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ABSTRACT. The aim of this paper is to develop a new class of finite elements
on quadrilaterals and hexahedra. The degrees of freedom are the values at the
vertices and the approximation is polynomial on each element K. In general,
with this kind of finite elements, the resolution of second order elliptic prob-
lems leads to non-conforming approximations.Degrees of freedom are the same
than those of isoparametric finite elements. The convergence of the method
is analyzed and the theory is confirmed by some numerical results. Note that
in the particular case when the finite elements are parallelotopes, the method
is conforming and coincides with the classical finite elements on structured
meshes.

1. Introduction. Quadrilaterals and hexahedra are often used in meshers partic-
ularly in geophysical applications and in fluids mecanics. When the geometry and
the medium are structured, regular rectangular or parallelipipedic meshes are used
as far as possible. Otherwise general convex quadrilaterals or hexahedra are used.
Then, with isoparametric Lagrange finite elements([5],[6],[13], see also [3],[4]), the
basis functions are built by using multilinear mappings on a reference square or a
reference cube; for an element which is not a parallelotope, it is well known that
these basis functions are not polynomial.

One way for obtaining polynomial basis functions is to cut the quadrilaterals
into triangles (or hexahedra into tetrahedra) and work with macro-elements ([9],
[10], [11]). It is not our process. We choose to build finite elements by considering
quadrilaterals and hexahedra as distortions of parallelograms and parallelepipeds. It
is important to note here that the reserved vocabulary is the one of mathematicians;
therefore an hexahedron is an example of polyhedron and its faces are plane. In the
literature of the mechanics, usually an hexahedron denotes the image of a cube by
a @1 transformation; commonly, the faces of a “trilinear hexahedral element” (for
instance, see [7]) are not plane; they are nappes of hyperbolic paraboloids. Note
that the inversibility of the transformation of a biunit cube into an hexahedron is
still open ([8], [14]). The generalization of the forthcoming analysis to “trilinear
hexahedra” shall be not tackled in this paper.

2000 Mathematics Subject Classification. 65N15, 65N15, 65N30.
Key words and phrases. Nonconforming method, polynomial approximation, quadrilateral and
hexahedral finite element.
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In the presented method, the Lagrange basis functions are built under conditions
of weak-continuity of the unknowns between the elements. In the general case, the
resulting finite element is not conforming but the conditions of weak-continuity are
sufficient to ensure the expected order of convergence. In the particular case of a
parallelotope, the resulting finite element is conforming and coincides with the most
classical finite element on a parallelotope. Returning to the general case, we call
pseudo-conforming such a finite element.

The rest of the paper is organized as follow. The section 2 of the paper is devoted
to the finite elements geometry. The choosen approach allows us to describe jointly
quadrilaterals and hexahedra. The section 3 deals with some general results on local
error estimates for quadrilateral and hexahedral Lagrange finite elements. These
estimations are essential to obtain the expected order of convergence of our pseudo-
conforming finite elements. In the section 4, the elliptic model problem of order
2 is presented and sufficient conditions to establish the convergence of the method
are given. The finite elements are built in the section 5 and numerical results are
presented in the Section 6. We end in section 7 with some remarks for extensions
of the method.

In this paper we use the following notations:

For a vector v € R™, |v| is the lenght of the vector v ; in matrix notation v is

represented by the column vector (vq,...,v,)T and then |v| = {Zl<j<n |vj|2} / ,
the Euclidean norm of the associated column vector. And for a square matrix B,
|| B|| is the spectral norm.

For a triangle or a quadrilateral K, |K| is the area of K and if v is a side of K,
|v] is the lenght of v; for a tetrahedron or an hexahedron K, |K| is the volume of
K and if v is a face of K, |y] is the area of ~.

For a polyhedral domain K, we note

H™(K) = {ve L*(K);0% € L*(K), for all a with |a| < m}

equipped with the norm and the semi-norm
1/2 1/2

folbge = [ 3 / 0%0d |, ol = [ 3 / 0% v|2dz
K K

lal<m laj=m

We consider also the following norm and semi-norm

[|v]]m, 00,k = max {ess sup 8O‘v|} s [Vm,co,x = max {ess sup |8°‘v|} .
laj<m z€K lo|=m €K

P(K) is the vectorial space {x € K — p(x); p € P}, where P is a N variables
polynomial space and K is a domain in RY. For any integer k, P is the space of
polynomial functions of degree < k, while @y, is the space of polyomial functions of
degree < k in each variable.

For each polyhedral K, hi denotes the diameter of K and px denotes the di-
ameter of the largest ball contained in K.

