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N° 7145

December 2009





Centre de recherche INRIA Saclay – Île-de-France
Parc Orsay Université

4, rue Jacques Monod, 91893 ORSAY Cedex
Téléphone : +33 1 72 92 59 00

Generalized Impedance Boundary Conditions

for Thin Dielectric Coatings with Variable

Thickness
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Impédances Généralisées pour des revêtements

diélectriques d’épaisseurs variables

Résumé : Nous dérivons des conditions d’impédances généralisées (gibc) qui
modélisent la présence d’un revêtement diélectrique d’épaisseur variable. Nous
traitons le cas des ondes électromagnétiques 2-D aussi bien pour une polarisa-
tion TM (transverse magnétique) que TE (transverse électrique). Les expres-
sions des gibc sont explicitées jusqu’à l’ordre 3 (par rapport à l’épaisseur du
revêtement). L’ordre de convergence est validé numériquement à travers di-
verses expérimentations. Une attention particulière est donnée au cas où la
géométrie intérieure comporte des singularités de type coins.

Mots-clés : Problèmes de diffraction, Electromagnétisme, Modèles asymp-
totiques, Conditions d’Impédances Généralisées, GIBC, revêtements de faible
épaisseur
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1 Introduction

We are interested in time harmonic electromagnetic scattering problems where
the scattering object is made of a perfect conductor coated with a dielectric
layer whose width δ is small compared to the incident wavelength. It is well
known that a possible approach to overcome the numerical difficulties caused by
the small thickness of the coating is the use of so-called Generalized Impedance
Boundary Conditions (gibc) [5, 2, 1]. These conditions lead to approximate
models that are close to the original one up to an O(δk+1) error, where k de-
notes the order of the gibc. They are numerically attractive since associated
scattering problems are formulated only on the domain exterior to the coating,
and therefore do not require a meshing of the thin layer.

In order to widen applicative perspectives of gibcs we shall address, in the
present work, configurations where the coating can have a variable width (lo-
calized coatings, corrugated surfaces, . . .). These cases are more technical than
the case of coatings with constant width (that can be found in the classical
literature on the subject) and lead to non intuitive expressions of the gibcs.
We shall restrict ourselves in these first investigations to the 2-D problem but
consider both possible polarizations of the incident electromagnetic wave: TM
corresponding to a Dirichlet boundary condition on the perfect scatterer and
TE corresponding to a Neumann boundary condition. In order to derive these
expressions we adopted a formalism similar to [3, 4] based on so-called scaled
asymptotic expansions. Semi-analytical expressions of the expansion are ob-
tained for each polarization till the third order. Let us however emphasize that
while a notable difference can be observed in the derivation of the gibc expres-
sions, the theoretical justification of the obtained models (i.e. derivation of error
estimates) would follow the same lines as in the constant case and for sufficiently
regular geometries (see for instance [1]). We therefore shall only concentrate on
the numerical validation of obtained models. With that perspective, number
of experiments are conducted to check the formally predicted convergence rate
for the derived models. A particular attention is given to the case where the
interior boundary of the coating is not regular (the outer boundary is however
assumed to be regular). We explain how the expressions of the gibc can be
adapted to these cases and numerically test that the adaptation preserve the
formally predicted rate of convergence for this case.

The document is organized as follows. The next section is devoted to a
presentation of the mathematical model associated with the ”exact” scattering
problem and introduces the concept of gibc together with some useful tools
of differential geometry. The third section is dedicated to the derivation of
gibc expressions using the method of scaled asymptotic expansions. The last
sections contain validating numerical results and discussions of the cases where
the geometry can have some singularities of corners type.

2 Formulation of The Problem

Consider the scatterer illustrated in Figure 1. In this configuration a homoge-
neous, lossy, non-magnetic, dielectric material denoted by Ωδ+ is coated on a
perfectly electric conductor (PEC) or perfect magnetic conductor (PMC) de-
noted by Ωδ. Background medium is symbolized by Ω−. Γ symbolizes the outer
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Figure 1: Geometry of thin coating with variable width

boundary of Ωδ+ while Γδ symbolizes boundary of Ωδ. Now we consider the
scattering problem related to the coated object. In this case the total field in
the whole space satisfies reduced wave equation

∆uδ− + k2uδ− = 0 in Ω− (1)

and

∆uδ+ + k2uδ+ = 0 in Ωδ+ (2)

where k is the wave number defined by

k =

{
k0 = ω

√
ε0µ0 in Ω−

k1 =
√
ω2ε1µ0 + iωσ1µ0 in Ωδ+

(3)

where ε0 and ε1 are the dielectric permittivity of background medium and the
coating, σ1 is conductivity of the coating, µ0 is the magnetic constant of the
background medium. uδ− is defined as

uδ− = ui + uδs in Ω− (4)

Here ui is the incident wave while uδs is the scattered field. uδs also satisfies the
Sommerfeld Radiation Condition (RC). Also,

uδ− = uδ+ on Γ (5)

and

∂uδ−
∂n

=
∂uδ+
∂n

on Γ (6)

INRIA
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For the inner boundary , we will consider two cases.

1. Perfectly Electric Conductor

2. Perfect Magnetic Conductor

or equivalently,

1. Dirichlet Boundary Condition

uδ+ = 0 on Γδ (7)

2. Neumann Boundary Condition

∂uδ+
∂n

= 0 on Γδ (8)

In the following generalized impedance boundary conditions (gibc’s) will be
derived for both cases: We seek a boundary operator Dδ for Dirichlet and N δ

for Neumann such that (for regular coefficients and surfaces)

Dδ, N δ : C∞(Γ) → C∞(Γ)

and we consider ũδ solution of

∆ũδ + k2
0ũ

δ = 0 in Ω− (9)

where

ũδ = ui + ũδs in Ω−, (10)

ũδs satisfies the Sommerfeld Radiation Condition and

ũδ +Dδ ∂ũ
δ

∂n
= 0 on Γ (11)

in the Dirichlet case, or

∂ũδ

∂n
+N δũδ = 0 on Γ (12)

in the Neumann case, then a formal error estimate of the form

∥∥uδ− − ũδ
∥∥

Ω
−

≤ c δm+1 (13)

holds for δ sufficiently small (see for instance [2]). If (13) applies then the GIBC

is said to be of order m. We shall denote by Dδ,m and N δ,m the impedance
operator associated with the order m.

RR n° 7145
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Parametric Coordinates

Consider a C2 curve Γ, boundary of a domain Ω (assumed to be simply con-
nected for simplicity). We assume that Γ is parametrized (locally) as

xΓ(t) =

(
x(t)
y(t)

)
; t ∈ I ⊂ R (14)

and that this parametrization defines a counter-clockwise orientation.
Let s0 = inf 1

|c(t)| where c(t) is the curvature and Ω0 = {x such that d(x, Γ) ≤
s0}, then one can associate to every x ∈ Ω0 a unique couple (xΓ, ν) ∈ Γ ×
[−s0, s0] such that

x = xΓ(t) + ν~n(t) (15)

for some t ∈ I where ~n(t) is the inward unitary normal (see Appendix). xΓ is the
orthogonal projection of x on Γ. (xΓ, ν) denotes then the parametric coordinates
associated with x. Since there is a bijection between the curvilinear abscissa s(t)
and xΓ(t), x is also uniquely determined by the couple (s, ν) ∈ R+ × [−s0, s0]
that we also shall refer to as (curvilinear or) parametric coordinates.

Expression of Differential Operators in Curvilinear Coor-

dinates

Let u be a function defined on Ω0 and ũ : R+ × [−s0, s0] by

ũ(s, ν) = u(x) (16)

where x = xΓ(t) + ν~n(t) and ds(t) = |x′Γ(t)|. Then, the gradient and laplacian
of function u are given by

∇u =
1

(1 + νc)

∂ũ

∂s

~τ

‖~τ‖ +
∂ũ

∂ν
~n (17)

where ~τ is the tangential vector defined by ~τ = d
dtxΓ and

∆u =
1

(1 + νc)

∂

∂s

1

(1 + νc)

∂

∂s
ũ+

1

(1 + νc)

∂

∂ν
(1 + νc)

∂

∂ν
ũ (18)

Thin Coating with Variable Width

We assume that Ω contains Ωδ whose boundary Γδ is defined as

Γδ =
{
xδΓ(t) = xΓ(t) + δ(t)~n(t), t ∈ I

}
(19)

where δ(t) is a positive function such that 0 < δ(t) < s0.
Note that, in fact we shall assume that 0 < δ(t) ≤ δ∗ and the study the

behavior of the solutions to a diffraction problem as δ∗ → 0 (we shall also
assume that δ′(t) ≤ δ∗) Tangential and normal vectors on Γδ can be expressed
in the form

~τδ = xδΓ
′
= ~τ + δ′~n+ δc~τ

= (1 + δc)~τ + δ′~n (20)

INRIA



gibc’s for Thin Coatings with Variable Thickness 7

~nδ =
1∥∥∥ ~τδ
∥∥∥

(
(1 + δc) ‖~τ‖~n− δ′

~τ

‖~τ‖

)
(21)

where

∥∥~τδ
∥∥ =

√
(1 + δc)2 ‖~τ‖ + |δ′|2 (22)

Let us assume that δ(t) = δ0f(t) with δ0 ≪ 1. f(t) is a real single-valued
function that depends on the width of the coating.

