N

N
N

HAL

open science

Optimal control of state constrained integral equations

J. Frederic Bonnans, Constanza de La Vega

» To cite this version:

J. Frederic Bonnans, Constanza de La Vega. Optimal control of state constrained integral equations.

Set-Valued and Variational Analysis, 2010, 18 (3), pp.307-326. inria-00473952

HAL 1d: inria-00473952
https://inria.hal.science/inria-00473952
Submitted on 16 Apr 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00473952
https://hal.archives-ouvertes.fr

%I 1IN RIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Optimal control of state constrained integral
equations

J. Frédéric Bonnans — Constanza de la Vega

N° 7257

Mars 2010

Théme NUM

apport
de recherche

ISRN INRIA/RR--7257--FR+ENG

ISSN 0249-6399







INSTITUT NATIONAL

DE RECHERCHE centre de recherche
EN INFORMATIQUE ;‘(IN RIA SACLAY - ILE-DE-FRANCE

ET EN AUTOMATIQUE

Optimal control of state constrained integral
equations

J. Frédéric Bonnan , Constanza de la Vegam

Theme NUM — Systemes numériques
Equipes-Projets Commands

Rapport de recherche n°® 7257 — Mars 2010 — [20] pages

Abstract: We consider the optimal control problem of a class of integral equa-
tions with initial and final state constraints, as well as running state coinstraints.
We prove Pontryagin’s principle, and study the continuity of the optimal con-
trol and of the measure associated with first order state constraints. We also
establish the Lipschitz continuity of these two functions of time for problems
with only first order state constraints.

Key-words: Optimal control, state constraint, Pontryagin’s principle, Lips-
chitz continuity, integral equations, Ekeland’s principle.

* COMMANDS team, INRIA-Saclay and Centre de Mathématiques Appliquées, Ecole
Polytechnique, 91128 Palaiseau, France (Frederic.Bonnans@inria.fr).

T CONICET and Departamento de Matematica, FCEyN, Universidad de Buenos Aires,
Buenos Aires, Argentina (csfvega@dm.uba.ar).

Centre de recherche INRIA Saclay — fle-de-France
Parc Orsay Université

4, rue Jacques Monod, 91893 ORSAY Cedex
Téléphone : +33 1 72 92 59 00



Commande optimale d’équations intégrales avec
contraintes sur I’état

Résumé : Nous considérons un probleme de commande optimale d’une classe
d’équations intégrales avec contraintes sur I’état initial et final, ainsi que des con-
traintes sur l’état a tout instant. Nous prouvons un principe de Pontryaguine,
et étudions la continuité de la commande optimale et des mesures associées aux
contraintes du premier ordre. Nous établissons également la continuité lipschitz
de ces fonctions dans le cas ou toutes les contraintes sur 1’état sont du premier
ordre.

Mots-clés : commande optimale, contraintes sur ’état, principe de Pon-
tryaguine, continuité lipschitz, équations intégrales, principe d’Ekeland.



Optimal control of state constrained integral equations 3

1 Introduction

Integral equations occur in a natural way in the study of economic problems
or population dynamics, see for instance Hritonenko and Yatsenko [22] and
Kamien and Schwartz [24]. The optimal control of such systems has been already
discussed in a number of papers. Vinokurov [32] provides a maximum principle
for a problem with constraints over the sum of integral and final cost functions.
His proof has been questioned in Neustadt and Warga [28]. Existence of an
optimal control for such problems is studied in Angell [1| 2], [3]. Several variants
of the maximum principle for an optimal control problem with integral or final
constraints were obtained in Bakke [4], Carlson [12], de la Vega [13], and in the
book by Neustadt [29].

The novelty in this paper is that we discuss optimal control problems of
integral equations with running state constraints as well as constraints on the
initial and final states. We prove a version of Pontryagin’s principle, and analyze
the Lipschitz continuity (over time) of the control and of some of the multipliers.

Significant advances in the study of optimal control problems with running
state constraints have been obtained in recent years. See in particular Bonnans
and Hermant [8] [6] [7, @], Malanowski [25], 26].

There is a specific literature about Lipschitz continuity of the optimal control
for state constrained problems: see the pioneering paper Hager [20], Galbraith
and Vinter [I8, [19], Shvartsman and Vinter [3I], Do Rosario de Pinho and
Shvartsman [I6], Hermant [21] in the case of second order state constraints, and
more recently Bonnans [B] in the case of state constraints of arbitrary order.
An important tool is the use of alternative optimality systems, motivated by
reformulations in which the Hamiltonian function includes some time derivative
at appropriate order of the state constraint: see Bryson, Denham and Dreyfus
[10], and Jacobson, Lele and Speyer [23]. A clarification of the theory was
brought in Maurer [27].

The paper is organized as follows. We set the problem and state Pontryagin’s
principle in section[2.1] The proof of Pontryagin’s principle is provided in section
The continuity of the control (and of the multipliers associated to first order
state constraints) is analyzed in section The alternative optimality system
is introduced in section [5} allowing to obtain (under appropriate hypotheses)
the Lipschitz continuity of the control (and of the multipliers associated to first
order state constraints). We conclude in section@ by discussing open problems.

