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Asymptotic modelling of conductive thin sheets

Kersten Schmidt and Sébastien Tordeux

Abstract. We derive and analyse models which reduce conducting sheets of a small thickness e
in two dimensions to an interface and approximate their shielding behaviour by conditions on
this interface. For this we consider a model problem with a conductivity scaled reciprocal to the
thickness &, which leads to a nontrivial limit solution for € — 0. The functions of the expansion are
defined hierarchically, i.e. order by order. Our analysis shows that for smooth sheets the models
are well defined for any order and have optimal convergence meaning that the H'-modelling
error for an expansion with N terms is bounded by O(¢¥T!) in the exterior of the sheet and by
O(EN’H/Q) in its interior. We explicitely specify the models of order zero, one and two. Numerical
experiments for sheets with varying curvature validate the theoretical results.

Mathematics Subject Classification (2000). 65N30, 35C20, 35J25, 41A60, 35B40, 78M30, 78M35 .
Keywords. Asymptotic Expansions, Model Reduction, Thin Sheets.

Introduction

Many electric devices contain very thin conducting parts either for electromagnetic shielding [13,
16], or as casings, tank walls [9, 25] or supply lines [5]. The large aspect ratio of these sheets of
about few millimetres or centimetres to metres or hundreds of micrometres to centimetres and
the high conductivity causes variations in thickness direction in much smaller scales than in the
longitudinal directions. Their discretisation by the finite element method (FEM) is challenging when
the thickness € of the thin sheets is considerably smaller than the size of neighbouring parts for three
reasons. First, domains with such thin sheets are difficult to mesh by most mesh generators. Secondly,
a discretisation on meshes with cell sizes of different magnitudes can lead to ill-conditioned matrices,
and thirdly, meshes of good quality may also contain cells around the sheet with sizes comparable to
the sheet thickness which leads to a high number of additional degrees of freedom. By reducing the
thin sheet to an interface and by approximating its effect by conditions on this interface, a highly
accurate modelling with standard discretisation schemes like the FEM is possible.

The so called impedance boundary conditions (IBCs), first proposed by Shchukin [29] and
Leontovich [19], are traditionally used for replacing solid conductors, where the domain is artificially
confined, by an approximate boundary condition [28, 3, 1, 2, 15, 11, 8]. This technique is proved to
be accurate for smooth sheets and can be readily implemented.

However, in the context of thin conducting sheets this technique of Shchukin and Leontovich has
been seldom applied. Interface conditions for thin sheets are often based on a tensor product ansatz
of a set of simple functions in thickness direction and functions defined on the interface. The simplest
approaches assume no variation in thickness direction, which leads to a surface quantity [22, 5]. Using
two functions in thickness direction Krahenbiihl and Muller [18] derived a relation between the mean
value of the tangential component of the electric or magnetic field on the interfaces of the sheet and
the jump of the magnetic or electric field between the interfaces. This approach for time-harmonic
Maxwell’s equations is adopted by various authors [20, 13, 17] and is known as impedance boundary
condition for thin layers. The functions in thickness direction depending on the frequency w and
the conductivity o take the skin effect into account. In similar IBCs for simulations in time domain
underlying functions are changed dynamically [21, 6]. Unfortunately, these interface conditions are
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of low order, and even with the use of a larger number of functions in thickness direction [14] this
type of conditions do not achieve higher orders [27].

Based on arguments similar to those that was used to derive IBCs, first order approximate
models were derived and justified in [24] for electro-quasistatics and [23] for the Maxwell system.
In this paper we derive with similar techniques high order approximations to deal with thin sheets.
We attain these approximations in the context of a 2D scalar model problem with a smooth thin
dissipative sheet.

The model problem defined in Section 1 includes the two major effects, the shielding and the
skin effect. We investigate an asymptotics of constant shielding for ¢ — 0 by scaling the conductivity
¢ like 1/e. For this asymptotics we derive the problems defining together the expansion functions
of the solution of arbitrary order inside and outside the sheet in Section 2. Then, in Section 3
we will rearrange the problems leading to hierarchical coupled problems defining the expansion
functions for each order with the knowledge of the functions of previous orders only. We will decouple
these problems, introduce their variational formulation and show existence and uniqueness of the
internal and external expansion functions in Section 4. Then, in Section 5 we analyse the modelling
error and give the models for the first three orders explicitely in Section 6. Finally, we describe in
Section 7 the numerical discretisation of the asymptotic expansion models and the original model
by means of high-order finite elements and show results for the modelling error in various indicators
in dependence of the sheet thickness. These numerical simulations demonstrate the sharpness of the
bounds for the modelling error.

1. Problem definition

Let Q be a domain in R? and Qf, be the sub-domain occupied by a sheet of thickness ¢ > 0
with conductivity c¢. The remaining sub-domain Q5 := Q\Qf , is non-conducting and we denote
the conductivity function ¢*(z), where ¢®(z) = ¢ for € QF, and ¢°(z) = 0 otherwise. We call
the sub-domain of the thin conducting sheet the interior and the non-conducting sub-domain the
exterior.

Let u® be the solution of the problem

—Auf(z) + ¢ (z)u(z) = f(z) inQ, (1)
u(z) =g(z) on I,

with the source term f(z) vanishing in €25, , and the Dirichlet data g(«). This model problem borrows
the eddy-current model in 2D and includes the skin and shielding effects. We use a bounded domain
) and Dirichlet boundary conditions for sake of simplicity. However, the boundary condition is of
no importance in the derivation of the thin sheet models and can be replaced easily, also by suitable
radiation conditions for an unbounded domain.