3 Asymptotic Expansions and Derivation of the

gibc’s

δ(t) will be represented as

δ(s) = δ0f(s) (23)

If we scale as ξ = ν
δ0

in Ωδ+ and seek total field in the form

uδ+(x) =

∞∑

j=0

δj0 u
j
+(s,

ν

δ0
) = ũδ+(s, ξ) in Ωδ+ (24)

and

uδ−(x) =
∞∑

j=0

δj0 u
j
−(x) = ũδ−(x) in Ω−, (25)

then, the boundary value problem in Chapter 2 can be reformulated using these
new notation. Respectively, ũδ+ and ũδ− will denote ũδ in Ωδ+ and Ω−. uj+ :
[0, L] × [0, f(s)] where L is the length of Γ. From (18), (24) and (25), the
boundary value problem in (1)-(8) can be rewritten as

1

(1 + δ0ξc)

∂

∂s

1

(1 + δ0ξc)

∂ũδ+
∂s

+
1

δ20

1

(1 + δ0ξc)

∂

∂ξ
(1 + δ0ξc)

∂ũδ+
∂ξ

+ k2
1ũ

δ
+ = 0 (26)

ũδ−(xΓ(s)) = ũδ+(s, 0) (27)

∂ũδ− (xΓ(s))

∂n
=

1

δ0

∂ũδ+ (s, 0)

∂ξ
(28)

ũδ+(s, f(s)) = 0 for Dirichlet BC (29)

∂ũδ+(s, f(s))

∂n
= 0 for Neumann BC (30)

In the following from (26)-(30), impedance operators will be derived for Dirichlet
and Neumann case, respectively.

RR n° 7145
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3.1 Derivation of the gibc for the Dirichlet case

Substituting (24) into equation (26) and boundary conditions (28) and (29), one
can obtain the following system of boundary value problems (BVP’s)

∂2

∂ξ2
uj+2

+ +

[
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

]
uj+1

+ +

[
3ξ2c2

∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

]
uj+

+

[
ξ3c3

∂2

∂ξ2
+ ξ2c3

∂

∂ξ
+ ξc

∂2

∂s2
− ξc′

∂

∂s
+ 3ξk2

1c

]
uj−1

+ + 3ξ2k2
1c

2uj−2
+

+ξ3k2
1c

3uj−3
+ = 0 (31)

∂

∂ξ
uj+1

+ (s, 0) =
∂

∂n
uj− (s, 0) = ϕj(s) (32)

uj+ (s, f(s)) = 0 (33)

where (26) was multiplied by (1 + δ0ξc) and (1 + δ0ξc)
2, respectively. In the

following the system of BVP’s (31)-(33) will be solved for uj+ for j = 0, 1, 2, 3.

Order 0:

For j =0, one can easily solve the BVP

∂2u0
+

∂ξ2
= 0

u0
+(s, f(s)) = 0

∂u0
+

∂ξ
(s, 0) = 0

and can find u0
+, namely,

u0
+(s, ξ) = 0 (34)

Order 1:

When the BVP for j = 1

∂2u1
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u0

+

u1
+(s, 0) = 0

∂u1
+

∂ξ
(s, 0) = ϕ0

is solved, one can easily obtain

u1
+(s, ξ) = (ξ − f)ϑ0 (35)

INRIA
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Order 2:

When the BVP for j = 2

∂2u2
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u1

+ −
(

3ξ2c2
∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

)
u0

+

u2
+(s, 0) = 0

∂u2
+

∂ξ
(s, 0) = ϕ1

is solved, one can easily obtain

u2
+(s, ξ) = (ξ − f)ϑ1 −

1

2

(
ξ2 − f2

)
cϑ0 (36)

Order 3:

When the BVP for j = 3

∂2u3
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u2

+ −
(

3ξ2c2
∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

)
u1

+

−
(
ξ3c3

∂2

∂ξ2
+ ξ2c3

∂

∂ξ
+ ξc

∂2

∂s2
− ξc′

∂

∂s
+ 3ξck2

1

)
u0

+

u3
+(s, 0) = 0

∂u3
+

∂ξ
(s, 0) = ϕ2

is solved, one can easily obtain

u3
+(s, ξ) = (ξ − f)ϑ2 −

1

2

(
ξ2 − f2

)
ϑ1c+

1

3

(
ξ3 − f3

)
c2ϑ0

− 1

6

(
ξ3 − f3

)(∂2ϑ0

∂s2
+ k2

1ϑ0

)

+
1

2

(
ξ2 − f2

)( ∂2

∂s2
(fϑ0) + k2

1fϑ0

)
(37)

gibc’s For Dirichlet:

Dirichlet Boundary Condition (11) can be denoted as

ũδ,k− (xΓ(s)) = −Dδ,k ∂ũ
δ,k
− (xΓ(s))

∂n
(38)

where k is order of impedance operator. Substituting (24) and (25) into (38),
one can obtain

k∑

j=0

δjuj−(xΓ(s)) = −Dδ,k




k∑

j=0

δj
∂uj−(xΓ(s))

∂n



 (39)

RR n° 7145
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Similarly, substituting (27) and (32) into (39), one can obtain

k∑

j=0

δjuj+(s, 0) = −Dδ,k




k∑

j=0

δjϕj


 (40)

Respectively, for k = 0, 1, 2, 3 substituting (34)-(37) into (40), gibc’s for the
Dirichlet case can be obtained as

Dδ,0 = 0 (41)

Dδ,1 = δ(s) (42)

Dδ,2 = δ(s)

(
1 − 1

2
δ(s)c(s)

)
(43)

Dδ,3 = δ(s)

(
1 − 1

2
δ(s)c(s) +

1

3
δ2(s)c2(s)

)
− 1

6
δ3(s)

(
∂2

∂s2
+ k2

1

)

+
1

2
δ2(s)

(
∂2

∂s2
+ k2

1

)
δ(s) (44)

Derivation of the gibc for the Neumann case

Analogously, gibc’s for the Neumann case will be derived. Reduced wave equa-
tion (31) has already been obtained by depending index j. From gradient of
function u given in (17), Neumann Boundary Condition can be expressed as

(
∂ũδ+ (s, f(s))

∂s

~τ

‖~τ‖ + (1 + δ0fc)
1

δ

∂ũδ+ (s, f(s))

∂ξ
~n

)
.~nδ = 0 (45)

Substituting ~nδ given in (21) into (45) and rearranging the expression, one can
obtain

∂ũδ+ (s, f(s))

∂ξ
= δ0

δ′

‖−→τ ‖
1

(1 + δc)
2

∂ũδ+ (s, f(s))

∂s
(46)

Expanding Maclaurin series for 1
/
(1 + δc)2, (46) can be rewritten as

∂ũδ+ (s, f(s))

∂ξ
= δ0

δ′

‖~τ‖
(
1 − 2δc+ 3δ2c2

) ∂ũδ+ (s, f(s))

∂s
+O(δ5) (47)

Note that,

f ′

‖~τ‖ =
∂f

∂s

INRIA
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and from now on

∂f

∂s
= f ′

and

∂δ

∂s
= δ′

are used as new notation.
Substituting series given in (24) and (25) into (27) and (47) and considering

(31), one can obtain the following system of BVP’s:

∂2

∂ξ2
uj+2

+ +

[
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

]
uj+1

+ +

[
3ξ2c2

∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

]
uj+

+

[
ξ3c3

∂2

∂ξ2
+ ξ2c3

∂

∂ξ
+ ξc

∂2

∂s2
− ξc′

∂

∂s
+ 3ξk2

1c

]
uj−1

+ + 3ξ2k2
1c

2uj−2
+

+ξ3k2
1c

3uj−3
+ = 0 (48)

∂uj+2
+ (s, f)

∂ξ
= f ′

(
∂uj+ (s, f)

∂s
− 2fc

∂uj−1
+ (s, f)

∂s
+ 3f2c2

∂uj−2
+ (s, f)

∂s

)
(49)

uj+ (s, 0) = Ψj (50)

System of BVP’s (48)-(50) should be solved to obtain total fields
∂uj

+

∂ξ (j = 0,

1, 2, 3, 4). Thus, one can derive gibc’s for the Neumann case. In the following
system of BVP’s (48)-(50) and their solutions will be expressed for j = 0, 1, 2,
3, 4, respectively.