The norm in Euclidean spaces will be denoted by |- |. The projection onto
a closed convex subset K of an Euclidean space is denoted by Pk (-).

RR n° 7257



4 J.F. Bonnans and C. de la Vega

2 Setting and statement of Pontryagin’s princi-
ple

2.1 Setting

In this paper we consider a state constrained optimal control problem of the
following type:

T
Mln/ Z(ut,yt)dt+¢(90>yT)a

(P) B g =0+ [ (s uny)ds; te (0.7
(i) g(y) <0; te]0,T7,
(i) ®(yo, yr) € K,

with: R"xR"— IR, ¢: R"XxR"— R, f:IRxIRxIR"xR"— IR",
g:IR" — IR",n,>1,®:R"xIR" — IR", and K is a closed and non empty
convex subset of IR™®. All data f, g, ¢, ¢, ® are assumed to be of class C*,
and f is supposed to be Lipschitz. Set, for g € [1, o0]

Uy o= L0, T, R™); Yy = W0, T, R"). (1)

The control and state space are U := Uy, Y := Voo. We call trajectory a pair
(u,y) € U x Y, solution of the state equation (P)(i). We set 7 as the symbol for
the first variable of f, so that for instance D. f denotes the partial derivative of
f w.r.t. the first variable. Observe that in the case when f does not depend on
T, we recover the classical state constrained optimal control problem.

2.2 Statement of Pontryagin’s principle

Denote by C([0,T]) the set of continuous functions on [0, 7], and by BV ([0,T))
the set of functions of bounded variations on [0, T]. Elements of BV ([0,7]) have
left and right limits over (0,7). The jump of a function n with left and right
limits at time ¢ is denoted by [n:] := n¢ —n:—. When n € E\Y//([O, T)), we define
its jumps at time 0 and T as [no] = no+ — n(0) and [nr] = nr — Nr—, resp.

If n and A belong to BV/([0,T]), we say that R\ if n and A have the same
value at times 0 and 7', and same left and right limits over (0, 7). This defines an
equivalence relation. We denote by BV (0, T]) the quotient space BV ([0,T])/R,
and by BVr([0,T7]), the set of elements of BV ([0,T]) for which the elements of
the equivalence class have zero value at time T+.

We may identify the dual of C([0,T]) with BVp([0,T]), the linear form

associated with n € BVr([0,T]) being y — fOT 1y, where 7, is an element of

the equivalence class of 7; in the sequel we will write this integral as fOT yrdny.

By IR™ we denote the dual of IR™, represented as a set of horizontal vectors.
More generally all vector-valued dual variables will be seen as horizontal vec-
tors function of time. For instance, the dual of C([0,T])" will be identified to
BVr([0,T])™*, the set of functions of bounded variation over [0, 7] with values
in IR™*.

We denote by F(P) the set of (u,y) € U x Y that satisfy the constraints of
problem (P). Set M := BVr([0,T])"*. Let @ € IR, ¥ € IR and 7 € M.

INRIA



Optimal control of state constrained integral equations 5

For y € Y, denote the end points Lagrangian as the function [[Ry x IR™**] x
IR™ x IR™ — IR whose expression is

o, ¥(yo, yr) := ad(yo, yr) + YO (o, yr)- (2)

We adopt here (as in some of the Russian literature, see e.g. Dmitruk [15])
the convention of denoting the multipliers as parameters of functions having
primal and dual variables, such as Hamiltonian of Lagrangian functions. Let
(4,5) € F(P). The associated costate, whenever it exists, is defined as the
solution in P := BV([0,T])™* of

—dpr = aDyl(iy, Go)dt + 5Dy f(t T, Ge)dt+ > gi(5) A7
T =1
+/ ﬁsDz,yf(s7taﬂtagt>d87
t _
(=pPo—,pr+) = @'[a,¥](¥o,Yr)-

(3)
By standard contraction arguments, it can be shown that the variant of
obtained by removing the initial condition on the costate has a unique solution
in P. Next we introduce the Hamiltonian function

T
H[a7p](t7u7y) = af(u,y) +ptf(t7t,u, y) + /t pstrf(S,t7U7y)dS~ (4)

The Hamiltonian is a function parameterized by (a,p) € Ry x BV([0,T])™*,
from IR x IR™ x IR" into IR. Note that the dynamics can be written as

—dp; = DyH|a, p)(t, uy, §e)dt + (A7) g' (). (5)

Definition 2.1. Let (u,y) € F(P). We say that (a,7,¥,p) in Ry x M x
R™* x P, is a Pontryagin multiplier associated with (@, §) € F(P) if the costate
equation is satisfied, as well as the four following conditions: non triviality

a+ |a] + %] >0, (6)
complementarity

Ng T
2> 0; Z/ 9i(ye)dn;e = 0. (7)
i=170

transversality condition -
¥ € Nk (®(%o,yr)), (8)
and Hamiltonian inequality
Hla, p|(t, 4, 5:) < H|@, p|(t, u, gt), for all w € R™, for a.a. t € (0,T). (9)
We say that (u,y) € F(P) is a Pontryagin extremal, or that it satisfies Pontrya-
gin’s principle, if the set of associated Pontryagin multipliers is not empty.

