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Résumé : Le groupage de tra

est un des problèmes les plus importants dans les réseaux
optiques. Il onstiste à grouper des signaux de bas débit dans des ux de plus grande apa ité,
ave l'obje tif de réduire le oût du réseau. Dans les réseaux SONET WDM, e oût est donné
prin ipalement par le nombre d'ADMs. Nous onsidérons l'anneau unidire tionnel omme
graphe physique. En termes de théorie des graphes, le groupage de tra revient à trouver
une partition des arêtes du graphe de requêtes en sous-graphes ave un nombre maximum
d'arêtes, en minimisant le nombre total de sommets dans la partition.
Nous onsidérons un graphe de requêtes de degré maximum ∆, et le but est de on evoir
un réseau qui soit apable de satisfaire tous les graphes de requêtes tels que haque sommet
peut établire au plus ∆ ommuni ations. Un modèle permettant ette exibilité n'existait
pas dans la littérature. Nous formalisons le problème et trouvons la solution exa te pour
∆ = 2 et ∆ = 3 (sauf le as C = 4). Nous donnons des bornes inférieures et supérieures
pour le as géneral.

Mots- lés : Réseaux optiques, SONET, groupage de tra , ADM, dé omposition des
graphes, graphe ubique, graphes sans bridges.
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Tra Grooming in Unidire tional WDM Rings with
Bounded Degree Request Graph ¶
Abstra t: Tra grooming is a major issue in opti al networks. It refers to grouping low
rate signals into higher speed streams, in order to redu e the equipment ost. In SONET
WDM networks, this ost is mostly given by the number of ele troni terminations, namely
ADMs. We onsider the ase when the topology is a unidire tional ring. In graph-theoreti al
terms, the tra grooming problem in this ase onsists in partitioning the edges of a request
graph into subgraphs with a maximum number of edges, while minimizing the total number
of verti es of the de omposition.
We onsider the ase when the request graph has bounded maximum degree ∆, and our
aim is to design a network being able to support any request graph satisfying the degree
onstraints. The existing theoreti al models in the literature are mu h more rigid, and do
not allow su h adaptability. We formalize the problem, and solve the ases ∆ = 2 (for all
values of C ) and ∆ = 3 (ex ept the ase C = 4). We also provide lower and upper bounds
for the general ase.
Key-words: Opti al networks, SONET over WDM, tra grooming, ADM, graph de omposition, ubi graph, bridgeless graph.
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1 Introdu tion
Tra grooming is the generi term for pa king low rate signals into higher speed streams
(see the surveys [3, 9, 15, 16, 20℄). By using tra grooming, it is possible to bypass the
ele troni s at the nodes whi h are not sour es or destinations of tra , and therefore redu ing
the ost of the network. Typi ally, in a WDM (Wavelength Division Multiplexing) network,
instead of having one SONET Add Drop Multiplexer (ADM) on every wavelength at every
node, it may be possible to have ADMs only for the wavelengths used at that node (the
other wavelengths being opti ally routed without ele troni swit hing).
The so alled tra grooming problem onsists in minimizing the total number of ADMs
to be used, in order to redu e the overall ost of the network. The problem is easily seen to be
NP- omplete for an arbitrary set of requests. See [11, 10, 1℄ for hardness and approximation
results of tra grooming in rings, trees and star networks.
Here we onsider unidire tional SONET/WDM ring networks. In that ase the routing
is unique and we have to assign to ea h request between two nodes a wavelength and some
bandwidth on this wavelength. If the tra is uniform and if a given wavelength an arry at
most C requests, we an assign to ea h request at most C1 of the bandwidth. C is known as
the grooming ratio or grooming fa tor. Furthermore if the tra requirement is symmetri , it
an be easily shown (by ex hanging wavelengths) that there always exists an optimal solution
in whi h the same wavelength is given to a pair of symmetri requests. Then without loss
of generality we will assign to ea h pair of symmetri requests, alled a ir le, the same
wavelength. Then ea h ir le uses C1 of the bandwidth in the whole ring. If the two endnodes are i and j , we need one ADM at node i and one at node j . The main point is that
if two requests have a ommon end-node, they an share an ADM if they are assigned the
same wavelength.
The tra grooming problem for a unidire tional SONET ring with n nodes and a grooming ratio C has been modeled as a graph partition problem in both [2℄ and [14℄ when the
request graph is given by a symmetri graph R. To a wavelength λ is asso iated a subgraph