2. The finite element geometry.

2.1. The geometry; vertex and face numbering. In RY with N = 2 or 3, let
K be a convex nondegenerated quadrilateral when N = 2, a convex nondegenerated
hexahedron when N = 3. Let {ai S RN, 1< < 2N} be the vertices of K. We use
hereafter the word ”face” for 2D and 3D geometries with the following vocabulary
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convention: for N = 2, a face of a quadrilateral K designates a side of K. We
designate by "edge” of K a side of K when N = 2, the intersection of two adjacent
quadrangular faces of K when N = 3.

FIGURE 1. Numerotation (N = 2)
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FIGURE 2. Numerotation (N = 3)

Two vertices which do not belong to a same face of K are said opposite vertices.
The numbering of the vertices is shown on Figure 1 and Figure 2. Note that this
vertex numbering is such that

Vi=2,..2N"1" [a;,a;] is an edge of K;
Vi=1,..,2Y"1  a; and agn 1, are opposite vertices of K.

The center of a polyhedral is the isobarycenter of its vertices; we note ag the center

of K: )
apg = 27N Z a;.
1<i<2N
Let now {fym CRYN, 1<m< 2N} be the set of the faces of K. Two faces

without common vertex are said opposite faces. The face numbering is shown on
Figure 1 and Figure 2. This numbering is such that

ﬂ Vi = a1
1<i<N
Vm=1,..,.N—1, anp4 ¢ Yms

Vvm=1,...N, 7, and yan+1—_.m are opposite faces of K.
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Last, let by, be the center of the face v,,, for m = 1,...,2N, and let us introduce
the vectors e,,, € RY defined by
Vvm=1,..,N, e,=ay—by, (= bont1—m — ao) .

Since K is assumed to be a nondegenerated polyhedron, (eq,...,eyn) is a basis of
RN,

2.2. Affine-equivalent elements. Let K = [—1,+1]N
when N = 2, the reference cube when N = 3. The vertices of K are denoted by
a;, 1 < < 2% and the faces are denoted by 7,,, 1 < m < 2N.

We choose the following vertex numbering

for N =2: ’3\1:<:1)732:<i_1)

be the reference square

-1 +1 —1 -1
for N =3: 31 = -1 s ag = -1 y §3 = +1 s 34 = -1
-1 -1 -1 +1
and
for N=2and N=3: & =-a;,v_s, 14+2N-1 <4 <2V,

The face numbering is defined by
Vm=1, .., N, Am= {i = @1, niN) €K B = _1};
Vm:l, ceey N, :Y\2N+1_m:§m.

Let Bm be the center of the face ¥,,, for m = 1,...,2N. The canonical basis
(€1, ...,en) of RN can be simply express with the vectors b,,

Sn=-bu (=bans1-m), 1<m<N.
Let Bi be the change of basis matrix given by
Bke,, =e,,, 1<m<N.
and F Iﬁ( be the invertible affine mapping
Fi: xeRN = FL (X) = ag + BxX
This mapping F' }'{ is the unique affine mapping such that
Fi(b,) =b,, 1<m<N.
It is a bijection between K and its image
K = Fj (K).

As image of the reference parallelotope by an inversible affine mapping, K* is a
parallelotope. The associated parallelotope of K being by definition the parallelo-
tope which has the same face centers than K. We see that K* is the associated
parallelotope of K and we have K% =K if and only if K is a parallelotope. Let

KY = (Fi) " (K).
The parallelotope associated to the polyhedron KV is the reference parallelotope

K. For the analysis of quadrangular and hexahedral finite element, it is useful to
precise how the element K is distorted.
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2.3. Distortion parameters. When N = 2, let d be the vector of R? given by
1
d:Z(al—ag—ag—l—a4). (1)

We can interpret 2d as the vector whose extremities are the mid-points of the diago-
nals of the quadrilateral K. This means that the quadrilateral K is a parallelogram
if and only if d = 0. It is easy to see that the vertices of K* (the parallelogram
associated to the quadrilateral K), are given by

a?:ai—sid 1§ZS4

)

where
$1=84=+1, s9=1s53=—1. (2)
When N = 3, let dg, d;, ds and d3 be the vectors of R? given by

a; —as —az3 —a4 +ast+ag+ay —ag s

a; —azt+as—a4 —as+ag—ar+as),

co| —oO| —oo | —oo | —

do = 2 ( )
di=-(a;+ay—a3—a; —as —ag+ar+as),
dy = ( )
ds=-(aj—ay—as+as+as—ag—ar+as).
These four vectors d,,, are chosen for the hexahedron K to be a parallelepiped if and

only if dy = d; = dy = d3 = 0. The vertices of K* (the parallelepiped associated
to the hexahedron K) are

a#:ai— Z Siom dm, for1<i<8

(2

where

+1 +1 +1 +1
-1 41 -1 -1
-1 -1 +1 -1
-1 -1 -1 +1
Gim)=| L1 1 _1 (4)
+1 -1 +1 -1
+1 +1 -1 -1
-1 41 +1 +1

Z | Z Si,mdm|2:8 Z |dm|27

1<i<8  0<m<3 0<m<3

From the equality

we deduce that:
Z Simdm =0for 1 <i<8=d,, =0for 0 <m <3.

