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Abstract: In this paper, we study the influence of nanosecond electrical pulses
on the phenomena arising in a biological cell model composed of a nucleus
embedded in a cytoplasm, both entities being surrounded by a thin resistive
membrane. The time-harmonic and the time-transient equations of the electric
potential are presented, and accurate approximations of these equations are
given, that avoid to mesh the thin resistive membranes. Numerical formulations
of the partial differential equations are derived and simulations are performed
in order to study the sensitivity of an eukaryotic cell to the orientation, the
amplitude and the duration of the applied electric pulses.
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& Université de Bordeaux1, 351 cours de la Libération, 33405 Talence Cedex, France



Etude Numérique de l’effet d’un pulse électrique
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4 F. Buret et al.

1 Introduction

Biological assemblies are sensitive to electrical perturbations. For instance, high
voltage microsecond (µs) pulses can interact with living organisms, leading to
modifications of the cytoplasmic membrane structures. One of these modifica-
tions, called electropermeabilization or electroporation, consists of an increase of
the membrane permeability: molecules that otherwise cannot diffuse through
the cell membrane do penetrate into the cell [Gabriel and Teissié(1999)]. This
phenomenon is closely related to the transmembrane potential (TMP), which is
the potential difference across the membrane: under a threshold value of the
TMP, the cell membrane structure does not change, and the membrane bar-
rier protects the cell from outer aggressions, but when the TMP overcomes this
threshold value, a local destructuration of the phospholipidic bilayer occurs.

New developments are running in the fields of biotechnology and clinical
drug delivery. The safe use of these approaches requires a deep knowledge of
the involved space and time-dependent mechanisms. Both molecular dynamics
and preliminary experimental approaches indicate that the key steps occur at
the nanosecond (ns) time scale. Recently, Schoenbach et al. [Hu et al.(2005),
Frey et al.(2006)] have demonstrated that electromagnetic pulses of short dura-
tion (order of 10 nanoseconds) can also modify the membranes of biological cell
constituents such as the nucleus or the mitochondria without noticeably alter-
ing the cell membrane. Results from the literature show that cancerous tumors
can be reduced in size by applying a limited number of voltage pulses with very
fast rise time [Chen et al.(2004)]. The published works also demonstrate very
promising potential applications of these ultra short high voltage pulses for gene
transfer.

The aim of this paper is to present accurate numerical methods for the com-
putation of the electric field in a cell model, composed by a nucleus embedded
in the cell cytoplasm. The method is general in the sense that no geometry
assumptions are needed, except that the cell membrane is at the same time thin
and resistive. Since the membrane remains the same while its TMP does not
reach the threshold value, we consider in this paper a linear cell model, meaning
that we do not model the electropermeabilization process itself. Our study can
be seen as preliminary works in order to define the most appropriate pulses for
nucleus (and/or cell) membrane electropermeabilization, in particular we inves-
tigate the influence of the amplitude, the duration and the shape of the pulses,
and of the relative orientation between the cell and the background electric field
generated by the pulses.

We first present the generic cell model and the involved equations that de-
scribe the electric potential in the whole cell. We also propose an accurate
approximation of the complete model that avoid to mesh the thin membranes:
the numerical methods based on this formulation can be as accurate and more
efficient than straightforward computations of the whole cell model. We then
present numerical results based on this approximation. For the sake of simplic-
ity, numerical simulations deal with 3D-axisymmetric cells: the cell cytoplasm
is an ellipsoid that contains a spherical nucleus. Compared with the in vitro
cell shapes, these geometric assumptions are relevant. Moreover since we do
not suppose that the source terms have this symmetry, we emphasize that our
computations are 3D simulations for a particular cell shape (and not only 3D-
axisymmetric simulations).

INRIA
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The first numerical works are devoted to the study of the pulse spectrum
in the time-harmonic regime: for a given pulse amplitude and orientation, we
present which frequency is the most efficient to reach the nucleus membrane. We
then present the effect of the orientation of the electric field on the membranes
electropermeabilization in both time-harmonic and time-transient regimes. In
particular, we show that for some orientation, the cytoplasmic membrane is per-
meabilized, while the nucleus membrane is not, whereas for another orientation,
the electropermeabilization of both membranes can be achieved. We conclude
by few remarks and future directions in the electropermeabilization modelling
of cell membranes.