Bλ ⊂ R in whi h ea h edge orresponds to a pair of symmetri requests (that is, a ir le)
and ea h node to an ADM. The grooming onstraint, i.e. the fa t that a wavelength an
arry at most C requests, orresponds to the fa t that the number of edges |E(Bλ )| of ea h
subgraph Bλ is at most C . The ost orresponds to the total number of verti es used in the
subgraphs, and the obje tive is therefore to minimize this number.
This problem has been well studied when the network is a unidire tional ring [3, 4, 7,
8, 9, 14, 12, 13, 15, 18, 19℄. With the all-to-all set of requests, optimal onstru tions for a
given grooming ratio C were obtained using tools of graph and design theory, in parti ular
for grooming ratio C = 3, 4, 5, 6 and C ≥ N (N − 1)/6 [3℄.
Most of the resear h eorts in this grooming problem have been devoted to nd the
minimum number of ADMs required either for a given tra pattern or set of onne tion
requests (typi ally uniform all-to-all ommuni ation pattern), or either for a general tra
pattern. However in most ases the tra pattern has been onsidered as an input for the
problem for pla ing the ADMs. In this paper we onsider the tra grooming problem from
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a dierent point of view : Assuming a given network topology it would be desirable to pla e
the minimum number of ADMs as possible at ea h node in su h a way that they ould be
ongured to handle dierent tra patterns or graphs of requests. One annot expe t to
hange the equipment of the network ea h time the tra requirements hange.
Without any restri tion in the graph of requests, the number of required ADMs is given
by the worst ase, i.e. when the Graph of Requests is the omplete graph. However, in
many ases some restri tions on the graph of requests might be assumed. From a pra ti al
point of view, it is interesting to design a network being able to support any request graph
with maximum degree not ex eeding a given onstant. This situation is usual in real opti al
networks, sin e due to te hnology onstraints the number of allowed ommuni ations for ea h
node is usually bounded. This exibility an also be thought from another point of view : if
we have a limited number of available ADMs to pla e at the nodes of the network, then it
is interesting to know whi h is the maximum degree of a request graph that our network is
able to support, depending on the grooming fa tor. Equivalently, given a maximum degree
and a number of available ADMs, it is useful to know whi h values of the grooming fa tor
the network will support.
The aim of this arti le is to provide a theoreti al framework to design su h networks
with dynami ally hanging tra . We study the ase when the physi al network is given by
an unidire tional ring, whi h is a widely used topology (for instan e, SONET rings). In [6℄
the authors onsider this problem from a more pra ti al point of view : they all t-allowable
a tra matrix where the number of ir uits terminated at ea h node is at most t, and the
obje tive is also to minimize the number of ele troni terminations. They give lower bounds
on the number of ADMs and provide some heuristi s.
In addition, we also suppose that ea h pair of ommuni ating nodes establishes a twoway ommuni ation. That is, ea h pair (i, j) of ommuni ating nodes in the ring represents
two requests : from i to j , and from j to i. Thus, su h a pair uses all the edges of the ring,
therefore indu ing one unity of load. Hen e, we an use the notation introdu ed in [4℄ and
onsider ea h request as an edge, and then again the grooming onstraint, i.e. the fa t that
a wavelength an arry at most C requests, orresponds to the fa t that the number of edges
|E(Bλ )| of ea h subgraph Bλ is at most C . The ost orresponds to the total number of
verti es used in the subgraphs.
Namely, we onsider the problem of pla ing the minimum number of ADMs in the nodes
of the ring in su h a way that the network ould support any request graph with maximum
degree bounded by a onstant ∆. Note that using this approa h, as far as the degree of ea h
node does not ex eed ∆, the network an support a wide range of tra demands without
re onguring the ele troni s pla ed at the nodes. The problem an be formally stated as
follows :
Traffi

Grooming in Unidire tional Rings with Bounded-Degree Request Graph

Input :

Three integers n, C , and ∆.
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An assignment of A(v) ADMs to ea h node v ∈ V (Cn ), in su h a way that
for any request graph R with maximum degree at most ∆, it exists a partition of E(R)
into subgraphs Bλ , 1 ≤ λ ≤ Λ, su h that :
(i) |E(Bλ )| ≤ C for all λ ; and
(ii) ea h vertex v ∈ V (Cn ) appears in at most A(v) subgraphs.
P
Obje tive : Minimize
v∈V (Cn ) A(v), and the optimum is denoted A(n, C, ∆).

