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Abstract

We address the estimation of extreme level curves of heavy-tailed distributions. This prob-
lem is equivalent to estimating quantiles when covariate information is available and when
their order converges to one as the sample size increases. We show that, under some condi-
tions, these so-called “extreme conditional quantiles” can still be estimated through a kernel
estimator of the conditional survival function. Sufficient conditions on the rate of convergence
of their order to one are provided to obtain asymptotically Gaussian distributed estimators.
Making use of this result, some kernel estimators of the conditional tail-index are introduced
and a Weissman type estimator is derived, permitting to estimate extreme conditional quan-

tiles of arbitrary large order. These results are illustrated through simulated and real datasets.

Keywords: Conditional quantiles, heavy-tail distributions, kernel estimator, extreme-values.
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1 Introduction

Let (X;,Y;), i =1,...,n be independent copies of a random pair (X,Y) in R? x R. We address
the problem of estimating extreme level curves, defined as the graphed of the functions z € R?
q(an|z) € R verifying

PY > q(ap|2)|X =2) = ay,

where a;, — 0 as n — oo. In such a case, g(ay,|z) is referred to as an extreme conditional quantile

in contrast to classical conditional quantiles (sometimes called classical regression quantiles) for



which «,, = avis fixed in (0, 1). While the nonparametric estimation of classical regression quantiles
has been extensively studied (see for instance the seminal papers [32, 35]), less attention has been
paid to extreme conditional quantiles. Parametric models are proposed in [11, 34] whereas semi-
parametric methods are considered in [3, 24]. Fully non-parametric estimators have been first
introduced in [10], where a local polynomial modeling of the extreme observations is used. Similarly,
spline estimators are fitted in [8] through a penalized maximum likelihood method. In both cases,
the authors focus on univariate covariates and on the finite sample properties of the estimators. An
important literature is devoted to the particular case where the conditional distribution of Y given
X = z has a finite endpoint ¢(x). The function ¢ is referred to as the frontier and can be estimated
through an estimator of the conditional quantile g(ay,|x) with a;, — 0. As an example, a kernel
estimator of ¢ is proposed in [21] with «,, = 1/n, the asymptotic normality being proved only in
the situation where Y given X = x is uniformly distributed on [0, ¢(z)]. In this latter situation,
regression on the extreme values of the sample has also been introduced in [17, 20, 22, 30], the
case where the density of Y given X = z is lower bounded being first studied by Geffroy [18].
Extensions are provided in [19, 26, 27] to densities of Y given X = z decreasing as a power of the
distance from the boundary. We refer to [29] for more information on this topic.

Estimation of unconditional extreme quantiles is also widely studied since the introduction of
Weissman estimator [37], dedicated to heavy tail distributions, and Dekkers and de Haan estima-
tor [12] adapted to the general case.

In this paper, we focus on the case where the conditional distribution of Y given X = z has an
infinite endpoint and is heavy-tailed, an analytical characterization of this property being given
in the next section. In such a case, the frontier function does not exist and g(a,|z) — oo as
an, — 0. Nevertheless, we show, under some mild conditions, that extreme regression quantiles
g(an|x) can still be estimated through a kernel estimator of P(Y > .|z). We provide sufficient
conditions on the rate of convergence of «a, to 0 under which our estimator is asymptotically
Gaussian distributed. Making use of this, some kernel estimators of the conditional tail-index
are introduced and a Weissman type estimator [37] is derived, permitting to estimate extreme
conditional quantiles ¢(5,|x) where (8, — 0 arbitrarily fast.

Assumptions are introduced and discussed in Section 2. Our main results are provided in
Section 3 and illustrated on simulated data in Section 4. An example of application to real data

is presented in Section 5. Proofs are postponed to the appendix.



2 Notations and assumptions

The conditional survival function (csf) of Y given X = z is denoted by F(y|z) =P(Y > y|X = z)
and the point distribution function (pdf) of X is denoted by g. The kernel estimator of F(y|z) is
defined for all (z,y) € R? x R by

E, (ylx) = ZKhx— DY >y} ZKhx— i)s (1)

where I{.} is the indicator function and h = h,, is a nonrandom sequence such that h — 0 as
n — oo. We have also introduced Kj(t) = K(t/h)/h? where K is a pdf on RP. In this context,
h is called the window-width. In Theorem 1, the asymptotic distribution of (1) is established
when estimating small tail probabilities, i.e when y = y, goes to infinity with the sample size
n. Similarly, the kernel estimators of conditional quantiles ¢(«|x) are defined via the generalized
inverse of ﬁn(\x)

dnlalz) = F(a)z) = inf{t, F,(t|z) < o}, (2)

for all & € (0,1). Many authors are interested in this type of estimator for fixed o € (0,1):
weak and strong consistency are proved respectively in [35] and [15], asymptotic normality being
established in [36, 33, 4]. In Theorem 2, the asymptotic distribution of (2) is investigated when
estimating extreme quantiles, i.e when a = «,, goes to 0 as the sample size n goes to infinity. The
asymptotic behavior of such estimators depends on the nature of the conditional distribution tail.
In this paper, we focus on heavy tails. More specifically, we assume that the csf satisfies
(F.1): Fyle) =y~ /" @e(y|x),
where ~(.) is a positive function of the covariate x and, for = fixed, £(.|x) is a slowly-varying

function at infinity, i.e for all A > 0,

lim SO0 _ (3)
y—oe L(ylz)
To summarize, (F.1) amounts to assuming that the conditional distribution of Y given X = z is in
the Fréchet maximum domain of attraction. In this context, y(z) is referred to as the conditional
tail-index since it tunes the tail heaviness of the conditional distribution of Y given X =

