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Abstract

We propose a new class of approximédeal DtN boundary conditions
to be applied on elliptical-shaped exterior boundariesmduving acoustic
scattering problems by elongated obstacles. These conslifire : (a) exact
for the first modes, (b) easy to implement and to paralleligecompatible
with the local structure of the computational finite elemschieme, and (d)
applicable to exterior elliptical-shaped boundaries #iratmore suitable in
terms of cost-effectiveness for surrounding elongatetteyeas. We investi-
gate analytically and numerically the effect of the frequeregime and the
slenderness of the boundary on the accuracy of these comglitiWe also
compare their performance to the second order absorbingdawy condi-
tion (BGT2) designed by Bayliss, Gunzburger and Turkel wérgiressed in
elliptical coordinates. The analysis reveals that, in tefrequency regime,
the new second order DtN condition (DtN2) retains a goodllefraccuracy
regardlessof the slenderness of the boundary. In addition, the DtNZhdeu
ary condition outperforms the BGT2 condition. Such supéyias clearly
noticeable for large eccentricity values.

Introduction

Exterior Helmholtz problems are classical mathematicaflet® for studying

scattering problems arising in many applications such aarseadar, geophysi-
cal exploration, nondestructive testing, etc. Despité thienplicity, this class of
problems is not completely solved particularly from a nuicedrpoint of view.
For example, the computation of the solutions of these problrequires first
to limit it to a finite domain. This is often achieved by sumaiing the given
scatterer(s) (or radiator) by an artificial boundary thdbsated at some distance
(measured in multiples of wavelength of interest) from itsface. A so-called



“nonreflecting” boundary condition is then prescribed oa drtificial boundary
to represent the “far-field” behavior of the scattered fi€lthe challenge here is
the development of a simple but reliable as well as costg¥ie computational
procedure for representing the far-field behavior of thdtscad field. The quest
for such conditions is ongoing (see, e.g., the recent rebgWurkel in the book
[1]).

We propose in this work new two-dimensional approximatal DtN bound-
ary conditions to be employed on elliptical-shaped bouledathat are primary
candidates for surrounding elongated scatterers. Thefaezonstructing such
conditions is driven by several considerations, chief agntirem the following
two reasons. First, the widely-used second order absotdugpdary condition
(BGT2) designed by Bayliss, Gunzburger and Turkel for dacghaped bound-
aries [2] performs poorly when it is expressed in ellipticabrdinates and applied
to elliptical-shaped boundaries in the low frequency reg[B8j. The accuracy de-
teriorates significantly for large eccentricity valuesloé¢ tboundaries as observed
in [3]. The damping effect introduced to this condition [d}proves the perfor-
mance for small eccentricity values. However, the modifi&IIR2 still performs
poorly for eccentricity values larger than6 in the (relatively) low frequency
regime (see Figure 6 in [4]). Hence, there is a need for coastg local ab-
sorbing boundary conditions (ABC) that extend the rangeatitfactory perfor-
mance. Second, the two-dimensional approximate local DiMlitions designed
for circular-shaped boundaries [5] outperforms signifttaBGT conditions, par-
ticularly for low wavenumber values as reported in [6]. Ho® using these con-
ditions on circular-shaped exterior boundaries when sgh\&cattering problems
by elongated scatterers often leads to larger than needegutational domains,
which hampers computational efficiency. This suggests dpatoximate local
DtN boundary conditions designed for elliptical-shapedritaries is an attrac-
tive alternative for improving the computational performaea.

Given that, this work is devoted to the construction of tisesenditions and to
the assessment of their performance when employed forgptwio-dimensional
acoustic scattering problems by elliptical-shaped olbs$ad he idea of construct-
ing two-dimensional approximatecal DtN boundary conditions is not new. In-
deed, as stated earlier, such conditions have been alreadsed for circular-
shaped boundaries [5]. The construction procedure adaptés] is based on
the localization of the truncated global DtN boundary ctiodi[7]. The key in-
gredient of this procedure is the trigonometric identitileat express high order
derivatives of sine and cosine functions (see for examplg£&4) p. 276 in [5]).
However, this property is not satisfied by the periodic Mathiunctions (see p.
376 in [8]). Consequently, the procedure used in [5] is n@&mapplicable to
the truncated global DtN boundary operator when expresseadliptical coor-
dinates [9, 10]. Hence, the construction methodology wegse for deriving