QO

ext

(a) 929 (b 0019 (¢) -3 0 3

FIGURE 1. (a) Family of geometries for the family of problems for u*(x). (b) Limit
geometry for e — 0. (¢) Normalised interior sub-domain.
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We make the following assumptions on the sheet. The mid-line I'y, is given as C*° continuous
and C invertible map z,,(t) from a 1D torus (note that I'y, is hence closed), identified with a
reference interval I' C R. Furthermore, we assume I'y,, to have a positive distance to the boundary
of Q, and, for simplicity, |2/,(t)] = 1, 4. e. ¢ is an arc length parameter. The left normed normal
vector and the curvature of the sheet are denoted by n(t) and x(t), and the normal derivative by
0n, = V - n. Hence, we can define a parametrisation of the sheet

z(t,s) = z,,(t) + sn(t)

over the parameter domain Q¢ := I' x [—£,5], where s € [—5,5] (see Figure 1(a)). Due to the
regularity of its midline I'}, we can assert for the sheet that
Col<1+sk(t) <C. VY(ts)in Q°, (2)

for € small enough with a positive constant C,;. Finally, we denote the interfaces of the sheet for
s ==£5 by I'Y and I'®. and its union by I'*.

For an asymptotic analysis we embed the problem (1) for a sheet of a particular thickness
into a family of problems with varying thicknesses and a conductivity depending on the respective
thickness. There are several possible scalings of the conductivity with decreasing thickness ¢, e. g. one
can consider ¢© = £& for different parameters a. The choice ¢® = cp/e is a borderline case between
a perfect shielding (o > 1) and no shielding (o < 1) and corresponds asymptotically to a constant
shielding [27]. Therefore, this choice is of practical interest.

Hence, we look for the solution u® € H'(Q) satisfying

A’u’ext - f in Qext’
_Aufnt + —_ int =0 in th’ 8%CO 2 0’
3
Uexy =9 on 99, (3)
ext(t :l: ) 1nt(t :l: ) on F?

a uext(ta i2) a mt(t i ) on f‘
where we denote by ug,, the solution restricted to {25, and by s, its restriction to €
for a positive constant ¢, that f € C°°(Q:2,), and g € C*°(9Q) and IN to be C.

ext

We assume

int*

2. Derivation of the coupled problems

In this section, we derive two asymptotic expansions of the exact solution, one in each of the exterior
and interior sub-domains. These two expansions are defined by a coupled problem.

2.1. The exterior and interior asymptotic expansions of the solution

The exterior asymptotic expansion corresponds to the asymptotic expansion of u® restricted to QF,,
It consists in a formal power series

ext ZE ext + OE)E ) in sztv (4)
E—>
in which the terms of the asymptotic expansion are independent of € and defined on Q% = Q\ T,

see Figure 1(c)), the limit of Q¢ , for € — 0. The term o0(¢*°) has introduced to mention that
g ext
e—0
this power series may diverge.

The interior asymptotic expansion is an asymptotic expansion of u° restricted to ), ;. In order
to introduce the normalised domain Q := I’ x [—1,1] (see Figure 1(c)), we consider the stretched
variable

S =ets. (5)

The normalised representation of a function v defined in f, is denoted by its capital letter V:

v(z) = v(t,s) = V(t,S). The interior asymptotic expansion is postulated to be a formal power
series in €

Ui ( ZE ci(6S)+ 0(e™®)  in Q, (6)

e—0
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whose terms Uy, are independent of € and defined on Q.

Currently, we do not give a mathematical sense to this expansion, even if the formal compu-
tation makes sense. The expansion of the exact solution by a power series in € emerges as a proper
choice, because all the expansions involve only polynomials in . This ansatz of a power series in ¢
will be ultimately validated by Theorem 5.1.

In the remainder of this section we derive a coupled problem defining the functions u  and
UZ

int*

The coupled problem. Find the families of functions (uly;)ien, and (U

! )ien, such that for all
i€ Ny

—Auéxt = f(sé in ngt, (7a)
ul = g0y on 09, (7b)
QUL (t,S) = cUin (t, S) — ZAZUfmé (t,S) in . (7c)
4 1 14
Ukalt:64) ~ a0 = 3 (5 ) g0t (620 ol (7
PV
05Ul (t, £3) = (i§) G oluiZl(t, +0), on I'y. (7e)

{=1

where we use the Kronecker symbol, 5; =1if7=jand 5; = 0if 7 # j, and the differential operators
Ay for £ € N which are given by

At 8) = AY(t)S*=2 + Al(t)S* 105,

0—2FK(t)

A0 0—2 2 Al 4 (8)
B0) = (r) 20 1) (0 + 525 00y ) and B) = (-0

Equations (7a) and (7b) are readily to derive by inserting (4) in (3) and identifying terms of the

same order in . More steps, however, are needed to obtain the leading equation for U . It relies
on the asymptotic expansion
L—1
A =205+ PN+ PR forall L> 1 (9)
(=1

of the Laplacian expressed in local coordinates [8, 27]

2 K(t) 1 1
A=+ 1+ sk(t) 9 + 1+ sk(t) % 1+ sk(t) %

—1
242 e k(L) 1 1
= 0%t 1T eSk(t) O 17 £Sk(t) 2\ 1T £Sk(t) %), (10)

with (¢, s) = (t, Se), where for its remainder it holds for any L € N
HRELUHU(Q) < (g ||U||H2(§) (11)

Inserting (4) and (9) in (3) leads to equation (7c). The coupling conditions (7d) and (7e) need a
specific treatment that will be detailed in Section 2.2.
Remark. The first terms of the expansion of the Laplacian are required in the sequel

AO = 8%, Al = H(t)as, AQ == (9? - n2(t)S85. (12)
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2.2. The Dirichlet and Neumann coupling conditions

In this section we derive the transmission conditions (7d) and (7e). These relations result from the
exact Dirichlet and Neumann transmission conditions on I',, written in local coordinates

ext(t i ) Ulfﬂt( 2) (13)

a uext(t7i§) as mt(t i ) (14)

Since these conditions are written at s = +¢/2, Taylor expansions of ul expressed on I'y, will
be used to obtain conditions on a single interface. They require regularity of ul  that will be a
posteriori validated in Theorem 4.4, by assuming smoothness of I',.

