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Abstract: This paper is devoted to a conditional stability estimate related
to the ill-posed Cauchy problems for the Laplace’s equation in domains with
Lipschitz boundary. It completes the results obtained in [4] for domains of
class O™, This estimate is established by using an interior Carleman estimate
and a technique based on a sequence of balls which approach the boundary.
This technique is inspired from [2]. We obtain a logarithmic stability estimate,
the exponent of which is specified as a function of the boundary’s singularity.
Such stability estimate induces a convergence rate for the method of quasi-
reversibility introduced in [10] to solve the Cauchy problems. The optimality
of this convergence rate is tested numerically, precisely a discretized method of
quasi-reversibility is performed by using a nonconforming finite element. The
obtained results show very good agreement between theoretical and numerical
convergence rates.
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Stabilité conditionnelle pour les problemes de
Cauchy elliptiques mal posés :
le cas d’un domaine Lipschitzien (partie /1)

Résumé : Ce document concerne une estimation de stabilité conditionnelle
relative aux problemes de Cauchy mal posés pour I'équation de Laplace dans
un domaine Lipschitzien. Il complete les résultats obtenus dans [4] pour les
domaines & bord C1!. Cette estimation est établie en utilisant une inégalité de
Carleman a U'intérieur et une technique basée sur une suite de boules approchant
le bord. Cette technique est inspirée de [2]. Nous obtenons une inégalité de
stabilité logarithmique, dont I’exposant est précisée en fonction de la singularité
du bord. Une telle inégalité de stabilité implique une vitesse de convergence
pour la méthode de quasi-réversibilité introduite dans pour résoudre les
problemes de Cauchy. L’optimalité de cette vitesse de convergence est testée
numériquement, précisément une discrétisation de la méthode de quasi-réversibilité
basée sur un élément fini non conforme est mise en oeuvre. Les résultats obtenus
attestent un tres bon accord entre les vitesses de convergence théoriques et
numeériques.

Mots-clés : probleme mal posé, stabilité conditionnelle, inégalité de Carleman,
quasi-réversibilité, bord singulier



Conditional stability for ill-posed Cauchy problem 3

1 Introduction

The problem of stability for ill-posed elliptic Cauchy problems is already dis-
cussed in [4] and we refer to the introduction of this paper for a general presen-
tation of the problem and some bibliography. In [4], the following conditional
stability result was obtained in the case of operator P = —A. — k., with k£ € R.
For a bounded and connected open domain Q C RN with C'! boundary, if
Ty is an open part of 99, then for all k €]0, 1] there exists C such that for all
functions u € H?(Q) which satisfy

lullgz@) < M, [[PullL2@) + [[ulla1 o) +110nullL2(ry) <9,

for some constant M and sufficiently small 6,

M
ullgioy) < Cr—re.
el o) = € Gogtazayye

Furthermore, the upper bound x = 1 of the exponent cannot be improved.
The result obtained in [4] is a generalization of the one obtained in for do-
mains with C°° boundary. The proof mainly relies on a Carleman estimate near
the boundary, in which the weight function is expressed in term of the distance
to the boundary. Since we have to differentiate twice this weight function, we
need the boundary 092 to be at least C'*'!. In the following paper, we now study
how such a conditional stability result can be extended to Lipschitz domains,
the boundary of which is not smooth enough to apply the same method.

We hence consider an open, bounded and connected domain Q C R” the bound-
ary 02 of which is Lipschitz. In particular, this implies that €2 satisfies the cone
property, and we denote by 6 the angle value of such cone, 6 €]0,7/2[. For
sake of self-consistency, we say that (2 satisfies the cone property if there exist
6 €]0,7/2[ and Ry > 0 such that for all zg € 99, there exists £ € RV, [¢] =1,
such that the finite cone

C={xeRY, (x—x0).&> |z —20|cosh, |x — x| < Ro}

is included in €.

As above, T'y denotes an open part of 9 which is C!:!. Lastly, we assume that
k is not an eigenvalue of the Dirichlet problem for the operator —A in . The
main result we obtain is that for all « € [0, 1], for all & €]0, (1+a)ro(0)/2[ there
exists C' such that for all functions u € C1*(Q) such that Au € L*(Q2) and

lullcre@ <M, |[Pullr2@) + [|ullrry) + |00l r2(r,) <6,

for some constant M and sufficiently small §, then
M
(I o e a— 1)
il = otz |
Here, 1o () is the solution of the following simple maximization problem
1 sinf(1 —e™")
=5 8up V—/——— .
2 z>0V1+ 2 —sind
The continuous function kg is increasing on the segment [0,7/2] and ranges
from ko(0) = 0 to ko(m/2) = 1. Since a domain of class C' has a Lipschitz

Ho(e)
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4 Bourgeois & Dardé

boundary which satisfies the cone property with any 6 €]0, 7 /2], we obtain that
(1) is satisfied for all x €]0, (1 + «)/2[ in that case. The analysis of the condi-
tional stability in Lipschitz domains was already addressed in [2] and [13], but
in these works, the exponent in front of the logarithm was not specified. This is
the main novelty of the following paper to specify the exponent as a function of
the geometric singularity. It is obtained by using of sequence of three spheres
inequalities, the sequence of centers of these spheres approaching the boundary,
and the sequence of radii tending to 0. This technique is borrowed from [2],
with two differences. First, the three spheres inequalities result from Carleman
estimates instead of doubling properties. Second, we perform an optimization
of this sequence of inequalities in order to obtain the best possible logarithmic
exponent.

Another concern is to obtain a convergence rate for the method of quasi-reversibility
to solve the ill-posed Cauchy problems for the operator P. This requires a sta-
bility estimate for functions that are only in H?(Q2). For N = 2, we obtain that
for all x €]0, ro(0)/2[ there exists C such that for all functions u € H?(2) which
satisfy

lull a2y < M [[Pull2 @) + [Jull @) + [10nul|2(ry) <6,

for some constant M and sufficiently small §, then

M
ull g KO
[l e Q) = (log(M/8))"

For N = 3, we have the same result for all k €]0, ko(6)/4]. As a consequence, we
prove a logarithmic convergence rate for the method of quasi-reversibility, with
the limit exponent ko (6)/2 in 2D and ko(6)/4 in 3D, possibly ro(0) provided
we assume additional regularity for the solution of quasi-reversibility and the
“true” solution.