Output :

When the request graph is restri ted to belong to a sub lass of graphs C of the lass
of graphs with maximum degree at most ∆, then the optimum is denoted A(n, C, ∆, C).
Obviously, for any sub lass of graph C , A(n, C, ∆, C) ≤ A(n, C, ∆).
In this arti le we solve the ases orresponding to ∆ = 2 and ∆ = 3 (giving a onje ture
for the ase C = 4), and give lower bounds for the general ase. The remainder of the arti le
is stru tured as follows : in Se tion 2 we give some properties of the fun tion A(n, C, ∆), to
be used in the following se tions. In Se tion 3 we fo us on the ase ∆ = 2, giving a losed
formula for all values of C . In Se tion 4 we study the ase ∆ = 3, solving all ases ex ept the
ase C = 4, for whi h we onje ture the solution. Finally, Se tion 5 is devoted to on lusions
and open problems.

2 Behavior of A(n, C, ∆)
In this se tion we des ribe some properties of the fun tion A(n, C, ∆).
The following statements hold :
(i) A(n, C, 1) = n.
(ii) A(n, 1, ∆) = ∆n.
(iii) If C ′ ≥ C , then A(n, C ′ , ∆) ≤ A(n, C, ∆).
(iv) If ∆′ ≥ ∆, then A(n, C, ∆′ ) ≥ A(n, C, ∆).
(v) A(n, C, ∆) ≥ n for all ∆ ≥ 1.
(vi) If C ≥ n∆
2 , A(n, C, ∆) = n.

Lemma 2.1

Proof:

(i) The request graph an onsist in a perfe t mat hing, so any solution uses 1 ADM
per node.
(ii) A ∆-regular graph an be partitioned into n∆
2 disjoint edges, and we annot do
better.
(iii) Any solution for C is also a solution for C ′ .
(iv) If ∆′ ≥ ∆, the subgraphs with maximum degree at most ∆ are a sub lass of the
lass of graphs with maximum degree at most ∆′ .
(v) Combine (i) and (iv).
2
(vi) In this ase all the edges of the request graph t into one subgraph.

Sin e we are interested in the number of ADMs required at ea h node, let us onsider
the following denition :
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Denition 2.1

Let M (C, ∆) be the least positive number M su h that, for any n ≥ 1, the
inequality A(n, C, ∆) ≤ M n holds.

Lemma 2.2

M (C, ∆) is a natural number.

Proof: First of all, we know by Lemma 2.1 that, for any C ≥ 1, A(n, C, ∆) ≤ A(n, 1, ∆) =
∆n. Thus A(n, C, ∆) is upper-bounded by ∆n. On the other hand, sin e any vertex may
appear in the request graph, A(n, C, ∆) is lower-bounded by n.
Suppose now that M is not a natural number. That is, suppose that r < M < r + 1 for
some positive natural number r. This means that, for ea h n, there exists at least a fra tion
r
M of the verti es with at most r ADMs. For ea h n, let Vn,r be the subset of verti es of the
r
> 0, we have that limn→∞ |Vn,r | = ∞.
request graph with at most r ADMs. Then, sin e M
In other words, there is an arbitrarily big subset of verti es with at most r ADMs per vertex. But we an onsider a request graph with maximum degree at most ∆ on the set of
verti es Vn,r , and this means that with r ADMs per node is enough, a ontradi tion with
the optimality of M .
2
If the request graph is restri ted to belong to a sub lass of graphs C of the lass of graphs with
maximum degree at most ∆, then the orresponding positive integer is denoted M (C, ∆, C).
Again, for any sub lass C , M (C, ∆, C) ≤ M (C, ∆).
Combining Lemmas 2.1 and 2.2, we know that M (C, ∆) de reases by integer hops when
C in reases. One would like to have a better knowledge of those hops. The following lemma
gives a su ient ondition to assure than M (C, ∆) de reases by at most 1 when C in reases
by 1.

Lemma 2.3

Proof:

If C > ∆, then M (C + 1, ∆) ≥ M (C, ∆) − 1.

