistency and error estimates

The stability estimate obtained in §5.1 may now be used to derive formal a

priori error estimates. The structure is discretized in time using a conservative
and second order Newmark’s scheme. The fluid, on the other hand, is expected
to be first order in time due to the backward Euler discretization. This is
indeed the order of the fully implicit scheme on a fixed mesh. In the explicit
scheme, however, the penalization of the interface force time fluctuations, on
the fluid side, is only weakly consistent. We will now show that this weak
consistency causes a loss of half a power in d¢, i.e. that we may expect only
O(ét%) convergence in time. On the other hand, we will see that the Nitsche’s
penalty term introduces a non-trivial interaction between the time and space
discretization, specially in the case of the explicit coupling. In practice, this
results in a h-non-uniformity of the constant involved in the time truncation
error, which requires a balancing of the space and time discretization parameters
in order to retain optimal convergence asymptotically.

Let the hypothesis of Theorem be satisfied, moreover assume that there
exists an optimal order interpolation operator 7, that enjoys the following ad-
ditional stability property:

o (mhw, Thp)llos + [[mhullos < C,

where C' > 0 is a constant independent of h. This can be expected to hold true
for sufficiently regular solutions (u, p). In particular, it can be shown to hold in
the case when (u,p) € [Wh°(QH)]? x HY(QF).

We do not make a full convergence analysis in this paper, but we will simply
detail the terms that enter in the (formal) upper bound of the error and show

that the order is O(5t2) for fixed h.

def def m def

Let 0" = up' — mpu(tm), yi' = pft — Thp(tm), Nyt — T (tm) and
m def .

£, = 0 —mpm(t,) be the discrete errors. We mtroduce the following discrete
error functional

S g 1 S[(¢n m
||19 12 g + & 5 I€n 5.0 + 0% (& €R) +5t* Z (@ )15 or

nl

7575 m ¢n
e (ehayh)||02+5t ZIIO o i

A formal error estimate for our formulation can be obtained using the stability
result of Theorem on the discrete error quantities £}, 6}, and y;', followed
by an application of the (modified) Galerkin orthogonality, which gives rise to
the following upper bound of the error:

4
<o rEth)?+d 7, (37)
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20 E. Burman & M.A. Ferndndez

and C' > 0 is a generic constant independent of h, §t, n and T. The term 7(d¢, h)
is a truncation error of optimal order, that comes from the finite difference time
discretization and the space finite element approximation in each subdomain.
The remaining consistency terms are given by:

n—1
U / (O (tns1) — Do) - (O — D€ ™).
h m=0 2

n—1
def
Ty = 6t2 Z / 85ta'(7rhu(tm+1),Whp(tm+1))n . 02’”‘1,
m=0"%
) (38)
def
T3 ; %5152 Z /Eagmhu(tmﬂ) . 85t€ZL+1,

m=0
def n—1
T = ;0&2 Z / 85ta'(7rhu(tm+1),Whp(tm+1))n . U(HZLH,yZ”H)n.
m=0"%

The first term, 71, arises from the first order time discretization of the interface
coupling condition, u = 9yn on X, in . Note that this term also appears in
the consistency analysis of the implicit coupling scheme —. Terms 1 and
73 come from the explicit treatment of the interface coupling conditions and,
finally, 74 results from the time penalty stabilization term .

We will here only derive the upper bounds for 71, 73 and 74, since all the
difficulties are encountered in these terms and they give the final order.