2 Models and methods

The cell model is composed by a conductive cytoplasm and a conductive nucleus,
each being surrounded by an insulating membrane. At this stage, complex
materials located inside the cell, as mitochondria or endoplasmic reticulum,
are not modelled. The cell is embedded in a conductive bath, on which an
electric field is imposed: the exposure system consists of two parallel and plane
electrodes between which a conductive medium, containing the cell, is placed.
Indeed, the aim is to impose an homogeneous electric field to the cell.

2.1 Equations of the complete cell model

Denote respectively by On, Oc and Oe the conductive nuclear, cytoplasmic,
and extracellular media, and let Om

c and Om
n be the respective cytoplasmic and

nuclear membranes, that are resistive and thin. Let Ω be the whole domain
defined by

Ω = On ∪ Om
n ∪ Oc ∪ Om

c ∪ Oe

Denote by σ and εr respectively the piecewise constant conductivity and relative
permittivity of the domain Ω:

(σ, εr) =



















(σe, εe) , in Oe,

(σc, εc) , in Oc,

(σn, εn) , in On,

(σm, εm) , in Om
n ∪ Om

c .

(1)

We denote by ∂Ω the boundary of the domain Ω and we split ∂Ω up into two
disjoint parts:

∂Ω = ∂ΩD ∪ ∂ΩN , ∂ΩD ∩ ∂ΩN = ∅.

On ∂ΩD we impose Dirichlet boundary conditions, meaning that the electrodes
are located on ∂ΩD whereas homogeneous Neumann boundary conditions are
imposed on ∂ΩN .

2.1.a Time-dependent voltage potential

Supposing that before the pulse the cell is in a steady state — i.e. that the
potential equals 0 — the electric potential V satisfies the following partial dif-
ferential equation, so-called electro-quasistatic formulation in the time-transient
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6 F. Buret et al.

case (the choice of this formulation is fully justified by the characteristic time
constants of the different physical phenomena [Steinmetz et al.(2009)]):

∀x ∈ Ω, V (t = 0, x) = 0,

and for t > 0,











−∇.

((

ε0εr

∂

∂t
+ σ

)

∇V

)

= 0, in Ω

V |∂ΩD
(x, t) = Vimp(x, t) and ∂nV |∂ΩN

(x, t) = 0,

(2)

where Vimp is enforced on the electrodes and n denotes the unitary outgoing
normal of the domain.

2.1.b Time-harmonic voltage potential

Suppose that sinusoidal pulses are imposed to the cell, hence at steady state
Vimp equals

∀(x, t) ∈ ∂ΩD × (0,+∞), Vimp(x, t) = ℜ(uimp(x)e
iωt),

where ω denotes the pulses frequency. Since the considered model is linear, then
V equals

V (x, t) = ℜ(u(x)eiωt),

where u satisfies the following partial differential equation

{

−∇. ((iωε0εr + σ)∇u) = 0, in Ω

u|∂ΩD
= uimp and ∂nu|∂ΩN

= 0.
(3)

2.2 The cell model: a high contrast medium with thin

layers

From the electrical engineering point of view, biological cells are non standard
materials composed of high contrast media with thin layers (see Fig. 1). More
precisely, the nucleus, the cytoplasm and the extracellular conductivities are of
order 1S/m, while the conductivity of the phospholipidic membranes surround-
ing the cytoplasm and the nucleus is small. In the S.I units, its value is about
10−9S/m, which is similar to the value of the membrane thickness, that is about
10−9m. The geometrical and electrical parameters of the cell considered in this
work — coming from the relevant literature [Kotnik and Miklavčič(2006)] —
are given in Fig. 1.

