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Abstract
Thispaperpresentsa new techniqueto convert a coarsepolygonalgeometricmodelinto a smoothsurfaceinter-
polatingthemeshvertices,by improving theprincipleproposedbyVlachosetal. in their "CurvedPN-Triangles".
Thekey ideais to assignto each meshvertex, a setof threescalartagsthatactasshapecontrollers.Thesescalar
tags(calledsharpness,bias,and tension)are usedto computea procedural displacementmapthat enrichesthe
geometry, anda procedural normalmapthatenrichestheshading. Theresultingtechniqueoffers twomajors fea-
tures: �r st, it can be appliedon meshesof arbitrary topology while alwaysgenerating surfaceswith consistent
behaviors acrossedge and vertex boundaries,second,it only involvesoperationsthat are purely local to each
polygon,which meansthat it is verywell suitedfor hardware implementations.

1. Intr oduction

Comparedto other subdivision schemes[ZS00] or mesh
smoothingtechniques,CurvedPN-Triangles, a totally local
re�nementschemeintroducedby Vlachosetal. [VPBM01],
is muchbettersuitedto hardwareimplementation,sinceno
adjacency information betweentriangleshas to be stored
and managed.So, startingfrom a coarsemeshde�ned by
theuser, aninterpolatingre�ned meshcanbegeneratedon-
the-�y at renderingtime. The most innovative ideaof PN-
Triangles,comparedto previous work, is to relax the con-
straintof high-ordergeometriccontinuity, andto show that
a simple visual smoothnessis suf�cient for many applica-
tions.This visualsmoothnessis obtainedby computing,si-
multaneouslybut independently, adisplacement�eld usedto
enrichthegeometryof eachtriangle,anda proceduralnor-
mal�eld usedto enrichits shading.In orderto offer agreater
controlon theinitial coarsemesh,this paperproposesto as-
signto eachvertex of this coarsemesh,a setof threescalar
tagsthatactasintuitiveshapecontrollers,namelysharpness,
tensionandbias.The areaof in�uence of theseshapecon-
trollers is very local but is suf�cient to guaranteeconsistent
local surfacefeatures,suchascurvaturevaluesaroundver-
ticesor tangentplanediscontinuitiesacrossedges.

2. Description of ScalarTags

2.1. Local surfaceanalysis

Indexed facessets have becomethe most common data
structureto storepolygonalmeshes,as it avoids the dupli-
cationof the vertex coordinates.But it hasalsoonemajor
consequence:the only adjacency relationshipstoredin the
datastructurearethe indicesof commonverticessharedby

two neighboringpolygons.Thustheonly way to geta con-
sistentbehavior of thesurfaceacrosspolygonboundariesis
to storetheshapeparametersonapervertex basisandto en-
surethatthein�uenceof all theshapeparametersis strongly
localizedaroundeachvertex.

Unfortunately, if a per-vertex storageis well-adaptedto
per-vertex shapeparameterssuchas local tangentplaneor
local curvature,it is muchlessadaptedto per-edgefeatures
that may exist in the geometry, suchascreasesor straight
lines. So, to be able to correctlyaccountfor per-edgefea-
tures,we imposesomeconstraintson the one-ring neigh-
borhoodof eachvertex. Let us considerFigure1: a crease
passesthroughthevertex O andcutstheunderlyingtriangle
fan in two sub-fans.An averagenormalvectorN+ andN�

canbecomputedfor eachsub-fan,by simply averagingthe
normalvectorsof the includedtriangles.The sharpcrease
is thenimplicitly de�ned by the threetaggedverticesA, O
andB. Thecorrespondingnormaldiscontinuitycanbesim-
ply encoded,by applyingakind of Haar�ltering on thetwo
normal vectorsN+ and N� : we storethe averagenormal
vectorN = N+ + N� (which is normalizedto unit length)
andadifferencevectorD= N+ � N� . SoD= 0 corresponds
to asmoothvertex. In theremainderof thepaper, wewill use
theword “tagged”to specifya vertex with a non-nullD and
the word “untagged”otherwise.To be ableto alwayskeep
a local decisionaboutper-edgefeatures,we imposethefol-
lowing restrictionon thelocal con�guration:

1. A taggedvertex canhave2 taggedneighborsatmost.
2. A trianglecanhave2 taggedverticesatmost.

The �rst restriction ensuresthat only one creasepasses
throughagivenvertex. If not, thiswouldmeanthatweneed
morethanonevectorD to encodethe normaldiscontinuity
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Figure 1: (a) At the vertex level, the greensharp crease
can be encodedby a simplevector D. (b) This additional
per-vertex datalocally controls theunderlayingper-triangle
smoothsurfacegeneration.

at this vertex. As an extension,encodingseveral vectorsD
would allow to representmultiple sharpcreases,but at the
price of a more importantper-vertex dataset.The second
restrictionmake unambiguousthe differencebetweentwo
distinctcreasesthatareseparatedby only onetriangle,and
a creasethat loopsarounda singletriangle.Note thatsome
simplelocal remeshingstepcanremovethis limitation (split
for instance).