Assumption (F.1) is also equivalent to stating that F(.|z) is regularly varying at infinity with

index —1/7(x) i.e -
o L) 1)
v=oo F(yla)

for all A > 0. As remarked in [7], p.15, one can assume that
(F.2): £(.|x) is normalized,
without loosing generality since slowly-varying functions are of interest only asymptotically. In

such a case, the Karamata representation (see [7], Theorem 1.3.1) of the slowly-varying function



can be written as

ttke) = cto)exo [ %) @)

U
where ¢(.) is a positive function and e(y|x) — 0 as y — oco. Thus, £(.|z) is differentiable and the
auxiliary function is given by e(y|z) = y¥'(y|z)/€(y|x). This function plays an important role in
extreme-value theory since it drives the speed of convergence in (3) and more generally the bias
of extreme-value estimators. Therefore, it may be of interest to precise how it converges to 0. For
instance, in [1, 2, 23], the auxiliary function is supposed to be regularly varying and the estimation
of the corresponding regular variation index is addressed. Here, we limit ourselves to assuming
that
(F.3): |e(.]x)| is continuous and ultimately non-increasing.

Some Lipschitz conditions are also required. For all (z,2') € RP x RP, the Euclidean distance

between z and ' is denoted by d(z, z’) and the following assumptions are introduced:

1
(L.1): There exists ¢, > 0 such that b i ) < cyd(z,2’).
log ¢ log £(y|x'
(L.2): There exist ¢, > 0 and yo > 1 such that sup oz £(y|) _ 8 (=) < cod(z, 7).
y>yo | 108Y logy

(L.3): There exists ¢, > 0 such that |g(z) — g(z)] < ¢yd(z, 2).
The last assumption is standard in the kernel estimation framework.

(K): K is a bounded pdf on RP, with support S included in the unit ball of RP.

3 Main results

Let us first focus on the estimation of small tail probabilities F(y,|r) when y,, — oo as n — oc.

The following result provides sufficient conditions for the asymptotic normality of ﬁn(yn\x)
Theorem 1 Suppose (F.1), (L.1), (L.2), (L.3) and (K) hold. Let us introduce

e 0<ay <ag<---<ay where J is a positive integer,

e y, — 00 such that nh?F (y,|z) — co and nh?*21log? (y,)F (yn|z) — 0 as n — oo,

® Ynj=ajy, forj=1,...,J.
Then, for all x € RP such that g(x) > 0, the random vector

{ nh? F(y,|z) (W B 1) }
n,j J=1 /

......

2
is asymptotically Gaussian, centered, with covariance matrix %C(m‘) where Cj ji(z) = a;@,(m)

for (j,3") € {1,...,J}2.



Note that nh? F(y,|z) — 0o is a necessary and sufficient condition for the almost sure presence of
at least one sample point in the region B(z, h) X (yy, 00) of RP*1 see Lemma 3 in Appendix. Thus,
this natural condition states that one cannot estimate small tail probabilities out of the sample
using ﬁn This result may be compared to [13] which establishes the asymptotic behavior of the
empirical survival function in the unconditional case but without assumption on the distribution.
Considering now the estimation of extreme quantiles g(ay|z) when o, — 0 as n — oo, the

asymptotic normality of ¢, (e, |x) can be established under similar conditions.

Theorem 2 Suppose (F.1), (F.2), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e Ty >To > >75 >0 where J is a positive integer,
o a,, — 0 such that nhPa,, — oo and nhP%a, logz(an) — 0 as n — oo,
o oy =Tian forj=1,...,J.

Then, for all x € RP such that g(x) > 0, the random vector

{Vatma (st ) }

q(an,j|z) =1,

is asymptotically Gaussian, centered, with covariance matriz

2’72(1')
KIS (5)

where X5 0 = 1/Tinj for (j,j') € {1,..., J}%

Compared to [4], Theorem 6.4, where o, = « is fixed in (0, 1), the asymptotic variance is larger in
Theorem 2 since it involves the additional term 1/a,, — oo as n — oo. Let us also highlight the
important role of the conditional tail-index v(x). From the asymptotic variance point of view, our
model is equivalent to a csf with constant tail-index 4(x) = 1 and a pdf proportional to §(z) =
g(z)/~*(z). In such a case, the number of points in the ball B(z,h) is asymptotically inversely

proportional to 42(x). A large value of the tail-index at x thus implies a difficult estimation of
q(om|z).

Remark 1 Clearly, the condition nhPa, — oo implies that, for n large enough, h > (nan)’l/p.
Replacing in condition nh?*2a, log?(ay,) — 0 entails

noy,

log? (1/au,)

This condition provides a lower bound on the order of the extreme quantiles for the asymptotic

— Q.

normality of kernel estimators.