From a numerical point of view, a connected question is to determine if the in-
fluence of the geometric singularity on the logarithmic exponent can be actually
observed in numerical experiments. An easy way to test this is to capture the
convergence rate of a discretized method of quasi-reversibility for a fixed refined
mesh, when the regularization parameter tends to 0. In 2D, we analyze this
convergence rate as a function of the smallest angle of a polygonal domain, and
observe a pretty good agreement between numerical and theoretical convergence
rates.

The paper is organized as follows. In section 2 we establish some preliminary
useful results related to the three spheres inequality. The section 3 is devoted
to the estimate up to the Lipschitz boundary, which leads to the main result of
conditional stability in 2. Lastly, in section 4, we derive from this conditional
stability some convergence rate for the method of quasi-reversibility in Lipschitz
domains. It enables one to compare such convergence rate with the convergence
rate obtained numerically by using a discretized method of quasi-reversibility,
and hence to test the optimality of our stability estimate.

INRIA



Conditional stability for ill-posed Cauchy problem 5

2 Some preliminary results

This section consists of several lemmas that will be used in next section. They
concern the three spheres inequality. We first recall the following interior Car-
leman estimate.

Lemma 1 : We consider the operator P = —A.—ak. with a,k € R, a €]0,1].
Let w, U denote two bounded and open domains withw C U C RY. Let ¢ be a
smooth function defined in U such that V¢ does not vanish in U. Let denote

Py, = h2eh o Po e_%, and py(x, &) the principal part of operator Py. We assume
that

Je1 >0, py(2,6) =0 and (z2,8) e UxRY = {Repy, Impy}(z,£) > ;.

(2)
Then there exist K,hy > 0, with K independent of ak, with hy depending on
ak only through |k|, such that Yh €]0, ho[, we have

/ w2 do + h2/ |VU|262% dx < Kh3/ |Pu\262% dx, (3)

for all function u € H}(w,A), where Hi(w,A) is the closure of C§°(w) in
HY(w,A) ={u e H(w), Au € L?(w)}.

Proof: The inequality (3) is obtained in [6] for & = 0, that is in the case of
the Laplace operator —A. Since pg does not depend on ak, there exist K, hg > 0,
such that Vh €]0, ho[, we have for all functions u € H}(w, A)

/UZEZ% dx+h2/ |Vu|?e?r dx<Kh‘3/ |Pu+aku|262% dz.

Since |Pu + aku|? < 2(|Pu|? + k?u?), if we assume that in addition h satisfies
2Kk?h3 < 1/2, we obtain (3) provided we replace K by 4K in the right-hand
side of the inequality. B

A short calculation shows that

Repy = [£]* — [Vo|*, Impy =26V
and

(Rep g} =139 (566 + %vw

One considers now a smooth function v defined on U such that V¢ # 0 on U,
and for o > 0, ¢(z) = e*¥(*). We obtain

{Repg, Impy} = dag (€. V*).£ + o ¢* (V. V2. V) + a(£.VY)? + o*¢? [V [*)

whence by denoting po(z) the smallest eigenvalue of V2t (x),

{Repg, Impy} > dag (uo([€* + a®6°|VY[?) + a(€.V)? + a®¢?| V) .

For py(z, &) = 0, we have
€7 = o®@?|Vel?, €VY =0,

RR n 6588



6 Bourgeois & Dardé

whence
{Repy, Impy} > 40’ |Vi|? (2M0 + 04|V1b|2) .

In we define
mo = inf po(z), co = inf [V,
zelU zeU
and if mg < 0, we have {Repg, Impy} > ¢1 > 0 on U x RY when py(z,£) = 0
for m
a>-2-2

Co
We consider now the particular domain w = B(Ry, Rp) := {x € RN, R; <
|z — q| < Ry} with ¢ € RV, and the function 1 (z) = —|z — ¢|2. We can take
U = B(q, Ri—¢, Ry+¢) for small e > 0. We obtain mg = —2 and ¢g = 4(R;—¢)?,
and finally assumption holds as soon as o > 1/R3?.

We now apply lemma 1 and lemma 3 in [4] to obtain a so-called three spheres
inequality. The proof of such inequality is classical (see [11}[12]), but it is
reproduced here in order to find how the constants involved in the inequality
depend on some useful parameters.

Lemma 2 : We consider the operator P = —A — ak. with a,k € R and
a €]0,1]. Let ¢ € Q, and let 0 < 1o < 11 < 79 < 1r3 < 14 < 15 < Tg Such
that B(q,76) C Q. If « satisfies ard > 1, then there exists a constant C, which
depends on ak only through |k|, such that we have for all u € H'(Q, A),

1
ST
Wi (B (4

ull 5 (Bg,ra)) < C (I1PullL2(B(gre)) + Ul a1 (Beg,r))) T |Ju

with

Proof: One applies lemma 1 in the domain w = B(rg, ) for ¢ = e*¥ with
Y(xr) = —|z — q|*>. We have seen that assumption (2) is satisfied as soon as
arg > 1. Assuming that this inequality holds, we obtain there exists K, hg > 0
such that for 0 < h < hg (K does not depend on ak, hy depends on ak only
through |k|),

/(|v|2 + |Vol?)e2h dx < K/ |Pu|2€e%7 da, (5)
for all functions v € H{ (w, A).
Now we take v € H'(2,A) and v = xu € H}(w,A), where x is a C* cut-off
function such that x € [0,1] and

x=0 in B(ro,r1)UB(rs,rg)
x=1 in B(rg,r4).

In the following we denote g(r) = e’ Hence g is a non increasing function.

