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Implémentation de la théorie des ensembles de Bourbaki dans Coq
partie 2

Ensembles Ordonnés, cardinaux, nombres entiers

Résumé : Nous pensons qu'il est possible de mettre dans un ordinateur l'ensemble de
l'œuvre de Bourbaki. L'un des objectifs du projet Gaia concerne l'algèbre homologique (thée-
orie et algorithmes); dans une première étape nous voulons implémenter les neuf chapitres
du livre Algèbre. Au préalable, il faut implémenter la théorie des ensembles. Nous utilisons
l'Assistant de Preuve Coq; les choix fondamentaux et axiomes sont ceux proposés par Car-
los Simpson. Ce rapport liste et commente toutes les dé�nitions et théorèmes du Chapitre
“Ensembles ordonnés, cardinaux, nombres entiers”. Une partie des exercises a été résolue.
La version 9 de ce document décrit la bibliothèque à la �n de l'année 2017. Le code est
disponible sur le site Web http://www-sop.inria.fr/marelle/gaia.

Mots-clés : Gaia, Coq, Bourbaki, ordre, cardinaux, ordinaux, entiers
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Chapter 1

Introduction

1.1 Objectives

Our objective (it will be called the Bourbaki Project in what follows) is to show that it
is possible to implement the work of N. Bourbaki, “Éléments de Mathématiques”[5], into a
computer, and we have chosen the Coq Proof Assistant, see [21, 3]. All references are given
to the English version “Elements of Mathematics”[4], which is a translation of the French
version (the only major difference is that Bourbaki uses an axiom for the ordered pair in
the English version and a theorem in the French one). We start with the �rst book: theory
of sets. It is divided into four chapters, the �rst one describes formal mathematics (logical
connectors, quanti�ers, axioms, theorems). Chapters II describes sets, unions, intersections,
functions, products, equivalences; Chapter III de�nes orders, integers, cardinals, limits. The
last chapter describes structures. The �rst part of this report[11] describes Chapter I and
Chapter II, we consider here Chapter III.

1.2 Content of this document

This document describes the code found in the �les set5.v, set6.v, set7.v, set8.v, set9.v,
and set10.v, corresponding to sections 1 to 6 of Chapter III. The �rst section describes order
relations and associated properties (like upper bounds, greatest elements, increasing func-
tions, order isomorphisms). The second section studies well-ordered sets, and introduces
the notion of trans�nite induction. We show Zermelo's theorem (which is equivalent to the
axiom of choice). Section 3 de�nes cardinals, addition, multiplication and order on cardi-
nals (a cardinal is a representative of a class of equipotent sets; this class is not a set, and
the axiom of choice is required). Section 4 de�nes natural integers as cardinals x such that
x 6Æx Å 1. It introduces induction on natural integers, so that a natural integer is any cardinal
obtained by applying a “�nite” number of times x 7! x Å 1 to the empty set. More formally,
if E is a set containing zero and stable by x 7! x Å 1, it contains all natural integers. If E is
any set with cardinal x, the set E [ {E} has cardinal x Å 1. As a consequence, one can de-
�ne a mapping n 7! En that associates to each natural number n a set En of cardinal n (by
trans�nite induction, one can do this for any cardinal n). This set En is called an ordinal in
[14] (For Bourbaki, an ordinal is a representative of well-ordered sets). It allows one to de�ne
�nite cardinals without the use of the axiom of choice. There is no set containing all car-
dinals (thus no set containing all ordinals) but given a cardinal (or ordinal) a, there is a set
containing all cardinals (or ordinals) less than a, and it is well-ordered. Every �nite ordinal
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is a natural integer; in�nite ordinals possess strange properties (addition and multiplication
are non-commutative) studied in the Exercises. Section 5 studies some properties of integers
(for instance division, expansion to base b) and computes the number of elements of various
sets (for instance the number of subsets of p elements of a set of n elements, the number of
permutations, etc). Section 6 studies in�nite sets. If there exists an in�nite set, then there
exists a setN containing all natural integers. An axiom is required in Bourbaki; in Coq, there
is an in�nite set, namely nat , and it is canonically isomorphic to the set of natural integers.
We use this isomorphism in section 5 (for instance, the factorial function and binomial co-
ef�cient are de�ned by induction on the Coq type nat , then shown to satisfy the Bourbaki
de�nitions). There are few in�nite cardinals (i.e., for any cardinal x there is a cardinal y such
that y È x, for instance 2 x , but one could add an axiom saying that y È x implies y ¸ 2x ), so
that one gets result like: the number of permutations of E is the number of mapping N 7! E,
it is also the number of orderings on E (see Exercices).

Section 6 de�nes direct limits and inverse limits. It is not yet implemented. There are
many exercises, two third of them are solved.

In the current version of this document, we use von Neumann ordinals to de�ne cardi-
nals. This means that �le set7.vcontains the de�nition and basic properties of ordinal num-
bers (including comparison). An ordinal equipotent to its successor is called in�nite; the
least in�nite ordinal is called ! (it exists since nat is in�nite). The cardinal of a set is de�ned
to be the least ordinal equipotent to it; a �nite ordinal is a �nite cardinal, so that N Æ! is the
set of all integers. We moved the de�nition and basic properties of addition; multiplication
and exponentiation from �le set7.vinto �le set8.v.

Several additional �les sset11.v, sset12.v, sset13.v, sset14.v, sset15.v sset16.v, sset17.vstudy
properties of ordinal numbers (addition, multiplication, exponentiation, Cantor Normal Form)
and also of in�nite cardinals (co�nality, regular cardinals, inaccessible cardinals, the Gener-
alized Continuum Hypothesis).

We also introduces the set Z in �le ssetz.v, the set Q in �les ssetq1.vand ssetqq.v, and
the set R in �le ssetr.v. These de�nitions in these sets are very different from those given by
Bourbaki in other Books.

The reader is invited to read the introduction of the �rst part. It explains some imple-
mentation details (for instance, what is a set? what formulation of the axiom of choice is
used?).

1.3 Terminology

Chapter III is much less formal that Chapter II. Let's for instance quote De�nition 9 [4,
p. 146]: “Two elements of a preordered set E are said comparable if the relation “ x · y or
y · x” is true. A set E is said to be totally ordered if it is ordered and if any two elements of E
are comparable. The ordering in E is then said to be a total ordering and the corresponding
order relation a total order relation.”

One has to understand this as follows. A preordered set is a pair (E,G) which satis�es the
preorder condition. The notation x · y stands for ( x, y) 2 G. An ordered set is a preordered
set where additional conditions are required for G. The ordering is G, the corresponding
order relation is “( x, y) 2 G”. By de�nition, E is uniquely determined by G. Instead of saying
that E is totally ordered, one can say: G is a total ordering if it is an ordering and for every x
and y in the substrate of G one has “( x, y) 2 G or (y,x) 2 G”. This non ambiguous, and will
be our de�nition. The following sentence is ambiguous “The set R of real numbers is totally
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ordered”, since the order is not speci�ed. Note that a sentence like “( R,· ) is totally ordered”
is ambiguous since · can denote any ordering. One must say “The set R of real numbers is
totally ordered by the usual order on real numbers.” We shall use the notation x · R y; an
alternative would be x · y (mod R) as in [14].

Bourbaki says: “a well-ordered set is totally ordered”. This is a short-hand for: for every
(E,¡ ), if ¡ is a well-ordering on E, then ¡ is a total ordering on E. It is impossible to say “for ev-
ery equivalence relation R we have...” since relations cannot be quanti�ed; there is only one
theorem in E.II.6, the chapter on equivalence relations. It is of the form: a correspondence ¡
between X and X is an equivalence if and only if... This might explain why Bourbaki de�nes
an order as a correspondence, rather than a graph. As a consequence, there are few criteria
(C59 to C63 de�ne normal and trans�nite induction).

1.4 Notations

The set of natural numbers is denoted N by Bourbaki. In the code it will be Nat, in order to
distinguish it from the set nat of Coq integers (these two sets are naturally isomorphic). This
is also the least in�nite ordinal, usually written ! by omega0in this document. The cardinal
product is sometimes denoted P

¶2I
a¶.

A lemma whose name starts with OS_(respectively, CS_and NS_) says that some quantity
is an ordinal number, a cardinal number, or a natural integer.

A lemma whose name ends with R, S, Aor Tsays that some relation is re�exive, symmetric,
antisymmetric, or transitive.

A lemma whose name ends with C, A D, or I says that an operation is commutative, asso-
ciative, distributive or involutive.

The cardinal sum is denoted by csum, and properties of the sum are given in theorems
starting with csum. Similarly, the ordinal product is denoted by oprod, and properties of the
product are given in theorems starting with oprod. A suf�x 2 is sometimes added in the case
of a binary operation. Note that csum_Cnstates commutativity of the cardinal sum in the
case of arbitrary number of arguments.

A suf�x Mmay indicate monotony; for instance csum_Mlele says how a Å b and a0Å b0

compare when a · a0and b · b0.

We start with set-theoretic notations.

Notation "a -s b" := (complement a b) (at level 50).
Notation "a -s1 b" := (a -s (singleton b)) (at level 50).
Notation "a \cup b" := (union2 a b) (at level 50).
Notation "a +s1 b" := (a \cup (singleton b)) (at level 50).
Notation "a \cap b" := (intersection2 a b) (at level 50).
Notation "a *s1 b" := (indexed a b) (at level 50).
Notation "A \times B" := (product A B) (at level 40).
Notation "\Po E" := (powerset E) (at level 40).

Notation J := Pair.pair_ctor.
Notation P := Pair.first_proj.
Notation Q := Pair.second_proj.

These complicated notations are described in the �rst part of the report.
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Notation "{ 'inc' d , P }" :=
(prop_inc1 d (inPhantom P))
(at level 0, format "{ 'inc' d , P }") : type_scope.

Notation "{ 'inc' d1 & d2 , P }" :=
(prop_inc11 d1 d2 (inPhantom P))
(at level 0, format "{ 'inc' d1 & d2 , P }") : type_scope.

Notation "{ 'inc' d & , P }" :=
(prop_inc2 d (inPhantom P))
(at level 0, format "{ 'inc' d & , P }") : type_scope.

Notation "{ 'when' d , P }" :=
(prop_when1 d (inPhantom P))
(at level 0, format "{ 'when' d , P }") : type_scope.

Notation "{ 'when' d1 & d2 , P }" :=
(prop_when11 d1 d2 (inPhantom P))
(at level 0, format "{ 'when' d1 & d2 , P }") : type_scope.

Notation "{ 'when' d & , P }" :=
(prop_when2 d (inPhantom P))
(at level 0, format "{ 'when' d & , P }") : type_scope.

Notation "{ 'when' : d , P }" :=
(prop_when22 d (inPhantom P))
(at level 0, format "{ 'when' : d , P }") : type_scope.

Notation "{ 'compat' f : x / p >-> q }" :=
(compatible_1 f (fun x => p) (fun x => q))
(at level 0, f at level 99, x ident,

format "{ 'compat' f : x / p >-> q }") : type_scope.
Notation "{ 'compat' f : x / p }" :=

(compatible_1 f (fun x => p) (fun x => p))
(at level 0, f at level 99, x ident,

format "{ 'compat' f : x / p }") : type_scope.
Notation "{ 'compat' f : x y / p >-> q }" :=

(compatible_2 f (fun x y => p) (fun x y => q))
(at level 0, f at level 99, x ident, y ident,

format "{ 'compat' f : x y / p >-> q }") : type_scope.
Notation "{ 'compat' f : x y / p }" :=

(compatible_2 f (fun x y => p) (fun x y => p))
(at level 0, f at level 99, x ident, y ident,

format "{ 'compat' f : x y / p }") : type_scope.
Notation "{ 'compat' f : x & / p >-> q }" :=

(compatible_3 f (fun x => p) (fun x => q))
(at level 0, f at level 99, x ident,

format "{ 'compat' f : x & / p >-> q }") : type_scope.
Notation "{ 'compat' f : x & / p }" :=

(compatible_3 f (fun x => p) (fun x => p))
(at level 0, f at level 99, x ident,

format "{ 'compat' f : x & / p }") : type_scope.

Notations for functions and functional objects.

Notation "f1 =1g f2" := (same_Vg f1 f2)
Notation "f1 =1f f2" := (same_Vf f1 f2)
Notation "f =1o g" := (forall x, ordinalp x -> f x = g x)

(at level 70, format "'[hv' f '/ ' =1o g ']'", no associativity).
Notation "f =2o g" := (forall x y, ordinalp x -> ordinalp y -> f x y = g x y)

(at level 70, format "'[hv' f '/ ' =2o g ']'", no associativity).
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Notation "x \cf y" := (composef x y) (at level 50).
Notation "x \cg y" := (composeg x y) (at level 50).
Notation "f1 \co f2" := (compose f1 f2) (at level 50).
Notation "x \cfP y" := (composablef x y) (at level 50).
Notation "f1 \coP f2" := (composable f1 f2) (at level 50).
Notation "f \ftimes g" := (ext_to_prod f g) (at level 40).
Notation "\Pof f" := (extension_to_parts f) (at level 40).

Notation "\0o" := ord_zero.
Notation "\0c" := card_zero.
Notation "\1o" := ord_one.
Notation "\1c" := card_one.
Notation "\2o" := ord_two.
Notation "\2c" := card_two.
Notation "\3c" := card_three.
Notation "\4c" := card_four.
Notation "\5c" := card_five.
Notation "\6c" := card_six.
Notation "\9c" := card_nine.
Notation "\10c" := card_ten.

The following notations introduce some alternate names.

Notation "\osup" := union (only parsing).
Notation "\csup" := union (only parsing).
Notation "\omega" := omega_fct.
Notation "\aleph" := omega_fct (only parsing).

Comparison of ordinals and cardinals

Notation "x <o y" := (ordinal_lt x y) (at level 60).
Notation "x <=o y" := (ordinal_le x y) (at level 60).
Notation "x <<o y" := (ord_negl x y) (at level 60).

Notation "x <=t y" := (order_type_le x y) (at level 60).
Notation "x <=O y" := (order_le x y) (at level 60).

Notation "x =c y" := (cardinal x = cardinal y)
Notation "x <=c y" := (cardinal_le x y) (at level 60).
Notation "x <c y" := (cardinal_lt x y) (at level 60).
Notation "x <=N y" := (Nat_le x y) (at level 60).
Notation "x <N y" := (Nat_lt x y) (at level 60).

Operations on cardinals and ordinals

Notation "x +c y" := (csum2 x y) (at level 50).
Notation "x *c y" := (cprod2 x y) (at level 40).
Notation "x ^c y" := (cpow x y) (at level 30).
Notation "x -c y" := (cdiff x y) (at level 50).
Notation "x %/c y" := (cquo x y) (at level 40).
Notation "x %%c y" := (crem x y) (at level 40).
Notation "x %|c y" := (cdivides x y) (at level 40).
Notation "x ^<c y" := (cpow_less x y) (at level 30).
Notation "m = n %c[mod d ]" := (m %%c d = n %%c d)
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Notation "x +o y" := (osum2 x y) (at level 50).
Notation "x *o y" := (oprod2 x y) (at level 40).
Notation "x -o y" := (odiff x y) (at level 50).
Notation "x ^o y" := (opow x y) (at level 30).
Notation "x +#o y" := (natural_sum x y) (at level 50).

Notation "x ^O y" := (ord_powa x y) (at level 30).
Notation "x +t y" := (OT_sum2 x y) (at level 50).
Notation "x *t y" := (OT_prod2 x y) (at level 40).

These notations are used for Z.

Notation BZ_val := P (only parsing).
Notation BZ_sg := Q (only parsing).

Notation "\0z" := BZ_zero.
Notation "\1z" := BZ_one.
Notation "\2z" := BZ_two.
Notation "\3z" := BZ_three.
Notation "\4z" := BZ_four.
Notation "\1mz" := BZ_mone.
Notation "x <=z y" := (BZ_le x y) (at level 60).
Notation "x <z y" := (BZ_lt x y) (at level 60).
Notation "x +z y" := (BZsum x y) (at level 50).
Notation "x *z y" := (BZprod x y) (at level 40).
Notation "x -z y" := (BZdiff x y) (at level 50).
Notation "x %/z y" := (BZquo x y) (at level 40).
Notation "x %%z y" := (BZrem x y) (at level 40).
Notation "x %|z y" := (BZdivides x y) (at level 40).

These notations are used for Q.

Notation "\0q" := BQ_zero.
Notation "\1q" := BQ_one.
Notation "\2q" := BQ_two.
Notation "\3q" := BQ_three.
Notation "\4q" := BQ_four.
Notation "\1mq" := BQ_mone.
Notation "\2hq" := BQ_half.

Notation Qnum := P (only parsing).
Notation Qden := Q (only parsing).
Notation "x <=q y" := (BQ_le x y) (at level 60).
Notation "x <q y" := (BQ_lt x y) (at level 60).
Notation "x +q y" := (BQsum x y) (at level 50).
Notation "x -q y" := (BQdiff x y) (at level 50).
Notation "x *q y" := (BQprod x y) (at level 40).
Notation "x /q y" := (BQdiv x y) (at level 40).

These notations are used for R.

Notation "\0r" := BR_zero.
Notation "\1r" := BR_one.
Notation "\2r" := BR_two.
Notation "\3r" := BR_three.
Notation "\4r" := BR_four.
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Notation "\5r" := BR_five.
Notation "\1mr" := BR_mone.
Notation "\2hr" := BR_half.

Notation "x <=r y" := (BR_le x y) (at level 60).
Notation "x <r y" := (BR_lt x y) (at level 60).
Notation "x +r y" := (BRsum x y) (at level 50).
Notation "x -r y" := (BRdiff x y) (at level 50).
Notation "x *r y" := (BRprod x y) (at level 40).
Notation "x /r y" := (BRdiv x y) (at level 40).
Notation "x ^r y" := (BRnpow x y) (at level 30).

Other notations

Notation CNF_coefficients := CNF_exponents (only parsing).
Notation "\cf x" := (cofinality x) (at level 49).
Notation "x \Eq y" := (equipotent x y) (at level 50).
Notation "x \Is y" := (order_isomorphic x y) (at level 50).

1.5 Tactics

We give here the list of tactics that are de�ned in the �les associated to this document .
This is now the tactic that exploits properties of order relations.

Ltac order_tac:=
match goal with

| H1: gle ?r ?x _ |- inc ?x (substrate ?r)
=> exact: (arg1_sr H1)

| H1: glt ?r ?x _ |- inc ?x (substrate ?r)
=> move: H1 => [H1 _] ; order_tac

| H1:gle ?r _ ?x |- inc ?x (substrate ?r)
=> exact: (arf2_sr H1)

| H1:glt ?r _ ?x |- inc ?x (substrate ?r)
=> move: H1 => [H1 _]; order_tac

| H: order ?r, H1: inc ?u (substrate ?r) |- related ?r ?u ?u
=> apply/(order_reflexivity H)

| H: order ?r |- inc (J ?u ?u) ?r
=> apply /(order_reflexivityP H)

| H: order ?r |- gle ?r ?u ?u
=> apply /(order_reflexivityP H)

| H1: gle ?r ?x ?y, H2: gle ?r ?y ?x, H:order ?r |-
?x = ?y => exact: (order_antisymmetry H H1 H2)

| H:order ?r, H1:related ?r ?x ?y, H2: related ?r ?y ?x |- ?x = ?y
=> apply (order_antisymmetry H H1 H2)

| H:order ?r, H1: inc (J ?x ?y) ?r , H2: inc (J ?y ?x) ?r |- ?x = ?y
=> apply (order_antisymmetry H H1 H2)

| H:order ?r, H1:related ?r ?u ?v, H2: related ?r ?v ?w
|- related ?r ?u ?w
=> apply (order_transitivity H H1 H2)

| H:order ?r, H1:gle ?r ?u ?v, H2: gle ?r ?v ?w |- gle ?r ?u ?w
=> apply (order_transitivity H H1 H2)

| H: order ?r, H1: inc (J ?u ?v) ?r, H2: inc (J ?v ?w) ?r |-
inc (J ?u ?w) ?r
=> apply (order_transitivity H H1 H2)
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| H1: gle ?r ?x ?y, H2: glt ?r ?y ?x, H: order ?r |- _
=> case: (not_le_gt H H1 H2)

| H1:glt ?r ?x ?y, H2: glt ?r ?y ?x, H:order ?r |- _
=> move: H1 => [H1 _] ; case: (not_le_gt H H1 H2)

| H1:order ?r, H2:glt ?r ?x ?y, H3: gle ?r ?y ?z |- glt ?r ?x ?z
=> exact: (lt_leq_trans H1 H2 H3)

| H1:order ?r, H2:gle ?r ?x ?y, H3: glt ?r ?y ?z |- glt ?r ?x ?z
=> exact: (leq_lt_trans H1 H2 H3)

| H1:order ?r, H2:glt ?r ?x ?y, H3: glt ?r ?y ?z |- glt ?r ?x ?z
=> exact: (lt_lt_trans H1 H2 H3)

| H1:order ?r, H2:gle ?r ?x ?y |- glt ?r ?x ?y
=> split =>//

| H:glt ?r ?x ?y |- gle ?r ?x ?y
=> by move: H=> []

end.

This is used for intervals.

Ltac zztac2 v := set_extens v ;
try (move/setI2_P=>[] /Zo_P [pa pb] /Zo_P [pc pd]; apply: Zo_i => //);
try (move /Zo_P => [ pa pb]; apply /setI2_P; split; apply: Zo_i => //).
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Chapter 2

Order relations. Ordered sets

This chapter de�nes order relations and studies some properties of sets and subsets or-
dered by a relation. We de�ne the notion of maximal element, greatest element, upper
bound, least upper bound. Some ordered sets may be quali�ed as directed, lattice or totally
ordered, or intervals. Functions weakly compatible with the order are called “increasing”,
and functions strongly compatible are called “order isomorphisms”.

2.1 De�nition of an order relation

In Bourbaki, there are two kinds of objects: sets and relations. For instance, ; and {; }
are two sets, while ; ½ {; } is a relation (that happens to be true), and { ; } ½ ; is a relation
that happens to be false. The objects x ½ x and (8 x)(x ½ x) are true relations. The �rst one
contains the letter x (which is a set); the second one does not contain x and is identical to
(8 y)(y ½ y). In a context where x is not a constant, x ½ x is equivalent to ( 8 x)(x ½ x), and
one can deduce E ½E whenever E is a set (either a constant, a letter, or an expression with
variables).

In our implementation of Bourbaki in C OQ, we have much more types. ; is a set, and has
type Set; ; ½ {; } is a relation and has type Prop; x 7! {x} is of type Set! Set, in short fterm ;
x 7! x 62x is of type Set! Prop, in short property ; (x, y) 7! x [ y is a shorthand for x 7! (y 7!
x [ y) of type Set! Set! Set, in short fterm2 ; (x, y) 7! x ½y is of type Set! Set! Prop, in
short relation . Bourbaki uses �rst order logic. This really means that in x 7! P or (8 x)P, the
variable x is a set. For instance, “if P then 0 else 1” cannot be considered as a function of P.

Bourbaki says: «Let Räx, yäbe a relation, x and y being distinct letters. R is said to be an
order relation with respect to the letters x and y (or between x and y) if »

(Räx, yäand Räy,zä) Æ) Räx,zä,(2.1)

(Räx, yäand Räy,xä Æ) (x Æy),(2.2)

Räx, yä Æ) (Räx,xäand Räy, yä).(2.3)

Examples: «The relation of equality, x Æy, is an order relation» (implicitly with respect to x
and y, because x comes before y in the notation), «The relation X ½ Y is an order relation
between X and Y.» «If A is a set, the relation “X ½Y and X ½A and Y ½A” is an order relation
between subsets of A » (as A is quali�ed as “set”, it is a constant, and the variables are X and Y).
So, an order relation is given by a relation (that may depend on some letters a, x, X, whatever)
and two such letters. Assume that the chosen letters are u and v. Then Rä0,1äis the relation
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obtained by replacing u by 0 and v by 1 (substitution is done in parallel so that R äv,uä is R
with u and v exchanged). An order relation must satisfy the three relations (2.1), (2.2), (2.3).
Relation (2.2) in the case of equality says: x Æy and y Æx implies x Æy. To say that this is true
means (8 x)(8 y)(x Æy^ y Æx Æ) x Æy). The third example involves three variables A, X and
Y; so that we have to choose two of them, for instance A and X and obtain a result of the form;
for all Y (or for no Y, or for some Y) the relation is an order. See discussion on page 510. It can
happen that R has less than two free variables; it can also happen that z is a free variable in R.
In this case the letter z in (2.1) should be replaced by a letter that does not appear in R (and
quanti�cation is over the three letters); see 510 what can go wrong. In Chapter II, de�nition
of an equivalence relation, Bourbaki explicitly states that z cannot appear in R.

De�nitions. In the last chapter of the �rst part of this document, we studied equivalence
relations, that were re�exive, symmetric and transitive. We also introduced the notion of a
preorder relation , which is re�exive and transitive and of an order relation , which is re�exive,
antisymmetric and transitive. Here “relation” means relation as explained above, so is a
function with two arguments, and R( x, y) is the result of applying R to x as �rst argument
and y as second argument. The set G of all pairs ( x, y) that are related by the relation is called
the graph of the relation when it exists; otherwise the relation is said to be “without graph”.
The set E of all x such that there is y such that ( x, y) or ( y,x) is in G is called the substrate. If all
x 2 E are related to themselves, the relation is called “re�exive on E”; if it is an order relation,
it is called an order relation on E. A preorder or an order is a graph G such that the relation
(x, y) 2 G between x and y is a preorder or order relation. Such a relation has a graph. Any
relation that has a graph is of this form. One writes generally x Á y for a preorder relation and
x · y for an order relation.

Examples: x Æy and x ½y are order relations without graph (there is no set that contains
all sets). If x · y is a preorder or an order relation, the opposite relation (the relation ( y,x) 7!
x · y, denoted in general y ¸ x) is of the same kind. If G is the graph of x · y then G ¡ 1 is the
graph of y · x; for this reason, G ¡ 1 is called the opposite graph of G.

Definition opposite_relation (r:relation) := fun x y => r y x.
Definition opp_order := inverse_graph.

Lemma equality_order_r: order_r (fun x y => x = y).
Lemma sub_order_r: order_r sub.
Lemma opposite_preorder_r r: preorder_r r -> preorder_r (opposite_relation r).
Lemma opposite_order_r r: order_r r -> order_r (opposite_relation r).

Consider a relation x · y and a set E. The set of all (x, y) 2 E£ E such that x · y is called
the graph of · on E, and is sometimes denoted E · . We have already shown that this is an
order on E if the relation “ x 2 E and y 2 E and x · y” is an order relation. We prove here a
variant.

Lemma order_from_rel1 r x:
transitive_r r ->
(forall u v, inc u x -> inc v x -> r u v -> r v u -> u = v) ->
(forall u, inc u x -> r u u) ->
order (graph_on r x).

If G is a graph, we sometimes write x · G y instead of ( x, y) 2 G, and x ÇG y as short for
“ x · G y and x 6Æy”. The C OQ notations are ` gle G x y' and `glt G x y '.

Inria
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Definition gle r x y := related r x y.
Definition glt r x y := gle r x y /\ x <> y.

Lemma order_reflexivityP r: order r ->
forall a, (inc a (substrate r) <-> gle r a a).

Lemma order_antisymmetry r a b:
order r -> gle r a b -> gle r b a -> a = b.

Lemma order_transitivity r a b c:
order r -> gle r a b -> gle r b c -> gle r a c.

Lemma lt_leq_trans r x y z:
order r -> glt r x y -> gle r y z -> glt r x z.

Lemma leq_lt_trans r x y z:
order r -> gle r x y -> glt r y z -> glt r x z.

Lemma lt_lt_trans r a b c:
order r -> glt r a b -> glt r b c -> glt r a c.

Lemma not_le_gt r x y:
order r -> gle r x y -> glt r y x -> False.

Lemma order_exten r r': order r -> order r' ->
(forall x y, gle r x y <-> gle r' x y) -> (r = r').

Some properties of opposite order.

Lemma opp_gleP r x y: gle (opp_order r) x y <-> gle r y x.
Lemma opp_gltP r x y: glt (opp_order r) x y <-> glt r y x.
Lemma opp_osr r: order r -> order_on (opp_order r) (substrate r).

Inclusion suborder. The relation “ x 2 A and y 2 A and x ½ y” is an order relation on A. If
A ÆP (E), then x 2 A can be replaced by x ½E.

Definition sub_order := graph_on sub.
Definition subp_order E := sub_order (\Po E).

Lemma sub_osr A: order_on (sub_order A) A.
Lemma subp_osr E: order_on (subp_order E) ( öPo E).
Lemma sub_gleP A u v:

gle (sub_order A) u v <-> [/\ inc u A, inc v A & sub u v].
Lemma subp_gleP E u v:

gle (subp_order E) u v <-> [/\ sub u E, sub v E & sub u v].

Extension ordering for functions. Let E and F be two sets, ©(E,F) the set of functions from
a subset of E to F, and S(f ), T( f ) and G( f ), the source, target and graph of the function f .
Since G is injective on ©, the relation G( f ) ½G(g) induces an order on ©. Note that G( f ) ½
G(g) is the same as “g extends f ”, it is equivalent to f (x) Æg(x) for any x in the source of f .

Definition extension_order E F :=
graph_on extends (sub_functions E F).

Lemma extension_osr E F:
order_on (extension_order E F) (sub_functions E F).

Lemma extension_orderP E F f g:
gle (extension_order E F) g f <->
[/\ inc g (sub_functions E F), inc f (sub_functions E F)

& extends g f].
Lemma extension_order_P1 E F f g:
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gle (extension_order E F) g f <->
(inc g (sub_functions E F) /\ inc f (sub_functions E F)

/\ sub (graph f) (graph g)).
Lemma extension_order_P2 E F f g:

gle (opp_order (extension_order E F)) g f <->
[/\ inc g (sub_functions E F), inc f (sub_functions E F)

& sub (graph f) (graph g)].
Lemma extension_order_pr E F f g:

gle (opp_order (extension_order E F)) f g ->
{inc source f, f =1f g}.

Coarser partitions. Let E be a set. Recall that a partition $ of E is a set of sets whose union
is E, the empty set is not in $ , the elements of $ are mutually disjoint. We shall denote by W E

the set of all partitions of E.

Note that $ ½P (E), and $ 2 P (P (E)). Thus, x 2 $ implies x 2 P (E). We can consider the
canonical injection $ ! P (E); this is the function de�ned on $ that maps x 2 $ to itself. The
graph of this function is a partition (in the sense that the union of the elements of the graph
is E, and these elements are mutually disjoint).

Section Partition.

Definition partitions E :=
Zo(\Po(\Po E)) (fun z => partition_s z E).

Definition part_fun p E := canonical_injection p (\Po E).

Lemma partition_set_in_PP p E:
partition_s p E -> inc p (\Po (\Po E)).

Lemma partitionsP p E:
inc p (partitions E) <-> partition_s p E.

Lemma pfs_f p E: partition_s p E -> function (part_fun p E).
Lemma pfs_V p E a: partition_s p E -> inc a p -> Vf (part_fun p E) a = a.
Lemma pfs_partition y x:

partition_s y x -> partition_w_fam (graph (part_fun y x)) x.

Recall that X is coarser than Y if for any y 2 Y there exists x 2 X such that x ½ y. We have
already shown that this relation satis�es all the properties of an order; we have even found
the greatest and least elements.

Definition coarser x := graph_on coarser_cs (partitions x).
Lemma coarser_gleP x y y':

gle (coarser x) y y' <->
[/\ partition_s y x, partition_s y' x & coarser_cs y y']

Lemma coarser_osr x: order_on (coarser x) (partitions x).
Lemma least_partition_is_least x y:

nonempty x ->
partition_s y x -> gle (coarser x) (least_partition x) y.

Lemma greatest_partition_is_greatest x y:
partition_s y x -> gle (coarser x) y (greatest_partition x).

Let $ be a partition; consider the set formed of all A £ A with A 2 $ ; let $̃ be the union of all
these sets. We pretend that this set is the graph of the equivalence associated to the partition.
The relation “ $ coarser than $ 0” is equivalent to $̃ ¾$̃ 0. Bourbaki says that this shows that
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coarser is an order. The nontrivial point is antisymmetry: we must show that $̃ Æ$̃ 0 implies
$ Æ$ 0. This is a consequence of the fact that the sets A £ A are mutually disjoint. If a and b
are in the same element of $ and in A and B for $ 0, the pair ( a,b) is in $̃ , hence in $̃ 0, hence
in A £ A and B £ B, so that the intersection of A and B is not empty, and A ÆB.

Definition partition_relset_aux y x :=
Zo (\Po (coarse x)) (fun z => exists2 a, inc a y & z = coarse a).

Definition partition_relset y x :=
partition_relation (part_fun y x) x.

Lemma prs_is_equivalence y x:
partition_s y x -> equivalence (part_relset y x).

Lemma partition_relset_pr1 y x a:
partition_s y x ->
inc a y -> inc (coarse a) (partition_relset_aux y x).

Lemma partition_relset_pr y x:
partition_s y x ->
partition_relset y x = union (partition_relset_aux y x).

Lemma sub_part_relsetX y x:
partition_s y x -> sub (partition_relset y x) (coarse x).

Lemma partition_relset_order x y y':
partition_s y x -> partition_s y' x ->
(sub (partition_relset y' x)(partition_relset y x) <->

gle (coarser x) y y').
Lemma part_relset_anti x y y':

partition_s y x -> partition_s y' x ->
(partition_relset y' x = partition_relset y x) ->
y = y'.

The order structure. Let G be a set. We have shown that relation “G ±G ÆG and G ÆG¡ 1” is
equivalent to say that G is the graph of an equivalence relation. We give here the correspond-
ing property for an order. Let ¢ be the diagonal of the substrate of G. If G is a graph, then G is
a preorder if and only if ¢ ½G and G±G ½G. These relations imply G ±G ÆG. Antisymmetry
is G\ G¡ 1 ½ ¢ . Re�exivity is also ¢ ½ G¡ 1, so that G is an order if and only G ±G ÆG, and
G\ G¡ 1 Æ¢ . This is Proposition 1 of Bourbaki [4, p. 132].

The “order structure” on a set A is characterized by its object s, whose typi�cation is
s2 P (A£ A) and the axiom is “ s±s Æs and s\ s¡ 1 Æ¢ A”. It follows that A is the substrate
of s, so that s is an order on A.

Lemma preorder_prop1 g:
sgraph g ->
sub (diagonal (substrate g)) g -> sub (g \cg g) g ->
g \cg g = g.

Lemma preorderP g: sgraph g ->
(preorder g <-> (sub (diagonal (substrate g)) g /\ sub (g \cg g) g)).

Theorem orderP r:
order r <->

(r \cg r = r /\ r \cap (opp_order r) = diagonal (substrate r)).
Lemma order_structure s a:

inc s (\Po (coarse a)) ->
s \cg s = s -> s \cap (inverse_graph s) = diagonal a ->
a = substrate s.
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2.2 Preorder relations

A non-trivial example of a preorder relation is the following: in the set of all coverings of a
set E, the relation “R is coarser than R 0” is re�exive and transitive, but neither symmetric nor
antisymmetric. For instance, consider a covering R. Assume that there are two subsets X and
Y of E such that X ½Y, Y2 R, and X 62R. Let R0ÆR[ {X}. This is a covering which is coarser
than R. Moreover, our set X is chosen such that R is coarser than R 0and R 6ÆR0.

Here are some basic properties.

Lemma preorder_reflexivity r a:
preorder r -> (inc a (substrate r) <-> gle r a a).

Lemma opposite_is_preorder1 r:
preorder r -> preorder (opp_order r).

Equivalence associated to a preorder. The relation “ x Á y and y Á x” is an equivalence if Á
is a preorder. Denote it by » . Then x Á y is compatible with x » x0 and y » y0. This means
that if these three relations hold, then we have also x0Á y0. If Á has a graph G, then » has a
graph, which is G \ G¡ 1.

Definition equivalence_associated_o r := r \cap(opp_order r).
Definition symmetrize (r: relation) := fun x y => r x y /\ r y x.

Lemma equivalence_preorder r:
preorder_r r -> equivalence_r (symmetrize r).

Lemma compatible_equivalence_preorder r (s := symmetrize r):
preorder_r r -> forall x y x' y', r x y -> s x x' -> s y y' -> r x' y'.

Lemma eao_P r x y:
related (equivalence_associated_o r) x y <-> symmetrize (gle r) x y.

Lemma equivalence_preorder1 r:
preorder r ->
equivalence (equivalence_associated_o r).

Lemma equivalence_associated_o_sr r:
preorder r ->
substrate (equivalence_associated_o r) = substrate r.

Lemma compatible_equivalence_preorder1 r u v x y:
preorder r -> related r x y ->
related (equivalence_associated_o r) x u ->
related (equivalence_associated_o r) y v->
related r u v.

Order associated to a preorder. Let Á be a preorder on a set E, » the equivalence associated
to it, and ¼be the canonical projection E ! E/» . Given two objects of the form u Æ¼(x)
and v Æ¼(y) in the quotient, we can compare u and v via x Á y, this is independent of the
representatives x and y. This relation has a graph, namely S ±G±S¡ 1, where S is the graph of
¼. This set is also (¼£ ¼)hGi , where ¼£ ¼maps E £ E into (E/ » ) £ (E/» ). This relation is an
order on the quotient; it is called the order relation associatedwith Á.

Definition order_associated r :=
let s := graph (canon_proj (equivalence_associated_o r)) in
(s \cg r) \cg (opp_order s).

Lemma oap_graph r:
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sgraph (order_associated r).
Lemma compose3_relP s r u v:

related ((s \cg r) \cg (opp_order s)) u v <->
exists x y, [/\ related s x u, related s y v & related r x y].

Section OrderAssociated.
Variable (r:Set).
Hypothesis pr: preorder r.

Lemma oap_relP1 u v:
related (order_associated r) u v <->
[/\ inc u (quotient (equivalence_associated_o r)),

inc v (quotient (equivalence_associated_o r)) ,
exists x y, [/\ inc x u, inc y v & related r x y]].

Lemma oap_relP2 u v:
related (order_associated r) u v <->
[/\ inc u (quotient (equivalence_associated_o r)),

inc v (quotient (equivalence_associated_o r)) &
forall x y, inc x u -> inc y v -> related r x y].

Lemma oap_osr:
order_on (order_associated r)(quotient (equivalence_associated_o r)).

Lemma oap_pr:
order_associated r =

Vfs ( canon_proj (equivalence_associated_o r) \ftimes
(canon_proj (equivalence_associated_o r))) r.

End OrderAssociated.

2.3 Notation and terminology

The purpose of this section is to explain the abuses of language and notations in sen-
tences like: «Let E be an ordered set. An element a 2 E is said to be the greatest element of E
if for all x 2 E we have x · a. Let X be a subset of E. Any element x 2 E such that x · y for all
y 2 X is called a lower bound of X in E; an element of E is said to be the in�mum of X in E if it
is the greatest element of the set of lower bounds of X in E.»

Bourbaki says: «an ordering on a set E is a correspondence ¡ Æ(G,E,E) with E as source
and as target, and such that the relation ( x, y) 2 G is an order relation on E. By abuse of
language we shall sometimes refer to the graph G of ¡ as an ordering on E.»

An example of abuse of language is the following: «let E be a set ordered by an ordering
¡ , with graph G; for each subset A of E, G \ (A£ A) is an ordering on A». Here “ordering” has
the two meanings. We shall write G A as short for G \ (A£ A).

In what follows, we shall use the word “ordering” for ¡ and “order” for G. Given an order-
ing ¡ , the source E is pr 1(pr 2(¡ )), and the graph G is pr 1(¡ ). On the other hand, if G is a graph,
we denote its substrate by S G and write x · G y instead of ( x, y) 2 G. If this is an order relation
on SG, then (G,SG,SG) is a correspondence and an ordering. Moreover S G is the set of all x
such that x · G x. This means that the two notions of “order” and “ordering” are equivalent,
and we shall use only the simple one.

Let G be an order. We say that a is the greatest element of G if a 2 SG and for all x 2 SG we
have x · G a. Let X be a subset of SG. Any element x 2 SG such that x · G y for all y 2 X is called
a lower bound of X for G; an element is said to be the in�mum of X for G if it is the greatest
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element of G W , where W is the set of lower bounds of X for G. We get the Bourbaki de�nition
by omitting the indices on · , and writing E instead of S G and G.

Bourbaki says «The de�nitions to be given in the remainder of this section apply to an
arbitrary order relation R äx, yäbetween x and y, but will be used mainly in the case where
Räx, yäis written x · y. [...] Then y ¸ x is synonymous with x · y. [...] We shall write x Ç y for
the relation “ x · y and x 6Æy” [...] The conditions for a relation written x · y to be an order
relation on a set E are as follows:

(ROI ) The relation “ x · y and y · z” implies x · z.
(ROII ) The relation “ x · y and y · x” implies x Æy.
(ROIII ) The relation x · y implies “ x · x and y · y”.
(ROIV ) The relation x · x is equivalent to x 2 E.
If we leave out the condition (RO II ), we have the conditions for x · y to be a preorder relation
on E.»

We implement this statement as:

Definition order_axioms r s :=
[/\ (forall y x z, gle r x y -> gle r y z -> gle r x z),

(forall x y, gle r x y -> gle r y x -> x = y),
(forall x y, gle r x y -> (inc x s /\ inc y s)),
(forall x, gle r x x <-> inc x s) &
sgraph r].

Lemma axioms_of_order r: order r <-> (order_axioms r (substrate r)).

In Bourbaki's framework, one can state theorems of the form: 8 ¡ , if ¡ is an ordering on E
with graph G, if ( x, y) 2 G is written x · y, and x Ç y means x · y and x 6Æy, then ( 8 x)(8 y)(x 2
E Æ) (x · y () (x Ç y or x Æy))). However one cannot quantify over relations. So one has
to say: whenever we have a relation between two variables, denoted by a · b, then whatever
x, whatever y, it is true that .... This is called a criterion. Example C58: Let · be an order
relation, and let x, y be two distinct letters. The relation x · y is equivalent to “x Ç y or x Æy”.
Each of the relations “x · y and y Ç z”, “x Ç y and y · z” implies x Ç z.

Bourbaki says: «The �rst assertion follows from the criterion A Æ) ((A and (not B)) or B)
(Chapter I, §3, Criterion C24).» In fact, by excluded middle, A is equivalent to (A and (B or not
B); using distributivity and simpli�cation shows Æ) ; the converse implication is false. Thus
the criterion is false (if x Æy then x · x only if x belongs to some set E for which the relation
is re�exive on E, but E is not mentioned in the criterion, and x 2 E is missing.) Note also that
the criterion assumes that x and y are distinct letters, but says nothing of z.

Bourbaki writes `«n order to make matters easier and to replace metamathematical cri-
teria by mathematical theorems, we shall usually consider a theory T which contains the
axioms and axiom schemes of the theory of sets, and in addition, two constants E and ¡ sat-
isfying the axiom “ ¡ is an ordering on the set E”. We shall denote by x · y the relation y 2 ¡ hxi ,
and we shall say that E is ordered by the ordering ¡ (or by the order relation y 2 ¡ hxi ). [...] In
some situations the theories which we shall consider are a little more complicated. We shall
leave it to the reader to make explicit the constants and axioms of such theories».

This kind of machinery is quite complicated, and not needed. All that needs to be done
is to replace statements as “let E be an ordered set” by “Let G be an ordering, let E denote its
substrate and x · y the relation ( x, y) 2 G”; in some cases (as in “the least element of E”) E
has to be replaced by G, that's all.
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Order morphisms. We say that f is a morphism for two orders denoted · E or · F on E and
F if f is a function from E to F compatible with the orders (if x and y are in E, then x · E y
is equivalent to f (x) · F f (y)). Such a function is injective. If x and y are in E, then x ÇE y is
equivalent to f (x) ÇF f (y). Thus x · E y implies f (x) · F f (y) and x ÇE y implies f (x) ÇF f (y).
If a morphism is bijective, it is called an isomorphism . Two orderings are called isomorphic if
there is an isomorphism.

Definition fincr_prop f r r' :=
forall x y, gle r x y -> gle r' (Vf f x) (Vf f y).

Definition fsincr_prop f r r' :=
forall x y, glt r x y -> glt r' (Vf f x) (Vf f y).

Definition fiso_prop f r r' :=
forall x y, inc x (source f) -> inc y (source f) ->

(gle r x y <-> gle r' (Vf f x) (Vf f y)).
Definition fsiso_prop f r r' :=

forall x y, inc x (source f) -> inc y (source f) ->
(glt r x y <-> glt r' (Vf f x) (Vf f y)).

Definition order_isomorphism f r r' :=
[/\ order r, order r', bijection_prop f (substrate r) (substrate r')&
fiso_prop f r r'].

Definition order_morphism f r r' :=
[/\ order r, order r', function_prop f (substrate r) (substrate r') &
fiso_prop f r r'].

Definition order_isomorphic r r':=
exists f, order_isomorphism f r r'.

We list some basic properties.

Lemma order_morphism_fi f r r': order_morphism f r r'->
injection f.

Lemma order_isomorphism_w r r' f:
order_isomorphism f r r' -> order_morphism f r r'.

Lemma order_isomorphism_ws r r' f:
bijection f -> order_morphism f r r' -> order_isomorphism f r r'.

Lemma order_morphism_incr f r r': order_morphism f r r' -> fincr_prop f r r'.
Lemma order_morphism_sincr f r r': order_morphism f r r' -> fsincr_prop f r r'.
Lemma order_isomorphism_incr f r r':

order_isomorphism f r r' -> fincr_prop f r r'.
Lemma order_isomorphism_sincr f r r':

order_isomorphism f r r' -> fsincr_prop f r r'.
Lemma order_morphism_siso f r r': order_morphism f r r' -> fsiso_prop f r r'.
Lemma order_isomorphism_siso f r r': order_isomorphism f r r' ->

fsiso_prop f r r'.

A morphism is an isomorphism on its range. The composition of two morphisms (iso-
morphisms) is a morphism (resp., an isomorphism). The inverse of an isomorphism is an
isomorphism.

Lemma identity_is r: order r ->
order_isomorphism (identity (substrate r)) r r.

Lemma identity_morphism r: order r ->
order_morphism (identity (substrate r)) r r.

RR n° 7150



20 José Grimm

Lemma inverse_order_is r r' f:
order_isomorphism f r r' -> order_isomorphism (inverse_fun f) r' r.

Lemma compose_order_morphism r r' r'' f f':
f' \coP f -> order_morphism f r r' -> order_morphism f' r' r'' ->
order_morphism (f' \co f) r r''.

Lemma compose_order_is r r' r'' f f':
order_isomorphism f r r' -> order_isomorphism f' r' r'' ->
order_isomorphism (f' \co f) r r''.

We can summarize the previous lemmas as: being order isomorphic is an equivalence
relation (this relation has no graph, since every set can be ordered).

Lemma orderIR r: order r -> r \Is r.
Lemma orderIS r r': r \Is r' -> r' \Is r.
Lemma orderIT r' r r'': r \Is r' -> r' \Is r'' -> r \Is r''.

2.4 Ordered subsets. Product of ordered sets

Induced order. Let G be a graph, A a set. De�ne G A ÆG\ (A£ A). If G is an order (or preorder)
on E, and A ½E, then GA is an order (or preorder) on A. It is called the order induced by G. If
the order relation associated to G is denoted x · y, then the order relation associated to G A

is denoted x · A y or x · y by abuse of notations. By abuse of language, we say that A is an
“ordered subset” of E, if we consider that A is ordered by G A and E is ordered by G.

Definition induced_order r a := r \cap (coarse a).

Lemma iorder_gleP r a x y: inc x a -> inc y a ->
(gle (induced_order r a) x y <-> gle r x y).

Lemma iorder_gle1 r a x y:
gle (induced_order r a) x y -> gle r x y.

Lemma iorder_gle2 r a x y:
glt (induced_order r a) x y -> glt r x y.

Lemma iorder_gle3 r a x y:
gle (induced_order r a) x y -> (inc x a /\ inc y a).

Lemma iorder_gle4 r a x y:
glt (induced_order r a) x y -> (inc x a /\ inc y a).

Lemma iorder_gle5P r a x y:
gle (induced_order r a) x y <-> [/\ inc x a, inc y a & gle r x y].

Lemma iorder_gle6P r a x y:
glt (induced_order r a) x y <-> [/\ inc x a, inc y a & glt r x y]..

If A is the substrate of G, then G A ÆG. If B ½A then (GA)B ÆGB. Moreover G ¡ 1
A Æ(GA)¡ 1.

Lemma iorder_preorder r a:
sub a (substrate r) ->
preorder r -> preorder (induced_order r a).

Lemma iorder_osr r a: order r -> sub a (substrate r) ->
order_on (induced_order r a) a.

Lemma iorder_substrate r:
order r -> induced_order r (substrate r) = r.

Lemma iorder_opposite r x: order r ->
commutes_at (induced_order ^~ x) (opp_order) r.

Lemma iorder_trans a b c: sub c b ->
induced_order (induced_order a b) c = induced_order a c.
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Example of functional graphs. Let ©(E,F) be the set of all mappings of subsets of E into
F (this is the union of all F (I;F), for I ½ E). Denote by ª (E,F) the set of functional graphs
included in E £ F; this is the union of all F I for I ½E. Let f 7! G(f ) be the function that maps
a function to its graph. This is a bijection F (I;F) ! FI , and extends to a bijection ©(E,F) !
ª (E,F). This is an order isomorphism, if we compare partial functions by “ g extends f ” and
graphs by f ½g.

Definition fgraphs x y :=
Zo (\Po (x \times y)) fgraph.

Definition graph_of_function x y :=
Lf graph (sub_functions x y) (fgraphs x y).

Lemma graph_of_function_sub x y z:
inc z (sub_functions x y) -> sub (graph z) (x \times y).

Lemma set_of_graphs_pr x y z:
inc z (sub_functions x y) -> inc (graph z) (fgraphs x y).

Lemma graph_of_fonction_f x y:
function (graph_of_function x y).

Lemma graph_of_function_V x y f:
inc f (sub_functions x y) -> Vf (graph_of_function x y) f = graph f.

Lemma graph_of_function_fb x y:
bijective (graph_of_function x y).

Lemma graph_of_function_is x y:
order_isomorphism (graph_of_function x y)
(opp_order (extension_order x y))
(sub_order (fgraphs x y)).

Example of partitions. If E is a set, we consider the mapping $ 7! $̃ , that maps a partition
to the graph of the associated equivalence. We know that “ $ coarser than $ 0” is equivalent to
$̃ ¾$̃ 0. This mapping is an isomorphism on its image (when the source is endowed with the
opposite of the coarse relation, and the target with ½). The source is the set of partitions, the
target is some subset of P (E£ E).

Definition graph_of_partition x :=
Lf(fun y => partition_relset y x) (partitions x) (\Po (coarse x)).

Lemma gop_axiom x:
lf_axiom (fun y => partition_relset y x)

(partitions x) (\Po (coarse x)).
Lemma gop_V x y:

partition_s y x ->
Vf (graph_of_partition x) y = partition_relset y x.

Lemma gop_morphism x:
order_morphism (graph_of_partition x) (coarser x)
(opp_order (subp_order (coarse x))).

Example of preorders. On the set of all graphs that are preorders on a set E, we may con-
sider the ordering induced by ½. If s ½ t , then s is �ner than t . This amounts to say that
elements related by s are also related by t .

Definition preorder_on r E := preorder r /\ substrate r = E.
Definition preorders x := Zo (\Po (coarse x))(preorder_on ^~ x).
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Definition coarser_preorder x := sub_order (preorders x).

Lemma preordersP x z:
inc z (preorders x) <-> (preorder_on z x).

Lemma coarser_preorder_osr x:
order_on (coarser_preorder x) (preorders x).

Lemma coarser_preorder_gleP x u v:
gle (coarser_preorder x) u v <->
[/\ preorder u, preorder v, substrate u = x, substrate v = x & sub u v].

Lemma coarser_preorder_gleP1 x u v:
gle (coarser_preorder x) u v <->
[/\ preorder u, preorder v, substrate u = x, substrate v = x &
forall a b, inc a x -> inc b x -> related u a b -> related v a b].

Product of orders. Consider a family of relations (G ¶)¶2I , with substrate E ¶. On the product
Q

E¶, we can consider the relation: ( x¶)¶ and (x0
¶)¶ are related if for each ¶2 I, x¶ and x0

¶ are
related. This is called the product of the relations.

Definition fam_of_substrates g :=
Lg (domain g) (fun i => substrate (Vg g i)).

Definition fam_of_opp g := Lg (domain g) (fun i => opp_order (Vg g i)).

Definition prod_of_substrates g := productb (fam_of_substrates g).
Definition order_fam g := allf g order.
Definition order_product_r g x x' :=

forall i, inc i (domain g) -> gle (Vg g i) (Vg x i) (Vg x' i).
Definition order_product g :=

graph_on (order_product_r g)(prod_of_substrates g).

Lemma fos_graph f: fgraph (fam_of_substrates f).
Lemma fos_d f: domain (fam_of_substrates f) = domain f.
Lemma fos_V f x: inc x (domain f) ->

Vg (fam_of_substrates f) x = substrate (Vg f x).
Lemma fam_of_opp_sr g: allf g sgraph ->

fam_of_substrates g = fam_of_substrates (fam_of_opp g).
Lemma fam_of_opp_or g: order_fam g -> order_fam (fam_of_opp g).
Lemma prod_of_substratesP g x:
inc x (prod_of_substrates g) <->

[/\ fgraph x, domain x = domain g &
forall i, inc i (domain g) -> inc (Vg x i) (substrate (Vg g i))].

Lemma prod_of_substrates_gi g f:
(forall i, inc i (domain g) -> inc (f i) (substrate (Vg g i))) ->
inc (Lg (domain g) f) (prod_of_substrates g).

Lemma prod_of_substrates_p g x i:
inc x (prod_of_substrates g) ->
inc i (domain g) -> inc (Vg i x) (substrate (Vg g i)).

Lemma order_product_gleP g x x':
(gle (order_product g) x x' <->
[/\ inc x (prod_of_substrates g), inc x' (prod_of_substrates g) &

forall i, inc i (domain g) -> gle (Vg g i) (Vg x i)(Vg x' i)]).

If all relations are orders, then the product is an order. It will be called the product of
the order relations and its graph will be called the product of the orders. The graph is

Q
G¶
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transported from
Q

(E¶£ E¶) to
Q

E¶£
Q

E¶ via the canonical bijection. We get the opposite
order by taking the opposite order of each factor.

Lemma order_product_osr g:
order_fam g -> order_on (order_product g) (prod_of_substrates g).

Lemma order_product_opp_osr g: order_fam g ->
order_on (order_product (fam_of_opp g)) (prod_of_substrates g) /\
order_product (fam_of_opp g) = opp_order (order_product g).

Lemma product_order_def g (f := fam_of_substrates g):
order_fam g ->
Vfs (prod_of_products_canon f f) (order_product g) = (productb g).

If we have two orders · E and · F on E and F, we may consider the product ¦ of the family
formed of these two orders; the substrate of the product is canonically isomorphic to E £ F;
this isomorphism induces then an order on E £ F, such that ( x, y) · (x0, y0) whenever x · E x0

and y · F y0. Note that · is just the product of the two relations · E and · F (see �rst part of
this report, where we have shown that it is an order).

Definition order_product2 f g := prod_of_relation f g.

Lemma order_product2_P f g x x':
gle (order_product2 f g) x x' <->
[/\ inc x ((substrate f) \times (substrate g)),

inc x' ((substrate f)\times (substrate g)) &
gle f (P x) (P x') /\ gle g (Q x) (Q x')].

Comparing functions. Since FE is a product, an order on F gives an order on the set of
graphs of functions. We have f · g whenever 8 i , f i · gi . Similarly, we can compare two
functions f and g : E ! F via 8 x 2 E, f (x) · g(x). This gives a natural order on F (E;F). The
function that associates to a function of F (E;F) its graph in F E is an order isomorphism.

Definition order_graph_r x r z z' :=
forall i, inc i x -> gle r (Vg z i) (Vg z' i).

Definition order_graph x y r :=
graph_on (order_graph_r x r) (gfunctions x y).

Definition order_function_r x y r f g :=
[/\ function_prop f x y, function_prop g x y &
forall i, inc i x -> gle r (Vf f i) (Vf g i)].

Definition order_function x y r :=
graph_on (order_function_r x y r) (functions x y).

Now some properties of graph orderings.

Lemma order_fam_cst x r: order r -> order_fam (cst_graph x r).
Lemma order_graph_r_P x r z z':

order_graph_r x r z z' <->
order_product_r (cst_graph x r) z z'.

Section OrderGraph.
Variables (x y g: Set).
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Hypothesis (sr: substrate g = y).

Lemma order_graph_pr1:
gfunctions x y = prod_of_substrates (cst_graph x g).

Lemma order_graph_pr:
order_graph x y g = order_product (cst_graph x g).

Lemma order_graph_osr: order g ->
order_on (order_graph x y g) (gfunctions x y).

End OrderGraph.

Now some properties of function orderings.

Section OrderFunction.
Variables (x y r: Set).
Hypothesis (or: order r) (sr: substrate r = y).
Lemma order_functionP f f':

gle (order_function x y r) f f' <->
(inc f (functions x y) /\

inc f' (functions x y) /\
forall i, inc i x -> gle r (Vf f i) (Vf f' i)).

Lemma order_function_osr: order_on (order_function x y r)(functions x y).
Lemma function_order_is:

order_isomorphism (Lf graph (functions x y)(gfunctions x y))
(order_function x y r)(order_graph x y r).

The last theorem can be weakened to: the two ordered sets F (E;F) and FE are order iso-
morphic.

Lemma order_function_is1: (order_function x y r) \Is (order_graph x y r).
End OrderFunction.

2.5 Increasing mappings

Consider two sets E and F ordered by · E and · F and a function f : E ! F. We say that f
is increasing if x · E y implies f (x) · F f (y) and decreasing if x · E y implies f (x) ¸ F f (y). A
function is strictly increasing or strictly decreasing if x Ç y implies f (x) Ç f (y) or f (x) È f (y).
A function that is increasing or decreasing is monotone .

Definition increasing_fun f r r' :=
[/\ order r, order r', function_prop f (substrate r) (substrate r')
& fincr_prop f r r'].

Definition decreasing_fun f r r' :=
[/\ order r, order r', function_prop f (substrate r) (substrate r')
& forall x y, gle r x y -> gle r' (Vf f y) (Vf f x)].

Definition monotone_fun f r r' :=
increasing_fun f r r' \/ decreasing_fun f r r'.

Definition strict_increasing_fun f r r' :=
[/\ order r, order r', function_prop f (substrate r) (substrate r')
& fsincr_prop f r r'].

Definition strict_decreasing_fun f r r' :=
[/\ order r, order r', function_prop f (substrate r) (substrate r')
& forall x y, glt r x y -> glt r' (Vf f y) (Vf f x)].

Definition strict_monotone_fun f r r' :=
strict_increasing_fun f r r' \/ strict_decreasing_fun f r r'.
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Some consequences when we replace one order by its opposite.

Lemma increasing_fun_reva f r r':
increasing_fun f r r' -> decreasing_fun f r (opp_order r').

Lemma increasing_fun_revb f r r':
increasing_fun f r r' -> decreasing_fun f (opp_order r) r'.

Lemma decreasing_fun_reva f r r':
decreasing_fun f r r' -> increasing_fun f r (opp_order r').

Lemma decreasing_fun_revb f r r':
decreasing_fun f r r' -> increasing_fun f (opp_order r) r'.

Lemma monotone_fun_reva f r r':
monotone_fun f r r' -> monotone_fun f r (opp_order r').

Lemma monotone_fun_revb f r r':
monotone_fun f r r' -> monotone_fun f (opp_order r) r'.

Same for strictly monotone.

Lemma strict_increasing_fun_reva f r r':
strict_increasing_fun f r r' -> strict_decreasing_fun f r (opp_order r').

Lemma strict_increasing_fun_revb f r r',:
strict_increasing_fun f r r' -> strict_decreasing_fun f (opp_order r) r'.

Lemma strict_decreasing_fun_reva f r r':
strict_decreasing_fun f r r' -> strict_increasing_fun f r (opp_order r').

Lemma strict_decreasing_fun_revb f r r':
strict_decreasing_fun f r r' -> strict_increasing_fun f (opp_order r) r'.

Lemma strict_monotone_fun_reva f r r':
strict_monotone_fun f r r' -> strict_monotone_fun f r (opp_order r').

Lemma strict_monotone_fun_revb f r r':
strict_monotone_fun f r r' -> strict_monotone_fun f (opp_order r) r'.

A strictly increasing function is increasing. An order morphism is strictly increasing.

Lemma strict_increasing_w f r r':
strict_increasing_fun f r r' -> increasing_fun f r r'.

Lemma strict_decreasing_w f r r':
strict_decreasing_fun f r r' -> decreasing_fun f r r'.

Lemma increasing_compose f g r r' r'':
increasing_fun f r r' -> increasing_fun g r' r'' ->

[/\ g \coP f,
(forall x, inc x (source f) -> Vf (g \co f) x = Vf g (Vf f x))
& increasing_fun (g \co f) r r''].

Lemma increasing_compose3 f g h r r' r'' r''':
strict_increasing_fun f r r' -> increasing_fun g r' r'' ->
strict_increasing_fun h r'' r''' ->

[/\ inc res (functions (source f) (target h)),
(forall x, inc x (source f) -> Vf res x = Vf h (Vf g(Vf f x))) &
increasing_fun res r r'''].

Lemma order_isomorphism_increasing f r r':
order_isomorphism f r r' ->
strict_increasing_fun f r r'.

Lemma order_morphism_increasing f r r':
order_morphism f r r' ->
strict_increasing_fun f r r'.
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Examples. A constant function is increasing and decreasing (conversely, a function that is
increasing and decreasing is constant on all classes of the equivalence relation “ x and y are
comparable”; it is constant if the set is totally ordered). The identity function is increasing
and decreasing on a set ordered by equality (this function is not constant when the set has
more than one element). Let E be a set, f : P (E) ! P (E) the function that maps X ½ E to
its complementary. This is an order isomorphism if P (E) is ordered by ½ and ¾ (different
ordering on source and target) and is strictly decreasing if the same ordering is chosen on
the source and the target.

Lemma constant_fun_increasing f r r':
order r -> order r' -> substrate r = source f ->
substrate r' = target f -> constantfp f ->
increasing_fun f r r' /\ decreasing_fun f r r'.

Lemma identity_increasing_decreasing x (r := diagonal x) :
(increasing_fun (identity x) r r /\ decreasing_fun (identity x) r r).

Lemma setC_decreasing E:
strict_decreasing_fun (Lf (fun X => E -s X)(\Po E)(\Po E))
(subp_order E) (subp_order E).

Lemma setC_isomorphism E:
order_isomorphism (Lf (complement E)(\Po E)(\Po E))
(subp_order E) (opp_order (subp_order E)).

Let U x be the set of upper bounds of { x}. We have x · y if and only if U y ½ Ux . The
function x 7! Ux is thus strictly decreasing.

Definition upper_bounds1 r x :=
Zo (substrate r)(fun y => gle r x y).

Lemma upper_bounds1_P x y r:
order r -> inc x (substrate r) -> inc y (substrate r) ->
(gle r x y <-> sub (upper_bounds1 r y) (upper_bounds1 r x)).

Lemma upper_bounds1_decreasing r:
order r ->
strict_decreasing_fun

(Lf (upper_bounds1 r)(substrate r)(\Po (substrate r)))
r (subp_order (substrate r)).

If a function is injective, monotone implies strictly monotone. If a function is bijective, it
is an isomorphism if and only if the function and its inverse are increasing. An isomorphism
remains one if the orders on the source and target are replaced by the opposite ones.

Lemma strict_increasing_from_injective f r r':
injection f -> increasing_fun f r r' -> strict_increasing_fun f r r'.

Lemma strict_decreasing_from_injective f r r':
injection f -> decreasing_fun f r r' -> strict_decreasing_fun f r r'.

Lemma strict_monotone_from_injective f r r':
injection f -> monotone_fun f r r' -> strict_monotone_fun f r r'.

Lemma order_isomorphism_P f r r':
order r -> order r' ->
bijection f -> substrate r = source f -> substrate r' = target f ->
(order_isomorphism f r r' <->

(increasing_fun f r r' /\ increasing_fun (inverse_fun f) r' r)).
Lemma order_isomorphism_opposite g r r':

order_isomorphism g r r' ->
order_isomorphism g (opp_order r) (opp_order r').
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Assume that we have two ordered sets E and E 0, decreasing functions u and v from E to E 0

and E0to E. Assume u(v(x)) ¸ x and v(u(x0)) ¸ x0for all x and x0. Fix x, and let y Æv(u(v(x))).
Since v is decreasing, the �rst relation says y · v(x). The second relation says y ¸ v(x), so
that y Æv(x). We deduce Proposition 2 [4, p. 139], that states u ±v ±u Æu and v ±u ±v Æv.

Theorem decreasing_composition u v r r':
decreasing_fun u r r' -> decreasing_fun v r' r ->

(forall x, inc x (substrate r) -> gle r (Vf v (Vf u x)) x) ->
(forall x', inc x' (substrate r') -> gle r' (Vf u (Vf v x')) x') ->
(u \co v \co u = u /\ v \co u \co v = v).

2.6 Maximal and minimal elements

Bourbaki says: if E is a set with a preorder, then a 2 E is minimal (resp. maximal ) in E if
x · a (resp. x ¸ a) implies x Æa. Our de�nition applies to any graph.

Definition maximal r a :=
inc a (substrate r) /\ forall x, gle r a x -> x = a.

Definition minimal r a :=
inc a (substrate r) /\ forall x, gle r x a -> x = a.

Examples. In P (E), the empty set is the least element for inclusion. If we remove it, min-
imal elements are singletons. On the set of partial functions ordered by extension, maximal
elements are total functions (because non-total functions can be extended).

Lemma maximal_opp r: order r -> forall x,
(maximal (opp_order r) x <-> minimal r x).

Lemma minimal_opp r: order r -> forall x,
(minimal (opp_order r) x <-> maximal r x).

Lemma minimal_inclusion E y (F:= (\Po E) -s1 emptyset):
inc y F -> (minimal (sub_order F) y <-> singletonp y).

Lemma maximal_extensionP E F x:
nonempty F -> inc x (sub_functions E F) ->
(maximal (opp_order (extension_order E F)) x <-> (source x = E)).

2.7 Greatest element and least element

Given an ordering · on a set E, we say that a is a greatestor least element, if a 2 E and for
all x, a · x (respectively, x · a) implies x Æa. By antisymmetry, there is at most one such ele-
ment. This allows us to de�ne max(E) and min(E) that are such that: if a is a greatest element,
then a Æmax(E) and: if there is a greatest element, then max(E) is a greatest element.

Definition greatest r a :=
inc a (substrate r) /\ forall x, inc x (substrate r) -> gle r x a.

Definition least r a :=
inc a (substrate r) /\ forall x, inc x (substrate r) -> gle r a x.

Definition has_least r := (exists u, least r u).
Definition has_greatest r := (exists u, greatest r u).
Definition the_least r := select (least r) (substrate r).
Definition the_greatest r := select (greatest r) (substrate r).
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Section GreatestProperties.
Variable (r: Set).
Hypothesis (or: order r).

Lemma unique_greatest: uniqueness (greatest r).
Lemma unique_least: uniqueness (least r).
Lemma the_least_pr: has_least r -> least r (the_least r).
Lemma the_greatest_p: has_greatest r -> greatest r (the_greatest r).
Lemma the_least_pr2 x: least r x -> the_least r = x.
Lemma the_greatest_pr2 x: greatest r x -> the_greatest r = x.

If minE ÆmaxE, then E has a single element.

Lemma least_and_greatest x: least r x -> greatest r x ->
singletonp (substrate r).

Lemma least_minimal a: least r a -> minimal r a.
Lemma greatest_maximal a: greatest r a -> maximal r a.

End GreatestProperties.

If E is ordered by · , and E0½ E is also ordered by · , then minE ÆminE 0 provided that
minE exists and is an element of E 0.

Lemma greatest_of_induced r s x:
order r -> sub s (substrate r) -> inc x s ->
greatest r x ->
the_greatest r = the_greatest (induced_order r s).

Lemma least_of_induced r s x:
order r -> sub s (substrate r) -> inc x s ->
least r x ->
the_least r = the_least (induced_order r s).

Lemma least_and_greatest r x: order r ->
least r x -> greatest r x ->
singletonp (substrate r).

More simple properties.

Lemma greatest_opposite a r:
order r -> greatest r a -> least (opp_order r) a.

Lemma least_opposite a r:
order r -> least r a -> greatest (opp_order r) a.

Lemma the_greatest_opposite r: order r ->
(has_least r) ->
the_greatest (opp_order r) = the_least r.

Lemma the_least_opposite r: order r ->
(has_greatest r) ->
the_least (opp_order r) = the_greatest r.

Lemma greatest_unique_maximal a b r:
greatest r a -> maximal r b -> a = b.

Lemma least_unique_minimal a b r:
least r a -> minimal r b -> a = b.
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Greatest and least elements of inclusion. If S is a subset of P (E), ordered by inclusion, the
least upper bound and greatest lower bound (de�ned below) are the intersection and union.
This implies the following fact: if there is a greatest element, it is the union, and the union is
the greatest element if it is in the set.

Lemma least_is_setI s a:
least (sub_order s) a -> a = intersection s.

Lemma greatest_is_setU s a:
greatest (sub_order s) a -> a = union s.

Lemma setI_least s:
inc (intersection s) s ->
least (sub_order s) (intersection s).

Lemma setU_greatest s:
inc (union s) s -> greatest (sub_order s) (union s).

Lemma emptyset_least E:
least (subp_order E) emptyset.

Lemma wholeset_greatest E:
greatest (subp_order E) E.

Greatest and least partial function. On the set of partial functions from E to F, where f · g
means that g extends f , the least element is the empty function. If E is non-empty and F has
at least two elements, there is no greatest element (let x 2 E, y 2 F, a a greatest element, b
the constant function with value y; from b · a we deduce a(x) Æy; this implies that F has a
single element).

Lemma least_extension E F:
least (opp_order (extension_order E F)) (empty_function_tg F).

Lemma greatest_extension E F x:
greatest (opp_order (extension_order E F)) x ->
nonempty E -> small_set F.

Least equivalence. Let E be a set; consider the subset X of P (E£ E) formed of all preorders
(or all equivalences) ordered by ½. Then the diagonal ¢ of E is the least element of X (obvi-
ously, ¢ 2 X; we show here that, if A 2 X, more generally, if A is re�exive with substrate E, then
¢ ½A).

Lemma least_equivalence r:
reflexivep r -> sub (diagonal (substrate r)) r.

Extending an order. Proposition 3 [4, p. 140] in Bourbaki says: Let E be an ordered set and
let E0 be the disjoint union of E and a set {a} consisting of a single element. Then there exists
a unique ordering on E0which induces the given ordering on E and for which a is the greatest
element of E0.

What Bourbaki proves is: «assume a 62E, and let E0ÆE[ {a}. Let G be the graph of the
ordering; there is a unique ordering, satisfying the stated conditions; its graph is G [ (E0£ {a}).»

Assume now that E 0 is the “disjoint union” of E and { a}. This means that E 0 is the union
of two sets, F and {®}, where ® 62F, and there is a canonical bijection f : E ! F. We show
that there is an order (obviously unique) on F that makes f an order isomorphism. It is then
obvious that there is a unique order on E 0which induces the given ordering on E, transported
by f , and for which ®is the greatest element of E 0. We shall not prove this fact. However, if we

RR n° 7150



30 José Grimm

identify isomorphic sets, we get: given an ordering on E, there is a unique ordering (modulo
isomorphism) on E 0, a set that has a greatest element a, such that E 0¡ {a} is isomorphic to E.
This will be called the “ordinal successor” of the order-type of E.

Lemma order_transportation f r (r':= Vfs (f \ftimes f) r) :
bijection f -> order r -> substrate r = source f ->
order_isomorphism f r r'. (* 53 *)

Definition order_with_greatest r a :=
r \cap (((substrate r) +s1 a) *s1 a).

Lemma order_with_greatest_pr
r a (r':=order_with_greatest r a) :

order r -> ~ (inc a (substrate r)) ->
[/\ order_on r' ((substrate r) +s1 a),

r = induced_order r' (substrate r) & greatest r' a].
Theorem adjoin_greatest r a E:

order r -> substrate r = E -> ~ (inc a E) ->
exists! r', (fun r' => [/\ order_on r' (E +s1 a),

r = induced_order r' E & greatest r' a]).

Co�nality. If r is an order (denoted by · ) on E, we say that a subset A of E is co�nal (or
coinitial ) if for all x 2 E there is a y 2 A such that x · y (or y · x). Bourbaki says «To say that
an ordered set E has a greatest element therefore means that E has a co�nal subset consisting
of a single element». Note that there is no need to assume that r is an order here.

Definition cofinal r a :=
sub a (substrate r) /\
(forall x, inc x (substrate r) -> exists2 y, inc y a & gle r x y).

Definition coinitial r a :=
sub a (substrate r) /\
(forall x, inc x (substrate r) -> exists2 y, inc y a & gle r y x).

Lemma exists_greatest_cofinalP r:
(has_greatest r) <->
(exists2 a, cofinal r a & singletonp a).

Lemma exists_least_coinitialP r:
(has_least r) <->
(exists2 a, coinitial r a & singletonp a).

2.8 Upper and lower bounds

Given a relation r (an order or a preorder) on a set E denoted by · and a set X, an element
x 2 E is said to be an upper bound for r and X if y 2 X implies y · x. A lower bound is an
element x 2 E such that y 2 X implies x · y.

Definition upper_bound r X x :=
inc x (substrate r) /\ forall y, inc y X -> gle r y x.

Definition lower_bound r X x :=
inc x (substrate r) /\ forall y, inc y X -> gle r x y.

The �rst properties given here are trivial. If we have an order on E and if X is a subset
of E, we can consider the order induced on X; this may have a least element m or a greatest
element M. If these quantities exist, they are in X and are an upper or lower bound of X for
the relation on E. Converse holds: if X has an upper bound in X, it is M.
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Lemma opposite_upper_boundP r: order r -> forall X x,
(upper_bound r X x <-> lower_bound (opp_order r) X x).

Lemma opposite_lower_boundP r: order r -> forall X x,
(lower_bound r X x <-> upper_bound (opp_order r) X x).

Lemma smaller_lower_bound x y X r: preorder r ->
lower_bound r X x -> gle r y x -> lower_bound r X y.

Lemma greater_upper_bound x y X r: preorder r ->
upper_bound r X x -> gle r x y -> upper_bound r X y.

Lemma sub_lower_bound x X Y r:
lower_bound r X x -> sub Y X -> lower_bound r Y x.

Lemma sub_upper_bound x X Y r:
upper_bound r X x -> sub Y X -> upper_bound r Y x.

Lemma least_elementP X r: order r -> sub X (substrate r) ->
((has_least (induced_order r X)) <->
(exists2 x, lower_bound r X x & inc x X)).

Lemma greatest_elementP X r: order r -> sub X (substrate r) ->
( (has_greatest (induced_order r X)) <->

(exists2 x, upper_bound r X x & inc x X)).

We consider now bounded sets, that are sets that have a bound.

Definition bounded_above r X := exists x, upper_bound r X x.
Definition bounded_below r X := exists x, lower_bound r X x.
Definition bounded_both r X := bounded_above r X /\ bounded_below r X.

Lemma bounded_above_sub X Y r:
sub Y X -> bounded_above r X -> bounded_above r Y.

Lemma bounded_below_sub X Y r:
sub Y X -> bounded_below r X -> bounded_below r Y.

Lemma bounded_both_sub X Y r:
sub Y X -> bounded_both r X -> bounded_both r Y.

Lemma singleton_bounded x r:
singletonp x -> order r -> sub x (substrate r) -> bounded_both r x.

2.9 Least upper bound and greatest lower bound

The Bourbaki de�nition is: let E be an ordered set and let X be a subset of E. An element
of E is said to be the greatest lower bound of X in E if it is the greatest element of the set of
lower bounds of X in E (for the ordering induced by that of E). If it exists, it is unique, since
there is at most one greatest element. We can avoid introducing the set of lower bounds and
its induced ordering by noticing that x is the greatest lower bound if, and only if, it is a lower
bound, and if z is another lower bound we have z · x. Similarly, x is the least upper bound of
X, if it is the least element of the set of upper bounds of X in E. This is equivalent to: x is an
upper bound such that if z is another upper bound, then x · z.

Definition greatest_induced r X x := greatest (induced_order r X) x.
Definition least_induced r X x := least (induced_order r X) x.
Definition greatest_lower_bound r X x :=

greatest_induced r (Zo (substrate r) (lower_bound r X)) x.
Definition least_upper_bound r X x :=

least_induced r (Zo (substrate r) (upper_bound r X)) x.

Lemma glbP r X:
order r -> sub X (substrate r) -> forall x,
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(greatest_lower_bound r X x <-> (lower_bound r X x
/\ forall z, lower_bound r X z -> gle r z x)).

Lemma lubP r X:
order r -> sub X (substrate r) -> forall x,
(least_upper_bound r X x <-> (upper_bound r X x

/\ forall z, upper_bound r X z -> gle r x z)).

The greatest lower bound and least upper bound are also called supremum and in�mum
and denoted by sup E X and inf E X. As usual, the order is · and the substrate is E; in some
cases the set E is not mentioned. If X Æ{x, y} we often write sup( x, y) and inf( x, y). The sup
does not always exists, but is unique since there is a unique least element.

Lemma supremum_unique X r: order r -> uniqueness (least_upper_bound r X).
Lemma infimum_unique X r: order r -> uniqueness (greatest_lower_bound r X).
Definition infimum r X :=

the_greatest (induced_order r (Zo (substrate r) (lower_bound r X))).
Definition supremum r X :=

the_least (induced_order r (Zo (substrate r) (upper_bound r X))).
Definition has_supremum r X :=(exists x, least_upper_bound r X x).
Definition has_infimum r X :=(exists x, greatest_lower_bound r X x).
Definition sup r x y := supremum r (doubleton x y).
Definition inf r x y := infimum r (doubleton x y).

Lemma supremum_pr1 X r:
has_supremum r X ->
least_upper_bound r X (supremum r X).

Lemma infimum_pr1 X r:
has_infimum r X ->
greatest_lower_bound r X (infimum r X).

Lemma supremum_pr2 r X a: order r ->
least_upper_bound r X a -> a = supremum r X.

Lemma infimum_pr2 r X a: order r ->
greatest_lower_bound r X a -> a = infimum r X.

Lemma inc_supremum_substrate X r:
order r -> sub X (substrate r) -> has_supremum r X ->
inc (supremum r X) (substrate r).

Lemma inc_infimum_substrate X r:
order r -> sub X (substrate r) -> has_infimum r X ->
inc (infimum r X) (substrate r).

Lemma supremum_pr X r:
order r -> sub X (substrate r) -> has_supremum r X ->
(upper_bound r X (supremum r X) /\

forall z, upper_bound r X z -> gle r (supremum r X) z).
Lemma infimum_pr X r:

order r -> sub X (substrate r) -> has_infimum r X ->
(lower_bound r X (infimum r X) /\

forall z, lower_bound r X z -> gle r z (infimum r X)).
Lemma sup_pr a b r:

order r -> inc a (substrate r) -> inc b (substrate r) ->
has_supremum r (doubleton a b) ->
[/\ gle r a (sup r a b) , gle r b (sup r a b) &

forall z, gle r a z -> gle r b z -> gle r (sup r a b) z).
Lemma inf_pr a b r:

order r -> inc a (substrate r) -> inc b (substrate r) ->
has_infimum r (doubleton a b) ->
[/\ gle r (inf r a b) a, gle r (inf r a b) b &
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forall z, gle r z a -> gle r z b -> gle r z (inf r a b)).
Lemma lub_set2 r x y z:

order r -> gle r x z -> gle r y z ->
(forall t, gle r x t -> gle r y t -> gle r z t) ->
least_upper_bound r (doubleton x y) z.

Lemma glb_set2 r x y z:
order r -> gle r z x -> gle r z y ->
(forall t, gle r t x -> gle r t y -> gle r t z) ->
greatest_lower_bound r (doubleton x y) z.

We show here the following claim: if a subset X of E has a greatest element a, then a is the
least upper bound of X in E.

Lemma greatest_is_sup r X a:
order r -> sub X (substrate r) ->
greatest_induced r X a -> least_upper_bound r X a.

Lemma least_is_inf r X a:
order r -> sub X (substrate r) ->
least_induced r X a -> greatest_lower_bound r X a.

The roles of inf and sup are exchanged if we replace the order by its opposite.

Lemma inf_sup_oppP r X:
order r -> sub X (substrate r) -> forall a,
(greatest_lower_bound r X a <-> least_upper_bound (opp_order r) X a).

Lemma sup_inf_oppP r X:
order r -> sub X (substrate r) -> forall a,
(least_upper_bound r X a <-> greatest_lower_bound (opp_order r) X a).

Lemma sup_inf_opp r X:
order r -> sub X (substrate r) -> has_supremum r X ->
(has_infimum (opp_order r) X /\ infimum (opp_order r) X = supremum r X).

Lemma inf_sup_opp r X:
order r -> sub X (substrate r) -> has_infimum r X ->
(has_supremum (opp_order r) X /\ supremum (opp_order r) X = infimum r X).

Examples. We study the sup and inf of the empty set.

Lemma set_of_lower_bounds_set0 r :
Zo (substrate r) (lower_bound r emptyset) = substrate r.

Lemma set_of_upper_bounds_set0 r:
Zo (substrate r) (upper_bound r emptyset) = substrate r.

Lemma lub_set0 r: order r -> forall x,
(least_upper_bound r emptyset x = least r x).

Lemma glb_set0 r: order r -> forall x;
greatest_lower_bound r emptyset x = greatest r x.

Case of set inclusion. If S is a subset of P (E), then the upper and lower bounds of S are the
union and intersection, as claimed before. If S is empty, the intersection is empty, and the
greatest lower bound is the greatest element, namely E. Assume S ½F and F ½P (E); then
the upper and lower bounds of S in F are the union and intersection, provided that these
elements are in F.

Lemma setI_inf s E: sub s (\Po E) ->
greatest_lower_bound (subp_order E) s
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(Yo (nonempty s) (intersection s) E).
Lemma setU_sup s E: sub s (\Po E) ->

least_upper_bound (subp_order E) s (union s).
Lemma setU_sup1 s F E:

sub F (\Po E) ->
sub s F -> inc (union s) F ->
least_upper_bound (sub_order F) s (union s).

Lemma setI_inf1 s F E (T := (Yo (nonempty s) (intersection s) E)):
sub F (\Po E) ->
sub s F -> inc T F ->
greatest_lower_bound (sub_order F) s T.

Case of function extension ordering. Consider the set ©(E,F) of partial functions from E
to F, ordered by f extends g. A set of functions has a least upper bound only if, for any two
functions u and v in the set, we have u(x) Æv(x) for any x in the intersection of the sources
of u and v. If this condition holds, there is a unique function f de�ned in the union of the
source, that agrees with each v. This function is then the supremum.

Lemma sup_extension_order1 E F T f:
sub T (sub_functions E F) ->
least_upper_bound (opp_order (extension_order E F)) T f ->
forall u v x, inc u T -> inc v T -> inc x (source u) -> inc x (source v) ->

Vf u x = Vf v x.
Lemma sup_extension_order2 E F T:

sub T (sub_functions E F) ->
(forall u v x, inc u T -> inc v T -> inc x (source u) -> inc x (source v) ->

Vf u x = Vf v x) ->
exists x, [/\ least_upper_bound (opp_order (extension_order E F)) T x,

(source x = unionb (Lg T source)),
(Imf x = unionb (Lg T (fun u => (Imf u)))) &
(graph x) = unionb (Lg T graph)].

Supremum of functions. If f is a function with source A and if its target is an ordered set,
the supremum of the image f hAi is denoted by sup

x2A
f (x). The in�mum is denoted by inf

x2A
f (x).

Definition sup_funp r f := least_upper_bound r (Imf f).
Definition inf_funp r f := greatest_lower_bound r (Imf f).

Lemma sup_funP r f: order r -> substrate r = target f ->
function f -> forall x,
(sup_funp r f x <-> [/\ inc x (target f),

(forall a, inc a (source f) -> gle r (Vf f a) x)
&forall z, inc z (target f) -> (forall a, inc a (source f)

-> gle r (Vf f a) z) -> gle r x z]).
Lemma inf_funP r f: order r -> substrate r = target f ->

function f -> forall x,
(inf_funp r f x <->
[/\ inc x (target f),

(forall a, inc a (source f) -> gle r x (Vf f a))
& forall z, inc z (target f) -> (forall a, inc a (source f)
-> gle r z (Vf f a)) -> gle r z x]).
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Supremum of functional graphs. The supremum of a functional graph is the supremum of
its range.

Definition sup_graphp r f := least_upper_bound r (range f).
Definition inf_graphp r f := greatest_lower_bound r (range f).
Definition has_sup_graph r f := has_supremum r (range f).
Definition has_inf_graph r f := has_infimum r (range f).
Definition sup_graph r f := supremum r (range f).
Definition inf_graph r f := infimum r (range f).

Here are the characteristic properties.

Lemma sup_graph_pr1 r f:
order r -> sub (range f) (substrate r) -> has_sup_graph r f ->
least_upper_bound r (range f) (sup_graph r f).

Lemma inf_graph_pr1 r f:
order r -> sub (range f) (substrate r) -> has_inf_graph r f ->
greatest_lower_bound r (range f) (inf_graph r f).

Lemma sup_graphP r f: order r -> sub (range f) (substrate r) ->
fgraph f -> forall x,
(sup_graphp r f x <-> [/\ inc x (substrate r),
(forall a, inc a (domain f) -> gle r (Vg f a) x)
& forall z, inc z (substrate r) -> (forall a, inc a (domain f)

-> gle r (Vg f a) z) -> gle r x z]).
Lemma inf_graphP r f: order r -> sub (range f) (substrate r) ->

fgraph f -> forall x,
(inf_graphp r f x <-> [/\ inc x (substrate r),
(forall a, inc a (domain f) -> gle r x (Vg f a))
& forall z, inc z (substrate r) -> (forall a, inc a (domain f)

-> gle r z (Vg f a)) -> gle r z x]).

Monotonicity properties. Assume that A ½E is a set that has an in�mum and a supremum.
If A is empty, we know that these elements are the least and greatest elements; otherwise, if
y 2 A we have infA · y · supA, hence infA · supA. This is Proposition 4 [4, p. 142].

Theorem compare_inf_sup1 r A: order r -> sub A (substrate r) ->
has_supremum r A -> has_infimum r A ->
A = emptyset ->
(greatest r (infimum r A) /\ least r (supremum r A)).

Theorem compare_inf_sup2 r A: order r -> sub A (substrate r) ->
has_supremum r A -> has_infimum r A ->
nonempty A -> gle r (infimum r A) (supremum r A).

Proposition 5 [4, p. 142] says that sup is increasing and inf is decreasing (as a function
from P (E) into E, where P (E) is ordered by inclusion). Of course, these are only partial func-
tions. As a corollary, consider a family ( x¶)¶2I and J ½I; we have sup

¶2J
x¶ · sup

¶2I
x¶ if both quan-

tities are de�ned. Note that the �rst term is the supremum of the restriction of the family
to J.

Theorem sup_increasing r A B: order r -> sub A (substrate r) ->
sub B (substrate r) -> sub A B ->
has_supremum r A -> has_supremum r B ->
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gle r (supremum r A) (supremum r B).
Theorem inf_decreasing r A B: order r -> sub A (substrate r) ->

sub B (substrate r) -> sub A B ->
has_infimum r A -> has_infimum r B ->
gle r (infimum r B) (infimum r A) .

Lemma sup_increasing1 r f j:
order r -> fgraph f -> sub (range f) (substrate r) -> sub j (domain f) ->
has_sup_graph r f -> has_sup_graph r (restr f j) ->
gle r (sup_graph r (restr f j)) (sup_graph r f).

Lemma inf_decreasing1 r f j:
order r -> fgraph f -> sub (range f) (substrate r) -> sub j (domain f) ->
has_inf_graph r f -> has_inf_graph r (restr f j) ->
gle r (inf_graph r f) (inf_graph r (restr f j)) .

Proposition 6 [4, p. 143] says that if f and g are two functions of type F ! E, if f (x) · g(x))
for all x 2 F then sup f · sup g, provided that both quantities are de�ned. In fact, it is stated
as:

(8 ¶2 I, x¶· y¶) Æ) sup
¶2I

x¶· sup
¶2I

y¶and inf
¶2I

x¶· inf
¶2I

y¶.

Lemma sup_increasing2 r f f':
order r -> fgraph f -> fgraph f' -> domain f = domain f' ->
sub (range f) (substrate r) -> sub (range f') (substrate r) ->
has_sup_graph r f -> has_sup_graph r f' ->
(forall x , inc x (domain f) -> gle r (Vg f x) (Vg f' x)) ->
gle r (sup_graph r f) (sup_graph r f').

Lemma inf_increasing2 r f f':
order r -> fgraph f -> fgraph f' -> domain f = domain f' ->
sub (range f) (substrate r) -> sub (range f') (substrate r) ->
has_inf_graph r f -> has_inf_graph r f' ->
(forall x , inc x (domain f) -> gle r (Vg f x) (Vg f' x)) ->
gle r (inf_graph r f) (inf_graph r f').

Associativity properties. Proposition 7 [4, p. 143] is the following. Consider a family ( x¶)¶2I ,
and let (J¸ )¸ 2L be a covering1 of I. The family ( x¶)¶2J̧ is the restriction of ( x¶) to J¸ ; we as-
sume that it has a supremum sup

¶2J̧
x¶, and we consider the family (sup

¶2J̧
x¶)¸ 2L. This family has a

supremum if and only if ( x¶)¶2I has one, and the values are the same. The second equality in
(2.4) is true under similar conditions; the proof is similar, but a shorter proof is obtained by
considering opposite orders (and replace inf by sup).

(2.4) sup
¶2I

x¶Æsup
¸ 2L

¡
sup
¶2J̧

x¶
¢
, inf

¶2I
x¶Æinf

¸ 2L

¡
inf
¶2J̧

x¶
¢
.

The �rst lemma here says that if x is a least upper bound for one family, it is also the least
upper bound for the other one. Finally, since the supremum is a least upper bound, we get
the result by uniqueness.

Section supAssoc.
Variables r f c: Set.
Hypothesis (or:order r) (fgf: fgraph f)

(rf: sub (range f) (substrate r)) (df: domain f = unionb c).

1In fact, the union of J ¸ has to be exactly I
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Lemma sup_A x:
(forall l, inc l (domain c) -> has_sup_graph r (restr f (Vg c l))) ->
(sup_graphp r f x <->
sup_graphp r (Lg (domain c) (fun l => sup_graph r (restr f (Vg c l)))) x).

Lemma inf_A x:
(forall l, inc l (domain c) -> has_inf_graph r (restr f (Vg c l))) ->
(inf_graphp r f x <->
inf_graphp r (Lg (domain c) (fun l => inf_graph r (restr f (Vg c l)))) x).

Lemma sup_A1:
(forall l, inc l (domain c) -> has_sup_graph r (restr f (Vg c l))) ->
(has_sup_graph r f <->
has_sup_graph r (Lg (domain c) (fun l => sup_graph r (restr f (Vg c l))))).

Lemma inf_A1:
(forall l, inc l (domain c) -> has_inf_graph r (restr f (Vg c l))) ->
(has_inf_graph r f <->
has_inf_graph r (Lg (domain c) (fun l => inf_graph r (restr f (Vg c l))))).

Theorem sup_A2:
(forall l, inc l (domain c) -> has_sup_graph r (restr f (Vg c l))) ->
((has_sup_graph r f <->

has_sup_graph r (Lg (domain c) (fun l => sup_graph r (restr f (Vg c l)))))
/\

(has_sup_graph r f -> sup_graph r f =
sup_graph r (Lg (domain c) (fun l => sup_graph r (restr f (Vg c l)))))).

Theorem inf_A2:
(forall l, inc l (domain c) -> has_inf_graph r (restr f (Vg c l))) ->
((has_inf_graph r f <->

has_inf_graph r (Lg (domain c) (fun l => inf_graph r (restr f (Vg c l)))))
/\

(has_inf_graph r f -> inf_graph r f =
inf_graph r (Lg (domain c) (fun l => inf_graph r (restr f (Vg c l)))))).

End supAssoc.

Corollary. Let ( x¸¹ )(¸ ,¹ )2L£ M be a double family of elements of an ordered set E such that
for each ¹ 2 M the family ( x¸¹ )¸ 2L has a least upper bound in E. This family is the restriction
of the double family to L £ {¹ }. For the double family to have a least upper bound in E it is
necessary and suf�cient that (sup ¸ 2L x¸¹ )¹ 2M has a least upper bound, and the bounds are
the same. The second equality in (2.5) holds under similar conditions.

(2.5) sup
(¸ ,¹ )2L£ M

x¸¹ Æsup
¹ 2M

¡
sup
¸ 2L

x¸¹
¢
, inf

(¸ ,¹ )2L£ M
x¸¹ Æinf

¹ 2M

¡
inf
¸ 2L

x¸¹
¢
.

Definition partial_fun f x m := restr f (x *s1 m).

Lemma sup_A3 r f x y:
order r -> fgraph f -> sub (range f) (substrate r) ->
domain f = x \times y ->
(forall m, inc m y -> has_sup_graph r (partial_fun f x m)) ->
((has_sup_graph r f <->

has_sup_graph r (Lg y (fun m => sup_graph r (partial_fun f x m)))) /\
(has_sup_graph r f -> sup_graph r f =

sup_graph r (Lg y (fun m => sup_graph r (partial_fun f x m))))).
Lemma inf_A3 r f x y r:

order r -> fgraph f -> sub (range f) (substrate r) ->
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domain f = x \times y ->
(forall m, inc m y -> has_inf_graph r (partial_fun f x m)) ->
((has_inf_graph r f <->

has_inf_graph r (Lg y (fun m => inf_graph r (partial_fun f x m)))) /\
(has_inf_graph r f -> inf_graph r f =

inf_graph r (Lg y (fun m => inf_graph r (partial_fun f x m))))).

Case of a product. Proposition 8 [4, p. 144] says that if we have a family of ordered sets E ¶, a
subset A of

Q
E¶, and if A ¶Æpr¶A, then A has a least upper bound of the form ( x¶)¶ if and only if

each A¶has one, and there is equality; a similar property holds for the greatest lower bound.

supA Æ(supA¶)¶2I Æ
¡
sup
x2A

pr¶x
¢
¶2I , infA Æ(infA ¶)¶2I Æ

¡
inf
x2A

pr¶x
¢
¶2I .

Lemma sup_in_product_aux g A (f := fam_of_substrates g)
(Ai:= fun i => (Vfs (pr_i f i) A)):
order_fam g -> sub A (productb f) ->
forall i, inc i (domain g) -> sub (Ai i) (substrate (Vg g i)).

Theorem sup_in_product g A (* 77 *)
(f := fam_of_substrates g)
(Ai:= fun i => (Vfs (pr_i f i) A))
(has_sup := forall i, inc i (domain g) -> has_supremum (Vg g i) (Ai i)):

order_fam g -> sub A (productb f) ->
((has_sup <-> has_supremum (order_product g) A) /\

(has_sup -> supremum (order_product g) A =
Lg (domain g) (fun i => supremum (Vg g i) (Ai i)))).

Theorem inf_in_product g A
(f := fam_of_substrates g)
(Ai:= fun i => (Vfs (pr_i f i) A))
(has_inf := forall i, inc i (domain g) -> has_infimum (Vg g i) (Ai i)):

order_fam g -> sub A (productb f) ->
((has_inf <-> has_infimum (order_product g) A) /\

(has_inf -> infimum (order_product g) A =
Lg (domain g) (fun i => infimum (Vg g i) (Ai i)))).

Case of induced ordering. Proposition 9 [4, p. 144] assumes that E is an ordered set, F is a
subset of E and A is a subset of F. It can happen that one of sup E A and supF A exists, but not
the other; they may be unequal. If the objects exist we have

supE A · supF A, inf E ¸ inf F A (F ½E).

If sup E A exists and is in F, it is sup F A.

Theorem sup_induced1 r A F: order r -> sub F (substrate r) -> sub A F ->
has_supremum r A -> has_supremum (induced_order r F) A ->
gle r (supremum r A) (supremum (induced_order r F) A).

Theorem inf_induced1 r A F: order r -> sub F (substrate r) -> sub A F ->
has_infimum r A -> has_infimum (induced_order r F) A ->
gle r (infimum (induced_order r F) A) (infimum r A).

Theorem sup_induced2 r A F: order r -> sub F (substrate r) -> sub A F ->
has_supremum r A -> inc (supremum r A) F ->
(has_supremum (induced_order r F) A /\

supremum r A = supremum (induced_order r F) A).
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Theorem inf_induced2 r A F: order r -> sub F (substrate r) -> sub A F ->
has_infimum r A -> inc (infimum r A) F ->
(has_infimum (induced_order r F) A /\

infimum r A = infimum (induced_order r F) A).

2.10 Directed sets

An ordered set is said left or right directed if every doubleton is bounded (above or below).

Definition right_directed_prop r :=
forall x y, inc x (substrate r) -> inc y (substrate r) ->

exists z, gle r x z /\ gle r y z.
Definition right_directed r :=

order r /\ forall x y, inc x (substrate r) -> inc y (substrate r) ->
bounded_above r (doubleton x y).

Definition left_directed r :=
order r /\ forall x y, inc x (substrate r) -> inc y (substrate r) ->

bounded_below r (doubleton x y).

We rewrite the de�nition as: for all x and y there is a z such that x · z and y · z. A set
that has a greatest element is right directed. A product of directed sets is directed 2. A co�nal
set of a directed set is directed for the induced order.

Lemma right_directedP r:
right_directed r <-> (order r /\ right_directed_prop r).

Lemma left_directedP r:
left_directed r <-> (order r /\

forall x y, inc x (substrate r) -> inc y (substrate r) -> exists z,
gle r z x /\ gle r z y).

Lemma greatest_right_directed r: order r ->
has_greatest r -> right_directed r.

Lemma least_left_directed r: order r ->
has_least r -> left_directed r.

Lemma opposite_right_directedP r: sgraph r ->
(right_directed r <-> left_directed(opp_order r)).

Lemma opposite_left_directedP r: sgraph r ->
(left_directed r <-> right_directed(opp_order r)).

Lemma setX_right_directed g:
order_fam g -> (allf g right_directed) ->
right_directed (order_product g).

Lemma setX_left_directed g:
order_fam g -> (allf g left_directed) ->
left_directed (order_product g).

Lemma cofinal_right_directed r A:
right_directed r -> cofinal r A -> right_directed (induced_order r A).

Lemma coinitial_left_directed r A:
left_directed r -> coinitial r A -> left_directed (induced_order r A).

Proposition 10 [4, p. 145] says that in a right directed set, a maximal element is the great-
est element.

2This requires the axiom of choice
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Theorem right_directed_maximal r x:
right_directed r -> maximal r x -> greatest r x.

Theorem left_directed_minimal r x:
left_directed r -> minimal r x -> least r x.

2.11 Lattices

A lattice is an ordered set on which each pair has a least upper bound and a greatest lower
bound.

Definition lattice r := order r /\
forall x y, inc x (substrate r) -> inc y (substrate r) ->

(has_supremum r (doubleton x y) /\ has_infimum r (doubleton x y)).

Lemma lattice_sup_pr r a b:
lattice r -> inc a (substrate r) -> inc b (substrate r) ->
[/\ gle r a (sup r a b), gle r b (sup r a b) &

forall z, gle r a -> gle r b z -> gle r (sup r a b) z].
Lemma lattice_inf_pr r a b:

lattice r -> inc a (substrate r) -> inc b (substrate r) ->
[/\ gle r (inf r a b) a, gle r (inf r a b) b

forall z, gle r z a -> gle r z b -> gle r z (inf r a b)].

The power set is a lattice for inclusion. In fact each set has a supremum and an in�mum.

Lemma inf_inclusion A x y: sub x A -> sub y A ->
greatest_lower_bound (subp_order A) (doubleton x y) (x \cap y).

Lemma sup_inclusion A x y: sub x A -> sub y A ->
least_upper_bound (subp_order A) (doubleton x y) (x \cup y).

Lemma setP_lattice A: lattice (subp_order A).
Lemma setP_lattice_pr A x y (r := subp_order A):

inc x (\Po A) -> inc y (\Po A) ->
(sup r x y = x \cup y /\ inf r x y = x \cap y).

The product of lattices is a lattice. This is an easy consequence of Proposition 8, and the
fact that pr ¶A is a doubleton if A is a doubleton. A lattice is a directed set.

Lemma setX_lattice g:
order_fam g -> (allf g lattice) ->
lattice (order_product g).

Lemma lattice_directed r:
lattice r -> (right_directed r /\ left_directed r).

Other examples. The set of integers, with the order “ x divides y” is a lattice. The set
of subgroups of a group (ordered by inclusion) is a lattice. The set of topologies on a set
is a lattice. The set of real functions on an interval is a lattice. (We shall not prove these
properties). The opposite of a lattice is a lattice.

Lemma lattice_opposite r: lattice r -> lattice (opp_order r).
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2.12 Totally ordered sets

Two elements of an ordered set E are said comparable if the relation “ x · y or y · x”
is true. A set E is said to be totally ordered if is is ordered and if any two elements of E are
comparable.

Definition ocomparable r x y := gle r x y \/ gle r y x.
Definition total_order r :=

order r /\ {inc (substrate r) &, (forall x y, ocomparable r x y)}.

We know that G is an order if G ±G ÆG and G\ G¡ 1 Æ¢ E. It is total if moreover G [ G¡ 1 Æ
E£ E, where E is the substrate of G. If the relation · is total, then for any x, y in E we have
x Ç y or x È y or x Æy; we also have x Ç y or y · x. A subset of a totally ordered set is totally
ordered. A small set is totally ordered. The opposite of a totally ordered set is totally ordered.

Lemma total_orderP r:
total_order r <->
[/\ r \cg r = r,

r \cap (inverse_graph r) = diagonal (substrate r) &
r \cup (inverse_graph r) = coarse (substrate r) ].

Lemma total_order_pr1 r x y:
total_order r -> inc x (substrate r) -> inc y (substrate r) ->
[\/ glt r x y, glt r y x | x = y ].

Lemma total_order_pr2 r x y:
total_order r -> inc x (substrate r) -> inc y (substrate r) ->

(glt r x y \/ gle r y x).

Lemma total_order_sub r x:
total_order r -> sub x (substrate r) -> total_order (induced_order r x).

Lemma total_order_opposite r:
total_order r -> total_order (opp_order r).

If x · y, then sup( x, y) Æy and inf( x, y) Æx, hence a totally ordered set is a lattice. Con-
sider a doubleton X Æ{a,b} and E ÆP (X) ordered by inclusion. Assume a 6Æb. Then {a} and
{b} are non-comparable. Thus E is a non-totally ordered lattice.

Lemma sup_comparable r x y: gle r x y ->
order r -> least_upper_bound r (doubleton x y) y.

Lemma inf_comparable r x y: gle r x y ->
order r -> greatest_lower_bound r (doubleton x y) x.

Lemma sup_comparable1 r x y: order r -> gle r x y -> sup r x y = y.
Lemma inf_comparable1 r x y: order r -> gle r x y -> inf r x y = x.
Lemma infimum_singleton r x:

order r -> inc x (substrate r) -> infimum r (singleton x) = x.
Lemma supremum_singleton r x:

order r -> inc x (substrate r) -> supremum r (singleton x) = x.
Lemma total_order_lattice r: total_order r -> lattice r.
Lemma total_order_counterexample (r := (subp_order C2)):

lattice r /\ ~ (total_order r).
Lemma total_order_directed r:

total_order r -> (right_directed r /\ left_directed r).

Obviously, sup and inf are commutative. If E has a least (or greatest) element e, we can
always compute sup( x,e) and inf( x,e).
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Lemma inf_C r x y: inf r x y = inf r y x.
Lemma sup_C r x y: sup r x y = sup r y x.
Lemma least_greatest_pr r (E := substrate r): order r ->
[/\ (has_least r ->

forall a, inc a E -> sup r (the_least r) a = a),
(has_greatest r ->

forall a, inc a E -> inf r a (the_greatest r) = a),
(has_least r ->

forall a, inc a E -> inf r (the_least r) a = (the_least r))&
(has_greatest r ->

forall a, inc a E -> sup r a (the_greatest r) = (the_greatest r))].

We show here additional properties of a lattice. In particular, we have associativity of sup
and inf. Note that sup(inf( x, y), y) Æy, and inf(inf( x, y), y) Æinf( x, y), since inf( x, y) · y. If X
has a supremum, then X [ {a} has a supremum.

Section LatticeProps.

Variables (r: Set).
Hypothesis lr: lattice r.
Let E := substrate r.

Lemma lattice_props:
( (forall x y, inc x E-> inc y E -> inc (sup r x y) E)

/\ (forall x y, inc x E-> inc y E -> inc (inf r x y) E)
/\ (forall x y, inc x E-> inc y E -> sup r (inf r x y) y = y)
/\ (forall x y, inc x E-> inc y E -> inf r (sup r x y) y = y)
/\ (forall x y z, inc x E-> inc y E -> inc z E ->

sup r x (sup r y z) = sup r (sup r x y) z)
/\ (forall x y z, inc x E-> inc y E -> inc z E ->

inf r x (inf r y z) = inf r (inf r x y) z)
/\ (forall x, inc x E -> sup r x x = x)
/\ (forall x, inc x E -> inf r x x = x)
/\ (forall x y, inc x E-> inc y E -> sup r (sup r x y) x = sup r x y)
/\ (forall x y, inc x E-> inc y E -> inf r (inf r x y) x = inf r x y)

).
Lemma sup_monotone a b c:

inc a E -> gle r b c- > gle r (sup r a b) (sup r a c).
Lemma inf_monotone a b c:

inc a E -> gle r b c-> gle r (inf r a b) (inf r a c).
Lemma lattice_finite_sup1 X x a:

sub X E -> least_upper_bound r X x -> inc a E ->
least_upper_bound r (X +s1 a) (sup r x a).

Lemma lattice_finite_inf1 X x a:
sub X E -> greatest_lower_bound r X x -> inc a E ->
greatest_lower_bound r (X +s1 a) (inf r x a).

End LatticeProps.

We say that a lattice is distributive if there is a distributive law between inf and sup (there
is a symmetry between the two operators). We give here equivalent properties.

Definition distributive_lattice1 r :=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
sup r x (inf r y z) = inf r (sup r x y) (sup r x z).
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Definition distributive_lattice2 r :=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
inf r x (sup r y z) = sup r (inf r x y) (inf r x z).

Definition distributive_lattice3 r :=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
sup r (inf r x y) (sup r (inf r y z) (inf r z x)) =
inf r (sup r x y) (inf r (sup r y z) (sup r z x)).

Definition distributive_lattice4 r :=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
gle r z x -> sup r z (inf r x y) = inf r x (sup r y z).

Definition distributive_lattice5 r:=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
gle r (inf r z (sup r x y)) (sup r x (inf r y z)).

Definition distributive_lattice6 r :=
forall x y z, inc x (substrate r) ->inc y (substrate r) ->

inc z (substrate r) ->
inf r (sup r x y) (sup r z (inf r x y))
= sup r (inf r x y) (sup r (inf r y z) (inf r z x)).

A total order is distributive.

Lemma total_order_dlattice r:
total_order r -> distributive_lattice1 r.

Section DistributiveLattice.
Variable r: Set.
Hypothesis lr: lattice r.

Lemma distributive_lattice_prop1:
( (distributive_lattice1 r -> distributive_lattice3 r) /\

(distributive_lattice2 r -> distributive_lattice3 r)).
Lemma distributive_lattice_prop2:

[/\ (distributive_lattice3 r -> distributive_lattice4 r),
(distributive_lattice3 r -> distributive_lattice1 r) &
(distributive_lattice3 r -> distributive_lattice2 r)].

Lemma distributive_lattice_prop3:
(distributive_lattice3 r <-> distributive_lattice5 r).

Lemma distributive_lattice_prop4:
(distributive_lattice3 r <-> distributive_lattice6 r).

End DistributiveLattice.

Proposition 11 [4, p. 147] says that if f is strictly monotone and the ordering on the source
is total, then f is injective. If f is strictly increasing, it is a morphism (an isomorphism onto
the image). If f is injective and increasing, it is a morphism.

Theorem total_order_monotone_injective f r r':
total_order r -> strict_monotone_fun f r r' -> injection f.

Theorem total_order_increasing_morphism f r r':
total_order r -> strict_increasing_fun f r r' -> order_morphism f r r'.

Lemma total_order_morphism f r r':
total_order r -> order r' ->
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injection f -> substrate r = source f -> substrate r' = target f ->
{inc source f &, fincr_prop f r r'} ->
order_morphism f r r'.

Lemma total_order_isomorphism f r r':
total_order r -> order r' ->
bijection f -> substrate r = source f -> substrate r' = target f ->
{inc source f &, fincr_prop f r r'} ->
order_isomorphism f r r'.

Proposition 12 [4, p. 147] says that in a totally ordered set E, an element x is the least
upper bound of a subset X if and only if it is an upper bound and, for all y Ç x, there is a z 2 X
such that y Ç z and z · x.

Theorem sup_in_total_order r X x: total_order r -> sub X (substrate r)->
(least_upper_bound r X x <-> (upper_bound r X x /\

(forall y, glt r y x -> exists z, [/\ inc z X, glt r y z & gle r z x]))).
Theorem inf_in_total_order r X x: total_order r -> sub X (substrate r)->

(greatest_lower_bound r X x <-> (lower_bound r X x /\
(forall y, glt r x y -> exists z, [/\ inc z X, glt r z y & gle r x z]))).

2.13 Intervals

There are many de�nitions of an interval . The set of all x such that a · x · b is called
the closed interval and denoted [ a,b]; the set of all x such that a Ç x Ç b is called the open
interval and denoted ] a,b[; intervals can be semi open. One can drop one of the conditions,
for instance the set of all x such that x Ç b is denoted by ] Ã ,b[, this is an unbounded interval.

The letters o, c, u stand for open, close, and unbounded.

Definition interval_oo r a b :=
Zo(substrate r)(fun z => glt r a z /\ glt r z b).

Definition interval_oc r a b :=
Zo(substrate r)(fun z => glt r a z /\ gle r z b).

Definition interval_ou r a :=
Zo (substrate r) (fun z => glt r a z).

Definition interval_co r a b :=
Zo(substrate r)(fun z => gle r a z /\ glt r z b).

Definition interval_cc r a b :=
Zo(substrate r)(fun z => gle r a z /\ gle r z b).

Definition interval_cu r a := Zo (substrate r) (fun z => gle r a z).
Definition interval_uo r b := Zo (substrate r) (fun z => glt r z b).
Definition interval_uc r b := Zo (substrate r) (fun z => gle r z b).
Definition interval_uu r := Zo (substrate r) (fun z => True).

Definition closed_interval r x := exists a b,
[/\ inc a (substrate r), inc b (substrate r), gle r a b &
x = interval_cc r a b].

Definition open_interval r x := exists a b,
[/\ inc a (substrate r), inc b (substrate r), gle r a b &
x = interval_oo r a b].

Definition semi_open_interval r x := exists a b,
[/\ inc a (substrate r), inc b (substrate r), gle r a b &
(x = interval_oc r a b \/ x = interval_co r a b)].

Definition bounded_interval r x := closed_interval r x \/
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open_interval r x \/ semi_open_interval r x.
Definition left_unbounded_interval r x :=

exists2 b, inc b (substrate r)& (x = interval_uc r b \/ x = interval_uo r b).
Definition right_unbounded_interval r x :=

exists2 a, inc a (substrate r)& (x = interval_cu r a \/ x = interval_ou r a).
Definition unbounded_interval r x :=

left_unbounded_interval r x \/ right_unbounded_interval r x \/
x = interval_uu r.

Definition interval r x :=
bounded_interval r x \/ unbounded_interval r x.

A non-empty interval [ a,b] has a least and greatest elements, which are a and b respec-
tively.

Lemma the_least_interval r a b: order r ->
gle r a b -> the_least (induced_order r (interval_cc r a b)) = a.

Lemma the_greatest_interval r a b: order r ->
gle r a b -> the_greatest (induced_order r (interval_cc r a b)) = b.

A closed interval is never empty; however [ a,a[, ]a,a] and ] a,a[ are empty.

Lemma nonempty_closed_interval r x:
order r -> closed_interval r x -> nonempty x.

Lemma singleton_interval r a:
order r -> inc a (substrate r) -> singletonp (interval_cc r a a).

Lemma empty_interval r a:
order r -> inc a (substrate r) ->
[/\ empty (interval_co r a a), empty (interval_oc r a a) &

empty (interval_oo r a a)].

The only non trivial result here is Proposition 13 [4, p. 148] that says that, in a lattice, the
intersection of two intervals is an interval.

Let's say that an interval is of type L if it is left unbounded, of type R if it is right unbounded
(the interval U Æ] Ã ,! [ is of both types, and U \ X ÆX for any interval X). Obviously, each
interval is the intersection of two intervals of type L and R (if the interval is unbounded,
consider intersection with U). The intersection of two intervals is thus of the form (L 1 \ R1) \
(L2 \ R2) Æ(L1 \ L2) \ (R1 \ R2). This is of the form L 3 \ R3.

Definition lu_interval r x :=
x = interval_uu r \/ left_unbounded_interval r x.

Definition ru_interval r x :=
x = interval_uu r \/ right_unbounded_interval r x.

Lemma setI_i1 r x:
interval r x -> x \cap (interval_uu r) = x.

Lemma setI_i2 r x:
interval r x ->
(exists u v, [/\ lu_interval r u, ru_interval r v &

u \cap v = x]).
Lemma setI_i3 r x y: lattice r ->

left_unbounded_interval r x -> left_unbounded_interval r y ->
left_unbounded_interval r (x \cap y).

Theorem setI_interval r x y:
lattice r -> interval r x -> interval r y ->
interval r (x \cap y).
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Chapter 3

Well-ordered sets

This chapter de�nes the notion of a well-ordering, and the lexicographic ordering of a
product of ordered sets. We show Zermelo's theorem (there exists a well-ordering) and Zorn's
lemma (every inductive ordered set has a maximal element). These theorems are equivalent
to the axiom of choice, thus are non-constructive. We introduce the principle of trans�nite
induction: given a well-ordered set and a term T, there exists a unique function f such that
f (x) is T( f 0

x ), where f 0
x is the restriction of f to the set of all y such that y Ç x.

3.1 Segments of a well-ordered set

The Bourbaki de�nition is the following:

«A relation Räx, yä is said to be a well-ordering relation between x and y if R is an order
relation between x and y and if for each non-empty set E on which R äx, yäinduces an order
relation, E, ordered by this relation, has a least element. A set E ordered by an ordering ¡ is
said to be well-ordered if the relation y 2 ¡ hxi is a well-ordering between x and y; ¡ is then
said to be a well-ordering on E.»

Recall that an ordering ¡ is a correspondence, whose graph G is an order. The relation
y 2 ¡ hxi is the same as (x, y) 2 G. We shall not consider ¡ in what follows. The condition
“Räx, yä induces an order relation on E” is equivalent to “if x 2 E then Räx,xä”. We can then
restate the de�nitions as:

A relation x · y is a well-ordering, if it is an ordering, and whenever E is a non-empty set
such that x 2 E implies x · x, then · E has a least element. A graph G is a well-order on X if it
is an order on X, and for any non-empty subset E of X, G E has a least element. Here · E is the
order on E, induced by · and GE is the order on E induced by G. These two de�nitions are
related by: if · is a well-order relation, if x 2 E implies x · x, then · E is a well-order on E.

Definition worder_r (r: relation) :=
order_r r /\ forall x, {inc x, reflexive_r r} -> nonempty x ->

has_least (graph_on r x).
Definition worder r :=

order r /\ forall x, sub x (substrate x) -> nonempty x ->
has_least (induced_order r x).