Order 0:

If the BVP for j = 0

∂2u0
+

∂ξ2
= 0

∂u0
+

∂ξ
(s, f(s)) = 0

u0
+(s, 0) = Ψ0

is solved, one can obtain

u0
+(s, ξ) = Ψ0

Thus, derivative of u0
+ is

∂u0
+(s, ξ)

∂ξ
= 0 (51)

RR n° 7145
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Order 1:

If the BVP for j = 1

∂2u1
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u0

+

∂u1
+

∂ξ
(s, f(s)) = 0

u1
+(s, 0) = Ψ1

is solved, one can obtain

u1
+(s, ξ) = Ψ1

Thus, derivative of u1
+ is

∂u1
+(s, ξ)

∂ξ
= 0 (52)

Order 2:

If the BVP for j = 2

∂2u2
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u1

+ −
(

3ξ2c2
∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

)
u0

+

∂u2
+

∂ξ
= f ′ ∂u

0
+

∂s

u2
+(s, 0) = Ψ2

is solved, one can obtain

u2
+(s, ξ) = Ψ2 + ξf ′ ∂

∂s
Ψ0 −

(
1

2
ξ2 − fξ

)(
∂2

∂s2
+ k2

1

)
Ψ0

Thus, derivative of u2
+ is

∂u2
+

∂ξ
= f ′ ∂

∂s
Ψ0 − (ξ − f)

(
∂2

∂s2
+ k2

1

)
Ψ0 (53)

Order 3:

If the BVP for j = 3

∂2u3
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u2

+ −
(

3ξ2c2
∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

)
u1

+

−
(
ξ3c3

∂2

∂ξ2
+ ξ2c3

∂

∂ξ
+ ξc

∂2

∂s2
− ξc′

∂

∂s
+ 3ξck2

1

)
u0

+

INRIA
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∂u3
+

∂ξ
(s, f(s)) = f ′

(
∂u1

+

∂s
− 2fc

∂u0
+

∂s

)

u3
+(s, 0) = Ψ3

is solved, one can obtain

∂u3
+

∂ξ
= f ′ ∂

∂s
Ψ1 − 2ff ′c

∂

∂s
Ψ0 +

1

2

(
ξ2 − f2

)(
3c
∂2

∂s2
+ c′

∂

∂s
+ ck2

1

)
Ψ0

− (ξ − f)

(
c

(
∂

∂s
f
∂

∂s
+ fk2

1

)
Ψ0 +

(
∂2

∂s2
+ k2

1

)
Ψ1

)
(54)

Order 4:

If the BVP for j = 4

∂2u4
+

∂ξ2
= −

(
3ξc

∂2

∂ξ2
+ c

∂

∂ξ

)
u3

+ −
(

3ξ2c2
∂2

∂ξ2
+ 2ξc2

∂

∂ξ
+

∂2

∂s2
+ k2

1

)
u2

+

−
(
ξ3c3

∂2

∂ξ2
+ ξ2c3

∂

∂ξ
+ ξc

∂2

∂s2
− ξc′

∂

∂s
+ 3ξck2

1

)
u1

+ − 3ξ2c2k2
1u

0
+

∂u4
+

∂ξ
(s, f(s)) = f ′

(
∂u2

+

∂s
− 2fc

∂u1
+

∂ξ
+ 3f2c2

∂u0
+

∂s

)

u4
+(s, 0) = Ψ4

is solved, one can obtain

∂u4
+

∂ξ
= f ′

[
f
∂

∂s
f ′ ∂

∂s
+ f

∂

∂s
fA− 1

2
f2 ∂

∂s
A+ 3f2c2

∂

∂s

]
Ψ0 − 2ff ′c

∂

∂s
Ψ1

+f ′ ∂

∂s
Ψ2 +

1

3

(
ξ3 − f3

) [(
−7

2
cA0 + 5c2A+

1

2
AA− 3c2k2

1

)
Ψ0

]

+
1

2

(
ξ2 − f2

) [
(4cA−A2)Ψ1 +

(
4c2A1 −

(
2c2 +A

)(
f ′ ∂

∂s
+ fA

))
Ψ0

]

+ (ξ − f)[
−AΨ2 − c

(
f ′ ∂

∂s
+ fA

)
Ψ1 +

(
2ff ′c2

∂

∂s
+

1

2
f2cA0 − fc2A1

)
Ψ0

]
(55)

where

A =
∂2

∂s2
+ k2

1

A0 = 3c
∂2

∂s2
+ c′

∂

∂s
+ ck2

1

A1 =
∂

∂s
f
∂

∂s
+ fk2

1

A2 = c
∂2

∂s2
− c′

∂

∂s
+ 3ck2

1
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14 B. Aslanyürek & H. Haddar & H. Şahintürk

gibc’s for Neumann:

Neumann Boundary Condition (12)) can be denoted as

∂ũδ,k− (xΓ(s))

∂n
= −N δ,k

(
ũδ,k− (xΓ(s))

)
(56)

where k is order of impedance operator. Substituting (24) and (25) into (56),
one can obtain

k∑

j=0

δj
∂uj−(xΓ(s))

∂n
= −N δ,k




k∑

j=0

δjuj−(xΓ(s))


 (57)

Similarly, substituting (27), (32) and (50) into (57), one can obtain

k∑

j=0

δjϕj = −N δ,k




k∑

j=0

δjΨj


 (58)

Considering (32), from (51)-(55), expressions of ϕj (k = 0, 1, 2, 3, 4) can be
obtained. Substituting ϕj ’s (k = 0, 1, 2, 3, 4) into (58), gibc’s for the Neumann
case can be obtained as

N δ,0 = 0 (59)

N δ,1 = −
(
∂

∂s
δ(s)

∂

∂s
+ δ(s)k2

1

)
(60)

N δ,2 = − ∂

∂s
δ(s)

∂

∂s
+

1

2

∂

∂s
δ2(s)c(s)

∂

∂s
− k2

1

(
δ(s) +

1

2
δ2(s)c(s)

)
(61)

N δ,3 = −k2
1δ(s)

(
1 +

1

2
δ(s)c(s) +

1

3
δ2(s)k2

1 +
1

2
δ(s)δ′′(s) + (δ′(s))

2
)

− ∂

∂s
δ(s)

∂

∂s
+

1

2

∂

∂s
δ2(s)c(s)

∂

∂s
− 1

3

∂

∂s
δ3(s)c2(s)

∂

∂s
− 2

3
k2
1

∂

∂s
δ3(s)

∂

∂s

−1

3

∂2

∂s2
δ3(s)

∂2

∂s2
− 1

2

∂

∂s
δ2(s)δ′′(s)

∂

∂s
(62)

4 Numerical Method - Finite Elements Method

In previous sections, gibc’s for the Dirichlet case and Neumann have been
derived. In this section, the boundary value problems (1)-(8) are solved nu-
merically for exact and approximate solutions. The Finite Elements Method
(FEM) is selected to solve the problems numerically. In the following FEM is
constructed for the cases of exact and approximate solutions, respectively.
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4.1 The Exact Solution

Consider Figure 1 and the boundary value problems (1)-(8). Firstly, it is as-
sumed that the regions Ω− and Ωδ+ are meshed as triangulation. In order to
bound the domain of calculations, the boundary condition

∂us

∂n̄
− ik0u

s

∣∣∣∣
ΓR

= 0 (63)

is selected as an approximation of the Sommerfeld Radiation Condition, where
n̄ is a outward unit normal vector and ΓR is a circle with radius R, chosen to be
sufficiently large. The variational formulation is obtained by multiplying (1)-(2)
by ν̄ and integrating the results over Ω− and Ωδ+, namely,

∫

Ω
−

∆uδ−ν̄ +

∫

Ωδ
+

∆uδ+ν̄ + k2
0

∫

Ω
−

uδ−ν̄ + k2
1

∫

Ωδ
+

uδ+ν̄ = 0 (64)

where ν̄ is a test function. Then considering Neumann or Dirichlet Boundary
Condition, by Green’s formula, the problem is converted into finding uδ− and
uδ+ such that

∫

Ω
−

∇uδ−∇ν̄ +

∫

Ωδ
+

∇uδ+∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ − k2
1

∫

Ωδ
+

uδ+ν̄

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (65)

Note that, (65) already contains Neumann Boundary Condition while not con-
tains Dirichlet Boundary Condition. Thus, uδ+(s, f(s)) = 0 must be taken into
consideration for the Dirichlet case. Also, ν̄(s, f(s)) = 0 for the Dirichlet case.
We seek unknown functions uδ−, uδ+ and test function ν̄ in serial form as

M∑

k=0

wkφk(x, y) (66)

where wk’s are unknown real coefficient, φk’s are known hat functions which
are continuous piecewise affine and are equal to 1 on one vertex and 0 on all
others. M is the number of vertices. Substituting series (66) into the variational
formula (65), a system of linear equation is obtained. If one solves the system
of linear equation, the total field is obtained in whole space.