99(r3)

/(|v|2+|vu|2)e2% dr > 25 / (Jul? + |Vul?) dz,
w B(ra,rs)

INRIA



Conditional stability for ill-posed Cauchy problem 7

and

/ |PU‘262% d:v:/ |Pu|2e2% d:c—i—/ |P(XU)|262% dx
w B(ra,ra) B(r1,r2)

+/ \P(Xu)\QeQ% dx.
B(ra,rs)

Since we have P(xu) = x(Pu) — 2Vx.Vu — (Ax)u, we obtain the following
estimates (K is a constant which depends only on x) :

99(r2)

/ |Pu|262% de <e*F / |Pul|? da,
B(T27r4) B(T27T4)

99(r1)

/ \Puf? dot K25 / (JuP+|Vul?) dz,
B(ry,r2) B(ry,r2)

g(r1)
2 hl

/ |P(XU)|2€2% dx <e
B(’r‘l,TQ)

g(rq)

/ |Pul? do+Ke*w / (Jul*+|Vu|?) d.
B(r4,rs) B(ra,rs)

g(rq)
h

/ |P(X’U,)|262% dx < e?
B(ra,rs)

Gathering the above inequalities, it follows that

/ |Pu|2e?® do < Kpe? ™7 (/ | Pul? dz + / <u|2+|w2>dw>
w B(q,re) B(q,r2)

9(rq)
29 4

+Kse / (|u|2+ |Vu|2)d:c,
B(q:TG)

where K7 and K5 are two constants which are independent of ak.
Finally, the inequality (5) implies

g(r3) 9(ry)
e HuH%{l(B(rz,rs)) < K e (HPuH%?(B(q,ra)) + HUH%{I(B((J,W)))
9(ra)
Ko e [l (g, )
Using
||u||%11(B(q,r3)) = ||u||%11(B(q,r2)) + ||U’H%11(B(r2,r3))’
We obtain
2903) o < K25 (1Puli? 2
€ [ullz (Bigrs)) < Kre [Pull72(B(g.re)) + UllE (B(g,m))

9(rq)
+Kye?h [l |§{1(B(q,T6))'

Denoting k1 = g(r1) — g(rs) > 0 and ks = g(r3) — g(r4) > 0, we obtain

k1 _ ko
ull 1 (Bg.rs)) < Kre™ ([[PullL2(s(g.re)) + |1l (B(g.ra)) FEK2 €™ 7 |[ull a1 (B(g.r6)))-

Let s > 0 and ¢ > 0 such that

A simple calculation proves that

ko g(rs) —g(ra) (k1 /k2)
s=-—=""""""2 =K (Ky)\"/")
b g(r) — g(ra) ()

RR n 6588



8 Bourgeois €& Dardé

and we obtain for all u € H*(Q, A), for all € €]0, o[ with

ki/ks) — 1
o = KB o8

the inequality
C s
luller gy < < (1Pull2(sigre + llullm ) + & lullm sre-

The constant ¢ does not depend on ak, g9 depends on ak only through |k|. It
remains to apply lemma 3 in [4], since ||ul|g1(B(g,re)) < |[ullm1(B(gre))- B

Lemma 3 : Let us denote Py, the operator —A.—k., with k € R. Let q € (,

and let 0 < 79 < 71 < T9 < T3 < Ty < I's < g such that B(q,7) C 2. Consider
now g € Q and for u €]0,1[, r; = pr; (i = 1,2,...,6), with B(q,r¢) C .
We assume that the three spheres inequality (4) associated to the operator P2y,
and the sequence of balls B(q,r;) is satisfied with the constants C and s. Then
the three spheres inequality (4) associated to the operator Py, and the sequence
of balls B(q,r;) is satisfied with the constants C' = C'/u and s.

Proof: The proof relies on the change of variables © — ¢ = u(z — ¢). We
define the function @ as 4(z) = u(z) = a(g+ (z — q)/p).
We obtain

1
/ (@) ? + [Vaa)? do = / @ + L |va@)|dz | .
B(q,r:) B(4,7) M

whence
N N _ 1~
w2 @l gy < Nl ey < 027l @m))-

Similarly, we obtain

N ~
[1PeullL2(B(gr) = 12 2| Pu2ktl|2(B(g.7))-

By using the three spheres inequality (4]) associated to the balls B(gq,7;) for
operator P2, we obtain

%—1|

Nl (Bigrs)) < 12 Ml (B(G,79))

~ N _ ~ ~ =
< Cp= 7" (1Peewiil| L2(B(a.r0)) + Nl (B@r0) ™ Al ES gm0
s 1
. 1 1 1o ST
<Cpz~t N _, [PeullL2(B(gre)) + —x |u||H1(B(q7T2))) < N ||u||H1(B(Q7T6))>
w2 n2 02
< (1Peull L2(Bg,re)) + 1l (Blara)) T 1l F3 (g ren»

which completes the proof. B

INRIA



Conditional stability for ill-posed Cauchy problem 9

3 The main theorem

Our main theorem is based on the following proposition, which is similar to
proposition 4 in [4]. Tt concerns the propagation of data from the interior of
the domain up the boundary of such domain. However, it should be noted
that in proposition 4 of [4], we estimated the H! norm of the function in a
neighborhood of a point oy € 9§ with the help of the H' norm of the function
in an open domain w; € 2. Here, we estimate the value of the function and its
first derivatives at x¢ with the help of the H! norm of the function in w;. As
a result, the regularity assumptions concerning the function u are not the same
as in [4].

Proposition 1 : There exists an open domain wy; € ) such that for all
a €]0,1], for all k < akg(0) and k' < Kko(0), with

1 sinf(1 —e™ ")
=S Sup——,
2 4501+ x—sinf

there exists ¢ > 0 such that for sufficiently small €, for all u € C**(Q) with
Au € L*(Q),

ro(0) (6)

lluller oy < e/*(I1Pull 2oy + [ullr @) + e llull gr.a s

lullco@ay < e/“(I|Pull 2 + [[ull i) + & Nullgr.a @y
The second inequality holds also in the case o = 0.

In order to obtain proposition 1, we need the two following lemmas. The
first one is a minor generalization of the lemma proved in in the particular
case p = 1, while the second one is the counterpart of lemma 3 in [4].