0<m<3
Thus as announced, the hexadron K is a parallelepiped if and only if d,,, = 0 for
0 < m < 3. We resume the results for 2D and 3D geometries in the following
proposition:
Proposition 1. Let N* = (2N - N — 1) N ; there exist a vector d ERN" and
matrices S;, 1 < i < 2N, with N rows and N* columns and which entries are %1,
such that the vertexr a; of K and the vertex ag of K* are linked by the relation

a;=al+5;d, 1<i<2V. (5)
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More precisely, for N = 2, d € R? is given by (1) and the matrices S; are
square matrices of order 2 satisfying S; = s;I, where s; are scalars given by (2).

For N =3,d= (dg7 daf, af, dg)T is identified to a vector of R'2, its coordinates
d,, are given by (3) and the matrices S; = (soI, s1,I, s2:I, s3,I) are 3 rows
and 12 columns matrices. The scalars s; , are given by (4).

From (5) we deduce

1 .
d:msﬁ(aﬁag), 1<i<2V

We have K = K* if and only if d = 0 in RV .
Definition 1. The vector d is named the distortion vector of K.

Let us now introduce the N* numbers d,,, defined by:

d= > dnen when N = 2,

1<m<2 (6)
dl = Z 5m+3l €en, 0 S l S 3 when N = 3.

1<m<3

where we recall that e,, is given by e,, = ag — b,,. These parameters are invariant
by affine mapping; in particular for the distortion vector d¥ of KV we have if N = 2
dV= Y dmen
1<m<2
and if N =3
dlv: ZéerSl/éma OSZSS

1<m<3

Definition 2. The numbers (6m),<,,<n- are said the distortion parameters of K.

Since the mapping F}i( is invertible affine, K is a convex polyhedron if and only if
KV is a convex polyhedron. So we see that the convexity of K and the face planarity
when N = 3 can be expressed by a set of constraints on the distortion parameters
only. For N = 2, it is easy to show that K is a convex quadrilateral if and only if
we have

[01] 4 |02| < 1.
For N = 3, we can write a set of 6 equations and 18 inequations on the 12 distortion
parameters which means that K is a convex hexahedron; but we cannot use this set

of nonlinear constraints.
From now on, we shall assume for NV = 3 as for N = 2 that

Y. ol <1 (7)
1<m<N*
holds . Then KV contains B(0,1/v/N) the ball centered at the origin and of radius

1/v/N and KV is contained in the cube [~2,4+2]"V. The polyhedron K is contained
in the parallelotope

K% = F ([-2,+2]™)
This element K?! is homothetic to K* with a ratio equal to 2. Then, we have the
inequality
hi < 2hgs .
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Last, we note that the Euclidean norm of the distortion vector of K satisfies

1 1
N > 16wl prs < ldf < 5 > 1oml ] b

1<m<Nt 1<m<Nt

3. Local error estimates.

3.1. Lagrange interpolation error estimates. Let Px be a finite dimensional
vectorial space of polynomial functions defined over the quadrilateral or hexa-
hedron K. We assume that the set {ai , 1< < 2N} is Pg-unisolvent. Then
necessarly, dim (Px) = 2V. The basis functions of the Lagrange finite element
(K, Py, {ai, 1<i< ZN}) are noted p; i and the Px—Lagrange interpolation op-
erator is noted Ilg: for every function u defined on the vertices of K,

gu= Z u(a;) pik.

1<i<2aN

The basis functions p; i are functions defined by definition on K; in fact, since they
are polynomial, we consider them as functions defined on K?2*.

