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The systenfT< of ordering constraints over feature trees has been introduced as an extension of
the systemFT of equality constraints over feature trees. We investigate the first-order theory of
FT< and its fragments in detail, both over finite trees and over possibly infinite trees. We prove that
the first-order theory oF T< is undecidable, in contrast to the first-order theoryaf which is well-

known to be decidable. We show that the entailment probleRTefwith existential quantification is
PSPACE-complete. So far, this problem has been shown decidable, coNP-hard in case of finite trees,
PSPACE-hard in case of arbitrary trees, and cubic time when restricted to quantifier-free entailment
judgments. To show PSPACE-completeness, we show that the entailment probem efith
existential quantification is equivalent to the inclusion problem of non-deterministic finite automata.
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1 Introduction

Feature constraints have been used for describing records in constraint programming [1,
30, 31, 36] and record-like structures in computational linguistics [14, 12, 23, 26]. Feature
constraints also occur naturally in type inference for programming languages with object
types or record types [22, 5, 24].

Following [2, 4, 3], we consider feature constraints as predicate logic formulas interpreted
in the structure of feature trees. A feature tree is a tree with unordered edges labeled by
features and with possibly labeled nodes. Features are functional in that the features label-
ing the edges departing from the same node must be pairwise different. The structure of
feature trees gives rise to an ordering in a very natural way which is catet subsump-

tion orderingin [7]. Consider the following example where an unlabeled node is indicated
ase |

address
° Str?/ Name
< strin .
street & ﬁry \ last
string string  string

Here, the left tree is said toweakly subsumide right treer, sincet; has fewer edges and
node labels tham,. In other words, everpositiveassertion about the presence of labels or
features that holds far; also holds fort,. In general, a treg; weakly subsumesstreet,,
written Ty < 1y, if

e every word of features in the tree domainafbelongs to the tree domain of

¢ and the (partial) labeling function af is contained in the labeling function 0.

We consider the systefT< of ordering constraints over feature trees [18, 19, 17]. Its
constraintsh are given by the following abstract syntax

¢ n=x<xX | XfIX | ax) [ ¢A¢’

wheref denotes deature symbohnda alabel symbal The constraints of T< are inter-
preted in the structure of feature trees with the weak subsumption ordering. We distinguish
two cases, the structure of finite feature trees and the structure of possibly infinite feature
trees. A constraimt<x’ holds if the denotation of weakly subsumes the denotationxdf

x[f]X' is valid if the denotation ok has an edge at the root that is labeled with the feafture
and leads to the denotation ®f, anda(x) means that the root of the denotationxois
labeled witha.

The constraint systefT< is an extension of the well-investigated constraint sy$tani2,

4], which provides for equality constrainis=y rather than more general ordering con-
straintsx<y. The systenFT can be seen as a sub-systemFdic sincex =y can be
expressed as<y A y<x thanks to anti-symmetry of the weak subsumption order.

The full first-order theory of T is decidable [4] and has non-elementary complexity [37].
The decidability question for the first-order theoryfoT< has been raised in [17]. There,

two indications in favour of decidability have been formulated: its analogl Toand

its relationship to second-order monadic logic. However, we show in this paper that the
the first-order theory of FJ is undecidable Our result holds in the structure of possibly
infinite feature trees and, more surprisingly, even in the structure of finite feature trees.
Our proof is based on an encoding of the Post Correspondence Problem using a technique
of [33].

Once the undecidability of the first-order theoryT< is settled, it remains to distin-
guish decidable fragments and their complexity. It is well-known that the satisfiability
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FT< FTo
Satisfiability of n° [18] n° [7]
positive constraints n3[18]
Entailment w/o quantifiers| n®[18] n3[18]
Entailment with quantifiers Co-NP hard [17] PSPACE hard [17]
PSPACE complete [herg] PSPACE complete [here]
Full theory undecidable [here] undecidable [here]

fin

Fig. 1: Fragments of the first-order theories/T< andFT¢

problem ofFT, its entailment problenp = ¢’, and its entailment problem with existential
quantifiers |=3x1...3xn ¢’ can be solved in quasi-linear time [31]. The investigation of
ordering constraints was initiated by Dérre [7] who gaveC(n®)-algorithm for deciding
satisfiability of F T<-constraints. This result was improved @n®) in [18], where also

the entailment problem df T< concerningquantifier-freejudgmentsp = ¢’ was shown
decidable in cubic time. The next step towards larger fragments of the the&jofvas

to consider entailment judgments with existential quantificapipa3x; .. .3x,¢’ which are
equivalent to unsatisfiability judgmensA —3x; ...3x,¢’ with quantification below nega-

tion. As shown in [17], this problem is decidable, coNP-hard in case of finite trees, and
PSPACE-hard in case of arbitrary trees. Decidability is proved by reduction to (weak) sec-
ond order monadic logic (W)S2S. In a first reduction step, it is shown how to substitute
the structure of feature trees by the related structure of so-cslifitiently labeledea-

ture trees. We note that this step cannot be generalized to arbritrary first-order formulas
beyond entailment with existential quantifiers. Since the full first-order theory of ordering
constraints over sufficiently labeled (finite) feature trees can easily be encoded in (weak)
second order monadic logic, decidability of entailmenEdic with existential quantifiers
follows from the classical results on (W)S2S [32, 25].

This paper contributes the exact complexity of the entailment probldfit gfwith existen-

tial quantification. We prove PSPACE-completeness, both in the structure of finite trees and
in the structure of possibly infinite trees. This result is obtained by reducing the entailment
problem ofF T< with existential quantifiers to the inclusion problem of non-deterministic
finite automata (NFA), and vice versa. Our reduction of entailment is based on the fol-
lowing idea: Given an existential formulx¢ we construct an automaton that accepts all

its consequences in form of so called path constraints. An inverse reduction in the case of
possibly infinite trees was first presented in [17]. In this paper, we present another inverse
reduction which also applies for finite trees.

Applications and Related Work. The application domains of ordering constraints over
feature trees are quite diverse. They have been used to describe so-called coordination phe-
nomena in natural language [7] but also for the analysis of concurrent constraint program-
ming languages [20]. The less general equality constraints over feature trees are central to
constraint based grammars, and they provide record constraints for logic programming [31]
or concurrent constraint programming [27, 15]. In concurrent constraint programming, en-
tailment with existential quantification is needed for deciding the satisfaction of conditional
guards. As mentioned above, our results are also relevant for constraint-based inference of
record types and object types. In this context, the entailment test has recently received
some attention as a justification for constraint simplification and as a means to check type
interfaces [24, 5, 35, 16, 10, 11].

Originally, weak subsumption has been introduced as a weakening of subsumption. The
subsumption ordering between feature structures [13, 28, 6] is omnipresent in linguistic
theories like HPSG (head-driven phrase structure grammar) [23]. According to the more
general view of [29, 7], the subsumption ordering and the weak subsumption ordering are
definable between elements of an arbitrary feature algebra (which include the structure of
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feature trees and all feature structures). Following [8], ordering constraints interpreted with
respect to the subsumption (resp. weak subsumption) ordering of arbitrary feature algebras
are called subsumption (resp. weak subsumption) constraints. Syntactically, subsumption
constraints, weak subsumption constraints, Bifid constraints coincide but semantically
they differ. As proved in [8], the satisfiability problem of subsumption constraints is un-
decidable. The satisfiability problem of weak subsumption constraints is equivalent to the
satisfiability problem of T< constraints [7, 18] and hence decidable in cubic time.

Structure of the Paper. Section 2 reviews the definitions of feature trees and weak sub-
sumption constraints. We demonstrate the expressivity of the constraint language in Sec-
tion 3 and introduce some formulas used in later sections. Undecidability of the first-order
theory of weak subsumption constraints is shown in Section 4. Finally, we show the entail-
ment problem of existentially quantified constraints to be PSPACE-complete in Section 5.
We prove the correctness of our algorithm in Section 6 and its completeness in Section 7.

A short version of this paper has been published as [21].

2 Ordering Constraints

The constraint systefiT< is defined by a set of constraints, the structure of feature trees,
and an interpretation of constraints over feature trees. We assume an infinité cfet
variablesranged over by y,z, a set¥ of at least twdfeaturesranged over byf,g and a
setL of labelsranged over by, b.

2.1 Feature Trees

A pathttis a word of features. Thempty pathis denoted by and the free-monoid
concatenation of pathsandm’ astut. We haveert= 1e = 1. A pathTt is called aprefix
of mif = 1'n” for some patht’. A tree domairis a non-empty prefix closed set of paths.

A feature treet is a pair(D, L) consisting of a tree domaiD and a partial functior :
D — £ that we calllabeling functionof 1. Given a feature treg, we write D for its tree
domain and. for its labeling function. For instanceg = ({¢, f}, {(f,a)})

is a feature tree with domaiD., = {¢, f} andL, = {(f, a)}. A feature tree

is finite if its tree domain is finite, andhfinite otherwise. Anode oft is an
element oD:. A nodertof T is labeled with &f (11, a) € L. A node oft is unlabeled if it is

not labeled with any. Theroot of T is the nodee. Theroot labelof TisL<(€), andf € F

is aroot featureof T if f € D;. A feature tree is fully labeledif L, is a total function with
domainDx.

.
To= | f
a

Given a treet with i€ Dy, we write ast[r] the subtree of at pathrg formally Dy =
{m | Tt € D} andLyy = {(17, @) | (10T, @) € L}
2.2 Syntax and Semantics

An FT< constraintd is defined by the abstract syntax

¢ = xy | aX | Xfly | ¢1A 02

wherea€ £ andf € F. In other words, arfr T< constraint is a conjunction dfasic con-
straintswhich are eitheordering constraints Xy, labeling constraints &), or selection
constraints kf]y.

We define the structurE T< over feature trees in which we interpfef< constraints. Its
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universe consists of the set of all feature trees. The constraints are interpreted as follows:

TJ_STZ |ff DTl g D'[2 a.ndl_'[l g LTZ
11[fltz iff Dy, ={m| fmeDy}andlLy, ={(ma) | (fr,a) € Ly, }
at)y iff (g,@) €l

The substructure df T< whose universe contains only the finite trees is denoteﬂﬁy.
We will often use the followinglecompositioproperty without further mention:

Proposition 2.1 If 11<12 and11[f]t}] andty[f]t; thent) <T.

2.3 First-Order Formulas

If not specified otherwise, a formula is said to be valid (satisfiable) if it is valid (satisfiable)
both in FT< and FTl“. Our intention here is to treat both cases simultaneously and to
note a distinction when needed only. I®tand®’ be first-order formulas built fronf T<
constraints with the usual first-order connectives and quantifiers. We sap #vahils®’,
written ® |= @', if ® — @' is valid, and thatd is equivalento @' if ® +» @' is valid. We
denote with?/(®) the set of variables occurring free @, and with  (®) and L(®) the

set of features and labels occurringdn

3 Expressiveness of the First-Order Theory

In this section we introduce some abbreviations of formulas needed in Section 4. We use
the usual abbreviations for ordering constraints, for instance we witg for -x =y, x<y
for x<y Ax#y, x>y for y<x andx<y<zfor x<yAy<z

3.1 Minimal and Maximal Values

We can construct, for any formuli, formulaspx¢ andvx¢ expressing that is minimal
(maximal) with the propertg:

xd = ¢ ATy (dly/X Ay<x)
vxd = dA-3Y(Ply/XAY>X)

Here,y is a fresh variable not occurring in and$[y/x] denotes the formula where every
free occurrence of is replaced by. Typically, x occurs free inp but this is not required.
Note that, in contrast tgx and3x, px andvx arenovariable binders that restrict the scope
of the variablex; hencexis free inux¢ and invx¢ if it is free in ¢.

The formulaux¢ expresses thatdenotes a minimal tree satisfyiigg which isnot necas-
sarily a smallest tree with this property. In analogy$ expresses thatdenotes a maximal
but not necessary greatest tree satisfying

fin

Example 1 The sentencéx (pxtrueg is valid in FT< and in FT_ (there even exists a
+ fin

smallest tree, namel{{e},{}). The formula vxtrue is not satisfiable ifFT_" but is
satisfied inFT< by any fully labeled tree with domain *.