the class of approximate local DtN boundary conditions lipgtal coordinates
can be viewed as aimverse-typeapproach. More specifically, we start from a
Robin-type boundary condition with unknown coefficientsnlike the case of
polar coordinates, these coefficients depend on the &afléhe elliptical coordi-
nates. Such dependence is necessary to preserve the syrantetocal nature of
the resulting boundary conditions. Then, we require thatitnsidered condition
to be an exact representation of the first modes. Conseguttglicoefficients are
the unique solution of a linear algebraic system.

We assess mathematically and numerically the performaitbe constructed
approximate local DtN boundary conditions. More specificale analyze the
effect of low wavenumber and the eccentricity on the pergomoe of these condi-
tions in the case of two-dimensional scattering problems adbpt the on-surface
radiation condition formulation (OSRC) [11] in order to fizm analyticallythis
investigation. We note that such formulationnigst appropriate for the high fre-
guency regime as observed previously in [12]. The main @sen the following
analyses is to evaluate the performance of the proposeax@dppate local DtN
conditions at low wavenumber to see if relatively small comapional domains
can be employed in order to avoid excessive computatiorstl dive OSRC for-
mulation must be viewed as an extreme case while an extdliptical-shaped
boundary surrounding an elongated scatterer would be BEm®édnding” on the
boundary condition. The analysis herein shows that thetnactedsecond-order
local DtN condition retains a good level of accuracy in the feequency regime
for all eccentricity values of the elliptical-shaped boarids. We must point out
that we have also performed a similar investigation whesdlo®nditions are em-
ployed for solving exterior two-dimensional radiator pleins. However, because
of space limitation, we do not report in this paper on the ltssebtained in this
case. These results can be found however in [13].

2 Preliminaries

The elliptic cylindrical coordinate&, 0, =) are related to the cartesian coordi-
nates(z, y, z) by the transformationz = acosf, y = bsin 6, andz = z where
0 € [0,27), z € R, anda andb are the semi-major and semi-minor axes, re-
spectively. They are given by = fcosh&, b = fsinh &, where f represents
the inter-focal distance and is a nonnegative real number. Tkecentricity e
on an elliptical cylinder at = & is given bye = m =4/1— 2—2 Note that
0<e<l.

Furthermore, any incident plane wav&° can be expressed in this coordinate
system as follows

uine — eka cosh &(cos 6 cos 0p+tanh € sin 0 sin Hp) 7 (1)



where the wavenumbéris a positive number ang, is the incident angle.

We consider in this work two-dimensional acoustic scattggproblems by
elliptical-shaped scatterers. Such restriction allomsasever to adopt the OSRC
formulation and set the elliptical-shaped artificial boandon top of the bound-
ary of the obstacle. In addition, we assume, for simpliditbygt the scatterers
aresound-soff14]. Consequently, the acoustic scattered figld® solution of a
sound-soft elliptical-shaped scatterer can then be egpdesm terms of Mathieu
functions as [15]

ot — SR [Z‘mcem Re$D (kf, cosh €)Senm (k f, cos 0)
m=0

o0 (2)
+3 imCop R0k (kf, cosh €) S0y, (kf, cos0) |,
m=1
whereCe,, andCo,, are the Fourier coefficients [15, 3, 4Zjie§$;) (resp. Ro,(f;))
represents theven(resp. odd) radial Mathieu functions of thg*" type (see p.
378 in Reference [8])Se,, (resp. So,,) represents theven(resp. odd) periodic
Mathieu functions (see p. 377 in Reference [8]), ang (resp.Nﬁf)) represents
theeven(resp.odd) normalization factor of the periodic Mathieu functionede.
378 in Reference [8]). We recall (for example) that th#h elliptical evenmode
IS given by [16]

U = Re'D (kf, cosh €)Sep,(kf,cosb); m >0. (3)