The set of Pontryagin multipliers, that we denote by A(a@,y), is a convex
cone not containing zero. When (&, 7, ¥, p) € A(@, §) is such that & > 0, we say
that the multiplier is regular and we may identify the multiplier with the one

RR n° 7257



6 J.F. Bonnans and C. de la Vega

of the same direction with a = 1. In the latter case we say that (7, U, p) is a
regular multiplier. When & = 0 we say that (77, ¥, p) is a singular multiplier.

We say that (i, y) € F(P), is a local solution of (P) in the L' norm if the
following holds:

T T
E(ﬂtv gt)dt + d)(gOa gT) S / E(utv yt)dt + ¢(y0a yT)a

0 0
for all (u,y) € F(P) such that ||u— @1 4+ |yo — Fo| is small enough.
(10)
Our main theorem follows.

Theorem 2.2. Any local solution of problem (P), in the L' norm, is a Pon-
tryagin extremal.

In the subsequent sections we will prove this theorem and analyse some con-
sequences, as the analysis of continuity and Lipschitz continuity of the control.
We first establish the well-posedness of the state equation.

3 Proof of Pontryagin’s principle

3.1 Study of the state equation

We recall that the function f is supposed to be Lipschitz. The lemma below is
of course well-known.

Lemma 3.1. If f is Lipschitz, then given (u,yo) € Uy x IR™, the state equation
(P) (i) has a unique solution in Yy, denoted ylu,yol, and for all (v',y,) € Uy X
IR™, we have that

lylu's ol = ylu, yollleo = O(lJu’ — ully + |yo — wol)- (11)

Proof. a) Existence and uniqueness of the state is obtained using the usual
technique of contraction operators for the Cauchy-Lipschitz theorem.
b) Denote y := y[u, yo] and ¢’ := y[u', y{]. The estimate is a consequence
of Gronwall’s lemma, once we observe that the state equation implies

T
||y'—y||oog|ya—yo|+Lf/ (e —ugl + 1 — gD ds.  (12)
0

O

Let (@,y) be a trajectory. The classical linearized system is the following
equation, where (v,z) € U x Y:

t
Zt = Yo 7@04’/ D(u,y)f(tv5717'37ys)(’08a28)d53 te (OvT) (13)
0
We next introduce a variant that we will call Pontryagin linearization, since it
is strongly related to the Pontryagin maximum principle, and whose expression
is as follows:
t
Zt :yo_g0+/ [Dyf(t,s,ﬂs,gs)zs—|—f(t,s,us,7js) _f(t757ﬂ37g8)} dS, te (O7T)
0
(14)

INRIA



Optimal control of state constrained integral equations 7

Lemma 3.2. Let (u,yo) and (@, o) belong to U x IR™, with associated states
denoted by y and gy, resp. Let z be the solution of the Pontryagin linearization
. If Dy f is Lipschitz, then for some Cy > 0 depending only on the data of
(P), we have that

17+ 2 = yllee < C1 (Ilu — all? + lyo — 5ol?) - (15)

Proof. We have that ¢ := y + z — y is solution of

t
G = / (Dy (£, 5,0, 5)Co + Alt, ) ds, ¢ € (0,T), (16)
0
where

A(t75) = f(tvsausags) - f(tasausays) + Dyf(t757ﬂs7ys)(ys - ys)? (17)

so that, setting y7 := gs + o(ys — ¥s):

1
Alt, s) :/ (Dyf(t, 5,16, 55) — Dy f(t, 5,00, 55)) (s — g)do.  (18)
0
It follows that, denoting by Lp, s the Lipschitz constant of D, f:

|A(L s)| < Lo, g(Jus = s + [y = glloo)lly = Flloo (19)

so that [[A(t,-)]l1 = O (|lu—all} + |yo — %o|*). We conclude with Gronwall’s
lemma. O

3.2 The penalized problem

In this section we provide a proof for Pontryagin’s principle (theorem [2.2)).
The first step consiste in proving a variant of this result in the case when the
control is subject to the constraint of belonging to a certain compact set. So,
given a compact set U C IR™, consider the problem obtained by adding to the
formulation of (P) the control constraint that the control a.a. belongs to U:

T
MIH/ K(ut,yt)dt—l- (Z)(yanT)y

0
(Py) i) ye=wo+ f(f f(t, s,us,ys)ds; t € (0,7T);
(i)  g(y) <0; t€[0,T],
(111) (I)(y07yT) S Ka
(iv) w €U, foraa. te(0,7).

The set Ay (u,y) of Pontryagin multipliers is defined as in definition (2.1)), re-
placing the Hamiltonian inequality @D by

Hla, pl(t, ug, 9:) < H|&, p(t,u,yt), for allu € U, for a.a. t € (0,T). (20)

Theorem 3.3. Any local solution of problem (Py), in the L' norm, is a Pon-
tryagin extremal.