Lemma 4 : Let 3, > 0 satisfy for n € N,
1 vpl-v
Bn-i-l < E(ﬂn + A) B )

with A >0, B> 0, v €]0,1[, u €]0,1[ and 3, < B. Then one has for n € N*

21w S
fn < —=(Bo+A)" B".
Ml—u

Proof: If B < 3y + A, the proof is complete. If Gy + A < B, in particular

A < B, we have
/8n+1 < i ﬁn"‘A v
B T oun B

é < i é < i B nt+ A .
B~ uyr \B) T un B
From the two above inequalities, it follows that

ﬁn+1+A<1(ﬁn+A>u
97»pB ~ u*\2t=B/

RR n 6588



10 Bourgeois & Dardé

that is

v /3 +A
n . n
xn+1§ﬁv Ty 1= o
By iterating the above inequality, we obtain

v

1 n—1+(n—2)v+(n—3)2+ .. 4" 2 N
wx()

1 o
1 (n=1) (1441244077 2) 1 7{”:3
V’Vl D’Vl
1% 1%
whence )
2T-v n _.n
Bn < 5= (Bo+ A" BV,
Ml—u

which completes the proof. l

Lemma 5 : Let C, 3, A and B denote four non negative reals and v €]0, 1]
such that

8 < CA"Bv.
Then Ve > 0,
B < SAte B,
€
with
v C s+l

1_1/7 C:(Sl/(8+1)+5—8/(5+1)) s

Proof: For ¢,s > 0 as defined in the statement of the lemma, the minimum
of the function f defined for € > 0 by

fle) = §A+€SB

is C A¥B'~¥, which completes the proof. B

Proof of proposition 1 : The proof is divided into three parts. In the
first step of the proof we follow the technique of [2], which consists in defining
a sequence of balls the radii of which is decreasing and the center of which is
approaching the boundary of the domain. Since {2 satisfies the cone property
(see our definition in the introduction), there exist Ry > 0, 6 €]0, /2] with Ry
and # independent of zo € 99, and ¢ € RY with |¢| = 1 such that the finite
cone

C ={z, |r — x| < Ro, (x — x0).£ > |x — 20| cos O}

satisfies C' C Q. We also denote
C' ={z, |z — x| < Ry, (x — x0).£ > | — mo| cos '},

with
0" = arcsin(tsin 0), (7)

where the coefficient ¢ €]0, 1[ will be specified further. It should be noted that
definition (7) leads to ¢’ €]0,7/2[. We now denote gy = x¢ + (Ro/2)&, do =

INRIA



Conditional stability for ill-posed Cauchy problem 11

lgo — zo| and py = dpsin®’. We hence have B(qo,pp) € C’. Let define the
sequence of balls B(gn, p,) C C' with d,, = |¢, — zo| and p, = d,,sinf’ by
following induction :
Gn+1 = qn — n§

Pn+1 = [ipn (8)

dn+1 = pdy,
where a,, and p will be defined further. From the above equations, we deduce
that

a, = (1- N)dn' (9)

The objective is to use a three spheres inequality such as (4) for each n, the
center of these three spheres being ¢ = ¢,. We hence define, for n € N, 0 <
Ton < Tin < T2pn = Pp < T3n < Tan < Tsn < Ten and Yin = 7nin/TOn > 1 for
i=1,...,6. We assume that the y;, do not depend on n, that is y;, := y;. We
specify t = 1oy, /T6n = y2/ys in (7), so that we have B(gy,r6,) € C C Q for all
n (see figure[T).

On the other hand, if «,, is chosen such that

Prt1 + Qn = T3, (10)
we have B(gn+1, pnt+1) C B(qn,T3n) since for |z — gni1] < pnti,
|2 = gul < |2 = qna1] + |nt1 — @n| < prg1 + an =730
The equations (9) and (10) uniquely define p as

Tén — 3nSinf  yg — y3sind

= = €]0, 1].
. T6n — Ton SINO  yg — Yo sin 6 10 1]
By using the notation P, = —A.— k., we now apply lemma 2 for operator P,z
and for the spheres of center qo and of radii r;9, with o such that 3 := ar, > 1.

We thus obtain for u € H*(Q, A),

||uHH1(B(qo,r3o)) <C (”P/ﬂ"kuHL?(B(qo,reo)) + ‘|’U'||H1(B(qo,mo)))m ||u||[i{Tll(B(qO,T60))a

with C independent of ;1 and n. With the help of lemma 3, and since r;, = u"r;o
for i = 1,...,6, the three spheres inequality for the spheres of center ¢, and of
radii r;,, 1S

%|Q

ullm1 (Banrsn)) < 5 (1PsllL2(Bgnren)) + Ul (Banr2a)) T U B ren):

which implies that for all u € H*(Q, A),

C _s_ %
all 3o < S (1Pullz2@) + lullar (5,00) ™ 1l i)

It should be noted that in the above inequality, C' and s are independent of n,
in particular
e~ BY5 _ o—Byi

S=—F5—>5.
e*ﬁyf — efﬁygz,

RR n 6588
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Figure 1: The sequence of three spheres inequalities
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Conditional stability for ill-posed Cauchy problem 13

Without loss of generality we assume that C' > 1, so that by denoting C’ =
o5t ||u||H1(B(qn+1,pn+1)) < C'||ul| g1 (), and we can apply lemma 4 with 3, =
[l 51 (B(gn.pn))> A = |IPullr2(q), B = C'||ul|lgi (), ¥ = s/(s+1). We obtain

-

21—v o
ull e (B(gnp0)) < = (I1Pullz20) + [l (Bopon) (C'lullmi(e)

1—p™

We apply now lemma 5 and obtain Ve > 0,
Cn Sn
lull s (Bignpu)y < = (IHPullz2o) + el (8ao.pon) + ™ Cllulla (@)

with

1 sn+1
V" ors 1\ "
Sp = 5 Cpn = 1 5
1—om 52 E(s)

E(s) := st/ 4 g78/(s+D),

and

We notice that for s > 0, E(s) > 1, whence
oo [257 1 PR 2
o o .
S\ EGsn) ) S 1w B\t

s () _ o)
0< ¢, < edn -2 BUm=T) — g5n 08\ n=T)

As a result,

for some constant ¢ > 0. Here we have used the fact that s, + 1 < 1/(1 —v).
Since s, > 1™, we finally obtain Vn € N*, Ve > 0 and Vu € H*(2, A),

o o8 (7w .
lulltr (g o) € ————— (I1Pullrz@) + llullm (5ias.000) +C"€” [ull i (@)-
(1)
The second step of the proof consists of estimating the C'' norm of u on 99 by
using the estimate (11) for sufficiently large n and the regularity of u, which is
C(Q), a €)0,1]. We have B(qy, pn) C B(zo,¢’) if and only if d,,+p,, < &, that
is u"(do 4 po) < €’. Let ng denote the smaller n which satisfies this inequality,

that is , ,
log((do + po)/€") < log((do + po)/€")
Sng <
log1/p log1/p
For all © € B(qngs Png ), and for v = w or v = Ou/dz;, i = 1,..., N, we have

+ 1.