4.2 The Approximate Solution For the Dirichlet case

Executing FEM, the approximate solution is solved for the Dirichlet case as in
the previous section. This time, only the region Ω− is meshed. Thus, executing
the same procedure as in the previous section, one can obtain

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

∂u

∂n
ν̄ds−

∫

ΓR

ik0u
δ
−ν̄ds

−
∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (67)

In the following the variational formulations are derived for order 1,2 and 3,
respectively.
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The variational formulation For Dδ,1:

If one substitute (42) into (11) and rearrange the result,

∂uδ−
∂n

= − 1

δ(s)
uδ− on Γ (68)

is obtained. Substituting (68) into (67), the variational formulation
∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +

∫

Γ

1

δ(s)
uδ−ν̄ds−

∫

ΓR

ik0u
δ
−ν̄ds

−
∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (69)

is obtained.

The variational formulation For Dδ,2:

If one substitute (43) into (11) and rearrange the result,

∂uδ−
∂n

= − 1

δ(s)
(
1 − 1

2δ(s)c(s)
)uδ− on Γ (70)

is obtained. Substituting (70) into (67), the variational formulation
∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +

∫

Γ

1

δ(s)
(
1 − 1

2δ(s)c(s)
)uδ−ν̄ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (71)

is obtained.

The variational formulation For Dδ,3:

For order 3 Dirichlet operator has tangential derivatives of order greater than
2. Therefore, additional unknowns need to be used to set up a variational
formulation that where only second tangential derivatives are present. This will
result into a couple of variational formulation that will be solved together. (67)
is the first variational formulation. If a new variable is selected as

ψ =
∂uδ−
∂n

(72)

(67) is converted a new form as
∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

ψν̄ds−
∫

ΓR

ik0u
δ
−ν̄ds

−
∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (73)

The second variational formulation is derived by substituting (44) into (11),
multiplying the result by ν̄2 and integrating the last results over Γ, namely,
∫

Γ

uδ−ν̄2ds+

∫

Γ

δ2(s)δ′(s)
∂ψ

∂s
ν̄2ds+

∫

Γ

1

3
δ3(s)

∂2ψ

∂s2
ν̄2ds+

∫

Γ

αψν̄2ds = 0 (74)
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where ν̄2 is a test function and

α = δ(s)

(
1 − 1

2
δ(s)c(s) +

1

3
δ2(s)c2(s)

)
+

1

3
δ3(s)k2

1 +
1

2
δ2(s)δ′′(s)

The variational formulation (74) is a strong form. To convert it in weak form,

second derivatives of unknown functions (∂
2ψ
∂s2 ) must be vanished. By partial

integration of
∫
Γ

1
3δ

3(s)∂
2ψ
∂s2 ν̄2ds, (74) can be denotes as

∫

Γ

uδ−ν̄2ds+

∫

Γ

αψν̄2ds−
∫

Γ

1

3
δ3(s)

∂ψ

∂s

∂ν̄2
∂s

ds = 0 (75)

(73) and (75) are variational formulations for order 3.

4.3 The Approximate Solution For the Neumann case

Following the same procedure as in the section 4.2, one can obtain

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

∂u

∂n
ν̄ds−

∫

ΓR

ik0u
δ
−ν̄ds

−
∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (76)

similar to (67). In the following the variational formulations are derived for
order 1,2 and 3, respectively.

The variational formulation For N δ,1:

If one substitute (60) into (12) and rearrange the result,

∂uδ−
∂n

=

(
∂

∂s
δ(s)

∂

∂s
+ δ(s)k2

1

)
uδ− on Γ (77)

is obtained. Substituting (77) into (76), the strong form of variational formula-
tion

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

δ(s)k2
1u

δ
−ν̄ds−

∫

Γ

δ′(s)
∂uδ−
∂s

ν̄ds

−
∫

Γ

δ(s)
∂2uδ−
∂s2

ν̄ds−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (78)

is obtained. By partial integration of
∫
Γ δ(s)

∂2uδ
−

∂s2 ν̄ds, (78) can be converted
into a weak form as

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

δ(s)k2
1u

δ
−ν̄ds+

∫

Γ

δ(s)
∂uδ−
∂s

∂ν̄

∂s
ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (79)
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The variational formulation For N δ,2:

If one substitute (61) into (12) and rearrange the result,

∂uδ−
∂n

=

(
∂

∂s
δ(s)

∂

∂s
− 1

2

∂

∂s
δ2(s)c(s)

∂

∂s
+ k2

1

(
δ(s) +

1

2
δ2(s)c(s)

))
uδ− (80)

is obtained.Substituting (80) into (76), the strong form of variational formula-
tion

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∫

Γ

k2
1

(
δ(s) +

1

2
δ2(s)c(s)

)
uδ−ν̄ds

−
∫

Γ

(
δ′(s) − δ(s)δ′(s)c(s) − 1

2
δ2(s)c′(s)

)
∂uδ−
∂s

ν̄ds

−
∫

Γ

(
δ(s) − 1

2
δ2(s)c(s)

)
∂2uδ−
∂s2

ν̄ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (81)

is obtained, and converting the result into a weak form,

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +

∫

Γ

αuδ−ν̄ds+

∫

Γ

γ
∂uδ−
∂s

∂ν̄

∂s
ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (82)

is obtained where

α = −k2
1

(
δ(s) +

1

2
c(s)δ2(s)

)

γ = δ(s) − 1

2
δ2(s)c(s)

The variational formulation For N δ,3:

If one substitute (62) and (12) into (76) and rearrange the result, the strong
form of variational formulation is obtained. If a new variable is selected as

ψ =
∂2uδ−
∂s2

(83)

and substitute it into the strong form of variational formulation, then vanish

the expression included
∂2uδ

−

∂s2 by partial integrations, the first variational for-
mulation

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +

∫

Γ

αuδ−ν̄ds+

∫

Γ

γ
∂uδ−
∂s

∂ν̄

∂s
ds

−
∫

Γ

(
2δ(s) (δ′(s))

2
+ δ2(s)δ′′(s)

)
ψν̄ds−

∫

Γ

δ2(s)δ′(s)
∂ψ

∂s
ν̄ds

+

∫

Γ

1

3
δ3(s)

∂ψ

∂s

∂ν̄

∂s
ds−

∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (84)
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is obtained where

α = −k2
1δ(s)

(
1 +

1

2
δ(s) (c(s) + δ′′(s)) +

1

3
δ2(s)k2

1 + (δ′(s))
2
)

γ = δ(s) − 1

2
δ2(s)c(s) +

1

3
δ3(s)c2(s) +

2

3
δ3(s)k2

1 +
1

2
δ2(s)δ′′(s)

The second variational formulation is derived by multiplying (83) by ν̄2 and
integrating the results over Γ, namely,

∫

Γ

∂2uδ−
∂s2

ν̄2ds−
∫

Γ

ψν̄2ds = 0 (85)

Converting (85) into weak form, the second variational formulation

∫

Γ

∂uδ−
∂s

∂ν̄2
∂s

ds+

∫

Γ

ψν̄2ds = 0 (86)

is obtained. (84) and (86) are variational formulations for order 3.

5 Numerical Results

In this section, the numerical solutions of the problem is given to verify the
accuracy and effectiveness of the gibc’s. In all cases, the coated object is
assumed to be located in free-space. The errors are calculated using the error
function

Es =

∫

ΓC

∣∣∣uδ− − ũδ,k−

∣∣∣
2

ds (87)

and the relative error function

Er =

∫
ΓC

∣∣∣uδ− − ũδ,k−

∣∣∣
2

ds
∫
ΓC

∣∣uδ−
∣∣2ds

(88)

where ΓC is the measurement circle with radius C. In the following, various
exact and approximate results are given.

