Planar Motion Estimation Using an Uncalibrated
General Camera
Vincenzo Caglioti, Pierluigi Taddei

To cite this version:
Vincenzo Caglioti, Pierluigi Taddei. Planar Motion Estimation Using an Uncalibrated General Camera. The 8th Workshop on Omnidirectional Vision, Camera Networks and Non-classical Cameras OMNIVIS, Rahul Swaminathan and Vincenzo Caglioti and Antonis Argyros, Oct 2008, Marseille,
France. �inria-00325395�

HAL Id: inria-00325395
https://hal.inria.fr/inria-00325395
Submitted on 29 Sep 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of scientific research documents, whether they are published or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Planar Motion Estimation Using an Uncalibrated
General Camera
Vincenzo Caglioti and Pierluigi Taddei
Politecnico di Milano
Milano, Italy
{name.surname}@polimi.it

Abstract. Generic camera odometry can be performed using two images of the
same plane, such as the ground plane even in the case of non central cameras.
It is possible to recover both the angle and rotation center describing a generic
planar motion on the ground plane if the center is visible in both images.
We present an algorithm to recover these two parameters from an initial set of correspondences and, furthermore, to estimate the motion flow related to any point
on the ground plane. In this situation the motion flows are given by a set of “concentric” closed curves around the rotation center.
By considering two subsequent ground plane motions and their related motion
flows, we show that it is possible to perform a rectification of the plane up to a
scale factor.
We provide experimental results which validate our approach.

1

Introduction

Robot localization is a fundamental process in mobile robotics application. One way to
determine the displacements and measure the movement of a mobile robot is dead reckoning systems. However these systems are not reliable since they provide noisy measurements and tend to diverge after few steps [1]. Visual odometry, i.e. methods based
on visual estimation of the motion through images captured by one or more cameras,
is exploited to obtain more reliable estimates. Furthermore, using an omni-directional
camera increases the performance of the visual data, thus reducing the error cumulation
effect.
Usually, 3D reconstruction from images taken by a moving uncalibrated perspective
camera go through auto-calibration. Auto-calibration from planar scenes requires either
non-planar motion [2], or several planar motions with different attitudes of the camera
w.r.t. the ground plane [3]. In the case of standard uncalibrated perspective camera,
instead, it as been shown that visual odometry is feasible from a single planar motion
[4].
Generic cameras, which associate one projection ray to each individual pixel, represent the most general mathematical model to describe a projection system [5]. In this
case the relation among points on the ground plane and the image plane is not trivial and thus standard visual odometry techniques cannot be applied. Moreover, due to
the difficulty of the calibration step, requiring a calibrated general camera is a strong
assumption which often could not be assumed as possible.
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In this paper we perform visual odometry using general cameras by exploiting a
single planar motion on a textured ground floor. Our algorithm can be applied to an
arbitrary projection model without requiring the camera to be central. Notice that the
initial and final position induced by any planar motion are always related by a particular
roto-translation. Apart pure translations, the motion can described by a center of rotation and a rotation angle. We estimate the motion flows induced by the roto-translation,
i.e. the set of image points that matches an initial point at some stage of the motion [6].
For such motions, in fact, the flow curves are represented by closed paths around the
imaged center of rotation. Since the camera is general, though, the curves are not given
by ellipses, as in the perspective case, but have a more general form. A sampling of the
motion flows is recovered from the initial set of correspondences either by fusion, when
more than two images of the same motion are available, or by interpolation. We follow
this latter approach since we assume that only two images are available for the same
roto-translation on the ground plane.
Given the sampled motion flows, we show how to estimate with good precision both
the imaged center and angle of rotation. The center represents the only invariant point of
the function describing the motion flows, i.e. its path coincide with a point. The rotation
angle, instead, is recovered by counting the number of samples required to cover a
closed path around the center. We then show that, given the previous estimations, it is
possible to recover a continuous function representing the motion flows. This function
describes the path of all image points for any rotation angle.
Finally, given multiple subsequent planar motions, we show that it is possible to
perform a rectification of the ground plane up to a scale factor. Any closed path, in
fact, represents the image of a circumference centered on one of the rotation centers.
We consider different flows related to the various motions and their intersections on the
image plane. These points represent the intersections of the respective circumferences
on the ground plane. It is possible to obtain the metric reconstruction by constraining
the angles swept by the motion flows from one intersection to the other on each closed
path.
In the following sections elements on the ground plane are represented by capital
letters whereas elements on the image plane are represented by lower case letters. We
use the dot notation Γ (p, ·) to indicate that the function Γ (p, α) is considered as if the
parameter α was fixed, i.e. Γ (p, ·) depends only on p.
The paper is organized as follows. In Section 3 we formulate the problem and
present the center and rotation angle estimation algorithms in Section 4. Section 5 shows
how to recover a consistent motion flow using a trivariate b-spline. Section 6 describes
how to restore the ground plane exploiting two different planar motions, i.e. given two
set of motion flows around different image points. In Section 7 we show good results
on real data related to the visual odometry and preliminary results on the ground plane
rectification. Finally, Section 8 concludes the paper.