Remark. The interfaces between the thin sheet and the exterior domain consist of two parts
(s = £¢/2). Even if one decides to shift the position of the mid-line I'y, (s = 0), at least one of the
interfaces is not fixed with respect to £. This leads to rather more complicated coupling conditions
than for thin coatings [3, 2, 8], where the interface consists of one part only and can be fixed
independently of e.

ext

The Dirichlet transmission condition (7d). The Taylor expansion of ul,, reads

oo e -
U (t£5) = (ig) = Ol (6, £0) + 0(e™) . (15)
=0 e—0
Inserting the expansion (4), (6) and (15) into (13), we obtain
0= uth(ta i%) - Uiilt(tv i%)
= i = € i e}
=Yy (ii) — Ol (1,40) — Ul (£, £2) | + 0(e™)
=0 j=0 e—0

=3 e | 0 (25) o0 - Ut £h) | + o). (16)

e—0

Identifying terms of same orders leads to the Dirichlet transmission condition (7d).
Remark.The exterior expansion functions u’  may be discontinuous across I'y,.

The Neumann transmission condition (7e). The Taylor expansion of dsu’ , reads

Outit (1 £5) :Z(iQ) O b, £0) + 0(e) . (17)
3=0 -

Inserting the expansions (4), (6) and (17) into (16), we get
(

0= ed,us tt,i%) OsUL,(t, £3)

:ia‘ (si(ii) O (6 40) = OsUL(6:%3) | + ()
=0

=0 e—0
[e%s} 1—1 1 7
Zsi<z<i§) j—aJ“ ul 77, +0) — O mt(t,ﬂ:%)). (18)
i=0 j=0

Identifying terms of the same order results in the Neumann transmission condition (7e).

3. The hierarchical coupled problem

In the last section, we derived a coupled problem (7) that defines the families of exterior and interior
terms (uly)ien and (Ul )ien. However, these equations do not define the family hierarchically.

. int
Indeed, given (U}, uly)i<k, (7) written for ¢ = k, and not for all ¢ € N, does not uniquely define
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(UE. uk ). This is due to the fact that there is no condition for the normal derivative dsul
the mid-line T'),.!

Deriving a necessary condition for the existence of U{t! leads to a formulation of (7) which
permits the computation of (U, ul.)i<k step by step.

ext (:L') on

Symbols for the mean and the jump. For the sake of brevity let us introduce the following symbols
for the jumps and the mean values of the expansion functions

VI@t) ==V (t,5) - V(t,—5), {V}({t):=

[V](t) == v(t,07) —v(t,07), {v}(t) =

and a symbol for either the jump or the mean value of the external expansion function of both sides
of the mid-line I'y,

non [v](t) neven
" ®) '_{ 2 {v}(#) n odd.

The latter symbol is convenient for terms resulting from the Taylor expansions (15) and (17), in
which the sign changes from term to term and, hence, the difference is the jump and the mean value,
in turns.

Additional condition for the normal derivative dsu’  (z). The missing condition for the normal
derivative dsul,,(x) is the compatibility condition for (7c) and (7d) which is necessary for the
existence of the internal functions U/, Inserting (7c) and (7e) into the following equality for U},

int

0= 85 mt( ) as mt( %) - aS 1nt(t’ S) dS’

1
2

we obtain

i N ) ieml—1 1 o L
0 = 2 <§> @—1) [35 ext} (t) — /_%( Uit (t,5) ZAeUmt tS)dS_ (19)

Furthermore, inserting the equality Ay = k(t)Js (see (12)) we can rewrite (19) for i + 1 instead of
1 as

1
3
[ o= k(005)Un(0.5)dS ~ [.0t] (1) =
i 1
2 i—4L 1 3
([ aeties)as + 5pot o). (o
=1 N\ ~3
which is a condition for the normal derivative involving only terms of order 7. Adding this condition
to (7) yields a problem which defines the expansion functions hierarchically.

IRemember, that for second order differential equations two transmission conditions are needed. We have with (7d)
a Dirichlet transmission condition and (7e) defines the normal derivative from the interior. Thus, a condition for the
normal derivative from the exterior of the sheet is missing.
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The hierarchical coupled problem. For i € Ny, find ul,, and U, such that

_Aufext = f(sz)
uéxt = 966

UL (1, 8) = cuUizt(t, S) — ZAW “(t,9)

int

B 1 14
Ubalt,) — uba(t.20) = 3 (25 ) 7%l (620
(=1
i 1 —1
sttt £5) = 3 (43 ) oy Gl 0.20)
(=1

— [Osug] (8) =

1 4
1
AEJrl 1nt (t,S) ds + (5) [aéJrl z:xté]e(t)>

1
2

Remark. It can be easily proven that U,
we define U2, (t) := UL, (¢, S).

1nt

in QO
on 0f),
in

on I'y,

on I'y,

onI'y,.

ext?

(21a)
(21b)

(21c)

(21d)

(21e)

(21f)

' (t,S) is a polynomial of degree 2i in S for i € Ny. Thus,

In the next section, we prove the existence and uniqueness of the solution of problem (21).

4. Well-posedness of the hierarchical coupled problem

4.1. An algorithm to solve the hierarchical coupled problem

In this section we propose an algorithm to define successively the three functions

= Up (£, 8) = {

wi (£ 5) Uexe(z) and  {Uf} ().

Uiint } (t)

1nt

as the solutions of the following three problems which can be solved iteratively:

(i) Find Ui (¢, S) : Q@ — C such that

int

85 mt(t S) Ulzntl t S ZA@UIZMZ t S n ﬁ,

OsU, (t il)fi +1 . lult(t, +0) r
S mt ) *221 92 (f—l) sWoxt on ln,
{ﬁiint}(t) = on I'y.

(22)

(23a)
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(ii) Find ul,(t,S) : Q% — C such that
—Aul = fd} in Q°

ul = g on 012,
i i ~ 1\ 1 0, i—01%
ext int - 5 n s Yext m>
[ui ] (t) = [U}() 5) 77 0] @ onr
=1 ’

[Dstutse] () = o {ue }(2) = / " (,5)dS — w(0) [T] (1) +
Z__f - (23b)
> <co <% %[a‘iui—f]ﬂl(t) on Iy,

s ext
(=1

s ext

14 1 )
ﬁ[af“u“%)

\
7 N
N |

W=

- AZ-‘,—l int (t S) ds)

W=

(iii) Find {U{,} : T — C such that

i 441
0= (b0 + Y (5)  Fosi onlu (230
=1

Lemma 4.1. The problem (23) is equivalent to the problem (21).

