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Résumé : Dans cet article nous construisons d’un framework pour résoudre une classe très large de
problèmes d’optimisation dans les graphs plongeables dans une surface, en utilisant des algorithmes
de programmation dynamique sur des décompositions en branches. Un graphe est plongeable dans
une surface Σ s’il peut être dessiné dans Σ sans croisements d’arêtes. Les graphes planaires correspondent au cas quand Σ est la sphère. Informellement, un décomposition en branches d’un graphe
est une décomposition de ce graphe sous forme d’un arbre. Ainsi la largeur de branches (en anglais,
branchwidth) mesure sa “proximité” avec un arbre. Étant donné une décomposition en branches de
largeur k d’un graphe à n sommets, de nombreux problèmes peuvent être résolus en temps 2O(k·log k) ·n
en utilisant programmation dynamique. Se “débarrasser” du facteur log k est très desirable mais ne
pas toujours possible; typiquement G doit avoir “peu d’arêtes” et le problème ne doit pas être “trop
compliqué”. Les algorithmes en temps 2O(k) · n s’appellent simple-exponentiels.
Nous développons une approche pour concevoir des algorithmes simple-exponentiels pour la
classe des graphes plongeables dans une surface et pour des problèmes tels que les tables de la programmation dynamique encodent partitions d’ensembles de sommets. Ce résultat élargi remarquablement la classe de problèmes simple-exponentiels et implique et améliore plusieurs algorithmes
éxistants. L’ingredient principal de l’approche est la définition des surface cut decompositions, une
décomposition en branches pour les graphes dans les surfaces qui généralise les sphere cut decompositions définies par Seymour et Thomas pour les graphes planaires. La construction des surface cut
decompositions utilise un outil topologique appellé décomposition polyhedrique. Le résultat principal est que si la programmation dynamique se fait sur une surface cut decomposition, alors le temps
d’exécution est simple-exponentiel. Pour prouver cette proprieté, on utilise des techniques de la théorie topologique des graphes et de combinatoire analytique. En particulier, on étend les structures de
Catalan (qui comptent les non-crossing partitions dans les graphes planaires) pour les graphes dans
les surfaces.
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Mots-clés : ALgorithmes parametrées, combinatoire analytique, graphes dans les surfaces, largeur
de branches, programmation dynamique, méthode symbolique, partitions non-croisés.
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Dynamic Programming for Graphs on Surfaces
Abstract: We provide a framework for the design of 2O(k) · n step dynamic programming algorithms
for surface-embedded graphs on n vertices of branchwidth at most k. Our technique applies to graph
problems for which dynamic programming uses tables encoding set partitions. For general graphs,
the best known algorithms for such problems run in 2O(k·log k) · n steps. That way, we considerably
extend the class of problems that can be solved by algorithms whose running times have a single exponential dependence on branchwidth, and improve the running time of several existing algorithms.
Our approach is based on a new type of branch decomposition called surface cut decomposition,
which generalizes sphere cut decompositions for planar graphs, and where dynamic programming
should be applied for each particular problem. The construction of such a decomposition uses a new
graph-topological tool called polyhedral decomposition. The main result is that if dynamic programming is applied on surface cut decompositions, then the time dependence on branchwidth is single
exponential. This fact is proved by a detailed analysis of how non-crossing partitions are arranged
on surfaces with boundary and uses diverse techniques from topological graph theory and analytic
combinatorics.
Key-words: Parameterized algorithms, analytic combinatorics, graphs on surfaces, branchwidth,
dynamic programming, polyhedral embeddings, symbolic method, non-crossing partitions.
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1 Introduction
One of the most important parameters in the design and analysis of graph algorithms is the
branchwidth of a graph. Branchwidth, together with its twin parameter of treewidth, can be seen as
a measure of the topological resemblance of a graph to a tree. Its algorithmic importance has its
origins in the celebrated theorem of Courcelle (see e.g. [8]), stating that graph problems expressible
in Monadic Second Order Logic can be solved in f (bw) · n (here bw is the branchwidth1 and n is the
number of vertices of the input graph). Using the parameterized complexity terminology, this implies
that a huge number of graph problems are fixed-parameter tractable when parameterized by the
branchwidth of their input graph. As the bounds for f (bw) provided by Courcelle’s theorem are huge,
the design of tailor-made dynamic programming algorithms for specific problems, so that f (bw) is
a simple (preferably single exponential) function, became a natural (and unavoidable) ingredient for
many papers on algorithms design (see [2, 5, 12, 29]).
Dynamic programming. Dynamic programming is applied in a bottom-up fashion on a rooted
branch decomposition of the input graph, that roughly is a way to decompose the graph into a tree
structure of edge bipartitions (the formal definition is in Section 2). Each bipartition defines a separator of the graph called middle set, of cardinality bounded by the branchwidth of the input graph.
The decomposition is routed in the sense that one of the parts of each bipartition is the “lower part
of the middle set”, i.e. the so-far processed one. For each graph problem, dynamic programming
requires the suitable definition of tables encoding how potential (global) solutions of the problem
are restricted in the middle set and the corresponding lower part. The size of these tables reflects
the dependence of bw in the running time of the dynamic programming. Defining the tables is not
always an easy task, as they depend on the particularities of each problem (some typical examples
are shown in Section 3). In many cases, problems are grouped together according to the similarities
in the way to treat them, and usually this leads to distinct upper bounds for the function f (bw). We
define the following categories of dynamic programming algorithms (below S denotes a the middle
set of a branch decomposition) :
(A) those where the tables encode a fixed number of vertex subsets of S ;
(B) those where the tables encode a fixed number of connected pairings of vertices of S ; and
(C) those where the tables encode a fixed number of connected packings of S into sets.
In Categories (B) and (C), by the term connected for the pairings (resp. packings) we mean that
they correspond to a packing of paths (resp. trees) in the lower part of the middle set S . The above
classification also induces a classification of graph problems depending on whether they can be solved by some algorithm in some of the above categories. To facilitate our presentation, we present
in Section 3 the dynamic programming algorithms for a problem in Category (A) and a problem in
Category (C). Notice that the problems in Category (A) belong also to Category (B), and problems
in Category (B) are also problems in Category (C). Clearly, the size of the tables for problems in
Category (A) is a single exponential function of the middle set size. Therefore, for such problems
1 The

original statement of Courcelle’s theorem used the parameter of treewidth instead of branchwidth. The two parameters are approximately equivalent, in the sense that the one is a constant factor approximation of the other [25].
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we have that f (bw) = 2O(bw) . Such problems are, for instance, 3-Coloring, Vertex Cover, Dominating Set, or Independent Set, whose common characteristic is that the certificate of the solution is a
set (or a fixed number of sets) of vertices whose choice is not restricted by some global condition.
Unfortunately, when connectivity conditions are applied, the tables of the dynamic programming are
of size 2O(bw·log(bw)) or more. This happens because one needs to encode more information on the
way a possible solution of the problem is situated in the middle set S , which usually classifies the
problems in categories (B) or (C). Typical problems in Category (B) are Longest Path and Hamiltonian Cycle, where pairings correspond to the connected portions of a solution to the lower part of the
middle set. Typical problems in Category (C) are Connected Vertex Cover and Maximum Induced
Forest2 , where the connected portions of a solution may be identified by sets of arbitrary cardinality.
For Category (B), the size of the tables is lower-bounded by the number of perfect matchings of a
complete bipartite graph of k vertices, that is by 2Θ(k·log k) . For Category (C), the size of the tables is
lower bounded by the k-th Bell number, that is again lower-bounded by 2Θ(k·log k) . In both cases, this
implies algorithms where f (bw) = 2O(bw·log bw) .
Single-exponentiality : results and techniques. The most desired characteristic of any dynamic
programming algorithm is the single exponential dependence on the branchwidth of the input graph
(according to the results in [23], this dependence is optimal for many combinatorial problems).
Exponential dependence is trivial for problems in Category (A), and may become possible for the
other two categories when we take into account the structural properties of the input graph. For
planar graphs, the first step in this direction was done in [14] for problems in Category (B) and
certain problems in Category (C) such as Planar TSP (see [27] for extensions of this technique for
more problems in Category (C)). The idea in [14] is to use a special type of branch decomposition
called sphere cut decomposition (introduced in [28]) that can guarantee that the pairings are noncrossing pairings (because of the connectivity demand) around a virtual edge-avoiding cycle (called
noose) of the plane where G is embedded. This restricts the number of tables corresponding to a
middle set of size k by the k-th Catalan number, which is single-exponential in k. The same approach
was extended for graphs of Euler genus γ in [11] for problems in Category (B). The idea was to
perform a planarization of the input graph by splitting the potential solution into at most γ pieces
and then applying the sphere cut decomposition technique of [14] to a more general version of
the problem where the number of pairings is still bounded by some Catalan number. This made it
possible to avoid dealing with the combinatorial structures in surfaces, where the arrangement of
the solutions are harder to handle. The same idea was applied in [13] for H-minor free graphs using
much more involved Catalan structures, again for problems in Category (B).
Our results. In this paper, we follow a different approach in order to design single exponential
(in bw) algorithms for graphs embedded in surfaces. In particular, we deviate significantly from the
planarization technique of [11]. Instead, we extend the concept of sphere cut decomposition from
planar graphs to surfaces and we exploit directly the combinatorial structure of the potential solutions
in the topological surface. Our approach permits us to provide combinatorial bounds for problems
2 Notice that the Maximum Induced Forest problem is equivalent to the Feedback Vertex Set problem. We choose this
way to present it in order to make more visible its classification into Category (C).
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in Category (C). Apart from those mentioned above, examples of such problems are Maximum dDegree-Bounded Connected Subgraph, Maximum d-Degree-Bounded Connected Induced Subgraph
and all the variants studied in [27], Connected Dominating Set, Connected r-Domination, Connected FVS, Maximum Leaf Spanning Tree, Maximum Full-Degree Spanning Tree, Maximum Eulerian
Subgraph, Steiner Tree, and Maximum Leaf Tree. As Category (C) includes the problems in Category (B), our results imply all the results in [11], and with running times whose genus dependence
is better than the ones in [11], as discussed in Section 8.
Our techniques. Our analysis is based on a special type of branch decomposition of embedded
graphs with nice topological properties, which we call surface cut decomposition (see Section 6).
Roughly, the middle sets of such a decomposition are situated along a bounded (by the genus γ)
set of nooses of the surface with few (again bounded by γ) common points. The construction of
such a decomposition is based on the concept of polyhedral decomposition introduced in Section 4.
In Section 5, we prove some basic properties of surface cut decompositions that make it possible
to bound the sizes of the tables of the dynamic programming. They correspond to the number of
non-crossing partitions of vertex sets laying in the boundary of a generic surface. To count these
partitions, we use a powerful technique of analytic combinatorics : singularity analysis over expressions obtained by the symbolic method (for more on this technique, see the monograph of Flajolet
and Sedgewick [16]). The symbolic method gives a precise asymptotic enumeration of the number
of non-crossing partitions, that yields the single exponentiality of the table size (see Section 7). To
solve a problem in Category (C), our approach resides on a common preprocessing step that is to
construct the surface cut decomposition (Algorithm 2 in Section 6). Then, what remains is just to run
the dynamic programming algorithm on such a surface cut decomposition. The exponential bound on
the size of the tables of this dynamic programming algorithm is provided as a result of our analysis
in Theorem 8.1 of Section 8. We first provide the necessary preliminaries and examples of dynamic
programming algorithms in Sections 2 and 3, respectively.

2 Preliminaries
Sections 2.1, 2.2, 2.3, and 2.4 contain the basic background and the notation we will use concerning topological surfaces, graphs embedded in surfaces, tree-like decompositions of graphs, and the
symbolic method and analytic combinatorics, respectively.

2.1 Topological surfaces
In this article, surfaces are compact and their boundary is homeomorphic to a finite set (possibly
empty) of disjoint circles. We denote by β(Σ) the number of connected components of the boundary
of a surface Σ. The Surface Classification Theorem [24] asserts that a compact and connected surface
without boundary is determined, up to homeomorphism, by its Euler characteristic χ(Σ) and by
whether it is orientable or not. More precisely, orientable surfaces are obtained by adding g ≥ 0
handles to the sphere S2 , obtaining the g-torus Tg with Euler characteristic χ(Tg ) = 2 − 2g, while
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non-orientable surfaces are obtained by adding h > 0 cross-caps to the sphere, hence obtaining a nonorientable surface Ph with Euler characteristic χ(Ph ) = 2 − h. We denote by Σ the surface (without
boundary) obtained from Σ by gluing a disk on each of the β(Σ) components of the boundary. It is
then easy to show that χ(Σ) = β(Σ) + χ(Σ). A subset Π of a surface Σ is surface-separating if Σ \ Π
has at least 2 connected components.
As a conclusion, our surfaces are determined, up to homeomorphism, by their orientability, their
Euler characteristic and the number of connected components of their boundary. For computational
simplicity, it is convenient to work with the Euler genus γ(Σ) of a surface Σ, which is defined as
γ(Σ) = 2 − χ(Σ).