2

Previous Work

In the last years methods to estimate the robot motion (ego-motion) based on visual
information provided by cameras have gained attention. Early methods were based on
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estimation of the optical flow from image sequence in order to retrieve ego-motion.
McCarthy and Barnes [7] presented a review of the most promising methods.
Other approaches exploited stereo vision. Nister et al. [8] proposed a method based
on triangulation between stereo pairs and feature tracking in time-sequence of stereo
pairs, without any prior knowledge or assumption about the motion and the environment. Takaoka et al. [9] developed a visual odometry system for a humanoid robot
based on feature tracking and depth estimate using stereo pairs. Agrawal and Konolige
[10] proposed an integrated, real-time system involving both stereo estimate in the disparity space and a GPS sensor in a Kalman filter framework. GPS-based systems can be
sufficiently accurate for large areas but it can be not used in indoor environments and
require a support framework, which prevent their use, e.g., for planetary exploration.
For such application, Mars Exploration Rover [11] employed a features detection in a
stereo image pair that are tracked from one frame to the next; using maximum likelihood estimation the change in position and attitude for two or more pairs of stereo
images is determined.
Davison [12] proposed a real-time framework for ego-motion estimation for a single
camera moving through general unknown environments. The method was based on a
Bayesian framework that detect and track a set of features (usually corner, points or
lines). Assuming the rigidity in the scene, the feature image motion allows to estimate
the motion of the camera; therefore the complete camera trajectory and a 3D map of
all the observed features can be recovered. Wang et al. [13] and Benhimane and Malis
[14] estimated the homographies between image sequences to retrieve robot motion but
both methods require camera calibration. Caglioti and Gasparini [4], instead, performed
visual odometry without going through calibration.
Visual odometry system based on non perspective cameras have also been proposed.
Gluckman and Nayar extendend standard techniques to omnidirectional cameras [15].
Bunschoten and Krose [16] used a central catadioptric camera to estimated the relative
pose relationship from corresponding points in two panoramic images via the epipolar geometry; the scale of the movement is subsequently estimated via the homography
relating planar perspective images of the ground plane. Corke et al. [17] developed a visual odometry system for planetary rover based on a catadioptric camera; they proposed
a method based on robust optical flow estimate from salient visual features tracked between pairs of images. Ramalingam et al. [6, 18] used (motion) flow lines to calibrate
a general central camera from general 3D motions whereas our work deals with planar
motions but is applicable also to non-central cameras.

3

Problem Statement

Given an initial image I and a final image I 0 taken by a camera which undergoes a
planar motion w.r.t. the visible ground plane, we aim at recovering the angle ᾱ and the
imaged center of rotation c̄ of the camera. We will consider as given a set of correspondences {p → p0 } between the two images related to points on the ground plane.
A motion flow is represented by a function relating any image point p to an image
curve containing all points that match p at some stage during the motion. In the case of
a planar motion w.r.t. the ground plane, the motion flow of any imaged point is repre-
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sented by a closed curve around the center of rotation [6]. These curves are represented
by conics in the case of perspective cameras, but have more complex form in the case
of generic projection (see Figure 1).

Fig. 1. The problem setup. The camera performs a planar motion on the ground plane. The motion
parameters are the center of rotation C and the angle of rotation α. The images show a particular
motion flow for a given point p0 in the image plane.