For the first term we use the standard truncation error estimate

tm41 . tm+t1 ) %
O (Ems) — e (bms)| < / Oum| < ot ( / |atm|> .
t"7l tTn

Thus, we have

n—1

TH 8
n SW&Z Z Hatt"’”O,EX(tm,th)HGZH-H - 5&524_1”0,2
m=0 ) (39)
1 yudt? V., n
S5e p I0umlsaom + 55000 2 16— 0
m=0

with € > 0 to be chosen below.
The third term is treated as follows

n—1
T3 :%6t2 Z / 85t7rhu(tm+1) . (65t£2n+1 — 07}?+1 + 02”+1)
m=0"%

n—1
= 1Ro2 Y / Ostmnt(tms) - (O — 07
h m=0 )

T

n—1
TH m
R / Osemnultmir) - O

15
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For the finite difference Osimpu(tm41) we use the truncation error estimate

tm+l

1
1 1 t7n+1 3
Osvna(tmn)| = 5 / |8t7rhu|§5t;< / |6t7rhu2> S (o)
t"YL t'IYL

Hence, the term T} is upper bounded by

n—1
3
T, < L:(stz Z XS ot 10T — 056 o s
m=0 ) (41)
1 ypét? € w —
< ;illamullo £x(0,T) + -0t Z [CZa 6&52#1”3,2'
=0

In a similar fashion, using now the trace inequality combined with Poincaré’s
and Korn’s inequalities, [0}'[lo,s < Ckrl|€(8})]/0,qr, we obtain the following
bound for T5:

1 y*CRpudt? =

€ m
T; < %Tﬂaﬂhung,zx(oy) + §M5t Z [€(Oh )||(2),Qf- (42)

Finally, by applying the estimate to |Osto (mpu(tms1), Thp(E(tm+1))n|, from

it follows that

Ta <7(5t||8t (Whuaﬂhp)nH%,Ex(O,T)
(43)
Yo 5t m+1 _ m+1
+@?Zu Oyl s

We now take e = (3C) ! and insert the estimates (39)-([3) in to obtain

2 n—1
£ < 0{27(& QRS DI LCARTAREE

ypot®
+30| 2 (natmn%,m,n +lomul o)

2,12 2
v Chpudt
};LigHat”hUH%,zx(o,T)

+ T(StHata'(mu 7rMU)’"fHo =x(0 T)}

Therefore, by applying Gronwall’s Lemma and using the stability of the projec-
tion 7y, we have

2 2,12 2
e < C<T(6t, n)? + W}ft 42 CI;;“‘” %Tét) (44)
1

Several remarks are in order. First of all the estimate (44) shows that, on

a fixed mesh, the convergence order in time is imposed by the inconsistency of
1

the time penalization (26]), namely, the last term in (44)) which scales as O(dt2).
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This is a typical reduction of order for splitting schemes, observed for instance in
velocity-pressure splitting schemes of Chorin-Temam type for the Navier-Stokes
equations. The other two terms are of order 6t on a fixed mesh. However, in
this case, the constant depends on h and we see that asymptotically, i.e. when
refining both in A and in §t, we will have to chose dt = O(h?) in order to keep
uniformity. Such a choice leads to the estimate

E™ < C(7(8t,h)? + Th?),

which is optimal in the energy norm if piecewise linear finite elements are used
for the discretization of the fluid velocities and the structure displacements.

Remark 5.5 Note that in the case of the implicit coupling scheme, estimate
reduces to
o6t?
gn < C(T(ét,h)Q + Wh)

We therefore recover an optimal O(0t) on a fixzed mesh. As for the explicit
coupling, the constant appearing in the error estimate still depends on h, due to
the Nitsche penalty term. However, here, it is sufficient to take 6t = O(h%) n
order to keep optimality asymptotically.

5.4 Improving time accuracy: defect-correction iterations

In this paragraph we propose to recover optimal accuracy in time, namely O(dt),
by performing a few iterations based on the defect-correction method.

The iterative defect-correction method (see e.g. [37]) is an iterative procedure
which aims at increasing the accuracy of a numerical solution, without mesh
refinement. The basic principle of the method is based on the “neighboring
problem” idea, which can be described as follows (we refer to [37] for the details).
Assume that we want to approximate the solution z* of the equation

F(z) =0, (45)

by solving a related problem ~
Fz) =0, (46)

whose solution operator is denoted by G, i.e. F(G(0)) = 0. Let zo = G(0) be
the approximation of x* obtained by solving problem . The key point now
is to estimate the error x* — x(. First, note that x( is solution of the problem

F(z) = F(xo), (47)

which is a “neighboring problem” of . The “neighboring problem” idea
consists in assuming that the error generated by the solution operator G is
nearly the same for both problems, and , i.e

" —xg = xg — G(F(x0)),

or
o* & wg + [xo - G(F(zo))] .