Proof. We first demonstrate that every solution of (21) is also a solution of (23). The equations (23a)
are a direct consequence of (21c) and (21e) taking into account that {U{, }(¢) is a constant in S. The
equation (23c) follows by applying the mean value operator to (21d). The third equation in (23b)
follows by applying the jump operator to (21d). And, the fourth equation of (23b) is obtained, after
calculation, by inserting Ul (¢, S) = mt(t S) + {U: }(t) and (23c) into (21f).

Applying the converse arguments, we can show that every solution of (23) is also solution of
(21). O

4.2. Variational framework

The interior solution ul, is defined by the system (23b). This section is devoted to the existence,
uniqueness and regularity of the solution of such problems.

Given f € L?(Q), g € H%(aﬂ), v € H%(I‘m), 0 € H_%(l"m), we are looking for solution
u € HY(QY,,) of the problem

ext

—~Au=f, inQ

ext?

u=g, ondf, 04
[u] =5, on Ty, (24)

[Onu] — co{u} =0, on Tp.

A classical route to deal with this non-homogeneous problem consists in introducing the harmonic
offset function @ € H'(Q0,,) satisfying

ext

Au =0, in Q0,,
(-, +0) = i%w( ),  only, (25)
u=g, on 0f).
Consequently, @ fulfils the jump condition [@](t) = 7 and has a vanishing mean {@}(¢) = 0. Moreover,

since Al =0 in Q0 and @ € H'(QY,), the jump of the normal trace [8,] belongs to H == (I'y,).
Multiplying the first equation of (24) by a test function v, integrating over Q and using the
Green formula, we get the following weak formulation for 4 = u — u :

Find @ € H () such that a(d,v) = I(v) Vv € H} (), (26)
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with the bilinear form a(-,-) and the linear form I(-) defined by

a(,v) ::/Vﬂ~V1}d1+/ co v dt, (27)
Q r

_ / fo+ / ([Onil] — ) v dt. (28)
Q T'm
Using Poincaré-Friedrichs inequality [7], it is rather easy to prove the following lemma.

Lemma 4.2. The system (24), with data f € L*(Q), g € H/>(0Q),y € H/*(Ty) and § € H="/*(T'y,)
admits a unique solution given that Rcy > 0.

Even if we seek the expansion functions u € H*(QY,,) they possess a higher regularity given

that the mid-line of the sheet I'y, and the source term f are smooth enough. This confirms the
validity of the Taylor expansions (15) and (17).

Proposition 4.3. Forky € N, f € H™=2(Q0.,), g € H*™=/2(9Q), vy € H*~"/*(T'y,), 6 € H*=*/>(T",)
and Ty, U 0Q Cko-continuous, let u(z) € H(Q0,) be the solution of (24).

ext

For any positive integer k < ko, there exists a constant Cy, > 0 such that
s g,y < Co (1 lms=20,) + 190 avgomy + 1 s vaqrny + 10l 52,y ) -
Proof. Applying the techniques of Proposition 2.8 in [27] we get the statement of proposition. O

Remark. If the boundary of the domain is not smooth enough, the regularity statement of Proposi-
tion 4.3 has to be restricted to a sub-domain of Q2 excluding a neighbourhood of the boundary.
A sub-domain of QU ; exluding the support of the source term f has to be taken, if this term is not
smooth.

4.3. Existence and uniqueness of (u’ ) and (U ,)

Theorem 4.4. The sequences (ul.) and (Umt) exist and are uniquely defined by (23). For any

k € No and i € Ny it holds u’, € H*(Q0,), Ui, € H5(Q), and {U:.} € H*(Q) and consequentely
Ui, € H*(Q) as well.

int

Uext

Proof. The proof is by induction in 7.

For i = 0, the Sturm-Liouville problem (23a) with homogeneous data uniquely defines U&t( ) =
0 (see [30] for a presentation of Sturm-Liouville problems). The source term and the mid-line of the
sheet are C'*° by assumption. Thus, by Proposition 4.3 there exists for any £ € N a constant Cp j,
such that [[udy ()] gr o) < Cok- Since HY(QY,) C L3(02,,) the same holds for k = 0. By (23a)

ext ext
we can assert that U2 o(t) = UD(t) = {U }(t) = {udy }(t) € H¥="*(I'y) for any k € N. Hence,
the statement of the theorem is proven for ¢ = 0.

Assume that the assertion holds for all integer j < i. We divide the rest of the proof in three
steps. In (i) we prove the existence, uniqueness and regularity of Ut , (i), in (ii) those of i, and in

int
(iii) the regularity of {U} }.

(i) The function Umt is defined by the Sturm-Liouville problem (23a). This function exists and is
unique if and only if the source terms satisfy the compatibility? condition (19). This condition
is fulfilled since it is equivalent to (21f) written for 4 = i — 1 which holds as (ul !, Ui') is

ext ’ Yint

the solution of (23) and by Lemma 4.1 also of (21). The regularity of ﬁiﬁﬂt follows from the
regularity of (u ext)]<l and (Umt)J<l

(ii) The function ul, is defined by (23b). Since (uly)j<i, (Ui, )j<i and Ulnt are regular, the

existence, uniqueness and regularity of u’ , result from Lemma 4.2 and Proposition 4.3.

2This compatibility condition corresponds to a necessary condition for the existence of Ufm :

1

~ 1
aSUiznt(t7+ ) aS mt( 5) = mt(t S) (29)

,l
2
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(iii) The function {U{,} is defined by (23c). The smoothness of {U{,} follows from the regularity
Of( ext)]<1 O

Remark. Although we assume a smooth boundary 02 and a smooth source term f, this assumption
is not needed for the existence and uniqueness of the expansion functions (Theorem 4.4) since the
former terms of the expansion (ngt) j<i appear only on the mid-line I'y, and regularity is required
for the traces to this mid-line only.

5. Estimates of the modelling error

To obtain an approximation u®"V of order N € Ny of the exact solution u° we truncate the expansions
of ug and U, to the first N 4+ 1 terms

ext

us N ( Zs ul(z and usN(t, S) Zs K (30)

and use the notation u ( s) = U;tN(t, s/e). Now, we formulate the main result about the mod-

elling error in the following Theorem.