In order to estimate ᾱ and c̄ we will recover a function
Γᾱ : R2 × Z → R2
which represents a sampling of the continuous motion flows induced by a planar rototranslation around c̄.
Given an image point p and a integer value n, Γᾱ (p, n) represents the matching
point after n rotations of magnitude ᾱ around c̄.
Notice that Γᾱ (p, 0) represents an identity while Γᾱ (p, 1) relates points in image
I with points in image I 0 and, conversely, Γᾱ (p, −1) relates points in image I 0 with
points in image I.
Let p0 and p1 refer to two matching image points, i.e. observing the same 3D point
in I and I 0 . Let p2 refer to the point that in I 0 matches to point p1 in I. Similarly let p3 be
the point that in I 0 matches to point p2 in I, and so forth (see Figure 1). This sequence
may be expressed using function Γᾱ , and in particular:
p0 = Γᾱ (p0 , 0)
p1 = Γᾱ (p0 , 1)
p2 = Γᾱ (p0 , 2) = Γᾱ (p1 , 1) = Γᾱ (Γᾱ (p0 , 1), 1)
...
pn = Γᾱ (p0 , n) = Γᾱ (. . . Γᾱ (p0 , 1), . . . , 1)
{z
}
|
n times
which means that Γᾱ (p, n) may be evaluated by applying n times Γᾱ (·, 1) to point p.
In order to estimate Γᾱ we thus estimate Γᾱ (·, 1) (and by symmetry Γᾱ (·, −1))
using the known set of correspondences. We show that this approach is valid in order
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to recover ᾱ and c̄ although the solution suffers from drifting, i.e. the function is likely
to be wrong for large values of n. In fact the recovered sequence of matching points
Γᾱ (p, ·) does not represent the sampling of a closed curve. In Section 5 we show how
to handle this problem in order to recover motion flows while imposing that they are
closed curves. This step is essential in order to perform a rectification of the ground
plane.

4

Planar Motion Estimation

In order to estimate Γᾱ (·, 1) we exploit the set of correspondences {p → p0 } between
I and I 0 . The two images are registered using a bivariate b-spline function Γ . This
mathematical model allows one to express the registration problem as a sparse linear
least square minimization.
In particular we aim at minimizing the reprojection error of feature points in I plus
an additional smoothing term, which depends on the second derivatives of the b-spline.
Γᾱ = arg min (Er [Γ ] + λs Es [Γ ])

(1)

where
Er [Γ ] =

X

2

|Γ (pi , 1) − p0i |

(2)

i

Es [Γ ] =

X

2

2

2

|Γuu (qj , 1)| + |Γvv (qj , 1)| + 2 |Γuv (qj , 1)| .

(3)

j

Here Γuu , Γvv and Γuv represent the second partial derivatives of Γ , which are sampled
at points {qj }, and λs is a weighting constant.
In order to deal with catadioptirc cameras and in general with cameras with large
field of view we exploit a b-spline in polar coordinates in order to better fit the image
region which should represent the ground plane.
4.1

Imaged Center Estimation

The only invariant point of the function Γᾱ (·, 1) is point c̄, in fact
∀k ∈ Z Γ (c̄, k) = c̄.

(4)

and all other points are displaced according to the motion. Their flows are represented
by closed curves around c̄. In particular these sequences of points all rotate around c̄
either clockwise or counter-clockwise
Consider a line crossing c̄. In the general case, all points on one half line are displaced in one half-space and all points on the other half line are displaced in the opposite
half space due to the previous property (see Figure 2).
This observation leads to simple, although effective, way to compute the imaged
center.
We start by considering an initial segment crossing a point c0 . The segment is sampled at n sites and the displacement given by Γᾱ (·, 1) is evaluated. We then detect a
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Fig. 2. Center estimation. c divides any line crossing it in two sets of points which are displaced
by the motion flows in opposite halfspaces. Red lines shows the displacement vectors for points
on the dashed segments. Left image shows a correct set of flows, whereas right image shows
flows which suffer from drifting

point c1 which is the point on the segment that divides the sites in two group w.r.t. the
displacement orientation. We then perform the same step on an orthogonal segment
passing through c1 detecting point c2 and so forth.
By iterating the process, while reducing the length of the segment used, the sequence of {ci } converges to c̄.
4.2

Angle Estimation

We estimate ᾱ using the following procedure. Let us consider a generic image point p
and the sequence of points given by Γᾱ (p, .).
In particular let us consider a reference line b crossing both c̄ and the chosen initial
point p (see Figure 3).
Suppose that the recovered function Γᾱ is correct and that the rotation angle is an
integral fraction f of 2π. In this case point Γᾱ (p, f ) coincides with p, i.e. the sequence
has a period of f . Each application of Γᾱ (·, 1) represents a rotation of 2π
f .