The difference between smallest and minimal trees is important for the foraturtgx)
which expresses thatdenotes an atom in the lattice-theoretic sense, i.e. that it is a tree
strictly greater than the smallest trége}, {}) but with minimal distance (one feature or
one label more):

one-dist(X,y)
atom(y)

HYy Xy
I ((uxtrue A one-dist(x,y))
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Example 2 The formula pxx[0]xAX[1]x) is satisfied iFT< by ({0,1}*,{}), thatis the full
binary and everywhere unlabeled tree, and is not satisfiab!éﬂ&” sinceFTl” contains
no infinite trees.

3.2 Label Restrictions

The formulax~y reads< and y are consistenthat is whenevefr,a) € L and(1t,a') € Ly
thena=a'":
X~y 1= Jz(x<zZAY<LZ)

For any labeh € £ we writex~a to express that the root &fis either unlabeled or labeled
with a:
x~a:= 3y (x<yAa(y))

The following formula expresses that the root of a tree is unlabeled:
not-root-labeled(X) := X~a A x~b

wherea andb are two arbitrary different label symbols. We obtain a first-class status of
labels by encoding a labelas the feature treg{e},{(g,a)}).

label-atom(X) := atom(X) A —not-root-labeled(X)

We can now express thatandy either have the same root label or are both unlabeled at
the root by:

same-root-label(X,y) := Vz(label-atom(z) — (X~z > y~2))

3.3 Arity Restrictions

We can simulate a first-class status of feature symbols by encoding a fédiyrhe tree

({e.f},0).

feature-atom(X) := atom(X) A not-root-labeled(X)

We can express thgthas at least all the root featuresxaby
Vz(feature-atom(z) A z<X — z<y)
The following formula expresses thahas exactly the root featurds, ..., f,:
x{f1,....,Ta} = Ixa,... ;X ([ F]Xa AL X[ Tn]Xn

AVY (Y[ f1]x1 A ... AY[Tn]Xn A same-root-label(X,y) — X<Y))

These so-calledrity constraintshave been introduced in [31]. A decidable feature logic
where feature symbols have first class status has been investigated in [34].

3.4 Inductive Properties

We start this section by a demonstration of the expressivityTof and show that we can
express inFT< “inductive properties” of trees, that is properties that require an inductive
construction (for instance an automaton) to define. We conclude the section by the defini-
tion of the predicatetring-c(x) that we will need in the undecidabability proof of Section 4.

In the case of infinite trees it is in fact quite simple to express “inductive properties” of a
tree. For instance, we can express that the domaxtohtains the sef0,1} * by

Jy (Y[0]y Ay[1]y Ay<x)
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The following formula says that the tree denotedkthias domaif 0,1} * and that exactely
one of its nodes is labeled withwhereas all its remaining nodes are unlabeled:

a-singleton(x) = 3y,z(uy(y[0O]y A Y[1]y A not-root-labeled(y)) A
pz(Z[0]zA Z1]zAa(z)) A
y<X<zA one-dist(y, X))

If a-singleton(x) is satisfied thely denotes the complete binary, everywhere unlabeled tree
(with domain{0,1}*), andz denotes the complete binary, everywhartabeled tree. The
formulab-singleton is defined analogously. We can now express Xrddnotes a tree with
domain{0,1}* and that all its nodes are labeled with eitasor b by:

pX (Vy, z(a-singleton(y) A b-singleton(z) A y£z — (y<XV z<X)) )

The idea behind this formula is the following: ansingleton and &-singleton are in-
consistent iff they have their label at the same position. Hence, the formula says that
{0,1}* C Dx and every node o which is reachable via &0,1} *-path is either labeled

with a or with b. The minimality ofx yieldsDx C {0,1}*.

In case of finite trees we have to use another trick (which works also in case of infinite
trees). The next formula is crucial for our undecidability proof. A tresatisfies this
formula iff {¢,c} C D; C {c}* and all its nodes are unlabeled:

string-c(X) := X{C} A not-root-labeled(x) A Jy (X[C]y A y<X)

The correctness of this definition string-c(x) with respect to the above stated semantics
follows from the following lemma where we write" for the word c---c consisting ofn
lettersc.

Lemma 3.1 The formulady (x[c]y A y<Xx) is satisfied by iff c € D and for all km > 0,
whenever &% € D; then
T[e™ <t

Proof. Let t[c]t’ and1T'<t. Obviously,c € D;. The inequality follows by induction:
For anym, if ¢™ ¢ Dy thent[c™<t[c™]. Furthermore, for ank with c™+1 ¢ D; and
1[c™K]<1[c™ we have that

Tlc™ ) = 1c][c™¥] = T'[c™ K <t[c ™K <T[c™]

For the other direction, sinaee D, there is &’ such that[c]t’. From the above inequality
we get by settingn= 0 andk = 1 that

4 Undecidability Results

Theorem 4.1 The first-order theories dFTf;” and of FT< are undecidable.

The result holds for arbitrary (even emptg)and for F of cardinality> 2. For the sake of
clarity we use in the proof distinct label symbalgh, e and pairwise distinct feature sym-
bolss,c,p,! ,r. We prove Theorem 4.1 by reduction of the Post Correspondence Problem
(PCP). The choice of PCP is motivated by the fact that our proof works by simulation of
an iterative construction, and that PCP uses a technically very simple iteration. This is
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different in nature to the technique in [8] for the proof of undecidability of the satisfiabil-

ity of strong subsumption constraints. There, Thue-systems could be used by exploiting a
correspondence between word equations and the algebraic properties of feature structures.
See [33] for a discussion of the proof technique employed in this chapter.

Aninstance of PCP is afinite sequetite ((pi,d))i=1,...m of pairs of words from{a,b} *.
Such an instance solvableif there is a nonempty sequeng@a, ... ,in), 1 <ij <m, such
that p;, --- pi, = 0, --- i, According to a classical result due to Post, it is undecidable
whether an instance of the PCP is solvable.

In the following, letP = ((pi,di))i=1,...m be a fixed instance of PCP. We say that a pair
(v,w) is P-constructed frona pair of words(V',w') if, for somej, v= p;v andw = q;w'.

We say that a seX of pairs of words iP-constructedf every pair inX is either(g,€) or

is P-constructed from some other pair¥ To encode solvability oP into the theory of
FTQ”, resp.FT<, we employ the following equivalent definition of solvability:

Proposition 4.2 P is solvable iff there is a P-constructed set X of pairs of words containing
a pair (w,w) with w# €.

4.1 Words and Trees

Given a wordw € {a,b}* over labelsa,b € L fixed above we denote its length |
and for a natural number € j < |w| we write w.j for the j'th letter of w. There is an
obvious one-to-one encoding functigfrom wordsw € {a,b} * to feature trees for which
we use the feature symbsland labele that we also fixed aboveq(w) = (Dw, Lw) where
Dw=1{g,s,...,s™}, Ly(si) =w.jfor0< j < |w| — 1, andLy(s ™) = e (see Figure 2(a)).

We define a left-inverse functioy, that isy(y(w)) = w, from feature trees to (possibly
infinite) words in{a,b}* as follows: IfT does not have root featuss or if its root is
unlabeled or has label different fromand fromb theny(t) = €. Otherwise let’ be such
thatt[s]t’. We definey(t) = a-y(7') if T has root labe&, andy(t) = b - y(') if T has root
labelb.

To express that denotes the fixed worttappended with the denotationxfwe define for
anytie {a,b}* aformulaapp(x,y), such that

1. if appy[T,T'] thenmy(t) = y(T')
2. appyy(w),y(Tw)] is valid

for all wordsw and feature treeg T, by induction orrt

appg(X.y) = Xx=Yy
appan(X.y) = (Y) A3z(y[s]zA appr(X,2))
apppr(X,y) = b(y)AJz(y[s]zAappn(x,2))

Furthermore, we defingps(x), expressing that denotes a tree with y(t) = ¢, by

eps(X) := =3yxslyv =(a(x) vb(x))

Finally, the following formula expresses thatlenotes a finite string:
finite(X) := =3y (Y[S]y A y<X)

In case ofFT'l" this formula is, of course, equivalent tiwe.
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a v, 1
[ ]
S
| r
e
TI n Trn
(a) The stringabaa (b) The solution sequends,w; );.

Fig. 2: Representation of strings and of solution sequences.

4.2 P-Constructions

Provided an appropriate encoding of sets of pairs of words and a predliCate, s), ex-
pressing that the paiK;,x;) is member of the ses we can express thais aP-constructed
set of pairs of words and th&is solvable:

constructionp(s) = Vy,y (in(y,Y,s) — ((eps(y) Aeps(y'))
VE'Z,Zl (in(z,z’,s) A \/ (apppj (Zay) /\apqu (Zlay’)))))
j=1.m
solvablep := 3s(constructionp(s) A 3X(in(X,Xx,s) A ~eps(X) A finite(X)))

Lemma 4.3 For any predicaten(x, Y, z), if solvablep is valid then the instance P of the Post
Correspondence Problem is solvable.

Proof. Leto be a fixed value fos such thasolvablep holds. In particularconstructionp(G)
holds. We can show for all finite treast’ satisfyingin(t,t7’,0) that there exists a set
containing(y(1),y(t’)) which is P-constructed fron{e,€). The proof is by induction on
V(O] + V(T O

Lemma 4.4 There is a predicatén(x,y,2) such that if the instance P of the Post Corre-
spondence Problem is solvable thetvablep is valid.

Proof. The crux of the proof is to define

1. for any sequence of pairs of words= ((vi,W;))i=1,...n & feature tre@(o)

2. apredicatin(y, Yr,X)

such thain(t,1r,p(0)) holds iff 1} = y(vi) andt, = y(w;) for some 1< i < n. There is,
however, no need to define a formula expressing that a feature tree is the encoding of a
sequence of words.
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Fig. 3: A possible value fox' such thabne-branch(x,x'), wherex s as in Figure 2(b).

Since we know already how to encode words as trees, we now have to define an appropriate
encoding of an arbitrary set of pairs of trees as a feature tree, together with a corresponding
formulain. The representation of a sequelﬁ(:e'i,r’i))izl,m,n is given in Figure 2(b).

We define, for any formuld, a formulau! x¢ expressing thatdenotes themalleselement
satisfyingd. This formula is stronger thamx¢ in that it requires the existence of a smallest
tree satisfyingp in addition:

Hxd = & AVY ([y/X] — x<y)

If x denotes a tree as given in Figure 2(b), then the forranéabranch(x,x’) given below
expresses that denotes a tree as given in Figure 3.

one-branch(x,X') = 3 (VX (string-c(Xc) A Xc<X)
AXc<X <X
AVX (FZ(Wz (%e<2<X))))
In this formula,x’ is smaller tharx but is strictly greater than the-spinex. of x. The tree
X' can have only one of the-edges of since the set of trees betwergandx’ must have

a smallest element. By the maximalityxJf the treex’ containsx; plus exactly one of the
subtrees ok starting with ap-edge (see Figure 3).

The following formulaselect(t',1",0), whereo is as in Figure 3, expresses thatis the
treet'; andt’ is the treer’;:
select(yr,yr,X) = I (UX'(X <X A X" (X'[]X" AX"<X"))
A3z(xX"[plzAZl Jyi AZr Iyr))
From a treed’ as given in Figure 3, we get the tre& (denoted byx”) containing at all
nodesc! with j < i a pair(t'},1"}) such that';<t'j andt";<t"} (by Lemma 3.1). By the
minimality of o” we get thatt; = r"j andt’; = 1" for all j <, hence in particular for
j = 0 (see Figure 4). Combination of the two formulas yields
in(yi,yr,X) = 3x’(one-branch(x,x’) A select(yi,yr,X))

Now, it is easy to verify the conditions announced at the beginning of the proof. O
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Fig. 4: The value ofX in the formulaselect(y;,yr,x) wherex is as in Figure 3.