Proposition 2. Let us assume that the distortion parameters of K satisfy (7), that
the set {ai ,1<i< 2N} is Py -unisolvent and that the inclusion Py(K) C Pk
holds. Then, for every u € H? (K),

lu—Trullg e <405 | Y Mpirllooorer | Tulos - (8)
1<i<2N

Moreover, let r be an integer sufficiently large for the the inclusion Px C P.(K) to
hold. Then there exists a constant c,, which depends only on r, such that for every
ue H?(K),

2

Ry
Ju — Tgull, o < e £ > Apirllo s | Tulo - (9)
PK 1<i<2N

Proof. By the Taylor’s formula with integral remainder, we have for all x € K,
u(a;) = u(x)+ (a; — x)" grad u(x)
+[1(1-0) (ai—x)" Du(x+6(a;—x)) (a—x) df

where D?u denotes the hessian matrix of u. Reporting that in the expression of
ITxu, and using the assumption that the inclusion Py (K) C P (K) holds, we obtain

(u—gu) (x) =
- X fol(l —0) (a; — X)T D*u(x+6(a; —x)) (a; —x) dﬁ}pi,K (x)

and then N
(= Tew) (x)] <
e X {(1=0) [DPulx+0 (@ —x)|| 4o} Ipi ()]

1<i<2N

where HDQUH is the spectral norm of the matrix D?u.
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Now, we note that on a domain K which is star-shaped with respect to a;, if
lg(x)] < fol(l —0) G(x+0(a; —x)) df holds x a.e. in K, then [|glly x < (|Gl -
Therefore, we obtain

lu—Tgulg e <hi | D Mpirllooor | 1tlox -
1<i<2N

and a fortiori (8).
In a same way, we obtain for x a.e. in K,
grad IIxu(x) = > wu(a;)grad p; g (x)
1<i<2N
grad (u—Ilx u)(x) =
- 2 {00 (%" D2ux+0(a-x) (a-x) d}grad p;x (x)

1<i<2N

and as before, we deduce from that

|u — HKU|17K < h%{ Z |pi,K|17oo7K |u|2,K
1<i<2N

and a fortiori

lu — HKU|1,K < 4h%(n Z |Pi,K|1,oo,K2u \u|27K .
1<i<aN

Now, we can note that there exists for every integer r a constant ¢, which depends
only on 7, such that

e P (K), Iblag <o Iplom g -

which is an “inverse inequality” on the biunit cube. Using an affine invertible
mapping of K onto K2, we obtain the inequality

2V N

Vp € P, (Kzﬁ) ) ‘P|17007K2n <e ﬁ Hp||07oo7K2ﬁ .
K

Since by assumption the basis functions p; x belong to P, (K 2“), that leads to (9)
with a constant ¢, = 8V N ¢,. O

3.2. Face error estimates. Let 7Y, = (F&) ™! (m) be a face of K. We begin by
bounding, independently of the distortion parameters, the continuous linear trace
operator which sends H'(K") into L2 (v),) .

Lemma 1. Assume (7); then there exists a constant C, independent of the distor-
tion parameters, such that for every u € HY(KV)) and every m with 1 < m < 2N

lllg.py <€ llully o -

Proof. Consider first the case N = 2: let T)¥, be the triangle which vertices are the
two extremities of 4V and (0,0)7, the center of KV. Let now F), be an invertible
linear mapping such that the reciprocal image of the triangle T)Y, by F¥ is the unit
triangle 7' which vertices are (0,1)7, (1,0)7 and (0,0). As we have already noticed,
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(7) implies that the quadrilateral K contains a ball of radius greater than 1/v/2,
from where we deduce

1
|Tn\é| > ﬁ |'77\:z‘

Moreover, the diameter of 7)Y, is bounded by 4. 7 denoting the side of T which
extremities are (0,1)” and (1,0)”, we obtain for some constants ¢;, ¢y and ¢
which are independent of the geometry
1/2
llloy, < exbral” luo Fillo s

1/2
< crea [yl luo EYll, 7

AN
< cicacs (|T"vl|) HUOFv\v/zHLTTiL

which proves the Lemma with C' = (2\@) 1/2 €1C2C3.

For the case N = 3, we begin by decomposing a quadrilateral face v, in two
triangles ,Ylv, m and 73,3 in the same way as in the case N = 2, we obtain for i = 1
and ¢ = 2 the inequality

HUH(),A,XW <C HUHLTXM

and we conclude easily. O

Proposition 3. Assume that the distortion parameters of K satisfy (7). Then there
exists a constant C, independent of the geometry of K, such that: Yu € H' (K) and
VYm with 1 < m < 2N , we have

o Lo ((hyes \ (N2
o= o, < C by \ 5 luly 5 (10)

where W™ denotes the mean value of u on the face v, of K.