Remark 2 Suppose na,, logz(an) — 00 as n — 0. To fulfill the assumptions of Theorem 2,
one can choose h = 1, (noy, log? (o))=Y P2) where (n,) is a sequence tending to zero arbitrarily

slowly. This choice yields an asymptotic variance proportional to

1 —p naoy, ~v
—_— T]’I’L 71) .
’IlhpOén IOg (aﬂ)

Note that, for p = 0, we find back the variance of estimators dedicated to unconditional extreme

quantiles.

A kernel version of Pickands estimator [31] for the conditional tail-index y(z) can be proposed on

the basis of ¢, (.|z), the kernel estimator defined in (2):

1 gn(k/n|x) — ¢n(2k/n|z)
log2 8 (%(%/nm - qn<4k/n|x>>

where k = k), is an intermediate sequence i.e such that k — oo and k/n — 0 as n — co. We refer

Tn(r) =

to [19] for a different variant of Pickands estimator in the context where the distribution of Y given

X = z has a finite endpoint. The asymptotic normality of 4,, () is a consequence of Theorem 2.

Corollary 1 Suppose (F.1), (F.2), (F.3), (L.1), (L.2), (L.3) and (K) hold. Let o, = (kh?)~'/?
where k is an intermediate sequence. If o0, — 0, o, *hlog(k/n) — 0 and o, 'e(q(2k/n|z)|z) — 0
as n — oo, then, for all x € RP such that g(x) > 0, o, (37 (z) — v(x)) converges to a centered
Gaussian random variable with variance
I3~ (@) (227F + 1)
9(@) 4log2)2 (@@ — 12"

It should be clear that (6) is, up to the scale factor || K||3/g(z), the variance of the classical Pickands

(6)

estimator, see for instance [25], Theorem 3.3.5. Since this variance is huge for large values of the

conditional tail-index, it may be preferable to consider a kernel version of the Hill estimator [28]:

J
Ao(x Z [log G, (mjk/n|x) — log g, (k/n|z)] /Zlog 1/75),
j=1

where (7;) is a decreasing sequence of weights.

Corollary 2 Suppose (F.1), (F.2), (F.3), (L.1), (L.2), (L.3) and (K) hold. Let1 =1 > 10 >

> 77 > 0 where J is a positive integer. If o, — 0, o, hlog(k/n) — 0 and o, *e(q(k/n|z)|x) —
0 as n — oo, then, for all x € RP such that g(z) > 0, o, (37(z) — v(z)) converges to a centered
Gaussian random variable with variance ||K||37?(x)Vy/g(z) where

2

> 2(J —Tj) +1 / Zlog<1/7—j)

j=1



As an example, choosing 7; = 1/j for each j = 1,...,J yields V; = J(J — 1)(2J — 1)/(61log®(J!)).
In this case, V is a convex function of J and is minimum for J = 9 leading to Vy ~ 1.25. Moreover,

introducing
1 n
gn(x) = =Y Kp(x — X;
nie) = D Kl = X @

the classical kernel estimator of the pdf g(z), one may obtain pointwise confidence intervals for
extreme conditional quantiles by plugging g, (x) and 4} (x) or 45 (x) in (5). Indeed, both estimates
are consistent, as shown in Lemma 4 and Corollary 1. As pointed out in Remark 1, the kernel
estimator of extreme quantiles §,(a,|z) requires a stringent condition on the order «,, of the
quantile, since by construction it cannot extrapolate beyond the maximum observation in the ball

B(z,h). To overcome this limitation, a Weissman type estimator [37] can be derived:

Here, G, (ap|z) is the kernel estimator of the extreme quantile considered so far and 4, (z) is an
estimator of the conditional tail-index ~y(x). As illustrated in the next theorem, the extrapolation

factor (o, /B,)7"(*) allows to estimate extreme quantiles of order (3, arbitrary small.
Theorem 3 Suppose (F.1), (F.2), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
o «a,, — 0 such that nhPa,, — oo and nhP?a, log2(ozn) — 0 as n — oo,
e () such that B, /oy — 0 as n — oo,
e Y,(x) such that /nhPa, (Y (z) — y(z)) <, N(0,v2(x)) where v*(z) > 0.

Then, for all x € RP,

VnhPay, (dff(ﬂnlx)

d 9 .
log(an /) \ a(Fale) —1) 5 N(0,0(2)).

4 Numerical experiments on simulated data

Here, we limit ourselves to uni-dimensional random variables X (d = 1) uniformly distributed
on E = [0,1]. Besides, Y given X = =z is Fréchet distributed, its csf is given by F(y|z) =

exp(—y~/7®)), and the following conditional tail-index has been chosen:
1/1 11 1
== +si — = —64(z —1/2)?) ).
() 5 (10 + sin (mc)) <10 2exp( 64(x —1/2) ))
We focus on the estimation of conditional extreme quantiles q(ay,|z) = (—loga,)~7®) of order
ay, = 5log(n)/n which is inspired from the lower bound given in Remark 1. To this end, we use

the estimator introduced in (2) with a bi-quadratic kernel defined as

15

K@) =15

(1 - ?)Ia| < 1}.