Definition worder_on G E := worder G /\ substrate G = E.

Lemma worder_or r: worder r -> order r.
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Lemma wordering_pr r x:
worder_r r -> {inc x, reflexive_r r} ->
worder_on (graph_on r x) x.

Lemma worder_prop r x: worder r -> sub x (substrate r) -> nonempty x ->
exists2 a, inc a x & (forall b, inc b x -> gle r a b).

Lemma worder_prop_rev r: order r ->
(forall x, sub x (substrate r) -> nonempty x ->

exists2 a, inc a x & (forall b, inc b x -> gle r a b)) ->
worder r.

Lemma worder_invariance r r':
r \Is r' -> worder r -> worder r'.

Examples. The empty set is a well-order on the empty set (note that any order on ; is ; ).

Lemma set0_osr: order_on emptyset emptyset.
Lemma set0_wor: worder_on emptyset emptyset.
Lemma empty_substrate_zero x: substrate x = emptyset -> x = emptyset.

There is a unique order on a singleton { x}, namely {( x,x)}. Thus all singletons are order-
isomorphic.

Lemma set1_wor x: worder_on (singleton (J x x)) (singleton x).
Lemma set1_order_is0 r x:

order r -> substrate r = singleton x -> r = singleton (J x x).
Lemma set1_order_is x y:

(singleton (J x x)) \Is (singleton (J y y)).
Lemma set1_order_is1 r:

order r -> singletonp (substrate r) ->
exists x, r = singleton (J x x).

Lemma set1_order_is2 r r':
order r -> order r' ->
singletonp (substrate r) -> singletonp (substrate r') ->
r \Is r'.

Lemma worder_set1 r e: order_on r (singleton e) -> worder r.

Bourbaki notes that a totally ordered set with two elements is well-ordered. In fact, it
contains a and b such that a Ç b, so that the graph is the set with three elements ( a,a), (a,b)
and (b,b). All total orders on sets with two elements are isomorphic. We consider here the
case where a and b are the elements of the doubleton C2.

Definition canonical_doubleton_order :=
(tripleton (J C0 C0) (J C1 C1) (J C0 C1)).

Lemma cdo_gleP x y:
gle canonical_doubleton_order x y <->
[\/ (x = C0 /\ y = C0), (x = C1 /\ y = C1) | (x = C0 /\ y = C1)].

Lemma cdo_wor: worder_on canonical_doubleton_order C2.

Basic properties. A well-order on E is total (any subset with two elements has a least ele-
ment, thus the elements are comparable). Every subset of E bounded above has a supremum;
every non-empty subset has a least element; every subset is well-ordered by the induced or-
dering. Moreover, adjoining a greatest element to a well-order yields a well-order.
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Lemma worder_total r: worder r -> total_order r.
Lemma worderr_total r x y: worder_r r -> r x x -> r y y ->

(r x y \/ r y x).
Lemma worder_hassup r A: worder r -> sub A (substrate r) ->

bounded_above r A -> has_supremum r A.

Lemma induced_wor r A: worder r -> sub A (substrate r) ->
worder (induced_order r A).

Lemma worder_adjoin_greatest r a: worder r-> ~ (inc a (substrate r)) ->
worder (order_with_greatest r a).

Lemma worder_least r: worder r -> nonempty (substrate r) ->
has_least r.

Existence of a well-order. In 1908, Ernst Zermelo presented an alternative, simpler proof
of his theorem (see [23, pages 183-189]), (see also page 501). The ordering depends explicitly
on rep , the axiom of choice.

Definition segment_r r x:= interval_cu r x.
Lemma segment_rP r x y: inc y (segment_r r x) <-> gle r x y.

Definition Zermelo_like r:= worder r /\
forall x, inc x (substrate r) -> rep (segment_r r x) = x.

Definition Zermelo_chain E F :=
let p := fun a => a -s1 (rep a) in
[/\ sub F (\Po E), inc E F,
(forall A, inc A F -> inc (p A) F)
& (forall A, sub A F -> nonempty A -> inc (intersection A) F)].

Definition worder_of E :=
let om := intersection (Zo (\Po (\Po E)) (Zermelo_chain E)) in
let d:= fun x => intersection (Zo om (sub x)) in
let R := fun x => d (singleton x) in
graph_on (fun x y => (sub (R y) (R x))) E.

Lemma Zermelo_ter E (r := worder_of E):
worder_on r E /\ Zermelo_like r.

Uniqueness properties of isomorphisms. Consider two ordered sets E, E 0, two strictly in-
creasing functions f and g, that map E onto a same subset of E 0. If E is well-ordered then
f Æg. For otherwise, there would be a least x such that f (x) 6Æg(x). Since f and g have
the same range, there is y such that f (x) Æg(y) and z such that g(x) Æf (z). By de�nition
of x, if y Ç x, then f (y) Æg(y), and by injectivity of f , we get x Æy, absurd. Thus x Ç y and
g(x) Ç g(y). This is g(x) Ç f (x). The same argument says f (x) Ç g(x), absurd.

Example. The order isomorphisms Z ! Z are all functions of the form x 7! x Å a. These
functions are obviously order isomorphisms. Consider an isomorphism g, let a Æg(0) and
f (x) Æx Å a. If x Ç 0 then g(x) Ç a and if x È 0 then g(x) È a. Since g is surjective, every y ¸ a
has the form y Æg(x) for x ¸ 0. Since N is well-ordered and the restrictions of f and g to N
have the same range, we deduce f (x) Æg(x) for x ¸ 0. Consider now x 7! ¡ g(¡ x) for x È 0.
This is a strictly increasing function, thus f Æg (see section 8.7).

Lemma strict_increasing_extens f g r r':
strict_increasing_fun f r r'-> strict_increasing_fun g r r' -> worder r ->
Imf f = Imf g ->
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f = g.
Lemma iso_unique r r' f f':

worder r -> order_isomorphism f r r' -> order_isomorphism f' r r' ->
f = f'.

Segments. A segment1 S in an ordered set E is such that, if x 2 S and y · x, then y 2 S. If
x 2 E, the set of all y such that y Ç x is a segment, it is called the segment with endpoint x , and
denoted ] Ã ,x[ or Sx . The set of all y such that y · x is a also a segment, it is denoted ] Ã ,x].

Definition segmentp r s :=
sub s (substrate r) /\ forall x y, inc x s -> gle r y x -> inc y s.

Definition segment r x := interval_uo r x.
Definition segmentc r x := interval_uc r x.

We list some properties of segments of an ordered sets. Note that ; , E, the union of
segments, and the intersection of segments, are segments.

Lemma lt_in_segment r s x y:
segmentp r s -> inc x s -> glt r y x -> inc y s.

Lemma inc_segment r x y: inc y (segment r x) -> glt r y x.
Lemma not_in_segment r x: ~ inc x (segment r x).
Lemma sub_segment r x: sub (segment r x) (substrate r).
Lemma sub_segment1 r s: segmentp r s -> sub s (substrate r).
Lemma sub_segment2 r x y: sub (segment (induced_order r x) y) x.
Lemma segment_inc r x y: glt r y x -> inc y (segment r x).
Lemma segmentP r x y: inc y (segment r x) <-> glt r y x.
Lemma segmentcP r x y: inc y (segmentc r x) <-> gle r y x.
Lemma inc_bound_segmentc r x: order r -> inc x (substrate r) ->

inc x (segmentc r x).
Lemma lt_in_segment2 r x s y:

segmentp r s -> inc x s -> inc y (segment r x) -> inc y s.
Lemma sub_segmentc r x: sub (segmentc r x) (substrate r).
Lemma segmentc_pr r x: order r -> inc x (substrate r) ->

(segment r x) +s1 x = segmentc r x.
Lemma set0_segment r: segmentp r emptyset.
Lemma substrate_segment r: segmentp r (substrate r).
Lemma setI_segment r s:

(alls s (segmentp r)) -> segmentp r (intersection s).
Lemma setU_segment r s:

(alls s (segmentp r)) -> segmentp r (union s).
Lemma setUf_segment r j s:

(alls j (fun x => segmentp r (s x))) segmentp r (unionf j s).
Lemma subsegment_segment r s s': order r ->

segmentp r s -> segmentp (induced_order r s) s' -> segmentp r s'.
Lemma segment_segment r x: order r -> segmentp r (segment r x).
Lemma segmentc_segment r x: order r -> segmentp r (segmentc r x).

Proposition 1 [4, p. 149] says: in a well-ordered set E, a segment is either E, or has the
form S x . Note that, if x 2 E, then E is non-empty and has a least element a and Sx Æ[a,x[.

Theorem well_ordered_segment r s: worder r -> segmentp r s ->
s = substrate r \/ (exists2 x, inc x (substrate r) & s = segment r x).

1This is sometimes called an “initial segment”
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Lemma segment_alt r x a: least r a ->
segment r x = interval_co r a x.

Lemma segment_alt1 r s: worder r -> segmentp r s ->
s = substrate r \/ (exists x, exists a, s = interval_co r a x).

Some useful lemmas. We consider a well-ordered set. If S and S 0are segments, then S ½S0

or S0½S. If S½S0, if x 2 S, the segments with endpoint x in S or S0 coincide. If x · y, then
Sx ½Sy and Sx £ Sx ½Sy £ Sy . If z · y and y 2 Sx then z 2 Sx . The set ]Ã ,x] is a segment. If S
is a segment and x 2 S, then Sx is the segment with endpoint x for the order induced on S. It
is also the segment with endpoint x for the order induced on ] Ã , y] or ] Ã , y[ if x Ç y.

Lemma segment_monotone r x y: order r -> gle r x y ->
sub (segment r x) (segment r y).

Lemma segment_dichot_sub r x y:
worder r -> segmentp r x -> segmentp r y ->

(sub x y \/ sub y x).
Lemma le_in_segment r x y z: order r -> inc x (substrate r) ->

inc y (segment r x) -> gle r z y -> inc z (segment r x).
Lemma coarse_segment_monotone r x y: order r -> gle r x y ->

sub (coarse (segment r x)) (coarse (segment r y)).
segmentp r (segment_c r x).

Lemma segment_induced_a r s x:
segmentp r s -> inc x s ->
segment (induced_order r s) x = segment r x.

Lemma segment_induced r a b: order r -> glt r b a ->
segment (induced_order r (segment r a)) b = segment r b.

Lemma segment_induced1 r a b: order r -> glt r b a ->
segment (induced_order r (segmentc r a)) b = segment r b.

In a totally ordered set E, the union of all segments is E (when E has no greatest element)
or E ¡ {a} (if a is the greatest element of E).

Definition segmentss r:=
fun_image (substrate r) (segment r).

Lemma union_segments r (E := substrate r)(A := union (segmentss r)):
total_order r ->
( (forall x, ~ (greatest r x)) -> A = E)
/\ (forall x, greatest r x -> A = E -s1 x).

Well-ordering on the set of segments. Consider �rst a totally ordered set. Then x 7! Sx is
strictly increasing (when the target is ordered by inclusion) hence injective.

Lemma segment_monotone1 r x y: total_order r ->
inc x (substrate r) -> inc y (substrate r) ->
sub (segment r x)(segment r y) -> gle r x y.

Lemma segment_injective r : total_order r ->
{inc (substrate r) &, injective (segment r) }.

Consider now a well-ordered set E. The previous lemma says that the set of all S x is iso-
morphic to E, thus well-ordered. Let E ¤ be the set of all segments. This is the set of all S x to
which a greatest element has been added. Thus E ¤ is well-ordered. This is Proposition 2 in
[4, p. 149].
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Definition segments r:=
(segmentss r) +s1 (substrate r).

Definition segments_iso r:=
Lf(segment r) (substrate r) (segmentss r).

Lemma inc_segmentsP r: worder r -> forall x
(segmentp r x <-> inc x (segments r)).

Lemma segmentc_insetof r x: worder r -> inc (segmentc r x) (segments r).
Lemma segment_insetof r x: worder r -> inc (segment r x) (segments r).
Lemma sub_segments r x: worder r ->

inc x (segments r) -> sub x (substrate r).
Theorem segments_iso_is r: worder r ->

order_isomorphism (segments_iso r) r (sub_order (segmentss r)).
Theorem segments_worder r: worder r ->

worder (sub_order (segments r)).

Common order extension. We state Lemma 1 [4, p. 150]. Let (X®)®2A be a family of ordered
sets, directed with respect to the relation ½. Suppose that, for each pair of indices (®,¯ ) such
that X® ½X¯ , the ordering induced on X® by that of X¯ is identical with the given ordering on
X®. Under these conditions there exists a unique ordering on the set E Æ

[

®2A
X® which induces

the given ordering on each X®.

If (X®) is a family of orders, we denote the substrate by E ® and the order by G ®. We say
that the family is monotone if, whenever E ® ½ E¯ , then G ¯ , restricted to E ®, is G®. We say
that the family is directed if for all ®and ¯ , there is ° such that E ® ½E° and E¯ ½E° . We also
consider a stronger condition: E ® is a segment of E¯ or E¯ is a segment of E®.

Definition worder_fam g := allf g worder.
Definition order_extends r r' := r = induced_order r' (substrate r).
Definition monotone_order_fam g :=

forall a b, inc a (domain g) -> inc b (domain g) ->
sub (substrate (Vg g a)) (substrate (Vg g b)) ->
order_extends (Vg g a) (Vg g b)

Definition common_extension_order g h:=
[/\ order h, substrate h = unionf (domain g) (fun a => substrate (Vg g a))
& (forall a, inc a (domain g) -> order_extends (Vg g a) h)].

Definition common_extension_order_axiom g :=
[/\ order_fam g,
(forall a b, inc a (domain g) -> inc b (domain g )-> exists c,

[/\ inc c (domain g), sub (substrate (Vg g a)) (substrate (Vg g c))
& sub (substrate (Vg g b)) (substrate (Vg g c))])

& monotone_order_fam g].
Definition common_worder_axiom g:=

[/\ worder_fam g,
(forall a b, inc a (domain g) -> inc b (domain g) ->

segmentp (Vg g a) (substrate (Vg g b))
\/ segmentp (Vg g b) (substrate (Vg g a)))

& monotone_order_fam g].

Existence and uniqueness are easy to prove.

Lemma order_merge1 g :
common_extension_order_axiom g -> common_extension_order g (unionb g).
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Lemma order_merge2 g: common_extension_order_axiom g ->
uniqueness (common_extension_order g).

We consider now Proposition 3 [4, p. 149]. It says Let (X¶)¶2I be a family of well-ordered
sets such that for each pair of indices (¶,· ) one of the setsX¶, X· is a segment of the other. Then
there exists a unique ordering on the set E Æ

[

¶2I
X¶which induces the given ordering on each of

the X¶. Endowed with this ordering, E is a well-ordered set. Every segment ofX¶ is a segment of
E; for each x 2 X¶, the segment with endpoint x in X is equal to the segment with endpoint x in
E; and each segment of E is either E itself or a segment of one of the X¶.

Existence and uniqueness follows from the previous case.

Lemma order_merge3 g:
common_worder_axiom g -> common_extension_order_axiom g.

Lemma order_merge4 g:
common_worder_axiom g -> common_extension_order g (unionb g).

Lemma order_merge5 g: common_worder_axiom g ->
uniqueness (common_extension_order g).

Let x be in the E, say x 2 E®. If y · ® x then y · x, where · is the order of E. Conversely, if
y · x, there is some ¯ such that y 2 E¯ and y · ¯ x; but E ¯ is a substrate of E®, or the converse.
In any case this implies y 2 E® and y · ® x, thus the result.

Theorem worder_merge g (G := unionb g):
common_worder_axiom g ->

[/\ (common_extension_order g G),
worder G,
(forall a x, inc a (domain g) -> segmentp (Vg g a) x

-> segmentp G x),
(forall a x, inc a (domain g) -> inc x (substrate (Vg g a)) ->

segment (Vg g a) x = segment G x)
& (forall x, segmentp G x ->

x = substrate G \/ exists2 a, inc a (domain g) & segmentp (Vg g a) x)].

3.2 The principle of trans�nite induction

The next result is Lemma 2 [4, p. 151]. It says that, given a well-ordered set E and a set S
of segments of E, stable by union and by successor (i.e., if ] Ã ,x[ 2 S then ] Ã ,x] 2 S ), then all
segments are in S . In particular E 2 S .

Proof. Assume, by contradiction, that the set of segments not in S is non-empty. There
is then a least element for inclusion, say Y. Assume �rst that Y has a greatest element. Then
Y Æ]Ã ,a], but ] Ã ,a[ 2 S by minimality. Assume that Y has no greatest element. Since Y is
a well-ordered set, it is the union of all S x for x 2 Y. By minimality, S x 2 S ; and the union is
also in S .

Section TransfinitePrinciple.
Variables r s: Set.
Hypothesis wor: worder r.
Hypothesis u_stable: forall s', sub s' s -> inc (union s') s.
Hypothesis adj_stable:
(forall x, inc x (substrate r)-> inc (segment r x) s -> inc (segmentc r x) s).
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Lemma transfinite_principle1 x: segmentp r x -> inc x s.
Lemma transfinite_principle2: inc (substrate r) s.
End TransfinitePrinciple.

We deduce [4, p. 151] C59. (Principle of trans�nite induction). Let Räxäbe a relation in
T (x not being a constant of T ) such that the relation

(x 2 E and (8 y)(y 2 E and y Ç x) Æ) Räyä) Æ) Räxä

is a theorem in T . Under these conditions, the relation (x 2 E) Æ) Räxäis a theorem in T .

Theorem transfinite_principle r (p:property) (E:= substrate r):
worder r ->
(forall x, inc x E -> (forall y, inc y E -> glt r y x -> p y) -> p x) ->
forall x, inc x E -> p x.

De�nition by trans�nite induction. In what follows we consider a well-ordered set E, and
for x 2 E the segment Sx (formed of elements Ç x). If f is a function we denote by f (x) the
surjective restriction of f to Sx . Then:
Criterion C60 (De�nition of a mapping by trans�nite induction) [4, p. 151]: Let u be a letter,
Täuäa term in the theory T (in which E is a set well-ordered by a relation denoted · ). There
exists a setU and a mapping f of E onto U such that for all x 2 E we have f (x) ÆTäf (x)ä.
Furthermore the set U and the mapping f are uniquely determined by these conditions .

We can convert the criterion into a theorem by assuming that T is of type Set! Set, so
that T äuäcan be rewritten as T( u), and the condition becomes f (x) ÆT( f (x)). Note that f
is a mapping of E onto U says that f is a surjection and U is the target. So, if f exists, then
U exists, if f is unique, then U is unique. In that follows we do not mention U. Note that a
surjective function is uniquely determined by its graph, so that we consider a variant of C60,
where g is a graph; moreover T takes a graph as argument. Denote by g(x) the restriction of a
graph g to Sx . In this case, C60 says; there is a unique functional graph with domain E such
that g(x) ÆT(g(x)) on E.

We explain here how to get a surjective function from a graph.

Definition fgraph_to_fun f:= triple (domain f) (range f) f.

Lemma fgraph_to_fun_ev f x: Vf (fgraph_to_fun f) x = Vg f x.
Lemma fgraph_to_fun_source f: source (fgraph_to_fun f) = domain f.
Lemma fgraph_to_fun_fs f: fgraph f -> surjection (fgraph_to_fun f).
Lemma fgraph_to_fun_restr f s:

function f -> sub s (source f) ->
restriction1 f s = fgraph_to_fun (restr (graph f) s).

We show equivalence of the two variantqs of C60.

Definition transfinite_def r (T: fterm) f:=
[/\ surjection f, source f = substrate r &
forall x, inc x (substrate r) -> Vf f x = p (restriction1 f (segment r x))].

Definition transfiniteg_def r (T: fterm) f :=
[/\ fgraph f, domain f = substrate r &
forall x, inc x (substrate r) -> Vg f x = T (restr_to_segment r x f)].

Lemma transfinite_def_prop1 r T f:
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transfiniteg_def r T f <->
transfinite_def r (T \o graph) (fgraph_to_fun f).

Lemma transfinite_def_prop2 r T f:
transfinite_def r T f ->
transfiniteg_def r (T \o fgraph_to_fun) (graph f).

Uniqueness is easy (consider the least element for which the functions differ).

Lemma transfiniteg_unique r T : worder r ->
uniqueness (transfiniteg_def r T).

Lemma transfinite_unique r T : worder r ->
uniqueness (transfinite_def r T).

Existence. We �x here the well-ordered set E, the functional term T, and consider the
property I (S,f ) that says that S is a segment of E, f a functional graph and f (x) ÆT( f (x))
whenever x 2 S. If S is the segment with endpoint x, S0ÆS[ {x}, there is a graph fÅ such that
I (S0, fÅ) holds. If S is a set of segments and I (S,fS) holds for every S 2 S , then I (

S
S ,

S
fS)

holds. (proof: consider two segments S and S 0, x 2 S\ S0: we may assume S ½ S0; then, by
uniqueness fS is the restriction of fS0 to S: hence fS(x) Æ fS0(x); this shows that

S
fS is a

functional graph).

Lemma transfinite_aux2 r T s (tdf: fterm) : worder r -> (* 58 *)
(alls s (segmentp r)) ->
(forall z, inc z s -> transfiniteg_def (induced_order r z) T (tdf z)) ->
let f := (unionf s tdf) in
transfiniteg_def (induced_order r (union s)) T f.

Lemma transfinite_aux3 r T x g:
worder r -> inc x (substrate r) ->
transfiniteg_def (induced_order r (segment r x)) T g ->
transfiniteg_def (induced_order r (segmentc r x)) T

(g +s1 J x (T (restr g (segment r x)))).

Let S be the set of all segments S such that there is f such that I (S,f ) holds. We use the
axiom of choice, de�ne a functional term fS such that so that I (S,fS) holds for S 2 S . Then
S is stable by union, hence contains E, and I (E, fE) holds. This function fE is the solution to
the problem.

Definition transfiniteg_defined r T:= choose (fun f => transfiniteg_def r T f).

Lemma transfinite_exists1 r T:
worder r -> exists f, (transfiniteg_def r T f).

Lemma transfinite_pr1 r T: worder r ->
transfiniteg_def r T (transfiniteg_defined r T).

Lemma transfinite_pr2 r x T:
worder r -> transfiniteg_def r T x -> transfiniteg_defined r T = x.

Application: Consider two well-ordered sets E and E 0. There is an order morphism E ! E0

whose image is a segment of E0, or there is an order morphism E 0 ! E whose image is a
segment of E. Proof. De�ne by trans�nite induction a graph f such that f (x) Æinf(E 0¡ f hSx i ).
Let A be the set of all x such that f hSx i is a strict subset of E 0. If x 2 A then f (x) is the least
element of E 0 not of the form f (y) for y Ç x. It follows that A is a segment of E, that f is
strictly increasing on A, and f hAi is a segment of E0. Assume A ÆE; the property holds by
converting f into a function E ! E0. Otherwise, there is a least element b in E not in A. We
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have f hSb i ÆE0; in order terms E 0 is the set of all f (x) for x 2 A. So f , restricted to A, can be
considered as an order isomorphism A ! E0, its inverse is an order isomorphism E 0! A, that
can be converted into an order morphism E 0! E whose image is A. Note: the value of f (b) is
irrelevant in this case,

Lemma isomorphism_worder_exists r r': worder r -> worder r' ->
let iso:= (fun u v f =>

segmentp v (Imf f) /\ order_morphism f u v) in
(exists f,iso r r' f) \/ (exists f, iso r' r f). (* 97 *)

Criterion C60 in the case of a function follows from the case of a graph.

Bourbaki notes that in a situation, « where there exists a set F such that for every mapping
h of a segment ofE onto a subset ofF we haveTähä2 F then the set U obtained by applying C60
is a subset ofF » Proof: redo the proof of C60 with a more restrictive property than I (S,fS).
Simpler proof: check by trans�nite induction that the function de�ned by C60 satis�es f (x) 2
F, whatever x. Note: yin this special case, the axiom of choice is not needed.

Definition transfinite_defined r T:=
fgraph_to_fun (transfiniteg_defined r (fun f => T (fgraph_to_fun f))).

Lemma transfinite_defined_pr r T: worder r ->
transfinite_def r T (transfinite_defined r T).

Lemma transfinite_pr r x T:
worder r -> transfinite_def r T x -> transfinite_defined r T = x.

Theorem transfinite_definition r T:
worder r -> exists! f, (transfinite_def r T f).

Theorem transfinite_definition_stable r T F:
worder r ->
(forall f, function f -> segmentp r (source f) -> sub (target f) F ->

inc (T f) F) ->
sub (target (transfinite_defined r T)) F.

Given a well-ordering r on E, we may consider the function f , de�ned by trans�nite in-
duction with the functional “target” ; note that its graph is de�ned by trans�nite induction
via “range”. We restate here uniqueness in the following way: assume that g(x) a functional
term such that that g(x) Æ{g(t ), t Ç x}, for x 2 E. Then f (x) Æg(x) on R.

Definition ordinal_iso r := transfinite_defined r target.
Definition ordinal_isog r := transfiniteg_defined r range.

emma transdef_tg0 r (f := ordinal_isog r): worder r ->
forall x, inc x (substrate r) ->
Vg f x = direct_image f (segment r x).

Lemma transdef_tg1 r (f := ordinal_iso r): worder r ->
forall x, inc x (substrate r) ->
Vf f x = Vfs f (segment r x).

Lemma transdef_tg2 r f:
worder r -> surjection f -> source f = substrate r ->
(forall x, inc x (substrate r) -> Vf f x = Vfs f (segment r x)) ->
f = ordinal_iso r.

Lemma transdef_tg3 r (f: fterm):
worder r ->
(forall x, inc x (substrate r) -> f x = fun_image (segment r x) f) ->
forall x, inc x (substrate r) -> f x = Vf (ordinal_iso r) x.
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3.3 Zermelo's theorem

We show here that every set E is the substrate of a well-order (we have already given a
proof of it; the following uses the original arguments of Zermelo). The proof depends on
some mysterious set S (a set of subsets of E) and a mysterious function p(X) de�ned on S .

If G and G0 are two orders on E and E 0 (denoted · and · 0), we denote by G  G0 the set
of all x in E and E0such that the set S of y such that y Ç x is the set of all y such that y Ç0x;
moreover, we assume that a · b is equivalent to a · 0b for a and b in S.

Obviously G  G0ÆG0 G, and this is a segment for · and · 0.

Definition common_ordering_set r r' :=
Zo ((substrate r) \cap (substrate r'))
(fun x => segment r x = segment r' x /\

induced_order r (segment r x) = induced_order r' (segment r' x)).

Lemma Zermelo_aux0 r r':
common_ordering_set r r' = common_ordering_set r' r.

Lemma Zermelo_aux1 r r': worder r -> worder r' ->
segmentp r (common_ordering_set r r').

Lemma Zermelo_aux2 r r' v: worder r -> worder r' ->
v = common_ordering_set r r' -> sub(induced_order r v)(induced_order r' v).

Let Q(G) denote the following property: G is a well-ordering on a set A such that A ½E
and for any a 2 A, the segment Sa for G satis�es S a 2 S and p(Sa) Æa.

Definition Zermelo_axioms E p s r:=
[/\ worder r,
sub (substrate r) E,
(forall x, inc x (substrate r) -> inc (segment r x) s) &
(forall x, inc x (substrate r) -> p (segment r x) = x)].

Given G and G0 two ordering on A and A 0we write q(G,G0) as short for: A ½A0, on A, the
two orders G and G 0coincide, and A is segment of G 0.

If both Q(G) and Q(G 0) hold, then one of q(G,G0) and q(G0,G) hold. Let V ÆG G0. This is
a segment for G; the result is clear if V ÆA. Otherwise assume V ÆSx ; we get x Æp(V). Since
V is also a segment of G0, we have V ÆA0(and the result holds) or V ÆSy (for some y 2 B) and
y Æp(V). This implies x Æy 2 V, absurd.

Lemma Zermelo_aux3 E s p r r':
let q := fun r r' => [/\ sub (substrate r) (substrate r'),

r = induced_order r' (substrate r) & segmentp r' (substrate r)] in
Zermelo_axioms E p s r -> Zermelo_axioms E p s r' ->
q r r' \/ q r' r.

Let G be a well-ordering on A and a an element not in the substrate, G a the extension of
G that makes a the greatest element. This is a well-ordering, and a segment S x of GA is either
A (if x Æa) or Sx (as a segment of G).

Lemma Zermelo_aux4 r a (owg := order_with_greatest r a):
worder r -> ~ (inc a (substrate r)) ->

[/\ worder owg, segment owg a = (substrate r) &
forall x, inc x (substrate owg) -> x = a \/
segment owg x = segment r x].
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We assume now that E is a set, S ½P (E) and p(X) 62X whenever X 2 S . Consider the set
M of all G that satisfy Q. Lemma Zermelo_aux3 says that the union G of these orderings
is an ordering. It satis�es Q and its substrate M is not in S (for otherwise, we could chose
a Æp(M), and extend G with a as greatest element (because a 62M); this extension satis�es
Q, absurd).

Lemma Zermelo_aux E s p: sub s (\Po E) -> (* 59 *)
(forall x, inc x s -> inc (p x) E) /\ ~ (inc (p x) x)) ->
exists2 r, Zermelo_axioms E p s r & (~ (inc (substrate r) s)).

Let now S be the set of all subsets of E but E itself. If p is the representative of the
complement of x in E (this exists, by the axiom of choice), the order de�ned by the lemma
Zermelo_aux has its substrate in P (E)¡ S . Thus, it is a well-ordering on E. This is Theorem
1 [4, p. 153].

Theorem Zermelo E: exists r, worder_on r E.

3.4 Inductive sets

An ordered set is said to be inductive if every totally ordered subset of E has an upper
bound in E. More precisely, let r be an order and E its substrate, then every subset X of E,
for which the order induced by r is total, has an upper bound for r . The set ©(A,B) of partial
functions is inductive, see page 508.

Definition inductive r :=
forall X, sub X (substrate r) -> total_order (induced_order r X) ->

exists x, upper_bound r X x.

Lemma inductive_graphs a b:
inductive (opp_order (extension_order a b)).

Consider an ordered set E; assume that each well-ordered subset of E is bounded above.
Let S be the set of sets S ½E that have a strict upper bound. We choose for p(S) an upper
bound of S that is not in S. By Zermelo_aux, there is a well-ordering G satis�es Q, i.e. G is a
well-ordering of a subset M of E, and if S x denotes the segment of G with endpoint x, we have
Sx 2 S and p(Sx ) Æx. This last condition says that if y Ç x for G, it is true for the ordering on
E; hence G is the restriction to M of the ordering of E. By assumption, M is bounded, say by
m. This element is maximal (this is Proposition 4 [4, p. 154]).

Theorem 2 [4, p. 154] says that every inductive ordered set has a maximal element. This
is a trivial consequence of the previous result.

Theorem Zorn_aux r: order r ->
(forall s, sub s (substrate r) -> worder (restriction_order r s) ->

(bounded_above r s)) ->
exists a, maximal r a.

Theorem Zorn_lemma r: order r -> inductive r ->
exists a, maximal r a.

Corollary. If E is inductive, a 2 E, F is the set of all x ¸ a, then F is inductive (if X is a totally
ordered set in F, then X [ {a} is totally ordered; an upper bound m is in F since it satis�es
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a · m). Hence there is a maximal element m such that a · m . Second corollary: if F is
a subset of the powerset of E such that for every subset G of F which is totally ordered by
inclusion, the union (resp. intersection) of the sets of G belongs to F, then F has a maximal
or minimal element. 2

Lemma inductive_max_greater r a: order r -> inductive r ->
inc a (substrate r) ->
exists2 m, maximal r m & gle r a m.

Lemma setP_inductive A F: sub A (\Po F) ->
(forall S, (forall x y, inc x S -> inc y S -> sub x y \/ sub y x) ->

sub S A ->inc (union S) A) ->
inductive (sub_order A).

Lemma setP_maximal A F: sub A (\Po F) ->
(forall So, (forall x y, inc x So -> inc y So -> sub x y \/ sub y x) ->

sub So A -> inc (union So) A) ->
exists a, maximal (sub_order A) a.

Lemma setP_minimal A F: sub A (\Po F) -> nonempty A ->
(forall So, (forall x y, inc x So -> inc y So -> sub x y \/ sub y x) ->

sub So A -> nonempty So -> inc (intersection So) A) ->
exists a, minimal (sub_order A) a.

3.5 Isomorphisms of well-ordered sets

Assume that E and F are two well-ordered sets. We show Theorem 3 [4, p. 155]: Let
I(u ,v, f ) be the property that f is an order isomorphism from u onto a segment w of v. We
claim that there exists a unique f such that I(E,F, f ), or there exists a unique f such that
I(F,E, f ). Note: The two cases are not excluded; in that case, E and F are order-isomorphic.

In order to show uniqueness we start with a lemma: if f is increasing and g is strictly
increasing, if the image of f is a segment of F, then f (x) · g(x) for all x. The proof is by
contradiction. If a is the least element such that g(a) Ç f (a), since the image of f is a segment
there is a z such that g(a) Æf (z). Since f is increasing this gives z Ç a, hence f (z) · g(z) Ç
g(a), absurd.

Lemma increasing_function_segments r r' f g:
worder r -> worder r' ->
increasing_fun f r r' -> strict_increasing_fun g r r'->
segmentp r' (Imf f) ->
forall x, inc x (source f) -> gle r' (Vf f x) (Vf g x).

Lemma isomorphism_worder_unique r r' x y:
worder r -> worder r' ->
segmentp r' (Imf x) -> segmentp r' (Imf y) ->
order_morphism x r r' -> order_morphism y r r' ->
x = y.

Given a totally ordered subset X of F, we can apply lemma sup_extension_order2 , that
says that there exists a function f that extends all elements in X; we know that the source and
range of f are the union of the sources and ranges of the elements of X, hence are segments.
Given a and b in the source of f , there is a function g that is de�ned for both a and b (because
X is totally ordered); since a · b is equivalent to g(a) · g(b) and f (a) Æg(a) and f (b) Æg(b)

2in the case of intersection, we assume G nonempty; for otherwise the intersection is empty, ; 2 F, and the
result is trivial.
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we deduce that a · b is equivalent to f (a) · f (b). As a consequence, f is increasing and
hence is a morphism. Consider now a maximal element f . If the source of f is E, then I(E,F, f )
is true. If the range of f is F, then f ¡ 1 is a bijection from F onto a subset of E, hence I(F,E, f ¡ 1).
Otherwise, if a is the least element of E not in the source of f and b the least element not in
the range of b, we can extend f to a function g by saying g(a) Æb. This function is in F. This
contradicts the maximality of f .

Theorem isomorphism_worder r r': (* 160 *)
worder r -> worder r' ->
let iso:= (fun u v f =>

segmentp v (Imf f) /\ order_morphism f u v) in
(exists! f,iso r r' f) \/ (exists! f, iso r' r f).

Corollary 1. The only isomorphism from a well-ordered set into a segment of itself is the
identity.

Lemma unique_isomorphism_onto_segment r f: worder r ->
segmentp r (Imf f) -> order_morphism f r r ->
f = identity (substrate r).

Corollary 2. If E and F are two well-ordered sets, f an isomorphism of E onto a segment
of F, g an isomorphism of F onto a segment of E, then f and g are inverse bijections.

Lemma bij_pair_isomorphism_onto_segment r r' f f':
worder r -> worder r' ->
segmentp r' (Imf f) -> order_morphism f r r' ->
segmentp r (Imf f') -> order_morphism f' r' r ->
(order_isomorphism f r r' /\ order_isomorphism f' r' r /\

f = inverse_fun f').

Finally, we show that every subset of a well-ordered set is isomorphic to a segment of E.

Lemma isomorphic_subset_segment r a:
worder r -> sub a (substrate r) ->
exists w, exists f, segmentp r w /\

order_isomorphism f (induced_order r a) (induced_order r w).

If f is injective (resp. bijective) and satis�es f (x) · f (y) then f is an order morphism
(resp. isomorphism) if the source is totally ordered. We re�ne the theorem about well-
ordered set isomorphisms: given two well-ordered sets E and E 0, either E is isomorphic to
E0, or E isomorphic to a strict segment of E 0or E0 isomorphic to a strict segment of E. There
is an other variant: either E is isomorphic to a strict of E 0or E0 isomorphic to a strict segment
of E. Two isomorphic segments of E are equal.

Lemma segments_iso1 a A B: worder a -> sub A B ->
segmentp a A -> segmentp a B ->
(induced_order a B) \Is (induced_order a A) -> A = B.

Lemma segments_iso2 a A B: worder a ->
inc A (segments a) -> inc B (segments a) ->
(induced_order a A) \Is (induced_order a B) -> A = B.

Lemma isomorphism_worder2 r r':
worder r -> worder r' ->

[\/ r \Is r',
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(exists2 x, inc x (substrate r) & (induced_order r (segment r x)) \Is r') |
(exists2 x, inc x (substrate r')& (induced_order r' (segment r' x)) \Is r)].

Lemma isomorphism_worder3 r r': worder r -> worder r' ->
(exists f, segmentp r' (Imf f) /\ order_morphism f r r')
\/ (exists2 x, inc x (substrate r) & (induced_order r (segment r x)) \Is r').

3.6 Lexicographic products

Given a family of orders (G ¶)¶2I , with substrate X ¶, and order relation · ¶, and a well-order
relation · I on I, we consider the relation x · y on the product

Q
¶2I X¶de�ned by “ x Æy or, if ¶

is the least index (for the relation · I ) such that x¶6Æy¶then x¶· ¶y¶”. The graph of this relation
will be called the lexicographic product of the family.

Definition order_prod_r r g :=
fun x x' =>

forall j, least (induced_order r (Zo (domain g)
(fun i => Vg x i <> Vg x' i))) j -> glt (Vg g j) (Vg x j)(Vg x' j).

Definition orprod_ax r g:=
[/\ worder r, substrate r = domain g & order_fam g].

Definition order_prod r g :=
graph_on (order_prod_r r g)(prod_of_substrates g).

We have x Ç y if there is an index i such that xi Çi yi , and x j Æy j whenever j ÇI i (this
characterization is more convenient than the de�nition).

Lemma orprod_sr r g:
orprod_ax r g ->
substrate(order_prod r g) = prod_of_substrates g.

Lemma prod_of_substrates_pr i z g:
inc i (domain g) -> inc z (prod_of_substrates g) ->
inc (Vg i z) (substrate (Vg i g)).

Lemma orprod_gle1P r g:
orprod_ax r g -> forall x x',
(related (order_prod r g) x x' <->
[/\ inc x (prod_of_substrates g), inc x' (prod_of_substrates g) &

forall j, least (induced_order r (Zo (domain g)
(fun i => Vg x i <> Vg x' i))) j -> glt (Vg g j) (Vg x j)(Vg x' j)]).

Lemma orprod_gleP r g:
orprod_ax r g -> forall x x',
(gle (order_prod r g) x x' <->
[/\ inc x (prod_of_substrates g), inc x' (prod_of_substrates g) &

(x= x' \/ exists j, [/\ inc j (substrate r),
glt (Vg g j) (Vg x j) (Vg x' j) &
forall i, glt r i j -> Vg x i = Vg x' i])]).

The lexicographic product is an order.

Lemma orprod_osr r g:
orprod_ax r g -> order_on (order_prod r g) (prod_of_substrates g).

Lemma orprod_sr r g:
orprod_ax r g -> substrate(order_prod r g) = prod_of_substrates g.

Lemma orprod_or r g:
orprod_ax r g -> order (order_prod r g).
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If all orders are total so is the lexicographic product.

Lemma orprod_total r g:
orprod_ax r g ->
(allf g total_order) ->
total_order (order_prod r g).

The ordinal sum. Consider as above a family (G ¶)¶2I of orders, with substrate X ¶ and order
relation · ¶, and an order relation · I on I. Let E Æ

P
¶2I X¶be the disjoint union. This is the set

of all pairs ( a,b) where b 2 I and a 2 Xb .

Definition sum_of_substrates g := disjointU (fam_of_substrates g).

Lemma du_index_pr1 g x: inc x (sum_of_substrates g) ->
[/\ inc (Q x) (domain g), inc (P x) (substrate (Vg g (Q x))) & pairp x].

Lemma disjoint_union_pi1 g x y:
inc y (domain g) -> inc x (substrate (V g y)) ->
inc (J x y) (sum_of_substrates g).

Lemma canonical2_substrate r r':
fam_of_substrates (variantLc r r') = Lvariantc (substrate r) (substrate r').

We consider the relation x · y de�ned on E by “either x2 ÇI y2, or x2 Æy2 Æ¸ and then
x1 · ¸ y1” where x Æ(x1,x2) and y Æ(y1, y2). In Exercise 1.3 (page 519) it is assumed X j 6Æ ;,
but this forbids zero in a sum. We show here that this de�nition induces an order on the
disjoint union.

Definition orsum_ax r g:=
[/\ order r, substrate r = domain g & order_fam g].

Definition order_sum_r r g x x' :=
(glt r (Q x) (Q x') \/ (Q x = Q x' /\ gle (V g (Q x)) (P x) (P x'))).

Definition order_sum r g :=
graph_on (order_sum_r r g) (sum_of_substrates g).

Section OrderSumBasic.
Variables r g: Set.
Hypothesis osa: orsum_ax r g.

Lemma orsum_or: order (order_sum r g).
Lemma orsum_sr:

substrate (order_sum r g) = sum_of_substrates g.
Lemma orsum_osr: order_on (order_sum r g) (sum_of_substrates g).

Lemma orsum_gleP x x':
gle (order_sum r g) x x' <->
[/\ inc x (sum_of_substrates g), inc x' (sum_of_substrates g) &

order_sum_r r g x x'].
Lemma orsum_gle1 x x':

gle (order_sum r g) x x' ->
(glt r (Q x) (Q x') \/ (Q x = Q x' /\ gle (V (Q x) g) (P x) (P x'))).

Lemma orsum_gle2 a b a' b':
gle (order_sum r g) (J a b) (J a' b') ->
(glt r b b' \/ (b = b' /\ gle (V g b) a a')).

Lemma orsum_gle_id x x':
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gle (order_sum r g) x x' -> gle r (Q x) (Q x').
End OrderSumBasic.

We consider now the case of the sum and product of two sets. This operation is non-
commutative, and we shall use our canonical doubleton as ordering. (The canonical double-
ton has two elements C0and C1, also known as 0 and 1, ordered by 0 Ç 1). Note the ordering
of the product: it is so that x Å x Æx ¢2.

Definition order_prod2 r r' :=
order_prod canonical_doubleton_order (variantLc r' r).

Definition order_sum2 r r' :=
order_sum canonical_doubleton_order (variantLc r r').

Lemma order_sp_axioms r r':
order r -> order r' -> order_fam (variantLc r r').

Lemma cdo_glt1: glt canonical_doubleton_order C0 C1.

Section OrderSum2Basic.
Variables r r': Set.
Hypotheses (or: order r) (or': order r').

Lemma orsum2_osr:
order_on (order_sum2 r r') (canonical_du2 (substrate r) (substrate r')).

Lemma orprod2_osr:
order_on (order_prod2 r r')(product2 (substrate r') (substrate r)).

Lemma orsum2_or: order (order_sum2 r r').
Lemma orprod2_or: order (order_prod2 r r').
Lemma orsum2_sr:

substrate (order_sum2 r r') = canonical_du2 (substrate r) (substrate r').
Lemma orprod2_sr:

substrate (order_prod2 r r') = product2 (substrate r') (substrate r).

The ordering on E 1 Å E2 is de�ned by x · s y if and only if either pr 2x Æpr2y Æ® and
pr1x · pr1y (in E1), or pr 2x Æpr2y Æ¯ and pr 1x · pr1y (in E2), or pr 2x Æ®and pr 2y Æ¯ . Note
that u Æ¯ can be replaced by u 6Æ®.

In the case of a product E ¢I, we have x Ç y if either x® Ç y® in I or if x® Æy®, and x¯ Ç y¯

in E.

Lemma orsum2_gleP x x':
gle (order_sum2 r r') x x' <->
[/\ inc x (canonical_du2 (substrate r) (substrate r')),

inc x' (canonical_du2 (substrate r) (substrate r')) &
([/\ Q x = C0, Q x' = C0 & gle r (P x) (P x')]

\/ [/\ Q x <> C0, Q x' <> C0 & gle r' (P x)
Lemma orsum2_gle_spec x x':

inc x (substrate r) -> inc x' (substrate r') ->
glt (order_sum2 r r') (J x C0) (J x' C1).

Lemma orsum2_gleP x x':
gle (order_sum2 r r') x x' <->
[/\ inc x (canonical_du2 (substrate r) (substrate r')),

inc x' (canonical_du2 (substrate r) (substrate r')) &
[\/ [/\ Q x = C0, Q x' = C0 & gle r (P x) (P x')],

[/\ Q x <> C0, Q x' <> C0 & gle r' (P x) (P x')] |
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(Q x = C0 /\ Q x' <> C0)]].
End OrderSum2Basic.

Exercise 2.10 (page 578) says that E¢I is isomorphic to the sum
P

¶2I E¶ where each E¶ is
equal to E. The isomorphism is simply x 7! (x¯ ,x®).

Lemma order_prod_pr r r': order r -> order r' ->
(order_prod2 r r') \Is (order_sum r' (cst_graph (substrate r') r)).

If I and each E i are well-ordered, so is the ordinal sum. The sum of two totally ordered
sets is totally ordered (for the converse, see Exercises).

Lemma orsum2_totalorder r r':
total_order r -> total_order r' -> total_order (order_sum2 r r').

Lemma orprod2_totalorder r r':
total_order r -> total_order r' -> total_order (order_prod2 r r').

Lemma orsum_wor r g:
worder r -> substrate r = domain g ->
worder_fam g ->
worder (order_sum r g).
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Chapter 4

Equipotent Sets. Cardinals

Bourbaki denotes by Eq(X,Y) the property that there is a bijection between X and Y and
denotes by Card(X) the set ¿Z(Eq(X,Z)). He calls this the cardinal of X. He does not de�ne “a
cardinal”. The only possible interpretation of “ r is a cardinal” is “the object r is of the form
Card(E) for some set E”. Using a speci�c font for cardinals suggests that a cardinal is some
special object, and that we should perhaps introduce a type for these cardinals. If A Æ{; } and
a denotes the cardinal of A, it is impossible to prove aÆA or a6ÆA (non-de�niteness of ¿).

The cardinal of a set is sometimes called the the power of X. It is interesting to notice
that no name is given to the notation ab when this means the cardinal of the set of mappings
from one set into another (the operation is nevertheless called “exponentiation of cardinals”).
The term “power” is used only in the phrase “power of the continuum”, where it means the
cardinal of the set of real numbers, or, equivalently, the cardinal of P (N) (where N is the set of
natural integers, de�ned in Chapter 6). For us, the term “power” will only be used to denote
ab.

One can de�ne addition and multiplication of cardinals. For instance, A £ B is equipotent
to A0£ B0when A is equipotent to A 0and B is equipotent to B 0. Thus Card(A£ B) ÆCard(A0£ B0)
if Card(A) ÆCard(A0) and Card(B) ÆCard(B0). For instance, if a is as above then a.a Æa. In
order to prove properties of these operations (like associativity, commutativity), one needs
the notion of a family of cardinals, which is some f that associates to each element i of a
given set I a cardinal f i . Technically, f is a functional graph, and its range is a set. This
means that we can consider a set of cardinals, so that a cardinal is a set. One could de�ne the
cardinal product a.b as the cardinal of A £ B, whenever Card(A) Æa and Card(B) Æb. Since a
and b are sets that satisfy these conditions, it is simpler to de�ne it as the cardinal of a£ b.
This de�nition then makes sense for any two sets; moreover A.B ÆB.A, even when A and B
are not cardinals.

In the Exercises, Bourbaki denotes by Is( ¡ ,¡ 0) the property that ¡ and ¡ 0are ordered sets,
and there is an order isomorphism between ¡ and ¡ 0, he denotes by Ord( ¡ ) the ordered set
¿¢ (Is(¡ ,¢ )), and calls it the order-type of ¡ . He de�nes an ordinal as the order-type of a well-
ordered set (the cardinal of any set is a cardinal, the order-type of an ordered set is not always
an ordinal). Ordinals are generally denoted by lower-case Greek letters such as ! . The ordinal
sum and lexicographic product of orderings induce two operations (sum and product) on the
family of order-types, denoted by ¸ Å ¹ and ¸¹ . These operations are non-commutative: for
instance ¸ Å 1 and 1 Å ¸ correspond to the orderings obtained by adjoining a greatest and
a least element, respectively. The relation “there is an order isomorphism between ¡ and a
sub-ordering of ¡ 0”, denoted by ¡ Á ¡ 0, is a preorder. The sum and product of ordinals are
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ordinals, and the relation ¸ Á ¹ is a well-ordering, compatible with the two operations. Let
A Æ{; } be as above; there is a unique ordering on this set, which is a well-ordering. Let ¸ be
its ordinal. The support of ¸ is a singleton, but it is undecidable whether or not the support
is A.

In 1923 von Neumann noted that the axiom of choice (i.e. the use of ¿) is not needed
for de�ning ordinals. To each well-ordered set (E, · ) is uniquely associated a numeration,
and hence a set F, with a natural ordering o(F), and (F, o(F)) is isomorphic to (E, · ). The
von Neumann ordinal of the ordered set (E, · ) is the set F. It is equipotent to E. Zermelo's
theorem asserts that any set E has a well-ordering, so that one can consider the least ordinal
equipotent to E. This is called the von Neumann cardinal of E. Let A Æ{; } be as above; the
von Neumann ordinal of the unique ordering of A is A itself, and the von Neumann cardinal
of A is A.

In this chapter, we shall use the von Neumann point of view. We shall introduce the
notion of �nite set, and see that any �nite ordinal is a cardinal. In a future chapter, we shall
see that if X is an in�nite set, then X and X £ X are equipotent. This can be restated as: if A is
an in�nite cardinal, then A ÆA.A. This result is equivalent to the axiom of choice: if there is
no choice function on X, then X has no cardinal, according to von Neumann.

This chapter starts with a study of some properties of ordinals. Sections 1 to 6 correspond
to §3.1 to §3.6 of Chapter III of Bourbaki.

Ordinals. Consider a relation between x and y denoted here x Ç y. We say that it is irre�ex-
ive if x Ç x is false. We say that the relation is asymmetric if at least one of x Ç y, y Ç x is false.
An asymmetric relation is obviously antisymmetric and irre�exive. We say that the relation is
irre�exive on E or asymmetric on E if the previous relations are true for x 2 E, and y 2 E. We
say that the relation is a strict well-ordering (on E) if it is asymmetric and if “ a Ç b or a Æb” is
a well-ordering (on E).

If E is any set, we denote by o(E) the relation “ x 2 E and y 2 E and x ½ y”. We know that
this is an order on E. We denote by o0(E) the relation “ x 2 E and y 2 E and x 2 y or x Æy”. This
is an order on E if 2 is transitive and antisymmetric

A set E is said to be transitive if a 2 b and b 2 E implies a 2 E, it is irre�exive if E 62E, it is
decent if all elements of E are irre�exive, it is asymmetric if one of x 2 y and y 2 x is false. If E
is transitive and asymmetric, then o0(E) is an order on E.

The set x [ {x}, denoted by xÅ , will be called the ordinal successor of x. If x is irre�exive,
then x 6ÆxÅ .

Definition transitive_set E:= forall x, inc x E -> sub x E.
Definition decent_set E := forall x, inc x E -> ~ (inc x x).
Definition trans_dec_set E := transitive_set E /\ decent_set E.
Definition asymmetric_set E :=

forall x y, inc x E -> inc y E -> inc x y -> inc y x -> False.
Definition ordinal_oa := graph_on (fun a b => inc a b \/ a = b).
Definition ordinal_o := sub_order.
Definition osucc x := x +s1 x.

We prove here that if X is set of transitive and decent sets, so is the union and intersection
of the family, as well as the successor of each member.

Lemma succ_i x: inc x (osucc x).
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Lemma transitive_setU x: alls x transitive_set -> transitive_set (union x).
Lemma trans_dec_setU x: alls x trans_dec_set -> trans_dec_set (union x).
Lemma trans_dec_setI x: alls x trans_dec_set -> trans_dec_set (intersection x).
Lemma trans_dec_succ y: trans_dec_set y -> trans_dec_set (osucc y).

De�nition of ordinals. There are different ways of de�ning an ordinal E.

• The de�nition of Krivine [14] is very basic. It is: E is transitive, 2 is transitive, E is
asymmetric, and 2 satis�es the properties of a well-ordering.

• An equivalent form of above: E is asymmetric and transitive, o0(E) is a well-ordering.

• If E is an ordinal, then o(E) and o0(E) are the same orderings.

• The de�nition of von Neumann (see [23]) is: o(E) is a well-ordering, and S x Æx for x 2
E, where Sx is the segment with endpoint x. An easy consequence is that o(E) Æo0(E).

• The Bourbaki de�nition (that we shall adopt) is: any transitive subset of E is either E or
an element of E.

Definition ordinalp X:=
forall Y, sub Y X -> transitive_set Y -> Y <> X -> inc Y X.

Notation "f =1o g" := (forall x, ordinalp x -> f x = g x)
(at level 70, format "'[hv' f '/ ' =1o g ']'", no associativity).

Definition ordinal_fam g := allf g ordinalp.
Definition ordinal_set E := alls E ordinalp.

It is easy to show that if x is an ordinal, then x is transitive, decent, irre�exive, and its
successor is an ordinal.

Lemma OS_succ x: ordinalp x -> ordinalp (osucc x).
Lemma ordinal_trans_dec x: ordinalp x -> trans_dec_set x.
Lemma ordinal_transitive x: ordinalp x -> transitive_set x.
Lemma ordinal_decent x: ordinalp x -> decent_set x.
Lemma ordinal_irreflexive x: ordinalp x -> ~ (inc x x).

As a consequence, if y is an ordinal, then x 2 y implies that x is a strict subset of y. The
converse holds if x is transitive (in particular if x is an ordinal). We deduce: if z is an ordinal,
then x 2 zÅ Æ) x ½z, and if x is an ordinal, then x 2 zÅ () x ½z.

Lemma ordinal_sub x y:
ordinalp x -> ordinalp y -> sub x y ->
x = y \/ inc x y.

Lemma ordinal_sub2 x y: ordinalp y ->
inc x y -> ssub x y.

Lemma ordinal_sub3 x y: ordinalp y ->
inc x (osucc y) -> sub x y.

Lemma ordinal_sub4P x y: ordinalp x -> ordinalp y ->
(sub x y <-> inc x (osucc y)).
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Consider a non-empty set X of ordinals, and its intersection Y. This is a transitive and
decent set. The relation Y 62Y says that for some A 2 X we have Y62A. Since Y is a transitive
subset of A we get Y ÆA. We restate this as Y2 X. In the case where X has two elements, x
and y, this says that x \ y is either x or y, or equivalently that x ½y or y ½x. It follows one of
x 2 y, y 2 x, x Æy.

Lemma ordinal_setI x: nonempty x -> ordinal_set x ->
inc (intersection x) x.

Lemma ordinal_trichotomy x y:
ordinalp x -> ordinalp y ->
[\/ inc x y, inc y x | x = y].

A transitive set X whose elements are ordinals is an ordinal. The elements of an ordinal
are ordinals. We deduce that if xÅ is an ordinal, then x is an ordinal.

Lemma ordinal_pr x: transitive_set x -> ordinal_set x -> ordinalp x.
Lemma ordinal_hi x y: ordinalp x -> inc y x -> ordinalp y.
Lemma oset_ordinal x: ordinalp x -> ordinal_set x.
Lemma OS_succr x: ordinalp (osucc x) -> ordinalp x.

Consequences. We say that a property p is “ not collectivizing” when there is no set E con-
taining all objects satisfying p, this is the same as: there is no set E formed of exactly those
objects satisfying p. To be an ordinal is not collectivizing, for the alleged set of all ordinals is
itself an ordinal (it is a transitive set of ordinals) so is irre�exive, thus not a member of itself.

Definition non_coll (p: property) := ~ exists E, forall x, inc x E <-> p x.

Lemma non_collP p: non_coll p <-> ~ exists E, forall x, p x -> inc x E.
Lemma non_collectivizing_ordinal: non_coll ordinalp.

Let X be an ordinal, p some property satis�ed by X, so that the set of all x 2 XÅ that satisfy
p is non-empty. The intersection y of this set is the least ordinal satisfying p (we have not yet
introduced an order on the class of ordinals, so we state: y is an ordinal that satis�es p, and
if z is an ordinal that satis�es p, then y ½z). An ordinal is asymmetric. If xÅ ÆyÅ then x Æy.
If a and b are two elements of an ordinal x, then a Ç b (for the relation o(x)) is equivalent to
a 2 b. The two orderings o(x) and o0(x) are the same, and are well-orderings.

Definition least_ordinal (p: property) x:= intersection (Zo (osucc x) p).

Lemma ordinal_asymmetric E: ordinalp E -> asymmetric_set E.
Lemma ord_succ_inj { when ordinalp &, injective osucc }.
Lemma ordo_leP x a b:

gle (ordinal_o x) a b <-> [/\ inc a x, inc b a & sub a b].
Lemma ordo_ltP x a b: ordinalp x -> inc a x -> inc b x ->

(glt (ordinal_o x) a b <-> inc a b).
Lemma ordinal_same_wo x: ordinalp x ->

ordinal_oa x = ordinal_o x.
Lemma oset_sub x y: ordinal_set x -> sub y x -> ordinal_set y.
Lemma oset_funI x h:

(forall t, inc t x -> ordinalp (h t)) -> ordinal_set (fun_image x h).
Lemma ordinal_o_wor x: ordinalp x -> worder (ordinal_o x).
Lemma ordinal_worder x: ordinalp x -> worder (ordinal_oa x).
Lemma least_ordinal1 x (p: property) (y:= least_ordinal p x) :

ordinalp x -> p x ->
[/\ ordinalp y, p y & forall z, ordinalp z -> p z -> sub y z].
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Alternate de�nition. Let E be a transitive and decent set. Let S x be the segment for o0(E)
with endpoint x. This is the set of all y 2 E such that y 2 x and x 6Æy. Since E is decent, the
condition x 6Æy is unnecessary. Thus Sx Æx \ E. Since E is transitive, x 2 E implies x ½E and
x \ E Æx. Thus Sx Æx.

We deduce: if E is an ordinal and x 2 E, then the segment S x for o(E) with endpoint x is
equal to x.

We also deduce: if E is transitive and asymmetric, if o0(E) is a well-order, then E is an
ordinal (the converse holds also).

Lemma ordinal_segment1 E x: trans_dec_set E ->
inc x E -> segment (ordinal_oa E) x = x.

Lemma ordinal_segment E x: ordinalp E ->
inc x E -> segment (ordinal_o E) x = x.

Lemma ordinal_pr1 E:
ordinalp E <->
[/\ transitive_set E, worder (ordinal_oa E) & asymmetric_set E].

Lemma ordinal_o_sr x: substrate (ordinal_o x) = x.
Lemma ordinal_o_or x: order (ordinal_o x).
Lemma ordinal_o_tor x: ordinalp x -> total_order (ordinal_o x).

Well-orders and ordinals. We shall prove the following: for any well-ordered set E, there
exists a unique function f , whose target X is an ordinal, such that f is an order isomorphism
(where the target is ordered by o(X)). This is a non-trivial result due to von Neumann.

Uniqueness. We show that an order-isomorphism f : o(X) ! o(Y), where X and Y are
ordinals has to be the identity function. For otherwise, there would be a least element x 2 X
such that f (x) 6Æx. Then f (y) Æy for y 2 x. This implies that x is a subset of Y. It is transitive
and cannot be Y (by injectivity of f ), thus is an element of Y, so that x Æf (z) for some z. Each
of the three alternatives x 2 z, x Æz and z 2 x leads to a contradiction.

Existence. Consider a set X well-ordered by · . Let f be the function such that f (x) is the
set of all f (t ) where t Ç x (in particular, if x is the least element of X, then f (x) is empty). This
function has been introduced in the previous chapter. By de�nition, y Ç x implies f (y) 2
f (x), and y · x implies f (y) ½ f (x). If a 2 X and if x is in f (a) then x Æf (b) for some b Ç a
thus f (b) ½ f (a). We deduce that f (a) is an ordinal. The same argument says that the target
of f is an ordinal. If f (a) 2 f (a), then f (a) Æf (b) for some b Ç a, and f (b) 2 f (b); thus
there no least such a, and since X is well-ordered, there is no such a. Thus, the image of f is
decent; but since the source is totally ordered, it says that f is injective. Thus, f is an order
isomorphism.

Lemma ordinal_isomorphism_unique x y f:
ordinalp x -> ordinalp y ->
order_isomorphism f (ordinal_o x) (ordinal_o y) ->
(x = y /\ f = identity x).

Lemma ordinal_isomorphism_exists r (f := ordinal_iso r): (* 59 *)
worder r ->
ordinalp (target f) /\ order_isomorphism f r (ordinal_o (target f)).

We shall denote by ord(E) the target of the isomorphism appearing in the existence the-
orem, and call it the ordinal of the well-ordered set E. Note that for Bourbaki, the ordinal of
E, denoted by Ord(E), is a quantity that shares the same properties as o(ord(E)).
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The existence theorem says: if E is a well-ordered set, then ord(E) is an ordinal, and E
is isomorphic to o(ord(E)). The uniqueness theorem can be expressed as: two isomorphic
well-orders have the same ordinal, or as: if x and y are two ordinals such that o(x) and o(y)
are isomorphic, then x Æy.

Definition ordinal r := target (ordinal_iso r).

Lemma OS_ordinal r: worder r -> ordinalp (ordinal r).
Lemma ordinal_o_is r: worder r -> r \Is (ordinal_o (ordinal r)).
Lemma ordinal_o_o x: ordinalp x ->

ordinal (ordinal_o x) = x.
Lemma ordinal_isu x y: ordinalp x -> ordinalp y ->

(ordinal_o x) \Is (ordinal_o y) -> x = y.
Lemma ordinal_o_isu1 r r': worder r -> worder r' ->

r \Is r' -> ordinal r = ordinal r'.
Lemma ordinal_o_isu2 r x: worder r -> ordinalp x ->

r \Is (ordinal_o x) -> ordinal r = x.

If r is a well-order and ® its ordinal, there is a unique order isomorphism o(®) ! r , the
inverse of the isomorphism introduced above.

Definition the_ordinal_iso r := inverse_fun (ordinal_iso r).

Lemma the_ordinal_iso1 r : worder r ->
order_isomorphism (the_ordinal_iso r) (ordinal_o (ordinal r)) r.

Lemma the_ordinal_iso2 r g:
worder r -> order_isomorphism g (ordinal_o (ordinal r)) r ->
g = the_ordinal_iso r.

Comparing orders. Let r ¹ ord r 0 be the relation “ r and r 0 are orders and there is an order
morphism f : r ! r 0”. Let E and E0be the substrates of the orders, and X the range of f ; we
have X ½E0, let's order it by the ordering induced by r 0. Then f can be considered as an order
isomorphism E ! X. Conversely, if X ½E is ordered by r 0, and f is an order isomorphism E !
X, we can consider it as an order morphism r ! r 0. An important property is that r ¹ ord r 0

remains true if one ordering is replaced by an isomorphic one.

Definition order_le r r' :=
[/\ order r, order r' &
exists f x,

sub x (substrate r') /\ order_isomorphism f r (induced_order r' x)].

Lemma order_leR x: order x -> order_le x x.
Lemma order_le_alt r r':

order r -> order r' -> (exists f, order_morphism f r r') ->
order_le r r'.

Lemma order_le_alt2 f r r' x: order r -> order r' ->
sub x (substrate r') ->
let F := (Lf (Vf f) (substrate r') (substrate r')) in

order_isomorphism f r (induced_order r' x)
-> (order_morphism F r r' /\ Imf F = x).

Lemma order_le_compatible r r' r1 r1': (* 51 *)
r \Is r1 -> r' \Is r1' ->
(order_le r r' <-> order_le r1 r1').
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Let's write x ¹ Ord y if x and y are ordinals and o(x) ¹ ord o(y). If r and r 0 are two well-
orders, x ¹ Ord y is equivalent to ord( x) ¹ ord ord( y). Since any subset of a well-ordered set is
isomorphic to a segment, we get: if x and y are ordinals, x ¹ Ord y is the same as: there is an
order morphism o(x) ! o(y) whose range is a segment. Moreover x ÁOrd y is the same as:
there is an order morphism o(x) ! o(y) whose range is an initial segment S t of o(y) for some
t 2 y.

Definition ordinal_leD1 r r' :=
[/\ ordinalp r, ordinalp r' & order_le (ordinal_o r)(ordinal_o r')].

Definition ordinal_ltD1 r r' := ordinal_leD1 r r' /\ r <> r'.

Lemma order_le_compatible1 r r':
worder r -> worder r' ->
(order_le r r' <-> ordinal_leD1 (ordinal r) (ordinal r')).

Lemma ordinal_le_P x x':
ordinal_leD1 x x' <->
[/\ ordinalp x, ordinalp x' &

exists f S,
segmentp (ordinal_o x') S /\
order_isomorphism f (ordinal_o x) (induced_order (ordinal_o x') S)].

Lemma ordinal_le_P1 x x':
ordinal_leD1 x x' <->
[/\ ordinalp x, ordinalp x' &

exists2 f, segmentp (ordinal_o x') (Imf f) &
order_morphism f (ordinal_o x)(ordinal_o x')].

Lemma ordinal_lt_P1 x x':
ordinal_ltD1 x x' <->
[/\ ordinalp x, ordinalp x' &

exists f y,
[/\ inc y x',
Imf f = segment (ordinal_o x') y
& order_morphism f (ordinal_o x) (ordinal_o x')]].

Lemma ordinal_lt_P x x':
(ordinal_ltD1 x x') <->
[/\ ordinalp x, ordinalp x' &

exists f y',
inc y' x' /\

order_isomorphism f (ordinal_o x)
(induced_order (ordinal_o x') (segment (ordinal_o x') y') )].

Lemma ordinal_lt_pr2 a b:
worder b -> (ordinal_ltD1 a (ordinal b)) ->

exists f x,
[/\ inc x (substrate b),
(Imf f) = segment b x & order_morphism f (ordinal_o a) b].

If x and y are two ordinals, such that x ½y, then the canonical injection is an order mor-
phism o(x) ! o(y), so that x ¹ Ord y. Conversely, this says that there is an order morphism
whose range is a segment of o(y). This range is an ordinal, thus is equal to x, so that x ½y.

Lemma ordinal_le_P0 x y:
ordinal_leD1 x y <-> [/\ ordinalp x, ordinalp y & sub x y].

Comparing ordinals. Given two ordinals x and y, we may compare the associated orders
o(x) and o(y). This relation is obviously a preorder relation. Proving antisymmetry is a bit
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harder. However, we have seen that it is the same as x ½ y. Thus, we introduce x · ord y as
short for “ x and y are ordinals and x ½y”. This is obviously an order relation.

Definition ordinal_le x y :=
[/\ ordinalp x, ordinalp y & sub x y].

Definition ordinal_lt x y := ordinal_le x y /\ x <> y.
Definition ole_on x := graph_on ordinal_le x.

Notation "x <=o y" := (ordinal_le x y) (at level 60).
Notation "x <o y" := (ordinal_lt x y) (at level 60).

Now x Çord y becomes“ x and y are ordinals such that x 2 y”, it is a well-ordering. The
intersection of a set of ordinals is the least element, so that · ord is a well-ordering of the
ordinals.

Lemma oltP0 x y:
x <o y <-> [/\ ordinalp x, ordinalp y & inc x y].

Lemma oltP a: ordinalp a -> forall x, (x <o a <-> inc x a).
Lemma olt_i x y: x <o y -> inc x y.
Lemma oleP a x: ordinalp a ->

(x <=o a <-> inc x (osucc a)).
Lemma least_ordinal0 E (x:= intersection E): ordinal_set E -> nonempty E ->

[/\ ordinalp x, inc x E & forall y, inc y E -> x <=o y].

Theorem wordering_ole: worder_r ordinal_le.
Lemma wordering_ole_pr x:

ordinal_set x -> worder_on (ole_on x) x.

Let's state some properties of · ord .

Lemma ole_order_r: order_r ordinal_le.
Lemma oleR x: ordinalp x -> x <=o x.
Lemma oleT y x z: x <=o y -> y <=o z -> x <=o z.
Lemma oleA x y: x <=o y -> y <=o x -g> x = y.
Lemma ole_eqVlt a b : a <=o b -> (a = b \/ a <o b).
Lemma oleNgt x y: x <=o y -> ~(y <o x).
Lemma oltNge x y: x <o y -> ~ (y <=o x).
Lemma ole_ltT b c a: a <=o b -> b <o c -> a <o c.
Lemma ole_ltT b a c: a <=o b -> b <o c -> a <o c.
Lemma olt_ltT b a c: a <= b -> b <o c -> a <o c.
Lemma oleT_el a b:

ordinalp a -> ordinalp b -> a <=o b \/ b <oa.
Lemma oleT_ell a b:

ordinalp a -> ordinalp b -> [\/ a = b, a <o b | b <o a].
Lemma oleT_ee a b:

ordinalp a -> ordinalp b -> a <=o b \/ b <=o a.
Lemma oleT_si a b:

ordinalp a -> ordinalp b -> (sub a b \/ inc b a).

We de�ne here the minimum and maximum of two ordinals. These quantities exist as
the ordering of ordinals is total. We show associativity and distributivity (all properties of a
lattice are valid for ordinals, even though there is no set of all ordinals).

Definition omax x y:= Yo (x <=o y) y x.
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Definition omin x y:= Yo (x <=o y) x y.

Lemma OS_omax x y: ordinalp x -> ordinalp y -> ordinalp(omax x y).
Lemma OS_omin x y: ordinalp x -> ordinalp y -> ordinalp(omin x y).
Lemma omax_xy x y: x <=o y -> omax x y = y.
Lemma omax_yx x y: y <=o x -> omax x y = x.
Lemma omin_xy x y: x <=o y -> omin x y = x.
Lemma omin_yx x y: y <=o x -> omin x y = y.

Lemma omax_p1 x y: ordinalp x -> ordinalp y ->
x <=o (omax x y) /\ y <=o (omax x y).

Lemma omin_p1 x y: ordinalp x -> ordinalp y ->
(omin x y) <=o x /\ (omin x y) <=o y.

Lemma omax_p0 x y z: x <=o z -> y <=o z -> (omax x y) <=o z.
Lemma omin_p0 x y z: z <=o x -> z <=o y -> z <=o (omin x y).

Lemma omaxC x y: ordinalp x -> ordinalp y -> omax x y = omax y x.
Lemma ominC x y: ordinalp x -> ordinalp y -> omin x y = omin y x.
Lemma omaxA x y z: ordinalp x -> ordinalp y -> ordinalp z ->

omax x (omax y z) = omax (omax x y) z.
Lemma ominA x y z: ordinalp x -> ordinalp y -> ordinalp z ->

omin x (omin y z) = omin (omin x y) z.
Lemma ominmax x y z:

ordinalp x -> ordinalp y -> ordinalp z ->
omin x (omax y z) = omax (omin x y) (omin x z).

Lemma omaxmin x y z:
ordinalp x -> ordinalp y -> ordinalp z ->
omax x (omin y z) = omin (omax x y) (omax x z).

Let r and r 0be two orderings. Then r is a subset of r 0 if and only if x · y (for r ) implies
x · y (for r 0). If this condition holds, then E ½E0where E and E0are the substrates of r and
r 0. If r is total, then r is the order induced by r 0on E; if moreover r and r 0are well-orders, we
have ord( r ) · ord( r 0).

Assume further that r 6Ær 0and that E is a segment of r 0. Then r and r 0are not isomorphic
(an isomorphism f : E0! E can be extended to a morphism E 0! E0with range E. Since E is
a segment of E0this extension has to be the identity function by uniqueness of isomorphism
on a segment, so that E ÆE0, thus r Ær 0). It follows ord( r ) Ç ord( r 0).

Lemma order_cp0 r r': order r -> order r' ->
((sub r r') <-> (forall x y, gle r x y -> gle r' x y)).

Lemma order_cp1 x y: worder x -> worder y -> sub x y ->
(sub (substrate x) (substrate y) /\ x = (induced_order y (substrate x))).

Lemma order_cp2 x y: worder x -> worder y -> sub x y ->
ordinal x <=o ordinal y.

Lemma order_cp3 x y: worder x -> worder y ->
ssub x y -> (segmentp y (substrate x)) -> ordinal x <o ordinal y.

We can restate one of the previous results as: Let p be a property, satis�ed by at least some
x. Then there is a least y (for · ord ) that satis�es p. Assume that p is false for some ordinal;
then there exists y, that does not satisfy p, such that if z Çord y, then p(z) holds.

Lemma least_ordinal4 x (p: property) (y := least_ordinal p x):
ordinalp x -> p x ->

[/\ ordinalp y, p y & (forall z, ordinalp z -> p z -> y <=o z) ].
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Lemma least_ordinal2 (p: property) x:
(forall y, ordinalp y -> (forall z, z <o y -> p z) -> p y) ->
ordinalp x -> p x.

Lemma least_ordinal3 x (p: property) (y := least_ordinal (fun z => (~ p z)) x):
ordinalp x -> ~ (p x) ->
[/\ ordinalp y, ~(p y) & (forall z, z <o y -> p z)].

Lemma least_ordinal6 x (p:property) (y :=least_ordinal (fun z => ~ p z) x):
ordinalp x ->
p x \/ [/\ ordinalp y, forall z, inc z y -> p z & ~ p y].

Ordinal supremum. The union U of a family of ordinals is an ordinal, it is the least upper
bound of the family (in the sense that U ÆsupE X, where E is any set of ordinals containing U
and the elements of X). We shall sometimes use the notation \osup for it 1.

Notation "\osup" := union (only parsing).
Notation "\csup" := union (only parsing).
Definition opred := union.
Definition cpred := union.
Definition ordinal_ub E x:= forall i, inc i E -> i <=o x.

Lemma OS_sup E: ordinal_set E ->
ordinalp (\osup E).

Lemma ord_sup_ub E: ordinal_set E -> ordinal_ub E (\osup E).
Lemma ord_ub_sup E y: ordinalp y -> ordinal_ub E y ->

\osup E <=o y.
Lemma ord_sup_prop E: ordinal_set E ->

exists! x, ordinalp x /\
(forall y, x <=o y <-> (ordinalp y /\ ordinal_ub E y)).

Consider a property p such that, whenever x is an ordinal, there is y such that x · y and
p(y) holds. Then p is non-collectivizing. Proof. Assume that there is E such that x 2 E is
equivalent to p. Let F be the set of ordinals in E, x the supremum of F and z ÆxÅ ; now z is an
ordinal and there is y such that z · y and p(y). Now y is an ordinal and y 2 F, so y · x. This
contradicts x Ç xÅ .

Lemma unbounded_non_coll (p:property):
(forall x, ordinalp x -> exists2 y, x <=o y & p y) -> non_coll p.

Lemma non_collectivizing_ordinal_bis: non_coll ordinalp.

The empty set is the least ordinal; we shall write 0 o instead of ; (later on, we shall see that
the empty set is also the least cardinal, and write 0 c for it). If 0 Ç x then 0 2 x; conversely, if
0 2 x and x is an ordinal, then 0 Ç x. Note that, if x is an non-empty ordinal, then 0 Ç x.

Definition ord_zero := emptyset.
Notation "\0o" := ord_zero.

Lemma OS0: ordinalp \0o.
Lemma ole0x x: ordinalp x -> \0o <=o x.
Lemma ole0 x: x <=o \0o -> x = \0o.
Lemma ord_ne0_pos x: ordinalp x -> x <> \0o -> \0o <o x.
Lemma olt0 x: x <o \0o -> False.

1We shall see below that this is also the cardinal supremum, and the ordinal predecessor, so that we give three
names to this object.
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Successor and comparison. For every ordinal x, there is a successor xÅ such that x Ç xÅ

and for no y do we have x Ç y Ç xÅ .

Lemma osucc_pr0 x (z:= osucc x): ordinalp x ->
x <o z /\ (forall w, x <o w -> z <=o w).

Lemma oltS a: ordinalp a -> a <o (osucc a).
Lemma oltSleP a b: a <o (osucc b) <-> a <=o b.
Lemma oleSltP a b: a <o b <-> (osucc a) <=o b.
Lemma oleSSP x y: (osucc x <=o osucc y) <-> x <=o y.
Lemma oltSSP x y: (osucc x <o osucc y) <-> (x <o y).

Limit ordinals. Consider a well-ordering · , an element x of the substrate. The least ele-
ment of ] x,! [ is called the successor of x. If · is a relation without graph, it can happen that
]x,! [ is not a set (this is the case for ordinal comparison). Assume that A y Æ]x, y] is a set
(this holds when ] Ã , y[ is a set, thus in the case of ordinals). If A y is always empty, then x is
the greatest element. If x Ç y, then A y is non-empty and has a least element zy , such that
zy · t is equivalent to x Ç t ; in particular, this is independent of y, this is called the successor
of x.

Consider now some y such that B Æ]Ã , y[ is a set. If B is empty, then y is the least element.
Let C be B [ {y}. Every subset X of B, included B itself, is bounded by y in C, thus has a
supremum supX that belongs to C (we could take a larger set for C, this does not change the
value of the supremum). Let x ÆsupB. If x 6Æy, then x 2 B, x is the greatest element of C,
and x · t · y implies that t is either x or y. Moreover, for every t we have t · x or y · t . In
this case y is the sucessor of x, and x is called the predecessor of y. Otherwise (if x Æy and
B is nonempty) we say that y is a limit element. Consider a subset B 0of B and its supremum
x0. If B0 is �nite, then B 0has a greatest element, this means x02 B and x0Ç y. In order for x0

to be y it is necessary for B0 to be in�nite. There is least ordinal ¯ such that ¯ is the ordinal
of some subset B0of B (well-ordered by · ) such that supB 0Æy; it is called the co�nality of B.
This co�nality is in�nite. However, if B is countable, then ¯ Æ! ; in this case, there is a strictly
increasing sequence ( yi )i 2N of quantities Ç y such that the supremum is equal to y. One says
that y is the limit of the yi . This explains why y is called “limit”. The terms “�nite”, “in�nite”,
“cardinal”, as well as the set of integers N Æ! will be introduced later (see page 110); the case
where B is countable is not handled 2.

The comparison relation of ordinals and cardinals is a well-ordering without a graph,
but the previous discussion applies: there is no greatest element, and every ordinal x has a
successornamely xÅ (since x is irre�exive, it is a strict subset of xÅ , and x Ç a · xÅ says that
a is a subset of x [ {x}, that contains all elements of x, and a 6Æx. It follows a ÆxÅ). On the
other hand B Æy and the supremum of B is the union of y. We shall call it the predecessorof
y, and denote it by x ¡ .

We say that y is a successor if it has the form xÅ . The negation of this property is y Æy¡ .
We say that y is a limit ordinal if it is neither zero, nor a successor. We can restate this as: y
is an ordinal such that 0 2 y and xÅ 2 y whenever x 2 y; or equivalently, y is an ordinal such
that y 6Æ0 and xÅ Ç y whenever x Ç y. If y is limit, it is equal to its predecessor (by de�nition),
but if y is a successor, it is the successor of its predecessor. Moreover, the predecessor of xÅ

is x.

Definition osuccp x := exists2 y, ordinalp y & x = osucc y.

2We de�ne co�nality only for ordinals; extending it to well-ordered sets is easy; the non-trivial point is to show
that the co�nality is a cardinal; since it is in�nite and countable, it has to be !
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Definition limit_ordinal x:=
[/\ ordinalp x, inc \0o x & (forall y, inc y x -> inc (osucc y) x)].

Lemma osuccp_pr a: ordinalp a -> (exists b, a = osucc b) ->
osuccp a.

Lemma opred_le x: ordinalp x -> opred x <=o x.
Lemma osuccVidpred x: ordinalp x ->

exactly_one (osuccp x) (x = opred x).

Lemma limit_nonsucc x: limit_ordinal x -> x = opred x.
Lemma limit_pos x: limit_ordinal x -> \0o <o x.
Lemma limit_nz x: limit_ordinal x -> x <> \0o.

Lemma limit_ordinal_P0 x: ordinalp x ->
((limit_ordinal x) <-> (nonempty x /\ x = opred x)).

Lemma ordinal_trichot x: ordinalp x ->
[\/ x = \0o, osuccp x | limit_ordinal x].

Lemma limit_ordinal_P x:
limit_ordinal x <->
(\0o <o x /\ forall t, t <o x -> osucc t <o x).

Lemma succo_K y: ordinalp y -> opred (osucc y) = y.
Lemma predo_K x: osuccp x -> osucc (opred x) = x.

Cardinalities of successors. We show here that X Å and YÅ are equipotent if and only if X
and Y are equipotent. Moreover if X ½Y and X is equipotent to X Å , then Y is equipotent to Y Å .
Here XÅ denotes any set X [ {a} such that a ÝX. Sketch of the proof: if f is a bijection X ! Y
it is easy to extend to a bijection X Å ! YÅ . Conversely, let f be a bijection X [ {a} ! Y[ {b}.
Assume f (a0) Æb. We may swap the values of a and a0, thus assume f (a) Æb. Then by
restriction we get a bijection X ! Y. Assume X½Y, and f is a bijection X [ {a} ! X. De�ne
g(x) by: f (x) (when x 2 X), f (a) (when x Æb) and x (otherwise). This is a bijection Y [ {b} ! Y.

Section SuccProp.
Variables (x y a b: Set).
Hypotheses (nax: ~ inc a x) (nby: ~ inc b y).

Lemma setU1_injective_card1:
sub x y -> x \Eq (x +s1 a) -> y \Eq (y +s1 b).

Lemma setU1_injective_card2: (* 50 *)
((x +s1 a) \Eq (y +s1 b) <-> x \Eq y).

End SuccProp.

In�nite ordinals. Let's say that an ordinal is in�nite if it is equipotent to its successor, and
�nite otherwise (for simplicity, any set equipotent to its successor is called in�nite; so that, if
x is a set such that x Æ{x}, it will be called in�nite, though its cardinal is one).

One of the previous results says: if x ½ y and x is in�nite, then y is in�nite. Thus, if y is
�nite so is x. The other result says that x is in�nite if and only if is successor is in�nite. Thus
x is �nite if and only if its successor is �nite.

Definition infinite_o u := u \Eq (osucc u).
Definition finite_o u := ordinalp u /\ ~ (infinite_o u).

Lemma succ_injective_oP x y: ordinalp x -> ordinalp y ->
((osucc x) \Eq (osucc y) <-> x \Eq y).
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Lemma OIS_in_inf x y: ordinalp y ->
inc x y -> infinite_o x -> infinite_o y.

Lemma finite_o_increasing x y:
inc x y -> finite_o y -> finite_o x.

Lemma infinite_oP x: ordinalp x ->
(infinite_o (osucc x) <-> infinite_o x).

Lemma finite_oP x: finite_o (osucc x) <-> finite_o x.

A limit ordinal x is in�nite. Proof: let x be a limit ordinal. There is then a least limit ordinal
! . De�ne f (x) on ! Å by f (x) ÆxÅ if x 2 ! and f (! ) Æ ; . Since ! is limit, we have f (x) 2 ! for
all x. This is an injective function. Since ! is the least limit ordinal, the function is surjective,
thus bijective. Thus ! is in�nite. It follows that x is in�nite.

Lemma OIS_limit x: ordinal_limit x -> infinite_o x.

Cardinals. The least ordinal equipotent to a set X is called the von Neumann cardinal of
X. By Zermelo's theorem, there is a well-ordering r on X; the ordinal of r is equipotent to X,
so that every set has a cardinal. It will be denoted by card(X). Bourbaki uses the notation
Card(X) to mean some set equipotent to X; it satis�es the property that two sets have the
same cardinal if and only if they are equipotent.

Definition cardinal x :=
(least_ordinal (equipotent x) (ordinal (worder_of x))).

Definition cardinal_prop x y :=
[/\ ordinalp y, x \Eq y &
(forall z, ordinalp z -> x \Eq z -> sub y z)].

Lemma cardinal_unique x y z:
cardinal_prop x y -> cardinal_prop x z -> y = z.

Lemma cardinal_pr1 x: cardinal_prop x (cardinal x).

The following piece of code make cardinal provably equal to cardinalV , but C OQ will
never replace one de�nition by the other; this makes some proofs faster. Not used any more.

(*
Module Type CardinalSig.
Parameter cardinal : Set -> Set.
Axiom cardinalE: cardinal = cardinalV.
End CardinalSig.

Module Cardinal: CardinalSig.
Definition cardinal := cardinalV.
Lemma cardinalE: cardinal = cardinalV. Proof. by []. Qed.
End Cardinal.

Notation cardinal := Cardinal.cardinal.
*)

We say that x is a cardinal if x if there exists a set y such that x is the cardinal of y. In this
case, x is also the cardinal of x. So we say: a setx is called a cardinal if it is an ordinal, and
whenever z is an ordinal equipotent to x we have x ½z (or x · ord z). In this case card( x) Æx.
We write x Æc y instead of card( x) Æcard(y).

Definition cardinalp x:=

RR n° 7150



78 José Grimm

ordinalp x /\ (forall z, ordinalp z -> x \Eq z -> sub x z).
Definition cardinal_set X := alls X cardinalp.
Definition cardinal_fam x := allf x cardinalp.

Notation "x =c y" := (cardinal x = cardinal y)
(at level 70, format "'[hv' x '/ ' =c y ']'", no associativity).

Lemma card_card x: cardinalp x -> cardinal x = x.

Some trivial properties. Proposition 1 [4, p. 158] states that X and Y are equipotent if and
only if they have the same cardinal. This is restated as Eq(X,Y) () X Æc Y. One implication
is trivial since any set is equipotent to its cardinal. The converse depends on the de�nition of
a cardinal. In the von Neumann case, if Z is any ordinal, X equipotent to Z implies card(X) ½Z.
Take Z Æcard(Y), this gives card(X) ½card(Y), thus equality.

Lemma CS_cardinal x: cardinalp (cardinal x).
Lemma OS_cardinal x: cardinalp x -> ordinalp x.
Lemma oset_cset E: cardinal_set E -> ordinal_set E.
Lemma card_ord_le x: ordinalp x -> cardinal x <=o x.
Lemma double_cardinal x: cardinal x =c x.
Lemma cardinalP x:

cardinalp x <-> (ordinalp x /\ forall z, inc z x -> ~ (x \Eq z)).
Theorem card_eqP x y: x =c y <-> x \Eq y.

We restate some lemmas that as that A is equipotent to B as A and B have the same car-
dinal.

Lemma card_bijection f: bijection f -> source f =c target f.
Lemma cardinal_image f x : sub x (source f) -> injection f ->

Vfs f x =c x.
Lemma cardinal_fun_image t g : {inc t &, injective g} -> fun_image t g =c t.
Lemma cardinal_range f: injection f -> Imf f =c source f.
Lemma cardinal_indexed a b: a *s1 b =c a.
Lemma cardinal_indexedr a b: indexedr b a =c a.

We de�ne here zero, one and two as ; , {; } and {; , {; }}. These quantities will be denoted
by 0c, 1c and 2c, and have 0o, 1o and 2o as alternate names. They have already been used
under the names C0, C1, and C2. Unfolding de�nitions shows that 1 o Æ0Å

o and 2o Æ1Å
o so that

these quantities are �nite ordinals.

The Bourbaki de�nition of one is 1 b ÆCard({; }) ÆCard(1c). This means that 1 b is some
set with one element, but could be any singleton. With our de�nition, 1 c is a cardinal, so that
1b Æcard(1c) holds. On the other hand, 0 b ÆCard(; ), thus is ; , since this is the only set with
zero elements.

Definition card_zero := emptyset.
Definition card_one := singleton emptyset.
Definition card_two := doubleton emptyset (singleton emptyset).
Definition ord_one := card_one.
Definition ord_two := card_two.

Notation "\0c" := card_zero.
Notation "\1c" := card_one.
Notation "\2c" := card_two.
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Notation "\1o" := ord_one.
Notation "\2o" := ord_two.

Corollary constants_v: (C0 = \0c /\ C1 = \1c /\ C2 = \2c).
Lemma osucc_zero: osucc \0o = \1o.
Lemma osucc_one: osucc \1o = \2o.

Lemma OS1: ordinalp \1o.
Lemma OS2: ordinalp \2o.

Lemma cardinal_set0: cardinal emptyset = \0c.
Lemma card_nonempty x:

cardinal x = \0c -> x = emptyset.
Lemma card_nonempty0 x: x <> emptyset -> cardinal x <> \0c.
Lemma card_nonempty1 x:

nonempty x -> cardinal x <> \0c.
Lemma card1_nz: \1c <> \0c.
Lemma card2_nz: \2c <> \0c.
Lemma card_12: \1c <> \2c.

Lemma finite_zero: finite_o \0o.
Lemma finite_one: finite_o \1o.
Lemma finite_two: finite_o \2o.

The Cantor-Bernstein Theorem. If F is a subset of E, and f an injection E ! F, then E is
equipotent to F. (Let D be the smallest set invariant by f that contains E ¡ F. The bijection
is the function that is f on D, the identity elsewhere). It follows that if there is an injection
f : X ! Y and an injection g : Y ! X, then there is a bijection X ! Y (let Z be the image of g, it
is equipotent to Y since g is injective; it is equipotent to X, being a subset of X, and g ± f is an
injection X ! Z). This property is stated without proof by Cantor in [7, §2, Th B], proved by
various authors as Bernstein, Schröder, etc.

Lemma Cantor_Bernstein1 E F f:
sub F E ->
(forall x, inc x E -> inc (f x) F) ->
{inc E &, injective f}
E \Eq F.

Theorem CantorBernstein X Y:
(exists f, injection_prop f X Y) ->
(exists f, injection_prop f Y X) ->
(exists f, bijection_prop f X Y).

Assume that x is a �nite ordinal. Then it is not a limit ordinal, thus is either 0 or a suc-
cessor yÅ and y is �nite. Conversely, 0 and xÅ are �nite ordinals. Moreover x is a cardinal:
it suf�ces to show that yÅ is a cardinal if yÅ is a �nite ordinal. Assume that there is z 2 yÅ

equipotent to yÅ . We get a bijection yÅ ! z, and by restriction, an injection y ! z. The Can-
tor Bernstein theorem then says that y and z are equipotent, thus y equipotent to yÅ , absurd
as y is �nite. We deduce that 0, 1 and 2 are cardinals.

Lemma finite_succ x:
finite_o x <-> (x = emptyset \/ (exists2 y, finite_o y & x = osucc y)).

Lemma CS_osucc x: finite_o x -> cardinalp (osucc x).
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Lemma CS_finite_o x: finite_o x -> cardinalp x.
Lemma gfunctions_empty X: (gfunctions emptyset X) = \1c.

Lemma CS0: cardinalp \0c.
Lemma CS1: cardinalp \1c.
Lemma CS2: cardinalp \2c.

Finite sets. We say that a cardinal is �nite or in�nite if it is �nite or in�nite as an ordinal,
and we say that a set is �nite or in�nite if its cardinal is �nite or in�nite. As noted above, a
�nite ordinal is a cardinal. A �nite cardinal is called a natural integer . The cardinal successor
of x is the cardinal of the ordinal successor of x. A cardinal cannot be both �nite and in�nite.
In particular, an in�nite cardinal is non-empty. Note that if x is an in�nite cardinal, it is equal
to its successor, thus is a limit ordinal.

Definition finite_c := finite_o.
Definition infinite_c a := cardinalp a /\ infinite_o a.
Definition finite_set E := finite_c (cardinal E).
Definition infinite_set E := infinite_o (cardinal E).
Definition csucc x := cardinal (osucc x).

Lemma csucc_inf x: infinite_c x <-> csucc x = x.
Lemma infinite_dichot1 x: finite_c x -> infinite_c x -> False.
Lemma infinite_dichot2 x:

finite_c (cardinal x) -> infinite_set x -> False.
Lemma CS_finite2 x: finite_c x -> cardinalp x.
Lemma infinite_nz y: infinite_c y -> y <> \0c.
Lemma infinite_card_limit1 x: infinite_c x -> opred x = x.
Lemma infinite_card_limit2 x: infinite_c x -> limit_ordinal x.

We know that A is equipotent to B if and only if A Å is equipotent to B Å . We deduce Propo-
sition 8 [4, p. 162], two cardinals that have the same successor are equal. If B is the cardinal
of A we get: if a 62A, the cardinal of A [ {a} is the successor of the cardinal of A. This is the
same as: if c 2 C, then the cardinal of C is the successor of the cardinal of C ¡ {c}. Thus, if C is
equipotent to C ¡ {c}, it is an in�nite set.

Lemma CS_succ a: cardinalp (csucc a).
Lemma succ_zero: csucc \0c = \1c.
Lemma succ_one: csucc \1c = \2c.

Theorem succ_injective1: {when cardinalp &, injective csucc}.
Lemma csucc_pr a b: ~ (inc b a) ->

cardinal (a +s1 b) = csucc (cardinal a).
Lemma csucc_pr1 a b:

cardinal ((a -s1 b) +s1 b) = csucc (cardinal (a -s1 b)).
Lemma csucc_pr2 a b: inc b a ->

cardinal a = csucc (cardinal (a -s1 b)).
Lemma infinite_set_pr a b: inc b a ->

a \Eq (a -s1 b) ->
infinite_set a.

Lemma infinite_set_pr1 a b: inc b a ->
a \Eq (a -s1 b) -> infinite_set (a -s1 b).

Lemma infinite_set_pr2 x:
infinite_o x -> ~(inc x x) -> infinite_set x.
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The axiom of in�nity. Bourbaki has an axiom that says that there is an in�nite set. This
axiom is not needed in C OQ, becauseN (the type nat ) is in�nite, since the successor function
is a bijection N ! N ¡ {0}. We can then consider the least in�nite ordinal, and call it ! 0, or ! .
If x is an ordinal, then x is in�nite if and only if ! ½ x. This can be restated as: x is a �nite
ordinal if and only if x 2 ! .

Since the successor of a �nite ordinal is �nite, ! is a limit ordinal. Since a limit ordinal is
in�nite, ! is the least limit ordinal. Since any in�nite cardinal is a limit ordinal, ! is the least
in�nite cardinal. More properties of ordinal numbers will be given in Chapter 11.

Definition omega0 := least_ordinal infinite_o (cardinal nat).

Lemma nat_infinite_set: infinite_set nat.
Lemma omega0_pr:

[/\ ordinalp omega0, infinite_o omega0 &
(forall z, ordinalp z -> infinite_o z -> sub omega0 z)].

Lemma OS_omega: ordinalp omega0.
Lemma OIS_omega: infinite_o omega0.
Lemma omega_P1 x: ordinalp x ->

(infinite_o x <-> sub omega0 x).
Lemma omega_P2 x: inc omega0 <-> finite_o x.
Lemma CS_omega: cardinalp omega0.
Lemma CIS_omega: infinite_c omega0.
Lemma omega_limit0: omega0 = opred omega0.
Lemma omega_limit: limit_ordinal omega0.
Lemma limit_ge_omega x: limit_ordinal x -> omega0 <=o x.
Lemma omega_limit3 x: infinite_c x -> sub omega0 x.
Lemma infinite_setP x: infinite_set x <-> infinite_c (cardinal x).
Lemma infinite_set_pr3 x: omega0 <=o x -> infinite_c (cardinal x).

Properties of equipotent sets. We state here some lemmas that will be useful when de�ning
operations on cardinals. All singletons are equipotent, as well as all sets with exactly two
elements (they are equipotent to the canonical doubleton 2). A set with cardinal one or two
has one or two elements.

(* Lemma set2_equipotent x y: x <> y -> doubleton x y \Eq \2c.
Lemma set1_equipotent x y: singleton x \Eq singleton y. *)

Lemma cardinal_set1 x: cardinal(singleton x) = \1c.
Lemma cardinal_set2 x x': x <> x' -> cardinal (doubleton x x') = \2c.
Lemma set_of_card_oneP x: cardinal x = \1c <-> singletonp x.
Lemma set_of_card_twoP x: cardinal x = \2c <-> doubletonp x.

Products of equipotent sets are equipotent (if E ¶is equipotent to F ¶, we choose a bijection
f¶ via the axiom of choice, and consider the family of functions ( f¶)¶). We also consider the
case of the product of two sets (the bijection is ext_to_prodC ).

Definition fgraphs_equipotent x y :=
domain x = domain y
/\ (forall i, inc i (domain x) -> (Vg x i) =c (Vg y i)).

Definition equipotent_ex E F :=
choose (fun z=> bijection_prop z E F).

Lemma equipotent_ex_pr E F:
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E \Eq F -> bijection_prop (equipotent_ex E F) E F.
Lemma equipotent_ex_pr1 E F:

E =c F -> bijection_prop (equipotent_ex E F) E F.
Lemma Eq_setXb x y:

fgraphs_equipotent x y -> (productb x) =c (productb y).
Lemma Eq_setX a b a' b':

a =c a' -> b =c b' -> (a \times b) =c (a' \times b').

If A, B and C are sets, then A £ B is equipotent to B £ A, and A £ (B £ C) is equipotent to
(A£ B)£ C (the bijections are obvious). We have (A [ B)£ C Æ(A£ C)[ (B£ C).

Lemma product2A a b c:
(a \times(b \times c)) =c ((a \times b) \times c).

Lemma distrib_union_prod2: right_distributive product union2.
Lemma distrib_inter_prod2: right_distributive product intersection2.

Two sets A£ B and A0£ B0are disjoint if B and B 0are disjoint; this is the case when B and
B0are distinct singletons.

Lemma disjoint_pr a b:
(forall u, inc u a -> inc u b -> False) -> disjoint a b.

Lemma disjointU2_pr0 a b x y:
disjoint x y -> disjoint (a \times x) (b \times y).

Lemma disjointU2_pr1 x y:
x <> y -> disjoint (singleton x) (singleton y).

Lemma disjointU2_pr a b x y:
x <> y -> disjoint (a *s1 x) (b *s1 y).

Two unions
S

X¶and
S

Y¶with the same index set are equipotent if the sets are equipotent
and if each family is mutually disjoint. As a particular case, we get conditions for A [ B and
A0[ B0to be equipotent.

Lemma Eq_indexed_c a b: (a *s1 b) =c a.
Lemma Eq_disjointU X Y:

fgraphs_equipotent X Y ->
mutually_disjoint X -> mutually_disjoint Y ->
(unionb X) =c (unionb Y).

Lemma Eq_disjointU1 X Y:
fgraphs_equipotent X Y ->
(disjointU X) =c (disjointU Y).

Lemma union2Lv a b: union2 a b = unionb (variantLc a b).
Lemma mutually_disjoint_prop3 D f:

mutually_disjoint (Lg D (fun i => f i *s1 i)).
Lemma disjointLv a b: disjoint a b ->

mutually_disjoint (variantLc a b).
Lemma Eq_disjointU2 a b a' b':

disjoint a b -> disjoint a' b' -> a =c a' -> b =c b' ->
(a \cup b) =c (a' \cup b').

Given two sets A and B, we can consider a family f de�ned on a doubleton { x, y} such
that f (x) ÆA and f (y) ÆB. If F is the canonical family associated to A and B (i.e., if F(0) ÆA
and F(1) ÆB), then there is a bijection g such that f ÆF±g.

Definition doubleton_fam f a b :=
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exists x y, [/\ x<>y, fgraph f, domain f = doubleton x y,
Vg f x = a & Vg f y = b].

Lemma doubleton_fam_P f a b:
doubleton_fam f a b <->

[/\ fgraph f, doubletonp (domain f) & range f = doubleton a b].
Lemma doubleton_fam_canon f:

doubleton_fam (Lg C2 f) (f C0) (f C1).
Lemma two_terms_bij a b f: doubleton_fam f a b ->

let F := (variantLc a b) in
exists g, (bijection g /\ target g = domain F /\

f = F \cf (graph g)).

4.1 The cardinal of a set

The cardinal of a set, and some basic properties have been introduced earlier.

4.2 Order relation between cardinals

Let X · c Y be the the relation “X is equipotent to some subset of Y”. This can be restated
as: there is an injection X ! Y. The relation remains true if X and Y are replaced by equipotent
sets. In particular, it is equivalent to card(X) · c card(Y).

Bourbaki de�nes r · Card n as “r and n are cardinals and r · c n”. This is an order relation
(antisymmetry follows from the Cantor-Bernstein theorem).

Definition equipotent_to_subset x y:= exists2 z, sub z y & x \Eq z.

Lemma eq_subset_ex_injP x y:
equipotent_to_subset x y <->
(exists f, injection_prop f x y).

Lemma eq_subset_pr2 a b a' b':
a =c a' -> b =c b' ->
equipotent_to_subset a b -> equipotent_to_subset a' b'.

Lemma eq_subset_cardP x y:
equipotent_to_subset x y <-> equipotent_to_subset (cardinal x) (cardinal y).

Basic properties. We de�ne a · card b to be “ a and b are cardinals and a ½b”.

This de�nition is equivalent to the previous one. Assume that a and b are cardinals (in
the von Neumann sense). If a ½b, then there is an injection a ! b. Conversely, assume that
there is an injection a ! b, and let's show a ½ b. Since a and b are ordinals, one of a ½ b
or b ½ a holds. In the second case, there is an injection b ! a and the Cantor Bernstein
theorem says that a and b are equipotent; since they are cardinals they are equal, thus a ½b.
We deduce: if f : A ! B is injective then card(A) · card(B). We also deduce: if A ½ B, then
card(A) · card(B); if card( c) · card(B then there is a subset A of B with cardinal card( c).

Definition cardinal_le x y :=
[/\ cardinalp x, cardinalp y & sub x y].

Definition cardinal_lt a b := cardinal_le a b /\ a <> b.
Notation "x <=c y" := (cardinal_le x y) (at level 60).
Notation "x <c y" := (cardinal_lt x y) (at level 60).
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Lemma cardinal_le_aux1 x y:
x <=c y -> equipotent_to_subset x y.

Lemma cardinal_le_aux2P x y: cardinalp x -> cardinalp y ->
(equipotent_to_subset x y <-> x <=c y).

Lemma eq_subset_cardP1 x y:
equipotent_to_subset x y <-> (cardinal x) <=c (cardinal y).

Lemma incr_fun_morph f: injection f ->
(cardinal (source f)) <=c (cardinal (target f)).

Lemma sub_smaller a b:
sub a b -> (cardinal a) <=c (cardinal b).

Lemma sub_smaller_contra Z X: cardinal Z <=c cardinal X ->
exists2 Y, sub Y X & cardinal Z = cardinal Y.

Note that a · card b implies a · ord b so that · card is trivially a well-ordering.

Lemma ocle x y:
x <=c y -> x <=o y.

Lemma cleR x: cardinalp x -> x <=c x.
Lemma cleT b a c:

a <=c b -> b <=c c -> a <=c c.
Lemma cleA x y:

x <=c y -> y <=c x -> x = y.
Lemma cle_wor' E (x:= intersection E): cardinal_set E -> nonempty E ->

inc x E /\ (forall y, inc y E -> x <=c y).
Theorem cle_wor: worder_r cardinal_le.

Some consequences. Note that · card is a total ordering since it is a well-ordering.

Lemma cle_eqVlt a b : a <=c b -> (a = b \/ a <c b).
Lemma cleNgt a b: a <=c b -> ~(b <c a).
Lemma cltNge a b: a <c b -> ~(b <=c a).
Lemma clt_leT b a c: a <c b -> b <=c c -> a <c c.
Lemma cle_ltT at b c: a <=c b -> b <c c -> a <c c.
Lemma clt_ltT b a c: a <c b -> b <c c -> a <c c.
Lemma wordering_cle_pr x:

cardinal_set x ->
worder_on (graph_on cardinal_le x) x.

Lemma cleT_ell a b:
cardinalp a -> cardinalp b -> [\/ a = b, a <c b | b <c a].

Lemma cleT_el a b:
cardinalp a -> cardinalp b -> a <=c b \/ b <c a.

Lemma cleT_ee a b:
cardinalp a -> cardinalp b -> a <=c b \/ b <=c a.

Minimum and maximum of cardinals. These quantities exist as the ordering of cardinals
is total. We show associativity and distributivity.

Definition cmax:= Gmax cardinal_le.
Definition cmin:= Gmin cardinal_le.

Lemma CS_cmax x y: cardinalp x -> cardinalp y -> cardinalp(cmax x y).
Lemma CS_cmin x y: cardinalp x -> cardinalp y -> cardinalp(cmin x y).
Lemma cmax_xy x y: x <=c y -> cmax x y = y.
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Lemma cmax_yx x y: y <=c x -> cmax x y = x.
Lemma cmin_xy x y: x <=c y -> cmin x y = x.
Lemma cmin_yx x y: y <=c x -> cmin x y = y.
Lemma cmaxC x y: cardinalp x -> cardinalp y -> cmax x y = cmax y x.
Lemma cminC x y: cardinalp x -> cardinalp y -> cmin x y = cmin y x.

Lemma cmax_p1 x y: cardinalp x -> cardinalp y ->
x <=c (cmax x y) /\ y <=c (cmax x y).

Lemma cmin_p1 x y: cardinalp x -> cardinalp y ->
(cmin x y) <=c x /\ (cmin x y) <=c y.

Lemma cmax_p0 x y z: x <=c z -> y <=c z -> (cmax x y) <=c z.
Lemma cmin_p0 x y z: z <=c x -> z <=c y -> z <=c (cmin x y).
Lemma cmaxA x y z: cardinalp x -> cardinalp y -> cardinalp z ->

cmax x (cmax y z) = cmax (cmax x y) z.
Lemma cminA x y z: cardinalp x -> cardinalp y -> cardinalp z ->

cmin x (cmin y z) = cmin (cmin x y) z.
Lemma cminmax x y z:

cardinalp x -> cardinalp y -> cardinalp z ->
cmin x (cmax y z) = cmax (cmin x y) (cmin x z).

Lemma cmaxmin x y z:
cardinalp x -> cardinalp y -> cardinalp z ->
cmax x (cmin y z) = cmin (cmax x y) (cmax x z).

Ordinal and cardinal comparison.

Lemma cardinal_pr3 a: ordinalp a -> cardinal a <=o a.
Lemma colt1 a x: cardinalp x -> inc a x ->

cardinal a <c x.
Lemma ocle1 y x:

x <=o y -> (cardinal x) <=c (cardinal y).
Lemma oclt x y: x <c y -> x <o y.
Lemma ocle2P x y: cardinalp x -> ordinalp y ->

((y <o x) <-> (cardinal y <c x)).
Lemma ordinals_card_ltP y: cardinalp y ->

forall x, inc x y <-> (ordinalp x /\ (cardinal x) <c y).
Lemma ocle3 x y:

cardinalp x -> cardinalp y -> x <=o y -> x <=c y.
Lemma oclt3 x y:

cardinalp x -> cardinalp y -> x <o y -> x <c y.

Cardinal comparison and �niteness. We write here x Å 1 as short for: the cardinal of the
ordinal successor of x. We shall see later on that it is the cardinal sum of x and 1. If x is a
cardinal, x 6Æx Å 1 is equivalent to x is a �nite cardinal. As seen above, x Æx Å 1 is equivalent
to x is an in�nite cardinal. Note that x is �nite if and only if x Ç ! ; in�nite if and only if ! · x.

Lemma finite_cP x: finite_c x <-> (cardinalp x /\ x <> csucc x).
(* Lemma infinite_cP x: infinite_c x <-> (cardinalp x /\ x = csucc x). *)
Lemma finite_c_P2 x: finite_c x <-> (x <c omega0).
Lemma infinite_c_P2 x: infinite_c x <-> (omega0 <=c x).
Lemma finite_dichot x: cardinalp x -> finite_c x \/ infinite_c x.
Lemma finite_dichot1 x: finite_set x \/ infinite_set x.

If a is �nite and b is in�nite, then a Ç b. If b · c then c is in�nite. If d · a then d is �nite.
The last lemma here says: if f : A ! B is injective and B is �nite, then A is �nite.
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Lemma cle_fin_inf a b: finite_c a -> infinite_c b -> a <=c b.
Lemma clt_fin_inf a b: finite_c a -> infinite_c b -> a <c b.
Lemma cle_inf_inf a b: infinite_c a -> a <=c b -> infinite_c b.
Theorem cle_fin_fin a b: finite_c b -> a <=c b -> finite_c a.
Lemma sub_image_finite_set A B f:

finite_set B -> (forall x, inc x A -> inc (f x) B) ->
{inc A &, injective f} ->
finite_set A.

A subset of a �nite set is �nite. A cardinal x is in�nite if and only if ! · x.

Lemma succ_of_finite x: finite_o x -> csucc x = osucc x.
Lemma sub_finite_set x y: sub x y -> finite_set y -> finite_set x.

We show here that if x is an ordinal, it is a �nite or in�nite set if and only if it is a �nite or
in�nite ordinal, and this implies x Ç ! or ! · x.

Section OrdinalFinite.
Variable x:Set.
Hypothesis ox: ordinalp x.

Lemma ordinal_finite1: finite_set x -> finite_o x.
Lemma ordinal_finite2: infinite_set x -> infinite_o x.
Lemma ordinal_finite3: finite_set x -> x <o omega0.
Lemma ordinal_finite4: infinite_set x -> omega0 <=o x.
End OrdinalFinite.

Some properties of zero and one. We have 0· a for every cardinal a, and 1 · a if moreover
a 6Æ0. We have card(E) ¸ 1 if and only if E is non-empty. We have card(E) ¸ 2 if and only if E
has at least two elements.

Lemma olt1 x: x <o \1o -> x = \0o.
Lemma olt2 a: a <o \2c -> a = \0o \/ a = \1o.
Lemma oge1P x: (\1o <=o x) <-> (\0o <o x).
Lemma oge1 x: ordinalp x -> x <> \0o -> \1o <=o x.
Lemma ozero_dichot x: ordinalp x -> x = \0o \/ \0o <o x.
Lemma oone_dichot x y: x <o y -> (y = \1o \/ \1o <o y).

Lemma cle0x x: cardinalp x -> \0c <=c x.
Lemma czero_dichot x: cardinalp x -> x = \0c \/ \0c <c x.
Lemma clt0 x: x <c \0c -> False.
Lemma cle0 a: a <=c \0c -> a = \0c.
Lemma card_ne0_pos x: cardinalp x -> x <> \0c -> \0c <c x.
Lemma card_gt_ne0 x y: x <c y -> y <> \0c.
Lemma succ_nz n: csucc n <> \0c.
Lemma succ_positive a: \0c <c (csucc a).

Lemma clt_01: \0c <c \1c.
Lemma cle_01: \0c <=c \1c.
Lemma cle_12: \1c <=c \2c.
Lemma clt_02: \0c <c \2c.

Lemma olt_01: \0o <o \1o.
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Lemma ole_01: \0o <=o \1o.

Lemma cge1P x: (\1c <=c x) <-> (\0c <c x).
Lemma clt1 x: x <c \1o -> x = \0c.
Lemma cge1 x: cardinalp x -> x <> \0c -> \1c <=c x.
Lemma clt2 a: a <c \2c -> a = \0c \/ a = \1c.
Lemma cge2 x: cardinalp x -> x <> \0c -> x <> \1c -> \2c <=c x.
Lemma cle1P E: \1c <=c (cardinal E) <-> nonempty E.
Lemma cle2P E:

\2c <=c (cardinal E) <-> exists a b, [/\ inc a E, inc b E & a <> b].

Supremum of a family of cardinals. Let's introduce the sets C a and C0
a formed of all x such

that x · card a and x Çcard a respectively. We assume that a is a cardinal, for otherwise the sets
are empty. If x 2 C0

a then x Çord a so that x 2 a; this shows that C 0
a is a set. Similarly, if x 2 Ca ,

then x 2 aÅ . Note that C a is also the set of all cardinals in aÅ as well as the set of all card( t ),
where t 2 P (a)

Definition cardinals_le a:= Zo (osucc a) cardinalp.
Definition cardinals_lt a:= Zo a (fun b => b <c a).

Lemma cardinals_leP a : cardinalp a ->
forall b, (inc b (cardinals_le a) <-> (b <=c a)).

Lemma cardinals_ltP a: cardinalp a ->
(forall b, inc b (cardinals_lt a) <-> (b <c a)).

Lemma cardinals_le_alt a: cardinalp a ->
(cardinals_le a) = fun_image (\Po a) cardinal.

Given a family of cardinals there is a least upper bound (an upper bound a such that, for
all other upper bounds b we have a · b). It is called the supremum of the family. This is
Proposition 2 in [4, p. 160]. The proof is as follows. Let a be the union of the family: This is
the least upper bound (as an ordinal). It suf�ces to show that it is a cardinal. So assume that
b is an ordinal equipotent to a and b Çord a. It is not an upper bound of the family, thus for
some element c of the family we have b Çord c · ord a. Let A, B and C be the cardinals of these
quantities. We get B · card C · card A. Since AÆB, these three cardinals are equal. Thus b and
c are equipotent. Since c is a cardinal, we get c · ord b, absurd.

Lemma CS_sup E: cardinal_set E -> cardinalp (\csup E).
Lemma card_ub_sup E y: cardinalp y -> (forall i, inc i E -> i <=c y) ->

\csup E <=c y.
Lemma card_sup_ub E: cardinal_set E ->

forall i, inc i E -> i <=c \csup E.
Lemma card_sup_image E f g:

(forall x, inc x E -> f x <=c g x) ->
\csup (fun_image E f) <=c \csup (fun_image E g).

Lemma cardinal_supremum1 x:
cardinal_set x ->
exists! b, [/\ cardinalp b,

(forall a, inc a x -> a <=c b) &
(forall c, cardinalp c -> (forall a, inc a x -> a <=c c) ->

b <=c c)].

Theorem cardinal_supremum2 x:
fgraph x -> cardinal_fam x ->
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exists!b, [/\ cardinalp b,
(forall a, inc a (domain x) ->(Vg x a) <=c b) &
(forall c, cardinalp c ->

(forall a, inc a (domain x) -> (Vg x a) <=c c) ->
b <=c c)].

Proposition 3 in [4, p. 160] says that card( y) · card(x) if there is a surjection of x onto y
(the right inverse of the surjection being injective). As a consequence, the range of a function
is not bigger than the source.

Lemma surjective_cle x y:
(exists z, surjection_prop z x y) ->
cardinal y <=c cardinal x.

Lemma image_smaller f: function f ->
cardinal (Imf f) <=c cardinal (source f).

Lemma range_smaller f:
fgraph f -> cardinal (range f) <=c cardinal (domain f).

Lemma image_smaller1 f x: function f ->
cardinal (Vfs f x) <=c cardinal x.

Lemma fun_image_smaller a f: cardinal (fun_image a f) <=c cardinal a.

4.3 Operations on cardinals

The remainder of the chapter is independent of the de�nition of the cardinals.

Given a family of cardinals ( a¶)¶2I , the cardinal of the sum of these sets is called the cardi-
nal sum and denoted by

X

¶2I
a¶; the cardinal of the product is called the cardinal product and

denoted P
¶2I

a¶. The quali�cative “cardinal” will be omitted if there is no risk of confusion. The

associated operations are called addition and multiplication . The notation
Y

¶2I
a¶will later be

used for both the cartesian product and the cardinal product.

Definition csum x := cardinal (disjointU x).
Definition cprod x := cardinal (productb x).
Definition csumb a f := csum (Lg a f).
Definition cprodb a f := cprod (Lg a f).

In general, we shall consider a functional graph X. However, for any X, we may consider
i 7! Xi on the domain of X. This is a functional graph, and it has the same sum and product
as X.

Lemma csum_gr f: csumb (domain f) (Vg f) = csum f.
Lemma cprod_gr f: cprodb (domain f) (Vg f) = cprod f.
Lemma csumb_exten A f g : {inc A, f =1 g} -> csumb A f = csumb A g.
Lemma cprodb_exten A f g : {inc A, f =1 g} -> cprodb A f = cprodb A g.

Proposition 4 of [4, p. 160] says that the cardinal sum or cardinal product of the family
card(E¶) is the cardinal of the sum or the product of the sets E ¶. In other terms, if a¶Æcard(E¶)
then card(

Q
E¶) ÆPa¶and card(SE¶) Æ

P
a¶. One can notice that the cardinal of a union is at

most the cardinal of the disjoint union 3.