2.2 Graphs embedded in surfaces
Our main reference for graphs on surfaces is the monograph of Mohar and Thomassen [24].
For a graph G we use the notation (G, τ) to denote that τ is an embedding of G in Σ, whenever the
surface Σ is clear from the context. An embedding has vertices, edges, and faces, which are 0, 1,
and 2 dimensional open sets, and are denoted V(G), E(G), and F(G), respectively. We use e(G) to
denote |E(G)|. In a 2-cell embedding, also called map, each face is homeomorphic to a disk. The
degree d(v) of a vertex v is the number of edges incident with v, counted with multiplicity (loops
are counted twice). An edge of a map has two ends (also called half-edges), and either one or two
sides, depending on the number of faces which is incident with. A map is rooted if an edge and one
of its half-edges and sides are distinguished as the root-edge, root-end and root-side, respectively.
Notice that the rooting of maps on orientable surfaces usually omits the choice of a root-side because
the underlying surface is oriented and maps are considered up to orientation preserving homeomorphism. Our choice of a root-side is equivalent in the orientable case to the choice of an orientation
of the surface. The root-end and -sides define the root-vertex and -face, respectively. Rooted maps
are considered up to cell-preserving homeomorphisms preserving the root-edge, -end, and -side. In
figures, the root-edge is indicated as an oriented edge pointing away from the root-end and crossed
by an arrow pointing towards the root-side (this last, provides the orientation in the surface).
For a graph G, the Euler genus of G, denoted γ(G), is the smallest Euler genus among all surfaces
in which G can be embedded. Determining the Euler genus of a graph is an NP-hard problem [30],
hence we assume throughout the paper that we are given an already embedded graph. An O-arc
is a subset of Σ homeomorphic to S1 . A subset of Σ meeting the drawing only at vertices of G is
called G-normal. If an O-arc is G-normal, then we call it a noose. The length of a noose is the
number of its vertices. Many results in topological graph theory rely on the concept of representativity [26, 28], also called face-width, which is a parameter that quantifies local planarity and density
of embeddings. The representativity rep(G, τ) of a graph embedding (G, τ) is the smallest length of a
non-contractible (i.e., non null-homotopic) noose in Σ. We call an embedding (G, τ) polyhedral [24]
if G is 3-connected and rep(G, τ) ≥ 3, or if G is a clique and 1 ≤ |V(G)| ≤ 3. With abuse of notation,
we also say in that case that the graph G itself is polyhedral.
For a given embedding (G, τ), we denote by (G∗ , τ) its dual embedding. Thus G∗ is the geometric
dual of G. Each vertex v (resp. face r) in (G, τ) corresponds to some face v∗ (resp. vertex r∗ ) in
(G∗ , τ). Also, given a set S ⊆ E(G), we denote as S ∗ the set of the duals of the edges in S . Let (G, τ)
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be an embedding and let (G∗ , τ) be its dual. We define the radial graph embedding (RG , τ) of (G, τ)
(also known as vertex-face graph embedding) as follows : RG is an embedded bipartite graph with
vertex set V(RG ) = V(G) ∪ V(G∗ ). For each pair e = {v, u}, e∗ = {u∗ , v∗ } of dual edges in G and
G∗ , RG contains edges {v, v∗ }, {v∗ , u}, {u, u∗ }, and {u∗ , v}. Mohar and Thomassen [24] proved that, if
|V(G)| ≥ 4, the following conditions are equivalent : (i) (G, τ) is a polyhedral embedding ; (ii) (G∗ , τ)
is a polyhedral embedding ; and (iii) (RG , τ) has no multiple edges and every 4-cycle of RG is the
border of some face. The medial graph embedding (MG , τ) of (G, τ) is the dual embedding of the
radial embedding (RG , τ) of (G, τ). Note that (MG , τ) is a Σ-embedded 4-regular graph.

2.3 Tree-like decompositions of graphs
Let G be a graph on n vertices. A branch decomposition (T, µ) of a graph G consists of an
unrooted ternary tree T (i.e., all internal vertices are of degree three) and a bijection µ : L → E(G)
from the set L of leaves of T to the edge set of G. We define for every edge e of T the middle
set mid(e) ⊆ V(G) as follows : Let T 1 and T 2 be the two connected components of T \ {e}. Then let
Gi be the graph induced by the edge set {µ( f ) : f ∈ L ∩ V(T i )} for i ∈ {1, 2}. The middle set is the
intersection of the vertex sets of G1 and G2 , i.e., mid(e) := V(G1 ) ∩ V(G2 ). The width of (T, µ) is
the maximum order of the middle sets over all edges of T , i.e., w(T, µ) := max{|mid(e)| : e ∈ T }. An
optimal branch decomposition of G is defined by a tree T and a bijection µ which give the minimum
width, the branchwidth, denoted by bw(G).
Let G = (V, E) be a connected graph. For S ⊆ V, we denote by δ(S ) the set of all edges with an
end in S and an end in V \ S . Let {V1 , V2 } be a partition of V. If G[V \ V1 ] and G[V \ V2 ] are both
non-null and connected, we call δ(V1 ) a bond of G [28].
A carving decomposition (T, µ) is similar to a branch decomposition, only with the difference
that µ is a bijection between the leaves of the tree and the vertex set of the graph G. For an edge
e of T , the counterpart of the middle set, called the cut set cut(e), contains the edges of G with
endvertices in the leaves of both subtrees. The counterpart of branchwidth is carvingwidth, and is
denoted by cw(G). In a bond carving decomposition, every cut set is a bond of the graph. That is, in
a bond carving decomposition, every cut set separates the graph into two connected components.
Let G1 and G2 be graphs with disjoint vertex-sets and let k ≥ 0 be an integer. For i = 1, 2, let
Wi ⊆ V(Gi ) form a clique of size k and let G′i (i = 1, 2) be obtained from Gi by deleting some
(possibly no) edges from Gi [Wi ] with both endpoints in Wi . Consider a bijection h : W1 → W2 . We
define a clique sum G of G1 and G2 , denoted by G = G1 ⊕k G2 , to be the graph obtained from the
union of G′1 and G′2 by identifying w with h(w) for all w ∈ W1 . The integer k is called the size of the
clique sum.

2.4 The symbolic method and analytic combinatorics
The main reference in enumerative combinatorics is [16]. The framework introduced in this book
gives a language to translate combinatorial conditions between combinatorial classes into equations.
This is what is called the symbolic method in combinatorics. Later, we can treat these equations
as relations between analytic functions. This point of view gives us the possibility to use complex
analysis techniques to obtain information about the combinatorial classes. This is the origin of the
term analytic combinatorics.
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For a set A of objects, let | · | be an application from A to N, which is called the size. A pair
(A, |·|) is called a combinatorial class. Define the formal power series (called the generating function
P
P
k
or GF associated to the class) A(z) = a∈A z|a| = ∞
k=0 ak z . The constructions we use in this work
and their translation into the language of GFs are shown in Table 1.
The union A ∪ B of A and B refers to the disjoint
union of the classes. The cartesian product A × B
A∪B
of A and B is the set {(a, b) : a ∈ A, b ∈ B}. The
A×B
1
sequence Seq (A) of a set A corresponds to the set
Seq (A)
1−A(z)
∂
•
E∪A∪A×A∪A×A×A∪. . .. At last, the pointing
A
z ∂z A(z)
operator A• of a set A consists in pointing one of
Tab. 1 – Constructions and translations into GF. the atoms of each element a ∈ A.
Construction
Union
Product
Sequence
Pointing

GF
A(z) + B(z)
A(z)B(z)

The study of the growth of the coefficients of GFs can be obtained by considering GFs as complex functions which are analytic around z = 0. This is the philosophy of analytic combinatorics. The
growth behavior of the coefficients depends only on the smallest positive singularity of the GF. Its location provides the exponential growth of the coefficients, and its behavior gives the subexponential
growth of the coefficients.
The basic results in this area are the so-called Transfer Theorems for singularity analysis. These
results allows us to deduce asymptotic estimates of an analytic function using its asymptotic expansion near its dominant singularity. The precise statement is claimed in [16]. We use the following reduced version of the theorem (without taking care of technical conditions, which are satisfied in all cases) : let F(z) be a GF with positive coefficients, such that ρ is its smallest real
singularity. Suppose
a singular expansion around z = ρ of the form F(z) =z→ρ
 that F(z) admits

−α
−α+1/2
C(1 − z/ρ) + O (1 − z/ρ)
, where C is a constant. Then the Transfer Theorem for singularity
analysis states that, for k big enough, the following estimate holds
[zk ]F(z) =k→∞ C



kα−1 −k 
ρ 1 + O k−1/2 .
Γ(α)

(1)

3 Examples of Dynamic Programming Algorithms
In this section we present two examples of typical dynamic programming algorithms on graphs
of bounded branchwidth. The first algorithm solves the Vertex Cover problem and belongs in Category (A) while he second solves the Connected Vertex Cover problem and belongs in Category (C)
but not in (B) (nor in (A)).
The standard dynamic programming approach on branch decompositions requires the so called
rooted branch decomposition defined as a triple (T, µ, er ) where (T, µ) is a branch-decomposition of
G where T is a tree rooted on a leaf vl incident to some edge er of T . We insist that no edge of G is
assigned to vl and thus mid(er ) = ∅ (for this, we take any edge of a branch decomposition, subdivide
it and then connect by er the subdivision vertex with a new leaf tl ). The edges of T can be oriented
towards the root er and for each edge e ∈ E(T ) we denote by Ee the edges of G that are mapped
to leaves of T that are descendants of e. We also set Ge = G[Ee ] and we denote by L(T ) the edges
of T that are incident to leaves of T . Given an edge e heading at a non-leaf vertex v, we denote by
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e1 , e2 ∈ E(T ) the two edges with tail v. As both examples below are variants of the vertex cover
problem, we can also assume that |E(T )| = O(k · n) as, otherwise, the answer for each problem is
trivially negative.
Dynamic programming for Vertex Cover. Let G be a graph and X, X ′ ⊆ V(G) where X ∩ X ′ = ∅.
We say that vc(G, X, X ′ ) ≤ k if G contains a vertex cover S where |S | ≤ k and X ⊆ S ⊆ V(G) \ X ′ .
Let Re = {(X, k) | vc(Ge , X, mid(e) \ X) ≤ k} and observe that vc(G) ≤ k iff (∅, k) ∈ Rer . For each
e ∈ E(T ) we can compute Re by using the following dynamic programming formula :



{(X, k) | X , ∅ ∧ k ≥ |X|}
if e ∈ L(T )




Re = 
{(X,
k)
|
∃(X
,
k
)
∈
R
,
∃(X
,
k
)
∈
R
:
1 1
e1
2 2
e2




(X1 ∪ X2 ) ∩ mid(e) = X ∧ k1 + k2 − |X1 ∩ X2 | ≤ k} if e < L(T )

Notice that for each e ∈ E(T ), |Re | ≤ 2|mid(e)| · k. Therefore, the above algorithm can check whether
vc(G) ≤ k in O(2bw(G) ·k·|V(T )|) steps. Clearly, this simple algorithm is single exponential on bw(G).
Moreover the above dynamic programming machinery can be adapted to many other combinatorial
problems where the certificate of the solution is a (non-restricted) subset of vertices (e.g. Dominating
Set, 3-Coloring, Independent Set, among others).
Dynamic programming for Connected Vertex Cover. Suppose now that we are looking for a
connected vertex cover of size ≤ k. Clearly, the above dynamic programming formula does not work
for this variant as we should book-keep more information on X towards encoding the connectivity
demand.
Let G be a graph, X ⊆ V(G) and H be a (possibly empty) hypergraph whose vertex set is a
subset of X, whose hyperedges are non-empty, pairwise non-intersecting, and such that each vertex
of H belongs to some of its hyperedges (we call such a hypergraph partial packing of X). Suppose
that H is a partial packing on mid(e). We say that cvc(G, H) ≤ k if G contains a vertex cover S
where |S | ≤ k and such that if C is the collection of the connected components of Ge [S ], then either
|E(H)| = |C| and (X, {X ∩ V(C) | C ∈ C}) = H or E(H) = ∅ and |C| = 1.
As before, let Qe = {(H, k) | cvc(G, H) ≤ k} and observe that cvc(G) ≤ k iff ((∅, ∅), k) ∈ Qer .
The dynamic programming formula for computing Qe for each e ∈ E(T ) is the following.