The choice of the bandwidth A is an important issue. In the following, we propose a data-driven
strategy to select its value in a set H = {h; < he < --- < hp} where hy = 1/(5logn) and
har = 1/2. The minimum value h; is chosen to obtain approximately 2nh; ., = 2 observations in
the area [x —h1, x4+ h1] X [¢(an|2), 00) while the maximum value hjs corresponds to a smoothing on
the whole [0, 1] interval. The points ha, ..., hpr—; are regularly distributed in [hy, hps] and M = 50

is used in practice. Two strategies are compared:

e The first one is derived from the cross-validation approach introduced in [38] and implemented
for instance in [16]:

n n

~ 2
heo = argggg;; (]I{Y; > ij} - Fn,fz(YvJ|Xl)> )

where ﬁn is the estimator (depending on h) given in (1) computed from the sample

,—1

e The second one is the oracle strategy which consists in minimizing a distance A between the

estimated conditional extreme quantile and the true one:

horace: in A n~7An ni-))s
te = arg min A(g(an|.), Gn(an].))

with
Lz 1/2
. . 2
A(q(04n|')7 qn(an|)) = {L Z (qn(an|t5) - Q(anlté)) } (8)
=1
and where ¢1,...,t;, are regularly distributed on [0,1]. Of course, this method cannot be

applied in practical situations where g(«,|.) is unknown. However, it provides us the lower

bound on the distance A that can be reached with our estimator.

The finite sample performance of these strategies is assessed on N = 100 replications of the samples

,Y;),i=1,...,n} of size n € . e bandwidths he,’ an
{(X:,Y3),i=1,...,n} of si {300,1000}. The bandwidths %) and h?)

oracle are computed on

each replication p € {1,..., N} with the two strategies and the corresponding errors (8) are denoted
by AP and Ag’:,)acle. As an illustration, the empirical distributions of A% and Ag’:,)acle, obtained
on samples of size n = 300, are superimposed on Figure 1. It appears that the mean errors are
approximately equal. Let us also remark that the cross-validation errors seem to have a heavier
right-tail than the oracle errors. Similar conclusions have been drawn for n = 1000. Let us now
focus on the estimators g, (o, |.) computed from the bandwidths associated to the quantiles of order
10%, 50% and 90% of the cross-validation error distribution. They respectively correspond to the

best 10% estimator (in terms of the A error (8)), median estimator and worst 10% estimator

obtained with the cross-validation criterion. In Figure 2 (n = 300) and Figure 3 (n = 1000)



they are superimposed to the true conditional quantile as well as to the estimated one with the
oracle strategy on the same replication. The vertical axis is represented in a logarithmic scale for
the visualization sake. One can see that the best 10% and median estimators obtained with the
cross-validation strategy are quite stable and as good as the ones obtained by the oracle strategy.
In contrast, the worst 10% estimator obtained with the cross-validation strategy is less accurate
than the corresponding oracle estimator, the reason being that the cross-validation strategy is
more sensitive to the extreme points than the oracle one. This phenomena may explain the heavy
right-tail of the cross-validation error observed on Figure 1. However, the cross-validation criterion
provides satisfactory results in most of the cases. Finally, let us observe that the results obtained
with n = 300 and n = 1000 are qualitatively equivalent. This phenomena is a consequence of

1000 < @300 which means that estimating g(cjoool.) is more difficult than estimating g(asgo]-)-

5 Illustration on real data

As an illustration, we propose an application of our methodology in a hyper-spectral remote sensing
framework. The original data consists of n = 3184 pairs denoted by (S;, F;), i = 1,...,n. Each
S; is a spectra (in some high-dimensional space F) representing the intensity of light energy
reflected from materials on Mars as it varies across different wavelengths. The analysis of these
spectral signatures allows the identification of the physical, chemical or mineralogical properties
of the surface that may help to understand the geological history of planets. We refer to [5]
for a detailed presentation of the physical context. Here, we focus on the physical parameter
P; € [0,1] representing a COy proportion. Reduction dimension techniques [6] have shown that a
1-dimensional predictor X; =< b,S5; > is sufficient to predict P;, with b € E and where < .,. >
denotes a dot-product in F that we do not precise here. Finally, the variables of interest are
Y; = (1—P;))7!' — (1 — Puin)~! where Py, is chosen such that Y; € [0,00). The resulting scatter-
plot is depicted on Figure 6. We focus on the estimation of conditional extreme quantiles of order
ay, = Clog(n)/n with ¢ € {5,10,20}. The above described procedure yields h., ~ 0.12. Let us
denote by Z;, j = 1,...,m(z) the observations Y; such that X; € [x — hey, @ + heo), 1 =1,..., 0.
Our approach relies on the property that the Z;, j = 1,...,m(z) are approximately distributed
from (F.1). This assumption can be graphically checked on the QQ-plots obtained by drawing k
log-spacings versus standard exponential quantiles:
<1ogkf,1ogz”“)“1’”’<"”), j= 1,...,k> .
J Zm(z)—k,m(z)
These QQ-plots are based on the property that, under (F.1), the k log-spacings 10g(Z () —j+1,m(a))—

10g(Zrm(2)—k+1,m(x)) are approximately distributed from an exponential distribution with scale pa-



rameter y(x). See [14], Section 6.2, for a review on exploratory data analysis methods for extremes.
The obtained QQ-plots at three different locations (z = 0.25, x = 0.50 and = = 0.75) are presented
on Figure 4 with & = 250. Let us note that the plots are approximately linear, confirming the
adequacy of the heavy-tail model (F.1) to the dataset. The different slopes indicate some hetero-
geneity of the sample in terms of tail behavior. Figure 5 shows the obtained Hill-plots at three
different locations i.e. 4, (z) for x = 0.25, = 0.50 and « = 0.75 (with 7; = 1/j for j =1,...,9)
as a function of the sample fraction k.