As a first example, to verify the accuracy of the exact solution for the Dirich-
let case, FEM and analytic solutions are compared. In the application of the
FEM solution, the discretization size is roughly λ/42, and the radius of the
approximate boundary condition (ABC) given in (63) is 2.5λ where λ is the
free space wavelength. We consider as a coating a cylinder having a radius
5λ/6 coated over a perfect electric conductor (PEC) which is a cylinder of ra-
dius 0.75λ. The coating with a thickness of λ/12 is made of a material with
conductivity of 0.2(S.m−1) and relative dielectric permittivity of 3ǫ0 where ǫ0
is dielectric permittivity of free space. The cylinder is illuminated by a time
harmonic electromagnetic wave with frequency 5 MHz and incidence direction
is 0. In other words, the wavelength of incident wave is selected as 0.6 m. The
amplitude and phase of the total fields which are shown in Figure 2 are obtained
on the circle ΓC with radius 5λ/3.
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Figure 2: Ex 1. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 5λ/3 obtained by exact solutions for the
circular coating with thickness of δ = λ/12 in the Dirichlet case

Obviously the results of FEM and analytic solutions are in a good agreement.
The error and relative error given (87) and (88) are Es = 2.40861e−3 and Er =
0.15670e−3, respectively. Taking into account the ABC in analytic solution,
smaller errors are calculated as Es = 0.58408e−3 and Er = 0.10627e−3. In the
following examples we omit the small difference caused by ABC.

As a second example, a PEC cylinder of radius 0.46λ coated by a cylin-
der material of radius 0.5λ with relative dielectric permittivity of 3.5ǫ0 and
conductivity of 0.3(S.m−1) taken into account. The object is illuminated at 6
MHz with incidence angle π. The discretization size is roughly λ/55, and the
radius of the ABC is 2λ. The amplitude and the phase of the total field on
the circle ΓC with radius 1.6λ obtained through FEM end analytic solution are
compared in Figure 3. The error and relative error are Es = 7.75322e−3 and
Er = 0.09767e−3, respectively.

Similarly, to verify the accuracy of the exact solution for the Neumann case,
the FEM and analytic solutions are compared. As a third example, a perfect
magnetic conductor (PMC) cylinder of radius 5λ/6 coated by a cylinder mate-
rial of radius 0.75λ with relative dielectric permittivity of 2.5ǫ0 and conductivity
of 0.2(S.m−1) is considered. The object is illuminated at 5 MHz with incidence
angle π/4. The discretization size is roughly λ/44, and the radius of the ABC
is 2.5λ. The amplitude and the phase of the total field on the circle ΓC with
radius 5λ/3 obtained through FEM end analytic solution are compared in Fig-
ure 4. The error and relative error are Es = 2.59305e−3 and Er = 0.16496e−3,
respectively.

As a next example, a PMC cylinder of radius 0.97λ coated by a cylinder
material of radius λ with relative dielectric permittivity of 3ǫ0 and conductivity
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Figure 3: Ex 2. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 1.6λ obtained by exact solutions for the
circular coating with thickness of δ = λ/25 in the Dirichlet case
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Figure 4: Ex 3. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 5λ/3 obtained by exact solutions for the
circular coating with thickness of δ = λ/12 in the Neumann case
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Figure 5: Ex 4. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 2λ obtained by exact solutions for the
circular coating with thickness of δ = 0.03λ in the Neumann case

of 0.4(S.m−1) taken into account. The thinner coated object is illuminated at 3
MHz with incidence angle π/2. The discretization size is roughly λ/48, and the
radius of the ABC is 2.2λ. The amplitude and the phase of the total field on
the circle ΓC with radius 2λ obtained through FEM end analytic solution are
compared in Figure 5. The error and relative error are Es = 11.58471e−3 and
Er = 0.45152e−003, respectively.

The above examples show that FEM is sufficient converge. In the follow-
ing, various exact and approximate results are given for the Dirichlet case and
Neumann,respectively.

5.1 Numerical Results for the Dirichlet case

In this section, the numerical results of the problem is given to verify the accu-
racy and effectiveness of the gibc’s for the Dirichlet case. If one substitutes the
error function Es given in (87) into the condition given in (13) and logarithm
to both sides

log(Es) ≃ log(c) + 2(m+ 1) log(δ0) (89)

is obtained where c is a constant. (89) is an equation of a line whose slope is
2(m + 1). The exact solution and approximate solutions for order 1, 2, 3 are
compared for various examples.

As a first example, a PEC cylinder coated by a cylinder material of radius
5λ/6 with relative dielectric permittivity of 3.0ǫ0 and conductivity of 0.1(S.m−1)
is considered. f(s) is selected as 1. Note that, δ(s) = δ0f(s) was given in (23).
The object is illuminated at 5 MHz with incidence angle π/3. The discretization
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Figure 6: Ex 1. The graphics of log(Es) given in (89) for the circular coating
with radius 5λ/6 and constant thickness in the Dirichlet case

size is roughly λ/58, and the radius of the ABC is 2.5λ. The errors of total field
Es’s are calculated on the circle ΓC with radius 5λ/3 and for order 1, 2, and 3
the equation of the lines given in (89) are compared in Figure 6. Furthermore,
the lines are derived for analytical solutions to verify the accuracy of FEM. The
slope of lines for order 1,2 and 3 are approximately m1 = 5.51, m2 = 5.96 and
m3 = 8.91, respectively.

In the first example curvature was constant. As a second example, an el-
liptical cross-sectioned dielectric coating with relative dielectric permittivity of
4.0ǫ0 and conductivity of 0.05(S.m−1) is taken into account. The curvature, is
not constant, is given by

c (t) =
−ab

(
a2 sin2 (t) + b2 cos2 (t)

)3/2

where a = 3λ/5 and b = 2λ/5 are parameters in parametric equations of the
elliptical surface given by

{
x(t) = a cos(t)
y(t) = b sin(t)

, a > 0, b > 0 (90)

f(s) is selected as 1. In other words, the width δ(s) is constant. The object
is illuminated at 6 MHz with incidence angle π/4. The discretization size is
roughly λ/75, and the radius of the ABC is 2λ. The errors of total field Es’s are
calculated on the circle ΓC with radius 8λ/5 and for order 1, 2, and 3 equation
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−4.5 −4 −3.5 −3 −2.5 −2
−16

−14

−12

−10

−8

−6

−4

−2

0

2

log(δ)

lo
g(

E
s)

k=1

k=2

k=3

m
3
=9.01m

2
=6.09

m
1
=5.31

k
0
=12.5664

k
1
=25.5553 + 4.6281i

Figure 7: Ex 2. The graphics of log(Es) given in (89) for the object with
constant thickness given by (90) where a = 3λ/5 and b = 2λ/5 in the Dirichlet
case
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of lines given in (89) are compared in Figure 7. The slope of lines for order 1,2
and 3 are approximately m1 = 5.31, m2 = 6.09 and m3 = 9.01, respectively.

Figure 8: Ex 3. The geometry of the circular coating with radius λ whose width
is given in (91)

As a third example, a cylindrical cross-sectioned dielectric coating of vari-
able width, with relative dielectric permittivity of 3.0ǫ0 and conductivity of
0.3(S.m−1) is taken into account. The radius of coating is selected as λ, which
is relatively bigger(see Figure 8). The variable of width is given with equation

δ (t) = δ0 (1 − 0.4 sin (5t)) (91)

Considering the equation (91), It can be seen that f(t) = (1 − 0.4 sin (5t)). The
object is illuminated at 3 MHz with incidence angle π/2. The discretization size
is roughly λ/55, and the radius of the ABC is 2.2λ. The errors of total field
Es’s are calculated on the circle ΓC with radius 2λ and for order 1, 2, and 3,
the equation of the lines are compared in Figure 9. The slope of lines for order
1,2 and 3 are approximately m1 = 5.68, m2 = 5.75 and m3 = 9.19, respectively.