Proof. Let u be in H'(K) and ~,, be a face of K. The best approximation of the
trace on 7, of u in L?(7,,) is the mean value of u on ~,,:

e =2 Ny, = 106 = xllo.s,, -

We note ~,, the reciprocal image of 7, by the application Fﬁ( Since for each
constant x we have (u — x) o F}i( =uo F}i( — X, we deduce that

_1(N=1)/2 #
=l < 1B o Fe =]
Using Lemma 1, there exists a constant C' such that
=,y <Cflueric =]
uoF <ClluoF .
H K~ X 0y KX 1L,KV
Therefore, we have
inf Hquﬁ - H < Cinf Hquﬁ - H
XER KX 0,7y, ~  x€R K~ X 1,KV
and
inf Hquﬁ x| <CHquﬁ —a¥||
xR K~ X 0y, K LKV
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where u¥ is the mean value of « on K and also the mean value of u o F]ﬂ( on KV.
Moreover, we have for almost every x in KV

(u o FIn{ - EK) (x) = |K71V| . {/Ol(x —y) grad(u(x + 0(y — X))d@} dy.

Consequently
it —K I
HquK u Ho,Kv < 4V2|uo Fi |y kv

Hqu}”{ —HKH < V33luo Filuiv
1,KV ’
and
fuo Fliey < Bl ™? fuly k.
From all the previous inequalities, we have

< VB3 BT BN Jul, e

Using (7), it remains to notice that

e =l 5.,

2v N
PKt
and the proof of the proposition is achieved. O

1
IBill < Shice and - [|BE!]| <

4. The model problem. We consider the second order elliptic model problem:

—div(AVu) = f inQ (11)
u = 0 onl
where A = (a;;) a symmetric matrix satisfying
N N N
Vx e QVEERY, > &< ai(x)6E <Y &
i=1 ij=1 i=1

and T := 9 is the boundary of a polyhedral domain Q C RY (N = 2,3).
The variational problem associated to (11) is: find u € Hg(£2) such that

Vv € Hy () /AVqudx = / fodx (12)
Q Q

Let 73, be a triangulation of € into quadrilaterals (N = 2) or hexahedra (N = 3).
Let 07}, denotes the set of the faces of the elements of 7}, and 97;,\0f2 denotes the
set of interior faces. For each element v of 97,\0<, there exist K™ and K~ in 7
such that K N K~ = ~. The unitary outward normal of K+ is noted nt and the
normal of a face is defined by n = n*. For each subset v of 92, n denotes the
unitary outward normal of ).

We consider the spaces

Vz, = {v € L*(Q); v|g € H'(K) for each K € T, }
and
Vi, = {vn € L*(Q); vp|k € P for each K € Tp,}

where Py is a polynomial space. A non conforming finite element method for
problem (12) is: find up, € Vj, such that

Yup, € Vi, Z / AVuthhdx:/fvhd:c. (13)
KeTy, K Q
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For v,w € H(Q) + Vg, we define

ap(v,w) = Z / AVoVwdz
K

KeTy,
and

1/2 1/2
Hwhm==<§:lvﬁx> ; Whﬁ==<§:lviK> :
KGEL

KeT,
Let us define the jump of wy, € V,, on . If v is an interior face, [wy] = w; —wy,
where w,f is the trace on ~ of w,jf € H(K®); otherwise [wy] represents the trace
on v of wy, € HY(K).
Since ap(.,.) is uniformly V7, elliptic, the following basic error estimate (approx-
imation and consistency error) hold (see [5], [13], [4] ).

lu—upllin <ec ( inf |lu—wpl1,n+ sup |an(u, wn) = (f, wh)|> (14)

wp €V}, 0#wn, €V, ||wh||1,h
with 5
u
an(u,wn) = (fw) = 3 [ Ghlunlds.
n
yET, VY
Now, we give the definition of a family of regular meshes.

Definition 3. A family of quadrangular or hexahedral meshes is said regular if and
only if for each K of Ty,

e the distorsion parameters satisfy (7)
and

e do >0 hKi#SO'.
Pr#

We can notice that this definition corresponds to the classical definition given by
P.G. Ciarlet ([5]) when the K’s are parallelotopes.

Proposition 4 (Convergence of the method). We suppose that the solution u of
(11) is in H?(Q) and the family of meshes is reqular. We assume moreover that the
following properties hold:
i) Approzimation properties:

o VK, the set{a;,1 <i <4} is Px-unisolvent.

e 3r>0,VK, P (K)C Pk C P (K).

e 3C > 0 such that the basis functions p; k of Pi satisfy  ||pi i ||o.00 x2# < C.
it) Patch test

o Ywy, € V3,V € 0T, fw[wh]ds =0.
Under all these assumptions we have

[u—unll1,n < Chlul2.0

with a constant C independent of the mesh.

