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Abstract

This paper presents a new method on the intersection
testing problem between an ellipsoid and an algebraic sur-
face. In the new method, the testing problem is turned into
a new testing problem whether a univariate polynomial has
a positive or negative real root. Examples are shown to il-
lustrate the robustness and efficiency of the new method.

1 Introduction

| ntersection testing problem between two surfaces is to
judge whether the two surfaces intersect with each other
or not, and it doesn't care the details of the intersection.
Ellipsoids have a smal number of geometric parameters
and are widely used for approximating a wide class of con-
vex objects in smulations of physical systems The inter-
section testing problem between an dlipsoid and an age-
braic surface is thus a important problem with applications
in computer graphics, computer animation, virtual redlity,
robotics, CAD/CAM, computationa physics, and geome-
chanics.

For two quadratic surfaces, the methods using Segres
characteristics [10, 11] are useful to classify the inter-
section curves between them in projective complex space,
whileit does not work in red affine space.

Conventional methods [1, 3, 8, 15] for finding the inter-
section of two surfaces could aso be used to detect whether
an ellipsoid and an agebrac surface intersect; if there are
no red intersection points between them, then the two sur-
faces are either separated or one is contained in the cther.
However, these methods are designed to compute the struc-
ture and parameterization of the intersection curve, rather
than the gross relationship between the two surfaces, and

43

Jean-Claude Paul Jiaguang Sun
School of Software, School of Software,
Tsinghua University, Tsinghua University,
Beijing 100084, Beijing
PR. China 100084
CNRS, INRIA PR. China
paul @ sunjg@mail.
tsinghua.edu.cn tsinghua.edu.cn

are more complicated for the intersecti on testing problem.

[4] discusses the intersection testing problem between
a bicubic bézier patch and a plane The intersection testing
problem between NURBS surfaces is much more difficult
to deduce such a simple condition asin [4].

This paper discussss the intersection testing problem be-
tween an elipsoid and an algebraic surface in red space.
[12] gives an agebraic condition for the separation of two
ellipsoids, which shows that the ellipsoids are separated by
aplaneif and only if their characteristic equation of degree
4 hastwo distinct positive roots. VWhen two ellipsoid are not
separated, it doesn’t answer how to distinguish whether two
ellipsoid intersect or one is contained in the other, which
may be used in applications such as computer graphics,
computer animation, virtual redity, and so on.

This paper introduces the tangent point method, which
turns the intersection testing problem into a new testing
problem whether a univariate polynomia has a positive or
negative real root, which is much easier to be solved with
Descartes method, the Sturm sequence method, Du Gua-
Huat-Euler theorem [7], or the improved methods in [17].
The new method is intuitionistic in geometry, and seems
less sensitive to rounding error by the float point arithmetic
than the method in [12].

The remainder paper is organized as follows. In Sec-
tion 2, we present the outline of the tangent point method.
Some examples are given in Section 3. Some conclusions
aredrawn at the end of the paper.

2 Thetangent point method

Suppose that the ellipsoid E and the agebraic surface S
aredetermined by

E(z,y,2) =0,
S(x,y,2) =0.

(™1
)
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Any point (z,y, z)T is on the surfac& or Sif and only if
E(z,y,z) =00rS(z,y,2z) = 0.

Lemma 1. If there exist two pointp,q € E such that
S(p) < 0 andS(q) > 0, then the two surfaceB and S
intersect with each other.

Proof. Suppose there exist two poingsq € E such
thatS(p) < 0 andS(q) > 0. The ellipsoidE is a simply

connected surface, which means there exists a c:ontinuou%]c g

pathC(t) on E such thatC(0) = p andC(1) = g. Thus,
the functionS(C(t)) is a continuous function inin [0, 1].
SinceS(C(0)) < 0 andS(C(1)) > 0, so there exists some
to € (0, 1), such thatS(C(ty)) = 0, which means that point
C(to) is an intersection point betwe&nandS. Thus,Sand
S, intersect. So we have completed the proof.