3Bourbaki has no notation for the disjoint union; we use a big S by analogy with the big P
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Theorem cprod_pr f: cprod f = cprodb (domain f) (fun a => cardinal (Vg f a)).
Theorem csum_pr f: csum f = csumb (domain f) (fun a => cardinal (Vg f a)).
Lemma csum_pr3 f g:

domain f = domain g ->
(forall i, inc i (domain f) -> Vg f i =c Vg g i) ->
csum f = csum g.

Lemma csum_pr4 f:
mutually_disjoint f ->
cardinal (unionb f) = csumb (domain f) (fun a => cardinal (Vg f a)).

Lemma csum_pr1 f:
cardinal (unionb f)
<=c csumb (domain f) (fun a => cardinal (Vg f a)).

Lemma csum_pr1_bis X f:
cardinal (unionf X f) <=c csumb X (fun a => cardinal (f a)).

Lemma csum_pr4_bis X f:
(forall i j, inc i X -> inc j X -> i = j \/ disjoint (f i) (f j)) ->
cardinal (unionf X f) = csumb X (fun a => cardinal (f a)).

Proposition 5 [4, p. 161] says that if f is a bijection from K to I and if a¶ is a cardinal then
(“commutativity” of the sum and product):

(4.1)
X

· 2K
af (· ) Æ

X

¶2I
a¶, P

· 2K
af (· ) ÆP

¶2I
a¶.

If the family (J ¸ )¸ 2L is a partition of I, then (“associativity” of the sum and product):

(4.2)
X

¶2I
a¶Æ

X

¸ 2L

¡ X

¶2J̧
a¶

¢
, P

¶2I
a¶ÆP

¸ 2L

¡
P

¶2J̧
a¶

¢
.

Let ((a¸ ,¶)¶2J̧ )¸ 2L be a family of families of cardinals. Let I Æ
Q

J̧ . Distributivity of product
over sum is

(4.3) P
¸ 2L

¡ X

¶2J̧
a¸ ,¶

¢
Æ

X

f 2I

¡
P

¸ 2L
a¸ , f (¸ )

¢
.

The relations are trivial for the product, and in the case of the union, we have to check
that the families are disjoint. Formulas (4.1), (4.2) and (4.3) are numbered (4), (5) and (6) by
Bourbaki.

Theorem csum_Cn X f:
target f = domain X -> bijection f ->
csum X = csum (X \cf (graph f)).

Lemma csum_Cn' X f: bijection f ->
csumb (target f) X = csumb (source f) (fun i => (X (Vf f i))).

Theorem cprod_Cn X f:
target f = domain X -> bijection f ->
cprod X = cprod (X \cf (graph f)).

Theorem csum_An f g:
partition_w_fam g (domain f) ->
csum f = csumb (domain g) (fun l => csumb (Vg g l) (Vg f)).

Theorem cprod_An f g:
partition_w_fam g (domain f) ->
cprod f = cprodb (domain g) (fun l => cprodb (Vg g l) (Vg f)).

Theorem cprodDn f:
cprodb (domain f) (fun l => csum (Vg f l)) =
csumb (productf (domain f) (fun l => (domain (Vg f l))))

(fun g => (cprod (Lg (domain f) (fun l => Vg (Vg f l) (Vg g l))))).
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The case of two arguments. Given two sets a and b, we can consider a family F de�ned
on a doubleton { x, y} such that F( x) Æa and F(y) Æb. By commutativity, the cardinal sum
and cardinal product of the family depends only on a and b. It is denoted by aÅ b and a.b
respectively. Commutativity is obvious.

Definition csum2 a b := csum (variantLc a b).
Definition cprod2 a b := cprod (variantLc a b).
Notation "x +c y" := (csum2 x y) (at level 50).
Notation "x *c y" := (cprod2 x y) (at level 40).

Lemma CS_sum2 a b: cardinalp (a +c b).
Lemma CS_prod2 a b: cardinalp (a *c b).

Lemma csum2_pr a b f:
doubleton_fam f a b -> a +c b = csum f.

Lemma cprod2_pr a b f:
doubleton_fam f a b -> a *c b = cprod f.

Fact card_commutative_aux a b:
doubleton_fam (Lvariantc b a) a b.

Lemma csumC a b: a +c b = b +c a.
Lemma cprodC a b: a *c b = b *c a.

More properties.

Lemma disjointU2_pr3 a b x y: y <> x ->
(a +c b) =c ((a *s1 x) \cup (b *s1 y)).

Lemma csum2_pr2 a b a' b':
a =c a' -> b =c b' ->
a +c b = a' +c b'.

Lemma csum2cl x y: (cardinal x) +c y = x +c y.
Lemma csum2cr x y: x +c (cardinal y) = x +c y.
Lemma csum2_pr5 a b: disjoint a b ->

cardinal (a \cup b) = a +c b.
Lemma cardinal_setC2 a b: sub a b ->

cardinal b = a +c (b -s a).
Lemma cardinal_setC3 a b:

(a -s b) =c (b -s a) -> a =c b.

Lemma cprod2_pr1 a b:
a *c b = cardinal (a \times b).

Lemma cprod2_pr2 a b: (a \times cardinal b) =c (a \times b).
Lemma cprod2cl x y: (cardinal x) *c y = x *c y.
Lemma cprod2cr x y: x *c (cardinal y) = x *c y.

Some commutativity properties. We have
P

i 2I f i Å
P

i 2I gi Æ
P

i 2I ( f i Å gi ). The proof is a bit
tricky. Let K ÆI £ {®,¯ }, where ®and ¯ are two distinct elements. We de�ne a function h on K
that associates f i to ( i ,®) and gi to ( i , ¯ ). We have

P
f i Æ

P
®h i where the index ®denotes the

restriction of h to the �rst part of K (this is the commutativity theorem, we use some auxiliary
lemmas in order to ease the proof). We have

P
f i Å

P
gi Æ

P
hk by associativity. If we consider

K as the disjoint union where the �rst component is �xed, we can reapply the associativity
theorem.

Definition quasi_bij f I J :=
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[/\ (forall x, inc x I -> inc (f x) J),
(forall x y, inc x I -> inc y I -> f x = f y -> x = y) &
(forall y, inc y J -> exists2 x, inc x I & y = f x)].

Lemma cardinal_commutativity_aux f I J g (F := (Lf f I J)) (G := Lg J g) :
quasi_bij f I J ->
[/\ target F = domain G, bijection F &

G \cf (graph F) = Lg I (fun z => Vg G (f z))].
Lemma csum_Cn2 J g I f : quasi_bij f I J ->

csumb J g = csumb I (fun z => (g (f z))).
Lemma cprod_Cn2 J g I f : quasi_bij f I J ->

cprodb J g = cprodb I (fun z => (g (f z))).

Lemma sum_of_sums_aux I f g: (* 82 *)
(csumb I f) +c (csumb I g) = csumb I (fun i => (f i) +c (g i)) /\
(cprodb I f) *c (cprodb I g) = cprodb I (fun i => (f i) *c (g i)).

Lemma sum_of_sums f g I:
(csumb I f) +c (csumb I g) = csumb I (fun i => (f i) +c (g i)).

Lemma prod_of_prods f g I:
(cprodb I f) *c (cprodb I g) = cprodb I (fun i => (f i) *c (g i)).

As a corollary, if a, b and care cardinals we have

(4.4) aÅ bÆbÅ a and abÆba,

(4.5) aÅ (bÅ c) Æ(aÅ b) Å c and a(bc) Æ(ab)c,

(4.6) a(bÅ c) ÆabÅ ac.

Associativity of the product is a consequence of equipotency of A £ (B£ C) and (A£ B)£ C.
Associativity of the sum is a consequence of associativity of [ , commutativity of Å and [ , and
the property that aÅ (bÅ c) is equipotent ai [ (bj [ ck ), if the indices are distinct; the current
proof is four times shorter than the original one. The same idea can be used for (4.6). The
quantity a(bÅ c) is equipotent to a£ (bi [ cj ) hence to ( a£ bi ) [ (a£ cj ), and (a£ b)i [ (a£ c) j ,
by associativity of the product. We show in fact ( bÅ c)a ÆbaÅ ca, because, basically we use
equipotency of (A [ B)£ C and (A £ C)[ (B£ C). The same techniques as above show

(4.7) a
X

¶2I
b¶Æ

X

¶2I
ab¶.

Lemma cprodA a b c:
a *c (b *c c) = (a *c b) *c c.

Lemma csumA a b c:
a +c (b +c c) = (a +c b) +c c.

Lemma csumCA a b c: a +c (b +c c) = b +c (a+c c).
Lemma csprodACA: interchange cprod2 cprod2.
Lemma csumACA: interchange csum2 csum2.
Lemma cprodDr a b c:

a *c (b +c c) = (a *c b) +c (a *c c).
Lemma cprodDl a b c:

(b +c c) *c a = (b *c a) +c (c *c a).
Lemma cprod2Dn a f:

a *c (csum f) = csumb (domain f) (fun i => a *c (Vg f i)).
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4.4 Properties of the cardinals 0 and 1

If a family is empty, the sum is zero and the product is one. If a family has a single element
that is a cardinal, this element is the sum or the product.

Lemma csum_trivial f: domain f = emptyset -> csum f = \0c.
Lemma csum_trivial0 f: csumb emptyset f = \0c.
Lemma csum_trivial1 x f: domain f = singleton x -> csum f = cardinal (Vg f x).
Lemma csum_trivial2 x f: domain f = singleton x -> cardinalp (Vg f x) ->

csum f = Vg f x.
Lemma csum_trivial3 x f: csumb (singleton x) f = cardinal (f x).
Lemma csum_trivial4 f a:

csum (restr f (singleton a)) = cardinal (Vg f a).

Lemma cprod_trivial f: domain f = emptyset -> cprod f = \1c.
Lemma cprod_trivial0 f: cprodb emptyset f = \1c.
Lemma cprod_trivial1 x f: domain f = singleton x -> cprod f = cardinal(Vg f x).
Lemma cprod_trivial1 x f: domain f = singleton x -> cardinalp (Vg f x) ->

cprod f = Vg f x.
Lemma cprod_trivial3 x f: cprodb (singleton x) f = cardinal (f x).
Lemma cprod_trivial4 f a:

cprod (restr f (singleton a)) = cardinal (Vg f a).

We have
P

x2A[ B f (x) Æ
P

x2A f (x) Å
P

x2B f (x) whenever A and B are disjoint. A special
case is when B is a singleton. Assume g : X ! I is a mapping. Let X i the set of all x such that
g(x) Æi . This is a partition of X, so that the cardinal of X is the sum of the cardinals of the X i .

Lemma csumA_setU1 A b f: ~ (inc b A) ->
csumb (A +s1 b) f = csumb A f +c (f b).

Lemma csumA_setU2 A B f: disjoint A B ->
csumb (A \cup B) f = csumb A f +c csumb B f.

Lemma cprodA_setU2 A B f: disjoint A B ->
cprodb (A \cup B) f = cprodb A f *c cprodb B f.

Lemma cprodA_setU1 A b f: ~ (inc b A) ->
cprodb (A +s1 b) f = cprodb A f *c (f b).

Lemma card_partition_induced X f F:
(forall x, inc x X -> inc (f x) F) ->
cardinal X = csumb F (fun k => cardinal (Zo X (fun z => f z = k))).

Lemma card_partition_induced1 X f F g:
(forall x, inc x X -> inc (f x) F) ->
csumb X g = csumb F (fun i => csumb (Zo X (fun z => f z = i)) g).

One can remove 0 in a sum and 1 in a product. This is Proposition 6 [4, p. 162]. The result
is clear for the sum, because 0 i Æ ; (where 0 i means 0£ {i }). Conversely, is a sum is zero, the
union of the xi is empty, so eaxh xi is empty, and each term of the sum is zero. In the case of
a product, it is a trivial consequence of bijective_prj . If the family has two elements, this
gives nice results. If a factor of a product is zero, so is the product itself.

Theorem csum_zero_unit f j:
sub j (domain f) ->
(forall i, inc i ((domain f) -s j) -> (Vg f i) = \0c) ->
csum f = csumb j (Vg f).

Theorem cprod_one_unit f j:
sub j (domain f) ->
(forall i, inc i ((domain f) -s j) -> (Vg f i) = \1c) ->
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cprod f = cprodb j (Vg f).
Lemma csum_zero_unit_bis f:

(allf f (fun z => z = \0c)) <-> csum f = \0c.

Lemma csum0r a: cardinalp a -> a +c \0c = a.
Lemma csum0l a: cardinalp a -> \0c +c a = a.
Lemma csum_0l a: \0c +c a = cardinal a.
Lemma csum_nz a b: a +c b = \0c -> (a = \0c /\ b = \0c).
Lemma cprod1r a: cardinalp a -> a *c \1c = a.
Lemma cprod1l a: cardinalp a ->\1c *c a = a.
Lemma cprod0r a: a *c \0c = \0c.
Lemma cprod0l a: \0c *c a = \0c.
Lemma cprod_eq0 f:

(exists2 i, inc i (domain f) & cardinal (Vg f i) = \0c) ->
cprod f = \0c.

Let a and b be two cardinals; consider a set I equipotent to b and the two families a¶Æa
and c¶Æ1. Then

(4.8) abÆ
X

¶2I
a¶; bÆ

X

¶2I
c¶.

The �rst formula is obtained from the second after multiplication by a, and using distributiv-
ity. We prove a similar result for I Æb, and when a and b are any sets. The cardinal successor
of x is x Å 1 (since this is Card( xÅ) and xÅ is the disjoint union of x and a singleton). Since 2
is the successor of 1, it follows 1 Å 1 Æ2 and x Å x Æ2x.

Lemma csum_of_ones b: csum (cst_graph b \1c) = cardinal b.
Lemma csum_of_same a b: csum (cst_graph b a) = a *c b.
Lemma csum_of_ones1 b j: cardinalp b -> b \Eq j ->

csumb j (fun _ => \1c) = b.
Lemma csum_of_same1 a b j:

cardinalp a -> cardinalp b -> b \Eq j ->
csum (cst_graph j a) = a *c b.

Lemma csucc_pr3 x: csucc (cardinal x) = x +c \1c.
Lemma csucc_pr4 x: cardinalp x -> csucc x = x +c \1c.
Lemma csucc_pr5 a: cardinal (csucc a) = csucc a.
Lemma card_two_pr: \1c +c \1c = \2c.
Lemma two_times_n n: \2c *c n = n +c n.

Proposition 7 [4, p. 162] says that a cardinal product is non-zero if and only if each factor
is non-zero (because a product is non-empty if and only if no factor is empty). Proposition 8
[4, p. 162] asserts injectivity of the successor function, namely that if aand bare two cardinals
such that aÅ 1 ÆbÅ 1 then a Æb. In effect, there exists X equipotent to a, Y equipotent to b,
and u 62X, v 62Y such that X [ {u} ÆY[ {v}. If u Æv, then X ÆY; otherwise, if Z ÆY\ Y, we have
X ÆZ[ {v} and Y ÆZ[ {u}, so that if cÆCard(Z) we have aÆbÆcÅ 1. The proof is rather long.
However this is a trivial consequence of succ_injective1 .

Definition card_nz_fam f := allf f (fun z => z <> \0c).
Theorem cprod_nzP f: card_nz_fam f <-> (cprod f <> \0c).
Lemma cprod2_nz a b: a <> \0c -> b <> \0c -> a *c b <> \0c.
Lemma cprod2_eq0 a b: a *c b = \0c -> a = \0c \/ b = \0c.
Theorem succ_injective a b: cardinalp a -> cardinalp b ->

a +c \1c = b +c \1c -> a = b.
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4.5 Exponentiation of cardinals

If a and b are two cardinals, the cardinal of the set of functions from b to a is denoted
ab, by abuse of notations 4. Proposition 9 [4, p. 163] says that we can replace a and b by
equipotent sets.

Definition cpow a b := cardinal (functions b a).
Notation "x ^c y" := (cpow x y) (at level 30).

Lemma CS_pow a b: cardinalp (a ^c b).
Lemma cpow_pr0 a b: a ^c b = cardinal (gfunctions b a).
Lemma cpow_pr a b a' b':

a =c a' -> b =c b' -> a ^c b = a' ^c b'.
Lemma cpow_prr a b b': b =c b' -> a ^c b = a ^c b'.
Lemma cpow_prl a a' b: a =c a' -> a ^c b = a' ^c b.
Lemma cpowcl a b: (cardinal a) ^c b = a ^c b.
Lemma cpowcr a b: a ^c (cardinal b) = a ^c b.
Theorem cpow_pr1 x y:

cardinal (functions y x) = (cardinal x) ^c (cardinal y).

Proposition 10 [4, p. 163] says that if a and b are two cardinals, I is a set with cardinal b
and a¶ is the constant family a, then ab ÆP

¶2I
a¶. This is a trivial consequence of the fact that

the set of functions and the set of graphs of functions are equipotent. Note that Card(I) Æb
implies that b is a cardinal, hence, we give also another version of the theorem.

A consequence is that, if a and b are cardinals, (a¶)¶2I and (b¶)¶2I are families of cardinals
we have

(4.9) a
P

¶2I
b¶

ÆP
¶2I

ab¶,
¡
P
¶2I

a¶
¢b ÆP

¶2I
ab

¶.

The proof of the �rst formula is as follows. Let a¶Æa. We have a
P

¶2I b¶ ÆP
J

a¶, where J is any

set whose cardinal is
P

¶2I b¶; we choose the disjoint union of the sets b¶. We have a natural
partition of J and we can apply the associativity of the product. For the second formula, let
a¶¯ Æa¶ for ¶2 I and ¯ 2 b. This is a family de�ned on the product I £ b, for which we have
two natural partitions (all elements with the same ¶, or all elements with the same ¯ ); we can
apply associativity of the product twice. We also have

(4.10) abÅc Æabac, (ab)c Æacbc, abcÆ(ab)c.

Lemma cpow_pr2 a b: cprod (cst_graph b a) = a ^c b.
Theorem cpow_pr3 a b j: cardinal j = b ->

cprod (cst_graph j a) = a ^c b.
Lemma cpow_sum a f:

a ^c (csum f) = cprodb (domain f) (fun i => a ^c (Vg f i)).
Lemma cpow_prod b f: (* 60 *)

(cprod f) ^c b = cprodb (domain f) (fun i => (Vg f i) ^c b).
Lemma cpow_sum2 a b c: a ^c (b +c c) = (a ^c b) *c (a ^c c).
Lemma cpow_prod2 a b c: (a *c b) ^c c = (a ^c c) *c (b ^c c).
Lemma cpow_pow a b c: a ^c (b *c c) = (a ^c b) ^c c.

4The trouble seems to be that 4 2 and 24 denote the set of graphs of mappings from 2 to 4 or from 4 to 2; these
sets are obviously distinct, but have the same number of elements; hence 4 2 Æ24 is true with these new notations,
see page 101. Some authors write EF for the set of functions E ! F.
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Proposition 11 [4, p. 164] states that

(4.11) a0 Æ1, a1 Æa, 1a Æ1, 0b Æ0 (b6Æ0).

The Bourbaki proof is the following. We want to compute the number of functions from F
to E is some cases. If F is empty, there is only the empty function; if F is a singleton then
EF and E are equipotent (the bijection is product1_canon ), if E has a single element, there
is only one function, a constant; �nally if the source is non-empty and the target is empty,
there is no function. We use different properties. In the �rst two cases, we replace the power
by a product whose index set has 0 or 1 element, and simplify the result. In the third case we
rewrite 1 as a product whose index set is empty, and use distributivity (4.9).

Note that a2 Æa.a.

Lemma cpowx0 a: a ^c \0c = \1c.
Lemma cpow00: \0c ^c \0c = \1c.
Lemma cpowx1c a: a ^c \1c = cardinal a.
Lemma cpowx1 a: cardinalp a -> a ^c \1c = a.
Lemma cpow1x a: \1c ^c a = \1c.
Lemma cpow0x a: a <> \0c ->\0c ^c a = \0c.
Lemma cpowx2 a: a ^c \2c = a *c a.

Characteristic Function. For any set X, and any subset A of X, the function ÁA de�ned on
X by 1 if x 2 A and 0 otherwise, is called the characteristic function of A. We state some
trivial results. We then show that a subset of X is uniquely characterized by its characteristic
function. Any function f de�ned on X with values 0 or 1 is a characteristic function (of the
set of all x such that f (x) Æ1).

We deduce Proposition 12 [4, p. 164]: the cardinal of the power set of X is 2 X.

Definition char_fun A B := Lf (varianti A \1c \0c) B (doubleton \1c \0c).

Lemma char_fun_axioms A B:
lf_axiom (varianti A \1c \0c) B (doubleton \1c \0c).

Lemma char_fun_f A B: function (char_fun A B).
Lemma char_fun_V A B x:

inc x B -> Vf (char_fun A B) x = varianti A \1c \0c x.
Lemma char_fun_V_cardinal A B x:

inc x B -> cardinalp (Vf (char_fun A B) x).
Lemma char_fun_V_a A B x: sub A B -> inc x A ->

Vf (char_fun A B) x = \1c.
Lemma char_fun_V_b A B x: sub A B -> inc x (B -s A) ->

Vf (char_fun A B) x = \0c.
Lemma char_fun_injectiveP A A' B: sub A B -> sub A' B ->

((A=A') <-> (char_fun A B = char_fun A' B)).
Lemma char_fun_surjective X f: function f -> source f = X ->

target f = (doubleton \1c \0c) ->
exists2 A, sub A X & char_fun A X = f.

Theorem card_setP X: cardinal (\Po X) = \2c ^c X.

4.6 Order relation and operations on cardinals

We shall write a ¡ b for the cardinal of the complement of b in a. This operation will be
studied later on.
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Definition cdiff a b := cardinal (a -s b).
Notation "x -c y" := (cdiff x y) (at level 50).

Proposition 13 [4, p. 164] states that a ¸ b if and only if there exists c such that a ÆbÅ c
(for simplicity, we assume all three quantities to be cardinals, although c could be any set,
and both relations a ¸ b and aÆbÅ c imply that a is a cardinal).

Proof. Assume B equipotent to a subset X of A and let C be the complement. Then B Å C
is equipotent to B 1 [ C2 (where B1 ÆB£ {1}). We can replace B by X, then omit the indices,
so that B Å C is equipotent to A. Conversely, if A is equipotent B 1 [ C2, there is a bijection
B1 [ C2 ! A, and by restriction, an injection B 1 ! A, and by composition, an injection B ! A.

Using von Neumann cardinals simpli�es the proof: let c be the cardinal of the comple-
ment of b in a. If a and b are cardinals and b · a then b ½ a and a Æb Å c. This is also
a Æb Å (a ¡ b).

Lemma CS_diff a b: cardinalp (a -c b).
Lemma cardinal_setC A E: sub A E ->

(cardinal A) +c (E -c A) = cardinal E.
Lemma cdiff_pr a b: b <=c a -> b +c (a -c b) = a.
Theorem cardinal_le_setCP a b:

cardinalp a -> cardinalp b ->
((b <=c a) <-> (exists2 c, cardinalp c & b +c c = a)).

Proposition 14 [4, p. 165] says that if a¶¸ b¶(for two families of cardinals) we have

(4.12)
X

¶2I
a¶¸

X

¶2I
b¶, P

¶2I
a¶¸ P

¶2I
b¶.

The �rst formula is shown as follows. We have a bijection from b¶ into a subset E ¶of a¶, hence
a bijection from b¶£ {¶} into a subset E ¶£ {¶} of a¶£ {¶}. This gives a bijection from the disjoint
union

S
b¶£ {¶} into a subset

S
E¶£ {¶} of

S
a¶£ {¶}. The proof of the second formula is similar:

we get a bijection from
Q

b¶ into a subset
Q

E¶of
Q

a¶.

As a corollary, we obtain a smaller result if we restrict the domain of the sum or the prod-
uct; in the case of a product, we assume all factors nonzero (proof: missing terms are re-
placed by zero, or one). The power is increasing with respect to both arguments. [Note: us-
ing von Neumann cardinals simpli�es the proof, since in the �rst three cases, we must show
card(A) · card(B) and A ½B is trivial]. If we have a family of sets, each of which has cardinal
· n , then the cardinal of the union is at most n times the number of elements of the family.

Theorem csum_increasing f g:
domain f = domain g ->
(forall x, inc x (domain f) -> (Vg f x) <=c (Vg g x)) ->
(csum f) <=c (csum g).

Theorem cprod_increasing f g:
(forall x, inc x (domain f) -> (Vg f x) <=c (Vg g x)) ->
(cprod f) <=c (cprod g).

Lemma cardinal_uniona X n: (forall x, inc x X -> cardinal x <=c n) ->
cardinal (union X) <=c n *c cardinal X.

Lemma csum_increasing1 f j:
sub j (domain f) -> (csum (restr f j)) <=c (csum f).

Lemma cprod_increasing1 f j: card_nz_fam f ->
sub j (domain f) -> (cprod (restr f j)) <=c (cprod f).
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Lemma csum_increasing6 f j: cardinalp (Vg f j) ->
inc j (domain f) -> (Vg f j) <=c (csum f).

Lemma cprod_increasing6 f j: cardinalp (Vg f j) -> card_nz_fam f ->
inc j (domain f) -> (Vg f j) <=c (cprod f).

Comparison with two argument functions.

Lemma csum_Mlele a b a' b':
a <=c a' -> b <=c b' -> (a +c b) <=c (a' +c b').

Lemma csum_Mleeq a b b': b <=c b' -> (b +c a) <=c (b' +c a).
Lemma csum_Meqle a b b': b <=c b' -> (a +c b) <=c (a +c b').
Lemma csum2_pr6 a b: cardinal (a \cup b) <=c a +c b.
Lemma cprod_Mlele a b a' b':

a <=c a' -> b <=c b' -> (a *c b) <=c (a' *c b').
Lemma cprod_Meqle a b b': b <=c b' -> (a *c b) <=c (a *c b').
Lemma cprod_Mleeq a b b': b <=c b' -> (b *c a) <=c (b' *c a).
Lemma csum_M0le a b: cardinalp a -> a <=c (a +c b).
Lemma cprod_M1le a b: cardinalp a -> b <> \0c -> a <=c (a *c b).
Lemma csum_eq1 a b: cardinalp a -> cardinalp b -> a +c b = \1c ->

(a = \0c \/ b = \0c).
Lemma cprod_eq1 a b: cardinalp a -> cardinalp b -> a *c b = \1c ->

(a = \1c /\ b = \1c).
Lemma cpow_Mleeq x y z: x <=c y -> x <> \0c -> x ^c z <=c y ^c z.
Lemma cpow_Meqle x a b: x <> \0c -> a <=c b -> x ^c a <=c x ^c b.
Lemma cpow_Mlele a b a' b':

a <> \0c -> a <=c a' -> b <=c b' -> (a ^c b) <=c (a' ^c b').
Lemma cpow_M2le x y: x <=c y -> \2c ^c x <=c \2c ^c y.
Lemma cpow_Mle1 a b:

cardinalp a -> b <> \0c -> a <=c (a ^c b).

Given a set E, there is an injection f : E ! P (E) but no surjection. One injection is x 7! {x}.
Assume that there is a surjection, and consider y such that f (y) is the set F of all x 2 E such
that x 62f (x). Both claims y 2 f (y) and y 62f (y) hold, contradiction.

We deduce Cantor's theorem (Theorem 2, [4, p. 165]) stating that 2 a È a for every cardinal
a, so that there is no set containing all cardinals (for otherwise this set would have a greatest
element).

Theorem cantor a: cardinalp a ->
a <c (\2c ^c a).

Lemma cantor_bis: non_coll cardinalp.
Lemma infinite_pow2 x: infinite_c x -> infinite_c (\2c ^c x).

Let c be a cardinal, and E the set of all elements of 2 c such that card( x) · c. If x 2 E, then
x is an ordinal (since 2 c is an ordinal) and card( x) · c. Conversely, if x is an ordinal such that
card(x) · c, then card( x) Ç 2c. This says that the ordinal x is less than 2c, thus x 2 E.

If x 2 E and y · x, then y is a subset of x, card(y) · card(x) so that y 2 E. We deduce that
E is an ordinal. Note that card(E) cannot be · c since E is irre�exive, so that c Ç card(E). Let
d be any cardinal such that c Ç d . If x 2 E, we have card(x) Ç d , this implies that the ordinal x
is less than d , thus x 2 d . In other terms, E ½d. This relation says that E is a cardinal. We can
restate E ½d as E· d , and c Ç card(E) as c Ç E. This means that E is the least cardinal greater
than c. We call this the cardinal successorof c.

Definition cnext c := Zo (\2c ^c c) (fun z => cardinal z <=c c).
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Lemma cnextP c: cardinalp c -> forall x,
(inc x (cnext c) <-> (ordinalp x /\ cardinal x <=c c)).

Lemma cnext_pr1 c (a:= cnext c): cardinalp c ->
[/\ cardinalp a, c <c a & forall c', c <c c' -> a <=c c'].

Lemma CS_cnext x: cardinalp x -> cardinalp (cnext x).
Lemma cnext_pr4 x y: cardinalp y -> x <c cnext y -> x <=c y.
Lemma cnext_pr2 x: cardinalp x -> x <c cnext x.
Lemma cnext_pr3 x: cardinalp x -> cnext x <=c \2c ^c x.
Lemma cnext_pr5P x : cardinalp x ->

forall y, (x <c y <-> cnext x <=c y).
Lemma cnext_pr4P y: cardinalp y ->

forall x, (x <c cnext y <-> x <=c y).
Lemma cnext_pr6 x y: x <=c y -> cnext x <=c cnext y.
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Chapter 5

Natural integers. Finite sets

Bourbaki makes a distinction between �nite and in�nite cardinals. Finite cardinals are
identi�ed with natural integers , which are entities satisfying some arithmetic properties (ad-
dition, multiplication, subtraction and division are studied in the next chapter) derived from
an induction principle and a successor function. There is a set N containing all �nite car-
dinals, so that we have statements of the form: if n 2 N then n 6Æn Å 1, instead of: if a is an
in�nite cardinal then a ÆaÅ 1. In the Bourbaki theory, a cardinal is a set: one could try to
prove 1 Å 1 Æ2 by showing that x 2 1Å 1 is equivalent to x 2 2. However since 2 is constructed
via the axiom of choice, the statement 1 2 2 is unprovable (all we we know is that 2 is a set with
two distinct elements). For this reason, natural integers are sometimes considered as urele-
ments (objects that may appear at the left-hand side of 2, but never the right-hand-side). In
Version 4 of this document, a natural integer will be a �nite von Neumann ordinal. This gives
an explicit form for integers (for instance 2 is { ; , {; }}) and the set of integers (the least limit
ordinal). This form is however not adapted to computations (there is no explicit form of the
sum of two ordinals, and the ordinal sum of two cardinals is not always a cardinal).

Integers are presented in [13] as follows. There is a symbol O and a symbol S, and two
operations a Å b and a ¢b (sum and product), de�ned on integers, which are a �nite (maybe
empty) sequences of letters S followed by a single O. The �ve axioms are

Axiom 1 8 a,Sa 6ÆO.
Axiom 2 8 a,a Å O Æa.
Axiom 3 8 a8 b,a Å Sb ÆS(a Å b).
Axiom 4 8 a,a ¢O ÆO.
Axiom 5 8 a8 b,a ¢Sb Æ(a ¢b) Å a.

The �rst axiom has an unusual form, since most axioms are of the form a Æ) b Æc. This
axiom is built-in in C OQ: an object of a type with n constructors is de�ned by a single con-
structor: an integer is either O or S a, but not both. This means that if c an integer, one and
only one of axioms 2 and 3 apply to a Å c.

The axiom implies injectivity of S (by induction on the size of the arguments). Note that
COQ de�nes addition an multiplication by induction on the �rst argument.

In the system presented above, it is impossible to prove 8 a,a ÆOÅ a, although the result
is obvious for any a. Thus a new principle is needed. It says something like: “If all the strings
in a pyramidal family are theorems, then so is the universally quanti�ed string which summa-
rizes them”. (We get a pyramid if we center the statements a ÆOÅ a, for consecutive values
of a). The whole pyramid has an in�nite number of statements, and proving it requires an
in�nite proof. Assume that each line can be shown from the previous one, using exactly the
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same argument. Then the proof has the form P and Q and Q and Q, etc. It is in�nite, but not
too much, hence is accepted. The induction principle is: “Suppose u is a variable, and X{u}
is a well-formed formula in which u occurs free. If both 8 u : hX{u} ¾X{Su/ u}i and X{0/ u} are
theorems, then 8 u : X{u} is also a theorem.” This is built-in in C OQ, under the form

nat_ind =
[eta nat_rect]

: forall P : nat -> Prop,
P 0 -> (forall n : nat, P n -> P n.+1) -> forall n : nat, P n

In this chapter we shall prove that the Bourbaki integers satisfy the induction principle, under
the form

Nat_induction
: forall r : property,

r \0c ->
(forall n : Set, inc n Nat -> r n -> r (csucc n)) ->
forall n : Set, inc n Nat -> r n

and as a consequence, that all these de�nitions are essentially the same. The proof of the
principle is as follows: the least element of the set (assumed non-empty) of elements not
satisfying a property is either O or S a. This is a consequence of the fact that N is well-ordered.
Note that the property shown by induction (X, P, r, in the examples) is quanti�ed in C OQ, but
neither in [13] nor in Bourbaki.

An important property of integers is the possibility of de�ning a function by induction.
This is a COQ example

Fixpoint add (n m:nat) {struct n} : nat :=
match n with
| O => m
| S p => S (add p m)
end.

It de�nes (by induction on the �rst argument) the unique function N £ N ! N satisfying Ax-
ioms 2 and 3. Another example is the following

Fixpoint nat_to_B (n:nat) :=
match n with 0 => \0c | S m => csucc (nat_to_B m) end.

One can de�ne N as the range of this function which becomes a bijection N ! N, and N is thus
isomorphic to the Bourbaki set of integers. In a version 2 of this document, this isomorphism
was used to convert theorems proved in the standard library of C OQ into theorems about
�nite cardinals.

In the Bourbaki framework, one can de�ne functions by induction (i.e., by trans�nite in-
duction on the well-ordered set N). So, one could de�ne, for each m, a function fm : N ! Em ,
which is the unique surjective function satisfying the two axioms, show that E m ½N, extend
the function f 0

m : N ! N, then merge all these functions to get f : N £ N ! N and show that
the axioms of the sum are satis�ed (for an example of a function de�ned by induction using
a second argument, see the de�nition of the binomial coef�cient below). On the other hand,
one can de�ne sum, product and exponentiation of ordinals (see exercises 2.17 and 2.18) by
trans�nite induction, these operations are not functions (there is no set containing all or-
dinals), but produce a �nite ordinal when the arguments are �nite ordinals, thus produce a
�nite cardinal when the arguments are �nite cardinals. It is hence possible to de�ne addition
on �nite cardinals without de�ning the set of integers.
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5.1 De�nition of integers

Recall that x is �nite if it is an ordinal not equipotent to its successor xÅ . This is equivalent
to x 2 ! , and implies that x is a cardinal. A �nite cardinal will be called an integer. The set
of integers will be denoted by N, or Nat in the C OQ code, instead of ! . This is an in�nite set
(Theorem 1, [4, p. 184]). Proposition 1 ([4, p. 166]) says: a cardinal x is �nite if and only if its
successor is �nite.

Definition Nat := omega0.
Definition natp x := inc x Nat.

Lemma infinite_Nat: infinite_set Nat.
Lemma NatP a: natp a <-> finite_c a.

Theorem finite_succP x: cardinalp x ->
(finite_c (csucc x) <-> finite_c x).

The following lemmas are trivial. Note that, if a is an integer, x 2 a says that x is also an
integer, so x and a are cardinals, x 2 a is equivalant to x Ço a thus to x Çc a. Thus x 2 aÅ is
equivalent to x · c a (where aÅ is the ordinal or cardinal successor of a).

Lemma NS_succ x: natp x -> natp (csucc x).
Lemma NS_nsucc x: cardinalp x -> natp (csucc x) -> natp x.
Lemma CS_nat x: natp x -> cardinalp x.
Lemma card_nat n: natp n -> cardinal n = n.
Lemma finite_set_nat n: natp n -> finite_set n.
Lemma Nsum0r x: natp x -> x +c \0c = x.
Lemma Nsum0l x: natp x -> \0c +c x = x.
Lemma Nprod1l x: natp x -> \1c *c x = x.
Lemma Nprod1r x: natp x -> x *c \1c = x.
Lemma NS_le_nat a b: a <=c b -> natp b -> natp a.
Lemma NS_lt_nat a b: a <c b -> natp b -> natp a.
Lemma Nsucc_rw x: natp x -> csucc x = x +c \1c.
Lemma succ_of_nat n: natp n -> csucc n = osucc n.
Lemma Nat_dichot x: cardinalp x -> natp x \/ infinite_c x.
Lemma Nat_le_infinite a b: natp a -> infinite_c b -> a <=c b.
Lemma OS_nat x: natp x -> ordinalp x.
Lemma NS_inc_nat a: natp a -> forall b, inc b a -> natp b.
Lemma Nmax_p1 x y: natp x -> natp y ->

[/\ natp (cmax x y), x <=c (cmax x y) & y <=c (cmax x y)].
Lemma NltP a: natp a -> forall x, x <c a <-> inc x a.
Lemma NleP a: natp a -> forall x,

(x <=c a <-> inc x (csucc a)).
Lemma Nsucc_i a: natp a -> inc a (csucc a).
Lemma nat_irreflexive n: natp n -> ~(inc n n).

5.2 Inequalities between integers

The successors of zero are one, two, three and four. We list some trivial properties. We
show here that 2 n Æn Å n, hence 2Å 2 Æ2.2Æ4 and 24 Æ42.

Definition card_three := csucc card_two.
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Definition card_four := csucc card_three.
Notation "\3c" := card_three.
Notation "\4c" := card_four.

Lemma NS0: natp \0c.
Lemma NS1: natp \1c.
Lemma NS2: natp \2c.
Lemma NS3: natp \3c.
Lemma NS4: natp \4c.

Lemma two_plus_two: \2c +c \2c = \4c.
Lemma two_times_two: \2c *c \2c = \4c.
Lemma power_2_4: \2c ^c \4c = \4c ^c \2c.

Lemma cardinal_tripleton x y z: x <> y -> x <> z -> y <> z ->
cardinal (tripleton x y z) = \3c.

Lemma cardinal_ge3 E: \3c <=c cardinal E ->
exists a b c,
[/\ inc a E, inc b E, inc c E & [/\ a <> b, a <> c & b <> c]].

Lemma cardinal_doubleton x y: cardinal (doubleton x y) <=c \2c.

Proposition 2 [4, p. 166] says that if a is a cardinal and n an integer, if a · n then a is an
integer. If n is an integer and n 6Æ0, then there is a unique integer m such that n Æm Å 1. In
this case a Ç n is equivalent to a · m.

We consider here the �rst statement. If aÆaÅ1 then (aÅb)Å1 ÆaÅb (by associativity and
commutativity). Thus, if aÅ b is �nite so is a. Assume now b non-zero, so that Card( b) ÆcÅ 1
for some c. Then abÆacÅ a. Thus, if ab is �nite, so is a.

Now, if a · n there is b such that aÅ b Æn. (Later on, Bourbaki shows that this quantity b
is an integer, is unique and is called the difference). It follows that if n is �nite, then a is �nite
also. By symmetry, b is also �nite, so that the difference is �nite; we also have b · n . We have
already seen that quantities less than an integer are integers (since if a · b and b Ç ! then
a Ç ! ). We show here: if b Ç a, then a ¡ b is non-zero, since a Æb Å (a ¡ b).

Lemma Nat_in_sumr a b: cardinalp b -> natp (a +c b) -> natp b.
Lemma Nat_in_suml a b: cardinalp a -> natp (a +c b) -> natp a.
Lemma Nat_in_product a b: cardinalp a ->

b <> \0c -> natp (a *c b) -> natp a.

Lemma cdiff_le1 a b: cardinalp a -> a -c b <=c a.
Lemma cdiff_nz a b: b <c a -> (a -c b) <> \0c.
Lemma NS_diff a b: natp a -> natp (a -c b).
Lemma NS_nsucc x: cardinalp x -> natp (csucc x) -> natp x.

We consider now the predecessorof x. This is the ordinal predecessor x ¡ , with a different
name, cpred instead of opred. We know x ¡ Æx when x is zero or an in�nite cardinal.

same holds when x is zero. Assume now that x is a non-zero �nite cardinal, so that x ÆyÅ

for some ordinal y and x ¡ Æy. Clearly, y is �nite, so that yÅ is also the cardinal successor of
y.

We state: if x is a cardinal (resp. an integer) so is x ¡ , and the predecessor of the successor
of x is x.

Lemma cpred0: cpred \0c = \0c.
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Lemma cpred1: cpred \1c = \0c.
Lemma cpred2: cpred \2c = \1c.
Lemma cpred_inf a: infinite_c a -> cpred a = a.
Lemma cpred_pr n: natp n -> n <> \0c ->

(natp (cpred n) /\ n = csucc (cpred n)).
Lemma NS_pred a: natp a -> natp (cpred a).
Lemma CS_pred a: cardinalp a -> cardinalp (cpred a).

Lemma cpred_pr1 n: cardinalp n -> cpred (csucc n) = n.
Lemma cpred_pr2 n: natp n -> cpred (csucc n) = n.
Lemma cpred_pr3 n: natp n ->

n = \0c \/ exists2 m, natp m & n = csucc m.
Lemma cpred_nz n: cardinalp n -> cpred n <> \0c -> \0c <c cpred n.

Let's show

n 2 N Æ) (a · n () a Ç nÅ)(5.1)

(a · b () aÅ · bÅ)(5.2)

a 2 N _ b 2 N Æ) (aÅ · b () a Ç b)(5.3)

(a Ç b () aÅ Ç bÅ)(5.4)

The �rst implication of (5.1) follows from n Ç nÅ . Assume a Ç nÅ . There is c such that a Å c Æ
n Å 1. This cardinal is non-zero, so that c Æd Å 1 for some d . Thus a Å d Å 1 Æn Å 1. We get
a Å d Æn, thus a · n . [Alternate proof: a · n and a Ç nÅ are equivalent to a 2 nÅ .] Consider
now (5.2). If a · b, we know that aÅ1 · bÅ1. AssumeaÅ · bÅ , and let's show a · b; the result
is easy if b is in�nite (as b ÆbÅ , and a is �nite or not). If b is �nite, then a · a· bÅ ; we cannot
have equality (since otherwise a is �nite and aÅ · a). So a Ç bÅ , and the result follows from
(5.1).

Consider now (5.3). In case b Æ0, the result is trivial. In the case where b is in�nite and
a �nite, the result is clear. So assume b �nite, b ÆcÅ . Now a Ç cÅ is equivalent to a · c and
to aÅ · cÅ . [Alternate proof when b is �nite: we assume that a is a cardinal. Then aÅ · b
says that aÅ is �nite, so that a is �nite; note that a Ç b also implies a �nite. The property
becomes aÅ 2 bÆ () a 2 b, where aÅ means cardinal successor, but can be replaced by
ordinal successor, so it becomes aÅ Ço bÆ () a Ço b.] The proof of (5.4) is similar. We
distinguish between the �nite and in�nite case.

Lemma cleS0 a: cardinalp a -> a <=c (csucc a).
Lemma cleS a: natp a -> a <=c (csucc a).
Lemma cltS a: natp a -> a <c (csucc a).
Lemma cle_24: \2c <=c \4c.
Lemma clt_24: \2c <c \4c.
Lemma cpred_le a: cardinalp a -> cpred a <=c a.
Theorem cltSleP n: natp n -> forall a,

(a <c (csucc n) <-> a <=c n).
Lemma cleSSP a b: cardinalp a -> cardinalp b ->

(csucc a <=c csucc b <-> a <=c b).
Lemma ordinal_incSS a b: ordinalp b ->

(inc a b <-> inc (osucc a) (osucc b)).
Lemma cleSlt0P a b: cardinalp a -> natp b ->

(csucc a <=c b <-> a <c b).
Lemma cleSltP a: natp a -> forall b,

(csucc a <=c b <-> a <c b).
Lemma cltSSP n m: cardinalp n -> cardinalp m ->
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((csucc n <c csucc m) <-> (n <c m)).
Lemma cleSS a b : a <=c b -> csucc a <=c csucc b.
Lemma cltSS a b : a <c b -> csucc a <c csucc b.
Lemma cpred_lt n: natp n -> n <> \0c -> cpred n <c n.
Lemma cpred_pr6 k i: natp k -> \1c <=c i -> i <=c csucc k ->

[/\ natp (cpred i), i = csucc (cpred i) & cpred i <=c k].

We also state: if E is a subset of N, its intersection is the least element of E (if E is empty,
the intersection is not in E, but is nevertheless an integer). If p is a property, E the set of
integers satisfying the property, we haqve a variant: yje least ordinal satisfying yje property is
in fact the least integer. xs

Lemma inf_Nat E (x:= intersection E): sub E Nat -> nonempty E ->
inc x E /\ (forall y, inc y E -> x <=c y).

Lemma NS_inf_Nat E (x:= intersection E): sub E Nat -> natp x.
Lemma least_int_prop n (p: property) (y:= least_ordinal p n):

natp n -> p n ->
[/\ natp y, p y& forall z, natp z -> p z -> y <=c z].

If X ½Y, X6ÆY and Y is �nite, then card(X) Ç card(Y). Bourbaki says that the converse is
true by de�nition. In fact, if Y is empty, it is �nite, otherwise there is x 2 Y, and if X is the
complement of { x} in Y, then card(Y) Æcard(X) Å 1. The relation card(X) Ç card(Y) implies
that card(X) is �nite, hence card(X) Å 1 is also �nite.

Lemma card_finite_setP x: finite_set x <-> natp (cardinal x).
Lemma emptyset_finite: finite_set (emptyset).
Lemma strict_sub_smaller x y: ssub x y -> finite_set y ->

(cardinal x) <c (cardinal y).
Lemma strict_sub_smaller1 y:

(forall x, ssub x y -> (cardinal x) <c (cardinal y)) <->
finite_set y.

The image of a �nite set by a function is �nite. We give some variants of this property.
Consider two sets E and F with the same cardinal, and a function f : E ! F. Assume E �nite.
If f is injective and not surjective, then f (E) is a strict subset of F equipotent to F, thus cannot
be �nite. Hence we claim: if f injective, then f is bijective. Assume f surjective. It has a right
inverse, which is injective, so that f is also bijective.

Lemma finite_image f: function f -> finite_set (source f) ->
finite_set (Imf f).

Lemma finite_image_by f A: function f ->
finite_set A -> finite_set (Vfs f A).

Lemma finite_fun_image a f: finite_set a ->
finite_set (fun_image a f).

Lemma equipotent_domain f: fgraph f -> domain f \Eq f.
Lemma finite_graph_domain f: fgraph f ->

(finite_set f <-> finite_set (domain f)).
Lemma finite_range f: fgraph f -> finite_set(domain f) ->

finite_set(range f).

Lemma bijective_if_same_finite_c_inj f:
cardinal (source f) = cardinal (target f) -> finite_set (source f) ->
injection f -> bijection f.
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Lemma bijective_if_same_finite_c_surj f:
cardinal (source f) = cardinal (target f) -> finite_set (source f) ->
surjection f -> bijection f.

5.3 The set of natural integers

As explained as the start of the chapter, we introduced the set of integers as early as pos-
sible (Bourbaki introduced it very lately). This short section contain only one simple result,
namely that N can be well-ordered by the relation “ x 2 N and y 2 N and x · Card y” denoted
x · N y. Thus every non-empty subset of N has a least element. Every property p satis�ed by
some n 2 N is satis�ed by a least n . In fact, we say: either p(0) holds, or there is n such that
p(n) is false but p(n Å 1) is true. If we replace p by its opposite we get: assume p is true for
zero, false for some integer. then there is n such that p(n) is true, and p(n Å 1) is false.

Definition Nat_order := graph_on cardinal_le Nat.
Definition Nat_le x y := [/\ natp x, natp y & x <=c y].
Definition Nat_lt x y := Nat_le x y /\ x<>y.
Notation "x <=N y" := (Nat_le x y) (at level 60).
Notation "x <N y" := (Nat_lt x y) (at level 60).

Lemma Nat_order_wor: worder_on Nat_order Nat.
Lemma Nat_order_leP x y:

gle Nat_order x y <-> x <=N y.

Lemma Nat_wordered X: sub X Nat -> nonempty X ->
inc \0c X \/
(exists a, [/\ natp a, inc (csucc a) X & ~ (inc a X)]).

Lemma sub_natI_prop X (x := intersection X): sub X Nat ->
[/\ natp x, forall t, t <c x -> ~ (inc t X) &

nonempty X -> inc x X].

Lemma wleast_int_prop (prop:property):
(exists2 x, natp x & prop x) ->
prop \0c \/ (exists x, [/\ natp x, prop (csucc x) & ~ prop x]).

We consider some properties of intervals (there will be more of them in the next chapter).

Section NatIinterval.
Variables (a b: Set).
Hypotheses (aN: inc a Nat) (bN: inc b Nat).

Lemma Nint_ccP x:
(inc x (interval_cc Nat_order a b) <-> (a <=N x /\ x <=N b)).

Lemma Nint_coP c:
(inc x (interval_co Nat_order a b) <-> (a <=N x /\ x <N b)).

Lemma Nint_ccP1 x:
(inc x (interval_cc Nat_order a b) <-> (a <=c x /\ x <=c b)).

Lemma Nint_coP1 x:
(inc x (interval_co Nat_order a b) <-> (a <=c x /\ x <c b)).

End NatIinterval.
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5.4 The principle of induction

Bourbaki states the principle of induction, the Criterion C61, in the following form: Let
Ränäbe a relation in a theory T (where n is not a constant of T ). Suppose that the relation

Rä0äand (8 n)((n is an integer and R änä) Æ) Rän Å 1ä)

is a theorem in T . Under these conditions, the relation

(8 n)((n is an integer ) Æ) Ränä)

is a theorem in T .

The proof is by contradiction. Assume the result false for some n, and consider the least
element m of the set of all integers · n that do not satisfy R, (it exists, since the set is non-
empty and is well-ordered). Our proof is similar (with “the set of all integers · n that do not
satisfy R” replaced by “the set of integers that do not satisfy R”).

We give four variants of the principle. Let S( n) be the relation: “ n is an integer and R( p)
is true for all integers p Ç n.” If S(n) implies R( n), then R is true for all integers.

If R(a) is true, and if R( n) together with a · n (respectively a · n Ç b) implies R( n Å 1),
then for all n such that a · n (respectively a · n · b), the relation R( n) is true. In both cases
n must be an integer (in the second case, we assume b integer, so that n Ç b or n · b implies
that n is an integer). Bourbaki uses induction on a · n Ç b Æ) R(n), but it is simpler to use
a · n · b Æ) R(n).

The last variant is: if a · n Ç b and R(n Å 1) implies R( n), if moreover R( b) is true, then
a · n · b implies R( n). The proof is by induction on P Æ : R. If R is false for some n with
a · n · b then P is true for some c with a · c Ç b. On the other hand, if a · n Ç b then P(n)
implies P( n Å 1).

Lemma Nat_induction (r:property):
(r \0c) -> (forall n, natp n -> r n -> r (csucc n)) ->
(forall n, natp n -> r n).

Lemma Nat_induction1 (r:property):
let s:= fun n => forall p, p <c n -> r p in
(forall n, natp n -> s n -> r n) ->
(forall n, natp n -> r n).

Lemma Nat_induction2 (r:property) k:
natp k -> r k ->
(forall n, natp n -> k <=c n -> r n -> r (csucc n)) ->
(forall n, natp n -> k <=c n -> r n).

Lemma Nat_induction3 (r:property) a b:
natp a -> natp b -> r a ->
(forall n, a <=c n -> n <c b -> r n -> r (csucc n)) ->
(forall n, a <=c n -> n <=c b -> r n).

Lemma Nat_induction4: (r:property) a b:
natp a -> natp b -> r b ->
(forall n, a <=c n -> n <c b -> r (csucc n) -> r n) ->
(forall n, a <=c n -> n <=c b -> r n).

Lemma Nat_induction6 (P: property):
P \0c ->
(forall n, natp n -> (forall k, k<=c n -> P k) -> P (csucc n)) ->
(forall n, natp n -> P n).

We rewrite our induction principle variant 3, replacing a · n · b by n 2 [a,b].
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Lemma Nat_induction3_v (r:property) a b:
natp a -> natp b -> r a ->
(forall n, inc n (interval_co Nat_order a b) -> r n -> r (csucc n)) ->
(forall n, inc n (interval_cc Nat_order a b) -> r n).

The empty set is �nite, and if X is �nite then X [ {x} is �nite (in particular, a singleton, or
a doubleton, are �nite). We then show a partial converse, that will be useful for induction on
�nite sets. If X has cardinal zero, it is the empty set, and if X has cardinal n Å1, it is of the form
X0[ {x}, where X0has cardinal n .

Lemma setU1_finite X x:
finite_set X -> finite_set( X+ s1 x).

Lemma set1_finite x: finite_set(singleton x).
Lemma set2_finite x y: finite_set(doubleton x y).
Lemma finite_set_scdo: finite_set (substrate canonical_doubleton_order).
Lemma setU1_succ_card x n: cardinalp n -> cardinal x = csucc n ->

exists u v, [/\ x = u +s1 v, ~(inc v u) & cardinal u = n].

The induction principle on �nite sets is now: If a property P is true for the empty set, if
P(a) implies P( a [ {b}), then P is true for every �nite set. In general P has the form: if A then
B. Note: if b 2 a, then a [ {b} Æa, and we have a version where we add the condition b 62a.

Lemma finite_set_induction0 (s:property):
s emptyset -> (forall a b, s a -> ~(inc b a) -> s (a +s1 b)) ->
forall x, finite_set x -> s x.

Lemma finite_set_induction (s:property):
s emptyset -> (forall a b, s a -> s (a +s1 b)) ->
forall x, finite_set x -> s x.

Lemma finite_set_induction1 (A B:property):
(A emptyset -> B emptyset) ->
(forall a b, (A a -> B a) -> A(a +s1 b) -> B(a +s1 b)) ->
forall x, finite_set x -> A x -> B x.

In some cases P is false for the empty set. If P is true for all singletons, then P is true for
every non-empty �nite set.

Lemma finite_set_induction2 (A B:property):
(forall a, A (singleton a) -> B (singleton a)) ->
(forall a b, (nonempty a -> A a -> B a) ->

nonempty a -> A(a +s1 b) -> B(a +s1 b)) ->
forall x, finite_set x -> nonempty x -> A x -> B x.

If s(x) is the successor of x, and b is a cardinal, we have a Å s(b) Æs(a Å b) and a ¢s(b) Æ
a ¢b Å a, as(b) Æab .a. We deduce by induction that N is stable by addition, multiplication and
power.

Lemma csum_via_succ a b: cardinalp b -> a +c (csucc b) = csucc (a +c b).
Lemma cprod_via_sum a b: cardinalp b -> a *c (csucc b) = (a *c b) +c a.

Lemma csum_nS a b: natp b ->
a +c (csucc b) = scucc (a +c b).

Lemma csum_Sn a b: natp a ->
(csucc a) +c b = csucc (a +c b).
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Lemma cprod_nS a b: natp b ->
a *c (csucc b) = (a *c b) +c a.

Lemma cprod_Sn m n: natp m -> (csucc m) *c n = n +c (m *c n).
Lemma cpow_succ' a b: cardinalp b ->

a ^c (csucc b) = (a ^c b) *c a.
Lemma cpow_succ a b: natp b ->

a ^c (csucc b) = (a ^c b) *c a.

Lemma NS_sum a b: natp a -> natp b -> natp (a +c b).
Lemma NS_prod a b: natp a -> natp b -> natp (a *c b).
Lemma NS_pow a b: natp a -> natp b -> natp (a ^c b).
Lemma NS_pow2 n: natp n -> natp (\2c ^c n).
Lemma setU2_finite x y:

finite_set x -> finite_set y -> finite_set (x \cup y).
Lemma finite_prod2 u v:

finite_set u -> finite_set v -> finite_set (u \times v).

We state now some properties of subtraction: x ¡ 0 Æx, and a ¡ b Æ0 when a · b (these
are obvious). We have a Å b Æb when a is �nite and b in�nite (by induction on a); thus
b ¡ a Æb when b is in�nite and a is �nite (note that the difference cannot be �nite). Next, if
a and b are ordinals, a Ç b then aÅ ¡ bÅ and a ¡ b are equipotent (here the minus sign is set
difference; if E is the set of ordinals x such that b Ç x Ç a, the �rst set is E [ {a}; the seconfd
second is E [ {b}). One deduces aÅ ¡ bÅ Æa ¡ b (here the minus sign is cardinal difference;
the relation holds whether or not a and b are �nite or in�nite. In the �nite case, aÅ is also the
ordinal successor). Finally, by induction ( a Å b) ¡ b Æa.

Lemma cdiff_n0 a: natp a -> a -c \0c = a.
Lemma cdiff_wrong a b: a <=c b -> a -c b = \0c.
Lemma csum_fin_infin a b: finite_c a -> infinite_c b -> a +c b = b.
Lemma cdiff_fin_infin a b: finite_c a -> infinite_c b -> b -c a = b.
Lemma cdiff_succ_aux a b:

b <o a -> cardinal ((a +s1 a) -s (b +s1 b)) = cardinal (a -s b).
Lemma cdiff_succ a b:

cardinalp a -> cardinalp b -> (csucc a) -c (csucc b) = a -c b.
Lemma cdiff_pr1' a b: cardinalp a -> natp b -> (a +c b) -c b = a.
Lemma cdiff_pr1 a b: natp a -> natp b -> (a +c b) -c b = a.

5.5 Finite subsets of ordered sets

Let · be an order relation on a set E that makes it a directed set, a lattice, or a totally
ordered set; and let X be a �nite non-empty subset of E. Then X has an upper bound, or
has a least upper bound and a greatest lower bound, or has a least and greatest element
respectively (Proposition 3, [4, p. 170]). We have to show that there is an x such that P( x,X).
By assumption, this is true if X is a doubleton (therefore, if X is a singleton). If X ÆY[ {b} and
P(a,X) we have to show the property for the doubleton { a,b}.

Lemma finite_set_induction3 (p:Set -> Set -> Prop) E:
(forall a b, inc a E -> inc b E -> exists y, p (doubleton a b) y) ->
(forall a b x y, sub a E -> inc b E -> p a x -> p (doubleton x b) y->

p (a +s1 b) y) ->
(forall X x, sub X E -> nonempty X -> p X x -> inc x E) ->
forall X, finite_set X -> nonempty X -> sub X E -> exists x, p X x.
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Lemma finite_subset_directed_bounded r X:
right_directed r -> finite_set X -> nonempty X -> sub X (substrate r) ->
bounded_above r X.

Lemma finite_subset_lattice_inf r X:
lattice r -> finite_set X -> nonempty X -> sub X (substrate r) ->
exists x, greatest_lower_bound r X x.

Lemma finite_subset_lattice_sup r X:
lattice r -> finite_set X -> nonempty X -> sub X (substrate r) ->
exists x, least_upper_bound r X x.

Lemma finite_subset_torder_greatest r X:
total_order r -> finite_set X -> nonempty X -> sub X (substrate r) ->
has_greatest (induced_order r X).

Lemma finite_subset_torder_least r X:
total_order r - >finite_set X -> nonempty X -> sub X (substrate r) ->
has_least (induced_order r X).

Some consequences. A nonempty �nite set 1 has a maximal element, and if totally or-
dered, has a greatest element. A �nite totally ordered set is well-ordered. We consider the
special case where the set is a subset of the integers.

Lemma finite_set_torder_greatest r:
total_order r -> finite_set (substrate r) -> nonempty (substrate r)
-> has_greatest r.

Lemma finite_set_torder_least r:
total_order r -> finite_set (substrate r) -> nonempty (substrate r)
-> has_least r.

Lemma finite_set_torder_wor r:
total_order r ->finite_set (substrate r) -> worder r.

Lemma finite_set_maximal r:
order r ->finite_set (substrate r) -> nonempty (substrate r) ->
exists x, maximal r x.

Lemma finite_set_minimal r:
order r -> finite_set (substrate r) -> nonempty (substrate r) ->
exists x, minimal r x.

Lemma finite_subset_Nat X: sub X Nat -> finite_set X -> nonempty X ->
exists2 n, inc n X & forall m, inc m X -> m <=c n.

Lemma Nat_sup_pr T (s:= \csup T) k:
natp k -> (forall i, inc i T -> i <=c k) ->
[/\ natp s, s <=c k,

(forall i, inc i T -> i <=c s) &
(T = emptyset \/ inc s T)].

In a lattice, any non-empty �nite set has a sup and an inf. We state lemmas of the form
sup(sup(X), x) Æsup(X [ {x}) in the case where X has a supremum, and also if X is a �nite
non-empty set.

Section LatticeProps.

Variable (r: Set).
Hypothesis lr: lattice r.
Let E := substrate r.

Lemma lattice_finite_sup2 x:
finite_set x -> nonempty x -> sub x E -> has_supremum r x.

1The word “nonempty” is missing in Bourbaki
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Lemma lattice_finite_inf2 x:
finite_set x -> nonempty x -> sub x E -> has_infimum r x.

Lemma lattice_finite_sup3P x y:
finite_set x -> nonempty x -> sub x E ->
(gle r (supremum r x) y <-> (forall z, inc z x -> gle r z y)).

Lemma lattice_finite_inf3P x y:
finite_set x -> nonempty x -> sub x E ->
(gle r y (infimum r x) <-> (forall z, inc z x -> gle r y z)).

Lemma supremum_setU1 a b:
sub a E -> has_supremum r a -> inc b E ->
supremum r (a +s1 b) = sup r (supremum r a) b.

Lemma infimum_setU1 a b:
sub a E -> has_infimum r a -> inc b E ->
infimum r (a +s1 b) = inf r (infimum r a) b.

End LatticeProps.

5.6 Properties of �nite character

If E is a set, a property P äXä (where X is a subset of E) is said to be of �nite character if
the set S of all X satisfying P is of �nite character; this means X 2 S if and only if every �nite
subset Y of X satis�es Y 2 S . Example: the set of totally ordered subsets of an ordered set.
Theorem 1 [4, p. 171] states: Every nonempty 2 set S of subsets of a set E which is of �nite
character has a maximal element (when ordered by inclusion).

Definition finite_character s:=
forall x, (inc x s) <-> (forall y, (sub y x /\ finite_set y) -> inc y s).

Lemma finite_character_example r: order r ->
finite_character(Zo (\Po (substrate r)) (fun z =>

total_order (induced_order r z))).
Lemma maximal_inclusion s: finite_character s -> nonempty s ->

exists x, maximal (sub_order s) x.
Lemma maximal_inclusion_aux: let s := emptyset in

finite_character s /\
~ (exists x, maximal (sub_order s) x).

Study of limit and predecessor of orderings. On page 75 we introduced the notion of a
limit ordinal or ordinal predecessor. We explained that these notions could be extended to
any well-ordering. Here is the code.

Lemma succ_study (r: relation) x
(r' := fun a b => r a b /\ a <> b)
(Ap := fun y A => forall t, inc t A <-> [/\ r x t, r t y & t <> x])
(Ax:= fun y => exists A, Ap y A)
(Ay := fun y => choose (Ap y))
(ly := fun y => the_least (graph_on r (Ay y))):
worder_r r ->
(forall y, r' x y -> Ax y) ->
[/\ (r x x -> ~ (exists y, r' x y) -> forall t, r t t -> r t x),

(forall y, r' x y -> r' x (ly y)) ,
(forall y, r' x y -> forall t, r' x t -> r (ly y) t) &

2The word “nonempty” is missing in Bourbaki
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(forall y y', r' x y -> r' x y' -> ly y = ly y')].

Lemma limit_study (r: relation) y B
(C := B +s1 y)
(R := (graph_on r C))
(x := supremum R B):
(forall a, inc a B <-> r a y /\ a <> y) ->
worder_r r -> r y y ->

[/\ (least_upper_bound R B x /\ r x y),
(B = emptyset -> forall t, r t t -> r y t),
( x <> y ->
[/\ inc x B, x = the_greatest (graph_on r B),
(forall z, r x z -> r z y -> z = x \/ z = y) &
(forall z, r z z -> r z x \/ r y z)]) &

(x = y -> forall B1, nonempty B1 -> finite_set B1 -> sub B1 B ->
inc (the_greatest (graph_on r B1)) B)].

Isomorphism N ! N. De�ne by induction on the type nat a function n ! n̄ by 0̄ Æ0 and
n Å 1 Æn̄ Å1 (the �rst n Å1 is the successor on nat , the second is the cardinal successor. Then
n̄ is a natural number, and each natural number can be uniquely written in the form n̄ . This
function respects operations (addition, multiplication, exponentiation). It is also compatible
with subtraction and ordering.

Fixpoint nat_to_B (n:nat) :=
if n is m.+1 then csucc (nat_to_B m) else \0c.

Lemma nat_to_B_succ n:
csucc (nat_to_B n) = (nat_to_B n.+1).

Lemma nat_to_B_Nat n:natp (nat_to_B n).
Lemma nat_to_B_injective: injective nat_to_B.
Lemma nat_to_B_surjective x: natp x -> exists n, x = nat_to_B n.
Lemma nat_to_B_sum x y: nat_to_B (x + y) = nat_to_B x +c nat_to_B y.
Lemma nat_to_B_prod x y: nat_to_B (x * y) = nat_to_B x *c nat_to_B y.
Lemma nat_to_B_pow x y: nat_to_B (x ^ y) = nat_to_B x ^c nat_to_B y.
Lemma nat_to_B_le x y: x <=y <-> nat_to_B x <=c nat_to_B y.
Lemma nat_to_B_lt x y: x < y <-> nat_to_B x <c nat_to_B y.
Lemma nat_to_B_diff x y: nat_to_B (x - y) = nat_to_B x -c nat_to_B y.
Lemma nat_to_B_max a b: nat_to_B (maxn a b) = cmax (nat_to_B a) (nat_to_B b).
Lemma nat_to_B_min a b: nat_to_B (minn a b) = cmin (nat_to_B a) (nat_to_B b).
Lemma nat_to_B_pos n: 0 <n <-> \0c <c nat_to_B n.
Lemma nat_to_B_gt1 n: 1 <n <-> \1c <c nat_to_B n.
Lemma nat_to_B_ifeq a b u v: let N := nat_to_B in
case: ifP => ab; first by rewrite(eqP ab) /=(Y_true (erefl _)).

Let's say that X is z-in�nite when ; 2 X and x 2 X implies xÅ 2 X. The image of nat_to_B
is z-in�nite; N is z-in�nite. The intersection of a family of z-in�nite sets is z-in�nite. N is a
subset every z-in�nite set. So: if X is z-in�nite, then the intersection of all z-in�nite subsets
of X is N.

Definition z_infinite X :=
inc emptyset X /\ forall x, inc x X -> inc (osucc x) X.

Lemma z_infinite_nat: z_infinite (IM nat_to_B).
Lemma z_infinite_nat2: z_infinite Nat.
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Lemma z_infinite_omega X: z_infinite X -> sub Nat X.
Lemma z_infinite_I X:

(forall t, inc t X -> z_infinite t) -> nonempty X ->
z_infinite (intersection X).

Lemma z_infinite_I2 X (Y := Zo (\Po X) z_infinite) :
z_infinite X -> (intersection Y) = Nat.

In�nite squares. Let's show the following property: if x is an in�nite cardinal, then x.x Æx.
We shall prove later on that X £ X is equipotent to X, whenever X is an in�nite set. These two
properties are equivalent if the Axiom of Choice holds; the proof given here does not depend
on the axiom of choice.

Given a pair of ordinals x Æ(a,b), we de�ne x̄ to be the greatest of a and b. Let x0 Æ
(x̄,a,b). De�ne x · ¤ y to be x0· lex y0, where · lex compares the three components in lexico-
graphic order. This is a well-ordering (the lexicographic product of three well-ordered sets
is well-ordered). We call it the canonical ordering of pairs of ordinals . We give here a direct
proof: Let X be a non-empty set of pairs of ordinals. The set of all x̄ (for x 2 X) has a least
element ° ; the set of all pr 1x with x̄ Æ° , has a least element, say ®; the set of all pr 2x with
x̄ Æ° and pr 1x Æ®has a least element, say ¯ . Then (®,¯ ) is the least element of X for · ¤ .

Let p(x) be the property card( x £ x) Æx. We show that p holds for any in�nite cardinal by
trans�nite induction: we consider an in�nite cardinal · , assume p(x) true for every in�nite
cardinal x such that x Ç · , and deduce p(· ). Note that x · card(x £ x) is obvious.

Since · ¤ is a well-ordering, it induces a well-ordering on · £ · , and we can consider its
ordinal ¸ . This means that we have a bijection f : · £ · ! ¸ , such that x · ¤ y if and only if
f (x) · ord f (y). Notice that, if y 2 · , f (x) 2 f (y) is equivalent to f (x) Çord f (y), thus x Ç¤ y. Let
z be the greatest of the two components of y. Then x Ç¤ y implies that the two components
of x are · ord z, thus Çord zÅ , so that x 2 zÅ £ zÅ . This gives a bound on the cardinal of f (y):
let t be the cardinal of zÅ ; we have card( f (y)) · t .t . This is obviously Ç · if z is �nite. On the
other hand, · is a limit ordinal, so that z Çord · implies zÅ Çord · , so that t Ç · , and t 2 Æt .
It follows: card( f (y)) Ç · . Since f (y) is an ordinal, it follows f (y) Çord · . Thus f (y) 2 · ; it
follows ¸ ½· , and card( ¸ ) · · . Since ¸ is equipotent to · £ · , the conclusion follows.

As a byproduct, we have: for any in�nite cardinal X, there is a bijection f : X£ X ! X so
such that x · ¤ y is equivalent to f (x) · f (y).

Definition ordinal_pair x :=
[/\ pairp x, ordinalp (P x) & ordinalp (Q x)].

Definition ord_pair_le x y:=
[/\ ordinal_pair x, ordinal_pair y &
((P x) \cup (Q x) <o (P y) \cup (Q y)
\/ ((P x) \cup (Q x) = (P y) \cup (Q y)

/\ ((P x) <o (P y)
\/ (P x = P y /\ Q x <=o Q y))))).

Lemma ordering_pair1 x: ordinal_pair x ->
((P x <=o Q x) /\ ((P x) \cup (Q x) = Q x))
\/ ((Q x <=o P x) /\ ((P x) \cup (Q x) = P x)).

Lemma ordering_pair2 x: ordinal_pair x -> ordinalp ((P x) \cup (Q x)).
Lemma ordering_pair3 x y : ord_pair_le x y ->

inc x (coarse (osucc (((P y) \cup (Q y))))).
Lemma ordering_pair4 x: ordinal_pair x -> ord_pair_le x x.

Lemma well_ordering_pair: worder_r ord_pair_le. (* 80 *)
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Lemma infinite_product_aux k: infinite_c k -> (* 80 *)
(forall z, infinite_c z -> z <o k -> z *c z = z) ->
let lo:= graph_on ord_pair_le (coarse k) in
k *c k = k /\
exists2 f, bijection_prop f (coarse k) k &

(forall x y, inc x (source f) -> inc y (source f) ->
(glt lo x y <-> (Vf x f) <o (Vf y f))).

Lemma infinite_product_alt x : infinite_c x -> x *c x = x.
Lemma infinite_product_prop2 k: infinite_c k ->

let lo:= graph_on ord_pair_le (coarse k) in
exists2 f, bijection_prop f (coarse k) k &

(forall x y, inc x (source f) -> inc y (source f) ->
(glt lo x y <-> (Vf f x) <o (Vf f y))).
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Chapter 6

Properties of integers

This chapter studies some properties of integers; for instance, from a Å b Æa0Å b or
a Å b · a0Å b one deduces a Æa0or a · a0; moreover a Ç b is equivalent to a Å 1 · b (these
properties are false when some arguments are in�nite). One can perform Euclidean divi-
sion, from which expansion to base b can be deduced; this means that every number n can
uniquely be written as

P
ci b i , when the base b is at least two, the coef�cients satisfy ci Ç b,

the index i belongs to an interval [0, k [ and k is non-zero, then ck¡ 1 is non-zero. It is easy to
compare integers given their expansion (but formalizing this is not trivial). We prove that,
when b Æ10, then n is equal to

P
ci modulo 3 or modulo 9. (we prove some properties of the

modulo function, although it is not part of Bourbaki's theory of sets; we also study even and
odd integers, the base two logarithm, and the Fibonacci sequence). The remainder of the
chapter studies combinatorial analysis: after introducing the factor and binomial functions,
we can answer questions of the type: given two totally ordered �nite sets E and F, what is the
number of increasing mappings (or injections, surjections, bijections) E ! F?

6.1 Operations on integers and �nite sets

By operation on a set E, one means a function g : E£ E ! E, often denoted by an in�x
symbol such as a Å b. There are some unary operations E ! E such asxÅ , the successor of x.
The sum of two cardinals may be considered as an operation (but there is no set of cardinals).
Binary operations may be generalized to more than two arguments. Given a list x1, x2, . . . ,xn

of n ¸ 2 terms, one can de�ne a function F as follows

(6.1) F(x1,x2, . . . ,xn ) Æg(x1,F(x2, . . . ,xn )),

and F(a) Æa, so that F(x1,x2) Æg(x1,x2). Note that if g maps E £ G to G, and g0 is some
function E ! G, we can de�ne F( x1) Æg0(x1), so that F maps a non-empty sequence of el-
ements of E onto an element of G. We say that e is a unit of g if g(e,x) Æx whatever x. In
this case, we may de�ne F() Æe, F(x) Æg(e,x), so that F is de�ned on L(E), the set of lists of
E, otherwise, it is de�ned only on L e(E), the set of non-empty lists of E. Here, we may iden-
tify a list with a function [1, n ] ! E, and a non-empty list corresponds to the case n 6Æ0. If
X is the function associated to the list x1, . . . ,xn and X0 the function associated to x2, . . . ,xn ,
we have X0(i ) ÆX(i Å 1), and (a) says F(X)Æg(X(1),F(X0)). Every �nite totally ordered set is
uniquely order-isomorphic to an interval [1, n ]. Thus, given a mapping x : I ! E, where I is
�nite and totally ordered, we may consider x as a list; if l is the least element of I, and if x0 is
the restriction of x to I ¡ {l }, with the induced order, relation (6.1) states F( x) Æg(xl ,F(x0)).
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We say that g is associative if g(a,g(b,c)) Æg(g(a,b),c). This implies

(6.2) F(x1,x2, . . . ,xn ) Æg(F(x1, . . . ,xn¡ 1), xn )

and in particular that, if x is as above, if g is the greatest element of I, x00is the restriction
of x to I ¡ {g}, with the induced order, we get F( x) Æg(F(x00), xg ). More generally, given any
partition of the interval [1, n ] as [1,n ] Æ

S
Xk , where each Xk is non-empty, if k Ç l implies

u Ç v whenever u 2 Xk and v 2 Xl , if x0
k denotes the list of xi with i 2 Xk (with the induced

ordering), and x00
k ÆF(xk ) then F( x) ÆF(x00).

We say that g is commutative if g(a,b) Æg(b,a). If g is commutative and associative we
have for instance F( a,b,c) ÆF(b,a,c). More generally, F( x) becomes independent of the or-
dering of the elements of the list. The associativity theorem can be simpli�ed: the condition
“k Ç l implies u Ç v whenever u 2 Xk and v 2 Xl ” becomes unnecessary. If moreover e is a
unit, the condition “X k is non-empty” can be dropped as well.

In a previous version of our software, we introduced the notion of non-empty list, non-
empty sequence, etc, so as to handle the case where there is no unit element (for instance,
intersection of sets, in�mum function on N, etc), see 14.5. TheSSREFLECTlibrary proposes
a module bigops, that implements this kind of operations. In the example that follows, I is
a �nite type (a �nite totally ordered set) and the operation is applied to all xi where i 2 I
satis�es a predicate P. There is a function p : I ! J that de�nes a partition X k Æp ¡ 1({k }) of I.
Let's compare the associativity theorem of bigops and the associativity of cardinals in Gaia:

(*
Lemma partition_big : forall (I J : finType) (P : pred I) p (Q : pred J) F,

(forall i, P i -> Q (p i)) ->
\big[*%M/1]_(i | P i) F i =

\big[*%M/1]_(j | Q j) \big[*%M/1]_(i | P i && (p i == j)) F i.
Theorem csum_An f g:

partition_w_fam g (domain f) ->
csum f = csumb (domain g) (fun l => csumb (Vg g l) (Vg f)).

*)

Similarly, we may compare the commutativity theorems:

(*
Definition perm_eq (s1 s2 : seq T) := all (same_count1 s1 s2) (s1 ++ s2).
Lemma eq_big_perm : forall (I : eqType) r1 r2 (P : pred I) F,

perm_eq r1 r2 ->
\big[*%M/1]_(i <- r1 | P i) F i = \big[*%M/1]_(i <- r2 | P i) F i.

Theorem csum_Cn X f:
target f = domain X -> bijection f ->
csum X = csum (X \cf (graph f)).

*)

There is a fundamental difference between the SSREFLECTtheory, and the Bourbaki the-
orems proved so far. In one case, we start with a binary operation and extent it to �nite lists
of arguments, and in the other case, we start with an operation de�ned for many arguments,
and study the case of two arguments. Note that a �nite sum of integers is �nite, but an in�-
nite sum of integers is not always an integer. One may de�ne the sum and product of a �nite
sequence of ordinals; one can also de�ne an in�nite sum, but not an in�nite product.

Lemma Nsum_M0le a b: natp a -> a <=c (a +c b).
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Lemma Nprod_M1le a b: natp a -> b <> \0c -> a <=c (a *c b).
Lemma NleT_ell a b: natp a -> natp b ->

[\/ a = b, a <c b | b<c a].
Lemma NleT_el a b: natp a -> natp b ->

a <=c b \/ b <c a.
Lemma NleT_ee a b: natp a -> natp b ->

a <=c b \/ b <=c a.

Induction formulas for sum and product. We show here

(6.3) x j Å
X

i 2J
xi Æ

X

i 2J[ { j }
xi ,

(6.4) x j ¢
Y

i 2J
xi Æ

Y

i 2J[ { j }
xi ,

whenever j 62J. This is a trivial consequence of the associativity theorem in the case of a
partition formed of two sets, one of them being a singleton. If the domain of the family ( xi )
is J[ { j }, then the right hand side of the �rst equation is also

P
xi .

Lemma induction_sum0 f a b: (~ inc b a) ->
csum (restr f (a +s1 b)) =
csum (restr f a) +c (Vg f b).

Lemma induction_prod0 f a b: (~ inc b a) ->
cprod (restr f (a +s1 b)) =
(cprod (restr f a)) *c (Vg f b).

Lemma induction_sum1 f a b:
domain f = a +s1 b -> (~ inc b a) ->
csum f = csum (restr f a) +c (Vg f b).

Lemma induction_prod1 f a b:
domain f = a +s1 b -> (~ inc b a) ->
cprod f = cprod (restr f a) *c (Vg f b).

Lemma csum_fs f n: natp n -> csumb (csucc n) f = csumb n f +c (f n).
Lemma csumb0 (f: fterm) : csumb \0c f = \0c.
Lemma csumb1 (f: fterm): cardinalp (f \0c) -> csumb \1c f = f \0c.

Finite sums and products. A �nite family of integers is a functional graph i 7! xi where the
index set I is �nite and each xi is an integer.

Definition finite_int_fam f:=
(allf f natp) /\ finite_set (domain f).

Proposition 1 [4, p. 171] says that if ( ai )i 2I is a �nite family of integers, then
X

i 2I
ai and

Y

i 2I
ai are integers. As a consequence, if J½I then

X

i 2J
ai and

Y

i 2J
ai are integers. The proof is by

induction on the �nite set J via formulas (6.3) and (6.4).

Section FiniteIntFam.
Variable f: Set.
Hypothesis fif: finite_int_fam f.

Lemma finite_sum_finite_aux x:
sub x (domain f) -> natp (csum (restr f x)).
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Lemma finite_product_finite_aux x:
sub x (domain f) -> natp (cprod (restr f x)).

Theorem finite_sum_finite: natp (csum f).
Theorem finite_product_finite: natp (cprod f).

End FiniteIntFam.

We have obvious consequences. For instance, a �nite union of �nite sets is �nite. As ex-
plained above, this is easy by induction. Bourbaki says that, if E is the union and S is the
sum, then S is �nite, and, since there is a surjection from S onto E, we have card(E) · S, so
that card(E) is �nite. However card(E) · S has already been stated (as corollary to Proposi-
tion 4). A �nite product of �nite sets is a �nite set (since the cardinal of the product is the
product of the cardinals). Since ab is a product, it is �nite if a and b are �nite. Thus, the
power set of a �nite set is �nite (these results were proved in the previous chapter).

Lemma finite_union_finite f:
(allf f finite_set) -> finite_set (domain f) -> finite_set(unionb f).

Lemma finite_product_finite_set f:
(allf f finite_set) -> finite_set (domain f) -> finite_set(productb f).

6.2 Strict inequalities between integers

Proposition 2 [4, p. 173] says that a Ç b if and only if there is c such that 0 Ç c and b ÆcÅ a
(a, b and c being integers). Assume a Ç b. We know that there exists a cardinal c such that
b Æc Å a; obviously c is a non-zero integer. Conversely, since a Ç a Å 1, and 1 · c, we get
a Å 1 · a Å c and we conclude by transitivity.

Lemma strict_pos_P a: natp a -> (\0c <> a <-> \0c <c a).
Lemma strict_pos_P1 a: natp a -> (a <> \0c <-> \0c <c a).
Lemma card_ltP1 a b: natp b -> a <c b ->

exists c, [/\ natp c, c <> \0c & a +c c = b].
Theorem card_ltP a b: natp a -> natp b ->

(a <c b <-> exists c, [/\ natp c, c <> \0c & a +c c = b]).

We deduce

a · a0,b Ç b0 Æ) a Å b Ç a0Å b0, a ¢b Ç a0¢b0(when a06Æ0).

(write b0Æb Å c, where c È 0, so that a0Å b0Æ(a0Å b) Å c and a0¢b0Æ(a0¢b) Å a0¢c). Note;
in csum_Meqltonly b needs to be an integer (the proof is by induction, and holds because
a Ç a0 implies a Å 1 Ç a0Å 1). Note: ab Ç ab0holds when b or b0are in�nite, but we cannot
prove it now; so we state it in the case b and b0 �nite. In the case b Æ1, the proof is by
induction: assume 1 Ç b0 and a Ç ab0. Then a Å 1 Ç ab0Å 1 and ab0Å 1 · ab0Å b, hence
a Å 1 Ç (a Å 1)b0.

Lemma csum_M0lt a b: natp a -> b <> \0c -> a <c a +c b.
Lemma csum_Mlelt a b a' b': natp a' ->

a <=c a' -> b <c b' -> (a +c b) <c (a' +c b').
Lemma csum_Mlteq a a' b: natp b ->

a <c a' -> (a +c b) <c (a'+c b).
Lemma csum_Meqlt a a' b: natp b ->

a <c a' -> (b +c a) <c (b +c a').
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Lemma cprod_Meqlt a b b':
natp a -> natp b' -> b <c b' -> a <> \0c ->
(a *c b) <c (a *c b').

Lemma cprod_Mlelt a b a' b': natp a' ->
a <=c a' -> b <c b' -> a' <> \0c ->
(a *c b) <c (a' *c b').

Lemma cprod_M1lt a b: natp a ->
a <> \0c -> \1c <c b -> a <c (a *c b).

Proposition 3 [4, p. 173] says that
P

ai Ç
P

bi and
Q

ai Ç
Q

bi for two families of integers
with the same index set I, if ai · bi for each i and a j Ç b j for some j . In the case of a product,
bi È 0 is required. Consider the partition J [ { j } of I. We have

P
i 2I ai ÆAÅ a j , where A Æ

P
i 2Jai . In the same way,

P
i 2I bi ÆBÅ b j , and A · B. Moreover A and B are integers, so that

we can apply the previous formulas.

Theorem finite_sum_lt f g:
finite_int_fam f -> finite_int_fam g -> domain f = domain g ->
(forall i, inc i (domain f) -> (Vg f i) <=c (Vg g i)) ->
(exists2 i, inc i (domain f) & (Vg f i) <c (Vg g i)) ->
(csum f) <c (csum g).

Theorem finite_product_lt f g:
finite_int_fam f -> finite_int_fam g -> domain f = domain g ->
(forall i, inc i (domain f) -> (Vg f i) <=c (Vg g i)) ->
(exists2 i, inc i (domain f) & (Vg f i) <c (Vg g i)) ->
card_nz_fam g ->
(cprod f) <c (cprod g).

We have ab Ç a0b if a Ç a0and b 6Æ0. We have ab Ç ab0
if a È 1 and b Ç b0(the case a Æ0 is

special, if a Æ1, both terms are 1). We have a Ç ab if b ¸ 2.

Lemma cpow_nz a b: a <> \0c -> (a ^c b) <> \0c.
Lemma cpow2_nz x: \2c ^c x <> \0c.
Lemma cpow2_pos x: \0c <c \2c ^c x.
Lemma cpow_Mltle lt1 a a' b:

natp a' -> natp b ->
a <c a' -> b <> \0c -> (a ^c b) <c (a' ^c b).

Lemma cpow_Meqlt a b b':
natp a -> natp b' ->
b <c b' -> \1c <c a -> (a ^c b) <c (a ^c b').

Lemma cpow2_MeqltP n m: natp n -> natp m ->
(\2c ^c n <c \2c ^c m <-> n <c m).

Lemma cpow_M1lt a b: natp a -> natp b ->
\1c <c b -> a <c (b ^c a).

Simpli�cations. If a Å b Æa Å b0or if ab Æab0then b Æb0(all arguments are integers; a 6Æ0
in the case of a product).

Section Simplifications.
Variables (a b b' :Set).
Hypotheses (aN: natp a) (bN: natp b) (b'N: natp b').

Lemma csum_eq2l: a +c b = a +c b' -> b = b'.
Lemma csum_eq2r: b +c a = b' +c a -> b = b'.
Lemma cprod_eq2l: a <> \0c -> a *c b = a *c b' -> b = b'.
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Lemma cprod_eq2r: a <> \0c -> b *c a = b' *c a -> b = b'.
End Simplifications.

Subtraction. Given two cardinals a and b such that a · b, there exists a cardinal c such that
b Æa Å c; it is called the difference, and denoted by b ¡ a. The operation is called subtraction .
If a and b are integers, then c is an integer 1 and is uniquely de�ned by this relation.

Lemma cdiff_wrong a b: (a <=c b) -> a -c b = \0c.
Lemma cdiff_rpr a b: b <=c a -> (a -c b) +c b = a.

We have (a Å b) ¡ b Æa for all integers. 2 Uniqueness means that if a Å b Æc then a Æc ¡ b
and b Æc ¡ a.

Lemma cdiff_pr1 a b: natp a -> natp b ->
(a +c b) -c b = a.

Lemma cdiff_pr2 a b c: natp a -> natp b ->
a +c b = c -> c -c b = a.

Lemma cdiff_pr3 a b n:
natp n -> a <=c b -> b <=c n -> (n -c b) <=c (n -c a).

Lemma cdiff_pr7 a b c:
a <=c b -> b <c c -> natp c -> (b -c a) <c (c -c a).

Lemma cdiff_pr8 n p q: q <=c p -> p <=c n -> natp n ->
(n -c p) +c q = n -c (p -c q).

Lemma card_setC4 E A: sub A E ->
finite_set E -> cardinal (E -s A) = (cardinal E) -c (cardinal A).

Lemma cardinal_setC5 A B: finite_set B -> sub A B -> A =c B -> A = B.
Lemma cdiffA2 a b c: natp a -> natp b ->
c <=c a -> (a +c b) -c c = (a -c c) +c b.

Lemma cdiffSn a b: natp a -> b <=c a ->
(csucc a) -c b = csucc (a -c b).

For any cardinal a, the predecessor a¡ of a is a ¡ 1. Proof. If a is a non-zero �nite ordinal,
then a ÆbÅ , where b Æa¡ . Now b is a �nite ordinal, thus an integer, and bÅ Æb Å 1 so that
a ¡ 1 ÆbÅ ¡ 1 Æ(b Å 1) ¡ 1 Æb Æa¡ . If a is zero, then both a ¡ 1 and a¡ are zero. Assume
now that a is an in�nite cardinal. In particular, a is a limit ordinal, so that a¡ Æa. On the
other hand a ¡ 1 is the cardinal of a0Æa \ {0}. Let b Æa [ {a} and b0Æa0[ {0}. These sets are
equipotent (since b ÆaÅ , b0Æa and a is an in�nite cardinal). Thus b ¡ {a} and b0¡ {0} are
equipotent (since a 2 b and 0 2 a0). Thus a and a0are equipotent, qed.

We deduce: if b is a non-zero integer, then a Ç b is equivalent to a · b ¡ 1.

We have (b ¡ a) Å (b0¡ a0) Æ(b Å b0) ¡ (a Å a0) if the �rst two differences are de�ned. We
have the trivial formulas: a ¡ a Æ0 and a ¡ 0 Æa.

Note that a ¡ 1 is the predecessor a¡ of a: if a is in�nite, we know a¡ 1 Æa¡ Æa; the same
is true if a Æ0; otherwise a Æa¡ Å 1;

We have (a ¡ b) ¡ c Æa ¡ (b Å c) if a ¸ b Å c. Taking c Æ1, and denoting by P and S the
predecessor and successor, we have P(a ¡ b) Æa ¡ Sb. We have a ¡ b · a; and if b Ç a, then
(a ¡ b) ¡ 1 Ç a. If b Å 1 · a then b Ç a.

Lemma cdiff_nn a: a -c a = \0c.

1If a · b and b is an integer, then a is an integer.
2Note: assume one argument in�nite; if a · b, the LHS is zero, otherwise a.
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Lemma cdiff_0n n : \0c -c n = \0c.

Lemma cdiff_pr4 a b a' b': natp a -> natp b ->
natp a' -> natp b' ->
a <=c b -> a' <=c b' ->
(b +c b') -c (a +c a') = (b -c a) +c (b' -c a').

Lemma cdiffA a b c:
natp a -> natp b -> natp c ->
(b +c c) <=c a -> (a -c b) -c c = a -c (b +c c).

Lemma cpred_pr4 a: cardinalp a ->
cpred a = a -c \1c.

Lemma cdiff_lt_pred a b: natp b -> b <> \0c ->
(a <c b <-> a <=c (b -c \1c)).

Lemma cdiff_nz1 a b: natp a -> natp b ->
(csucc b) <=c a -> a -c b <> \0c.

Lemma cdiff_A1 a b: natp a -> natp b ->
(csucc b) <=c a -> cpred (a -c b) = a -c (csucc b).

Lemma cdiff_ab_le_a a b: (a -c b) <= a.
Lemma cdiff_ab_lt_a a b: natp a -> b <=c a -> b <> \0c ->

a -c b <c a.
Lemma cdiff_lt_symmetry' n p: natp p -> p <> \0c ->

cpred (p -c n) <c p.
Lemma cdiff_lt_symmetry n p: natp p ->

n <c p -> cpred (p -c n) <c p.
Lemma double_diff n p: natp n ->

p <=c n -> n -c (n -c p) = p.
Lemma csucc_diff a b: natp a -> natp b ->

(csucc b) <=c a -> a -c b = csucc (a -c (csucc b)).
Lemma cdiff_pr5 a b c: cardinalp a -> cardinalp b -> natp c ->

(a +c c) -c (b +c c) = a -c b.
Lemma cdiff_pr6 a b: natp a -> natp b ->

(csucc a) -c (csucc b) = a -c b.
Lemma cprodBl a b c: natp a -> natp b -> natp c ->

a *c (b -c c) = (a *c b) -c (a *c c).

Consider an injective function f from A into B, which are sets with cardinals a and b. Let
c be the cardinal of the complement of the image, we have a Å c Æb. We deduce b ¡ a Æc
when the target is �nite.

Lemma cardinal_complement_image1 f (S := source f) (T := target f) :
injection f ->
(cardinal (T -s (Imf f))) +c (cardinal S) = cardinal T.

Lemma cardinal_complement_image f (S := source f) (T := target f) :
injection f -> finite_set T ->
cardinal (T -s (Imf f)) = (cardinal T) -c (cardinal S).

Ordering on N. We give here some trivial properties.

Lemma NleR a: inc a Nat -> a <=N a.
Lemma NleT a b c: a <=N b -> b <=N c -> a <=N c.
Lemma NleA a b: a <=N b -> b <=N a -> a = b.

Simpli�cation in inequalities. We show here that if a Å b · a Å b0, a Å b Ç a Å b0, ab · ab0or
ab Ç ab0then b · b0or b Ç b0if inequality is strict in the assumption; in the case of a product,
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a must be non-zero. This is because · is a total ordering, and the opposite relation yields a
contradiction. We deduce that ( a Å c) ¡ (b Å c) Æa ¡ b, even when b is greater than a.

If c · a Å b, then c ¡ b · a (this holds even for in�nite cardinals). If the �rst inequality is
strict, so is the second (note: if b · c is false, then c ¡ b Æ0, and the �rst result is trivial; the
second holds only if a 6Æ0, so we give two variants; note also that for the �rst varint b is an
integer as b · c and in the second variant c is an integer since c Ç a Å b)).

Section Simplification.
Variables a b c: Set.
Hypothesis (aN: natp a) (bN: natp b) (cN: natp c).

Lemma csum_le2l: (a +c b) <=c (a +c c) -> b <=c c.
Lemma csum_le2r: (b +c a) <=c (c +c a) -> b <=c c.
Lemma csum_lt2l: (a +c b) <c (a +c c) -> b <c c.
Lemma csum_lt2r: (b +c a) <c (c +c a) -> b <c c.
Lemma cprod_le2l: a <> \0c -> (a *c b) <=c (a *c c) -> b <=c c.
Lemma cprod_le2r: a <> \0c -> (b *c a) <=c (c *c a) -> b <=c c.
Lemma cprod_lt2l: (a *c b) <c (a *c c) -> b <c c.
Lemma cprod_lt2r: (b *c a) <c (c *c a) -> b <c c.
End Simplification.

Lemma csum_lt2l a b c:
natp a -> natp b -> natp c ->
(a +c b) <c (a +c c) -> b <c c.

Lemma cprod_le2l a b c:
natp a -> natp b -> natp c -> a <> \0c ->
(a *c b) <=c (a *c c) -> b <=c c.

Lemma cprod_lt2l a b c:
natp a -> natp b -> natp c -> a <> \0c ->
(a *c b) <c (a *c c) -> b <c c.

Lemma cdiff_pr9 n p q: natp n -> natp p -> natp q -> q <=c p ->
(n <=c p -c q <-> n +c q <=c p).

Lemma cdiff_Mle a b c: natp a -> natp b ->
c <=c (a +c b) -> (c -c b) <=c a.

Lemma cdiff_Mlt a b c: natp a -> natp c ->
b <=c c -> c <c (a +c b) -> (c -c b) <c a.

Lemma cdiff_Mlt' a b c: natp a -> natp b ->
a <> \0c -> c <c (a +c b) -> (c -c b) <c a.

6.3 Intervals in sets of integers

Bourbaki says that there is a set formed of all x such that “ x is a cardinal and x · card a”
(note that, by de�nition, x · card a implies that x is a cardinal) . He denotes this set by [0, a];
this is a subset of the sets of integers, and, as such, is well-ordered by · card . The notation
[a,b] could be interpreted as the set of all x such that “ a · card x and x · card b”.

In what follows, we shall de�ne [ a,b] as the closed interval with end-points a and b for
· N, ordered by · card . We have already shown that, if a and b are integers, x 2 [a,b] is equiva-
lent to a · card x and x · card b. The intervals [0, a[, [0, a], and [1, a] will be used a lot.

Definition Nintcc a b := interval_cc Nat_order a b.
Definition Nint a:= interval_co Nat_order \0c a.
Definition Nintc a:= Nintcc \0c a.
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Definition Nint1c a:= Nintcc \1c a.
Definition Nint_cco a b := graph_on cardinal_le (Nintcc a b).

We give here some basic properties of intervals. Note that [0, n [ Æn as this is the set of all
integers Ç n.

Note that [ a,b] is a subset of N even when a and b are not integers. We have [0, a Å 1[ Æ
[0, a] Æ[0, a[ [ {a}. We have [0,1[ Æ{0} and [0,0[ Æ ; .

Lemma Nint_S a b: sub (Nintcc a b) Nat.
Lemma Nint_S1 a: sub (Nint a) Nat.
Lemma Nintc_i b x: inc x (Nintc b) -> x <=c b.
Lemma NintcP b: natp b -> forall x, inc x (Nintc b) <-> x <=c b.
Lemma Nint1cP b: natp b -> forall x,

inc x (Nint1c b) <-> (x <> \0c /\ x <=c b).
Lemma Nint1cPb b: natp b -> forall x,

inc x (Nint1c b) <-> (\1c <=c x /\ x <=c b).
Lemma NintE n: natp n -> Nint n = n.
Lemma NintP a: natp a -> forall x,

(inc x (Nint a) <-> x <c a).
Lemma Nint_co_cc p: natp p -> Nintc p = Nint (csucc p).
Lemma NintcE n: natp n -> Nintc n = csucc n.
Lemma NintsP a: natp a -> forall x,

(inc x (Nint (csucc a)) <-> x <=c a).

Lemma Nint_co00: Nint \0c = emptyset.
Lemma Nint_co01: (inc \0c (Nint \1c) /\ Nint \1c = singleton \0c).
Lemma Nint_cc00: Nintc \0c = singleton \0c.
Lemma Nint_si a: natp a -> inc a (Nint (csucc a)).
Lemma Nint_M a: natp a -> sub (Nint a) (Nint (csucc a)).
Lemma Nint_M1 a b: natp b -> a <=c b -> sub (Nint a) (Nint b).
Lemma Nint_pr4 n: natp n ->

( ((Nint n) +s1 n = (Nint (csucc n))) /\ ~(inc n (Nint n))).
Lemma Nint_pr5 n (si := Nintcc \1c n): natp n ->

( (si +s1 \0c = Nintc n) /\ ~(inc \0c si)).
Lemma inc0_int01: inc \0c (Nint \1c).
Lemma inc0_int02: inc \0c (Nint \2c).
Lemma incsx_intsn x n: natp n ->

inc x (Nint n) -> inc (csucc x) (Nint (csucc n)).

Lemma Nat_induction5 (r:property) a:
natp a -> r \0c ->
(forall n, n <c a -> r n -> r (csucc n)) ->
(forall n, n <=c a -> r n).

Let · [a,b] be the ordering of [ a,b]. This is a well-ordering. If a and b are integers, then
x · [a,b] y is equivalent to a · x · y · b.

Section IntervalNatwo.
Variables (a b: Set).
Hypotheses (aN: natp a)(bN: natp b).

Lemma Ninto_wor: worder_on (Nint_cco a b) (Nintcc a b).
Lemma Ninto_gleP x y:

gle (Nint_cco a b) x y <->
[/\ inc x (Nintcc a b), inc y (Nintcc a b) & x <=c y].
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Lemma Ninto_gleP2 x y:
gle (Nint_cco a b) x y <-> [/\ a <=c x, y <=c b & x <=c y].

End IntervalNatwo.

Let · [0,a[ be the ordering of [0, a[. This is a well-ordering. If a is an integer, then x · [0,a[ y
is equivalent to x · y Ç a.

Definition Nint_co a :=
graph_on cardinal_le (Nint a).

Section IntervalNatwo1.
Variable (a: Set).
Hypothesis (aN: natp a).

Lemma Nintco_wor:worder_on (Nint_co a) (Nint a).
Lemma Nintco_gleP x y:

gle (Nint_co a) x y <-> (x <=c y /\ y <c a).
End IntervalNatwo1.

Let n be an integer; let I be the segment with end-point n for the ordering of N. This is
the set of all k such that k Ç n, thus is the interval [0, n [; if we use von Neumann cardinals, we
see that this is n .

Lemma segment_Nat_order n: natp n -> segment Nat_order n = Nintc n.
Lemma segment_Nat_order1 n: natp n -> segment Nat_order n = n.

Notations. Assume that (X i )i is a family of cardinals, indexed by an interval [ a,b]. Instead

of
P

i 2[a,b]
Xi one may write

P

a· i · b
Xi or

bP

i Æa
Xi . Instead of

P

i 2[a,b[
Xi one may write

b¡ 1P

i Æa
Xi .

The cardinal of an interval. We consider now the function z 7! z Å b, (z 2 [0, a], z Å b 2
[a,a Å b]), that has z 7! z ¡ b as inverse, and hence is a bijection. Proposition 4 [4, p. 174] says
that these functions are order isomorphisms (Bourbaki speci�es “strictly increasing”).

Definition rest_plus_interval a b :=
Lf(fun z => z +c b)(Nintcc \0c a)(Nintcc b (a +c b)).

Definition rest_minus_interval a b :=
Lf(fun z => z -c b) (Nintcc b (a +c b)) (Nintcc \0c a)

Theorem restr_plus_interval_is a b
(f := (rest_plus_interval a b))
(g := (rest_minus_interval a b)):

natp a -> natp b ->
[/\ bijection f, bijection g, g = inverse_fun f &
order_isomorphism f (Nint_cco \0c a) (Nint_cco b (a +c b))].

We have [0,b Å 1] Æ[0,b] [ {b Å 1} and the union is disjoint. By induction [0, b] has b Å 1
elements, and by application of the isomorphism shown above, [ a,b] has (b¡ a)Å1 elements.
[Note: [0, b] Æb Å 1 This is Proposition 5 [4, p. 174]. As a consequence, the set of integers
is in�nite (since [0, n ] is a subset of N we have n Å 1 · card(N), so that card( N) cannot be
of the form n). This argument is used at the start of Chapter 6: the axiom that asserts the
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existence of an in�nite set is equivalent to the assertion that there exists a set containing all
�nite cardinals. Note that [ a,b] is �nite whatever a, b (since in the bad case, the interval is
empty).

Lemma card_Nintc a: natp a -> cardinal (Nintc a) = csucc a.
Lemma card_Nintcp a: natp a -> a <> \0c -> cardinal (Nintc (cpred a)) = a.
Lemma card_Nint a: natp a -> cardinal (Nint a) = a.
Theorem card_Nintcc a b: a <=N b-> cardinal (Nintcc a b) = csucc (b -c a).
Lemma card_Nint1c a: natp a -> cardinal (Nint1c a) = a.
Lemma finite_Nintcc a b: finite_set (Nintcc a b).
Lemma finite_Nint a: finite_set (Nint a).
Lemma infinite_Nat: ~(finite_set Nat).

Isomorphism of �nite totally ordered sets. Proposition 6 [4, p. 175] asserts that every �nite
totally ordered set is isomorphic to a unique interval [1, n ], where n ¸ 1 is the number of
elements. It is sometimes easier to use the interval [0, n [. Note the result holds also for n Æ
0 (in this case, the set is empty, as well as the interval). Proof. Let E and F be two �nite
equipotent sets; assume that they are totally ordered. The ordering is then a well-ordering.
So one set is uniquely isomorphic to segment of the other. Assume for instance that E is
isomorphic to a segment I of F. Now I, E and F have the same cardinal. Since F is �nite, I ½F
says IÆF. Note: Bourbaki uses Corollary 2 to Proposition 2 of § 2, no. 2 (it says: if X is a subset
of a �nite set E, and X 6ÆE, then Card(X) Ç Card(E). Maybe Corollary 4 was intended, since it
says that an injection is bijective).

We also show: if f : E ! E0is a strictly decreasing function between two well ordered sets,
then E is �nite. Proof: as E is well ordered, there is an order morphism E ! N or N ! E; in the
�rst case, we use the fact that the image of the morphism is a segment of N, so is an interval
In , and E is �nite. In the second case, we just have a strictlty decreasing function g : N ! E0by
composing the morphism with f . Now g(n Å 1) Ç g(n) says that the image of g has no least
elementt. Thos contracts the well order property of E 0.

Lemma isomorphism_worder_finite r r':
total_order r -> total_order r' ->
finite_set (substrate r) -> (substrate r) \Eq (substrate r') ->
exists! f, order_isomorphism f r r'.

Theorem finite_ordered_interval r: total_order r ->
finite_set (substrate r) ->
exists! f, order_isomorphism f r

(Nint_cco \1c (cardinal (substrate r))).
Theorem finite_ordered_interval1 r: total_order r ->

finite_set (substrate r) ->
exists! f, order_isomorphism f r

(Nint_co (cardinal (substrate r))).
Lemma worder_decreasing_finite r r' (f:fterm):

worder r -> worder r' ->
(forall i, inc i (substrate r) -> inc (f i) (substrate r')) ->
(forall i j, glt r i j -> glt r' (f j) (f i)) ->
finite_set (substrate r).

Induction properties of sums and products on intervals. We consider here a variant of
(6.3). We shall write f (n) instead of xi and F(n) for

P
i Çn f (i ). Note: in the code, all sums are

of the form
P

i 2A where A is some set. Forst instance i Ç n is replaced by i 2 In where I n is trhe
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set of integers Ç n, but more generally by i 2 n. In this case we have

F(0) Æ0, F(n Å 1) Æf (n) Å F(n).

We shall see later on that the unique function F satisfying this equation (for every integer n)
can be de�ned by induction. In the case of ordinals, the inductive de�nition is a bit easier to
manipulate.

Lemma induction_on_sum n f (sum := fun n => csumb n f):
natp n -> sum (csucc n) = (sum n) +c (f n).

Lemma induction_on_prod n f (prod := fun n=> cprodb n f):
natp n -> prod (csucc n) = (prod n) *c (f n).

An immediate consequence, using commutativity, is

(6.5)
X

0· i · n
f (i ) Æf (0) Å

X

1· i · n
f (i ) Æf (0) Å

X

0· i · n ¡ 1
f (i Å 1) Æ

X

0· i · n
f (n ¡ i ).

Lemma fct_sum_rec0 f n: natp n ->
csumb (Nintc n) f = (csumb (Nint1c n) f) +c (f \0c).

Lemma fct_sum_rec1 f n: natp n ->
csumb (csucc n) f = (csumb n (fun i=> f (csucc i))) +c (f \0c).

Lemma fct_sum_rev f n (I := (csucc n)):
natp n -> csumb I f = csumb I (fun i=> f (n -c i)).

6.4 Finite sequences

A �nite sequence is a family ( xi )i 2I whose index set is a �nite subset of N (Bourbaki says:
a �nite set of integers). Let f be the unique isomorphism f of the interval [1, n ] onto I (with
the natural ordering on I). Then x f (k ) is de�ned for k 2 [1,n ]. It is called the kth term of the
sequence. If k Æ1 or k Æn, it is called the �rst or last term.

6.5 Characteristic functions on sets

The characteristic function has been introduced above. All lemmas that follow are triv-
ial and could have been proved earlier (except for the complement since subtraction was
de�ned later on).

The function ÁA (for A ½E) is constant if and only if A ÆE or A Æ ; . Proposition 7 [4, p.
176] lists additional properties.

ÁE¡ A(x) Æ1¡ ÁA(x),

ÁA\ B(x) ÆÁA(x)ÁB(x),

ÁA\ B(x) Å ÁA[ B(x) ÆÁA(x) Å ÁB(x).

Lemma char_fun_V_aa A x: inc x A ->
Vf (char_fun A A) x = \1c.

Lemma char_fun_V_bb A x: inc x A ->
Vf (char_fun emptyset A) x = \0c.

Lemma char_fun_constant A B:
sub A B -> (cstfp (char_fun A B) B) -> (A=B \/ A = emptyset).
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Lemma char_fun_setC A B x: sub A B -> inc x B ->
Vf (char_fun (B -s A) B) x = \1c -c (Vf (char_fun A B) x).

Lemma char_fun_setI A A' B x: sub A B -> sub A' B -> inc x B ->
Vf (char_fun (A \cap A') B) x
= (Vf (char_fun A B) x) *c (Vf (char_fun A' B) x).

Lemma char_fun_setU A A' B x: sub A B -> sub A' B -> inc x B ->
(Vf (char_fun (A \cap A') B) x)
+c (Vf (char_fun (A \cup A') B) x)
= (Vf (char_fun A B) x) +c (Vf (char_fun A' B) x).

6.6 Euclidean Division

Theorem 1 [4, p. 176] says that, if b È 0, a and b are integers, there exist unique integers
q (called quotient ) and r (called remainder ) such that a Æbq Å r and r Ç b. We show that the
conditions are equivalent to bq · a Ç b(q Å 1) and r Æa ¡ bq. Thus q is the least integer such
that a Ç b(q Å 1). This inequality is satis�ed for q Æa, this shows existence and uniqueness
of q.

Definition cdivision_prop a b q r :=
a = (b *c q) +c r /\ r <c b.

Lemma cdivision_prop_alt a b q r: natp a -> natp b ->
natp q -> natp r -> b <> \0c ->
(cdivision_prop a b q r <->

[/\ (b *c q) <=c a, a <c (b *c csucc q) & r = a -c (b *c q)]).

Lemma cdivision_unique a b q r q' r': natp a -> natp b ->
natp q -> natp r -> natp q' -> natp r' -> b <> \0c ->
cdivision_prop a b q r -> cdivision_prop a b q' r' ->
(q = q' /\ r =r').

Lemma cdivision_exists a b: natp a -> natp b -> b <> \0c ->
exists q r,

[/\ natp q, natp r & cdivision_prop a b q r].

Originally q was the least ordinal satisfying a Ç b(q Å 1). From q · a we deduce q 2 N.
In the current de�nition, we consider the least integer. This gives an explicit form for the
quotient; the remainder is de�ned by a ¡ bq.

If the remainder of the division of a by b is zero we say that b divides a. We use here a
strict de�nition: a and b are assumed to be integers.

(* old def:
Definition cquo a b := least_ordinal (fun q => a <c b *c (csucc q)) a.

*)
Definition cquo a b := intersection (Zo Nat (fun q => a <c b *c (csucc q))).
Definition crem a b := a -c (b *c (cquo a b)).
Definition cdivides b a :=

[/\ natp a, natp b & crem a b = \0c].

Notation "x %/c y" := (cquo x y) (at level 40).
Notation "x %%c y" := (crem x y) (at level 40).
Notation "x %|c y" := (cdivides x y) (at level 40).

Lemma cdivision a b (q := a %/c b) (r := (a %%c b)):
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natp a -> natp b -> b <> \0c ->
[/\ natp q, natp r & cdivision_prop a b q r].

We state some properties of division.

Lemma cquo_zero a: a %/c \0c = \0c.
Lemma crem_zero a: natp a -> a %%c \0c = a.
Lemma NS_quo a b: natp (a %/c b).
Lemma NS_rem a b: natp a -> natp b -> natp (a %%c b).
Lemma cdiv_pr a b: natp a -> natp b ->

a = (b *c (a %/c b)) +c (a %%c b).
Lemma crem_pr a b: natp a -> natp b -> b <> \0c ->

(a %%c b) <c b.
Lemma cquorem_pr a b q r:

natp a -> natp b -> natp q -> natp r ->
cdivision_prop a b q r -> (q = a %/c b /\ r = a %%c b).

Lemma cquorem_pr0 a b q:
natp a -> natp b -> natp q -> b <> \0c ->
a = (b *c q) -> (q = a %/c b /\ \0c = a %%c b).

Lemma crem_small a b: natp b -> a <c b -> a = a %%c b.
Lemma cquo_small a b: natp b -> a <c b -> a %/c b = \0c.

Note. Bourbaki says: the number q introduced above is the integral part of the quotient
of a by b, since in the set of rational numbers Q, there exists c such that a Æbc, and q is the
integral part of c. He reserves the term quotient only to the case where the remainder is zero.
Moreover he says “writing a/ b or a

b will imply that b divides a”. This is an abuse of notations.
(It is all right to say that a Ç b implies that a and b are integers, because we can consider as a
short-hand for “ a Ç b and a 2 N and b 2 N”, but, if d (a,b) is the property that b divides a, and
q(a,b) is the quotient, then a/ b cannot be a short-hand for “ q(a,b) and d (a,b)” because this
expression makes no sense (it is neither a term nor a relation). Moreover, the convention is
not always respected since Bourbaki proves

(6.6)
nX

i Æ1
i Æ

1

2
n(n Å 1).

Now some consequences when division is exact. Bourbaki says: every multiple a0 of a
multiple a of b is a multiple of b. One can restate this as: if b divides a, then b divides ac.

Lemma cdivides_pr a b: b %|c a -> a = b *c (a %/c b).
Lemma cdivides_pr1 a b: natp a -> natp b ->

b %|c (b *c a).
Lemma cdivides_pr2 a b q:

natp a -> natp b -> natp q -> b <> \0c ->
a = b *c q -> q = a %/c b.

Lemma cdivides_one a: natp a -> \1c %|c a.
Lemma cquo_one a: natp a -> a %/c \1c = a.
Lemma cdivides_pr3 a b q:

b %|c a -> q = a %/c b -> a = b *c q.
Lemma cdivides_pr4 b q: natp b -> natp q -> b <> \0c ->

(b *c q) %/c b = q.
Lemma cdivision_of_zero n: natp n ->

(n %|c \0c /\ \0c %/c n = \0c).
Lemma cdivides_zero n: natp n -> n %|c \0c.
Lemma crem_of_zero n: natp n -> \0c %%c n = \0c.
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Lemma cdivision_itself a: natp a -> a <> \0c ->
(a %|c a /\ a %/c a = \1c).

Lemma cdivides_itself n: natp n -> n %|c n.
Lemma cquo_itself a: natp a -> a <> \0c ->

a %/c a = \1c.
Lemma cdivides_trans a b a':

a %|c a'-> b %|c a -> b %|c a'.
Lemma cdivides_trans1 a b a':

a %|c a' -> b %|c a -> a' %/c b = (a' %/c a) *c (a %/c b).
Lemma cdivides_trans2 a b c: natp c ->

b %|c a -> b %|c (a *c c).
Lemma divides_smaller a b: b %|c a -> a <> \0c -> b <=c a.

The �rst lemma says ( ac)/( bc) Æa/ b even when division is not exact. If b divides a and
a0, it divides the sum and the difference.

Lemma cquo_simplify a b c:
natp a -> natp b -> natp c -> b <> \0c -> c <> \0c ->
(a *c c) %/c (b *c c) = a %/c b.

Lemma cdivides_and_sum a a' b: b %|c a -> b %|c a' ->
(b %|c (a +c a') /\
(a +c a') %/c b = (a %/c b) +c (a' %/c b)).

Lemma cdivides_and_difference a a' b:
a' <=c a -> b %|c a -> b %|c a' ->
[/\ b %|c (a -c a'), (a' %/c b) <=c (a %/c b) &

(a -c a') %/c b = (a %/c b) -c (a' %/c b)].
Lemma cdivides_diff1 x a b: natp b -> x %|c a -> x %|c (a +c b) -> x %|c b.

De�nition by induction. We know how to de�ne a function by trans�nite induction on a
well-ordered set, and we know that N is well-ordered. The de�nitions here are a bit technical,
details can be found on page 194.

Let a be an object, P(x) a function of one variable, Q( x, y) a function of two variables.
There is a unique surjective function f (resp. g) de�ned on N such that f (0) Æa and f (nÅ1) Æ
P(f (n)), (resp. g(0) Æa and g(n Å 1) ÆQ(n,g(n))). Uniqueness is obvious by induction.

Definition induction_defined0 (h: fterm2) (a: Set) :=
transfinite_defined Nat_order
(fun u => Yo(source u = \0c) a

(h (cpred (source u))(Vf u (cpred (source u)) ))).

Definition induction_defined (s: fterm) (a: Set) :=
transfinite_defined Nat_order
(fun u => Yo(source u = \0c) a (s (Vf u (cpred (source u))))).

Lemma induction_defined_pr0 h a (f := induction_defined0 h a):
[/\ source f = Nat, surjection f, Vf \f 0c = a &
forall n, natp n -> Vf f (csucc n) = h n (Vf f n)].

Lemma induction_defined_pr s a (f := induction_defined s a):
[/\ source f = Nat, surjection f, Vf f \0c = a &
forall n, natp n -> Vf f (csucc n) = s (Vf f n)].