[o(ao) < 20(@)? + 2A[ull2, . o (12)
After integration over B(gn,, pn,), We obtain by denoting

Sy () = max([uao)l | g o) s |5 (o))

2
Vol 52,(0) < 20[ulls (3gunpny + 2V 0N 1l 2y

RR n 6588



14 Bourgeois €& Dardé

where Vi is the volume of the unit sphere in RY. Finally,

Sao(u) <
() )y

ull 22 (B(gng pne)) + \@EMHUHCW(@- (13)

From (1I) with n = ny and (13), we obtain there exists ¢, C' > 0 such that for
all e,¢' >0,

1 e,ﬂcbo log( o—1

Sao (u) < Cpm . (I1Pullz2 () + [1ull #1.(B(go,00)))
no
+ O™ |l 11 @) + CE | o @
N/2 H(Q) cre(Q):
Pno

We have [|ul 1 (q) < c|[ul|c1.a ) for some ¢ > 0. Furthermore, uro=(do+po) >
e’ and pn, = u"™ po lead to

L0 ’
.
do + po

Prg > 1
We obtain there exists ¢, C > 0 such that for all €,&’ > 0,

1 eﬁbg(u"o%l)
Sao () < C i3 . (I1Pull 2y + Iull i1 (B(g0.00)))

v™o

€ [e3
+0 (S +) lulloweqay

Now we introduce the relationship " /5’% = ¢&’* and since 1™ < 1 we obtain
a new constant C' > 0 such that

= 10g(%)
el/ 0 ) o
S0 (u) < O———zm— ([I1Pullzz(@) + llulli a0 o) + C" Ilullcro ).
el
(14)

Since 1/v"0 = em01°8(1/¥) we have
o e’ Y0
1 - elog(1/u)(7l {doteal/e) gy _ 1 (do + Po) ’

yno v e’

with 10 = loa(1/)/ log(1/).
Furthermore, since 1/u™ =1 < (dy + po)/€’, we have

2 2(d,
log ( n01> < log <<0/+p0)> )
i €

Then,
%log(ﬁ) | 5 1 1 ( dg+po \ 0 2(dg+pg) 1
ert e o7 (clog(uno,l)Jr(aJrN) log(?)) < eg(%) (clog( 0720 >+((x+N) Iog(?))
g/(atN)/vro o -

As a result, for some new ¢’ > 0, for sufficiently small & we have

3 2
¢ tog (=)

’
g log(Zr)
- < e e/,
g/(a+N)/vmo -

INRIA



Conditional stability for ill-posed Cauchy problem 15

For all v > 9, for some new ¢ > 0, for sufficiently small ¢’ we have

g 2
e”"c”’ 10%(W) o

7=
gl(aJrN)/l/"O Ses’v.

Coming back to (14), we obtain

Sio(u) < €= (|[Pull2() + lull#1(Blgo o)) + Ce|ullcro -
By denoting € = ¢"7 for any v > g, for small € > 0,

Sao () < /% (|| Pull 20 + [[ull i (B(go.po))) + C'e* Ml 1.0 )

Finally, by denoting ko = 1/70, for all K < akg there exists ¢,eg > 0 such that
for all € < &g,

Sao () < € ([1Pull 120y + ||l 1 (Bgo,00) + " ull o0 -

By following the history of the constants ¢ and g¢ throughout the proof, it is
readily seen that ¢ and ¢ do not depend on xg € 92. Furthermore, if we define
w1 €  as the union of the balls B(qo, po) when z( describes 052, we obtain that
for all kK < akg, there exists ¢, g9 > 0 such that for all € < &g, for all u € C1(€2)
with Au € L?(1),

lluller o) < €/ (I1Pull2() + ull i ) + €% [lullor.a g, (15)

which is the first inequality of the proposition. - -
The second inequality is obtained by using the imbedding C**(Q2) — C(Q),
for all « € [0,1]. For & € B(gn,, Pn,), we replace (12) by

2
fu(o)? < 2ful@) + 2lullZ, g e

and we use the same technique as above. The third step of the proof consists
in maximizing
_ log(1/p)
Ko = 7— =7,
log(1/v)
with .
1 ye¢—y2sinf 1 ePlyai—vi) _ 1

i ye—yssin® v PWI-ud) 1
The inequality (15) holds for all k < Rq, with

o sind Bi-vi) — 1
Fo = sup log (W) /log <€4 . (16)

1<B, 1<y1 <y2<ys<ys<ys Yo — Y3 sinf ePlWi-u3) — 1
Now, let specify 3 and the y; as follows, for k €]0,1[ and § > 0,

B=VITR,
yi= (14 k)Y,
y1 =Y,
y2 = y(1+ k39), (17)
yz = y(1 + ké + k20),
Ya = y(l + 5+ k26)7
RR n 6588 ye = y(1+ 0 + 2k26).




16 Bourgeois & Dardé

A first order expansion in k£ around 0 for fixed § leads to

Yo — Y2 8in b §sinf
1 =
e (y6y3Sin9) 1+57sin9k+05(k)’

Blyi—vi) _ 1 26+06°
log (e - >25 ¢ 1k+05(k)

eBui-v3) — 1 ©20+02

By passing to the limit £ — 0 and by taking the sup in ¢, we obtain the following
particular value ko < Rg :
1 sin 0
sin —e_(25+52))

— (1
o= (852821—4—5—81110(

)

and the optimization problem (6) follows by setting x = 2§ + 6% > 0. B

Remark 1 : We can verify that in fact the values k¢ and kg, defined by
(16) and (6) respectively, actually satisfy Ko = ko. First, we eliminate 3 in (16)
simply by using the change of variables z; = v/By; with i = 1,...,6. We obtain

— 1 e —
e () ()