One of the two pointp or q can be any point on the ellip-
soidE, which can be directly obtained. Without loss of gen-
erality, suppose has been obtained. For the intersection

testing problem between two quadrics, any element in their
pencil is a quadric, which is simple-connected. We can con-

structp = (0,0,0)”, which is on one of the two quadrics.
Here is the details. Suppose the two quadsicands, are
determined byf;(z,y,z) = 0,7 = 1,2. If f1(0,0,0) =0
or fo(x,y,2) = 0, thenp = (0,0,0)7 is ons; ors,. Other-
wise,p = (0,0,0)7 is on a new surfacs;, which is deter-
mined byf1(0, 0, O)fg(l‘, Y, Z) - f2(07 0, O)fl ($, Y, Z) = 0.
The intersection testing problem betwegrands, is equiv-
alent to the problem between ands;. Lets, bes}, we
have constructed the poiptto be(0, 0, 0)7.

To find the other poing, we introduce the following con-
strained function

S*(t) = S(O)ree,

which means the definition domain ¢f* is surfaceE.
The ellipsoidE is a compact subset of the real Euclidean
space thus any continuous function sucl§ és, y, z) would
attend its maximum and minimum on the ellipsdid
From the mathematical theorg,* is bounded, whose up-
per bound and lower bound are denoted;bsndv. Fur-
thermore, for any real numbere [v, u], there exists point
p, € E such thatS*(p,) = t. If v or u is zero, orv and
1 are of opposite sign, then there is a pdinE E such
that.S(t) = 0, which means thatt is an intersection point
betweerkE andS. Thus, we have

Theorem 1. The two surface€ andS intersect with
each other if and only if eithgr > 0 andv < 0, or uv = 0.

Proof. Necessity. Suppose surfacésand S intersect
with each other. 115*(t) < 0 or S*(t) > 0, then we have
@ = 0orv =0, and thus we havgr = 0. Otherwise, there
exists two point®, q € E such thatS(p) < 0 andS(q) >
0. Thus, we have, > S(q) > 0 andv < S(p) < 0.

Sufficiency. Ifur = 0, then there is a poirit € E such
thatS(t) = 0, andt is an intersection poirfE andS. Thus,
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the two surface& andS intersect with each other. Other-
wise, suppose: > 0 andrv < 0. There exist two points
p,q € E such thatS(p) = v < 0 andS(q) = u > 0.
From Lemma 1, the two surfacds and S intersect with
each other. So we have completed the proof.

From the assumption, poipthas been found, so we only
discuss on the value @f. Both , andv are extreme values
, andy is also the solution of the following constrained
maximization problem

max S*(x,y,z2)
s.t. E(z,y,z)=0.

Supposes™ reacheg: at pointg*. With Lagrange multi-
ple method, we have

E(Q") = 0,
S(a*) — p = 0,
Sy(q*) = AEy(q") = 0,
S.(g*) = AE.(q") = 0,

where S;,S5,,S. and E,, E,, E, are partial derivative
functions inx, y, z of S and £, respectively. The geometric
meaning of the equation system (3) is that surfdeemd
S,, are tangent with each other at podit, whereS,, is de-
termined byS(z,y, z) — u = 0. Thus, the above method is
called the tangent point method in this paper.

We eliminatez, y, z and A from Equation (3) and obtain
a univariate polynomiaD(u) in u, which is called judg-
ing equation in this paper. The resultant theory [2, 13, 14]
is useful for eliminating variables from a set of polyno-

mial equations. Given two polynomials (t) = Y c;t!
=0
m
and ho(t) = > d;t/, wherec, # 0 andd, # 0.
j=0
Res(hy, ha,t), the resultant oh, (t) andhs(t) in ¢, is the
determinant shown in equation (4).

Any extreme value of™* is a zero root oD (). To deter-
mine whether there exists any positive extreme value or not,
we only need to test whethdp(u) has any positive root,
which can be easily solved with Descartes’ method, the
Sturm sequence method, Du Gua-Huat-Euler theorem [7],
or the improved methods in [17],which are to explicitly
compute the number of the positive roots of a univariate
polynomial equation. On the other hand, there are some
methods which are useful to solve the equation system (3)
directly, such as the method in [16].

3 Examples

This section provides four examples. The first two ex-
amples are extracted from [12], which uses two separated
or intersected ellipsoids, respectively. The third and fourth
examples are not covered in [12], in which the algebraic


yongjh
文本框
44


Cn Cn—1 C1
0 Cn Cn—1

0 0 0 0

0 0 0 0

Res(hl, ho, t) = det dpm dim_1 . dy

0 d'm, dm—l -

0 0 0 0

| O 0 0 0

surfaceSis an ellipsoid and a quartic surface, respectively.