This last expression motivates an improved approximation of x*, x1, by setting

xr1 = X9+ (330 — G(F(xo))
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The procedure can be repeated iteratively, which leads to the so-called defect-
correction method

Th1 = 0 + [wn = G(F(ap)| =20+ (Go F = GoF) (),

for k > 0. If G is an affine mapping, the above iterations reduce to

Thy1 = G(F(l’k) - F(‘rk))a

for k£ > 0, or equivalently

Flzper) = F(zy) — F(zy), k>0, (48)

which defines an alternative version of the defect-correction method.

We now propose to make use of this iterations in order to improve the ac-
curacy of the stabilized explicit scheme —. More precisely, we want to
recover the accuracy of the implicit scheme (18)) with a few iterations of
per time step, involving the stabilized explicit scheme.

In terms of the above notations we then set:

» U e,

(F(z),(Vi, Wi)) € AU, 07, (Vi Wh)] — / g(tns1) - on,

Tout

(F(2), (Vi W) € A[(UpF, 001), (Vi W) — / g(tni1) v

Tout

Thus, from (30)), the defect difference (F(zy) — F(x1), (Vi, Wy)) is given by

ot 1
w0 |5 (@i — ol pn) - o, ann
P

+ ’y%/z (uZ"'l’k — uZ) Swy, — /z: (J(uz+l’k,pz+l’k)n - J(uﬁ,pﬁ)n> Wy,

As aresult, the stabilized explicit scheme — combined with K > 1 defect-
correction iterations, , leads to the following iterative procedure:

e Time loop: For 0 <n < N —1 let

def
(w0 = (i)

- Correction loop: For 0 < k < K, solve:

1. Solid substep: Find (g """*! 7 +t1**) € X, x X), such that
3t((ﬂ2+1,k+1’h2+1,k+1)7 (wp, 1p)) —l—'y%/ DT,
b
= 'y%/ uZ'H’k Cwp, — / U(uz+1,k7pz+1,k)n Cwp, (49)
z by

for all (wy,,wr) € Xp x Xp.
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2. Fluid substep: Find (uzﬂ’kﬂ,p;f“’k“) € W, x @ with
uZH’kH = @y (tyy1) on T such that

.k k K k
Afst((UZ“ +1,p2+1 +1), (Um(Jh))—/E a'('u,zﬂ +1,p2+1 +1)’I’L"Uh
- / up T o (awp, —gn)n +7%/ uy T,

b >

Yo R k k )
_|_; /E (O’(’LLZ+1 k+1,p2+1 k+1) _ O'(UZ+1 k7p2L+1 k)'n,)-a('uh,qh)n
_ _/ D5 g (o, — g+ 7H/ B L Ly
b h‘ b
+/ g(tn-‘rl) *Up, (50)
l“out

for all (vn,qn) € Vi X Q4.

Here, we used the notation 95 X"*+14 % (Xntla — xn)/6t.

Remark 5.6 Note that, for K = 0 (i.e. with no corrections) the above algo-
rithm reduces to the original stabilized explicit coupling scheme —.

One of the main features of the above algorithm is that the corrected solution
at step k > 0 is expected to be of order O(dt+ (51&)% ). So, one defect-correction
iteration is enough to recover first order optimality. This will be illustrated with
numerical results in the next section. The corresponding theoretical convergence
analysis of — is beyond the scope of this paper. The interested reader is
referred to [24] where error estimates of defect-corrections methods are obtained
in a different framework.