1<z1<22<23<24<2¢ 26 — %3 Slna Z4_Z‘5 - ]-

We remark that the function to maximize in (18) is an increasing function
of z; and a decreasing function of zg, that is why we can consider only the
asymptotic situation z; — zo and zg — z4. In order to simplify the analysis
with the remaining variables zo, 23, 24, we denote

Z3 — 29 = ]{362’2, Z4y — 29 = 52’2, zZ9 = 2,

with & > 0 and k €]0, 1[. We obtain

- 1+6—sinf (2046927 _q
Ro = sup log = — / log — e
1<2,0<5,0<k<1 1+0—sinf — kdsind e(2(A=k)o+(1-k2)52)22 _ 1

Furthermore, it is easy to prove that since 25 + 62 > 2(1 — k)d + (1 — k2)42, for
fixed (k,0), the function to maximize is a non increasing function of Z > 1, so
that the maximum of the function is obtained for Z — 1, and

s 1+6—sing e20+6% _ 1
Fo= sup log — — /log — —— .
0<é,0<k<1 140 —sinf — kdsinf e2(1=k)o+(1-k2)0% _ 1

We notice that for fixed 4, the maximum of the function of two variables is
obtained for k — 0, and a first order expansion in k leads us to the same
expression as @, that is kg = Ko.

In order to obtain our main theorem, we recall the two following results, the
first one is obtained in while the second one is obtained in [4].

Proposition 2 : Let wg,w; be two open domains such that wg,w; € €.
There exist s, c,eq > 0 such that Ve €]0,¢&q[, Vu € HY(Q, A),

c S
HUHHl(wl < - (||PU||L2(Q) + |\U||H1(w0 ) +e€ ||u||H1(Q)~

INRIA



Conditional stability for ill-posed Cauchy problem 17

Proposition 3 : Assume I'y C 0N is of class C1! and let g € Ty and 7 > 0
such that 0Q N B(xg,7) C T'y. There exists a neighbourhood wqy of xq, there
exist s,c,e9 > 0 such that Ve €]0, g, for all u € H?(),

C S
ul| 21 (@nwe) < - ([1Pull 20y + l[ull e rg) + N10nullL2rg)) + % w1 (o)

The inequality holds also for all u € C*(Q) with Au € L*(Q).

We are now in a position to state the main theorem, which is a consequence
of propositions 1, 2 and 3.

Theorem 1 : Let Q C RV be a bounded and connected open domain with
Lipschitz boundary. If the cone property is satisfied with angle 6 €]0,7/2[, let
denote ko (0) the solution of the following maximization problem

I sinf(l—e™®)
rio(6) = 2 o0 vVIta—sind

Let Ty be a C%! open part of O such that there exist xo € I'g and 7 > 0 with
oanN B($0,T) - Fo.

Let introduce the operator P = —A. — k., where k is not an eigenvalue of the
Dirichlet problem for the operator —A in €.

For o € [0,1], for all k €]0, (1 + a)ko(0)/2], there exists C,dy such that for all
§ €]0, dg|, for all functions u € C%(Q) such that Au € L?()) and which satisfy

lullgra@ <M, [[PullL29) + l|ullar 0g) + [[Onull20e) <6, (19)

where M > 0 is a constant, then

M

[ul| (o) < Cm- (20)

If we do not assume that Ty is of class C11, the estimate (20) holds under
assumption (19) and provided we restrict to the functions u which satisfy u|p, =
0 and d,ulr, = 0.

Proof: Assume first that « €]0,1]. By using proposition 1, there exists a
domain w; € © such that for any x < akg(f) and any &’ < ro(0), there exist
¢,e0 > 0 such that for all £ < eq, for all u € C1*(Q) with Au € L*(Q),

lullor o) < e/ (I1Pull L2 () + [ullm o) + &% [[ullra )
and )

lullcogaay < e(I1Pull 20y + llullmi (o)) + & |[ull oo -
If u =0 and d,u = 0 on T'y (case 2), since 9N N B(xzg, 7) C Iy, the extension @
of u by 0 in B(zo,7) belongs to H'(QU B(xo, ), A). By applying proposition
2 to function @ in domain QU B(x, 7) and by choosing wy € B(wg,7) N Q°, we
obtain that for sufficiently small ¢, for all u € C%%(Q) such that Au € L?(Q),

llullcr o) < €®[|PullL2() + €™ /ullgr.a @)

llullcoony < e/F|[Pullz2(a) + €% [[ullcr.agm)-

RR n 6588



18 Bourgeois & Dardé

We conclude that if moreover u satisfies assumption then
llullor o) < €6 + "M, |Jullcoqan) < €/°6 + &' M.

By using the same e optimization procedure as in corollary 1 of [4], we obtain
that for all k < ako(f) and & < Ko(0), there exists C > 0 such that for
sufficiently small §,

M

M
l[ulleran) < Cma [[ullcoan) < OW- (21)

Since k is not an eigenvalue of the Dirichlet problem for the operator —A in 2,
there exists a constant C’ > 0 such that for all u € H}(Q, A),

ul| 1) < C'([1Pul|p2(0) + |ull 12 00))- (22)
With the help of an interpolation inequality, we obtain for some constant ¢ > 0,
1/2 1/2
[l #7172 (00) < cllull agan 1l i a0y (23)
hence for some new constant c,
1/2 1/2
lull #7172 (00) < ellulldsion 1ulleh a0y, (24)
and it follows from (21) that

M
(oM /)77

[ul[ gr1/2(00) < cC

The result follows from (22).

If we do not assume that v = 0 and d,u = 0 on I'g, but if moreover I'y is of
class C11 (case 1), then we can apply proposition 3 in addition to propositions
1 and 2, hence for all kK < akg(f) and k' < ko(0), there exist ¢, g9 > 0 such that
for all € < e, for all u € C*(Q) such that Au € L*(12),

llulloroay < e/*(I[Pull L2y + llullm o) + [18nullzary)) + e®llullcr.a @),

[[ullcoon) < e (| Pull L) + llullar1 vy + 18nullz2m)) + & llullcr.a -
We complete the proof as in the case 2.
As concerns the case oo = 0, the result follows from (24), from the second

inequality of (21), which remains true, and from the fact that [|u||c1(s0) < M.
|

Remark 2 : It is readily shown by analyzing the variations of the function
ko defined on [0, 4oc0[ by

~ 1sinf(1—e?)
21+ —sinf’
that the maximization problem (6) is well-posed. In particular, the argument x

that maximizes the function is unique. In figure[2, the graph of function kg is
plotted for increasing values of 6, and the values of function x( are plotted for

ko(z) (25)

INRIA



Conditional stability for ill-posed Cauchy problem 19

all values of 6 € [0,7/2]. The function kg is increasing on the segment [0, /2],
with k¢(0) =0 and ko(7/2) = 1.