RR n° 7257



8 J.F. Bonnans and C. de la Vega

Proof. Let (u,y) be alocal solution of problem (Py). We denote Uy := L*°(0,T,U).
The Banach space C[0, T]™s being separable, there exists an equivalent norm

denoted || - || such that the dual unit ball is stricly convex, see e.g. [14]. Since

C = C[0,T]" is convex, the associated distance function denoted by d¢(.),

which is non expansive, has out of C' unit norm subgradients, and is therefore

differentiable out of C'. We note

T
J(uyyo) = / (Cut), vl ol ()t + 6o,y [, 70])- (21)
Consider the cost function
Je(uyo) = (((w30) = (@ 50) + €)% + (de gyl yo))))?

(22)
+ (e (@(yo, yrlu,wo)))?)

and the problem
Min  Je(u,y0);  (u,90) € Uy X IR". (P:)

(u,yo)

Since J. is a nonnegative function and J. (i, §jo) = €2, we have that (, 7o) is
an &2 solution of P.. Since U is bounded, we have that the function (u,yo) —
Je(u,yo) is continuous for the augmented Fkeland metric

pa((u,yo), (W', 45)) = lyo — yol + pe(u, ), (23)
where p is the Ekeland metric given by
pE(u,u’) :=meas({t € (0,T) : us # uy}). (24)
Hence, by Ekeland’s principle [17], there exists (u%,y§) € Uy x IR™ such that
Y6 — ol + pe(u®,u) <e, (25)
and

J.(u758) < Tt 0) + € (lyo — 6] + pr(,u)), forall (u,g0) €U x R,
(26)
Let y© = y[u®, y§] denote the state associated with control «¢ and initial condi-
tion y§. We have that J.(u®,y§) > 0 (otherwise we would have (u®,y°) € F(P)
and J(u®,y5) < J(4,%o), which would contradict for & small enough the local
optimality of (@,7)). Set

(J(s9) = @G0 + %), . Pu(@(h.vi) — D6, vi)

e = Je(uf, y5) ’ Je (s, y5) » (27)
and de(9(v")) Dde(9(5°))
clgly clgly P
,l/}zf — Jg(us7y8) lf g(y ) ¢ Cu (28)
0 otherwise.

We have that |U¢| = J.(uf,y5)  ‘dr (®(y§, v5)) and since ||Ddc(g(y))|]e = 1,
we deduce that [|v¢||. = J.(uf,y5) "1dc(g(v®)). Therefore

af + [J°|[2 + [P = 1. (29)

INRIA



Optimal control of state constrained integral equations 9

In addition, since d¢ is a convex function, we have
W,z—g(y®)) <0, forall z€C, (30)
and from the definition of projection
U (w — P (®(yg,y7))) <0, forall we K. (31)

Let n* € M be such that dn® = ¢°. The Pontryagin linearization at the
trajectory (u®,y®) is

t
ztE = yO_y8+/ (Dyf(ta Sauiayg)zi—’_f(t» S, Us, yi)_f(tv s,ui,yi))ds, te (07T)
0

(32)
Let us compute the directional derivative of the perturbed cost w.r.t. yo at
(uf,y§) in an arbitrary direction wg € IR™. Let us denote by w the directional
derivative of the state w.r.t. the initial condition, at the point (u®,y§), in the
direction wg. We have that

t
wy = wo + / D, f(t,s,us, ys)wsds. (33)
0
We obtain
DyoJ( 7y0 / D gumyt wtdt+Z/ gz yt wtdnzt
+<I>’[a5’ \IIE] (90’ yT)(w07 wT)

(34)

Let p; € P be the unique solution of the costate equation

—dpf = " Dyl(uf, yf)dt + pi Dy f(1 4 g,y )t + > gi(yf)dns,

T = (35)

+ [ 0D st i)ds, s € 0.7
= Dqu)[aE’ Ws](yg’ y%“)
After an integration by parts, we see that reduces to
Dy, Je(u®, y5)wo = (Dy, Plae, ¥|(y5, ¥7) + Pj) wo. (36)
Since implies | Dy, Je (u®,y5)| < €, we deduce that

Po— + Dy @[, U¥] (g, y7)| < e (37)

&
Pry

We next claim that, for any trajectory (u,y) € U x Y we have that

Ja(uayO) - '] 7yO fo t ut7yt) H[Oﬁ:ps](tau%ayg)) de
+O([[u — w®[|F + lyo — ¥51°)-
(38)
Indeed, set R. := ||u — u®||? + |yo — y§|*>. By lemma (B.2), denoting by 2° the
Pontryagin linearization defined in , we have that

9(y) —9(y°) = 9'(v°)2° + O(R.), (39)
®(yo,yr) — @(y5, ¥7) = ' (¥5, ¥7) (25, 27) + O(R:) (40)

RR n° 7257



10 J.F. Bonnans and C. de la Vega

T
Tun) =T 98) = [ (6lun) G 9) + D)) Ay
/(45,03 (46, 27) + O(R.).

By the chain rule we deduce that

{ Js(uayO) - Js(u€7y(6)) = (e (J(ua y) + fo yt Zt dnt (42)
+(ve)* ((I)(y(]vyT) ‘I’(ywyT)) + O(R.).