Proof. Using the assumed approximation properties and Proposition 2 , we have

1/2
( Z ||u — HKU”Lh) S Ch|u|2,g

KeT,

where C' is a constant independent of the mesh.
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So, it remains to prove that
Vwn € Vi, |an(u, wn) — (f, wn)| < Chlulzallwn|1,n-
Let v be in 07,\092 and wy, in Vj. The assumed patch test means that f,y w;da =
fv wy, do. Therefore, dividing by ||, the mean values over the face v of w;, satisfy
-—x 7 .
wy, =w, . Thus, we obtain
Ju ou — ouw , . ——
: n [wp] do = ; aF(w’T —w;f )do — [y —(w, —w, )do.
Obviously, for each constant ¢ we have
Ju — y
: anﬁ(“’: —wjf )do = [{(grad u-nt —¢) (wf —wi )do.

As v is flat face, nt is a constant vector on « and it can be extented to K+. Since
. ——
ue H?(Q), grad u-n™ € H' (K*). From (10) and with ¢ = grad « - n* " we have

/(grad u-nt —c) (v — ﬁ'y)da
v

<Ch |gradu-n+|1,K+ |wh|1,K+ <Ch |u|2,K+ |wh|1,K+

and finally

ou
/7 " fun] do

The result, for each v C 912, is similar

ou
/Van [wy] do

We sum on all the faces 7,,. In the right hand side of the inequality an element K
appears at most 4 times when N = 2 and 6 times when N = 3. So the expected
result holds. O

<Ch (|u|2,K+ |wnly g+ + [y - |wh|1,K*>‘

<Ch ‘u|2,K |wh|1,K'

5. Lagrange polynomial finite element. This section is devoted to building of
finite elements (K, Pk, Sk) where the set of degrees of freedom Sk is the vertices
set of K, and Py is a polynomial space.

-1
Note that P, = {q =q'o (F&) iqY € Pk}. The same property is not true

for the space Q). Therefore we introduce the space:
-1
QK = {qv o (F}L) 1q" € Qk}

which is a subspace of Pyy.

If we choose P = Q¥ then (K, Pk, Sk ) is a finite element, but the approxima-
tion uy, of the solution of (11) obtained with this element does not converge without
additional assumptions (see the numerical results in the next section). Indeed the
basic functions of the space V7, are discontinuous on the faces of the elements, and
we loose the order of convergence on the consistancy error term.

Therefore our goal is to build polynomial finite elements on quadrilaterals and
hexahedra satisfying the assumptions of Proposition 4.
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5.1. The quadrilateral case. The set of degrees of freedom is S = {a;; 1 <1i < 4}
Since the trapezoidal formula is exact for each polynomial of order 1, we have

1
VqEPl,/ qd0:§|vm| Z q(a;), forallm=1,...,4 (15)

m a;€Ym

where |7,,| is the length of the edge 7.
Let Px be the following polynomial space:

1
Py = {q € QKX n py; / qdo = §|'ym| Z q(a;), forallm =1, ...,4} (16)

m A, €EYm

The Simpson formula integrates exactly the cubic functions on each edge and con-
sequently the space Pk can be defined as well as

Px = {q € Q¥ nps; qb,y,) = % Z q(a;), forallm = 1,...74}

a;Evm

Proposition 5. For any convezr quadrilateral K, the triad (K, Pk, Sk) is a La-
grange finite element.

Proof. Let us introduce a¥ = bY_, and a; = b;_4 for i =5, ...,8. Using the invert-
ible affine mapping Flﬂ(, we only need to prove that for each distortion parameters
§ = (01, 02) such that |6;] + |d2| < 1, the unique function ¢ € Q¥ N Py satisfying
(¢V(a)) =0; 1 <i<8)isg=0.

Let us introduce the polynomials r; € Q2 N P3 satisfying

rj(@i) = bi

and the square matrix R of order 8 defined by R; ; = rj(a =;). By using symbolic
calculus, we obtain

detR = (1-5%) (1-8%) (1= 01+ 68)°) (1- (31 - 8)%).

Since |d1] + 02| < 1 then detR > 0. Therefore R is invertible and ¢ = 0.
Note that if § = 0, the r;’s correspond to the basis of the serendipity finite
element and Px = Q1. O

Remarks.

e The finite element basis depends on §.
e if § = 0 (i.e. K is a parallelogram), then (K, Pk, Sk) coincides with the
classical bilinear finite element.

e Py = span l,xl,xQ,Flﬁ((va) , where w®”

can be expressed explicitly.

e Numericaly, it is more efficient to calculate the finite element basis by solving
a linear system of order 8 than to the explicit basis of Pk.

Proposition 6. We assume that there exists a positive number o such that for each
K €T, 01|+ |02] <1—a. Then the assumptions of Proposition 4 are satisfied.