Similarly to the unconditional case, the estimated conditional tail index depends on k whose
choice is difficult in practice. Here, k¥ = 250 could be a good choice in view of the QQ-plots
(Figure 4) and because of the relative stability of the conditional Hill estimator (Figure 5) on its
neighborhood. Finally, the estimated extreme level curves are superimposed to the scatter-plot on

Figure 6.

6 Appendix: Proofs

6.1 Preliminary results

The first lemma is dedicated to the control of the local variations of the csf with respect to the

covariate x on a neighborhood of size h when the quantity of interest y goes to infinity.

Lemma 1 Suppose (F.1), (L.1) and (L.2) hold. If y, — oo and hlogy, — 0 as n — oo, then

F(yn|z)

T | Fyala’)

d(z,z’)<h

- 1‘ = O(hlogyn).

Proof. Assumption (F.1) yields
F(yn|z) ) ' 1 1
lOg ( IOg Yn -
Fuey)| = I 5@ @)

(cy + co) log ynd(z, z'),
from (L.1), (L.2) and since, for n large enough, vy, > 1. Thus,

log (W) ‘ = O(hlogy,) — 0

IOgE(yn‘x) _ IOgE(yn‘fEl)
log yn log yn

)

IN

sup
d(z,z')<h F(yTL'x/)
as n — oo and taking account of log(u + 1) ~ u as v — 0 gives the result. [ |

The second lemma is also of analytical nature. It provides a second order asymptotic expansion of

the quantile function.

Lemma 2 Suppose (F.1), (F.2) and (F.3) hold.

(i) Let 0 < G, < a, with a, — 0 as n — oco. Then,
|log ¢(Bnlz) — log q(an|x) + v(x)log(Bn/an)| = O(log(an/Bn)e(q(an|z)|2)).

10



(i) If, moreover, iminf G, /c,, > 0, then

'4(B)

an™g(a )

anlt) 14 O(e(g(am|z)[)).

Proof. (i) Let us introduce ¢(., ) = log g(exp(.)|z). We thus have

A, = logq(Bulz) —logq(an|z) + v(z)log(Bn/cn)
= ¢(log Bn, r) — p(log ay, ) + v(z) log(Bn/an).

Under (F.1) and (F.2), Karamata representation (4) holds and thus ¢(., ) is continuously differ-

entiable. A first order expansion shows that there exists 6,, € (3,, ay) such that

A, = (’)/ Jrgﬁ(logﬂn,x))log(ﬁn/an)
= F(q(0n|x)|)
- (7 4(0n]2)]2)q (0 n|x))10g(6n/an>
B (9 |2)|2)q(0n|2) () log(Bn/om)
-1

(400
1
- (1 R 1) )
= @)l (G )1+ 0(1).

Since ¢(.|x) and |e(.|z)| are both ultimately non-increasing, it follows that |e(g(0,,|z)|x)| < |e(q(an|z)|z)]
and thus |A,| = O(log(ow/Bn)e(q(an|z)|x)), and the first part is proved.

(ii) In the considered situation, 0 < liminf 8, /a, < limsup B,/a, < 1, and (i) entails |A,| =
O(e(g(an]z)|x)) — 0 as n — co. As a consequence, exp(A,) = 1+ A, (14 0(1)) and the conclusion

follows. [ |

The following lemma provides a geometrical interpretation of the condition nh? F(y,|r) — oo as

n — 0.

Lemma 3 Suppose (F.1), (L.1), (L.2), (L.3) hold and let y, — oo such that hlogy, — 0 as
n — oo. Consider the region of RPT defined as R,(x) = B(z,h) X (yn,o0) where z € RP is
such that g(xz) > 0. Then, P(Fi € {1,...,n},(X;,Y;) € Ry(z)) — 1 as n — oo if, and only if,
nhPF(y,|r) — o0o.