Remark 3 : The fact that x¢(0) = 0 indicates that when § — 0, which
means that the domain Q has a cusp, the logarithmic stability does not hold
any more. This is consistent with the result obtained in [2] when the domain is
not, Lipschitz, then a logarithmic-logarithmic estimate was established.

Remark 4 : The fact that xo(7/2) = 1 implies that for domains of class
C*, theorem 1 holds for all £ < (1 4+ a)/2. Hence, in the case of functions u
in C11(Q) c H*(Q) (= 1), theorem 1 extends the result of corollary 1 in [4],
which was satisfied for domains of class C1!, to domains of class C!, provided
either Ty is of class C'! or we restrict to the functions v which satisfy u = 0 and
Onu =0 on I'y. It is also interesting to note that in 2D, if Q) has only reentrant
corners, then the cone property is satisfied for any 6 €]0,7/2[, and theorem 1
holds for all £ < 1. Hence, the corners of angle smaller than 7 deteriorate the
exponent of the logarithmic stability, while those of angle larger than 7 do not.
A similar remark can be done in 3D.

1

0.9

08

0.7

0.6

05

0.4

0.3

0.2

0.1

0 . . . . . . .
0 piil6  pi/8  3pil6  pi4  5pile  3pil8  7pille  pil2

Figure 2: Left : graph of function ky for increasing values of 6 : /16, 7/10,
/6, w/4, w/3, 37 /8, Tr/16, /2. Right : function xq(0)

Remark 5 : The obtained function (25) is strongly dependent on the choice
of the function (z) = —|z — ¢|?> which was used in the exponential weight
¢ = e*¥ of our Carleman estimate (3). Besides, the values of (@) induced by
this choice and given by (6) are not necessarily optimal, except for § = /2, for
which we have proved in [4] that ko(7/2) = 1 is optimal. By testing other types
of function 1, in particular () = —|z — ¢|? with other values of 3 > 0 and
Y(x) = —log |z — ¢|, we have found other functions kg, but taking lower values.

Remark 6 : From the proof of theorem 1, we obtain the following corollary
concerning the data completion problem. This problem consists, for a function u
that solves Pu = 0 in 2 in the sense of distributions, to compute with the help of
the values of u and 0,,u on I'g, the values of u and 0,,u on the complementary part
Iy If u € CY*(Q), a €]0,1], solves Pu = 0 in  and satisfies lullgrog < M
and |[ul|c1 ;) < 0, then for all £ < akg(f), there exists C,dp > 0 such that for
6 < 8o, [[ullgr oy < € M/(log(M/6))"~.
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20 Bourgeois & Dardé

In a view to derive a convergence rate of the method of quasi-reversibility,
we now study the case of functions that are H?(2) for N = 2 and N = 3. We
obtain the following theorem.

Theorem 2 : We define the sets €2, I'g and the operator P exactly as in the
statement of theorem 1.
In the case N = 2 (resp. N = 3), for all k €]0, ko(0)/2[ (resp. k €0, ko(0)/4]),
there exists C, 8y such that for all § €]0,8y|, for all functions u € H?(Q2) which
satisty

lfull g2y < M, [|Pullp2(q) + |[ull g1 ry) + [|OnullL2ry) <0, (26)

where M > 0 is a constant, then

llullgi) < C (27)

M
(log(M/5))~"

If we do not assume that Ty is of class C11, the estimate (27) holds under
assumption (26) and provided we restrict to the functions u which satisfy u|p, =
0 and Oyu|r, = 0.

Proof: By classical imbeddings for Sobolev Spaces (see for example [1], p.
108), we have that for N = 2, H?(Q) — C%%(Q), for all a € [0,1[, and for
N =3, H*(Q) — C%/2(Q).

Then the proof is very similar to the proof of theorem 1. For all k < k() in
the case N =2 (resp. for all kK < ko(6)/2 in the case N = 3), there exists ¢ > 0
such that for sufficiently small ¢, for all u € H?(Q),

ullco@ay < €S (| Pullr2) + [ull#r @) + €[l g2 (o),
and then by using propositions 2 and 3,
llullco@ay < e/ (||Pullp2() + [[ull i gy + [10null12(ry)) + [l 2 (0)-
Then assumption (26) implies
|ullooany < /%6 + M.

By using the same e optimization procedure as in corollary 1 of [4], we obtain
that there exists C' > 0 such that for sufficiently small §,

M
oo <O
[[ul]cogany < C(log(M/é))ﬁ

Combining and (23), we obtain

1/2 1/2
[ull ey < CIPull 20y + [lullotany 1l 11 00))-

By using a classical trace inequality, we obtain

1/2 1/2
[ull 2@y < CUIPullzao) + [[ulldorony ull o))

which completes the proof . B
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Conditional stability for ill-posed Cauchy problem 21

4 Application to the method of quasi-reversibility

In this section, we use the stability estimates obtained in previous section to
derive a convergence rate for the quasi-reversibility method, and therefore to
complete the results already obtained in [4,/8]. The method of quasi-reversibility,
first introduced in [10], enables one to regularize the ill-posed elliptic Cauchy
problems.

Specifically, we consider a bounded and connected open domain Q C RY with
Lipschitz boundary and an open part I’y of 0 such that there exist zg € T'g
and 7 > 0 with 92 N B(xg,7) C Ty.