3 Two-dimensional approximatelocal DtN bound-
ary conditions in elliptical coordinates

The two-dimensional first- (DtN1) and second-order (DtN&)dl Dirichlet-
to-Neumann boundary conditions, defined on the ellipteteped boundary =
&, are given by

_ 02
piNt: o VIZE (4)
o€ e
Ju V1—e?
DtN2 : 8_5 = m [(CLQOQ — (llOé())U + (Oél — Oé())Dgu] s (5)

where the constants,, are the characteristic numbers of theh even periodic
Mathieu functionsSe,,, [17]. The coefficientsy,, are given by

R 3)/ -1
&2 (eka, e ); m> 0,
Re? (eka,e 1)

Ny =

(6)



and the operatdp, is the following second order differential operator
_0* (eka)? N1
"= " 3 (cos20) 1.

The following four remarks are noteworthy:

e First, the boundary conditions (4), (5) are symmetric éxhl boundary
conditions. The local feature of these conditions is of agneterest from
a numerical view point. Indeed, the incorporation of thesaditions in
any finite element code introduces only mass- and stifftygss-matrices
defined on the exterior boundary. The characteristic nuexheof thenth
even periodic Mathieu functions and the coefficiemtscan be computed
once for all at the preprocessing level.

e Second, it must be pointed out that when= 0 (the ellipse degenerates
to a circle), conditions (4) and (5) are identical to the trmensional DtN
conditions designed for circular-shaped boundaries [5TBis property can
be easily established [13] using the asymptotic behavidh@®ven radial
Mathieu functions of the third typBe,(f{) (see Eqgs. (21) and (22), p. 171
and Eq. (37), p. 200 in Ref. [18]).

e Last, approximate local DtN conditions of order higher titan are inap-
propriate for conventional finite element implementatisimee they require
regularity higher thar®. Consequently, we consider in the following only
the first- (DtN1) and second-order (DtN2) boundary condiio

Moreover, the boundary conditions (4) and (5) satisfy, bgstauction, the fol-
lowing property that one can easily verify:

Lemma 3.1 The first-order DtN boundary condition (DtN1) given by (4)ais

exact representation of the first modggiven by Eq.(3).

The second-order DtN boundary condition (DtN2) given byig%)n exact repre-
sentation of the first even modgand the second even modegiven by Eq.(3).

Remark 3.2 We have also constructed a second-order boundary conditian
IS an exact representation of the first even mode and the fidthaode. The ex-
pression of the obtained condition is similar to the corit(5) [13]. The only
difference is the replacement of (a) the even radial Mathigction of the third
type Re'?) by the odd functiozo!”, and (b) the characteristic numbey by the
one corresponding to the odd periodic Mathieu functton [17]. Similarly, we
have also constructed a second-order boundary conditiahithan exact repre-
sentation, in the least-squares sense, of the first two ewele @and the first odd
mode [13]. We have analyzed the performance of these condiéind found that
it is identical to the second-order boundary condition (2}Njiven by Eq. (5) as
reported in [13]. Given that, along with space limitationewnly consider in this
paper the conditions given by Eq. (4) and Eq. (5) to illustrdite performance of
this class of ABCs.



4 Performance analysis

In the following, we assess analytically and numerically gerformance of
the approximate local DtN1 and DtN2 boundary condition®gity (4) and (5).
More specifically, we analyze the effect of low wavenumbeand the eccentric-
ity e on the performance of DtN1 and DtN2 in the case of sound-satttering
problems. We adopt the on-surface radiation condition tdation (OSRC) [11]
in order to perform this investigation analytically. As i8,[4, 6], we assess the
performance of the ABCs DtN1 and DtN2 using thgecific impedancatro-
duced in [19, 20] as a practical tool for measuring the efficieof ABCs in the
context of the OSRC formulation. Thign-dimensionatjuantity measures the
effect of the truncated medium in physical terms. It progideconvenient indi-
cator of the performance of a given approximate represemntatn the elliptical
coordinates system, the specific impedance can be exprassed

iv1— e2ka us™

825 ( scat )

z

- (7)
‘€=5O
Therefore, the specific impedane®&** corresponding to the exact solution for
two-dimensional sound-soft acoustic scattering problears be computed ana-
lytically usingus® = —u'™® (see Eq. (1)), and the Fourier series given by Eq. (2)
to evaluatea% (u5?) |¢—¢, (see, for more details, [3, 4, 13]).