Lemma integer_induction0 h a: exists! f,
[/\ source f = Nat, surjection f,

Vf \f 0c = a &
forall n, natp n -> Vf f (csucc n) = h n (Vf f n)].
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Lemma integer_induction s a: exists! f,
[/\ source f = Nat, surjection f, Vf f \0c = a &
forall n, natp n -> Vf f (csucc n) = s (Vf f n)].

If g is as above, we can consider n 7! g(n).

Definition induction_term s a := Vf (induction_defined s a).
Lemma induction_term0 s a:

induction_term s a \0c = a.
Lemma induction_terms s a n:

natp n ->
induction_term s a (csucc n) = s n (induction_term s a n).

6.7 Expansion to base b

Proposition 8 [4, p. 177] is Let b be an integer È 1. For each integer k È 0 let Ek be the
lexicographic product of the family (Jh )0· h· k ¡ 1 of intervals all identical with [0,b¡ 1]; For each

r Æ(r 0, r 1, . . . ,r k¡ 1) 2 Ek , let f k (r ) Æ
k¡ 1X

hÆ0
r h bk¡ h¡ 1; then the mapping f k is an isomorphism of

the ordered setEk onto the interval [0,bk ¡ 1]. Bourbaki notes that (if a È 0) there is a least
integer k such that a Ç bk hence a unique sequence r h such that

(6.7) a Æ
k¡ 1X

hÆ0
r h bk¡ h¡ 1

subject to the conditions 0 · r h · b ¡ 1 for 0 · h · k ¡ 1 and r 0 È 0.

Discussion. We say that (6.7) is a BE-expansion, and it is a normalized expansion if either
k Æ0 (the sum is empty) or r 0 È 0. The quantity r h is the digit of index k , and r 0 is the leading
digit. We can restate the theorem as: every integer has an expansion to base b for some k,
and a unique normalized expansion. Two numbers expressed in base b with k digits can be
compared using only the value of the digits, starting with the leading digits. We can complete
the theorem as follows: one can add or remove zero leading digits in the expansion, hence
given two numbers with k and k0digits, one can add leading zeroes to the smallest sequence,
then apply the theorem, or else remove leading zeroes in order to get normalized expansions,
and then the number that has the smallest number of digits is the smallest number.

Note that 0 · r h holds trivially, so that 0 · r h · b ¡ 1 is equivalent to r h · b ¡ 1, thus to
r h Ç b. The interval [0, b ¡ 1] is the interval [0, b[, and [0, bk ¡ 1] is [0, bk [. The sum

P k¡ 1
hÆ0 Xh is

also the sum
P

h2[0,k [ Xh or
P

hÇk Xh . The condition 0 · h · k ¡ 1 is equivalent to 0 · k ¡ h ¡ 1 ·
k ¡ 1, and the sum can be rewritten as

P k¡ 1
hÆ0 r k¡ h¡ 1bh . If sk Ær k¡ h¡ 1, we get

(6.8) a Æ
k¡ 1X

hÆ0
sh bh

subject to the conditions 0 · sh · b ¡ 1 for 0 · h · k ¡ 1 and sk¡ 1 6Æ0 is the normalization
condition. We call this is LE-expansion. 3 Associated to fk (r ) is the function gk (s).

If Ã (s) is the sequence (s1, . . . ,sk ), then

(6.9) gkÅ1 Æs0 Å b.gk (Ã (s))

3According to Wikipedia, little-endian storage means: increasing numeric signi�cance with increasing mem-
ory addresses; big-endian is its opposite, most-signi�cant byte �rst.
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(Bourbaki has a similar formula with f and Á). This is a recursive de�nition; one can convert
it into an iterative one: as long as there are digits, multiply by b and add the next digit. We
start with sk¡ 1 and terminate with s0. This means that we consider digits from left to right,
r 0 then r 1, then r 2, etc. This is called the Horner scheme for the formula (6.7), and is used by
every computer program to read numbers. If s is represented as a list, then s0 is the head of
the list and Ã (s) is its tail, and (6.9) is the natural way to associate a value to the list.

A consequence of (6.9) is that s0 and gk (Ã (s)) are the remainder and quotient of the Eu-
clidean division of a by b, and this shows uniqueness by induction. Computers use this
method for printing numbers, i.e., �nding the sequence sh given a; the number k is not
known a priori. In practice, one has either �xed-size numbers, say Ç 232, case where an apri-
ori bound can be found; or else a Æ

P K¡ 1
0 Sh Bh , for some B, case where k · nK for some n,

which is the size of the expansion of B in base b. The digits are computed one after the other,
stored in a buffer. After that, the number is normalized (useless zeroes are removed).

Assume s0 Ç b, s0
0 Ç b; then s0 Å bg · s0 Å bg0 if and only if either g Æg0 and s0 · s0

0 or
g Ç g0. This condition is equivalent to ( g,s0) · (g0,s0

0), where (g,s0) is in the substrate of
some lexicographic product F k £ J of two sets. By induction, we can identify F k with the set
of sequences (s1, . . . ,sk ). Because s0 comes after g, this set is the lexicographic product in
reverse orderof the sets Jh . Thus, the ordering of the sequence r h is the lexicographic product
of the sets Jh .

Consider now the sequence ª (s) Æ(s0, . . . ,sk¡ 1), then

(6.10) gkÅ1 Ægk (ª (s)) Å sk .bk .

It happens that sk and gk (ª (s)) are the quotient and remainder of the Euclidean division of
gkÅ1 by bk . This is an alternate way to show uniqueness of the expansion (one could use it to
print a number in a computer program, the drawback being that one has to compute all bk

in decreasing order). Note that sk bk · gkÅ1 Ç (sk Å 1)bk . This shows that two numbers of the
same size with distinct leading digits compare as their leading digits, and shows the theorem.
We shall use this approach since ª is just the restriction.

We de�ne an expansion to be a family of k terms, all less than b, where k and b are inte-
gers, b ¸ 2. The domain of the family is the interval [0, k [, it is the set of integers i with i Ç k .
The associated value is

P
f i b i . It is an integer. If we have an expansion of length k Å 1, the re-

striction to [0, k [ is an expansion. The values are the same, up to the quantity fk bk . Similarly,
we can extend an expansion from size k to size k Å 1.

Lemma b_power_k_large a b: natp a -> natp b ->
\1c <c b -> a <> \0c -> exists k,

[/\ natp k, (b ^c k) <=c a & a <c (b ^c (csucc k))].

Definition expansion f b k :=
[/\ natp b, natp k, \1c <c b &
[/\ fgraph f, domain f = k &
forall i, inc i (domain f) -> (Vg f i) <c b]].

Definition expansion_value f b :=
csumb (domain f) (fun i=> (Vg f i) *c (b ^c i)).

We assume locally that ( f ,k ,b) and (g,k0Å 1,b) are expansions.

Section Base_b_expansion.

RR n° 7150



132 José Grimm

Variables f b k k': Set.
Hypothesis Exp: expansion f b k.
Hypothesis Expg: expansion g b (csucc k').
Hypothesis ck' : cardinalp k'.

Lemma expansion_prop0P i:
(inc i (domain f)) <-> i <c k.

Lemma expansion_prop1 i:
i <c k -> natp (Vg f i).

Lemma expansion_prop2:
finite_int_fam (Lg (domain f) (fun i=> (Vg f i) *c (b ^c i))).

Lemma expansion_prop3: natp (expansion_value f b).
Lemma expansion_prop4: natp k'.
Lemma expansion_prop5:

expansion (restr g k') b k'.
Lemma expansion_prop6: natp (Vg g k').
Lemma expansion_prop7:

(expansion_value g b) =
(expansion_value (restr g k') b) +c (Vg g k *c (b ^c k')).

End Base_b_expansion.

Denote by s( f ) or by sk ( f ) the sum
P

i Çk f i . We have sk ( f ) Ç bk , and skÅ1( f ) Æsk ( f ) Å
fk bk . (we also have skÅ1( f ) Æsk ( f 0)b Å f0, where f 0 is f shifted by one position). As a con-
sequence the quotient and remainder of the division of skÅ1( f ) by bk are fk and sk ( f ). This
shows uniqueness of the expansion, namely that sk ( f ) Æsk (g) implies f i Ægi for all i Ç k .

Lemma expansion_prop8 f b k x
(h:= Lg (csucc k) (fun i=> Yo (i=k) x (Vg f i))) :

expansion f b k -> natp x -> x <c b ->
(expansion h b (csucc k) /\

expansion_value h b =
(expansion_value f b) +c ((b ^c k) *c x)).

Lemma expansion_prop8_rev f b k x
(h := Lg (csucc k) (fun i => Yo (i = \0c) x (Vg f (cpred i)))):
expansion f b k -> natp x -> x <c b ->
(expansion h b (csucc k) /\

expansion_value h b = (expansion_value f b) *c b +c x).
Lemma expansion_prop9 f b k: expansion f b k ->

(expansion_value f b) <c (b ^c k).
Lemma expansion_prop10 f b k: cardinalp k ->

expansion f b (csucc k) ->
cdivision_prop (expansion_value f b) (b ^c k) (Vg f k)
(expansion_value (restr f k) b).

Lemma expansion_unique f g b k:
expansion f b k -> expansion g b k ->
expansion_value f b = expansion_value g b -> f = g.

Lemma expansion_prop11 f g b k: cardinalp k ->
expansion f b (csucc k) -> expansion g b (csucc k) ->
(Vg f k) <c (Vg g k) ->
(expansion_value f b) <c (expansion_value g b).

Consider the two following properties. P( f ,g) says that there exists an index i in the range
of g, not in the range of f such that gi is not zero. It obviously implies s( f ) Ç s(g). Condition
Q(f ,g) �rst says that there is an index n such that f i Æ0 and gi Æ0 for i ¸ n , provided that
these expressions are de�ned (and f i and gi are de�ned for i Ç n). Such an index exists if
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P(f ,g) and P(g, f ) are false. We have then s( f ) Æsn ( f ) and s(g) Æsn (g). The Bourbaki claim
is then that s( f ) and s(g) can be compared lexicographically (replacing i by n ¡ i ). Condition
Q says moreover that there exists k such that f i Ægi for k Ç i Ç n, so that s( f ) and s(g)
compare the same as sk ( f ) and sk (g). The casek Æ ¡1 is special, since it says that s( f ) Æs(g).
Thus, assuming s( f ) 6Æs(g), there is a least such k [in other terms: if s( f ) 6Æs(g) there is a
greatest index k such that fk 6Ægk ]. Now condition Q says fk Ç gk . We have shown above that
this implies sk ( f ) Ç sk (g). The theorem is now s( f ) Ç s(g) if, and only if, one of P or Q is true.
Notice that the �ve cases P( f ,g), P(g, f ), Q( f ,g), Q(g, f ), R(f ,g) are mutually exclusive (here
R is the condition that there is n , such that f i Ægi for i Ç n, and for all indices i ¸ n for which
f i and gi are de�ned, the value is zero; it implies s( f ) Æs(g)).

Lemma expansion_restr1 f b k l:
expansion f b k -> l <=c k ->
expansion (restr f l) b l.

Lemma expansion_restr2 f b k l:
expansion f b k -> l <=c k ->
(forall i, l <=c i -> i <c k -> Vg f i = \0c) ->
expansion_value (restr f l) b = expansion_value f b.

Lemma expansion_prop12 f g b kf kg l n:
n <=c kf -> n <=c kg -> l <c n ->
(forall i, n <=c i -> i <c kf -> Vg f i = \0c) ->
(forall i, n <=c i -> i <c kg -> Vg g i = \0c) ->
(forall i, l <c i -> i <c n -> Vg f i = Vg g i) ->
expansion f b kf -> expansion g b kg ->
(Vg f l) <c (Vg g l) ->
(expansion_value f b) <c (expansion_value g b). (* 70 *)

Lemma expansion_prop13 f g b kf kg l:
kf <=c l -> l <c kg ->
expansion f b kf -> expansion g b kg ->
Vg l g <> \0c ->
(expansion_value f b) <c (expansion_value g b).

Lemma expansion_prop14 f g b kf kg:
expansion f b kf -> expansion g b kg ->
(expansion_value f b) <c (expansion_value g b) ->
(exists l, [/\ kf <=c l, l <c kg & Vg g l <> \0c])

\/ (
exists l n,
[/\ n <=c kf, n <=c kg, l <c n &
[/\ (forall i, n <=c i -> i <c kf -> Vg f i = \0c),
(forall i, n <=c i -> i <c kg -> Vg g i = \0c) ,
(forall i, l <c i -> i <c n -> Vg f i = Vg g i) &
(Vg f l)<c (Vg g l)]]). (* 70 *)

Lemma expansion_prop15 f g b n:
expansion f b n -> expansion g b n ->
( (expansion_value f b) <c (expansion_value g b)

<-> exists k,
[/\ k <c n, (Vg f k) <c (Vg g k) &
(forall i, k <c i -> i <c n -> Vg f i = Vg g i)]).

We consider the set S(A,B) of all functional graphs f , whose domain is a subset of A, and
whose range is a subset of B. An expansion to base b is in S(N,b).

Definition sub_fgraphs A B := unionf (\Po A) (gfunctions ^~ B).
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Lemma sub_fgraphsP A B f:
inc f (sub_fgraphs A B) <-> exists2 C, sub C A & inc f (gfunctions C B).

Lemma expansion_bounded1 f k b : expansion f b k ->
inc f (sub_fgraphs Nat b).

If a Ç bk there is an expansion of length k (proof by induction, the highest term is the
quotient of the division by bk¡ 1). Since a Ç ba , there is at least one expansion. We can remove
leading initial coef�cients, thus assume that either the expansion is empty, or that the leading
coef�cient is non-zero. This form is unique.

Definition exp_boundary f k :=
(k = \0c \/ (k <> \0c /\ Vg f (cpred k) <> \0c)).

Definition expansion_of f b k a :=
expansion f b k /\ expansion_value f b = a.

Definition expansion_normal_of f b k a :=
expansion_of f b k a /\ (exp_boundary f k).

Section TheExpansion.
Variable b: Set.
Hypothesis bN: natp b.
Hypothesis bp: \1c <c b.

Lemma expansion_exists1 a k:
natp k -> natp a -> a <c (b ^c k) ->

exists f, expansion_of f b k a.
Lemma expansion_exists2 a: natp a ->

exists k f, expansion_of f b k a.
Lemma expansion_exists3 a: natp a

exists k f, expansion_normal_of f b k a.
Lemma expansion_unique1 a f k f' k':

expansion_normal_of f b k a -> expansion_normal_of f' b k' a ->
f = f' /\ k = k'.

We can now de�ne the expansion in base b of a. It is the functional graph f (where k
is the cardinal of the domain of f ) such that a Æ

P
b i f i . The expansion of zero is the empty

graph; the expansion of a digit (a number a such that 0 Ç a Ç b) is the functional graph that
maps zero to a.

For reasons explained below, we shall consider R( x) Æ
P

f i . If x is zero or a digit, then
R(x) Æx, otherwise R(x) Ç x (if k Å 1 is the number of terms, then fk Ç bk fk , as fk and k are
non-zero).

Definition the_expansion a :=
select (fun z => expansion_normal_of z b (cardinal (domain z)) a)

(sub_fgraphs Nat b).

Lemma the_expansion_pr a (z := the_expansion a):
natp a ->
expansion_normal_of z b (cardinal (domain z)) a.

Lemma the_expansion_zero: the_expansion \0c = emptyset.
Lemma the_expansion_digit a:

a <> \0c -> a <c b -> the_expansion a = singleton (J \0c a).

Definition the_contraction a := csum (the_expansion a).
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Lemma the_contraction_zero: the_contraction b \0c = \0c.
Lemma the_contraction_digit a: a <c b -> the_contraction a = a.
Lemma the_contraction_non_digit a: b <=c a -> natp a ->

the_contraction a <c a.
Lemma the_contraction_non_zero a: natp a -> a <> \0c ->

the_contraction a <> \0c.

We de�ne R n (a) by induction as follows: R 0(a) Æa and RnÅ1(a) ÆR(Rn (a)). We have
RnÅ1(a) ÆRn (R(a)) and RnÅm (a) ÆRn (Rm (a)) (these relations hold whenever R n is de�ned
by induction). Let T( a) ÆRa(a). We have T(a) Ç b. Proof. We show by induction on a that
c · a implies T( c) Ç b; the result follows, as a · a. Assume the result true for a, and let's show
it for a Å 1. So assumec · a Å 1. If c · a we can use the induction hypothesis, so it suf�ces
to consider c Æa Å 1. Note that, if c Ç b, then R(c) Æc and Rn (c) Æc, thus T(c) Æc, and the
result holds. Otherwise R( c) Ç c. We have T(a Å 1) ÆRa(R(a Å 1)). Since c Æa Å 1, R(c) Ç c
says R(a Å 1) · a. Let x ÆR(a Å 1). We have T(a Å 1) ÆRa(x) ÆRa¡ x (Rx (x)) ÆRa¡ x (T(x)). By
induction T( x) Ç b so that Ra¡ x (T(x)) ÆT(x) and the conclusion holds.

Definition contraction_rec a :=
induction_defined (the_contraction) a.

Definition contraction_rep a := Vf (contraction_rec a) a.

Lemma contraction_rec0 a: Vf (contraction_rec a) \0c = a.
Lemma contraction_rec_succ a n: natp n ->

Vf (contraction_rec a)(csucc n) = the_contraction (Vf (contraction_rec a) n).
Lemma contraction_rec_succ' a n: natp n ->

Vf (contraction_rec a)(csucc n) = Vf (contraction_rec (the_contraction a)) n.
Lemma contraction_rec_succ'' a n m: natp n -> natp m ->

Vf (contraction_rec a) (n +c m) =
Vf (contraction_rec (Vf (contraction_rec a) n)) m.

Lemma NS_contraction_rec a n: natp a -> natp n ->
natp (Vf (contraction_rec a) n).

Lemma contraction_rec_non_zero a n: natp n -> natp a -> a <> \0c ->
(Vf (contraction_rec a) n) <> \0c.

Lemma contraction_rep_dig a : natp a -> contraction_rep a <c b.
Lemma contraction_rep_non_zero a: natp a -> a <> \0c ->

(contraction_rep a) <> \0c.
End TheExpansion.

Computing modulo. We say that a and b are equal modulo n (where n is a non-zero inte-
ger), if a and b have the same remainder in the division by n. This is obviously an equivalence
relation on N; it is compatible with addition and multiplication. In what follows, we �x an in-
teger B, and compute modulo B.

Note that aBÅb and b are equal modulo B. We then show that if a Æ1 mod B, then an Æ1
mod B.

Notation "m = n %c[mod d ]" := (m %%c d = n %%c d)
(at level 70, n at next level,
format "'[hv ' m '/' = n '/' %c[mod d ] ']'").

Definition eqmod B a b:= a = b %c[mod B].

Section ModuloProps.
Variable B: Set.
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Hypothesis BN: natp B.
Hypothesis Bnz: B <> \0c.

Lemma eqmod_equivalence (R:= graph_on (eqmod B) Nat):
equivalence R /\ substrate R = Nat.

Lemma crem_prop a b: natp a -> natp b ->
B *c a +c b = b %c[mod B].

Lemma crem_sum a b: natp a -> natp b ->
a +c b = a %%c B +c b %%c B %c[mod B].

Lemma crem_prod a b: natp a -> natp b ->
a *c b = (a %%c B) *c (b %%c B) %c[mod B].

Lemma eqmod_sum a b a' b': natp a -> natp b ->
natp a' -> natp b' ->
a = a' %c[mod B] -> b = b' %c[mod B] -> a +c b = a' +c b' %c[mod B].

Lemma eqmod_prod a b a' b': natp a -> natp b ->
natp a' -> natp b' ->
a = a' %c[mod B] -> b = b' %c[mod B] -> a *c b = a' *c b' %c[mod B].

Lemma eqmod_rem a: natp a -> a = a %%c B %c[mod B].
Lemma eqmod_succ a a': natp a -> natp a' ->

a = a' %c[mod B] -> csucc a = csucc a' %c[mod B].
Lemma eqmod_pow1 a n: natp a -> natp n ->

a = \1c %c[mod B] -> a ^c n = \1c %c[mod B].
Lemma eqmod_pow2 a b n: natp a -> natp b -> natp n ->

a = \1c %c[mod B] -> b *c a ^c n = b %c[mod B].

Assume b Æ1 mod B. Then
P

ai b i Æ
P

ai modulo B.

Lemma eqmod_pow3 f b k: expansion f b k ->
b = \1c %c[mod B] -> expansion_value f b = csum f %c[mod B].

End ModuloProps.

De�ne 5 Æ4Å 1, so that 2 Å 3 Æ5. De�ne 9 Æ3£ 3. De�ne 10 Æ5Å 5 so that 10 Æ9Å 1. We
deduce that 10 is 1 mod 3 and 1 mod 9.

Definition card_five := csucc card_four.
Definition card_nine := \3c *c \3c.
Definition card_ten := card_five +c card_five.
Notation "\9c" := card_nine.
Notation "\10c" := card_ten.
Notation "\5c" := card_five.

Lemma NS5 : natp \5c.
Lemma NS9 : natp \9c.
Lemma NS10 : natp \10c.

Lemma card3_nz: \3c <> \0c.
Lemma card9_nz: \9c <> \0c.
Lemma card_sum_3_2: \3c +c \2c = \5c.
Lemma card_prod_3_3: \10c = csucc \9c.
Lemma card_mod_10_9: \10c = \1c %c[mod \9c].
Lemma card_mod_10_3: \10c = \1c %c[mod \3c].
Lemma cgt10_1: \1c <c \10c.

We can now state that two quantities
P

ai 10i and
P

ai have the same remainder mod-
ulo 3.
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Definition expansion_ten f k :=
[/\ natp k, fgraph f, domain f = k &
forall i, inc i (domain f) -> (Vg f i) <c \10c].

Lemma divisibiliy_by_three f k: is_base_ten_expansion f k ->
let g:= (Lg (domain f) (fun i=> (Vg f i) *c (\10c ^c i))) in
csum g = csum f %c[mod \3c].

Let x be an integer, B ÆbÅ1 and write x Æ
P

Bi xi . Let R(x) Æ
P

xi , Rn (x) the n-th iteration
of R, and T(x) the �x-point of this iteration. Then x and R(x) are equal modulo b (and modulo
any divisor of b). If B Æ10 these quantities are equal modulo 9 and 3. By induction R n (x) is
equal to x modulo b, so that T( x) is also x modulo b; since T(x) · b we deduce: If x Æ0, then
T(x) Æx; if x is a multiple of b, then T( x) Æb, otherwise, T( x) is the remainder of the division
of x by b.

Lemma crem_succ a B: natp a -> natp B -> \1c <c B ->
csucc a = csucc (a %%c B) %c[mod B].

Lemma divisibiliy_by_nine f k: expansion_ten f k ->
let g:= (Lg (domain f) (fun i=> (Vg f i) *c (\10c ^c i))) in
csum g = csum f %c[mod \9c].

Lemma eqmod_contraction b a:
natp a -> natp b -> b <> \0c ->
a = the_contraction (csucc b) a %c[mod b].

Lemma eqmod_contraction_rep b a
(x := contraction_rep (csucc b) a) (y := a %%c b) :
natp a -> natp b -> b <> \0c ->
[/\ a = x %c[mod b],
(a = \0c -> x = \0c) &
(a <> \0c -> (y = \0c -> x = b) /\ (y <> \0c -> x = y))].

( (a = \0c -> x = \0c)
/\ (a <> \0c ->

(y = \0c -> x = b) /\ (y <> \0c -> x = y))).
Lemma eqmod_contraction_rep9 a

(x := contraction_rep \10c a) (y := a %%c \9c) :
natp a ->

[/\ a = x %c[mod \9c],
(a = \0c -> x = \0c) &
(a <> \0c -> (y = \0c -> x = \9c) /\ (y <> \0c -> x = y))].

Even and odd numbers. We say that x is even if its remainder in the division by two is zero,
it is odd otherwise (the remainder is then one). The successor of an even number is odd, the
sum of two odd numbers is even, etc.

Definition evenp n := natp n /\ n %%c \2c = \0c.
Definition oddp n := natp n /\ ~ (evenp n).

Lemma crem_02: \0c %%c \2c = \0c.
Lemma crem_12: \1c %%c \2c = \1c.
Lemma crem_22: \2c %%c \2c = \0c.
Lemma oddp_alt n: (oddp n <-> natp n /\ n %%c \2c = \1c).
Lemma evenp_mod2 n: natp n -> (evenp n <-> n = \0c %c[mod \2c]).
Lemma oddp_mod2 n: natp n -> (oddp n <-> n = \1c %c[mod \2c]).

Lemma succ_of_even n: evenp n -> oddp (csucc n).
Lemma succ_of_evenP n: natp n -> (evenp n <-> oddp (csucc n)).
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Lemma succ_of_odd n: oddp n -> evenp (csucc n).
Lemma succ_of_oddP n: natp n -> (oddp n <-> evenp (csucc n)).

Lemma even_zero: evenp \0c.
Lemma odd_one: oddp \1c.
Lemma even_two: evenp \2c.

Lemma csum_of_even a b: evenp a -> evenp b -> evenp (a +c b).
Lemma csum_of_even_odd a b: evenp a -> oddp b -> oddp (a +c b).
Lemma csum_of_odd a b: oddp a -> oddp b -> evenp (a +c b).
Lemma csum_of_evenP n m: evenp n -> natp m ->

(evenp (n +c m) <-> evenp m).
Lemma csum_of_oddP n m: oddp n -> natp m ->

(evenp (n +c m) <-> oddp m).

We study here double and half.

Definition cdouble n := \2c *c n.
Definition chalf n := n %/c \2c.

Lemma NS_double n: natp n -> natp (cdouble n).
Lemma NS_half n: natp (chalf n).

Lemma cdouble0: cdouble \0c = \0c.
Lemma even_double n: natp n -> evenp (cdouble n).
Lemma odd_succ_double n: natp n -> oddp (csucc (cdouble n)).

Lemma half_even n: evenp n -> n = cdouble (chalf n).
Lemma half_odd n: oddp n -> n = csucc (cdouble (chalf n)).
Lemma even_half n: natp n -> chalf (cdouble n) = n.
Lemma odd_half n: natp n -> chalf (csucc (cdouble n)) = n.
Lemma half0: chalf \0c = \0c.
Lemma half1: chalf \1c = \0c.
Lemma half2: chalf \2c = \1c.
Lemma cdouble_halfV n: natp n ->

n = cdouble (chalf n) \/ n = csucc (cdouble (chalf n)).

Lemma double_sum a b: cdouble a +c cdouble b = cdouble (a +c b).
Lemma double_prod a b: a *c cdouble b = cdouble (a *c b).
Lemma double_succ a: natp a -> cdouble (csucc a) = csucc (csucc (cdouble a)).
Lemma half_succ n : natp n -> chalf (csucc (csucc n)) = csucc (chalf n).
Lemma cdouble_pow2 n: natp n -> cdouble(\2c ^c n) = \2c ^c (csucc n).

We study monotonicity of double and half.

Lemma double_inj a b: natp a -> natp b -> cdouble a = cdouble b -> a = b.
Lemma double_monotone a b: natp a -> natp b ->

(cdouble a <=c cdouble b <-> a <=c b).
Lemma double_monotone2 a b: natp a -> natp b ->

(cdouble a <c cdouble b <-> a <c b).
Lemma double_monotone3 a b: natp a -> natp b ->

(csucc (cdouble a) <c cdouble b <-> a <c b).
Lemma half_monotone n m: natp n -> natp m -> n <=c m ->

chalf n <=c chalf m.
Lemma half_monotone2 n m: natp n -> natp m ->

n <=c (chalf m) -> cdouble n <=c m.
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Lemma double_le_odd1 p k: natp k -> natp p ->
cdouble p <=c csucc (cdouble k) -> p <=c k.

Lemma double_le_odd2 p k: natp k -> natp p ->
csucc (cdouble k) <=c cdouble p -> csucc k <=c p.

Lemma cle_n_doublen n: natp n -> n <=c cdouble n.
Lemma cle_Sn_doublen n: natp n -> n <> \0c -> csucc n <=c cdouble n.
Lemma clt_n_doublen n: natp n -> n <> \0c -> n <c cdouble n.
Lemma cle_halfn_n n: natp n -> chalf n <=c n.
Lemma cle_halfSn_n n: natp n -> chalf (csucc n) <=c n.
Lemma double_nz n: natp n -> n <> \0c ->

(cdouble n <> \0c /\ cdouble n <> \1c).
Lemma doubleS_nz n: natp n -> n <> \0c ->

(csucc (cdouble n) <> \0c /\ csucc (cdouble n) <> \1c).
Lemma cltn_n2 n: natp n -> n <> \0c -> n <c cdouble n.

We deduce the following induction principle: in order for P to be true for all integers, it
suf�ces that P(0) and P(1) are true, that P( h) implies P(2 h), and P(h),P(h Å 1) imply P(2 h Å 1).
We also show

nX

i Æ0
Fi Æ

n/2X

i Æ0
F2i Å

(n ¡ 1)/2X

i Æ0
F2i Å1

Lemma even_odd_dichot n (m := csucc n): natp n ->
[\/ m = \1c,

(m = cdouble (chalf m) /\ chalf m <=c n) |
[/\ m = csucc (cdouble (chalf m)), (chalf m) <=c n &

csucc (chalf m) <=c n]].
Lemma fusc_induction (p: property):

p \0c -> p \1c -> (forall k, natp k -> p k -> p (cdouble k)) ->
(forall k, natp k -> p k -> p (csucc k) -> p (csucc (cdouble k))) ->

forall n, natp n -> p n.
Lemma split_sum_even_odd (F: fterm) n:

natp n -> n <> \0c ->
csumb (Nintc n) F =
csumb (Nintc (chalf n)) (fun k => F (cdouble k))
+c csumb (Nintc (chalf (cpred n))) (fun k => F (csucc (cdouble k))).

Lemma split_sum_even_odd_alt (F: fterm) n:
natp n ->
csumb (Nint n) F =
csumb (Nint (chalf (csucc n))) (fun k => F (cdouble k))
+c csumb (Nint (chalf n)) (fun k => F (csucc (cdouble k))).

Base two logarithm. We state here some properties of base two logarithm; this is the least
integer ln( n) such that n Ç 2ln(n). If n is non-zero, this integer is non-zero and characterized
by

2ln(n)¡ 1 · n Ç 2ln(n).

If k is the logarithm of n , then k Å 1 is the logarithm of 2 n and 2n Å 1, and 2k is even (the case
n Æ0 is exceptional).

Definition clog2 n := least_ordinal (fun z => n <c \2c ^c z) n.

Lemma clog0 : clog2 \0c = \0c.
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Lemma clog_nz n (m := clog2 n): natp n -> n <> \0c ->
[/\ natp m, m <> \0c, \2c ^c (cpred m) <=c n & n <c \2c ^c m].

Lemma clog_pr n m: natp n -> natp m ->
\2c ^c m <=c n -> n <c \2c ^c (csucc m) -> clog2 n = csucc m.

Lemma clog_double n: natp n -> n <> \0c -> clog2 (cdouble n) = csucc (clog2 n).
Lemma clog_succ_double n: natp n ->

clog2 (csucc (cdouble n)) = csucc (clog2 n).
Lemma power2_log_even n: natp n -> n <> \0c -> evenp (\2c ^c (clog2 n)).
Lemma log2_pow n: natp n -> clog2 (\2c ^c n) = (csucc n).
Lemma NS_log n: natp n -> natp (clog2 n).
Lemma clog1 : clog2 \1c = \1c.

We consider here the operation that reverts the digits in base two of a number n. Assume
n Æ

P
k ak 2k . We consider n̄ Æ

P
k ap¡ k 2k . Here p Å 1 is the number of terms in the expansion

(so that k · p). We assume the expansion normalized so that ap 6Æ0. As a result, n̄ is odd
(unless n is zero).

If n Æ2k, then n̄ Æk̄ , and if n Æ2k Å1 then n̄ Æ2p Åk̄ ; note that p is the base two logarithm
of n . If we reverse twice the digits of n , we get n again (provided that n is odd). Thus: reverting
three times is the same as reverting once (and this holds also for zero).

Definition base_two_reverse n :=
let F := the_expansion \2c n in
let p := cardinal (domain F) in
expansion_value (Lg p (fun z => (Vg F (p -c (csucc z))))) \2c.

Lemma base2_expansion_prop n (F:= the_expansion \2c n)
(p := cardinal (domain F)) : natp n -> n <> \0c ->
[/\ expansion_of F \2c p n, p <> \0c & Vg F (cpred p) = \1c].

Lemma log2_pr1 n (k := \2c ^c (cpred (clog2 n))) : natp n -> n <> \0c ->
n = k +c (n %%c k).

Lemma log2_pr2 n : natp n ->
clog2 n = cardinal (domain (the_expansion \2c n)).

Lemma base2r_zero: base_two_reverse \0c = \0c.
Lemma base2r_one: base_two_reverse \1c = \1c.
Lemma base2r_even n: natp n ->

base_two_reverse (cdouble n) = base_two_reverse n.
Lemma base2r_odd n: natp n ->

base_two_reverse(csucc (cdouble n)) = \2c ^c (clog2 n) +c base_two_reverse n.
Lemma NS_reverse n: natp n -> natp (base_two_reverse n).

Lemma base2r_oddp n: natp n -> n <> \0c -> oddp (base_two_reverse n).
Lemma base2r_oddK n (r := base_two_reverse) :

oddp n -> r (r n) = n.
Lemma base2r_oddK_bis n (r := base_two_reverse) :

natp n -> r (r (r n)) = r n.

Division by three. We state here some properties of division by three.

Lemma div3_props: [/\ \0c %%c \3c = \0c, \1c %%c \3c = \1c& \2c %%c \3c = \2c].
Lemma div3_props2: \3c %%c \3c = \0c /\ \4c %%c \3c = \1c.
Lemma div3_vals n (m := n %%c \3c): natp n ->

[\/ m = \0c, m = \1c | m = \2c].
Lemma cmodmod n p: natp n -> natp p -> p <> \0c -> n %%c p = n %c[mod p].
Lemma cmodmod2 n: natp n -> n %%c \2c = n %c[mod \2c].
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Lemma cmodmod3 n: natp n -> n %%c \3c = n %c[mod \3c].
Lemma double_mod3 n: natp n ->

(n %%c \3c = \0c <-> (cdouble n) %%c \3c = \0c).

Fibonacci numbers. We �rst de�ne by induction a function that returns a pair, denote by
Fn the �rst term, and show that this function satis�es

(6.11) F0 Æ0,F1 Æ1, FnÅ2 ÆFn Å FnÅ1,

We have F2 Æ1, and Fn is strictly increasing for n ¸ 2.

Definition Fib2_rec :=
induction_term (fun _ v => (J (Q v) (P v +c Q v))) (J \0c \1c).

Definition Fib n := P (Fib2_rec n).

Lemma Fib_rec n : natp n -> Fib (csucc (csucc n)) = Fib n +c Fib (csucc n).
Lemma Fib0: Fib \0c = \0c.
Lemma Fib1: Fib \1c = \1c.
Lemma Fib2: Fib \2c = \1c.
Lemma Fib3: Fib \3c = \2c.
Lemma NS_Fib n: natp n -> natp (Fib n).
Lemma Fib_gt0 n: natp n -> n <> \0c -> (Fib n) <> \0c.
Lemma Fib_smonotone n m: natp n -> natp m -> n <> \0c -> n <> \1c ->

n <c m -> Fib n <c Fib m.
Lemma Fib_monotone n m: natp n -> natp m -> n <=c m -> Fib n <=c Fib m.
Lemma Fib_gt1 n: natp n -> \2c <c n -> \1c <c Fib n.
Lemma Fib_eq1 n: natp n -> (Fib n = \1c <-> (n = \1c \/ n = \2c)).
Lemma Fib_eq n m: natp n -> natp m ->

(Fib n = Fib m <-> [\/ n = m, (n = \1c /\ m = \2c) |(n = \2c /\ m = \1c) ]).

We have
FnÅmÅ1 ÆFn Fm Å FnÅ1FmÅ1

thus
F2nÅ1 ÆF2

n Å F2
nÅ1, F2nÅ2 ÆFnÅ1(2Fn Å FnÅ1).

The second formula gives an ef�cient way of computing the Fibonacci numbers. From the
�rst one we deduce: if F mÅ1 divides Fn , it divides F nÅmÅ1. By induction, if p divides n, then
Fp divides Fn . So, if n and m are two integers, p is the greatest common divisor of n and m,
then F p divides Fn and Fm . We shall show later on that F p is the greatest common divisor of
Fn and Fm . Note that F n FmÅ1 ¡ FnÅ1Fm Æ(¡ 1)n Fn¡ m . If n Æm Å1 or n Æm Å2 this is a Bezout
relation between F m and FmÅ1.

In the special case m Æ2, we get FnÅ3 ÆFn Å 2FnÅ1, so that Fn and FnÅ3 are the same
modulo two. So F n is even if and only if n is a multiple of three.

Lemma Fib_add n m: natp n -> natp m ->
Fib (csucc (n +c m)) =
(Fib n) *c (Fib m) +c (Fib (csucc n)) *c (Fib (csucc m)).

Lemma Fib_add3 n: natp n ->
Fib (n +c \3c) = Fib n +c cdouble (Fib (csucc n)).

Lemma Fib_sub n m: natp n -> natp m -> m <=c n->
Fib (n -c m) = Yo (evenp m)

(Fib n *c Fib (csucc m) -c Fib (csucc n) *c Fib m)
(Fib (csucc n) *c Fib m -c Fib n *c Fib (csucc m)).
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Lemma Fib_odd n (square := fun a => a *c a): natp n ->
Fib (csucc (cdouble n)) = square (Fib n) +c square (Fib (csucc n)).

Lemma Fib_even n: natp n ->
Fib(cdouble (csucc n)) = Fib (csucc n) *c (cdouble (Fib n) +c Fib (csucc n)).

Lemma Fib_div n m: n %|c m -> Fib n %|c Fib m.
Lemma Fib_is_even_mod3 n: natp n ->

(evenp (Fib n) <-> \3c %|c n).

We say that n is composite if it has a non-trivial divisor a (i.e., 1 Ç a Ç n). This is the same
as: there exists a and b such that n Æab, 1 Ç a and 1 Ç b.

We have: if n is composite, n 6Æ4, then Fn is composite. If a is a non-trivial divisor of n ,
then F a divides Fn . Note that F a Ç Fn , so that if a 6Æ2, this is a non-trivial divisor. The formula
for F2k gives a factorisation in the case a Æ2.

Definition composite n :=
exists a, [/\ natp a, \1c <c a, a <c n & a %|c n].

Lemma composite_prod a b: natp a -> natp b -> \1c <c a -> \1c <c b ->
composite (a *c b).

Lemma composite_prod_rev n: natp n -> composite n ->
exists a b, [/\ natp a, natp b, \1c <c a, \1c <c b & n = a *c b].

Lemma composite_even_fib n: natp n -> \2c <c n ->
composite (Fib (cdouble n)).

Lemma composite_fib n: natp n -> n <> \4c->
composite n -> composite (Fib n).

Coprimality. We say that x and y are coprime when only 1 divides x and y. We write this
x ? y. Note that x ? y is equivalent to x ? x Å y. We haveux Æ1Åv y (unless x Æ0, case where
y Æ1). This is called the Bezout relation. (proof by induction on x Å y; a Bezout relation for x
and y gives a Bezout relation for x and x Å y).

Definition coprime a b :=
[/\ natp a, natp b & forall x, x %|c a -> x %|c b -> x = \1c].

Lemma coprime_S a b: coprime a b -> coprime b a.
Lemma cdivides_oner x: x %|c \1c -> x = \1c.
Lemma coprime_sump a b k: natp k -> coprime a b ->

coprime a (b +c (a *c k)).
Lemma coprime_sum a b: coprime a b -> coprime a (b +c a).
Lemma coprime_diff a b: natp b -> coprime a (b +c a) -> coprime a b.

Lemma coprime_bezout1 a b: natp a -> natp b ->
(exists u v, [/\ natp u, natp v & a *c u = \1c +c b *c v]) ->
coprime a b.

Lemma coprime_bezout2 a b: coprime a b ->
(a = \0c /\ b = \1c) \/
exists u v, [/\ natp u, natp v & a *c u = \1c +c b *c v].

Lemma coprime3 a b c: coprime a b -> natp c -> a %|c (c *c b) -> a %|c c.

Application: if p ? q then
(p ¡ 1)(q ¡ 1)

2
Æ

q¡ 1X

kÆ1
b
kp

q
c
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Let fk be the generic term of the sum. Since f0 Æ0, the sum is
P

kÇq fk . We pretent that twice
this quantity is ( p ¡ 1)(q ¡ 1). If q Æ0, then p Æ1, the result is obvious. If q Æ1, the result is
obvious as well. So, assume q ¸ 2. The sum is

P
i Çq¡ 1 f i Å1, as well as

P
i Çq1

f (q¡ 2¡ i )Å1. So twice
the sum is

P
i Çq¡ 1 f i Å1 Å f (q¡ 2¡ i )Å1. It suf�ces to show that eaacj term is p ¡ 1. Let k Æi Å 1.

Write kp ÆAq Å r and (q ¡ k )p ÆBq Å s by euclidean division. The objective is A Å B Æp ¡ 1.
but qp Æq(AÅ B)Å (r Å s) so AÅ B Æp ¡ (r Å s)/ q. Note that ( r Å s)/ q Ç 2 since r Ç q and sÇ q.
Now ( r Å s)/ q Æ0 saysr ÆsÆ0 sokp ÆAq; this relation says q divides k but 0 Ç k Ç q absurd.
So (r Å s)/ q Æ1, AÅ B¡ 1.

Lemma coprime_example p q: coprime p q ->
(p -c \1c) *c (q -c \1c) = cdouble(csumb q (fun k => (k *c p) %/c q)).

6.8 Combinatorial analysis

The shepherd principle. Let E and F be two sets, f : E ! F a function. For each i , we con-
sider Ei , the inverse image of i by f . Let ci be the cardinal of E i , and a the cardinal of E. Since
the Ei are mutually disjoint, we get a Æ

P
ci . Assume ci Æc for all i , and let b be the cardinal

of F (the number of terms in the sum). It follows a Æbc.

This is known in French as the shepherd's principle, and Bourbaki states it in Proposition
9 [4, p. 179] as: If f is a function from a set with cardinal a onto a set with cardinal b, and if
all sets f ¡ 1h{x}i have the same cardinal c, then aÆbc. Surjectivity of f is super�uous.

Theorem shepherd_principle f c: function f ->
(forall x, inc x (target f) -> cardinal (Vfi1 f x) = c) ->
cardinal (source f) = (cardinal (target f)) *c c.

Factorial. Bourbaki de�nes the factorial of n , denoted by n!, as
Y

i Çn
(i Å 1). It satis�es 0! Æ1

and (n Å 1)! Æn!(n Å 1). There is a unique function satisfying this property.

Definition factorial n := cprodb n csucc.

Lemma factorial_succ n: natp n ->
factorial (csucc n) = (factorial n) *c (csucc n).

Lemma CS_factorial n: cardinalp (factorial n).
Lemma factorial0: factorial \0c = \1c.
Lemma factorial1: factorial \1c = \1c.
Lemma factorial2: factorial \2c = \2c.
Lemma factorial_nz n: natp n -> factorial n <> \0c.
Lemma NS_factorial n: natp n -> natp (factorial n).
Lemma factorial_prop f: f \0c = \1c ->

(forall n, natp n -> f (csucc n) = (f n) *c (csucc n)) ->
forall x, natp x -> f x = factorial x.

We show how the factorial function could have been de�ned by induction. By induction
if a · b, a! divides b!; so that (b ¡ a)! divides b!.

Lemma factorial_induction n: natp n ->
factorial n = induction_term (fun a b=> b *c (csucc a)) \1c n.

Lemma quotient_of_factorials a b:
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natp a -> natp b -> b <=c a ->
(factorial b) %|c (factorial a).

Lemma quotient_of_factorials1 a b:
natp a -> natp b -> b <=c a ->
(factorial (a -c b))b %|c (factorial a).

Lemma factorial_monotone a b: natp b -> a <=c b ->
factorial a <=c factorial b.

Number of injections. Proposition 10 [4, p. 170] says that the number of injections from
a set with m elements to a set with n elements is Anm Æn!/( n ¡ m)!. Note that, if such an
injection exists, we have m · n; otherwise the number is zero.

We �rst show that if m · n , then Anm (n ¡ m)! Æn!, so that Anm (n ¡ m) ÆAn,mÅ1.

Definition number_of_injections b a :=
(factorial a) %/c (factorial (a -c b)).

Lemma number_of_injections_pr a b:
natp a -> natp b -> b <=c a ->
(number_of_injections b a) *c (factorial (a -c b)) = factorial a.

Lemma number_of_injections_base a: natp a ->
number_of_injections \0c a = \1c.

Lemma number_of_injections_rec a b:
natp a -> natp b -> b <c a ->
(number_of_injections b a) *c (a -c b) =
number_of_injections (csucc b) a.

Lemma NS_number_of_injections a b:
natp (number_of_injections b a).

The proof of the proposition is by induction on m. The case m Æ0 is obvious. Let A
be a set with m elements, a 62A, so that A0ÆA[ {a} has m Å 1 elements. Let F a set with n
elements. Let G and G0be the sets of injections A ! F and A0! F. If f 02 G0, its restriction to A
is injective, thus in G. Conversely, f 2 G can be extended into a element of G 0by assigning to
a any value not in the range. There are n ¡ m possibilities. The shepherd principle, applied
to the restriction, considered as function G 0! G, says that the cardinal of G 0 is the cardinal
of G times n ¡ m. It suf�ce to apply the induction formula for A nm .

Definition injections E F :=
Zo (set_of_functions E F)(injection).

Lemma number_of_injections_prop E F:
finite_set F ->
cardinal E <=c cardinal F ->
cardinal (injections E F) =

number_of_injections (cardinal E) (cardinal F). (* 98 *)

We consider here some properties of permutations (the set of permutations of E is a
group).

Lemma inverse_bij_bp g E E':
(bijection_prop g E E') -> bijection_prop (inverse_fun g) E' E.

Lemma permutation_Si E x:
inc x (permutations E) -> inc (inverse_fun x) (permutations E).
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Lemma permutation_id E: inc (identity E) (permutations E).
Lemma permutations_set0:

(permutations emptyset) = singleton (identity emptyset).
Lemma permutation_Si E x:

inc x (permutations E) -> inc (inverse_fun x) (permutations E).
Lemma permutation_Sc E x y:

inc x (permutations E) -> inc y (permutations E) ->
inc (x \co y) (permutations E).

Lemma permutation_coP E x y:
inc x (permutations E) -> inc y (permutations E) ->
(x \coP y).

Lemma permutation_A E x y z:
inc x (permutations E) -> inc y (permutations E) -> inc z (permutations E) ->
x \co (y \co z) = (x \co y) \co z.

Lemma permutation_lK E x y:
inc x (permutations E) -> inc y (permutations E) ->
(inverse_fun x) \co (x \co y) = y.

Lemma permutation_lK' E x y:
inc x (permutations E) -> inc y (permutations E) ->
x \co ( (inverse_fun x) \co y) = y.

Lemma permutation_rK E x y:
inc x (permutations E) -> inc y (permutations E) ->
(x \co y) \co (inverse_fun y) = x.

Lemma permutation_if_inj E f: finite_set E -> function_prop f E E ->
injection f -> inc f (permutations E).

Lemma permutations_finite E: finite_set E ->
permutations E = injections E E.

An injection from E into itself is a bijection when E is �nite. Since A nn Æn!, we deduce
that n ! is the number of permutations of E.

Lemma number_of_permutations E: finite_set E ->
cardinal (permutations E) = (factorial (cardinal E)).

Permutations of In . We consider some properties of S n , the set of permutations of the
intervalI n , where n is a natural number. Recall that I n Æn.

Lemma perm_int_inj n f: natp n -> inc f (permutations n) ->
(forall x y, x <c n -> y <c n -> Vf f x = Vf f y -> x = y).

Lemma perm_int_surj n f: natp n -> inc f (permutations n) ->
forall y, y <c n -> exists2 x, x <c n & Vf f x = y.

A special permutation is a the transposition ( i , j ): it is de�ned by f (i ) Æj , f ( j ) Æi and
otherwise f (k ) Æk. In any case f ( f (k )) Æk. If we extend a permutation of I n by de�ning
f (n) Æn, we get a permutation of I nÅ1. The two functions i 7! i Å 1 and i 7! i ¡ 1 are permu-
tations of I n ; one being the inverse of the other; provide that we compute module n/

If E is a subset of I n with k elements, there is f 2 S n such that E is the image of I k . Proof
by induction on n or k .

Lemma transposition_prop n i j
(f:=Lf (fun z => Yo (z = i) j (Yo (z = j) i z)) n n):
natp n -> inc i n -> inc j n ->

[/\ inc f (permutations n), Vf f i = j, Vf f j = i,
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forall k, inc k n -> k <> i -> k <> j -> (Vf f k) = k &
forall k, inc k n -> Vf f (Vf f k) = k].

Lemma extension_perm n s (es := extension s n n):
natp n -> inc s (permutations n) ->
[/\ inc es (permutations (csucc n)), Vf es n = n &

forall i, inc i n -> Vf es i = Vf s i].
Lemma rotation_prop n (m := csucc n)

(f := Lf (fun i => Yo (i = \0c) n (cpred i)) m m)
(g := Lf (fun i => Yo (i = n) \0c (csucc i)) m m):

natp n ->
[/\ inc f (permutations m), inc g (permutations m), inverse_fun f = g &

[/\ Vf f \0c = n, forall i, i <c n -> Vf f (csucc i) = i,
forall i, i <=c n -> i <> \0c -> Vf f i = (cpred i),

Vf g n = \0c & forall i, i <c n -> Vf g i = (csucc i) ] ].
Lemma partial_rotation n f (k := Vf (inverse_fun f) n)

(g:= fun i => Yo (i <c k) (Vf f i) (Vf f (csucc i)))
(G := Lf g n n):

natp n -> inc f (permutations (csucc n)) ->
[/\ k <=c n, Vf f k = n, lf_axiom g n n & inc G (permutations n)].

Lemma permutation_exists1 n i:
natp n -> i <c n ->
exists2 f, inc f (permutations n) & Vf f \0c = i.

Lemma permutation_exists2 E n: natp n -> sub E n -> (* 78 *)
exists2 f, inc f (permutations n) & E = Vfs f (cardinal E).

Enumeration of a �nite set. Let E be a totally ordered, �nite set, of cardinal n . Then E is
order isomorphic to I n . The proof is by induction on n. Let x be the greatest element of E and
E0ÆE¡ {x}. By induction E 0 is order isomorphic to I n¡ 1. It suf�ces to extent this isomorphic
by assigning to n ¡ 1 the value x. The isomorphism is obviously unique as I n is well-ordered
. Note: This was already proved, since E is well-ordered.

(*
Lemma finset_enum_exists r: (* 66 *)

total_order r -> finite_set (substrate r) ->
exists f, order_isomorphism f (Nint_co (cardinal (substrate r))) r.

Lemma finset_enum_unique r f f':
order_isomorphism f (Nint_co (cardinal (substrate r))) r ->
order_isomorphism f' (Nint_co (cardinal (substrate r))) r ->
f = f'.

*)

We give here an alternate proof in the case where E is a subset of the integers, with the
natural order.

Let K be a �nite subset of N of cardinal q. There is a unique strictly increasing function
that maps I q onto K. We �rst de�ne

EK(n Å 1) ÆEK(n ) [ {
\

(K ¡ EK(n ))}, EK(0) Æ ; .

Since K ¡ EK(n ) is a set of integers, the intersection is the least element of this set (or zero,
when the set is empty). It follows (when n · q) that S ÆEK(n ) is an initial segment of K
(elements of S are smaller than other elements), of cardinal n . In particular, E K(q) ÆK.

Definition nth_more K S := S +s1 intersection (K -s S).
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Definition nth_elts K := induction_term (fun _ S => nth_more K S) emptyset.
Definition segment_nat K S:=

sub S K /\ (forall i j, inc i S -> inc j (K -s S) -> i <c j).

Lemma nth_set0 x (y := intersection x) : x = emptyset -> y = \0c.
Lemma nth_set2 K S: sub K S -> nth_more K S = S +s1 \0c.
Lemma nth_set3 K: nth_more K K = K +s1 \0c.
Lemma nth_set4 K S (S':= nth_more K S) (x:= intersection (K -s S)):

sub K Nat -> segment_nat K S -> S <> K ->
[/\ segment_nat K S', inc x (S' -s S) & cardinal S' = csucc (cardinal S)].

Lemma nth_set5 K n (S:= nth_elts K n):
natp n -> sub K Nat -> n <=c cardinal K ->
(segment_nat K S /\ cardinal S = n).

Lemma nth_set6 K (n:= cardinal K):
natp n -> sub K Nat -> (nth_elts K n) = K.

Lemma nth_set_M K n m:
natp n -> m <=c n -> sub (nth_elts K m) (nth_elts K n).

We de�ne
eK(n ) Æ

[
(EK(n Å 1) ¡ EK(n )).

Assume n Ç q. Then EK(n Å 1) is the union of E K(n ) and a singleton { x}. We have eK(n ) Æx,
so that eK(n ) is the least element of K ¡ EK(n ), and greater than all elements of E K(n ). Thus,
eK is a strictly increasing bijection I q ! K. Note: let f be a strictly increasing function, de�ne
on I q with values in N, and K its target;

Definition nth_elt K n := union (nth_elts K (csucc n) -s nth_elts K n).

Lemma nth_set7 K n (S:= (nth_elts K n)) (x:= nth_elt K n) :
natp n -> sub K Nat -> n <c cardinal K ->
[/\ inc x (K -s S), inc x (nth_elts K (csucc n)),

forall y, inc y (K -s S) -> x <=c y
& forall y, inc y S -> y <c x].

Lemma nth_elt_inK K n:
natp n -> sub K Nat -> n <c cardinal K ->
inc (nth_elt K n) K.

Lemma nth_elt_ax K: sub K Nat -> natp (cardinal K) ->
lf_axiom (nth_elt K) (cardinal K) K.

Lemma nth_elt_monotone K n m:
natp n -> sub K Nat -> n <c cardinal K ->
m <c n -> (nth_elt K m) <c (nth_elt K n).

Lemma nth_elt_bf K (f := Lf (nth_elt K) (cardinal K) K):
sub K Nat -> natp (cardinal K) ->
(bijection (nth_set_fct K) /\
forall i j, inc i (source f) -> inc j (source f) -> i <c j ->

Vf f i <c Vf f j).
Lemma nth_elt_surj K a: sub K Nat -> natp (cardinal K) -> inc a K ->

exists2 n, n <c (cardinal K) & a = (nth_elt K n).
Lemma nth_elt_exten k f: natp k ->

(forall i, i <c k -> natp (f i)) ->
(forall i j, i <c j -> j <c k -> f i <c f j) ->
(forall i, i<c k -> (nth_elt (fun_image k f) i = f i)). (* 61 *)

We consider here more properties of eK. Assume K ½n, and let K 0 be the complement.
Consider the function that maps i to ek (i ) for i Ç k and eK0(i ¡ k ) otherwise, where k Æ
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card(0K). This is a permutation of I n It agrees with eK on I K. If we add n as a greatest ele-
ment to K ¤ we get a permutation ¾ of I nÅ1, such that ¾(k) Æn, ¾ restricted to I k is strictly
increasing, and its range is K.

Let's state some properties of eK: if n is an integer, K ½ In has q elements, if K is non-
empty and ¾is a permutation of I q , then eK(¾(0)) 2 K; conversely, if a 2 K there is a permuta-
tion ¾such that a ÆeK(¾(0)).

Definition nth_elt_dbl K n :=
fun i => Yo (i <c (cardinal K)) (nth_elt K i)

(nth_elt (n -s K) (i -c (cardinal K))).

Lemma nth_elt_dbl_prop K n: natp n -> inc K (\Po n) ->
lf_axiom (nth_elt_dbl K n) n n
/\ inc (Lf (nth_elt_dbl K n) n n) (permutations n).

Lemma nth_elt_dbl_prop_bis n K (k := cardinal K)
(s:= (Lf (nth_elt_dbl (K +s1 n) (csucc n)) (csucc n) (csucc n))):

natp n -> inc K (\Po n) ->
[/\ inc s (permutations (csucc n)),

(forall x, inc x K -> exists2 i, i <c k & x = (Vf s i)),
(forall i, i <c k -> inc (Vf s i) K),
Vf s k = n &
(forall i j, i<c j -> j <c k -> (Vf s i) <c (Vf s j))].

Lemma nth_elt_prop7 K n s: natp n -> inc K (\Po n) ->
inc s (permutations (cardinal K)) -> nonempty K ->
inc (nth_elt K (Vf s \0c)) K.

Lemma nth_elt_prop8 K n a: natp n -> inc K (\Po n) -> inc a K ->
exists2 f, inc f (permutations (cardinal K)) & a = nth_elt K (Vf f \0c).

Consider now a subset K of I n with k elements and its enumeration r K. If x is a strict
upper bound of K, K 0ÆK [ {x}, then eK and eK0 agree on Ik . One deduces, by induction, that
there exists a permutation of I n that agrees on I k with eK. We can express this as: there is a
permutation ¾of I n satisfying (h), namely, that ¾is strictly increasing on I k and the image of
Ik is K. We deduce that there is ¾satisfying (H), namely, it is a permutation of I nÅ1, satis�es
(h) and moreover ¾(k) Æn.

Number of partitions of a set. Proposition 11 [4, p. 180] says “let E be a �nite set with n
elements, and let ( p i )1· i · h be a �nite sequence of integers such that

P h
i Æ1 p i Æn. Then the

number of coverings (X i )1· i · h of E by mutually disjoints sets X i such that card(X i ) Æp i for
1 · i · h is equal to n !/(

Qh
i Æ1 p i !).”

Comments. The expression “number of coverings by mutually disjoint sets” is a bit too
long, and we simplify it as “partition”. Normally, a partition consists in non-empty sets, i.e.,
p i 6Æ0. Here p i Æ0 is allowed. In what follows, we shall consider a set I, a sequence of integers
(p i )i 2I such that

P
p i Æn, families (X i )i 2I such that card(X i ) Æp i for i 2 I. We shall prove that

the number of such families is n !/(
Q

i p i !).

We shall denote by p the family ( p i )i 2I , by I its domain, and by C pE the set of all functional
graphs I ! P (E), satisfying the cardinality condition. The �rst result is that this set is non-
empty if the cardinal of E is

P
p i .

Definition partition_with_pi_elements p E f :=
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[/\ domain f = domain p,
(forall i, inc i (domain p) -> cardinal (Vg f i) = Vg p i) &

partition_w_fam f E].
Definition partitions_pi p E :=

Zo (gfunctions (domain p) (\Po E)) (partition_with_pi_elements p E).
Lemma partitions_piP p E f:

inc f (partitions_pi p E) <-> partition_with_pi_elements p E f.
Lemma fif_cardinal i p:

finite_int_fam p -> inc i (domain p) -> cardinalp (Vg p i).
Lemma pip_prop0 p E f: partition_with_pi_elements p E f ->

forall i, inc i (domain f) -> sub (Vg f i) E.

Lemma number_of_partitions1 p E:
finite_int_fam p -> csum p = cardinal E ->
nonempty (partitions_pi p E).

The proof of the proposition is by application of the shepherd principle to a function
© : Q(E) ! CpE, where Q(E) denotes the set of permutations of E (we know that its cardinal is
n !). Fix f 2 CpE (we know that it exists). Let g 2 Q(E). We can consider the sets h i of all g(x)
for x 2 f i . Since g is injective, f i and gi have the same cardinal. The family of these h i is in
CpE, and will be denoted by ©(g). Note that © is surjective.

Definition partitions_aux f g:=
Lg (domain f) (fun i => Vfs g (Vg f i)).

Lemma number_of_partitions3 p E f g:
partition_with_pi_elements p E f -> inc g (permutations E) ->
inc (partitions_aux f g) (partitions_pi p E).

Lemma number_of_partitions4 p E f:
finite_int_fam p -> csum p = cardinal E ->
partition_with_pi_elements p E f ->
surjection (Lf (partitions_aux f)

(permutations E) (partitions_pi p E)). (* 58 *)

This function © is not injective: ©(g) Æ©(h) if and only if h ¡ 1 ±g is a bijection that leaves
each f i invariant.

Lemma number_of_partitions5P p E f g h:
finite_int_fam p -> csum p = cardinal E ->
partition_with_pi_elements p E f ->
inc h (permutations E) -> inc g (permutations E) ->
((partitions_aux p E f g = partitions_aux p E f h) <->
(forall i, inc i (domain p) ->

Vfs ((inverse_fun h) \co g) (Vf f i) = (Vf f i))).

Assume that h ¡ 1 ±g is a bijection that leaves each f i invariant. Let w i be the restriction
of this function to f i . It is a permutation of f i , so is in Q( f i ). Let ª (h) be the family of all w i .
It is an element of

Q
Q(f i ). Since f i is a covering, this function is injective. Since the f i are

mutually disjoint, this function is surjective (the proof is long, but the arguments are trivial).

Lemma number_of_partitions6 p E f h:
finite_int_fam p -> csum p = cardinal E ->
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partition_with_pi_elements p E f ->
inc h (permutations E) ->
lf_axiom (fun g=> Lg (domain p)(fun i=> (restriction2

((inverse_fun h) \co g)
(Vg f i) (Vg f i))))

(Zo (permutations E)
(fun g => (partitions_aux f g = partitions_aux f h)))

(productb (Lg (domain p)(fun i=> (permutations (Vg f i))))).
Lemma number_of_partitions7 p E f h: (* 124 *)

finite_int_fam p -> csum p = cardinal E ->
partition_with_pi_elements p E f ->
inc h (permutations E) ->
bijection(Lf (fun g=> Lg (domain p)(fun i=> (restriction2

((inverse_fun h) \co g)
(Vg f i) (Vg f i))))

(Zo (permutations E)
(fun g => (partitions_aux f g = partitions_aux f h)))

(productb (Lg (domain p)(fun i=> (permutations (Vg f i)))))).

The number of functions h that take the same value as g under © is the cardinal of the
image of ª . This depends only on f , and in fact is b Æ

Qh
i Æ1 p i !. If a Æn! is the cardinal of

the source of ©, the shepherd principle says that the cardinal of C pE times b is a. This can be
weakened to card(C pE) Æa/ b.

Theorem number_of_partitions p E
(num:= factorial (cardinal E))
(den := cprodb (domain p) (fun z => factorial (Vg p z))):

finite_int_fam p -> csum p = cardinal E ->
[/\ num = cardinal (partitions_pi p E) *c den,
natp num, natp den, den <> \0c &
finite_set (partitions_pi p E)].

Theorem number_of_partitions_bis p E:
finite_int_fam p -> csum p = cardinal E ->
cardinal (partitions_pi p E) =
(factorial (cardinal E)) %/c

(cprodb (domain p) (fun z => factorial (Vg p z))).

We consider here the special case where the family has two elements m and p, so that
n Æm Å p.

Lemma number_of_partitions_p2 E m p
(num := factorial (m +c p))
(den := (factorial m) *c (factorial p))
(x := cardinal (partitions_pi (variantLc m p) E)):

natp m -> natp p -> cardinal E = (m +c p) ->
[/\ natp x, num = x *c den,natp num, natp den & den <> \0c].

The binomial coef�cient. Bourbaki de�nes the binomial coef�cient b np Æ
¡n
p

¢
as the num-

ber of subsets of p elements in a set of n elements, after showing that

(6.12) bn,p Æ
n!

p!(n ¡ p)!
if p · n , bn,p Æ0 otherwise.

He shows in Proposition 13 [4, p. 181]) that it satis�es the following relation.

(6.13)

Ã
n

0

!

Æ1,

Ã
0

p Å 1

!

Æ0,

Ã
n Å 1

p Å 1

!

Æ

Ã
n

p Å 1

!

Å

Ã
n

p

!

.
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The COQ standard library de�nes the binomial coef�cient via (6.12), then shows (6.13).
Our initial implementation was by induction in nat , and we used equivalence between nat
and the Bourbaki integers. The SSREFLECTlibrary de�nes the binomial coef�cient via (6.13)
as follows.

Fixpoint binomial_rec n m :=
match n, m with
| n'.+1, m'.+1 => binomial_rec n' m + binomial_rec n' m'
| _, 0 => 1
| 0, _.+1 => 0
end.

Definition binomial := nosimpl binomial_rec.
Notation "''C' ( n , m )" := (binomial n m)

(at level 8, format "''C' ( n , m )") : nat_scope.

We show here the power of the SSREFLECTlibrary by giving the proof of the following relation

(6.14)
nX

i Æ0

Ã
n

i

!

an¡ i b i Æ(a Å b)n ,

�rst on nat , then in any ring (under the assumption ab Æba).

Theorem Pascal a b n :
(a + b) ^ n = \sum_(i < n.+1) 'C(n, i) * (a ^ (n - i) * b ^ i).

Proof.
elim: n => [|n IHn]; rewrite big_ord_recl muln1 ?big_ord0 //.
rewrite expnS {}IHn /= mulnDl !big_distrr /= big_ord_recl muln1 subn0.
rewrite !big_ord_recr /= !binn !subnn bin0 !subn0 !mul1n -!expnS -addnA.
congr (_ + _); rewrite addnA -big_split /=; congr (_ + _).
apply: eq_bigr => i _; rewrite mulnCA (mulnA a) -expnS subnSK //.
by rewrite (mulnC b) -2!mulnA -expnSr -mulnDl.
Qed.

Lemma exprDn_comm x y n (cxy : comm x y) :
(x + y) ^+ n = \sum_(i < n.+1) (x ^+ (n - i) * y ^+ i) *+ 'C(n, i).

Proof.
elim: n => [|n IHn]; rewrite big_ord_recl mulr1 ?big_ord0 ?addr0 //=.
rewrite exprS {}IHn /= mulrDl !big_distrr /= big_ord_recl mulr1 subn0.
rewrite !big_ord_recr /= !binn !subnn !mul1r !subn0 bin0 !exprS -addrA.
congr (_ + _); rewrite addrA -big_split /=; congr (_ + _).
apply: eq_bigr => i _; rewrite !mulrnAr !mulrA -exprS -subSn ?(valP i) //.
by rewrite subSS (commrX _ (commr_sym cxy)) -mulrA -exprS -mulrnDr.
Qed.

We show here the proof of the C OQ standard library; here x and y are real numbers,
as well as the binomial coef�cient. pascal is relation (6.13), tech5 is the equivalent of
big_ord_recr , decomp_sumis the equivalent of big_ord_recl , plus_sum is the equiva-
lent of big_split , scal_sum is the equivalent of big_distrr . Instead of using the lemmas
bin0 or binn , that say bnn Æbn0 Æ1, the proof uses relation (6.12) as well as n! 6Æ0.

Lemma binomial:
forall (x y:R) (n:nat),

(x + y) ^ n = sum_f_R0 (fun i:nat => C n i * x ^ i * y ^ (n - i)) n.
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Proof.
intros; induction n as [| n Hrecn].
unfold C; simpl; unfold Rdiv;

repeat rewrite Rmult_1_r; rewrite Rinv_1; ring.
pattern (S n) at 1; replace (S n) with (n + 1)%nat; [ idtac | ring ].
rewrite pow_add; rewrite Hrecn.
replace ((x + y) ^ 1) with (x + y); [ idtac | simpl; ring ].
rewrite tech5.
cut (forall p:nat, C p p = 1).
cut (forall p:nat, C p 0 = 1).
intros; rewrite H0; rewrite <- minus_n_n; rewrite Rmult_1_l.
replace (y ^ 0) with 1; [ rewrite Rmult_1_r | simpl; reflexivity ].
induction n as [| n Hrecn0].
simpl; do 2 rewrite H; ring.

(* N >= 1 *)
set (N := S n).
rewrite Rmult_plus_distr_l.
replace (sum_f_R0 (fun i:nat => C N i * x ^ i * y ^ (N - i)) N * x) with

(sum_f_R0 (fun i:nat => C N i * x ^ S i * y ^ (N - i)) N).
replace (sum_f_R0 (fun i:nat => C N i * x ^ i * y ^ (N - i)) N * y) with

(sum_f_R0 (fun i:nat => C N i * x ^ i * y ^ (S N - i)) N).
rewrite (decomp_sum (fun i:nat => C (S N) i * x ^ i * y ^ (S N - i)) N).
rewrite H; replace (x ^ 0) with 1; [ idtac | reflexivity ].
do 2 rewrite Rmult_1_l.
replace (S N - 0)%nat with (S N); [ idtac | reflexivity ].
set (An := fun i:nat => C N i * x ^ S i * y ^ (N - i)).
set (Bn := fun i:nat => C N (S i) * x ^ S i * y ^ (N - i)).
replace (pred N) with n.
replace (sum_f_R0 (fun i:nat => C (S N) (S i) * x ^ S i * y ^ (S N - S i)) n)

with (sum_f_R0 (fun i:nat => An i + Bn i) n).
rewrite plus_sum.
replace (x ^ S N) with (An (S n)).
rewrite (Rplus_comm (sum_f_R0 An n)).
repeat rewrite Rplus_assoc.
rewrite <- tech5.
fold N.
set (Cn := fun i:nat => C N i * x ^ i * y ^ (S N - i)).
cut (forall i:nat, (i < N)%nat -> Cn (S i) = Bn i).
intro; replace (sum_f_R0 Bn n) with (sum_f_R0 (fun i:nat => Cn (S i)) n).
replace (y ^ S N) with (Cn 0%nat).
rewrite <- Rplus_assoc; rewrite (decomp_sum Cn N).
replace (pred N) with n.
ring.
unfold N; simpl; reflexivity.
unfold N; apply lt_O_Sn.
unfold Cn; rewrite H; simpl; ring.
apply sum_eq.
intros; apply H1.
unfold N; apply le_lt_trans with n; [ assumption | apply lt_n_Sn ].
intros; unfold Bn, Cn.
replace (S N - S i)%nat with (N - i)%nat; reflexivity.
unfold An; fold N; rewrite <- minus_n_n; rewrite H0;

simpl; ring.
apply sum_eq.
intros; unfold An, Bn; replace (S N - S i)%nat with (N - i)%nat;

[ idtac | reflexivity ].
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rewrite <- pascal;
[ ring

| apply le_lt_trans with n; [ assumption | unfold N; apply lt_n_Sn ] ].
unfold N; reflexivity.

unfold N; apply lt_O_Sn.
rewrite <- (Rmult_comm y); rewrite scal_sum; apply sum_eq.
intros; replace (S N - i)%nat with (S (N - i)).
replace (S (N - i)) with (N - i + 1)%nat; [ idtac | ring ].
rewrite pow_add; replace (y ^ 1) with y; [ idtac | simpl; ring ];

ring.
apply minus_Sn_m; assumption.
rewrite <- (Rmult_comm x); rewrite scal_sum; apply sum_eq.
intros; replace (S i) with (i + 1)%nat; [ idtac | ring ]; rewrite pow_add;

replace (x ^ 1) with x; [ idtac | simpl; ring ];
ring.

intro; unfold C.
replace (INR (fact 0)) with 1; [ idtac | reflexivity ].
replace (p - 0)%nat with p; [ idtac | apply minus_n_O ].
rewrite Rmult_1_l; unfold Rdiv; rewrite <- Rinv_r_sym;

[ reflexivity | apply INR_fact_neq_0 ].
intro; unfold C.
replace (p - p)%nat with 0%nat; [ idtac | apply minus_n_n ].
replace (INR (fact 0)) with 1; [ idtac | reflexivity ].
rewrite Rmult_1_r; unfold Rdiv; rewrite <- Rinv_r_sym;

[ reflexivity | apply INR_fact_neq_0 ].

We de�ne here a function cnp by induction on n; the de�nition is a bit obscure since
we de�ne by induction an auxiliary term fn , where fn is a functional graph on N, then say
cnp Æfn (p).

Definition binom n m :=
Vg (induction_term

(fun _ T: Set => Lg Nat (fun z => variant \0c \1c
(Vg T z +c Vg T (cpred z)) z))

(Lg Nat (variant \0c \1c \0c))
n) m.

Lemma binom00: binom \0c \0c = \1c.
Lemma binom0Sm m: natp m -> binom \0c (csucc m) = \0c.
Lemma binomSn0 n: natp n -> binom (csucc n) \0c = \1c.
Lemma binomSnSm n m: natp n -> natp m ->

binom (csucc n) (csucc m) = (binom n (csucc m)) +c (binom n m).
Lemma NS_binom n m: natp n -> natp m -> natp (binom n m).

Let f (n ,p) be the product of cnp by p!(n ¡ p)!. Note that if p È n, then n ¡ p is zero by
convention and ( n ¡ p)! is one. We have then (n ¡ p)! Æif( p Ç n,n ¡ p,1)¢(n ¡ (p Å 1))!. This
gives us an induction property for f , from which we deduce f (n ,p) Æif( p · n ,n !,0). We
restate this as: if p È n the binomial coef�cient is zero, else f (n ,p) Æn!. This formula shows
that p!(n ¡ p)! divides n!.

Lemma binom_alt_pr n m: natp n -> natp m -> (* 84 *)
(binom n m) *c (factorial m) *c (factorial (n -c m)) =
Yo (m <=c n) (factorial n) \0c.

Lemma binom_bad n m: natp n -> natp m ->
n <c m -> binom n m = \0c.

Lemma binom_good n m: natp n -> natp m ->
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m <=c n ->
(binom n m) *c (factorial m) *c (factorial (n -c m)) = (factorial n).

We then have

(6.15)

Ã
n

p

!

Æ

Ã
n

n ¡ p

!

Æ
n!

p!(n ¡ p)!
when p · n .

Lemma binom_pr0 n p
(num := factorial n)
(den:= (factorial p) *c (factorial (n -c p))):
natp n -> natp p -> p <=c n ->
den %|c num /\ binom n p = num %/c den.

Lemma binom_pr1 n p: natp n -> natp p ->
p <=c n ->
binom n p = (factorial n) %/c ((factorial p) *c (factorial (n -c p))).

Lemma binom_symmetric n p: natp n ->
p <=c n -> binom n p = binom n (n -c p).

Lemma binom_symmetric2 n m: natp n -> natp m ->
binom (n +c m) m = binom (n +c m) n.

We show here

(6.16)

Ã
n

0

!

Æ1,

Ã
n

1

!

Æn,

Ã
n Å 1

2

!

Æ
n(n Å 1)

2
.

If p · n , the binomial coef�cient is non-zero; if p Æn it is one, and if p · n Å 1 it is a strictly
increasing function of n .

Lemma binom0 n: natp n -> binom n \0c = \1c.
Lemma binom1 n: natp n -> binom n \1c = n.
Lemma binom2a n: natp n ->

\2c *c (binom (csucc n) \2c) = n *c (csucc n).
Lemma binom2 n: natp n ->
binom (csucc n) \2c = (n *c (csucc n)) %/c \2c.

Lemma binom_nn n: natp n -> binom n n = \1c.
Lemma binom_pr3 n p: natp n -> natp p ->

p <=c n -> binom n p <> \0c.

Lemma binom_monotone1 k n m:
natp k -> natp n -> natp m ->
k <> \0c -> k <=c (csucc n) -> n <c m ->
(binom n k) <c (binom m k).

Lemma binom_monotone2 k n m:
natp k -> natp n -> natp m ->
k <> \0c -> k <=c (csucc n) -> k <=c (csucc m) ->
(n <c m <-> (binom n k) <c (binom m k)).

We show here that
¡n
k

¢
has a maximom at k Æn/2. We start with

(m Å 1)

Ã
m

n

!

Æ(n Å 1)

Ã
m Å 1

n Å 1

!

n

Ã
n Å p

p

!

Æ(p Å 1)

Ã
n Å cp

p Å 1

!
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Fix n and lrt C k Æ
¡n
k

¢
. It follows ( n ¡ k )Ck Æ(k Å1)CkÅ1 so that Ck · CkÅ1 if and only if 2 k Å1 ·

n . Let q Æn/2. If n is even the previous relation is k Ç q, otherwise it is k · q, case where
Cq ÆCqÅ1 and the maximum is reached twice. In the code that follows we write: C k is maxima
if k Æq or n ¡ k Æq.

Lemma mul_Sm_binom m n : natp n -> natp m ->
csucc m *c binom m n = csucc n *c binom (csucc m) (csucc n).

Lemma mul_Sm_binom_1 n p : natp n -> natp p ->
n *c (binom (n +c p) p) = (csucc p) *c binom (n+c p) (csucc p).

Lemma binom_rec1 n k: natp n -> k <=c n ->
(n -c k) *c (binom n k) = (csucc k) *c binom n (csucc k).

Lemma binom_monotone3 n k: natp n -> k <=c n ->
( (binom n k) <=c binom n (csucc k) <-> csucc (cdouble k) <=c n).

Lemma binom_monotone4 n k: natp n -> k <=c n ->
( (binom n k) <c binom n (csucc k) <-> cdouble (csucc k) <=c n).

Lemma binom_half_aux n: natp n -> oddp n ->
binom n (chalf n) = binom n (csucc (chalf n)).

Lemma binom_max n k: natp n -> k <=c n ->
(binom n k) <=c binom n (chalf n).

Lemma binom_monotone_max_arg n k (h := chalf n): natp n -> k <=c n ->
( (binom n k) = (binom n h) <-> (k = h \/ n -c k = h) ).

The last lemma of the previous section says that that cmÅp,p is the number of partitions
of a set E with n Æm Å p elements into two sets with m and p elements. For completeness,
we show that cn,p is the number of partitions of E into two sets with n ¡ p and p elements (if
p È n, this number is zero, there is no partition of E into two subsets with p and k elements,
whatever k ). Let Qp be the set of all subsets A of E that have p elements. If A 2 Qp then
E¡ A 2 Qn¡ p and A 7! E¡ A is a bijection. Moreover (A,E ¡ A) is a partition with ( p,n ¡ p)
elements. The cardinal of Q p is bnp , the Bourbaki de�nition of the binomial coef�cient. Thus
bnp Æcnp whenever p · n . The relation also holds if p È n since Qp is empty and cnp Æ0.

Lemma number_of_partitions_p3 E m p: natp m -> natp p ->
cardinal E = m +c p ->
cardinal (partitions_pi (variantLc m p) E) =
binom (m +c p) m.

Lemma number_of_partitions_p4 E n m: natp n -> natp m ->
cardinal E = n ->
cardinal (partitions_pi (variantLc m (n -c m)) E) =
binom n m.

Definition subsets_with_p_elements p E:=
Zo (\Po E)(fun z=> cardinal z =p).

Lemma subsets_with_p_elements_pr n p E: natp n -> natp p ->
cardinal E = n ->
binom n p = cardinal (subsets_with_p_elements p E).

Lemma subsets_with_p_elements_pr0 n p: natp n -> natp p ->
binom n p = cardinal (subsets_with_p_elements p n).

Lemma bijective_complement n p E: natp n -> natp p ->
p <=c n -> cardinal E = n ->
bijection (Lf (complement E)

(subsets_with_p_elements p E)(subsets_with_p_elements (n -c p) E)).
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The following formula is true whenever ai are permutable elements of a ring

(6.17)
X

P
p i Æn

n!

p1!¢¢¢pk !
ap1

1 ...apk

k Æ(a1 Å a2 Å¢¢¢Åak )n .

Here the sum is over all ordered tuples p1,p2, . . . ,pk such that p1 Å p2 Å ¢¢¢ Åpk Æn. If m is
the sum of the �rst k ¡ 1 terms, so that pk Æn ¡ m, if we factor out powers of ak and use
associativity, the previous expression becomes

X

m

Ã
X

P
p j Æm

m!

p1!¢¢¢pk¡ 1!
ap1

1 ...apk¡ 1

k¡ 1

!Ã
n

m

!

an¡ m
k

We can proceed by induction on k , starting with k Æ2, for which we use induction on n. We
show here an alternate method, valid only when the quantities ai are integers. In the special
caseai Æ1 the formula reduces to

(6.18)
X

P
p i Æn

n!

p1!¢¢¢pk !
Ækn ,

X

p

Ã
n

p

!

Æ2n .

Let E be a �nite set of cardinal n , I an index set, and A nI be the set of all mappings p with
P

i 2I p(i ) Æn. This relation implies that p(i ) 2 [0,n ]. Thus we complete the de�nition of A nI

by requiring that the target of p is the interval [0, n ]. We shall compute the cardinal of this set
later on.

Let BnI be the set of graphs of elements of A nI . We have that p 2 BnI if and only if p is a
functional graph de�ned on I and

P
p i Æn. There is a similar property for graphs with p 2 BnI

instead of
P

p i Æn. Thus we can rewrite (6.17) and (6.18) with
P

p i · n .

Definition functions_sum_eq F n:=
Zo (functions F (Nintc n)) (fun z=> csum (P z) = n).

Definition functions_sum_le E n:=
Zo (functions E (Nintc n)) (fun z=> csum (P z) <=c n).

Definition graphs_sum_eq F n:=
fun_image (functions_sum_eq F n) graph.

Definition graphs_sum_le F n:=
fun_image (functions_sum_le F n) graph.

Lemma setof_suml_auxP F n: natp n -> forall f,
inc f (graphs_sum_le F n) <->
[/\ domain f = F, (csum f) <=c n, fgraph f & cardinal_fam f].

Lemma setof_sume_auxP F n: natp n -> forall f,
inc f (graphs_sum_eq F n) <->
[/\ domain f = F, csum f = n, fgraph f& cardinal_fam f].

Consider now a �nite sequence of integers ai (We shall see in the next chapter that if ai

is in�nite, both terms in (6.17) are equal to the greatest element element of the family, the
case where the number of terms is in�nite can also be handled, but the result has no great
interest). We let k be the cardinal of the index set I, and consider a set F whose cardinal is
P

ai . We know that there is a partition F i of F with card(F i ) Æai . If f is a function E ! F,
we consider the set f i Æf ¡ 1hFi i of all elements of E such that f (x) 2 Fi . Denote by Á( f ) the
mapping i 7! card f i , and by ©( f ) the mapping i 7! f i . We haveÁ( f ) 2 BnI and ©( f ) 2 CÁ( f ),E,
where CpE denotes the set of all partitions with p i elements of E.

If P is in C pE we consider a family of bijections h i : [1,p i ] ! Pi . If we take P Æ©( f ), the
function f ±h i maps [1, p i ] to F i . Its restriction to F i is a element of F ([1, p i ],Fi ). Denote it by
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ª ( f )(i ). Now ª ( f ) 2
Q

F ([1, p i ],Fi ). The mapping f ! (©( f ), ª ( f )) is a bijection (for �xed
Á( f )), as can be easily shown (the proof is a bit technical, thus long).

The case ai Æ1 is a bit easier. Here each Fi has one element, and we can identity © and
ª (given a partition E i of E, if F i Æ{yi }, f maps Ei into F i if and only if f (x) Æyi for x 2 Ei ).
This makes the proof much shorter.

Lemma sum_of_gen_binom E F n: natp n -> cardinal E = n ->
csumb (graphs_sum_eq F n) (fun p => cardinal (partitions_pi p E))
= (cardinal F) ^c n. (* 94 *)

Lemma sum_of_gen_binom0 E n a: (* 242 *)
natp n -> cardinal E = n -> finite_int_fam a ->
(csum a) ^c n =

csumb (graphs_sum_eq (domain a) n)
(fun p =>

(cardinal (partitions_pi p E)) *c
(cprodb (domain a) (fun i=> ((Vg a i) ^c (Vg p i))))).

We consider now a special case where F is the canonical doubleton. Its cardinal is 2. To
each m 2 [0,n ] we can associate the function de�ned on F that maps the �rst element to
m and the second to n ¡ m. This is a bijection onto B nF, and we can use it to perform a
change of variables in the sum, and we can apply number_of_partitions_p4 , and we get
the binomial coef�cient (second part of formula (6.18)). We give an alternate proof: we count
the number of subset of E, according to their cardinal p.

We prove the Pascal formula (6.14) by induction. If we replace n by n Å 1, isolate the term
p Æ0, write p Æk Å 1 and use the binomial relation we get

nX

i Æ0

Ã
n

k

!

akÅ1bnÅ1¡ k¡ 1 Å
nX

i Æ0

Ã
n

k Å 1

!

akÅ1bnÅ1¡ k¡ 1 Å bnÅ1.

We re-introduce p in the second sum, factor out a and b and we get

a

"
nX

i Æ0

Ã
n

k

!

ak bn¡ k

#

Å

"
nX

i Æ0

Ã
n

p

!

ap bn¡ p

#

b.

It suf�ces to apply the induction hypothesis. The proof is similar to that given above, just
much longer.

Lemma sum_of_gen_binom2 n: natp n ->
cumb (Nintc n) (binom n) = \2c ^c n.

Lemma sum_of_binomial n: natp n ->
csumb (Nintc n) (binom n) = \2c ^c n.

Lemma sum_of_binomial2 a b n:
natp n ->
csumb (Nintc n) (fun p => (binom n p) *c (a ^c p) *c (b ^c (n -c p)))
= (a +c b) ^c n. (* 55 *)

Number of increasing functions. Consider two �nite totally ordered sets E and F. Denote
by S (E,F) the set of strictly increasing mappings from E into F, and by A (E,F) the set of
increasing mappings from E into F. We pretend that

card(S (E,F))Æ

Ã
card(F)

card(E)

!

.
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card(A (E,F))Æ

Ã
n Å p ¡ 1

p

!

if card(E) Æp and card(F) Æn.

The �rst relation is a consequence of the the fact that the mapping f 7! R(f ) is a bijection
from S (E,F) onto the set of subsets with p elements of F, where R( f ) denotes the range of f .
It requires Theorem 3 (§ 2, no. 5) (uniqueness of isomorphisms between well-ordered sets).
[note: if u and v are two strictly increasing functions with the same source range, target,
they must be equal. For otherwise there would exists a least element x such that u(x) 6Æv(x)
since the source is �nite and totally ordered. We have u(x) Æv(a) for some a. If a Ç x we get
v(a) Æu(a) Æu(x), hence a Æx by injectivitity of u . The case a Æx is also excluded, so that
x Ç a and v(x) Ç v(a), thus v(x) Ç u(x). By symmetry u(x) Ç v(x), absurd.]

Definition functions_incr r r' :=
(Zo (functions (substrate r) (substrate r'))

(fun z => increasing_fun z r r')).
Definition functions_sincr r r' :=

(Zo (functions (substrate r) (substrate r'))
(fun z => strict_increasing_fun z r r')).

Lemma cardinal_set_of_increasing_functions1 r r' f:
total_order r -> strict_increasing_fun f r r' ->
(order_morphism f r r' /\ cardinal (substrate r) = cardinal (Imf f)).

Lemma cardinal_set_of_increasing_functions2 r r':
total_order r -> total_order r' ->
finite_set (substrate r) -> finite_set (substrate r') ->
bijection (Lf (fun z => Imf z)

(functions_sincr r r')
(subsets_with_p_elements (cardinal (substrate r)) (substrate r'))).

Lemma cardinal_set_of_increasing_functions r r':
total_order r -> total_order r' ->
finite_set (substrate r) -> finite_set (substrate r') ->
cardinal (functions_sincr r r')
= binom (cardinal (substrate r')) (cardinal (substrate r)).

We reduce the study of A to the study of S . We start with the case where E is an interval
of N, say [0,p]. For f to be increasing (resp., strictly increasing), it suf�ces that f (x) · f (xÅ1),
(resp. f (x) Ç f (x Å 1)). Note that a strictly increasing function is injective.

Lemma increasing_prop0 p f r: natp p -> order r ->
(forall i, i <=c p -> inc (f i) (substrate r)) ->
(forall n, n <c p -> gle r (f n) (f (csucc n))) ->
(forall i j, i <=c j -> j <=c p ->

gle r (f i) (f j)).
Lemma increasing_prop1 p f: natp p ->

(forall i, i <=c p -> inc (f i) Nat) ->
(forall n, n <c p -> (f n) <=c (f (csucc n))) ->
(forall i j, i <=c j -> j <=c p -> (f i) <=c (f j)).

Lemma strict_increasing_prop0 p f r: natp p -> order r ->
(forall n, n <c p -> glt r (f n) (f (csucc n))) ->
(forall i j, i <c j -> j <=c p -> glt r (f i) (f j)).

Lemma increasing_prop p f r: natp p -> function f ->
source f = (csucc p) -> order r -> substrate r = target f ->
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(forall n, n <c p -> gle r (Vf f n) (Vf f (csucc n))) ->
increasing_fun f (Nint_cco \0c p) r.

Lemma strict_increasing_prop p f r: natp p -> function f ->
source f = (csucc p) -> order r -> substrate r = target f ->
(forall n, n <c p -> glt r (Vf f n) (Vf f (csucc n))) ->
(injection f /\

strict_increasing_fun f (Nint_cco \0c p) r).

We assume now that F is also a subset of N, so that f (x) Ç f (x Å 1) can be replaced by
f (x)Å 1 · f (x Å 1). In fact, if f is strictly increasing, we get x · f (x), and we can subtract x Å 1
from the previous inequality, so that f (x) ¡ x · f (x Å 1) ¡ (x Å 1).

Denote by I p the interval [0, p [. We get: if f is strictly increasing I p ! InÅp , then the
function i 7! f (i ) ¡ i is decreasing, with values in I nÅ1.

Lemma strict_increasing_prop1 f p:
natp p -> (forall i, i <c p -> natp (f i))
-> (forall i j, i <c j -> j <c p -> (f i) <c (f j)) ->
(forall i, i <c p -> i <=c (f i)).

Lemma strict_increasing_prop2 f p:
natp p -> (forall i, i <c p -> natp (f i))
-> (forall i j, i <c j -> j <c p -> (f i) <c (f j)) ->
(forall i j, i <=c j -> j <c p -> ((f i) -c i) <=c ((f j) -c j)).

Lemma strict_increasing_prop3 f p n:
natp p -> natp n -> (forall i, i <c p -> natp (f i))
-> (forall i j, i <c j -> j <c p -> (f i) <c (f j)) ->
(forall i, i <c p -> (f i) <c (n +c p)) ->
(forall i, i <c p -> ((f i) -c i) <=c n).

If f is a mapping, denote by s( f ) the mapping i 7! f (i ) ¡ i , and by a( f ) : i 7! f (i ) Å i . We
have shown that s is a mapping from S (Ip , InÅp ) into A (Ip , InÅ1). It is a bijection with inverse
a. Thus we get

card(A (Ip , InÅ1)) Æcard(S (Ip , InÅp )) Æ

Ã
n Å p

p

!

.

Lemma cardinal_set_of_increasing_functions3 n p:
natp n -> natp p ->
cardinal (functions_incr (Nint_co p) (Nint_cco \0c n))
= binom (n +c p) p. (* 166 *)

We compute the cardinal of A (E,F) in the general case. If F is empty, there is a unique
function E ! F if E is empty, and none if E is non-empty. Assume that E has p elements and
F has n È 0 elements. There is a unique order isomorphism f between between E and [0, p[,
and g between F and [0, n ¡ 1]. Assumeh : E ! F increasing. Then k Æg±h±f ¡ 1 : [0,p [! [0,n [.
Since h Æg¡ 1 ±k ± f , we have that h is increasing if and only if k is increasing, thanks to the
additional lemmas. This gives an isomorphism between A (E,F) and A (Ip , In ), and these two
sets have the same number of elements.

Lemma cardinal_set_of_increasing_functions4 r r'
(n := cardinal (substrate r'))
(p := cardinal (substrate r)):

total_order r -> total_order r' ->
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finite_set (substrate r) -> finite_set (substrate r') ->
cardinal (functions_incr r r')
= binom ((n +c p) -c \1c) p. (* 89 *)

Number of ordered pairs. We compute now the number an of pairs ( i , j ) such that 1 · i ·
j · n , and the number bn of pairs satisfying 1 · i Ç j · n . This is the number of increasing
(resp. strictly increasing) mappings of a set with two elements into the interval [1, n ], which
has n elements. Our previous results show

an Æ
n(n Å 1)

2
Æ

Ã
n Å 1

2

!

, bn Æ
n(n ¡ 1)

2
Æ

Ã
n

2

!

.

The Bourbaki proof of these relations (Proposition 14 [4, p. 181]) is different. He notices that
an Æbn Å n since i · j is equivalent to i Ç j or i · j . A subset of [1,n ] is of cardinal two if and
only if it is a doubleton { i , j } with i 6Æj , and we may assume i Ç j ; hence bn is the number of
subsets of cardinal two of [1, n ]. The link between an and bn is given by the following trivial
relation: Ã

n Å 1

2

!

Æ
n(n Å 1)

2
Æ

Ã
n

2

!

Å n.

Lemma binom_2plus n: natp n ->
binom (csucc n) \2c = (n *c (csucc n)) %/c \2c.

Lemma binom_2plus0 n: natp n ->
binom (csucc n) \2c = (binom n \2c) +c n.

Lemma cardinal_pairs_lt n: natp n ->
cardinal (Zo (coarse Nat)
(fun z => [/\ \1c <=c (P z), (P z) <c (Q z) & (Q z) <=c n])) =

(binom n \2c).

Lemma cardinal_pairs_le n: natp n ->
cardinal(Zo (coarse Nat)

(fun z=> [/\ \1c <=c (P z), (P z) <=c (Q z) & (Q z) <=c n])) =
(binom (csucc n) \2c)

A corollary is the following formula

nX

i Æ1
i Æ

n(n Å 1)

2
Æ

Ã
n Å 1

2

!

.

This formula is obvious by induction on the type nat ; the prof by induction on N is a bit
longer. Let sn be the sum and s0

n be the sum
P

i · n (n ¡ i ). By re-ordering indices, we have
s0

n Æsn ; moreover sn Å s0
n Æ

P
i · n n, which is n(n Å 1), and we get the result by division by two.

We could follow Bourbaki, showing that sn is the cardinal of the set E of all pairs ( i , j ) with
1 · i · j · n , since E is the union of the sets [1, j ] £ { j }, i.e., the disjoint union of the intervals
[1, j ], which are of cardinal j . In fact, we say [1, n ] Æ[0,n Å 1[¡ {0}.

Lemma fct_sum_const1 f n m:
natp n -> (forall i, i <c n -> f i = m) ->
csumb (Nint n) f = n *c m.

Lemma sum_of_i n: natp n ->
csumb n id = binom n \2c.

Lemma sum_of_i3 n: natp n ->
csumb n id = binom n \2c.

Lemma sum_of_i2 n: natp n ->
csumb (Nintcc \1c n) id = (binom (csucc n) \2c).
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Number of monomials. Consider a set E, a law of composition of E, and elements x, y, z,
etc, of E. Consider a combination of these variables, where x appears 3 times, z appears twice
and y appears once. If the law is associative and commutative, the combination is equal to
x ¢(x ¢(x ¢(y ¢(z ¢z)))). This is called a monomial, and denoted by x3yz2. The total number
of factors (here six) is called the degree. Assume that we have a second law of composition
a Å b, and that the usual rules apply. This means that ( a Å b)n can be expanded as a sum of
monomials: ( a Å b)n Æ

P
° i j a i b j . It happens that ° i j Æ

¡n
i

¢
if i Å j Æn (this is the explanation

of the term “binomial coef�cient”). More generally, (
P

xi )n Æ
P

I2Sn
¡ I x I , where I is a mapping

i 7! n i , x I denotes the monomial xn1
1 xn2

2 ¢¢¢x
np
p . The total degree of the monomial is

P
n i Æ

n. Taking a Æb Æ1 gives
P

p
¡n
p

¢
Æ2n . Taking a Æ ¡1 and b Æ1 gives

P
p (¡ 1)p

¡n
p

¢
Æ0 (The

�rst result has already been proved, the second is the object of Exercice 5.2). We have also
P

I2Sn
¡ I Æpn (it can be shown, by induction on the number of variables, that ¡ I is the number

of coverings of a set with n elements by subsets with n i elements). The cardinal of the set S n

is the object of the next theorem. We compute it by induction on both n and p.

Let E be a set with h elements, Ān and B̄n be the sets of functions u with
P

i 2E u(i ) · n
and

P
i 2E u(i ) Æn respectively. Let A nh and Bnh the cardinals of these sets. Proposition 15 [4,

p. 182]) says

Anh Æ

Ã
n Å h

h

!

Bnh Æ

Ã
n Å h ¡ 1

h ¡ 1

!

.

We have Anh ÆBnh Å An¡ 1,h since Ān is the disjoint union of B̄n and Ān¡ 1. If x 62E, ev-
ery function u such that

P
u(i ) · n can be uniquely extended to E [ {x} in such a way as

P
i 2E[ {x} u(i ) Æn. This gives Bn,hÅ1 ÆAnh . The formulas follow by induction (they are trivial

for h Æ0 and n Æ0). One dif�culty of the Bourbaki's proof is that he has not yet de�ned the
set of integers; as a consequence, he adds the condition that the target of u is the interval
[0,n ], so that Ān¡ 1 is not a subset of Ān ; it is nevertheless isomorphic to the complement of
B̄n in Ān . There are two other solutions: we may consider functions with target N, or graphs
of functions. Since we already introduced the set of graphs of functions such that

P
u i Æn,

we use graphs. We �rst show that the sets have the same number of elements.

Lemma sof_sum_eq_equi F n: natp n ->
(functions_sum_eq F n) \Eq (graphs_sum_eq F n).

Lemma sof_sum_le_equi F n: natp n ->
(functions_sum_le F n) \Eq (graphs_sum_le F n).

Lemma set_of_functions_sum0 f:
(forall a, natp a -> f \0c a = \1c) ->
(forall a, natp a -> f a \0c = \1c) ->
(forall a b, natp a -> natp b ->

f (csucc a) (csucc b) = (f (csucc a) b) +c (f a (csucc b))) ->
forall a b, natp a -> natp b -> f a b = (binom (a +c b) a).

Lemma set_of_functions_sum1 E x n:
inc n Nat -> ~ (inc x E) ->
(graphs_sum_le E n) \Eq (graphs_sum_eq (E +s1 x) n).

Lemma set_of_functions_sum2 E n: natp n ->
cardinal(graphs_sum_le E (csucc n))
= (cardinal (graphs_sum_eq E (csucc n)))

+c (cardinal (graphs_sum_le E n)).

Lemma set_of_functions_sum3 E:
cardinal (graphs_sum_le E \0c) = \1c.

Lemma set_of_functions_sum4 n: natp n ->

RR n° 7150



162 José Grimm

cardinal (graphs_sum_le emptyset n) = \1c.

Lemma set_of_functions_sum_pr n h
(intv:= fun h => (Nint h))
(sle:= fun n h => graphs_sum_le (intv h) n)
(seq := fun n h => graphs_sum_eq (intv h) n)
(A:= fun n h => cardinal (sle n h))
(B:= fun n h => cardinal (seq n h)):
natp n -> natp h ->
(A n h = B n (csucc h) /\ A n h = (binom (n +c h) n)).

We give now a variant of the theorem 4. Let Cpn be the set of functions y : [0,p] ! [0,n ]
such that

P
yi · n . We pretend that the cardinal of C pn is An,pÅ1 Æ

¡nÅpÅ1
pÅ1

¢
. This is the previ-

ous result for h Æp Å 1 (if h Æ0, there is a unique function de�ned on a set with h elements,
the empty function, and the sum is zero).

Consider the function x, de�ned by induction via x0 Æy0 and xi Å1 Æyi Å1 Å xi Å 1. This is
a strictly increasing function [0, p] ! [0,n Å p] and y 7! x is a bijection. So C pn has the same
cardinal as S (IpÅ1, InÅpÅ1). As noticed above, the function x is uniquely de�ned by its range,
which is any subset of p Å 1 elements chosen among n Å p Å 1, whence the result.

In our proof, we shall use the function z de�ned by zi Æxi ¡ i . We have y0 Æz0, and yi Å1 Æ
zi Å1¡ zi ; this de�nes the mapping z 7! y. On the other hand, zi is the sum of the restriction of
y to the interval [0, i ] (there is no need to de�ne it by induction) and is obviously increasing.
All we have to do is show that y 7! z is a bijection C pn ! C0

pn where C0
pn ÆA ([0, p], [0, n ]). We

�rst show that A n,pÅ1 is the cardinal of C 0
pn .

Definition graphs_sum_le_int p n :=
graphs_sum_le (Nintc p) n.

Definition functions_incr_int p n :=
(Zo (functions (Nintc p)(Nintc n))

(fun z => increasing_fun z (Nint_cco \0c p) (Nint_cco \0c n))).

Lemma card_set_of_increasing_functions_int p n:
natp p -> natp n ->
cardinal (functions_incr_int p n) =
binom (csucc (n +c p)) (csucc p).

If R( f , i ) denotes the restriction of the function f to the interval [0, i ] we have R(R(f , i ), j )
ÆR(f , j ) if j · i . If S(f , i ) is the sum of the restriction of R( f , i ) we have S(f ,0) Æf (0) and
S(f , i Å 1) Æf (i Å 1)Å S(f , i ).

Lemma induction_on_sum3 f m:
fgraph f -> natp m ->
domain f = Nintc m ->
(forall a, inc a (domain f) -> cardinalp (Vg f a)) ->
(csum (restr f (Nintc \0c)) = (Vg f \0c)

/\ (forall n, n <=c m ->
(csum (restr f (Nint n))) +c (Vg f n)
= csum (restr f (Nint (csucc n))))).

Given a function y, we consider z such that zi ÆS(y,i ). We �rst show that z maps [0, p]
into [0, n ], and then that z 2 C0

pn if y 2 Cpn (note that i 7! S(y, i ) is increasing). We then show

4Suggested by Jean-Baptiste Pomet
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that y 7! z is injective and surjective. The key relation is z0 Æy0 and zi Å1 Æyi Å1 Å zi (trivial
consequence of induction_on_sum3 ); it says that y is uniquely de�ned from z. Moreover,
given an increasing function z0, if y0 Æz0

0 and yi Å1 Æz0
i Å1 ¡ z0

i , the same formula is satis�ed
by z0, hence z Æz0, thus proving surjectivity.

Definition csum_to_increasing_fun y :=
fun i => csum (restr y (Nintc i)).

Definition csum_to_increasing_fct y n p :=
Lf (csum_to_increasing_fun y)
(Nintc p) (Nintc n).

Lemma csum_to_increasing1 y n p:
natp n -> natp p ->
inc y (graphs_sum_le_int p n) ->
lf_axiom (csum_to_increasing_fun y) (Nintc p) (Nintc n).

Lemma csum_to_increasing2 n p:
natp n -> natp p ->
lf_axiom (fun y=> (csum_to_increasing_fct y n p))
(graphs_sum_le_int p n)
(functions_incr_int p n).

Lemma csum_to_increasing4 n p:
natp n -> natp p ->
injection (Lf (fun y=> (csum_to_increasing_fct y n p))
(graphs_sum_le_int p n)
(functions_incr_int p n)).

Lemma csum_to_increasing5 n p:
natp n -> natp p ->
surjection (Lf (fun y=> (csum_to_increasing_fct y n p))
(graphs_sum_le_int p n)
(functions_incr_int p n)). (* 83 *)

Lemma csum_to_increasing6 n p:
natp p -> natp n ->
cardinal (graphs_sum_le_int p n) =
binom (csucc (n +c p)) (csucc p).

We show here the equivalence between our de�nitions of the binomial coef�cient and
that of C OQ.

Lemma nat_to_B_fact n: nat_to_B (n`!) = factorial ( nat_to_B n).
Lemma nat_to_B_binom m n:

nat_to_B 'C(m,n) = binom (nat_to_B m) (nat_to_B n).
Lemma nat_to_B_quorem a b :

nat_to_B(a %/ b) = (nat_to_B a) %/c (nat_to_B b) /\
nat_to_B(a %% b) = (nat_to_B a) %%c (nat_to_B b).

6.9 More combinatorial analysis

This section is a complement of the previous one. We study properties of families of
numbers (mainly integers), de�ned by induction, using the SSREFLECTlibrary. This section is

RR n° 7150



164 José Grimm

completely independent of the remainder of the work on Bourbaki.

There are several variants of (6.19); one is in the SSREFLECTlibrary. If we iterate p times
the second formula of (6.19) we get (6.20) where ( n)p Æn!/( n ¡ p)! denotes the falling factorial.

Ã
m Å n

m

!

Æ

Ã
m Å n

n

!

, 2

Ã
n Å 1

2

!

Æn(n Å 1).

(6.19) n

Ã
n Å p

p

!

Æ(p Å 1)

Ã
n Å p

p Å 1

!

, (n ¡ k )

Ã
n

k

!

Æ(k Å 1)

Ã
n

k Å 1

!

.

(6.20) (n ¡ k )p

Ã
n

k

!

Æ(k Å p)p

Ã
n

k Å p

!

.

Lemma binom_mn_n m n : 'C(m + n, m) = 'C(m + n, n).
Lemma bin2' n: 'C(n.+1,2) * 2 = n * n.+1.
Lemma mul_Sm_binm_1 n p: n * 'C(n+p,p) = p.+1 * 'C(n+p,p.+1).
Lemma mul_Sm_binm_r n k p:

(n-k) ^_ p * 'C(n,k) = (k +p) ^_ p * 'C(n,k+p).
Lemma mul_Sm_binm_2 n k: (n-k) * 'C(n,k) = k.+1 * 'C(n,k.+1).
Lemma bin_fact1 n m: 'C(n+m,m) * (m`! * n`!) = (n+m)`!.

There are many variants of (6.21); for instance we get (6.22) for n Æk Å q; the products are
zero if k È n.

(6.21)

Ã
j Å k Å q

j Å k

!Ã
j Å k

j

!

Æ

Ã
k Å q

k

!Ã
j Å k Å q

j

!

.

(6.22)

Ã
j Å n

j Å k

!Ã
j Å k

j

!

Æ

Ã
n

k

!Ã
j Å n

j

!

.

(6.23)
X

i · n

Ã
n Å 1

i Å 1

!

f (i ) Æ
X

i Çn

Ã
n

i Å 1

!

f (i ) Å
X

i · n

Ã
n

i

!

f (i ).

Lemma binom_exchange j k q:
'C(j+k+q,j+k) * 'C(j+k,j) = 'C(k+q,k) * 'C(j+k+q,j).

Lemma binom_exchange1 j k n:
'C(j+n,j+k) * 'C(j+k,j) = 'C(n,k) * 'C(j+n,j).

Lemma sum_bin_rec (n :nat) (f: nat -> nat):
\sum_(i<n.+1) 'C(n.+1,i.+1) * (f i) =
\sum_(i<n) 'C(n,i.+1) * (f i) + \sum_(i<n.+1) 'C(n,i) * (f i).

The following is nice.

(6.24)

Ã
n

2

!

Å 6

Ã
n Å 1

4

!

Æ

Ã
n

2

! 2

.

Lemma F7a n: 'C(n, 2) + 6 * 'C(n.+1, 4) = 'C(n, 2) ^ 2.
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6.9.1 Number of derangements

This corresponds to Exercise 5.8. The problem was originallly studied by Euler. We con-
sider pn de�ned by

pnÅ1 Æn(pn Å pn¡ 1), p0 Æ1, p1 Æ0.

It satis�es the relation pnÅ1 Æ(n Å 1)pn ¡ (¡ 1)n (note that pn È 0 for n È 1). We have

nX

i Æ0

Ã
n

i

!

p i Æn!,
nX

i Æ0

Ã
n

i

!

p i Å1 Æn.n!.

Fixpoint der_rec n :=
if n is n'.+1 then if n' is n''.+1 then n' * (der_rec n'' + der_rec n')
else 0 else 1.

Definition derange n := nosimpl der_rec n.

Lemma derange0: derange 0 = 1.
Lemma derange1: derange 1 = 0.
Lemma derangeS n: derange n.+2 = (n.+1) * (derange n + derange n.+1).
Lemma derangeS1 n (p := n.+1 * derange n):

derange n.+1 = if (odd n) then p.+1 else p.-1.
Lemma derange_sum n:

\sum_(i<n.+1) 'C(n,i) * (derange i) = n`! /\
\sum_(i<n.+1) 'C(n,i) * (derange i.+1) = n * n`!.

6.9.2 Number of increasing mappings

We show here that the number of integer sequences ( xi )i of length m such that
P

xi · n
is

¡nÅm
n

¢
. This was proved above as csum_to_increasing6 .

The expression #|[set f:T | P f]| denotes the cardinal of the set of all f of type T that
satisfy P. Here T must be a �nite type. In the previous section we considered the graphs of
functions E ! F satisfying some conditions. As E and F are �nite, the set of functions E ! F
is �nite. One deduces that the set of graphs is �nite as well. This gives a type T. We shall
consider later on the number of sequences x such that n Æ

P
i · k xi 2i , where xi is zero, one or

two, xk is non-zero. The relation k · n says that this number is �nite, but constructing the
type T is uneasy.

Instead of a sequence, we consider a function f , de�ned on I m , the set of integers Ç m,
and the condition that

P
i Çm f (i ) is Æn, Ç n or · n . In any case f (i ) · n so that we may

assume that f is a function I m ! InÅ1. This gives our �nite type T, and three sets T Æ(m ,n),
TÇ(m ,n) and T · (m ,n).

Definition Ftype m n := {ffun 'I_m -> 'I_(n.+1)}.

Definition monomial_lt m n (f:Ftype m n) := \sum_(i<m) (f i) < n.
Definition monomial_le m n (f:Ftype m n) := \sum_(i<m) (f i) <= n.
Definition monomial_eq m n (f:Ftype m n) := \sum_(i<m) (f i) == n.

Let T0be the set of sequences. Then T0
Ç(m ,n Å 1) ÆT0

· (m ,n); this says that T Ç(m ,n Å 1) is
equipotent to T · (m ,n). Note that T · (m ,n) is the disjoint union of T Æ(m ,n) and TÇ(m ,n); if
m Æ0 or n Æ0, then T · (m ,n) has a single element (the constant function with value zero).
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Lemma card_set_pred: forall (T:finType) (P:T -> bool),
#|[set f:T | P f]| = #|[pred f:T | P f]|.

Lemma G3_a (m n: nat):
#|[set f:Ftype m n | monomial_le f ]|
= #|[set f:Ftype m n | monomial_eq f ]|
+ #|[set f:Ftype m n | monomial_lt f ]|.

Lemma G3_b (m n: nat):
#|[set f:Ftype m n.+1 | monomial_lt f ]| =
#|[set f:Ftype m n | monomial_le f ]|.

Lemma G3_c (n: nat): #|[set f:Ftype 0 n | monomial_le f ]| = 1.
Lemma G2_d (m: nat): #|[set f:Ftype m 0 | monomial_le f ]| = 1.

Our result follows from the fact that T Æ(m Å 1,n) and T · (m ,n) are equipotent (if x 2
TÆ(m Å 1,n), then xm Æn ¡

P
i Çn xi ). (total size: 131 lines)

Lemma G3_e (m n: nat):
#|[set f:Ftype m.+1 n | monomial_eq f ]|
= #|[set f:Ftype m n | monomial_le f ]|.

Lemma G3_f m n:
#|[set f:Ftype m n | monomial_le f ]| = 'C(n+m,m)

As noted above, if yk Æ
P

i Çk xi , then k 7! yk is increasing, k 7! yk Å k is strictly increas-
ing and the problem becomes: compute the number of (strictly) increasing functions. The
solution is given by the following lemmas of the SSREFLECTlibrary (total size: 114 lines)

Lemma card_ltn_sorted_tuples m n :
#|[set t : m.-tuple 'I_n | sorted ltn (map val t)]| = 'C(n, m).

Lemma card_sorted_tuples m n :
#|[set t : m.-tuple 'I_n.+1 | sorted leq (map val t)]| = 'C(m + n, m).

Lemma card_partial_ord_partitions m n :
#|[set t : m.-tuple 'I_n.+1 | \sum_(i <- t) i <= n]| = 'C(m + n, m).

Lemma card_ord_partitions m n :
#|[set t : m.+1.-tuple 'I_n.+1 | \sum_(i <- t) i == n]| = 'C(m + n, m).

These lemmas compute the number of sequences of length m with value in I n satisfying
some properties. We give an alternate proof of the result by using the �rst lemma; hence we
consider the sequence of all yk Å k (modulo n Å m). Note that these values are Ç n Å m, so
that the modulo is an injective coercion into a �nite type (total size: 148 lines).

Lemma subseq_iota a n b m :
b <=a -> a + n <= b + m ->
subseq (iota a n) (iota b m).

Lemma subseq_iota1 i m: i<m -> subseq ([:: i; i.+1]) (iota 0 m.+1).
Lemma sorted_prop f m:

sorted ltn (mkseq f m.+1) <-> (forall i, i<m -> f i < f (i.+1)).
Definition bin_to_seq m n (f:Ftype m.+1 n) :=

map_tuple [ffun z:'I_(m.+1) =>
@inord (n+m) (\sum_(i<(m.+1) | i<=z) (f i) + z)]

(ord_tuple (m.+1)).

Lemma G3_f' (m n: nat):
#|[set f:Ftype m n | monomial_le f ]| = 'C(n+m,m).
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6.9.3 Stirling numbers

Stirling numbers of the second kind, denoted
©n

p

ª
, are the number of ways to partition a

set of n things into p nonempty subsets. Multiplied by p!, this is the number of surjections
from a set with n elements onto a set of p elements. We have

(
n Å 1

p Å 1

)

Æ

(
n

p

)

Å (p Å 1)

(
n

p Å 1

)

(completed by
©0

0

ª
Æ1; other values are zero).

Fixpoint stirling2_rec n m :=
match n, m with
| n'.+1, m'.+1 => m *stirling2_rec n' m + stirling2_rec n' m'
| 0, 0 => 1
| 0, _.+1 => 0
| _ .+1, 0 => 0
end.

Definition stirling2 := nosimpl stirling2_rec.
Definition nbsurj n m := (stirling2 n m) * m`!.

Notation "''St' ( n , m )" := (stirling2 n m)
(at level 8, format "''St' ( n , m )") : nat_scope.

Notation "''Sj' ( n , m )" := (nbsurj n m)
(at level 8, format "''Sj' ( n , m )") : nat_scope.

Lemma stirE : stirling2 = stirling2_rec.
Lemma stir00 : 'St(0, 0) = 1.
Lemma nbsurj00 : 'Sj(0, 0) = 1.
Lemma stirn0 n : 'St(n.+1, 0) = 0.
Lemma nbsurjn0 n : 'Sj(n.+1, 0) = 0.
Lemma stir0n m : 'St(0, m.+1) = 0.
Lemma nbsurj0n m : 'Sj(0, m.+1) = 0.
Lemma stirS n m : 'St(n.+1, m.+1) = (m.+1) * 'St(n, m.+1) + 'St(n, m).
Lemma nbsurjS n m : 'Sj(n.+1, m.+1) = (m.+1) * ('Sj(n, m.+1) + 'Sj(n, m)).

We list some properties
(

n

n

)

Æ1,

(
n Å 1

2

)

Æ2n ¡ 1,

(
n Å 1

n

)

Æ

Ã
n Å 1

2

!

,

(
n Å 2

n

)

Æ

Ã
n Å 3

4

!

Å 2

Ã
n Å 2

4

!

.

Sn,n Æn!, SnÅ1,2 Æ2nÅ1 ¡ 2, SnÅ1,n Æ

Ã
n Å 1

2

!

n!, SnÅ2,n Æ(

Ã
n Å 3

4

!

Å 2

Ã
n Å 2

4

!

)n !.

Lemma stir_n1 n: 'St(n.+1, 1) = 1.
Lemma nbsurj_n1 n: 'Sj(n.+1, 1) = 1.
Lemma stir_n2 n: 'St(n.+1, 2) = (2 ^n - 1).
Lemma nbsurj_n2 n: 'Sj(n.+1, 2) = (2 ^n.+1 - 2).
Lemma stir_small n p: 'St(n, (n+p).+1) = 0.
Lemma stir_small1 n p: n < p -> 'St(n, p) = 0.
Lemma nbsurj_small n p: 'Sj(n, (n+p).+1) = 0.
Lemma stir_nn n: 'St(n, n) = 1.
Lemma nbsurj_nn n: 'Sj(n, n) = n`!.
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Lemma stir_Snn n: 'St(n.+1, n) = 'C(n.+1,2).
Lemma nbsurj_Snn n: 'Sj(n.+1, n) = 'C(n.+1,2) * n`!.
Lemma stir_SSnn n: 'St(n.+2, n) = 'C(n.+3,4) + 2 * 'C(n.+2,4).
Lemma nbsurj_SSnn n: nbsurj n.+2 n = ('C(n.+3,4) + 2 * 'C(n.+2,4)) * n`!.