Note that this proof did not make use of the fact that the feature trees considered here are
partial. The proof of Theorem 4.1 transfers immediately to the structuresrapletely
labeledtrees (both in the case of finite and of arbitrary trees), where gBee) is called
completely labeled L is a total function with domaib. In this case, the trees depicted in
Figures 2(b), 3 and 4 have to be completed by giving some label to the modes

5 Entailment with Existential Quantifiers

In [17] it is shown that the entailment problemfeT < with existential quantifierg = 3x¢’
is decidable, PSPACE-hard in the case of infinite trees and coNP-hard in the case of finite
trees. We settle the precise complexity of this entailment problem in both cases.

Theorem 5.1 Entailment of FT with existential quantificatiord = 3x¢’' is PSPACE-
complete for both structures ETand FTZ”.
In Section 5.3 we modify the PSPACE-hardness proof given in [17] for the case of infi-
nite trees such that it proves PSPACE-hardness for both cases (Theorem 5.2). In particu-
lar, we show that we can encode the Kleene-star operator without need for infinite trees.
Containment in PSPACE is shown (Theorem 5.9) by reducing in polynomial time the en-
tailment problem to an inclusion problem between the languages accepted by nondeter-
ministic finite state automata (NFA). Language equivalence for NFA (and hence inclusion,
sinceA C B < B = AUB) is known to be PSPACE-complete if the alphabet contains at
least two distinct symbols [9].

5.1 Path Constraints

We characterize existentifll< formulas3x¢ by equivalent sets of path constraints (where
sets are interpreted as conjunctions). Feature path constraints for FT have been introduced
in [29] and have been used in [4] for a quantifier elimination procedure for FT. The abstract
syntax ofpath constraints) is defined as follows, whem, ' € F* anda € L:

= X | a(qm) | XA~ | xAmi<y?l] | xATi~yAr]
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y< |Z = x?[fg] = |Z <y
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a(z) az)

Fig. 5: Graphical Presentation of Example 4

The semantics of path constraints is given by extension of the strugfirethrough the
following predicates, which are defined on basis of the subtree selection fumptian-
troduced above.

Tl iff 1e Dy
a(t[m) iff (ma)el;
1?[r~a iff 1€ Dy impliest[mj~a

[
M <t'?An] iff 1€ Dy andm € Dy imply T[] < T[]
1An~1' 2] iff me Dy andt € Dy imply T[m]~1'[17]

In the Section 5.2, we use path constraints for presenting typical examples of entailment
judgements. Path constraints are also helpful for proving PSPACE-hardness in Section 5.3.
In Section 5.5 we will construct a finite automaton that accepts all path constiaeris

tailed by3x¢ and thereby reduce the entailment problem with existential quantification to
the inclusion problem of finite automata.

5.2 Examples

A major difficulty in testing entailment with existential quantifiers is that there exist many
equivalentFT< constraints of quite distinct syntactic shape. This makes it very difficult
(if not impossible) to apply a standard technique for deciding entailment, which performs
a comparison of constraints in some syntactic normal form [2, 31, 18]. In this section we
present some examples showing the difficulties of deciding entailment statement. We will
come back to some of these examples in Section 5.5 to illustrate our solution.

We start with a rather simple case:

Example 3 The formulady(x<yAa(y)) is equivalent to {g]~a which is equivalent to
yFz(x<yAz<yAa(z)).

The next example of equivalent constraints with distinct syntactic shape is more complex.

Example 4 (see Figure 5) Both of the following formulas are equivalent3d ¢|~a and
hence equivalent to each other:

3y3y' 3237 (x<y AY[fly Ay <zAZg]Z Aa(Z)
= 3yIyIBZ (x<yAYIfly Az<y AZglZ Aa(Z))

In the next example, a constraint is given that entef[$g]~a for all a. Note that this
constraint thus also entails the constraints given in the previous example.

Example 5 (see Figure 6) If b ¢ then for all a the judgement

X[F]X AX <X AX'[g]X" Ab(X")A ot
X<y AYITlY Ay <uAu>Z AZ[gZ Ac(z!y | FXATd~2
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Fig. 6: Graphical Presentation of Example 5
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Fig. 7: Graphical Representation of Example 6

holds. In other words, ifi is a solution of the constraint displayed on the left hand side
and if fge Dy (x then the subtree af(x) at fg is compatible with any label a, and hence
is unlabeled.

Example 6 (see Figure 7) The following situation illustrates a non-trivial example for
entailment of selection constraints without existential quantifiers.

(Y<SUAUfIJUAUSX)A (XS VAV[TIVAV <y) E Xfly

The right-hand side [X]y is equivalent to the conjunctiofly?[e]<x?[f] A X[f]}) A
(x?[f]1<y?e]) of path constraints which are entailed by the first and second part of the
left-hand side, respectively.

5.3 Entailment is PSPACE-hard

In this section we show how the PSPACE completeness proof of [17] can be modified such
that it applies to the structure of finite feature trees as well. The formulas used in the earlier
proof require the existenodr/ of all pathsmtin some regular languad® every solution

of the formula for an infinite languag® has to mapx to an infinite tree. Compared to

this earlier proof, the trick is here to use conditional path constraints which may constrain
infinitely many paths without requiring their existence.

Theorem 5.2 The entailment problem for existentially quantifiéd <-constraints is
PSPACE-hard in both the finite and the infinite tree case.

This follows from Proposition 5.6 (see below), which claims a polynomial reduction of the
inclusion problem between regular languages over the alpfabean entailment problem
between two existentidf T< formulas. Notice that we have assumgdo contain at least
two features.

Our PSPACE-hardness proof is based on the fact that a satisfiable ordering costraint
may entail an infinite conjunction of path constraints, even in case of finite trees:

Example 7

1. forall n: x[flyAy<xAa(x) = x?f"~a.
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2. forall n,m: x[flyAy<x = x?Z[f™M<xf"].
3. forall e {f,g}" : x<X AX[f]X AX[g]X = xA1] <x7[€e].

For this reason the entailment problem R)Tl” does not necessarily reduce to an inclusion
problem between finite regular languages (which is decidable in coNP [9]). We fix a finite

subsef C ¥ of features and consider regular expressions of the following form:
R = ¢|f|R|RUR|RR (wheref € F)

For encoding a regular expressiéhthe main idea is to define an existential formula
O(x,Ry) for fresh variables,y such that®(x,Ry) is equivalent to\ c - () XTI <y?g].

Once this is done, it will follow immediately thai(R') C L(R) iff ©(x,R,y) E O(x,R’,y).

It is not obvious, however, how to define such a formula. The reader might notice, that a
naive definition 0f®(x,R,y) yields some unintended compatibility relations to be entailed
too. Hence, we have to refine our main idea.

We define the formulaomg-(X) expressing that all subtrees xfeachable via afr-path
are compatible with each other, i.e. they have a common upper bound:

come« (x) := Jy(x<yA A 3y (VFlY AY<y))

feF

Lemma 5.3 (Comon upper bound) comeg-(x) | IyVrte F* x?[ri <y7[e].

For encoding a regular expressiéh a refined idea is to define an existential formula
O(x,Ryy) such thatd(x,Ry) is equivalent tocomg- (X) A Are o (r) XATI<y?[€]. We de-
fine for all regular expressiorR over F and variablex andy, the existential formulas
O(x,Ry) and®’(x,R,y) recursively as follows.

O(x,R)y) = comg:(X) A@'(X,R)Y)
@/(X,E,y) = Xy

Oxfy) = Jz(x<zAZfly)

© ( e/(x’ Rl:y) A el(xa RZay)
O'(x,RiRzy) = F2(0'(%,R1,2 AO(Z,Ry,y))
o'( Jz(x<zA O ()R, 2) A z<Y)

Apparently,©(x,R,y) has size linear in the size &
Lemma 5.4 For all regular expressions R

come- () = O(RY) ¢ A xAmi<yde
e L(R)

Proof. We proceed by induction oR.

& O(x,£,Y) = X<y XA <YAAe] = Ane. (o) A<y 7]
f: ©/(x 1,y) = J2(x<zA A Hly) & XAT<Y7le] = Aves(r) XM<Yl

RiURz: By induction hypothesiscomg+(X) entails the equivalence®’(x,Ry,y) +

e (ry) XATI<y?le] AN’ (x, Re.Y) > Aree () XM <yZle]. Hencecome- (x) en-
tails ©'(x, RLUUR2, Y) > Ane £(r,ury) XTI <Y?[€] also.

RiR2: By definition ©'(x,RiRp,y) = 3z(©'(X,R1,2) Acomg+(2) A ©(z,Ry,y)). By in-
duction hypothesis,comg(x) entails ©'(X,R1,2) ¢ Amer(ry) XAu]<z7€] and
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com= (2) entails®’ (2, Ry, y) < Amer(r,) ZATR]<Y7[E]. Hencecome-(x) entails that
@' (x,R1Rz,y) is equivalent to (1):

Hz( AN\ xAm]<z?e] Acomg-( AN z?[nz]gy?[s]) )

TeL(Ry) e L(Ry)

It remains to show thatomg+«(x) entails the equivalence between (1) and (2):

A xAni<y?e] ()

TIEL(Rle)

Since (1) obviously entails (2), it is sufficient to prove the validitycom g« (X) =

(2) - (1). Leta be anFT<-valuation which satisfies bottomg+(x) and (2). We
define a trea such thatr, z+— T satisfies the matrix of (1). For this definition we use
a least upper bound operator on feature trees denoted by

To= Ll a®)(m]

1T1€L(R1)QDG(X)

Sincea solvescomg=(x) there exists an upper bound {d (X)[1] | € F*} as stated
by Lemma 5.3 and thus the least upper bouorekists. We next demonstrate that
o,z T satisfies the matrix of (1). The definition ofyields a(x)[m]<t for all
T € L(R1) NDgy(y), i.e. the variable assignmeatz — 1 satisfies the first conjunc-
tion in (1). Fromcomg-(a(x)) it follows thatcomg-(t) holds, i.e. a,z — T satis-
fiescomg«(2). Furthermore, aliu € Dy satisfy: T[] = I—lnleL(Rl)ﬂDa(x) o(x)[ml.
Sincea is a solution of (2)0(x)[Tum]<a(y) is satisfied by alm € £(Rz). Thus
1[re]<a(y) is valid for all e € L(Ry), i.e. a,z+ T satisfieA e . (r,) ZTR]I<y?e],
the remaining conjunct in (1).

R*: By definition ©'(x,R*,y) = Jz(comg+(2) AXx<zA©'(z,R,2) Az<y). The induction
assumption yields thatomr- (2) entails@'(z,R,2) ¢+ Ane(r ZT1<Z7€]. Hence,
comg=« (X) entails tha®’(x,R*,y) is equivalent to (3):

3z| come: () Ax<zA N\ ZMi<ZFe] AzZ<y 3)
e L(R)
It remains to show thatomg+(z) entails the equivalence between (3) and (4):
A xAri<yZe] (4)
e L(R¥)

In order to show the non-trivial implication, we assumeFar«-valuationa which
satisfies botltomg+ (x) and (4). We define a treesuch that,z — 1 satisfies the
matrix of (3) as follows:

S N T

me L(R)NDyx)

Note thatr is well-defined for the same reason as in the preceeding case. Our assump-
tions on the choice aoft yields: comg« (1), a(x)<t (sincee € L(R")) andt<a(y).