Theorem 5.1 (The modelling error in the H'-norm). For any N € Ny, there exists a constant Cx
independent of € such that

E,N 5 e,N N+1
||uext Uext HHI(Qth) + \/g Huint = Uing HHl(Qth) < CNE . (31)
Proof. In order to prove Theorem 5.1 we need to estimate the remainder r=:V+1
e, N+1 _ e, N e,N+1 __ e,N
Text uext — Uyt and Tint - ulnt Uing - (32)

In Section 5.1, we identify residuals by inserting 75" +! in the model problem (3). Then, these
residuals are bounded in Section 5.2. Finally, we conclude using a stability argument in Section
5.3. O

5.1. The problem for the remainder

Contrary to u®, the approximation u*"V given in (30) does not exactly fulfil our model problem (3).
Indeed, the exact solution u® has continuous Dirichlet and Neumann data on I'®, whereas the
Dirichlet and Neumann traces of u**N have jumps. Moreover, the partial differential equation in the
sheet is also not satisfied exactly. More precisely, the remainder V! solves the following system
of equations

—ArENTL — in QF

ext extr

& .
—ATE S, N+1 + —OTE’N+1 68 ,N+1 in Qf

int int int

reN N, i2) AT (=

ext int

2) o5, N+1 on I'®, (33)

AT (e, i2) AT (¢, 4= ) Sy onTe,
r;,(zt\/+1 =0 on 09,

with the internal residual

b (@) = (-a+ 2 )(fm@wu;w))

D (Car D) i) D3 <A+ L) (o) 540)

1=0
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the residual of the Dirichlet jump

O 1) = (et 25) — e (8, 25) ) = (wsd (6 £5) —ui (1. £5))

0 by (3)

“’”Z (Uhett )~ ubalt.5) )

(34b)
and the residual of the Neumann jump

VLT () = (Ot £) — Ot £3)) = (Ol (1, 25) = Oy (1:23))

ext int

0 by (3)

(30)2 (Zosttuty) - ik (e.55)). (310

5.2. Consistency estimates

In this section, we estimate the residuals 65" ™, 55, N and oy N defined in (34).

5.2.1. The internal residual.
Proposition 5.2 (Consistency error in the sheet). There exists Cy > 0, independent of €, such that
1850 I 2gs, ) < OneN7Y2,

int

Proof. We write the interior residual given by (34a) in local coordinates, DN (¢, §) := 65N (¢, 5),

int int

with s = Se. Inserting the expansion of the Laplace operator (9) we have

N—i
=1
(35)
With the convention U, t = 0, we collect the terms of same powers of ¢

Dlsn‘iv+1(t S (Z RN H_l mt t S) 1nt(t S))

N
+ Z <aS 1nt(t7S) Ullntl t S + ZAZUllnté t S ) (36)
=0

0 by (23a)
Since U, (t,S) is independent of ¢ for all i by Theorem 4.4, we obtain using (11)
WNA1 N N—-1
i (Z CUell 2 +co|Um|Lz(Q)> < Oy (37)

Considering the curved geometry, see (2), we can write the integral in the original coordinates

< CN E 1.
L2(9)

1652 M7 20e. <c// (65X (8, 5))2 ds dt = Ce

int int

’Da N+1}

int

The proof is complete. O
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5.2.2. A preliminary result on the Taylor expansion remainder. In Sections 5.2.3 and 5.2.4, the
estimates of the Dirichlet and the Neumann jump residuals will require the following proposition.
We give the proof of this classical result for the sake of completeness.

Proposition 5.3 (Estimate of the remainder of the Taylor expansion). Let L € N.
30, >0 Ve>0 VYue HL([—— —] \ {0}) ’réi(u)‘ < (p, EL71/2 |U|HL([O,i§]) (38)

with vk, (u) and vl _(u) the two reals defined by

L —

rl . (u (e)
L) M( o) ) (20). (39)

—_

Proof. We use the well-known expression of the remainder term of Taylor polynomials

L71
|r5L,i( 1) ‘/ afu(s)ds.

€

Bounding }:l:% — s} by its maximal value (5) " and applying the Cauchy-Schwarz inequality,
we obtain
1

/oiz (i% _S)Lilafu(s)ds < (%)Li% 105 ull L2 o, +57) = (%)L ’ lul e (jo,+5)-

The composition of the estimates completes the proof. O

5.2.3. The Dirichlet jump residual. The functions 6%2[:1(15) for the Dirichlet jumps are defined
on I'S or I'? | respectively. However, we can regard them as functions on the mid-line I'y,. In the
following proposition we bound the L?-norm of the error of the Dirichlet jumps evaluated on the
mid-line. In Proposition 5.5, we will then define and estimate an extension function of the Dirichlet
jump into the sheet.

Proposition 5.4 (Estimate of the Dirichlet jump residual).  There exists a constant Cy > 0,
independent of €, such that for j =0,1

16763, N“HLQ(F ) < CneN e, (40)

Proof. The Dirichlet jump residual is given by (34b). Replacing u . (t, +5) by its Taylor expansion,
see Proposition 5.3, we get

500 = S (e eh) -3 (21) oz 20) - Ze“v Fub @), @)

i=0 §=0
Due to (21d), this simplifies to
N
0 (0) = = DT () () (42)
i=0

Applying (38), we get the estimate with Cy a generic constant depending on N

sNJrl |<Z ( N—it1/2 HaN i+, ext||L2(0i ]))
N
< COn MY 0N Tl Lo, 5))- (43)
i=0

Thus, we can bound the L?(I',,)-norm of 58 NH by a triangular inequality

N

N o
1652 )2,y < Cn NP2 10N = ud L2 (ro x 0,2 2))-
2
1=0
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Considering the curvature, C;;' < 1+ sk(t) by (2), and since I'y, x (0, 5] C Q2 we can write

:l:,
10N =+ 05 <C/’/ OVl (5, )21+ sw(t)) ds

< Ovlugslv—rerqag, -

Thus, we obtain |0 =" ul |21, x (o, +)) < Huext||HN+l(QO ). It follows that

1 ; 7 (|0t
H(SE N+1( )||L2(Fm) < C'N‘f':NJr2 Z |uéxt|HN*i+l(ngt) < CNENJFZ ||uéxtHHN+1(ngt)'
1=0