{(H, k) | min{k, |E(H)| + 1} ≥ |V(H)| ≥ 1
if e ∈ L(T )







{(H, k) | ∃(H1 , k1 ) ∈ Qe1 , ∃(H2 , k2 ) ∈ Qe2 :






V(H1 ) ∩ (mid(e1 ) ∩ mid(e2 )) = V(H2 ) ∩ (mid(e1 ) ∩ mid(e2 )),
Qe = 


(H1 ⊕ H2 )[mid(e)] = H, k1 + k2 − |V(H1 ) ∩ V(H2 )| ≤ k},







if E(H) = ∅ then |E(H1 ⊕ H2 )| = 1, and




 if E(H) , ∅ then |E(H1 ⊕ H2 )| = |E(H)|
if e < L(T ).
In the above formula, H1 ⊕ H2 is the hypergraph with vertex set V(H1 ) ∪ V(H2 ) where each of its
hyperedges contains the vertices of each of the connected components of H1 ∪ H2 .
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Clearly each H corresponds to a collection of subsets of X and the number of such collections
for a given set mid(e) of r elements is given by the r-th Bell number of r, denoted by Br . By taking
the straightforward upper bound |Br | = 2O(r log r) , we have that one can check whether an input graph
G has a connected vertex cover of size at most k in O(2bw(G)·log(bw(G)) · k · |V(T )|) steps.
As the growth of Br is not single exponential, we cannot hope for a single exponential (in bw(G))
running time for the above dynamic programming procedure and no algorithm is known for this problem that runs in time that is single exponential in bw(G). The same problem appears for numerous
other problems where further restrictions apply to their solution certificates. Such problems can be
connected variants of problems in Category (A) and others such as Maximum Induced Forest, Maximum d-Degree-Bounded Connected Subgraph, Maximum d-Degree-Bounded Connected Induced
Subgraph and all the variants studied in [27], Connected Dominating Set, Connected r-Domination,
Connected FVS, Maximum Leaf Spanning Tree, Maximum Full-Degree Spanning Tree, Maximum
Eulerian Subgraph, Steiner Tree, or Maximum Leaf Tree.

4 Polyhedral Decompositions
We introduce in this section polyhedral decompositions of graphs embedded in surfaces. Let G
be an embedded graph, and let N be a noose in the surface. Similarly to [6], we use the notation GSN
for the graph obtained by cutting G along the noose N and gluing a disk on the obtained boundaries.
Definition 4.1 Given a graph G = (V, E) embedded in a surface of Euler genus γ, a polyhedral
decomposition of G is a set of graphs G = {H1 , . . . , Hℓ } together with a set of vertices A ⊆ V such
that
• |A| = O(γ) ;
• Hi is a minor of G[V \ A], for i = 1, . . . , ℓ ;
• Hi has a polyhedral embedding in a surface of Euler genus at most γ, for i = 1, . . . , ℓ ; and
• G[V \ A] can be constructed by joining the graphs of G applying clique sums of size 0, 1, or 2.
Remark 4.1 Note that an embedded graph H is not polyhedral if and only if there exists a noose N
of length at most 2 in the surface in which H is embedded, such that either N is non-contractible or
V(H)∩N separates H. Indeed, if H has representativity at most 2, then there exists a non-contractible
noose N of length at most 2. Otherwise, since H is not polyhedral, H has a minimal separator S of
size at most 2. It is then easy to see that there exists a noose containing only vertices of S .
Algorithm 1 provides an efficient way to construct a polyhedral decomposition, as it is stated in
Proposition 4.1.
In the above algorithm, the addition of an edge {u, v} represents the existence of a path in G
between u and v that is not contained in the current component.
Proposition 4.1 Given a graph G on n vertices embedded in a surface, Algorithm 1 constructs a
polyhedral decomposition of G in O(n3 ) steps.
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Algorithm 1 Construction of a polyhedral decomposition of an embedded graph G
Input: A graph G embedded in a surface of Euler genus γ.
Output: A polyhedral decomposition of G.
A = ∅, G = {G} (the elements in G, which are embedded graphs, are called components).
while G contains a non-polyhedral component H do
Let N be a noose as described in Observation 4.1 in the surface in which H is embedded,
and let S = V(H) ∩ N.
if N is non-surface-separating then
Add S to A, and replace in G component H with H[V(H) \ S ]SN.
if N is surface-separating then
Let H1 , H2 be the subgraphs of HSN corresponding to the two surfaces occurring after splitting H
if S = {u} ∪ {v} and {u, v} < E(H) then
Add the edge {u, v} to Hi , i = 1, 2.
Replace in G component H with the components of HSN containing at least one edge of H.
return {G, A}.

Proof: We first prove that the output {G, A} of Algorithm 1 is indeed a polyhedral decomposition of
G, and then we analyze the running time.
Let us see that each component of G is a minor of G[V \ A]. Indeed, the only edges added to G
by Algorithm 1 are those between two non-adjacent vertices u, v that separate a component H into
several components H1 , . . . , Hℓ . For each component Hi , i = 1, . . . , ℓ, there exists a path between u
and v in H \ Hi (provided that the separators of size 1 have been already removed, which can we
assumed w.l.o.g.), and therefore the graph obtained from Hi by adding the edge {u, v} is a minor of
H, which is inductively a minor of G[V \ A]. Also, each component of G is polyhedral by definition
of the algorithm.
As a non-separating noose is necessarily non-contractible, each time some vertices are moved to
A the Euler genus of the surfaces strictly decreases [24, Lemma 4.2.4]. Therefore, |A| = O(γ).
By the construction of the algorithm, it is also clear that each component of G has a polyhedral
embedding in a surface of Euler genus at most γ. Finally, G[V \ A] can be constructed by joining the
graphs of G applying clique sums of size 0, 1, or 2.
Thus, {G, A} is a polyhedral decomposition of G by Definition 4.1.
We now analyze the running time of the algorithm. Separators of size at most 2 can be found
in O(n2 ) steps [22]. A noose with respect to a graph H corresponds to a cycle in the radial graph
of H, hence can also be found3 in O(n2 ) (using that the number of edges of a bounded-genus graph
is linearly bounded by its number of vertices). Since each time that we find a small separator we
decrease the size of the components, the running time of the algorithm is O(n3 ).

3 A shortest non-contractible cycle can be found in O(2O(γ log γ) n4/3 ) steps [6]. This time improves on O(n3 ) for a big range
of values of γ.
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5 Some Topological Lemmata
In this section we state some topological lemmata that are used in Sections 6 and 7. In particular,
Lemmata 5.1 and 5.2 are used in the proof of Theorem 6.1 while Lemma 5.3 is used in the proof of
Theorem 7.1.
Given a graph G embedded in a surface of Euler genus γ, its dual G∗ and a spanning tree C ∗ of
∗
G , we call C = {e ∈ E(G) | e∗ ∈ E(C ∗ )} a spanning cotree of G. We define a tree-cotree partition
(cf. [15]) of an embedded graph G to be a triple (T, C, X) where T is a spanning tree of G, C is
a spanning cotree of G, X ⊆ E(G), and the three sets E(T ), C, and X form a partition of E(G).
Eppstein proved [15, Lemma 3.1] that if T and C ∗ are forests such that E(T ) and C are disjoint, we
can make T become part of a spanning tree T ′ and C become part of a spanning cotree disjoint from
T ′ , extending T and C to a tree-cotree decomposition. We can now announce the following lemma
from [15, Lemma 3.2].
Lemma 5.1 (Eppstein [15]) If (T, C, X) is a tree-cotree decomposition of a graph G embedded in a
surface of Euler genus γ, then |X| = O(γ).
Lemma 5.2 Let Σ be a surface without boundary. Let S be a set of (not necessary disjoint) O(γ(Σ))
cycles such that Σ \ S has 2 connected components. Let H be the graph corresponding to the union
P
of the cycles in S . Then v∈V(H) (d(v) − 2) = O(γ(Σ)).

Proof: Let κ be the number of cycles, so by assumption κ = O(γ(σ)). The first step consists in simplifying the problem. Let H ′ be the graph obtained from H by dissolving vertices of degree 2 (except
from the case of isolated cycles, where we obtain a single vertex of degree 2 and a loop). Each dissolP
P
ved vertex had degree 2, so the sum v∈V(H ′ ) (d(v) − 2) coincides with v∈V(H) (d(v) − 2). Additionally,
by assumption H ′ separates Σ into 2 connected components Σ′ and Σ′′ . Let H1′ , H2′ , . . . , Hr′ be the
maximal connected subgraphs of H ′ . In particular, r ≤ κ.
Some of these connected subgraphs may be incident with Σ′ but not with Σ′′ , or conversely.
Additionally, there is at least one connected subgraph Hi′ incident with both connected components.
W.l.o.g. we assume that the subgraphs H1′ , H2′ , . . . , H ′p are incident only with Σ′ , H ′p+1 , . . . , Hq′ are
′
, . . . , Hr′ are incident only with Σ′′ . It is obvious that there
incident with both components, and Hq+1
′
′
exists a path joining a vertex of Hi with a vertex of Hi+1
if 1 ≤ i ≤ q − 1 or p + 1 ≤ i ≤ r − 1.
′
′
′
′
From graphs H1 , H2 , . . . , H p , . . . , Hq (the ones which are incident with Σ′ ) we construct a new
′
, and a path joining a vertex
graph G1 in the following inductive way : we start taking Hq′ and Hq−1
′
′
′
′
of Hq to a vertex of Hq−1 . This path exists because Hq and Hq−1 are incident with Σ′ . Consider the
′
graph obtained from Hq′ and Hq−1
by adding an edge that joins this pair of vertices. Then, delete Hq′
′
and Hq−1 from the initial list and add this new connected graph. This procedure is done q − 1 times.
At the end, we obtain a connected graph G′ incident with both Σ′ and Σ′′ where each vertex has
′
, . . . , Hr′ , obtaining a connected
degree at least 3. Finally, we apply the same procedure with G′ , Hq+1
graph G. Observe also that
X
X
X
(d(v) − 2) ≤
(d(v) − 2) <
d(v) = 2|E(G)|.
v∈V(H)
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In what follows, we obtain upper bounds for 2|E(G)|. Observe that H ′ defines a pair of faces over
Σ, not necessarily disks. In the previous construction of G, every time we add an edge either we
subdivide a face into two parts or not. Consequently, the number of faces that G defines over Σ is
at most 2 + κ. The next step consists in reducing the surface in the following way : let f be a face
determined by G over Σ. If f is contractible, we do nothing. If not, there is a non-contractible cycle
S1 contained on f . Consider the connected component of ΣSS1 which contains G (call it Σ1 ). It
is obvious that G defines a decomposition of Σ1 , γ(Σ1 ) ≤ γ(Σ), and the number of faces has been
increased by at most one. Observe that for each operation S we reduce the Euler genus and we
create at most one face. As the Euler genus is finite, the number of S operations is also finite. This
gives rise to a surface Σ s , where s ≤ γ(Σ), such that all faces determined by G are contractible.
Additionally, the number of faces that G determines over Σ s is smaller than 2 + κ + γ(Σ).
G defines a map on Σ s (i.e., all faces are contractible), and consequently we can apply Euler’s
formula. Then |F(G)|+|V(G)| = |E(G)|+2−γ(Σ s ). Then, |F(G)| ≤ 2+κ+γ(Σ), so |E(G)|+2−γ(Σ s) =
|V(G)| + |F(G)| ≤ |V(G)| + 2 + κ + γ(Σ). The degree of each vertex is at least 3, thus 3|V(G)| ≤ 2|E(G)|.
Substituting this condition in the previous equation, we obtain
|E(G)| + 2 − γ(Σ s ) ≤ |V(G)| + 2 + κ + γ(Σ) ≤

2
|E(G)| + 2 + κ + γ(Σ).
3

Isolating |E(G)|, we get that 2|E(G)| ≤ 6κ + 6γ(Σ s ) + 6γ(Σ) ≤ 6κ + 12γ(Σ). This bound immediately
translates into the statement of the Lemma.

We need another topological result, which deals with cycles that separate a given surface, and
whose proof is an immediate consequence of [24, Proposition 4.2.1].
Lemma 5.3 Let Σ be a surface with boundary and let S1 be a separating cycle. Let V1 and V2 be the
connected components of ΣSS1 . Then γ(Σ) = γ(V1 ) + γ(V2 ).