In order to show thatr,z+— T is a solution of (3) it remains to prowgm'|<t for all

e L(R)NDy:

] = || axmm <[] ] = 1

€ L(R*)NDg ) '€ L(R*)NDy(y)



208 Martin Mller and Joachim Niehren and Ralf Treinen

O

Lemma 5.5 For all regular expressions Rand R

L(R) CL(Ry) iff come:(x) = A xAri<yde] » A xAri<y?e]
TIe L(Ry) 11€L(R1)

(*) (%)

/

Proof. The implication from the left to the right is trivial sindex) is a sub-conjunction
of (x) if L(R1) C L(Rz). For the other direction, we assunié€R;) ¢ £(Ry) and show
how to contradict the entailment judgment to the right. We fix a woedF * from £L(Ry) —
L(Ro) and a new feature € F —F (which exists sincé is finite whereagF is not). We
construct values for x andt’ for y such that(x) is satisfied butxx) is not. Both trees
are completely unlabeled; heneamg- (1) holds. We define the domaldy, to be the prefix
closure of the wordth and the domaib» to be the suffix closure dd, with the exception
of the wordh. For illustration, we display the treesandt’ for the wordm= fg below:

BN T'f/g'\.f
./g | h ./g
| h | h

It is easy to check thdk — 1,y — T'] satisfies(x) but not(xx) sinceme L(R1) — L(Ry)
andh € Dy buth ¢ Dy. O

Proposition 5.6 For all variables xy and for every pair of regular expressiong Bnd R:
O(x,R1,Yy) E O(x,Ry,y) is equivalent toL (R2) C L(Ry).

Proof. This follows from Lemmas 5.4 and 5.5. O

5.4 Satisfiability Test

In this section we recall the satisfiability test féif< introduced in [18], which we will

also need as a preprocessing step in our entailment test in Section 5.5. Clearly, satisfiability
(and hence entailment) depends on the choice of finite or infinite trees. For instgxe,

is unsatisfiable inFTln but satisfiable ifF T<.

Let anextended constrairtte a conjunction of constraints and (atomic) compatibility
constraintx~y. From now on, we will only deal with extended constraints and freely call
them constraints for simplicity.

In the case of infinite trees, we say that an (extended) cons{ragrft-closedif it satisfies
the following properties for atk,y,z x',y', f,a,b.

F1.1 x<xe¢ if xe V()

F1.2 x<ze¢ if x<yedandy<zed

F2 X<ye¢ if XfIxXed x<yed,yflyed
F3.1 x~yed if x<yed

F3.2 x~ze¢ if x<ye€dandy~ze

F3.3 x~ye¢p if y~xe¢

Fa X~y ed if XfIX e, x~yeod, y[flyeod
F5 a=b if ax)ed, x~yeod, by ed
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The rules ofF1 andF2 require thatd is closed with respect to reflexivity, transitivity,
and decomposition of. The rules inF3 andF4 require thath contains all compatibility
constraints that it entails (this is proved in [18]), dfilrequires to be clash-free.

In the case of finite trees, we say that a constriigt F-closedif it satisfiesF1-F5 and the
additionaloccurs check propertly6 foralln> 1,X1,...,Xn+1,Y1,---Yn, f1,. .., fn:

F6 xa<xpt1 ¢ if  x[filyiAxpu<yiep foralll<i<n

The following resultis proved in [18] (Theorem 1 and Proposition 4). It holds in both cases,
for finite trees and for possibly infinite trees, but with the respective notiéhabsedness.

Proposition 5.7 There exists a cubic time algorithm that, given a constréintomputes
anF-closed constraint containingy or proves its unsatisfiability. Eveftclosed constraint
is satisfiable.

5.5 An Automaton for Path Constraints

In this section we show that for eveFyclosed constrainp there is a non-deterministic au-
tomaton4, of size polynominal in the size gfwhich accepts the set of all path constraints
which are entailed by and which mentions only symbols from a fixed set of variables, la-
bels, and features. Note thBiclosedness is a necessary assumption for our automaton
construction. Note also that the automaton does not differ in the case of finite and infinite
trees, only the assumed versionfe€tlosedness differs.

The algorithm of Dérre [7] can be seen in this perspective. There, the non-satisfiability of a
(in some sense normalised) weak subsumption constpaigs equivalent to the fact that
two labeling path constrain@(x[m]) andb(x[m]) for different label symbolsa andb are
entailed by, which could be checked by inspection of the automaton that describes all the
labeling path constraints entailed &y

5.5.1 Path Constraints as Words

The automaton accepts worflp) associated with a path constraimbver some finite sub-
alphabet off ULUPU{<,~,|,2[,],(,)}. Infirst approximation, le{w) be theconcrete
syntaxof Y. There is however a serious problem with recognizing the concrete syntax of
entailed path constraints:

Example 8 1. The set of words representing a path constraint entailed<byig not regu-
lar (when restricted to the variables incx):

{(W) [ x<x|= ) = OATg~xAm [ e F7 U AT <P | e 77}

2. The set of words representing a path ordering constraint entailety by f [y A x<y) is
not regular:

{W) | 3y(flyAx<y) Eg} = {XfM<xA" [0<m<n}
{X(f"} [n>0}
DATM~xA 7 | mn > 0}

ccl

We therefore have to alter the definition @f) slightly but fundamentally. The trick is to
“factor out” the maximal common suffix of the two paths in a path constraint of the form
x?[m]~y?[1p]. More exactly, we add the symbol # to the alphabet and alter the definition
of (W) such that:

OAm]~yAm]) = xAr~yAn

(x| <y?re]) x?rg <ynJ#mt’
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wherett is the longest common suffix af; andT, such thaty = o’ andm, = W',
Hence, either one afor 17 is the empty path, arandr’ end with distinct feature symbols.
This solves the regularity problem of Example.8,, the following sets are regular:

{x7e]~x7el#n| me F*}
{xe]<x?eJ#m| me F*}
{x?e]<x? f"#f™ | n,m > 0}
(X[} n> 0}

{x? f"~x?[el#f™ | n,m> 0}
{X?e]~x f#f™ | n,m> 0}

() | x<x|=w}
{(W) | Iy fly Ax<y) = W}

cccinci

The definition of(Y) also adjusts some simple but tedious regularity problems raised by
the validity of the following entailment judgement:

XA ~yATt] = XAt |~y 21t

Example 9 The sef{ () | x?[gf]~y?[f f] |= W} restricted to words with features d and
variables xy is regular:

{XAg~yAfl#fr| me {f,g}"}
U {Ze]~Zefm| ze {xy}, e {f,g}"}
U {Zg]<Zef#m| ze {xy}, e {f,0}"}

5.5.2 The Alphabet of the Automaton

For each constrairgi we will define a non-deterministic finite automatéiy whose alpha-
bet is the set:

f(q)) UL((I)) U {V((I)) U{S“‘v?[v]()’#}

Given a sequence of variableswe will also define another automatmf) for the existen-
tial formuladx¢, which is obtained fronf, by removing the local variables mfrom the
alphabet, i.e. by removing all transitions labeled with a symbol frolote that the local
variables irk matter for the definition of the states (but not the alphabeﬂ@ff they occur

in V(o).

To solve an entailment problem of the forink=3%¢’ we construct the automatg and.a},
and test for language inclusion. In order to avoid Lﬁgt accepts tautological constraints
not accepted bydy we will require in Proposition 5.10 thaf (¢') C 7 (¢) and V' (3x¢’) C
V(¢), which can be imposed w.l.0.g. Furthermore, we assume throughout the paper that
bound variables are renamed apae,when considering an entailment problgni= 3x¢’
we assumégx} N V() = 0.

Every automatom, (and therebyAa",) falls into five parts (sharing only the initial statg
and the accepting statg), corresponding to the five kinds of path constraints.

The construction of the automatchy, is given in Figures 8, 9, 10 and 11. It is completely
spelled out except for one additional symmetry (rule 6) which can be expressed through a
dozen of further transitions. In the rest of this section we explain this construction.

5.5.3 Constraints as Graphs

Our construction of the automaton is motivated by considering constraints as graphs. For
instance, the constraint
x<x' AX[flyAa(y) Az<yAZgly
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11 g L
12 X 5 N xXx>yed
1.3 /x —f> Y Aflyed

14 /X L o

21 gs ﬂ /X.a
22 /xa-5 /A xX>yeEd
23 /xa N ya Xflyeo

2.4 /x:aL gr  ax)ed

Fig. 8: The sections of the automatct for path constraint[rt | anda(x[t).

can be depicted as the following graph, where variables are represented as nodes.

S

x <

_h
=

z <

=3

(

Intuitively, when the automatorly accepts a wordy) it traverses the constraint graph
associated withp wherey is associated a certain traversal pattern. We will depict such
traversal patterns graphically; for instance, the above constraint ex®giilgggd~a and

its associated graph allows for the following traversal:

In these pictures, the horizontal dimension corresponds to the ordefrledt to right) and
the vertical one corresponds to feature selection (top to bottom).

Path Existence and Labeling Constraints (Fig 8). The subautomaton comprising rules
1.1-1.4 recognizes all the path existence constrajmi$ entailed byp. Analogously, the
rules 2.1-2.4 serve to recognize the path labeling constra{rfs]) entailed by$. The
associated patterns look as follows.

X X
. S
y a(y)
—— ————
L = axm)

Rules 2.1-2.4 differ from rules 1.1-1.4 in that its states of the fgyra memorize the
label a read at the beginning of some input wa@x[m)) (rule 2.1) in order to check it
against a labeling constraint gn(rule 2.4).
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31
3.2

3.3

34
35

3.6

37
3.8

3.9
3.10

Os ﬂ)
\x:h LN
\x:h —f>
\x:h ]S—Y})[
/X\Y;h,g —>
pyh,g —
/X\Y,h,g M,
wy o
wy o
wx Y

*

\X.€
\y:h x<yed
\y: f x[flyed

/Y\x.h, €
/X\y,h.g X>X'€ED
/XAy, h, f X[fIXed
WX h#£gVvh=g=¢
Wy x<x,y>yed,
Wy XX y[fly ed

ar

Fig. 9: The section of the automatofly for path constraint?[m | <y?[Thb|#13 which is concrete

syntax forx?[m s <y?[Torg).
Example 10 The constraint

[fFlyAY>Y AY[g]lzAa(2)

entails &x[fg]). This constraint is accepted by the following transitions:

45 2% ea— ya—5 a2 yza s g

Ordering Path Constraints (Fig. 9) The next group of rules 3.1-3.10 serves to recog-
nize constraints of the form?[Tj<y?[1’]. Note thatd |=x?[r] <y?[1r] iff ™= mmMeTYH and
W = TLTRTY for somemy, Ty, T3, andmy, and there existg’, Y,z such that

¢ F xAm]<x7e] (5)
¢ [ X<z (6)
¢ F Z2e]<y?ry] )
¢ F Y7el<y?m)] (8)
9)
where we may assume that
1y andt, have no common suffix except (20)

The associated graph pattern is as follows, where a dashed line indicates a paths of the
constraint graph and a dotted an arbitrary path.

X y

\ T[Z/
T[l\l /
X y
AN
\N_/
ZT"{’,
 ;

[\ J

E xAmgru] <y
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41 Qs X—?[>\X\,x

42 WX = WY X<y, X<y€0
43w WY (flyx[flyed
44 \xX —S WX X ~ yED
45 XX~ )WY x>y, X' <y €¢
46 X oy Ky x[flyeod
47 XX =)0y X ~yed
48 X 5 )ny x>y, X >y €d
49 yox —SHwy  Aflyx[flyed
4.10 }X}X’E) o a(x)ed
4.11 }X}X’M) gr  ax),b(xX)e¢,a#b

Fig. 10: The section of the automatofy for path constraint?[mj~a.