By inserting the regularity bound for the expansion functions u! , (see Theorem 4.4) we obtain
1655 (Ol 2y < Cnoe™ ™+,

which is our claim for j = 0. With similar arguments we find

10055 (Dl 2(ry < On N2 [ Ortlell v an,) < On &N 2 lubFn iz ) < Cn eVT2,

ext

This completes the proof. (I

Proposition 5.5 (An extension function of the Dirichlet jump residual). There exists an extension

5%’N+1(t, s) of 5%ﬁjl(t) defined in (34b) into QF,, with
0,65N*1 (t, ig) —0, and ICx > 0¥z > 0 : 105V |0z, ) < One™. (44)

Proof. Let us define the piecewise linear, continuous function (see Figure 2)

0 D—gf2 < 5 < —¢/4,
1 2s
Xe(s) == 3 + = —¢/a<s< efa, (45)
€
1 fa<s< gl

for which it holds

/

o

eeds= [T as=ge [Tera= [T eres=2 @)

£
2

oM

£
4

plm
ST

FIGURE 2. The extension function x.(s).

Using this extension function y.(s) we define an extension of the error in the Dirichlet jumps
N N N
05" Tt 5) = Xe () 5 (1) + (1= xe(5)) 05127 (8)-

Applying the triangle estimate we can assert that

H(sa JN+1 (t,s HHl o HX& 68 N+1 HHl(Qf ) + H Xe(5)) 6%{[‘*‘1(1&)”]11(51?“(). (47)

int
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Due to (2), it holds for any u € H*(,,)

</2 ,
el = | | ((u(t, )+ (Prs) (asuu,s»?) (1-+ sx(0) ds i
Tm —¢/2
</2
< C/ / ((u(t, 5))2 + (Bpult, s))2 + (8Su(t,5))2) dsdt < C HuHip(FmX[_E/%m)_
Lo —2/2

Consequently, it is sufficient to estimate the functions in H*(I'y, x [—£/2,£/2])

195" g,y < C(Ie) 953 +

||H1(Fm><[—8/276/2])

10— XD S5 O oo )-

Due to the tensorial nature of the two terms on the right hand side, we can roughly bound

< Ot llrs sy 1555 s ey IO =X oy 1955 s )

Inserting the estimates (40) and (46) we finally obtain (44). O

165 | 1 o,

int
5.2.4. The Neumann jump residual.

Proposition 5.6 (Estimate of the Neumann jump residual). There exists a constant Cn > 0,
independent of €, such that

1657 A paqrey < Oy N2

Proof. The error in the Neumann jump is given by

34c 1 €
5?\},]\:]‘:+1 — (o Z < mt ) 9 uext(t5i§)>

(39) 1 — 1)’ 1
Z ! (65 mt ) Z (i§) ] aJ+1 éxt t j:O) Z&Jré\fﬂ:l ext)(t)

7=0

0 by (7e)

= - ZEZriVJ Ut (1),

where we inserted the Taylor polynomial of dsuf(t,+5) with their remainder terms in the second

ext
step. Note, that rZ_ (dsul,,)(t) depends on t € I since dsul,, is a function of t. The terms in the
first sum cancel due to the approximation of the Neumann continuity in (7e¢). Now, we use (38) to
estimate the remainders of the truncated Taylor expansion:

N

(38) .
OIS DY (NI LA I P
1=0

N
< Oy MY 108 gl iao.s5)-
1=0

The proof of the bound in the L2-norms is then similar to the one of Proposition 5.5. (|

5.3. Proof of Theorem 5.1

14 N+1 N+1 N+1 . . N+1
Let foxe i= 100 T Fine = e T4+ 03N with 631! the extension function of 655" of Propo-

sition 5.5. Then, the function 7 is contmuous over the interfaces I' of the sheet and inherits the
vanishing trace on the boundary from r5N*+1. It lies consequently in Hg ().



Asymptotic modelling of conductive thin sheets 15

Multiplying (33) with a test function v € H{(£2) and integrating by parts in Q2 and in QF ,
we get the variational formulation: Seek 7 € H}(€2), such that

/ V7A’ext : v'Uext: di + /
QE Q

I
ext int

o Co
(VTint * Ving + ?Tintvint) dz = /

755\}]i+1v dt + / 518\}1\1+1v dt
r

g re
- / (vagNH Vi + C—OagN“vim) da + / 5o+ dg. (48)
Qs € Qs

For R¢p > 0, the left hand side defines a HE(Q)-elliptic continuous bilinear form. By the estimates
of the Propositions 5.2, 5.5 and 5.6 the right hand side defines a H'(Q)-continuous linear form. The
Lax-Milgram lemma [26] ensures stability. Inserting the results of the Propositions 5.2, 5.5 and 5.6
yields

2 2 1
e,N+1 e,N+1 2 N e,N
(‘ Text HHI(ngt) ‘ Ting HHl(Qfm)) <7l @) + 1957 a0z,
~ C, _1
< C((2+ A/ ?O) ”(S%NJAHHI(Q;EM)—FZ ||6]€\}{X+1|Lz(Fi)—i_”(sii;éVJrl'Lz(Qfm)) < CeN z, (49)
= {+.—}
OE™) O(E""%) O(E""%)

with C' > 0 a constant independent of . Moreover, by definition (32)
peN+L _ (N+L N+1 | N+2) N+2 | e N+3. (50)

Using the fact that for every integer 4, ||[uf[| g1 (qzs,,) = O(1) and |[u'|| g1 (qs ) = O(e71/?), inserting
(49) into (50) and applying the triangle inequality we conclude that

e, N+1 H N+1 ||, N+1 N+2 ||, N+2 e, N+3
T <e U + € U + |7
‘ ext H1 (Qixc) || ext HHI(Qixc) || ext HHI(Qixc) ext Hi (Qth)
3
< 01N 4 CoeNt2 4 03N T2 < CeN+L
e, N+1 H N+1 [, N+1 N+2 ||, N+1 e, N+3
T <e U; +¢€ U; + ||
’ e lmes,,) T e HHl(Qfm) i ||H1(Qfm) e Ees,)

< O1eNT2 4 CoeN T2 4 OgeN 2 < 0eN+Y2,

6. The first three orders

In Section 4, the external function ul, and the internal function U, were defined by a coupled
problem, see (23). We could use a finite element method for the approximation on two meshes —
a first one for Q2 and a second one for Q. Since this formulation is not common, we propose an
equivalent definition of the internal and external functions by uncoupled problems, whose solutions
will be much easier to approximate numerically.