Applying (35| . ) to ( and integrating by parts, our claim follows.
Given e > 0, let (u ,yo) be the control and initial state obtained by Ekeland’s

Principle, satisfying (25| . Let y° be the associated state, and denote by p
the associated costate, solution of (35). Since ||u — uf||; = O(pE(u uf)), 2

and imply

1
pA((uv y0)7

T
(@ 90) / (Hlo® 7 )t 05 97) = Hlom p7 )ty e g
< e+ 0(u—wels + vo — v))-

By classical arguments for unconstrained problems we obtain that
Hlaf, p%)(t,ug, y;) < H[af, p°|(t,u,y;5 )+, forall weU aa. t€(0,T). (44)

Since U is bounded, @; and u§ belong to U for a.a. ¢, and pa((@, 7o), (u®,45)) <
¢, we have that, when ¢ | 0, ||[u® — @||; + |y§ — To| — 0 and therefore, by lemma
y® — g uniformly. In view of —, we can extract a subsequence e
such that, denoting by “-” the weak * convergence,

aek - d 6 [07 ]‘]a

Uer — U U(w — (5o, yr)) <0, forall we K,
e 55 ah; <1/7,z — g(gj)) <0, forall z € C,

P =P

(45)

The complementarity and transversality conditions (7))-(8) conditions follow,
as well as the costate equation (passing to the limit in for the initial
condition), and the Hamiltonian inequality @D follows by passing to the limit
in .

In remains to check the nontriviality condition @ Ifa>0o0r V¥ #D0, it
holds. Otherwise, by , |[vex||e — 1. By , )¢ is nonnegative, which means
that n® is non decreasing, so that its classical dual norm of n*, equal to its total
variation, is |n§| (in view of the zero terminal condition). Since [|)%*|. — 1, we
have that liminfy, [n§| > 0. Passing to the limit we obtain that the element 7 of
BVr([0,T]) associated to 1) is also nondecreasing and that 7jp # 0 (since by the
definition of weak* convergence, 15 = ¥*(1) — (1) = 7). The conclusion
follows. O

Proof of theorem[2.3 Let (u, ) be a local solution in L' of problem (P). Let
R > ||@]|g(0,7,v)- Denote UR = Bg, and Ur = L*°(0, T, Ug). Obviously (i, %)
is a local solution in L' of the problem (Pg) obtained by adding to (P) the
constraint u; € Ug a.a. By theorem there exists some (ag,n?, UF, pf) €

INRIA



Optimal control of state constrained integral equations 11

Ar(u,y), where by Agr(@,y) we denote the set of Pontryagin multipliers associ-
ated with (@, ) for problem (Pg), and we may assume that

oy + [[WF2 + [P =1. (46)
The Hamiltonian inequality for problem (Pg) writes

Hlag, p"|(t, s, §:) < Hlag, p™)(t,u,5¢), for all u € B(0, R), for a.a. t € (0,T).
(47)
We next pass to the limit when R T 400, quite in the same way than passing to
the limit when € | 0 in the proof of theorem so there is no need to repeat
the arguments. The conclusion follows. O

4 Continuity of the control and multipliers

In this section we will establish some results of continuity and Lipschitz con-
tinuity for the control and the multipliers associated with state constraints of
first order (having in mind that those associated with state constraints of higher
order typically have jumps). A delicate question is to understand how should
be defined the order of a state constraint in our setting.

4.1 Order of the state constraint
Let (u,y) be a trajectory. Then the time derivative of the state is

t
Z)t = f(tvta Ut Z/t) + / DTf(t7 S7u87y8)ds' (48)
0

This leads to the definition of the total derivative of a function ¢t — G(¢,y;),
along the trajectory (y,u), as G (¢, ug, vy, u,y), where GV : IR x R™ x IR™ x
U x Y — IR is defined by

GO (t, 4, 5,u,y) == DyG(t,§) + DyG(t, §) f(t,t,T,7)
t
+DQG(t7§)/ D, f(t, s, us,ys)ds.
0

In other words, the total derivative of G(¢,y;) is
G(l)(t7 Ut, Yt, W, y) = DtG(tv yt) + DtﬂG(ta yt)f(ta i, ug, yt)
JngG(t,yt)/ D, f(t, s, us,ys)ds.

0

In particular, the total derivative of the ith state constraint is ggl) (t, ut, ye, u,y),
where

t
0

We say that the ith state constraint is of first order if the dependence w.r.t. @
of the above expression is non trivial, i.e., if

9i(§) Dy f(t, t,u,9) #0, for some (t,u,7) € R x R™ x R™. (50)

RR n° 7257



12 J.F. Bonnans and C. de la Vega

Otherwise we say that the ith state constraint is of higher order. In that case,
we have

gi (@)D f(t, t,u,g) =0, forall (t,a,7) € R x R™ x IR", (51)

We can then write ggl)(t,ut,yt,u, y) under the form g

g, the total derivative of ¢(1), as

(€]

i

(t,yt,u,y), and define

2 1 1 .
gz( )(tauhytvuay) = Dtgz( )(t,yt,u,y) +D§gz( )(tvyt;U,y)yt' (52)