4.1 Mathematical results

The following lemma states the expression of the approx@mspécific impedances
on the boundary of a sound-soft elliptical-shaped scattaré = &,. These ex-
pressions can be easily derived from Eq. (7) by usifitf = —u'"° (see Eq. (1)),
along with substitutinge = —™° into the DtN conditions (4) and (5).

Lemma 4.1 The approximate specific impedanc2'{'!) corresponding to the
first order DtN boundary condition (DtN1) is given by
pint | 1kae
z = (8)
The approximate specific impedanc®{?) corresponding to the second order
DtN boundary condition (DtN2) is given by

DIN2 _ ikae (ag — ay)
(apa; — arag) — (a1 — ap) <ika)\ + (ka)? (%)2 + w cos(29)>
(9)

where the constanis,, are the characteristic numbers of thheth even periodic
Mathieu functionsSe,, [17], the coefficientsy,, are given by Eg. (6), and the

parameter\ is given by
A =cosfcosbly+ V1 — e?sinf sin . (10)

z




Remark 4.2 First, we note that whela = 0, that is the ellipse degenerates to
a circle, the approximate DtN specific impedances given Is; ) and (9) are
identical to the ones obtained in the case of circular-sithpeatterers and an
angle of incident plane wavke= 0, [6]. Second, we observe that, unlike the exact
specific impedance™*, the DtN1 specific impedane&€™! does not depend on
the observation anglé. This result suggests that the DtN1 boundary condition is
less accurate than the DtN2.

The next result states the behavior of the specific impedsasie: — 0. Note
that the behavior o£***“* has been established in [3, 4], while the behavior of
»PN2 is a direct consequence, as shown in [13], of using the asytiafitehavior
of the even radial Mathieu functions of the third tyﬂaﬁ,‘? (see Egs. (21) and
(22), p. 171 and Eq. (37), p- 200 in Ref. [18]).

Proposition 4.3 The asymptotic behavior of the specific impedances of the sca
tered field on the boundary of an elliptical-shaped obstadéa — 0 is given

by
DtN2 exact ka :
z ~z ~ TS +ikaln(ka). (11)

Remark 4.4 Unlike the case of BGT2 boundary condition in elliptical mhe
nates (see Eq. (40), p. 3637 in [3], Proposition 4.3 revehks the asymptotic
behaviors of:*** and zP*N? are identical. Note that this behavior is identical to
the case of circular-shaped scatterers [6].

4.2 |llustrative numerical results

We have performed several numerical experiments to asBegztformance
of the constructed approximate local DtN boundary condgio However, due
the space limitation, we report here the results of one exjaat for illustration.
These results are obtained for an incident arfgle- 0, two wavenumber values
ka = 0.1, 1, and three eccentricity values= 0.1,0.6,0.9. Note that we have
computed the specific impedances using the integral repiesaens of the Math-
ieu functions given by Egs. (20.7.25)-(20.7.27) p. 737 ifelRence [17] , and the
Mathematicasoftware package. We have used up to 20 terms in the Fouriesse
(see Eq. (2)). The results depicted in Figure 1 clearly itltes the superiority
of DtIN2 over BGT2. Indeed, these results indicate that thiopmance of DtN2
at low wavenumber values is accurate, as expected from Bitapo4.3. In addi-
tion, they show that, unlike BGTZ2 , the accuracy is not saresib the eccentricity
e. Indeed, one can observe that the accuracy of BGT2 deterosignificantly
whene > 0.6, as already reported in [3].



e=0.6

e=0.9

Figure 1: Absolute value of the specific impedance for the exact {safict DtN2
(crossed) and the BGT2 (dashed) for the incident afdgle- 0, and forka = 0.1 (left)
andka = 1 (right).
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Conclusion

We have designed a new class of approximate local ABCs to pkedpon
elliptical-shaped exterior boundaries when solving atouscattering problems
by elongated obstacles. These conditionsexactfor the first radiation modes,
they are easy to implement and to parallelize, and they pregke local struc-
ture of the computational finite element scheme. The arsatgseals that the new
second-order boundary condition DtN2 outperforms the BGdizdition, and ex-
tends the range of satisfactory performance to all ecagtytialues.