6 Surface Cut Decompositions
Sphere cut decompositions [28] have proved to be very useful to analyze the running time of
algorithms based on dynamic programming over branch decompositions on planar graphs [12–14,
27]. In this section we generalize sphere cut decompositions to graphs on surfaces ; we call them
surface cut decompositions. First we need a topological definition. A subset Π of a surface Σ is fatconnected if for every two points p, q ∈ Π, there exists a path P ⊆ Π such that for every x ∈ P,
x , p, q, there exists a subset D homeomorphic to an open disk such that x ∈ D ⊆ Π. We can now
define the notion of surface cut decomposition.
Definition 6.1 Given a graph G embedded in a surface Σ, a surface cut decomposition of G is a
branch decomposition (T, µ) of G such that, for each edge e ∈ E(T ), there is a subset of vertices
Ae ⊆ V(G) with |Ae | = O(γ(Σ)) and either
• |mid(e) \ Ae | ≤ 2, or
• there exists a polyhedral decomposition {G, A} of G and a graph H ∈ G such that
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◦ Ae ⊆ A ;
◦ mid(e) \ Ae ⊆ V(H) ;
◦ the vertices in mid(e) \ Ae are contained in a set N of O(γ(Σ)) nooses, such that the total
number of occurrences in N of the vertices in mid(e) \ Ae is |mid(e) \ Ae | + O(γ(Σ)) ; and
S
◦ Σ \ N∈N N contains exactly two connected components, which are both fat-connected.

Note that a sphere cut decomposition is a particular case of a surface cut decomposition when γ = 0,
by taking Ae = ∅, G containing only the graph itself, and all the vertices of each middle set contained
in a single noose.
We need some definitions and auxiliary results to be applied for building surface cut decompositions. In the same spirit of [20, Theorem 1] we can prove the following lemma. We omit the proof
here since the details are very similar4 to the proof in [20].
Lemma 6.1 Let (G, τ) and (G∗ , τ) be dual polyhedral embeddings in a surface of Euler genus γ
and let (MG , τ) be the medial graph embedding. Then max{bw(G), bw(G∗ )} ≤ cw(MG )/2 ≤ 6 ·
bw(G) + 2γ + O(1). In addition, given a branch decomposition of G of width at most k, a carving
decomposition of MG of width at most 12k can be found in linear time.
Lemma 6.2 (folklore) The removal of a vertex from a non-acyclic graph decreases its branchwidth
by at most 1.
Lemma 6.3 Let G1 and G2 be graphs with at most one vertex in common. Then bw(G1 ∪ G2 ) =
max{bw(G1 ), bw(G2 )}.
Proof: Assume first that G1 and G2 share one vertex v. Clearly bw(G1 ∪G2 ) ≥ max{bw(G1 ), bw(G2 )}.
Conversely, for i = 1, 2, let (T i , µi ) be a branch decomposition of Gi such that w(T i , µi ) ≤ k. For
i = 1, 2, let T iv be the minimal subtree of T i containing all the leaves ui of T i such that v is an
endpoint of µi (ui ). For i = 1, 2, we take an arbitrary edge {ai , bi } of T iv , we subdivide it by adding
a new vertex wi , and then we build a tree T from T 1 and T 2 by adding the edge {w1 , w2 }. We claim
that (T, µ1 ∪ µ2 ) is a branch decomposition of G1 ∪ G2 of width at most k. Indeed, let us compare
the middle sets of (T, µ1 ∪ µ2 ) to those of (T 1 , µ1 ) and (T 2 , µ2 ). First, it is clear that the vertices
of V(G1 ) ∪ V(G2 ) − {v} appear in (T, µ1 ∪ µ2 ) in the same middle sets as in (T 1 , µ1 ) and (T 2 , µ2 ).
Secondly, mid({w1 , w2 }) = {v}, since v is a cut-vertex of G1 ∪ G2 . Also, for i = 1, 2, mid({ai , wi }) =
mid({wi , bi }) = mid({ai , bi }), and the latter has size at most k as w(T i , µi ) ≤ k. For all other edges e
of T i , i = 1, 2, mid(e) is exactly the same in T and in T i , since if e ∈ E(T iv ) then v ∈ mid(e) in both
T and T i , and if e ∈ E(T i \ T iv ) then v < mid(e) in both T and T i .
If G1 and G2 share no vertices, we can merge two branch decompositions (T 1 , µ1 ) and (T 2 , µ2 )
by subdividing a pair of arbitrary edges, without increasing the width.


4 The improvement in the multiplicative factor of the Euler genus is obtained by applying more carefully Euler’s formula
in the proof analogous to that of [20, Lemma 2].
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Lemma 6.4 ([19]) Let G1 and G2 be graphs with one edge f in common. Then bw(G1 ∪ G2 ) ≤
max{bw(G1 ), bw(G2 ), 2}. Moreover, if both endpoints of f have degree at least 2 in at least one of
the graphs, then bw(G1 ∪ G2 ) = max{bw(G1 ), bw(G2 )}.
Lemma 6.5 Let G be a graph and let G be a collection of graphs such that G can be constructed by joining graphs in G applying clique sums of size 0, 1, or 2. Given branch decompositions
{(T H , µH ) | H ∈ G)}, we can compute in linear time a branch decomposition (T, µ) of G such that
w(T, µ) ≤ max{2, {w(T H , µH ) | H ∈ G}}. In particular, bw(G) ≤ max{2, {bw(H) | H ∈ G}}.
Proof: Note that if G1 and G2 are graphs with no vertex (resp. a vertex, an edge) in common, then
G1 ∪G2 = G1 ⊕0 G2 (resp. G1 ⊕1 G2 , G1 ⊕2 G2 ). We have to show how to merge branch decompositions
(T 1 , µ1 ), (T 2 , µ2 ) of two graphs H1 , H2 in G. We distinguish four cases :
(a) H1 and H2 share two vertices v1 , v2 , and the edge e = {v1 , v2 } ∈ E(G). We take the leaves in T 1
and T 2 corresponding to e, we identify them, and we add a new edge whose leave corresponds
to e (see Figure 1(a)).
(b) H1 and H2 share two vertices v1 , v2 , and the edge e = {v1 , v2 } < E(G). We take the leaves
in T 1 and T 2 corresponding to e, we identify them, and we dissolve the common vertex (see
Figure 1(b)).
(c) H1 and H2 share one vertex v. We take two edges b, c in T 1 , T 2 whose leaves correspond to
edges containing v, we subdivide them and add a new edge between the newly created vertices
(see Figure 1(c)).
(d) H1 and H2 share no vertices. We do the construction of case (c) for any two edges of the two
branch decompositions.
The above construction does not increase the branchwidth by Lemmata 6.3 and 6.4.

Given an embedded graph G and a carving decomposition (T, µ) of its medial graph MG , we
define a radial decomposition (T ∗ , µ∗ ) of the dual graph RG , where T ∗ = T and µ∗ is a bijection from
the leaves of T to the set of faces of RG defined as follows : for each edge e ∈ E(T ), µ∗ (e) = f , where
f is the face in RG corresponding to the vertex u f ∈ V(MG ) such that µ(e) = u f . Each edge e ∈ E(T ∗ )
partitions the faces of RG into two sets F1 and F2 . We define the border set of e, denoted bor(e),
as the set of edges of RG that belong to both F1 and F2 . Note that F1 and F2 may intersect also
in vertices, not only in edges. If (T, µ) is a bond carving decomposition of MG , then the associated
radial decomposition (also called bond) has nice connectivity properties. Indeed, in a bond carving
decomposition, every cut set partitions the vertices of MG into two subsets V1 , V2 such that both
MG [V1 ] and MG [V2 ] are non-null and connected. This property, seen in the radial decomposition of
RG , implies that each edge e ∈ E(T ∗ ) corresponds to a partition of the faces of RG into two sets F1
and F2 , namely black and white faces (naturally partitioning the edges into black, white, and grey),
such that it is possible to reach any black (resp. white) face from any black (resp. white) face only
crossing black (resp. white) edges. In other words, each set of monochromatic faces is fat-connected.
Remark 6.1 Recall that all the faces of a radial graph RG are tiles, that is, each face has exactly
4 edges. Also, each one of those tiles corresponds to a pair of dual edges e and e∗ of G and G∗ ,
respectively. Given a carving decomposition (T, µ) of MG (or equivalently, a radial decomposition
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Fig. 1 – Merging branch decompositions (T 1 , µ1 ) and (T 2 , µ2 ) of two components H1 and H2 in
a polyhedral decomposition {G, A} of G = (V, E). There are three cases : (a) H1 and H2 share two
vertices v1 , v2 and the edge e = {v1 , v2 } is in E ; (b) H1 and H2 share two vertices v1 , v2 and e = {v1 , v2 }
is not in E ; (c) H1 and H2 share one vertex v.
(T ∗ , µ∗ ) of RG ), one can obtain in a natural way branch decompositions of G and G∗ by redefining
the bijection µ from the leaves of T to the edges of G (or G∗ ) that correspond to the faces of RG .
We provide now an algorithm to construct a surface graph decomposition of an embedded graph.
The proof of Theorem 6.1 uses Proposition 4.1, topological Lemmata 5.1 and 5.2, and the results of
the current section.
Algorithm 2 Construction of a surface cut decomposition of an embedded graph G
Input: An embedded graph G.
Output: A surface cut decomposition of G.
Compute a polyhedral decomposition {G, A} of G, using Algorithm 1.
for each component H of G do
1. Compute a branch decomposition (T H′ , µ′H ) of H, using [1, Theorem 3.8].
2. Transform (T H′ , µ′H ) to a carving decomposition (T Hc , µcH ) of the medial graph MH , using Lemma 6.1.
3. Transform (T Hc , µcH ) to a bond carving decomposition (T Hb , µbH ) of MH , using [28].
4. Transform (T Hb , µbH ) to a branch decomposition (T H , µH ) of H, using Observation 6.1.
Construct a branch decomposition (T, µ) of G by merging, using Lemma 6.5, the branch decompositions
{(T H , µH ) | H ∈ G}, and by adding the set of vertices A to all the middle sets.
return (T, µ).

Theorem 6.1 Given a graph G on n vertices embedded in a surface of Euler genus γ, with bw(G) ≤
k, Algorithm 2 constructs, in 23k+O(log k) n3 steps, a surface cut decomposition (T, µ) of G of width at
most 27k + O(γ).
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Proof: We prove, in this order, that (1) the output (T, µ) of Algorithm 2 is indeed a surface cut
decomposition of G ; (2) the width of (T, µ) is at most 27bw(G) + O(γ) ; and (3) the claimed running
time.
(1) (T, µ) is a surface cut decomposition of G.
We shall prove that all the properties of Definition 6.1 are fulfilled. For each e ∈ E(T ) we set
Ae = A ∩ mid(e), where A is the set of vertices output by Algorithm 1. Hence, by Proposition 4.1, |A| = O(γ).
By construction, it is clear that (T, µ) is a branch decomposition of G. In (T, µ), there are
some edges that have been added in the last step of Algorithm 2, in order to merge branch
decompositions of the graphs in G, with the help of Lemma 6.5. Let e be such an edge. Since
{G, A} is a polyhedral decomposition of G, any pair of graphs in G share at most 2 vertices,
hence |mid(e) \ Ae | ≤ 2.
All other edges of (T, µ) correspond to an edge of a branch decomposition of some polyhedral
component H ∈ G. Let henceforth e be such an edge. Therefore, mid(e) \ Ae ⊆ V(H). To
complete this part of the proof, we prove in a sequence of three claims that the remaining
conditions of Definition 6.1 hold.
Claim 1 The vertices in mid(e) \ Ae are contained in a set N of O(γ) nooses.
Proof: The proof uses the tree-cotree partition defined in Section 5.
Recall that e is an edge that corresponds to a branch decomposition (T H , µH ) of a polyhedral
component H of G. The branch decomposition (T H , µH ) of H has been built by Algorithm 2
from a bond carving decomposition of its medial graph MH , or equivalently from a bond radial
decomposition of its radial graph RH . Due to the fact that the carving decomposition of MH is
bond, edge e partitions the vertices of MH into two sets – namely, black and white vertices –
each one inducing a connected subgraph of MH . There are three types of edges : black, white,
and grey, according to whether they belong to faces of the same color (black or white) or not.
Therefore, the corresponding black and white faces also induce connected subgraphs of RH , in
the sense that it is always possible to reach any black (resp. white) face from any black (resp.
white) face only crossing black (resp. white) edges.
Let us now see which is the structure of the subgraph of RH induced by the edges F belonging
to both black and white faces look like. Since each edge of RH contains a vertex of H and
another from H ∗ , the vertices in mid(e) are contained in RH [F], so it suffices to prove that
RH [F] can be partitioned into a set of O(γ) cycles (possibly sharing some vertices).
To this end, first note that in RH [F] all vertices have even degree. Indeed, let v ∈ V(RH [F]),
and consider a clockwise orientation of the edges incident to v in RH [F]. Each of such edges
alternates from a black to a white face, or viceversa, so beginning from an arbitrary edge and
visiting all others edges in the clockwise order, we deduce that the number of edges incident
to v is necessarily even.
Therefore, RH [F] can be partitioned into a set of cycles. Let us now bound the number of such
cycles. For simplicity, let us identify a pair of dual edges e and e∗ as the same edge. Since the
subgraph induced by the black (resp. white) faces is connected, we can consider a spanning
∗
tree T B∗ (resp. T W
) of the black (resp. white) faces. Merge both trees by adding an edge e∗0 , and
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let T ∗ be the resulting tree. Let T be a spanning tree of the dual graph disjoint from T ∗ (such
a spanning tree exists by [15, Lemma 3.1]). Now consider the tree-cotree partition (T, T ∗ , X),
where X is the set of edges of RH that are neither in T nor in T ∗ .
The edges of T ∗ , except e∗0 , separate faces of the same color. Therefore, the set F ∈ E(RH ) of
edges separating faces of different color is contained in T ∪ {e0 } ∪ X. Since T is a tree, each
cycle of RH [F] uses at least one edge in {e0 } ∪ X. Therefore, RH [F] can be partitioned into at
most 1 + |X| cycles. The result follows from the fact that (T, T ∗ , X) is a tree-cotree partition
and therefore |X| = O(γ) by Lemma 5.1.