2.2. Shapeparametersthr oughscalar tags

Comparedto theoriginal PN-Trianglemodel,the inclusion
of the normaldiscontinuityvectorD allows us to generate
differentdisplacement�elds andnormal�elds onbothsides
of a creaseedge.We proposenow to de�ne additionalper-
vertex scalarvalues(i.e. scalar tags) to offer aneven more
accuratecontrol of the local geometry. We have selected
threeshapeparametersthat areparticularywell adaptedto
the control of sharpcreases.We �rst describethesethree
shapeparametersindependentlyof the underlying re�ne-
menttechnique.

The �rst scalartag s 2 [0;1 [ is calledsharpness: it de-
�nes thedivergenceof normalvectorsacrossthetwo sidesof
thecrease,by interpolatingbetweentotally smooth(s = 0)
andtotally sharp(s = 1 ) con�gurations(seeFigure2(a)).

Thesecondscalartagq 2 [� 1;1] is calledtension: it cor-
respondsto theusualtensionparameterthathasbeende�ned
in the spline literature[BB83, Far01]. It is usedto locally
control thecurvatureof all Bézierboundarycurvesthatare
startingfrom onagiventaggedvertex (seeFigure2(b)),and
allows to interpolatebetweenthreedifferentcon�gurations:
tensedBézier(q > 0), standardBézier(q = 0) andrelaxed
Bézier(q < 0).

Thethird scalartagb 2 [� 1;1] is calledbias: it alsocor-
respondsto theusualbiasparameterthathasbeende�ned in
thesplineliterature[BB83, Far01].It is usedto locally con-
trol thedirectionof all Bézierboundarycurvesthatarestart-
ing from agiventaggedvertex (seeFigure2(c)).Hereagain
threedifferent con�gurationsare interpolated:bias toward
N+ (b > 0), nobias(b = 0) andbiastowardN� (b < 0).

O
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O O

(b) Tension
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Figure 2: The role of scalar tags. (a) Sharpnesss con-
trols the normal deviation on sharp creases.(b) Tension
q controls the curvature of boundarycurvesin the vertex
neighborhood.(c) Biasb controls thedirectionof boundary
curvesin thevertex neighborhood.

Thesethreescalartagsareusedasshapecontrollersand
they completelydrivethemeshre�nement.Ourexperiments
have shown that thesevalues,de�ned by the user, arevery
intuitiveandpredictable,evenfor usersnot familiarwith ge-
ometricmodelingsoftwares.

To sumup, anenrichedcoarsemesh(STMeshin the re-
mainder)canbede�ned by usinga setof two tablesV and
T. Eachline of tableV storesall the datarelative to a ver-
tex: thepositionP, theaveragenormalvectorN, thenormal
discontinuityvectorD, andthethreescalartagss, q, andb.
Similarly, eachline of tableT storesonly the threevertex
indices(i; j ;k) relative to a triangle.

3. Meshgeneration

3.1. Combining shadingand smoothing

As saidabove, our techniqueis stronglybasedon the PN-
trianglespresentedby Vlachoset al. The readerunfamiliar
with this work may refer to [VPBM01] for detailson the
constructionof PN-triangles.

In orderto obtaina coherenteffect of theshapeparame-
tersde�ned above, their in�uence hasto beaccountedboth
for the shadingand the geometryof the surfacegenerated
during the renderingprocess.As shown in Figure3, in the
caseof a sharpcrease,this approachensuresa coherentbe-
havior, bothonthesilhouetteandattheinteriorof theobject.

(a) (b) (c) (d)

Figure 3: (a) Coarse meshwith a ring of verticestagged
as sharp(s = 0:7). (b) Resultobtainedwith standard PN-
Triangles.(c) Resultwith sharpnessonly in shading. (d) Re-
sultwith sharpnessbothin shadingandgeometry.

The shapefactorsdescribedin the previous sectioncan
now beusedto ef�ciently generateasurfacewith sharpfea-
tures.Globally, wecanmakeadistinctionbetween:
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� thesharpnessvalues whichmainlyactson theshading,
� thebiasb andthe tensionq which mainly acton thesil-

houetteof theobject,andsoon theunderlyinggeometry.