Note thatrzmy is the maximal common suffix af; ey and Ty, Consequently, the
concrete syntax of the constrak®{m; ey <y?TL131Y] @s checked by the automaton is

XAm] <yZmol#memy

Rule 3.1 starts readingc?[m]<y?[1T]) which is continued by rules 3.2 and 3.3 verifing
condition (5). Rule 3.4 switches to the verification of condition (8) by rules 3.5 and 3.6.
Rule 3.7 switches to the verification of conditions (6) and (7) which is done jointly by
rules 3.8 and 3.9. The respective last symbolrpdndm, are memorized in the state (the
symbolsh andg in the state/x:\y, h, g), allowing rule 3.7 to verify condition 10. In order to
allow for Ty andr, to beg, the automaton also memorizes whether or not a feature symbol
has been consumed (rules 3.1 and 3.4). Slightly abusing notation, we allbvafatg in
these rules to denote either a feature symbal or

Example 11 The constraint from Example 6 entail$fly. This selection constraint
is equivalent to the conjunction of the three path constraint3|x x?[f]<y?e], and
y?[e]<x?[f]. The words corresponding to these constraints are accepted by the following
transitions of the automaton (for the constraint in Example 6):
X[ € f / ]l
Os — /X— /U— /U — (t
0s 5 e —Es e — o WSy f 2y fle Ty <5 g
YA e € 1o XA € N f oy B E
gs — \y:e — \Ue = /x\U, g6 — yun\U g6 — U\ g, f—\U /U — g
Label Compatibility (Fig. 10). Rules 4.1-4.11 check constraints of the ki®if~a.

Note that¢ =x?mj~a iff there arey,y’,z Z,v,V,b,c and Ty, T, T, T, with T= Ty =
Y, such that:

¢ E xmu]<yde]Ay~z (11)
o = xAmI<y ey ~Z (12)
o = VvAe<m], (13)
o = VIe]<ZImy] (14)
¢ = b(v)Ac(V) and (b#cora=b=c) (15)
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51 \xh ]ﬁ \Y:\Xx h, €

52 \x\zhg-5 \y\zhg x<y€d
53 \wx\zh,g R \YAZ h, f X[ flyed
54 \\zhg-—>  \ax# hAgVvh—g—e
55 \x\zh,g £ YYAZ h,g X~ YED
56 yx\zhg— )y\zhg X>yED
57 yx\zh,g —f> YYAZ h, f x[flyed

5.8 }x:\z,h,g—#> \2x h#tgvh=g=¢
59 \\WX# — Wi x<y,X<yeod
510 w# — Wi Xy X[flyed
511 \X\X:# — WY X ~yeod
512 \wX -5 WY  x<y,xX>yeo
513 \wX - Wy Xfyx[flyeo
514 \wx g
6 xAn~yAnHn’ e L(A)

yAm ] ~x?ri#’ e L(Ap)

Fig. 11: The section of the automatofy for path constraint?[my|~y?[Tp]#13 which is concrete
syntax for 7Ty 1] ~%2 2 ThTi].

The associated pattern looks as follows.

\ T[1X\
\ \ 1
z -~ \y AN
’ \
// ZI N
// 11 Y ~ y
’ /
b(v) (V) 2
E  xqmm]~a

if (b#cora=b=c)andmm=mTy

We check the conditions (11) and (12) as well as (13) and (14) in parallel where we as-
sume, by symmetry, that; is a prefix ofr;. With the names used above, the automaton
consumest; by rules 4.2-4.3, switchesto z with rule 4.4, then consumas, minus its
suffix 1%, (which is identical tort; minus its prefixm) by rules 4.5-4.6, switches froi

to Z in rule 4.7 and consumes, in rules 4.8-4.9. Finally rules 4.10-4.11 check the label
constraints (15).

Example 12 In the case of Example 5 we obtain
6 - oo 5 Wy~ WY iy —yxyZ 2y xy 2! B8 g

Path Compatibility (Fig. 11). Rules 5.1-5.14, in conjunction with rules 3.1-3.3, check
for constraints ?7[u)~Xx2?[1]. One possible justification fap |= x1 71w~ 71| is that
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there are variablegy, y>, Y5,z u and pathst, 10, pu, 2, Y3 such thatry = T4 p oz, T =
ThHH H2Hg, and

o = x?7m<yi?e] (16)
b F 7] <u?e] (7)
b = xAml<y.7¢] (18)
¢ E A<y AYo~z (19)
o [ uZe<zAu] (20)
where we may assume that
T, andTt, have no common suffix except (21)

Note that there is no assumption pg i.e. | is arbritrary. This situation corresponds to
the following pattern, where the arbitrary pathis indicated by a dotted line.

X X
Lo
T[ll \y \
1 yZ\ M
\ \
Habe Y S Y2
\ // U2
LM

X2 pabiobs] ~X2 Mo Lo

The rules 3.1-3.3, 5.1-5.4 and 5.9-5.14 deal with this situation: Rules 3.2-3.3 consume
M, and rules 5.2-5.3 consunm®; rules 5.9-5.10 and 5.12-5.13 consumeand , re-
spectively,.e, the part of the common suffix; o that is explicit in the constraint graph,

and rule 5.14 consumes the rest of the common suffiwhich is arbitrary and does not
explicitly occur in the constraint graph. Condition 21 is checked in rule 5.4 in the same
way as it has been done for rule 3.7.

The second justification is similar but contains the switch through the compatibility con-
straint~ before the common suffix of; andm, instead of within it;i.e., there are variables
y1.¥2,2Z,uand pathst, 10, 15, Jy, J2 such that = T4 e, T = TG M2, and

o E xdml<yi%e (22)
6 = yiAml<ude] (23)
b £ xAml<ysde Ayanz (24)
¢ F Z7AE<zI) (25)
¢ F udd<zofm] (26)
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The associated pattern is:

X1 X2
\ \Th
\ . y
\ ~ Y2
m \ y
\ !
Y1 z o
v
Ha v, 1
U ¥

F o xa?mae]~ % AT TG ]

For the traversal of this pattern we need the additional rules 5.5-5.8 (instead of rules 5.9—
5.11).

For both situations there also is the symmetric one (rule 6) which contains the switch
through the compatibility constraint in the branch fox;. We do not detail the automa-

ton checking for these possibilities since its definition is completely symmetric to the rules
3.1-3.3and 5.1-5.14.

Proposition 5.8 (Correctness of the Automaton)If () € L(ﬂg) then3x¢ = .

Proof. By induction over the paths mentionedyn O

5.6 Deciding Entailment in PSPACE

Theorem 5.9 The entailment problem for existentially quantified<-constraints is in
PSPACE (and thus PSPACE-complete) in both the finite and the infinite tree case.

In order to decide |= Ix¢’, we test satisfiability o and$ A Ix¢’. By Proposition 5.7,
this can be done in tim®(n®) wheren is the size of the entailment problem. If one of
the tests fails, entailment is trivial. Otherwise, we computeRtudosures ofp and ofd’
and construct the associated automagaand 45 in time O(n*). By Proposition 5.10,
¢ = 3Ix¢’ if and only ifL(ﬂl(’;‘,) C L(Ay). This inclusion is decidable in PSPACE [9].

Proposition 5.10 (Correctness and Completeness of the Entailment Tesbet$ and¢’
be closedFT< constraints ank a sequence of variables such that all free variables and
features irdx¢’ occur in¢. Further assume thali A 3%’ is satisfiable. Then

b = Ix¢’ ifandonlyif  L(Ay) C L(A).
Proof. The proof is subject of Sections 6 and 7. The plan is as follows:

1. Correctness - the direction from right to left - will follow from a characterization
of formulas with (or without) existential quantifiers in terms of regular languages of
path constraints. For all sequences of variaplasd constraint$ o the formuladydo
is equivalent to the conjunction of path constraints recognized by the autom%gon
(see Proposition 6.6):

o k=l AW | (W) € L(4],)}

2. Completeness is the the direction from left to right. We ass@irge3x¢’. Propo-
sition 7.3 asserts that for all with ¥ () C V(¢) and F (@) C F(¢) it holds that
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(W) & L(Ap) impliesd = (P). So, assume thaI(ﬁlj;,) Z L(Ay), that is that there
isa(y) € L(,‘le;,) — L(4y). By construction of the automatoft)(y) C V(3x$’) C

V(¢). By Proposition 5.83%¢’ = (W), and by Proposition 7.3 = (W), which
contradicts the assumptigni= 3x¢’.

6 Correctness of the Entailment Test

The correctness part in the proof of Proposition 5.10 bases on a characterization of exis-
tential formulas in terms of regular languages of path constraints that are recognized by the
constructed automata (Proposition 6.6).

6.1 Properties of 4,

Clearly, the states of the automatdg carry a lot of cumbersome control information (for
testing two properties simultaneously, or for recognizing greatest common suffixes). We
first formulate three Lemmas 6.2, 6.3, and 6.4 that allow us to safely ignore the control
information. Based on these, we show the key Lemma 6.5 for correctness, which states a
closure property for the automatcty.

In the following we note the fact that the automatdg allows a sequence of transitions
from stateq; to stateg, by reading the wordt by

Ay F o

Definition 6.1 (Shortcuts)
1. We writedy F\x — \y if 4y - \x:g — \y:h for some gh e LU {g}.
2. We writedy F\x SLLI vy if Ay F\x\z,h,g SLLI yy:\z h, f for some zf, g, h.

Lemma 6.2 For all x,y, T, there exists a transition of the forsy F\x - yy if and only
if there are zZ and a decomposition af, sayrt= '’ for somert, 1, such that:

ﬂ¢|—\xi>\z, ~Zed, Ayt y7Z i>/y

Proof. Follows from the construction of the automaton by some straightforward inductions
that we omit as they don'’t contribute further insights. |

Lemma 6.3 (Using Shortcuts)For all ¢,x,y, 1, v, a the following equivalences hold:

1. (x?U<y?)v]) € L(Ay) if and only if there exist a (not necessary longest) common
suffixme F(¢)* of u andv and two transitions of the following forms for some
W,V z with p= W'mandv = v'rt

ﬁl¢l—\xl>\z and leq,l—/yi)/z

2. (x?U~y?v]) € L(Ay) if and only if there exists u and a common suffig 7 (¢)*
of u andv, i.e. there are ftandv’ with u= p/tandv = v'm, such that one of the
following symmetric properties holds:
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@) /’Zlq,l—\Xl)\u and leq,l—\ylwu
(b) or %F\XL’))U and ﬂ¢l—\yi>\u

3. (x?m~a) € L(Ay) if and only if there exist variables;xx, and labels a =a, =a
or a1 # ap such that4, F\X —=yx and a(x) € ¢ fori = Landi=2.

Proof. In all three cases it follows immediately from the definition of the automaton that

if the respective path constraint is i 4y), then there exist paths such that the claimed
transitions can be performed. The problem is to show the inverse direction for case 1 and 2
sincep andv’ may have a common non-trivial suffix.

For everyh € ¥ U {¢e}, we define the functiotast, : ¥* — (¥ U{e}) as follows:

last, () = h ifni=¢
1 f if t=1'f for somer’

For the first claim, lef/ = W'’ andv’ = V"1t such thagl” andv” have no non-trivial
common suffix. We show tha®[p” | <y?[v"#it= (XU <y?V]) € L(Ap).

Os RN \X.E rule 3.1
L”> \xa:last (W) rule 3.2, 3.3
]S—Y})[ YA\, last (1), € rule 3.4
v, Y1\, last (W), last (V") rule 3.5, 3.6
i \X1/Y1 rule 3.7
i> \Z/Z rule 3.8, 3.9
SLLN rule 3.10 andte 7 (¢)*

The second claim is proven analogously. The proof of the third claim is simpler since no
common suffix has to be factored out. O

Lemma 6.4 (Compatibility) Letd beF-closed and assume variablezx, z, and a pathrt.
If there exist transitiongly - /x — /z; and 4y F /x — /2> then 2~2, € .

Proof. We slightly strengthen the statement of the lemma to the following claim:

C1 For allxq, %2, 021,22 if X1~%2 € ¢, Ay F /X1 SLLI /z1 and Ay F /%o BN /Z> then
z~2 € .