On account of such properties, straightforward naive simulations of equa-
tions (2) or (3) are time and memory consuming, and sometimes inaccurate
since the matrices involved by numerical simulations are ill-conditioned espe-
cially for complex cell shapes. We emphasize that a numerical widening of the
membrane is not relevant to study the transmembrane potential, since it is not
a linear function of the membrane thickness, therefore accurate computations
of the transmembrane potential for large membranes do not predict any results
for the real thin membranes. To avoid such drawbacks, an alternative rigor-
ous approach consists in replacing the thin resistive membranes by appropriate

INRIA
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Figure 1: 1/4 of the geometry of the cell considered in this work (z-axis is an
axis of revolution) and its electrical parameters.

transmission conditions across the boundary of the domain they surround ( see
[Poignard et al.(2008), Poignard(2009), Perrussel and Poignard(2010)]). This
approximation is accurate since the error is of the order of the membrane thick-
ness, and it avoids meshing the thin membrane, leading to more precise and
less costly results than naive simulations. Denote by Ωe and Ωc the following
domains:

Ωe = Oe ∪ Om
c , Ωc = Oc ∪ Om

n ,

let Γn be the boundary of On and denote by and Γc the boundary of Ωc deprived
of Γn. According to Fig. 1, we suppose that both cytoplasmic and nuclear
membranes have the same dielectric properties and thickness. We denote by
Cm and Sm the respective membrane capacitance and surface conductance that
are defined by

Cm =
ε0εm

δ
, Sm =

σm

δ
.

To simplify notations, we still denote by (σ, εr) the following piecewise constant
functions

(σ, εr) =











(σe, εe) , in Ωe,

(σc, εc) , in Ωc,

(σn, εn) , in On.

(4)

The electric potential is rigorously approximated by the solution to the following
problem

∆V = 0, in Ωe ∪ Ωc ∪ On, V |∂ΩD
= Vimp, ∂nV |∂ΩN

= 0.

with the following transmission conditions

on Γc

{

ε0∂t [εr∂nV ]Γc
+ [σ∂nV ]Γc

= 0,

Cm∂t [V ]Γc
+ Sm [V ]Γc

=
(

ε0εc∂t∂nV |Γ−

c
+ σc∂nV |Γ−

c

)

,
(5a)

on Γn

{

ε0∂t [εr∂nV ]Γn
+ [σ∂nV ]Γn

= 0,

Cm∂t [V ]Γn
+ Sm [V ]Γn

=
(

ε0εn∂t∂nV |Γ−

n
+ σn∂nV |Γ−

n

)

.
(5b)
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8 F. Buret et al.

In time-harmonic regime the amplitude of the potential is approximated by the
solution to

∆u = 0, in Ωe ∪ Ωc ∪ On, u|∂ΩD
= uimp, ∂nu|∂ΩN

= 0,

with the conditions on Γc

{

[(iωε0εr + σ) ∂nu]Γc
= 0,

(iωCm + Sm) [u]Γc
= (iωε0εc + σc) ∂nu|Γ−

c
,

(6a)

and similarly on Γn

{

[(iωε0εr + σ) ∂nu]Γc
= 0,

(iωCm + Sm) [u]Γn
= (iωε0εn + σn) ∂nu|Γ−

n
.

(6b)

2.3 Variational method for simulations

Approximate transmissions (5a)–(5b) or (6a)–(6b) show that the potential is dis-
continuous across the membranes, which is consistent with resistive thin layer
properties. However these discontinuities have to be taken into account properly
to obtain accurate numerical simulations. With the help of physical arguments
Pucihar et al. present conditions [Pucihar et al.(2006)] similar to (6a)–(6b): the
papers [Poignard et al.(2008), Poignard(2009), Perrussel and Poignard(2010)]
quoted above can be seen as a rigorous proof (and a generalization) of these
conditions. In order to solve such a problem, Pucihar et al. propose an itera-
tive method that consists in expliciting the flux (iωε0εc + σc) ∂nu|Γ−

c
, however

this method is numerically instable, time consuming, and can lead to inaccu-
rate results, especially for the time-transient case or when including cytoplasmic
constituents. Actually, observe that the jump of the potential is given in terms
of its normal derivative, and therefore this cannot be rigorously considered as
a source term imposed on the surfaces Γc and Γn. We propose here a varia-
tional method that lead to a direct computation of the involved transmission
conditions.