Claim 2

S

N separates Σ into 2 fat-connected components.
S
Proof: By Claim 1, the vertices in mid(e) \ Ae are contained in N∈N N. The claim holds from
the fact that for each component H of G, (T Hb , µbH ) is a bond carving decomposition of MH ,
and by taking into account the discussion before Observation 6.1 in Section 6.

N∈N

Claim 3 The total number of occurrences in N of the vertices in mid(e) \ Ae is |mid(e) \ Ae | +
O(γ).
S
Proof: By Claim 2, N∈N N separates Σ into 2 fat-connected components. Let H be the graph
P
induced in Σ by the nooses in N. The claim can then be rephrased as v∈V(H) (d(v) − 2) = O(γ),
which holds by Lemma 5.2 in Section 5.

(2) The width of (T, µ) is at most 27 · bw(G) + O(γ).
For simplicity, let k = bw(G). By Proposition 4.1, each polyhedral component H is is a minor
of G, hence bw(H) ≤ k for all H ∈ G. In Step 1 of Algorithm 2, we compute a branch
decomposition (T H′ , µ′H ) of H of width at most k′ = 92 k, using Amir’s algorithm [1, Theorem
3.8]. In Step 2, we transform (T H′ , µ′H ) to a carving decomposition (T Hc , µcH ) of the medial graph
MH of H of width at most 12k′ , using Lemma 6.1. In Step 3, we transform (T Hc , µcH ) to a bond
carving decomposition (T Hb , µbH ) of MH of width at most 12k′ , using the algorithm of [28].
Then, using Observation 6.1, we transform in Step 4 (T Hb , µbH ) to a branch decomposition
(T H , µH ) of H. By the proof of Claim 1, the discrepancy between w(T H , µH ) and w(T Hb , µbH )/2
is at most the bound provided by Lemma 5.2, i.e., O(γ). Therefore, w(T H , µH ) ≤ 6k′ + O(γ) =
27k + O(γ), for all H ∈ G.
Finally, we merge the branch decompositions of the polyhedral components to obtain a branch
decomposition (T, µ) of G, by adding the vertices in A to all the middle sets. Combining the
discussion above with Lemmata 6.2 and 6.5, and using that |A| = O(γ), we get that
w(T, µ) ≤
≤
=

max{2, {w(T H , µH ) | H ∈ G}} + |A|
27k + O(γ) + |A|

27k + O(γ).

(3) Algorithm 2 runs in 23k+O(log k) n3 steps.
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We analyze sequentially the running time of each step. First, we compute a polyhedral decomposition of G using Algorithm 1 in O(n3 ) steps, by Proposition 4.1. Then, we run Amir’s
algorithm in each component in Step 1, which takes O(23k k3/2 n2 ) steps [1, Theorem 3.8]. Step
2 can be done in linear time by Lemma 6.1. Step 3 can be done in O(n2 ) time [28]. Step 4
takes linear time by Observation 6.1. Merging the branch decompositions can clearly be done
in linear time. Finally, since any two elements in G share at most two vertices, the overall
running time is the claimed one.

How surface cut decompositions are used for dynamic programming. We shall now discuss
how surface cut decompositions guarantee good upper bounds on the size of the tables of dynamic
programming algorithms for problems in Category (C). The size of the tables depends on how many
ways a partial solution can intersect a middle set during the dynamic programming algorithm. The
interest of a surface cut decomposition is that the middle sets are placed on the surface in such a way
that permits to give a precise asymptotic enumeration of the size of the tables. Indeed, in a surface
cut decomposition, once we remove a set of vertices whose size is linearly bounded by γ, the middle
sets are either of size at most two (in which case the size of the tables is bounded by a constant) or
are situated around a set of O(γ) nooses, where vertices can be repeated at most O(γ) times. In such a
setting, the number of ways that a partial solution can intersect a middle set is bounded by the number of non-crossing partitions of the boundary-vertices in a fat-connected subset of the surface (see
Definition 6.1). By splitting the boundary-vertices that belong to more than one noose, we can assume that these nooses are mutually disjoint. That way, we reduce the problem to the enumeration of
the non-crossing partitions of O(γ) disjoint nooses containing ℓ vertices, which are 2O(ℓ) · ℓO(γ) · γO(γ) ,
as we prove in the following section (Theorem 7.2). Observe that the splitting operation increases
the size of the middle sets by at most O(γ), therefore ℓ = k + O(γ) and this yields an upper bound
of 2O(k) · kO(γ) · γO(γ) on the size of the tables of the dynamic programming. In Section 7 we use
singularity analysis over expressions obtained by the symbolic method to count the number of such
non-crossing partitions. Namely, in Sections 7.1 and 7.2 we give a precise estimate of the number of
non-crossing partitions in surfaces with boundary. Then we incorporate in Section 7.5 two particularities of surface cut decompositions : Firstly, we deal with the set A of vertices originating from the
polyhedral decomposition. These vertices are not situated around the nooses that disconnect the surface into two connected components, and this is why they are treated as apices in the enumeration.
Secondly, we take into account that, in fact, we need to count the number of non-crossing packings
rather than the number of non-crossing partitions, as a solution may not intersect all the vertices of
a middle set, but only a subset. The combinatorial results of Section 7 are of interest by themselves,
as they are a natural extension to higher-genus surfaces of the classical non-crossing partitions in the
plane, which are enumerated by the Catalan numbers (see e.g. [17]).
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7 Non-crossing Partitions in Surfaces with Boundary
In this section we obtain upper bounds for non-crossing partitions in surfaces with boundary. The
concept of a non-crossing partition in a general surface is not as simple as in the case of the disk,
and must be defined carefully. In fact, the study of non-crossing partitions is a particular case of the
study of hypermaps [7]. These objects can be also viewed as bipartite maps. In Section 7.1 we set up
our notation. In Section 7.2 we obtain a tree-like structure that provides a way to obtain asymptotic
estimates. These estimates are obtained in detail in Sections 7.3 and 7.4, where we employ as a main
tool map enumeration techniques. To conclude, in Section 7.5 we extend the enumeration to two
more general families.

7.1 2-zone decompositions and non-crossing partitions
Let Σ be a surface with boundary. A 2-zone decomposition of Σ is a decomposition of Σ where
all vertices lay in the boundary of Σ and there is a coloring of the faces using 2 colors (black and
white) such that every vertex is incident (possibly more than once) with a unique black face. Black
faces are also called blocks. A 2-zone decomposition is regular if every block is contractible. All
2-zone decompositions are rooted : every connected component of the boundary of Σ is edge-rooted.
We denote by SΣ (k), RΣ (k) the set of general and regular 2-zone decompositions of Σ with k vertices, respectively. A 2-zone decomposition s over Σ defines a non-crossing partition πΣ (s) over the
set of vertices. Let ΠΣ (k) be the set of non-crossing partitions of Σ with k vertices. The main objective in this section consists in obtaining bounds for |ΠΣ (k)|. The critical observation is that each
non-crossing partition is defined by a 2-zone decomposition. Consequently, |ΠΣ (k)| ≤ |SΣ (k)|. The
strategy to enumerate this second set consists in reducing the enumeration to simpler families of
2-zone decompositions. More specifically, Proposition 7.1 shows that it is sufficient to study regular
decompositions. First we need a definition and a basic topological lemma.
Let Σ1 and Σ2 be surfaces with boundary, possibly not connected. We write Σ2 ⊂ Σ1 if there
exists a continuous injection i : Σ2 ֒→ Σ1 such that i(Σ2 ) is homeomorphic to Σ2 . If s is a 2-zone
decomposition of Σ2 and Σ2 ⊂ Σ1 , then the injection i induces a 2-zone decomposition i(s) on Σ1
such that πΣ2 (s) = πΣ1 (i(s)). In other words, all 2-zone decompositions over Σ2 can be realized on a
surface Σ1 which contains Σ2 . Consequently, informally speaking, ΠΣ2 (k) ⊆ ΠΣ1 (k) if Σ2 ⊂ Σ1 .
Lemma 7.1 Let m∗ be a regular 2-zone decomposition of Σ1 . Let Σ1 ⊂ Σ. Then m∗ defines a regular
2-zone decomposition m over Σ such that πΣ1 (m∗ ) = πΣ (m).
Proof: Let i : Σ1 ֒→ Σ be the corresponding injective application, and consider m = i(m∗ ). In
particular, a block π of m∗ is topologically equivalent to the block i(π) : i is a homeomorphism
between Σ and i(Σ). Hence i(π) is an open contractible set and m is regular.

Proposition 7.1 Let s ∈ SΣ be a 2-zone decomposition of Σ and let πΣ (s) be the associated noncrossing partition. Then there exists a regular 2-zone decomposition m ∈ RΣ such that πΣ (s) = πΣ (m).
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Proof: The basic idea is the construction of a finite sequence of 2-zone decompositions s0 =
s, s1 , . . . , st = m, such that πΣ (s0 ) = · · · = πΣ (st ) and st = m is regular. First, consider a noncontractible block f of s. Suppose that the boundary of f consists of more than one connected
component. We define the operation of joining boundaries as follows : let l be a path that joins a
vertex v in one component of the boundary of f with a vertex u in another component. This path
exists because f is a face. Consider also a pair of paths l1 , l2 that joins these two vertices around
the initial path l, as illustrated in Figure 2. We define the face f ′ as the one obtained from f by
deleting the face defined by l1 and l2 which contains l. Let s1 be the resulting 2-zone decomposition.
Observe that the number of connected components of the boundary of f ′ is the same as for f minus one, and that πΣ (s) = πΣ (s1 ). We can apply this argument over f as many times as the number
of components of the boundary of f . At the end, we obtain a 2-zone decomposition s p1 such that
πΣ (s) = πΣ (s1 ) = · · · = πΣ (s p1 ).
Suppose now that the boundary of the block f has one connected component. Additionally, in
this block there are vertices on its boundary which are incident with f more than once. Let v be a
vertex incident r > 1 times with f . In this case we define the operation of cutting vertices as follows :
consider the intersection of a small neighborhood of v with f , and delete vertex v. This intersection
has r connected components. We define a face by pasting v with only one of these components, and
disconnecting the others from v (see Figure 2). Then the resulting 2-zone decomposition has the
same associated non-crossing partition, and v is incident with the corresponding block exactly once.

u

u

v
l

l

v

l1

v

l2

v

Fig. 2 – The operations of joining boundaries and cutting vertices.
Summarizing, we construct from s a regular 2-zone decomposition in the following way : apply
the operation of joining boundaries, and then the operation of cutting vertices. After this, every block
has one boundary and each vertex is incident with its corresponding block exactly once. In this case,
a block is either contractible or not. If it is not contractible, let S1 be a non-contractible cycle, which
can be cut using the operator S. For all blocks, the number of times we need to apply this operator is
bounded by γ(Σ). At the end, all blocks are contractible and the resulting surface is Σ1 ⊂ Σ. So, the
resulting 2-zone decomposition m∗ is regular, and then by Lemma 7.1 there exists a regular 2-zone

decomposition m over Σ such that πΣ (m) = πΣ1 (m∗ ) = πΣ (s), as claimed.
In other words, |ΠΣ (k)| ≤ |RΣ (k)| for each value of k. Instead of counting |RΣ (k)|, we reduce
our study to the family of regular 2-zone decompositions where each face (block or white face) is
contractible. The reason is, as we show later, that this subfamily provides the greatest contribution
to the asymptotic enumeration. This set is called the set of irreducible 2-zone decompositions of Σ,
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and it is denoted by PΣ (k). Equivalently, an irreducible 2-zone decomposition cannot be realized in
a proper surface contained in Σ. The details follow.
A generalization of the notion of irreducibility. We shall provide an equivalent definition and
an additional property of irreducible 2-zone decompositions. Recall the definition about inclusion
of surfaces stated before Lemma 7.1. We say that a non-crossing partition πΣ1 is irreducible in Σ1 if
there is no realization of πΣ1 in a surface Σ2 such that Σ2 ⊂ Σ1 . This definition is compatible with the
notion introduced in Section 7.1, as shown in the following lemma :
Lemma 7.2 Let m be an irreducible 2-zone decomposition of Σ. Then the faces of m are all contractible.
Proof: We only need to deal with white faces. For a white face whose interior is not an open polygon,
there exists a non-contractible cycle S1 . Cutting along S1 using the operator S we obtain a new
surface with boundary Σ′ such that Σ′ ⊂ Σ and m is induced in Σ′ . As a conclusion, all faces are
contractible.