Proof. By Proposition 5, (K, Pk, Sk) is a finite element. The inclusions P; C Px C
P5 are obvious. On the compact |61| + |d2] < 1 — a, the function m is bounded,

and consequently the P; x’s are bounded on K 2# . Finally, by construction, the
patch test is satisfied. O
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5.2. The hexahedron case. In this subsection Pk has to be a polynomial space of
dimension 6. In order to control the mean value of the functions on each face of the
hexahedron, Pk must be built from a polynomial space of dimension 14 (8 vertices
+6 faces). Noting that the dimension of Q2 N P3 is 17, we propose to consider the
subspace Z of Q2 N P3 defined by

_ vV oV .V NV NNV VNV NV VY V2 2 2
Z—Spﬂm{lvlla$27$37$1x2axlxsa%xs’xl%msv% y Loy T3

oY (@) + oy®), 0¥ (277 + 2y?), 2y (o) + 0y |

which has the advantage of being invariant under any permutation of zy,zy, xy.
Therefore we introduce:

75 ={q" o (Ff)"q" € 2}

Z% is a subspace of QX N P3. The generalization to the 3-D case of formula (15) is
to find wy, ; such that for all ¢ € P, we have

4

1

/ qdo = ﬁ Zwmiq(am,i), forallm=1,...,6
m TYml| =

where {a,, ;,7 =1, ..., 4} are the vertices of the face 7, and of aera Ty, ;| = O i|[Vim|

It is enough to restrict ourselves to ¢ € Pi(7v,,). However the coefficients w, ;
are not unique. A solution consists in cutting the face =, into triangles, see Figure
3. To obtain a symetric formula, we consider the four triangles {T;,i =1,...,4}
constituted with the vertices {a,, j,j =1,...,4,j # i}.

Am 2

R e

P 7\\ am.3
/ W
\ /’ ‘. /.’ ,.’
iy OB

/ 4
/

a
Tm, 1 am.‘-i

Therefore

Finally we let

4
_ K. _ |Ym| ] ] _
Py = {qGZ ) / qda6;(29m,1)Q(am,z)avm17“-36}-

m
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It seems difficult to prove the analogous of Proposition 5 in the hexahedron case.
However we formulate a sufficient condition to obtain a finite element. For any
polynomial p we let :

L(p)=p@E) 1<i<s, fs+m(p)=/ pdo 1<m<6,

m

and
L'(p)=p(a) 1<i<8, Isﬂm(p):/ pdo 1<m<6.
’Y\/

In a first step, we assume that KV = K. And we define

E:{ﬁi;1<i<8,v—> vda;1<m<6.}.
Fm
It is easy to show that the triad (I? ,Z, %) is a Lagrange finite element. We denote
by r;’s the basis functions, they satisfy fi(rj) =0,;,1<i,j<14.
We assume that KV # K and we define the matrix R by R; ; = I/(r;). So the
matrix R can be written R = I — B where B is a matrix depending continously on

the 0;’s parameters and B = 0 if the d;’s vanish.

Proposition 7. For any hexahedron K such that ||B|| < 1, the triad (K, Pk, Sk)
is a Lagrange finite element.

Proof. If |B|| < 1 the matrix R is invertible and thus (K, Pk, Sk) is a Lagrange

finite element. O
In the previous Proposition the norm ||.| can be replace by any subordinate
norm.

Remarks. It is possible to choose another example of space Z. For instance,
we can use the hiearchical basis proposed by Solin (see [12]). In this case

7 = Qv+ span (1= )y = ) — 1), (14 a}) @y = )y - 1),
(1= ) (" = Dy = 1), (1 + )@ - Dy - 1),
(=) — D@y = 10,1+ )@y - e - 1),
but the degree of the polynomials is higher.

Proposition 8. We assume that there exists a > 0 such that for each K €
Tn, ||B|l <1—«a. Then the assumptions of Proposition 4 are satisfied.

Proof. The inclusions P; C Px C Pj are obvious.
Since |B|| < 1—a, ||[R7!]| is bounded , and consequently the P; x’s are bounded
on K?#. Finally, by construction, the patch test is satisfied. O

6. Numerical results.

6.1. Quadrilateral case. We take Q = ]0,1[ x ]0,1[ and the exact solution is
u(xy, xe) = sin(mry)sin(rrs).

We considere two types of mesh. They are composed of two patterns and their
shapes are the same for each mesh used, see Figure 4. The first mesh is a mesh
in chevron given in [1] and the second is a mesh in honeycomb. In the first test,
we take Px = Q¥ and as expected the method does not converge on (deformed)
quadrilateral meshes but converges on meshes based on squares or parallelograms,
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see Figure 5. In the second test, Pk is given by (16). For the two meshes proposed,
we obtain the expected order of convergence, see Figure 6.