As a fourth example, an elliptical cross-sectioned dielectric coating of vari-
able width, with relative dielectric permittivity of 2.0ǫ0 and conductivity of
0.1(S.m−1) is taken into account. The boundary of the coating is given in (90)
where a = 1.5λ and b = 1.2λ. The variable of width is given with equation

δ (t) = δ0 (1 − 0.4 sin (6t)) (92)

The object (see Figure 10) is illuminated at 3 MHz with incidence angle π/4.
The discretization size is roughly λ/50, and the radius of the ABC is 2.8λ. The
errors of total field Es’s are calculated on the circle ΓC with radius 2.5λ and
for order 1, 2, and 3, the equation of the lines are compared in Figure 11. The
coating is large, curvature of its boundary is variable, and its width is variable,
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Figure 9: Ex 3. The graphics of log(Es) given in (89) for the object illustrated
in Figure 8 in the Dirichlet case

Figure 10: Ex 4. The geometry of the elliptical coating whose boundary is given
in (90) where a = 1.5λ, b = 1.2λ and width is given in (92)
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Figure 11: Ex 4. The graphics of log(Es) given in (89) for the object illustrated
in Figure 10 in the Dirichlet case

but the expected results are obtained as results of previous examples. The
slope of lines for order 1,2 and 3 are approximately m1 = 5.65, m2 = 5.78 and
m3 = 8.92, respectively.

In the next example, a more complex coating whose boundary is given by
parametric equation

XΓ =

(
(A+B sin (6t) + C cos(5t) +D cos (6t)) cos(t)
(A+B sin (6t) + C cos(5t) +D cos (6t)) sin(t)

)
, t ∈ [0, 2π) (93)

where A = λ, B = 0.06λ, C = 0.07λ and D = 0.05λ and the width is given by
equation

δ (t) = δ0 (1 − 0.4 sin (7t)) (94)

is taken into account(see Figure 12). Thus, the parametric equation of the PEC
can be shown as

xΓδ (t) = xΓ(t) + δ (t)~n (t) , t ∈ [0, 2π) (95)

The coating with relative dielectric permittivity of 3.0ǫ0 and conductivity of
0.05(S.m−1) is illuminated at 3 MHz with incidence angle π/3. The discretiza-
tion size is roughly λ/55, and the radius of the ABC is 2.2λ. The errors of
total field Es’s are calculated on the circle ΓC with radius 2λ and for order 1, 2,
and 3, the equation of the lines are compared in Figure 13. The slope of lines
for order 1,2 and 3 are approximately m1 = 5.26, m2 = 5.98 and m3 = 9.23,
respectively.
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Figure 12: Ex 5. The geometry of the object whose boundary is given in (93)
where A = λ, B = 0.06λ, C = 0.07λ, D = 0.05λ and width is given in (94)
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Figure 13: Ex 5. The graphics of log(Es) given in (89) for the object illustrated
in Figure 12 in the Dirichlet case
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Figure 14: Ex 6. The geometry of the object whose boundary is given in (93)
where A = 5λ/6, B = 0.1λ, C = 7λ/60, D = λ/12 and width is given in (94)
where δ0 = λ/12

As a next example, similar shaped coating whose boundary is given in (93)
where A = 5λ/6, B = 0.1λ, C = 7λ/60 and D = λ/12 and width is given
in (94) where δ0 = λ/12 is taken into account(see Figure 14). The coating
with relative dielectric permittivity of 2.5ǫ0 and conductivity of 0.01(S.m−1)
is illuminated at 5 MHz with incidence angle π/3. The radius of the ABC is
2.5λ. The amplitude and the phase of the total field on the circle ΓC with
radius 5λ/3 obtained through exact end approximate solutions are compared in
Figure 15. The errors areEs = 52.24118−3, Es = 38.33849e−3, Es = 1.84402e−3

and relative errors are Er = 0.56314e−3, Er = 0.45986e−3, Er = 0.09751e−3,
respectively.

As a next example, a kite shaped dielectric coating, with relative dielectric
permittivity of 2.5ǫ0 and conductivity of 0.01(S.m−1), whose boundary is given
by parametric equation

XΓ =

(
A cos(t) +B cos(2t) − C
A sin(t)

)
, t ∈ [0, 2π) (96)

where A = λ, B = 11λ/30 and C = λ/60 is taken into account(see Figure 16).
The boundary of PEC is given in equation (95) where

δ (t) = δ0 (1 − 0.4 sin (6t)) (97)

The object is illuminated at 5 MHz with incidence angle π/3. The discretization
size is roughly λ/50, and the radius of the ABC is 8λ/3. The errors of total field
Es’s are calculated on the circle ΓC with radius 2λ and for order 1, 2, and 3,
the equation of the lines are compared in Figure 17. The slope of lines for order
1,2 and 3 are approximately m1 = 5.31, m2 = 5.91 and m3 = 9.33, respectively.
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Figure 15: Ex 6. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 5λ/3 obtained by FEM and approximate
solutions for the object illustrated in Figure 14 in the Dirichlet case
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Figure 16: Ex 7. The geometry of the object whose boundary is given in (96)
where A = λ, B = 11λ/30, C = λ/60 and width is given in (97)
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Figure 17: Ex 7. The graphics of log(Es) given in (89) for the object illustrated
in Figure 16 in the Dirichlet case
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32 B. Aslanyürek & H. Haddar & H. Şahintürk

Figure 18: Ex 8. The geometry of the object whose boundary is given in (96)
where A = 0.55λ, B = 0.2λ, C = 0.01λ and width is given in (98)

As a next example, similar shaped coating whose boundary is given in (96)
where A = 0.55λ, B = 0.2λ, C = 0.01λ and width is given as

δ (t) = 0.08λ (1 − 0.3 sin (9t)) (98)

is taken into account(see Figure 18). The coating with relative dielectric per-
mittivity of 4ǫ0 and conductivity of 0.005(S.m−1) is illuminated at 3 MHz with
incidence angle π/3. The radius of the ABC is 1.5λ. The amplitude and the
phase of the total field on the circle ΓC with radius 1.2λ obtained through
exact end approximate solutions are compared in Figure 19. The errors are
Es = 180.80255−3, Es = 146.41781−3, Es = 25.56597e−3 and relative errors are
Er = 1.16502e−3, Er = 1.02404e−3, Er = 0.41652e−3, respectively.

In all previous examples δ(s) was assumed to be regular. As next examples
in this chapter, we assume that δ(s) is a non-regular function. To put it more
clearly, δ′(s) is not continuous and δ′′(s) is not defined at every point. Redefin-
ing the expressions over Γ as piecewise continuous functions and vanishing the
expressions δ′′(s), the variational formulations for order 1, 2 and 3 given in 69,
71, 73 and 75 can be rearranged. We assume that δ′(s) or curvature c(s) is not
continuous at N points. Selecting the N points as limits of integrals, one can
modify the variational formulation for order 1 (69) as

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +
∑N

n=1

∫

Γn

1

δ(s)
uδ−ν̄ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (99)
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Figure 19: Ex 8. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 1.2λ obtained by FEM and approximate
solutions for the object illustrated in Figure 18 in the Dirichlet case
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where ∪N1 Γn = Γ. Similarly, for order 2

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

ν̄uδ− +
∑N

n=1

∫

Γn

1

δ(s)
(
1 − 1

2δ(s)c(s)
)uδ−ν̄ds

−
∫

ΓR

ik0u
δ
−ν̄s−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄s = 0 (100)

is obtained. By partial integration of the
∫
Γ

1
2δ

2(s)δ′′(s)ψν̄2ds, the variational
formulation for order 3 (75) can be denotes as

∑N

n=1

∫

Γn

uδ−ν̄2ds+
∑N

n=1

∫

Γn

αψν̄2ds+
∑N

n=1

∫

Γn

β
∂ψ

∂s
ν̄2ds

+
∑N

n=1

∫

Γn

βψ
∂ν̄2
∂s

ds+
∑N

n=1

∫

Γn

γ
∂ψ

∂s

∂ν̄2
∂s

ds = 0 (101)

where

α = δ(s)

(
1 − 1

2
δ(s)c(s) +

1

3
δ2(s)c2(s)

)
+

1

3
δ3(s)k2

1 − δ(s)(δ′(s))2

β = −1

2
δ2(s)δ′(s)

γ = −1

3
δ3(s)

Also, the other variational formulation ((73)) can be modify as

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ −
∑N

n=1

∫

Γn

ψν̄ds−
∫

ΓR

ik0u
δ
−ν̄ds

−
∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (102)