Note that

Dtgzgl)(tyt? U>y) = g;(yt) (QDTf(tat7uta Z/t) + Dsf(tytauhyt))

t 53
+g§(yt)/ D2 f(t, s,us, ys)ds. o
0
From and we get
9'52)(t?utayt7uay) = Dtggl)(tytauay)

t
+ Dﬂggl)(tvyt7u7y> (f(t7taut7yt) +/ DTf(t737usvys)ds> .
0

Using
Dy (Dtgz(l)(tyt,u,y)) =Dy (Dﬂggl)(t7yt7u7y)) =0 (54)
Dy (Dggl(l)(t,yt,u, y)) = Dy (Dﬁglgl)(t,yt,u,y)) =0 (55)
we obtain
Dagi® (¢ we, e, wy) = Dygl" (6 ys, 1w, y) Duf (e, ) (56)

Given a trajectory (u,y) € U x Y, let us define g(*+1) as the total derivative
of g, and the order of a state constraint g; as the smallest positive integer ¢;
such that (note that for higher orders the partial derivative below depends in
general on (u,y) also and not only (¢,a,9))

Dﬁgi(k)(t,ﬂ, g,u,y) =0, for all (¢t,4,7,u,y) € Rx R™ x R" XU X ),
forall 0 <k <gq

(57)
For a state constraint g; of order ¢ with k < ¢, we can then write ggk) (t, ut, yr, u, y)
(k)

under the form g,

;(t,y, u,y) and we have:

g£k+1) (t> Uty Yt, U, y) = Dtgz(k) (t7 Yt, U, y) + D,flgz(k) (tv Yt, U, y)yt (58)

Using analogous equations — for ¢(®) instead of ¢(*) we obtain
Dﬂgz(k+1) (tv Ut, Yt, U, y) = Dﬂg'fk) (t’ Yt, U, y)Duf(ta t) Ut, Z/t) (59)

So we see that, although the expression of high order derivatives of state con-
straints is rather involved, the partial derivative w.r.t. u; may be written in a
way very similar to the one for ordinary differential equations.
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4.2 Continuity of the control

Let (@, y) be a Pontryagin extremal. We say that @ has side limits on [0, T] if it
has left limits on (0, 7] and right limits on [0, 7). When ¢ € (0,T) is such that u,
has left and right limits at time ¢, denoted by %4, with jump [G] := @4 — Tr—,
we define

af == + o], o€][0,1], (60)

so that @ = @, and 4} = @;. We need to set, for o € [0, 1]:

T
He &, pl(t,u, y) :=d€(u,y)+ﬁ;’f(t,t,u,y)+/ psD-f(s,t,u,y)ds.  (61)

t

The basic hypothesis is

{ For some ay > 0, ag|[ig]|? < D2, H[a, p|(t, a?, y:)([t], [4e]), (62)

for all o € [0,1], t € [0,T].

We denote by I (resp. I1(t)) the set of (resp. of active at time t) first order
state constraints, and use the hypothesis of positive linear independence w.r.t.
the control of first-order active state constraints along the trajectory (@, g):

Z ﬁiDﬂgl(l)(t,ﬂt,gt,my) =0 and 8 > 0 implies 5 =0, for all ¢t € [0, T].
i€l (t)
(63)
Define

T
H[aap}(tiauay) = az(ua y) +pt:tf(tatauay) + /t psDTf(Satauay)dS' (64)

Theorem 4.1 (Continuity of the control). Let (u,y) be a Pontryagin extremal
for (P) with associated Pontryagin multiplier (&, 7, ¥,p).

(i) Assume that, for some R > ||i|lco, H|[@, P|(tx,, Fi) has, for allt € (0,T), a
unique minimum w.r.t. the control over B(0, R), denoted ty. Then (a repre-
sentative of ) @ has side limits on [0,T], equal to tzy .

(ii) Assume that 4 has side limits on [0,T] and that holds. Then @ is con-
tinuous.

(ii) Assume that the control is continuous and that holds. Then the mul-
tipliers m; associated with components g; of the state constraint of first order
(gi = 1) are continuous on [0,T].

Proof. (i) It suffices to derive the desired property for left limits. So take 7 €
(0,T) and let t;, T 7 be such that @;, = 4, +. We can actually take subsequences
for which the & has constant sign, so for instance assume that @, = t;, . Let
% be a limit point of @, . Then

H[@va](T—a U,y;) = limy H[&vﬁtk](tk—’ Uty gtk)
< limg H[avﬁtk](tk—v Ur—, gtk) = H[&aﬁTKTa Ur, gT)

In view of the hypothesis, this implies 4 = @.._, as was to be proved.
(ii) Given t € [0,7T] and o € [0,1], we apply to F(o) := D, H%[&,p|(t, a],G:)
the identity F'(1) — F(0) = fol F'(0)do, valid since F is of class C!. Since