Fig. 3. Angle estimation. Given an initial point p, by counting the number of steps required to
cover the closed path, we are able to calculate the roto-translation angle
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In the case that the rotation angle is not an integral fraction of 2π, it is estimated
by considering the least common multiple of 2π and α. This is practically evaluated
by considering a large sequence of points which performs several loops around c̄. By
counting the number of times the sequence traverses the line b and dividing by the
number of points used we obtain a good estimate of ᾱ.
Notice however that our initial estimate of Γᾱ (·, 1) is not accurate and suffers from
drifting (see Figure 3). We observed experimentally that this simple method accurately
estimates the rotation angle.

5

Motion Flow Estimation

In the previous section we showed that, generally, the recovered function Γᾱ suffers
from drifting. The most notable effect of this problem is that the sequence of points
representing a motion flow does not lie on a closed curve. Moreover this function is a
sampling of the real flows induced by the planar motion.
To perform the ground plane rectification we need a function which is constituted
by closed curves and, moreover, which is continuous w.r.t. the angle α. For this reason
we will exploit Γᾱ (·, 1) to recover a continuous function
H : R3 → R2

(5)

such that H(p, α) is the matching point of p after a rotation of α around the center C.
In this formulation H has the following properties
H(p, 0) = p ∀p ∈ R2 ,
H(c̄, α) = c̄ ∀α ∈ R,
H(p, α) = H(p, α + 2π) ∀p ∈ R2 , ∀α ∈ R,
H(·, ᾱ) = Γᾱ (·, 1),
H(·, −ᾱ) = Γᾱ (·, −1).

(6)
(7)
(8)
(9)
(10)

We estimate function H using a trilinear periodic b-spline. In particular we perform
an optimizaton enforcing the previous properties, that can all be expressed as linear
constraints w.r.t. the b-spline parameters, and an additional smoothing term. The optimization is implemented as a sparse linear least square minimization.

6

Ground Plane Rectification

Once H is estimated, we can associate to any image point a continuous closed curve.
This curve represents the image of a circumference on the ground floor. In particular
all the closed curves given by H are the images of a set of concentric circumferences
around the center of rotation C.
Consider a camera performing a first planar motion where the initial and final positions are given by images I1 and I2 . Consider a second planar motion with a different
center of rotation, where the inital and final position are given by images I3 and I4 .
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Fig. 4. Given a point p we detect the other intersection q of the two motion flows passing through
p. This allows one to recover the two angles α1 and α2 which are used to rectify the ground
plane. Points in blue represent the intersections of the two motion flows with line L.

Using the technique described in Section 5 we obtain two different continuous functions H1 and H2 . These functions continuously describe two rotations around the two
centers.
Let C1 and C2 be the centers of rotation on the ground floor of the two motions and
c1 and c2 their imaged points on one of the images. Moreover let L be the line passing
through C1 and C2 . Given any point P on the ground plane there exist two circumferences centered in C1 and C2 intersecting in P . These circumferences intersect also in a
symmetric point Q w.r.t. to line L. Point Q is the matching point of P after a rotation
of angle α1 , where α1 is the angle formed by P and Q w.r.t. the first circumference.
Similarly α2 is the angle related to the other circumference (see Figure 4).
Consider a point p on the image plane, and its corresponding point P on the ground
plane. The point q corresponding to the symmetric point Q of P lies on the same closed
curves, H1 (p, ·) and H2 (p, ·), passing thorough p since these two curves must represent
the images of the two ground plane circumferences. By detecting the intersections of
these two curves it is possible to recover both point q and the angles α1 and α2 .
Without loss of generality, consider a reference system for the ground plane such
that C1 lies at the origin and C2 at point (1, 0). In this case line L corresponds to the
x axis. Consider a pair of points P and Q symmetric w.r.t. L. Line P C1 forms with L
an angle α21 whereas line QC1 forms an angle − α21 . Similarly line P C2 forms an angle
2π−α2
2
and line QC2 an angle − 2π−α
. Moreover the points H1 (p, α21 ), H1 (p, π + α21 ),
2
2
α2
α2
H2 (p, 2 ) and H2 (p, π + 2 ) represent the imaged intersections of the two circumferences with L.
Thus for any point p on the image plane we can collect 8 constraints, 4 constraining
points to lie on line L and 4 constraining the position of P and Q. These constraints are
used to perform a rectification of the ground plane by sampling the image plane using
N points and recovering the 8N constraints. The rectification is solved registering a
bivariate b-spline using a sparse linear least square optimization involving a smoother
terms and the collected constraints.
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Experimental Validation

We tested our algorithm on real images taken with a central camera, although the algorithm is more general and could be applied to non central cameras as well. We manually
extracted a set of correspondences and then recovered function Γᾱ (·, 1). The ground
truth for the angle and center of rotation was roughly measured during the experiments
setup.