The lemma follows from claim C1 when choosirg- x1 = Xo. In this casex € V(¢) and
F1.1-closeness af yieldsx<x € ¢ such thaF3.1-closeness af guarantees~x € ¢. We
next prove C1 by induction ort

1. Caser= & There exist two sequences of variablgs= us,...,u, = z1 andxy =
Vi,...,Vm = Z2 with the following transitions for K i <nand 1< j <m:

ApF /i~ pizr and Ay b N - Njog
The application condition of rule 1.2 implies fordi < nand 1< j < m:
Uu>U1€¢  and  vji>vji€d

Sinced is closed with respect to transitivity due Ed.2 we obtainz;<x; € ¢ and
2<x2 € ¢, and byF3.2-closeness we gai~x; € §. Hencexa~z € ¢ since~
is symmetric due td-3.3. ThusF3.2-closeness again yields~z; € ¢. Finally,
symmetry again implieg;~z, € ¢.
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2. Casat= f1t for somef,: There exisuy, Vi, Uy, V2 such that the following transi-
tions exist:
Ay "/Xlih/ul—fvvli)/zl
Ay - o =5 = o T 20
As proved in the case= ¢, this impliesu;~u, € ¢. The application condition of rule

1.3vyieldsus[f]vs € ¢ anduy[f]v2 € ¢. Thus, the closeness under the decomposition
axiomF4 impliesvi~v; € ¢. Finally, z1~2 follows from the induction hypothesis.

O

Lemma 6.5 (Key Lemma) For all paths i, k2, Ta, T, variables xy1,y., andF-closedd:

L I {y1 2] <x?mu]) € L(Ap) and(a(X(mumy])) € L(Ap) then(yr1uTe]~a) € L(Ap)

2. 1F nu]<xAm]) € L(Ay) and (y2e]<xmump]) € L(Ay) then
(V1?2 ~y2 2 o)) € L(Ay).

Proof.

1. Let (y1?m]<x?m]) € L(Ay) and (a(xTum])) € L(Ay).  According to
Lemma 6.3(1), the first assumptidgp 2] <x?[tu]) € L(A4y) is equivalent to the
existence of 1, 4, T with g = Wjv1 andm = ;v and of transitions of the follow-
ing forms for some variable; :

W ™
Ap F\y1 —\2 and Ap b /x— /7
The assumptiofa(X[TuTp])) € L(Ay) yields the existence af,, v» with the follow-
ing transitions of4y based on rules 2.1-2.4:

11
a1 x: a—l>z.2.,2.3/uzia\ﬂgz.Z,Z-S/VZ:al&“qf

T,
Thus, there are two transitiorf - /x i) /U2 andAy F /x —2 /z1 such that Lemma
6.4 and thd--closeness a yield z;~u, € ¢. We now construct a transition proving
(1?ume]~a) € L(A):
y17

Js 41 \Y1\W1

£>4.2,4.3 \Z1\Z1 Ap F\y1 1, \Z&
i>4.4,4.7 YUz Up Z1~U2 € 0

V1 TE V1 TT
34849 YVHV2 Ay F M =25 o

]N—a>4.1o as av2) €¢

2. We now assumeéy: | <x?[tu]) € L(Ay) and (y2?[Ho| <x?TutR]) € L(Ay). Ac-
cording to Lemma 6.3(1) the first assumption 71| <x?[u]) € L(Ay) is equiva-
lent to the existence ofy, W, T4 with py = pjv1 andm = v, and of transitions of
the following forms for some variabia :

Ap F\1 Li) \Z1 and Ay /X i) /71

The second assumptigm o] <x?muTh]) € L(4y) yields the existence o, 1), T,
such thaiw, = pP,Lv2 andmm, = 1,V and of the following transition for some vari-
ablez:

Ay F\Y2 L’2>\,22 and %F/xi/zz
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X = X
w 7 4
p 1 /’ / -
Y1l ul 4 4 1
~ o V. /
~ 7 V4
SN 7 / — / v
Z1 ~ U M1 = H3V1
// m= Tlllvl
. /
: ,% He = HpV2
Y2 7 TUTh = TV
~ 7 .
S~ /0 v M, =mTn  (case 2.(a))
Ho y2) :
LV

Fig. 12: The paths in the proof of claim 2.(a) of the Key Lemma.

We distinguish two cases depending on whettigis a prefix ofTt, or vice versa.
This case distinction is complete simzgv1 T, = T,V, such that the pattw; andTr,
can not diverge (see Figure 12).

(a) T is a prefix offt,: There existtwith ;1= 1T, andu, such that:

Ay I—/Xi)/l,lz—n)/ZZ
Hence, v, = v1Tp, and there are two transitiongy, F /x i) /U2 and 4y +

11 .
/X — /71 such that Lemma 6.4 and tlecloseness of yield zy~uz € ¢. By
combining our intermediate results

Ay F\y1 Bz, a~uped, Ay b Jup 5 2

Ay F\Y2 12, \22
with Lemma 6.3(2), we obtaiy1 A3 Tvo]~y22[5v2]) € L(Ay). The claim
follows sincep,vs = [, andp v, = WV1Th = W Th.

(b) 1, is a prefix ofm: There existtwith T, 1= 14, andu; such that:

leq,k/xi)/ul—"uzl

Hence,Tv1T, = v, and there are two transition@ + /x i) Jup and 4y +

T, .
/X —2 /7> such that Lemma 6.4 and tlrecloseness of yield zo~u; € ¢. By
combining our intermediate results

Ay F\y1 i>\21
Ay F\Y2 2 \z, 2~ €9, Ay by /7

with Lemma 6.3(2), we obtaify; AujviTo]~y>TV1TR]) € L(Ay). The
claim follows sincgljv1Te = Tk, and sincql,Tv1Th = PHVo = Wo.
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6.2 Characterization of Existential Formulas

In the following we will slightly abuse notation and allow in writing path constraints their
concrete syntax. This allows us to wrifgL£(4y) instead of A{W | (P) € L(Ap)} and
similarly for /\L(,‘Zlq{,"}). With this notation in mind, the characterization proposition can
be written as:

Proposition 6.6 (Characterization of existential formulas by path constraints)If ¢ is
an F-closedFT< constraint andk a sequence of variables then

o = AL

Proof. The implication from left to right follows form the correctness of the automata con-
struction (Proposition 5.8). For the inverse direction, we assume a sotutabn\ L(ﬂ(’;).

We define an extensiaw’ of a by setting, for allx € V(3x): a’(x) = a(x), and for all

x € {x}:

Dup = {1| (X} e L(A)}U
(Tt | z€ V(3R0), (2] <XAT) € L(A), TV € Doy}

{(ma) | (a(X{m)) € £(dg)} U
(7', 2) | z& V(IRD), (AN <XAM) € L(p), (T 8) € Lagy)

Lar(x)

To complete the proof we have to show

1. thata'(x) is a feature tree. This statement is not completely obvious ¢fx}:
(@) Dy(x is non-empty since belongs to the input alphabet of the automathp
which therefore accepts(e]l.).
(b) Dy (x is prefix closed, as shown in Lemma 6.7.

(¢) La(x is a partial function as shown in Lemma 6.8 which mainly relies on the
Key Lemma 6.5.

(d) Inthe case of finite trees, we have to show Dat, is finite. This is done in
Lemma 6.9.

2. thata’ is indeed a solution af. This in done in Lemma 6.10.

Lemma 6.7 Dy (x) is prefix closed.

Proof. The only interesting case is€ {X}. The proof relies essentially on the following
claim which relies directely on the definition of the automagy

C2 Forallx, T, (X[T]}) € L(y) iff there existsy such4y - /x — Jy.

We show the prefix closeness bfy(x) as follows. Supposaf € Dyi(y). There are two
cases according to the definitionDf:

1. Casgxmf]l) € L(Ay): Claim C2 yields the existence piuch thatqy - /x o, /.
Hence there also exisswith 4y - /x — /z such that Claim C2 yield$(m|) €
L(Ay),1.e.Tte Dar(x)-

2. Case existg, [, 1',z€ V(Ix¢) with if = pyt’, (Z2W]<x?W)) € L(Ap) andy'y’ €
Dy(z: We distinguish two sub-cases:
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(@) If W’ = € then (2[u]<x?rtf]) € L(A4y). Hence, by Lemma 6.3 there are
M1, ko, i3 With ' = pypig andrtf = popiz and a variablg such thatdy F\z N \Y
andA4y - /x e, /y. We distinguish again two cases:

i. U3 = ¢, henceyp, = 1if. In this case, there is a variabjésuch that4, +
/x> 7y, hence(X[Ti]) € L(Ap) andTt€ Dyi(y.
ii. w3 =p5f. Inthis case, we obtain from Lemma 6.3 thz®[p1] <x?po]) €
L(Ay). Sincepupsf € Dy(y), bz € Dg(y by prefix-closeness of the do-
main ofa(z), hencauaply = T1E Dy (x).
(b) Casgt’ =" f for somepl”: SinceDy(, is prefix closed, we Know'fl” € Dy
Hence = pi" € Dy (y)-

Lemma 6.8 Ly (x is a partial function on Q).

Proof. It is again sufficient to assumes {x}.

1. We first show that the definition domainlof: () is a subset 0Dy (), i.e. we prove
for all athatif (1 a) € Ly (y) thentie D). There are two cases to be considered
according to the definition df /).

(a) Casga(x[m)) € L(Ay): From the definition of the automaton it is easy to see
that(x[T]|) € L(Ay), hencerte Dy ().

(b) Casert= ' for someyL 1", z € V, (2] <xX74)) € L(y), and (', a) €
La(z: Hence W' € Dy, which impliesti= p’ € Dy (y).

2. We show that the relatiolny ) is functional,i.e. for all Ta,bif (1 @) € Lq(x) and
(Tt b) € Loy thena=b.

(@) Suppose thatrt a) and (Tt b) are both contributed th /() by the first clause
of its definition. Then, by Proposition 5.8,

¢ = A L(A) = a(X[rd) A b(x[11)

such that the satisfiability @f (which follows fromF-closeness af and Propo-
sition 5.7) impliesa = b.

(b) Suppose that both pairs have been contributéd,tg, by the second clause of
its definition. There exist paths', ', v,V’,v" and variabley,z € V such that
m=pue’ =w"' and

L (yAWI<xX7AH) € L(), (W', a) € Dygy)
ii. (Z2V']<x?V]) € L(Ay), (V'V",b) € Dy(y

Sincep’ = w” eitherpis a prefix ofv or vice versa. Without loss of gener-
ality, we can assume thatis a prefix ofy, i.e. p= vy for somery. The Key
Lemma 6.5 impliegy?[p/]~z?[v'Tu]) € L(4y). The assumptiog z € V(3Ix)
and the Correctness Proposition 5.8 yield:

o B AL E yA~zVT = yAdW )~z ]

It remains to show that " = v" which then impliesa = b since(W'’, a) €
Dq(y) @nd(v'v", b) € Dy(». This can be seen as follows. Singe= viy we
know pp’ = v, In combination withup” = v this impliesvy” = v’

and hence” =y’ as required.
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(c) Suppose thatr, a) is contributed by the first clause of the definitionof;
and (1t b) by its second clause. There exist pathg’, i’ and a variabley €
7 (3xd) such thatt= pu’ and

L (YAWT <) € L(Ap), (MW, D) € Dyyy)

i, (@(x{uH'])) € L(p)
Part 1 of the Key Lemma 6.5 impligg?[u'’|~a) € L(Ay). Sincey € V(3Ixd)
the Correctness Proposition 5.8 yields:

¢ = AL E ylu)~a

Sincea is a solution ofA L(43) and(W/W’, b) € Ly(y) We conclude = a.

Lemma 6.9 If we consider the model of finite treEg'f;” thena’(x) is finite for all x.

Proof. LetV = 7(3x¢), and letD ) be finite for allz€ V. We have to show thdd
is finite for all x € {x}.

In the case of finite feature trees, the following axiom is require84sjoseness of:

F6 xi<xns1 ¢ if x[filyiAxqi<yied  forall1<i<n

Letn be the number of variables ¢fandd be the maximal depth of any tre€z) forze V.
Note thatd is finite sinceV is finite and all treesi(z) for z€ V have finite depth.