6.2. Hexahedral case. We take Q = |0,

1[ % ]0,1[ x ]0, 1] and the exact solution

is u(x1, X9, x3) = sin(mwxy)sin(ras)sin(rxs).
The first mesh used is based on truncated pyramids and the second is a general-
ization of the 2D Chevron mesh, see Figure 7. Figure 8 confirms the a priori error

estimate.

7. Prospects. The theoretical part of this paper allows us to build pseudo-conforming

finite elements of higher order without any particular difficulty.
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[l —unllo.o =>2.011 |u —uply,o => 1.001 [l = unllo,0 => 2.0201 |u — uy|q,0 => 1.0066
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FIGURE 6. Convergence curves when Pk is given by (16)
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Moreover we are able to adapt the process in the mixed finite elements context.
The results will be presented in a companion paper. The loss of convergence problem
when using classical mixed finite elements on quadrilaterals and hexahedra (see for
instance [2], [11]) were in fact one of the motivations of the present work.

The extension to generalized hexahedra (i.e. hexahedra with non-plane faces) is
a work in progress.

REFERENCES

[1] D. N. Arnold, D. Boffi and R. S. Falk, Approzimation by quadrilateral finite elements, Math.
Comp., 71 (2002), 909-922.

[2] D. N. Arnold, D. Boffi and R. S. Falk, Quadrilateral H(div) finite elements, STAM J. Numer.
Anal., 42 (2005), 2429-2451.



18 ERIC DUBACH, ROBERT LUCE AND JEAN-MARIE THOMAS

[lw = unlo,0 =>1.9966 |u —up|1,0 => 0.99581 [l — wnllo.0 => 1.9955 |u— up|y.q => 1.0002

log(error)

g L L L L 7 L L L L L L L L L
-1 -15 -2 -25 -3 -35 -12  -14 -16 -18 -2 -22 24 26 -28 -3 -32

log(step) log(step)

FiGURE 8. Convergence curves on mesh 3 and mesh 4

[3] D. Braess, “Finite Elements, Theory, Fast Solvers, and Applications in Solid Mechanics,”
Second edition, Cambridge University Press, Cambridge, 2001.

[4] S. C. Brenner and L. R. Scott, “The Mathematical Theory of Finite Element Methods,”
Second edition, Springer-Verlag, New York, 2002.

[5] P. G. Ciarlet, “The Finite Element Method for Elliptic Problems,” Classics in Applied Math-
ematics, SIAM, Philadelphia, 2002. Reprint of the edition published by North-Holland, Am-
sterdam, 1978.

[6] P. G. Ciarlet, Basic error estimates for elliptic problems, in “Handbook of Numerical Analysis,
Vol. 2,7 (eds. P. G. Ciarlet and J. L. Lions), Elsevier, (1991), 17-351.

[7] T. J. R. Hughes, “The Finite Element Method, Linear Static and Dynamic Finite Element
Analysis,” Prentice-Hall, Englewood Cliffs, New Jersey, 1987.

[8] P. Knabner, S. Korotov and G. Summ, Conditions for the invertibility of the isoparametric
mapping for hexahedral finite elements, Finite Elements in Analysis and Design, 40 (2003),
159-172.

[9] Y. Kuznetsov and S. Repin, New mized finite element method on polygonal and polyhedral
meshes, Russian J. Numer. Anal. Math. Modelling, 18 (2003), 261-278.

[10] Y. Kuznetsov and S. Repin, Convergence analysis and error estimates for mized finite element
method on distorted meshes, J. Numer. Math., 13 (2005), 33-51.

[11] A. Sboui, J. E. Roberts and J. Jaffré, A composite mized finite element for general hexahedral
grids for Darcy flow calculations, preprint, HAL-INRIA inria.

[12] P. Solin, K. Segeth and I. Dolezel, “Higher-Order Finite Element Methods,” Chapman and
Hall/CRC Press, Boca Raton, FL, 2003.

[13] G. Strang and G. J. Fix, “An Analysis of the Finite Element Method,” Prentice-Hall, Engle-
wood Cliffs, New Jersey, 1973.

[14] S. Zhang, Invertible Jacobian for hexahedral finite elements. Part 1. Bijectivity, preprint,
University of Delaware.

Received March 2008; revised August 2008.

E-mail address: eric.dubach@univ-pau.fr
E-mail address: robert.luce@univ-pau.fr
E-mail address: jean-marie.thomas@univ-pau.fr