Weproposeto generateacoherentshadingfor ST-Meshes
with aprocedural normalmapconstructedwith themodi�ed
normals,anda smoothingalgorithmfor the geometrythat
canbe formulatedasa procedural displacementmap. Both
of themarecomputedwith onetriangularBézierpatch,sim-
ilarly to PN-Triangles.The combinationof thesetwo pro-
ceduralmapsproducesa realtimepiecewisesmoothvisual-
izationthatis accuratelycontrolledby thesimpleper-vertex
scalartagsof theST-Mesh.

3.2. Generationof the normal �eld

The normal �eld constructedacrossa triangle has to be
smoothin the interior of the triangle,continuousacrossan
untaggededge(i.e. without normaldiscontinuity)andcon-
sistentto thediscontinuityencodedby thes valuesof tagged
vertices.

To accountfor taggedvertices,the threeoriginal normal
vectorsaremodi�ed in the following way: sinceDi repre-
sentsthedirectionof thediscontinuityat vertex i, we de�ne
N0+

i (resp.N0�
i ), by N0+

i = (Ni + s iDi)=k(Ni + s iDi)k (resp.
N0�

i = (Ni � s iDi)=k(Ni � s iDi)k). The choiceof N 0+
i or

N0�
i is madeaccordingto the classi�cationof the triangle

against the triangle-fan split introducedby a sharpcrease
(seeFigure1). A linear or quadratic(Bézier) interpolation
betweenthesenormalescan producea visual smoothness
over the re�ned mesh[VPBM01]. In the remainderof the
paper, we will noteN 0

i , the normalof the current sideof a
creasefor vertex i.

3.3. Generationof the displacement�eld

As proposedby Vlachoset al., the displacement�eld will
be computedby de�ning a triangularBézierpatch.But the
shapemodi�cationsgeneratedby thescalartagsateachver-
tex have to beaccountedfor, whengeneratingthedisplace-
ment�eld, sotheprocesshasto beslightly modi�ed.

A setof 10 Béziercontrolpointshave to becomputedto
de�ne a cubic triangularpatch(seeFigure4), to de�ne the
displacement�eld b(u;v):

b(u;v) = b300w
3 + b030u

3 + b003v
3

+ 3b210w
2u+ 3b120wu2 + 3b201w

2v
+ 3b021u

2v+ 3b102wv2 + 3b012uv2

+ 6b111wuv

(1)

To simplify the upcomingnotations,we proposeto de-
composeeachcontrolpointas:

bi = di + ei (2)

wheredi correspondsto the position of the control point
whenthepatchis in a�at con�guration(i.e.all controlpoints
arelying in theplane)andei is thedisplacementvectorwhen

di is projectedontotheplanede�ned by thenormalandthe
positionof theclosestvertex. As in [VPBM01], we classify
thecontrolpointsinto 3 maincategories:

� vertex coef�cients: b300, b030, b003
� tangentcoef�cients: b210, b120, b021, b012, b102, b201,
� center coef�cients: b111 is procedurallyobtainedby the

formulationproposedby Farin to ensurequadraticpreci-
sion[Far01].

b300

b030

b003

b012

b021

b201

b102

b

b210
V1

V2

V3

d210

120210e

Figure 4: A cubic triangular Bézier patch. Each control
point can be decomposedin a parameterpositiondi and a
displacementei .

The scalartagsshouldneitheraffect the vertex coef�cients
(aswe alwayswantan interpolatingsurface)nor thecenter
coef�cient (asFarin's formulationalwaysmaintainsa nice
shapefor theinteriorof thepatch).So,weproposeto reduce
thegeometricexpressionof thescalartagsonly throughthe
tangentcoef�cients. Moreover, to preservecoherenceacross
triangleboundaries,the scalartagscarriedby a vertex will
only affectthetwo nearesttangentcoef�cients. For example,
thescalartagsof V1 will only affect thecoef�cients b210 and
b201.

In the remainderof this section,we considerthe caseof
a coef�cient bi , which is computedusingthe scalartagsof
Vj = (Pj ;Nj ;Dj ;s j ;q j ;b j ), andthepositionof theopposite
edgevertex Pk. Wehavealsoto determinatewhethertheco-
ef�cient is onasharpedgeornot.For this,weuseapredicate
di which is trueif thetwo relativeedgeverticesaretagged.