Proof. Standard considerations lead to

P(3i € {1,...,n},(X;,Yi) € Ry(z)) = 1 — (1 = P((X1,Y3) € Ru(x))", (9)

11



and, in view of (L.3) and Lemma 1,
P € Ru@) = [ Planlwgin
B(z,

= F(ynl2)g(x)(1 + O(hlogyn)) /B L
= Uphdp(y7L|x)g(I)(1 +O(h10gyn)),

where v, is the volume of the unit ball in RP. Clearly, this probability converges to 0 as n — oo

and thus (9) can be rewritten as
P(3i € {1,...,n}, (Xi, Yi) € Ro(2)) = 1 — exp (—upg(@)nh? Flya|2)(1 + o(1)))
which converges to 1 if and only if nh? F(y,|r) — oo. ]

Let us remark that the kernel estimator (1) can be rewritten as ﬁn(y|x) = Y (y, ) /Gn(x) where
. 1 <
Ynly,2) = — ;Kh(m - Xi)[{Y; >y}

is an estimator of ¥(y,z) = F(y|z)g(z) and §,(x) is the classical kernel estimator (7) of the
pdf g(z). Lemma 4 gives standard results on the kernel estimator (see [9], Proposition 2.1 and

Proposition 2.2 for a proof) whereas Lemma 5 is dedicated to the asymptotic properties of ﬁn (y,x).
Lemma 4 Suppose (L.3), (K) hold. If nh? — oo, then, for all x € RP,

(1) E(gn(z) — g(x)) = O(h),
(1) var(G (@) = LA 1 o)),
Therefore, under the assumptions of the above lemma, §,(z) converges to g(x) in probability.
Lemma 5 Suppose (F.1), (L.1), (L.2), (L.3) and (K) hold. Let us introduce
e 0<ay <ag <---<ay where J is a positive integer,
e y, — oo such that hlogy, — 0 and nh?F(y,|r) — co as n — oo,
® Ynj=ajy, forj=1,...,J.
Then, for all x € RP such that g(x) > 0,
(1) E(n(Ynjs @) = (ynjr2)(1+ O(hlogyn)), for j=1,....J.

(ii) The random vector

{ ”hpd’(ym 1') <¢n(yn’j’ l‘) — E(d’n(yn,jy I))) }
Jj=1,...,J

w(yn,jvx)
is asymptotically Gaussian, centered, with covariance matriz |K|3C (x) where Cj i (z) =
1 .
ay )i for (j.4") € {1,.... J}%.

NG’
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Proof. (i) Since the (X;,Y;), i =1,...,n are identically distributed, we have

E(Wn(yni @) = En(z = )F(yn,jlt)g(t)dt

/K F(yn,jlz — hu)g(x — hu)du,

under (K). Let us now consider

Bnna) = 6| < Flonslo) [ 1600 FGIE 0 g0 ) — )]
< Plonsle) [ Koo = h) = g(o)ldu (10)
+  F(Yn,; :c)/SK(u) W — 1‘9(3: — hu)du.  (11)
Under (L.3), and since g(z) > 0, we have
(10) < Flay s la)egh | dlu 0K (u)d = 0(y5.2)0(0). (12)

Besides, Lemma 1 implies that

F(y_mj x — hu)
F(yn jlx)

and therefore, in view of (12),

sup
uesS

— 1‘ = O(hlogyy,,;) = O(hlogyn)

(1) = F@mﬂxMthgynyézauMCBfhuMu
= F(yns2)9(x)O(hlog ) (1 + o(1)

= w(ym]?as)o(hl()gyn) (13)

Combining (12) and (13) concludes the first part of the proof.
(ii) Let B # 0 in R7, A, () = (nhP¢(yn,2))~ /2, and consider the random variable

J ) .
_ ] Vn(Ynjr ) — E(¥n(Yn,j, @)
= Z@< A2y 2) )

_ - 1 6JKh H{Y >yn3} B]Kh ZL’— ]I{Y >ynj}
B ; {Z yn;]’ ) (Z yn,ja ) )}

=: Z Zi,n-
i=1

Clearly, {Z;n, i = 1,...,n} is a set of centered, independent and identically distributed random

variables with variance

I{Y; > yn,
i) = S ™ (Zﬁf () 5}) - e

13




where B is the J x J covariance matrix with coefficients defined for (4,5’) € {1,...,J}? by

B — Aj
- w(yn,pm)qﬁ(yn,ij)’
1 r—X r—X

— 1188 (@ (5 ) 1Y 2 s s}
— WE(K(r - XY >y DE(K — XY > ),

with Q(.) =: K?(.)/||K||3 also satisfying assumption (K). As a consequence, the three above
expectations are of the same nature. Thus, remarking that, for n large enough, yp, ;Vyn. i’ = Yn,jvjs

part (i) of the proof implies

Aj g = IK3% (yngvir, 2)(1 + O(hlogyn)) — P (Yn,j, ©)9 (Yn g, ) (1 + O(hlog yn))

leading to

B,y = (1 0hiogy,)) - (1 4+ Othtogy,) = —IEE 14 oy)
' V(Y jni' ) Y(Yn,jni' )
since ¥ (Yn,jnj,x) — 0 as n — oo. Now, from the regular variation property (F.1), it is easily

seen that ¥ (yn a0, 2) = a; "y, 2)(1 + o(1)) entailing

Jng’
IK13C; 5 ()
BA7,, — N Ha=JsJ \77/ 1+0(1
757 w(yn’ l‘) ( ))
and therefore, var(Z; ) ~ ||K||38'C(x)B/n, for all i = 1,...,n. As a preliminary conclusion, the

variance of ¥,, converges to ||K||33'C(z)3. Consequently, Lyapounov criteria for the asymptotic
normality of sums of triangular arrays reduces to
n
> E|Zinl* =nE|Z1,° — 0. (14)
i=1
Remark that Z; , is a bounded random variable:

201Kl 71 1551
|Zl n| S
"= A (@) P (Y, g, )

J
= 2||K|ocay " 181 An(2)(1 + 0(1))
j=1
and thus,

nE|Zy ,°

IN

J
2| K [l soa’ " 71851 An (w)nvar(Zy ) (1 + o(1))
j=1

J
20| K | oo || K 1130 S 18516 C ) BAn () (1 + 0(1)) — 0

Jj=1
as n — 00. As a conclusion, ¥,, converges in distribution to a centered Gaussian random variable

with variance ||K||35¢C(z)3 for all 3 # 0 in RP. The result is proved. [
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6.2 Proofs of main results
Proof of Theorem 1.

Keeping in mind the notations of Lemma 5, the following expansion holds

i ( o ynj|$) - 1) _ A1,n +A2,n - AS,n

where
J N «
Bin = g@AT @Y 5 (w (y”’j’fz(;n%(ﬁ’)l(y”’j’x)))
J A
Do = g@ATM @)D 5 (E(%(y”i’(zz)jng’(ymjvfﬂ))
J
Now = 308 A7@) Gule) — 9@
j=1

Let us highlight that assumptions nh?*2log”(

YE(yn|z) — 0 and nhPF(y,|z) — oo imply that
hlogy, — 0 as n — oo. Thus, from Lemma 5(ii), the random term A; , can be rewritten as

Arn = g(@)[|Kll2v/ B C(2) 58n, (16)
where &, converges to a standard Gaussian random variable. The nonrandom term A, ,, is con-
trolled with Lemma 5(i):

Ao = O(A (2)hlog ya) = O (nh"? F(y,|e) log () = o(1). (17)

Finally, Az, is a classical term in kernel density estimation, which can be bounded by Lemma 4
Agn = O(hA; (@) + Op (A (2) (nh?)71/2) = O (nhP*2F (y, |2))

+Op(F(yal2))"? = 0p(1).
(18)
Collecting (15)—(18), it follows that
o Fulyngle)
@30 Sl 1 1K [/ BC@)BE, + or
= y7w|$)
Finally, §,(z) — g(z) yields
Eo(yng o) B'C(x)B
nh? F (y, |v I6) RALACH K ——&, +op(1
V | Z]<F ) ) 124/ =75 p(1)
and the result is proved. [ ]
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Proof of Theorem 2. Introduce for j=1,...,J,

Gui(8) = alomlr)(nhPay) 2

vni(@) = o) nhra,)!?

Wi (@) = vay(@) (Falalanlo) + 00 @)2]2) = Falnsl2) +0n i ()5]))
an,j(@) = Un;(@) (o — Flglanlz) + onj(x)z;]z))

and z; € R. We examine the asymptotic behavior of J-variate function defined by

J
(I)n(zl,...7ZJ) = P ﬂ {O';,j(x)((jn(an,j l‘) —q(an’j|x) < ZJ}

= P ﬁ { (@0 g 12) + o (2)25]2) < aw‘}

Let us first focus on the nonrandom term a,, (). From assumptions (F.1) and (F.2), Karamata
representation (4) shows that F(.|z) is differentiable. Thus, for each j € {1,...,J} there exists
n,; € (0,1) such that

F(q(om j|7)|z) = F(q(an ;|2) + on,j(2)z]) = —0n ;(2) 2 F (gn ;12), (19)

where ¢, ; = q(an j|x) + O, jon ;(x)z;. Tt is clear that ¢(oy, j|z) — oo and o, ;(x)/q(on jlz) — 0

as n — 0o. As a consequence, ¢, ; — oo and thus Karamata representation (4) entails

Qg F'(gnsl®) |,
B R ) (20)

Moreover, since ¢, ; ~ (o j|lz) as n — oo and F(.|z) is regularly varying, it follows that

F(gn,j|z) ~ F(q(apn jlx)|x) = an, ;. In view of (19) and (20), we end up with

Unj (2) 0,5 () i, 2

an,j(2) = (1+0(1)) = 2z (1 +o(1)). (21)

! v(@)gq(em j|z) ’
Let us now turn to the random term W, ;(x). Defining a; = T]._W(x), Ynj = q(on j|T) + o j(x)2;
for j=1,...,J and y, = q(an|z), we have y,, ; ~ ¢(an j|z) ~ a;y, since ¢(.|z) is regularly varying

a 0 with index —y(z). Using the same argument, it is easily shown that logy, ~ —y(x)log a,. As

a consequence, Theorem 1 applies and the random vector

Iz E N o
{vn,xx)F(yn,ﬂz)W’“}j_l S o {35}

-7 NI g=],0.
yeeny
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. . . . - IK3 .
converges to a centered Gaussian random variable with covariance matrix %C(m). Taking

account of (21), we obtain that ®,,(z1,..., 2z;) converges to the cumulative distribution function of
2,2

a centered Gaussian distribution with covariance matrix %C (x) evaluated at (z1,...,25),

which is the desired result. [ |

Proof of Corollary 1. Introducing v, ; = Tja, for all j € {1,2,3} with 4 =4, =2, 13 =1
and «,, = k/n, Theorem 2 shows that, for j € {1,2,3},

qAn(an,jkC)