Stirling numbers of the �rst kind, denoted by
£n

p

¤
count the number of ways to arrange n

objects into k cycles. They satisfy

"
n Å 1

p Å 1

#

Æ

"
n

p

#

Å n

"
n

p Å 1

#

(completed by
£0
0

¤
Æ1; other values are zero).

Fixpoint stirling1_rec n m :=
match n, m with
| n'.+1, m'.+1 => n' *stirling1_rec n' m + stirling1_rec n' m'
| 0, 0 => 1
| 0, _.+1 => 0
| _ .+1, 0 => 0
end.

Definition stirling1 := nosimpl stirling1_rec.

Notation "''So' ( n , m )" := (stirling1 n m)
(at level 8, format "''So' ( n , m )") : nat_scope.

Lemma stir1_E : stirling1 = stirling1_rec.
Lemma stir1_00 : 'So(0, 0) = 1.
Lemma stir1_n0 n : 'So(n.+1, 0) = 0.
Lemma stir1_0n m : 'So(0, m.+1) = 0.
Lemma stir1_S n m : 'So(n.+1, m.+1) = n * 'So(n, m.+1) + 'So(n, m).

We list some properties

"
n Å 1

n

#

Æn!,

(
n Å 1

n

)

Æ1,

"
n

n

#

Æ1,

"
n Å 1

n

#

Æ

Ã
n Å 1

2

!

.

Lemma stir1_Sn1 n : 'So(n.+1,1) = n `!.
Lemma stir_Sn1 n : 'St(n.+1,1) = 1.
Lemma stir1_small n p: 'So(n, (n+p).+1) = 0.
Lemma stir1_small1 n p: n < p -> 'So(n,p) = 0.
Lemma stir1_nn n : 'So(n,n) = 1.
Lemma stir1_Snn n: 'So(n.+1, n) = 'C(n.+1,2).

6.9.4 Euler numbers

Let Anm or
 n

m

®
be the number of permutations ¾of [1, n ] with m ascents (¾(x) Ç ¾(x Å 1)

occurs m times). They satisfy

(6.25)

*
n Å 1

m Å 1

+

Æ(n ¡ m)

*
n

m

+

Å (m Å 2)

*
n

m Å 1

+

.
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There is no such partition when n · m (in particular if n Æ0). If m Æ0, ¾has to be strictly
decreasing and there is only one such function: ¾(x) Æn Å 1¡ x. If we reverse a permutation,
an ascent becomes a descent, so that there a symmetry (formula (6.26) below).

Fixpoint euler_rec n m :=
match n, m with

| n'.+1, m'.+1 => m.+1 *euler_rec n' m + (n'-m') * euler_rec n' m'
| 0, _ => 0
| _.+1, 0 => 1

end.

Definition euler := nosimpl euler_rec.

Notation "''Eu' ( n , m )" := (euler n m)
(at level 8, format "''Eu' ( n , m )") : nat_scope.

Lemma eulerE : euler = euler_rec.
Lemma euler0m m : 'Eu(0, m) = 0.
Lemma eulern0 n : 'Eu(n.+1, 0) = 1.
Lemma eulerS n m : 'Eu(n.+1, m.+1) = m.+2 * 'Eu(n, m.+1) + (n-m) * 'Eu(n,m).

We have the following formulas. Formulas (6.27) and (6.28) can be generalized (the result
is then trivial by inversion on (6.31)). We avoid here using negative numbers by rewriting
the formulas as: two sums of natural numbers are equal. Formula (6.30) holds by induction
on n. Formula (6.31) (Worpitzky) holds also when the exponent is zero, provided that k 6Æ0.
One deduces (6.32). We prove this formula only in the case k È 0, case where the sum can be
extendend to all indices i Ç n. We explicit the formula for k Æ5.

(6.26)

*
n

m

+

Æ

*
n

n ¡ m ¡ 1

+

(6.27)

*
n

1

+

Æ2n ¡

Ã
n Å 1

1

!

,

*
n

2

+

Æ3n ¡ 2n

Ã
n Å 1

1

!

Å

Ã
n Å 1

2

!

,

(6.28)

*
n

4

+

Æ4n ¡ 3n

Ã
n Å 1

1

!

Å 2n

Ã
n Å 1

2

!

¡

Ã
n Å 1

3

!

(6.29)
nX

i Æ0

*
n Å 1

i

+

Æ(n Å 1)!

(6.30)
nX

i Æ0

*
n Å 1

i

+Ã
i

p

!

ÆSnÅ1,nÅ1¡ p .

(6.31) knÅ1 Æ
nX

i Æ0

*
n Å 1

i

+Ã
k Å i

n Å 1

!
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(6.32)
X

0Çi Çn
i k Æ

X

i Çk

*
k

i

+Ã
n Å i

k Å 1

!

.

(6.33)
X

i Çn
i 5 Æ

Ã
n

6

!

Å 26

Ã
n Å 1

6

!

Å 66

Ã
n Å 2

6

!

Å 26

Ã
n Å 3

6

!

Å

Ã
n Å 4

6

!

Lemma euler_small n p: 'Eu(n, n+p) = 0.
Lemma euler_small1 n p: n <= p -> 'Eu(n,p) = 0.
Lemma euler_nn n: 'Eu(n.+1,n) = 1.
Lemma eulern1 n: 'Eu(n,1) + 'C(n.+1, 1) = 2 ^ n.
Lemma eulern2 n: 'Eu(n,2) + 2^n * 'C(n.+1,1) = 3 ^n + 'C(n.+1, 2).
Lemma eulern3 n:

'Eu(n,3) + 3^n * (n.+1) + 'C(n.+1, 3) = 4 ^n + 2^n * 'C(n.+1, 2).

Lemma euler_sub n m: m <=n -> 'Eu(n.+1,m) = 'Eu(n.+1, n-m).
Lemma euler_sum n : \sum_(i<n.+1) 'Eu(n.+1,i) = (n.+1)`!.
Lemma euler_sum_aux n p:

\sum_(i<n.+1) 'Eu(n.+1,i) * 'C(i,p) = 'Sj(n.+1, n.+1 - p).
Lemma euler_sum_pow k n :

k ^n.+1 = \sum_(i<n.+1) 'Eu(n.+1,i) * 'C(k+i,n.+1).
Lemma sum_pow_euler n k:

\sum_(i<n) i ^k.+1 = \sum_(i<k.+1) 'Eu(k.+1,i) * 'C(n+i,k.+2).
Lemma F9aux2 n: \sum_(i<n) i ^5 =

'C(n, 6) + 26* 'C(n + 1, 6) + 66 * 'C(n + 2, 6) +
26 * 'C(n + 3, 6) + 'C(n + 4, 6).

The sum of all Stirling numbers (for given n) is called the Bell number B n . According to
Exercise 7d, this is the number of partitions of a set with n elements. It satis�es the following
relation

(6.34) BnÅ1 Æ
nX

kÆ0

Ã
n

k

!

Bk

that follows from

(6.35)
X

k

Ã
n

k

!(
k

p

)

Æ

(
n Å 1

p Å 1

)

.

Definition Bell n := \sum_(i<n.+1) 'St(n, i).
Lemma stir_Snn' n: 'St(n.+1, n) = \sum_(i<n.+1) i.
Lemma Bell_rec n: Bell n.+1 = \sum_(k<n.+1) 'C(n,k) * Bell k.

Formula (6.36) corresponds to Exercise 7a. Note that the generic term is also ( n)i Pk ,i

where (n)i Æi !
¡n

i

¢
is the falling factorial. Proof is by induction on. Formula (6.37) is an easy

consequence.

(6.36)
kX

i Æ0

Ã
n

i

!

Sk ,i Æn k ,

(6.37)
X

i Çn
i k Æ

kX

i Æ0

Ã
n

i Å 1

!

Sk ,i .
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Lemma sum_nbsurj n k: \sum_(i<k.+1) 'Sj(k,i) * 'C(n,i) = n ^k.
Lemma sum_pow n k:

\sum_(i<n) i ^k = \sum_(i<k.+1) 'Sj(k,i) * 'C(n,i.+1).

We expressn k (for odd k) is as a linear combination of quantities of the form
¡ nÅi
2i Å1

¢
.

n1 Æ

Ã
n

1

!

, n3 Æ6

Ã
n Å 1

3

!

Å

Ã
n

1

!

n5 Æ120

Ã
n Å 2

5

!

Å 30

Ã
n Å 1

3

!

Å

Ã
n

1

!

.

Lemma n1bin n: n ^1 = 'C(n,1).
Lemma n2bin n: n ^2 = n * 'C(n,1).
Lemma n3bin n: n ^3 = 'C(n,1) + 6 * 'C(n.+1,3).
Lemma n4bin n: n ^4 = n* 'C(n,1) + 6 * n*'C(n.+1,3) .
Lemma n5bin n: n ^5 = 'C(n,1) + 30 * 'C(n.+1,3) + 120 * 'C(n.+2,5).
Lemma n6bin n: n ^6 = n*'C(n,1) + 30 * n* 'C(n.+1,3) + 120 * n*'C(n.+2,5).

One can expressn i using
¡n

j

¢
for j · i . Examples.

Lemma F6_aux n: n ^2 = 2 * 'C(n,2) + 'C(n,1).
Lemma F7_aux n: n ^ 3 = 6 * 'C(n, 3) + 6 * 'C(n, 2) + 'C(n, 1).
Lemma F8_aux n:

n ^ 4 = 24 * 'C(n, 4) + 36 * 'C(n, 3) + 14 * 'C(n, 2) + 'C(n, 1).
Lemma F9_aux n:

n ^ 5 = 120 * 'C(n, 5) + 240 * 'C(n, 4) + 150 * 'C(n, 3) +
30 * 'C(n, 2) + 'C(n, 1).

We give some examples. Comments: The numbers in (6.43) are too big for Coq, so that
we replace 5040 by 7!, and 15120 by 21.6!.

(6.38)
X

i Çn
i 2 Æ

Ã
n

2

!

Å 2

Ã
n

3

!

.

(6.39)
X

i Çn
i 3 Æ

Ã
n

2

!

Å 6

Ã
n

3

!

Å 6

Ã
n

4

!

.

(6.40)
X

i Çn
i 4 Æ

Ã
n

2

!

Å 14

Ã
n

3

!

Å 36

Ã
n

4

!

Å 24

Ã
n

5

!

.

(6.41)
X

i Çn
i 5 Æ

Ã
n

2

!

Å 30

Ã
n

3

!

Å 150

Ã
n

4

!

Å 240

Ã
n

5

!

Å 120

Ã
n

6

!

.

(6.42)
X

i Çn
i 6 Æ

Ã
n

2

!

Å 62

Ã
n

3

!

Å 540

Ã
n

4

!

Å 1560

Ã
n

5

!

Å 1800

Ã
n

6

!

Å 720

Ã
n

7

!

.

(6.43)
X

i Çn
i 7 Æ

Ã
n

2

!

Å 126

Ã
n

3

!

Å 1806

Ã
n

4

!

Å 8400

Ã
n

5

!

Å 16800

Ã
n

6

!

Å 15120

Ã
n

7

!

Å 5040

Ã
n

8

!

.
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Lemma F6aux n: \sum_(i<n) i ^2 = 'C(n,2) + 2 * 'C(n,3).
Lemma F7aux n:

\sum_(i<n) i ^3 = 'C(n, 2) + 6 * 'C(n, 3) + 6 * 'C(n, 4).
Lemma F8aux n: \sum_(i<n) i ^4 =

= 'C(n, 2) + 14 * 'C(n, 3) + 36 * 'C(n, 4) + 24 * 'C(n, 5).
Lemma F9aux n: \sum_(i<n) i ^5

= 'C(n, 2) + 30 * 'C(n, 3) + 150 * 'C(n, 4) + 240 * 'C(n, 5)
+ 120 * 'C(n, 6).

Lemma F10aux n: \sum_(i<n) i ^6 =
'C(n, 2) + (31 *2) * 'C(n, 3) + (90 * 6) * 'C(n, 4) + (65 * 24) * 'C(n, 5)
+ (15 * 120) * 'C(n, 6) + 720 * 'C(n, 7).

Lemma F11aux n: \sum_(i<n) i ^7 =
'C(n, 2) + (63 * 2) * 'C(n, 3) + (301 * 3`!) * 'C(n, 4)
+ (350 * 4`!) * 'C(n, 5)
+ (140 * 5`!) * 'C(n, 6) + (21 * 6`!) * 'C(n, 7) + 7`! * 'C(n, 8).

We expressn k and
P

n k for even k as a linear combination of quantities of the form T k or
Uk , de�ned by

Uk (n ) Æ
n

k Å 1

Ã
n Å k

2k Å 1

!

Æ

Ã
n Å k Å 1

2k Å 2

!

Å

Ã
n Å k

2k Å 2

!

,

Tk (n ) Æ
2n Å 1

2k Å 1

Ã
n Å k

2k

!

Æ

Ã
n Å k Å 1

2k Å 1

!

Å

Ã
n Å k

2k Å 1

!

.

We have TkÅ1(n ) Å Uk (n ) ÆTkÅ1(n Å 1), so that if xn is a linear combination of U i (n ) with
some coef�cients, then

P
x i is is a linear combination of T i (n ) with the same coef�cients.

n2 ÆU0(n ), n4 Æ12U1(n ) Å U0(n ), n6 Æ360U3(n ) Å 60U1(n ) Å U0(n )

X
n2 ÆT1(n ),

X
n4 Æ12T2(n ) Å T1(n ),

X
n6 Æ360T3(n ) Å 60T2(n ) Å T1(n )

Definition U_nkbin n k := 'C(n+k,k.*2.+2) + 'C((n+k).+1,k.*2.+2).
Lemma UT_nkbin n k: T_nkbin n k.+1 + U_nkbin n.+1 k = T_nkbin n.+1 k.+1.
Definition T_nkbin n k := 'C(n+k,k.*2.+1) + 'C((n+k).+1,k.*2.+1).

Lemma U_nkbin_pr n k : n * 'C(n+k,k.*2.+1) = (k.+1) * (U_nkbin n k).
Lemma T_nkbin_pr n k : n.*2.+1 * 'C(n+k,k.*2) = (k.*2.+1) * (T_nkbin n k).
Lemma n2bin' n: n ^2 = U_nkbin n 0.
Lemma n4bin' n: n ^4 = (U_nkbin n 0) + 12 * (U_nkbin n 1).
Lemma n6bin' n:

n ^6 = (U_nkbin n 0) + 60* (U_nkbin n 1)+ 360 * (U_nkbin n 2).

Lemma sn2bin n: \sum_(i<n.+1) i ^2 = T_nkbin n 1.
Lemma sn4bin' n:

\sum_(i<n.+1) i ^4 = (T_nkbin n 1) + 12 * (T_nkbin n 2).
Lemma sn6bin' n:
\sum_(i<n.+1) i ^6 = (T_nkbin n 1) + 60 * (T_nkbin n 2) + 360 * (T_nkbin n 3).

6.9.5 Sum of powers.

Let sk (n ) Æ
P

i Çn i k . This is a polynomial of degree k Å 1 in n. Write as
P

i · kÅ1 pki n i .
One has pk0 Æ0 and (i Å 1)pk ,i Å1 Æ

¡k
i

¢
Bk¡ i , where B j is the Bernoulli number. From B 0 Æ1,

one deduces that the leading coef�cient is pk ,kÅ1 Æ1/( k Å 1). From B1 Æ1/2, one deduces
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pk ,k Æ1/2. For q È 0, one has pk ,k ¡ 2q Æ0. Moreover, pk ,kÅ1¡ 2q is negative for q even, positive
otherwise.

Note that sk (n ) is a polynomial in a Æ
¡nÅ1

n

¢
when k is odd. In the case k Æ1, we get a, in

the case k Æ3, we get a2; this is known as the Nicomachus formula.

(6.44)
X

i Çn
1 Æn

(6.45)
nX

i Æ0
i Æ

n(n Å 1)

2
Æa,

X

i Çn
i Æ

Ã
n

2

!

.

(6.46)
nX

i Æ0
i 2 Æ

n(n Å 1)(2n Å 1)

6
,

X

i Çn
i 2 Æ2

Ã
n

3

!

Å

Ã
n

2

!

.

(6.47)
nX

i Æ0
i 3 Æ

[n(n Å 1)]2

4
Æa2.

(6.48)
nX

i Æ0
i 4 Æ

n(n Å 1)(2n Å 1)(3n2 Å 3n ¡ 1)

30
.

(6.49)
nX

i Æ0
i 5 Æ

n2(n Å 1)2(2n2 Å 2n ¡ 1)

12
Æ

a2(4a ¡ 1)

3
.

Lemma F1a n: \sum_(i<n) 1 = n.
Lemma F1_aux n: \sum_(i<n) 1 = 'C(n,1).
Lemma F5aux n: \sum_(i<n) i = 'C(n,2).
Lemma F5 n: (\sum_(i<n.+1) i) * 2 = n * (n.+1).
Lemma F6 n: (\sum_(i<n.+1) i ^ 2 ) * 6 = n * (n.+1) * (2*n +1).
Lemma F7 n: (\sum_(i<n.+1) i ^ 3 ) * 4 = (n * (n.+1)) ^2.
Lemma F7b n: (\sum_(i<n.+1) i ^ 3 ) = 'C(n.+1,2) ^2.
Lemma F8 n: (\sum_(i<n.+1) i ^ 4 ) * 30 =

n * (n.+1) * (n.*2.+1) * (3*n*n + 3*n -1).
Lemma F9 n: (\sum_(i<n.+1) i ^ 5 ) * 12 =

n * n * (n.+1) * (n.+1) * (2*n*n + 2*n -1).
Lemma F9' n (a := 'C(n.+1,2)):

(\sum_(i<n.+1) i ^ 5 ) * 3 = a * a * (4*a -1).

Let s0
k (n ) Æ

P
i Çn (2i Å 1)k . We have s0

k (n ) ÆSk (2n) ¡ 2k Sk (n ). In some cases, the result has
a nice expression.

(6.50)
X

i Çn
2i Å 1 Æn2.

(6.51)
X

i Çn
(2i Å 1)2 Æ

n(4n2 ¡ 1)

4
Æ8

Ã
n Å 1

3

!

Å n.

(6.52)
X

i Çn
(2i Å 1)3 Æn2(2n2 ¡ 1).

(6.53)
X

kÇn
k !k Æn!¡ 1.
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Lemma F12 n: \sum_(i<n) ((i*2).+1) = n ^2.
Lemma F13 n: (\sum_(i<n) ((i*2).+1)^2) * 3 = n * (n ^2 * 4 - 1).
Lemma F13' n: \sum_(i<n) (i.*2.+1)^2 = 8 * 'C(n.+1,3) + 'C(n,1).
Lemma F13 n: (\sum_(i<n) (i.*2.+1)^2) * 3 = n * (n ^2 * 4 - 1).
Lemma F13' n:

\sum_(i<n) (i.*2.+1)^2 = 8 * 'C(n,3) + 8 * 'C(n,2) + 'C(n,1).
Lemma exp3_addn a b: (a+b) ^3 = a^3 + a^2 *b *3 + a*b^2 * 3 + b^3.
Lemma exp3_addn1 a: (a.+1) ^3 = a^3 + a^2 *3 + a * 3 + 1.
Lemma F14 n: (\sum_(i<n) ((i*2).+1)^3) = n^2 * (n ^2 * 2 - 1).
Lemma F22 n: \sum_(i<n) i `! * i = n `! .-1.

6.9.6 Other formulas

We show here the following formulas. For (6.55) and (6.56) we proceed as follows. We
replace i · n , i odd by i Æ2k Å 1, k · n . This gives more terms, by the additional terms are
zero. Similarly, we replace i even by i Æ2k Å 2. Using the binomial relation shows that (6.55)
and (6.56) are equal. If we sum up these two quantities, we see that they are equal to the half
of 2n .

(6.54)
X

i Çm

Ã
n Å i

n

!

Æ

Ã
n Å m

n Å 1

!

.

(6.55)
X

i · n , i odd

Ã
n

i

!

Æ2n¡ 1.

(6.56)
X

i · n , i even

Ã
n

i

!

Æ2n¡ 1.

Lemma pascal11 n: \sum_(i < n.+1) 'C(n, i) = 2 ^ n.
Lemma F23 n m: \sum_(i<m) 'C(n+i, n) = 'C(n+m, n.+1).
Lemma F24_a n: n > 0 ->

\sum_(i<n) ( 'C(n, i.*2)) = \sum_(i<n) ('C(n, i.*2.+1)).
Lemma F24_b (n: nat): n > 0 ->

\sum_(i<n.+1 | ~~ odd i) ( 'C(n, i)) = \sum_(i<n.+1 | odd i) ('C(n, i)).
Lemma F24 n: n > 0 ->

\sum_(i<n.+1 | odd i) ( 'C(n, i)) = 2 ^ (n.-1).
Lemma F25 n: n > 0 ->

\sum_(i<n.+1 | ~~ odd i) 'C(n, i) = 2 ^ (n.-1).

We show here

(6.57)
rX

i Æ0

Ã
t Å r ¡ i

t

!Ã
q Å i

q

!

Æ

Ã
q Å t Å r Å 1

t

!

,

(6.58)
n¡ pÅqÅ1X

kÆqÅ1

Ã
n ¡ k

p ¡ q ¡ 1

!Ã
k ¡ 1

q

!

Æ

Ã
n

p

!

.

The second formula is a consequence of the �rst, valid if p · n and q Ç p.

Lemma G5_a r t q:
\sum_(i<r.+1) ( 'C(t+r - i, t) * 'C(q + i, q) ) = 'C(q+t+r+1,r).

Lemma G5_b n p q: p <= n -> q <p ->
\sum_(q+1 <= k < (n - p + q + 1).+1) ( 'C(n-k, p-q-1) * 'C(k-1, q)) = 'C(n,p).
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The relation (6.59) can be shown by induction, the other two relations follow.

(6.59)
iX

j Æ0

Ã
k

j

!Ã
l

i ¡ j

!

Æ

Ã
k Å l

i

!

.

(6.60)
n¡ pX

kÆ0

Ã
n

k

!Ã
n

p Å k

!

Æ

Ã
2n

n ¡ p

!

.

(6.61)
nX

i Æn

Ã
n

i

! 2

Æ

Ã
2n

n

!

Lemma F36 k l i:
(\sum_(j < i.+1) ('C(k, j) *'C(l, (i - j)))) = 'C(k+l , i).

Lemma F37 n p: p<= n ->
(\sum_(k < (n-p).+1) ('C(n, k) *'C(n, p+k))) = 'C(2*n,n-p).

Lemma F38 n: \sum_(i<n.+1) 'C(n,i) ^2 = 'C(n.*2, n).

Catalan numbers. We �rst show

(6.62)
1

n Å 1

Ã
2n

n

!

Æ

Ã
2n

n

!

¡

Ã
2n

n ¡ 1

!

.

Lemma bin_fact2n_a n : 'C(n.*2, n) * (n`!)^2 = (n.*2)`!.
Lemma bin_fact2n_b n : 0<n -> 'C(n.*2, n.-1) * (n`! * n.+1`!) = (n.*2)`!*n.
Lemma bin_fact2n_c n :'C(n.*2, n) * (n`! * n.+1`!) = (n.*2)`!*n.+1.
Lemma bin_fact2n_d n : 0<n -> 'C(n.*2, n.-1) <= 'C(n.*2, n).
Lemma bin_fact2n_e n : 0<n ->

('C(n.*2, n) - 'C(n.*2, n.-1)) * n.+1 = 'C(n.*2, n).
Lemma bin_fact2n_f n: 0 <n ->

'C(n.*2.+2, n.+1) - 'C(n.*2.+2, n) = 'C(n.*2.+1, n.+1) - 'C(n.*2.+1, n.-1).
Lemma bin_fact2n_g i: 0 < i ->

(i.+2) * 'C(i.*2, i) + (3*i.+1) * 'C(i.*2, i.-1)
= (i.+1) * 'C((i.+1).*2, i.+1).

The quantity introduced above is called the Catalan number. It satis�es a recurrence
relation.

Cn Æ
1

n Å 1

Ã
2n

n

!

, C0 Æ1, CnÅ1 Æ
4n Å 2

n Å 2
Cn .

From the recurrence we get n !Cn Æ2n Q
i Çn 2i Å 1. We also have CnÅ1 Æ

¡2nÅ1
nÅ1

¢
¡

¡2nÅ1
n¡ 1

¢
.

Definition catalan n := 'C(n.*2,n) %/(n.+1).

Lemma catalan0: catalan 0 = 1.
Lemma catalan_pos n: 0 < n -> catalan n = 'C(n.*2, n) - 'C(n.*2, n.-1).
Lemma catalan_prop n: n.+1 * catalan n = 'C(n.*2, n).
Lemma catalan_fact n: ((n`!)^2 * n.+1) * catalan n = (n.*2)`!.
Lemma catalan_rec n: (n.+2) * catalan n.+1 = (n.*2.+1.*2) * catalan n.
Lemma catalan_SSn n: 0 < n ->

catalan n.+1 = 'C(n.*2.+1, n.+1) - 'C(n.*2.+1, n.-1).
Lemma catalan_prod n: (n.+1)`! * catalan n = \prod_(i<n) i.*2.+1.*2.
Lemma catalan_prod2 n: (n.+1)`! * catalan n = 2^n * \prod_(i<n) i.*2.+1.
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A generalization is
Ã

n

m Å 2

!

¡

Ã
n

m

!

Æ
2k Å 1

m Å 2k Å 2

Ã
n Å 1

m Å 2

!

(n Æ2m Å 2k Å 3).

Lemma catalan_spec m k (n := (m + k.+1).*2.+1):
( 'C(n, m) < 'C(n, m.+2)) &&
( (m+ k.*2.+3) * ('C(n, m.+2)-'C(n, m)) == 'C(n.+1, m.+2)* k.*2.+1 ).

Conider now the following de�nition

Tnk Æ

Ã
2n ¡ 1

mn ¡ k

!

¡

Ã
2n ¡ 1

n ¡ k ¡ 2

!

Æ
2k Å 1

n Å k Å 1

Ã
2n

n ¡ k

!

.

Definition Tnk1 n k := 'C(n.*2.-1, n-k) - 'C(n.*2.-1, (n-k).-2).
Definition Tnk2 n k := ('C(n.*2, n-k) * (k.*2.+1)) %/ (n+k+1).

Lemma Tnk2_alt n k: k.+1 <= n ->
(k.*2.+1)* 'C(n.*2, n-k) = (n+k).+1 * ('C(n.*2, (n-k)) - 'C(n.*2, n-k-1)).

Lemma Tnk2_div n k: k <= n ->
(n + k + 1) * Tnk2 n k = 'C(n.*2, n-k) * (k.*2.+1).

Lemma Tnk2_div2 n k: k <= n ->
(n-k)`! * (n + k + 1)`! * Tnk2 n k = n.*2 `!* (k.*2.+1).

Lemma Tnk1_eq_Tnk2 n k: k+2 <=n -> Tnk1 n k = Tnk2 n k.
Lemma Tnk2_n0 n: Tnk2 n 0 = catalan n.
Lemma Tnk2_nn n: Tnk2 n n = 1.
Lemma Tnk2_Snn n: Tnk2 n.+1 n = n.*2.+1.
Lemma Tnk2_sum n k: k < n ->

(n-k)`!*(n+k+2)`! * ((Tnk2 n k) + (Tnk2 n k.+1)) = (n.*2.+1)`! * k.*2.+2.

Consider

Tnk Æ
n Å 1¡ k

n Å 1

Ã
n Å k

n

!

.

This is called the Catalan Table http://oeis.org/A009766 This satis�es a recurrence relation.
We �rst multiply by n Å1, prove an equation, deduce that division is exact, and get T nÅ1,kÅ1 Æ
Tn,kÅ1 Å TnÅ1,k . There is a trick: division is exact when k · n , but k Æn Å 1 is specil as the
result is zero. This means that T n,n and Tn,n¡ 1 are both equal to the Catalan number of index
n.

Definition Cat' n k:= 'C(n+k,n) * (n.+1-k).
Definition Cat n k:= ('C(n+k,n) * (n.+1-k) ) %/ n.+1.

Lemma Cat_rec_aux n k: k <= n ->
n.+1 * Cat' n.+1 k.+1 = n.+2 * Cat' n k.+1 + n.+1* Cat' n.+1 k.

Lemma Cat_dvd n k: k <= n -> Cat' n k = n.+1 * Cat n k.
Lemma Cat_rec n k: k <= n -> Cat n.+1 k.+1 = Cat n k.+1 + Cat n.+1 k.
Lemma CatnSn n: Cat n n.+1 = 0.
Lemma Catnn n: Cat n n = catalan n.
Lemma CatSnn n: Cat n.+1 n = catalan n.+1.
Lemma bin_subnn k n: k <= n -> 'C(n.*2, n + k) = 'C(n.*2, n - k).
Lemma Cat_alt n k: k<=n -> Cat (n+k) (n-k) = Tnk2 n k.
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We give here a third de�nition. It agrees with the previous de�nitions when j Ç i . Note
that M i j Æ0 when i Ç j , M i i Æ1, M i Å1,i Æ2i Å 1.

Fixpoint Mi i j:=
if i is i.+1 then

if j is j.+1 then Mi i j + (Mi i j.+1).*2 + Mi i j.+2
else Mi i 0 + Mi i 1

else (j==0):nat.

Lemma Mi_rec i j: Mi i.+1 j.+1 = Mi i j + (Mi i j.+1).*2 + Mi i j.+2.
Lemma Mi_zero i j : i < j -> Mi i j = 0.
Lemma Mi_diag i : Mi i i = 1.
Lemma Mi_subdiag i : Mi i.+1 i = i.*2+1.
Lemma Mi_subsubdiag i : Mi i.+2 i = i.+2* i.*2.+1.
Lemma TMi_eq_Tnk2 i j: j <= i -> Mi i j = Tnk2 i j.
Lemma Mij_n0 n: Mi n 0 = catalan n.

6.9.7 Dyck paths

The aim of this section is to prove the the Catalan number satisfy the following recurrence

(6.63) CnÅ1 Æ
X

k · n
Ck Cn¡ k .

The idea is to compute, via different methods, the number of Dyck paths of a given length.
We start with some ancillary lemmas.

Lemma take_rev n (T: Type) (s: seq T) : n <= size s ->
take n (rev s) = rev (drop (size s - n) s).

Lemma eqseq_catr (T:eqType) (s1 s2 s3: seq T) :
(s1 ++ s3 == s2 ++ s3) = (s1 == s2).

Lemma eqseq_cat_simp (T:eqType) (s1 s3: seq T) :
(s1 ++ s3 == s3) = (nilp s1).

Lemma card_set_pred: forall (T:finType) (P:T -> bool),
#|[set f:T | P f]| = #|[pred f:T | P f]|.

Let's consider a sequence ( p0,p1,p2, . . .) of points in the plane and the path formed of
all line segments [ p i ¡ 1,p i ]. We assume that the �rst point is the origin and one goes from
one point to the other by moving one unit of length to the right and one unit of length up or
down. This means that the x-coordinate of p i is i , while the y-coordinate yi satis�es y0 Æ0,
yi Å1 Æyi Å ai , where ai is Å1 or ¡ 1. Note that yi has the same parity as i , so that yi Æ0 says
i even. A Dyck path of order n is a sequence p0,p1, . . . ,p2n such that yi ¸ 0 for every i and
y2n Æ0. It is uniquely characterized by the integers ai , as yi Æ

P
j Çi a j .

The condition
P

j Çi a j ¸ 0 can be expressed as: the number of elements a j with j Ç i that
are negative does not exceed the number of such elements that are positive. In what follows,
we shall replace negative by false and positive by true. Moreover, if l is the sequence of the ai

up to j and l 0the sequence up to j Å 1, then l 0will be obtained by adjoining a j Å1 in front of l .
This simpli�es proofs by induction, and we will never access an element of a list via its index.

Let nT(l ) and nF(l ) be the number of T or F (true or false) in l . We say that the list is
balanced when nT(l ) ÆnF(l ). A list is positive if either it is empty, or of the form a followed
by s, where s is positive, and moreover, nT(l ) ¸ nF(l ). Note that the empty path is Dyck, and
the shortest non-empty Dyck path is FT.
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Definition DP_Tcount (l:seq bool) := count_mem true l.
Definition DP_Fcount (l:seq bool) := count_mem false l.
Definition DP_balanced l := (DP_Tcount l == DP_Fcount l).
Definition DyckFT := [:: false; true].

Fixpoint DP_pos l :=
if l is a::l' then DP_pos l' && (DP_Tcount l >= DP_Fcount l) else true.

Definition Dyck_path l:= DP_balanced l && DP_pos l.

Consider a Dyck path l , and split it as l Æl 1 Å Ål 2, where l 1 is formed of the k �rst ele-
ments of l . We have nT(l 2) ¸ nF(l 2). One deduces nT(l 1) · nF(l 1). The converse holds, in
particular we get: if we reverse the list, and swap true and false, we get a new Dyck path (This
is geometrically obvious).

If we consider the sequence ai we must revert it, and swap true and false. The concatena-
tion of two positive (resp. Dyck) paths is positive (resp. Dyck). If the concatenation is Dyck,
then one piece is Dyck if and only if the other part is also Dyck.

Lemma DP_posW l: DP_pos l -> DP_Fcount l <= DP_Tcount l.
Lemma DP_count l: DP_Tcount l + DP_Fcount l = size l.
Lemma Dyck_path_size l: Dyck_path l -> size l = (DP_Tcount l).*2.
Lemma Dyck_size_even s: Dyck_path s -> size s = (size s)./2.*2.
Lemma DP_count' m n l: size l = m + n ->

(DP_Tcount l == m) = (DP_Fcount l == n).
Lemma DP_count_sym l1 l2:

DP_balanced (l1 ++ l2) ->
(DP_Fcount l2 <= DP_Tcount l2) = (DP_Tcount l1 <= DP_Fcount l1).

Lemma DP_prop2 l k (l1 := take k l) (l2 := drop k l) : Dyck_path l ->
(DP_Tcount l2 >= DP_Fcount l2) && (DP_Tcount l1 <= DP_Fcount l1).

Lemma DP_symmetry l: Dyck_path l -> Dyck_path (rev [seq ~~ x | x <- l]).

Lemma DP_pos_cat l1 l2: DP_pos l1 -> DP_pos l2 -> DP_pos (l1 ++ l2).
Lemma Dyck_path_cat l1 l2: Dyck_path l1 -> Dyck_path l2 ->

Dyck_path (l1 ++ l2).
Lemma Dyck_sub_path l1 l2: Dyck_path l1 -> Dyck_path (l1++l2) -> Dyck_path l2.
Lemma Dyck_sub_path' l1 l2: Dyck_path l2 -> Dyck_path (l1++l2) -> Dyck_path l1.
Lemma DyckFT_Dyck: Dyck_path DyckFT.

We now count the number of lists l of size m with nT(l ) Æn. To such a list we associate a
set El formed of those integers i such that the i -th element of l is T. If E is a set, its character-
istic list ÂE is such that the i -th element of l is the boolean i 2 E. Note that the nth function
takes as argument the value to be used when i is out of bounds, we use T here; this is not
needed when l has the correct size. The main result is nT(ÂE) Æcard(E). So, the number of
sequences with nT(l ) Æn is the number of subsets of I m with cardinal n , hence is

¡m
n

¢
.

Definition char_seq m (X: {set 'I_m}) := [seq x \in X | x <- (enum 'I_m)].
Definition list_to_set m l := [set x:'I_m | nth false l x].

Lemma size_char_seq m (X: {set 'I_m}): size (char_seq X) = m.
Lemma char_seq_prop m (X: {set 'I_m}) k (km: k < m):

nth false (char_seq X) k = ((Ordinal km) \in X).
Lemma list_to_setK m l: size l = m -> char_seq (list_to_set m l) = l.
Lemma set_to_listK m (X: {set 'I_m}) : (list_to_set m (char_seq X)) = X.
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Lemma list_to_set_inj n: injective (fun s: n.-tuple bool => list_to_set n s).
Lemma set_to_list_cardinal m (X: {set 'I_m}) :

#|X| = DP_Tcount (char_seq X).
Lemma cardinal_tuple_nm n m:

#|[set s: m.-tuple bool | DP_Tcount s == n]| = 'C(m,n).

We need two functions that split a list when either the count becomes negative, or when
it becomes zero. This will gives two different ways of computing the number of Dyck paths.

The �rst function gives a ÆS1(l ) and b ÆS2(l ) with l ÆaÅÅb. We stop putting elements in
b when the count becomes negative. It is obvious that S 2(l ) is positive, but this is not needed.
It is easy to see that l is positive if and only if S 1(l ) is empty; and when S 1(l ) is non-empty,
then it ends with F and S 2(l ) is a Dyck path.

Definition ends_withF l := (last true l == false).
Definition ends_withT l := (last false l == true).
Fixpoint DP_splita l :=

if l is a::l' then let u:= (DP_splita l').1 in
if(nilp u) then

if (DP_Tcount l >= DP_Fcount l) then ([::],l) else ([:: a], l')
else (a::u,(DP_splita l').2)

else ([::],[::]).

Lemma DP_splita_recover l: (DP_splita l).1 ++ (DP_splita l).2 = l.
Lemma DP_splita_pos1 l: DP_pos l = nilp ((DP_splita l).1).
Lemma DP_splita_pos2 l: DP_pos (DP_splita l).2.
Lemma DP_splita_correct l (a:= (DP_splita l).1 ) :

(nilp a) || ((ends_withF a) && (Dyck_path ((DP_splita l).2))).

We consider now an operation m(s): we reverse s, swap the �rst digit, then reverse the
result. This is the same as swapping the last digit of s. We de�ne M( s) as the concatenation of
m(S1(l )) and S2(l ). We have S1(M( l )) Æm(S1(l )) and S2(M( l )) ÆS2(l ) (if S1(l ) is empty, then
M( l ) Æl ), so that M(M( l )) Æl .

We have nT(m(l )) ÆnF(l ) ¡ 1 if the last element of l is F. So assumel balanced, S1(l ) non-
empty. Then nT(M( l )) Æn ¡ 1 and nF(M( l )) Æn Å 1 (where n ÆnT(l ) ÆnF(l )). Conversely, if
nT(l ) Æn ¡ 1 and nF(l ) Æn Å 1 then M( l ) is balanced and nT(M( l )) Æn.

Definition swap_but_first l :=
if l is a ::s then a:: [seq ~~ x | x <- s] else nil.

Definition swap_but_last l := rev (swap_but_first (rev l)).
Definition Dyck_modify l :=

(swap_but_last (DP_splita l).1) ++ (DP_splita l).2.

Lemma Dyck_modify_split l (s := (Dyck_modify l)) :
((DP_splita s).1 == swap_but_last (DP_splita l).1) &&
((DP_splita s).2 == (DP_splita l).2).

Lemma Dyck_modify_inv l: (Dyck_modify (Dyck_modify l)) = l.

Lemma swap_but_last_size l: size (swap_but_last l) = size l.
Lemma swap_but_last_nil l: nilp (swap_but_last l) = nilp l.
Lemma Dyck_modify_size l: size (Dyck_modify l) = size l.

Lemma swap_but_last_count l:
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ends_withF l -> (DP_Tcount(swap_but_last l)).+1 = DP_Fcount l.
Lemma Dyck_modify_size l: size (Dyck_modify l) = size l.
Lemma Dyck_modify_tcount l (s:= (Dyck_modify l)) :

DP_balanced l ->
((DP_splita l).1 == [::]) = false ->
((DP_Tcount s).+1 == DP_Tcount l) && (DP_Fcount s == (DP_Tcount l).+1).

Lemma Dyck_modify_tcount_bis l (s:= (Dyck_modify l)) :
DP_Fcount l = (DP_Tcount l).+2 ->
((DP_Tcount s == (DP_Tcount l).+1) && (DP_balanced s)).

If we express the last two results in terms of sets, we get: the number of subsets of I 2nÅ2 of
cardinal n is equal to the number of subsets of cardinal n Å 1 whose characteristic list is not a
Dyck path. Hence, the number of lists of size 2 n Å 2 with nT(l ) Æn Å 1 that are not Dyck paths
has cardinal

¡2nÅ2
n

¢
. So, the number of Dyck paths is the difference between this number and

another binomial number. It is hence the Catalan number.

Lemma cardinal_swap_but_last n:
#|[set X:{set 'I_(n.*2.+2) } | #|X| ==n ]| =
#|[set X:{set 'I_(n.*2.+2)} | (#|X| == n.+1) && ~~Dyck_path (char_seq X) ]|.

Lemma cardinal_tuple_nSSn n:
#|[set s: (n.*2.+2).-tuple bool | (DP_Tcount s == n.+1) && ~~Dyck_path s ]|
= 'C(n.*2.+2,n).

Lemma cardinal_Dyck_path n:
#|[set s: (n.*2).-tuple bool | Dyck_path s ]| = catalan n.

We now split out list l according to S 3(l ) Æu and S4(l ) Æv. We stop putting elements in v
when the result becomes balanced. Note (this is east to prove) that, if the last element of l is
F, then we put everything in u. On the other hand, if l ends with T, then S 4(l ) end also with T.
If u is non-empty, then v has to be a Dick path. In particular, if l is a Dyck path, so are u and
v.

Fixpoint DP_splitb l :=
if l is a::l' then let u:= (DP_splitb l').1 in let v:= (DP_splitb l').2 in

if(nilp u) then
if (nilp v) then if a then ([::], [::a]) else ([::a], [::])
else if (DP_balanced v) then ([::a],v) else ([::],a::v)

else (a::u,v)
else ([::],[::]).

Lemma DP_splitb_recover l: (DP_splitb l).1 ++ (DP_splitb l).2 = l.
Lemma DP_splitn_lastT l: ends_withT (DP_splitb (rcons l true)).2.
Lemma DP_splitb_pos2 l: nilp (DP_splitb l).1 || Dyck_path (DP_splitb l).2.
Lemma DP_splitb_Dyck12 l: Dyck_path l ->

Dyck_path (DP_splitb l).1 && Dyck_path (DP_splitb l).2.

If v is a list, we denote by v̄ the quantity F vT; conversely, we denote by v the list obtained
from v by removing the �rst and last element. The height of a path is the maximum of the
y-coordinate. These two operations increase or decrease the height, so we call them “raise”
and “lower”. If v is a Dyck path, then v̄ is called irreducible , for reasons explained below.

Definition DP_lower l := (behead (behead (belast true l))).
Definition DP_raise v := false :: rcons v true.
Definition Dyck_irred l :=

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 181

(l == DP_raise (DP_lower l)) && Dyck_path (DP_lower l).

Lemma DP_lowerK v: (head true v == false) && ends_withT v ->
DP_raise (DP_lower v) = v.

Lemma DP_raiseK v: DP_lower (DP_raise v) = v.
Lemma DP_raise_inj v1 v2: (DP_raise v1 == DP_raise v2) = (v1 == v2).
Lemma DP_count_catTF v : (DP_balanced (DP_raise v)) = (DP_balanced v).
Lemma Dyck_path_augment l: Dyck_path l -> Dyck_path (DP_raise l).
Lemma Dyck_irred_Dyck l: Dyck_irred l -> Dyck_path l.
Lemma DP_lower_DyckK s:

Dyck_path s -> ~~ nilp s -> DP_raise (DP_lower s) = s.

The quantity S 4(l ) will be denoted by S 0
4(l ). This is a Dyck path; the proof is a bit con-

trieved (we assume that l , as well as some other lists are non-empty). We �rst note that is l
is a Dyck path, we have S4(u Å Ål ) ÆS4(l ), whatever u . In particular, S 4(S4(l )) ÆS4(l )). Let
v0ÆS4(l ), a ÆS1(v0) and b ÆS2(v0). If a is empty, then b Æv0 is a Dyck path. Otherwise a
ends with F. So v is a part of a, followed b0, which is by F (the last element of a), followed by b,
followed by T. So S4(v) ÆS4(b0); but S4(v) Æv, and S4(b0) is a part of b0, wich is a non-trivial
part of v (remember that a is non-empty); aburd.

The converse is easier: if l is the concatenation of a Dyck path u, followed by F, followed
by a Dyck path v, followed by T, then u ÆS3(l ) and u ÆS0

4(l ). We denote this operation by
N(u,v). Note that, if the sizes are given, then N is injective.

It trivially follows: an irreducible Dyck path is a non-empty Dyck path that is never the
concatenation of two non-trivial Dyck paths.

Lemma DP_splitb_prop1 l: Dyck_path l -> ~~nilp l ->
~~(nilp ((DP_splitb l).2)).

Lemma DP_splitb_prop2a l (v:= (DP_splitb l).2) : Dyck_path l -> ~~nilp l ->
DP_raise (DP_lower v) = v.

Lemma DP_splitb_race1 s1 s2: Dyck_path s2 -> ~~ nilp s2 ->
(DP_splitb (s1 ++ s2)).2 = (DP_splitb s2).2.

Lemma DP_splitb_race2 l (v:= (DP_splitb l).2): Dyck_path l -> ~~ nilp l ->
(DP_splitb v).2 = v.

Lemma DP_splitb_prop3 l: Dyck_path l -> ~~nilp l -> Dyck_irred (DP_splitb l).2.
Lemma DP_splitb_prop4 l1 l2 (s := l1 ++ DP_raise l2):

Dyck_path l1 -> Dyck_path l2 ->
[&& Dyck_path s, (DP_splitb s).1 == l1 & (DP_splitb s).2 == DP_raise l2 ].

Lemma Dyck_irrred_nnil l: Dyck_irred l -> ~~ nilp l.
Lemma Dyck_irrred_prop1 l1 l2: Dyck_path l1 -> Dyck_path l2 ->

Dyck_irred (l1++l2) -> (nilp l1 ) || (nilp l2).
Lemma Dyck_irrred_prop2 l: Dyck_path l -> ~~ nilp l ->

(forall l1 l2, Dyck_path l1 -> Dyck_path l2 -> l = l1 ++ l2 ->
(nilp l1 ) || (nilp l2)) ->

Dyck_irred l.

We introduce now k(l ), the half of the size of S 0
4(l ). If l is Dyck path, of size 2 n Å 2, then l

is non-empty and S 0
4(l ) is a Dyck path, thus have even size. Note that S 0

4(l ) has size 2k Å 2, so
that k · n . We now partition the set of Dyck paths, according to the value of k , into sets Ek .
For the ease of the argument, we show that E k is non-empty. Let T i be the sequence formed
of i F, followed by the same number of T. The sequence N(T n¡ k ,Tk ) is a solution.
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Let's show the main result: (6.63). The LHS is the cardinal of the set E nÅ1 of Dyck paths
of length 2 n Å 2. Let Ti be the set of tuples of size 2 i , so that E is a a subset of TnÅ1. The
relation k · n says that we may consider k as a function T nÅ1 ! InÅ1 Now, the cardinal of E
is

P
j 2J

P
l 1. Here J is the set of all k (l ), where l is a Dyck path. As noted above, this is I nÅ1,

and we can rewrite the cardinal as
P

j · n
P

l 1. The inner sum is over all Dyck paths l such that
k (l ) Æj . It suf�ces to show that this sum is C j Cn¡ j , the cardinal of E j £ En¡ j . The function N
introduced above can be considered as an injection T j £ Tn¡ j ! TnÅ1, and there is is dif�culty
in showing that it is a bijection E j £ En¡ j ! EnÅ1. Total size of the proof: 600 lines.

Definition DP_splitb_size l := (size (DP_lower(DP_splitb l).2))./2.

Lemma DP_splitb_size_correct l n (k := DP_splitb_size l):
Dyck_path l -> size l = n.+1.*2 ->
(size (DP_splitb l).2 == k.*2.+2) && (k <= n).

Lemma Dyck_path_exists1 n (l := (nseq n false) ++ (nseq n true)):
(DP_Tcount l == n) && (Dyck_path l).

Lemma Dyck_path_exists2 n m (ln := (nseq n false) ++ (nseq n true))
(lm := (nseq m false) ++ (nseq m true)) (l := ln ++ DP_raise lm):
[&& size l == (n+m).+1.*2, (Dyck_path l) & DP_splitb_size l == m].

Lemma catalan_rec2 n:
catalan n.+1 = \sum_(i<n.+1) catalan i * catalan (n-i).

Let's show that C n is the number of Dyck paths of size 2( n Å 1) with no peak of height 2.
A peak is a local maximum of y, this means yi ¡ 1 Ç yi È yi Å1. As mentioned above, if s has a
peak of height k ; then s̄ has a peak at height k Å 1. Conversely, if l has a peak at height k Å 1;
one of its components has the form s̄ where s has a peak at height k (for k Æ0, this reads: s is
empty).

We obtain the decomposition in irreducible components S 5(l ) by recursively applying
our split algorithm: it is formed of S 5(S3(l )) followed by S 4(l ). The recursion terminates
when S4(l ) is empty; in the other case S 3(l ) is smaller than l . The actual induction is over
an integer. By construction l is the concatenation of the elements of S 5(l ); if l is a Dyck path,
each element of S5(l ) is irreducible. Conversely, If v is a list of irreducible Dyck paths, whose
concatenation is l , then it is S 5(l ) .

Fixpoint DP_splitc_aux n l:=
if n is n'.+1 then

if nilp l then [::] else let uv:= DP_splitb l in
if nilp uv.2 then [:: l] else rcons (DP_splitc_aux n' uv.1) uv.2

else [::].
Definition DP_splitc l:= DP_splitc_aux (size l) l.

Lemma DP_splitb_size_rec s: nilp (DP_splitb s).2 = false ->
size (DP_splitb s).1 < size s.

Lemma DP_splitc_rec l:
DP_splitc l = if nilp l then [::] else

if nilp (DP_splitb l).2 then [:: l]
else rcons (DP_splitc (DP_splitb l).1) (DP_splitb l).2.

Lemma DP_splitc_recover l: flatten (DP_splitc l) = l.
Lemma DP_splitc_correct l: Dyck_path l -> all Dyck_irred (DP_splitc l).
Lemma Dyck_flatten d: all Dyck_irred d -> Dyck_path (flatten d).
Lemma DP_splitc_unique l d:

all Dyck_irred d -> flatten d = l -> DP_splitc l = d.
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Lemma DP_splitc_cat l1 l2: Dyck_path l1 -> Dyck_path l2 ->
DP_splitc (l1 ++ l2) = DP_splitc l1 ++ DP_splitc l2.

Lemma DP_splitc_irred l: Dyck_irred l -> DP_splitc l = [:: l].

Let's say that l has no peak at height 1, in short H 1(l ), if no irreducible component has size
2. Since an irreducible component has the form s̄, this means that no component is FT. This
means that l is never of the form l 1 followed by FT followed by l 2, where l 1 and l 2 are Dyck
paths. We give here a decomposition d of l into parts that are either FT or maximal H 1. We
say that d is a decomposition of l if its concatenation is l . We assume moreover, that either
d is empty or d is s followed by d1 and (1) d1 satis�es the condition, (2) s is FT or non-empty
and H 1(s), and (3), either l is FT, or d1 is empty, or d1 starts with FT. In the algo, the condition
“ s is FT” is replaced by s is of size two. We �rst show uniqueness.

Fixpoint DP_ph1_aux (d: (list (list bool))) :=
if d is l::d then

DP_ph1_aux d && [|| size l == 2, nilp d | size (head nil d) == 2]
else true.

Definition DP_NH1 l:= all (fun s => size s != 2) (DP_splitc l).
Definition Dyck_NH1 l:= Dyck_path l && DP_NH1 l.
Definition DP_ph1_aux2 l :=

(l == DyckFT) || (~~ nilp l && (Dyck_NH1 l)).
Definition DP_ph1 d:= (DP_ph1_aux d) && (all DP_ph1_aux2 d).

Lemma DP_ph1_simp a l: DP_ph1 (a:: l) =
[&& DP_ph1 l, [|| size a == 2, nilp l | size (head nil l) == 2]
& DP_ph1_aux2 a].

Lemma DP_irred_size2 l: Dyck_irred l -> size l == 2 -> l = DyckFT.
Lemma DP_ph1_Dyck_aux l: DP_ph1_aux2 l -> Dyck_path l.
Lemma DP_ph1_Dyck d : DP_ph1 d -> Dyck_path (flatten d).
Lemma DP_ph1_nonempty d : DP_ph1 d -> all (fun z => ~~ nilp z) d.
Lemma DP_ph1_size2 l: DP_ph1_aux2 l -> size l == 2 -> l = DyckFT.
Lemma DP_NH1_prop1 x y: Dyck_path y -> ~~ Dyck_NH1 ((y ++ DyckFT) ++ x).
Lemma DP_NH1_prop2 x: ~~ Dyck_NH1(DyckFT ++ x).
Lemma DP_ph1_unique d1 d2 :

DP_ph1 d1 -> DP_ph1 d2 -> flatten d1 = flatten d2 -> d1 = d2.

We prove here existence. The idea isto merge consecutive elements, not of size one. We
denote by S6(l ) the result. This is the only decomposition of l satisfying the previous condi-
tions.

Fixpoint DP_split_resize (l: list (list bool)):=
if l is a :: l then let l' := DP_split_resize l in
if (size a == 2) then a::l'
else if l' is u::v then if(size u == 2) then a :: u :: v

else (a++u) ::v else [:: a]
else [::].

Lemma DP_split_resize_flatten l: flatten l = flatten (DP_split_resize l).
Lemma DP_split_resize_correct1 l: DP_ph1_aux (DP_split_resize l).
Lemma DP_split_resize_correct2 l: all Dyck_irred l ->

DP_ph1 (DP_split_resize l).
Lemma DP_split_resize_correct3 l (d := (DP_split_resize (DP_splitc l))):

Dyck_path l -> DP_ph1 d && (flatten d == l).
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Variant. Let S7(d ) be the following function: we merge an element x and the element that
follows y, unless y starts with FT. The result is a list such that each element (with the possible
exception of the head) starts with FT. If the head of d is FT, this condition is always satis�ed.
Assume that, whenever x and y are consecutive in d , then at least one of them starts with
FT. Note the potentiel merge is between x and the head result of the merge, so either y or
the concatenation of y and something else. So, if y starts with FT we do not merge. Hence
if x does not start with FT we do not merge. Assume further that each element is FT or non-
empty H 1. Let's denote by Q( l ) the property that l is the concatenation of FT and a (possibly
empty) H 1. We pretend that S 7(d ) is formed of element satisfying this condition, except that
the head could be a FT or a H 1. The proof is a bit tricky. One deduces: if the �rst element of
d is FT, then all elements of S 7(d ) satisfy Q.

So, if l is a Dyck path that starts with FT, if we apply S 6, then S7, we get a decomposition
where every terms satis�es Q.

Definition starts_withFT l:= if l is [:: false, true & l] then true else false.
Definition DP_FT_DH1 l := starts_withFT l && Dyck_NH1 (drop 2 l).
Definition prependFT l := [:: false, true & l].

Fixpoint DP_resizeb (l: list (list bool)) :=
if l is a::l then let l' := DP_resizeb l in

if (nilp l' || (starts_withFT (head nil l'))) then a::l'
else (a ++ (head nil l')):: (behead l')

else nil.
Definition DP_resizeb_condition s :=

nilp s || ((all DP_FT_DH1 (behead s)) &&
(DP_FT_DH1 (head nil s) || (DP_ph1_aux2 (head nil s)))).

Lemma DP_resizeb_flatten l: flatten l = flatten (DP_resizeb l).
Lemma starts_withFT_prop l: starts_withFT l = (l == prependFT (drop 2 l).
Lemma DP_NH1_prop3 b: starts_withFT b -> ~~(Dyck_NH1 b).
Lemma DP_NH1_prop4 a x: Dyck_path a -> starts_withFT x ->

~~(Dyck_NH1 (a ++ x)).
Lemma starts_withFT_alt x: starts_withFT x = ((take 2 x) == DyckFT).
Lemma DP_resizeb_prop1 l: all starts_withFT (behead (DP_resizeb l)).
Lemma DP_resizeb_prop2 l: all starts_withFT (DP_resizeb( DyckFT ::l)).
Lemma DP_resizeb_prop3 d: DP_ph1 d -> DP_resizeb_condition (DP_resizeb d).

Lemma DP_resizeb_prop4 d:
DP_ph1 d -> (all DP_FT_DH1 ((DP_resizeb (DyckFT :: d)))).

Lemma DP_split_resizeb_correct l
(d := ( DP_resizeb (DP_split_resize (DP_splitc l)))):
Dyck_path l -> starts_withFT l -> (all DP_FT_DH1 d) && (flatten d == l).

Lemma DP_FT_DH1aux_unique d1 d2:
DP_resizeb_condition d1 -> DP_resizeb_condition d2 ->
flatten d1 = flatten d2 -> d1 = d2.

Lemma DP_FT_DH1_unique d1 d2:
all DP_FT_DH1 d1 -> all DP_FT_DH1 d2 -> flatten d1 = flatten d2 -> d1 = d2.

We consider now two operations T 0
r and T0

l (raise, lower), that are inverse functions. If l
is FTs, then T 0

r (l ) is FsT, and if l is FsT, then T 0
l (l ) is FTs. Given a Dyck path l , we consider

its irreducible components l i , apply T 0
l to each part, concatenate this results, and remove the

�rst FT. We denote this by T l (l ). Conversely, given a list l , we add FT in front, apply S 6 and S7.
This gives a list of items satisfying Q. To each item, we apply T 0

r and then �atten; the result
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is Tr . Let u be the �rst list, u0 the second. Denote by uÅ the concatenation of u . We have
uÅ ÆFTl ; each element of u0 is irreducible, so that the decomposition of u0Å is u0; �nally, if
we apply T 0

l to the elements of u0, we get u . This implies T l (Tr (l )) Æl . Note that T r increases
the size by two, and T l decreases it.

Note that T r (l )) satis�es H 2. Assume x satis�es H 2 and is non-empty; then its is of the
form T r (l )); in fact x ÆTr (Tl (x))). This proves the result.; there are as many Dyck paths of
size n that Dyck paths of size n Å 1 that are NH2.

Definition Dyck_lp_aux l := prependFT (DP_lower l).
Definition Dyck_rp_aux l := DP_raise (drop 2 l).
Definition DP_NH2 l:=

all (fun s => (DP_NH1 (DP_lower s))) (DP_splitc l).
Definition Dyck_NH2 l:= Dyck_path l && DP_NH2 l.

Definition Dyck_lp l :=
drop 2 (flatten [seq Dyck_lp_aux s | s <- DP_splitc l]).

Definition Dyck_rp_aux2 l :=
DP_resizeb (DP_split_resize (DP_splitc (prependFT l))).

Definition Dyck_rp l :=
(flatten [seq Dyck_rp_aux s | s <- Dyck_rp_aux2 l]).

Lemma Dyck_rp_prop l
(u:= Dyck_rp_aux2 l) (u' := [seq Dyck_rp_aux s | s <- u]) :
Dyck_path l ->
[&& all DP_FT_DH1 u, flatten u == prependFT l, DP_splitc (flatten u') == u' &
[seq Dyck_lp_aux s | s <- u'] == u ].

Lemma Dyck_lp_auxK l: Dyck_irred l -> Dyck_rp_aux(Dyck_lp_aux l) = l.
Lemma Dyck_rp_auxK l: starts_withFT l ->

Dyck_lp_aux(Dyck_rp_aux l) = l.
Lemma Dyck_rp_aux_size x: starts_withFT x -> size (Dyck_rp_aux x) = size x.
Lemma Dyck_lp_size n l: Dyck_path l -> size l = n.+1.*2 ->

size (Dyck_lp l) = n.*2.
Lemma Dyck_rp_size l: Dyck_path l ->

size (Dyck_rp l) = (size l).+2.
Lemma Dyck_lp_Dyck n l: Dyck_path l -> size l = n.+1.*2 ->

Dyck_path (Dyck_lp l).
Lemma Dyck_rp_Dyck l: Dyck_path l -> Dyck_path (Dyck_rp l).
Lemma Dyck_rpK l: Dyck_path l -> Dyck_lp (Dyck_rp l) = l.
Lemma Dyck_rp_H2 l: Dyck_path l -> Dyck_NH2 (Dyck_rp l).
Lemma Dyck_lpK n l: Dyck_NH2 l -> size l = n.+1.*2 ->

Dyck_rp (Dyck_lp l) = l.

Lemma cardinal_Dyck_NH2 n:
#|[set s: (n.+1.*2).-tuple bool | Dyck_NH2 s ]| = catalan n.

6.9.8 Derangements

We introduce here a quantity pn , de�ned by pnÅ1 Æn(pn Å pn¡ 1), called the number of
derangements.

Fixpoint nder_rec n :=
if n is n1.+1 then

if n1 is n2.+1 then n1 *(nder_rec n1 + nder_rec n2)
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else 0
else 1.

Definition nder := nosimpl nder_rec.

Lemma nderE : nder = nder_rec.
Lemma nder0: nder 0 = 1.
Lemma nder1: nder 1 = 0.
Lemma nderS n : nder (n.+2) = (n.+1) * (nder n.+1 + nder n).

We gave a reccurence of order one: pnÅ1 Æ(n Å 1)pn Å (¡ 1)nÅ1.

Lemma nbder_gt0 n: 0 < nder n.+2.
Lemma nbder_even_gt0 n: ~~ odd n -> 0 < nder n.
Lemma nderS' n (m := (n.+1) *(nder n)):

nder (n.+1) = if (odd n) then m.+1 else m.-1.

It follows
P

i
¡n

i

¢
p i Æn!. Proof: if we had pnÅ1 Æ(n Å1)pn then the result would be obvious.

The additional terms cancel because of (6.55) and (6.56).

Lemma split_sum_even_odd (F: nat -> nat) n:
\sum_(i<n) (F i) = \sum_(i< (n.+1)./2) (F i.*2) + \sum_(i< n./2) (F i.*2.+1).

Lemma nbder_gt0 n: 0 < nder n.+2.
Lemma nderS' n (m := (n.+1) *(nder n)):

nder (n.+1) = if (odd n) then m.+1 else m.-1.
Lemma nder_sum n: \sum_(i< n.+1) 'C(n,i) * nder i = n `!.

6.9.9 Formulas on Z

We shall now consider formulas of the form
P

i (¡ 1)i xi . We use a notation that makes this
easier to input (in the �rst case, x is a natural number, and we have to specify that the ¡ 1 is
in Z; in the second case, x is in a ring and the ¡ 1 comes from the same ring).

We prove the following by induction on k . If k Æn Å 1 the RHS vanishes.

(6.64)
kX

i Æ0
(¡ 1)i

Ã
n Å 1

i

!

Æ(¡ 1)k
Ã
n

k

!

.

Notation with_sign k x := ( (-1%:Z) ^+ k *+ x ).
Notation with_sgn k x := ( (-1) ^+ k * x ).

Lemma F26a (k n: nat):
\sum_(i<k.+1) ( with_sign i 'C(n.+1, i)) = with_sign k 'C(n, k).

Lemma F26b (n: nat):
\sum_(i<n.+2) ( with_sign i 'C(n.+1, i)) = 0.

One deduces, thanks to (6.22),

(6.65)
qX

kÆ0
(¡ 1)k

Ã
j Å q

j Å k

!Ã
j Å k

j

!

Æ±q0

and, if j · q then

(6.66)
qX

kÆ0
(¡ 1)k

Ã
q

k

!Ã
k

j

!

Æ(¡ 1) j ±q j .
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Lemma bin_inva (j q: nat):
\sum_(k<q.+1) with_sign k ('C(j+q, j+k) * 'C(j+k, j)) = (q==0%N).

Lemma bin_invb (j q: nat): j <= q ->
\sum_(k<q.+1) with_sign k ('C(q, k) * 'C(k, j)) =

with_sgn j (Posz(q - j == 0)%N).

Consider

(6.67) f (p) Æ
pX

i Æ0

Ã
p

i

!

g(i ),

(6.68) g(p) Æ
pX

i Æ0
(¡ 1)i

Ã
p

i

!

f (p ¡ i ) Æ(¡ 1)p
pX

i Æ0
(¡ 1)i

Ã
p

i

!

f (i ).

We write these formulas as f ÆB (g) and g ÆB 0( f ). The two formulas are equivalent.
This can be restated as: the p £ p matrix with entries

¡ i
j

¢
is invertible, and its inverse is the

matrix with entries ( ¡ 1)i Å j
¡ i

j

¢
. One deduces, for every f :

(6.69) g(p) Å g(p Å 1) ÆgÅ(p), [g ÆB 0( f ), gÅ ÆB 0( f Å), f Å(i ) Æf (i Å 1)]

Definition bin_conv_dir (g: nat -> int) n :=
\sum_(i<n.+1) (g i) *+ 'C(n,i).

Definition bin_conv_inv (f: nat -> int) n :=
with_sgn n (\sum_(i<n.+1) with_sgn i (f i) *+ 'C(n,i)).

Lemma double_pow_m1 (i: nat) (a : int): with_sgn i (with_sgn i a) = a.
Lemma bin_conv_inv1 (f: nat -> int) n:

bin_conv_inv f n = \sum_(i<n.+1) with_sgn i (f (n- i)%N) *+ 'C(n,i).
Lemma bin_conv_inv2 (f g: nat -> int) n:

(forall i, i<=n -> f i = bin_conv_dir g i) ->
(forall i, i<=n -> g i = bin_conv_inv f i).

Lemma bin_conv_inv3 (f g: nat -> int) n:
(forall i, i<=n -> f i = bin_conv_inv g i) ->
(forall i, i<=n -> g i = bin_conv_dir f i).

Lemma bin_conv_inv_rec (f g: nat -> int) n:
(forall i, i<=n.+1 -> g i = bin_conv_inv f i) ->
(g n) + (g n.+1) = bin_conv_inv (fun i => (f i.+1)) n.

We consider now the case where g(i ) Æn i . We write Sn,p instead of f and pretend that
this is the number of surjections of a set of n elements onto a set of p elements. We have
S0,0 Æ1, SnÅ1,0 Æ0, S0,pÅ1 Æ0, SnÅ1,1 Æ1. We have S1,p Æ0 and Sn,2 Æ2n ¡ 2 (let f be a
surjection E ! {,;} the set f ¡ 1(0) can be any subset of E, except E and the empty set).

Definition nb_surj n p := bin_conv_inv (fun i => (i ^n)%N) p.

Lemma nb_surj_00 : nb_surj 0 0 = 1.
Lemma nb_surj_n0 n: nb_surj n.+1 0 = 0.
Lemma nb_surj_0p p: nb_surj 0 p.+1 = 0.
Lemma nb_surj_n1 n: nb_surj n.+1 1 = 1.
Lemma nb_surj_n2 n: nb_surj n.+1 2 = (2 ^n.+1 - 2)%N.
Lemma nb_surj_1p p: nb_surj 1 p.+2 = 0.
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An easy consequence of (6.69) is SnÅ1,pÅ1 Æ(p Å 1)(Sn,pÅ1 Å Sn,p ). We have already met
this equation, so that S n,p is the number of surjections introduced above (i.e., the stirling
number ties a factorial). Moreover S n,nÅpÅ1 Æ0. It follows S n,n Æn! and

(6.70) SnÅ1,n Æ

Ã
n Å 1

2

!

n! SnÅ2,n Æ(

Ã
n Å 3

4

!

Å 2

Ã
n Å 2

2

!

)n !

Lemma nb_surj_rec n p:
nb_surj n.+1 p.+1 = (nb_surj n p + nb_surj n p.+1) *+ (p.+1).

Lemma nbsurj_stirling n p: nb_surj n p = nbsurj n p.
Lemma nb_surj_pos1 n p: {k:nat | nb_surj n p = (p`!*k)%N }.
Lemma nb_surj_small n p: nb_surj n (n+p.+1) = 0.
Lemma nb_surj_nn n: nb_surj n n = n`!.
Lemma nb_surj_Snn n: nb_surj n.+1 n = ('C(n.+1,2) * n`!) %N.
Lemma nb_surj_SSnn n:

nb_surj n.+2 n = (('C(n.+3,4) + 2 * 'C(n.+2,2)) * n`!) %N.

6.9.10 Formulas using polynomials

We assume from now on that R is a ring. If x and y are in R and n is an integer then
P

i · n (x Å i y ) Æx(n Å 1)Å yn(n Å 1)/2.

Lemma F1 x y n: (\sum_(i<n.+1) (x+y*+ i))*+2 = (x*+2+y*+n)*+n.+1.

Consider the relation (X Å c)n Æ
P

i · n
¡ i
n

¢
cn¡ i Xi . It holds as a polynomial equality, where

X is the variable, and c an element of the ring. We shall deduce: the coef�cient of index i is¡n
i

¢
cn¡ i (this holds whether i · n or i Ç n).

Lemma power_monom (c:R) n :
('X + c%:P) ^+ n = \poly_(i< n.+1) (c^+(n - i)%N *+ 'C(n, i)).

Consider zkÅl Æzk zl , where z ÆXÅ 1. If we compute the coef�cient of index i , we get the
Vandermonde formula (6.59) above.

Let's compute the coef�cient of index i in (X Å a Å b)n . We get (6.71) below. The formula
simpli�es if we consider a Æ1 and b Æ §1. Note that if p È n, everything is zero.

(6.71)

Ã
n

p

!

(a Å b)p Æ
pX

i Æ0

Ã
n

i

!Ã
n ¡ i

p ¡ i

!

ap¡ i b i .

(6.72)
pX

i Æ0

Ã
n

i

!Ã
n ¡ i

p ¡ i

!

Æ2p

Ã
n

p

!

.

(6.73)
pX

i Æ0
(¡ 1)i

Ã
n

i

!Ã
n ¡ i

p ¡ i

!

Æ0 (p 6Æ0).

Lemma bin_vandermonde (k l i:nat):
(\sum_(j < i.+1) 'C(k, j) *'C(l, (i - j)) = 'C(k+l , i) )%N.

Lemma F36 k l i:
(\sum_(j < i.+1) ('C(k, j) *'C(l, (i - j)))) = 'C(k+l , i).
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Lemma F37 n p: p<= n -> (* 4 *)
(\sum_(k < (n-p).+1) ('C(n, k) *'C(n, p+k))) = 'C(2*n,n-p).

Lemma F38 n: \sum_(i<n.+1) 'C(n,i) ^2 = 'C(n.*2, n). (* 2 *)

Lemma G6_a (n p:nat) (a b: int): (* 25 *)
(\sum_(i < p.+1) a^+ (p-i) * b ^+ i *+ ('C(n, i) * 'C(n-i, p-i)) =

(a+b) ^+ p *+ 'C(n , p) )%Z.
Lemma G6_b (n p:nat): p <> 0%N -> (* 4 *)

\sum_(i < p.+1) (-1%:Z) ^+ i *+ ('C(n, i) * 'C(n-i, p-i)) = 0.
Lemma G6_c (n p:nat): (* 4 *)

(\sum_(i < p.+1) 'C(n, i) * 'C(n-i, p-i) = 2 ^ p *'C(n , p) )%N.

Relation (6.74) below can be proved by induction. Alternate proof: differentiate (X Å 1)n ,
and evaluate at 1. Evaluating at ¡ 1 gives (6.75).

(6.74)
nX

i Æ0
i

Ã
n

i

!

Æn2n¡ 1

(6.75)
nX

i Æ0
(¡ 1)i i

Ã
n

i

!

Æ0 (n 6Æ1)

Lemma F27_a n: \sum_(i < n.+1) i* 'C(n, i) = n * 2 ^ (n.-1) .
Lemma F27_b n: (\sum_(i < n.+1) i* 'C(n, i) = n * 2 ^ (n.-1) ) %N.
Lemma F28 n: \sum_(i < n.+1) with_sign i (i* 'C(n, i))

= if n is 1 then -1%:Z else 0.

6.9.11 Partitions

We show here that: if P is a partition of E, then Card(P) · Card(E), if P is a partition of ; ,
then P Æ ; , and if f : E ! F is a function, the set of all fx Æ{y, y 2 A, f (x) Æf (y)} is a partition
of A. It follows that the cardinal of A is the sum of the cardinals of sets fx ; if all these sets have
cardinal n , then card(A) Æn Card( f hAi ).

Lemma neq_sym (T: eqType) (x y: T): (x != y) = (y != x).

Section Partition.
Variable T: finType.
Variables aT rT : finType.
Implicit Type P : {set {set T}}.

Lemma disjointsU1 (T: finType) (A B: {set T}) x:
[disjoint (x |: A) & B] = (x \notin B) && [disjoint A & B].

Lemma partition_ni_set0 (T:finType) (P: {set {set T}}) E i:
partition P E -> i \in P -> i != set0.

Lemma card_partition_aux (T:finType) (P: {set {set T}}) E:
partition P E -> #|P| <= #|E|.

Lemma partition_set0 (T:finType) (P: {set {set T}}) :
partition P set0 = (P == set0).

Lemma preim_atE (aT: finType) (rT: eqType) (f: aT -> rT) (A: {set aT}) x:
[set y \in A | f y == f x] = A :&: preim_at f x.

Lemma card_inv_im (aT rT: finType) (f: aT -> rT) (A: {set aT}) (n: nat):
(forall x, x \in A -> #|[set y \in A | f y == f x]| = n) ->
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#|A| = #|f @: A| * n.
Lemma stirling_partition (T: finType) (E: {set T}) (p:nat): (* 170 *)

#|[set P | partition P E && (#|P| == p) ]| = 'St(#|E|, p).

We propose here to count the number of surjective functions E ! F. There no de�nition
of “surjective” in SSREFLECTand there is no obvious de�nition. Assume that T and T 0are two
�nite types, E ½T and F ½T0are two �nite sets. We say that f : T ! T0 is surjective if f (a) 2 F
whenever a 2 E, and every b 2 F is of the form f (a) for some a 2 E. We can say that f is
surjective if it has a right inverse g, so that (1) f (a) 2 F whenever a 2 E, (2) g(b) 2 E whenever
b 2 F, and (3) f (g(b)) Æb whenever b 2 F. Note that if (4): g( f (a)) Æa whenever a 2 E, then
f is injective on E, and all four conditions together say that f is a bijection E ! F. Note that
g must be de�ned on T 0; this is easy if T is non-empty. However, if T is the empty function
; ! ; , T is empty, and T 0 is non-empty, there is no inverse for f . If we want to count the
number of surjections E ! F, we must assume that two functions equal on E are equal. One
solution is to assume that f (a) Æy whenever a 62E. This works when T 0 is non-empty. The
other solution is to assume E ÆT.

Let f hEi denote the set of f (x) for x 2 E. We say that f is surjective if f hEi Æ F. For
simplicity, we assume E ÆT. Thus f is surjective if f hTi ÆF. Note that we cannot say f hTi Æ
T0(since T0 is not a set), we have to cast T 0 into a set.

Definition set_surj_fun_on (aT rT: finType) (B: {set rT} ):=
[set f: {ffun aT -> rT} | f @: aT == B ].

Definition set_surj_fun (aT rT: finType):= set_surj_fun_on aT [set: rT].

Lemma set_surj_fun_onP (aT rT: finType)(B: {set rT} )(f: {ffun aT -> rT}):
reflect

((forall b, b \in B -> exists2 a, a \in aT & b = f a)
/\ (forall a, f a \in B))
(f \in set_surj_fun_on aT B).

Lemma set_surj_fun_P (aT rT: finType) (f: {ffun aT -> rT}):
reflect (forall b, exists a, b = f a)(f \in set_surj_fun aT rT).

Definition preim_at x := f @^-1: pred1 (f x).
Definition preim_partition D := [set D :&: preim_at x | x <- D].
Lemma preim_partitionP D : partition (preim_partition D) D.
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Chapter 7

In�nite sets

Bourbaki de�nes an in�nite set as a set that is not �nite, assumes via an axiom the exis-
tence of an in�nite set and deduces (Theorem 1, [4, p. 184]) the existence of the set of natural
integers N. We introduced the set of integers a long time ago, so that the �rst section of this
chapter has no code. The second section concerns de�nitions of a function by induction (we
already needed this possibility, so that we give only some additional properties). The third
section shows that addition and multiplication of two in�nite cardinals is trivial. We study
some properties of countable cardinals and stationary sequences.

7.1 The set of natural integers

Assume that there is an in�nite set, thus an in�nite cardinal a. Let N be the set of all
�nite cardinals Ç a, @0 its cardinal. Then N is the set of all integers. Conversely, N is in�nite,
since the successor function is injective and not surjective. Note that, if n is �nite, the set of
integers · n has cardinal n Å 1. We deduce n Å 1 · @0. Since n Ç n Å 1, it follows that @0 is not
n . If we use von Neumann cardinals, we get that N is the least in�nite ordinal ! as well as the
least in�nite cardinal @0.

Bourbaki de�nes a sequenceas a family whose index set I is a subset of N. It is called an
in�nite sequence if I is in�nite. Remember that a �nite sequence is a family where I is �nite
and contains only integers; this means that I is a �nite subset of N.

Let's quote Bourbaki [4, p. 184] “Let P änäbe a relation and let I denote the set of integers
n such that P änäis true. I is then a subset of N. A sequence (xn )n2I is then sometimes written
(xn )Pänä, and xn is called the nth term in the sequence.” Example. Assume that P änä is the
relation n 2 Z where Z denotes the set of rational integers as a subset of N. According to the
quote, ( xn )n2N and (xn )n2Z are the same sequences. This may be confusing since they are
obviously different families. In section 6.4, Bourbaki assumes that P änä implies that n is an
integer; this is missing here. Other example: we consider the property “ n even and n Ç 10”.
This is a �nite sequence and the 4th term is 6; in the French version, we can read “ x4 est le
terme d'indice 4” and “ x6 est le 4-ème terme”. In English this is translated as “ x4 is the 4th
term” and “ x6 is the 4th term”. This may be confusing.

According to Bourbaki, if the property is n ¸ k , the sequence is written as ( xn )k · n or
(xn )n¸ k or even (xn ) if k Æ0 or k Æ1. This last notation is obviously ambiguous. The sum of

such a family may be denoted as
1X

nÆk
xn .
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Two sequences (xn )n2I and ( yn )n2I with the same index set are said to differ only in the
order of their terms if there exists a permutation f of the index set I such that x f (n ) Æyn for
all n 2 I. This makes sense even if I is not a subset of the integers. By commutativity, two
sequences that differ only in the order of their terms have same sum and product.

A multiple sequence is a family whose index set is a subset of a product Np (p is a integer).

Let f be a bijection of N onto a set I. For each family ( xi )i 2I , the sequence n 7! x f (n ) is
said to be obtained by arranging the family (xi )i 2I in the order de�ned by f .

7.2 De�nition of mappings by induction

If we instantiate Criterion C60 (see page 54) to the well-ordered set N we get another
criterion C62; it asserts that, for any term T, there exists a unique surjective function f such
that

(TIND) 8 n,n 2 N Æ) f (n) ÆTäf (n )ä

where u (x) denotes the surjective restriction of u to the segment ] Ã ,x[. Recall that ] Ã ,x[ is
the set of all elements y such that y ÇN x; this is just the interval [0, x[. Note that the operator
Täuämust be de�ned for any set u , but is usedonly when u is of the form un Æf (n ), this is the
restriction of some unknown function to a segment of our well-ordered set.

Bourbaki deduces C63: Let Säväand a be two terms. Then there exists a setV and a map-
ping f of N onto V such that f (0) Æa and f (n) ÆSäf (n ¡ 1)äfor each integer n ¸ 1. Moreover
the setV and the mapping f are uniquely determined by these conditions .

It is obvious, by induction on n, that if f and f 0satisfy the conditions of the criterion, then
f (n) Æf 0(n ) whatever n . Since f and f 0are surjective, they are equal as well as their targets.
Thus, the non-trivial point is existence of f . We explain here the Bourbaki construction. Let

D(u) ÆEx (x 2 N and (9y)((x, y) 2 pr1(pr 1(u )))).

Let M( u) be the least upper bound of D( u) in N, Á Æ(; ,; , ; ) the empty mapping, and con-
sider the relation

Räy,uä: (u ÆÁ and y Æa) or (u 6ÆÁ and y ÆSäu(M( u))ä).

Let Täuäbe the term ¿y(Räy,uä).

We have f (0) ÆTäf (0)ä, and f (0) ÆÁ, so that f (0) Æ¿y(Räy,Áä). Since Räy,Áäis equivalent
to y Æa, we get f (0) Æa. Assume now n ¸ 1. In this case, f (n ) is a function whose domain
D( f (n )) is the closed interval [0, n ¡ 1]. In particular, this is not the empty function, R äy, f (n )äis
equivalent to y ÆSäf (n )(M( f (n )))äso that f (n ) ÆSäf (n )(M( f (n )))ä. Since M is the least upper
bound of D, it is n ¡ 1. Thus f (n) ÆSäf (n )(n ¡ 1)äÆSäf (n ¡ 1)ä.

In a footnote, Bourbaki says: “The de�nition of the least upper bound can be formulated
in such a way that it has a meaning even for a set which is not bounded above (it denotes a
term, in the formalized language, of the form ¿x (Räxä), which the reader will have no dif�-
culty in writing down).” Recall that Bourbaki uses the term “least upper bound” only when it
is de�ned; as D( u) is a subset of N, M(u) is de�ned when D( u) is bounded. A simple solution
could be

M(u) Æthe greatest element of D( u), if it exists, zero otherwise.

Alternatively, let N( u) be the set of upper bounds of D( u). This is the set of all x 2 N such that
8 y 2 D(u), y · N x (this can be de�ned for any order relation). Now, M( u) is the least element
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of N(u); it satis�es “ x 2 N(u) and 8 y 2 N(u), x · N y”. If we denote this relation by R 0, then the
least upper bound will be ¿x (R0äxä).

If we denote by N 0(u ) the set of all x 2 N(u) such that 8 y 2 N(u), x · N y, then N 0 is empty
or has a single element; so that M( u) Æ

S
N0(u ) if the least upper bound exists. This gives a

de�nition for the least upper bound, that does not use the symbol ¿.

Note that D( u) is the intersection of N and the domain of u . If u is a function, the domain
is the source, and if the source is a subset of N, it is the source. Thus an equivalent de�nition
of D could be: D is the source of u , i.e., D(u) Æpr2(pr 1(u )). Given the form of R, the expression
¿y(Räy,uä) is : if u is Á then a else Säu(M( u))ä. In the �rst implementation of Gaia we used:

M := fun u => supremum Nat_order (source u)
T := fun u => Yo (u = empty_function) a (s (Vf u (M u)))

It is sometimes useful to consider the case where S depends on n, in order to get a recur-
rence relation of the form f (n Å 1) Æh(n, f (n )).

This is how Bourbaki handles this case. He considers a function h : N £ E ! E, where
E is some �xed set. Denote by F the set N £ E. Consider the function Ã : F ! F de�ned
by y 7! (pr 1y Å 1,h(y)) and the surjective function g de�ned by induction as g(0) Æ(0,a)
and g(n Å 1) ÆÃ (g(n)). By induction, g takes its values in F. De�ne an Æpr1(g(n)) and
bn Æpr2(g(n)). From g(n) 2 F, one deduces an 2 N, bn 2 E and g(n) Æ(an ,bn ), hence the
two recurrence relations anÅ1 Æan Å 1 and bnÅ1 Æh(an ,bn ). Obviously an Æn, thus bnÅ1 Æ
h(n,bn ). The mapping N ! E, n 7! bn is the solution.

Consider the following example. Given a sequence of cardinals ( xi ), we consider h(n , y) Æ
xnÅ1 Å y or h(n , y) Æx y

nÅ1. Using our induction scheme (IND0) de�ned below, there exist two
sequences satisfying y0 Æx0 and ynÅ1 ÆxnÅ1Å yn or z0 Æx0 and znÅ1 Æxzn

nÅ1. Let's try to apply
the Bourbaki method. The dif�culty is to �nd a set E such that h(n ,x) 2 E whenever n 2 N and
x 2 E, in order to coerce h into a function N £ E ! E. There is a set E stable by cardinal sum
that contains the range E 0 of the sequence (xi ). If E0 is a subset of N, just take N, otherwise
let a be the supremum of E 0 (see page 87). This is an in�nite cardinal, and we shall see in the
next section that the set of all cardinals · a is stable by cardinal sum. As a consequence, we
can use the Bourbaki construction and yn 2 E. Doing the same for zn is tricky. For any set E
we de�ne p(E) to be the set of all x y for x 2 E and y 2 E, and for any cardinal a, we de�ne E a
to be the set of all cardinals · a and s(a) to be the supremum of p(Ea). Let f be the function
de�ned by induction via s (where f (0) is any cardinal such that E f (0) contains the range of
the sequence xi ). Finally, let E be the union of the sets E f (i ). Since f is increasing, if x and
y are two elements of E, there is an i such that x 2 Ef (i ) and y 2 Ef (i ) hence x y 2 Ef (i Å1) ½E.
This is a very large set (we could reduce a bit its size by de�ning p(E) to be the set of all x y for
x 2 E0 and y 2 E). Our method is better, since there is no need to introduce this set E.

If s(x) and h(n ,x) are two functional terms (we do not require them to be functions), and
a term a , there exists a unique surjective function f de�ned on N such that:

(IND) f (0) Æa and n 2 N Æ) f (n Å 1) Æs( f (n)),

respectively

(IND0) f (0) Æa and n 2 N Æ) f (n Å 1) Æh(n, f (n)).

In both cases, we use trans�nite induction via a term T. In the �rst case, we use y Æ
s(u(M( u))) and in the second case, we use y Æh(M( u),u(M( u))). Let M 0(u ) be the cardinal of
the source of u . Then u ÆÁ can be replaced by M 0(u ) Æ0, and if u Æf 0(n ), then M 0(u ) Æn.
Hence the following de�nition:
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M' u := cardinal (source u)
T u := Yo (M' u = \0c) a (s (Vf u ((M' u) -c \1c)))

These de�nitions can be simpli�ed further. Since M( u) is a von Neumann cardinal, we
have M0(u ) ÆM(u), and M 0(u ) ¡ 1 is the predecessor of M( u). We obtain the following de�ni-
tions, introduced in the previous chapter.

(*
Definition induction_defined0 (h: fterm2) (a: Set) :=

transfinite_defined Nat_order
(fun u => Yo(source u = \0c) a (h

(cpred (source u))(Vf u (cpred (source u))))).

Definition induction_defined (s: fterm) (a: Set) :=
transfinite_defined Nat_order
(fun u => Yo(source u = \0c) a (s (Vf u (cpred (source u))))).

*)

We consider also functions that satisfy a recurrence relation on an interval [0, m ]:

(IND1') f (0) Æa and f (n Å 1) Æg(n, f (n)) if n Ç m.

It is easier to de�ne f for all integers, for instance as f (n) Æa whenever n È m, so we con-
sider:

(IND1) f (0) Æa and n Ç m Æ) f (n Å 1) Æg(n, f (n)) and n 2 N,n È m Æ) f (n) Æa.

Definition induction_defined1 (h: fterm2) a p :=
induction_defined0 (fun n x => Yo (n <c p) (h n x) a) a.

We give here three additional de�nitions. Instead of considering a surjective function, we
consider a function with target E.

Definition change_target_fun f t := triple (source f) t (graph f).

Definition induction_defined_set s a E:=
change_target_fun (induction_defined s a) E.

Definition induction_defined_set0 h a E:=
change_target_fun (induction_defined0 h a) E.

Definition induction_defined_set1 h a p E:=
change_target_fun (induction_defined1 h a p) E.

We state some theorems that say that such a function exists and is unique.

Lemma induction_defined_pr1 h a p (f := induction_defined1 h a p):
natp p ->
[/\ source f = Nat, surjection f,

Vf f \0c = a,
(forall n, n <c p -> Vf f (csucc n) = h n (Vf f n)) &
(forall n, natp n -> ~ (n <=c p) -> Vf f n = a)].

Lemma integer_induction1 h a p: natp p ->
exists! f, [/\ source f = Nat, surjection f,

Vf f \0c = a ,
(forall n, n <c p -> Vf f (csucc n) = h n (Vf f n)) &
(forall n, natp n -> ~ (n <=c p) -> Vf f n = a)].
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We now show that the target of the function de�ned by induction is a subset of E under
some conditions. It follows that there is a variant where the target is E. We shall not prove
uniqueness, it is obvious.

Lemma change_target_pr f E (g:= change_target_fun f E):
function f -> sub (target f) E

-> (function_prop g (source f) E
/\ forall x, inc x (source f) -> Vf g x = Vf f x).

Lemma integer_induction_stable E g a:
inc a E -> (forall x, inc x E -> inc (g x) E) ->
sub (target (induction_defined g a)) E.

Lemma integer_induction_stable0 E h a:
inc a E -> (forall n x, inc x E -> inc n Nat -> inc (h n x) E) ->
sub (target (induction_defined0 h a)) E.

Lemma integer_induction_stable1 E h a p:
natp p ->
inc a E -> (forall n x, inc x E -> n <c p -> inc (h n x) E) ->
sub (target (induction_defined1 h a p)) E.

Lemma induction_defined_pr_set E g a:
let f := induction_defined_set g a E in

inc a E -> (forall x, inc x E -> inc (g x) E) ->
[/\ function_prop f Nat E, Vf f \0c = a &
forall n, natp n -> Vf f (csucc n) = g (Vf f n)].

Lemma induction_defined_pr_set0 E h a:
let f := induction_defined_set0 h a E in

inc a E -> (forall n x, inc x E -> natp n -> inc (h n x) E) ->
[/\ function_prop f Nat E, Vf f \0c = a &
forall n, natp n -> Vf f (csucc n) = h n (Vf f n)].

Lemma induction_defined_pr_set1 E h a p:
let f := induction_defined_set1 h a p E in

natp p ->
inc a E -> (forall n x, inc x E -> n <c p -> inc (h n x) E) ->
[/\ function_prop f Nat E, Vf f \0c = a,

(forall n, n <c p -> Vf f (csucc n) = h n (Vf f n)) &
(forall n, natp n -> ~ (n <=c p) -> Vf f n = a)].

We consider here a variant of generic de�nition by induction: instead of the function f (t ),
we consider its graph, this is the functional graph of s 7! f (s) de�ned on t . Let's write it f (t ).
We claim: there is a unique functional symbol f such that, for every ordinal x, f (x) Æp( f (x)).

Definition transdef_ord_prop p f x := f x = p (Lg x f).
Definition transdef_ord p x :=

(Vf (transfinite_defined (ordinal_o (osucc x)) (fun f => p (graph f))) x).

Lemma transdef_ord_unique p f1 f2:
(forall x, ordinalp x -> transdef_ord_prop p f1 x) ->
(forall x, ordinalp x -> transdef_ord_prop p f2 x) ->
f1 =1o f2.

Lemma transdef_ord_pr (p:fterm) x:
ordinalp x -> transdef_ord_prop p (transdef_ord p) x.

De�nition by strati�ed induction. We assume here that we have some property W( x), and
a functional term ½(x) such that ½(x) is an ordinal whenever W( x) holds. Moreover, assume
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that, for every ordinal ®, the relation W( x) ^ ½(x) Ç ® is collectivizing. Using the axiom of
choice, we get a set W® such that x 2 W® () W(x) ^ ½(x) Ç ® (note: this set is obviously
unique). We deduce a set W 0

® formed of all x such that W( x) ^ ½(x) Æ®.

Assume now that H( x, f ) is some functional term. We de�ne by trans�nite induction a
functional term g such that g(®) is the functional graph with domain W 0

® that maps x to
H(x,

S
®g). We set f (x) Æg(½(x))(x). This is H( x,

S
½(x) g). Note that the union is the set of all t

such that there is some ¯ Ç ½(x) such that t 2 g(¯ ). Since g(¯ ) is a functional graph, t is a pair
and pr 1t is an element of the domain of g(¯ ), namely W 0

®; thus ¯ is unique and pr 1t 2 W½(x). It
follows that f (x) ÆH(x,Fx ), where Fx is the functional graph, with domain W ½(x), that maps
t to f (t ).

Section StratifiedInduction.
Variable W: property.
Variable H: fterm2.
Variable idx: fterm.
Hypothesis OS_idx: forall x, W x -> ordinalp (idx x).
Hypothesis Wi_coll: forall i, ordinalp i ->

exists E, forall x, inc x E <-> (W x /\ idx x <o i).

Definition stratified_set i :=
choose (fun E => forall x, inc x E <-> (W x /\ idx x <o i)).

Definition stratified_setr i :=
Zo (stratified_set (osucc i)) (fun z => idx z = i).

Lemma stratified_setP i (E:= stratified_set i):
ordinalp i -> (forall x, inc x E <-> (W x /\ idx x <o i)).

Lemma stratified_setrP i (E:= stratified_setr i):
ordinalp i -> (forall x, inc x E <-> (W x /\ idx x = i)).

Definition stratified_fct_aux:=
transdef_ord (fun G => Lg (stratified_setr (domain G))

(fun z => (H z (unionb G)))).
Definition stratified_fct x := Vg (stratified_fct_aux (idx x)) x.

Lemma stratified_fct_aux_p1 x ( g:= stratified_fct_aux) :
ordinalp x -> g x = Lg (stratified_setr x) (fun z => H z (unionf x g)).

Lemma stratified_fct_pr x (f := stratified_fct):
W x -> f x = H x (Lg (stratified_set (idx x)) f).

7.3 Properties of in�nite cardinals

Bourbaki claims (Lemma 1, [4, p. 186]) that every in�nite set E has a subset F equipotent
to N; the argument being that there exists a well-ordering on E. If E is isomorphic to a seg-
ment of N, then E is equipotent to N since all other segments are of the form ] Ã ,x[, hence
[0, x[, thus are �nite. Otherwise, N is isomorphic to a segment of E, hence equipotent to a
subset of E.

Our proof is simpler: it follows from card( N) ½card(E). We shall denote by @0 the quantity
card(N). We have N Æ @0 Æ! 0.

Definition aleph0 := omega0.
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Lemma cardinal_Nat: cardinal Nat = Nat.
Lemma aleph0_pr1: aleph0 = cardinal Nat.
Lemma CIS_aleph0: infinite_c aleph0.
Lemma CS_aleph0: cardinalp aleph0.
Lemma aleph0_nz: aleph0 <> \0c.
Lemma infinite_gt1 x: infinite_c x -> \1c <c x.
Lemma infinite_ge2 x: infinite_c x -> \2c <=c x.
Lemma infinite_greater_countable1 E:

infinite_set E -> aleph0 <=c (cardinal E).
Lemma infinite_greater_countable E:

infinite_set E -> exists F, sub F E /\ cardinal F = aleph0.

Bourbaki claims that N £ N is equipotent to N: the relation Card( N) · Card(N £ N) is a
consequence of {0} £ N ½ N £ N; moreover there is an injection from N £ N into N. He uses
expansion to base 2. Assume x Æ

P
xi 2i and y Æ

P
yi 2i , then

P
(2xi Å yi )4i is an injective

function of x and y. We use here a different function; consider

f (n ,m) Æn Å

Ã
n Å m Å 1

2

!

Æn Å g(n Å m).

The function g is the binomial coef�cient with indices a Å 1 and 2, it is also g(a) Æa(a Å 1)/2;
it satis�es g(a Å1) Æg(a)Å a Å1, hence g(n Åm) · f (n ,m) Ç g(n Åm Å1). This relation shows
that n Å m is uniquely de�ned by f (n ,m), from which injectivity of f follows. Consider x
and the least a such that x Ç g(a). Then x Æf (n ,m), where n and m are the unique integers
satisfying n Å m Å 1 Æa and x Æn Å g(a ¡ 1). This shows that f is bijective.

Lemma equipotent_N2_N: (coarse Nat) \Eq Nat. (* 63 *)

We show here Theorem 2 ([4, p. 186]): for every in�nite cardinal a, we have aÆa2.

Let E be an in�nite set and a its cardinal. We consider all subsets F of E equipotent to F £ F.
In fact we consider all bijections f : F ! F£ F, and extend them as a function g : F ! E£ E. If
g0: F0! E£ E, we say that g · g0 if F ½F0and g(x) Æg0(x) for all x 2 F. This gives an ordered
set M .

Bourbaki says “It is immediately seen that M is inductive”. In fact, this is not so trivial.
We �rst notice that there is an in�nite subset F 0 of E, thus some bijection f0 : F0 ! F0 £ F0,
associated to g0 : F0 ! E£ E. Let M 0 be the subset of M formed of functions that extend g0.
This set is inductive. In fact, consider a totally ordered family gi of elements of M 0. It has an
upper bound. If the family is empty, we can take g0 as upper bound. Otherwise, let g be the
common extension of all these gi . It is obvious that g is injective, and that if F is its source,
then its range is F £ F. Since the family is non-empty, g extends g0. Thus g is an upper bound.

We apply Zorn's lemma, and take a maximal element. Thus we get a bijection F ! F£ F.
Denote by b the cardinal of F. We have b Æb2. Since F0 ½ F, it follows that F is in�nite. In
particular b ¸ 2. Thus b · 2b · b2 Æb. This says 2b Æb. Let G ÆE ¡ F. If its cardinal is
· b, it follows that E has cardinal · card(G) Å card(F) · card(F), so that b Æa, and a Æa2

holds. If its cardinal is ¸ b, we can �nd a subset F 0of G with cardinal b. Let F00ÆF[ F0, and
Z ÆF00£ F00¡ F£ F. Note that Z has cardinal 3 b, thus is equipotent to F 0. This means that we
can extend the bijection F ! F£ F into a bijection F 00! F00£ F00, contradicting maximality.

Theorem equipotent_inf2_inf E: infinite_c E ->
E ^c \2c = E. (* 200 *)
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By induction, an Æa if a is an in�nite cardinal and n ¸ 1 is an integer. As a consequence,
if (ai )i 2I is a �nite family of non-zero cardinals, if the largest one is an in�nite cardinal a, then
the product is a. Finally, if a and b are two non-zero cardinals, one of them being in�nite,
the product is (according to Bourbaki) sup( a,b). We state here: if a · b, b in�nite, and a is
non-zero, then the product is b.

We deduce some inequalities. For instance xa Æxb implies a Æb whenever x is �nite,
non-zero, a and b are cardinals, �nite or not.

Lemma csquare_inf a: infinite_c a ->
a *c a = a.

Lemma cpow_inf a n: infinite_c a -> natp n ->
n <> \0c -> a ^c n = a.

Lemma cpow_inf1 a n: infinite_c a -> natp n ->
(a ^c n) <=c a.

Lemma finite_family_product a f: fgraph f ->
finite_set (domain f) -> infinite_c a ->
(forall i, inc i (domain f) -> (Vg f i) <=c a) ->
card_nz_fam f ->
(exists2 j, inc j (domain f) & (Vg f j) = a) ->

cprod f = a.
Lemma cprod_inf a b: b <=c a ->

infinite_c a -> b <> \0c -> a *c b = a.
Lemma cprod_inf6 a b: cardinalp a -> cardinalp b ->

(infinite_c a \/ infinite_c b) -> a <> \0c -> b <> \0c ->
a *c b = cmax a b.

Lemma cprod_inf1 a b: b <=c a ->
infinite_c a -> a *c b <=c a.

Lemma cprod_inf2 a b: finite_c b ->
infinite_c a -> a *c b <=c a.

Lemma cprod_inf4 a b c:
a <=c c -> b <=c c -> infinite_c c -> a *c b <=c c.

Lemma cprod_inf5 a b c:
a <c c -> b <c c -> infinite_c c -> a *c b <c c.

Lemma cprod_inf7 a b: natp a -> a <> \0c -> infinite_c b -> a *c b = b.
Lemma cprod_eq2lx a b b': natp a -> cardinalp b -> cardinalp b' ->

a <> \0c -> a *c b = a *c b' -> b = b'.

The quantity x y is trivial or in�nite when one argument is in�nite.

Lemma CIS_pow x y: infinite_c x -> y <> \0c -> infinite_c (x ^c y).
Lemma CIS_pow2 x y: infinite_c x -> infinite_c y ->

infinite_c (x ^c y).
Lemma CIS_pow3 x y : \2c <=c x -> infinite_c y -> infinite_c (x ^c y).

From a Æa2 we deduce: if a is an in�nite cardinal, ( ai )i 2I is a family of cardinals, if
card(I) · a and ai · a then

P
ai · a and we have equality if one of the cardinals is a. As a

special case, when I has two elements, we get aÆaÅa. Thus, if a and b are two cardinals, one
of them being in�nite, then the sum is the greatest of them.

Lemma notbig_family_sum a f:
infinite_c a ->(cardinal (domain f)) <=c a ->
(forall i, inc i (domain f) -> (Vg f i) <=c a) ->
(csum f) <=c a.

Lemma notbig_family_sum1 a f:
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infinite_c a -> (cardinal (domain f)) <=c a ->
(forall i, inc i (domain f) -> (Vg f i) <=c a) ->
(exists2 j, inc j (domain f) & (Vg f j) = a) ->
csum f = a.

Lemma csum_inf1 a: infinite_c a -> a +c a = a.
Lemma csum_inf a b: b <=c a ->

infinite_c a -> a +c b = a.
Lemma csum_inf6 a b: cardinalp a -> cardinalp b ->

(infinite_c a \/ infinite_c b) -> a +c b = cmax a b.
Lemma csum_inf5 a b c:

a <c c -> b <c c -> infinite_c c -> a +c b <c c.
Lemma csum_inf2 a b c: cardinalp c -> infinite_c a ->

b <c a -> a = b +c c -> a = c.

We deduce the following properties: if a Ç b and c Ç d , then aÅc Ç bÅd . This implies that
if c is an in�nite cardinal, A and B two sets with cardinal Ç c, then the union has cardinal Ç c.
If B is an in�nite set and card(A) Ç card(B), then B ¡ A has the same cardinal as B. If moreover
card(A0) Ç card(B), then B ¡ (A[ A0) has the same cardinal and a fortiori is non-empty.

Lemma csum_Mltlt a b c d : a <c b -> c <c d -> a +c c <c b +c d.
Lemma csum2_pr6_inf1 a b X: infinite_c X ->

cardinal a <=c X -> cardinal b <=c X ->
cardinal (a \cup b) <=c X.

Lemma csum2_pr6_inf2 a b X: infinite_c X ->
cardinal a <c X -> cardinal b <c X ->
cardinal (a \cup b) <c X.

Lemma infinite_compl A B:
infinite_set B -> cardinal A <c cardinal B ->
cardinal (B -s A) = cardinal B.

Lemma card_setC1_inf E x:
infinite_set E -> cardinal E = cardinal (E -s1 x).

Lemma infinite_union2 x y z:
infinite_c z -> cardinal x <c z -> cardinal y <c z ->
nonempty (z -s (x \cup y)).

If c is in�nite, a Ç c then c ¡ a Æc (whatever c, if c · a, then c ¡ a Æ0).

If c · a Å b, then c ¡ b · a. Moreover ( a Å b) ¡ b Æa (if b is in�nite, we need b Ç a, for
otherwise, the result is zero).

Lemma csum_lt_inf a b c: infinite_c c -> a <c c -> b <c c ->
(a +c b) <c c.

Lemma cdiff_inf a b: infinite_c a -> b <c a -> a -c b = a.

Lemma cdiff_Mle_gen a b c:
cardinalp a -> cardinalp b -> cardinalp c ->
c <=c (a +c b) -> (c -c b) <=c a.

Lemma cdiff_pr1_gen a b: cardinalp a -> cardinalp b ->
(finite_c b \/ b <c a) ->

(a +c b) -c b = a.
Lemma cdiff_pr2_gen a b: infinite_c b -> a <=c b -> (a +c b) -c b = \0c.

Lemma cprod_Meqlt_gen a b b':
natp a -> b <c b' -> a <> \0c -> (a *c b) <c (a *c b').

We shall prove later on (in an exercise) that if E is in�nite, the number of permutations of
E has cardinal 2E. We show here that it is at most this value

RR n° 7150



200 José Grimm

Lemma cprod_inf3 E F: nonempty E ->
(cardinal E) <=c (cardinal F) -> infinite_set F ->
(F \times E) =c F.

Lemma Exercise6_5a E F:
(cardinal (functions E F)) <=c (cardinal (sub_functions E F)).

Lemma Exercise6_5b E F:
(cardinal (sub_functions E F)) <=c (cardinal (\Po (product E F))).

Lemma Exercise6_5c E: infinite_set E ->
(cardinal (permutations E)) <=c (cardinal (\Po E)).

7.4 Countable sets

A countable set is one that is equipotent to a subset of N. Proposition 2 [4, p. 188] says
that an in�nite countable set is equipotent to N. We rewrite this as: a countable set is �nite
or equipotent to N.

Proposition 1 [4, p. 188] says that a subset of a countable set is countable; the product
of a �nite family of countable sets is countable; the union of a countable family of countable
sets is countable.

Proposition 3 [4, p. 189] says that an in�nite set E has a partition (X ¶)¶2I where X¶ is count-
able in�nite and I is equipotent to E. Proposition 4 [4, p. 189] says that if f is a function from

E onto F, such that F is in�nite and
¡ 1
f h{x}i is countable for any x 2 F, then F is equipotent to

E.

Definition countable_set E:= equipotent_to_subset E Nat.
Definition countable_infinite E := countable_set E /\ infinite_set E.

Lemma countableP E:
countable_set E <-> (cardinal E) <=c aleph0.

Lemma infinite_countableP E:
countable_infinite E <-> (cardinal E) = aleph0.

Lemma finite_is_countable X: finite_set X -> countable_set X.
Lemma aleph0_countable E: cardinal E = aleph0 -> countable_set E.
Lemma countable_finite_or_N E: countable_set E ->

finite_c (cardinal E) \/ cardinal E = aleph0.
Lemma countable_infinite_Nat: countable_infinite Nat.
Lemma countable_Nat : countable_set Nat.
Theorem countable_sub E F: sub E F -> countable_set F ->

countable_set E.
Lemma countable_sub_Nat x : sub x Nat -> countable_set x.
Lemma countable_fun_image z f:

countable_set z -> countable_set (fun_image z f).
Theorem countable_product f:

finite_set (domain f) ->
(allf f countable_set) ->
countable_set (productb f).

Theorem countable_union f:
countable_set (domain f) ->
(allf f countable_set) ->
countable_set (unionb f).

Lemma countable_setU2 a b:
countable_set a -> countable_set b -> countable_set (a \cup b).

Lemma countable_setX2 a b:
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countable_set a -> countable_set b -> countable_set (a \times b).
Theorem infinite_partition E: infinite_set E ->

exists f, [/\ partition_w_fam f E, (domain f) \Eq E &
(forall i, inc i (domain f) -> (countable_infinite (Vg f i)))].

Theorem countable_inv_image f: surjection f ->
(forall y, inc y (target f) ->

countable_set (Vfi1 f y)) ->
infinite_set (target f) ->
(source f) =c (target f).

Proposition 5 [4, p. 189] says that the set F of �nite subsets of an in�nite set E is equipo-
tent to E. The proof of Bourbaki is not clear. He de�nes Fn as the set of all subsets with n
elements of E and claims Card( Fn ) · Card(E). Thus, the cardinal of the union of these sets is
at most

P
n2N Card(E) ÆCard(E). Thus Card(F) · Card(E); equality holds because the set of

singletons is equipotent to E and is a subset of F.

The Bourbaki claim is: for every X 2 Fn there is a bijection from [1, n ] onto X, so that
the cardinal of Fn is at most the cardinal of the set of functions from [1, n ] into X which is
Card(En ) ÆCard(E). Our proof is as follows.

For every X 2 Fn there is a bijection [1, n ] ! X, hence an injective function from [1, n ] into
E with range X, but it is not unique. Let K be the set of injections from [1, n ] into E. Let f be the
function that associates to each element of K its range. The target of this function is clearly
Fn . Let Q be the set of permutations of [1, n ], and c it cardinal. This is a non-zero integer.
We pretend that the cardinal of f ¡ 1h{x}i is c. We take an element g in this set (it exists, by
the remark above). For every permutation h of [1, n ], we consider g ±h. This operation is a
bijection from Q onto f ¡ 1h{x}i . Surjectivity of this operation uses the fact that for any k there
exists g such that k Æg ±h, if the ranges are the same (since h is injective) and this function
is surjective. It is bijective since it is an endomorphism of a �nite set. We can now apply the
shepherd's principle. The product of the cardinal a of Fn and c is the cardinal b of the set of
injections, that is smaller than the cardinal d of the set of functions from [1, n ] into E. If n Æ0,
we clearly have a · Card(E); otherwise d ÆCard(E). Hence ac Æb · Card(E). If a is �nite, we
have a · Card(E); but if a is in�nite, we have a Æac (since c is non-zero �nite). This implies
a · Card(E).

As a corollary, the set of �nite sequences with value in E is equipotent to E; in fact, this
set is the union of the sets of functions from I into E (that has the same cardinal as E I ) for all
�nite subsets I of N. Since EI and I are equipotent and since the set of �nite subsets of N is
countable, the result is immediate.

Theorem infinite_finite_subsets E: infinite_set E ->
(Zo (\Po E) finite_set) =c E. (* 161 *)

Lemma infinite_finite_sequence E: infinite_set E ->
(Zo (sub_functions Nat E) (fun z=> finite_set (source z))) =c E.

We give here some properties of @0.

Lemma aleph0_pr2: aleph0 +c aleph0 = aleph0.
Lemma aleph0_pr3: aleph0 *c aleph0 = aleph0.
Lemma aleph0_plus1: aleph0 +c \1c = aleph0.

A set is said to have the power of the continuum if it is equipotent to P (N). In this case, its
cardinal is 2 @0 , and the set is not countable.
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7.5 Stationary sequences

A sequence (xn )n2N is stationary if there exists an integer m such that xn Æxm for n ¸ m.
We de�ne here the notion of increasing and decreasing sequences. It is the graph of an in-
creasing function where the source is N with its natural order. Note that a decreasing se-
quence is increasing for the opposite order.

Definition stationary_sequence f :=
[/\ fgraph f, domain f = Nat &
exists2 m, natp m & forall n, natp n -> m <=c n ->

Vg n f = Vg m f].
Definition increasing_sequence f r:=

[/\ fgraph f, domain f = Nat, sub (range f) (substrate r) &
forall n m, natp n -> natp m -> n <=c m ->

gle r (Vg f n) (Vg f m)].
Definition decreasing_sequence f r:=

[/\ fgraph f, domain f = Nat, sub (range f) (substrate r) &
forall n m, natp n -> natp m -> n <=c m ->

gle r (Vg f m) (Vg f n)].

Proposition 6 [4, p. 190] says that, if E is an ordered set, each non-empty set has a maximal
element if and only if each increasing sequence is stationary. We start with a lemma: a func-
tion f such that f (n ) · f (n Å 1) is increasing (by induction on m, we have f (n) · f (n Å m)).
By de�nition increasing_fun f r r' says that the target of f is the substrate of r ; in our
case, it is merely a subset, so that the de�nition will not be used: we show that the graph of f
is an increasing sequence.

The Proposition is shown as follows. Assume �rst that every non-empty subset has a
maximal element. Given an increasing sequence, its range is non-empty. It has a maximal
element xn and m ¸ n saysxn · xm thus xm Æxn . Conversely, assume that we have a set A
that has no maximal element. For each x, the subset Tx of elements of A greater than x is non-
empty. This means that the product

Q
Tx is non-empty, hence there is a function f : A ! A

such that f (x) È x and a sequence xnÅ1 Æf (xn ). This sequence is strictly increasing, absurd.

As a consequence a totally ordered set E is well-ordered if and only if each decreasing
sequence is stationary (to show that it is well-ordered, we consider the opposite order; thus
every non-empty set has a minimal element, this element is the least element, since all sub-
sets of E are directed). Moreover, an increasing sequence in a �nite ordered set has a maximal
element.

Lemma increasing_seq_prop f r: order r ->
function f -> source f = Nat -> sub (target f) (substrate r) ->
(forall n, natp n -> gle r (Vf f n) (Vf f (csucc n))) ->
increasing_sequence (graph f) r.

Lemma decreasing_seq_prop f r: order r ->
function f -> source f = Nat -> sub (target f) (substrate r) ->
(forall n, natp n -> glt r (Vf f (csucc n)) (Vf f n)) ->
decreasing_sequence (graph f) r.

Theorem increasing_stationaryP r: order r ->
((forall X, sub X (substrate r) -> nonempty X ->

exists a, maximal (induced_order r X) a) <->
(forall f, increasing_sequence f r -> stationary_sequence f)).

Theorem decreasing_stationaryP r: total_order r ->
( (worder r) <->
(forall f, decreasing_sequence f r -> stationary_sequence f)).
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Theorem finite_increasing_stationary r: order r ->
finite_set (substrate r) ->
(forall f, increasing_sequence f r -> stationary_sequence f).

As a consequence, if E is totally ordered but not well-ordered, there is a strictly decreasing
sequence.

Definition decreasing_strict_sequence f r :=
[/\ fgraph f, domain f = Nat, sub (range f) (substrate r)

& forall n m, natp n -> natp m -> n <c m -> glt r (Vg f m) (Vg f n)].

Lemma total_order_worder_dichot r: total_order r ->
(worder r \/ exists f, decreasing_strict_sequence f r).

Proposition 7 [4, p. 190] says that if E is noetherian (every non-empty set has maximal
element) and if F is a subset of E such that for a 2 E, if 8 x,x È a Æ) x 2 F then a 2 F; then
F ÆE.

Theorem noetherian_induction r F :order r ->
(forall X, sub X (substrate r) -> nonempty X ->

exists a, maximal (induced_order r X) a) ->
sub F (substrate r) ->
(forall a, inc a (substrate r) -> (forall x, glt r a x -> inc x F)

-> inc a F)
-> F = substrate r.
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Chapter 8

Rational integers

Bourbaki de�nes the set of rational integers in [6] (Algebra, Chapter I, section 2, para-
graph 5) as the group of differences of N: the elements of Z are the equivalence classes of
the relation between ( m1,n1) and (m2,n2) which is written m1 Å n2 Æm2 Å n1; if ÁÅ(m) is the
class consisting of the elements ( m Å n,n), where n 2 N, then an element m of N is identi�ed
with ÁÅ(m). Every integer has an opposite, so that, if Á¡ (m) Æ ¡ÁÅ(m), every integer is of the
form ÁÅ(m) or Á¡ (m) (both functions are injective, and only zero has both forms). One can
then forget that Z is a quotient.

There are two different implementations of Z in C OQ. In the standard library, a number is
zero, Á(n) or ¡ Á(n) (where n is a binary representation of a non-zero natural number). In the
SSREFLECTlibrary, there are two functions ÁÅ and Á¡ related by Á¡ (n ) Æ ¡ÁÅ(n Å 1), where n
is any natural number. In our implementation, we chose Á¡ (0) ÆÁÅ(0). The set of integers is
totally ordered by a relation compatible with addition, so that a · b when b ¡ a is positive (of
the form ÁÅ(c)).

Multiplication is de�ned in Bourbaki in paragraph 6. He says that if E is a monoid, and
x 2 E, there is a unique homomorphism f : N ! E such that f (1) Æx. This is denoted in
SSREFLECTby x *+ n or x ^+ n. Moreover, if x is invertible, there is a unique homomorphism
g : Z ! E such that g(1) Æx, it coincides with f on N. The SSREFLECTlibrary provides x *- n
and x ^- n for the case of negative numbers, and x *~ n for rational integers. Multiplication
can be de�ned by taking ( Z,Å) for E. Usually, one de�nes the product of positive numbers by
ÁÅ(a) ¢ÁÅ(b) ÆÁÅ(a ¢b).

In section 8, paragraph 11, Bourbaki notices that Z is a principal ideal domain, thus de-
�nes gcd and lcm. In 9.4, he de�nes Q as the �eld of fractions of Z; this is a short paragraph,
containing the de�nition of addition, multiplication, and comparison. The set Q will be de-
�ned in the next chapter.

8.1 A de�nition of the set of rational integers

We de�ne Z as the disjoint union of N¤ and N, where N¤ is the set of non-zero natural
numbers. Elements of Z are sometimes called “rational integers”. Such an object is a pair;
the �rst component is val , the second is sg. We may identify the �rst �eld with the absolute
value, and the second with the sign. We shall use pr 1z and pr 2z for simplicity here.