Now we assume that u € H?(Q) solves the ill-posed Cauchy problem with data
(90, 91) € H' (L) x L*(To)

Pu=0in Q
ulr, = go (28)
6nU|F0 = gl'

In order to solve the Cauchy problem with these uncorrupted data (go, g1), for
a > 0 we consider the formulation of quasi-reversibility, written in the following
weak form : find u, € H?(2) such that Vv € H%(Q), v|r, = nv|r, = 0,

(Pue, Pv)r2(q) + ata, v)g2) =0
ua‘l“o =90 (29)
anuah‘o = Jg1-

Using Lax-Milgram theorem and introducing the solution u to the system (28),
we easily prove that formulation is well-posed. On the other hand, it follows
from and (29) that there exist constants Cy,Cy > 0 such that

o — ullg2@) < C1, [P (ua —u)||L2(0) < Cav/e. (30)

Using (30) and theorem 2 in the case 2 for function u, —u € H*(Q), we obtain
the following convergence rate : there exists C' > 0 for all x €]0, ko(6)/2[ (resp.
K €]0,k0(0)/4]) for N = 2 (resp. for N = 3), such that for sufficiently small
a >0,

1
o — <Corm—F. 31
e =l o) = oyt ayye oy
Note that if additionally we assume that u, —u € H3(Q) and
l[ua — ulls ) < Ch, (32)

with the help of the imbeddings H?(Q) — C1*(Q) forall A € [0, 1] and H3(Q) —
CY1/2(Q)), the estimate (31) holds for all k €]0, ko(0)[ (resp. & €]0,3r0(6)/4]
for N =2 (resp. for N = 3).

In order to test the optimality of (31), we introduce a discretized weak formula-
tion of quasi-reversibility, which is associated to the continuous weak formulation
(29). In this view, we consider the particular case N =2, P = —A, and Q is
a polygonal domain. We use the so-called Fraeijs de Veubeke’s finite element
(F.V.1), introduced in [7] and analyzed in [9]. This nonconforming finite ele-
ment, initially designed to solve plate bending problems, can be also used to
solve the quasi-reversibility formulation (29). In the present paper, we briefly
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22 Bourgeois & Dardé

describe such element, but a comprehensive analysis of the discretized formula-
tion is postponed in a future paper.

We consider a regular triangulation 75, of Q (see [5] for definition) such that the
diameter of each triangle K € 7, is bounded by h. The set Ty consists of the
union of the edges of some triangles K € 7, and the complementary part of the
boundary 99 is denoted I';. We denote W}, the set of functions wy;, € L?(£2)
such that for all K € 7j, wy|k belongs to the space of shape functions Pk in
K (see [9] for definition of P ), and such that the degrees of freedom coincide,
that is : the values of the function at the vertices, the values at the mid-points
of the edges of the element, and the mean values of the normal derivative along
each edge.

Then, we define V}, ¢ as the subset of functions of W}, for which the degrees of
freedom on the edges contained in I'y vanish, and V}, as the subset of functions
of W}, for which the degrees of freedom on the edges contained in Ty coincide
with the corresponding values obtained with data gy and ¢;.

For a > 0, we consider the discretized formulation of quasi-reversibility, written
in the following weak form : find up o € V},, such that for all wy, € Vj, 0,

Z {(Auh@,Awh)Lz(K) +a(uh7a,wh)H2(K)} =0. (33)
KeT,

To analyze convergence when h tends to 0, we introduce the norms ||.||2,;, and
[|.Il1,n, which are defined, for w;, € Wy, by

lwnll3n = Y llwalliey,  wallin = D llwallfi -
KeTy, KeT,

By adapting to our case the arguments used in [3] with the Morley’s finite
element for the plate bending problem, we prove that provided u, is smooth
enough, then for fixed o, ||up,a — Thtal|2,n — 0 like h when h — 0, where mju,
is the interpolate of u, in W),. By using the estimate (31), we conclude that for
small fixed h, we have the approximate convergence rate in « :

1
_ <O -

Huh,a 7ThuH1,h N C(log(l/a))“ (34)
This is the reason why we hope to capture the logarithmic exponent x by using
a refined mesh.

In our numerical experiments, we solve the problem (33) with data gy = u|r,
and g1 = Opulr, for different harmonic functions u defined by u,, = Re(z"), with
z=ax+iyand n = 1,2, .... Forincreasing values of n, the corresponding function
u, is more and more oscillating, which is likely to deteriorate the convergence
rate in « for fixed h. We stop increasing n as soon as ||un,o — Thul|1,n becomes
bigger than 0.1||mpull1 s, that is when h is not sufficiently small to enable the
regularization process in a. In order to test different angles 6, ) is either a
triangle of smaller angle 20 = 7/8, 20 = 7/5, 20 = 7/3, or a pentagon of
smaller angle 20 = 7/2 (see figure [3). The set Ty covers 60% of the total
boundary 01 in all cases. The size of the mesh h is fixed to 1/150, which has to
be compared to the edge of length 1 such as indicated on figure[3. The figure[4
represents the function m,u for u = Re(2?) in the case 20 = /3, as well as the
function up, o — mpu, where uy, o is the solution of (33) for o = 1072, o =104
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(0,0)

0,0

Fl l—‘1

Figure 3: Domains 2 under consideration

Figure 4: Exact solution Re(z%) for angle 20 = 7/3, discrepancy between the
retrieved and the exact solution for &« = 1072, & = 10% and o = 1076

and o = 107%. In order to capture the dependence of l|un,a — mhul|1,n on «
given by (34), we plot

log([[tn,a — mhull1,n) = F(log(log(1/a)))

for functions w = wu, which correspond to increasing values of n. The first
important result is that the graph of the function F' we obtain is actually a line of
negative slope, which is an experimental confirmation of the logarithmic stability
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24 Bourgeois & Dardé

we have established. Furthermore, we remark that this slope is decreasing with
n, as predicted above. The figure 5| clearly illustrates this fact, in the case
20 = 7 /3, for n = 2,3,5. The second and main important result is the way the
slope depends on the smaller angle 26 of the polygon. As can be seen on figure
[6] the slope of F' is increasing as a function of 6 for fixed n, as predicted by
(6). More precisely, we observe that for increasing values of n, the slope tends
asymptotically to some value which is approximately the value ko(6) given by
(6), in particular for small values of 6. Hence, it turns out that our estimate
(31) for any k < ko(#) (with the additional regularity assumption (32)), which
is not proved to be optimal, seems not far away from optimality.
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Figure 5: Function F for 20 = 7/3 and n = 2,3,5
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