More precisely, we elaborate a procedure that allows to compute the exterior functions of order
0, 1, and 2, with no need of the interior functions. This factorisation leads to three problems defining
u,, ul , and u2  involving only exterior fields of lower order, see (57), (63) and (65). The details

ext?
for the second order will not be given.

6.1. Preliminary results: replacing higher normal derivatives on the mid-line

The asymptotic expansion models (23) involve derivatives of high order with respect to the normal
direction. Because it is from a practical point of view easier to handle tangential derivatives than
normal derivatives of the same order we intend to replace these higher normal derivatives. Due to
the absence of a source term f in Qf . for all € smaller than g, 7. e.

int
—Aug(t,s) =0, se[-5.5], (51)
it is possible to replace the normal derivatives by derivatives in t.

Taking the two limits of the expression (10) of the Laplace operator for s — 40 we obtain

A =02 + #(t)d,, + 02
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and inserting the above expression into (51) yields

O2ul (t,+0) = —k(t) Ol

n Uext

ext (t7 iO) at2 zext (t’ j:O) (52)

Applying the normal derivative 9 to (10) we get the expression

o K2(t) () K(t) !
0= 08 =0 @ T o~ T sn@) <1 + s(1) at)

1 K(t) 1
Myl (_ 1m0 T 1m0 asat) ‘
Taking the two limits for s — +0 we have
a’f’z éxt(t7 iO) = ( )6721 éxt(t7 iO) + (HQ(t) - 6152) a ext(t j:O) + (2[%(25)6,52 + H/(t)at) ext(t j:O)
) (202(t) — 02) Ol (t, 20) + (36(1)02 + K/ (£)0,) ulyy (£, 20). (53)

Such expressions hold also for the jump and for the mean value of higher order derivatives

)0 }n@){ butal0 } . { el .

Eaang ext}}() } (2 () 82){ Eaa /L;ext]}() }+(3n(t)8f+n( { Ec;ext]}(t) (55)

6.2. Order 0

First, we express the internal function U2, as expressmn of u?
into (23b) leads to an uncoupled problem for u?,,.

oxt- Then, inserting this expression

6.2.1. Internal function. The internal function is given as the sum of the mean value {U2,}(¢) and

of the function Ulnt
equations we find

85 1nt(t S)
osU mt(til)fo S 00(8) =0 and  {U0}(t) = {ul.}(t)
(00,3(t) =0

Consequently, the internal function is given by
lnt(t S) lnt( ) = {ugxt}(t) (56)

6.2.2. External function. Inserting U. Ot = 0 into (23b) yields the completely uncoupled problem for
the external function ul,,

(t,S), which are defined in (23a) and (23c), respectively. By evaluating these

—Aud(z) = flz) in O,
ug(z) = g(a) on 9,
[ngt] (t)y=0 on I'y, (57)
[a uEXt] ( ) —Co {uext}(t) 0 on 1—‘m-

Note that u?, is uniquely defined by Lemma 4.2. As uQ,, has no jump over I'y, we denote ul,,(t) :=
ud (t, £0) = {ul }(t). Thus, we can write the last equation of (57) as

[a uext} ( ) —Cp ugxt (t) =0 on Fm‘ (58)
6.3. Order 1

In the same way as for order 0 we express U L. in terms of ul, and ul,, and derive the uncoupled
problem defining ul,,. Then, we replace a second normal derlvative by a second tangential and a
simple normal derivative. The resulting model for u! . depends only on the external function of
order 0.

ext
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6.3.1. Internal function. The internal function U, (¢,S) is given as the sum of the mean value
{UL }(t) and the function U;

UL, (t,S), which are defined in (23a) and (23c), respectively. For i = 1,
the problem (23a) takes the form

aS mt(t S) - COUI ( ) H(t) aSUlgt(t) = cougxt(t)
————
85 mt( ) a uext(tv :l:O) 0 (59)
{Uhd() =0

Consequently, we can assert that

c
1nt(t S) O gxt(t) (S2 - %) + {asugxt}(t) S (60)
From (23c) the mean value of the internal function is given by
(57) ¢
{Uin} () = {ue}(8) + 3[0suea) () = {uex} (1) + Jue(0), (61)
and we can re-compose the internal function to
mt(t S) ext( ) (52 ) + {asugxt}(t) S + {uéxt}(t) (62)

6.3.2. External function. Inserting (60) into (23b) we obtain a vanishing Dirichlet jump

(] (6) = [T | (6) = {00l }(0) = {0 }(6) — {Osudia }(0) =

and for the Neumann jump

k] (0= e {ubJO = [ @Oh@S)as ) [Th]0) +F (2

——

2 {0:ul,, 1) by (60) Cotiex: (1) by (58)
— 15l (1) by (60)
1
{ gxt}( 1 6152 Ul?]t(ta‘s’) —R ( )S@S mt(t S) S
Tl (1) by (56) 0 by (56)

Applying (54) we can replace the mean value of the second normal derivative by

{02udes} (8) = —r(t) {0sugys }(t) — OF {ugy }(1)

Summarising, we have, after mutual cancellation of most of the terms,

[Bart] (1) — eo {ub }0) = — Py (1) — () {Drulel }(1) + D (1)

12"t 4
) (D0l 1)+ 0F {u }(0) - 92 b }0) = Du )
Hence, ul,, is uniquely defined, see Lemma 4.2, as solution of
—Augy(z) =0, in Qs
ul  (z) =0, on 09,
[uéxt]( ) =0, on 'y, (63)

[a uext} ( ) —C {uext} CGO’U’gxt (t)’ on Fm'

As ul(z) has no jump over I'y, we denote uly () := ul (¢, +0) = {ul, }(t). Thus, we can write
the last equation of (63) as

] () = couby () = 0,0 (t) on Iy, (64)

[a ul ext 6 ext

ext
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QE

int

(a) (b) ()

FIGURE 3. (a) Geometrical setting with elliptic mid-line (dashed line) with the
semi-major axis a and semi-minor axis b. The boundary is a circle of radius R
(R=2,a=+04,b=04). (b) Mesh MO for the finite element solution of the
asymptotic expansion models. The mid-line T'y, is labelled. (¢) Associate mesh M*
for the finite element solution of the exact model with the cells in the sheet, here
of thickness ¢ = 1/16.