A positive number is of the form z ÆÁÅ(a), where a 2 N, pr1z Æa and pr 2z ÆC1. The
values ÁÅ(0), ÁÅ(1), ÁÅ(2), ÁÅ(3) and ÁÅ(4) will be denoted by 0 z, 1z, 2z, 3z and 4z, and
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usually identi�ed with 0, 1, 2, 3 and 4.

Definition BZ_of_nat x := J x C1.
Definition BZ_zero := BZ_of_nat \0c.
Definition BZ_one := BZ_of_nat \1c.
Definition BZ_two := BZ_of_nat \2c.
Definition BZ_three := BZ_of_nat \3c.
Definition BZ_four := BZ_of_nat \4c.

Notation "\0z" := BZ_zero.
Notation "\1z" := BZ_one.
Notation "\2z" := BZ_two.
Notation "\3z" := BZ_three.
Notation "\4z" := BZ_four.

A negative number is of the form z ÆÁ¡ (a), where a 2 N, pr1z Æa and pr 2z ÆC0. Note
that zero is both positive and negative; in the de�nition of Z it appears only in the positive
part. We say that a number is strictly positive or strictly negative when it is non-zero and
positive or negative. The most useful negative number is Á¡ (1), denoted ¡ 1.

Definition BZm_of_nat x := Yo (x = \0c) \0z (J x C0).
Definition BZ_mone := BZm_of_nat \1c.
Notation "\1mz" := BZ_mone.

We de�ne N¤ , Z and the following subsets. The sets ZÅ and Z¡ are the images of ÁÅ and
Á¡ , while Z¤

Å and Z¤
¡ are the same sets, without zero. We shall refer to Z ¡ {0} asZ¤ .

Definition Nats:= Nat -s1 \0c.
Definition BZ := canonical_du2 Nats Nat.
Definition BZms:= Nats *s1 C0.
Definition BZp:= Nat *s1 C1.
Definition BZps:= Nats *s1 C1.
Definition BZm:= BZms +s1 \0z.
Definition BZs := BZ -s1 \0z.
Definition intp x := inc x BZ.

We show some inclusions.

Lemma BZps_sBZp : sub BZps BZp.
Lemma BZms_sBZm : sub BZms BZm.
Lemma BZp_sBZ x : inc x BZp -> intp x.
Lemma BZps_sBZ x:inc x BZps -> intp x.
Lemma BZms_sBZ x:inc x BZms -> intp x.
Lemma BZm_sBZ x:inc x BZm -> intp x.

We start with some trivial properties. For any natural integer n , ÁÅ(n ) and Á¡ (n ) are
rational integers; these functions are injective. We have ÁÅ(n ) ÆÁ¡ (m) if and only if n Æm Æ
0. We have pr1x Æ0 if and only if x Æ0.

Lemma BZ0_val: BZ_val \0z = \0c.
Lemma BZ0_sg: BZ_zg \0z = C1.
Lemma BZms_nz x: inc x BZms -> x <> \0z.
Lemma BZps_nz x: inc x BZps -> x <> \0z.
Lemma BZms_iP x: inc x BZms <-> (inc x BZm /\ x <> \0z).
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Lemma BZ_of_natp_i x: natp x -> inc (BZ_of_nat x) BZp.
Lemma BZ_of_nat_i x: natp x -> intp (BZ_of_nat x).
Lemma BZm_of_natms_i x: natp x -> x <> \0c ->

inc (BZm_of_nat x) BZms.
Lemma BZm_of_natm_i x: natp x -> inc (BZm_of_nat x) BZm.
Lemma BZm_of_nat_i x: natp x -> intp (BZm_of_nat x).
Lemma BZps_valnz x: inc x BZps -> BZ_val x <> \0c.
Lemma BZps_iP x: inc x BZps <-> (inc x BZp /\ x <> \0z).
Lemma BZ_of_nat_val x: BZ_val (BZ_of_nat x) = x.
Lemma BZm_of_nat_val x: BZ_val (BZm_of_nat x) = x.
Lemma BZ_of_nat_inj x y: BZ_of_nat x = BZ_of_nat y -> x = y.
Lemma BZm_of_nat_inj x y: BZm_of_nat x = BZm_of_nat y -> x = y.
Lemma BZm_of_nat_inj_bis x y: BZm_of_nat x = BZ_of_nat y -> (x = y /\ x = \0c).
Lemma BZ_0_if_val0 x: intp x -> BZ_val x = \0c -> x = \0z.

Some quantities de�ned above are in Z.

Lemma ZS0 : intp \0z.
Lemma ZpS0 : inc \0z BZp.
Lemma ZmS0 : inc \0z BZm.
Lemma ZS1 : intp \1z.
Lemma ZpsS1 : inc \1z BZps.
Lemma ZS2 : intp \2z.
Lemma ZS2 : intp \3z.
Lemma ZS4 : intp \4z.
Lemma ZSm1 : intp \1mz.
Lemma ZmsS_m1: inc \1mz BZms.
Lemma BZ1_nz: \1z <> \0z.
Lemma BZm1_nz: \1mz <> \0z.

Lemma BZ_valN a: intp a -> natp (BZ_val a).
Lemma BZ_sgv x: intp x -> (BZ_sg x = C0 \/ BZ_sg x = C1).
Lemma BZp_sg x: inc x BZp -> BZ_sg x = C1.
Lemma BZps_sg x: inc x BZps -> BZ_sg x = C1.
Lemma BZms_sg x: inc x BZms -> BZ_sg x = C0.

Lemma BZms_hi_pr x: inc x BZms ->
(BZ_val x <> \0c /\ BZm_of_nat (BZ_val x) = x).

Lemma BZp_hi_pr x: inc x BZp -> BZ_of_nat (BZ_val x) = x.
Lemma BZm_hi_pr x: inc x BZm -> BZm_of_nat (BZ_val x) = x.
Lemma BZ_hi_pr a: intp a ->

a = BZ_of_nat (BZ_val a) \/ a = BZm_of_nat (BZ_val a).

We show that some sets are disjoint.

Lemma BZ_i0P x: intp x <-> (inc x BZms \/ inc x BZp).
Lemma BZ_i1P x: intp x <-> [\/ x = \0z, inc x BZps | inc x BZms].
Lemma BZ_i2P x: intp x <-> (inc x BZps \/ inc x BZm).
Lemma BZs_prop: BZs = BZms \cup BZps.
Lemma BZ_di_neg_pos x: inc x BZms -> inc x BZp -> False.
Lemma BZ_di_pos_neg x: inc x BZps -> inc x BZm -> False.
Lemma BZ_di_neg_spos x: inc x BZms -> inc x BZps -> False.
Lemma BZp_i a : intp a -> BZ_sg a = C1 -> inc a BZp.
Lemma BZms_i a : intp a -> BZ_sg a = C0 -> inc a BZms.

We show here that N¤ and Z are in�nite and countable.
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Lemma cardinal_Nats: cardinal Nats = aleph0.
Lemma cardinal_BZ: cardinal BZ = aleph0.

8.2 Opposite and absolute value

We de�ne the opposite of a number as:

¡ x Æ

(
ÁÅ(pr 1(x)) if x 2 Z¤

¡

Á¡ (pr 1(x)) otherwise.

This implies pr 1(¡ x) Æpr1(x). As a consequence, if x belongs to Z, Z¤
Å , or Z¤

¡ , respectively,
then ¡ x belongs to Z, Z¤

¡ or Z¤
Å , respectively. The mapping x 7! ¡ x is involutive, hence a

permutation of Z.

Definition BZopp x :=
Yo (BZ_sg x = C0) (BZ_of_nat (BZ_val x))(BZm_of_nat (BZ_val x)).

Lemma ZSo x: intp x -> intp (BZopp x).
Lemma BZopp_0 : BZopp \0z = \0z.
Lemma BZopp_val x: BZ_val (BZopp x) = BZ_val x.
Lemma BZnon_zero_opp x: intp x -> (x <> \0z <-> BZopp x <> \0z).

Lemma BZopp_sg x: intp x -> x <> \0z ->
((BZ_sg x = C0 -> BZ_sg (BZopp x) = C1)

/\ (BZ_sg x = C1 -> BZ_sg (BZopp x) = C0)).

Lemma BZopp_positive1 x: inc x BZps -> inc (BZopp x) BZms.
Lemma BZopp_positive2 x: inc x BZp -> inc (BZopp x) BZm.
Lemma BZopp_negative1 x: inc x BZms -> inc (BZopp x) BZps.
Lemma BZopp_negative2 x: inc x BZm -> inc (BZopp x) BZp.

Lemma BZopp_K x: intp x -> BZopp (BZopp x) = x.
Lemma BZopp_inj a b: intp a -> intp b -> BZopp a = BZopp b -> a = b.
Lemma BZopp_fb: bijection (Lf BZopp BZ BZ).
Lemma BZopp_perm: inc (Lf BZopp BZ BZ) (permutations BZ).
Lemma BZopp_p x: BZopp (BZ_of_nat x) = BZm_of_nat x.
Lemma BZopp_m x: BZopp (BZm_of_nat x) = BZ_of_nat x.

Lemma ZmsS_m1: inc \1mz BZms.
Lemma BZopp_m1: BZopp \1mz = \1z.
Lemma BZopp_1: BZopp \1z = \1mz.

The absolute value of x, denoted by jxj, is ÁÅ(pr 1(x)). It satis�es

jxj Æ

(
x if x 2 ZÅ

¡ x if x 2 Z¤
¡ .

We have jxj 2 ZÅ and j ¡ xj Æ jxj. The absolute value is not injective, however jxj is zero if and
only if x is zero.

Definition BZabs x := BZ_of_nat (BZ_val x).

Lemma BZabs_pos x: inc x BZp -> BZabs x = x.
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Lemma BZabs_neg x: inc x BZms -> BZabs x = BZopp x.
Lemma BZabs_iN x: intp x -> inc (BZabs x) BZp.
Lemma ZSa x: intp x -> intp (BZabs x).
Lemma BZabs_val x: BZ_val (BZabs x) = BZ_val x.
Lemma BZabs_sg x: intp x -> BZ_sg (BZabs x) = C1.
Lemma BZabs_abs x: BZabs (BZabs x) = BZabs x.
Lemma BZabs_opp x: BZabs (BZopp x) = BZabs x.
Lemma BZabs_0 : BZabs \0z = \0z.
Lemma BZabs_0p x: intp x -> BZabs x = \0z -> x = \0z.
Lemma BZabs_m1: BZabs \1mz = \1z.

8.3 Ordering the integers

Consider the ordinal sum of N¤ (ordered by ¸ ) and N (ordered by · ). The substrate of this
ordering is, by construction, Z, so that Z is a totally ordered set.

Definition BZ_ordering:=
order_sum2 (opp_order (induced_order Nat_order Nats)) Nat_order.

Lemma BZ_order_aux1: sub Nats (substrate Nat_order).
Lemma BZ_order_aux:

order (opp_order (induced_order Nat_order Nats))
/\ order Nat_order.

Lemma BZor_or: order BZ_ordering.
Lemma BZor_sr: substrate BZ_ordering = BZ.
Lemma BZor_tor: total_order BZ_ordering.

Expanding de�nitions, it is clear that comparison on Z is the following relation x · Z y:

Definition BZ_le x y:= [/\ intp x, intp y &
[\/ [/\ BZ_sg x = C0, BZ_sg y = C0 & (BZ_val y) <=c (BZ_val x)],

[/\ BZ_sg x = C0 & BZ_sg y = C1] |
[/\ BZ_sg x = C1, BZ_sg y = C1 & (BZ_val x) <=c (BZ_val y)]]].

Definition BZ_lt x y:= BZ_le x y /\ x <> y.

Notation "x <=z y" := (BZ_le x y) (at level 60).
Notation "x <z y" := (BZ_lt x y) (at level 60).

The following lemmas express that · Z is a total ordering:

Lemma zle_P x y: gle BZ_ordering x y <-> x <=z y.
Lemma zlt_P x y: glt BZ_ordering x y <-> x <z y.
Lemma zleT a b c: a <=z b -> b <=z c -> a <=z c.
Lemma zleR a: inc a BZ -> a <=z a.
Lemma zleA a b: a <=z b -> b <=z a -> a = b.
Lemma zleNgt a b: a <=z b -> ~(b <z a).
Lemma zlt_leT a b c: a <z b -> b <=z c -> a <z c.
Lemma zle_ltT a b c: a <=z b -> b <z c -> a <z c.
Lemma zleT_ee a b: intp a -> intp b -> a <=z b \/ b <=z a.
Lemma zleT_ell a b: intp a -> intp b -> [\/ a = b, a <z b | b <z a].
Lemma zleT_el a b: intp a -> intp b -> a <=z b \/ b <z a.

Let x and y be integers, x0Æpr1x and y0Æpr1y. We have x · Z y if and only if, either x
and y are in ZÅ and x0· card y0or x and y are in Z¤

¡ , and y0· card x0, or x is in Z¤
¡ and y in ZÅ .

In particular the injection ÁÅ : N ! Z is strictly increasing.
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Lemma zle_P1 x y: inc x BZp -> inc y BZp ->
(x <=z y <-> (BZ_val x) <=c (BZ_val y)).

Lemma zlt_P1 x y: inc x BZp -> inc y BZp ->
(x <z y <-> (BZ_val x) <c (BZ_val y)).

Lemma zle_pr2 x y: inc x BZp -> inc y BZms -> y <z x.
Lemma zle_P3 x y: inc x BZms -> inc y BZms ->

(x <=z y <-> (BZ_val y) <=c (BZ_val x)).
Lemma zle_pr4 x y: inc x BZp -> inc y BZms -> ~ (x <=z y).
Lemma zle_P0 x y:

x <=z y <->
[\/ [/\ inc x BZms, inc y BZms & (BZ_val y) <=c (BZ_val x)],

[/\ inc x BZms & inc y BZp] |
[/\ inc x BZp, inc y BZp & (BZ_val x) <=c (BZ_val y)]].

Lemma zle_pr5 x y: inc x BZp -> inc y BZp ->
(x <=z y = (BZabs x) <=z (BZabs y)).

Lemma zle_cN a b: natp a -> natp b ->
(a <=c b <-> BZ_of_nat a <=z BZ_of_nat b).

Lemma zlt_cN a b: natp a -> natp b ->
(a <c b <-> BZ_of_nat a <z BZ_of_nat b).

Lemma zlt_24: \2z <z \4z.
Lemma zle_24: \2z <=z \4z.

We show that x · 0, x Ç 0, x ¸ 0 and x È 0 are equivalent to say that x is, respectively,
in Z¡ , Z¤

¡ , ZÅ and Z¤
Å . We then show that x · y if and only if ¡ y · ¡ x, this means that the

opposite function is an order isomorphism of ( Z,· ) onto ( Z,¸ ).

Lemma zle0xP x: \0z <=z x <-> inc x BZp.
Lemma zlt0xP x: \0z <z x <-> inc x BZps.
Lemma zgt0xP x: x <z \0z <-> inc x BZms.
Lemma zge0xP x: x <=z \0z <-> inc x BZm.
Lemma zle_P6 x y: inc x BZm -> inc y BZm ->

(x <=z y <-> (BZ_val y) <=c (BZ_val x)).
Lemma BZabs_positive b: intp b -> b <> \0z -> \0z <z (BZabs b).
Lemma zle_opp x y: x <=z y -> (BZopp y) <=z (BZopp x).
Lemma zlt_opp x y: x <z y -> (BZopp y) <z (BZopp x).
Lemma zle_oppP x y: intp x -> intp y ->

(BZopp y <=z BZopp x <-> x <=z y).
Lemma zlt_oppP x y: intp x -> intp y ->

(BZopp y <z BZopp x <-> x <z y).
Lemma zle_opp_iso:

order_isomorphism (Lf BZopp BZ BZ) BZ_ordering (opp_order BZ_ordering).

8.4 The sum of two integers

The de�nition of the sum of two integers is complicated, but straightforward. We want
the sum to be commutative, agree with the sum on N, and satisfy ¡ (a Å b) Æ(¡ a) Å (¡ b). Let
A Æpr1(a) and B Æpr1(b). If a and b are positive, the sum is ÁÅ(AÅB); if a and b are negative,
the sum is Á¡ (AÅ B). Otherwise, we consider C to be A ¡ B (if A ¸ B) or B ¡ A (if A · B); the
sum is ÁÅ(C) or Á¡ (C), it has the same sign as the number with the greatest absolute value.

We provide an alternate de�nition, more suited for proving associativity (see comments
below). It happens that C OQ sometimes unfolds the de�nitions and gets lost (i.e., takrs a long
time to decide that two objects are different). For this reason we lock the de�nition.

Definition BZsum_v2 x y:=

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 211

let abs_sum := (BZ_val x) +c (BZ_val y) in
let abs_diff1 := (BZ_val x) -c (BZ_val y) in

let abs_diff2 := (BZ_val y) -c (BZ_val x) in
Yo (inc x BZp /\ inc y BZp) (BZ_of_nat abs_sum)
(Yo ( ~ inc x BZp /\ ~ inc y BZp) (BZm_of_nat abs_sum)

(Yo (inc x BZp /\ ~ inc y BZp)
(Yo ( (BZ_val y) <=c (BZ_val x))

(BZ_of_nat abs_diff1) (BZm_of_nat abs_diff2))
(Yo ( (BZ_val x) <=c (BZ_val y))

(BZ_of_nat abs_diff2) (BZm_of_nat abs_diff1)))).
Definition BZsum_v1 x y :=

let f := fun x => Yo (inc x BZp) (J \0c (BZ_val x)) (J (BZ_val x) \0c) in
let g := fun x => Yo ((P x) <=c (Q x))

(BZ_of_nat((Q x) -c (P x))) (BZm_of_nat ((P x) -c (Q x))) in
let h := fun x y => J ( (P x) +c (P y)) ( (Q x) +c (Q y)) in
g (h (f x) (f y)).

Definition BZsum := locked BZsum_v2.
Notation "x +z y" := (BZplus x y) (at level 50).

We show here the that two de�nitions are the same.

Lemma csubn0 x: cardinalp x -> x -c \0c = x.
Lemma BZsum_spec x: cardinalp x ->
Yo (x <=c \0c) (BZ_of_nat (\0c -c x)) (BZm_of_nat (x -c \0c)) = BZm_of_nat x.

Lemma BZsum_alt x y: intp x -> intp y -> BZsum_v2 x y = BZsum_v1 x y.
Lemma BZsumE x y : x +z y = BZsum_v2 x y.

Immediate consequences.

Lemma BZsum_pp x y: inc x BZp -> inc y BZp
x +z y = BZ_of_nat ((BZ_val x) +c (BZ_val y)).

Lemma BZsum_mm x y: inc x BZms -> inc y BZms ->
x +z y = BZm_of_nat ((BZ_val x) +c (BZ_val y)).

Lemma BZsum_pm x y: inc x BZp -> inc y BZms ->
x +z y = (Yo ((BZ_val y) <=c (BZ_val x))

(BZ_of_nat ((BZ_val x) -c (BZ_val y)))
(BZm_of_nat ((BZ_val y) -c (BZ_val x)))).

Lemma BZsum_pm1 x y: inc x BZp -> inc y BZms ->
(BZ_val y) <=c (BZ_val x) -> x +z y = BZ_of_nat((BZ_val x) -c (BZ_val y)).

Lemma BZsum_pm2 x y: inc x BZp -> inc y BZms ->
(BZ_val x) <c (BZ_val y) -> x +z y = (BZm_of_nat ((BZ_val y) -c (BZ_val x))).

We start here with some easy properties. In particular, we have a Å 0 Æ0 Å a and a Å
(¡ a) Æ0. Almost all theorems assume that their arguments are in Z. There is one exception:
commutativity of the sum.

Lemma BZsumC x y: x +z y = y +z x.
Lemma ZSs x y: intp x -> intp y -> intp (x +z y).
Lemma BZsum_cN x y: natp x -> natp y ->

BZ_of_nat x +z BZ_of_nat y = BZ_of_nat (x +c y).
Lemma BZsum_0l x: intp x -> \0z +z x = x.
Lemma BZsum_0r x: intp x -> x +z \0z = x.
Lemma BZsum_11 : \1z +z \1z = \2z.
Lemma BZsum_opp_r x: intp x -> x +z (BZopp x) = \0z.
Lemma BZsum_opp_l x: intp x -> (BZopp x) +z x = \0z.
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We show here that ZÅ is stable by addition, as well as some other subsets of Z.

Lemma BZoppD x y: intp x -> intp y ->
BZopp (x +z y) = (BZopp x) +z (BZopp y).

Lemma BZsum_N_Ns x y: natp x -> inc y Nats -> inc (x +c y) Nats.
Lemma ZpS_sum x y: inc x BZp -> inc y BZp -> inc (x +z y) BZp.
Lemma ZpsS_sum_r x y: inc x BZp -> inc y BZps -> inc (x +z y) BZps.
Lemma ZpsS_sum_l x y: inc x BZps -> inc y BZp -> inc (x +z y) BZps.
Lemma ZpsS_sum_rl x y: inc x BZps -> inc y BZps -> inc (x +z y) BZps.
Lemma ZmsS_sum_r x y: inc x BZm -> inc y BZms -> inc (x +z y) BZms.
Lemma ZmsS_sum_l x y: inc x BZms -> inc y BZm -> inc (x +z y) BZms.
Lemma ZmS_sum x y: inc x BZm -> inc y BZm -> inc (x +z y) BZm.

One could prove associativity of the sum by case analysis. The indirect method is a bit
shorter, but needs some preparation. It relies on the fact that Z is a group of differences, and
the law of a group is associative. We consider the following three functions.

f : x 2 Z 7!

(
(0,x) if x ¸ 0

(¡ x,0) if x Ç 0,

g : (x, y) 2 N2 7!

(
y ¡ x if x · y

¡ (x ¡ y) otherwise,

h : (x, y) £ (x0, y0) 2 N2 £ N2 7! (x Å x0, y Å y0).

We shall consider f as a function with values in N2 (so, if x Ç 0, f (x) is (pr 1x,0)) and consider
g as a function with values in Z (so, if x È y, g(x, y) is Á¡ (x ¡ y)). This means that we can
compose f and g. We have g( f (x)) Æx, the converse being false. The key relation is the
following:

(8.1) g(x, y) Æg(x0, y0) if and only if x Å y0Æx0Å y.

Another important relation is a Å b Æg(h( f (a), f (b))) (in other terms: the two de�nitions of
addition on Z are the same). If we write f (a) Æ(a1,a2) and f (b) Æ(b1,b2), this reduces to

(8.2) a Å b Æg(a1 Å b1,a2 Å b2).

Associativity is

(8.3) 8 x, y,z 2 Z, x Å (y Å z) Æ(x Å y) Å z.

Write this as x Å x̄ Æz̄ Å z, where z̄ Æx Å y and x̄ Æy Å z. Using (8.2) gives g(x1 Å x̄1,x2 Å x̄2) Æ
g(z̄1 Å z1, z̄2 Å x2) then (8.1) gives

(8.4) x1 Å x̄1 Å z̄2 Å z2 Æz̄1 Å z1 Å x2 Å x̄2.

From g( f (x̄)) Æx̄ Æg(y1 Å z1, y2 Å z2) and (8.1) we deduce

x̄1 Å y2 Å z2 Æy1 Å z1 Å x̄2,

and similarly
z̄1 Å x2 Å y2 Æx1 Å y1 Å z̄2.

Combing these two equations, using commutativity and associativity of addition on N, and
simplifying by y1 Å y2 yields the result.
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Lemma BZsumA x y z: intp x -> intp y -> intp z -> (* 117 *)
x +z (y +z z) = (x +z y) +z z.

Lemma BZsum_AC x y z: intp x -> intp y -> intp z ->
(x +z y) +z z = (x +z z) +z y.

Lemma BZsum_CA x y z: intp x -> intp y -> intp z ->
x +z (y +z z) = y +z (x +z z).

Lemma BZsum_ACA a b c d: intp a -> intp b -> intp c -> intp d ->
(a +z b) +z (c +z d) = (a +z c) +z (b +z d).

8.4.1 Subtraction

We now de�ne subtraction as x ¡ y Æx Å (¡ y). If x is an integer, its successor is x Å 1 and
its predecessor is x ¡ 1.

Definition BZdiff x y := x +z (BZopp y).

Notation "x -z y" := (BZdiff x y) (at level 50).

Definition BZsucc x := x +z \1z.
Definition BZpred x := x -z \1z.

The quantities introduced above are in Z. The successor on Z is compatible with the
successor on N.

Lemma ZS_diff x y: intp x -> intp y -> intp (x -z y) BZ.
Lemma ZS_succ x: intp x -> intp (BZsucc x).
Lemma ZS_pred x: intp x BZ -> intp (BZpred x).
Lemma BZsucc_N x: natp x -> BZsucc (BZ_of_nat x) = BZ_of_nat (csucc x).
Lemma BZprec_N x: inc x Nats -> BZpred (BZ_of_nat x) = BZ_of_nat (cpred x).

We have (a Å b) ¡ b Æ(a ¡ b) Å b Æa. A special case is when b Æ1. We deduce that if
a Å c Æb Å c then a Æb. We show also that a 6Æa Å 1. We have a ¡ 0 Æa and 0 ¡ a Æ ¡a. We
have (a Å b) ¡ (a Å c) Æb ¡ c. We have (a Å b) ¡ c Æ(a ¡ c) Å b. Taking b Æ1 and denoting a Å 1
by Sa gives S(a ¡ c) ÆSa ¡ c.

Section BZdiffProps.
Variables (x y z: Set).
Hypotheses (xz: intp x)(yz: intp y)(zz: intp z).

Lemma BZsucc_sum : (BZsucc x +z y) = BZsucc (x +z y).
Lemma BZpred_sum: (BZpred x +z y) = BZpred (x +z y).
Lemma BZsucc_pred: BZsucc (BZpred x) = x.
Lemma BZpred_succ: BZpred (BZsucc x) = x.
Lemma BZdiff_sum : (x +z y) -z x = y.
Lemma BZsum_diff: x +z (y -z x) = y.
Lemma BZdiff_sum1: (y +z x) -z x = y.
Lemma BZsum_diff1: (y -z x) +z x = y.
Lemma BZdiff_diag : x -z x = \0z.
Lemma BZdiff_0r: x -z \0z = x.
Lemma BZdiff_0l: \0z -z x = BZopp x.
Lemma BZdiff_sum_simpl_l: (x +z y) -z (x +z z) = y -z z.
Lemma BZdiff_sum_comm: (x +z y) -z z = (x -z z) +z y.
Lemma BZoppB: BZopp (x -z y) = y -z x.
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End BZdiffProps.

Section BZdiffProps2.
Variables (x y z: Set).
Hypotheses (xz: intp x)(yz: intp y)(zz: intp z).

Lemma BZsucc_disc: x <> BZsucc x.
Lemma BZsum_diff_ea: x = y +z z -> z = x -z y.
Lemma BZdiff_diag_rw: x -z y = \0z -> x = y.
Lemma BZdiff_sum_simpl_r: (x +z z) -z (y +z z) = x -z y.
Lemma BZdiff_succ_l: BZsucc (x -z y) = (BZsucc x) -z y.
Lemma BZsum_eq2r: x +z z = y +z z -> x = y.
Lemma BZsum_eq2l: x +z y = x +z z -> y = z.
End BZdiffProps2.

Lemma BZdiff_diff a b c: intp a -> intp b -> intp c ->
a -z (b -z c) = (a -z b) +z c.

Lemma BZdiff_diff2 a b c: intp a -> intp b -> intp c ->
a -z (b +z c) = (a -z b) -z c.

8.4.2 The sign function

The sign function sgn( x) is 0 if x Æ0, ¡ 1 if x Ç 0 and 1 otherwise.

Definition BZsign x:= Yo (BZ_val x = \0c) \0z (Yo (BZ_sg x = C1) \1z \1mz).

Lemma BZsign_trichotomy a: BZsign a = \1z \/ BZsign a = \1mz \/ BZsign a = \0z.
Lemma ZS_sign x: inc (BZsign x) BZ.
Lemma BZsign_pos x: inc x BZps -> BZsign x = \1z.
Lemma BZsign_neg x: inc x BZms -> BZsign x = \1mz.
Lemma BZsign_0: BZsign \0z = \0z.
Lemma BZopp_sign x: intp x -> BZsign (BZopp x) = BZopp (BZsign x).

8.5 Multiplication

Given two numbers a and b, we de�ne the product, denoted ab or a ¢b, by taking the
product of the absolute value, then the opposite of this, if the numbers have a different sign.
Note that xy Æyx and 0 ¢x Æ0, whatever x and y. Note that ab is positive if a Æ0, if b Æ0, or
if a and b have the same sign; it is negative otherwise. The product of two non-zero numbers
is non-zero.

Definition BZprod x y :=
let aux := BZ_of_nat ((BZ_val x) *c (BZ_val y)) in

(Yo (BZ_sg x = BZ_sg y) aux (BZopp aux)).
Definition BZprod_sign_aux x y:=

Yo (x = \0z) C1 (Yo (y= \0z) C1 (Yo (BZ_sg x = BZ_sg y) C1 C0)).

Notation "x *z y" := (BZprod x y) (at level 40).

Lemma BZprodC x y: x *z y = y *z x.
Lemma BZprod_0r x: x *z \0z = \0z.
Lemma BZprod_0l x: \0z *z x = \0z.
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Lemma BZprod_22: \2z *z \2z = \4z.
Lemma BZprod_val x y: BZ_val (x *z y) = (BZ_val x) *c (BZ_val y).
Lemma BZprod_nz x y: intp x -> intp y ->

x <> \0z -> y <> \0z -> x *z y <> \0z.
Lemma BZprod_abs2 x y: intp x -> intp y ->

x *z y = J ((BZ_val x) *c (BZ_val y)) (BZprod_sign_aux x y).

Obviously ab 2 Z. We consider the cases where a and b are positive or negative.

Lemma ZSp x y: intp x -> intp y -> intp (x *z y).
Lemma BZprod_pp x y: inc x BZp -> inc y BZp ->

x *z y = BZ_of_nat ((BZ_val x) *c (BZ_val y)).
Lemma BZprod_cN x y: natp x -> natp y ->

BZ_of_nat x *z BZ_of_nat y = BZ_of_nat (x *c y).

Lemma BZprod_mm x y: inc x BZms -> inc y BZms ->
x *z y = BZ_of_nat ((BZ_val x) *c (BZ_val y)).

Lemma BZprod_pm x y: inc x BZp -> inc y BZms->
x *z y = BZm_of_nat ((BZ_val x) *c (BZ_val y)).

Lemma BZprod_mp x y: inc x BZms -> inc y BZp ->
x *z y = BZm_of_nat ((BZ_val x) *c (BZ_val y)).

We how here how the product behaves regarding the partition Z ÆZÅ [ Z¡ .

Lemma ZpS_prod a b: inc a BZp -> inc b BZp -> inc (a *z b) BZp.
Lemma ZpsS_prod a b: inc a BZps -> inc b BZps -> inc (a *z b) BZps.
Lemma ZmsuS_prod a b: inc a BZms -> inc b BZms -> inc (a *z b) BZps.
Lemma ZmuS_prod a b: inc a BZm -> inc b BZm -> inc (a *z b) BZp.
Lemma ZpmsS_prod a b: inc a BZps -> inc b BZms -> inc (a *z b) BZms.
Lemma ZpmS_prod a b: inc a BZp -> inc b BZm -> inc (a *z b) BZm.
Lemma BZps_stable_prod1 a b: intp a -> intp b -> inc (a *z b) BZps ->

((inc a BZps <-> inc b BZps) /\ (inc a BZms <-> inc b BZms)).

We have 1¢x Æx, ¡ 1¢x Æ ¡x, (¡ x) ¢y Æ ¡(x ¢y). Let a(x) be the absolute value of x, and
s(x) the sign. We have x Æs(x) ¢a(x) and s(x) ¢x Æa(x). We have s(x ¢y) Æs(x) ¢s(y) and
a(x ¢y) Æa(x) ¢a(y).

Lemma BZprod_1l x: intp x -> \1z *z x = x.
Lemma BZprod_1r x: intp x -> x *z \1z = x.
Lemma BZprod_m1r x: intp x -> x *z \1mz = BZopp x.
Lemma BZprod_m1l x: intp x -> \1mz *z x = BZopp x.
Lemma BZsign_abs x: intp x -> x *z (BZsign x) = BZabs x.
Lemma BZabs_sign x: intp x -> x = (BZsign x) *z (BZabs x).
Lemma BZprod_abs x y: intp x -> intp y ->

BZabs (x *z y) = (BZabs x) *z (BZabs y).
Lemma BZprod_sign x y: intp x -> intp y ->

BZsign (x *z y) = (BZsign x) *z (BZsign y).
Lemma BZopp_prod_r x y: intp x -> intp y ->

BZopp (x *z y) = x *z (BZopp y).
Lemma BZopp_prod_l x y: intp x -> intp y ->

BZopp (x *z y) = (BZopp x) *z y.
Lemma BZprod_opp_comm x y: intp x -> intp y ->

x *z (BZopp y) = (BZopp x) *z y.
Lemma BZprod_opp_opp x y: intp x -> intp y ->

(BZopp x) *z (BZopp y) = x *z y.
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We have a(bc) Æ(ab)c and a(b Å c) Æab Å ac, thus a(b ¡ c) Æab ¡ ac.

Lemma BZprodA x y z: intp x -> intp y -> intp z ->
x *z (y *z z) = (x *z y) *z z.

Lemma BZprod_AC x y z: intp x -> intp y -> intp z ->
(x *z y) *z z = (x *z z) *z y.

Lemma BZprod_CA x y z: intp x -> intp y -> intp z ->
x *z (y *z z) = y *z (x *z z).

Lemma BZprod_ACA a b c d: intp a -> intp b -> intp c -> intp d ->
(a *z b) *z (c *z d) = (a *z c) *z (b *z d).

Lemma BZprodDr n m p: intp n -> intp m -> intp p -> (* 54 *)
n *z ( m +z p) = (n *z m) +z (n *z p).

Lemma BZprodDl n m p: intp n -> intp m -> intp p ->
(m +z p) *z n = (m *z n) +z (p *z n).

Lemma BZprodBr x y z: intp x -> intp y -> intp z ->
x *z (y -z z) = (x *z y) -z (x *z z).

Lemma BZprodBl x y z: intp x -> intp y -> intp z ->
(y -z z) *z x = (y *z x) -z (z *z x).

Lemma BZdoublep x: intp x -> \2z *z x = x +z x.

We deduce regularity of multiplication. Moreover, if ab Æ1, then a Æ §1 and a Æb, so if
a Æabc, then either a Æ0 or jbj Æ1. We haven(m Å 1) Ænm Å n.

Lemma BZprod_eq2r x y z: intp x -> intp y -> intp z -> z <> \0z ->
x *z z = y *z z -> x = y.

Lemma BZprod_eq2l x y z: intp x -> intp y -> intp z -> z <> \0z ->
z *z x = z *z y -> x = y.

Lemma BZprod_1_inversion_l x y : intp x -> intp y -> x *z y = \1z ->
(x = y /\ (x = \1z \/ x = \1mz)).

Lemma BZprod_1_inversion_s x y : intp x -> intp y -> x *z y = \1z ->
(BZabs y = \1z).

Lemma BZprod_1_inversion_more a b c:
intp a -> intp b -> intp c -> a = a *z (b *z c) ->
[\/ a = \0z, b = \1z | b = \1mz].

Lemma BZprod_succ_r n m: intp n -> intp m ->
n *z (BZsucc m) = (n *z m) +z n.

Lemma BZprod_succ_l n m: intp n -> intm m ->
(BZsucc n) *z m = (n *z m) +z m.

8.6 The principle of induction

We have a · b if and only if b ¡ a 2 ZÅ . Thus a · b if and only if a Å c · b Å c. As a
consequence, Z is an ordered group.

Lemma zle_diffP a b: intp a -> intp b -> (a <=z b <-> inc (b -z a) BZp).
Lemma zle_diffP1 a b: intp a -> intp b -> (\0z <=z (b -z a) <-> a <=z b).
Lemma zlt_diffP a b: intp a -> intp b -> (a <z b <-> inc (b -z a) BZps).
Lemma zlt_diffP1 a b: intp a -> intp b -> ((\0z <z (b -z a) <-> a <z b).
Lemma zlt_diffP2 a b: intp a -> intp b -> (a <z b <-> inc (a -z b) BZms).

Lemma BZsum_le2l a b c: intp a -> intp b -> intp c ->
((c +z a) <=z (c +z b) <-> a <=z b).

Lemma BZsum_le2r a b c: intp a -> intp b -> intp c ->
(a <=z b <-> (a +z c) <=z (b +z c)).
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Lemma BZsum_lt2l a b c: intp a -> intp b -> intp c ->
(a <z b <-> (c +z a) <z (c +z b)).

Lemma BZsum_lt2r a b c: intp a -> intp b -> intp c ->
(a +z c <z b +z c <-> a <z b ).

The principle of induction on N is: if P(a) and P(n) Æ) P(n Å 1) for n ¸ a then P(n) is
true for n ¸ a. We have shown it by applying the basic induction principle (with a Æ0) to
Q(n) ÆP(n ¡ a). This remains true for a and n in Z. We may replace n Å 1 by n ¡ 1 and · by ¸ .
This gives a second induction principle.

The general induction principle is: if P( a) and if P( n) Æ) P(nÅ1) for n ¸ a and if P(n) Æ)
P(n ¡ 1) for n · a then P(n) is true for n 2 Z. We give a weaker variant where a Æ0, and the
conditions n ¸ a and n · a are removed.

Lemma BZ_induction_pos a (r:property):
(r a) -> (forall n, a <=z n -> r n -> r (BZsucc n)) ->
(forall n, a <=z n -> r n).

Lemma BZ_induction_neg a (r:property):
(r a) -> (forall n, n <=z a -> r n -> r (BZpred n)) ->
(forall n, n <=z a -> r n).

Lemma BZ_ind1 a (p:property):
intp a -> p a ->
(forall x, BZ_le a x -> p x -> p (BZsucc x)) ->
(forall x, BZ_le x a -> p x -> p (BZpred x)) ->
forall n, inc n BZ -> p n.

Lemma BZ_ind (p:property):
p \0z ->
(forall x, intp x -> p x -> p (BZsucc x)) ->
(forall x, intp x -> p x -> p (BZpred x)) ->
forall n, inc n BZ -> p n.

8.7 Properties of order

We state here a bunch of lemmas that state how the sum behaves with order.

Lemma BZsum_Mlele a b c d: a <=z c -> b <=z d -> (a +z b) <=z (c +z d).
Lemma BZsum_Mlelt a b c d: a <=z c -> b <z d -> (a +z b) <z (c +z d).
Lemma BZsum_Mltle a b c d: a <z c -> b <=z d -> (a +z b) <z (c +z d).
Lemma BZsum_Mltlt a b c d: a <z c -> b <z d -> (a +z b) <z (c +z d).

Lemma BZsum_Mlege0 a c d: a <=z c -> \0z <=z d -> a <=z (c +z d).
Lemma BZsum_Mlegt0 a c d: a <=z c -> \0z <z d -> a <z (c +z d).
Lemma BZsum_Mltge0 a c d: a <z c -> \0z <=z d -> a <z (c +z d).
Lemma BZsum_Mltgt0 a c d: a <z c -> \0z <z d -> a <z (c +z d).

Lemma BZsum_Mlele0 a b c : a <=z c -> b <=z \0z -> (a +z b) <=z c.
Lemma BZsum_Mlelt0 a b c : a <=z c -> b <z \0z -> (a +z b) <z c.
Lemma BZsum_Mltle0 a b c : a <z c -> b <=z \0z -> (a +z b) <z c.
Lemma BZsum_Mltlt0 a b c : a <z c -> b <z \0z -> (a +z b) <z c.

Lemma BZsum_Mp a b: intp a -> inc b BZp -> a <=z (a +z b).
Lemma BZsum_Mps a b: intp a -> inc b BZps -> a <z (a +z b).
Lemma BZsum_Mm a b: intp a -> inc b BZm-> (a +z b) <=z a.
Lemma BZsum_Mms a b: intp a -> inc b BZms -> (a +z b) <z a.
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Lemma zlt_succ n: intp n -> n <z (BZsucc n).
Lemma zlt_pred n: intp n -> (BZpred n) <z n.
Lemma zlt_succ1P a b: intp a -> intp b ->

(a <z (BZsucc b) <-> a <=z b).
Lemma zlt_succ2P a b: intp a -> intp b ->

(BZsucc a <=z b <-> a <z b).

We show a · j aj and the triangular inequality ja Å bj · j ajÅ j bj.

Lemma zle_abs n: intp n -> n <=z (BZabs n).
Lemma zle_triangular n m: intp n -> intp m ->

(BZabs (n +z m)) <=z (BZabs n) +z (BZabs m).

We show here that the only order isomorphisms of Z are the functions x 7! x Å a. Let f
be an order isomorphism. We have f (n)Å 1 Æf (n Å 1). The argument is as follows: Since f is
surjective, f (n ) Å 1 Æf (m) for some m. Now m · n contradicts the fact that f is increasing.
We deduce n Ç m, thus n Å 1 Ç m Å 1, thus n Å 1 · m. Assume n Å 1 Ç m. Since f is strictly
increasing, we get f (n) Ç f (n Å 1) and f (n Å 1) Ç f (m). The second relation is equivalent to
f (n Å 1) · f (n ); contradiction. We deduce f (n) ¡ 1 Æf (n ¡ 1). By induction f (a) Æf (0) Å a
for all a. Thus f is x 7! x Å f (0). These functions are obviously order isomorphisms.

Note: let N be the ordering on N, N¤ the opposite of this ordering, and Z the ordinal sum
of N¤ and N. Then Z is isomorphic to the ordering of Z (this is nearly trivial, except that zero
appears twice in Z). Consider order types (to be de�ned later). The order type of N is ! , the
order type of N ¤ is ¤ ! , so that the order-type of Z is ¤ ! Å ! . Cantor says: the order-type is
similar to itself in an in�nite manner; he shows that x 7! x Å a is an order isomorphism, but
not the converse. He deduces: Z is not well-ordered (there is unique order isomorphism on
a well-ordered set).

Lemma BZ_order_isomorphism_P f: (* 54 *)
(order_isomorphism f BZ_ordering BZ_ordering) <->
(exists2 u, inc u BZ & f = Lf (fun z => z +z u) BZ BZ).

We give now the characteristic property of the ordering of Z.

Let's say that x and y are consecutive when x Ç y, and there is no z such that x Ç z Ç y.
In this case, we say that y is the successor of x and that x is the predecessor of y. In a totally
ordered set, these quantities are unique. In Z, the successor is x Å 1, the predecessor is x ¡ 1.

Definition consecutive r x y :=
glt r x y /\ forall z, inc z (substrate r) -> ~( glt r x z /\ glt r z y).

Definition or_succ r x := select (fun z => consecutive r x z) (substrate r).
Definition or_pred r x := select (fun z => consecutive r z x) (substrate r).

Lemma conseq_unique_right r x y y': total_order r ->
consecutive r x y -> consecutive r x y' -> y = y'.

Lemma conseq_unique_left r x x' y: total_order r ->
consecutive r x y -> consecutive r x' y -> x = x'.

Lemma or_succ_prop r x: total_order r ->
(exists y, consecutive r x y) -> consecutive r x (or_succ r x).

Lemma or_pred_prop r x: total_order r ->
(exists y, consecutive r y x) -> consecutive r (or_pred r x) x.

Lemma or_succ_prop' r x y: total_order r ->
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consecutive r x y -> y = or_succ r x.
Lemma or_pred_prop' r x y: total_order r ->

consecutive r x y -> x = or_pred r y.
Lemma BZ_succ_pred (r := BZ_ordering) x: intp x ->

[/\ consecutive r x (BZsucc x), consecutive r (BZpred x) x,
or_succ r x = BZsucc x & or_pred r x = BZpred x].

We say that E is complete if every element has a successor and a predecessor, and con-
nected if no non-trivial subset of E is stable by successor and predecessor. The set Z is totally
ordered, complete and connected (proof by induction). Conversely, if E is totally ordered,
complete, connected, non-empty, then it is order isomorphic to Z. We �rst notice that a
function f : Z ! E is strictly increasing when f (z) Ç f (z Å 1). Consider now: x0 2 E, xnÅ1 the
successor of xn , y0 Æ, ynÅ1 the predecessor of yn ; de�ne zn (n 2 Z) to be xn if n È 0 and y¡ n

otherwise. Since E is totally ordered and complete, the successor and predecessor satisfy the
desired properties; in particular, zn 2 E, and the mapping z ! zn is an order isomorphism. It
remains to show that its image is E.

Definition or_complete r := forall x, inc x (substrate r) ->
(exists y, consecutive r x y) /\ (exists y, consecutive r y x).

Definition or_stable r E:= forall x, inc x E ->
inc (or_succ r x) E /\ inc (or_pred r x) E.

Definition or_connected r:= forall E, sub E (substrate r) -> or_stable r E ->
E = emptyset \/ E = substrate r.

Definition or_likeZ r := [/\ total_order r, or_complete r & or_connected r].

Lemma BZ_order_props: or_likeZ BZ_ordering.
Lemma BZ_order_sfinc f r' (r:= BZ_ordering) :

function_prop f BZ (substrate r') -> order r' ->
(forall z, intp z -> glt r' (Vf f z) (Vf f (BZsucc z))) ->
strict_increasing_fun f r r'.

Lemma BZ_order_props_bis r: nonempty (substrate r) -> or_likeZ r ->
r \Is BZ_ordering. (* 82 *)

We show now how the ordering behaves with product. In particular, assume c È 0. Then
ac · bc if and only if a · b and ac Ç bc if and only if a Ç b.

Lemma BZprod_Mlege0 a b c: inc c BZp -> a <=z b -> (a *z c) <=z (b *z c).
Lemma BZprod_Mltgt0 a b c: inc c BZps -> a <z b -> (a *z c) <z (b *z c).
Lemma BZprod_Mlele0 a b c: inc c BZm -> a <=z b -> (b *z c) <=z (a *z c).
Lemma BZprod_Mltlt0 a b c: inc c BZms -> a <z b -> (b *z c) <z (a *z c).

Lemma BZ1_small c: inc c BZps -> \1z <=z c.
Lemma BZprod_Mpp b c: inc b BZp -> inc c BZps -> b <=z (b *z c).
Lemma BZprod_Mlepp a b c: inc b BZp -> inc c BZps -> a <=z b -> a <=z (b *z c).
Lemma BZprod_Mltpp a b c: inc b BZp -> inc c BZps -> a <z b -> a <z (b *z c).

Lemma BZprod_Mlelege0 a b c d: inc b BZp -> inc c BZp ->
a <=z b -> c <=z d -> (a *z c) <=z (b *z d).

Lemma BZprod_Mltltgt0 a b c d: inc b BZps -> inc c BZps ->
a <z b -> c <z d -> (a *z c) <z (b *z d).

Lemma BZprod_Mltltge0 a b c d: inc a BZp -> inc c BZp ->
a <z b -> c <z d -> (a *z c) <z (b *z d).

Lemma BZprod_ple2r a b c: intp a -> intp b -> inc c BZps ->
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((a *z c) <=z (b *z c) <-> a <=z b).
Lemma BZprod_plt2r a b c: intp a -> intp b -> inc c BZps ->

((a *z c) <z (b *z c) <-> a <z b).

8.8 Euclidean Division

Euclidean division is de�ned, as in the case of N, by a Æbq Å r , where 0 · r Ç jbj. Let
Q(a,b) and R(a,b) denote the quotient and remainder of a by b. We have a Æ(¡ b)(¡ q) Å r ,
hence Q(a,¡ b) Æ ¡Q(a,b) and R(a,¡ b) ÆR(a,b). What happens when we change the sign of
a is more complicated. Assume �rst that b divides a. We have Q(¡ a,b) Æ ¡Q(a,b). Assume
now r 6Æ0. We have 0· j bj ¡ r Ç jbj, so that R(¡ a,b) Æ jbj ¡ R(a,b). Assume a È 0 and b È 0 (if
a Æ0 division is exact). We have ¡ a Æb(¡ q ¡ 1) Å b ¡ r and ¡ a Æ(¡ b)(q Å 1) Å b ¡ r , so that
the quotient is ¡ s(q Å 1) where s is the sign of b, and q the quotient of a by jbj. Since sq is the
quotient of a by b we get Q(¡ a,b) Æ ¡Q(a,b) ¡ s(b).

When b Æ0, there is no solution to 0 · r Ç jbj. We de�ne the quotient to be zero as in the
case of N.

Definition BZdivision_prop a b q r :=
[/\ a = (b *z q) +z r, r <z (BZabs b) & inc r BZp].

Definition BZquo a b :=
let q:= BZ_of_nat ((BZ_val a) %/c (BZ_val b)) in

Yo (b = \0z) \0z
(Yo (BZ_sg a= C1) (Yo (BZ_sg b = C1) q (BZopp q))

(Yo ((BZ_val a %%c BZ_val b) = \0c) (Yo (BZ_sg b = C1) (BZopp q) q)
(Yo (BZ_sg b = C1) (BZopp (BZsucc q)) (BZsucc q)))).

Notation "x %/z y" := (BZquo x y) (at level 40).

Definition BZrem a b := a -z b *z (a %/z b).
Notation "x %%z y" := (BZrem x y) (at level 40).

We �rst study how the quotient behaves when a sign changes. The non-trivial point is
that, if jbj does not divide jaj, then the remainder of the division of a by b cannot be zero.
Moreover, R(¡ a,b) Æ jbj ¡ R(a,b). It suf�ces to prove this for positive b; it is then equivalent
to ¡ Q(¡ a,b) Æ1Å Q(a,b). We deduce, that, in any case 0 · R(a,b) Ç jbj.

Lemma BZquo_val a b (q1:= ((BZ_val a) %/c (BZ_val b))) (q2 := BZ_of_nat q1):
intp a -> intp b -> [/\ inc q1 Nat, inc q2 BZp & inc q2 BZ].

Lemma BZ_quo0 a: a %/z \0z = \0z.
Lemma BZ_quorem0 a: intp a -> (a %%z \0z = a /\ a %/z \0z = \0z).
Lemma BZ_quorem00 b: intp b -> (\0z %%z b = \0z /\ \0z %/z b = \0z).

Lemma ZS_quo a b: intp a -> intp b -> intp (a %/z b).
Lemma ZS_rem a b: intp a -> intp b -> intp (a %%z b).
Lemma ZpS_quo a b: intp ap -> inc b BZp -> inc (a %/z b) BZp.
Lemma BZquo_opp_b a b: intp a -> intp b -> a %/z (BZopp b) = BZopp (a %/z b).
Lemma BZrem_opp_b a b: intp a -> intp b -> a %%z (BZopp b) = a %%z b.
Lemma BZquo_div1 a b: intp a -> intp b -> b <> \0z ->

(BZ_val a) %%c (BZ_val b) = \0c -> a = b *z (a %/z b).
Lemma BZrem_div1 a b: intp a -> intp b -> b <> \0z ->

(BZ_val a) %%c (BZ_val b) = \0c -> (a %%z b) = \0z.
Lemma BZquo_opp_a1 a b: intp a -> intp b -> b <> \0z ->
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(BZ_val a) %%c (BZ_val b) = \0c -> (BZopp a) %/z b = BZopp (a %/z b).
Lemma BZdivision_opp_a2 a b:

intp a -> intp b -> b <> \0z -> (P a %%c P b) <> \0c ->
( (BZopp a) %%z b <> \0z
/\ (BZopp a) %%z b = (BZabs b) -z (a %%z b)).

Lemma BZdvd_correct a b: intp a -> intp b -> b <> \0z ->
[/\ inc (a %/z b) BZ, inc (a %%z b) BZp &
(BZdivision_prop a b (a %/z b) (a %%z b))].

We deduce 0 · R(a,b) Ç jbj. It follows bq · a Ç b(q Å s), where s is the sign of b and
q ÆQ(a,b). This equation has a unique solution (if b È 0, bq · a and a Ç b(q0Å s) says
q Ç q0Å 1, thus q · q0). Thus a Æbq Å r and 0 · r Ç jbj uniquely de�ne q and r .

Lemma ZpS_rem a b: intp a -> intp b -> b <> \0z -> inc (a %%z b) BZp.
Lemma BZrem_small a b: intp a -> intp b -> b <> \0z ->

(a %%z b) <z (BZabs b).
Lemma BZdvd_exact b q: intp q -> intp b -> b <> \0z ->

((q *z b) %/z b = q /\ (q *z b) %%z b = \0z).
Lemma BZdvd_unique a b q r q' r': intp a -> intp b -> b <> \0z ->

intp q -> intp r -> intp q' -> intp r' ->
BZdivision_prop a b q r -> BZdivision_prop a b q' r' ->
(q = q' /\ r =r').

Lemma BZdvd_unique1 a b q r: intp a -> intp b ->
intp q -> intp r -> b <> \0z ->
BZdivision_prop a b q r -> (q = a %/z b /\ r = a %%z b).

Lemma BZquo_cN a b: natp a -> natp b ->
(BZ_of_nat a) %/z (BZ_of_nat b) = BZ_of_nat (a%/c b).

Lemma BZrem_cN a b: natp a -> natp b ->
(BZ_of_nat a) %%z (BZ_of_nat b) = BZ_of_nat (a%%c b).

8.8.1 Divisibility

We say that b divides a if the remainder of the division is zero. The quotient q is then
denoted by a/ b and satis�es a Æbq (we allow b to be zero, but in this case, a has to be zero).

Definition BZdivides b a :=
[/\ intp a, intp b & BZrem a b = \0z].

Notation "x %|z y" := (BZdivides x y) (at level 40).

Conversely, b divides bq. Since b divides a if only only if pr 1b divides pr 1a (as elements
of N), we get that b divides a if and only if § b divides § a.

Lemma BZdvds_trivial: \0z %|z \0z.
Lemma BZdvds_trivial_rec x: \0z %|z x -> x = \0z.
Lemma BZdvds_pr a b: b %|z a -> a = b *z (a %/z b).
Lemma BZdvds_pr1 a b: intp a -> intp b -> b %|z (a *z b).
Lemma BZdvds_pr1' a b: intp a -> intp b -> b %|z (b *z a).
Lemma BZdvd_pr2 a b q: inc q BZ -> intp b -> b <> \0z ->

a = b *z q -> q = a %/z b.
Lemma BZdvds_pr0 a b: b %|z a -> (BZ_val b) %|c (BZ_val a).
Lemma BZdvds_pr3 a b: intp a -> intp b ->

(b %|z a <-> (BZ_val b) %|c (BZ_val a)).
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Lemma BZdiv_cN a b: natp a -> natp b ->
((a %|c b) <-> (BZ_of_nat a) %|z (BZ_of_nat b)).

Lemma BZdvds_opp1 a b: intp b -> (b %|z a <-> (BZopp b) %|z a).
Lemma BZdvds_opp2 a b: intp a -> (b %|z a <-> b %|z (BZopp a)).
Lemma BZquo_opp2 a b: b %|z a -> (BZopp a) %/z b = BZopp (a %/z b).

Lemma BZdvds_one a: intp a -> \1z %|z a.
Lemma BZdvds_mone a: intp a -> \1mz %|z a.
Lemma BZquo_one a: intp a -> a %/z \1z = a.
Lemma BZquo_mone a: intp a -> a %/z \1mz = BZopp a.

Lemma BZdvds_pr4 a b q: b %|z a -> q = a %/z b -> a = b *z q.
Lemma BZdvds_pr5 b q: intp b -> inc q BZ -> b <> \0z -> (b *z q) %/z b = q.
Lemma BZdvd_itself a: intp a -> a <> \0z -> (a %|z a /\ a %/z a = \1z).
Lemma BZdvd_opp a: intp a -> a <> \0z ->

(a %|z (BZopp a) /\ (BZopp a) %/z a = \1mz).
Lemma BZdvd_zero1 a: intp a -> (a %|z \0z /\ \0z %/z a = \0z).
Lemma BZdvds_trans a b a': a %|z a'-> b %|z a -> b %|z a'.
Lemma BZdvds_trans1 a b a': a %|z a'-> b %|z a ->

a' %/z b = (a' %/z a) *z (a %/z b).
Lemma BZdvds_trans2 a b c: intp c -> b %|z a -> b %|z (c *z a).

If a Æbq Å r we have ac Æb(qc) Å rc. We deduce, when c È 0, that ( ac/ bc) Æ(a/ b).
Whatever c 6Æ0, b divides a if and only if bc divides ac. We have (aÅb)/ c Æ(a/ c)Å(b/ c) when
division is exact.

Lemma BZquo_simplify a b c: intp a -> intp b -> inc c BZps ->
( (a *z c) %/z(b *z c) = a %/z b /\

(a *z c) %%z (b *z c) = (a %%z b) *z c).
Lemma BZdvds_prod a b c: intp a -> intp b -> intp c -> c <> \0z ->

( a %|z b <-> (a *z c) %|z (b *z c)).
Lemma BZdvd_and_sum a a' b: b %|z a -> b %|z a' ->

( b %|z (a +z a') /\ (a +z a') %/z b = (a %/z b) +z (a' %/z b)).
Lemma BZdvd_and_diff a a' b: b %|z a -> b %|z a'

-> ( b %|z (a -z a') /\ (a -z a') %/z b = (a %/z b) -z (a' %/z b)).

8.8.2 Ideals and Gcd

An ideal I is a set stable by addition and by multiplication by an element of Z.

Definition BZ_ideal x:=
[/\ (forall a, inc a x -> intp a),

(forall a b, inc a x -> inc b x -> inc (a +z b) x) &
(forall a b, inc a x -> intp b -> inc (a *z b) x)].

Definition BZ_ideal2 a b := Zo BZ (fun z =>
exists u v, [/\ intp u, intp v & z = (a *z u) +z (b *z v)]).

Definition BZ_ideal1 a := fun_image BZ (fun z => a *z z).

We denote by I( a,b) the set of elements of the form au Å bv. It contains a, b and is an
ideal. We denote by I( a) the set of all multiples of a. It is I( a,a). It is the ideal generatedby a.

Lemma BZ_in_ideal1 a b: intp a -> intp b ->
(inc a (BZ_ideal2 a b) /\ inc b (BZ_ideal2 a b)).

Lemma BZ_is_ideal2 a b: intp a -> intp b -> BZ_ideal (BZ_ideal2 a b).
Lemma BZ_in_ideal3 a: intp a -> BZ_ideal1 a = BZ_ideal2 a a.
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Lemma BZ_in_ideal4 a: intp a ->
(BZ_ideal (BZ_ideal1 a) /\ inc a (BZ_ideal1 a)).

An ideal is stable by taking the opposite, absolute value and remainder.

Lemma BZ_idealS_opp a x: BZ_ideal x -> inc a x -> inc (BZopp a) x.
Lemma BZ_idealS_abs a x: BZ_ideal x -> inc a x -> inc (BZabs a) x.
Lemma BZ_idealS_diff a b x:
BZ_ideal x -> inc a x -> inc b x -> inc (a -z b) x.

We show that Z is principal : this means that every ideal is of the form I( a) for some a. We
�rst state that any non-empty subset of ZÅ has a least element. Consider a non-empty ideal
x. If it contains only 0, it is I(0). Otherwise, its intersection with Z¤

Å is non-empty, and has a
least element a. For any b in the ideal, the remainder of b by a has to be zero, hence b 2 I(a).
This element a is unique, modulo its sign, for if I( a) ÆI(a0), we have x and y such that a Æxa0

and a0 Æya, thus a Æa(1 ¡ xy). This shows that either a Æ0 (thus a0 Æ0) or xy Æ1, thus
x Æ §1, hence a0Æ §a, so that jaj Æ ja0j.

Lemma BZ_N_worder X: sub X BZp -> nonempty X ->
exists2 a, inc a X & forall b, inc b X -> BZ_le a b.

Lemma BZ_ideal_0P a: inc a (BZ_ideal1 \0z) <-> (a = \0z).
Theorem BZ_principal x: BZ_ideal x -> nonempty x ->

exists2 a, inc a BZp & BZ_ideal1 a = x.
Lemma BZ_ideal_unique_gen a b: intp a -> intp b ->

BZ_ideal1 a = BZ_ideal1 b -> BZabs a = BZabs b.
Lemma BZ_ideal_unique_gen1 a b: inc a BZp -> inc b BZp ->

BZ_ideal1 a = BZ_ideal1 b -> a = b.

The unique positive generator of I( a,b) is called the greatest common divisor of a and b.
If g is the gcd, the quantity ab/ g is called the least common multiple of a and b.

Definition BZgcd a b := select (fun z => BZ_ideal1 z = BZ_ideal2 a b) BZp.
Definition BZlcm a b := (a *z b) %/z (BZgcd a b).

Since Z is principal, the gcd g of a and b satis�es I( g) ÆI(a,b). We deduce a 2 I(g) and
b 2 I(g), and rewrite it as a Æg ¢(a/ g) and b Æg ¢(b/ g). The two integers a/ g and b/ g are
sometimes called the cofactors of a and b. If a ¸ 0 or a 6Æ0 so is a/ g.

Conversely, g 2 I(a,b), so that g Æau Å bv for some u and v. We have gcd(a,0) Æ jaj. We
have gcd(a,b) Ægcd(¡ a,b). The gcd is zero if and only if a Æb Æ0.

Lemma BZgcd_prop1 a b: intp a -> intp b ->
(inc (BZgcd a b) BZp /\ BZ_ideal1 (BZgcd a b) = BZ_ideal2 a b).

Lemma ZpS_gcd a b: intp a -> intp b -> inc (BZgcd a b) BZp.
Lemma ZS_gcd a b: intp a -> intp b -> intp (BZgcd a b).
Lemma BZgcd_unq a b g: intp a -> intp b ->

inc g BZp -> BZ_ideal1 g = BZ_ideal2 a b ->
g = (BZgcd a b).

Lemma BZgcd_x1 x: intp x -> BZgcd x \1z = \1z.
Lemma BZgcd_div a b (g:= (BZgcd a b)): intp a -> intp b ->

a = g *z (a %/z g) /\ b = g *z (b %/z g).
Lemma BZgcd_s2 a b (g:= (BZgcd a b)): intp a -> intp b ->

[/\ inc g BZ, inc (a %/z g) BZ & inc (b %/z g) BZ].
Lemma BZgcd_nz a b: intp a -> intp b ->
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BZgcd a b = \0z -> (a = \0z /\ b = \0z).
Lemma BZgcd_nz1 a b: intp a -> intp b ->

(a <> \0z \/ b <> \0z) -> BZgcd a b <> \0z.
Lemma BZ_nz_quo_gcd a b: intp a -> intp b -> a <> \0z ->

a %/z (BZgcd a b) <> \0z.
Lemma BZ_positive_quo_gcd a b: inc a BZp -> intp b ->

inc (a %/z (BZgcd a b)) BZp.
Lemma BZgcd_prop2 a b: intp a -> intp b ->

(exists x y, [/\ intp x, intp y &
(BZgcd a b = (a *z x) +z (b *z y))]).

Lemma BZgcd_opp a b: intp a -> intp b -> BZgcd a b = BZgcd (BZopp a) b.
Lemma BZgcd_C a b: BZgcd a b = BZgcd b a.

Lemma BZgcd_id a: intp a -> BZgcd a a = BZabs a.
Lemma BZgcd_rem a b q: intp a -> intp b -> inc q BZ ->

BZgcd a (b +z a *z q) = BZgcd a b.
Lemma BZgcd_diff a b: intp a -> intp b -> BZgcd a (b -z a) = BZgcd a b.
Lemma BZgcd_zero a: intp a -> BZgcd a \0z = BZabs a.
Lemma BZgcd_div2 a b: intp a -> intp b -> BZgcd a b %|z a.

Basic properties of lcm.

Lemma ZS_lcm a b: intp a -> intp b -> intp (BZlcm a b).
Lemma BZlcm_C a b: BZlcm a b = BZlcm b a.
Lemma BZlcm_zero a: intp a -> BZlcm a \0z = \0z.
Lemma BZlcm_prop1 a b (g := BZgcd a b) (l := BZlcm a b):

intp a -> intp b ->
[/\ l = (a %/z g) *z b, l = a *z (b %/z g) &

l = ((a %/z g) *z (b %/z g)) *z g].
Lemma BZlcm_nz a b: intp a -> intp b ->

a <> \0z -> b <> \0z -> BZlcm a b <> \0z.

Given a and b, the Bezout relation is

9u,v au Å bv Æ1

This says that 1 2 I(a,b), and is equivalent to say that a and b are coprime (the gcd is one). If
one of a or b is non-zero, the gcd g of a and b is non-zero, there is a Bezout relation between
a/ g and b/ g. (There are algorithms, not given here, that compute the gcd and the Bezout
relation).

Definition BZcoprime a b := BZgcd a b = \1z.
Definition Bezout_rel a b u v := (a *z u) +z (b *z v) = \1z.
Definition BZBezout a b :=

exists u v, [/\ intp u, intp v & Bezout_rel a b u v].

Lemma BZcoprime_sym a b: BZcoprime a b -> BZcoprime b a.
Lemma BZcoprime_add a b: intp a -> intp b ->

BZcoprime a b -> BZcoprime a (a +z b).
Lemma BZcoprime_diff a b: intp a -> intp b ->

BZcoprime a b -> BZcoprime a (b -z a).
Lemma BZ_Bezout_if_coprime a b: intp a -> intp b ->

BZcoprime a b -> BZBezout a b.
Lemma BZ_coprime_if_Bezout a b: intp a -> intp b ->

BZBezout a b -> BZcoprime a b.
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Lemma BZ_Bezout_cofactors a b: intp a -> intp b ->
(a<> \0z \/ b <> \0z) ->
BZBezout (a %/z (BZgcd a b)) (b %/z (BZgcd a b)).

Lemma BZ_coprime1r a: intp a -> BZcoprime a \1z.
Lemma BZ_coprime1l a: intp a -> BZcoprime \1z a.

The relation “ a divides b” is an order on Z¤
Å . Note that, if a divides b and b È 0, then a · b.

Note that a divides b if and only if I( b) ½I(a).

The greatest lower bound of a and b for this relation is the gcd. We state this as: let P( x)
be the property: x divides a, x divides b and any y that divides a and b divides y. Let P0be
the same relation with the constraint that x and y are positive. Then the gcd satis�es P and
P0. If x satis�es P, then its absolute value is the gcd, if x satis�es P 0, it is the gcd.

The lcm is the least upper bound. In particular, if a and b are coprime, the lcm is the
product, so that if a and b divide x, so does the product.

Note that the gcd is associative (consider the ideal generated by a, b and c), and distribute
with the product: if c ¸ 0 then c¢gcd(a,b) Ægcd(ca,cb). We have gcd(a,bc) Ægcd(a,c) when-
ever a and b are coprime.

Definition BZdvdordering := graph_on BZdivides BZps.
Definition BZgcd_prop a b p :=

[/\ p %|z a, p %|z b & forall t, t %|z a -> t %|z b -> t %|z p].
Definition BZgcdp_prop a b p :=

[/\ inc p BZp, p %|z a, p %|z b &
forall t, inc t BZp -> t %|z a -> t %|z b -> t %|z p].

Lemma BZdvds_pr6 a b: intp a -> intp b -> ->
(a %|z b <-> sub (BZ_ideal1 b)(BZ_ideal1 a)).

Lemma BZdvds_pr6' a b: a %|z b -> sub (BZ_ideal1 b)(BZ_ideal1 a).
Lemma BZdvds_monotone a b: inc b BZps -> a %|z b -> a <=z b.
Lemma BZdvdordering_or: order BZdvdordering.
Lemma BZgcd_prop3 a b: intp a -> intp b ->

(BZgcd_prop a b (BZgcd a b)
/\ forall g, BZgcd_prop a b g -> (BZgcd a b) = BZabs g).

Lemma BZgcd_prop3' a b: intp a -> intp b ->
(BZgcdp_prop a b (BZgcd a b)

/\ forall g, BZgcdp_prop a b g -> (BZgcd a b) = g).
Lemma BZlcm_prop2 a b (l := BZlcm a b):

intp a -> intp b ->
[/\ a %|z l, b %|z l & forall u, a %|z u -> b %|z u -> l %|z u].

Lemma BZ_lcm_prop3 a b u: BZcoprime a b ->
a %|z u -> b %|z u -> (a *z b) %|z u.

Lemma BZpsS_gcd x y: inc x BZps -> inc y BZps -> inc (BZgcd x y) BZps.
Lemma BZpsS_lcm x y: inc x BZps -> inc y BZps -> inc (BZlcm x y) BZps.
Lemma BZgcd_A a b c: intp a -> intp b -> intp c ->

(BZgcd a (BZgcd b c)) = (BZgcd (BZgcd a b) c).
Lemma BZgcd_prodD a b c: intp a -> intp b -> inc c BZp ->

(BZgcd (c *z a) (c *z b)) = c *z (BZgcd a b).
Lemma BZgcd_simp a b c: intp a -> intp b -> intp c ->

BZcoprime a b -> BZgcd a (b *z c) = BZgcd a c.

We show here that the set Z¤
Å of strictly positive integers, ordered by divisibility, is a lattice,

where the sup and inf are the gcd and lcm.
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Lemma BZdvdordering_sr: substrate BZdvdordering = BZps.
Lemma BZdvdordering_gle x y:

gle BZdvdordering x y <-> [/\ inc x BZps, inc y BZps & x %|z y].

Lemma BZdvd_lattice_aux x y: inc x BZps -> inc y BZps ->
(least_upper_bound BZdvdordering (doubleton x y) (BZlcm x y)
/\ (greatest_lower_bound BZdvdordering (doubleton x y) (BZgcd x y))).

Lemma BZdvd_lattice: lattice BZdvdordering.
Lemma BZdvd_sup x y: inc x BZps -> inc y BZps ->

sup BZdvdordering x y = BZlcm x y.
Lemma BZdvd_inf x y: inc x BZps -> inc y BZps ->

inf BZdvdordering x y = BZgcd x y.

Note that the set Z¤
Å of strictly positive integers, ordered by divisibility, is a distributive

lattice. This means gcd( a, lcm( b,c)) Ælcm(gcd( a,b),gcd(a,c)). Proof: consider the set F of
functions P ! N (here P is any set, f · f 0 means 8 p 2 P, f (p) · f 0(p)). This is a product of
totally ordered set, thus is a distributive lattice. Consider the subset F 0of functions with �nite
support (the set of all p such that f (p) 6Æ0 is �nite); given two elements of F 0, they have the
same sup and inf, considered in F 0 or F. Thus F0 is a distributive lattice. Let P be the set of
prime numbers; for any function f with �nite support consider the product

Q
p p f (p); this is a

non-zero natural number, thus can be consider in Z¤
Å . We get an order isomorphism F 0! Z¤

Å .

Direct proof. According to Exercise 1.16, Z¤
Å is a distributive lattice if, and only if, for

all x, y and z, the relation inf( z,sup(x, y)) · sup(x, inf( y,z)) holds. This can be restated as
gcd(z, lcm( x, y)) divides lcm( x,gcd(y,z)). All quantities introduced below are È 0, as we as-
sume that x, y and z are È 0. Let g be the gcd of x and y, write x Æag, and y Æbg. The quan-
tities a and b are coprime and we want to show: gcd( z,abg) divides lcm( ag,gcd(bg,z)). Let
p be the gcd of ag and gcd(bg,z)), so that the lcm becomes the product of the three factors
(ag)/ p , gcd(bg,z)/ p and p. By associativity, p is the gcd of gcd( ag,bg) and z. The �rst quan-
tity is g ¢gcd(a,b) so that p Ægcd(g,z). Let g Æg0p and z Æz0p, where g0and p0are coprime.
We have gcd(z,abg) Ægcd(z0p,abg0p) Æp¢gcd(z0,abg0) This simpli�es to p¢gcd(z0,ab). Note
that ( ag)/ p Æ(ag0p)/ p Æag0. Moreover gcd( bg,z)/ p Ægcd(bg0p,z0p)/ p Ægcd(bg0,z0) Æ
gcd(b,z0). We have to show that p ¢gcd(z0,ab) divides p ¢g0a gcd(z0,b). We can get rid of p.
We can forget about g0. It suf�ces to show that gcd( z0,ab) divides a gcd(z0,b) Ægcd(az0,ab).

Lemma BZdvd_sup x y: inc x BZps -> inc y BZps ->
sup BZdvdordering x y = BZlcm x y.

Lemma BZdvd_inf x y: inc x BZps -> inc y BZps ->
inf BZdvdordering x y = BZgcd x y.

Lemma BZdvd_latticeD: distributive_lattice1 BZdvdordering.

The Bezout relation is not unique: if auÅbv Æ1, u0ÆuÅqb, v0Æv¡ qa, then au 0Åbv0Æ1.
We show the converse: this amounts to: if au Å bv Æ0, then there is q such that u Æbq and
v Æ ¡aq. Proof. Not �rst that if a Æ0, then b Æ §1 and the result holds. Otherwise, write
v Æaq Å r and the relation as a(u Å bq) Å br Æ0. Let g be the gcd of a and this quantity. This
is gcd(a,r ) Ægcd(a,r ). Since the quantity is zero, it is also jaj. We may choose 0 · r Ç jaj. But
this relation says that jaj cannot divide r .

We deduce the following

(8.5) gcd(a,b) Æ1,a 6Æ0 Æ) 9 u,v, 0 · v Ç jaj, au Å bv Æ1.

Here we have uniqueness. Assume moreover b non-zero; then ju j · j bj. Assume further
1 Ç jbj; then ju j Ç jbj. (in the case a Æb Æ1, we have the solution u Æ1, v Æ0).
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Definition Bezout_pos a b u v :=
[/\ inc u BZ, inc v BZp, v <z BZabs a & Bezout_rel a b u v ].

Lemma Bezout_non_unique1 a b u v: intp a -> intp b ->
intp u -> intp v -> BZcoprime a b -> (a *z u) +z (b *z v) = \0z ->
exists q, [/\ intp q, u = q *z b & v = BZopp(q *z a) ].

Lemma Bezout_non_unique2 a b u v u' v': intp a -> intp b ->
intp u -> intp v -> intp u' -> intp v' ->
Bezout_rel a b u v -> Bezout_rel a b u' v' ->

exists q, [/\ intp q, u' = u +z q *z b & v' = v -z q *z a].

Lemma Bezout_pos_exists a b: intp a -> intp b -> a <> \0z ->
BZcoprime a b -> exists u v, Bezout_pos a b u v.

Lemma Bezout_pos_unique a b u v u' v': intp a -> intp b ->
Bezout_pos a b u v -> Bezout_pos a b u' v' ->
(u = u' /\ v = v').

Lemma Bezout_pos_aux a b u v : intp a -> intp b -> b <> \0z ->
Bezout_pos a b u v -> BZabs u <=z BZabs b.

Lemma Bezout_pos_aux2 a b u v : intp a -> intp b -> b <> \0z ->
BZabs b <> \1z -> Bezout_pos a b u v -> BZabs u <z BZabs b.

8.8.3 Gcd of natural numbers

We de�ne here the gcd of two natural numbers a and b as the absolute value of the gcd
considered on Z.

Definition Ngcd n m := BZ_val (BZgcd (BZ_of_nat n)(BZ_of_nat m)).
Definition Ncoprime a b := Ngcd a b = \1c.
Definition Ngcd_prop a b p :=

[/\ natp p, p %|c a, p %|c b &
forall t, natp t -> t %|c a -> t %|c b -> t %|c p].

Lemma NS_gcd n m: natp n -> natp m -> natp (Ngcd n m).
Lemma Ngcd_C n m: Ngcd n m = Ngcd m n.
Lemma Ngcd_n1 n: natp n -> Ngcd n \1c = \1c.
Lemma Ngcd_1n n: natp n -> Ngcd \1c n = \1c.
Lemma Ngcd_n0 n: natp n -> Ngcd n \0c = n.
Lemma Ngcd_0n n: natp n -> Ngcd \0c n = n.
Lemma Ngcd_nn n: natp n -> Ngcd n n = n.

Lemma Ngcd_div a b (g:= (Ngcd a b)): natp a -> natp b ->
a = g *c (a %/c g) /\ b = g *c (b %/c g).

Lemma Ngcd_nz a b: natp a -> natp b ->
Ngcd a b = \0c -> (a = \0c /\ b = \0c).

Lemma Ngcd_nz1 a b: natp a -> natp b->
(a <> \0c \/ b <> \0c) -> Ngcd a b <> \0c.

Lemma Ngcd_rem a b q: natp a ->natp b -> natp q ->
Ngcd a (b +c a *c q) = Ngcd a b.

Lemma Ngcd_sum a b: natp a -> natp b -> Ngcd a (a +c b) = Ngcd a b.
Lemma Ngcd_diff a b: natp a -> natp b -> a <=c b ->

Ngcd a (b -c a) = Ngcd a b.
Lemma Ngcd_simp a b c: natp a -> natp b -> natp c ->

Ncoprime a b -> Ngcd a (b *c c) = Ngcd a c.

Lemma Ngcd_P a b: natp a -> natp b ->
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(Ngcd_prop a b (Ngcd a b)
/\ forall g, Ngcd_prop a b g -> (Ngcd a b) = g).

Assume a and b coprime. We may express the Bezout relation as: there are two natural
numbers u and v such that au Æ1Å bv (this requires a 6Æ0). Proof. If b Æ0, we know a Æ1,
and the result is trivial. Otherwise, we know that there is a solution with u Ç b, and v 2 Z.
Assume v Ç 0. From 1 Å bv ¸ 0 we deduce u Æ0, b Æ1, and the problem has a solution. We
may assume u Ç b (except in the case where b Æ0 or b Æ1).

Lemma Ngcd_simp a b c: natp a -> natp b -> natp c ->
Ncoprime a b -> Ngcd a (b *c c) = Ngcd a c.

Lemma Nbezout a b: natp a -> natp b -> a <> \0c -> Ncoprime a b ->
exists u v, [/\ natp u, natp v, a *c u = \1c +c b *c v&

(b <=c \1c \/ u <c b)].

Application gcd(F n ,Fm ) ÆFgcd(n ,m), where Fn is the n-th Fibonacci number. Assume �rst
m Æn Å 1. The relation says that two consecutive Fibonacci numbers are coprime. The proof
is by induction and follows from F nÅ2 ÆFn Å FnÅ1. The general case is by induction on the
maximum of n and m. We may assume m Ç n, as m Æn is trivial. We may also assume
m 6Æ0. So, we can write n Æm Å r , where r is non-zero, r Ç n. In particular, the induction
hypothesis applies and gives gcd(F r ,Fm ) ÆFk , where k Ægcd(r ,m) Ægcd(n,m). Now, FmÅr Æ
Fm Fr ¡ 1 Å FmÅ1Fr . If we take the gcd with F m , we can ignore the �rst term of the sum, and the
factor of F r (since FmÅ1 is coprime with F m ). Thus gcd(Fn ,Fm ) Ægcd(Fr ,Fm ).

Lemma Ncoprime_Sn_fib n: natp n -> Ncoprime (Fib n) (Fib (csucc n)).
Lemma Ngcd_fib n m: natp n -> natp m ->

Ngcd (Fib n) (Fib m) = Fib (Ngcd n m).

8.9 Equivalence of de�nitions

We prove that our integers are the same as those of C OQ. There are two implementa-
tions: in ZArith , an integer is zero, positive or the opposite of a positive, where a “positive”
is a binary representation of a non-zero natural number. The SSREFLECTlibrary provides an
alternative version where a positive number is a nat (and there is a coercion from nat to
int ), and a negative number Negz nis the opposite of n Å 1, where n is a nat . In fact, there
is a lemma NegzEthat says that Negz nis equal to `ssralg.GRing.opp n.+1 ' (there is an
implicit argument, namely int_ZmodType). Loading the ssralg library simpli�es this to
(̀- n.+1)%R '; opening the ring scope simpli�es it further to ` - n.+1 '. The multiplication is

commutative: this is the consequence of some hidden theorem; one just uses the fact that Z
is a commutative ring. Moreover, Z is a RealDomainType: it is totally ordered, and there is a
norm jxj. This explains the following lines.

Section Conversions.

Require Import ssralg ssrnum.
Import GRing.Theory.
Local Open Scope ring_scope.

We de�ne here a function that maps the set Z of SSREFLECTintegers onto Z. We show that
it is a morphism.
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Definition BZ_of_Z (n:int) :=
match n with

| Posz p => BZ_of_nat (nat_to_B p)
| Negz p => BZm_of_nat (nat_to_B p.+1)

end.

Lemma positive_non_zero (p: positive) :
inc (nat_to_B (nat_of_P p)) Nats.

Lemma positive_non_zero1 p :
inc (BZ_of_nat (nat_to_B p)) BZp.

Lemma positive_non_zero2 p :
inc (BZm_of_nat (csucc (nat_to_B p))) BZms.

Lemma positive_non_zero2bis p :
inc (BZm_of_nat (nat_to_B p.+1)) BZms.

Lemma BZ_of_Z_inc x: inc (BZ_of_Z x) BZ.
Lemma BZ_of_Z_injective x y : BZ_of_Z x = BZ_of_Z y -> x = y.
Lemma BZ_of_Zp_surjective x : inc x BZp -> exists y:nat, BZ_of_Z y = x.
Lemma BZ_of_Z_surjective x : intp x -> exists y, BZ_of_Z y = x.

We get an inverse by using the axiom of choice.

Fact nonempty_int: inhabited int.
Definition Z_of_BZ x := (chooseT (fun y => BZ_of_Z y = x) nonempty_int).

Lemma Z_of_BZ_pa x: intp x -> (BZ_of_Z (Z_of_BZ x)) = x.
Lemma Z_of_BZ_pb p : Z_of_BZ (BZ_of_Z p) = p.

Lemma BZ_Z_0: BZ_of_Z 0 = \0z.
Lemma BZ_Z_1: BZ_of_Z 1 = \1z.
Lemma BZ_Z_1n: BZ_of_Z 1%N = \1z.
Lemma BZ_Z_m1: BZ_of_Z (- 1)%Z = \1mz.
Lemma Z_of_BZ_zero: Z_of_BZ \0z = 0%Z.
Lemma Z_of_BZ_one: Z_of_BZ \1z = 1%Z.
Lemma Z_of_BZ_mone: Z_of_BZ \1mz = (-1)%Z.

We show that the function de�ned above preserves all properties.

Lemma BZ_of_Z_opp x: BZ_of_Z (- x) = BZopp (BZ_of_Z x).
Lemma BZ_of_Z_neg p: BZ_of_Z (Negz p) = BZopp (BZ_of_Z (Posz p.+1)).
Lemma BZ_of_Z_abs x: BZ_of_Z (`|x|) = BZabs (BZ_of_Z x).
Lemma BZ_of_Z_succ (x:int): BZ_of_Z (1 + x) = \1z +z BZ_of_Z x.
Lemma BZ_of_Z_sum x y: BZ_of_Z (x + y) = (BZ_of_Z x) +z (BZ_of_Z y).
Lemma BZ_of_Z_diff x y: BZ_of_Z (x - y ) = (BZ_of_Z x) -z (BZ_of_Z y).
Lemma BZ_of_Z_pred (x:int): BZ_of_Z (x -1) = BZ_of_Z x -z \1z.
Lemma BZ_of_Z_sign x: BZ_of_Z (Zsgn x) = BZsign (BZ_of_Z x).
Lemma BZ_of_Z_prod x y: BZ_of_Z (x * y ) = (BZ_of_Z x) *z (BZ_of_Z y).
Lemma BZ_of_Z_le (x y: int): x <= y <-> ( (BZ_of_Z x) <=z (BZ_of_Z y)).
Lemma BZ_of_Z_lt (x y: int): x < y <-> ( (BZ_of_Z x) <z (BZ_of_Z y)).

Let's notice that division on Z is de�ned in a weird place, so we shall not use it. In the
lemmas that follow, if a has type nat it is promoted to Z inside BZ_of_Z; if this gives A we
have: a divides b (in nat ) is the same as A divides B (in Z). If g is the gcd of a and b, then G is
the gcd of A and B; if a and b are coprime, then A and B are coprime.
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Require Import div.

Lemma BZ_of_div (a b:nat): a %| b <-> (BZ_of_Z a) %|z (BZ_of_Z b).
Lemma BZ_of_gcd (n m: nat) :

BZgcd (BZ_of_Z n) (BZ_of_Z m) = BZ_of_Z (gcdn n m).
Lemma BZ_of_coprime (n m: nat) :

BZcoprime (BZ_of_Z n) (BZ_of_Z m) <-> (coprime n m).
End Conversions.
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Chapter 9

Rational numbers

The set Q of rational numbers is the quotient �eld of Z; as such, it is the quotient of some
equivalence relation. An element x of a class X has the form ( a,b), where a and b are in Z
and b is non-zero. Since ( ¡ a,¡ b) 2 X, we may assume b È 0. Since (a/ g,b/ g) 2 X where
g Ægcd(a,b), we may assume a and b coprime. Now, there is only one element in each class
satisfying these properties, this leads to a direct de�nition.

9.1 De�nition

We introduce the set Q of all pairs of rational integers that are coprime and such that
the second component (the denominator ) is strictly positive. The �rst element of the pair is
called the numerator . We shall write a/ b instead of ( a,b), see justi�cation below.

We consider the subsets QÅ , Q¡ , Q¤
Å and Q¤

¡ formed of numbers with numerator in ZÅ ,
Z¡ , Z¤

Å and Z¤
¡ .

Notation Qnum := P (only parsing).
Notation Qden := Q (only parsing).
Definition BQ := Zo (BZ \times BZps) (fun z => BZcoprime (Qnum z) (Qden z)).
Definition BQms:= Zo BQ (fun z => inc (Qnum z) BZms).
Definition BQps:= Zo BQ (fun z => inc (Qnum z) BZps).
Definition BQp:= Zo BQ (fun z => inc (Qnum z) BZp).
Definition BQm:= Zo BQ (fun z => inc (Qnum z) BZm).

Definition ratp x := inc x BQ.

Lemma BQ_P q: ratp q <->
[/\ pairp q, intp (Qnum q), inc (Qden q) BZps

& BZcoprime (Qnum q) (Qden q)].

We have some inclusions.

Lemma BQP_sBQ : sub BQp BQ.
Lemma BQps_sBQ : sub BQps BQ.
Lemma BQms_sBQ : sub BQms BQ.
Lemma BQm_sBQ : sub BQm BQ.
Lemma BQps_sBQp : sub BQps BQp.
Lemma BQms_sBQm : sub BQms BQm.
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9.1.1 Basic properties

Consider a pair x Æ(a,b) 2 Z £ Z¤
Å . Let p be the gcd of a and b, a0Æa/ p, b0Æb/ p. By

construction, the two numbers a0 and b0 are coprime, so that ( a0,b0) is in Q. We shall write
i Q(x) Æi Q(a,b) Æ(a0,b0). In the SSREFLECTlibrary, this function is de�ned for all b, if b Ç 0,
then i Q(a,b) Æi Q(¡ a,¡ b); as an exception i Q(a,0) Æi Q(1,1). Consider a second pair y Æ
(c,d ). Let's say that x and y are equivalent if ad Æbc, and denote it by x ´ y. If q is the gcd
of c and d , since p and q are non-zero, ad Æbc is equivalent to a0d 0Æb0c0. If this relation
holds, the Bezout relation between a0and b0implies that b0divides d 0, similarly d 0divides b0.
Since “x divides y” is an order on Z¤

Å , it follows b0Æd 0, thus a0Æc0. Thus i Q satis�es

(*) i Q(x) Æi Q(y) () x ´ y.

Definition BQ_of_pair a b :=
J (a %/z (BZgcd a b)) (b %/z (BZgcd a b)).

Lemma BQ_of_pair_prop1 a b
(a' := a %/z (BZgcd a b)) (b' := b %/z (BZgcd a b)):
intp a -> inc b BZps ->

[/\ inc a' BZ, inc b' BZps, BZcoprime a' b' & BZBezout a' b'].
Lemma BQ_of_pair_prop2 a b c d:

intp a -> inc b BZps -> intp c -> inc d BZps ->
BZBezout a b -> BZBezout c d ->
a *z d = b *z c -> a = c /\ b = d.

Lemma BQ_of_pair_prop3 a b c d
(a' := a %/z (BZgcd a b)) (b' := b %/z (BZgcd a b))
(c' := c %/z (BZgcd c d)) (d' := d %/z (BZgcd c d)):
intp a -> inc b BZps -> intp c -> inc d BZps ->
(a *z d = b *z c <-> (a' = c' /\ b' = d')).

Lemma BQ_of_pair_prop4 a b:
intp a -> inc b BZps -> ratp (BQ_of_pair a b).

Lemma BQ_of_pair_pos a b:
inc a BZp -> inc b BZps -> inc (BQ_of_pair a b) BQp.

Lemma BQ_of_pair_prop5 a b c d:
intp a -> inc b BZps -> intp c -> inc d BZps ->
(a *z d = b *z c <-> BQ_of_pair a b = BQ_of_pair c d).

If x Æa/ b is in Q then i Q(a,b) Æx. More generally, if a and b are coprime, i Q(a,b) is
the pair ( a,b). For instance, a 7! i Q(a,1) is the natural injection Z ! Q. We also introduce
b 7! i Q(1,b). This allow us to de�ne one-half, and, later on, to show that the set numbers x
such that 0 Ç x Ç 1 is in�nite countable. For the moment being, we prove that Q is in�nite
countable.

Definition BQ_of_Z x := (J x \1z).
Definition BQ_of_Zinv x := (J \1z x).

Lemma BQ_pr2 q: ratp q -> BQ_of_pair (Qnum q) (Qden q) = q.
Lemma BQ_of_Z_pr0 z: intp z -> BQ_of_Z z = BQ_of_pair z \1z.
Lemma BQ_of_Z_iQ z: intp z -> ratp (BQ_of_Z z).
Lemma BQ_of_Z_iQps z: inc z BZps -> inc (BQ_of_Z z) BQps.
Lemma BQ_of_Z_iQp z: inc z BZp -> inc (BQ_of_Z z) BQp.
Lemma BQ_of_Z_iQm z: inc z BZm -> inc (BQ_of_Z z) BQm.
Lemma BQ_of_Z_iQms z: inc z BZms -> inc (BQ_of_Z z) BQms.
Lemma BQ_of_Zi_pr0 z: intp z -> BQ_of_Zinv z = BQ_of_pair \1z z.
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Lemma BQ_of_Zi_iQps z: inc z BZps -> inc (BQ_of_Zinv z) BQps.
Lemma BQ_of_Zi_iQ z: inc z BZps -> rqtp (BQ_of_Zinv z).
Lemma cardinal_Q : cardinal BQ = aleph0.
Lemma cardinal_Qps : cardinal BQps = aleph0.

We consider here some constants: 0 q , 1q , 2q , ¡ 1q , of the form i Q(t ,1), and 1/2 Æi Q(2,1)
called one-half.

Definition BQ_zero := BQ_of_Z \0z.
Definition BQ_one := BQ_of_Z \1z.
Definition BQ_two := BQ_of_Z \2z.
Definition BQ_four := BQ_of_Z \4z.
Definition BQ_mone := BQ_of_Z \1mz.
Definition BQ_half := BQ_of_Zinv \2z.

Notation "\0q" := BQ_zero.
Notation "\1q" := BQ_one.
Notation "\2q" := BQ_two.
Notation "\4q" := BQ_four.
Notation "\1mq" := BQ_mone.
Notation "\2hq" := BQ_half.

We show that some quantities are in some sets.

Lemma QS0 : ratp \0q.
Lemma QpS0 : inc \0q BQp.
Lemma QmS0 : inc \0q BQm.
Lemma QpsS1 : inc \1q BQps.
Lemma QS1 : ratp \1q.
Lemma QpsS2 : inc \2q BQps.
Lemma QS2 : ratp \2q.
Lemma QmsSm1 : inc \1mq BQms.
Lemma QSm1 : ratp \1mq.
Lemma QpsSh2 : inc \2hq BQps.
Lemma QSh2 : ratp \2hq.
Lemma QpsS4 : inc \4q BQps.
Lemma QS4 : ratp \4q.

We show here some simple properties, as: x is in exactly one of QÅ and Q¤
¡ , or : if x 2 Q¤

Å ,
then x 6Æ0, or x is zero if and only if its numerator is zero.

Lemma BQnum0 : Qnum \0q = \0z.
Lemma BQden0 : Qden \0q = \1z.
Lemma BQnum0_P q : ratp q -> Qnum q = \0z -> q = \0q.
Lemma BQnum0_P1 x: inc x BZps -> (BQ_of_pair \0z x) = \0q.
Lemma BQ1_nz: \1q <> \0q.
Lemma BQ2_nz : \2q <> \0q.
Lemma BQms_nz x: inc x BQms -> x <> \0q.
Lemma BQps_nz x: inc x BQps -> x <> \0q.

Lemma BQ_i0P x: ratp x <-> (inc x BQms \/ inc x BQp).
Lemma BQ_i1P x: ratp x <-> [\/ x = \0q, inc x BQps | inc x BQms].
Lemma BQ_i2P x: ratp x <-> (inc x BQps \/ inc x BQm).
Lemma BQ_di_neg_pos x: inc x BQms -> inc x BQp -> False.
Lemma BQ_di_pos_neg x: inc x BQps -> inc x BQm -> False.
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Lemma BQ_di_neg_spos x: inc x BQms -> inc x BQps -> False.
Lemma BQps_iP x: inc x BQps <-> inc x BQp /\ x <> \0q.
Lemma BQms_iP x: inc x BQms <-> inc x BQm /\ x <> \0q.

9.1.2 Opposite

We de�ne the opposite of a/ b as (¡ a)/ b and denote it by ¡ (a/ b). All properties shown
here are trivial (we just restate the properties of the opposite in Z).

Definition BQopp x:= J (BZopp (Qnum x)) (Qden x).

Lemma QSo x: ratp x -> ratp (BQopp x).
Lemma BQopp_0 : BQopp \0q = \0q.
Lemma BQopp0_bis x: ratp x -> (x = \0q <-> BQopp x = \0q).
Lemma BQopp_num x: Qnum (BQopp x) = BZopp (Qnum x).
Lemma BQopp_den x: Qden (BQopp x) = Qden x.

Lemma BQopp_positive1 x: inc x BQps -> inc (BQopp x) BQms.
Lemma BQopp_positive2 x: inc x BQp -> inc (BQopp x) BQm.
Lemma BQopp_negative1 x: inc x BQms -> inc (BQopp x) BQps.
Lemma BQopp_negative2 x: inc x BQm -> inc (BQopp x) BQp.

Lemma BQopp_K x: ratp x -> BQopp (BQopp x) = x.
Lemma BQ_of_pair_opp a b:intp a -> inc b BZps ->

(BQ_of_pair (BZopp a) b) = BQopp (BQ_of_pair a b).
Lemma BQ_of_pair_zero a b: intp a -> inc b BZps ->

(BQ_of_pair a b) = \0q -> a = \0z.
Lemma BQ_of_pair_spos a b: inc a BZps -> inc b BZps ->

inc (BQ_of_pair a b) BQps.
Lemma BQ_of_pair_sneg a b: inc a BZms -> inc b BZps ->

inc (BQ_of_pair a b) BQms.
Lemma BQ_of_pair_neg a b: inc a BZm -> inc b BZps -> inc (BQ_of_pair a b) BQm.
Lemma BQopp_inj a b: ratp a -> ratp b -> BQopp a = BQopp b -> a = b.
Lemma BQopp_fb: bijection (Lf BQopp BQ BQ).
Lemma BQopp_perm: inc (Lf BQopp BQ BQ) (permutations BQ).
Lemma BQopp_cZ x: BQopp (BQ_of_Z x) = BQ_of_Z (BZopp x).
Lemma BQopp_m1: BQopp \1mq = \1q.
Lemma BQopp_1: BQopp \1q = \1mq.

9.1.3 Absolute value

The absolute value of a rational number a/ b is jaj/ b, denoted ja/ bj. If x is positive then
jxj Æx, otherwise jxj Æ ¡ x. All properties shown here are trivial.

Definition BQabs x:= J (BZabs (Qnum x)) (Qden x).

Lemma BQabs_num x: Qnum (BQabs x) = BZabs (Qnum x).
Lemma BQabs_den x: Qden (BQabs x) = Qden x.
Lemma BQabs_abs x: BQabs (BQabs x) = BQabs x.
Lemma BQabs_opp x: BQabs (BQopp x) = BQabs x.

Lemma BQabs_pos x: inc x BQp -> BQabs x = x.
Lemma BQabs_negs x: inc x BQms -> BQabs x = BQopp x.
Lemma BQabs_neg x: inc x BQm -> BQabs x = BQopp x.
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Lemma QpSa x: ratp x -> inc (BQabs x) BQp.
Lemma QSa x: ratp x -> ratp (BQabs x).
Lemma BQabs_0 : BQabs \0q = \0q.
Lemma BQabs_m1: BQabs \1mq = \1q.
Lemma BQabs_1: BQabs \1q = \1q.
Lemma BQabs0_bis x: ratp x -> (x = \0q <-> BQabs x = \0q).

9.1.4 Order

Let x · q y be the relation “ x 2 Z £ Z¤
Å is the pair ( a,b), y 2 Z £ Z¤

Å is the pair ( c,d ) and
ad · Z bc”, and G be the graph of this relation on Q. Let x · Q y be the relation “ x 2 Q, y 2 Q
and x · q y”. By de�nition, this relation is equivalent to ( x, y) 2 G.

Note that · q is a preorder relation compatible with the equivalence x ´ y introduced
above, and that x · q y ^ y · q x is equivalent to x ´ y. We simplify a bit the de�nition of
x · q y, by removing the assumption that x and y are pairs of rational integers; this does not
change the relation x · Q y.

Definition BQle_aux x y := (Qnum x) *z (Qden y) <=z (Qden x) *z (Qnum y).
Definition BQ_le x y := [/\ ratp x, ratp y & BQle_aux x y].
Definition BQ_lt x y := BQ_le x y /\ x <> y.
Definition BQ_ordering := graph_on BQle_aux BQ.

Notation "x <=q y" := (BQ_le x y) (at level 60).
Notation "x <q y" := (BQ_lt x y) (at level 60).

The relation x · Q y is a total ordering on Q. It will be written x · y if no confusion arises.

Lemma qleR_aux a: ratp a -> BQle_aux a a.
Lemma BQle_P x y: gle BQ_ordering x y <-> x <=q y.
Lemma BQlt_P x y: glt BQ_ordering x y <-> x <q y.
Lemma qleR a: ratp a -> a <=q a.
Lemma qleA x y: x <=q y -> y <=q x -> x = y.
Lemma qleT y x z: x <=q y -> y <=q z -> x <=q z.
Lemma BQor_or: order BQ_ordering.
Lemma BQor_sr: substrate BQ_ordering = BQ.
Lemma BQor_tor: total_order BQ_ordering.
Lemma BQ_le_pair a b c d:

intp a -> inc b BZps -> intp c -> inc d BZps ->
((BQ_of_pair a b) <=q (BQ_of_pair c d) <-> (a *z d) <=z (b *z c)).

We express here that · is transitive and total.

Lemma qleNgt a b: a <=q b -> ~ (b <q a).
Lemma qlt_leT b a c: a <q b -> b <=q c -> a <q c.
Lemma qle_ltT b a c: a <=q b -> b <q c -> a <q c.
Lemma qlt_ltT b a c: a <q b -> b <q c -> a <q c.
Lemma qleT_ee a b: ratp a -> ratp b -> a <=q b \/ b <=q a.
Lemma qleT_ell a b: ratp a -> ratp b -> [\/ a = b, a <q b | b <q a].
Lemma qleT_el a b: ratp a -> ratp b -> a <=q b \/ b <q a.
Lemma qltP x y: x <q y <-> [/\ ratp x, ratp y &

(Qnum x) *z (Qden y) <z (Qden x) *z (Qnum y) ].
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If x 2 Q¤
¡ and y 2 Q¤

Å , then x Ç 0 Ç y. We have a Ç b if and only if ¡ b Ç ¡ a.

Lemma qge0xP x: x <=q \0q <-> inc x BQm.
Lemma qgt0xP x: x <q \0q <-> inc x BQms.
Lemma qle0xP x: \0q <=q x <-> inc x BQp.
Lemma qlt0xP x: \0q <q x <-> inc x BQps.
Lemma qle_par1 x y: inc x BQps -> inc y BQm -> y <q x.
Lemma qle_par2 x y: inc x BQp -> inc y BQms -> y <q x.
Lemma qle_par3 x y: inc x BQp -> inc y BQm -> y <=q x.
Lemma qle_cZ a b: intp a -> intp b ->

(a <=z b <-> BQ_of_Z a <=q BQ_of_Z b).
Lemma qlt_cZ a b: intp a -> intp b ->

(a <z b <-> BQ_of_Z a <q BQ_of_Z b).
Lemma qlt_12: \1q <q \2q.
Lemma qlt_24: \2q <q \4q.
Lemma qle_24: \2q <=q \4q.
Lemma BQabs_positive b: ratp b -> b <> \0q -> \0q <q (BQabs b).
Lemma qle_opp x y: x <=q y -> (BQopp y) <=q (BQopp x).
Lemma qlt_opp x y: x <q y -> (BQopp y) <q (BQopp x).
Lemma qle_oppP x y: ratp x -> ratp y ->

((BQopp y) <=q (BQopp x) <-> x <=q y).
Lemma qlt_oppP x y: ratp x -> ratp y ->

((BQopp y) <q (BQopp x) <-> x <q y).
Lemma BQabs_prop1 x y: ratp x -> ratp y ->

(BQabs x <=q y <-> (BQopp y <=q x /\ x <=q y)).
Lemma BQabs_prop2 x y: ratp x -> ratp y ->

(BQabs x <q y <-> (BQopp y <q x /\ x <q y)).
Lemma qle_opp_iso:

order_isomorphism (Lf BQopp BQ BQ) BQ_ordering (opp_order BQ_ordering).

9.2 Field operations

We show here that Q is a commutative �eld.

9.2.1 Addition

If x Æa/ b and y Æc/ d , we de�ne x Å y by i Q(ad Å bc,bd ).

Definition BQsum x y:=
BQ_of_pair ((Qnum x) *z (Qden y) +z (Qden x) *z (Qnum y))

((Qden x) *z (Qden y)).

Notation "x +q y" := (BQsum x y) (at level 50).

Commutativity is trivial; associativity follows from: if x Æa/ b, y Æa0/ b0 and z Æa00/ b00

then x Å y Å z Æi Q(ab0b00Å a0bb00Å a00bb0,bb0b00).

Lemma QSs x y: ratp x -> ratp y -> ratp (x +q y).
Lemma BQsumC x y: x +q y = y +q x.
Lemma BQsumA x y z: ratp x -> ratp y -> ratp z ->

x +q (y +q z) = (x +q y) +q z.
Lemma BQsum_AC x y z: ratp x -> ratp y -> ratp z ->

(x +q y) +q z = (x +q z) +q y.
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Lemma BQsum_CA x y z: ratp x -> ratp y -> ratp z ->
x +q (y +q z) = y +q (x +q z).

Lemma BQsum_ACA a b c d: ratp a -> ratp b -> ratp c -> ratp d ->
(a +q b) +q (c +q d) = (a +q c) +q (b +q d).

Note that a/ bÅc/ b simpli�es to i Q(a Åc,b), so that addition on Q is compatible with that
on Z.

Lemma BQsum_same_den x y: ratp x -> ratp y -> Qden x = Qden y ->
x +q y = BQ_of_pair (Qnum x +z Qnum y) (Qden x).

Lemma BQsum_cZ x y: intp x -> intp y ->
BQ_of_Z x +q BQ_of_Z y = BQ_of_Z (x +z y).

Lemma BQsum_0l x: ratp x -> \0q +q x = x.
Lemma BQsum_0r x: ratp x -> x +q \0q = x.
Lemma BQsum_11 : \1q +q \1q = \2q.
Lemma BQsum_opp_r x: ratp x -> x +q (BQopp x) = \0q.
Lemma BQsum_opp_l x: ratp x -> (BQopp x) +q x = \0q.
Lemma BQsum_opp_rev a b: ratp a -> ratp b -> a +q b = \0q ->

a = BQopp b.
Lemma BQoppD x y: ratp x -> ratp y ->

BQopp (x +q y) = (BQopp x) +q (BQopp y).

Some sets are stable by addition.

Lemma QpS_sum x y: inc x BQp -> inc y BQp -> inc (x +q y) BQp.
Lemma QpsS_sum_r x y: inc x BQp -> inc y BQps -> inc (x +q y) BQps.
Lemma QpsS_sum_l x y: inc x BQps -> inc y BQp -> inc (x +q y) BQps.
Lemma QpsS_sum_rl x y: inc x BQps -> inc y BQps -> inc (x +q y) BQps.
Lemma QmsS_sum_rl x y: inc x BQms -> inc y BQms -> inc (x +q y) BQms.
Lemma QmsS_sum_r x y: inc x BQm -> inc y BQms -> inc (x +q y) BQms.
Lemma QmsS_sum_l x y: inc x BQms -> inc y BQm -> inc (x +q y) BQms.
Lemma QmS_sum x y: inc x BQm -> inc y BQm -> inc (x +q y) BQm.

9.2.2 Subtraction

We introduce here subtraction: a ¡ b is a Å (¡ b).

Definition BQdiff x y := x +q (BQopp y).
Notation "x -q y" := (BQdiff x y) (at level 50).
Lemma QS_diff x y: ratp x -> ratp y -> ratp (x -q y).

Some properties.

Section BQdiffProps.
Variables (x y z: Set).
Hypotheses (xq: ratp x)(yq: ratp y)(zq: ratp z).

Lemma BQdiff_sum: (x +q y) -q x = y.
Lemma BQsum_diff: x +q (y -q x) = y.
Lemma BQdiff_sum1: (y +q x) -q x = y.
Lemma BQsum_diff1: (y -q x) +q x = y.
Lemma BQdiff_xx : x -q x = \0q.
Lemma BQdiff_0r: x -q \0q = x.
Lemma BQdiff_0l: \0q -q x = BQopp x.

RR n° 7150



238 José Grimm

Lemma BQdiff_sum_simpl_l: (x +q y) -q (x +q z) = y -q z.
Lemma BQdiff_sum_comm: (x +q y) -q z = (x -q z) +q y.
Lemma BQoppB: BQopp (x -q y) = y -q x.
End BQdiffProps.

More properties, including regularity of addition.

Section BQdiffProps2.
Variables (x y z: Set).
Hypotheses (xq: ratp x)(yq: ratp y)(zq: ratp z).

Lemma BQsum_diff_ea: x = y +q z -> z = x -q y.
Lemma BQdiff_xx_rw: x -q y = \0q -> x = y.
Lemma BQdiff_sum_simpl_r: (x +q z) -q (y +q z) = x -q y.
Lemma BQsum_eq2l: x +q y = x +q z -> y = z.
Lemma BQsum_eq2r: x +q z = y +q z -> x = y.
End BQdiffProps2.

Lemma BQdiff_diff a b c: ratp a -> ratp b -> ratp c ->
a -q (b -q c) = (a -q b) +q c.

Lemma BQdiff_diff_simp a b: ratp a -> ratp b -> a -q (a -q b) = b.
Lemma BQdiff_le1 a b c: ratp a -> ratp b -> ratp c ->

(a -q b <=q c <-> a -q c <=q b).
Lemma BQdiff_diff2 a b c: ratp a -> ratp b -> ratp c ->

a -q (b +q c) = (a -q b) -q c.
Lemma BQdiff_cZ x y: intp x -> intp y ->

BQ_of_Z x -q BQ_of_Z y = BQ_of_Z (x -z y).

9.2.3 Multiplication

We de�ne the product of a/ b and c/ d as i Q(ac,bd ). The product of x and y is denoted
x ¢y, x.y or xy, as usual.

Definition BQprod x y :=
BQ_of_pair ((Qnum x) *z (Qnum y)) ((Qden x) *z (Qden y)).

Notation "x *q y" := (BQprod x y) (at level 40).

Associativity of multiplication follows from: if x Æa/ b, y Æa0/ b0 and z Æa00/ b00then
xyz Æi Q(aa0a00,bb0b00). The proof of x(y Å z) Æxy Å xz is similar.

Lemma QSp x y: ratp x -> ratp y -> ratp (x *q y).
Lemma BQprodC x y: x *q y = y *q x.
Lemma BQprodA x y z: ratp x -> ratp y -> ratp z ->

x *q (y *q z) = (x *q y) *q z.
Lemma BQprod_AC x y z: ratp x -> ratp y -> ratp z ->

(x *q y) *q z = (x *q z) *q y.
Lemma BQprod_CA x y z: ratp x -> ratp y -> ratp z ->

x *q (y *q z) = y *q (x *q z).
Lemma BQprod_ACA a b c d: ratp a -> ratp b -> ratp c -> ratp d ->

(a *q b) *q (c *q d) = (a *q c) *q (b *q d).
Lemma BQprodDr x y z: ratp x -> ratp y -> ratp z -> (* 63 *)

x *q (y +q z) = (x *q y) +q (x *q z).
Lemma BQprodDl x y z: ratp x -> ratp y -> ratp z ->
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(y +q z) *q x = (y *q x) +q (z *q x).
Lemma BQprod_cZ x y: intp x -> intp y ->
BQ_of_Z x *q BQ_of_Z y = BQ_of_Z (x *z y).

We have 1¢x Æx and ¡ 1¢x Æ ¡x. It follows ¡ (x ¢y) Æ(¡ x) ¢y.

Lemma BQprod_22: \2q *q \2q = \4q.
Lemma BQprod_0r x: ratp x -> x *q \0q = \0q.
Lemma BQprod_0l x: ratp x -> \0q *q x = \0q.
Lemma BQprod_1l x: ratp x -> \1q *q x = x.
Lemma BQprod_1r x: ratp x -> x *q \1q = x.
Lemma BQprod_m1r x: ratp x -> x *q \1mq = BQopp x.
Lemma BQprod_m1l x: ratp x -> \1mq *q x = BQopp x.

Lemma BQopp_prod_r x y: ratp x -> ratp y ->
BQopp (x *q y) = x *q (BQopp y).

Lemma BQopp_prod_l x y: ratp x -> ratp y ->
BQopp (x *q y) = (BQopp x) *q y.

Lemma BQprod_opp_comm x y: ratp x -> ratp y ->
x *q (BQopp y) = (BQopp x) *q y.

Lemma BQprod_opp_opp x y: ratp x -> ratp y ->
(BQopp x) *q (BQopp y) = x *q y.

Some sets are invariant by multiplication.

Lemma QpsS_prod a b: inc a BQps -> inc b BQps -> inc (a *q b) BQps.
Lemma QmsuS_prod a b: inc a BQms -> inc b BQms -> inc (a *q b) BQps.
Lemma QpmsS_prod a b: inc a BQps -> inc b BQms -> inc (a *q b) BQms.
Lemma QpS_prod a b: inc a BQp -> inc b BQp -> inc (a *q b) BQp.
Lemma QmuS_prod a b: inc a BQm -> inc b BQm -> inc (a *q b) BQp.
Lemma QpmS_prod a b: inc a BQp -> inc b BQm -> inc (a *q b) BQm.

Lemma BQps_stable_prod1 a b: ratp a -> ratp b -> inc (a *q b) BQps ->
((inc a BQps <-> inc b BQps) /\ (inc a BQms <-> inc b BQms)).

Lemma BQprod_nz x y: ratp x -> ratp y ->
x <> \0q -> y <> \0q -> x *q y <> \0q.

Lemma BQprod_abs x y: ratp x -> ratp y ->
BQabs (x *q y) = (BQabs x) *q (BQabs y).

Lemma BQprodBr x y z: ratp x -> ratp y -> ratp z ->
x *q (y -q z) = (x *q y) -q (x *q z).

Lemma BQprodBl x y z: ratp x -> ratp y -> ratp z ->
(y -q z) *q x = (y *q x) -q (z *q x).

We show some properties of the injection N ! Q.

Definition BQ_of_nat n := BQ_of_Z (BZ_of_nat n).

Lemma QpsS_of_nat n: natp n -> n <> \0c -> inc (BQ_of_nat n) BQps.
Lemma QpS_of_nat n: natp n -> inc (BQ_of_nat n) BQp.
Lemma QS_of_nat n: natp n -> inc (BQ_of_nat n) BQ.
Lemma BQsum_cN n m: natp n -> natp m ->

BQ_of_nat n +q BQ_of_nat m = BQ_of_nat (n +c m).
Lemma BQ_of_nat_succ n: natp n -> BQ_of_nat n +q \1q = BQ_of_nat (csucc n).
Lemma qle_cN a b: natp a -> natp b ->

(a <=c b <-> BQ_of_nat a <=q BQ_of_nat b).
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Lemma qlt_cN qlt_cN qlt_cN a b: natp a -> natp b ->
(a <c b <-> BQ_of_nat a <q BQ_of_nat b).

Lemma BQ_of_nat_injective: injective BQ_of_nat.

Write x2 instead of x ¢x. If x Æa/ b this is a2/ b2. In particular, if x2 2 Z, we have b Æ1 so
that x 2 Z. Thus x2 Æ1 is equivalent to x Æ §1 and x2 Æ2 has no solution.

Definition BQsquare x := x *q x.

Lemma BQpS_square x: ratp x -> inc (BQsquare x) BQp.
Lemma BQ_squarep x: ratp x ->

BQsquare x = J (Qnum x *z Qnum x) (Qden x *z Qden x).
Lemma BQ_square_Z x y: ratp x -> BQsquare x = BQ_of_Z y ->

[/\ inc y BZp, Qnum x *z Qnum x = y & Qden x = \1z].
Lemma BQ_square_1 x: ratp x ->

(BQsquare x = \1q <-> (x = \1q \/ x = \1mq) ).
Lemma BQ_square_2 x : ratp x -> BQsquare x = \2q -> False.
Lemma BQprod_cN a b: natp a -> natp b ->

BQ_of_nat (a *c b) = BQ_of_nat a *q (BQ_of_nat b).
Lemma BQ_nat_square_monotone n (x := BQ_of_nat n) : natp n ->

x <=q BQsquare x.

We have
(a Å b)2 Æa2 Å b2 Å 2ab Æ(a ¡ b)2 Å 4ab.

Definition BQdouble x := \2q *q x.

Lemma BQdouble_p x : ratp x -> x +q x = BQdouble x.
Lemma QSdouble x : ratp x -> inc (BQdouble x) BQ.
Lemma BQsum_square a b: ratp a -> ratp b ->

BQsquare (a +q b) = BQsquare a +q BQsquare b +q (BQdouble (a *q b)).
Lemma BQdiff_square a b: ratp a -> ratp b ->

BQsquare (a -q b) = BQsquare a +q BQsquare b -q (BQdouble (a *q b)).
Lemma BQsumdiff_square a b: ratp a -> ratp b ->

BQsquare (a +q b) = \4q *q (a *q b) +q BQsquare (a -q b).
Lemma BQdouble_opp x: ratp x -> BQdouble (BQopp x) = BQopp (BQdouble x).
Lemma BQdoubleD x y: ratp x -> ratp y ->

BQdouble (x +q y) = (BQdouble x) +q (BQdouble y).

9.2.4 Inverse

The inverse of x is denoted x ¡ 1; if x Æa/ b and is positive, then x ¡ 1 Æb/ a, if x is negative,
then x ¡ 1 Æ ¡(¡ x)¡ 1. For simplicity, the inverse of zero will be zero.

Definition BQinv x :=
Yo (inc (Qnum x) BZps) (J (Qden x) (Qnum x))

(Yo (Qnum x = \0z) \0q (J (BZopp (Qden x)) (BZopp (Qnum x)))).

Lemma BQinv_0: BQinv \0q = \0q.
Lemma BQinv_pos x: inc x BQps -> BQinv x = (J (Qden x) (Qnum x)).
Lemma BQinv_neg x: inc x BQms ->

BQinv x = J (BZopp (Qden x)) (BZopp (Qnum x)).
Lemma BQinv_opp x: ratp x -> BQinv (BQopp x) = BQopp (BQinv x).
Lemma QpsS_inv x: inc x BQps -> inc (BQinv x) BQps.
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Lemma QmsS_inv x: inc x BQms -> inc (BQinv x) BQms.
Lemma QS_inv x: ratp x -> ratp (BQinv x).
Lemma BQinv_K x: ratp x -> BQinv (BQinv x) = x.
Lemma BQinv_inj x y: ratp x -> ratp y -> BQinv x = BQinv y -> x = y.