6 Numerical experiments

In this section we illustrate the properties of the stabilized explicit coupling
scheme —, with K > 0 corrections, by performing a series of numerical
experiments.

6.1 A two-dimensional test case

We consider a simplified version of the numerical experiment reported in [31}, [16],
by coupling the 2D Stokes equations with the linear elasticity equations. The

o(n)n® = 0\ 0° = [0,5] x [0.5,0.6]
n=0-_ / n=0

o(u,p)n = *P(t)n\ Qf = 1[0,5] x [0,0.5] =

N

u-n=0,oupn-v=0

Figure 2: Geometrical description and boundary conditions

INRIA



Stabilized explicit coupling in FSI with fluid incompressibility 25

fluid domain is given by Qf [0,5] x [0,0.5] and the solid domain by Q° def

[0,5] x [0.5,0.6], all the space units are in cm.

Figure 3: Fluid and solid finite element meshes

Both systems, the fluid and the structure, are initially at rest. We impose,
between # = 0 and x = 5, an over pressure of P = 10*dyne/cm? during
5 x 1073s. The structure is clamped on = 0 and = = 5 and zero traction
is applied on y = 0.6 (see Figure [2). The fluid physical parameters are given
by pf = 1.1g/cm® and p = 0.035 poise. For the solid we have p® = 1.2g/cm?,
E =3 x 103 dyne/cm? for the Young modulus and a Poisson ratio of v = 0.3.

- e

(a) t =0.0025s (b) t =0.075s

(c) t=0.01s (d) t=0.015s

Figure 4: Stabilized explicit coupling (K = 0, « = 1, v = 100, 79 = 8.75 x
10~%): snapshots of the pressure and solid deformation (exaggerated) at four
time instants.

For the discretization in space we used the Taylor-Hood finite element for the
fluid equations and a standard P;-continuous discretization for the structure.
The mesh size was set to h = 0.1 (see Figure |3). Except when specifically
mentioned, we consider the symmetric formulation (« = 1). The time step is
fixed to 6t = 10~*s, the Nitsche penalty to ¥ = 100 and the time penalty
parameter to v = 8.75 x 1074, in the case without correction (K = 0), and to
Yo = 3.5 x 107° with correction (K > 1). The numerical computations have
been performed with FreeFem++ [22).

Let us consider, first, the stabilized explicit coupling scheme l) with-
out correction, i.e. K = 0, (equivalent to —). In Figure |4 we have
reported the computed pressure contours and the solid deformed configuration
at four time instants. The interface mid-point y-displacement and the out-flow
are depicted in Figure [5| As predicted by Theorem the numerical solution
is stable, and we can observe a pressure wave that propagates through the fluid
domain (see e.g [31], @]).

We now investigate the impact of the fluid-solid density ratio pf/p® on the
stability of the stabilized explicit coupling. To this aim, we keep constant the
solid density, p* = 1.2, and we take p' ranging from 1072 to 103. The cor-
responding interface mid-point vertical displacements are shown in Figure [6]
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20

STABILIZED EXPLICIT —— STABILIZED EXPLICIT ——

out-flow (cm3ls)

L L L L L L L L L 10 L L L L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05

time (s) time (s)

Figure 5: Stabilized explicit coupling (K = 0, a = 1, v = 100, 7o = 8.75x10~%):
interface mid-point y-displacement and out-flow

We can notice that, according to Theorem and Remark the numerical
solution remains stable irrespectively of the fluid-solid density ratio.