The variational framework of such formulations is described in the previ-
ous paper of Perrussel and Poignard [Perrussel and Poignard(2010)], we just
present here the heuristics in order to compute efficiently the partial differential
equations (P.D.E.). We suppose that the space-discretization of Ω is already
performed. Since the numerical difficulties lie in the transmission conditions –
the jumps of the potentials and the fluxes across the membrane – we present
how to compute the rigidity matrix in the finite element method (F.E.M).

2.3.a Formulation for the time-harmonic potential

First of all, consider the time-harmonic electric potential. Denote by (φk
e)Ne

k=1,

(φk
c )Nc

k=1, and (φk
n)Nn

k=1 the bases of finite dimensional subspaces respectively of
H1 (Ωe), H

1 (Ωc), and H1 (On), and extend these functions by 0 in the whole
domain Ω. Let N = Ne +Nc +Nn. Therefore, the sequence of functions

(ψk)N
k=1 = (φ1

e, · · · , φ
Ne

e , φ1
c , · · ·φ

Nc

c , φ1
c , · · · , φ

Nc

c )

is a basis of a finite dimensional subspace of the space PH1(Ω), which is the
space of functions of Ω that are H1 in Ωe, Ωc and in On. Since ∆u vanishes in

INRIA
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each subdomain Ωe, Ωc and On, u can be written as:

u =

N
∑

k=0

αkψk,

and according to the transmission conditions (6a)–(6b) the rigidity matrix (Mkl)
is then

Mkl =

∫

Ω

σ∇ψk.∇ψl dx+

∫

Γc∪Γn

(iωCm + Sm) [ψk][ψl]dσ.

2.3.b Formulation for the time-dependent potential

When dealing with the transient formulation, it is necessary to choose an appro-
priate scheme in order to approach the time-derivative. A particular attention
has to be turned to the condition

Cm∂t [V ]Γc
+ Sm [V ]Γc

=
(

ε0εc∂t∂nV |Γ−

c
+ σc∂nV |Γ−

c

)

.

As in the time-harmonic regime the jump of u is linked to its normal derivative,
therefore explicit scheme as Euler scheme or even RK4 scheme are restricted
by a Courant-Friedrichs-Lewy (CFL) condition as described by Guyomarc’h et
al.[Guyomarc’h et al.(2009)]. Since the characteristic length of a cell is about
few micrometers, and since the pulse duration is between few nanoseconds to
few microseconds, such a CFL condition is constraining. To avoid this condition
it is more advisable to use implicit schemes. For instance consider the Euler
implicit scheme
(

Cm

∆t
+ Sm

)

[V n]Γc
−

(ε0εc

∆t
+ σc

)

∂nV
n|Γ−

c
=
Cm

∆t

[

V n−1
]

Γc

+
ε0εc

∆t
∂nV

n−1|Γ−

c
,

and similarly on Γn. Then, the rigidity matrix of the time-discretized problem
is:

Mkl =

∫

Ω

(ε0εc

∆t
+ σc

)

∇ψk.∇ψl dx+

∫

Γc∪Γn

(

Cm

∆t
+ Sm

)

[ψk][ψl]dσ.

3 Numerical simulations by F.E.M

The above P.D.E. are discretized by using the finite element method. The
space discretization have been performed by the mesh generator Gmsh (see
[Geuzaine and Remacle(2009)] ) and the implementation is written in C++ and
it is based on the getfem++ finite element library [Renard and Pommier(2007)].
P2-Lagrange finite elements are considered for the spatial discretization and a
Crank-Nicolson scheme is used for the time-discretization.

3.1 Complements on the axisymmetric formulation

We impose an electric field to the cell — linked to the location of the electrodes
— whose relative orientation with the cell is not necessarily following the cell axis
of revolution. For the sake of simplicity, we consider a 3D-axisymmetric geome-
try, hence the electric field is split up into two components as described Fig. 2:

RR n° 7270



10 F. Buret et al.

Figure 2: Field decomposition in (r, z)–coordinates: E is splitted up into Er

and Ez.

a component along the axis of revolution Ez and a component along the orthog-
onal axis Er.

This geometric configuration allows to divide the computation of the poten-
tial into two disjoint bidimensional problems:

• the first problem with solution Vz uses the classical boundary conditions
on Fig. 3(a) and the sesquilinear form (expressed in the time-harmonic
case here):

∫

Ω

(iωε+ σ)

(

∂Vz

∂r

∂vz
∂r

+
∂Vz

∂z

∂vz
∂z

)

rdrdz +

∫

Γc∪Γn

(iωCm + Sm)[Vz][vz] rds.