Fig. 5. Estimated centers varying the b-spline parameters for two different planar motion. Red
points represents inlier points, which are correctly distributed around the ground truth, while
white points represents outliers. Notice that, in these experiments, the outliers are easily identified. Right image shows a close up of the two areas

We run the algorithm to recover the imaged center c̄ starting from different initial
configurations. In all test cases the recovered solution was the same, showing its independence from the initial starting solution. We, then, let the number of parameters of the
bivariate b-spline vary, i.e. increasing the allowed amount of deformation. In particular
we noticed that the recovered solution tends to be closer to the measured ground truth as
the number of parameters increases but as this number increases further the estimation
tends to diverge by several pixels. This is probably due to overfitting.
In our experiments with 70 correspondences the estimation was good up to a bspline using a grid of 35 × 35 knots. In all experiments the standard deviation of the
recovered points was less than 6 pixel on 1024 × 768 images (Figure 5 shows the recovered centers on two of such experiments).
The iterative algorithm for the angle recovery converged rapidly to the average value
in all our experiments. An example of the evaluation is shown in Figure 6. The initial
point used for the angle estimation slightly influences the recovered value. We ran the
algorithm several times from initial random solutions. In all experiments, the standard
deviation was less than 0.2 degree (see Figure 7).
As for the center of rotation, we ran the algorithm several times varying the number
of parameters of the b-spline. The estimation was robust since the standard deviation
was always below 0.4 degree. Also, for this experiment, the accuracy increased with the
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Fig. 6. Angle estimation. The red curve represent the application of function Γᾱ (·, 1), starting
from an initial point p. The segment connecting p to the estimated center is shown in white. It
is used to count how many times the curve traverses it. Right image shows the estimation of the
angle (in degree) w.r.t. the number of points used (i.e. the number of application of Γᾱ (·, 1))

Fig. 7. Distribution of the angle estimation. The left histogram shows the distribution by varying the initial starting point whereas the right histogram shows the distribution by changing the
b-spline number of parameters while maintaining the same starting position. In both cases the
standard deviation is small and the values recovered are close to the measured ground truth

Fig. 8. The function H1 and H2 for a particular experiment. Both functions are constituted by
concentric flows around the centers of rotation. The interpolation allows one to detect values also
for occluded region, such as the center of the image. Notice however that, at least for the function
shown in blue, the interpolation fails near the external region of the image
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number of parameters up to a given value (in our experiments with 70 correspondences
we registered a value around 30-35). Above this threshold the estimation diverged (see
Figure 7).
Besides our experiments on the motion estimation (rotation center and angle), we
also performed preliminary experiments on the ground plane rectification. Given two
different rotations, we evaluated the functions H1 and H2 (such as the ones shown in
Figure 8).
We applied the algorithm for the ground floor rectification using these two functions and obtaining the result shown in Figure 9. The regions containing more extracted
features were correctly reconstructed. The rectification, though, presented some errors
where the features are too sparse, in particular at the center of the image, due to the
occlusion of the camera, and at the outer regions, due to the resolution of the sensor.
We are currently working on improvements of the ground plane rectification through
the use of multiple planar motions.

Fig. 9. Left image shows the nodes used to recover the rectification constraints. Middle image
shows the position of those nodes in the rectified image. Right image shows the rectified ground
plane

8

Conclusion

We presented a method to perform visual odometry using general cameras for planar
motions when the equivalent roto-translation center is visible. In particular given the
initial and final image of a planar motion on a ground plane we showed how to recover
both the imaged center and the angle of rotation.
Moreover we presented an algorithm to estimate a continuous function describing
the motion flows of any point on the image plane. By using two of these function, i.e. by
considering two subsequent planar motions, we showed how to perform a rectification
of the imaged ground plane.
The angle and center estimation showed to be robust to the number of degrees of
freedom used in the modelization, i.e. the parameters of the b-spline function, and to
the initial solution.
The mathematical model used to describe H, although composed by closed curves,
does not constrain those to be concentric, i.e. not to intersect each other. Moreover there
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are few constraints to describe the behavior of this function at different values of α. A
possible solution could be fusing point correspondences of multiple images related to
the same planar motion. Another possibility is exploiting more than two planar motions
to increase the number of constraints for the rectification.
Future works will be aimed at improving the estimation of such a function. The final
rectification, in fact, depends on how well the function H describes the motion flows.
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