Co 0 0 0 0 O
C1 Co 0 0 0 0
Cn Cn—1 C1 Co 0
0 Cn Cp—1 =+ C1 Co
do 0 0 0 0 O “)
dy do 0 0 0 O
dm dm—l e dl dO 0
0 dm dmfl e dl dO

7/9. From Theorem 1, the two ellipsoids don't intersect

It seems that the new method has intuitive geometric mean-with each other. When pick0,0,5)7 € E, and we have

ing and is less sensitive to rounding error by the floating
point arithmetic than the method in [12].

All the examples are implemented with the Maple soft-
ware.

Example 1. Given two separate ellipsoids : z2 +
y?+ 22 -25 =0andS: (z —9)2/9 + y2/4 + 22/16 —
R = 0. Firstly, let R = 1(see also [12]). With the
tangent point method, we have(u) = 430467212 —
9278959864 + 695656269. D(u) have two positive real
roots 187/9 and 7/9. From Theorem 1, the two ellip-

soids are separated. On the other hand, when we firs$62016971050548:

pick a pointt(0,0,5)7 from the first ellipsoicE, and have
5(0,0,5) = 153/16 > 0. Together with the fact thaD(u)

5(0,0,5) = 209/18 > 0, and D(u) has no negative real
roots. Thus, we say th&is contained irE.

Example 4. Given an ellipsoid E 2% +
3y2 + 422 — 25 0 and a quantic surface
S (x — )9 + y2/4 + 422/23 — 1 0.
These two surfaces have an intersection point
(1,0,v/23/2)T.  With the tangent point method, we
haveD(u) = (214249 — 642964 + 129642) (6436343 > +
2190064 — 838351 + 5427)(21914624432020321.° +
14913544036913641° —  1835296251045516u*  +
+  44064679219911x%  —
5127987925710 +209582935731) (2764813 — 7257642 +
608761 — 15809)(30576476161u5 — 160526499844° +

has no negative real roots, the two ellipsoids are separated33243955200u" — 34087108608° + 177076782721% —

Secondly, letR = 1.77777777777 < 1+ 7/9, and the

42389203681 + 370833049). With the help of some

two ellipsoids are also separated. In this case, we havemathematic software, there are four real rootsifu),

D(p) = 4304672112 — 860934420.00p + 0.009. D(1)
have two positive real roo®).00 and1.0e —11. From The-

i.e., —0.154, 0.507, 3.592 and 46.019. When pick
t(0,0,5)7 € E, and we have5(0,0,5) = 716/207 > 0,

orem 1, the two ellipsoids are separated. With the methodand D(x) has a negative real root. Thus, we say tBat

in [12], because of the rounding error of the floating point

intersect withE.

arithmetic, the characteristic equation has two real roots and
two complex roots, and then to obtain the wrong answer thaty  conclusions

the two ellipsoids are intersected.

Example 2. Given two intersected ellipsoids : 22 +
y?+ 22 —25 =0andS: (z —6)2/9 + y2/4 + 22/16 —

1 = 0. With the tangent point method, we hai¥ ;) =
85030562 — 98257536 — 94058496. D (1) have two real
roots112/9 and —8/9, and one is positive and the other
is negative. From Theorem 1, the two ellipsoids intersect
with each other. When pick0,0,5)” € E, and we have
S5(0,0,5) = 73/16 > 0, andD(u) has a negative real root.
Thus, we also can draw the same conclusion.

Example 3. Given two intersected ellipsoids : 2% +
y?+22—25=0andS: (z—1)2/9+y>/4+22/2—1 = 0.
With the tangent point method, we hai i) = 656112 —
247864 + 15309. D(u) have two positive real roots and
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We have presented the tangent point method to solve the
intersection testing problem between an ellipsoid and an al-
gebraic surface. The new method utilizes the fact that an
ellipsoid is a bounded and closed surface, and deduces a
conclusion that the ellipsoid and the algebraic surface in-
tersect with each other if and only if their judging equation
either has both negative and positive real roots, or zero is
its real root. When zero is not a real root of the judging
equation, with the help of a point on the ellipsoid, it only
needs to judge whether their judging equation has a nega-
tive or positive real root. The new method has intuitionistic
geometric meaning, and can tell whether the ellipsoid and
the algebraic surface are separated, or intersected, or one
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