7.2 Tree-like structures, enumeration, and asymptotic counting
In this section we provide estimates for the number of irreducible 2-zone decompositions, which
are obtained directly for the surface Σ. This approach is novel and gives upper bounds close to the
exact values. The usual technique consists in reducing the enumeration to surfaces of smaller genus,
and returning back to the initial one by topological “pasting” arguments. The main point consists in
exploiting tree-like structures of the dual graph associated to an irreducible 2-zone decomposition.
The main ideas are inspired by [4], where they are used in the context of map enumeration. For
simplicity of the presentation, the construction is explained on the disk. The dual graph of a noncrossing partition on the disk is a tree whose internal vertices are bicolored (black color for blocks).
An example of this construction is shown in Figure 3. We use this family of trees (and some related
ones) in order to obtain a decomposition of elements of the set PΣ (k). In Section 7.3 the enumeration
of this basic family is done, as well as the enumeration of the related families.

Fig. 3 – A non-crossing partition tree.
The construction for general surfaces is a generalization of the previous one. An example is
shown in the leftmost picture of Figure 4. For an element m ∈ PΣ (k), denote by M the resulting map
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on Σ (recall the definition of Σ in Section 2). From M we reconstruct the initial 2-zone decomposition
m by pasting vertices of degree 1 which are incident to the same face, and taking the dual map. From
M we define a new rooted map on Σ in the following way : we start deleting recursively vertices of
degree 1 which are not roots. Then we continue dissolving vertices of degree 2. The resulting map
has β(Σ) faces and all vertices have degree at least 3 (apart from root vertices, which have degree 1).
The resulting map is called the scheme associated to M ; we denote it by S M . See Figure 4 for an
example.

Fig. 4 – The construction of the scheme of an element in PΣ . We consider the dual of an irreducible 2zone decomposition (leftmost figure). After deleting vertices of degree 1 recursively and dissolving
vertices of degree 2, we obtain the associated scheme (rightmost figure).
An inverse construction can be done using maps over Σ and families of plane trees. Using these
basic pieces, we can reconstruct all irreducible 2-zone decompositions. The details of this construction can be found in Section 7.3. Exploiting this decomposition and using singularity analysis (see
Section 2.4 for the basic definitions), we get the following theorem, whose proof is provided in
Section 7.4 (Γ denotes the classical Gamma function [16]) :
Theorem 7.1 Let Σ be a surface with boundary. Then the number |ΠΣ (k)| verifies
|ΠΣ (k)| ≤k→∞

C(Σ)
· k3/2γ(Σ)+β(Σ)−4 · 4k ,
Γ (3/2γ(Σ) + β(Σ) − 3)

(2)

where C(Σ) is a function depending only on Σ that is bounded by γ(Σ)O(γ(Σ)) .

7.3 Enumeration of non-crossing partitions of the disk and related constructions
We first introduce some terminology related to trees that arise as dual graphs of non-crossing
partitions on the disk. Then, we use these concepts to obtain the number of non-crossing partitions
of the disk with n vertices. At last, we introduce some families of related trees, which are used in the
construction of the dual map of a non-crossing partition in a surface of higher genus.
The dual graph of a non-crossing partition is a tree, which is called the (non-crossing partition)
tree associated to the non-crossing partition. Vertices of degree 1 (that is, the leafs of the tree) are
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called danglings. Vertices of the tree are called block vertices if they are associated to a block of
the non-crossing partition. The remaining vertices are either non-polygon vertices or danglings. By
construction, all vertices adjacent to a polygon vertex are non-polygon vertices. Conversely, each
vertex adjacent to a non-polygon vertex is either a block vertex or a dangling. Graphically, we use
the symbols  for block vertices,  for non-polygon vertices and ◦ for danglings.
P
Denote by T the set of non-crossing partitions trees, and let T = T(z, u) = k,n>0 tk,m zk um be
the corresponding GF. The variable z marks danglings and u marks block vertices. We use also
an auxiliary family B, defined as the set of trees which are rooted at a non-polygon vertex. Let
P
B = B(z, u) = k,n>0 bk,m zk um be the associated GF. The next lemma gives the exact enumeration of
T and B.
Lemma 7.3 The number of non-crossing trees counted by the number of danglings and block vertices is enumerated by
p
1 − z(1 − u) − (z(1 − u) − 1)2 − 4zu
.
(3)
T(z, u) =
2zu
Furthermore, B(z, u) = zT(z, u).
Proof: We establish combinatorial relations between B and T , from which we deduce the desired
result. First, observe that there is no restriction on the size of the blocks. Hence the degree of every
block vertex is arbitrary. This condition is translated symbolically via the following relation : T =
 × Seq (B). Similarly, B can be written in the form B = {◦} × Seq (T × {◦}).
These combinatorial conditions translate using Table 1 into the system of equations
T=

z
u
,B=
.
1−B
1 − zT

If we substitute the expression of B in the first equation, one obtains that T satisfies the equation
zT2 + (z(1 − u) − 1)T + u = 0. The valid solution of this equation is (3). Solving the previous system
of equations in terms of B, we obtain that B = zT, as claimed.

√

Observe that writing u = 1, we obtain that T(z) = T(z, 1) = 1− 2z1−4z , and B(z) = B(z, 1) = zT(z),
and we recover the GF for Catalan numbers.
We need also a set of families of trees that are quite related to the previous ones. We call them
double trees. A double tree is obtained in the following way : consider a path where we concatenate
vertices of type  with vertices of type . A double tree is a tree obtained by pasting on every
internal vertex of type  a pair of elements of T (one at each side of the path), and similarly for
internal vertices of type . We say that a double tree is of type either  −   − , or  −  depending
on the type of the ends of the path. An example for a double tree of type  −  is shown in Figure 5.
We denote these families by T− , T− , and T− , and the corresponding GF by T1 (z, u) = T1 ,
T2 (z, u) = T2 and T3 (z, u) = T3 , respectively. Recall that in all cases z marks danglings and u
marks block vertices. A direct application of the symbolic method provides a way to obtain explicit
expressions for the previous GFs. The decomposition and the GFs of the three families is summarized
in Table 2.
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Fig. 5 – A double tree and its decomposition.

Family

Developement

Compact expression

T−
T−
T−

1 + 1u B2 T2 + u12 B4 T4 + . . .
B2 + u1 B4 T2 + u12 B6 T4 + . . .
1 2
1 2 4
1 4 6
u T + u2 B T + u3 B T + . . .

1/(1 − T2 B2 /u)
B2 /(1 − T2 B2 /u)
1 2
2 2
u T /(1 − T B /u)

Tab. 2 – GFs for double trees.

To conclude, the family of pointed non-crossing trees T • is built pointing a dangling over each
∂
T. Similar definitions can be done for the family B.
tree. In this case, the associated GF is T• = z ∂z
Pointing a dangling define a unique path between this distinguished dangling and the root of the tree.

7.4 Proof of Theorem 7.1
The steps towards the proof of Theorem 7.1 are developed in Sections 7.4.1, 7.4.2, and 7.4.3.
Basically, we start characterizing the combinatorial decomposition in terms of plane trees. This
combinatorial decomposition is exploited in Proposition 7.2 of Section 7.4.1 in order to count irreducible 2-zone decompositions. The constant C(Σ) is related to the enumeration of cubic maps [3, 21].
Bounds for C(Σ) are given in Section 7.4.2 (see Proposition 7.4). Finally, we prove in Section 7.4.3
that the asymptotic of |RΣ (k)| coincides with the one obtained for irreducible 2-zone decompositions.
The argument uses a double induction on the number of boundaries and the genus of the surface,
and Lemma 5.3 of Section 5.
7.4.1 Combinatorial decomposition and enumeration
We use the notation and definitions introduced in Section 7.3 (i.e., families of trees, double trees
and pointed trees, and the corresponding GFs). To simplify the notation, we denote by PΣ (k, m)
the set of irreducible 2-zone decompositions of Σ with k vertices and m blocks. We write pΣk,m for
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P
the cardinal of this set. Let pΣk = m>0 pΣk,m . The GF associated to the numbers pΣk,m is denoted by
PΣ (z, u). We denote by SΣ the set of rooted maps on Σ with β(Σ) faces, whose vertices are bicolored
(either  or ) and have degree at least 3. In particular, endpoints of a given edge can have the same
color. This notation is used in Sections 7.4.3, 7.5.1, and 7.5.2. Observe that in our framework, each
map has β(Σ) roots, in contrast to the classical theory of enumeration of rooted maps (where a unique
root is considered).
Applying Euler’s formula for maps on Σ imples that |SΣ | is finite, because the number of faces
is fixed. It is also obvious that if S M is the scheme associated to a map M, then S M ∈ SΣ . These
observations provide a way to establish a combinatorial bijection, that can be exploited to obtain the
enumeration of PΣ . More concretely, each element M can be constructed from an element S of SΣ
in the following way :
1. For an edge of S with both end-vertices of type , we paste a double tree of type  −  along
it. Similar operations can be realized for edges with end-vertices {, } and {, }.

2. For a block vertex v of S , not incident with any root, we paste d(v) elements of T (identifying
the roots of trees in T with v), one in each region determined by consecutive half-edges.
3. For a set of roots with an end-point in the same block vertex v, we paste an element of T •
along each one of the roots (the marked leaf determines which is the dangling root). Over v
we paste trees of T as we have done in the previous case. We do not paste trees between a root
and a half-edge of S . A similar operation is done if the vertex is of type .

This construction is shown for a concrete example in Figure 6. Let us introduce some notation.

Fig. 6 – The decomposition into bicolored trees and the associated scheme.
Consider an element S of SΣ . Let v1 (S ), v2 (S ) be the set of block vertices and non-polygon vertices
of S , respectively. Write B(S ), W(S ) for the number of roots which are incident with a vertex of type
 and , respectively. In particular, B(S ) + W(S ) = β(Σ). Denote by e1 (S ) the number of edges in S
of type  − . We similarly define e2 (S ) and e3 (S ) for edges of type  −  and  − , respectively.
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Observe that e1 (S ) + e2 (S ) + e3 (S ) + B(S ) + W(S ) is the number of edges of S , that is e(S ) = |E(S )|.
For a vertex x of S , denote by r(x) the number of roots which are incident with it.
The previous decomposition provides a direct way to obtain the desired enumeration.
Proposition 7.2 Let Σ be a surface with boundary. Then the coefficient [zk ]PΣ (z, 1) has an asymptotic expansion of the form
[zk ]PΣ (z, 1) = pΣk =k→∞

C(Σ)
k−3χ(Σ)/2+β(Σ)−1 4k (1 + O(k−1/2 )),
Γ (−3χ(Σ)/2 + β(Σ))

(4)

where C(Σ) is a function depending only on Σ.
Proof: According to the previous observations, PΣ (z, u) can be written in the following form : for
each S ∈ SΣ , we replace edges (not roots) with double trees, roots with pointed trees, and vertices
with sets of trees. More concretely, the GF we obtain is
!Px∈v (S ) (d(x)−2r(x))
!B(S )
X
1
P
T•
|v1 (S )| e1 (S ) e2 (S ) e3 (S ) T
(B• )W(S ) .
u
T1 T2 T3
B y∈v2 (S ) (d(y)−2r(y))
(5)
u
u
S ∈S
Σ

Observe that terms T and T• appear divided by u. The reason is that we paste non-crossing trees
through the root, which is a block vertex. In order to do it, we delete the corresponding block vertex,
we paste the trees identifying their roots without counting the root, and finally we add the total
number of block vertices (thus the term u|v1 (S )| ). To obtain the asymptotic behavior in terms of the
number of danglings, we write u = 1 in Equation (5). To study the resulting GF, we need the
expression of each factor of Equation (5) when we write u = 1. In Table 3 all the expressions
are shown. This table is built from the expressions for T and B deduced in Lemma 7.3 and the
expressions for double trees in Table 2. The GF in Equation (5) is a finite sum (a total of |SΣ |
GF
T1 (z)
T2 (z)
T3 (z)