As a last example, dielectric coating of non-regular width is displayed in
Figure 20 is taken into account. The maximum width and length of the object
are 23λ/6 and 13λ/6, respectively. The object is illuminated at 5 MHz with
incidence angle π/3. The discretization size is roughly λ/44, and the radius of
the ABC is 10λ/3. The errors of total field Es’s are calculated on the circle ΓC
with radius 3λ. When dielectric coating’s relative dielectric permittivity and
conductivity are selected as respectively 3ǫ0 and 0.1(S.m−1), order 1, 2, and 3
solutions are compared in Figure 21. The slope of lines for order 1,2 and 3 are
approximately m1 = 5.45, m2 = 5.80 and m3 = 9.14, respectively. Selecting δ0
as λ/12, the amplitude and the phase of the total field are compared in Fig-
ure 22. The errors are Es = 233.22764−3, Es = 224.30272−3, Es = 57.87359e−3

and relative errors are Er = 1.45933e−3, Er = 1.43530e−3, Er = 0.70211e−3,
respectively. Selecting relative dielectric permittivity and conductivity as re-
spectively 5ǫ0 and 0.05(S.m−1), results displayed in Figure 23 is obtained. The
slope of lines are m1 = 5.69, m2 = 6.08 and m3 = 9.68.
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Figure 20: Ex 9. The geometry of the coating with non-regular thickness
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Figure 21: Ex 9a. The graphics of log(Es) given in (89) for the coating, whose
relative dielectric permittivity is 3ǫ0 and conductivity is σ = 0.1S.m−1, illus-
trated in Figure 20 in the Dirichlet case
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Figure 22: Ex 9. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 3λ obtained by FEM and approximate
solutions for the object illustrated in Figure 20 in the Dirichlet case
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Figure 23: Ex 9b. The graphics of log(Es) given in (89) for the coating, whose
relative dielectric permittivity is 5ǫ0 and conductivity is σ = 0.05S.m−1, illus-
trated in Figure 20 in the Dirichlet case
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5.2 Numerical Results for the Neumann case

In this section, the numerical solutions of the problem is given to verify the
accuracy and effectiveness of the gibc’s for the Neumann case. The exact
solution and approximate solutions for order 1, 2, 3 are compared for various
examples.
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Figure 24: Ex 1. The graphics of log(Es) given in (89) for the circular coating
with radius 5λ/6 and constant width in the Neumann case

As a first example, a PEC cylinder coated by a cylinder material of radius
5λ/6 with relative dielectric permittivity of 2.5ǫ0 and conductivity of 0.005(S.m−1)
is considered. f(s) is selected as 1. The object is illuminated at 5 MHz with
incidence angle π/4. The discretization size is roughly λ/62, and the radius of
the ABC is 2.5λ. The errors of total field Es’s are calculated on the circle ΓC
with radius 5λ/3 and for order 1, 2, and 3 the equation of the lines given in (89)
are compared in Figure 24. Furthermore, the lines are derived for analytical
solutions to verify the accuracy of FEM. The slope of lines for order 1,2 and 3
are approximately m1 = 4.32, m2 = 5.57 and m3 = 7.4, respectively.

As a second example, an elliptical cross-sectioned dielectric coating with
relative dielectric permittivity of 2.5ǫ0 and conductivity of 0.007(S.m−1) whose
boundary given in 90 where a = 7λ/6 and b = 2λ/3 is taken into account.
The width δ(s) is constant. The object is illuminated at 5 MHz with incidence
angle π/4. The discretization size is roughly λ/59, and the radius of the ABC
is 2.5λ. The errors of total field Es’s are calculated on the circle ΓC with radius
5λ/3 and for order 1, 2, and 3 equation of lines given in (89) are compared in
Figure 25. The slope of lines for order 1,2 and 3 are approximately m1 = 4.06,
m2 = 5.52 and m3 = 7.36, respectively.
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Figure 25: Ex 2. The graphics of log(Es) given in (89) for the object with
constant thickness given by (90) where a = 7λ/6 and b = 2λ/3 in the Neumann
case

Figure 26: Ex 3. The geometry of the circular coating with radius 5λ/6 whose
width is given in (103)
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As a third example, a cylindrical cross-sectioned dielectric coating of vari-
able width, with relative dielectric permittivity of 2.0ǫ0 and conductivity of
0.007(S.m−1) is taken into account. The radius of coating is selected as 5λ/6
(see Figure 26). The variable of width is given with equation

δ (t) = δ0 (1 − 0.4 sin (7t)) (103)

The object is illuminated at 5 MHz with incidence angle π. The discretization
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Figure 27: Ex 3. The graphics of log(Es) given in (89) for the object illustrated
in Figure 26 in the Neumann case

size is roughly λ/62, and the radius of the ABC is 2.5λ. The errors of total field
Es’s are calculated on the circle ΓC with radius 5λ/3 and for order 1, 2, and 3,
the equation of the lines are compared in Figure 27. The slope of lines for order
1,2 and 3 are approximately m1 = 3.96, m2 = 5.57 and m3 = 9.63, respectively.

As a fourth example, an elliptical cross-sectioned dielectric coating of vari-
able width, with relative dielectric permittivity of 3.0ǫ0 and conductivity of
0.008(S.m−1) is taken into account. The boundary of the coating is given in
(90) where a = 1.5λ and b = 0.8λ. The variable of width is given with equation

δ (t) = δ0 (1 − 0.4 sin (7t)) (104)

The object (see Figure 28) is illuminated at 3 MHz with incidence angle π/3.
The discretization size is roughly λ/55, and the radius of the ABC is 2.5λ. The
errors of total field Es’s are calculated on the circle ΓC with radius 2λ and for
order 1, 2, and 3, the equation of the lines are compared in Figure 29. The
coating is large, curvature of its boundary is variable, and its width is variable,
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Figure 28: Ex 4. The geometry of the elliptical coating whose boundary is given
in (90) where a = 1.5λ, b = 0.8λ and width is given in (104)
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Figure 29: Ex 4. The graphics of log(Es) given in (89) for the object illustrated
in Figure 28 in the Neumann case
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but the expected results are obtained as results of previous examples. The
slope of lines for order 1,2 and 3 are approximately m1 = 4.94, m2 = 5.75 and
m3 = 7.98, respectively.

Figure 30: Ex 5. The geometry of the object whose boundary is given in (93)
where A = λ, B = 0.08λ, C = 0.09λ, D = 0.07λ and width is given in (105)

In the next example, a more complex coating whose boundary is given in
(93) where A = λ, B = 0.08λ, C = 0.09λ and D = 0.07λ and the width is given
by equation

δ (t) = δ0 (1 − 0.4 sin (7t)) (105)

is taken into account(see Figure 30). The coating with relative dielectric per-
mittivity of 2.0ǫ0 and conductivity of 0.006(S.m−1) is illuminated at 3 MHz
with incidence angle π/4. The discretization size is roughly λ/59, and the ra-
dius of the ABC is 2.2λ. The errors of total field Es’s are calculated on the
circle ΓC with radius 2λ and for order 1, 2, and 3, the equation of the lines are
compared in Figure 31. The slope of lines for order 1,2 and 3 are approximately
m1 = 3.91, m2 = 5.67 and m3 = 7.83, respectively.Selecting δ0 as 0.09λ, the
amplitude and the phase of the total field obtained through exact end approx-
imate solutions are compared in Figure 32. The errors are Es = 190.54358−3,
Es = 38.38613e−3, Es = 13.98625e−3 and relative errors are Er = 1.67477e−3,
Er = 0.74428e−3, Er = 0.43892e−3, respectively.

As a next example, a kite shaped dielectric coating, with relative dielectric
permittivity of 2.5ǫ0 and conductivity of 0.008(S.m−1), whose boundary is given
in (96) where A = λ, B = 11λ/30 and C = λ/60 is taken into account(see
Figure 33). The boundary of PEC is given in equation (95) where

δ (t) = δ0 (1 − 0.4 sin (6t)) (106)

INRIA



gibc’s for Thin Coatings with Variable Thickness 43

−4.5 −4 −3.5 −3 −2.5 −2
−14

−12

−10

−8

−6

−4

−2

0

log(δ)

lo
g(

E
s)

k=1

k=2

k=3

k
0
=6.2832

k
1
=8.9213 + 0.7954i

m
1
=3.91

m
2
=5.67 m

3
=7.83

Figure 31: Ex 5. The graphics of log(Es) given in (89) for the object illustrated
in Figure 30 in the Neumann case

The object is illuminated at 5 MHz with incidence angle π/3. The discretization
size is roughly λ/56, and the radius of the ABC is 8λ/3. The errors of total field
Es’s are calculated on the circle ΓC with radius 2λ and for order 1, 2, and 3,
the equation of the lines are compared in Figure 34. The slope of lines for order
1,2 and 3 are approximately m1 = 4.18, m2 = 5.3 and m3 = 7.67, respectively.