We show that for alk € {x} the length of the paths iD( is bounded byn+d. Let
M=Tyg-Tp € Da’(x)-

1. Case(x[1]|) € L(Ay). Then we have

Ap "/XL>/X1£>/Y1L>/X2£>/YZ"'/XDi/Ypi)/Xpﬂ

and hence, with an argument as in the proof of Lemma 6.4 xthaKy; € ¢ for all
1<i < p. By F6-closeness, all variables have to be different, hengg< n<n+d.

2. Casean=m1’, (Z2]<x?m]) € L(Ap) andTlT’" € Dy(y. In this casgn’| < d by
assumption andt;| < nas in the first case, henge= |m |+ [U/| <d+n.

O

Lemma 6.10 The variable assignment’ is a solution of (if a is a solution ofA £(45)
which we assume).

Proof. LetV = 7/(3x¢) be the set of global variables. We have to show that all basic
constraints inp are validated byi’. There are three kinds of basic constrairatx), X[ f]y
andx<y, and we have to consider all combinationsxandy being inV or not. Hence
there are 10 different cases.

1. Case(fly € ¢, x,y € V both global. In this case we have

{10, A f]<yfe]), (y2Ae] <xA 1))} C L(Ag)

These three path constraints are hence satisfiem, laynd so isx[f]y which is also
satisfied bya’ sincex.y € V and thusi(x) = a’(x) anda(y) = alphd(y).
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2. Case(flye ¢,xeV global,y ¢ V local. For allrt a, we have to prove the following
two equivalencesite Dy, iff fT1€ Dy(y) and(Tt @) € Loy iff (f, @) € Lyy

(@) We assuma € Dyi(y) and showf i€ Dgy):

i. Casem is contributed toDy(, by the first clause of its definition,
i.e. (y[rjl) € L(Ay). The assumptiox[fly € ¢ and Claim C2 imply

(X[f1d) € L(_ﬂlq,) and thus, sinc& € V, (X[fr]{) € L(A4g). Sincea is a

solution £(A45) we concludef Tt € Dy ).

ii. Casertis contributed tdD(y) by the second clause of its definition, i.e.
there exisy, |/, )’ and a variable € V such thatt= p’ and:

(Z]<y?W) € L(Ap), KW' € Dy(y)

The first conditionZ?[W']<y?[H]) € L(Ay) and assumptior[fy € ¢ yield
(2] <x?[fH]) € L(Ap) dueto Lemma 6.3 part 1. Singgx € V we obtain
(Z2IW]<x?[fW]) € L(A3), and sincen is a solution of£(45) and since
W' € Da(z) that fri= fup’ € Da(x)-
(b) We assumérte Dy and showrte Dy (y). Applied to our assumptiox{ f]y €
¢, Lemma 6.3 implies:

(XAF]<y?le]) € L(Ap)

In combination withfrte Dy andx € V the second clause of the definition
of Dy (y) yieldsTte Dy (y).

(c) We assumért, a) € Ly(y) and show(f1t, a) € Lg(y)-

i. Case(m, a) is contributed td_/(y) by the first clause of its definition. Thus
(a(y[m)) € L(Ay) such thai]f]y implies (a(x[f1])) € L(A4y) and thus,

sincex € V, (a(x[fr)) € L(Ay). Sincea is a solution(45) we conclude
(fT[, a) € L(I(X)-

ii. Case(T a) is contributed td_q(,) by the second clause of its definition.
There exisy, /', I’ and a global variable € V such thatt= py” and:

(W] <y?H) € L(Fp), (MK, @) € Loy

Due to Lemma 6.3 this implieg?[p/']<x? fW]) € L(Ay) and hence, since
zx eV, that(Z2W]<x?[fy) € L(A}). Sincea is a solution ofA L(4;)
and(W'y’, @) € Ly, we obtain that fuy’, a) = (frg a) € Loy
(d) We assuméfTr, a) € Ly and show(Tt a) € Lg/(y). The assumptior[f]y € ¢
and Lemma 6.3 imply
A fl<y?e]) € L(A)
In combination with(ft, &) € L4y the second clause of the definitionlofi y)
yields (Tt a) € Ly/(y)-

3. Case(fly€ ¢,x ¢V local,y € V global.

From now on we only prove the assertions concerning the domains of the trees, the
proofs for the labeling functions being analogous as we have seen in the case above.
So, we have to prove the following equivalence forralit € Dy, iff fT1€ Dyr(y).

(@) We assuma € Dg(y) and showfTte Dy (y).
Sincex|f]y € ¢ we have thaty?[e] <x?[f]) € L(A4y), hencefre Dy () by the
second clause of the definition of.

(b) We assuméTte Dy (y) and showrt€ Dyy) -
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i. Suppose thafm e Dy () follows from the first clause of the definition
of DC(’(X)-
There existy', u such thatg, - /x L) N —Z5 u. The closeness df under
the decomposition rule2 yieldsy’<y € ¢. Hence 4, |- sy Sy S,
i.e.(y[ri}) € L(Ap), and henceate a(y).

ii. Suppose thattte Dy (y follows from the second clause of the definition
of Dy/(x) Hence there exigt, W'y’ andz € V such thatf t= py’ and:

(W] <x?W)) € L(Ap), WK € Dy(y)

According to Lemma 6.3 there exist a suffibof i andy, sayp = vV and
W' = v'V and variables, v such that:

ﬂlq)l—\Zi)\V and ;Zlq,l—/xL)/v_‘qu

Sincefri= vi’ there are three cases, depending on whether the leading
f in frtbelongs tov, V or to .
A. Casev = fv" for somev”.

Sincefmt= v’ there is &/ such that

ﬂ1¢|—/x—f>/)/v—”>/\/

Due to theF2-closeness of andx[f]y € ¢ we obtain thay'<y € ¢.
Hence, lemma 6.3 yields

(Z2H]<y?V'V]) € L(Ay)

hence(zZ2{]<y?[v"V]) € L(A45) due toy,z€ V. Sincea is a solution
of £(A3) and/'l’ € Dy, we concludat= v"Up” € Dy(y).

B. Casev = £ andV = fVv’ for someil
Similar to the case above but with the decomposition F2l@pplied
to V.

C. Casev =¥ =g andy’ = f|'.
In this casqu = €, hence(Z?[']<x?[e]) € L(4y) and consequently by
rule 3.10 of the automatoriz?[W’ f]<x?[f]) € L(4y). Hencea is a
solution of (zl' f]<y?[e]), from which we conclude that € Dy y).

4. Case(fly € ¢, x,y ¢V both local. We omit this case which is similar to the previous
one.

5. Casex<y € ¢ andx,y € V. This case is trivial sincé?[e]<y?e]) € L(A4) and since

o is a solution of£(45),

6. Casex<ye€ ¢ andxeV,y¢ V. Letme Dy (. By construction of the automaton,
(x?[e] <y?e]) € L(Ay), hencerte Dy (y) by the second clause of the definitionoot

7. Casex<y € ¢ andx ¢ V,y e V. Letme Dy (y We have to show thate Dyy).
(@) If (x[rl) € L(Ay) then, by construction of the automatdy{r]l) € L(Ay).

Hence e Dq(y) sincea is a solution ofL(A4g).

(b) If there is a(Z2W]<x?W) € L(Ay) with z€ V, W' € Dy and = py’,
then we also havéz?[']<y?[H]) € L(4y) by construction of the automaton,
and hencgzZ/|<y?[W)) € L(Ay) sincey,z€ V. Sincep € Dyi(y) and since
a’ is a solution oi?e]<y?[e], we conclude thai € D(y) = Dq(y), and hence
ne Dq(y).
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8. Casex<ye ¢,x¢V,y¢V. Similar to the previous case.

9. Casea(x) € ¢, andx € V. This is trivial since in this casa(x) € L(A4y), anda is a
solution of L(4,) that coincides witlt’ onx sincex € V.

10. Casa(x) € ¢, andx ¢ V. Omitted.

7 Completeness of the Entailment Test

We first recall some known results on simpler forms of entailment and then prove Proposi-
tion 7.3 from which the completeness of the entailment test follows.

7.1 Simpler Forms of Entailment

The following results on simpler forms of entailment from [18, 17] can be derived from
the existence of least solutions for satisfiable constraints. These results will be used for
proving the completeness of our entailment test as stated in Proposition 5.10.

Proposition 7.1 (Quantifier Free Entailment [18]) If ¢ is F-closed therd |= x<y if and
only if x=y or x<y € ¢, and¢ |= x~y if and only if x=y or X~y € ¢.

Proof. Both properties are subsumed by Proposition 6 in [18]. O

Proposition 7.2 (Entailment of Simple Path Constraints [17])Let ¢ be satisfiable and
F-closed. For every variable ® 9/(¢) and all a Ttthe following two equivalences hold:

1. ¢ [=x[rid iff (X[md{) € L(Ap)
2. ¢ |=a(x(m) iff (a(x(1d)) € L(4y)

Proof. Modulo notation, this proposition is identical to Corollary 5.4 in [17]. Our notation
(X[T1) € L(Ay) used here is equivalent to the existence efith ¢ - z2[e]<x[17 in the
notation of [17]. Similarly(a(x[t)) € £(Ay) is written¢ - a(x[11) in the notation of [17].

O

7.2 The Completeness Proof

In this section we prove that our automaton construction and, as a consequence the entail-
ment test, is complete.

Proposition 7.3 (Completenessyor all constraints ¢ and path constraintsy with

V(W) C V($) and F () C F(¢):
if ¢ =W then(y) € L(Ay)

The proof will proceed by induction on the length of the paths used in the path congtraint

In the induction step we will need to apply the induction hypothesis on path constraints with
smaller paths. The idea is to remove a featlis some positiow of the path constrainp
entailed by the constrairt, thus yielding an extensiof’ of ¢ to be defined exactly in
Definition 7.4. Then the induction roughly works as follows:

¢ From the hypothesis, conclude that the path constgaimbtained by removind at
x from Y is entailed by the extended constrajtt, thanks to Lemma 7.6.
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¢ Apply the induction hypothesis to conclude that the path contraint with smaller paths
y'is recognized by the automatahy of the extended constraint.

e With a simple argument we will get that the original path constrgirg also recog-
nized by the automataflyx of the extended constraint.

¢ Finally, we conclude that the original path constrajns recognized by the automa-
ton 4, of the original constraint, thanks to Lemma 7.7.

Definition 7.4 (Constraint Extension) For all constraints¢ and features f fix a fresh
variable x and define thextensionp* of ¢ atx andf as follows:

04 =0 AXfIxe A ADX<y| K.Y X< X AX[TY AY <ye b}

A
A MySxe | XYy <Y AXFlY AX <x€ ¢}

A Ny~xi, X~y [ 33X Y X SXAXTTlY AY~y € 0}
A NMy~xe Xe~y [ XY XX AXTElY AY<y' € ¢}
A Xi < X AXf~Xf

Lemma 7.5 If ¢ is satisfiable andF-closed, ther} also is satisfiable ani-closed.

Proof. Slightly tedious but straightforward. See Lemma 7 of [18] for the proof. a

Lemma 7.6 (Semantic Properties of Extensions)or all x,y, T, 17, a, f:
1. If ¢ =x?frj~athendt = xs?m~a
2. If ¢ = xAfri<y?m] thendf |= x¢ Ari<y?(m]
3. If ¢ |= x?rf<y?fm] thengy = x?[r] <y 7]
4. 19 |= X2 fri~y2(r] thend = x Ard~y2[m]
5. 1f ¢ |= x2ri~y? f17] thend} (= X2~y 7]
Proof. For illustration, we check only case 1.