(7)

• the second problem with a solution Vr uses the boundary conditions on
Fig. 3(b) and the sesquilinear form:
∫

Ω

(iωε+ σ)

(

∂Vr

∂r

∂vr
∂r

+
∂Vr

∂z

∂vr
∂z

)

rdrdz +

∫

Ω

(iωε+ σ)

r
Vrvr drdz

+

∫

Γc∪Γn

(iωCm + Sm)[Vr]Σk
[v]Σk

rds

(8)

The electric potential is then equal to V (r, z, θ) = Vz(r, z)+Vr(r, z) cos(θ) where
θ is the angular coordinate around the axis of revolution.

3.2 How to reach the nucleus? Study of the spectrum of

the pulse

We first study the time-harmonic potential, for a large spectrum pulse. Since
the model is linear, it is relevant to study the time-harmonic potential, since
the time-transient electric voltage can be recovered by using a Fast Fourier
Transform (F.F.T.) algorithm.

The frequency responses of the TMPs of the cell and of the nucleus are
extracted and shown in the top of Fig. 4 when submitted to an electric field
along the axis of revolution. The dashed lines describe the behavior of both
nuclear and cell TMP, the solid line is the ratio of the two TMPs. The bottom
of Fig. 4 shows the spectrum of pulses of respectively 10 ns and 10 µs duration:

INRIA
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∂V

∂n
= 0 ∂V

∂n
= 0

V = 0

V = |Ez|/d
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Σ2
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(a) Ez.

V = 0 V =
|Er|
d

∂V/∂n = 0

∂V/∂n = 0

Σ1

Σ2

Ω

(b) Er.

Figure 3: Boundary conditions for the two components of the electric field.
Distance d is the side length of the domain.
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and µs pulses. Source E-field: 2 · 105 V/m, along z-axis.
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12 F. Buret et al.

by superposing the top and bottom figures, it appears that only the ns pulse
contains the frequency components to influence the nucleus.

Fig. 5 shows the scalar potential cartography and the associated electric
field lines for four frequencies: 10 kHz, 1 MHz, 3 MHz and 1 GHz. For fre-
quencies under 10 kHz the electric field does not penetrate the cell. Due to
the shielding effect of the cell membrane it is therefore impossible to reach the
nucleus. Around 2 MHz, the field penetrates the cytoplasm but still vanishes
inside the nucleus. This configuration could be the most adapted to obtain the
electropermeabilization of the nucleus membrane. For higher frequencies the
field penetrates in the entire cell. These results show the sensitivity of the nu-

Figure 5: Time-harmonic cartography of scalar potential with electric field lines
at (a) 10 kHz, (b) 1 MHz, (c) 3 MHz, (d) 1 GHz. Source E-field along z-axis.

cleus to a ns pulse and the feasibility of the permeabilization of the membrane
of the nucleus with adapted pulse amplitude and frequency.

The qualitative analysis introduced above, based on the frequency response
of the TMPs and on the spectrum of the considered pulse, can be extended with
a reduced computational cost to the analysis of other pulse shapes. It should
give us ideas to propose alternative pulse shapes more relevant for reaching the
nucleus (or other internal contents in the cytoplasm).

Observe that according to Fig. 4, both cell and nucleus time-harmonic TMP
are very smooth functions of the frequency. Therefore time-harmonic computa-
tions for few (well chosen) frequencies lead to a precise description of the TMP
in the whole frequency range. Therefore the time-transient TMP can be recov-
ered accurately by using discrete inverse F.F.T. Fig. 6 gives the value of both
cellular and nuclear TMP for two types of time-transient pulses, using inverse
F.F.T.

INRIA
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(a) pulse train at 40 MHz.

(b) Sinusodal function modulated by a Gaussian.

Figure 6: Reconstruction of the time-transient potential from time-harmonic
simulations.