F/(U) = DZuHU[@’ﬁ](t’agvgt)[at} - [nt}g/(gt)Duf(utv agv?%)? (65)
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14 J.F. Bonnans and C. de la Vega

we have
0 = Dqu[O_‘ ﬁ](t ﬂt+agt) - DuHO[&7ﬁ](taﬂt—agt) = F(l) - F(O)

- / (D2 H (6, 11,57 50) r] — (]! (50) D f (1,5 5)) o

(66)

Note that the integral term in the Hamiltonian has no contribution in the above
difference. Therefore the remaining analysis is identical to the one of the stan-

dard case of the optimal control of an ODE. We give a short proof in order to

make the paper self-contained. Observing that g/ D, f = Dugfl) =0if ¢; > 1,

and setting v; := [7; ], we obtain that

/D2 He &, p|(t,ay, e ) [u:]d Zuzg2 (9t) / D, f(t,t,uf,g:)do.  (67)

i€l

Taklng the scalar product of both sides of @ by [u@¢], we get using hypothesis
and the relation fo D, f(t,t,uf,ge)u)do = [f(t,t,uaf, ge)] that

o oy - -
aplwl? < Y vigl@)ftag g)] = > wilgl) (¢ i, 505, 5)). (68)
il i€l
If v; > 0, then ¢;(g:) = 0, and since g;(7;) attains a local maximum at time ¢,

[ggl)(t,ﬂt,gjt, @, )] < 0. Therefore, the right-hand side in is a nonpositive.
By (62)), [a¢] = 0. Point (ii) follows.
(iii) Since [@¢] = 0, the right-hand side of reduces to

Z ViDﬂggl) (t7at7gtu ﬂag)7

i€l

and is equal to the zero l.h.s. We conclude with , using the inequality
v > 0. L]

5 The alternative optimality system

5.1 First-order alternative system

We next provide an extension of the theory of alternative optimality system to
the setting of integral equations. This is a key property for establishing the
Lipschitz regularity of the optimal control. Similarly to [20] (see also [27]), we
define the alternative multiplier and costate, elements of M and P resp., as

ng =~ pro=pe— g (G), te€0,T]. (69)

In view of the costate equation , we have that

—dp; = —dp; + 3212, gi(Ge)dng , + 0t " (Ge)Gedt
(aDyl(uy, gi) + peDy f (8,8, U, Gt ) + 09" (Ge) f(t,t LU, ) dt
(ft ﬁsD-ryf<S t ut7yt)ds+771 // yt fo D f t S usays)ds) dt
(70)

INRIA
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Therefore p' is absolutely continuous. Substituting p; = p}f + ntg’(g:) in the
previous r.h.s., using the identity

_ o _ o d _ o
g,(yt)Dyf(t7 tv Ut, yt) + g,/(yt)f(t7 ta Ut, yt) = d7y [g/(yt)f(ta t7 Ut , yt)} ) (71)
and having in mind the expression of ggl)(t, U, Yt, U, Y), We obtain

T
_dp% = @Dyg(ahgt) +p%Dyf(tata al‘ngt) +/ piDE,yf(Satvﬁta gt)ds
k (72)

T
—f—’l’]tngg(l) +/ n;g/(gS)DE,yf(sataﬂh th)ds.
t

This leads to define the alternative Hamiltonian, in which (a,y) € IR™ x IR™,
uelU and y € Y:

H'a, p' 0 (8, @, §,u,y) == Hlo, p] (@, 5) + ntgM (¢, 4, §, u,y)+

g - (73)
[ nid @D s(s. gy,
t
Then the dynamics of the alternative costate can be written as
_ptl :DﬂHl[&7p17nl](t7ﬂt7yt7aa?)) te (O’T) (74)

The initial-final conditions for the alternative costate are
(—=po — M09 (%), p1) = ®'[@, W] (5o, ¥r)- (75)

When analyzing the dependance of the alternative Hamiltonian w.r.t. @ we note
that

t
H'[a, p' 0] (¢, @, G2, 0, §) = Ho, pl(t, 4, gt)+mlg/<yt>/ D, f(t, s, s, Js)ds.
0

(76)
It follows that stationarity or minimality of H w.r.t. u holds iff H' has the
same property w.r.t. %. So the Hamiltonian inequality (@ is equivalent to the
corresponding one for the alternative system:

H e, ptyn )t e g, 0, y) < HY @ phyn') (8w, 51, @, ), (77)
for all u € R™, for a.a. t € (0,7).

5.2 Lipschitz behavior of the control variable

In this section we assume that the control is continuous and that all constraints
are of first order, so that we may denote I(t) = I1(t). Consider the following
hypothesis, stronger than (we have removed the hypothesis of nonnegativity

of f):
Z ,BiDﬂggl)(t,ahgt,ﬂ, ) =0 implies 3 =0, forallte0,T]. (78)
il (t)
Our next hypothesis is of strong Legendre-Clebsch type, reduced to a sub-
space:
For some ay > 0: ayl|v|? < D2, H|a,pl(t, i, g:) (v, v),
whenever Dﬁg(l)(t,at,gt,ﬂ, g)v=0, for all ¢ € I(t), t €[0,T].