Let us turn our attention to the accuracy of the numerical solution provided
by the stabilized explicit coupling scheme without correction (K = 0). In Fig-
ure [7} we make a comparison of the interface mid-point vertical displacement
and the out-flow obtained with the stabilized explicit coupling and the implicit
coupling, — with u} = u2+17 Dy = pZ+17 a =1 and v = 100. The
latter being solved by relaxed sub-iterations between and (see e.g.
[28]). The poor accuracy of the numerical solution provided by the stabilized
explicit coupling scheme (without correction) is clearly visible, both amplitude
and phase are unsatisfactory. This sub-optimality is in agreement with the for-
mal consistency analysis performed in Paragraph Indeed, for the stabilized
explicit coupling scheme — the convergence rate (in time) is expected to
be O(6t2 ), whereas for the implicit scheme an optimal O(6t) is predicted. Figure
shows that, for a sufficiently small time step, the stabilized explicit coupling
solution reaches the accuracy of the implicit coupling scheme. Clearly, improv-
ing the accuracy of the stabilized explicit solution by reducing the time step is
inefficient in practice.

We shall see below that, according to Paragraph one defect-correction
iteration (K = 1) is enough to recover optimal accuracy. In the meantime, we
propose to illustrate, with a series of numerical computations, the relevance of
the stability condition and the error estimate (44)).

Let us consider a fixed time step 0t = 10™*s and take as reference solu-
tion the one provided by the implicit coupling scheme (y = 100, a = 1). We
then compute the relative out-flow [2-errors obtained with the stabilized explicit
coupling scheme (K = 0), for different values of v and 7. The corresponding
relative errors are given in Table [l for the symmetric formulation (o = 1),
and in Table [2| for the non-symmetric (&« = —1). The symbol “X” indicates
numerical instability. The results reported in Table [1| show that the symmetric
formulation becomes unstable for sufficiently small values of -, irrespectively of
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Figure 6: Stabilized explicit coupling (K = 0, a = 1, v = 100, 7o = 8.75x 10™%):
Interface mid-point y-displacement for different values of the fluid-solid density
ratio pf /p®
N Tt 10 100 1000 6 000 10000 20000
0
1.75x107° || X X X X X X 0.7739
3.5x107° || X X X X X 0.5183 0.7836
8.75x107° || X X X X X 0.5668 0.8115
1.75x107% || X X X X 0.5216 0.6423 0.8534
3.5x107% || X X X X 0.6792 0.7724 0.9209
8.75x10~* [| X X 0.9104 0.9296 0.9793 1.0035 1.0169
1.75x1073 || X X 1.0676 1.0750 1.0615 1.0509 1.0331
3.5x1073 || X 1.1568 1.1592 1.1737 1.1760 1.1762 1.1737
3.5x1072% || X 1.7095 1.3270 1.3460 1.3474 1.3472 1.3466

Table 1: Stabilized explicit coupling (K =
(a = 1): out-flow relative errors
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out-flow (cm3ls)

L L L L L L L L L L L L L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05
time (s) time (s)

Figure 7: Interface mid-point y-displacement and out-flow: comparison of sta-
bilized explicit coupling (K = 0, a = 1, v = 100, 7o = 8.75 x 10~%) and implicit
coupling (a = 1, v = 100)

R 10 100 1000 | 6000 | 10000 | 20000
L75x107° [ X X X X X X 0.7813
3.5x107° [ X X X X X 0.5285 | 0.7910
8.75x10° || X X X X X 0.5772 | 0.8188
1.75x10 * [ X X X X 0.5327 | 0.6528 | 0.8606
35x10 % [ X X X X 0.6909 | 0.7831 | 0.9280
8.75x10 1 [ X X 0.9182 | 0.0425 | 0.9821 | 1.0140 | 1.0242
L75x107% || X X 1.0801 | 1.0870 | 1.0727 | 1.0617 | 1.0434
35x10° || 1.2476 | 1.1578 | 1.1796 | 1.1018 | 1.1036_ | 1.1036 | 1.1002
3.5x10~7 | 1.5496 | 1.3987 | 1.3601 | 1.3566 | 1.3559 | 1.3556 | 1.3549

Table 2: Stabilized explicit coupling (K = 0) with the non-symmetric formula-
tion (o = —1): out-flow relative errors