Let P(p;n;q) = � n:(q� p) be thesigneddistanceoper-
atorof projectionof q ontotheplanede�ned by thepoint p
andthenormaln. Wecanwrite theEquation2 as:

bi = di + P(Pj ;Nj ;di)Nj

with di = Pj + (Pk � Pj )=3.

For instance,with thecoef�cient b210of Figure4,wehave
j = 1 andk = 2; d210 will be true if V1 andV2 aretagged,
falseotherwise.Theformulationof thiscoef�cient becomes:

b210 = d210+ P(P1;N1;d210)N1

with d210 = P1 + (P2 � P1)=3. Let us now describehow to
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modify the geometricde�nition for a tangentcoef�cient bi
associatedwith a taggedvertex Vj .

(a) (b) (c) (d) (e) (f)

Figure 5: Transmissionof the scalar tags of two vertices
to adjacentBézierpatches.(a) s = 0:2, q = 0, b = 0 (b)
s = 1, q = 0, b = 0 (c) s = 0:2, q = 0:2, b = 0 (d) s = 0:2,
q = � 0:6, b = 0 (e) s = 0:2, q = 0, b = � 1, (f) s = 0:2,
q = 0, b = 1

Sharpness:To get a consistentsilhouettefor the re�ned
surface,wehaveto transmitthesharpnessvalues of avertex
to its relative tangentcoef�cients. This meansthat bi has
to expressthe “�atness” of the Bézierpatchnearthe sharp
crease(seeFigure5(a)and5(b)),which is actuallytheonly
importantaspectfor its perception.So,wejusthaveto acton
theprojection,by constrainingbi to theplaneof the“sharp”
normal,accordingto s, with thefollowing formulation:

ei = (1� di )P(Pj ;Xj ;di)Xj with Xj =
(1� s j )Nj + s jN

0
j

k(1� s j )Nj + s jN0
jk

If s j = 0 we arein the“smooth” case.Otherwise,themod-
i�ed normalwill �atten the patchnearthe taggededgeby
reducingtheelevationproducedby ei .

Tension: As usual in tensedBézier splines,the tension
aroundavertex Vj will becontrolledby thedistancebetween
its associatedtangentcoef�cients bi andits positionPj (see
Figure 5(c) and 5(d)). With our formulation, this leadsto
simply translatedi beforeevaluatingthe projectionei . We
wantthetensionto bemaximalwhendi = Pj , sothetangent
coef�cient will simplybecomputedby:

di = Pj +
(1� q j )

3
(Pk � Pj )

Bias: The bias factor is independentof the creaseside:
two trianglessharinga commonvertex Vj of a sharpcrease
have to conformtheir Bézierpatchesin thesamedirection,
de�ned by the Dj (seeFigure5(e) and5(f)). This time, we
want thebiasto beexpressedonly for sharpedges,andwe
proposeto act again on ei , by usinga projectiondirection
thatdirectly takesinto accountDj . Weobtain:

ei = diP(Pj ;Nj ;di)Yj with Yj =
Nj + b jDj

kNj + b jDjk

By stitchingall together, we obtainthe following �nal for-
mulationfor thetangentcoef�cients:

bi = di + ei

di = Pj + (1� q j )
3 (Pk � Pj )

ei = (1� di )P(Pj ;Xj ;di)Xj + diP(Pj ;Nj ;di)Yj

(3)

Theremainderof theprocessis totally similar to theone
usedwith PN-triangles:the 10 Béziercontrol pointsdo to-
tally de�ne thecontinuousdisplacement�eld. This�eld, and
the associatednormal�eld, canthusbe sampledat a given
resolution,to obtain a re�ned set of trianglesthat can be
sentto the renderingpipeline,or directly usedby the GPU
with the genericmeshre�nement techniqueof Boubekeur
andSchlick[BS05].

Figure 6: Original meshes(left) and realtime re�nement
(right) expressingthescalartag con�guration.

4. Conclusionand futur ework

In thispaper, wehaveshown how to easilycontrolsomeuse-
ful local surfacepropertiesthrougha reducedsetof scalar
shapeparametersencodedin a per-vertex basis.This work
enrichestheoriginalPN-Trianglemodel,andallowstheuser
to designmorecomplex shapesat a coarselevel thatwill be
dynamicallyre�ned preservingthisshapeparameters,which
is aninterestingpropertyfor real-timeapplicationsandcom-
pression.A �rst solutionfor expressinglocally sharpedges
hasbeenproposed,andour future work will be to investi-
gate the caseof multiple sharpedgesmeetingin the same
vertices,andhow to locally andef�ciently encodethis kind
of features.
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