Suppose that M (C + 1, ∆) ≤ M (C, ∆) − 2, and let us arrive at ontradi tion.
Beginning with a solution for C + 1, we will see that adding n ADMs (i.e. in reasing M by 1)
we obtain a solution for C , a ontradi tion with the assumption M (C, ∆) ≥ M (C +1, ∆)+2.
The request graph has at most ∆n
2 edges, and then in a solution for C + 1 the number of
∆n
. All the subgraphs with C or less edges
subgraphs with exa tly C + 1 edges is at most 2(C+1)
an also be used in a solution for C . We remove an edge from ea h one of the subgraphs
∆n
∆n
with C + 1 edges, obtaining at most 2(C+1)
edges, or equivalently at most C+1
additional
ADMs. We want this number to be at most n, i.e.
∆n
≤n,
C+1

whi h is equivalent to ∆ ≤ C + 1, and this is true by hypothesis.

2

We provide now a lower bound on M (C, ∆).

Proposition 2.1 (General Lower Bound)

M (C, ∆) ≥

 C+1 ∆ 
C

2

.
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Proof:

Sin e we have to onsider all the graphs with maximum degree at most ∆, we an
restri t ourselves to ∆-regular graphs with girth greater than C . Then, the best one ould
do is to partition the edges of the request graph into trees with C edges. In this ase, the
sum of the degrees of all the verti es in ea h subgraph is 2C . Thus, the average degree of
2C
the verti es in all the subgraphs is at most C+1
, hen e it exists at least one vertex v with
2C
average degree not greater than C+1 . Therefore, v must appear in at least Mv subgraphs,


2C
∆
2
with C+1
Mv ≥ ∆. Thus, M (C, ∆) ≥ C+1
C 2 .

Corollary 2.1
then

Proof:

If the set of requests is given by a ∆-regular graph of girth greater than C ,
 
∆
M (C, ∆) ≥
2

Trivial from Proposition 2.1.

2

If the value of C is large in omparison to n the number of ADMs required per node may
be less than M (C, ∆) as stated in the following lemma :
 
Lemma 2.4 A(n, C, ∆) ≤ n∆
2C n.

Proof:

The number of edges of a request graph with degree ∆ is at most n∆
. We an parti2
 
tion this edges greedily into subsets of at most C edges, obtaining at most n∆
2C subgraphs.
 n∆ 
Thus, in this partition ea h vertex appears in at most 2C subgraphs, as we wanted to
prove.
2
Noti e that this is not in ontradi tion with Corollary 2.1, sin e the inequality of the
denition of M (C, ∆) must hold for all values of n.

3 Case ∆ = 2
Proposition 3.1

Proof:

A(n, C, 2) = 2n − (C − 1).

Consider the ase when the request graph is 2-regular and has girth greater than
C . Then, a feasible solution is obtained by pla ing 2 ADMs at ea h vertex. What we do is
to ount in how many ADMs we an assure that we an pla e only one ADM.
Let us see rst that we annot use 1 ADM in more than C −1 verti es. Suppose this, i.e. that
we have 1 ADM in C verti es and 2 in all the others. Then, onsider a set of requests given
by a y le H of length C + 1 ontaining all the C verti es with 1 ADM inside it, and other
y les ontaining the remaining verti es. In this situation, we are for ed to use 2 subgraphs
for the verti es of H , and at least 2 verti es of H must appear in both subgraphs. Hen e we
will need more than 1 ADM in some vertex that had initially only 1 ADM.
Now, let us see that we an always save C − 1 ADMs. Let {a0 , a1 , . . . , aC−2 } be the
set of verti es with only 1 ADM, that we an hoose arbitrarily. We will see that we an
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de ompose the set of requests in su h a way that the verti es ai always lie in the middle of a
path or a y le, overing in this way both requests of ea h vertex with only 1 ADM. Indeed,
suppose rst that two of these verti es (namely, ai and aj ) do not appear onse utively in
one of the disjoint y les of the set of requests. Let bi be the nearest vertex to ai in the
y le in the dire tion of aj , and onversely for bj (bi may be equal to bj if ai and aj dier
only on one vertex). Then, onsider two paths (eventually, y les) of the form {bi , ai , . . .}
and {bj , aj , . . .}, to assure that both ai and aj lie in the middle of the subgraph. We do the
same onstru tion for ea h pair of non- onse utive verti es.
Now, onsider all the verti es {a0 , . . . , ai , . . . , at−1 } whi h are adja ent in the same y le
of the request graph, with t ≤ C − 1. Let b0 be the nearest vertex to a0 dierent from a1 ,
and let bt−1 be the nearest vertex to at−1 dierent from at−2 . Then, onsider a subgraph
with the path (or y le, if b0 = bt−1 ) {b0 a0 a1 . . . at−1 bt−1 }.
2

4 Case ∆ = 3
We study the ases C = 3 and C ≥ 5 in Se tions 4.1 and 4.2, respe tively. We dis uss
the open ase C = 4 in Se tion 5.
4.1

Case

C=3

We study rst the ase when the request graph is a bridgeless ubi graph in Se tion
4.1.1, and then the ase of a general request graph in Se tion 4.1.2.