6.4. Order 2

6.4.1. External function. In the same way, one can obtain that the second order term u,
defined by (see Lemma 4.2)

2

2+t 18 uniquely

Auext( ) 0 in ngt’
C

[ugxt} (t) = 2_31’%(1&) ext(t 0 {a uext} on Fm’

62 C

[a uext} ( ) —Co {ugxt} (t) = Eouéxt(t) + 2_31’%(1&) {aﬁugxt} (t) (65)
T o O o

+ ¢ (goco ~ 19 Ut (£,0) on I'y,
ugxt( ) =0 on 89,

whose Dirichlet and Neumann traces are both discontinuous over the mid-line of the sheet in general.
The transmission conditions depend on the solutions of order 0 and 1 and include even a second

tangential derivative of uJ . Once again no boundary data or source term is involved.

6.4.2. Internal function. The internal expansion function of order 2 is the fourth order polynomial

U20.9) = S0 (52 2) 4 2 030 (50 3) — Cnonta (574 35) @0

+ C;uéxt(t) <S2 + i) - % (’i(t) {aSugxt}( =+ 82 ext( )) S2 + {asuéxt}(t) S + {ngt}(t)

which involves the curvature of the sheet and a second tangential derivative of the external function
of order 0.

7. Numerical examples

In this section, we numerically investigate the rate of convergence of the approximate asymptotic
models with the numerical C++ library Concepts [10, 12] . We consider a domain with an ellipsoidal
sheet as an example for varying curvature (see Figure 3(a)).

We discretise both, the exact model and the asymptotic expansion models, by means of high-
order finite elements. The smooth shape is taken into account by curved elements of high-order so
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(b) e =1/16

FIGURE 4. High order Finite element approximation of the solution u® of the exact
model for two values of ¢ for Dirichlet data g = 1, source term f = 0 and relative
conductivity ¢, = 1.

(a) Order 0 (b) Order 1

FI1GURE 5. Numerical approximation of the asymptotic expansion coefficient
ul(z) for the geometry with an ellipsoidal thin sheet (a = /0.4, b = 0.4), ¢o = 1,
g =1, and f =0, computed by high order finite elements.

that the discretisation error does not dominate the modelling error. The meshes for the exact model
are denoted by M°? (see Figure 3(c)) whereas M denotes the mesh for asymptotic expansion models
(see Figure 3(b)). For the computation of the modelling errors in the L2-norm and the H'-seminorm
we represent the asymptotic expansion functions u?(z) and U*(t, S) after their computation on the
meshes M.

The numerical simulations are performed with Dirichlet boundary data g = 1, a vanishing
source term f = 0 and a relative conductivity ¢, = 1. We use linear trunk spaces with a uniform
polynomial degree p = 15 and at least 172 GauB-Jacobi-quadrature points per cell to highly resolve
the solution of the exact (3380 degrees of freedom) and the asymptotic model (2738 degrees of
freedom). For the exact model these high polynomial degrees are also applied in the cells inside the
sheet.

The solutions u®(z) of the exact model are shown in Figure 4 for two values of . The area,
which is enclosed by the sheet, is apparently shielded. The according expansion functions u?(z),
ul,(z) and u2 , (x) are shown in Figure 5.

In Figure 6 the modelling error in the H!-seminorm evaluated first inside the sheet and secondly
in the exterior is shown, both in dependence of €. The convergence rate is 0.5, 1.5 and 2.5 in the
sheet and 1, 2 and 3 in the exterior area for the asymptotic expansion models of order 0, 1 or 2,
respectively. This validates the sharpness of the a-priori estimates of Lemma 5.1. The corresponding
L2-errors are shown in Figure 7. We observe rates of convergence in the thin sheet of 1.5, 2.5 and
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10° : 10 :
= L g
—&— Order 2 102k —8— Order2
107 ¢ .
107 F
- ~ 107k
g 10 g
T :
ERE ERRTE
107
107
g 1
10 ¢
10710 L L L 107° L L L
10° 107 10 10° 10 107
(a) In the sheet Q. (b) In the exterior sub-domain QF .
FIGURE 6. The modelling error in the H'-seminorm for ellipsoid sheets of varying
thicknesses € and a constant relative conductivity ¢, = 1, computed by high-order
FEM.
107 107
—— Order 0 —=— Order 0
—2&— Order 1 —&— Order 1
—&— Order 2 —&— Order 2

)

JJuf —u
5

10°° 107 10 10°° 10” 10

(a) In the sheet QFf (b) In the exterior sub-domain Q.

int"

FIGURE 7. The modelling error in the L2-norm for ellipsoid sheets of varying thick-
nesses € and a constant relative conductivity ¢, = 1, computed by high-order FEM.

3.5 and of 1, 2 and 3 in the exterior for the three models. The improved rates inside the sheet in
comparison to the H!-seminorm results due to the different scaling with changing thickness .

Conclusion

In the context of eddy current modelling, we derived the asymptotic expansion at any order of
the solution of a model problem with a dissipative thin sheet, see (3). For the three first orders,
we obtained formulations, see Section 6, that are easy to implement, do not require to mesh the
sheet and do not lead to ill-conditioned matrices. This asymtptotic expansion is not only formal
but justified by error estimates. The theoretical results have been validated through numerical
simulations which also demonstrate the numerical feasibility.

Like it was achieved for IBCs, this approach can be generalised to 3D (where one has to take
care of the geometry of the sheet) and to other systems of equations including non exclusively the
Helmholtz equation, the Maxwell equations, or the wave equation in time domain (for IBCs see
respectively [3], [15] and [4] for example).
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