Acknowledgments

The authors acknowledge the support by INRIA/CSUN Asseclaam Program.
Any opinions, findings, conclusions or recommendationge&sged in this mate-
rial are those of the authors and do not necessarily reflectigws of INRIA or
CSUN.

References

[1]

[2]

[3]

[4]

[5]
[6]

[7]

[8]
[9]

E. Turkel, Iterative methods for the exterior Helmholtz equationucing
absorbing boundary, conditions, omputational Methods for Acoustics
ProblemsF. Magoules (ed.), Saxe-Coburg Publications (To Appear)

A. Bayliss, M. Gunzberger, E. Turkel, Boundary conditions for the numer-
ical solution of elliptic equations in exterior regiorSIAM J. Appl. Math.
42 (2), pp. 430-451, 1982.

R.C. Reiner, R. Djellouli, I. Harari, The performance of local absorbing
boundary conditions for acoustic scattering from elliptishapesComput.
Methods Appl. Mech. Engrd 95, pp. 3622-3665, 2006.

R.C. Reiner, R. Djellouli, Improvement of the performance of the BGT2
condition for low frequency acoustic scattering probledmjrnal of Wave
Motion, 43, pp. 406-424, 2006.

D. Givoli, J.B. Keller, Nonreflecting boundary conditions for elastic waves,
Journal of Wave Motionl2 (3), pp. 261-279, 1990.

|. Harari, R. Djellouli , Analytical study of the effect of wave number on the
performance of local absorbing boundary conditions forustic scattering,
Applied Numerical MathematicSO0, pp. 15-47, 2004.

J. B. Keller, D. Givoli, Exact nonreflecting boundary conditiodsComput.
Phys, 82 (1), 172-192,1989.

J. A. Stratton, Electromagnetic TheoryMcGraw-Hill, NY, 1941.

M. J. Grote, J. B. Keller, On nonreflecting boundary conditiords Comput.
Phys, 122 (2) pp. 231-243, 1995.



[10] D. Givoli, Exact representations on artificial interfaces and appbas in
mechanicsAMR 52(11) pp. 333-349, 1999.

[11] G.A.Kriegsmann, A. Taflove, K.R. Umashankar A new formulation of
electromagnetic wave scattering usin an on-surface fadiabundary con-
dition approachlEEE Trans. Ant. Prop35 (2), pp. 153-161, 1987.

[12] X. Antoine, Fast approximate computation of a time-harmonic scattere
field using the On-Surface Radiation methddA J. Appl. Math, 66, pp.
83-110, 2001.

[13] A. Saint-Guirons, Construction et analyse de conditions aux limites ab-
sorbantes pour des problemes de propagation d’oreled). thesis (In
Preparation).

[14] D. Colton, R. Kress Inverse Acoustic and Electromagnetic Scattering The-
ory, Springer-Verlag, Berlin, second edition, 1998.

[15] J. J. Bowman, T. B. A. Senior, P. L. E. Uslenghi Electromagnetic and
Acoustic Scatttering by Simple Shapdsmisphere Publishing Corporation,
New York, NY, 1987.

[16] T. B. A. Senior, Scalar diffraction by a prolate spheroid at low frequescgie
Canad. J. Phys 38, pp. 1632-1641, 1960.

[17] M. Abramovitz, I. Stegun, Handbook of Mathematical Functions with For-
mulas, Graphs and Mathematical Tahld3over Publications, New York,
1972.

[18] J. Meixner, F.W.Schafle Matieusche funktionen and spharoidfunktionen
Springer Verlag, Berlin, 1954.

[19] T. L. Geers, Doubly asymptotic approximations for transient motioris o
submerged structured, Acoust. Soc. An64 (5), pp. 1500-1508, 1978.

[20] T. L. Geers, Third-order doubly asymptotic approximations for congut
tional acoustics). Comput. Acoust8 (1), pp. 101-120, 2000.