4.1.1 Bridgeless Cubi Request Graph
We will need some preliminary graph theoreti al on epts. Let G = (V, E) be a graph.
For A, B ⊆ V , an A-B path in G is a path from x to y , with x ∈ A and y ∈ B . If A, B ⊆ V
and X ⊆ V ∪ E are su h that every A-B path in G ontains a vertex or an edge from X , we
say that X separates the sets A and B in G. More generally we say that X separates G if
G − X is dis onne ted, that is, if X separates in G some two verti es that are not in X . A
separating set of verti es is a separator. A vertex whi h separates two other verti es of the
same omponent is a ut-vertex, and an edge separating its ends is a bridge. Thus, the bridges
in a graph are pre isely those edges that do not lie on any y le. A set M of independent
edges in a graph G = (V, E) is alled a mat hing. A k -regular spanning subgraph is alled
a k -fa tor. Thus, a subgraph H ⊆ G is a 1-fa tor of G if and only if E(H) is a mat hing of
V . We re all a well known result from mat hing theory :

Theorem 4.1 (Petersen, 1981)

Every bridgeless ubi graph has a 1-fa tor.

Then, if we remove a 1-fa tor from a ubi graph, what it remains is a disjoint set of y les.

Corollary 4.1
y les.

Every bridgeless ubi graph has a de omposition into a 1-fa tor and disjoint
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7
A
6

1
B

8
3

5

w

v

D

9

14

4

u

C

10
E

G

F

13
12

a)

11

b)

c)

1  a) De omposition of a bridgeless ubi graph into disjoints y les and a 1-fa tor.
De omposition of a bridgeless ubi graph into paths of length 3. ) Cubi bridgeless
graph used in the proof of Proposition 4.1
Fig.

b)

An example of a de omposition of a bridgeless ubi graph into disjoints y les and a 1-fa tor
is depi ted in Fig. 1a.

Proposition 4.1

Let C be the lass of bridgeless ubi graphs. Then,
M (3, 3, C) = 2.

Proof:

Let us proof that we an always partition the request graph into paths with 3 edges
in su h a way that ea h vertex appears in 2 paths. To do so, we take the de omposition
given by Proposition 4.1, together with a lo kwise orientation of the edges of ea h y le.
With this orientation, ea h edge of the 1-fa tor has two in oming and two outgoing edges
of the y les. For ea h edge of the 1-fa tor we take its two in oming edges, and form in this
way a path of length 3. It is easy to verify that this is indeed a de omposition into paths of
length three. For instan e, if we do this onstru tion in the graph of Fig. 1a, and we label
the edges of the 1-fa tor as {A,B,. . .,G} and the ones of the y les as {1,2,. . .,14} (see Fig.
1b), we obtain the following de omposition :
{1, A, 6}, {5, B, 2}, {3, C, 8}, {7, D, 9}, {14, E, 11}, {10, F, 12}, {4, G, 13}

Now let us see that we annot do better, i.e. with 2n − 1 ADMs. If su h a solution exists,
there would be at least one vertex with only 1 ADM, and the average of the number of
ADMs of all the other verti es must not ex eed 2. In order to see that this is not always
possible, onsider the ubi bridgeless graph on 10 verti es of Fig. 1 . Let w be the vertex
with only 1 ADM. This graph has no triangles ex ept those ontaining w. Sin e we an use
only 1 ADM in w, we must take all its requests in one subgraph. It is not possible to over
the 4 remaining requests of the nodes u and v in one subgraph, and thus without loss of
generality we will need 3 ADMs in u. With these onstraints, one an he k that the best
solution uses 20 ADMs, that is 2n > 2n − 1.
2
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Taking a look at the proof we see that the only property that we need from the bridgeless
ubi graph is that we an partition it into a 1-fa tor and disjoint y les. Hen e, we an
relax the hypothesis of Proposition 4.1 to obtain the following orollary :
Corollary 4.2 Let C be the lass of graphs of maximum degree at most 3 that an be partitioned into disjoints y les and a 1-fa tor. Then
(i) M (3, 3, C) = 2 ; and
(ii) M (C, 3, C) ≤ 2 for any C ≥ 4.