Some properties.

Lemma BQinv_Z x: inc x BZps -> BQinv (BQ_of_Z x) = BQ_of_Zinv x.
Lemma BQinv_1: BQinv \1q = \1q.
Lemma BQinv_m1: BQinv \1mq = \1mq.
Lemma BQinv_2: BQinv \2q = \2hq.

More properties. Note that xy Æ1 says that y is the inverse of x.

Lemma BQinv_abs x: ratp x -> BQabs (BQinv x) = BQinv (BQabs x).
Lemma BQprod_inv1 x : ratp x -> x <> \0q -> (x *q (BQinv x)) = \1q.
Lemma BQ_inv_prop a b: ratp a -> ratp b -> a *q b = \1q -> b = BQinv a.
Lemma BQprod_inv x y:ratp x -> ratp y ->

BQinv (x *q y) = BQinv x *q BQinv y.

9.2.5 Division

We de�ne the quotient of x and y by x ¢y¡ 1, and we denote it by x/ y. Note that 0/ x Æ
x/0 Æ0.

Definition BQdiv x y := x *q (BQinv y).
Notation "x /q y" := (BQdiv x y) (at level 40).

Lemma BQdiv_0x x : ratp x -> \0q /q x = \0q.
Lemma BQdiv_x0 x : ratp x -> x /q \0q = \0q.
Lemma BQdiv_1x x : ratp x -> \1q /q x = BQinv x.
Lemma BQdiv_x1 x : ratp x -> x /q \1q = x.

Lemma QS_div x y: ratp x -> ratp y -> ratp (x /q y).
Lemma QpsS_div a b: inc a BQps -> inc b BQps -> inc (a /q b) BQps.
Lemma QmsuS_div a b: inc a BQms -> inc b BQms -> inc (a /q b) BQps.
Lemma QpmsS_div a b: inc a BQps -> inc b BQms -> inc (a /q b) BQms.
Lemma QmpsS_div a b: inc a BQms -> inc b BQps -> inc (a /q b) BQms.
Lemma QpS_div a b: inc a BQp -> inc b BQp -> inc (a /q b) BQp.
Lemma QmuS_div a b: inc a BQm -> inc b BQm -> inc (a /q b) BQp.
Lemma QpmS_div a b: inc a BQp -> inc b BQm -> inc (a /q b) BQm.
Lemma QmpS_div a b: inc a BQm -> inc b BQp -> inc (a /q b) BQm.

Division, opposite and absolute value.

Lemma BQopp_div_r x y: ratp x -> ratp y ->
BQopp (x /q y) = x /q (BQopp y).

Lemma BQopp_div_l x y: ratp x -> ratp y ->
BQopp (x /q y) = (BQopp x) /q y.

Lemma BQdiv_opp_comm x y: ratp x -> ratp y ->
x /q (BQopp y) = (BQopp x) /q y.

Lemma BQdiv_opp_opp x y: ratp x -> ratp y ->
(BQopp x) /q (BQopp y) = x /q y.

Lemma BQdiv_abs x y: ratp x -> ratp y ->
(BQabs x) /q (BQabs y) = BQabs (x /q y).
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Note that division is compatible with the notation a/ b introduced above. We have x/ x Æ1
(unless x is zero), so that x Æx ¡ 1 holds only if x is zero, or § 1.

Lemma BQdiv_numden x: ratp x ->
(BQ_of_Z (Qnum x)) /q (BQ_of_Z (Qden x)) = x.

Lemma BQdiv_numden1 a b (q := BQ_of_Z a /q BQ_of_Z b):
intp a -> inc b BZps -> BZcoprime a b ->

(Qnum q = a /\ Qden q = b).
Lemma BQdiv_xx x : ratp x -> x <> \0q -> (x *q (BQinv x)) = \1q.
Lemma BQ_self_inv x: ratp x ->

(x = BQinv x <-> [\/ x= \0q, x = \1q | x = \1mq]).
Lemma BQdiv_square a b: ratp a -> ratp b ->

BQsquare (a /q b) = (BQsquare a) /q (BQsquare b).

Some properties.

Section BQdiffProps3.
Variables (x y z: Set).
Hypotheses (xq: ratp x)(yq: ratp y)(zq: ratp z).

Lemma BQdiv_sumDl: (y +q z) /q x = (y /q x) +q (z /q x).
Lemma BQdiv_prod_simpl_l: x <> \0q -> (x *q y) /q (x *q z) = y /q z.
Lemma BQdiv_prod_comm: (x *q y) /q z = (x /q z) *q y.
Lemma BQinv_div: BQinv (x /q y) = y /q x.
Lemma BQdiv_prod: x <> \0q -> (x *q y) /q x = y.
Lemma BQprod_div: x <> \0q -> x *q (y /q x) = y.
End BZdiffProps3.

We deduce regularity of the product.

Section BQdiffProps4.
Variables (x y z: Set).
Hypotheses (xq: ratp x)(yq: ratp y)(zq: ratp z).

Lemma BQprod_div_ea: y <> \0q -> x = y *q z -> z = x /q y.
Lemma BQdiv_diag_rw: x /q y = \1q -> x = y.
Lemma BQdiv_prod_simpl_r: z <> \0q -> (x *q z) /q (y *q z) = x /q y.
Lemma BQprod_eq2r: z <> \0q -> x *q z = y *q z -> x = y.
Lemma BQprod_eq2l: x <> \0q -> x *q y = x *q z -> y = z.
End BZdiffProps4.

Note that a Å b/ c Æ(ac Å b)/ c.

Lemma BQdiv_div_simp a b c: ratp a -> ratp b -> ratp c -> b <> \0q ->
(a /q b) /q (c /q b) = a /qc.

Lemma BQsum_div a b c: ratp a -> ratp b -> ratp c -> c <> \0q ->
a +q (b /q c) = (a *q c +q b) /q c.

Lemma BQdiff_div a b c: ratp a -> ratp b -> ratp c -> c <> \0q ->
a -q (b /q c) = (a *q c -q b) /q c.

Lemma BQdiv_div2 a b c:
ratp a -> ratp b -> ratp c -> a /q (b *q c) = (a /q b) /q c.

9.2.6 Sign

We de�ne the sign of x as the sign of its numerator. This is in Z. If s is the sign of x
converted to Q we have x Æsjxj and jxj Æsx.
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Definition BQsign x:= BZsign (Qnum x).
Definition BQQsign x := BQ_of_Z (BQsign x).

Lemma QS_sign x: intp (BQsign x).
Lemma QS_qsign x: ratp (BQQsign x).
Lemma BQsign_trichotomy a:

BQsign a = \1z \/ BQsign a = \1mz \/ BQsign a = \0z.
Lemma BQsign_pos x: inc x BQps -> BQsign x = \1z.
Lemma BQsign_neg x: inc x BQms -> BQsign x = \1mz.
Lemma BQsign_0: BQsign \0q = \0z.
Lemma BQopp_sign x: ratp x -> (BQsign (BQopp x)) = BZopp (BQsign x).
Lemma BQinv_sign x: ratp x -> BQsign (BQinv x) = BQsign x.
Lemma BQ_sign_prop x: ratp x ->

[/\ inc x BQps <-> BQsign x = \1z,
inc x BQms <-> BQsign x = \1mz &
x = \0q <-> BQsign x = \0z].

Lemma BQabs_sign x: ratp x -> x = (BQQsign x) *q (BQabs x).
Lemma BQsign_abs x: ratp x -> x *q (BQQsign x) = BQabs x.
Lemma BQprod_sign x y: ratp x -> ratp y ->

BQsign (x *q y) = (BQsign x) *z (BQsign y).
Lemma BQdiv_sign x y: ratp x -> ratp y ->

BQsign (x /q y) = (BQsign x) *z (BQsign y).

9.2.7 Compatibility of order and operations

We �rst show that x · y if y ¡ x ¸ 0, then deduce the other formulas.

Lemma qle_diffP a b: ratp a -> ratp b ->
(a <=q b <-> inc (b -q a) BQp).

Lemma qle_diffP1 a b: ratp a -> ratp b ->
(a <=q b <-> \0q <=q (b -q a)).

Lemma qlt_diffP a b: ratp a -> ratp b ->
(a <q b <-> inc (b -q a) BQps).

Lemma qlt_diffP1 a b: ratp a -> ratp b ->
(\0q <q (b -q a) <-> a <q b)

Lemma qlt_diffP2 a b: ratp a -> ratp b ->
(a <q b <-> inc (a -q b) BQms).

Lemma qlt_diffP3 a b c: ratp a -> ratp b -> ratp c ->
(a <q b -q c <-> a +q c <q b).

Lemma qlt_diffP4 a b c: ratp a -> ratp b -> ratp c ->
(b -q c <q a <-> b <q a +q c).

Lemma qgt_diffP a b: ratp a -> ratp b -> (a -q b <q \0q <-> a <q b).
Lemma BQsum_le2l a b c: ratp a -> ratp b -> ratp c ->

((c +q a) <=q (c +q b) <-> a <=q b).
Lemma BQsum_le2r a b c: ratp a -> ratp b -> ratp c ->

((a +q c) <=q (b +q c) <-> a <=q b).
Lemma BQsum_lt2l a b c: ratp a -> ratp b -> ratp c ->

(c +q a <q c +q b <-> a <q b).
Lemma BQsum_lt2r a b c: ratp a -> ratp b -> ratp c ->

(a +q c <q b +q c <-> a <q b).
Lemma BQdiff_lt1P a b c: ratp a -> ratp b -> ratp c ->

(a -q b <q c <-> a -q c <q b).
Lemma BQdiff_lt2P a b c: ratp a -> ratp b -> ratp c ->

(c <q a -q b <-> b <q a -q c).
Lemma BQdiff_le1P a b c: ratp a -> ratp b -> ratp c ->
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(a -q b <=q c <-> a -q c <=q b).
Lemma BQdiff_le2P a b c: ratp a -> ratp b -> ratp c ->

(c <=q a -q b <-> b <=q a -q c).
Lemma BQabs_prop3 x y e: ratp x -> ratp y -> ratp e ->

(BQabs (x -q y) <=q e <-> y -q e <=q x /\ x <=q y +q e).
Lemma BQabs_prop4 x y e: ratp x -> ratp y -> ratp e ->

(BQabs (x -q y) <q e <-> y -q e <q x /\ x <q y +q e).

More lemmas including comparison and sum.

Lemma BQsum_Mlele a b c d: a <=q c -> b <=q d -> (a +q b) <=q (c +q d).
Lemma BQsum_Mlelt a b c d: a <=q c -> b <q d -> (a +q b) <q (c +q d).
Lemma BQsum_Mltle a b c d: a <q c -> b <=q d -> (a +q b) <q (c +q d).
Lemma BQsum_Mltlt a b c d: a <q c -> b <q d -> (a +q b) <q (c +q d).
Lemma BQsum_Mlege0 a c d: a <=q c -> \0q <=q d -> a <=q (c +q d).
Lemma BQsum_Mlegt0 a c d: a <=q c -> \0q <q d -> a <q (c +q d).
Lemma BQsum_Mltge0 a c d: a <q c -> \0q <=q d -> a <q (c +q d).
Lemma BQsum_Mltgt0 a c d: a <q c -> \0q <q d -> a <q (c +q d).
Lemma BQsum_Mlele0 a b c : a <=q c -> b <=q \0q -> (a +q b) <=q c.
Lemma BQsum_Mlelt0 a b c : a <=q c -> b <q \0q -> (a +q b) <q c.
Lemma BQsum_Mltle0 a b c : a <q c -> b <=q \0q -> (a +q b) <q c.
Lemma BQsum_Mltlt0 a b c : a <q c -> b <q \0q -> (a +q b) <q c.
Lemma BQsum_Mp a b: ratp a -> inc b BQp -> a <=q (a +q b).
Lemma BQsum_Mps a b: ratp a -> inc b BQps -> a <q (a +q b).
Lemma BQsum_Mm a b: ratp a -> inc b BQm -> (a +q b) <=q a.
Lemma BQsum_Mms a b: ratp a -> inc b BQms -> (a +q b) <q a.
Lemma qlt_succ x: ratp x -> x <q x +q \1q.

Case of a product. The result depends on the sign of some quantities.

Lemma BQprod_Mlege0 a b c: inc c BQp -> a <=q b -> (a *q c) <=q (b *q c).
Lemma BQprod_Mltgt0 a b c: inc c BQps -> a <q b -> (a *q c) <q (b *q c).
Lemma BQprod_Mlele0 a b c: inc c BQm -> a <=q b -> (b *q c) <=q (a *q c).
Lemma BQprod_Mltlt0 a b c: inc c BQms -> a <q b -> (b *q c) <q (a *q c).

Lemma BQprod_Mpp b c: inc b BQp -> \1q <=q c -> b <=q (b *q c).
Lemma BQprod_Mpp1 a b: \1q <=q a -> \1q <=q b -> \1q <=q a *q b.
Lemma BQprod_Mlepp a b c: inc b BQp -> \1q <=q c -> a <=q b -> a <=q (b *q c).
Lemma BQprod_Mltpp a b c: inc b BQp -> \1q <=q c -> a <q b -> a <q (b *q c).

Lemma BQprod_Mlelege0 a b c d: inc b BQp -> inc c BQp ->
a <=q b -> c <=q d -> (a *q c) <=q (b *q d).

Lemma BQprod_Mltltgt0 a b c d: inc b BQps -> inc c BQps ->
a <q b -> c <q d -> (a *q c) <q (b *q d).

Lemma BQprod_Mltltge0 a b c d: inc a BQp -> inc c BQp ->
a <q b -> c <q d -> (a *q c) <q (b *q d).

Lemma BQprod_ple2r a b c: ratp a -> ratp b -> inc c BQps ->
((a *q c) <=q (b *q c) <-> a <=q b).

Lemma BQprod_plt2r a b c: ratp a -> ratp b -> inc c BQps ->
((a *q c) <q (b *q c) <-> a <q b).

Lemma BQprod_mle2r a b c: ratp a -> ratp b -> inc c BQms ->
((b *q c) <=q (a *q c) <-> a <=q b).

Lemma BQprod_mlt2r a b c: ratp a -> ratp b -> inc c BQms ->
((b *q c) <q (a *q c) <-> a <q b).
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Lemma BQprod_Mlt1 a b: ratp a -> inc b BQps ->
(a /q b <q \1q <-> a<q b).

Now division.

Lemma BQdiv_Mlelege0 a b c d:
ratp a -> inc b BQps -> ratp c -> inc d BQps ->
( a /q b <=q c /q d <-> a *q d <=q b *q c).

Lemma BQdiv_Mltltge0 a b c d:
ratp a -> inc b BQps -> ratp c -> inc d BQps ->
( a /q b <q c /q d <-> a *q d <q b *q c).

Lemma BQdiv_Mle1 a b c: ratp a -> ratp b -> inc c BQps ->
( a <=q b *q c <-> a /q c <=q b).

Lemma BQinv_mon a b: inc a BQps -> inc b BQps ->
(\1q /q a <=q \1q /q b <-> b <=q a).

Lemma BQinv_mon1 a b: inc a BQps -> inc b BQps ->
(BQinv a <=q BQinv b <-> b <=q a).

Lemma BQdiv_lt1P a b c: ratp a -> inc b BQps -> inc c BQps ->
(a /q b <q c <-> a /q c <q b)

Lemma BQdiv_le1P a b c: ratp a -> inc b BQps -> inc c BQps ->
(a /q b <=q c <-> a /q c <=q b).

Lemma Qdiv_Mlelege1 a c d: ratp a -> ratp c -> inc d BQps ->
(a <=q c /q d <-> a *q d <=q c).

Lemma Qdiv_Mltltge1 a c d: ratp a -> ratp c -> inc d BQps ->
(a <q c /q d <-> a *q d <q c).

Lemma Qdiv_Mltltge2 a b c: ratp a -> inc b BQps -> ratp c ->
(a /q b <q c <-> a <q b *q c).

We show here the triangular inequality.

Lemma qle_abs x: ratp x -> x <=q (BQabs x).
Lemma qle_triangular n m: ratp n -> ratp m ->

(BQabs (n +q m)) <=q (BQabs n) +q (BQabs m)

9.2.8 Floor

If x Æa/ b, and a ÆbqÅr (Euclidean division on Z), then q is called the �oor of x, denoted
bxc. If z is q considered in Q, then z · x Ç z Å 1. No other integer satis�es this property. The
�oor function is increasing. To say that Q is Archimedean means: for every x 2 Q , there is
n 2 N such that x Ç n. One deduces: if ² È 0 in Q, there is n 2 N such that 1/( n Å 1) Ç ² .

Definition BQfloor x := (Qnum x) %/z (Qden x).

Lemma ZS_floor x: ratp x -> intp (BQfloor x).
Lemma BQ_floor_aux x: intp x ->

(BQ_of_Z x) +q \1q = BQ_of_Z (x +z \1z).
Lemma BQ_floorp x (y := (BQ_of_Z (BQfloor x))) : ratp x ->

(y <=q x /\ x <q y +q \1q).
Lemma BQ_floorp2 x z (y := (BQ_of_Z z)) : ratp x -> intp z ->

(y <=q x /\ x <q y +q \1q) -> z = BQfloor x.
Lemma BQ_floorp3 x: ratp x -> exists2 y, intp y & x <q (BQ_of_Z y).
Lemma BQ_floorp4 x: ratp x -> exists2 y, inc y Nat & x <q (BQ_of_nat y).
Lemma BQpsS_fromN_large e: inc e BQps ->

exists2 n, natp n & BQinv (BQ_of_nat (csucc n)) <q e.
Lemma BQfloor_M x y: x <=q y -> BQfloor x <=z BQfloor y.
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Lemma BQfloor_Z x: intp x -> BQfloor (BQ_of_Z x) = x.
Lemma BQfloor_0: BQfloor \0q = \0z.
Lemma QpS_floor x: inc x BQp -> inc (BQfloor x) BZp.
Lemma BQ_floor_zero a b: inc a BQp -> a <q b -> BQfloor (a/q b) = \0z.
Lemma BQfloor_pos x (m := BQfloor x): inc x BQp ->

( BQ_of_Z m = BQ_of_nat (P m) /\ natp (P m)).
Lemma BQfloor_pos2 x (y := BQ_of_nat (P (BQfloor x))):

inc x BQp -> y <=q x /\ x <q y +q \1q.

We say that x/2 is the half of x and (x Å y)/2 is the middle of x and y.

Definition BQhalf x := x *q \2hq.
Definition BQmiddle x y := BQhalf (x +q y).

Lemma QS_half x: ratp x -> ratp (BQhalf x).
Lemma QS_middle x y: ratp x -> ratp y -> inc (BQmiddle x y) BQ.
Lemma BQdouble_half2: \2hq +q \2hq = \1q.
Lemma BQdouble_half1 x: ratp x -> BQhalf x +q BQhalf x = x.
Lemma BQdouble_half x: ratp x -> BQdouble (BQhalf x) = x.
Lemma BQhalf_double x: ratp x -> BQhalf (BQdouble x) = x.

Lemma BQhalf_pos x: inc x BQps -> inc (BQhalf x) BQps.
Lemma BQhalf_pos1 x: inc x BQps -> (BQhalf x) <q x.
Lemma BQmiddle_comp x y: x <q y -> x <q BQmiddle x y /\ BQmiddle x y <q y.
Lemma BQ_middle_prop1 a b: ratp a -> ratp b ->

b -q (BQmiddle a b) = BQhalf (b -q a).
Lemma BQ_middle_prop2 a b: ratp a -> ratp b ->

(BQmiddle a b) -q a = BQhalf (b -q a).
Lemma BQhalf_mon x y : x <=q y -> BQhalf x <=q BQhalf y.
Lemma BQhalf_prop x: BQhalf x = x /q \2q.

9.2.9 Sums

We de�ne here sums of the form
P

i Çn f (i ) when f (i ) 2 Q, and study some properties. For
instance, the sum is left unchanged if f (i ) is replaced by f (n ¡ i ¡ 1), the sum is n if every
term is one. One can split over even and odd indices.

Definition qsum f n := induction_term (fun n v => (f n) +q v) \0q n.
Definition rat_below f n := forall i, i<c n -> inc (f i) BQ.
Definition same_below (e e': fterm) n:= (forall i, i <c n -> e i = e' i).

Lemma qsum0 f: qsum f \0c = \0q.
Lemma qsum_rec f n: natp n ->

qsum f (csucc n) = f n +q qsum f n.
Lemma QS_qsum f n: natp n -> rat_below f n -> ratp (qsum f n).
Lemma qsum_exten f g n: natp n -> same_below f g n -> qsum f n = qsum g n.
Lemma qsum1 f: inc (f \0c) BQ -> qsum f \1c = f \0c.
Lemma qsum_An f n m: natp n -> natp m ->

(rat_below f (n +c m)) ->
qsum f (n +c m) = (qsum f n) +q (qsum (fun i => f (n +c i)) m).

Lemma qsum_An1 f m: natp m ->
(rat_below f (csucc m)) ->
qsum f (csucc m) = (f \0c) +q (qsum (fun i => f (csucc i)) m).

Lemma qsum_rev f n: natp n -> rat_below f n ->
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qsum f n = qsum (fun i => f (n -c (csucc i))) n.
Lemma qsum_one f n: natp n -> (forall i, i<c n -> f i = \1q) ->

qsum f n = BQ_of_nat n.
Lemma qsum_sum f1 f2 n: natp n ->

rat_below f1 n -> rat_below f2 n ->
qsum f1 n +q qsum f2 n = qsum (fun i => (f1 i +q f2 i)) n.

Lemma qsum_even_odd f n: natp n ->
rat_below f (cdouble n) ->
qsum f (cdouble n) = qsum (fun i => f (cdouble i)) n +q

qsum (fun i => f (csucc(cdouble i))) n.

9.3 The ordering of Q

Cantor de�nes ´ as the order-type of the set of rational numbers greater than zero, less
than one, ordered by increasing magnitude. This means that ´ is some ordered set, order-
isomorphic to (I, · I ), where I is the set of all rational numbers x such that 0 Ç x Ç 1 and · I is
the order induced on I by · Q.

He says: (E,· E) is order-isomorphic to ´ if and only if

• the set is totally ordered;

• the cardinal of E is @0;

• E has no least and no greatest element;

• E is everywhere dense (meaning, between two elements, there is at least other one).

An ordering satisfying these properties is said to be “like ´ ”. The third property says that,
if E is non-empty, it has to be in�nite; so that, if E is countable, its cardinal is zero or @0.

Definition eta_like0 r (E:=substrate r) :=
[/\ total_order r, countable_set E,

(forall x, inc x E -> exists y, glt r y x),
(forall x, inc x E -> exists y, glt r x y) &
(forall x y, glt r x y -> exists z, glt r x z /\ glt r z y)].

Definition eta_like r := eta_like0 r /\ cardinal (substrate r) = aleph0.
Definition BQ_int01 := Zo BQ (fun x => \0q <q x /\ x <q \1q).
Definition BQps_ordering := (induced_order BQ_ordering BQps).
Definition BQ_int01_ordering := induced_order BQ_ordering BQ_int01.

Lemma eta_like_pr1 r: eta_like0 r ->
substrate r = emptyset \/ cardinal (substrate r) = aleph0.

The three sets Q, Q¤
Å and ]0,1[, ordered by · Q, are like ´ .

Lemma cardinal_BQ_int01: cardinal BQ_int01 = aleph0.
Lemma BQps_or_osr: order_on BQps_ordering BQps.
Lemma BQ_int01_or_osr: order_on BQ_int01_ordering BQ_int01.
Lemma eta_likeQ: eta_like BQ_ordering.
Lemma eta_likeQps: eta_like BQps_ordering.
Lemma eta_likeQp_int01: eta_like BQ_int01_ordering.
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We show here: two orders that are like ´ are isomorphic. The idea is the following: let
(xi )i be an enumeration of the �rst set, ( yi )i an enumeration of the second set, and Á the
isomorphism; it induces an isomorphism h on the indices. Fix n . There is a permutation ¾of
the interval I n of integers Ç n such that i 7! x¾(i ) is strictly increasing. Then i 7! yh(¾(i )) is also
strictly increasing. Let k be the least index such that xn is less than x¾(k). We deduce a new
permutation ¾0on I nÅ1 such that i 7! x¾0(i )) is also strictly increasing. In order for i 7! yh(¾0(i )

to be strictly increasing, the quantity h(n) has to satisfy a given condition. We take the least
integer satisfying the condition and hope for the best.

We �rst show how to extend a permutation of I n to a permutation of I nÅ1.

Definition EPperm_extend_aux n k s :=
fun z => Yo (z <c k) (Vf s z) (Yo (z = k) n (Vf s (cpred z))).

Definition EPperm_extend n k s :=
Lf (EPperm_extend_aux n k s) (csucc n) (csucc n).

Lemma perm_ints n f: natp n ->
surjection f -> source f = n -> target f = n ->
inc f (permutations n).

Lemma EPperm_extend_perm n k s : natp n -> k <=c n -> inc s (permutations n) ->
[/\ lf_axiom (EPperm_extend_aux n k s) (csucc n) (csucc n)

& inc (EPperm_extend n k s) (permutations (csucc n))].

For simplicity, we assume here that E and F are ordered sets like ´ , and that we have
bijections f : N ! E and g : N ! F. We shall write xi and yi instead of f (i ) and g(i ).

Section EtaProp.

Variables r1 r2 f g: Set.
Hypothesis bij_f: bijection_prop f Nat (substrate r1).
Hypothesis bij_g: bijection_prop g Nat (substrate r2).
Hypothesis eta_like_r1: eta_like r1.
Hypothesis eta_like_r2: eta_like r2.

We shall denote by P(¾) the condition that ¾ is a permutation on I n such that i 7! x¾(i )

is strictly increasing. There is exactly one such permutation, and we shall describe it. We
introduce the condition C( · ,Ã ,n ,k ,x) that says essentially Ã (k ¡ 1) Ç x Ç Ã (k); here · is the
ordering of E or F; if k Æ0, we drop the �rst inequality, if k Æn we drop the second; we assume
k · n so that the argument of Ã is Ç n.

Obviously, at most one k can satisfy the condition. If the set is totally ordered, x not of the
form Ã (i ), then k exists. As a special case, we consider the case wherex Æxn and Ã (i ) Æx¾(i ).
The quantity k will be denoted by kC(¾,n).

Definition EPperm_M s n:=
inc s (permutations n) /\
forall i j, i<c j -> j <c n -> glt r1 (Vf f (Vf s i)) (Vf f (Vf s j)).

Definition EPperm_compat0 r h n k x :=
[/\ k <=c n,
(k = \0c -> glt r x (h \0c)),
(k = n -> k <>\0c -> glt r (h (cpred n)) x) &
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(k <c n -> k <> \0c -> (glt r (h (cpred k)) x) /\ glt r x (h k))].
Definition EPperm_compat s n k :=

EPperm_compat0 r1 (fun i => (Vf f (Vf s i))) n k (Vf f n).
Definition EPperm_next_index n s :=

Yo (n= \0c) \0c (select (EPperm_compat s n) Nat).

Lemma EPperm_compat_uniq s n i j: (* 55 *)
natp n -> EPperm_M s n ->
EPperm_compat s n i -> EPperm_compat s n j -> i = j.

Lemma EPperm_compat0_exists r n h x:
natp n -> n <> \0c -> total_order r ->
(inc x (substrate r)) ->
(forall i, i <c n -> inc (h i) (substrate r)) ->
(forall i, i <c n -> (h i) <> x) ->
exists k, (EPperm_compat0 r h n k x).

Lemma EPperm_compat_exists n s:
natp n -> n <> \0c -> EPperm_M s n ->
exists k, EPperm_compat s n k.

Lemma EPperm_next_indexP n s (k:= EPperm_next_index n s):
natp n -> n <> \0c -> EPperm_M s n ->
(EPperm_compat s n k).

Lemma EPperm_next_unique2 n s l (k:= EPperm_next_index n s):
natp n -> n <> \0c -> EPperm_M s n ->
EPperm_compat s n l -> l = k.

Let's extend the permutation ¾with ¾(n) ÆkC(¾,n). The new permutation satis�es P on
InÅ1.

Lemma EPperm_extend_M n s k:
natp n -> n <> \0c ->
EPperm_M s n -> (EPperm_compat s n k) ->
EPperm_M (EPperm_extend n k s) (csucc n).

Lemma EPperm_extend_M2 n s
(k:= EPperm_next_index n s) (s':= (EPperm_extend n k s)):

natp n -> n <> \0c -> EPperm_M s n -> EPperm_M s' (csucc n).
Lemma EPperm_extend_M3: EPperm_M empty_function \0c.
Lemma EPperm_extend_M4: EPperm_M (identity \1c) \1c.

We de�ne now, by induction, a permutation ¾n on each I n . In case n Æ0 and n Æ1, the
interval has a unique permutation.

Definition EPperm_rec :=
induction_term (fun n s =>

(Yo (n = \0c) (identity \1c)
(EPperm_extend n (EPperm_next_index n s) s))) empty_function.

Lemma EPperm_rec0: (EPperm_rec \0c) = empty_function.
Lemma EPperm_rec1: (EPperm_rec \1c) = (identity \1c).
Lemma EPperm_recs n: natp n -> n <> \0c ->

(EPperm_rec (csucc n)) =
EPperm_extend n (EPperm_next_index n (EPperm_rec n)) (EPperm_rec n).

Lemma EPperm_recs_mon n: natp n -> EPperm_M (EPperm_rec n) n.

Recall that C(k ,z) roughy says Ã (k ¡ 1) Ç z Ç Ã (k). If Ã is strictly increasing, and the
ordering is like ´ , there is z satisfying this condition. We shall later on use it in E; but we
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consider �rst the case of F; here there is some i such that z Æyi . We can take the least such i ,
and call it N( Ã ,k ). We show that if Ã (i ) ÆÃ 0(i ) for each i Ç n, then N( Ã ,k ) ÆN(Ã 0,k ).

Definition EPpermi_fct h n k :=
intersection (Zo Nat (fun j => EPperm_compat0 r2 h n k (Vf g j))).

Lemma EPpermi_pr0 h n k: natp (EPpermi_fct h n k).
Lemma EPpermi_compat0_exists r h n k G :

natp n -> n <> \0c -> k <=c n ->
eta_like r -> bijection_prop G Nat (substrate r) ->
(forall i j, i<c j -> j <c n -> glt r (h i) (h j)) ->
(forall j, j <c n -> inc (h j) (substrate r)) ->
exists2 i, inc i Nat & EPperm_compat0 r h n k (Vf G i).

Lemma EPpermi_pr h n k (j := EPpermi_fct h n k)
(P := fun m => EPperm_compat0 r2 h n k (Vf g m)) :
(forall i j, i<c j -> j <c n -> glt r2 (h i) (h j)) ->
(forall j, j <c n -> inc (h j) (substrate r2)) ->
natp n -> k <=c n -> n <> \0c ->

[/\ inc j Nat, P j & forall k, inc k Nat -> P k -> j <=c k].
Lemma EPpermi_exten h1 h2 n k:

natp n -> n <> \0c ->
(forall i, i<c n -> h1 i = h2 i) ->
EPpermi_fct h1 n k = EPpermi_fct h2 n k.

We de�ne h by trans�nite induction via h(n) ÆF(h0), where h0 is the restriction of h to I n

and F some expression. Note that the source of h0 is In , thus n, so F may depend on n. We
consider the permutation ¾Æ¾n of I n studied above, k ÆkC(¾,n) and Ã (i ) Æg(h0(¾(i ))). We
take F Æk (except for n Æ0, where k is unde�ned, in this case, we take zero). Consider the
following property R n (h0): h0is de�ned for i Ç n and whenever i and j are indices less than n,
xi Ç x j is equivalent to yh0(i ) Ç yh0( j ). If this property holds, k is as above,h00is the extension
of h0to I nÅ1 de�ned by h00(n ) Æk, then RnÅ1(h00) holds.

Definition EPpermi_next ph n (s:= EPperm_rec n)
(h := fun i => Vf g (Vf ph (Vf s i)))
(k := (EPperm_next_index n s)) :=

Yo (n = \0c) \0c (EPpermi_fct h n k).

Definition EPpermi_prop ph n :=
[/\ function ph, source ph = n, sub (target ph) Nat &

(forall i j, i <c n -> j <c n ->
(glt r1 (Vf f i) (Vf f j) <->
glt r2 (Vf g (Vf ph i)) (Vf g (Vf ph j))))].

Lemma EPpermi_next_pr1 ph n (* 140 *)
(k1 := EPpermi_next ph n)
(ph1 := extension ph n k1):
natp n -> (EPpermi_prop ph n) ->
[/\ (Vf ph1 n) = k1, forall i, i <c n -> Vf ph1 i = Vf ph i &

(EPpermi_prop ph1 (csucc n))].

We consider now the function h de�ned by trans�nite induction. The previous lemma
says: whatever i and j , we have f (i ) Ç f ( j ) if and only if g(h(i )) Ç g(h( j )). This shows also
that Á Æg ±h ± f ¡ 1 is strictly increasing.

Let's consider now the following condition: the number of terms is m, the permutation ¾
is ¾m , the index k is k0. We consider (C) on E with Ã (i ) Æf (¾(i )), and assume that k1 is the
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least index i such that (C) holds for x Æf (i ), and we consider (C) on F with Ã (i ) Æg(h(¾(i )),
x Æg(n). Let k2 be Ck (¾,m) (this is the position of xm ). These two conditions will be denoted
by (P). We assumek0 6Æk2 and de�ne k0

0 to be k0 if it is Ç k2, k0 Å 1 otherwise. Then (P) holds
if we replace m and k0 by k0

0.

Let's show that Á is the desired order isomorphism. All we need to do is show that every
integer n is in the range of h. Assume integers Ç n are in the range. Let's say that they are
of the form h(i ), and take the supremum m 0 of these indices i . Consider the set of all h(i )
for i Ç m (where m Æm 0Å 1). If n is on the list, then n is in the range. Otherwise there is k0

satisfying the second condition (P). The �rst is also satis�ed. We proceed by induction.

Definition EPfun_aux :=
transfinite_defined Nat_order (fun u => (EPpermi_next u (source u))).

Definition EP_fun := g \co (EPfun_aux) \co (inverse_fun f).

Lemma EPfun_aux_pr1 (h := EPfun_aux) :
[/\ surjection h, source h = Nat, sub (target h) Nat,

Vf h \0c = \0c &
forall n, natp n -> Vf h n = EPpermi_next (restriction1 h n) n].

Lemma EPfun_aux_pr2 n: natp n ->
EPpermi_prop (restriction1 EPfun_aux n) n.

lemma EPfun_aux_M i j (h:= EPfun_aux): natp i -> natp j ->
(glt r1 (Vf f i) (Vf f j) <->
glt r2 (Vf g (Vf h i)) (Vf g (Vf h j))).

Definition EPperm_2pos m k1 q n
(s := EPperm_rec m) (f1 := fun i => Vf f (Vf s i))
(h:= fun i => Vf g (Vf EPfun_aux (Vf s i)))
(P1 := fun i => EPperm_compat0 r1 f1 m q (Vf f i)) :=
(P1 k1 /\ (forall i, natp i -> P1 i -> k1 <=c i))

/\ EPperm_compat0 r2 h m q (Vf g n).

Lemma EPpermi_extension2 m k0 k1 n (* 98 *)
(k2 := EPperm_next_index m (EPperm_rec m))
(k0' := Yo (k0 <c k2) k0 (csucc k0)):
natp m -> m <> \0c -> k2 <> k0 ->
EPperm_2pos m k1 k0 n ->
EPperm_2pos (csucc m) k1 k0' n.

Lemma EPfun_aux_bij : bijection_prop EPfun_aux Nat Nat. (* 198 *)
Lemma EP_fun_pr: order_isomorphism EP_fun r1 r2.

End EtaProp.

The result is now trivial.

Lemma Cantor_eta_pr r1 r2:
eta_like r1 -> eta_like r2 -> r1 \Is r2.

The three ordered sets considered above are order isomorphic, since they are like ´ . We
give here an explicit function. For Q¤

Å ! ]0,1[, we consider x 7! x/(1 Å x). For Q ! Q¤
Å we

consider 1 ¡ 1/ x for x Ç 0 and x Å 1 otherwise.

Lemma BQ_moebius_props1 x
(f := fun z=> z /q (\1q +q z))
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(g := fun z => z /q (\1q -q z)):
ratp x ->
((x <> \1mq -> g (f x) = x) /\ (x <> \1q -> f (g x) = x)).

Lemma BQ_moebius_props2 x
(f := fun z=> \1q /q (\1q -q z))
(g := fun z => \1q -q (\1q /q z)):
ratp x ->
((x <> \1q -> g (f x) = x) /\ (x <> \0q -> f (g x) = x)).

Lemma BQ_iso1: order_isomorphism
(Lf (fun z => z /q (\1q +q z)) BQps BQ_int01)
BQps_ordering BQ_int01_ordering.

Lemma BQ_iso2: order_isomorphism (* 52 *)
(Lf (fun z => Yo (z <q \0q) (\1q /q (\1q -q z)) (z +q \1q)) BQ BQps)
BQ_ordering BQps_ordering.

The isomorphisms given above are not unique: for instance x 7! ax Å b is an order iso-
morphism on Q when a È 0. Let's count the number c of order isomorphisms Q ! Q: there
are 2@0 . We �rst note that an order isomorphism is a permutation, thus c · 2@0 . Conversely,
2@0 is the number of functions N ! {0,1}. Given such a function f , we construct a function g
by: g(0) Æ0, and g(n Å 1) Æg(n) Å f (n) Å 1.

Now, consider hn,u ,v (x) Æ(v ¡ u)(x ¡ n) Å u. Whatever u ,v,n , h(n) Æu and h(n Å 1) Æv; if
u 6Æv, then h is a bijection Q ! Q; if moreover u Ç v, then h is strictly increasing (thus is in-
jective), and maps the interval [ n ,n Å 1] onto the interval [ u ,v]. Let f and g be as above, and
de�ne h by h(x) Æhbxc,g(bxc),g(bxcÅ1)(x) for x ¸ 0 and h(x) Æx otherwise. Note that bxc is a pri-
ori in Z, but has to be considered in N, and Q. This is easily seen to be an order isomorphism
Q ! Q, and f 7! h is injective.

Definition simple_interpolation n u v :=
fun x => (v -q u) *q (x -q n) +q u.

Definition multiple_interpolation f x:=
let y :=(BQfloor x) in

simple_interpolation (BQ_of_Z y) (f (P y)) (f (csucc (P y))) x.

Lemma interpolation_prop1 n u v (f := simple_interpolation n u v):
ratp n -> u <q v ->
[/\ f n = u, f (n +q \1q) = v,

(forall x, n <=q x -> x <=q (n +q \1q) ->
(u <=q f x /\ f x <=q v)),

(forall y, u <=q y -> y <=q v -> exists x,
[/\ n <=q x, x <=q (n +q \1q) & y = f x]) &

(forall x y, x <q y -> f x <q f y)].
Lemma interpolation_prop2 n u v (f := simple_interpolation n u v):

ratp n -> u <q v ->
(forall x, n <=q x -> x <q (n +q \1q) ->

(u <=q f x /\ f x <q v)) /\
(forall y, u <=q y -> y <q v -> exists x,
[/\ n <=q x, x <q (n +q \1q) & y = f x]).

Lemma multiple_interpolation_prop f (* 101 *)
(g := multiple_interpolation (fun z => (BQ_of_nat (f z)))):

(forall n, natp n -> natp (f n)) ->
(forall n, natp n -> f n <c f(csucc n)) ->
(f \0c) = \0c ->
[/\ forall x, inc x BQp -> inc (g x) BQp,
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(forall y, inc y BQp -> exists2 x, inc x BQp & g x = y),
(forall n, natp n -> g (BQ_of_nat n) = BQ_of_nat (f n)) &
forall x y, inc x BQp -> x <q y -> g x <q g y].

Lemma BQ_iso3 a b: inc a BQps -> ratp b ->
order_isomorphism (Lf (fun z => a*q z +q b) BQ BQ)

BQ_ordering BQ_ordering.
Lemma BQ_iso4 (E := Zo (permutations BQ)

(fun f => order_isomorphism f BQ_ordering BQ_ordering)):
cardinal E = \2c ^c aleph0.

We now construct an order isomorphism f : Q¤ ! Q. Let bn Æf (1/( n Å1)). This sequence
is strictly decreasing; let B be the set of all t such that bn Ç t for at least one n. Then B satis�es
the following properties: it is non-empty, not Q, is an initial segment (i.e., t 2 B and t Ç x
implies x 2 B) and has no least upper bound. In the next chapter, such a set B will be called
an irrational number and we shall also see how to obtain a sequence bn , given an irrational
number B.

We explain here how to construct a function from a sequence bn . On each interval [1/( n Å
1),1/n ] we consider the unique function f of the form z 7! az Å b such that f (1/( n Å 1)) Æbn

and f (1/ n) Æbn¡ 1 (the function is as before, a bit more complicated because the interval is
not of unit length); also we have to assume n È 0. For n Æ0, the interval is ]1, 1 [ and we
consider f (z) Æz Å b for some b. We can merge these functions together, so as to obtain a
function fb , an order isomorphism Q¤

Å ! B. We get an order isomorphism Q¤ ! Q if Q is the
disjoint union of A and B.

Definition simple_interpolation2 i u v :=
fun z => u -q (BQ_of_nat (csucc i) *q z -q \1q)
*q (BQ_of_nat i) *q ( u -q v).

Definition multiple_interpolation2 f x :=
let n := (BZ_val (BQfloor (BQinv x))) in
Yo (n = \0c) (x +q (f \0c) -q \1q)

(simple_interpolation2 n (f n) (f (cpred n)) x).

Lemma simple_interpolation2_pa i u v (* 58 *)
(yk := fun k => (BQinv (BQ_of_nat (csucc k))))
(ya := yk i) (yb := yk (csucc i))
(f := simple_interpolation2 (csucc i) u v):
natp i -> u <q v ->
[/\ f yb = u, f ya = v,forall z1 z2, z1 <q z2 -> f z1 <q f z2 &

forall a, (f yb) <q a /\ a <q (f ya) ->
exists z, [/\ yb <q z, z <q ya & a = f z]].

Lemma multiple_interpolation_prop2 f (* 172 *)
(g := multiple_interpolation2 f)
(Z := Zo BQ (fun z => exists2 n, natp n & f n <q z)):

(forall n, natp n -> f (csucc n) <q f n) ->
order_isomorphism (Lf g BQps Z)

(induced_order BQ_ordering BQps) (induced_order BQ_ordering Z).
Lemma multiple_interpolation_prop3 f1 f2 (* 100 *)

(Zb := Zo BQ (fun z => exists2 n, natp n & f1 n <q z))
(Za := Zo BQ (fun z => exists2 n, natp n & z <q f2 n)):

(forall n, natp n -> f1 (csucc n) <q f1 n) ->
(forall n, natp n -> f2 n <q f2 (csucc n)) ->
(disjoint Za Zb) -> (Za \cup Zb = BQ) ->
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exists2 g, order_isomorphism g
(induced_order BQ_ordering (BQ -s1 \0q)) BQ_ordering &

Vfs g BQps = Zb.

9.4 Stern Brocot sequences

We have shown above that N and Q are equipotent. We give here an explicit enumeration
of QÅ , via the so called Stern diatomic sequence (or Stern-Brocot sequence, named “fusc” by
Dijkstra); it satis�es

(9.1) a0 Æ1, a1 Æ1, a2n Æan , a2nÅ1 Æan Å anÅ1.

One may assume n È 0, since the case n Æ0 is trivial, so that n Ç 2n and n Å 1 Ç 2n Å 1, this
shows that there is a unique solution. De�ning the sequence by induction is not possible,
since, if h(m) is the half of m , one has to show h(m) Ç m for m even, and h(m) Å 1 Ç m for
m odd; these properties are true, but not by structural induction. However, the de�nition
by trans�nite induction always makes sense. We only have to check a posteriori that the
argument n of the auxiliary function F is called with arguments in its domain, in the recursive
calls needed to evaluate the fusc function on integer arguments.

Definition fusc_next F n:=
Yo (n = \0c) \0c (Yo (n = \1c) \1c (Yo (evenp n) (Vf F (chalf n))
((Vf F (chalf n)) +c (Vf F (csucc (chalf n)))))).

Definition fusc :=
Vf (transfinite_defined Nat_order (fun u => (fusc_next u (source u)))).

Definition fusc_prop f:=
[/\ f \0c = \0c, f \1c = \1c,
(forall n, natp n -> f (cdouble n) = f n) &
(forall n, natp n -> f (csucc (cdouble n)) = f n +c f (csucc n)) ].

Lemma fusc_pr: fusc_prop fusc.

The equation (9.1) has a unique solution; it will be denoted by sn in what follows. Clearly
sn is a non-zero integer (for n È 0). The sequence sn satis�es some amusing properties, for
instance:

p Æ2n Æ) sp Æ1, sp¡ 1 Æn, spÅ1 Æn Å 1.

Lemma fusc_unique f g: fusc_prop f -> fusc_prop g ->
{inc Nat, f =1 g}.

Lemma NS_fusc n: natp n -> natp (fusc n).
Lemma fusc_even n: natp n -> fusc (cdouble n) = fusc n.
Lemma fusc_odd n: natp n ->

fusc (csucc (cdouble n)) = fusc n +c fusc (csucc n).
Lemma fusc_nz n: natp n -> n <> \0c -> (fusc n) <> \0c.
Lemma fusc_nz' n: natp n -> fusc (csucc n) <> \0c.
Lemma fusc0: fusc \0c = \0c.
Lemma fusc1: fusc \1c = \1c.
Lemma fusc2: fusc \2c = \1c.
Lemma fusc3: fusc \3c = \2c.
Lemma fusc_pow2 n: natp n -> fusc (\2c ^c n) = \1c.
Lemma fusc_pred_pow2 n: natp n -> fusc (\2c ^c n -c \1c) = n.
Lemma fusc_succ_pow2 n: natp n -> fusc (\2c ^c n +c \1c) = csucc n.
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Bijection beween N and Q. Consider xn Æsn / snÅ1; we have x0 Æ0, x1 Æ1, x2 Æ1/2, and if
n Æ2p , then xp¡ 1 Æn, xp Æ1/( n Å 1). The induction principle is:

(9.2) x2n Æ
1

1Å 1/ xn
(or

1

x2n
Æ

1

xn
Å 1) x2nÅ1 Æxn Å 1.

Definition fuscz n := BZ_of_nat (fusc n).
Definition fusc_quo n:= BQ_of_nat (fusc n) /q BQ_of_nat (fusc (csucc n)).

Lemma QpS_fusc_quo n: natp n -> inc (fusc_quo n) BQp.
Lemma QpsS_fusc_quo n: natp n -> n <> \0c -> inc (fusc_quo n) BQps.
Lemma QS_fusc_quo n: natp n -> inc (fusc_quo n) BQ.
Lemma fusc_quo_0: fusc_quo \0c = \0q.
Lemma fusc_quo_1: fusc_quo \1c = \1q.
Lemma fusc_quo_2: fusc_quo \2c = \2hq.
Lemma fusc_quo_pow2 n: natp n ->

fusc_quo (\2c ^c n) = BQinv (BQ_of_nat (csucc n)).
Lemma fusc_quo_pow2p n: natp n -> fusc_quo (\2c ^c n -c \1c) = BQ_of_nat n.
Lemma fusc_quo_even n: natp n -> n <> \0c ->

fusc_quo (cdouble n) = BQinv(\1q +q BQinv (fusc_quo n)).
Lemma fusc_quo_odd n: natp n ->

fusc_quo (csucc (cdouble n)) = \1q +q (fusc_quo n).

Let F be the function de�ned by the code that follows. We have F( x) ¸ 0, and F(x) È 0
if x È 0 and x 6Æ1; moreover F(x2n ) Æxn and F(x2nÅ1) Æxn . To each real number x, we can
associate a sequence of bits as follows: If x È 1, the �rst bit is one, and we continue with the
bits of F( x); if 0 Ç x Ç 1, the �rst bit is zero and we continue with the bits of F( x); otherwise the
sequence is empty. If x has the form xk , the sequence of bits associated to x is the sequence of
binary digits of k (minus the leading digit). On can show that if x is rational, the sequence is
always �nite (this is because every positive rational number has the form xk ). If x is a positive
real irrational number, then the sequence is never �nite (all arguments to F are È 0). If we take
the n �rst bits, the associated integer k and yn Æxk , then the sequence yn converges to x.

Definition fusc_quo_inv x:=
Yo (\1q <=q x) (x -q \1q)
(Yo (\0q <q x) (BQinv (BQinv x -q \1q)) \0q).

Lemma fusc_quo_inv_props (F := fusc_quo_inv):
[/\ (forall q, ratp q -> inc (F q) BQp),

(forall x, inc x BQps -> x <> \1q -> inc (F x) BQps),
(forall n, natp n -> F(fusc_quo (csucc (cdouble n))) = (fusc_quo n))

& (forall n, natp n -> n <> \0c ->
F(fusc_quo (cdouble n)) = (fusc_quo n))].

We show that n 7! xn is a bijection N ! QÅ . The idea of the proof is explained above.
We �rst show that sn and snÅ1 are coprime (if sn and snÅ1 are coprime then s2n Æsn and
s2nÅ1 Æsn Å snÅ1 are coprime, the other case is similar). Assume xn Æxm ; then n and m have
the same parity (otherwise, the numbers compare differently with 1) and sn Æsm , snÅ1 Æ
smÅ1 (the fractions are reduced). Assume for instance n Æ2p and m Æ2q. We have sp Æsq

and sp Å spÅ1 Æsq Å sqÅ1, then spÅ1 ÆsqÅ1, and we conclude by induction; the other case is
similar. Every rational number has the form xn : if we apply F, the sum of the numerator and
denominator is strictly decreasing. If the sum is · 1, the fraction is 0/1, thus x0.
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Lemma fusc_coprime n: natp n -> BZcoprime (fuscz n) (fuscz (csucc n)).
Lemma fusc_quo_numden n (q := fusc_quo n): natp n ->

Qnum q = (fuscz n) /\ Qden q = (fuscz (csucc n))
Lemma fusc2_injective n m: natp n -> natp m ->

fusc n = fusc m -> fusc (csucc n) = fusc (csucc m) -> n = m.
Lemma fusc2_surjective a b:

natp a -> natp b -> b <> \0c -> BZcoprime (BZ_of_nat a) (BZ_of_nat b) ->
exists n, [/\ natp n, fusc n = a & fusc (csucc n) = b].

Lemma fusc_quo_bijection:
bijection_prop (Lf fusc_quo Nat BQp) Nat BQp.

Even Stern numbers. Let's show:

sn is even () n Æ0 mod 3.

If n is even, this reduces to: n and 2n are both zero or both non-zero mod 3. In the odd case,
we have to consider s2mÅ1 Æsm Å smÅ1. Asume sm even, so m is zero mod 3, m Å 1 is not zero
mod 3, 2m Å 1 is not zero mod 3, smÅ1 is odd, s2mÅ1 is odd. The case smÅ1 even is similar.
Otherwise, the two terms are odd and s2mÅ1 is even. The quantity m mod 3 has to be one; so
that 2m Å 1 is a multiple of 3.

Lemma fusc_is_even n: natp n -> (evenp (fusc n) <-> n %%c \3c = \0c).

The Stern diatomic sequence In [19], Stern consider a table, de�ned by two strictly positive
integers m and n. The �rst row contains m and n, the second row contains m, m Å n, n , etc.
If a row contains a1, a2, a3, etc, then the next row contains a1, a1 Å a2, a2 , a2 Å a3, a3, etc.
Elements that are copied from the previous row will be called “old”, other elements will be
called “new”. Denote by A pi (m ,n) the i -th element of the p-th row of the table, initialized
with ( m,n). Row p has 2p¡ 1 Å 1 elements. We have A1,0 Æm, A1,1 Æn, ApÅ1,2i ÆAp,i , and
ApÅ1,2i Å1 ÆAp,i Å Ap,i Å1. Asume m Æn Æ1; then the �rst row contains s1 and s2, the second
row contains s2, s3 and s4, the third row contains all si with index i between 4 and 8, etc. Note
that if i Æ2p , then si appears twice: at the end of row p and the start of row p Å 1. Thus A(1,1)
is a representation of the sequence si as a table.

Assume m Æsk and n ÆskÅ1; then A p,i (m ,n) Æs2p¡ 1kÅi (by induction). Thus A( m,n) is a
subtable of A(1,1). If m and n are two numbers, g their gcd, there is k such that m/ g Æsk

and n/ g ÆskÅ1, so that Ap,i (m ,n) Æg s2p¡ 1kÅi . Thus, all properties of A( m,n) can be deduced
from the sequence si .

Let's assume for a moment m Æn Æ1. Here new elements have the form s2kÅ1, old ele-
ments have the form s2k . If x Æs2k / s2kÅ1, then its numerator is old, its denominator is new.
We have seen above that every rational number x with 0 Ç x Ç 1 has this form.

In §4 Stern says: if a, b and c are three consecutive numbers in the A(1,1) table, then b
divides a Å c, the quotient being odd. Since the quotient is odd, we get c Æa Å b modulo 2, so
that one out of three Stern numbers is even.

In §5, he deduces that a and b are coprime (if x divides sk and skÅ1 it divides skÅ2, and by
induction all si for i ¸ k , but one of these si is one). He also deduces: b Æa Å c, then a and c
are coprime.

We �rst show that a non-zero integer k can be uniquely written as k Æ2n (2p Å 1). The
relation sk¡ 1ÅskÅ1 Æsk (2n Å1) follows by induction on n. Thus, if a Æsk1 , b Æsk and c ÆskÅ1,
it follows that b divides a and c. If a Å c Æb, then n Æ0, a Æs2p Æsp and c Æs2pÅ2 ÆspÅ1.
These two quantities are hence coprime.

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 257

Lemma even_odd_factor b: natp b -> b <> \0c -> exists n p,
[/\ natp n, natp p & b = (\2c ^c n) *c csucc (cdouble p)].

Lemma even_odd_factor_uniq n p n' p':
natp n -> natp p -> natp n' -> natp p' ->
(\2c ^c n) *c csucc (cdouble p) = (\2c ^c n') *c csucc (cdouble p') ->
(n = n' /\ p = p').

Lemma fusc_mean_div n p (b := (\2c ^c n) *c csucc (cdouble p))
(a := cpred b) (c := csucc b):
natp n -> natp p ->
fusc a +c fusc c = (fusc b) *c csucc (cdouble n).

Lemma fusc_mean_div1 b (a := cpred b) (c := csucc b):
natp b -> b <> \0c ->
exists2 n, natp n &fusc a +c fusc c = (fusc b) *c csucc (cdouble n).

Lemma fusc_mean_div2 b (a := cpred b) (c := csucc b):
natp b -> b <> \0c ->
fusc a +c fusc c = fusc b -> BZcoprime (fuscz a) (fuscz c).

An Iterative Formula. Dijkstra [9] proposes the following procedure to compute sN . Ini-
tially, we have n ÆN, a Æ1, n Æ0. While n is non-zero, it is replaced by its half; in the even
casea is replaced by a Å b, in the odd case b is replaced by b Å a; �nally the return value is b.

We can rewrite this as: there is a function F n (a,b), such that

(9.3) F0(a,b) Æb, F2n (a,b) ÆFn (a Å b,b), F2nÅ1(a,b) ÆFn (a,b Å a)

and Fn (1,0) Æsn . Proving that this function exists is tricky (we must use the same trick as for
sn ). In order to show F n (1,0) Æsn , it is convenient to use a loop invariant.

Fn (a,b) Æasn Å bsnÅ1.

Definition Fusci n a b := a *c (fusc n) +c b*c (fusc (csucc n)).

Lemma fusci_even n a b: natp n -> natp a -> natp b ->
Fusci (cdouble n) a b = Fusci n (a +c b) b.

Lemma fusci_odd n a b: natp n -> natp a -> natp b ->
Fusci (csucc (cdouble n)) a b = Fusci n a (a +c b).

Lemma fusci_zero a b: natp b -> Fusci \0c a b = b.
Lemma fusci_val n: natp n -> Fusci n \1c \0c = fusc n.

The Palindrome. Denote s2i Å j by ai , j . Consider the table whose i -th row is formed by all

the ai , j where j · 2i (note that powers of two appear twice in the table, as 2 i Å1 appears on
row i (with j Æ2i ) and row i Å 1 (with j Æ0). We prove here that each row is a palindrome:

(9.4) p Æ2n , p · a,b · 2p, a Å b Æ3p Æ) sa Æsb .

The proof is by induction on n. If n Æ0, the condition p · a · 2p says a Æ1 or a Æ2, case
where sa Æ1, similarly sb Æ1. Assume the property true for n , and let's show it for n Å1. Write
p Æ2n , so that aÅb Æ6p. This shows that a and b have the same parity, and the case a, b even
holds trivially by induction. Assume a Æ2a0Å 1 and b Æ2b0Å 1. We have p · a0· a0Å 1 · 2p.
The conclusion follows from sa0 Æsb0Å1 and sa0Å1 Æsb0.

Lemma fusc_palindrome n a b (p := \2c ^c n): natp n ->
p <=c a -> a <=c cdouble p -> p <=c b -> b <=c cdouble p ->
a +c b = \3c *c p -> fusc a = fusc b.
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The Fractal Structure. If we consider the sequence sn as a table ai , j , then each column
forms an arithmetic progression; moreover, the common difference is the Stern number of
the column. So ai Å1,j Æai , j Å sj , or:

(9.5) s2pÅ j ÆspÅ j Å sj (p Æ2i , j · p).

Proof. Denote the equality by H( i , j ). It implies H( i Å 1,2j ) (all arguments of s are even). If
moreover H( i , j Å 1) holds, then H( i Å 1,2j Å 1) holds (all arguments of s are odd). In the case
i Æ0, we have j Æ0 or j Æ1, and the result is trivial. Note that the case j Æp follows from:
spk Æsk , whenever p is a power of two.

Lemma fusc_kpow2n k n : natp n -> natp k -> fusc (\2c ^c n *c k) = fusc k.
Lemma fusc_col_progression i j: natp i -> natp j -> j <=c \2c ^c i ->

fusc(\2c ^c (csucc i) +c j) = fusc(\2c ^c i +c j) +c fusc j.

Maximum of the rows. The maximum of the n-th row is the Fibonacci number F nÅ1. First,
if k · 2n then sk · FnÅ1 (This is obvious by induction if k is even. Otherwise, let k Æ2m Å 1,
sk Æsm Å smÅ1; one of m and m Å 1 is even, so that one of sm , smÅ1 is · Fn¡ 1, both are · Fn ).
Consider

2n · cnÅ2 Æ
4.2n ¡ (¡ 1)n

3
Ç c0

nÅ2 Æ
5.2n Å (¡ 1)n

3
· 2.2n

(in case n Æ1, we must replace Ç by Æ). Since cn Å c0
n Æ3.2n¡ 2, we have s(cn ) Æs(c0

n ). It
happens that the maximum of sk in the range [2 n ,2nÅ1] is reached at cn and c0

n , and at no
other point. We give here an alternate de�nition of cn , and show that s(cn ) ÆFn . Consider

c0 Æd0 Æ0,cnÅ1 Æ2dn Å 1,dnÅ1 Æcn Å dn .

Write c Æcn , c0ÆcnÅ1 d Æcn , d 0ÆcnÅ1. We have s(cnÅ2) Æs(d 0) Å s(d 0Å 1). If n is even, then
c Æd, otherwise c Æd Å 1. Thus, the pair ( d 0,d 0Å 1) is respectively (2c,c0) and (c0,2c). So
s(cnÅ2) Æs(c0) Å s(2c) Æs(c0) Å s(c). The result follows.

Definition Fib_fusc_rec :=
induction_term (fun _ v => (J (csucc (cdouble (Q v))) (P v +c Q v)))

(J \0c \0c).
Definition Fib_fusc n := P ( Fib_fusc_rec n).

Lemma fusc_bound1 n k: natp n -> k <=c \2c ^c n -> fusc k <=c Fib (csucc n).

Lemma Fib_fusc_recS n (v := Fib_fusc_rec n) (a := P v) (b := Q v) :
natp n -> Fib_fusc_rec (csucc n) = J (csucc (cdouble b)) (a +c b).

Lemma Fib_fusc_rec0: Fib_fusc_rec \0c = (J \0c \0c).
Lemma Fib_fusc_rec1: Fib_fusc_rec (csucc \0c) = (J \1c \0c).
Lemma NS_Fib_fusc_rec n (v := Fib_fusc_rec n) (a := P v) (b := Q v): natp n ->

[/\ (pairp v), natp a & natp b].
Lemma Fib_fusc_rec_eo n

(a := P (Fib_fusc_rec n)) (b := Q (Fib_fusc_rec n))
(a' := P (Fib_fusc_rec (csucc n))) (b' := Q (Fib_fusc_rec (csucc n))):
natp n ->
((evenp n -> b' = cdouble a /\ (succ b') = a')
/\ (oddp n -> b' = a'/\ (csucc b') = cdouble a)).

Lemma Fib_fusc_rec_frec n (F := fun k => (fusc (Fib_fusc k))) : natp n ->
F (csucc (csucc n)) = F (csucc n) +c F n.

Lemma Fib_fusc_val n: natp n -> (fusc (Fib_fusc n)) = Fib n.
Lemma Fib_fusc_bound n (p := \2c ^c n) (v := Fib_fusc (csucc (csucc n))):

natp n -> (p <=c v /\ v <=c (cdouble p)).
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Sum of simplicities. We show here

X

p· i Ç2p

1

si si Å1
Æ1, (p Æ2n ).

Denote the sum by C n , and C0
ni be the sum of the i �rst terms. If x Æa/ b is a rational number

in reduced form, the quantity 1/( ab) is sometimes called the the simplicity of x. We compute
here the sum of the simplicities of the fractions si / si Å1. If n Æ0, we have a single term 1/( s1s2)
and the result is one. Otherwise, let p Æ2q. We shall use (proof by induction on i ):

si s2qÅi Å1 Å 1 Æsi Å1s2qÅi i Ç q,q Æ2n .

One deduces C0
ni Æsi / spÅi , thus C0

ny Æsq / s3q Æ1/2.

Definition fsimpl_sum p i :=
qsum(fun j => BQinv (BQ_of_nat (fusc (p +c j) *c fusc (p +c (csucc j))))) i.

Lemma fusc_rec_spec n i (p := \2c ^c n) : natp n -> i <c p ->
fusc i *c fusc(csucc (cdouble p) +c i) +c \1c =
fusc (csucc i) *c fusc((cdouble p) +c i).

Lemma fusc_rec_spec1 n i (q := \2c ^c n)(p := cdouble q) :
natp n -> i <=c q ->
fsimpl_sum p i = BQdiv (BQ_of_nat (fusc i)) (BQ_of_nat (fusc (p +c i))).

Lemma fusc_rec_spec2 n (q := \2c ^c n)(p := cdouble q) :
natp n -> fsimpl_sum p q = \2hq.

Lemma fusc_sum_simpl n (p := \2c ^c n):
natp n -> fsimpl_sum p p = \1q.

We show here X

p· i Ç2p

si

si Å1
Æ(3p ¡ 1)/2, p Æ2n .

If n Æ0, then this is 1; in all other cases, it is not an integer. Write this as A n Å Bn , where A
contains terms with even index. If n Æ1, there is a single term in A n , namely s2/ s3 Æ1/2.
Otherwise, we may assume p Æ2q and An Æ

P
i s2qÅ2i / s2qÅ2i Å1 Æ

P
i sqÅi /( sqÅi Å sqÅi Å1). We

split this sum in two, in the �rst part i Ç q/2, in the second part we replace f (i ) by f (q ¡ i ¡ 1).
If the generic term of the �rst part is a/( a Åb), by the palindrome condition, the generic term
of the second part is b/( b Å a). The sum of these two terms is one; it follows A n Æq/2. The
generic term of B n has the form ( a Å b)/ b Æ1Å a/ b. Now,

P
a/ b is the sum at order n ¡ 1; the

result follows by induction.

Lemma qsum_fusc1 n (p := \2c ^c n) : natp n ->
qsum (fun i => fusc_quo ( (cdouble p) +c (cdouble i))) p =
BQhalf (BQ_of_nat p).

Lemma qsum_fusc n (p := \2c ^c n) : natp n ->
qsum (fun i => fusc_quo (p +c i)) p =

BQhalf (BQ_of_nat (cpred (\3c *c p))).

Weak base two representations. Let's consider the decomposition of a natural number n
as

n Æ
X

i Çk
ai 2

i , 8 i ,ai · 2 k Æ0_ ak¡ 1 6Æ0.

The condition k Æ0_ ak¡ 1 6Æ0 will be referred to as “the leading term condition”; it implies
n ¸ 2k¡ 1 (it also says that n Æ0 is equivalent to k Æ0). We know that there is a unique decom-
position if we require ai Ç 2. We count here the number of decompositions with ai · 2.
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Definition expansion_ext f k:= expansion f \3c k.
Definition expansion_ext_of f k a :=

expansion_ext f k /\ expansion_value f \2c = a.
Definition expansion_ext_normal_of f k a :=

expansion_ext_of f k a /\ exp_boundary f k.
Definition expansion_ext_of_a f a :=

expansion_ext_normal_of f (cardinal (domain f)) a.
Definition expansions_ext_of n :=

Zo (sub_fgraphs Nat \3c) (fun z => (expansion_ext_of_a z n)).
Definition Nbexp n := cardinal (expansions_ext_of n).

Let F be an expansion of length k and value n, and En the set of all expansions (of arbitrary
length) with value n. We study here its cardinal fn . The leading term condition gives k · n ,
so that En is �nite, and fn is an integer. Obviously f0 Æ1,

Lemma expe_p1 f k: expansion_ext f k -> inc f (sub_fgraphs Nat \3c).
Lemma expe_p2 f n: expansion_ext_of_a f n -> inc f (sub_fgraphs Nat \3c).
Lemma expe_p3 f n: expansion_ext_of_a f n -> inc f (expansions_ext_of n).

Lemma expe_bounded1 f k a:
natp k -> expansion_ext_normal_of f (csucc k) a ->
(\2c ^c k) <=c a.

Lemma expe_bounded2 n f: natp n -> inc f (expansions_ext_of n) ->
cardinal (domain f) <=c n.

Lemma expe_0 : Nbexp \0c = \1c.
Lemma expe_nat n: natp n -> natp (Nbexp n).

If G is the restriction of F to its k ¡ 1 �rst terms with value m, if a is the omitted term, then
n Æa Å 2k¡ 1 Å m. We consider here F̄, the restriction of F to its k ¡ 1 last terms, shifted by one.
If m is the value and a the omitted term, we have now n Æ2m Å a. Moreover F̄ satis�es the
leading term condition. The inverse construction is denoted by F a : its �rst term is a, and its
restriction is F. Note: when we restrict, we need n 6Æ0, conversely, if we augment, we need
a 6Æ0 when n Æ0 (together with the obvious a Ç 3).

Lemma NS_expe_val f k: expansion_ext f k -> natp (expansion_value f \2c).

Definition expansion_ext_aug f i (k := (cardinal (domain f))):=
Lg (csucc k) (fun z => Yo (z = \0c) i (Vg f (cpred z))).

Definition expansion_ext_dim f (k := (cardinal (domain f))):=
Lg (cpred k) (fun z => (Vg f (csucc z))).

Lemma expansion_ext_aug_p1 f i (n:= expansion_value f \2c)
(f' := expansion_ext_aug f i) (m:= expansion_value f' \2c):

expansion_ext_of_a f n -> i<c \3c -> (n <> \0c \/ i <> \0c) ->
(expansion_ext_of_a f' m /\ m = \2c *c n +c i).

Lemma expansion_ext_dim_p1 f (n:= expansion_value f \2c)
(f' := expansion_ext_dim f) (m:= expansion_value f' \2c) (i := Vg f \0c):
expansion_ext_of_a f n -> n <> \0c ->
[/\ i<c \3c, expansion_ext_of_a f' m & n = \2c *c m +c i].

Lemma expansion_ext_dim_aug f n i:
inc f (expansions_ext_of n) ->
expansion_ext_dim (expansion_ext_aug f i) = f.

Lemma expansion_ext_aug_dim f n:
inc f (expansions_ext_of n) -> n <> \0c ->
expansion_ext_aug (expansion_ext_dim f) (Vg f \0c) = f.
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Assume n odd, F an expansion with sum n, F̄, the restriction withe value m, and a the
constant term, so that n Æ2m Å a. Since n is odd, it follows a Æ1. Thus F 7! F̄ is a bijection
En ! Em . It follows f2nÅ1 Æfn .

With the same notations, assume n even, non-zero, say n Æ2k Å2, so that 2k Å2 Æ2m Å a.
We have a Æ0 or a Æ2, so that m Æk Å 1 or m Æk. Now F 7! F̄ is a bijection between E n and
the disjoint union of E kÅ1 and Ek . It follows f2nÅ2 ÆfnÅ1 Å fnÅ2.

We deduce fn ÆsnÅ1.

Lemma expe_odd n: natp n -> Nbexp(csucc (cdouble n)) = Nbexp n.
Lemma expe_even n: natp n ->

Nbexp(cdouble (csucc n)) = Nbexp (csucc n) +c (Nbexp n).
Lemma expe_fusc n: natp n -> Nbexp n = fusc (csucc n).

Diagonals of the Pascal triangle. Setb(n ,k ) Æ
¡n
k

¢
. The diagonal of the Pascal triangle is the

set of all b(n ,k ) where the sum n Å k is �xed, say m. If m Æ2q or m Æ2q Å 1, there are q
terms on the diagonal. We pretend that the sum is F mÅ1, and the number of odd terms on
the diagonal is snÅ1.

The key relation is the binomial formula (6.13). It says that an element of diagonal m Å2 is
the sum of an element of diagonal m and an element of the diagonal m Å 1. The �rst formula
follows easily.

Lemma sum_diag_pascal n: natp n ->
csumb (Nintc n) (fun k => binom (n -c k) k) = Fib (csucc n).

Let's compute the binomial coef�cient modulo two. We start with the following relation
[apply (6.13) three times, and notice that b(2n,2k Å 1) appears twice]:

Ã
n Å 2

k Å 2

!

Æ

Ã
n

k

!

Å

Ã
n

k Å 2

!

(mod 2).

We have b(2n,2k) Æb(n,k ) (by induction, using (6.13)) and b(2n,2k Å 1) Æ0 (also by induc-
tion). The two other formulas given here follows from (6.13).

(9.6)

Ã
2n

2k

!

Æ

Ã
n

k

!

,

Ã
2n

2k Å 1

!

Æ0,

Ã
2n Å 1

2k Å 1

!

Æ

Ã
2n Å 1

2k

!

Æ

Ã
n

k

!

(mod 2).

Lemma bin_mod2_rec1 n k : natp n -> natp k ->
eqmod \2c (binom (csucc (csucc n)) (csucc (csucc k)))
((binom n (csucc (csucc k))) +c (binom n k)).

Lemma bin_mod2_rec2 n k: natp n -> natp k ->
eqmod \2c (binom (cdouble n) (cdouble k)) (binom n k).

Lemma bin_mod2_prop1 n k: natp n -> natp k ->
(binom (cdouble n) (csucc (cdouble k))) %%c \2c = \0c.

Lemma bin_mod2_prop2 n k: natp n -> natp k ->
eqmod \2c (binom (csucc (cdouble n)) (cdouble k)) (binom n k).

Lemma bin_mod2_prop3 n k: natp n -> natp k ->
eqmod \2c (binom (csucc (cdouble n)) (csucc (cdouble k))) (binom n k).

Let q be a prime number, qi (n ) and r i (n ) the quotient and remainder in the division of n
by q i . The exponent of q in the decomposition into prime numbers of n ! is

P
qi , so that so
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that the exponent of q in b(n ,k ) is
P

i (qi (n ) ¡ qi (k ) ¡ qi (n ¡ k )). Each term here is ¸ 0, so that
q divides b(n ,k ) if and only if at least one term is non-zero. One can restate this as: there is i
such that r i (n ) Ç r i (k ).

We show here: the binomial coef�cient is even if and only if, for some i , we have r i (n ) Ç
r i (k ). We do not compute the exponent of two in the factorial, but use the previous relations.
The key relation is the following: Assume a Æq2i År by Euclidean division. Then 2 a Æq2i Å1Å
2r and 2a Å 1 Æq2i Å1 Å 2r Å 1. Thus r i Å1(2a) Æ2r i (a) and r i Å1(2a Å 1) Æ2r i (a) Å 1.

Assume n0 is 2n or 2n Å 1, k0 is 2k or 2k Å 1. We deduce that r i (n ) Ç r i (k ) is equivalent
to r i Å1(n0) Ç r i Å1(k0), except when n0 is even and k0 is odd. In this case, it happens that
r i (n ) Ç r i (k ) is false for i Æ0 as division by one is exact, and r i Å1(n0) Ç r i Å1(k0) is true (the �rst
remainder is zero, the second remainder is one). This agrees with the fact that b(2n,2k Å 1) is
even. Otherwise, we proceed by induction, reducing the case ( n0,k0) to the case (n ,k ).

Lemma rem_two_prop1 m i: natp m -> natp i ->
(cdouble m) %%c \2c ^c (csucc i) = cdouble (m %%c \2c ^c i).

Lemma rem_two_prop2 m i: natp m -> natp i ->
(csucc (cdouble m)) %%c \2c ^c (succ i) = csucc (cdouble (m %%c \2c ^c i)).

Lemma binom_evenP n k: natp n -> natp k -> (* 75 *)
(evenp (binom n k) <->
exists2 i, natp i & n %%c (\2c ^c i) <c k %%c (\2c ^c i)).

Let Sn denote the sum of b(n ¡ k ,k ) modulo two. Consider S 2nÅ1 and split the sum ac-
cording to whether k is even or odd. If k is odd, the binomial coef�cient is even. Otherwise,
the generic term is b(2n Å1¡ 2k ,2k), this is b(n ¡ k ,k ), so that S2nÅ1 ÆSn . Consider SnÅ2. The
even term is b(2n Å2¡ 2k ,2k) Æb(n Å1¡ k ,k ), and the odd term is b(2n Å2¡ (2k Å1),2k Å1) Æ
b(n ¡ k ,k ). Thus S2nÅ2 ÆSn Å SnÅ1. As S0 Æ1, it follows that S n ÆsnÅ1.

Definition sum_diag_pascal2 n :=
csumb (Nintc n) (fun k => (binom (n -c k) k) %%c \2c).

Lemma sum_diag_pascal2_0: sum_diag_pascal2 \0c = \1c.
Lemma sum_diag_pascal_mod2_odd n (S := sum_diag_pascal2) : natp n ->

S (csucc (cdouble n)) = S n.
Lemma sum_diag_pascal_mod2_even n (S := sum_diag_pascal2) : natp n ->

S (csucc (csucc (cdouble n))) = S (csucc n) +c S n.
Lemma sum_diag_pascal_prop n: natp n ->

(sum_diag_pascal2 n) = fusc (csucc n).

Lemma csum_fusc_row n: natp n ->
csumb (interval_co Nat_order (\2c ^c n) (\2c ^c (csucc n))) fusc
= \3c ^c n.

Dijkstra [9] expresses the palindrome condition (9.4) as: “the value of the function fusc
does not change if we invert in the binary representation of the argument all “internal” digits;
for instance s19 Æs29”.

Consider a such that p · a · 2p. If a is a power of two, then a Æp or a Æ2p, so that
aÅb Æ3p says that b is a power of two, and sa Æsb Æ1. Let's exclude this case. Let A(u ,v,w ) Æ
(2(2v Å u) Å 1)2w . We can uniquely write a ÆA(u,v,w ) where u Ç 2v . The digits of a are,
starting with the most signi�cant one: 1, followed by the v digits of u , padded with zero if
necessary, followed by 1, followed by w zeros. The internal digits are those of u . Let u0be the
number obtained by inverting these digits, and b ÆA(u0,v0,w 0). Since v0 is the size of u0, we
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have v Æv0. On the other hand the value of sb is independent of w 0. The relation between u
and u0 is u Å u0Å 1 Æ2v , it implies u Ç 2v and u0Ç 2v .

Set AÆ(2v Å u) and B Æ(2v Å u0). We have sa ÆFA(1,1) and sb ÆFB(1,1). Let's apply v
times the rules of F. At stage k , we have sa ÆFAk (xk , yk ) and a similar formula for sb . In fact
we have sb ÆFBk (yk ,xk ) (if A k is even then Bk is odd). If k Æv, then A k ÆBk Æ1, and we
conclude by F 1(x, y) Æx Å y.

Lemma fusci_one a b: natp a -> natp b -> Fusci \1c a b = a +c b.
Lemma fusci_palindrome_aux u u' v a b:

natp a -> natp b -> natp u -> natp u' -> natp v ->
csucc (u +c u') = \2c ^c v ->
Fusci (\2c ^c v +c u) a b = Fusci (\2c ^c v +c u') b a.

Lemma fusc_palindrome_bis u u' v w w'
(aux := fun u v w => csucc(cdouble (\2c ^c v +c u)) *c (\2c ^c w)):
natp u -> natp u' -> natp v -> natp w -> natp w' ->
csucc (u +c u') = \2c ^c v ->
fusc (aux u v w) = fusc (aux u' v w').

Dijkstra [9] says: “The next property is more surprising. (At least, I think so.) Let us try
to represent the pair ( a,b) by the single value m, according to a ÆsmÅ1 and b Æsm ”. De�ne
Gn (m) ÆFn (smÅ1,sm ). Then

(9.7) G0(m) Æsm , G2n (m) ÆGn (2m), G2nÅ1(m) ÆGn (2m Å 1)

and Gn (0) Æsn .

Definition Fuscj n m := Fusci n (fusc (csucc m)) (fusc m).

Lemma fuscj_zero m: natp m -> Fuscj \0c m = fusc m.
Lemma fuscj_val n: natp n -> Fuscj n \0c = fusc n.
Lemma fuscj_even n m: natp n -> natp m ->

Fuscj (cdouble n) m = Fuscj n (cdouble m).
Lemma fuscj_odd n m: natp n -> natp m ->

Fuscj (csucc (cdouble n)) m = Fuscj n (csucc (cdouble m)).
Lemma fuscj_one n: natp n -> Fuscj \1c n = Fuscj \0c (csucc (cdouble n)).

Dijkstra concludes “the fusc-value does not change if we write the binary digits of the
argument in reverse order”. Example: from G 19(0) ÆG0(25) we deduce s19 Æs25. Let r (n) be
the number obtained by reverting the order of the bits, so that r (19) Æ25. Then sa Æsr (a)

follows from G a(0) ÆG0(r (a)) . More generally, we have G a(b) ÆG0(a2ln b Å r (b)).

Lemma fuscj_reverse n: natp n ->
Fuscj n \0c = Fuscj \0c (base_two_reverse n).

The next rational number. There is an explicit function F such that

(9.8) F(xn ) ÆxnÅ1.

It is given by

F(x) Æ
1

1Å 2bxc ¡ x

Let's �rst note the curious result: if T( z) Æ ¡1/ z, then F(T(F( x))) ÆT(x) for x È 0 (set y ÆF(x),
so that T( y) Æx ¡ (1Å 2bxc), and bT(y)c Æ ¡1¡b xc).
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If what follows, we assume the argument of F to be positive. Since bxc Çx Å1, the denom-
inator of F is È bxc, so that F(x) È 0. Assume 0Ç x Ç 1, let's say x Æa/( a Å b) with b È 0. In this
case we havebxc Æ0, so

(9.9) F(
a

a Å b
) Æ

a Å b

b

Assume x ¸ 1, say, x Æ(a Å b)/ b with b È 0. Let r be the remainder in the division of a by b,
and q the quotient. We have bxc Æq Å 1, so that

(9.10) F(
a Å b

b
) Æ

b

b Å c
, (c Æ(a Å b) ¡ 2Rb(a))

Note that a Å b ¡ 2r Æ(a ¡ r ) Å (b ¡ r ) Æbq Å (b ¡ r ). From a ¸ 0 and b È 0 it follows bq ¸ 0;
from r Ç b it follows c È 0. Thus: if x Ç then F( x) È 1 and if x ¸ 1 then F(x) Ç 1.

Definition rat_iterator x :=
BQinv (\1q +q (BQdouble (BQ_of_Z(BQfloor x))) -q x).

Lemma QS_rati x: ratp x -> inc (rat_iterator x) BQ.

Lemma rati_0: rat_iterator \0q = \1q.
Lemma rati_1: rat_iterator \1q = \2hq.
Lemma rati_pos x: inc x BQp -> inc (rat_iterator x) BQps.
Lemma BQfloor_spec_sum a b:

ratp a -> (exists2 c, intp c & b = BQ_of_Z c) ->
BQ_of_Z (BQfloor (a +q b)) = BQ_of_Z (BQfloor a) +q b.

Lemma rati_neg x (f:= rat_iterator) (T:= fun x => BQinv (BQopp x)) (y := f x) :
inc x BQps -> f (T y) = T x.

Lemma rati_lt1 a b (A := BQ_of_Z a) (B := BQ_of_Z b):
inc a BZp -> inc b BZps ->
rat_iterator (A /q (A +q B)) = (A +q B) /q B.

Lemma rati_gt1 a b (c := (a +z b) -z \2z *z (a %%z b))
(A := BQ_of_Z a) (B := BQ_of_Z b) (C := BQ_of_Z c):
inc a BZp -> inc b BZps ->
(inc c BZps /\ rat_iterator ((A +q B) /q B) = B /q (B +q C)).

Let's show (9.8). The result is obvious when x is even (case xn Ç 1 and (9.9) applies).
Otherwise, we use (9.10), and our property follows from: if r is the remainder in the division
of sn by snÅ1 then snÅ2Å2r Æ(sn ÅsnÅ1). If n is even, then sn Ç snÅ1 and r Æsn ; the conclusion
is easy. Now s2mÅ1 mod s2m is sm Å smÅ1 mod sm , thus smÅ1 mod sm , and we conclude by
induction.

Lemma fusc_rem n (A :=fusc n) (B := fusc (csucc n)) : natp n ->
fusc (csucc (csucc n)) +c cdouble (A %%c B) = (A +c B).

Lemma rat_fusc n: natp n -> rat_iterator (fusc_quo n) = fusc_quo (csucc n).
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Chapter 10

Real numbers

We de�ne here the set of real numbers as the set of all Dedekind cuts of Q.

10.1 De�nition and basic properties

10.1.1 Dedekind cuts

A cut in a totally ordered set E is a partition (A,B) of E such that every element of A is less
than any element of B. Note that the cut is uniquely determined by A or by B, we shall use B
in what follows. If x 2 A and y Ç x then y 2 A so that A is an initial segment. Similarly, x 2 B
and x Ç y says y 2 B. We can order the set of cuts by: (A,B) · (A0,B0) when A ½A0 (this is the
same as B0½B). This is a total ordering, and a complete lattice (the supremum corresponds
to the intersection of B, the in�mum to the union, the least element is A Æ ; , the greatest
element is B Æ ; ).

Definition or_cut r B :=
sub B (substrate r) /\ (forall x y, inc x B -> glt r x y -> inc y B).

Definition or_cuts r := Zo (powerset (substrate r)) (or_cut r).
Definition or_cut_order r := opp_order (sub_order (or_cuts r)).

Lemma or_cutsP r B: inc B (or_cuts r) <-> (or_cut r B).
Lemma or_cut_osr r: order_on (or_cut_order r) (or_cuts r).
Lemma or_cut_tor r: total_order r -> total_order (or_cut_order r).
Lemma or_cut_gleP r x y:

gle (or_cut_order r) x y <-> [/\ ( or_cut r x), or_cut r y & sub y x].
Lemma or_cut_gle_least r : least (or_cut_order r) (substrate r) .
Lemma or_cut_gle_greatest r : greatest (or_cut_order r) emptyset.
Lemma or_cut_P r B : sub B (substrate r) ->

(or_cut r B <-> segmentp r (substrate r -s B)).
Lemma or_cut_prop2 r B : order r -> sub B (substrate r) ->

(forall x y, inc x (substrate r -s B) -> inc y B -> glt r x y) ->
or_cut r B.

Lemma or_cut_P2 r B : total_order r -> sub B (substrate r) ->
(or_cut r B <-> forall x y, inc x (substrate r -s B) -> inc y B -> glt r x y).

Lemma or_cut_supinf r X:
order r -> (forall x, inc x X -> or_cut r x) ->
(or_cut r (union X) /\ or_cut r (intersection X)).
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Let D be the set of cuts of E. Let C x Æ]x,! [ and C0
x Æ[x,! [. If x 2 E, then B ÆCx and

B ÆC0
x are in D. Both x 7! Cx and x 7! C0

x are strictly increasing injections of E ! D. If Y is
another cut, then C x Ç Y is equivalent to C 0

x Ç Y.

Lemma or_cut_segment r x : order r ->
or_cut r (Zo (substrate r) (fun t => glt r x t)).

Lemma or_cut_segmente r x : order r ->
or_cut r (Zo (substrate r) (fun t => gle r x t)).

Lemma or_cut_segment_cp r x y
(X := Zo (substrate r) (fun t => glt r x t))
(Y := Zo (substrate r) (fun t => glt r y t)):
total_order r -> inc x (substrate r) -> inc y (substrate r) ->
(glt r x y <-> glt (or_cut_order r) X Y).

Lemma or_cut_segmente_cp r x y
(X := Zo (substrate r) (fun t => gle r x t))
(Y := Zo (substrate r) (fun t => gle r y t)):
total_order r -> inc x (substrate r) -> inc y (substrate r) ->
(glt r x y <-> glt (or_cut_order r) X Y).

Lemma or_cut_segment_irrelevant r x Y
(X := Zo (substrate r) (fun t => glt r x t))
(X' := Zo (substrate r) (fun t => gle r x t)):
order r -> Y <> X -> Y <> X' ->

(glt (or_cut_order r) X Y <-> glt (or_cut_order r) X' Y).

We consider here the question: is there a complete totally ordered lattice F, and an order
preserving injection i : E ! F? Is there a least such F (modulo order isomorphism)? The
answer to the �rst question is yes, it suf�ces to consider D. But D is not the least: the set D 1

formed of all cuts not of the form C 0
x , and the set D 2 formed of all cuts not of the form C x , are

two candidates (they are isomorphic, but not to D).

On the other hand, consider some i and F. Let (A,B) be a cut, and j (B) the in�mum of
i hBi . If B has the form C 0

x , then j (B) is i (x). If B if neither C x nor C 0
x , then a 2 A and b 2 B says

i (a) Ç j (B) Ç i (b). This says there is an injection D 1 ! F, so that D1 is the least solution. [This
should be easy to prove formally.]

10.1.2 Rational cuts

In what follows, we shall consider the set of cuts of Q and denote it R. For the reasons
given above, we shall not consider the cuts of the form C 0

x (but identify C 0
x with C x ). The set

Cx is called a rational cut, all other cuts are called irrational . The least element is denoted
¡1 and the greatest is Å1 . We shall de�ne R as the set of all other cuts: thus B 2 R if (1) B is
non-empty, (2) B is different from Q, (3) whatever x and y, x 2 B, x Ç y implies y 2 B; and (4)
B has no least element. For an irrational cut, the complement of B has no greatest element.

Definition real_dedekind B :=
[/\ sub B BQ, nonempty B, B <> BQ,

(forall x y, inc x B -> x <q y -> inc y B) &
(forall x, inc x B -> exists2 y, inc y B & y <q x)].

Definition irrationalp B := real_dedekind B /\
(forall x, inc x (BQ -s B) -> exists2 y, inc y (BQ -s B) & x<q y).

Definition rationalp x := real_dedekind x /\ ~ (irrationalp x).
Definition BR_of_Q x := Zo BQ (fun z => x <q z).
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Lemma BR_of_Q_prop1 x: ratp x -> rationalp (BR_of_Q x).
Lemma BR_of_Q_prop2 X: rationalp X ->

exists2 x, ratp x & X = BR_of_Q x.

We �rst consider the (partial) inverse of the canonical injection Q ! R de�ned for rational
numbers.

Definition BQ_of_R x := (select (fun y => x = BR_of_Q y) BQ).

Lemma BR_of_Q_inj1: {inc BQ &, injective BR_of_Q}.
Lemma BQ_of_R_prop x: rationalp x ->

x = BR_of_Q (BQ_of_R x) /\ inc (BQ_of_R x) BQ.
Lemma BQ_of_R_prop2 x: ratp x -> BQ_of_R (BR_of_Q x) = x.

An example of an irrational cut is
p

2, this is the set B of all x such that x È 0 and 2 Ç x2.
We have already seen that x2 Æ2 has no solution. Assume a 2 Q ¡ B and b 2 B. We can �nd
a0and b0such that a Ç a0Ç

p
2 Ç b0Ç b (this is short for a Ç a0, a02 Q¡ B, b0Ç b and b02 B).

This is obvious by continuity 1 of the square function.

Let's �rst show how to obtain a0. We may assume a È 0, since otherwise a0Æ1 is a solu-
tion. Assume a Æn/ d , and take a0Æ(n Å 1/4n)/ d . This is a Å 1/(4 nd ), so a0È a. We have
a02 Æ(n2 Å 1/2 Å 1/(4 n)2)/ d 2. Note that 1/(4 n)2) · 1/2; this is equivalent to 2 · (4n)2, and
holds since 1 · n . Thus a02 · (n2 Å 1)/ d 2. Now, a2 Ç 2 saysn2 Ç 2d 2, and since n and d are
integers, we get n2 Å 1 · 2d 2. We deduce a02 · 2, thus a02 Ç 2.

The same argument can be used for b0. There is a better solution: Let f (x) Æ(x2Å2)/(2 x).
We have f (b) Æb ¡ (b2 ¡ 2)/2 b; so that if b 2 B then 0 Ç f (b) Ç b. Moreover, f (b)2 ¡ 2 Æ
[(b2 ¡ 2)/2 b]2. In particular f (b)2 È 2. Consider the sequence xnÅ1 Æf (xn ). This converges
fast to

p
2 (here “fast” means that ±n Æx2

n ¡
p

2 satis�es ±nÅ1 ¼C±2
n , and “converges” means:

the set of all t such that t ¸ xn for at least one n is B). One can construct a sequence that
converges in Q ¡ B to

p
2. Let g(x) Æ(x Å f (x))/2. If x2 Ç 2 then f (x) ¸ x, so g(x) ¸ x. Let

z Æg(x), t Æ2¡ x2, then z Æ(3x2Å2)/4 x, and z2 ¡ 2 Æ(9t 2 ¡ 16)/(4 x)2. If t Ç 1 it follows z2 Ç 2.
Thus, if znÅ1 Æg(zn ), and z0 È 1, the sequence zn is in Q¡ B and increasing. Let z be the set of
all t such that zn · t for every n. This is some element of R; we shall see below how to extend
g to elements of R, we then have g(z) Æz so that z2 Æ2 , so that z Æ

p
2.

Definition BRsqrt2 := (Zo BQps (fun z => \2q <q z *q z)).
Lemma sqrt2_irrational: irrationalp BRsqrt2. (* 107 *)

10.1.3 Real numbers

From now on, we shall say “real number” instead of “cut”. We de�ne here some constants,
0r , 1r , 2r , etc.

Definition BR := Zo (powerset BQ) real_dedekind.
Definition realp x := inc x BR.

Definition BR_zero := BR_of_Q \0q.
Definition BR_one := BR_of_Q \1q.
Definition BR_two := BR_of_Q \2q.
Definition BR_three := BR_of_Q \3q.

1We shall not de�ne a topology on Q, see below
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Definition BR_four := BR_of_Q \4q.
Definition BR_mone := BR_of_Q \1mq.
Definition BR_half := BR_of_Q \2hq.

Notation "\0r" := BR_zero.
Notation "\1r" := BR_one.
Notation "\2r" := BR_two.
Notation "\3r" := BR_three.
Notation "\4r" := BR_four.
Notation "\1mr" := BR_mone.
Notation "\2hr" := BR_half.

Lemma RS0 : realp \0r.
Lemma RS1 : realp \1r.
Lemma RS2 : realp \2r.

By de�nition, a real number x has no lower bound. However, whenever ± È 0 is a rational
number, we can �nd y 2 x such that y ¡ ± 62x (let a 2 x, b 62x, so that b Ç a; let n È (a ¡ b)/ ±
be an integer, and consider the least k such that a ¡ k± 62x).

Lemma BR_P x: realp x <-> real_dedekind x.
Lemma BRi_sQ x y: realp x -> sub x BQ.
Lemma BRi_segment x y z :realp x -> inc y x -> y <q z -> inc z x.
Lemma BRi_no_lowbound x y: realp x -> inc y x -> exists2 z, inc z x & z <q y.
Lemma BRi_lowbound x d: realp x -> inc d BQps ->

exists2 y, inc y x & forall z, inc z x -> y -q d <q z.
Lemma BR_rational_dichot x: realp x ->

rationalp x \/ irrationalp x.
Lemma RS_of_Q x: ratp x -> realp (BR_of_Q x).

We shall say that a real is positive if all its members are positive. So, we de�ne R¡ , RÅ , R¤
Å

and R¤
¡ .

Definition BRp := Zo BR (fun z => sub z BQp).
Definition BRps := BRp -s1 \0r.
Definition BRms := BR -s BRp.
Definition BRm := BR -s BRps.

Lemma BRp_sBR : sub BRp BR.
Lemma BRps_sBR : sub BRps BR.
Lemma BRms_sBR : sub BRms BR.
Lemma BRm_sBR : sub BRm BR.
Lemma BRps_sBRp : sub BRps BRp.
Lemma BRms_sBRm : sub BRms BRm.

Lemma RmS0: inc \0r BRm.
Lemma RpS0: inc \0r BRp.

Lemma BR_i0P x: realp x <-> (inc x BRms \/ inc x BRp).
Lemma BR_i1P x: realp x <-> [\/ x = \0r, inc x BRps | inc x BRms].
Lemma BR_i2P x: realp x <-> (inc x BRps \/ inc x BRm).
Lemma BR_di_neg_pos x: inc x BRms -> inc x BRp -> False.
Lemma BR_di_pos_neg x: inc x BRps -> inc x BRm -> False.
Lemma BR_di_neg_spos x: inc x BRms -> inc x BRps -> False.
Lemma BRms_nz x: inc x BRms -> x <> \0r.
Lemma BRps_nz x: inc x BRps -> x <> \0r.

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 269

Lemma BRps_iP x: inc x BRps <-> inc x BRp /\ x <> \0r.
Lemma BRms_iP x: inc x BRms <-> inc x BRm /\ x <> \0r.

10.1.4 Order

The previous study says that R has a natural ordering, and the canonical injection Q ! R,
x 7! Cx , is strictly increasing.

Definition BR_order := opp_order (sub_order BR).
Definition BR_le x y := [/\ realp x, realp y & sub y x].
Definition BR_lt x y := BR_le x y /\ x <> y.

Notation "x <=r y" := (BR_le x y) (at level 60).
Notation "x <r y" := (BR_lt x y) (at level 60).

Lemma BR_of_Q_inj1: {inc BQ &, injective BR_of_Q}.
Lemma BR_of_Q_inj: injection_prop (Lf (BR_of_Q) BQ BR) BQ BR.
Lemma BR_osr: order_on BR_order BR.
Lemma BR_tor: total_order BR_order.
Lemma BR_gleP x y: gle BR_order x y <-> x <=r y.
Lemma rle_cQ x y: ratp x -> ratp y ->

(x <=q y <-> (BR_of_Q x <=r BR_of_Q y)).
Lemma rlt_cQ x y: ratp x -> ratp y ->

(x <q y <-> (BR_of_Q x <r BR_of_Q y)).

Basic properties of order.

Lemma rleR a: realp a -> a <=r a.
Lemma rleA x y: x <=r y -> y <=r x -> x = y.
Lemma rleT y x z: x <=r y -> y <=r z -> x <=r z.
Lemma rleNgt a b: a <=r b -> ~(b <r a).
Lemma rlt_leT b a c: a <r b -> b <=r c -> a <r c.
Lemma rle_ltT b a c: a <=r b -> b <r c -> a <r c.
Lemma rlt_ltT b a c: a <r b -> b <r c -> a <r c.

Lemma rleT_ee a b: realp a -> realp b -> a <=r b \/ b <=r a.
Lemma rleT_ell a b: realp a -> realp b -> [\/ a = b, a <r b | b <r a].
Lemma rleT_el a b: realp a -> realp b -> a <=r b \/ b <r a.
Lemma rleT_el a b: realp a -> realp b -> a <=r b \/ b <r a.

Recall that the union or intersection of cuts is a cut. This means that R is a complete
lattice. However, R has no greatest element. We can prove a stronger statement: for any x 2 R,
there is a natural integer n such that x Ç n (let y 2 x be any rational number, n Æ bycÅ1; then
x Ç y and y Ç n; if n Ç 0 we can take zero instead). We say that R is Archimedean. Every
nonempty bounded subset X of R has a supremum and an in�mum (intersection and union;
the intersection could be of the form C 0

x , in that case the supremum is C x ).

Lemma BR_le_aux1 x a: realp x -> (exists2 b, inc b x & b <q a) ->
x <r (BR_of_Q a).

Lemma BR_le_aux2 x a: realp x -> inc a x -> x <r (BR_of_Q a).
Lemma BR_le_aux3 x a: realp x -> ratp a -> ~(inc a x) ->

(BR_of_Q a) <=r x.
Lemma BR_le_aux4 x: realp x -> (inc \0q x <-> x <r \0r).
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Theorem BR_archimedean x: realp x ->
exists2 n, natp n & x <r (BR_of_Q (BQ_of_nat n)).

Lemma BR_no_greatest x : ~ (greatest BR_order x).
Lemma BR_no_least x : ~ (least BR_order x).
Lemma BR_sup_exists X: sub X BR -> nonempty X ->

bounded_above BR_order X -> has_supremum BR_order X.
Lemma BR_inf_exists X: sub X BR -> nonempty X ->

bounded_below BR_order X -> has_infimum BR_order X.

Since no element of R is QÅ , the condition x 2 RÅ is equivalent to x 2 R and x ½Q¤
Å . It

happens that Q¤
Å is C0, i.e., 0r , so that x 2 RÅ is equivalent to 0 · x.

Lemma BRzero_prop: \0r = BQps.
Lemma BR_hi_Qps x: inc x BRp -> sub x BQps.
Lemma BR_hi_Qps' x: inc x BRps -> ssub x BQps.
Lemma BRcompare_zero x: inc x BRps ->

exists2 y, inc y BQps & BR_of_Q y <r x.
Lemma BRcompare_zero' e: inc e BQps ->

exists2 e', inc e' BRps & e' <r (BR_of_Q e).

Lemma rle0xP x: \0r <=r x <-> inc x BRp.
Lemma rlt0xP x: \0r <r x <-> inc x BRps.
Lemma rgt0xP x: x <r \0r <-> inc x BRms.
Lemma rge0xP x: x <=r \0r <-> inc x BRm.
Lemma rle_par1 x y: inc x BRps -> inc y BRm -> y <r x.
Lemma rle_par2 x y: inc x BRp -> inc y BRms -> y <r x.
Lemma rle_par3 x y: inc x BRp -> inc y BRm -> y <=r x.
Lemma infimum_BRp: infimum BR_order BRp = \0r.

The map x 7! Cx respects the partitions of Q and R. For instance 2 r 2 R¤
Å .

Lemma RpsS_of_Q x: inc x BQps -> inc (BR_of_Q x) BRps.
Lemma RmsS_of_Q x: inc x BQms -> inc (BR_of_Q x) BRms.
Lemma RpS_of_Q x: inc x BQp -> inc (BR_of_Q x) BRp.
Lemma RmS_of_Q x: inc x BQm -> inc (BR_of_Q x) BRm.

Lemma RpsS1 : inc \1r BRps.
Lemma RpsS2 : inc \2r BRps.
Lemma RmsSm1 : inc \1mr BRms.
Lemma RSm1 : realp \1mr.
Lemma RpsSh2 : inc \2hr BRps.
Lemma RSh2 : realp \2hr.
Lemma RpsS4 : inc \4r BRps.
Lemma RS4 : realp \4r.
Lemma RpsS3 : inc \3r BRps.
Lemma RS3 : realp \3r.

10.2 Field Structure

10.2.1 Opposite

If x is a cut, say (A,B), we de�ne its opposite to be the cut ( ¡ B,¡ A) where ¡ A is the set of
all elements of the form ¡ z for z 2 A. If x is an irrational number, this will be the opposite of
x. On the other hand, if x is Ct its opposite is C ¡ t .
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With this de�nition, the opposite of a real number x, denoted ¡ x will be real (rational if
x is rational, irrational otherwise).

Definition BRopp x := Yo (rationalp x)
(BR_of_Q (BQopp (BQ_of_R x))) (fun_image (BQ -s x) BQopp).

Lemma BRopp_Q x: ratp x -> BRopp (BR_of_Q x) = BR_of_Q (BQopp x)
Lemma BRopp_irrational x: irrationalp x ->

BRopp x = (fun_image (BQ -s x) BQopp).
Lemma RSo x: realp x -> realp (BRopp x).
Lemma RSIo x: irrationalp x -> irrationalp (BRopp x).
Lemma BRopp_K x: realp x -> BRopp (BRopp x) = x.
Lemma BRopp_inj a b: realp a -> realp b -> BRopp a = BRopp b -> a = b.
Lemma BRopp_fb: bijection (Lf BRopp BR BR).
Lemma rle_opp x y: x <=r y -> (BRopp y) <=r (BRopp x).
Lemma rlt_opp x y: x <r y -> (BRopp y) <r (BRopp x).
Lemma rle_oppP x y: realp x -> realp y ->

((BRopp y) <=r (BRopp x) <-> x <=r y).
Lemma rlt_oppP x y: realp x -> realp y ->

((BRopp y) <r (BRopp x) <-> x <r y).
Lemma rle_opp_iso:

order_isomorphism (Lf BRopp BR BR) BR_order (opp_order BR_order).

If X is a non-empty set, bounded above, it has a supremum x. If Y is the set of opposites,
it has an in�mum y, and y Æ ¡x.

Lemma BR_supremum_opp X a (x := supremum BR_order X):
nonempty X -> (forall t, inc t X -> t <=r a) ->
x = BRopp (infimum BR_order (fun_image X BRopp)).

Opposite and partition.

Lemma BRopp_0 : BRopp \0r = \0r.
Lemma BRopp_1 : BRopp \1r = \1mr.
Lemma BRopp_m1 : BRopp \1mr = \1r.

Lemma BRopp_positive1 x: inc x BRps -> inc (BRopp x) BRms.
Lemma BRopp_positive2 x: inc x BRp -> inc (BRopp x) BRm.
Lemma BRopp_negative1 x: inc x BRms -> inc (BRopp x) BRps.
Lemma BRopp_negative2 x: inc x BRm -> inc (BRopp x) BRp.
Lemma BRopp0_bis x: realp x -> (x = \0r <-> BRopp x = \0r).

10.2.2 Addition

We de�ne x Å y as the set of sums of elements of x and y. This is easily seen to be real if
x and y are real. The operation is trivially associative and commutative. Assume x ÆCa . In
this case, x Å y is the set of all a Å b, with b 2 y (note: if b 2 y, there is b02 y with b0Ç b, so
that a Å b Æ(a Å b ¡ b0) Å b0where a Å b ¡ b02 Ca). If follows that the sum of a rational and an
irrational is irrational while the sum of two rationals is rational (C a Å Cb ÆCaÅb). Note that
x ¡ x Æ0: we have to show that every ± È 0 (an element of zero) is a ¡ b, where a 2 x and b 62x;
take a as above,b Æa ¡ ±.

Definition BRsum x y :=
union (fun_image x (fun z => (fun_image y (fun t => z +q t)))).
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Notation "x +r y" := (BRsum x y) (at level 50).

Lemma BR_sump x y:
forall a, inc a (x +r y) <->
exists2 z, inc z x & exists2 t, inc t y & a = z +q t.

Lemma BRsumC x y: x+r y = y +r x.
Lemma BRsumA x y z: realp x -> realp y -> realp z ->

x +r (y +r z) = (x +r y) +r z.
Lemma BRsum_AC x y z: realp x -> realp y -> realp z ->

(x +r y) +r z = (x +r z) +r y.
Lemma BRsum_CA x y z: realp x -> realp y -> realp z ->

x +r (y +r z) = y +r (x +r z).
Lemma BRsum_ACA a b c d: realp a -> realp b -> realp c -> realp d ->

(a +r b) +r (c +r d) = (a +r c) +r (b +r d).
Lemma RSs x y: realp x -> realp y -> realp (x +r y).
Lemma BR_sumQ_aux x y: ratp x -> realp y ->

(BR_of_Q x) +r y = fun_image y (fun z => x +q z).
Lemma BR_sumQ_aux1 x y: rationalp x -> irrationalp y ->

irrationalp (x +r y).
Lemma BRsum_cQ x y: ratp x -> ratp y ->

BR_of_Q x +r BR_of_Q y = BR_of_Q (x +q y).
Lemma BR_plus21: (\2r +r \1r) = \3r.
Lemma BR_plus31: (\3r +r \1r) = \4r.

Lemma BRsum_opp_r x: realp x -> x +r (BRopp x) = \0r.
Lemma BRsum_opp_l x: realp x -> (BRopp x) +r x = \0r.
Lemma BRsum_0l x: realp x -> \0r +r x = x.
Lemma BRsum_0r x: realp x -> x +r \0r = x.
Lemma BRsum_11 : \1r +r \1r = \2r.

Lemma BRsum_2p4 a b c d:
realp a -> realp b -> realp c -> realp d ->
(a +r b) +r (c +r d) = (a +r c) +r (b +r d).

Lemma BRsum_opp_rev a b: realp a -> realp b -> a +r b = \0r ->
a = BRopp b.

Lemma BRoppD x y: realp x -> realp y ->
BRopp (x +r y) = (BRopp x) +r (BRopp y).

The sum of two positive numbers is trivially positive.

Lemma RpS_sum x y: inc x BRp -> inc y BRp -> inc (x +r y) BRp.
Lemma RpsS_sum_r x y: inc x BRp -> inc y BRps -> inc (x +r y) BRps.
Lemma RpsS_sum_l x y: inc x BRps -> inc y BRp -> inc (x +r y) BRps.
Lemma RpsS_sum_rl x y: inc x BRps -> inc y BRps -> inc (x +r y) BRps.

Lemma RmsS_sum_rl x y: inc x BRms -> inc y BRms -> inc (x +r y) BRms.
Lemma RmsS_sum_r x y: inc x BRm -> inc y BRms -> inc (x +r y) BRms.
Lemma RmsS_sum_l x y: inc x BRms -> inc y BRm -> inc (x +r y) BRms.
Lemma RmS_sum x y: inc x BRm -> inc y BRm -> inc (x +r y) BRm.

10.2.3 Difference

The following properties are easy.

Definition BRdiff x y := x +r (BRopp y).
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Notation "x -r y" := (BRdiff x y) (at level 50).

Lemma RS_diff x y: realp x -> realp y -> realp (x -r y).
Lemma BRdiff_diff a b c: realp a -> realp b -> realp c ->

a -r (b -r c) = (a -r b) +r c.
Lemma BRdiff_diff2 a b c: realp a -> realp b -> realp c ->

(a -r b) -r c = a -r (b +r c).

Section BQdiffProps5.
Variables (x y z: Set).
Hypotheses (xr: realp x)(yr: realp y)(zr: realp z).

Lemma BRdiff_sum: (x +r y) -r x = y.
Lemma BRsum_diff: x +r (y -r x) = y.
Lemma BRdiff_xx : x -r x = \0r.
Lemma BRdiff_0r: x -r \0r = x.
Lemma BRdiff_0l: \0r -r x = BRopp x.
Lemma BRdiff_sum_simpl_l: (x +r y) -r (x +r z) = y -r z.
Lemma BRdiff_sum_comm: (x +r y) -r z = (x -r z) +r y.
Lemma BRoppB: BRopp (x -r y) = y -r x.
End BQdiffProps5.

Section BQdiffProps6.
Variables (x y z: Set).
Hypotheses (xr: realp x)(yr: realp y)(zr: realp z).

Lemma BRsum_diff_ea: x = y +r z -> z = x -r y.
Lemma BRdiff_xx_rw: x -r y = \0r -> x = y.
Lemma BRdiff_sum_simpl_r: (x +r z) -r (y +r z) = x -r y.
Lemma BRsum_eq2r: x +r z = y +r z -> x = y.
Lemma BRsum_eq2l: x +r y = x +r z -> y = z.
End BQdiffProps6.

Lemma BRdiff_diff_simp a b: realp a -> realp b -> a -r (a -r b) = b.
Lemma BRdiff_cQ x y: ratp x -> ratp y ->

BR_of_Q x -r BR_of_Q y = BR_of_Q (x -q y).

Addition and comparison. Note that a Å c · b Å c is equivalent to a · b. The proof is the
following. Assume t 2 b. There is t 0 2 b such that t 0 Ç t ; let ± Æt 0¡ t , and y 2 c such that
y ¡ ± 62c. Assume that b Å c is a subset of a Å c; since t 0Å q 2 b Å c, it follows t Æu Å (v ¡ y) for
some u 2 a and v 2 c. By de�nition of y we get u Ç t , so t 2 a.

Lemma BRsum_le2r a b c: realp a -> realp b -> realp c ->
(a +r c <=r b +r c <-> a <=r b).

Lemma BRsum_le2l a b c: realp a -> realp b -> realp c ->
((c +r a) <=r (c +r b) <-> a <=r b).

Lemma rle_diffP a b: realp a -> realp b -> (a <=r b <-> inc (b -r a) BRp).
Lemma rle_diffP1 a b: realp a -> realp b ->

(a <=r b <-> \0r <=r (b -r a)).
Lemma rle_diffP2 a b: realp a -> realp b ->

(a <=r b <-> inc (a -r b) BRm).
Lemma rlt_diffP a b: realp a -> realp b ->

(a <r b <-> inc (b -r a) BRps).
Lemma rlt_diffP1 a b: realp a -> realp b ->
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(\0r <r (b -r a) <-> a <r b).
Lemma rlt_diffP2 a b: realp a -> realp b ->

(a <r b <-> inc (a -r b) BRms).
Lemma rgt_diffP a b: realp a -> realp b -> (a -r b <r \0r <-> a <r b).
Lemma BRsum_lt2l a b c: realp a -> realp b -> realp c ->

(c +r a <r c +r b <-> a <r b).
Lemma BRsum_lt2r a b c: realp a -> realp b -> realp c ->

(a +r c <r b +r c <-> a <r b).

More lemmas.

Lemma BRsum_Mlele a b c d: a <=r c -> b <=r d -> (a +r b) <=r (c +r d).
Lemma BRsum_Mlelt a b c d: a <=r c -> b <r d -> (a +r b) <r (c +r d).
Lemma BRsum_Mltle a b c d: a <r c -> b <=r d -> (a +r b) <r (c +r d).
Lemma BRsum_Mltlt a b c d: a <r c -> b <r d -> (a +r b) <r (c +r d).
Lemma BRsum_Mlege0 a c d: a <=r c -> \0r <=r d -> a <=r (c +r d).
Lemma BRsum_Mlegt0 a c d: a <=r c -> \0r <r d -> a <r (c +r d).
Lemma BRsum_Mltge0 a c d: a <r c -> \0r <=r d -> a <r (c +r d).
Lemma BRsum_Mltgt0 a c d: a <r c -> \0r <r d -> a <r (c +r d).
Lemma BRsum_Mlele0 a b c : a <=r c -> b <=r \0r -> (a +r b) <=r c.
Lemma BRsum_Mlelt0 a b c : a <=r c -> b <r \0r -> (a +r b) <r c.
Lemma BRsum_Mltle0 a b c : a <r c -> b <=r \0r -> (a +r b) <r c.
Lemma BRsum_Mltlt0 a b c : a <r c -> b <r \0r -> (a +r b) <r c.
Lemma BRsum_Mp a b: realp a -> inc b BRp -> a <=r (a +r b).
Lemma BRsum_Mps a b: realp a -> inc b BRps -> a <r (a +r b).
Lemma BRsum_Mm a b: realp a -> inc b BRm -> (a +r b) <=r a.
Lemma BRsum_Mms a b: realp a -> inc b BRms -> (a +r b) <r a.
Lemma BRdiff_lt1P a b c: realp a -> realp b -> realp c ->

(a -r b <r c <-> a -r c <r b).
Lemma BRdiff_le1P a b c: realp a -> realp b -> realp c ->

(a -r b <=r c <-> a -r c <=r b).
Lemma BRdiff_lt2P a b c: realp a -> realp b -> realp c ->

(c <r a -r b <-> b <r a -r c).
Lemma BRdiff_le2P a b c: realp a -> realp b -> realp c ->

(c <=r a -r b <-> b <=r a -r c).

10.2.4 Multiplication

We de�ne the product xy of two positive real numbers as the set of all products of ele-
ments of x and y, and extend this operation to the whole set of real numbers. The product
of two strictly positive reals is strictly positive. The product is compatible with opposite. In
particular the product of two real numbers is real.

Definition BRprod_aux x y :=
union (fun_image x (fun z => (fun_image y (fun t => z *q t)))).

Definition BRprod x y:=
Yo (x = \0r) \0r (Yo (inc x BRps)

(Yo (y = \0r) \0r (Yo (inc y BRps) (BRprod_aux x y)
(BRopp (BRprod_aux x (BRopp y)))))

(Yo (y = \0r) \0r (Yo (inc y BRps) (BRopp (BRprod_aux (BRopp x) y))
(BRprod_aux (BRopp x) (BRopp y))))).

Notation "x *r y" := (BRprod x y) (at level 40).
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Fact BR_prod_auxP x y a:
inc a (BRprod_aux x y) <->
exists2 z, inc z x & exists2 t, inc t y & a = z *q t.

Lemma BRprod_auxC x y: (BRprod_aux x y) = (BRprod_aux y x).
Lemma BRprodC x y: BRprod x y = BRprod y x.
Lemma BRprod_0l x: \0r *r x = \0r.
Lemma BRprod_0r x: x *r \0r = \0r.

Lemma BR_pos_prop x:
inc x BRps <-> (realp x /\ exists2 y, inc y BQps & ~ inc y x).

Lemma BR_prod_aux1 x y : inc x BRps -> inc y BRps ->
(x *r y) = (BRprod_aux x y).

Lemma RpsS_prod x y : inc x BRps -> inc y BRps -> inc (x *r y) BRps.
Lemma RmsuS_prod x y : inc x BRms -> inc y BRms -> inc (x *r y) BRps.
Lemma RpmsS_prod x y : inc x BRps -> inc y BRms -> inc (x *r y) BRms.
Lemma RpS_prod x y: inc x BRp -> inc y BRp -> inc (x *r y) BRp.
Lemma RmuS_prod x y: inc x BRm -> inc y BRm -> inc (x *r y) BRp.
Lemma RpmS_prod x y: inc x BRp -> inc y BRm -> inc (x *r y) BRm.
Lemma RSp x y: realp x -> realp y -> realp (x *r y).

Lemma BRopp_prod_r x y: realp x -> realp y ->
BRopp (x *r y) = x *r (BRopp y).

Lemma BRopp_prod_l x y: realp x -> realp y ->
BRopp (x *r y) = (BRopp x) *r y.

Lemma BRprod_opp_comm x y: realp x -> realp y ->
x *r (BRopp y) = (BRopp x) *r y.

Lemma BRprod_opp_opp x y: realp x -> realp y ->
(BRopp x) *r (BRopp y) = x *r y.

As in the case of the sum, the product simpli�es when one argument is rational. In par-
ticular 1 ¢x Æx. The product of a non-zero rational by an irrational is irrational. The product
on R is compatible with that on Q. It is associative and distributive. In the case of associativ-
ity, we show it (in case arguments are positive) as in the case of addition then take opposites.
Let's now show : x(y Å z) Æxy Å xz. The result is trivial if one quantity is zero. By taking op-
posites, we are reduced to the case x È 0. Assume �rst all quantities positive. We must show
that a subset of Q is equal to another one. One implication is trivial. Assume that a and a0

are in x, b and c are in y and z, we must show ab Å a0c 2 x(y Å z). This quantity is a(b Å ca0/ a)
or a0(ba/ a0Å c). Depending of the size of a and a0, ca0/ a is in z or ba/ a0 is in z (note: x È 0
implies that x is a subset of Q¤

Å). By taking opposites, the result is true if y Ç 0 and z Ç 0.
Consider the case where exactly one of these is Ç 0, by symmetry we may assume its is z. We
have to show x(y Å z) ¡ xz Æxy or x(y Å z) ¡ xy Æxz. In at least one formula all quantities
(but x) have the same sign.