Yo. In other words, we recover the stability condition 1 for « = 1. On the
contrary, for the non-symmetric formulation, & = —1, no positive lower bound
is required on . As a result, the scheme remains stable, see Table 2] as long as
we take a sufficiently large value of vy according to the stability condition (31))s.
From Tables [I] and [2| we can also notice that larger values of « allow stability
with smaller values of 7g, which is still in agreement with the stability condition
3. On the other hand, this numerical result illustrates that the accuracy of
the scheme is the outcome of a balance between the two last terms appearing
in the error estimate , namely,

2 2 2
Cir*uot® w7 o
h? 1
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. . .
025 03 02
time (s)

Figure 8: Interface mid-point y-displacement and out-flow, for §t = 1075,107°,
obtained with the stabilized explicit coupling (K = 0, « = 1, v = 100, v =
8.75 x 10™%) and with the implicit coupling (a = 1, v = 100), for §t = 10~*

For large values of 7y the second term dominates, so that the accuracy is not
much sensitive to changes in . For small values of vy, on the other hand, the
first term becomes prominent and the accuracy of the scheme more sensitive to
~. In particular, this shows that the procedure of improving the accuracy by
increasing the Nitsche penalty v and reducing the time penalty g, thanks to
3, is limited by the impact of 2 on the error estimate (44]).

Finally, in order to improve the accuracy of the solution, we consider the sta-
bilized explicit coupling scheme — with one or two corrections (K = 1, 2).
In Figures[9 and [I0] we report a comparison with the implicit coupling scheme.
After one correction step, the stabilized explicit coupling scheme achieves first
order accuracy O(dt). The enhanced accuracy is clearly visible (see Figure [5),
in particular, in the outflow rate. After two correction steps it provides a solu-
tion almost undistinguishable from the implicit scheme solution. This is a clear
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STABILIZED EXPLICIT: 1 CORRECTION ——
IMPLICIT -

.
0 005 01 015 02 025 03 035 04 045 05
time (s)

Figure 9: Interface mid-point y-displacement:

mid-point vertical displacement (cm)

005 01 015 02 02 03 035 04 045 05
time (s)

stabilized explicit coupling with

correction (K = 1,2, a = 1, v = 100, 7o = 3.5 x 107%) and implicit coupling
(o =1, v=100)

out-flow (cma/s)

Figure 10: Out-flow: stabilized explicit coupling with correction (K = 1, 2,
a=1,v=100, v = 3.5 x 107°) and implicit coupling (a = 1, v = 100)

indication that, once the same order is reached (i.e after one correction), further

corrections are superfluous.

6.2 A three-dimensional test case

We now investigate the efficiency and accuracy of our stabilized explicit coupling
scheme, with one correction (K = 1), by considering the 3D version of the
numerical experiment analyzed in the previous paragraph.

The structure is described by the linear elasticity equations (Saint Venant-
Kirchhof material), while the fluid is described by the incompressible Navier-
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N

(a) t = 0.0025s

=

(c) t =0.0075s (d) t =0.01s

Figure 11: Straight vessel: snapshots of the pressure and solid deformation
(exaggerated) at four time instants

A

(a) t =0.0025s

A

(¢) t =0.0075s

Figure 12: Curved vessel: snapshots of the pressure and solid deformation (ex-
aggerated) at four time instants

Stokes equations with an ALE formulation (see e.g. [I0]). As in [I5], we consider
two different geometries:

1. a straight vessel of radius 0.5 cm and length 5 cm,

2. a curved vessel of radius 0.5 cm with curvature ratio 0.25cm=1.
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The surrounding structure has a thickness of 0.1 cm. The physical parameters
are the following:

e Fluid: viscosity p = 0.035poise, density pf = 1 g/cm?,

e Solid: density p° = 1.2g/cm?®, Young modulus £ = 3 x 10° dynes/cm?
and Poisson ratio v = 0.3.