4.1.2 General Request Graph
It turns out that when the request graph is not restri ted to be bridgeless we have that
M (3, 3) = 3.
Proposition 4.2 M (3, 3) = 3.
Proof: By (ii) and (iii) of Lemma 2.1 we know that M (3, 3) ≤ 3. We shall exhibit a
ounterexample showing that M (3, 3) > 2, proving the result. Consider the ubi graph
G depi ted in Fig. 2a. We will prove that it is not possible to partition the edges of G
into subgraphs with at most 3 edges in su h a way that ea h vertex appears in at most 2
subgraphs.

a2

e2

a0

e3

e

a0

a3

e1
A2

a1

A3
A1

G
a)

H
c)

b)

2  a) Cubi graph G that an not be edge-partitioned into subgraphs with at most
3 edges in su h a way that ea h vertex appears in at most 2 subgraphs. b) Graph that
annot be partitioned into 2 onne ted subgraphs with at most 3 edges. ) Counterexample
of Proposition 4.2 showing that M (3, 3) = 3
Indeed, suppose the opposite, i.e. that we an partition the edges of G into ( onne ted)
subgraphs B1 , . . . , Bk with |E(Bi )| ≤ 3 in su h a way that ea h vertex appears in at most
2 subgraphs, and let us arrive at a ontradi tion.
Following the notation illustrated in Fig. 2a, let A1 , A2 , A3 be the onne ted omponents
of G\{e1 , e2 , e3 }. Let also, with abuse of notation, ai = Ai ∩ei , i = 1, 2, 3, and a0 = e1 ∩e2 ∩e3 .
Fig.
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Claim 1

There exist an index i∗ ∈ {1, 2, 3} and a subgraph Bk∗ ontaining a0 , su h that
Bk∗ ∩ Ai∗ = {ai∗ }.
Proof: Among all the subgraphs B1 , . . . , Bk involved in the de omposition of G, onsider
the ℓ subgraphs Bj1 , . . . , Bjℓ overing the edges {e1 , e2 , e3 }. If ℓ = 1, then the subgraph
Bj1 is a star with three edges and enter a0 , and then Bj1 ∩ Ai = {ai } for ea h i = 1, 2, 3.
If ℓ ≥ 3, then the vertex a0 appears in 3 subgraphs, a ontradi tion. Hen e it remains to
handle the ase ℓ = 2. If the laim was not true, it would imply that for ea h i = 1, 2, 3 it
would exist jf (i) ∈ {j1 , j2 } su h that Bf (i) ∩ Ai ontains at least one edge. In parti ular,
this would imply that the graph depi ted in Fig. 2b ould be partitioned into 2 onne ted
subgraphs with at most 3 edges, whi h is learly not possible.
2
Suppose without loss of generality that the index i∗ given by Claim 1 is equal to 1. Thus,
a1 appears in a subgraph Bk∗ that does not ontain any edge of A1 . Therefore, the edges of
A1 must be partitioned into onne ted subgraphs with at most 3 edges, in su h a way that
a1 appears in only 1 subgraph, and all its other verti es in at most 2 subgraphs. Let us now
see that this is not possible, obtaining the ontradi tion we are looking for.
Indeed, sin e a1 has degree 2 in A1 and it an appear in only one subgraph, it must have
degree two in the subgraph in whi h it appears, i.e. in the middle of a P3 or a P4 , be ause A1
is triangle-free. It is easy to see that this is equivalent to partitioning the edges of the graph
H depi ted in Fig. 2 into onne ted subgraphs with at most 3 edges, in su h a way that
the thi k edge e appears in a subgraph with at most 2 edges, and ea h vertex appears in at
most 2 subgraphs. Observe that H is ubi and triangle-free. Let n1 be the total number of
verti es of degree 1 in all the subgraphs of the de omposition of H . Sin e ea h vertex of H
an appear in at most 2 subgraphs and H is ubi , ea h vertex an appear with degree 1 in
at most 1 subgraph. Thus, n1 ≤ |V (H)| = 6.
Sin e we have to use at least 1 subgraph with at most 2 edges and |E(H)| = 9, there are
= 4 subgraphs in the de omposition of H . But ea h subgraph involved
at least 1 + 9−2
3
in the de omposition of H has at least 2 verti es of degree 1, be ause H is triangle-free.
Therefore, n1 ≥ 8, a ontradi tion.
2
4.2

Case

C≥5

For C ≥ 5 we an easily prove that M (C, 3) = 2, making use of a onje ture made by
Bermond et al. in 1984 [5℄ and proved by Thomassen in 1999 [17℄ :

Theorem 4.2 ([17℄)
mati

The edges of a ubi graph an be 2- olored su h that ea h mono hroomponent is a path of length at most 5.