Let's show that the square of
p

2 is 2. Given a rational number t È 2; we have to �nd u
and v such that t Æuv , both u and v being in

p
2, i.e., u2 È 2 and v2 È 2. Write t Æa/ b

as a quotient of two integers. Set d Æ2a Å 1. We have d 2 È 2ad Å 1. We have (a ¡ 2b)b ¸ 1
since both factors are strictly positive integers. We deduce abd 2 ¡ 2ad ¡ 1 È 2(bd )2. Let n
be the integer such that n2 · abd 2 Ç (n Å 1)2. Let c be n considered in Q. We have c/( bd ) ·
(ad )/ c, by the �rst inequality. Since 2 b Ç a, the �rst inequality also shows c · ad . The second
inequality gives abd 2 ¡ (2ad Å 1) Ç c2. It follows 2( bd )2 Ç c2. Let u Æc/( bd ). We get 2 Ç u2.
Let v Æ(ad )/ c; since u · v, it follows 2 Ç v2.

Lemma BR_prodQ_aux x y: inc x BQps -> inc y BRps ->
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(BR_of_Q x) *r y = fun_image y (fun z => x *q z).
Lemma BRprod_1l x: realp x -> \1r *r x = x.
Lemma BRprod_1r x: realp x -> x *r \1r = x.
Lemma BRprod_m1r x: realp x -> x *r \1mr = BRopp x.
Lemma BRprod_m1l x: realp x -> \1mr *r x = BRopp x.
Lemma BR_prodQ_aux1 x y: x <> \0r -> rationalp x -> irrationalp y ->

irrationalp (x *r y).
Lemma BRprod_cQ x y: ratp x -> ratp y ->

BR_of_Q x *r BR_of_Q y = BR_of_Q (x *q y).
Lemma BRprodA x y z: realp x -> realp y -> realp z ->

x *r (y *r z) = (x *r y) *r z.
Lemma BRprod_2p4 a b c d:

realp a -> realp b -> realp c -> realp d ->
(a *r b) *r (c *r d) = (a *r c) *r (b *r d).

Lemma BRprod_AC x y z: realp x -> realp y -> realp z ->
(x *r y) *r z = (x *r z) *r y.

Lemma BRprod_CA x y z: realp x -> realp y -> realp z ->
x *r (y *r z) = y *r (x *r z).

Lemma BRprod_ACA a b c d: realp a -> realp b -> realp c -> realp d ->
(a *r b) *r (c *r d) = (a *r c) *r (b *r d).

Lemma BRprod_CA x y z: realp x -> realp y -> realp z ->
z *r (x *r y) = y *r (x *r z).

Lemma BRprodDr x y z: realp x -> realp y -> realp z ->
x *r (y +r z) = (x *r y) +r (x *r z).

Lemma BRprodDl x y z: realp x -> realp y -> realp z ->
(y +r z) *r x = (y *r x) +r (z *r x).

Lemma BRprodBr x y z: realp x -> realp y -> realp z ->
x *r (y -r z) = (x *r y) -r (x *r z).

Lemma BRprodBl x y z: realp x -> realp y -> realp z ->
(y -r z) *r x = (y *r x) -r (z *r x).

Lemma BRprod_nz x y: realp x -> realp y ->
x <> \0r -> y <> \0r -> x *r y <> \0r.

Lemma BRprod_nz_bis x y: realp x -> realp y ->
(x *r y = \0r) -> x = \0r \/ y = \0r.

Product and comparison. These results are trivial.

Lemma BRprod_Mlege0 a b c: inc c BRp -> a <=r b -> (a *r c) <=r (b *r c).
Lemma BRprod_Mltgt0 a b c: inc c BRps -> a <r b -> (a *r c) <r (b *r c).
Lemma BRprod_Mlele0 a b c: inc c BRm -> a <=r b -> (b *r c) <=r (a *r c).
Lemma BRprod_Mltlt0 a b c: inc c BRms -> a <r b -> (b *r c) <r (a *r c).
Lemma BRprod_Mpp b c: inc b BRp -> \1r <=r c -> b <=r (b *r c).
Lemma BRprod_Mlepp a b c: inc b BRp -> \1r <=r c -> a <=r b -> a <=r (b *r c).
Lemma BRprod_Mltpp a b c: inc b BRp -> \1r <=r c -> a <r b -> a <r (b *r c).
Lemma BRprod_Mlelege0 a b c d: inc b BRp -> inc c BRp ->

a <=r b -> c <=r d -> (a *r c) <=r (b *r d).
Lemma BRprod_Mltltgt0 a b c d: inc b BRps -> inc c BRps ->

a <r b -> c <r d -> (a *r c) <r (b *r d).
Lemma BRprod_Mltltge0 a b c d: inc a BRp -> inc c BRp ->

a <r b -> c <r d -> (a *r c) <r (b *r d).
Lemma BRprod_ple2r a b c: realp a -> realp b -> inc c BRps ->

((a *r c) <=r (b *r c) <-> a <=r b).
Lemma BRprod_plt2r a b c: realp a -> realp b -> inc c BRps ->

((a *r c) <r (b *r c) <-> a <r b).
Lemma BRprod_mle2r a b c: realp a -> realp b -> inc c BRms ->

((b *r c) <=r (a *r c) <-> a <=r b).
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Lemma BRprod_mlt2r a b c: realp a -> realp b -> inc c BRms ->
((b *r c) <r (a *r c) <-> a <r b).

We study here the function z 7! z2.

Definition BRsquare x := x *r x.

Lemma RpS_square x: realp x -> inc (BRsquare x) BRp.
Lemma BRsquare_mon1 x y:

inc x BRp -> inc y BRp -> x <=r y -> BRsquare x <=r BRsquare y.
Lemma BRsqrt_unique x: inc x BRp ->

singl_val2 (inc^~ BRp) (fun z => x = BRsquare z).

Lemma BRsquare_mon2 x y:
Lemma BRsqrt2_prop: inc BRsqrt2 BRps /\ BRsquare BRsqrt2 = \2r. (* 142 *)

10.2.5 Inverse and division

The de�nition of inverse is a bit complicated. We �rst consider the case where x is ratio-
nal, and de�ne the inverse of C x to be C1/ x . The inverse of ¡ x will be ¡ x ¡ 1, so it suf�ces to
consider the case of a positive irrational number x. If Y is the set of all 1/ x for x 2 X, then x ¡ 1

is Q¤
Å ¡ Y (note that Y ½Q¤

Å and if 0 Ç z Ç y and y 2 Y, then z 2 Y).

The inverse of a rational number C x is C1/ x , the inverse of an irrational number is irra-
tional. The non-trivial property given here is x ¢x ¡ 1 Æ1, for non-zero x. It suf�ces to show
it for positive irrational numbers. We must show: if t È 1, then t Æa/ b for some a 2 x and
b 62x. Since x È 0, there is w Ý x with w È 0. Let ± Æw (1¡ 1/ t ); there is a such that a 2 x and
a ¡ ± 62x. Take b Æa/ t , so that t Æa/ b. Note that w Ç a; so that ± Ç a ¡ b, which is b Ç a ¡ ±.

Definition BRinv x (aux:= fun z => BQps -s fun_image z BQinv) :=
Yo (rationalp x)
(BR_of_Q (BQinv (BQ_of_R x)))
(Yo (inc x BRps) (aux x) (BRopp (aux (BRopp x)))).

Lemma BRinv_Q x: ratp x -> BRinv (BR_of_Q x) = BR_of_Q (BQinv x).
Lemma BRinv_0: BRinv \0r = \0r.
Lemma BRinv_irrational x (aux:= fun z => BQps -s fun_image z BQinv):

irrationalp x ->
BRinv x = (Yo (inc x BRps) (aux x) (BRopp (aux (BRopp x)))).

Lemma RpsS_inv x: inc x BRps -> inc (BRinv x) BRps.
Lemma BRinv_opp x: realp x -> BRinv (BRopp x) = BRopp (BRinv x).
Lemma RmsS_inv x: inc x BRms -> inc (BRinv x) BRms.
Lemma RS_inv x: realp x -> realp (BRinv x).
Lemma RIS_inv x: irrationalp x -> irrationalp (BRinv x).
Lemma BRinv_K x: realp x -> BRinv (BRinv x) = x.
Lemma BRinv_eq0 x: realp x -> BRinv x = \0r -> x = \0r.
Lemma BRinv_inj x y: realp x -> inc yR BR -> BRinv x = BRinv y -> x = y.
Lemma BRinv_1: BRinv \1r = \1r.
Lemma BRinv_m1: BRinv \1mr = \1mr.
Lemma BRinv_2: BRinv \2r = \2hr.

Lemma BRprod_inv1 x : realp x -> x <> \0r -> (x *r (BRinv x)) = \1r. (* 61 *)
Lemma BR_inv_prop a b: realp a -> realp b -> a *r b = \1r -> b = BRinv a.
Lemma BRprod_inv x y:realp x -> realp y ->

BRinv (x *r y) = BRinv x *r BRinv y.
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No dif�culty here.

Definition BRdiv x y := x *r (BRinv y).

Notation "x /r y" := (BRdiv x y) (at level 40).

Lemma RS_div x y: realp x -> realp y -> realp (x /r y).
Lemma BRdiv_0x x : \0r /r x = \0r.
Lemma BRdiv_x0 x : x /r \0r = \0r.
Lemma BRdiv_1x x : realp x -> \1r /r x = BRinv x.
Lemma BRdiv_x1 x : realp x -> x /r \1r = x.
Lemma RpsS_div a b: inc a BRps -> inc b BRps -> inc (a /r b) BRps.
Lemma RmsuS_div a b: inc a BRms -> inc b BRms -> inc (a /r b) BRps.
Lemma RpmsS_div a b: inc a BRps -> inc b BRms -> inc (a /r b) BRms.
Lemma RmpsS_div a b: inc a BRms -> inc b BRps -> inc (a /r b) BRms.
Lemma RpS_div a b: inc a BRp -> inc b BRp -> inc (a /r b) BRp.
Lemma RmuS_div a b: inc a BRm -> inc b BRm -> inc (a /r b) BRp.
Lemma BRpmS_div a b: inc a BRp -> inc b BRm -> inc (a /r b) BRm.
Lemma BRmpS_div a b: inc a BRm -> inc b BRp -> inc (a /r b) BRm.
Lemma BRopp_div_r x y: realp x -> realp y ->

BRopp (x /r y) = x /r (BRopp y).
Lemma BRopp_div_l x y: realp x -> realp y ->

BRopp (x /r y) = (BRopp x) /r y.
Lemma BRdiv_opp_comm x y: realp x -> realp y ->

x /r (BRopp y) = (BRopp x) /r y.
Lemma BRdiv_opp_opp x y: realp x -> realp y ->

(BRopp x) /r (BRopp y) = x /r y.

Note that x Æ1/ x is equivalent to x Æ0, x Æ1 or x Æ ¡1.

Lemma BRdiv_xx x : realp x -> x <> \0r -> (x /r x) = \1r.
Lemma BQ_ltinv1 x: inc x BRps ->

(x <r \1r <-> \1r <r BRinv x).
Lemma BR_square_1 x: realp x ->

(x *r x = \1r <-> (x = \1r \/ x = \1mr)).
Lemma BR_self_inv x: realp x ->

(x = BRinv x <-> [\/ x= \0r, x = \1r | x = \1mr]).
Lemma BRdiv_square a b: realp a -> realp b ->

BRsquare (a /r b) = (BRsquare a) /r (BRsquare b).
Lemma BRdiv_sumDl x y z: realp x -> realp y -> realp z ->

(y +r z) /r x = (y /r x) +r (z /r x).
Lemma BRdiv_prod_simpl_l x y z: realp x -> realp y -> realp z ->

x <> \0r -> (x *r y) /r (x *r z) = y /r z.
Lemma BRdiv_prod_comm x y z: realp x -> realp y -> realp z ->

(x *r y) /r z = (x /r z) *r y.
Lemma BRinv_div x y: realp x -> realp y -> BRinv (x /r y) = y /r x.
Lemma BRdiv_prod x y:realp x -> realp y -> x <> \0r -> (x *r y) /r x = y.
Lemma BRprod_div x y: realp x -> realp y -> x <> \0r -> x *r (y /r x) = y.
Lemma BRprod_div1 x y: realp x -> realp y -> x <> \0r -> (y /r x) *r x = y.
Lemma BRprod_div_ea x y z: realp x -> realp y -> realp z ->

y <> \0r -> x = y *r z -> z = x /r y.
Lemma BRdiv_diag_rw x y: realp x -> realp y -> x /r y = \1r -> x = y.
Lemma BRdiv_prod_simpl_r x y z: realp x -> realp y -> realp z -> z <> \0r ->

(x *r z) /r (y *r z) = x /r y.
Lemma BRprod_eq2r x y z: realp x -> realp y -> realp z -> z <> \0r ->

x *r z = y *r z -> x = y.
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Lemma BRprod_eq2l x y z: realp x -> realp y -> realp z -> z <> \0r ->
z *r x = z *r y -> x = y.

Lemma BRdiv_div_simp a b c: realp a -> realp b -> realp c -> b <> \0r ->
(a /r b) /r (c /r b) = a /r c.

Lemma BRsum_div a b c: realp a -> realp b -> realp c -> c <> \0r ->
a +r (b /r c) = (a *r c +r b) /r c.

Lemma BRdiff_div a b c: realp a -> realp b -> realp c -> c <> \0r ->
a -r (b /r c) = (a *r c -r b) /r c.

Lemma BRinv_diff x y: realp x -> realp y ->x <> \0r -> y <> \0r ->
(BRinv x -r BRinv y) = (y -r x) /r (x *r y).

Comparison.

Lemma BRdiv_Mlelege0 a b c d:
realp a -> inc b BRps -> realp c -> inc d BRps ->
( a /r b <=r c /r d <-> a *r d <=r b *r c).

Lemma BMdiv_Mltltge0 a b c d:
inc a BR -> inc b BRps -> realp c -> inc d BRps ->
( a /r b <r c /r d <-> a *r d <r b *r c).

Lemma BRinv_mon a b: inc a BRps -> inc b BRps ->
(\1r /r a <=r \1r /r b <-> b <=r a).

Lemma BRinv_mon1 a b: inc a BRps -> inc b BRps ->
(BRinv a <=r BRinv b <-> b <=r a).

Lemma BRinv_mon2 a b: inc a BRps -> inc b BRps ->
(BRinv a <r BRinv b <-> b <r a).

Lemma BRdiv_Mle1 a b c: realp a -> realp b -> inc c BRps ->
( a <=r b *r c <-> a /r c <=r b).

10.2.6 Absolute value

We de�ne

jxj Æ

(
x if x 2 RÅ

¡ x otherwise .

Definition BRabs x:= Yo (inc x BRp) x (BRopp x).

The absolute value of R has the same properties as that on Q.

Lemma BRabs_pos x: inc x BRp -> BRabs x = x.
Lemma BRabs_poss x: inc x BRps -> BRabs x = x.
Lemma BRabs_0 : BRabs \0r = \0r.
Lemma BRabs_negs x: inc x BRms -> BRabs x = BRopp x.
Lemma BRabs_neg x: inc x BRm -> BRabs x = BRopp x.
Lemma RSa x: realp x -> realp (BRabs x).
Lemma BRabs_abs x: realp x -> BRabs (BRabs x) = BRabs x.
Lemma BRabs_opp x: realp x -> BRabs (BRopp x) = BRabs x.
Lemma BRabs_m1: BRabs \1mr = \1r.
Lemma BRabs_1: BRabs \1r = \1r.
Lemma BRabs0_bis x: realp x -> (x = \0r <-> BRabs x = \0r).
Lemma RpsSa x: realp x -> x <> \0r -> inc (BRabs x) BRps.
Lemma BRabs_cQ x: ratp x ->

BRabs (BR_of_Q x) = BR_of_Q (BQabs x).
Lemma BRprod_abs x y: realp x -> realp y ->

BRabs (x *r y) = (BRabs x) *r (BRabs y).
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Lemma BRinv_abs x: realp x -> BRabs (BRinv x) = BRinv (BRabs x).
Lemma BRdiv_abs x y: realp x -> realp y ->

(BRabs x) /r (BRabs y) = BRabs (x /r y).
Lemma rle_abs x: realp x -> x <=r (BRabs x).
Lemma BRabs_prop1 x y: realp x -> realp y ->

(BRabs x <=r y <-> (BRopp y <=r x /\ x <=r y)).
Lemma BRabs_prop2 x y: realp x -> realp y ->

(BRabs x <r y <-> (BRopp y <r x /\ x <r y)).
Lemma BRabs_prop3 x y e: realp x -> realp y -> realp e ->

(BRabs (x -r y) <=r e <-> y -r e <=r x /\ x <=r y +r e).
emma BRabs_prop4 x y e: realp x -> realp y -> realp e ->

(BRabs (x -r y) <r e <-> y -r e <r x /\ x <r y +r e).
Lemma rle_triangular x y: realp x -> realpy ->

(BRabs (x +r y)) <=r (BRabs x) +r (BRabs y).

10.2.7 Half and middle

We say that x/2 is the half of x and (x Å y)/2 is the middle of x and y.

Definition BRhalf x := x *r \2hr.
Definition BRmiddle x y := BRhalf (x +r y).
Definition BRdouble x := \2r *r x.

Lemma RSdouble x: realp x -> realp (BRdouble x).
Lemma BRdouble_C x : BRdouble x = x *r \2r.
Lemma BRdouble_s x: realp x -> x +r x = x *r \2r.
Lemma BR2_nz : \2r <> \0r.
Lemma BRdouble_half2: \2hr +r \2hr = \1r.
Lemma RS_half x: realp x -> realp (BRhalf x).
Lemma BR_middle x y: realp x -> realp y -> realp (BRmiddle x y).
Lemma BRdouble_half1 x: realp x -> BRhalf x +r BRhalf x = x.
Lemma BRdouble_half x: realp x -> (BRhalf x) *r \2r = x.
Lemma BRhalf_double x: realp x -> BRhalf (x *r \2r) = x.
Lemma BRhalf_opp x: realp x -> BRhalf (BRopp x) = BRopp (BRhalf x).
Lemma BRhalf_pos x: inc x BRps -> inc (BRhalf x) BRps.
Lemma BRhalf_neg x: inc x BRms -> inc (BRhalf x) BRms.
Lemma BRhalf_pos1 x: inc x BRps -> (BRhalf x) <r x.
Lemma BRmiddle_comp x y: x <r y -> x <r BRmiddle x y /\ BRmiddle x y <r y.
Lemma BR_middle_prop1 a b: realp a -> realp b ->

b -r (BRmiddle a b) = BRhalf (b -r a).
Lemma BR_middle_prop2 a b: realp a -> realp b ->

(BRmiddle a b) -r a = BRhalf (b -r a).
Lemma BRhalf_prop x: BRhalf x = x /r \2r.
Lemma BRhalf_mon x y : x <=r y -> BRhalf x <=r BRhalf y.

Some properties of the square functions. Note that x2 Æy2 is equivalent to x Æ §y.

Lemma BRprod_22: \2r *r \2r = \4r.
Lemma BRsum_square a b: realp a -> realp b ->

BRsquare (a +r b) = BRsquare a +r BRsquare b +r BRdouble (a *r b).
Lemma BRdiff_square a b: realp a -> realp b ->

BRsquare (a -r b) = BRsquare a +r BRsquare b -r (BRdouble (a *r b)).
Lemma BRsumdiff_square a b: realp a -> realp b ->

BRsquare (a +r b) = \4r *r (a *r b) +r BRsquare (a -r b).
Lemma BRsquare_diff x y: realp x -> realp y ->
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BRsquare x -r BRsquare y = (x -r y) *r (x +r y).
Lemma BRsquare_inj x y: realp x -> realp y ->

(BRsquare x = BRsquare y <-> (x = y \/ x = BRopp y)).

Min and max. We de�ne here min and max (in fact, we only need the next two lemmas).

Definition rmin x y := Yo (x <=r y) x y.

Lemma rmin_prop1 x y (r := rmin x y): realp x -> realp y ->
[/\ realp r , r <=r x & r <=r y].

Lemma rmin_prop2 x y: inc x BRps -> inc y BRps ->
inc (rmin x y) BRps.

10.3 Cauchy sequences and continuity

10.3.1 Adjacent sequences

We say that (x, y) is a pair of adjacent sequences, if x and y are two sequences N ! Q, such
that xn is strictly increasing, yn is strictly decreasing, and an additional condition C holds
(the sequences have the “same limit”). We associate two sets L and R, de�ned by: z is in L if
z Ç xn for some n, and z is in R if yn Ç z for some n.

Definition BQpair_aux C :=
[/\ fgraph C, domain C = Nat,

forall n, natp n -> inc (Vg C n) (BQ \times BQ),
forall n, natp n -> P (Vg C n) <q P (Vg C (csucc n))&
forall n, natp n -> Q (Vg C (csucc n)) <q Q (Vg C n)].

Definition BQpair_aux2a C :=
forall n, natp n -> P (Vg C n) <q Q (Vg C n).

Definition BQpair_aux2b C :=
forall n m, natp n -> natp m -> P (Vg C n) <q Q (Vg C m).

Definition BQpair C := BQpair_aux C /\ BQpair_aux2b C.

Definition BQpairL C :=
Zo BQ (fun x => exists2 n, natp n & x <q P (Vg C n)).

Definition BQpairR C :=
Zo BQ (fun x => exists2 n, natp n & Q (Vg C n) <q x).

The �rst part of condition C mentioned above can be stated as: L and R are disjoint, or
as: xn Ç ym , whatever n and m. It implies that R is a real number.

Lemma BQpair_mon C n m: BQpair_aux C ->
natp m -> n <c m ->
P (Vg C n) <q P (Vg C m) /\ Q (Vg C m) <q Q (Vg C n).

Lemma BQpair_aux2a_equiv C:
BQpair_aux C -> ( BQpair_aux2a C <-> BQpair_aux2b C).

Lemma BQpair_aux2a_equiv2 C:
BQpair_aux C ->
(BQpair_aux2b C <->disjoint (BQpairL C)(BQpairR C)).

Lemma BQpair_real C: BQpair C -> real_dedekind (BQpairR C).
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Note that the complement of L is a real number, provided that L has no supremum (if
t ÆsupL, then t is the least element of the complement of L). This is the same number as R
if supL ÆinfR (these two quantities exist as real numbers).

First case: R has no lower bound in Q. The condition mentioned above is L [ R ÆQ. It
is equivalent to: for any rational number t , there an integer n such that t Ç xn or yn Ç t . In
this case, R is irrational. The converse holds: assume a 62x and b 2 x. We have a Ç b. Let c
be the middle of a and b. If c 2 x, we set b0Æc and consider a0 such that a Ç a0 and a062x.
Otherwise we set a0Æc and consider b02 x such that b0Ç b. Iterating this process, we �nd
two sequences xn and yn , xn is strictly increasing in the complement of x, and yn is strictly
decreasing in x. Moreover yn ¡ xn can be made arbitrarily small (it is · (y0 ¡ x0)/2 n ). We have
x ÆR (and the complement of x is L, same proof): the relation R ½ x is obvious. Take t 2 x
and u 2 x with u Ç t . Take n such that yn ¡ xn Ç t ¡ u . We have xn Ç u (since xn 62x and u 2 x).
It follows yn Ç t . This says t 2 R.

Lemma BQpair_irrational C:
BQpair C ->
(BQpairL C \cup BQpairR C = BQ) ->
irrationalp (BQpairR C).

Lemma BQpair_irrational2 C:
(BQpairL C \cup BQpairR C = BQ <->
forall x, ratp x -> exists2 n, natp n &

(x <q P (Vg C n) \/ Q (Vg C n) <q x)).
Lemma BQpair_irrational3 x: irrationalp x -> (* 117 *)

exists C, [/\ BQpairR C = x, BQpair C & BQpairL C \cup BQpairR C = BQ].

Second case: R has a lower bound t in Q, and this is the upper bound of L. As t is neither
in L not R, we get L [ RÆ{t }. Here R is rational, namely equal to C t . Conversely, if t is rational,
we may consider xn Æt ¡ 1/( n Å 1) and yn Æt Å 1/( n Å 1). Here L (resp., R) is the set of rational
numbers Ç t (resp. È t ).

Definition BQpair_aux3 C :=
singletonp (BQ -s ((BQpairL C \cup BQpairR C))).

Lemma BQpair_single3 C:
BQpair_aux2b C ->
(BQpair_aux3 C <->
exists t, [/\ ratp t,

forall x, x <q t -> exists2 n, natp n & x <q P (Vg C n) &
forall x, t <q x -> exists2 n, natp n & Q (Vg C n) <q x ]).

Lemma BQpair_rational C : BQpair C -> BQpair_aux3 C ->
exists2 x, ratp x & BQpairR C = BR_of_Q x.

Lemma BQpsS_fromN1 n: natp n -> inc (BZ_of_nat (csucc n)) BZps.
Lemma BQpsS_fromN n: natp n -> inc (BQ_of_nat (csucc n)) BQps.

Lemma BQpair_rational2 x: ratp x -> (* 71 *)
exists C, [/\ BQpairR C = BR_of_Q x, BQpair C & BQpair_aux3 C].

Assume x irrational. An adjacent sequence gives an order isomorphism f : Q¤ ! Q, such
that the image of Q¤

Å is x. Since
p

2 is irrational, there is at least one such f .

Section BQorder.
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Let r := BQ_ordering.
Let r' := induced_order r (BQ -s1 \0q).

Lemma BQ_order_isomorphisms_spec x: irrationalp x ->
exists2 f, order_isomorphism f r' r & Vfs f BQps = x.

Lemma BQ_order_isomorphisms_spec2: exists f, order_isomorphism f r' r.
End BQorder.

10.3.2 The cardinal of R

Let's show that the cardinal of R is 2@0 . Let E be the set of functions N ! 2, its cardinal is
2@0 . Given a function f 2 E, we consider Fn Æ

P
i · n f i /3 i . We also consider Fn Å 1/3 n ; these

two pairs are though of as a pair of adjacent sequences that de�ne a real number.

Definition CR_inv3n n := BQinv (BQ_of_nat (\3c ^c n)).
Definition CR_next_term f n := (BQ_of_nat (Vf f n)) *q (CR_inv3n n).
Definition CR_partial_sum f n := qsum (CR_next_term f) (csucc n).
Definition CR_set := functions Nat \2c.
Definition CR_limit f := Zo BQ (fun z => exists2 n, natp n &

CR_partial_sum f n +q (CR_inv3n n) <q z).

Lemma CR_prop0 n: natp n -> inc (CR_inv3n n) BQps.
Lemma CR_prop1 n: natp n -> ratp (CR_inv3n n).

We �x such a function f . Note that f i is 0 or 1, so f i /3 i is 0 or 1/3 i . It follows that 0 · Fi

(and F i 2 Q). Moreover F i · Fi Å1 · Fi Å 1/3 i Å1. A non-trivial relation is that F i Å 1/(2 ¢3i ) is
decreasing. As a consequence, it is not possible that F k · Fn Å 1/3 n .

Section Aux.
Variable f:Set.
Hypothesis fI: inc f CR_set.

Lemma CR_prop2 n: natp n ->
CR_next_term f n = \0q \/ CR_next_term f n = (CR_inv3n n).

Lemma CR_prop3 n: natp n -> inc (CR_next_term f n) BQp.
Lemma CR_prop4 n: natp n -> inc (qsum (CR_next_term f) n) BQp.
Lemma CR_prop5 n : natp n ->

CR_partial_sum f n <=q CR_partial_sum f (csucc n).
Lemma CR_prop6 n : natp n ->

CR_partial_sum f (csucc n) <=q CR_partial_sum f n +q (CR_inv3n (csucc n)).
Lemma CR_prop7 n k (h := fun i => CR_partial_sum f i +q BQhalf (CR_inv3n i)):

natp n -> natp k -> (h (n+c k) <=q h n).
Lemma CR_prop8 n k: natp n -> natp k ->

CR_partial_sum f k <=q CR_partial_sum f n +q (CR_inv3n n).

Let B( f ) be the set of all t such that F k Å 1/3 k Ç t for at least one k . Note that F k Å 1/3 k 2 B
(consider k Å 1) and Fk 62B (by prop8). Obviously B is a real number. Let's note that f ! B is
injective. Consider two different functions f and g. For some k, fk 6Ægk but f i Ægi whenever
i Ç k . We have Fk Æx Å fk /3 k and Gk Æx Å gk /3 k . Since fk and gk are zero or one, we may
assume by symmetry fk Æ0 and gk Æ1; say Gk ÆFk Å 1/3 k . We deduce that Gk is in B( f )
but not in B( g), so B(f ) 6ÆB(g). The injectivity says card( R) · 2@0 . The result follows from
R ½P (Q).
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Lemma CR_prop9 n: natp n ->
inc (CR_partial_sum f n +q (CR_inv3n n)) (CR_limit f).

Lemma CR_prop10 k: natp k -> ~inc (CR_partial_sum f k) (CR_limit f).
Lemma CR_prop11 : realp (CR_limit f).
End Aux.

Lemma CR_prop12: injection (Lf CR_limit CR_set BR).
Lemma card_R: cardinal BR = \2c ^c aleph0.

10.3.3 Cauchy sequences

We say that a sequence xn is Cauchy if whatever ² È 0, there is N such that jxn ¡ xm j Ç ² ,
whenever n È N and m È N. We say that a sequence xn converges to x if, whatever ² È 0, there
is N such that jxn ¡ xj Ç ² , whenever n È N.

Definition BQ_seq x := [/\ fgraph x, domain x = Nat & sub (range x) BQ].
Definition BR_seq x := [/\ fgraph x, domain x = Nat & sub (range x) BR].

Definition CauchyQ x := BQ_seq x /\
forall e, inc e BQps -> exists2 N, natp N &

forall n m, natp n -> natp m -> N <=c n -> N <=c m ->
BQabs ((Vg x n) -q (Vg x m)) <q e.

Definition CauchyR x := BR_seq x /\
forall e, inc e BQps -> exists2 N, natp N &

forall n m, natp n -> natp m -> N <=c n -> N <=c m ->
BRabs ((Vg x n) -r (Vg x m)) <r (BR_of_Q e).

Definition limitQ x v:=
forall e, inc e BQps -> exists2 N, natp N &
forall n, natp n -> N <=c n -> BQabs ((Vg x n) -q v) <q e.

Definition limitR x v:=
forall e, inc e BQps -> exists2 N, natp N &
forall n, natp n -> N <=c n -> BRabs ((Vg x n) -r v) <r (BR_of_Q e).

We �rst show: in the de�nitions of limit and Cauchy in the real case, we may consider real
or rational ² . We show that the limit of a sequence is unique. We also show that a sequence
that has a limit is Cauchy.

Lemma BR_seq_prop s n: BR_seq s -> natp n -> realp (Vg s n).
Lemma BQ_seq_prop s n: BQ_seq s -> natp n -> ratp (Vg s n).
Lemma CauchyR_alt x: CauchyR x <->

(BR_seq x /\ forall e, inc e BRps -> exists2 N, natp N &
forall n m, natp n -> natp m -> N <=c n -> N <=c m ->

BRabs ((Vg x n) -r (Vg x m)) <r e).
Lemma limitR_alt x v : (limitR x v) <->

forall e, inc e BRps -> exists2 N, natp N &
forall n, natp n -> N <=c n -> BRabs ((Vg x n) -r v) <r e.

Lemma limitQ_unique x v1 v2: BQ_seq x -> ratp v1 -> ratp v2 ->
limitQ x v1 -> limitQ x v2 -> v1 = v2.

Lemma limitR_unique x v1 v2: BR_seq x -> realp v1 -> realp v2 ->
limitR x v1 -> limitR x v2 -> v1 = v2.

Lemma CauchyQ_when_limit x: BQ_seq x -> (exists2 y, ratp y & limitQ x y) ->
CauchyQ x.
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Lemma CauchyR_when_limit x: BR_seq x -> (exists2 y, realp y & limitR x y) ->
CauchyR x.

Question: does a Cauchy sequence have a limit? we �rst show that if xn is a sequence of
rational numbers, yn the same sequence considered as a sequence of real numbers, then yn

is Cauchy when xn is Cauchy. We have shown above that for any real number x there is a pair
of adjacent sequences xn and x0

n satisfying some properties. These are Cauchy sequences
(proof for the sequence that is decreasing: for any ² È 0, there are a, b such that a 62x, b 2 x
and b ¡ a Ç ² . There is N such that xN Ç b; if n ¸ N and m ¸ N, then a Ç xn Ç b and a Ç xm Ç b
so that jxn ¡ xm j Ç ² ). If yn is the sequence of real numbers associated to it, then yn converges
to x (�x ² , let a, b, N be as above; we have xn ¡ ² Ç b ¡ ² Ç a. This says xn ¡ ² Ç x, thus
jx ¡ xn j Ç ² ).

Example: Take x Æ
p

2. There is a Cauchy sequence xn that converges (in R) to x; since x
is irrational, the sequence has no limit in Q.

Let's show that R is complete: every Cauchy sequence xn in R converges. Assume �rst
that yn is a sequence such that jyn ¡ xn j can be made arbitrarily small. If yn converges to y,
then xn converges to y. Note that Q is dense in R: for ever ² È 0, every real x, there is a rational
y such that jx ¡ yj Ç ² . So, given any Cauchy sequence xn in R, there is a Cauchy sequence yn

in Q, such that jyn ¡ xn j can be made arbitrarily small. Consider a Cauchy sequence yn in Q.
Let A be the set of all t such that xn Ç t for large n. Since every Cauchy sequence is bounded,
this set is neither empty nor Q. Assume that this set has a least element y; then yn converges
to y. Otherwise, A is a real number, and yn converges to A in R.

Definition BR_seq_of_Q s := Lg Nat (fun n => (BR_of_Q (Vg s n))).
Definition similar_seq x y :=
(forall e, inc e BQps -> exists2 N, natp N &

forall n, natp n -> N <=c n ->
BRabs ((Vg x n) -r (Vg y n)) <r (BR_of_Q e)).

Lemma BR_seq_prop1 f: (forall n, natp n -> realp (f n)) ->
BR_seq (Lg Nat f).

Lemma BR_seq_of_Q_seq s: BQ_seq s -> BR_seq (BR_seq_of_Q s).
Lemma BR_seq_of_Q_cauchy s: CauchyQ s -> CauchyR (BR_seq_of_Q s).
Lemma BR_limit_of_rat x: realp x -> (* 57 *)

exists2 s, CauchyQ s & limitR (BR_seq_of_Q s) x.
Lemma similar_seq_sym x y: BR_seq x -> BR_seq y -> similar_seq x y ->

similar_seq y x.
Lemma limitR_same x y z: BR_seq x -> BR_seq y -> realp z ->

similar_seq x y -> limitR x z -> limitR y z.
Lemma BQ_denseR x e: realp x -> inc e BQps ->

exists2 y, ratp y & BRabs (x -r (BR_of_Q y)) <r (BR_of_Q e).
Lemma BQ_denseR2 x: realp x ->

(exists2 y, ratp y & x <r (BR_of_Q y))
/\ (exists2 y, ratp y & (BR_of_Q y) <r x).

Lemma limitR_same2 x: CauchyR x -> (* 70 *)
exists2 y, CauchyQ y & similar_seq x (BR_seq_of_Q y).

Lemma BR_Cauchy_bounded s: CauchyQ s -> exists2 b, ratp b &
forall n, natp n -> BQabs (Vg s n) <=q b.

Lemma BR_complete1 s: CauchyQ s -> exists2 x, (* 92 *)
realp x & limitR (BR_seq_of_Q s) x.

Lemma BR_complete s: CauchyR s -> exists2 x,
realp x & limitR s x.
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10.3.4 Continuity

We say that f is continuous at x it f (t ) is near f (x) when t is near x. Here near means
jx ¡ yj · ² . We could use Ç instead of · , or restrict ² to be rational.

If f and g agree near x, and one function is continuous so is the other; the composition
of two continuous functions is continuous. We say we that f is continuous if it is continuous
at every x. We say that a function of two variables g(x, y) is continuous if it is continuous at
every (x, y), both as a function of x and y. This simpli�es if f (x, y) Æf (y,x) [note: one may
also consider: for every ² È 0, there is ´ such that jx ¡ x0j · ´ , jy ¡ y0j · ´ implies j f (x, y) ¡
f (x0, y0)j · ² ].

Definition BR_near x e y:= realp y /\ BRabs (x -r y) <=r e.
Definition continuous_at f x:=

forall e, inc e BRps -> exists2 d, inc d BRps &
forall y, BR_near x d y -> BR_near (f x) e (f y).

Definition continuous f:= forall x, realp x -> continuous_at f x.
Definition continuous2 (f:fterm2):=

forall x y, realp x -> realp y ->
continuous_at (f x) y /\ continuous_at (f ^~y) x.

Lemma BR_nearP x e y: realp x -> realp e ->
((BR_near x e y) <-> ( x -r e <=r y /\ y <=r x +r e)).

Lemma BR_near_trans x e e' y: e <=r e' ->
(BR_near x e y) -> (BR_near x e' y).

Lemma continuous_local f g x: realp x ->
(exists2 e, inc e BRps & forall y, BR_near x e y -> f y = g y) ->
continuous_at f x -> continuous_at g x.

Lemma continuous_comp f g x:
continuous_at f x -> continuous_at g (f x) ->
continuous_at (g \o f) x.

Lemma continuous2_sym (f:fterm2) :
(forall x y, realp x -> realp y -> f x y = f y x) ->
(forall x y, realp x -> realp y ->

continuous_at (f x) y) -> continuous2 f.
Lemma continuous_real f x: realp x -> continuous_at f x -> realp (f x).

We show here continuity of some functions. In the case of x 7! 1/ x, given ² , we chose
± Æmin( jxj/2, ² x2/2). We have (1/ x ¡ 1/ y) Æ(x ¡ y)/( xy). If jx ¡ yj Ç ±, then jyj ¸ j xj/2, so that
1/ jx yj · 2jxj2 · ² / ±. The function x/ y is continuous in x everywhere, in y when y 6Æ0.

Lemma continuous_id: continuous id.
Lemma continuous_opp : continuous BRopp.
Lemma continuous2_sum : continuous2 BRsum.
Lemma continuous2_diff : continuous2 BRdiff.
Lemma continuous2_prod : continuous2 BRprod.
Lemma continuous_inv x: realp x -> x <> \0r -> continuous_at BRinv x.
Lemma continuous2_div x y: realp x -> realp y ->

(continuous_at (BRdiv ^~y) x) /\ (y <> \0r -> continuous_at (BRdiv x) y).

Lemma continuous_sum f g x: realp x ->
continuous_at f x -> continuous_at g x ->
continuous_at (fun z => f z +r g z) x.

Lemma continuous_diff f g x: realp x ->
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continuous_at f x -> continuous_at g x ->
continuous_at (fun z => f z -r g z) x.

Lemma continuous_prod f g x: realp x ->
continuous_at f x -> continuous_at g x ->
continuous_at (fun z => f z *r g z) x.

Lemma continuous_div f g x: realp x -> g x <> \0r ->
continuous_at f x -> continuous_at g x ->
continuous_at (fun z => f z /r g z) x.

Lemma continuous_square: continuous BRsquare.

Some properties of continuous functions.

Lemma continuous_prop1 f x a: continuous_at f x -> a <r f x ->
exists2 e, inc e BRps & forall y, (BR_near x e y) -> a <r f y.

Lemma continuous_prop2 f x a: continuous_at f x -> f x <r a ->
exists2 e, inc e BRps & forall y, (BR_near x e y) -> f y <r a.

Let's show (Bolzano, intermediate value theorem): if f is continuous on [ a,b], f (a) · 0
and f (b) ¸ 0, then f (x) Æ0 for some x 2 [a,b]. Note that we do not require f to be de�ned
outside [ a,b].

Let I be the interval [ a,b], E the set of all x in I such that f (x) ¸ 0. Let z be the greatest
lower bound of E; this exists and is in I. Assume f (z) È 0; this says z 6Æa. There is t near z,
t Ç z, such that f (t ) È 0. We may assume t 2 I. This says t 2 E, absurd. Assume f (z) Ç 0; this
saysz 6Æb. There is ² È 0 so that f is negative on [ z,z Å ² ], and z Å ² Ç b. If u 2 E, then f (u) is
positive, so that u is not in [ z,z Å ² ]. Since z is a lower bound, we have z · u , thus z Å ² · u ;
this says that z Å ² is a lower bound, contradicting the fact that z is the greatest lower bound.
It follows f (z) Æ0.

We deduce: if f is continuous on [ a,b], v is between f (a) and f (b) then f (x) Æv for some
x 2 [a,b].

Definition BR_between x a b: (a <=r x /\ x <=r b) \/ (b <=r x /\ x <=r a).

Definition continuous_right f x:=
forall e, inc e BRps -> exists2 d, inc d BRps &
forall y, BR_near x d y -> x <=r y -> BR_near (f x) e (f y).

Definition continuous_left f x:=
forall e, inc e BRps -> exists2 d, inc d BRps &
forall y, BR_near x d y -> y <=r x -> BR_near (f x) e (f y).

Definition Bolzano_hyp f x y:=
[/\ continuous_right f x, continuous_left f y &
(forall z, x <r z -> z <r y -> continuous_at f z)].

Lemma Bolzano_hyp_simp f x y: x <=r y ->
(forall z, x <=r z -> z <=r y -> continuous_at f z) ->
Bolzano_hyp f x y.

Lemma Bolzano f x y: x <=r y -> Bolzano_hyp f x y -> (* 102 *)
f x <=r \0r -> \0r <=r f y ->
exists2 z, (x <=r z /\ z <=r y) & f z = \0r.

Lemma Bolzano1 f x y: x <=r y ->
(forall z, x <=r z -> z <=r y -> continuous_at f z) ->
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f x <=r \0r -> \0r <=r f y ->
exists2 z, (x <=r z /\ z <=r y) & f z = \0r.

Lemma Bolzano2 f x y v: x <=r y -> Bolzano_hyp f x y ->
(BR_between v (f x) (f y)) ->
exists2 z, (x <=r z /\ z <=r y) & f z = v.

Application: if x ¸ 0, there is y ¸ 0 such that x Æy2.

Definition BRsqrt x := select (fun z => x = BRsquare z) BRp.

Lemma BRsqrt_exists x: inc x BRp -> exists2 y, inc y BRp & x = BRsquare y.
Lemma BRsqrt_prop x: inc x BRp ->

x = BRsquare (BRsqrt x) /\ inc (BRsqrt x) BRp.
Lemma sqrt2_prop : BRsqrt2 = BRsqrt \2r.

Let's show that f (lim xi ) Ælim f (xi ), assuming that ( xi )i is a sequence that converges to a
point x where f is continuous. The result is clear when each f (xi ) is real. If y is near x, then
f (y) is near f (x), in particular is real. But if n is big enough, then xn is near x. So we state:
there is N, such that if n ¸ N then f (xn ) is real. We also state: if lim xn Æx then lim xnÅN Æx,
where xnÅN stands for the sequence n 7! xnÅN . Let yn be the sequence whose general term
is f (xn ) when this is real, zero otherwise. If i ¸ N then yi Æf (xi ) so that lim ynÅN Æf (x). The
conclusion follows from: if ynÅN has a limit y, then yn has the same limit.

Lemma limit_of_continuous xn x f (yn := Lg Nat (fun i => f (Vg xn i))):
BR_seq xn -> continuous_at f x -> limitR xn x -> realp x ->
(forall n, natp n -> inc (f (Vg xn n)) BR) -> realp (f x) ->
(BR_seq yn /\ limitR yn (f x)).

Lemma limit_of_continuous_prop xn x f:
BR_seq xn -> continuous_at f x -> limitR xn x -> realp x ->
exists2 N, natp N & forall n, natp n -> N <=c n -> realp (f (Vg xn n)).

Lemma limit_of_subset xn x n (yn:= Lg Nat (fun i => (Vg xn (n +c i)))):
BR_seq xn -> limitR xn x -> natp n ->
(BR_seq yn /\ limitR yn x).

Lemma limit_of_subset2 xn x n (yn:= Lg Nat (fun i => (Vg xn (n +c i)))):
limitR yn x -> natp n -> limitR xn x.

Lemma limit_of_continuous2 xn x f
(coerce := fun z => Yo (realp z) z \0r)
(yn := Lg Nat (fun i => coerce (f (Vg xn i)))):
BR_seq xn -> continuous_at f x -> limitR xn x -> realp x -> realp (f x) ->
(BR_seq yn /\ limitR yn (f x)).

Consider now a function f : R ! R, and the sequence xnÅ1 Æf (xn ), If x0 is real, so are
all the xi . Assume that the sequence converges to x, and that f is continuous at x. Then
f (x) Æx.

If xn ¸ 0 then the limit is ¸ 0 (for otherwise there is a rational number ² È 0 such that
x Ç ¡ ² Ç 0, and if n is large enough jxn ¡ xj · ² ; note that xn ¡ x ¸ 0). In particular if f is a
function RÅ ! RÅ and x0 ¸ 0, then x is a positive �x point of f . The condition x ¸ 0 can be
replaced by x ¸ a, whatever a.

Lemma limit_of_continuous_fix x0 x f (seq:= induction_defined f x0)
(xn := Lg Nat (Vf seq)):

(forall x, realp x -> inc (f x) BR) -> inc x0 BR ->
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continuous_at f x -> limitR xn x -> realp x -> f x = x.
Lemma limit_positive xn x:

(forall n, natp n -> \0r <=r (Vg xn n)) ->
BR_seq xn -> limitR xn x -> realp x -> \0r <=r x.

Lemma limit_of_continuous_fix_pos x0 x f (seq:= induction_defined f x0)
(xn := Lg Nat (Vf seq)):

(forall x, inc x BRp -> inc (f x) BRp) -> inc x0 BRp ->
continuous_at f x -> limitR xn x -> realp x ->
f x = x /\ inc x BRp.

Lemma limit_of_continuous_fix_gea a x0 x f (seq:= induction_defined f x0)
(xn := Lg Nat (Vf seq)):

realp a ->
(forall x, a <=r x -> a <=r (f x)) -> a <=r x0 ->
continuous_at f x -> limitR xn x -> realp x ->
f x = x /\ a <=r x.

Let (xn )n be a decreasing sequence bounded below by a, and x the in�mum of the range
of he sequence. Obviously a · x. If ² È 0 then x Å ² is not a lower bound, so that for some
N we have xN · x Å ² . Since the sequence is decreasing, it follows that jxn ¡ xj · ² when
n ¸ N, so that lim xi Æx. By considering the sequence of opposites, if ( xn )n is increasing and
bounded, it has a limit, the supremum of the range. In the �rst case, if f is a function such
that a · t implies a · f (t ) · t , if the sequence xnÅ1 Æf (xn ) (initialized with a value ¸ a) has
an in�mum x at which f is continuous, then the limit of the sequence is x and x is a �x-point
of f such that a · x.

Lemma decreasing_bounded_limit a xn (x := infimum BR_order (range xn)):
BR_seq xn ->
(forall n, natp n -> a <=r (Vg xn n)) ->
(forall n, natp n -> Vg xn (csucc n) <=r Vg xn n) ->
(a <=r x /\ limitR xn x).

Lemma increasing_bounded_limit a xn (x := supremum BR_order (range xn)):
BR_seq xn ->
(forall n, natp n -> (Vg xn n) <=r a) ->
(forall n, natp n -> (Vg xn n) <=r Vg xn (csucc n)) ->
(x <=r a /\ limitR xn x).

Lemma decreasing_limit_bounded_fix a x0 f
(seq:= induction_defined f x0) (xn := Lg Nat (Vf seq))
(x := infimum BR_order (range xn)):
(forall x, a <=r x -> a <=r f x /\ f x <=r x) -> a <=r x0 ->
(continuous_at f x) ->
[/\ a <=r x, f x = x & limitR xn x].

Application. Let a ¸ 0 and b its square root. Let f (t ) Æ(t 2 Å a)/(2 t ), and xnÅ1 Æf (xn ).
If x ¸ 0 then f (x) ¸ b. If we choose x0 ¸ 1 Å a (thus ¸ c), the sequence decreases to a �x-
point of x, thus to b. Note that f is continuous everywhere but at zero,so that case a Æ0 is
exceptional. If g(x) Æ(x Å f (x)/2), then ynÅ1 Æg(yn ) is increasing if the b/3 · y0 · b and each
term satis�es this condition. Thus yn converges to b.

Lemma square_root_cv1 a b (f := fun z => (BRsquare z +r a) /r (\2r *r z))
(seq:= induction_defined f b) (xn := Lg Nat (Vf seq))
(x := infimum BR_order (range xn)):
inc a BRp -> \1r +r a <=r b ->
[/\ inc x BRp, limitR xn x & BRsquare x = a]. (* 98 *)

Lemma square_root_cv2 a (f := fun z => (BRsquare z +r a) /r (\2r *r z))
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(g := fun z => BRhalf ((f z) +r z)) (s := BRsqrt a):
inc a BRp ->
[/\ forall x,realp x -> x <> \0r -> (g x = x <-> x = s \/ x = BRopp s),
(forall x, inc x BRp -> inc (f x) BRp)
(forall x, \0r <=r x -> x <=r s -> x <=r (g x)) &
(forall x, (s /r \3r) <=r x -> x <=r s -> g x <=r s)].

Lemma square_root_cv3 a b (f := fun z => (BRsquare z +r a) /r (\2r *r z))
(g := fun z => BRhalf ((f z) +r z)) (s := BRsqrt a)
(seq:= induction_defined g b) (xn := Lg Nat (Vf seq))
(x := supremum BR_order (range xn)):
inc a BRp -> (s /r \3r) <=r b -> b <=r s ->
[/\ inc x BRp, limitR xn x & x = s].

10.3.5 The power function

We de�ne xn by induction on n (for �nite n and real x) and show usual properties.

Section FinitePower.

Variable x: Set.
Hypothesis xr: realp x.

Definition BRnpow := induction_term (fun _ : Set => BRprod x) \1r.
Lemma BRnpowx0: BRnpow \0c = \1r.
Lemma BRnpowxS n : natp n -> BRnpow (csucc n) = x *r BRnpow n.
Lemma BRnpowx1: BRnpow \1c = x.
Lemma RS_Brnpow n: natp n -> realp (BRnpow n).
Lemma BRnpow_prop1 n m: natp n -> natp m ->

(BRnpow n) *r (BRnpow m) = (BRnpow (n +c m)).
End FinitePower.

Notation "x ^r y" := (BRnpow x y) (at level 30).

Lemma BRnpow00: \0r ^r \0c = \1r.
Lemma BRnpow0Sn n : natp n -> \0r ^r (csucc n) = \0r.
Lemma BRnpow1n n : natp n -> \1r ^r n = \1r.
Lemma BRnpow_prop2 x y n : realp x -> realp y -> natp n ->

10.3.6 Fibonacci

We �rst de�ne 5 and Á Æ(1Å
p

5)/2.

Definition BR_five := BR_of_Q (BQ_of_Z (BZ_of_nat \5c)).
Notation "\5r" := BR_five.
Lemma RpsS5 : inc \5r BRps.
Lemma RS5 : realp \5r.
Lemma BR_succ4 : \5r = \4r +r \1r.
Definition BR_phi := BRhalf(\1r +r BRsqrt \5r).

Let x Æ(1Å
p

a)/2. Then x2 Æ(a ¡ 1)/4. If a Æ5, we get x2 Æ1Å x. SoÁ2 ÆÁ Å 1. It follows
that Án satis�es xnÅ2 ÆxnÅ1 Å xn . Note that ¡ 1/ phi satis�es the same equation. We get

Fn Æ
Án ¡ (¡ 1/ Á)n

p
5

.
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Section Fibonacci.

Lemma fibr_prop1 a x y: realp x -> realp a -> realp y ->
BRsquare y = a -> x = (\1r +r y) /r \2r ->

BRsquare x = (a-r \1r)/r \4r +r x.
Lemma fibr_prop2 x y: realp x -> realp y ->

BRsquare y = \5r -> x = (\1r +r y) /r \2r ->
BRsquare x = \1r +r x.

Lemma BRps_phi: inc BR_phi BRps.
Lemma RS_phi: realp BR_phi.
Lemma fibr_prop3: BRsquare BR_phi = \1r +r BR_phi.
Lemma fibr_prop4: BRinv BR_phi = BR_phi -r \1r.
Lemma fibr_prop5: BR_phi +r BRinv BR_phi = BRsqrt \5r.
Lemma fibr_prop6 (x := (BRopp (BRinv BR_phi))): BRsquare x = \1r +r x.
Lemma fibr_prop7 x: realp x -> BRsquare x = \1r +r x ->

forall n, natp n -> x ^r (csucc (csucc n)) = x ^r (csucc n) +r x ^r n.

Lemma fibr_prop7 x: realp x -> BRsquare x = \1r +r x ->
forall n, natp n -> x ^r (csucc (csucc n)) = x ^r (csucc n) +r x ^r n.
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Chapter 11

Ordinal numbers

What follows is not part of the main text of Bourbaki, but comes from exercises and other
sources. Ordinal sums are de�ned in Ex1.3 (page 519), order-types in in Ex2.13 (page 581)
and ordinal numbers in Ex2.14 (page 583). Ex2.20 (page 591) de�nes “pseudo-ordinals”, and
an identi�cation between pseudo-ordinals and ordinals. These pseudo-ordinals are the von
Neumann ordinals introduced in section 4, page 66. The Cantor Normal Form and properties
of multiplication comes from Cantor [7]. The idea of enumerating sequences of ordinals
comes from Veblen [22].

11.1 Notations and vocabulary

Recall that an order r is the graph of an order relation · on a set E, and an ordered set E
is an abuse of language for E together with · . The triple ¡ Æ(E,E,r ) is called an ordering by
Bourbaki. One similarly de�nes a well-order, a well-order relation, a well-ordered set and a
well-ordering. For simplicity, we shall use r instead of ¡ in every case.

In Exercise 2.13 (see page 581), Bourbaki says: « Let Is(¡ ,¡ 0) be the relation “ ¡ is an or-
dering (on E) and ¡ 0 is an ordering (on E 0), and there exists an isomorphism of E, ordered by
¡ , onto E0, ordered by ¡ 0”. [...] The term ¿¢ (Is(¡ ,¢ )) is an ordering called the order-type of ¡
and is denoted by Ord( ¡ ), or Ord(E) by abuse of notations. » It follows that Ord( r ) is an order
whenever r is an order and Ord( r ) ÆOrd(r 0) if and only if Is( r ,r 0). We shall admit the exis-
tence of an order-type. Since this is rarely used, we shall introduce this axiom in a separate
�le, see Section 11.28.

(*
Parameter order_type: Set -> Set.
Axiom order_type_exists:

forall x, order x -> x \Is (order_type x).
Axiom order_type_unique:

forall x y, x \Is y -> (order_type x = order_type y).
*)

Bourbaki de�nes an ordinal as the order-type of a well-ordered set; it is hence a well-
ordering. In order to avoid confusions, we use here B-ordinal for the Bourbaki de�nition
and v-ordinal for the von Neumann de�nition. Recall that, if r is a well-order, then ord( r ) is
the v-ordinal of r ; it is a v-ordinal, and o(ord( r )) is order isomorphic to r . We have ord(r ) Æ

RR n° 7150



294 José Grimm

ord(Ord( r )), whenever r is a well-order. This means that ord is a bijection between the col-
lection of B-ordinals and v-ordinals (these collections are not sets).

If we have an order r on some set I, and a family ( si )i 2I of orders indexed by I, we can
de�ne the ordinal sum

P
si and (if I is well ordered) the lexicographic product

Q
si ; these

operations yield an order and are compatible with order isomorphisms, so that we can de�ne
the sum and product of order-types. The result is called the ordinal sum and ordinal product
(this gives two different de�nitions of “ordinal sum”, and what they de�ne is in general not
a B-ordinal). Given a family of v-ordinals xi , one can consider ord(

P
o(xi )). This quantity

could be a v-ordinal. So, we introduce the following sums and products:

•
P

sTi ,
Q

sTi , disjointU , productb , is the disjoint union or the cartesian product of
sets;

•
P

c Ti ,
Q

c Ti , csum, cprod , is the cardinal sum or cardinal product of cardinal numbers;

•
P

r Ti ,
Q

r Ti , order_sum, order_prod , is the ordinal sum or lexicographic product of
ordered sets;

•
P

t Ti ,
Q

t Ti , OT_sum, OT_prod, is the sum and product of order-types;

•
P

o Ti ,
Q

o Ti , osum, oprod, is the sum and product of ordinal numbers.

Let's recall the de�nitions of
P

r Xi and
Q

r Xi . We consider an index set I and a family of
sets Xi (for i 2 I). By de�nition

P
sXi is the set of all x which are pairs ( x1,x2) with x2 2 I and

x1 2 Xx2 , and
Q

sXi is the set of all functional graphs x such that xi 2 Xi for i 2 I. Assume now
that I is an ordered set (well-ordered in the case of a product). Formally, we have a graph r , a
substrate I and a relation · I . Similarly, each E i is ordered by · i . Now

P
r Xi is

P
sXi ordered

by x · y whenever either x2 ÇI y2 or x2 Æy2 Æi and x1 · i y1, and
Q

r Xi is
Q

sXi ordered by by
x Ç y whenever x j Ç j y j , where j is the least (for · I ) index such that x j 6Æy j .

Let C2be the canonical doubleton; this is some set with two distinct elements C0and C1;
it can be well-ordered by saying that C0is less than C1. We shall sometimes write 0, 1 and 2
instead of C0, C1, and C2.

Consider two sets E and F; we can form the family X indexed by 2, such that X 0 ÆE and
X1 ÆF. An element of the disjoint union E Ås F is a pair (u ,0) with u 2 E or a pair ( v,1) with
v 2 F. We denote by E År F this set ordered by: ( u ,0) · (v,1), (u ,0) · (u0,0), (v,1) · (v0,1),
whenever u · E u0 and v · F v0. The product E £ s F is the set of all functions f de�ned on 2
such that f (0) 2 E and f (1) 2 F, it is canonically isomorphic to E £ F. We denote by E £ r F the
lexicographic ordering on this set. If ( x, i ) and ( y, j ) are in E £ F we say (x, i ) · (y, j ) if either
i ÇF j or i Æj and x · E y.

The Bourbaki de�nition is «We denote by ¸ Å ¹ (resp. ¹¸ ) the ordinal sum (resp. ordinal
product) of the family ( »¶)¶2J where JÆ{®,¯ } is a set with two distinct elements, ordered by the
relation whose graph is {( ®,®), (®,¯ ), (¯ ,¯ )}, and where »® Æ¸ and »¯ Æ¹ .»

It is a long established tradition to use Greek letters for ordinals, since these objects are a
bit “weird”. Bourbaki uses upper case letters like E, I, J for sets, and lower case letters x, y, z for
elements, Greek letters like ¶, · for indices. However, there is no difference between a set, an
element and an index. Thus, instead of ( »¶)¶2J, one could write ( xi )i 2I . The de�nition above
makes the ordinal sum depend on three constants, ®, ¯ and J. In particular, associativity
cannot be written as ®Å (¯ Å ° ) Æ(®Å ¯ ) Å ° , other letters have to be used. (Bourbaki soon
forgets this and writes x Æ®Å 0 Æ®.1 Æ®.) It has to be noted that the sum ¸ År ¹ (this is an
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order) depends on J, but if J is order-isomorphic to K Æ{° ,±}, if x is de�ned by x° Æ»®, x± Æ
»¯ , then the sums of » and x (considered as orders) are order-isomorphic, thus (considered
as order-types) are equal (we have shown this property for cardinals, we do not need it for
ordinals). Thus: the sum of two order-types does not depend on these constants.

11.2 Basic Properties

If I and each E i are well-ordered, so is the ordinal sum (this has been proved above); if
moreover I is �nite, then the product is also well-ordered (for the converse, see Exercises 2.9
(page 577) and 2.11 (page 578)). (Proof by induction on the number of elements of I. Let
i be the least element of I, X a non-empty set, u an element of X whose i -th component is
minimal, X 0the set of all x 2 X such that xi Æu i , X00the set of restrictions of elements of X 0to
I ¡ {i }. By induction X 00has a least element, that is the restriction of the least element of X).

In particular the ordinal sum or product of two well-ordered sets are well-ordered.

Lemma orprod_wor r g:
worder_on r (domain g) -> worder_fam g -> finite_set (substrate r) ->
finite_set (substrate r) ->
worder (order_prod r g). (* 97 *)

Lemma orprod2_wor r r':
worder r -> worder r' -> worder (order_prod2 r r').

Lemma orsum2_wor r r':
worder r -> worder r' -> worder (order_sum2 r r').

Exercise 2.14(c) (page 583) says «Let®be an ordinal. Show that the relation “ »is an ordinal
and » · ®” is collectivizing in », and that the set O ® of ordinals Ç ®is a well-ordered set such
that Ord(O ®) Æ®. We shall often identify O ® with ®.» The set of ordinals · ®is denoted by O 0

®.
With Bourbaki's notations, the relation “ » is an ordinal and » · ®” is equivalent to “ » is the
order-type of a segment of ®”, while »Ç ®is equivalent to “ » is the order-type of a segment S x

of ®”. These two relations are thus collectivizing. Moreover, the mapping » 7! x is an order-
isomorphism O ® ! ®. As a consequence O® is well-ordered and its ordinal is ®. (See page 686
for the initial implementation using Bourbaki ordinals.)

In the case of von Neumann ordinals, we have the trivial result » Çord ® () » 2 ® and
» · ord ® () » 2 ®Å (where ®Å Æ®[ {®}). We thus have O® Æ® and O0

® Æ®Å . Note that the
restriction of · ord to ®is o(®), thus is a well-ordering and its ordinal is ®.

Lemma set_ord_lt_prop3a a: ordinalp a -> ole_on a = ordinal_o a.
Lemma set_ord_lt_prop3 a: ordinalp a -> ordinal (ole_on a) = a.

We have shown that a total ordering of a �nite set is a well-ordering, and that two totally
ordered �nite sets are isomorphic if they have the same cardinal. Thus, to each �nite cardinal
is associated a unique ordinal. Let n be an integer, and consider the interval [0, n [ (with the
ordering induced by that of N). It has n elements, and its ordinal is called the n-th ordinal. If
we de�ne a cardinal as the least ordinal equipotent to it, it follows that n Æord([0, n [).

Lemma finite_ordinal1 n: natp n -> ordinal (Nint_co n) = n.

Consider the set of ordinals Ç ! , ordered by · ord ; this is the set of all integers, ordered by
· N. The ordinal of this set is ! .
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Lemma ord_omega_pr: ordinal Nat_order = omega0.
Lemma olt_omegaP x: x <o omega0 <-> natp x.
Lemma clt_omegaP x: x <c omega0 <-> natp x.
Lemma omega_nz: omega0 <> \0o.
Lemma olt_0omega: \0o <o omega0.
Lemma olt_1omega: \1o <o omega0.
Lemma ole_2omega: \2o <=o omega0.
Lemma olt_2omega: \2o <o omega0.

We have o(; ) Æ ; (because the only order on the empty set is empty). From ord( o(x)) Æx
we get ord( ; ) Æ0 since 0 is an ordinal. More generally ord( x) Æ0 if x is an order with empty
substrate. Conversely if ord( x) Æ0 there is a bijection between the substrate of x and the
empty set, so the substrate is empty. A successor is never zero.

Lemma ordinal_o_set0: ordinal_o emptyset = emptyset.
Lemma ordinal0_pr: ordinal emptyset = \0o.
Lemma ordinal0_pr1 r: substrate r = emptyset -> ordinal r = \0o.
Lemma ordinal0_pr2 r: worder r -> ordinal r = \0o -> substrate r = emptyset.
Lemma osucc_nz x : osucc x <> \0o.

All singletons are well-ordered, their ordinal is 1.

Lemma ordinal1_pr x: ordinal (singleton (J x x)) = \1o.
Lemma set1_ordinal r: order r -> singletonp (substrate r) ->

ordinal r = \1o.

11.3 Operations on ordinals

The ordinal of the order sum (resp. order product) of the natural orderings of a family of
ordinals will be called the ordinal sum (resp. ordinal product ) of the family. It is de�ned if the
index set is well-ordered, and �nite in the case of a product.

Definition osum r g :=
ordinal (order_sum r (Lg (domain g) (fun z => (ordinal_o (V g z))))).

Definition oprod r g :=
ordinal (order_prod r (Lg (domain g) (fun z => (ordinal_o (V g z))))).

Definition osum2 a b := ordinal (order_sum2 (ordinal_o a) (ordinal_o b)).
Definition oprod2 a b := ordinal (order_prod2 (ordinal_o a) (ordinal_o b)).

Notation "a +o b" := (osum2 a b) (at level 50).
Notation "a *o b" := (oprod2 a b) (at level 40).

Lemma OS_sum r g: worder_on r (domain g) -> ordinal_fam g ->
ordinalp (osum r g).

Lemma OS_prod r g: worder_on r (domain g) -> ordinal_fam g ->
finite_set (substrate r) -> ordinalp (oprod r g).

We state some properties of the sum or product of two ordinals.

Lemma osum2_rw a b:
a +o b = osum canonical_doubleton_order (variantLc a b).

Lemma opro2_rw a b:
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a *o b = oprod canonical_doubleton_order (variantLc b a).
Lemma OS_sum2 a b: ordinalp a -> ordinalp b -> ordinalp (a +o b).
Lemma OS_prod2 a b: ordinalp a -> ordinalp b -> ordinalp (a *o b).

In a sum or a product, one can replace an item by an item which is order isomorphic to
it.. We give some variants of this property 1 for instance, if E i is a well-order for every index i
of a well-ordered set we have

ord(
X

r
Ei ) Æ

X

o
ord(E i )

Lemma orsum_invariant1 r r' f g g':
order_on r (domain g) ->
order_on r' (domain g') ->
order_isomorphism f r r' ->
(forall i, inc i (substrate r) -> (Vg g i) \Is (Vg g' (Vf f i))) ->
(order_sum r g) \Is (order_sum r' g'). (* 58 *)

Lemma orprod_invariant1 r r' f g g':
worder_on r (domain g) ->
order_on r' (domain g') ->
order_isomorphism f r r' ->
(forall i, inc i (substrate r) -> (Vg g i) \Is (Vg g' (Vf f i))) ->
(order_prod r g) \Is (order_prod r' g'). (* 94 *)

Lemma orsum_invariant2 r g g':
order r -> substrate r = domain g ->
substrate r = domain g' ->
(forall i, inc i (substrate r) -> (Vg g i) \Is (Vg g' i)) ->
(order_sum r g) \Is (order_sum r g').

Lemma orprod_invariant2 r g g':
worder r -> substrate r = domain g -> fgraph g ->
substrate r = domain g' -> fgraph g' ->
(forall i, inc i (substrate r) -> (Vg g i) \Is (Vg g' i)) ->
(order_prod r g) \Is (order_prod r g').

Lemma orsum_invariant3 r g:
worder_on r (domain g) -> worder_fam g ->
ordinal (order_sum r g) =

osum r (Lg (substrate r) (fun i => ordinal (Vg g i))).
Lemma orprod_invariant3 r g:

worder_on r (domain g) -> worder_fam g ->
finite_set (substrate r) ->
ordinal (order_prod r g) =

oprod r (Lg (substrate r) (fun i => ordinal (Vg g i))).

Lemma orsum_invariant4 r1 r2 r3 r4:
r1 \Is r3 -> r2 \Is r4 ->
(order_sum2 r1 r2) \Is (order_sum2 r3 r4).

Lemma orprod_invariant4 r1 r2 r3 r4:
r1 \Is r3 -> r2 \Is r4 ->
(order_prod2 r1 r2) \Is (order_prod2 r3 r4).

Lemma orsum_invariant5 r1 r2 r3: worder r1 -> worder r2 ->
(order_sum2 r1 r2) \Is r3 ->

1The axiom of choice is used to select an isomorphism for each i ; we could avoid it by passing the family of
isomorphisms as an argument. In the case of well-orderings, this use of AC could be avoided, as there is a unique
isomorphism.
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(ordinal r1) +o (ordinal r2) = ordinal r3.
Lemma orprod_invariant5 r1 r2 r3: worder r1 -> worder r2 ->

(order_prod2 r1 r2) \Is r3 ->
(ordinal r1) *o (ordinal r2) = ordinal r3.

Assume that a and b are two ordinals. We have

(11.1)
X

i 2I
ai Æa ¢b

where the left hand side is an ordinal sum over a well-ordered set I, order-isomorphic to o(b),
of a constant family of ordinals, all equal to a.

Lemma oprod_pr1 a b r:
ordinalp a -> ordinalp b -> (ordinal_o b) \Is r ->
a *o b = osum r (cst_graph (substrate r) a).

We show here

(11.2)
X

;
xi Æ0,

Y

;
xi Æ1,

X

i 2{a}
xi Æxa ,

Y

i 2{a}
xi Æxa .

Lemma osum_set0 r g: domain g = emptyset -> osum r g = \0o.
Lemma oprod_set0 r g: domain g = emptyset -> oprod r g = \1o.

Lemma osum_set1 r g i:
order_on r (domain g) ->
substrate r = singleton i -> ordinalp (Vg g i) ->
osum r g = Vg g i.

Lemma oprod_set1 r g i:
order_on r (domain g) ->
substrate r = singleton i -> ordinalp (Vg x i) ->
oprod r g = Vg g i. (* 56 *)

We show here that an ordinal sum remains unchanged if zero terms are removed. In a
similar fashion, one can remove ones in a product. In fact, consider

Q
Ei , assume Ej is one

(or an ordering whose substrate is a singleton) for j 2 I ¡ J; we know that the restriction to J is
a bijection from

Q
I Ei to

Q
JEi . It is clearly an order isomorphism.

Lemma osum_unit1 r g I:
orsum_ax r g -> sub I (domain g) ->
(forall i, inc i ((domain g) -s I) -> Vg g i = emptyset) ->
(order_sum r g) \IS (order_sum (induced_order r I) (restr g j)).

Lemma oprod_unit1 r g I:
orprod_ax r g -> sub I (domain g) ->
(forall i, inc i ((domain g) -s I) -> singletonp (substrate (Vg g i))) ->
(order_prod r g) \Is (order_prod (induced_order r I) (restr g I)). (* 80 *)

Lemma osum_unit2 r g I:
worder_on r (domain g) -> ordinal_fam g ->
sub I (domain g) ->
(forall i, inc i ((domain g) -s I) -> Vg g i = \0o) ->
osum r g = osum (induced_order r I) (restr g I).

Lemma oprod_unit2 r g jI:
worder_on r (domain g) -> ordinal_fam g ->
sub I (domain g) ->
finite_set (substrate r) ->
(forall i, inc i ((domain g) -s I) -> Vg g i = \1o) ->
oprod r g = oprod (induced_order r I) (restr g I).

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 299

We show associativity of the ordinal sum and product:

(11.3)
X

¶2I
E¶Æ

X

¸ 2L

¡ X

¶2J̧
E¶

¢
,

Y

¶2I
E¶Æ

Y

¸ 2L

¡ Y

¶2J̧
E¶

¢
, where I Æ

X

¸ 2L
J̧ .

We give two proofs; in the �rst proof we consider order-types (thus show that two ordered
sets are isomorphic by providing the isomorphism), and in the second proof we show that
some ordinals are the same. In both cases, I is the ordinal sum of the family J ¸ . In the second
proof, this set has to be well-ordered (and �nite in the case of a product); thus we assume
that L and J ¸ are well-ordered (and �nite in the case of a product).

Lemma orsum_assoc_iso r g r' g':
orsum_ax r g -> orsum_ax r' g' ->
r = order_sum r' g' ->
let order_sum_assoc_aux :=

fun l =>
order_sum (Vg g' l) (Lg (substrate (Vg g' l)) (fun i => Vg g (J i l))) in

let order_sum_assoc :=
order_sum r' (Lg (domain g') order_sum_assoc_aux)

in order_isomorphism (Lf (fun x=> J (J (P x) (P (Q x))) (Q (Q x)))
(sum_of_substrates g) (substrate (order_sum_assoc)))

(order_sum r g) (order_sum_assoc). (* 92 *)

Lemma orprod_assoc_iso r g r' g':
orprod_ax r g -> orsum_ax r' g' ->
r = order_sum r' g' ->
worder r' ->
(forall i, inc i (domain g') -> worder (Vg g' i)) ->
let order_sum_assoc_aux :=

fun l =>
order_prod (Vg g' l) (Lg (substrate (Vg g' l)) (fun i => Vg g (J i l))) in

let ordinal_prod_assoc :=
order_prod r' (Lg (domain g') order_sum_assoc_aux)

in order_isomorphism (Lf
(fun z => Lg (domain g') (fun l =>

Lg (substrate (Vg g' l)) (fun j => Vg z (J j l))))
(prod_of_substrates g) (substrate (ordinal_prod_assoc)))

(order_prod r g) (ordinal_prod_assoc). (* 112 *)

Lemma osum_assoc1 r g r' g':
worder_on r (domain g) ->
worder_on r' (domain g') ->
ordinal_fam g -> worder_fam g' ->
r = order_sum r' g' ->
let order_sum_assoc_aux :=

fun l =>
osum (Vg g' l) (Lg (substrate (Vg g' l)) (fun i => Vg g (J i l))) in

osum r g = osum r' (Lg (domain g') (order_sum_assoc_aux)).
Lemma oprod_assoc1 r g r' g':

worder_on r (domain g) ->
worder_on r' (domain g') ->
ordinal_fam g -> worder_fam g' ->
r = order_sum r' g' ->
finite_set (substrate r) ->finite_set (substrate r') ->
(forall i, inc i (domain g') -> finite_set (substrate (Vg g' i))) ->
let order_prod_assoc_aux :=
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fun l =>
oprod (Vg g' l) (Lg (substrate (Vg g' l)) (fun i => Vg g (J i l))) in

oprod r g = oprod r' (Lg (domain g') order_prod_assoc_aux).

Recursive de�nitions. Let a and b be two ordinals. Assume x Ç a Å b. There are two cases:
x Ç a or a · x. In the second case, x Æa Å c, where c Æx ¡ a and c Ç b. Assume now x Ç a ¢b.
We can write x Æb ¢q Å r , with r Ç b. Obviously q Ç a. We can replace Ç by 2 everywhere, and
get:

(11.4) a Å b Æa [ {a Å t , t 2 b}, a ¢b Æ{a ¢i Å j , i 2 b, j 2 a}.

It happens that proving these relations is actually easier than de�ning and studying subtrac-
tion and division. By induction on b, for �xed a, we may assume that this relation holds,
whenever b Ç c, and we show it for b Æc. The left hand side of the equality is the ordinal of
an ordered set E (one of a Ås c or a £ s c). We denote by f the order isomorphism of E into its
ordinal; the characteristic property of this function is (see page 56) that, if for any x 2 E, f 0(x)
is the set of all f 0(y) for y Ç x, then f Æf 0.

Consider �rst the case of the sum. Here E Æa Åsc. An element x of E is a pair, either ( u ,0)
with u 2 a or (v,1) with v 2 c. If x Æ(u,0) then y Ç x is equivalent to y Æ(u0,0) with u0Ç u.
In the second case, it is equivalent to y Æ(u0,0), with u0 arbitrary in a, or y Æ(v0,1) with
v0Ç u0. We de�ne f 0(x) to be u in the �rst case, a Å v in the second case. We have f 0(y) Æu0

or f 0(y) ÆaÅv0. Since a[ {aÅt , t 2 c} is the image of f 0, it suf�ces to show f Æf 0. The relation
y Ç x () f 0(y) 2 f 0(x) is nearly obvious. If x Æ(v,1) and y Æ(u0,0) we use minimality of c,
i.e., we rewrite f 0(x) Æa Å v as a union, and u0Æf 0(y) is a member of this union.

In the case of a product, the set E is (a variant of) the cartesian product a £ c, with the
lexicographic order. Assume x Æ(u,v). We de�ne f 00(x) Æa ¢v Å u. The image of this function
is the RHS of (11.4), so that it suf�ces to show that if x 2 E, f 00(x) is the set of all f 00(y) for
y Ç x. Assume z 2 f 00(x). The LHS of (11.4) saysz 2 a ¢v or z Æa ¢v Å u0 with u0Ç u. In the
second casez Æf 00(u0,v), and (u0,v) is less than (u ,v). In the �rst case, we use minimality of
c so that z Æf 00(u0,v0) with u0Ç a and v0Ç v. Here again (u0,v0) is less than (u ,v).

In the code that follows, we write a¢b Æ{a¢pr2zÅpr1z,z 2 a£ b}, so that z is the pair ( j , i ).

Lemma osum_rec_def a b: ordinalp a -> ordinalp b -> (* 75 *)
a +o b = a \cup fun_image b (osum2 a).

Lemma oprod_rec_def a b: ordinalp a -> ordinalp b ->(* 63 *)
a *o b = fun_image (a\times b) (fun z => a *o (Q z) +o (P z)).

One deduces 0¢x Æx ¢0 (since the product a £ b is empty). This relation is however true
for any x (ordinal or not), so we give an alternate proof. We have

(11.5) 0Å x Æx Å 0 Æx; 1¢x Æx ¢1 Æx; xÅ Æx Å 1.

Lemma oprod_zero r g:
(exists2 i, inc i (domain g) & substrate (Vg g i) = emptyset) ->
order_prod r g = emptyset.

Lemma oprod0r x: x *o \0o = \0o.
Lemma oprod0l x: \0o *o x = \0o.

Lemma osum0r a: ordinalp a -> a +o \0o = a.
Lemma osum0l a: ordinalp a -> \0o +o a = a.
Lemma oprod1r a: ordinalp a -> a *o \1o = a.
Lemma oprod1l a: ordinalp a -> \1o *o a = a.
Lemma osucc_pr a: ordinalp a -> a +o \1o = osucc a.
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The following relations follow from (11.4). By induction, we may assume the relation true
for any c0Ç c. We rewrite (11.4) [four times in case (a) and (c), �ve times in case (b)]. In case
(b) and (c) we rewrite (a); and in case (c) we rewrite (b). The result is then obvious.

(11.6) a Å (b Å c) Æ(a Å b) Å c; a ¢(b Å c) Æa ¢b Å a ¢c; a ¢(b ¢c) Æ(a ¢b) ¢c.

Lemma osumA a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
a +o (b +o c) = (a +o b) +o c.

Lemma oprodD a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
c *o (a +o b) = (c *o a) +o (c *o b).

Lemma oprodA a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
a *o (b *o c) = (a *o b) *o c.

Utilities for the Cantor Normal Form. If X is a functional term, we say that X is an ordinal
below n if i Ç n implies that X i is an ordinal; we say that X and Y are equal below n if i Ç n
implies X i ÆYi (here i and n are natural numbers). We de�ne the �nite sum

P
Xi by induc-

tion via S 0 Æ0, SnÅ1 ÆXn Å Sn , and the �nite product
Q

Xi via P0 Æ1 and PnÅ1 ÆPn ¢Xn . Note
the ordering: X n is the �rst term of the sum and the last factor of the product.

Definition osumf (f;fterm) :=
induction_term (fun n v => f n +o v) \0o.

Definition oprodf (f:fterm) :=
induction_term (fun n v => v *o f n) \1o.

Definition ord_below (f:fterm) n := (forall k, k<c n -> ordinalp (f k)).
Definition same_below (e e': fterm) n:= (forall i, i <c n -> e i = e' i).

We start with trivial properties (for instance, if p holds below n Å 1 it holds below n and
for n).

Lemma true_below_rec (P:property) n: natp n ->
(forall i, i <c (csucc n) -> P i) -> (forall i, i<c n -> P i) /\ P n.

Lemma osum_f0 f: osumf f \0c = \0o.
Lemma oprod_f0 f: oprodf f \0c = \1o.
Lemma osum_fS n f: natp n ->

osumf f (csucc n) = f n +o (osumf f n).
Lemma oprod_fS n f: natp n ->

oprodf f (csucc n) = (oprodf f n) *o (f n).
Lemma osum_f1 f: ordinalp (f \0c) -> osumf f \1c = f \0c.
Lemma oprod_f1 f: ordinalp (f \0c) -> oprodf f \1c = f \0c.
Lemma osumf_exten f g n: natp n -> same_below f g n ->

osumf f n = osumf g n.
Lemma oprodf_exten f g n: natp n -> same_below f g n ->

oprodf f n = oprodf g n.

If X is an ordinal below n, then Sn and Pn are ordinals, and the associativity theorem
holds trivially.

Lemma OS_osumf n f: natp n -> ord_below f n ->
ordinalp (osumf f n).
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Lemma OS_oprodf n f: natp n -> ord_below f n ->
ordinalp (oprodf f n).

Lemma osum_fA n m f:
natp n -> natp m -> ord_below f (n +c m) ->
osumf f (n +c m) = (osumf (fun z => f (z +c n)) m) +o (osumf f n).

Lemma oprod_fA n m f:
natp n -> natp m -> ord_below f (n +c m) ->
oprodf f (n +c m) = (oprodf f n) *o (oprodf (fun z => f (z +c n)) m).

Lemma oprod_f1r p n: ord_below p (csucc n) -> natp n ->
oprodf p (csucc n) = p \0c *o oprodf (fun i => p (csucc i)) n.

Lemma osum_f1r p n: natp n -> ord_below p (csucc n) ->
osumf p (csucc n) = osumf (fun i => p (csucc i)) n +o p \0c.

11.4 Operations and ordering

We have already shown that, when ®and ¯ are ordinals, then

(11.7) ®Ç ¯ () ®Å · ¯ and ®Ç ¯ Å () ®· ¯ .

Some consequences.

Lemma olt_12: \1o <o \2o.
Lemma olt_01: \0o <o \1o.
Lemma olt_02: \0o <o \2o.

Lemma olt0S a: ordinalp a -> \0o <o (osucc a).
Lemma orge1P x: \2a <=o a <-> \1o <o a.
Lemma ord2_trichotomy a: ordinalp a ->

[\/ a = \0o, a = \1o | \2o <=o a].
Lemma ord2_trichotomy1 a: \2o <=o a -> (a <> \0o /\ a <> \1o).

If a 2 b then c Å a 2 c Å b by (11.4). If moreover 0 2 c we get c ¢a 2 c ¢b. We deduce that the
product of two non-zero ordinals is non-zero and

a Ç b Æ) c Å a Ç c Å b and c ¢a Ç c ¢b (when c 6Æ0),(11.8)

c Å a · c Å b Æ) a · b and c ¢a · c ¢b Æ) a · b (when c 6Æ0).(11.9)

Lemma osum_Meqlt a b c:
a <o b -> ordinalp c -> (c +o a) <o (c +o b).

Lemma osum_Meqle a b c:
a <=o b -> ordinalp c -> (c +o a) <=o (c +o b).

Lemma oprod_Meqlt a b c:
a <o b -> \0o <o c -> (c *o a) <o (c *o b).

Lemma oprod_Meqle a b c:
a <=o b -> ordinalp c -> (c *o a) <=o (c *o b).

Lemma oprod2_pos a b: \0o <o a -> \0o <o b -> \0o <o a *o b.
Lemma oprod2_nz a b: ordinalp a -> ordinalp b ->

a <> \0o -> b <> \0o -> a *o b <> \0o.
Lemma osum_Meqler a b c: ordinalp a -> ordinalp b -> ordinalp c ->

c +o a <=o c +o b -> a <=o b.
Lemma oprod_Meqler a b c: ordinalp a -> ordinalp b -> \0o <o c ->

c *o a <=o c *o b -> a <=o b.
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If a · b then a Å c · b Å c (assume this holds for any c0Ç c and consider (11.4)).

(11.10) a · b and a0· b0 Æ) a Å a0· b Å b0, a · a Å b, b · a Å b.

Lemma osum_Mleeq a b c:
a <=o b -> ordinalp c -> (a +o c) <=o (b +o c).

Lemma osum_Mle0 a b:
ordinalp a -> ordinalp b -> a <=o (a +o b).

Lemma osum_M0le a b:
ordinalp a -> ordinalp b -> b <=o (a +o b).

Lemma osum_Mlele a b c d:
a <=o b -> c <=o d -> (a +o c) <=o (b +o d).

The case of a product is similar (some quantities must be non-zero).

(11.11) a · b and a0· b0 Æ) a ¢a0· b ¢b0, a · a ¢b, b · a ¢b.

Lemma oprod_Mleeq a b c:
a <=o b -> ordinalp c -> (a *o c) <=o (b *o c).

Lemma oprod_Mlele a b c d:
a <=o b -> c <=o d -> (a *o c) <=o (b *o d).

Lemma oprod_Mle1 a b:
ordinalp a -> \0o <o b -> a <=o (a *o b).

Lemma oprod_M1le a b:
\0o <o a -> ordinalp b-> b <=o (a *o b).

Lemma oprod_Meq1lt b c:
\1o <o b -> \0o <o c -> c <o (c *o b).

Since the order is total we have

(11.12) (¹ Å ®Ç ¹ Å ¯ or ®Å ¹ Ç ¯ Å ¹ or ¹ ¢®Ç ¹ ¢̄ or ®¢¹ Ç ¯ ¢¹ ) Æ) ®Ç ¯ .

Lemma osum_Meqltr a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
(c +o a) <o (c +o b) -> a <o b.

Lemma osum_Mlteqr a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
(a +o c) <o (b +o c) -> a <o b.

Lemma oprod_Meqltr a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
(c *o a) <o (c *o b) -> a <o b.

Lemma oprod_Mlteqr a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
(a *o c) <o (b *o c) -> a <o b.

We may simplify on the left.

(11.13) c Å a Æc Å b Æ) a Æb, and c ¢a Æc ¢b Æ) a Æb, when c 6Æ0.

We give other similar lemmas. For instance x Å y Æ0 saysx Æy Æ0, x ¢y Æ1 saysx Æy Æ1. If
a ¢b Æa, then b Æ1; if x ¢y Æ2, then one of x and y is one (so that the other is two).

Lemma osum2_simpl a b c:
ordinalp a -> ordinalp b -> ordinalp c ->
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c +o a = c +o b -> a = b.
Lemma oprod2_simpl a b c:

ordinalp a -> ordinalp b -> \0o <o c ->
c *o a = c *o b -> a = b.

Lemma oprod2_simpl1 a c: ordinalp a -> \0o <o c -> c *o a = c -> a = \1o.
Lemma osum2_a_ab a b:

ordinalp a -> ordinalp b -> a +o b = a -> b = \0o.
Lemma osum2_zero a b: ordinalp a -> ordinalp b ->

a +o b = \0o -> (a = \0o /\ b = \0o).
Lemma oprod2_a_ab a b: \0o <o a -> ordinalp b ->

a *o b = a -> b = \1o.
Lemma oprod2_one a b: ordinalp a -> ordinalp b ->

a *o b = \1o -> (a = \1o /\ b = \1o).
Lemma oprod2_two a b: ordinalp a -> ordinalp b ->

a *o b = \2o -> (a = \1o \/ b = \1o).

Other useful relations.

(11.14) (x Å y)Å Æx Å yÅ , x Å x ¢y Æx ¢(1Å y), x ¢y Å x Æx ¢(y Å 1).

Lemma osum2_succ a b: ordinalp a -> ordinalp b ->
osucc (a +o b) = a +o (osucc b).

Lemma oprod2_nsucc a b: ordinalp a -> ordinalp b ->
a +o (a *o b) = a *o (\1o +o b).

Lemma oprod2_succ a b: ordinalp a -> ordinalp b ->
a *o (osucc b) = (a *o b) +o a.

Lemma osum_fnz n X: natp n -> ord_below ax X n ->
(exists2 i, i <c n & X i <> \0o) -> \0o <o osumf X n.

Lemma osum_fnz n X: natp n -> ord_below X n ->
(exists2 i, i <c n & X i <> \0o) -> \0o <o osumf X n.

It follows from (11.14), by induction, that the cardinal sum and product of two integers
are the ordinal sum and product. Since n Çord ! is equivalent to n 2 N, it follows that the sum
and product of two ordinals Ç ! is Ç ! . We have a ¢2 Æa Å a.

Lemma osum2_2int a b:
natp a -> natp b -> a +o b = a +c b.

Lemma oprod2_2int a b:
natp a -> natp b -> a *o b = a *c b.

Lemma osum2_lt_omega0 a b:
a <o omega0 -> b <o omega0 -> (a +o b) <o omega0.

Lemma oprod2_lt_omega a b:
a <o omega0 -> b <o omega0 -> (a *o b) <o omega0.

Lemma osum_11_2: \1o +o \1o = \2o.
Lemma ord_double a: ordinalp a -> a *o \2o = a +o a.

It follows by (11.4) that, if a is an integer, then a Å ! Æ! and a ¢! Æ! if a is non-zero.

Lemma osum_int_omega n:
n <o omega0 -> n +o omega0 = omega0.

Lemma oprod_int_omega n:
n <o omega0 -> \0c <o n -> n *o omega0 = omega0.

We deduce an example of a Å b 6Æb Å a, of a ¢b 6Æb ¢a and of ( a Å b) ¢c 6Æa ¢c Å b ¢c. In
particular (11.8) and (11.13) are wrong with c on the other side of the operator.

Inria



Bourbaki: Theory of sets in Coq, II (v9-2017) 305

Lemma osum2_nc (a := \1o) (b := omega0):
a +o b <> b +o a.

Lemma oprod2_nc (a := \2o) (b := omega0):
a *o b <> b *o a.

Lemma osum2_nD (a:= \1o) (b:= \1o) (c:= omega0):
(a +o b) *o c <> (a *o c) +o (b *o c).

Consider the equation a Å b Æc, where c is a �xed ordinal. If this equation holds then
a · c and b · c, so that a and b belong to the set cÅ . We shall that for every a in cÅ there is a
solution (obviously unique). So, the number of a for which there is some b may be in�nite,
for instance n Å ! Æ! for every integer n . If b is �xed, the solution is no more unique, and
in general does not exist. More precisely, let E b to be the subset of cÅ formed of all a such
that a Å b Æc and E the subset of cÅ formed of all b such that E b is non-empty. Then E b is
�nite (we shall compute the cardinal later on). Proof. Let f (b) be the intersection of E b . If
b 2 E, then Eb is a nonempty ordinal set, so f (b) 2 Eb and f (b) Å b Æc. Now b Ç b0 implies
f (b0) Ç f (b). Let F be the image of f . Now f is a strictly decreasing function between two
well-ordered sets, so E is �nite.

Lemma finite_rems c: ordinalp c ->
finite_set (Zo (osucc c) (fun b => exists2 a, ordinalp a & c = a +o b)).

The cardinal of the ordinal sum (respectively product) of two ordinals is the cardinal sum
(respectively product) of the cardinals of the arguments. First proof: a Å b and a ¢b are order
isomorphic to some sets that have the desired cardinal. Second proof. By (11.4), a Å b is the
disjoint union of a and a set equipotent to b, while a¢b is equipotent to the cartesian product
(the non-trivial point is to show injectivity of ( i , j ) 7! a ¢i Å j ).

Lemma cardinal_of_ordinal r:
worder r -> (ordinal r) =c (substrate r).

Lemma osum_cardinal a b:
ordinalp a -> ordinalp b ->
cardinal (a +o b) = (cardinal a) +c (cardinal b).

Lemma oprod_cardinal a b:
ordinalp a -> ordinalp b ->
cardinal (a *o b) = (cardinal a) *c (cardinal b).

Lemma osum_cardinal_gen r X:
worder_on r (domain X) -> ordinal_fam X ->
cardinal (osum r X) = (csumb (domain X) (fun z => cardinal (Vg X z))).

Cardinal successor. Let C be an in�nite cardinal and E its cardinal successor (E is the set
of ordinals x such that card( x) · C). Properties of in�nite cardinals say that E is stable by
addition and multiplication. Moreover, let xi be a family of elements of E, indexed by a set I,
whose cardinal is · C, and let x Æsup xi . If F is the set of all xi , then x ÆsupF, and card(F) · C.
Now card( x) ·

P
card(xi ) · C2 ÆC, thus x 2 E.

Section InfiniteNormal.
Variable C: Set.
Hypothesis iC: infinite_c C.
Let E := (cnext C).

Lemma cnext_sum x y: inc x E -> inc y E -> inc (x +o y) E.
Lemma cnext_prod x y: inc x E -> inc y E -> inc (x *o y) E.
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Lemma cnext_leomega x: x <=o omega0 -> inc x E.
Lemma cnext_zero: inc \0o E.
Lemma cnext_succ x: inc x E -> inc (osucc x) E.
Lemma cnext_sup F: cardinal F <=c C -> sub F E -> inc (\osup F) E.
End InfiniteNormal.

Assume that C is a cardinal (possibly �nite). Then C is the greatest cardinal in E. We
restate this as: assume that E is an in�nite cardinal successor. Then, let C be the supremum
of the set of cardinals that belong to E, it holds that C is an in�nite cardinal and E is the
successor of C.

Lemma cnext_pred c: cardinalp c -> c = \csup (Zo (cnext c) cardinalp).

Lemma cnext_pred_more E (c:= \csup (Zo E cardinalp)):
(exists2 C, infinite_c C & E = cnext C) ->
infinite_c c /\ E = cnext c.

We say that an ordinal is countable if it is a countable set. This is the same as x 2 @1,
where @1 is the cardinal successor of ! . It follows that the sum and product of two countable
ordinals is countable. The supremum of a countable set of countable ordinals is a countable
ordinal. Cantor says that an ordinal is of the �rst class if it is �nite, of the second classif it is
countable and in�nite.

Definition countable_ordinal a := ordinalp a /\ countable_set a.
Definition aleph_one : cnext omega0.

Lemma aleph_oneP a: inc a aleph_one <-> countable_ordinal a.
Lemma osum2_countable a b:

countable_ordinal a -> countable_ordinal b -> countable_ordinal (a +o b).
Lemma oprod2_countable a b:

countable_ordinal b -> countable_ordinal b -> countable_ordinal (a *o b).
Lemma countable_ordinal_leomega a:

a <=o omega0 -> countable_ordinal a.
Lemma cardinal_omega2: cardinal omega0 = cardinal (omega0 +o omega0).
Lemma countable_one: countable_ordinal \1o.
Lemma countable_succ a:

countable_ordinal a -> countable_ordinal (osucc a).
Lemma countable_ordinal_sup E:

countable_set E -> (alls E countable_ordinal) ->
countable_ordinal (\osup E).

Ordinal supremum. Assume that X is a set of ordinals, x Æsup(X). Recall that x is the least
ordinal such that t · x whenever t 2 X. We say that Y is co�nal in X if Y is a subset of X and
every element of X is bounded above by an an element of Y; we say that X and Y are mutually
co�nal if each element of one set is bounded by an element of the other set. We state here
additional properties.

• If X is an ordinal, then X Æx or X is the successor of x.

• If x 62X, then x is a strict upper bound of X.

• X is a subset of an ordinal, namely xÅ ; hence either x 2 X or X ½x.

• Either X is empty, or x 2 X, or x is a limit ordinal.
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• If Y ½X, then supY · x.

• If X and Y are mutually co�nal , then sup(X) Æsup(Y).

• if Y is co�nal in X then sup(X) Æsup(Y).

• If t Ç x, then t is bounded above by an element of X (the same holds for cardinal supre-
mum).

Definition ord_cofinal x y :=
sub x y /\ forall a, inc a y -> exists2 b, inc b x & a <=o b.

Definition mutually_cofinal x y :=
(forall a, inc a x -> exists2 b, inc b y & a <=o b) /\
(forall a, inc a y -> exists2 b, inc b x & a <=o b).

Lemma ord_ub_sup1 a X: ordinalp a -> sub X a -> \osup X <=o a.
Lemma ord_sup_ordinal a (b:= \osup a): ordinalp a ->

a = b \/ a = osucc b.
Lemma ord_sup_sub X:

ordinal_set X -> ~(inc (\osup X) X) ->
forall x, inc x X -> x <o (\osup X).

Lemma oset_sub_ordinal X: ordinal_set X -> sub X (osucc (\osup X)).
Lemma ord_sup_sub' X:

ordinal_set X -> (inc (\osup X) X) \/ sub X (\osup X).
Lemma ord_sup_inVlimit X:

ordinal_set X -> nonempty X ->
inc (\osup X) X \/ limit_ordinal (\osup X).

Lemma ord_sup_M x y:
sub x y -> ordinal_set y ->
(\osup x) <=o (\osup y).

Lemma ord_sup_2cofinal x y:
mutually_cofinal x y -> \osup x = \osup y.

Lemma ord_sup_2funI X f g:
{inc X, f =1 g} ->
\osup (fun_image X f) = \osup (fun_image X g).

Lemma ord_sup_1cofinal x y:
ord_cofinal x y -> ordinal_set y -> \osup x = \osup y.

Lemma olt_sup A x: ordinal_set A -> x <o (\osup A) ->
exists2 z, inc z A & x <o z.

Lemma clt_sup A x:
cardinal_set A -> x <c \csup A -> exists2 z, inc z A & x <=c z.

Assume A co�nal in B, where B is a set of ordinals. This really means that A is co�nal for
the order induced by · ord on B. In this case A and B have the same supremum; we show here
that the converse may be false, unless B is a limit ordinal.

Assume moreover that B is the cardinal successor of an in�nite cardinal C. Then the
ordinal of A (i.e., of · ord restricted to A) is B (in fact, if ®is the ordinal of A, we have card( ®) Æ
B, since ® is equipotent to A; and card(A) Ç B implies that the supremum of A is in B, thus
cannot be B; the conclusion follows as ®· ord B and B is a cardinal).

Lemma ord_cofinal_p1 A B: ordinal_set B ->
(ord_cofinal A B <-> cofinal (ole_on B) A).

Lemma ord_cofinal_p2 A B: limit_ordinal B -> sub A B ->
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(ord_cofinal A B <-> \osup A = \osup B).
Lemma ord_cofinal_p3 a: limit_ordinal a ->

(\osup a = \osup (osucc a) /\ ~(ord_cofinal a (osucc a))).
Lemma ord_cofinal_p4 A C (E:= cnect C): infinite_c C ->

ord_cofinal A E -> cardinal A = E.
Lemma ord_cofinal_p5 A C (E:= cnext C): infinite_c C ->

ord_cofinal A E -> ordinal (ole_on A) = E.

11.5 Ordinal subtraction and division

Consider two ordinals a and b. In Exercise 2.15 page 584, Bourbaki asks to show that
a · b is equivalent to the existence of (a unique) c such that a Å c Æb, written ( ¡ a) Å b. (see
page 514 for an implementation). We shall write b ¡ a instead of the curious ( ¡ a) Å b. In the
case of von Neumann ordinals, c is the ordinal of the complement of a in b.

By normality of addition (see below), there is c such that a Å c · b Ç a Å cÅ . The last
expression is also (a Å c)Å , and we get b · a Å c, thus b Æa Å c. Since x Ç c is equivalent
to a Å x Ç a Å c, we deduce that b ¡ a is the set of all x such that a Å x 2 b (the proof is by
induction on b). We take this as the de�nition of subtraction (note that b ¡ a is transitive and
its elements are ordinals, so is an ordinal). This de�nition gives zero if a ¸ b and a non-zero
ordinal if a Ç b.

Definition odiff b a := Zo b (fun z => inc (a +o z) b).
Notation "x -o y" := (odiff x y) (at level 50).

Lemma OS_diff a b: ordinalp a -> ordinalp b -> ordinalp (b -o a).
Lemma odiff_wrong a b: b <=o a -> b -o a = \0o.
Lemma odiff_Mle a b: ordinalp a -> ordinalp b -> (b -o a) <=o b.
Lemma odiff_pr a b: a <=o b ->

(ordinalp (b -o a) /\ b = a +o (b -o a)).
Lemma odiff_pr2 a b c:

ordinalp a -> ordinalp b -> ordinalp c ->
(a +o c = b) -> c = b -o a.

Lemma odiff_pos a b: a <o b -> \0o <o (b -o a).
Lemma odiff_pr1 a b: ordinalp a -> ordinalp b -> (a +o b) -o a = b.

We deduce: x Æ1Å x if and only if x is in�nite. In this case, x ¡ 1 Æx and (x Å 1) ¡ 1 is not
x. However, if x is �nite non-zero, we have x Æ(x ¡ 1)Å 1 Æ(x Å 1) ¡ 1. Note that x 7! x ¡ 1 is
strictly increasing.

Lemma osum_1inf a: omega0 <=o a -> \1o +o a = a.
Lemma oadd1_fix a: ordinalp a -> (\1o +o a = a <-> omega0 <=o a).
Lemma odiff_1inf a: omega0 <=o a -> a -o \1o = a.
Lemma odiff_pr1_wrong a: omega0 <=o a -> (a +o \1o) -o \1o <> a.
Lemma oprec_nat n: \0o <o n -> n <o omega0 -> n = osucc (n -o \1o).
Lemma oprec_nat2 n: \0o <o n -> n <o omega0 ->

(osucc n -o \1o) = osucc (n -o \1o).
Lemma oprec_Mlt a b: \0o <o a -> a <o b -> (a -o \1o) <o (b -o \1o).

Assume that f is a strictly increasing function. For any b, there is at most one y satisfying
f (y) · b Ç f (y Å 1).
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Definition sincr_ofs (f: fterm) :=
(forall x y, x <o y -> (f x) <o (f y)).

Lemma sincr_bounded_unique h y y' a:
sincr_ofs h -> ordinalp y -> ordinalp y' ->
(h y) <=o a -> a <o h (osucc y) ->
(h y') <=o a -> a <o (h (osucc y')) ->
y = y'.

Let a and b be two ordinals; consider the function g(q) Æb ¢q and the relation

a Æb ¢q Å r, r Ç b

The �rst relation is r Æa¡ g(q), and the second becomes g(q) · a Ç g(q Å1). There is at most
one solution q, thus at most one solution ( q,r ).

Definition odiv_pr0 a b q r :=
[/\ ordinalp q, ordinalp r, a = (b *o q) +o r & r <o b].

Lemma odivision_unique a b q r q' r':
ordinalp a -> ordinalp b ->
odiv_pr0 a b q r -> odiv_pr0 a b q' r' ->
(q = q' /\ r = r').

The two quantities q and r are called the quotient and remainder in the division of a by
b. Existence follows by normality of multiplication (see below). The Bourbaki argument is
the following: there is c such that a Ç b ¢c (for instance a Å 1). Consider the cartesian product
b £ s c, lexicographically ordered, and its ordinal b ¢c. There is an order isomorphism f , and
f ¡ 1(a0) is a pair ( r 0,q0) (here a0 is a considered as an element of b ¢c, r 0 is r considered as an
element of b and q0 is q considered as an element of c). One gets trivially q Ç c (this is rarely
used) and (this is more complicated) a Æb ¢q Å r , see page 514 for details. The study of the
function f has already been done and leads to (11.4). This makes existence of division trivial.
On can replace “ a Ç b ¢c” by “ b is non-zero”.

Definition odiv_pr1 a b c q r :=
odiv_pr0 a b q r /\ q <o c.

Definition oquorem a b :=
select (fun z => a = b *o (P z) +o (Q z)) ((osucc a) \times b).

Definition oquo a b := P (oquorem a b).
Definition orem a b := Q (oquorem a b).

Lemma odivision_exists a b c:
ordinalp b -> ordinalp c -> a <o (b *o c) ->
odiv_pr1 a b c (oquo a b) (orem a b).

Lemma oquoremP a b: ordinalp a -> \0o <o b ->
odiv_pr0 a b (oquo a b) (orem a b).

Lemma oquoremP2 a b q r: ordinalp a -> \0o <o b ->
odiv_pr0 a b q r -> q = (oquo a b) /\ r = (orem a b).

11.6 Normal ordinal functional symbols

We study here some properties of the interval [ a,b[, where a and b are ordinals. In case
a Æ0, the interval is b. Assume a Ç b so that the interval is non-empty. Then the supremum
of the interval is sup b; if b is a limit ordinal, this is b. Consider a property p, false for some
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non-zero ordinal. Then there exist y, such that p(y) is false, y is non-zero, but p holds in the
interval [1, y[.

Definition ordinal_interval a b := Zo b (fun z => a <=o z).

Lemma ointvP b: ordinalp b -> forall a z,
(inc z (ordinal_interval a b) <-> (a <=o z /\ z <o b)).

Lemma ointv_P0 b: ordinalp b -> forall z,
(inc z (ordinal_interval \0o b) <-> z <o b).

Lemma ointv1 b: ordinalp b -> forall a,
inc a (ordinal_interval \1o b) <-> (\0o <o a /\ a <o b).

Lemma ointv_pr1 b: ordinalp b ->
ordinal_interval \0o b = b.

Lemma ointv_pr2 a b z:
inc z (ordinal_interval a b) -> ordinalp z.

Lemma ointv_sup a b: a <o b ->
\osup (ordinal_interval a b) = \osup b.

Lemma ointv_sup1 a b: a <o b -> limit_ordinal b ->
\osup (ordinal_interval a b) = b.

Lemma least_ordinal5 x (p: property):
\0o <o x -> ~(p x) ->
let y := least_ordinal (fun z => (~ (\0o <o z -> p z))) x in
[/\ ordinalp y, (\0o <o y), ~(p y) &

(forall z, inc z (ordinal_interval \1o y) -> p z)].

We say that f is an ordinal functional symbol , in short, OFS, if f is a functional term that
maps ordinals onto ordinals. We also consider the case where f (x) is an ordinal for u · x. We
consider the case where f is strictly increasing above u. Finally, if f is a function, we consider
the case when f is strictly increasing in its source x. Two strictly increasing OFS that have the
same range are functionally equal.

Definition ofs (f:fterm) := forall a, ordinalp a -> ordinalp (f a).
Definition ofsu (f:fterm) u := forall a, u <=o a -> ordinalp (f a).

Definition sincr_ofsu (f: fterm) u :=
forall a b, u <=o a -> a <o b -> f a <o f b.

Definition sincr_ofn f x :=
forall a b, inc a x -> inc b x ->

a <o b -> (Vf f a) <o (Vf f b).

Lemma ofs_sincru f u: sincr_ofsu f u -> ofsu f u.
Lemma ofs_sincr f: sincr_ofs f -> ofs f.

Lemma sincr_incr f: sincr_ofs f ->
(forall a b, a <=o b -> f a <=o f b).

Lemma sincr_ofs_exten f1 f2:
sincr_ofs f1 -> sincr_ofs f2 ->
(forall x, ordinalp x -> exists2 y, ordinalp y & f1 x = f2 y) ->
(forall x, ordinalp x -> exists2 y, ordinalp y & f2 x = f1 y) ->
f1 =1o f2.

Consider the following three properties:

(11.15) u · a Ç b Æ) f (a) Ç f (b);
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(11.16) sup
u· xÇa

( f (x)) Æf (a) (a limit ordinal);

(11.17) (8 a 2 X,u · a), X 6Æ ; Æ) sup
x2X

( f (x)) Æf (sup
x2X

x).

We say that f is a normal ordinal functional symbol if it is an OFS that satis�es (11.15)
and (11.16); we can also consider the stronger condition (11.17). We say that f is a normal
function if it is a function that satis�es the �rst two properties, with u Æ0, and a in the source
of the function.

Definition cont_ofn f x :=
(forall a, inc a x -> limit_ordinal a ->

Vf f a = \osup (Vfs f a)).
Definition normal_function f x y:=

[/\ function_prop f x y, sincr_ofn f x & cont_ofn f x].

Definition normal_ofu_aux (f:fterm) u:=
forall a, limit_ordinal a -> u <o a ->

f a = \osup (fun_image (ordinal_interval u a) f).
Definition normal_of_aux (f:fterm) :=

forall a, limit_ordinal a -> f a = \osup (fun_image a f).

Definition normal_ofs1 (f: fterm) u:=
sincr_ofsu f u /\
(forall X, (forall x, inc x X -> u <=o x) -> nonempty X ->

\osup (fun_image X f) = f (\osup X)).
Definition normal_ofs2 (f:fterm) u:=

sincr_ofsu f u /\ normal_ofu_aux f u.
Definition normal_ofs (f:fterm):=

sincr_ofs f /\ normal_of_aux f.

According to (11.4), x 7! a Å x and x 7! a ¢x are normal (when a È 0 for the product).

Lemma osum_normal a: ordinalp a -> normal_ofs (fun z => a +o z).
Lemma oprod_normal a: \0o <o a -> normal_ofs (fun z => a *o z).

If (11.16) holds and f (x) Ç f (x Å 1) for all x, then f is strictly increasing, thus is normal
(consider the least y not satisfying (11.15); if y is z Å 1 we have f (x) Ç f (z) Ç f (z Å 1), and if y
is limit, f (x) Ç f (x Å 1) · f (y)). The same holds for a function (provided that the source is a
limit ordinal and the target an ordinal).

Lemma ord_sincr_cont_propu f u:
(forall x, u <=o x -> f x <o f (osucc x)) ->
normal_ofu_aux f u ->
sincr_ofsu f u.

Lemma ord_sincr_cont_prop f:
(forall x, ordinalp x -> f x <o f (osucc x)) ->
(forall x, limit_ordinal x -> f x = \osup (fun_image x f)) ->
sincr_ofs f.

Lemma ord_sincr_cont_propv f x y: limit_ordinal x -> ordinalp y ->
function_prop f x y ->
(forall a, inc a x -> Vf f a <o Vf f (osucc a)) ->
cont_ofn f x ->
normal_function f x y.
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We show equivalence of (11.17) and (11.16), under (11.15). In fact, if f is strictly increas-
ing, then (11.17) is trivial when X has a greatest element. Otherwise, supX is a limit ordinal,
so that (11.16) implies (11.17). Conversely, if x is limit, then x is the supremum of all t Ç x.
In the case of a function, de�ned on an ordinal a, it can happen that supX Æa, case where
f (supX) is unde�ned.

Lemma normal_ofs_equiv f u:
normal_ofs1 f u <-> normal_ofs2 f u.

Lemma normal_ofs_equiv1 f:
normal_ofs1 f \0o <-> normal_ofs f.

Lemma normal_ofs_equiv2 f a:
ordinalp a -> normal_ofs f-> normal_ofs1 f a.

Lemma normal_function_incr f a b:
ordinalp a -> ordinalp b -> normal_function f a b ->
(forall u v, u <=o v -> v <o a -> Vf f u <=o Vf f v).

Lemma normal_function_equiv f a b X:
ordinalp a -> ordinalp b -> normal_function f a b ->
sub X a -> nonempty X ->
(\osup X = a \/ Vf f (\osup X) = \osup (Vfs f X)).

Theorem 2 of [22] says: given a term P, a value a, there is a unique normal OFS f , such
that f (0) Æa and f (xÅ1) ÆP(f (x)). Uniqueness is obvious (if f is limit, f (x) is given by equa-
tion (11.16)). We de�ne f by induction via by f (x) Æp( f (x)), where f (x) is the restriction (as a
functional graph) of f on x, and p(F) Æa when F is empty, and p(F) is the supremum of all
P(F(t )), for t in the domain of F. In order for this function to be increasing, some hypotheses
on P are needed; in particular, we need P( y) È y, whenever y has the form f (x). Since we
do not know a priori the range of f , we shall assume that this holds for any y. We shall also
assume P increasing.

Lemma normal_ofs_uniqueness1 f g (p:fterm) u:
normal_ofs1 f u -> normal_ofs1 g u -> ordinalp u ->
(forall x, u <=o x -> f (osucc x) = p (f x)) ->
(forall x, u <=o x -> g (osucc x) = p (g x)) ->
(f u = g u) ->

(forall x, u <=o x -> f x = g x).
Lemma normal_ofs_uniqueness f g (p:fterm):

normal_ofs f -> normal_ofs g ->
(forall x, ordinalp x -> f (osucc x) = p (f x)) ->
(forall x, ordinalp x -> g (osucc x) = p (g x)) ->
(f \0o = g \0o) ->
f =1o g.

Lemma normal_ofs_existence (p:fterm) a
(osup := fun f => \osup (fun_image (domain f) (fun z => (p (Vg f z)))))
(osupp:= fun f => Yo (domain f = \0o) a (osup f))
(f:= transdef_ord osupp):
(forall x, ordinalp x -> x <o p x) ->
(forall x y, x <=o y -> p x <=o p y) ->
ordinalp a ->
[/\ normal_ofs f, f \0o = a &
(forall x, ordinalp x -> f (osucc x) = p (f x)) ].

If f is an OFS, then f (x) is limit if x is limit. Composition of normal OFSs is normal.

Lemma normal_ofs_limit1 f u x: normal_ofs1 f u -> u <o x -> limit_ordinal x ->
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limit_ordinal (f x).
Lemma normal_ofs_limit f x: normal_ofs f -> limit_ordinal x ->

limit_ordinal (f x).
Lemma normal_ofs_compose1 f fb g gb:
ordinalp fb -> ordinalp gb -> fb <=o g gb ->
normal_ofs1 f fb -> normal_ofs1 g gb -> normal_ofs1 (f \o g) gb.

Lemma normal_ofs_compose f g:
normal_ofs f -> normal_ofs g -> normal_ofs (f \o g).

Theorem 3 of [22] states that if f is normal, then x · f (x). In fact it suf�ces for f to be
strictly increasing: there is no least y such that f (y) Ç y since, if t Æf (y), we have t Ç y
and f (t ) Ç t . There is however a least y such that x · f (y). Assume f de�ned and strictly
increasing above u. If for some t we have t · f (t ), then whenever t · x we have x · f (x).

Lemma osi_gex x f: sincr_ofs f -> ordinalp x -> x <=o (f x).
Lemma normal_fn_unbounded f a x:

normal_function f a a -> x<o a -> x <=o (Vf f x) /\ Vf f x <o a.
Lemma osi_gex1 x f:

sincr_ofs f -> ordinalp x -> exists y,
[/\ ordinalp y, x <=o (f y) &

forall z, ordinalp z -> x <=o (f z) -> y <=o z].
Lemma osi_gexu f u t x:

sincr_ofsu f u -> u <=o t -> t <=o f t -> t <=o x ->
x <=o (f x).

We deduce: if x is a limit ordinal, then aÅ x and a¢x are limit (we assume a 6Æ0 in the case
of a product). Moreover x 7! x ¡ a is a normal OFS (for x ¸ a). We deduce by composition
that x 7! f (a Å x) ¡ a is a normal OFS.

Lemma osum_limit x y: ordinalp x -> limit_ordinal y ->
limit_ordinal (x +o y).

Lemma oprod_limit x y: \0o <o x -> limit_ordinal y ->
limit_ordinal (x *o y).

Lemma odiff_normal a: ordinalp a -> normal_ofs1 (odiff ^~ a) a.
Lemma normal_shift f a: normal_ofs f -> ordinalp a ->

normal_ofs (fun z => (f(a +o z) -o a)).

We extend Theorem 2 of [22] as: given a term P, a value a, a bound u, there is a unique
normal OFS f de�ned for x ¸ u , such that f (u ) Æa and f (x Å 1) ÆP(f (x)). Proof. Let g be the
OFS satisfying the same recurrence with g(0) Æa; take f (x) Æg(x ¡ u). The non-trivial point
is to show that f is normal.

Lemma normal_ofs_existence1 (p:fterm) a u:
(forall x, ordinalp x -> x <o p x) ->
(forall x y, x <=o y -> p x <=o p y) ->
ordinalp a -> ordinalp u ->
exists f,
[/\ normal_ofs1 f u, f u = a &
(forall x, u <=o x -> f (osucc x) = p (f x)) ].

If a and b are ordinals, then a Å b is a successor if and only if either b Æ0 (case where a
has to be a successor) or b is a successor. Hence, the product of two successors is a successor.
The converse holds; assume a ¢b Æc Å 1. Then a is non-zero. We have seen above that b is a
successor. Write a ¢q Å r Æc, so that a ¢q Å (r Å 1) Æc Å 1; if a is limit then r Å 1 Ç a, so that
r Å 1 is the remainder in the division of cÅ 1 by a; but the remainder is zero since a ¢b ÆcÅ 1.
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