0.005 |

out-flow (cm3/s)

-0.005

. . . . . . . . . . . . . . . . . .
0 001 002 003 004 005 006 007 008 009 01 0 001 002 003 004 005 006 007 008 009 0.1
time (s) time (s)

Figure 13: Straight vessel: interface mid-point y-displacement and out-flow

Both systems, the fluid and the structure, are initially at rest. The struc-
ture is clamped at the inlet and the outlet. An over pressure of 1.3332 x
10* dynes/cm? is imposed, on the inlet boundary, during 5 x 10~2 seconds. The
fluid equations are discretized using Py /P; stabilized finite elements, whereas
for the solid we use P; finite elements. The time step is 6t = 10~%s and, for the
Nitsche and time penalty parameters, we have taken v = 10 and 7y = 2.6 x 1075.
The numerical computations have been performed within the framework of the
LifeV finite element library (www.lifev.org).

A pressure wave propagation is observed in both configurations. Figures
and show the fluid pressure and solid deformation (half a section) at the
time instants ¢ = 0.0025,0.005,0.0075,0.01s. These results are in agreement
with those provided in [15].

In Figures[I3 and [I4) we compare the interface mid-point y-displacement and
out-flow rate obtained with the implicit coupling scheme, on one hand, and with
stabilized explicit coupling scheme with one correction, on the other hand. As
in the two-dimensional case, one correction is sufficient to recover the accuracy
of the implicit coupling scheme.

Finally, in Table [3[ we give the elapsed (dimensionless) CPU time for both
schemes in the case of the curved vessel. We notice that the explicit coupling is 8
times faster than the implicit coupling, which is solved here using the partitioned
Newton’s method proposed in [I5]. Obviously, this difference in performance is
expected to increase when dealing, for instance, with non-linear solids and more
complex geometries.
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. . . . . . . . .
0 001 002 003 004 005 006 007 008 009 01
time (s)

out-flow (cm3ls)

. h . . . . ) .
002 003 004 005 006 007 008  0.09 01
time (s)

Figure 14: Curved vessel: interface mid-point y-displacement and out-flow

1 correction

COUPLING CPU time
Implicit 8
Stabilized explicit 1

Table 3: Elapsed CPU time (dimensionless): 1000 time steps of length §t =

1074 s.

7 Conclusion

In the present paper, we have proposed a stabilized explicit coupling scheme for
the efficient solution of fluid-structure interaction problems involving a viscous
incompressible fluid. The stability of the method is based on the Nitsche treat-
ment of the interface coupling conditions, on one hand, and on the addition of
a weakly consistent penalization of the (time) fluctuations of the fluid load at
the interface, on the other hand. We show that the proposed explicit coupling
scheme is stable irrespective of the fluid-solid density ratio.

The method is flexible with respect to the choice of time stepping schemes,
for the fluid and the structure, and allows for independent meshing of both
domains. The Nitsche based explicit coupling leads to a non-trivial interaction
between the space and time parameters in the error analysis. In order to assure
convergence (but not stability) the time-step has to be taken smaller than the
space step, leading to a condition close to what is expected for the explicit
time-stepping of parabolic problems. Stability, on the other hand, holds under a
CFL-like condition, similar (in its structure, see Remark to the one obtained

for explicit schemes for hyperbolic problems.

In the present work we have deliberately considered only the simplest discrete
formulation. The main ingredients for stability are

1. the dissipative properties of the Nitsche type coupling,

2. the physical dissipation in the fluid,
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3. the addition of a stabilization term controlling the fluctuation of the fluid
forces on the interface.

We have proposed to improve accuracy using a defect-correction approach. Nu-
merical experiences have shown that one correction step allows to recover the
accuracy of the underlying fully implicit scheme.

The present scheme provides a simple and robust approach to the explicit
time stepping of fluid structure interaction problems involving a viscous in-
compressible fluid. The method, however, suffers from a deterioration of the
accuracy. The success of the stabilized explicit coupling scheme depends on
the possibility of finding an optimal set of parameters and a correction strategy
that allows to improve the precision. We hope that the analysis and numeri-
cal experiments presented in this paper will stimulate further research in this
direction.
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