)

(79)
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Theorem 5.1. Assume that all state constraints are of first order. Let (@, g, p,7)
be a first-order extremal and associated multipliers, with u continuous. If hy-
potheses and hold, then w and n are Lipschitz function of time.

Proof. We adapt the idea of [20]. For t € [0,T], denote by I(t) := {1,...,n4}\
I(t) the set of non active first-order constraints. We partition the alternative
multiplier at time ¢ into 1} = (7,7:), where 7 (resp. 7) stands for the com-
ponents in I(t) (resp. I(t)). We identify 7 with its extension by zero for the
components of ! in I(t). Consider the function, where 7' € RI ")l

Flt,a,5,0,p" 0t 7' (w) = Hlo, p'](t, u, ) + 7 g (¢, u, ¢, 4, 7)

T
_ _ 80)
+/ nigl(ys)D‘rf(S7tauayt)dsv (
t
whose expression is close to the one of the alternative Hamiltonian, but with 7j;
instead of 1} in the second term of the sum in the r.h.s. Consider the nonlinear
programming problem

ul\é%% F[t,a, 7, o, p',n', 7] (u) subject to gl(l)(u, Ui, u,y) =0, i € I(t). (81)
We claim that 4, is a local solution of this problem. Indeed, let g;(7:) be a
first-order state constraint. Its total derivative is continuous since u is so, and
is equal to zero whenever it is active since g;(7:) reaches a local maximum. It
follows that @, is feasible for problem (81)).

By the qualification hypothesis here exists a unique Lagrange multi-
plier. In view of the alternative optimality system, the latter is nothing but 7.
The expression of the first-order optimality conditions (where the variables are

(uvﬁt)) is
Dy H &, p" ) (t w5, 5, 5) = 05 g8 (u, G0, 0, 7) = 0, i € I(2). (82)

Hypothesis is a well-known sufficient condition for local optimality for non-
linear programming problems. It follows that @, is a local solution of , as
was claimed.

Having in mind, we see that the Jacobian of optimality conditions
w.r.t. unknowns (u,7) is

DzuH[O_‘v D, 77t1](t7 Ug, yt) DﬁgﬁZ) (ﬂtv Yt, U, g)T
DoV (w0 i : (83)
ﬁg[(t) (ut7 Yt, U, y) 0
In view of hypotheses —, this Jacobian is invertible at (¢, 7).
Let (a,b) be a compatible pair, in the sense of section for the set I(t).
Then I(a) = I(b). The data of problem satisfy a Lipschitz condition,
with a constant not depending on the particular (a,b), since either they are
indeed Lipschitz functions of time, or, in the case of 71, it has the same value at
time a and b. By the implicit function theorem, applied to , and standard
compactness arguments, there exists € > 0 and ¢ > 0 such that, if b < a + ¢,
then

|ty —1iq |+ |0t —nL] < c(b—a), for all compatible pairs (a,b) such that b < a + ¢.

By lemmal[7.1] (@, 7!) is Lipschitz over (a,b) whenever b < a+e. The conclusion
follows. O]
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6 Conclusion

We have performed a partial extension of the theory of optimal control with run-
ning and initial-final state constraints problems to the case of integral equations,
obtaining a version of Pontryagin’s principle as well as continuity properties for
the control and the multipliers associated to first order state constraints. We
also obtained Lipschitz properties for these variables in the case when all state
constraints are of first order.

We leave open the question of second order optimality conditions; see e.g.
[8] (without initial-final state constraints) and the analysis of related shooting
algorithms in [9]. This involves the analysis of junction points associated to
high order state constraints. Of course the shooting algorithm by itself, viewed
as the analysis of an autonomous state-costate differential equation, is not valid
(think to the case of an unconstrained system). However, the sensitivity analysis
for junction points and variations of the state and costate under a perturbation
might be extended to the present framework.

Some other types of systems with memory have been considered as in Carlier
and Tahraoui [II], Samassi and Tahraoui [30]. It would be of interest to extend
the analysis of state constrained problems to these frameworks, as well as for
systems with delays.

7 Appendix

7.1 Hager’s lemma

We recall Hager’s lemma [20]; see [5] for a slightly simplified proof. Let X be
a Banach space, and = be a continuous function [0,1] — X. Let I : [0,1] —
{1,...,n} be upper continuous, i.e.,

If t, —» t €[0,1], and i € I(ty), then i € I(t). (84)

We will speak of I(t) as a set of active constraints since this is the case in our
application. We say that the pair (a,b) in [0,1]? is compatible if

a<b, I(a)=1I(0); I(t)CI(a), forall te (a,b), (85)

i.e., the same constraints are active at times a and b, and no other constraint
is active for t € (a,b). We say that L > 0 is a Lipschitz constant for x over
E C[0,1]?if

|z(a) — x(b)|]| < L|b — a| whenever (a,b) € E. (86)

Lemma 7.1. Assume that x € C([0,T], X) and that I is upper continuous. Let
L > 0 be a Lipschitz constant for x over the set of compatible pairs. Then L is
a Lipschitz constant for x i.e., we have that

lz(a) — z(b)|| < LIb—al, for all (a,b) € [0,1]% (87)
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