=1+ O'ngn. j (22)
q(an,j|z) !

where (&1, &n, 2, §n73)t converges to a centered Gaussian random vector with covariance matrix

1/4 1/4 1/4
K|37%(z)/g(z) [1/4 1/2 1/2
1/4 1/2 1

Replacing (22) in 4}, (x) yields

(log 2)3% () (14 0néns) — %@g

q(am, 1|$)
(a

(G
( q(an2|r)

— log (27 D (1 + O(e(g(0n2|2)2) (1 + 0pnz) — 1 — angmg)

— log (14 0ngns = 27701+ O(elg(an 2f2)]@)) (1 + onén) )

log

— 10g 1+O‘n§n2 (1+O’nfn,1)>

in view of Lemma 2(i). As a consequence of assumption e(g(an 2|x)|x)) /o, — 0, we obtain

(log2)45(x) = 1log (27 =1+ 0u(2 s — Eup +0p(1)))

— log (1 — 270 4 O'n(fn,2 - 277(1)57%1 + OP(D)) :

Standard calculations lead to

o, (log2) (3 (2) = y(x)) = o, log (1 + Z“Y(T(W s —&na+ OP(1>)>

— anllog(1+12m(fn2—2 e §n1+OP(1)))

_ gn,l - (1 + 27(9: )fn,Z + 27($)§n,3
- 27(1) o 1 + OP(1)7

LK (1377 (@) (227 )+ 412
{2 —1)g(a)

which converges to a centered Gaussian random variable with variance , and

the conclusion follows. ]
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Proof of Corollary 2. Left us define o, ; = 7;k/n for j =1,...,J and consider the expansion

o, (A (x) = y(x) = Tp1 + T2 with

T,, = lezJ:UEl {log (qn(amlx)) ~log (Wﬂ ’

= q(an,5|)

J
1 — T Q(an .13)
Tho = Unlc ! log (7’7( )’]),
’ d Z 7 glandla)

7
c; = Zlog(l/Tj)~
=1

Let us first focus on T}, 1. Following Theorem 2, g, (v, ;|z)/q(ctn. ;) L lasn— oo uniformly in

j=1,...,J and thus

e (ot ), = O (S )1

which converges in distribution to a centered Gaussian random vector with covariance matrix
| K372 (x)S/g(z). As a consequence T;, 1 converges in distribution to a centered Gaussian random
variable with variance (8'33)|| K |27%(z)/(g9(z)c?) with 8 = (1-J,1,...,1)! € R/. Straightforward
calculations show that 3'¥3 = V;c%. Finally, T}, 2 is a finite sum of .J terms which can be controlled
with Lemma 2(ii): T, = 0,,'0(e(q(a1.n|z)|7)) With a1, = k/n and thus T,,2 — 0 as n— oo

under the considered assumptions. [ ]

Proof of Theorem 3. The proof is based on the following expansion:

vnhPa, vnhPa,

o o l02(d (Bulz) — 08(a(Bue)) = a9 (Qu + @ + Qo)
where we have introduced
Qui = VnbPay(n(x) — (@),
Qua = L og(inlanlo) a(an)
Qs = o0z a(nle) ~ 0ga(B, 1)+ 7(a) log(0/5,).

First, Qn1 AN (0,v%(z)) as a straightforward consequence of the assumptions. Second, Theo-

rem 2 implies that ¢, (a,|x)/q(an|z) L1 and

N vnhPay, Qn(ankr) . 0 _ OP(l)
@n2 = o laniBe) <q<anx> 1) o) = o ton/Ba)

Consequently, Q2 L 0asn — . Finally, from Lemma 2(i), Qn 3 = O(vnhPane(q(ay|z)|x)),

which converges to 0 in view of the assumptions. [ ]
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Figure 1: Comparison between the error distributions obtained with the cross-validation strategy

(Agf,), light gray) and the oracle strategy (A(p )

oracles transparent) on N = 100 samples of size n = 300.
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Figure 2: Comparison of the true quantile (solid line) with the estimated ones obtained by the
cross-validation strategy (dotted line) and the oracle strategy (dashed line). The sample size is
n = 300. The vertical axis is in a logarithmic scale. Top: worst 10% estimator, middle: median

estimator, bottom: best 10% estimator.
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Figure 3: Comparison of the true quantile (solid line) with the ones quantiles obtained by the
cross-validation strategy (dotted line) and the oracle strategy (dashed line). The sample size is
n = 1000. The vertical axis is in a logarithmic scale. Top: worst 10% estimator, middle: median

estimator, bottom: best 10% estimator.
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Figure 4: QQ-plots obtained at three different points: x = 0.25 (xxx), z = 0.50 (coco) and z = 0.75
(+++).
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Figure 5: Hill plots obtained at three different points: x = 0.25 (xxx), z = 0.50 (000) and z = 0.75
(+++).
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Figure 6: Real data scatter-plot (X;,Y;), i =1,...,n and estimated extreme level curves ({ = 20:

solid line, ¢ = 10: dashed line, ¢ = 5 : dash-dotted line)
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