3.3 Sensitivity to the field orientation

In this section we investigate the influence of the field orientation on the TMP
of both cell and nucleus membrane. We are confident that such study can be
helpful to choose the most appropriate field orientation for a given cell shape.

3.3.a Time-harmonic results

We first study the time-harmonic regime. Fig. 7 shows the sensitivity of the
TMPs to the relative orientation of the source electric field with the cell at
several frequencies; let φ be the parameter quantifying this relative orientation,
φ = 0• corresponds to the case Er = 0 (see Fig. 3(a)) and consequently φ = 90•

will correspond to the case Ez = 0 (see Fig. 3(b)). The value of the TMP on
the membrane of the cell is the highest if the electrodes are perpendicular to
the smallest axis of the cell, i.e. φ = 0•, while the TMP of the nucleus is the
highest if the electrodes are perpendicular to the longest axis of the cell, i.e.

RR n° 7270



14 F. Buret et al.

φ = 90•. Since above 10MHz the TMPs almost vanish, we emphasize that this
conclusion is valid only for frequencies lower than 10 MHz.
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Figure 7: Maximal TMP on the membrane vs the orientation of the E-field and
the frequency.

3.3.b Time-transient simulation

The cell of Fig. 1 is exposed to a pulse of 10 ns constant maximal value, of 1
ns rise time, of 4 ns fall time. Different values for the parameter φ were tested.
Fig. 8 sums up the results obtained by showing the decrease of the TMP of the
cell and of the nucleus by going from φ = 0• to φ = 90•. The results of the
two extreme configurations, recalled Fig. 3(a) and 3(b), are shown Fig. 9(a) and
Fig. 9(b).

For each exposure configuration, the cell TMP is upper than the TMP of the
nucleus. This result agree with time-harmonic results shown Fig. 4 where the
ratio between the TMPs of the cell and the nucleus is less than 1, in the frequency
range. The most important result is the difference in the TMP between the
configuration φ = 90• and the configuration φ = 0•. In the case of the cell, the
increase of the TMP is around 40% while in the case of nucleus it is around
30%.

The results can explain why for a fixed amplitude of the pulse, some cells
(or cell constituents such as nucleus or mitochondria) should be electroporated
while others are not, depending of the orientation of each cell. This type of
study may predict the amplitude and the duration of the pulse to activate
the permeabilization phenomena in the membrane of the nucleus; after the
activation, a more precise description of this non-linear phenomena have to be
done.
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Figure 9: Time-transient response of the membranes to a nanopulse.
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4 Conclusion

In this paper we have studied the electric potential distribution in a biologi-
cal cell submitted to nanopulses or micropulses. Due to the resistive and thin
membranes surrounding the cytoplasm and the nucleus a straightforward com-
putation of the electric potential in the complete cell model lead to numerical
difficulties that make in silico studies complex to be achieved. We have pre-
sented how to avoid such difficulties by replacing the membranes by appropriate
transmission conditions, and we have presented how to implement numerically
this model. In the case of a 3D-axisymmetric geometry, we have studied the
influence of the pulse duration and the effect of the electric field orientation on
both cell and nucleus TMPs. It appears that for a well-chosen pulse duration (or
equivalently for an appropriate frequency) it is possible to increase the nuclear
TMP without increasing too dramatically the cell TMP, whereas for another
choice, only the cell membrane can be affected. Moreover we demonstrate that
the field orientation has an influence on the TMP, and for some orientations it
seems easier to reach the nucleus.

For the sake of simplicity, we assumed that the cytoplasm and the nucleus
have the same dielectric properties and that their membranes are similar. We
mention that for other dielectric parameters, the numerical results can be differ-
ent. Since it seems difficult to obtain a very precise knowledge of the parameters,
we are confident that a numerical studies of the influence of the uncertainty of
the parameters on the TMPs should be performed. These study could be done
as described in Voyer et al. [Voyer et al.(2008), Voyer et al.(2009)]. Our objec-
tive is also to incorporate non-linear electroporation effects for further study
of the phenomenon as proposed in [Stewart et al.(2004), Smith et al.(2006)] for
plane 2D phenomena. Using the efficiency of our numerical methods, we are
confident that such approach could lead to full 3D computations and therefore
it should help in understanding the electropermeabilization by nanopulses.
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