Expression
1/16(1 − 4z)
− 1/8(1 − 4z)1/2 + 1/16(1 − 4z)3/2
1/4(1 − 4z)−1/2 + 1/2 + (1 − 4z)1/2


z2 1/16(1 − 4z)−1/2 − 1/8(1 − 4z)1/2 + 1/16(1 − 4z)3/2
−1/2

1/(2z)(1 − (1 − 4z)1/2 )


1/2 1 − (1 − 4z)1/2

T(z)
B(z)
T• (z)
B• (z)

1/z(1 − 4z)−1/2 − 1/(2z2 )(1 − (1 − 4z)−1/2 )
(1 − 4z)−1/2
Tab. 3 – Univariate GF for all families of trees.

terms), so its singularity is located at z = 1/4 (since each addend has a singularity at this point). For
each choice of S ,
T(z, 1)

P

x∈v1 (S ) (d(x)−2r(x))

B(z, 1)

P

y∈v2 (S ) (d(y)−2r(y))

=

f (S )
X
n=0

fn (z)(1 − 4z)n/2 ,

(6)
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where the positive integer f (S ) depends only on S , fn (z) are functions analytic at z = 1/4, and
f0 (z) , 0 at z = 1/4. For the other multiplicative terms, we obtain
T1 (z, 1)e1(S ) T2 (z, 1)e2(S ) T3 (z, 1)e3(S ) T• (z, 1)B(S ) B• (z, 1)W(S ) = GS (z)(1 − 4z)−

e(S )
2

+ ...,

(7)

where GS (z) is an analytic function at z = 1/4. The reason of this fact is that each GF in the previous
formula can be written in the form p(z)(1 − 4z)−1/2 + . . . , where p(z) is a function analytic at z = 1/4,
and e1 (S ) + e2 (S ) + e3 (S ) + B(S ) + W(S ) is the total number of edges. Multiplying Equation (6) and
Expression (7) we recover the contribution of a map S in PΣ (z, 1). More concretely, the contribution
of a single map S to Equation (5) can be written in the form
gS (z)(1 − 4z)−e(S )/2 + . . . ,
where gS (z) is an analytic function at z = 1/4. From Equation (1), the maps giving the greatest
contribution to the asymptotic of pΣk are the ones which maximize the value of e(S ). Applying Euler’s
formula (recall that all maps in SΣ have β(Σ) faces) on Σ gives that these maps are the ones where
each vertex have degree 3 (i.e., cubic maps). In particular, cubic maps with β(Σ) faces and β(Σ) roots
have 2β(Σ) − 3χ(Σ) edges. Hence, as a consequence of the Transfer Theorem for singularity analysis,
the singular expansion of PΣ (z, 1) at z = 1/4 is


(8)
PΣ (z, 1) =z→1/4 C(Σ)(1 − 4z)3χ(Σ)/2−β(Σ) 1 + O((1 − 4z)1/2 ) ,
P
where C(Σ) = S ∈SΣ gS (1/4). Applying the Transfer Theorem in this expression yields the claimed
result.

7.4.2 Bounding C(Σ) in terms of cubic maps
In this section we obtain bounds for C(Σ). A more refined analysis over functions gS (z) provides
upper bounds for C(Σ). This is done in the following proposition :
Proposition 7.3 The function C(Σ) defined in Proposition 7.2 satisfies
C(Σ) ≤ 2β(Σ) |SΣ |.

(9)

Proof: For each S ∈ SΣ , we obtain bounds for gS (1/4). We use Table 4, which is a simplification of
Table 3. We are only concerned now about the constant term of each GF. Table 4 brings the following
information : the greatest contribution from double trees, trees, and families of pointed trees comes
from T− , T , and T • , respectively. The constants are 1/4, 2, and 4, respectively. Each cubic map
has 2β(Σ) − 3χ(Σ) edges (β(Σ) of them being roots) and β(Σ) − 2χ(Σ) vertices (β(Σ) of them being
incident with roots). This characterization provides the following upper bound for gS (1/4) :
!2β(Σ)−3χ(Σ)−β(Σ)
1
2−3·2χ(Σ)+β(Σ) 4β(Σ) = 2β(Σ) .
(10)
gS (1/4) ≤
4
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GF
T1 (z)
T2 (z)
T3 (z)
T(z)
B(z)
T• (z)
B• (z)

Expression
1/16(1 − 4z)−1/2 + . . .
1/4(1 − 4z)−1/2 + . . .
2
z /16(1 − 4z)−1/2 + . . .
1/(2z) + . . .
1/2 + . . .
1/z(1 − 4z)−1/2 + . . .
(1 − 4z)−1/2

Developement at z = 1/4
1/16(1 − 4z)−1/2 + . . .
1/4(1 − 4z)−1/2 + . . .
1/256(1 − 4z)−1/2 + . . .
2+...
1/2 + . . .
4(1 − 4z)−1/2 + . . .
(1 − 4z)−1/2

Tab. 4 – A simplification of Table 3 used in Proposition 7.2.

The value of SΣ can be bounded using the results in [3, 21]. Indeed, Gao shows in [21] that the
number of rooted cubic maps with n vertices in an orientable surface of genus5 g is asymptotically
equal to
√
tg · n5(g−1)/2 · (12 3)n ,

where the constant tg tends to 0 as g tends to ∞ [3]. A similar result is also stated in [21] for nonorientable surfaces. By duality, the number of rooted cubic maps
√ in a surface Σ of genus χ(Σ) with
β(Σ) faces is asymptotically equal to tχ(Σ) · β(Σ)5(χ(Σ)−1)/2 · (12 3)β(Σ) . This value is clearly bounded
by γ(Σ)O(γ(Σ)) .
To conclude, we observe that the elements of SΣ are obtained from rooted cubic maps with β(Σ)
faces by adding a root on each face different from the root face. Observe that each edge is incident
with at most two faces, and that the total number of edges is −3χ(Σ). Consequently,
the number of


ways of rooting a cubic map with β(Σ) − 1 unrooted faces is bounded by −6χ(Σ)
,
which
is bounded
β(Σ)−1
O(γ(Σ))
by γ(Σ)
.
By the above discussion, the following proposition holds.
Proposition 7.4 The constant C(Σ) verifies
!
√
−6χ(Σ) β(Σ)
C(Σ) ≤ tχ(Σ) · β(Σ)5(χ(Σ)−1)/2 · (12 3)β(Σ)
2 .
β(Σ) − 1

In particular, C(Σ) = γ(Σ)O(γ(Σ)) .

Combining Propositions 7.2 and 7.4, we obtain that
pΣk ≤k→∞

C(Σ)
· k3/2γ(Σ)+β(Σ)−4 · 4k ,
Γ (3/2γ(Σ) + β(Σ) − 3)

(11)

where C(Σ) = γ(Σ)O(γ(Σ)) is a function depending only on Σ.
5

the genus g(Σ) of an orientable surface Σ is defined as g(Σ) = γ(Σ)/2 (see [24]).
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7.4.3 Irreducibility vs reducibility
For conciseness, we use the notation a(Σ) to denote the constant term which appears in all the
asymptotic expressions in Section 7.3.
For a non-irreducible regular element s of RΣ (recall Lemma 7.2) there is a non-contractible
cycle S1 contained in a white 2-dimensional region of s. Additionally, s induces a regular 2-zone
decomposition over the surface ΣSS1 = Σ′ , which can be irreducible or not. By Lemma 7.1, each
element of RΣ′ defines an element on RΣ . To prove that irreducible 2-zone decompositions over Σ
give the maximal contribution to the asymptotic, we apply a double induction argument on the pair
(γ(Σ), β(Σ)). The critical point is the initial step, which corresponds to γ(Σ) = 0 :
Proposition 7.5 Let Σ be a surface obtained from the sphere deleting β disjoints disks. Then
|RΣ (k)| ≤k→∞ |PΣ (k)|.
Proof: Induction on β. The case β = 1 corresponds to the disk. We deduced in Section 7.3 the exact
expression for PΣ (z, u) (see Equation (3)). In this case the equality |RΣ (k)| = |PΣ (k)| holds for every
value of k. Let us consider now the case β = 2, which corresponds to the cylinder. From Equation
(11), the number of irreducible 2-zone decompositions over the cylinder verifies
|PΣ (k)| =k→∞ a(Σ) · k · 4k (1 + O(k−1/2 )).

(12)

Let us calculate upper bounds for the asymptotic of non-irreducible 2-zone decompositions on a
cylinder. A non-contractible cycle S1 on a cylinder separates it into a pair of cylinders. In other words
Σ′ = ΣSS1 is a pair of disks. The asymptotic in this case is of the form [zk ]T(z, 1)2 =k→∞ O(k−3/2 4k ).
The subexponential term in Equation (12) is greater, so the claim of the proposition holds for β = 1.
Let us proceed to apply the inductive step. Let β > 1 be the number of boundaries of Σ. A noncontractible cycle S1 always separates Σ into two connected components, namely Σ1 and Σ2 . Let
β1 , β2 < β be the number of boundaries of Σ1 and Σ2 , respectively. By induction hypothesis,
|RΣ j (k)| ≤k→∞ |PΣ j (k)|,
for j = 1, 2. Consequently, we only need to deal with irreducible decompositions of Σ1 and Σ2 . The
GF of 2-zone regular decompositions that reduces to decompositions over Σ1 and Σ2 has the same
asymptotic as PΣ1 (z, 1) · PΣ2 (z, 1). The estimate of its coefficients is


[zk ]PΣ1 (z, 1) · PΣ2 (z, 1) ≤ a(Σ1 ) · a(Σ2 )[zk ](1 − 4z)−5/2β1 +3 · (1 − 4z)−5/2β2+3 =k→∞ O k5/2β−7 · 4k .
Consequently,
the above term is smaller than pΣk when k is large enough (the value is of the form


5/2β−4 k
k
4 , and does not depend on how Σ is cut.

The next step is to adapt the previous argument to surfaces of genus greater than 0. Let Σ be a
surface with boundary and Euler genus γ(Σ). Consider a non-contractible cycle S1 and the resulting
surface Υ = ΣSS1 . Two situations can occur :
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1. Υ is connected and β(Υ) = β(Σ). In this case, the Euler genus has been decreased by either 1
if the cycle is one-sided or by 2 if the cycle is two-sided. This result appears as Lemma 4.2.4
in [24].
2. The resulting surface is not connected, Υ = Υ1 ⊔ Υ2 . In this case, the total number of boundaries is β(Υ) = β(Υ1 ) + β(Υ2 ). By Lemma 5.3, γ(Σ) = γ(Υ1 ) + γ(Υ2 ) − 2.

The induction argument distinguishes between these two cases : if Υ = ΣSS1 is connected, by
induction on the genus, |RΥ (k)| ≤k→∞ |PΥ (k)|. Additionally, by Expression (11), an upper bound for
|PΥ (k)| is


[zk ]PΥ (z, 1) = a(Υ) · k3/2γ(Υ)+β(Υ)−4 · 4k (1 + O(k−1/2 )) =k→∞ O k3/2γ(Σ)+β(Σ)−4 · 4k .
If Υ is not connected, then Υ = Υ1 ⊔ Υ2 , β(Σ) = β(Υ) − 2 = β(Υ1 ) + β(Υ2 ), and γ(Σ) = γ(Υ1 ) + γ(Υ2).
Again, by induction hypothesis we only need to look at the irreducible ones. Consequently,
[zk ]PΥ1 (z, 1)PΥ2 (z, 1) = a(Υ1 ) · a(Υ2 )[zk ](1 − 4z)−3/2(γ(Υ1 )+γ(Υ2 ))−(β(Υ1 )+β(Υ2 ))+6 .

The exponent of (1−4z) can be written as −3/2γ(Σ)−β(Σ)+6. Consequently, the value [zk ]PΥ1 (z, 1)PΥ2 (z, 1)
is bounded, for k large enough, by


k3/2γ(Σ)+β(Σ)−6−1 · 4k = k3/2γ(Σ)+β(Σ)−7 · 4k = O k3/2γ(Σ)+β(Σ)−4 · 4k .
Hence the contribution is smaller than the one given by |PΣ (k)|, as claimed.