A linear k -forest is a forest onsisting of paths of length at most k . The linear k -arbori ity
of a graph G is the minimum number of linear k -forests required to partition E(G), and is
denoted by lak (G) [5℄. Theorem 4.2 is equivalent to saying that, if G is ubi , then la2 (G) = 2.
Let us now see that Theorem 4.2 implies that M (C, 3) = 2 for all . Indeed, all the paths
of the linear forests have at most 5 edges, and ea h vertex will appear in exa tly 1 of the 2
linear forests, so the de omposition given by Theorem [17℄ is a partition of the edges of a
ubi graph into subgraphs with at most 5 edges, in su h a way that ea h vertex appears in
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at most 2 subgraphs. In fa t the result of [17℄ is stronger, in the sense that G an be any
graph of maximum degree at most 3. Thus, we dedu e that
Corollary 4.3 For any C ≥ 5, M (C, 3) = 2.
Thomassen also proved [17℄ that 5 annot be repla ed by 4 in Theorem 4.2. This fa t
do not imply that M (4, 3) = 3, be ause of the following reasons : (i) the subgraphs of
the de omposition of the request graph are not restri ted to be paths, and (ii) it is not
ne essary to be able to nd a 2- oloring of the subgraphs of the de omposition (a oloring
in this ontext means that ea h subgraph re eives a olor, and 2 subgraphs with the same
olor must have empty interse tion).

5 Con lusions
We have onsidered the tra grooming problem in unidire tional WDM rings when the
request graph belongs to the lass of graph with maximum degree ∆. This formulation allows
the network to support dynami tra without re onguring the ele troni equipment at
the nodes. We have formally dened the problem, and we have fo used mainly on the ases
∆ = 2 and ∆ = 3, solving ompletely the former and solving all the ases of the latter,
ex ept the ase when the grooming value C equals 4. We have proved in Se tion 4.1.2 that
M (3, 3) = 3, and in Se tion 4.2 that M (C, 3) = 2 for all C ≥ 5. Be ause of the integrality
of M (C, ∆) and Lemma 2.1, M (4, 3) equals either 2 or 3. We onje ture that
Conje ture 5.1 The edges of a graph with maximum degree at most 3 an be partitioned
into subgraphs with at most 4 edges, in su h a way that ea h vertex appears in at most 2
subgraphs.
If Conje ture 5.1 is true, it learly implies that M (4, 3) = 2. Corollary 4.2 states that
M (4, 3, C) = 2, C being the lass of bridgeless graphs of maximum degree at most 3. Nevertheless, nding the value of M (4, 3) remains open. We have also dedu ed lower and upper
bounds in the general ase (any value of C and ∆). Tab. 1 summarizes the values of M (C, ∆)
that we have obtained.
C \ ∆
1
2
3
4
5
...
C
Tab.

1
1
1
1
1
1
1
1

2
3
4
5
6
2
3
4
5
6
2
3
4
5
6
2
3
≥3
≥4
≥4
2 2??
≥3
≥4
≥4
2
2
≥3
≥3
≥4
... ...
.
.
.
.
.
.
.. 
 C+1 
 C+1 5 
 .C+1
2
2 ≥ C 2 ≥ C 2
≥ C 3

...
∆
...
∆
...
∆ 
...
≥  2∆
3 
...
≥  5∆
8 
...
≥ 3∆
5
...
.
.
.


∆
. . . ≥ C+1
C 2

1  Values of M (C, ∆). The ase C = 4, ∆ = 3 is a onje tured value
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This problem an nd wide appli ations in the design of opti al networks using WDM
te hnology. It would be interesting to ontinue the study for larger values of ∆, whi h will
ertainly rely on graph de omposition results. Another generalization ould be to restri t
the request graph to belong to other lasses of graphs for whi h there exist powerful de omposition tools, like graphs with bounded tree-width, or families of graphs ex luding a xed
graph as a minor.
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