As a next example, similar shaped coating whose boundary is given in (96)
where A = 0.55λ, B = 0.2λ, C = 0.01λ and width is given in as

δ (t) = 0.08λ (1 − 0.3 sin (9t))

is taken into account(see Figure 18). The coating with relative dielectric per-
mittivity of 4ǫ0 and conductivity of 0.005(S.m−1) is illuminated at 3 MHz with
incidence angle π/3. The radius of the ABC is 1.5λ. The amplitude and the
phase of the total field on the circle ΓC with radius 1.2λ obtained through
exact end approximate solutions are compared in Figure 35. The errors are
Es = 160.34480−3, Es = 236.09569−3, Es = 24.59216e−3 and relative errors are
Er = 1.53845e−3, Er = 1.84003e−3, Er = 0.60745e−3, respectively.

In case of non-regular δ(s), the same procedure given in previous section is
executed. Redefining the expressions over Γ as piecewise continuous functions
and vanishing the expressions δ′′(s), the variational formulations for order 1,
2 and 3 given in 79, 82, 84 and 86 can be rearranged. One can modify the
variational formulation for order 1 (79) as

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄
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Figure 32: Ex 5. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 2λ obtained by FEM and approximate
solutions for the object illustrated in Figure 30 in the Neumann case
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Figure 33: Ex 6. The geometry of the object whose boundary is given in (96)
where A = λ, B = 11λ/30, C = λ/60 and width is given in (106)
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Figure 34: Ex 6. The graphics of log(Es) given in (89) for the object illustrated
in Figure 33 in the Neumann case
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Figure 35: Ex 7. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 1.2λ obtained by FEM and approximate
solutions for the object illustrated in Figure 18 in the Neumann case
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−
∑N

n=1

∫

Γn

δ(s)k2
1u

δ
−ν̄ds+

∑N

n=1

∫

Γn

δ(s)
∂uδ−
∂s

∂ν̄

∂s
ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (107)

where ∪N1 Γn = Γ. Similarly, for order 2

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +
∑N

n=1

∫

Γn

αuδ−ν̄ds

+
∑N

n=1

∫

Γn

γ
∂uδ−
∂s

∂ν̄

∂s
ds−

∫

ΓR

ik0u
δ
−ν̄s−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄s = 0 (108)

is obtained where

α = −k2
1

(
δ(s) +

1

2
δ2(s)c(s)

)

γ = δ(s) − 1

2
δ2(s)c(s)

In case of regular δ(s), the couple of variational formulation for order 3 has al-
ready derived. Analogously, selecting two new variable, the triple of variational
formulation is derived. The first variable already has been given in (83) and its
variational formulation given in (86) can be modified as

∑N

n=1

∫

Γn

∂uδ−
∂s

∂ν̄2
∂s

ds+
∑N

n=1

∫

Γn

ψν̄2ds = 0 (109)

The second variable is selected as

ψ2 =
1

2
δ2(s)δ′′(s)

∂uδ−
∂s

(110)

By partial integration of the
∫
Γ

1
2δ

2(s)δ′′(s)
∂uδ

−

∂s ν̄3ds, the expressions δ′′(s) can
be vanished and new variational formulation related to second variable

∑N

n=1

∫

Γn

δ(s)δ′(s)
2 ∂u

δ
−

∂s
ν̄3ds+

∑N

n=1

∫

Γn

1

2
δ2(s)δ′(s)

∂uδ−
∂s

∂ν̄3
∂s

ds

+
∑N

n=1

∫

Γn

1

2
δ2(s)δ′(s)ψν̄3ds+

∑N

n=1

∫

Γn

ψ2ν̄3ds = 0 (111)

is obtained where ν̄3 is a test function. Substituting new variables into vari-
ational formulation for order 3 given in (84) and vanishing second order of
derivatives by partial integration, (84) can be modified as

∫

Ω
−

∇uδ−∇ν̄ − k2
0

∫

Ω
−

uδ−ν̄ +
∑N

n=1

∫

Γn

αuδ−ν̄ds

+
∑N

n=1

∫

Γn

1

2
k2
1δ

2(s)δ′(s)
∂uδ−
∂s

ν̄ds+
∑N

n=1

∫

Γn

1

2
k2
1δ

2(s)δ′(s)uδ−
∂ν̄

∂s
ds

+
∑N

n=1

∫

Γn

γ
∂uδ−
∂s

∂ν̄

∂s
ds+

∑N

n=1

∫

Γn

δ2(s)δ′(s)ψ
∂ν̄

∂s
ds
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+
∑N

n=1

∫

Γn

1

3
δ3(s)

∂ψ

∂s

∂ν̄

∂s
ds−

∑N

n=1

∫

Γn

∂ψ2

∂s
ν̄ds

−
∫

ΓR

ik0u
δ
−ν̄ds−

∫

ΓR

(
∂ui

∂n̄
− ik0u

i

)
ν̄ds = 0 (112)

where

α = −k2
1δ(s)

(
1 +

1

2
δ(s)c(s) +

1

3
δ2(s)k2

1

)

γ = δ(s) − 1

2
δ2(s)c(s) +

1

3
δ3(s)c2(s) +

2

3
δ3(s)k2

1

As a last example, dielectric coating of non-regular width is given in previous
chapter (see Figure 20) is taken into account. The maximum width and length
of the object are 23λ/6 and 13λ/6, respectively. The object is illuminated at
5 MHz with incidence angle π/3. The discretization size is roughly λ/44, and
the radius of the ABC is 10λ/3. The errors of total field Es’s are calculated on
the circle ΓC with radius 3λ. When dielectric coating’s relative dielectric per-
mittivity and conductivity are selected as respectively 2ǫ0 and 0.005(S.m−1),
order 1, 2, and 3 solutions are compared in Figure 36. The slope of lines for
order 1,2 and 3 are approximately m1 = 4.6, m2 = 5.58 and m3 = 8.4, respec-
tively. Selecting δ0 as λ/12, the amplitude and the phase of the total field are
compared in Figure 37. The errors are Es = 126.73140e−3, Es = 133.55387e−3,
Es = 7.20718e−3 and relative errors are Er = 0.96038e−3, Er = 1.02741e−3,
Er = 0.23781e−3, respectively. Selecting relative dielectric permittivity and
conductivity as respectively 3ǫ0 and 0.01(S.m−1), results displayed in Figure 38
is obtained. The slope of lines are m1 = 4.72, m2 = 5.55 and m3 = 8.3.
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Figure 36: Ex 8a. The graphics of log(Es) given in (89) for the coating, whose
relative dielectric permittivity is 2ǫ0 and conductivity is σ = 0.005S.m−1, illus-
trated in Figure 20 in the Neumann case
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Figure 37: Ex 8. Comparisons of the amplitude and the complex phase of the
total field on a circle with radius ΓC = 3λ obtained by FEM and approximate
solutions for the object illustrated in Figure 20 in the Neumann case
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Figure 38: Ex 8b. The graphics of log(Es) given in (89) for the coating, whose
relative dielectric permittivity is 3ǫ0 and conductivity is σ = 0.01S.m−1, illus-
trated in Figure 20 in the Neumann case
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Appendix

Parametrization for curves: used conventions and defini-

tions

Let Γ be the boundary of a connected regular domain Ω and let xΓ = (x(t), y(t))
be a counterclockwise parametrization of this curve in terms of a parameter
t ∈ [t1, t2] (this parametrization can be only local). The curvilinear abscissa s

n

 →τ

Ω

Γ

→

incident
wave

Figure 39: Geometry for the fundamental definitions

is defined as

ds =
√
x′(t)2 + y′(t)2dt (113)

and the (inward) normal (unitary) is defined by

~n(t) =
1√

x′(t)2 + y′(t)2

(
−y′(t)
x′(t)

)
(114)

The tangential vector ~τ is defined by ~τ = d
dtxΓ and is given by

~τ(t) =

(
x′(t)
y′(t)

)
(115)

The curvature c(t) is defined by

d~n

dt
= c(t)~τ (116)

and therefore can be expressed as

c (t) =
x′′ (t) y′ (t) + y′′ (t)x′ (t)
(
x′ (t)2 + y′ (t)2

)3/2
(117)
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Examples: For a circle object parametric equations are given by

{
x(t) = s cos(t)
y(t) = s sin(t)

Respectively, the curvature, tangential and normal derivatives are given by

c(t) = −1

s

~τ = s~eθ

~n = −~es

For an elliptical body parametric equations are given by

{
x(t) = a cos(t)
y(t) = b sin(t)

, a > 0, b > 0

and the curvature is given by

c (t) =
−ab

(
a2 sin2 (t) + b2 cos2 (t)

)3/2
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