7.5 Additional constructions
So far, we enumerated families of non-crossing partitions with boundary. Here, we first deal in
Section 7.5.1 with a set of additional vertices that play the role of apices (cf. the last paragraph of
Section 6). Secondly, we show in Section 7.5.2 how to extend the enumeration from non-crossing
partitions to non-crossing packings. In both cases, we show that the modifications over generating functions (GFs for short) do not depend on the surface Σ where non-crossing partitions are
considered. The analysis consists in symbolic manipulation of GFs and application of singularity
analysis over the resulting expressions. Finally, we provide the resulting asymptotic estimation in
Section 7.5.3.
The first problem can be stated in general as follows : for a sequence of positive numbers {pk,r },
P
P
such that we know the GF k,r>0 pk,r zk ur , we want to estimate the value of kr=1 rl pk,r for a fixed
value l. This problem arises from the fact that we have a set of vertices (the apices), such that every
vertex of the set can be associated to an arbitrary block of a non-crossing partition. The details of the
analysis of this problem are done in Section 7.5.1. Basically, this problem only introduces a variation
in the subexponential term of the asymptotic stated in Theorem 7.1.
The second problem consists in generalizing from non-crossing partitions to non-crossing packings. In other words, for a fixed number of k vertices, fix an arbitrary subset of i ≤ k vertices, and
consider the set of non-crossing partitions on Σ on this set of i vertices. This
k value is precisely |ΠΣ (i)|.
Among the total set of k vertices, this set of i vertices can be chosen in i ways. Hence, we want to
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P 
estimate the sum ki=0 ki |ΠΣ (i)|. Observe that this construction is quite close to Bell numbers, which
count the number of ways a set of k elements can be partitioned into nonempty subsets. The details
of the analysis can be found in Section 7.5.2. In this case, a combinatorial trick (Lemma 7.4) shows
that the modification only affects the base of the exponential term.
7.5.1 Dealing with a set of “apices”
Due to the definition of surface cut decomposition, we need to modify the family PΣ of irreducible 2-zone decompositions in the following way : consider a set of l vertices {1, 2, . . . , l} = [l]
disjoint from the set of vertices over Σ. This set of vertices is called set of apices. For every value
of k we want to count the number of pairs (sr , f ), where sr ∈ PΣ (k) has r blocks, and f is an arP
bitrary application f : [l] → [r]. The number of such pairs is kr=1 rl pΣk,r (recall that the number
of irreducible 2-zone decompositions with k vertices and r blocks is pΣk,r , and the associated GF is
PΣ (z, u)). The aim of this section is to obtain estimates for this sum. This problem can be stated in
P
the following equivalent way : let F(z, u) be a GF with expansion F(z, u) = k,r≥0 fk,r zk ur , such that
[zk ur ]F(z, u) = 0 if r > k. For a non-negative integer l, we want to estimate the sum
k
X
r=0

rl fk,r = [zk ]

∞
XX

rl fk,r zk ur u=1 ,

k≥0 r=0

∂
F(z, u) =
for k large enough. Let Θ be the pointing operator on the second variable : ΘF(z, u) = u ∂u
P∞
l
l
k m
uFu (z, u). Applying l times the operator Θ over F(z, u) gives Θ F(z, u) = k,m≥0 m fk,r z u , so our
problem consists in estimating [zk ]Θl F(z, u) u=1 . The strategy we use to obtain the estimate consists
in simplifying this expression up to a function from which we know to get the asymptotic. Firstly,
P
∂i
observe that Θl can be written as li=1 qi (u) ∂u
i , where qi (u) is a polynomial on u. For i = l, the value
l
of ql (u) is u . We show that the greatest contribution to the enumeration comes from the term i = l.
∂l
As a consequence, we only need to deal with ul ∂u
l F(z, u). To do this, it is also convenient to observe
the following : for b < a positive real numbers, the asymptotic of (1 − 4z)−a is greater than the one
for (1 − 4z)−b : from the Transfer Theorem for singularity analysis (Equation (1)), both GFs have
an exponential growth of the form 4k . However, their asymptotic growth is not the same : while the
first one has a subexponential growth of the form ka−1 , the second one is of the form kb−1 , which
is smaller. Generalizing this to a linear combination of terms of the form (1 − 4z)−ai , where ai is a
positive real number, the asymptotic of the whole function comes from the value ai with the greatest
modulus.
Let us return to study PΣ (u, z). Observe that GFs for double trees can be factorized in the following way (consult Table 2) :

−2uz2 G(z, u)
G(z, u)
,
=
p
1 − 1u T2 B2 /u
((u + 1) z − 1) (z(1 − u) − 1)2 − 4zu + z2 (u − 1)2 − 2z(u + 1) + 1

where G(z, u) is either 1, T2 /u or B2 . For conciseness, write f = (z(1 − u) − 1)2 − 4zu, g =
((u + 1) z − 1) and h = z2 (u − 1)2 − 2z(u + 1) + 1. The previous formula can be written in the
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√
form −2uz2 G(z, u)/(h + g f). Additionally, g(z, 1) = 2z − 1, f(z, 1) = 1 − 4z and h(z, 1) √
= 1 − 4z.
For u = 1, the smallest singularity of the function is located at z = 1/4, where function f ceases
to be analytic.
√ Consequently, the source of the singularity on a double tree comes exclusively from
the term f. Furthermore, when we√write u = 1, the smallest singularity of every derivative (with
respect to u) of −2uz2 G(z, u)/(h + g f) is located at z = 1/4, because the denominator is always the
same (possibly with a greater exponent). A similar argument applies to the families of pointed trees
(same behavior, f−1/2 ).
Taking into account this, and rationalizing the previous expressions, Expression (5) can be written in the form
X

PΣ (z, u) =
gS (z, u)f−e(S )/2 + . . . ,
S ∈SΣ

where “ . . . ” means that the exponent of the other terms is smaller in modulus (and they give smaller
contributions to the asymptotic enumeration). Observe that g(z, u) is analytic at (z, u) = (1/4, 1), and
satisfies that gS (z, 1) = gS (z). This presentation for PΣ (z, u) is the correct one to deal with the operator
Θl : observe that the greatest contribution (using the Transfer Theorem) comes from cubic maps,
which are the ones with maximize the number of edges (i.e., the value e(S ) = 3γ(Σ) + 2β(Σ) − 6).
For conciseness on the formulas, until the
 end of this section we write e = 3γ(Σ) + 2β(Σ) − 6.
−e/2
∂l
, which is the main contribution of each cuWe need to study the derivative ∂u
l gS (z, u)f
bic map. When we apply this derivative over gS (z, u)f−e/2 , the greatest contribution comes from
gS (z, u)ul ∂u∂ l f−e/2 , because this term maximizes the exponent (in modulus) of the singular term. In
this case, the singular term with greatest exponent corresponds to
ul gS (z, u)

(−1)lΓ(e/2 + l) (fu (z, u))l
,
Γ(e/2)
f(z, u)e/2+l

where fu (z, u) is the derivative of f with respect to u. Writing u = 1, the previous expression is
simplified into
Γ(e/2 + l)
(2z)l
gS (z)
.
Γ(e/2) (1 − 4z)e/2+l
To estimate the value of the k-th coefficient of the previous GF, we apply the Transfer Theorem for
singularity analysis (Equation (1)), obtaining
gS (1/4)

1
2−l · ke/2+l−1 · 4k (1 + O(k−1/2 )).
Γ(e/2)

To conclude, recall that this above term is the contribution of a single cubic map. Summing over all
cubic maps, we obtain the following proposition :
Proposition 7.6 Let pΣk,r be the number of irreducible 2-zone decompositions of Σ. For a fixed positive integer l, the following asymptotic approximation holds :
k
X
r=1

rl pΣk,r =k→∞

C(Σ) · 2−l
· k3γ(Σ)/2+β(Σ)−4+l · 4k (1 + O(k−1/2 )),
Γ(3γ(Σ)/2 + β(Σ) − 3)

(13)

where an upper bound for C(Σ) is stated in Proposition 7.3.
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7.5.2 Bell structures : from partitions to packings
For a fixed number of k vertices, fix an arbitrary subset of i ≤ k vertices, and consider the
set of non-crossing partitions over Σ using this set of i vertices. This value is precisely pΣi . This

P
set of i vertices can be chosen in ki ways. Consequently, we want to estimate the sum ki=0 ki pΣi .
Observe that this construction is quite close to Bell numbers, which count the number of ways a
set of k elements can be partitioned into nonempty subsets. The main result of this section uses the
following combinatorial trick :
Lemma 7.4 Let A(z) =

P

n>0

an zn . Then the sum

Pn n
z
n 1
i=0 i ai is [z ] 1−z A( 1−z ).

Proof: It is a consequence of the Taylor development of
P∞ n+i n+i
i=0 i z , which can be proved by induction.

z
1
1−z A( 1−z )

and the relation

zn
(1−z)n+1

=


k 

P
Consequently, PΣ (z, 1) is modified via Lemma 7.4 to obtain the GF for the numbers ki=0 i pΣi .
1
PΣ (z/(1 − z), 1)
The singularity of PΣ (z, 1) is located at z = 1/4, and therefore the singularity of 1−z
is located at z = 1/5. Its singular behavior (i.e., the singular exponent) is the same as the one for
PΣ (z, 1). The modification is made only on
the position of the singularity, and not on its nature.
P 
Summarizing, the estimate of ki=0 ki pΣi for k big enough has exponential term equal to 5k ,
and subexponential term equal to the one of pΣk . In other words, we have proved the following
proposition :
Proposition 7.7 The following estimate holds :
Pk k Σ
!k+1 

5
i=0 i pi
−1/2
1
+
O(k
)
.
=
k→→∞
4
pΣk
7.5.3 Putting the pieces together
Combining the univariate asymptotic obtained in Theorem 7.1 with the constructions described
above (Propositions 7.6 and 7.7 in Sections 7.5.1 and 7.5.2, respectively) we obtain the following
theorem, which gives the bound on the size of the tables when using surface cut decompositions :
Theorem 7.2 Let ΠΣ,l (k) be the
 set of non-crossing partitions of Σ with k vertices and a set of l
P
apices. Then the value ki=0 ki ΠΣ,l (k) is upper-bounded, for large k, by
C(Σ)
· k3/2γ(Σ)+β(Σ)−4+l · 5k+1 ,
22+l Γ (3/2γ(Σ) + β(Σ) − 3)

where C(Σ) is a function depending only on Σ that is bounded by γ(Σ)O(γ(Σ)) .
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8 Conclusions and Open Problems
Our results can be summarized as follows.
Theorem 8.1 Given a problem P belonging to Category (C) in a graph G embedded in a surface of
Euler genus γ, with bw(G) ≤ k, the size of the tables of a dynamic programming algorithm to solve
P on a surface cut decomposition of G is bounded above by 2O(k) · kO(γ) · γO(γ) .
As we mentioned, the problems tackled in [11] are those in Category (B), which are included
in Category (C). As a result of this, we reproduce all the results of [11]. Moreover, as our approach
does not use planarization, our analysis provides algorithms where the dependence on the Euler
genus γ is better than the one in [11]. In particular, the running time of the algorithms in [11] is
2
2O(γ·bw+γ ·log(bw)) · n, while in our case the running time is 2O(bw+γ·log(bw)+γ·log γ) · n.
Dynamic programming is important for the design of subexponential exact or parameterized
√
algorithms. Using the fact that bounded-genus graphs
have branchwidth at most O( γ · n) [18], we
√
derive the existence of exact algorithms in O∗ (2O( γn+γ·log(γ·n)) ) steps for all problems
in Category (C).
√
O(γ· k+γ·log(γ·k))
· nO(1) step
Moreover, using bidimensionality theory (see [9, 10]), on can derive 2
parameterized algorithms for all bidimensional problems in Category (C).
Note that the running time of our algorithms is conditioned by the construction of an appropriate
surface cut decomposition. This preprocessing step takes 23k+O(log k) n3 steps by Theorem 6.1 of Section 6. Finding an alternative preprocessing algorithm with better polynomial dependance remains
open.
A natural extension of our results is to consider more general classes of graphs than boundedgenus graphs. This has been done in [13] for problems in Category (B), where the tables of the
algorithms encode pairings of the middle set. To extend these results for problems in Category (C)
(where tables encode subsets of the middle set), using the planarization approach of [13], appears to
be a quite complicated task. We believe that our surface-oriented approach could be more successful
in this direction.
Notice that Categories (A), (B), and (C) can be seen as the first levels of a more general hierarchy
of dynamic programming algorithms designed for gradually more complicated combinatorial problems. For instance, higher level classes of algorithms can be defined for tables encoding connected
pairings (or even connected packings) of subsets of the middle set. In a sense, what we prove in this
paper is the collapse of the time bounds in Category (C) to those in Category (A) when inputs are
topologically restricted. It seems to be an interesting task to define such a hierarchy and to check
whether this collapse extends to its higher levels.
Acknowledgements. We would like to thank Marc Noy for the idea of the proof of Lemma 7.4 of
Section 7.5.2, and for pointing us to references [3, 21]. We would also like to thank Sergio Cabello
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