¢ =x?frj~a implies ¢ = Vx:(X[f]xs = X 2[1]~a)
implies ¢ AX[f]xf = X¢?[T]~a
implies ¢ = x¢?2[m~a
The other cases are proven analogously. |

Lemma 7.7 For all ¢ and path constraintap of one of the forms P[] <ux?1y],
ur ) ~ux 7], or u?m~a, and with?’ () C ¥(¢) and F (W) C F(9) :

If (W) € L(Apx) then(y) € L(Ap)
This statement is repeated as Lemma 7.9 in Section 7.3 and proved there.
Proof of Proposition 7.3The proof is by case distinction ovex.
1. Y=xml: If ¢ = x| then(x[]|) € L(Ay) by Proposition 7.2.(1).
2. Y=a(x[m): If ¢ = a(x[m) then(a(x[m)) € L(Ay) by Proposition 7.2.(2).
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3. Y = x?r~a We assuméx?[mj~a) ¢ L(Ay) and showd %= x?[1]~a by induction

m=¢: We distinguish three cases, depending on the numlzgrdistinct labelsc
such thagx?[e]~c) € L(Ayp).
n=0: Letbbe an arbitrary label distinct from Then clearlyp Ab(x) is F-closed
and satisfiable and entait<?[e]~a. Henced [~ x7[g]~a.
n=1: Letb be the unique label such that?e]~b) € L(Ay). The assumption
(x?[mj~a) ¢ L(Ay) impliesa# b. Clearly,¢ Ab(x) is satisfiable and en-
tails —x?[e]~a. Henced [ x?[e]~a.
n>2: This case is impossible under our assumption {Rae]~a) ¢ L(Ay),
since the automaton has the property that wheng@®g]~hb), (x?[e]~c) €
L(Ay) for b # cthen(x?[e]~a) € L(Ay) for all labelsa.
n= fr': By Lemma 7.7,(xm~a) ¢ L(Ayx), and hencex A]~a) ¢ L(Ayx).
By induction assumption this impligisf %= x¢ ?[1t]~a and hence, by clause 1
of Lemma 7.64 [= x?[ f1T]~a, that is,d [~ x?m]~a.
4. = x2mi<y?[]: Assume thatx?[ri <y?t]) & £(). We show i x2(rj<y2T]
by simultaneous induction overandr’.
n=T1 =& Theny = x?[e]<y7[¢] is equivalent to the basic constraiity. Since
%Y € V(¢) and is F-closed, Proposition 7.1 implies thiat~ x<y if and only
if x<y ¢ ¢. However,(x?[e]<y?[e]) ¢ L(Ay) impliesx<y ¢ ¢, again due to
F-closedness, and henget x<y.
n= fr's By Lemma 7. 7{x?[f"]<y?(]) & L(Ayx) and hencex; An'|<y?1]) ¢
L(Ayy). By induction assumption this implies; = x; 7n'| <y?[rt] and hence
o £ x? f']<y?[’] by Lemma 7.6, clause 2.
W = f"; Symmetric, using clause 3 of Lemma 7.6.
5. Y = x?[m~y?[1’]: Assume tha{x?[m|~y?[1t]) ¢ L(Ay). We showd [ x?[1]~y?[1T]
by simultaneous induction overandr’.
=T =& Theny = x?[e]~y?¢] is equivalent to the basic constraity. Since
%,y € V(¢) and is F-closed, Proposition 7.1 implies thiat~ x~y if and only
if x~y ¢ ¢. However(x?[e]~y?e]) ¢ L(Ay) impliesx~y & ¢, henced = x~y.
n= fr": By Lemma 7.7,(x?[f1'|~y2mt]) ¢ L(Apx), hence(x;Ar'|~yA1]) ¢
L(Ays). By induction assumption this yieldis; # x; An']~y?r] and, by
Lemma 7.6, clause 4, (£ x?[ f|~y?1T].
W = fn’; Symmetric, using clause 5 of Lemma 7.6.

7.3 Details of the Completeness Proof

Lemma 7.8 Let ¢ be anF-closed constraint, gtu, € V(¢), x€ ¥ a variable, fe ¥ a
feature, andt, T, T € ¥ (¢)* paths with features fror.

1. If there exists a variablejuc V(¢}) such that the extensiap; satisfies
Ay F\Uo LN \Ui, and Ay F /un 2, /Ui,

then(uo?[Tu]<un?[t]) € L(Ap) holds for the nonextended constragnt
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Uo Un e
Ttl\ /uiz ~ U
Ui, s

Fig. 13: The transitions used in the proof of Lemma 7.8.
2. Ifthere exists a variablejue 9/(¢) such that the extensidi; satisfies
Apx F\Uo BEN \Ui, and  Apx - \Un @}uil
then(uo?[Tu]~un?[TeTR]) € L(A4y) holds for the nonextended constragnt

Proof. The proof of both parts are so similar that we can savely restrict ourselves to show
the slightly more envolved part 2.

We can decompose the transitions into (see Figure 13)

/qq)? |_\U0 g\uila /{Zlq))f( |_\Un E)\quig,a
Ay F Ui, BN /Uiy, Ui, ~Ui; € §F.

Letgbe the sequence of states of the transitiga - \Uo BLN \Ui, , followed by the states of
the transitiondyx - /ui, SN /Ui, in reverse order, and without the last statg , followed

by the sequence of states of the transitmﬁ F \Un T, \Ui, in reverse order. Hence the

first state ofg is \Up, the last state igu,, and the length of is the length of the three
transition sequences plus 2 (since we ignored one occurreneg )of

Let (uo,...,un) be the sequence of variables occuring as first variable-symbol in the states
of 9. Thus, the length of this sequencet 1, is equal to the length af, anduy andup,

are those of the lemma. Furthermore, ilgti, andis the indices corresponding to the
above decomposition of the transitions (see also Figure 13). This sequence of variables is
exactly the sequence of variables that we encounter in the graph of Figure 13 when, starting
from up, we go dowrrty, then uprs to ui,, over tou;, and then up ta,.

We prove(up?[Tu|~Un?[TeTR]) € L(A4y) by well-founded induction on the lexicographic
order on the triple of natural numbefsi,, my, my) defined below.

my is the length ofui,, ..., un), i.e.n—iz+ 1.
my, is the number of occurrencesxf in (up, .. .,un).

my, is the length ofuo,...,un), i.e.n+ 1.

The idea of the proof is to remove eitheg or else the left-most occurrence »f from
the sequenc@u, ..., U,). The induction step requires a number of case distinctions on the
shape of the given transitions.

1. Casdy =0.

(a) Casesz = n. Thusug~un € ¢%. Sinceup,un € V() it follows thatug~un € ¢.
The F-closedness of yields (up?[Tu]~un?TRTi]) € L(Ay) sinceT = Tp =
Tk = € in this case.
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(b) Caseiz < n. Sincery = T = €, we can apply the induction hypothesis to the
situation whereaip andu, are swapped whereby the measorgis strictly de-
creased. Hencéun?mn]~ug?e]) € L(A4p) and by symmetry of the automaton
construction{up?e]~unTk]) € L(Ap).

2. Casdy #0.

(a) Caseau; € V(). We can apply the induction hypothesis(ta, . .., u,) since

the measuren, is decreased properly whereag andm, remain unchanged.
For all constraints that might connagj to uz, the expected conclusion can be
composed from the induction hypothesis and Lemma 6.3.

(b) Caseu; = xs. We can assume the transition sequenge - \Uo BLN \Ui, to

be non-empty since it is not possible to hawgf]up (by construction ofp}).
Hence, should this transition be empty the relation betwreamndu; is up<u;

we can take this as partﬁ{ﬁ F\Ug LN \Ui, . We distinguish two subcases: the

e Tt . . .
tran5|t|onﬂl¢? F\Up —> \Ui, relatesup to uy either via an ordering or a feature
selection constraint.

i. Caseup<xf € ¢%. We further distinguish on which constraint connects

to up, either in521¢¢ F\Uo LT \Ui, orin Ayx F /ui, T8, /Ui .

A. Casext[g]uz € ¢} for some featurg € #. This is impossible since
¢ does not contain any selection constraints headed by

B. Casexi<up € ¢%. Transitivity (F1.2-closure of¢) yieldsup<us € ¢.
Thus, we can cancel oug from the sequence: the induction hypothe-
sis applied tquo, Uy, ..., Un) proves(Up?Tu]~unTeTs)) € L(Ay) as
required.

C. Casanp[g|xs € ¢ for someg € . Note that this situation may happen
fori; =1andi> > 1. By construction ob we knowu, = xandg = f.
Sinceup € V(¢) andup<xs € ¢¥, the construction op* ensures the
existence of variables;,x; € F such that; <X A X[ f]x2 A Up<x2 €
¢. We can now cancel out the occurrencexefat u;: the induction
hypothesis applies to the sequer(c@,x2,X1,X,Us,...,Uy) Sincemy
remains unchanged whereas is decreased by 1. Thereby the lexi-
cographic order ofim,, my, M) is decreased properly even though
might be increased.

D. Casexi~uz € ¢%. This may happen but only if = i> = 1 andiz = 2.
Sinced’ is F3.2-closed by Lemma 7.%10<Xf A Xf~Uz € ¢ implies
Uo~Uz € ¢. Again, we can cancel out the occurrencepfat us.

ii. Caseup[g]xs € ¢}. Thus,up = xandg = f by construction of}. We dis-

tinguish further depending on which constraint connegt$o u; in either

ﬂlq,? F \Uo T, \Ui, 0rﬂ¢¢ F /Uiy T, /Ui, .

A. The cases[g|up € ¢ for some featurg € 7 is impossible ag} does
not contain any selection constraints headed py

B. Casext<up € ¢%. If ux = x¢ then we trivially cancel out the occur-
rence ofxs atup. Otherwisep, € V(). The construction o yields
that there exist variableg, x; satisfyingx<xz A x1[f]x2 A x1<uz € ¢.
Hence, we can apply the induction hypothesi&doy, X1, U2, ... ,Un).

C. Casanp[g)xs € ¢} forsomege F. Thusjit=1,i2>1,up=x, f =g,
andmy = f and there exists a patt} with Tz = 15 f. The induction hy-
pothesis applied t@ug, Uy, ..., Un) yields (x?[e]~unTRTy]) € L(Ay).
Due to the assumptiom; € F(¢)* of the Lemma, it follows thaf €
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() such thatf belongs to the signature of the automatéy Thus,
(X fl~un?mrif]) € L(4p), i.e. (U1 ?Tu]~UnATRTR]) € L(Fp).

D. Casexf~uz € ¢5. Now, we havei; =i =1,i3=2, m = f, and
T3 = €. There are again two sub-cases which we consider below:

Subcases of 2.(b).ii.D:

1. Casaly = x¢. Fromup € V(9) it follows thatn > 3. We distinguish further, accord-
ing to the constraint which conneais to X in Ay k- \Un e, \Uiz (= \U2).

(a) Casaiz<x: € ¢%. TheF3.2-closedness af} entailsuz<xt € ¢ (Lemma 7.5).
We cancel out the occurrencexf at up by applying the induction hypothesis
to the sequencg@lp, Uz, Us, . .., Up).

(b) Caseuz[g|xs € ¢} for someg € F. Henceus = x, g= f, and there exists,
such thatrp, = 10, f. Now, we can cancel out both occurrencexefat u, and
atus: the induction hypothesis appli€s, us, ..., un) yields (x?[e]~un?T5,]) €
L(Ay). Sincetn € F(¢) is assumed by the Lemma, we know tliat 7 (¢).
Thus (x?[f]~un2T, f]) € L(4y) from Lemma 6.3, i.e.(X?[T]~un?TeTR]) €
().

2. Caseup # x¢. Thus,uz € V() andxs~up € ¢¥. We distinguish two possibilities
for this to happen, according to the constructior$f

(a) Casex<xi A xq[f]x2 A xo~Uz € ¢ for some variableg;, x2. The induction hy-
pothesis applied to the sequen(®exi, X2, Uz, ..., Un) yields (x?[ f]~u,?[T]) €
L(A4y) as required.

(b) Casex~x1 A x[f]x2 A up<x2 € ¢ for some variablexi,x2. The induction
hypothesis can be applied to the situation wheyendu, are swapped (note
thats = €) wherebym, does not increase (it has been strictly positive before,
and now is 1) anan, decreases properly (since the occurrenc&soét u; is
eliminated). The induction hypothesis yields,mo]~x?[f]) € L(4y) such
that symmetry impliegx? f]~un?[Te]) € L(4y) as required.

O

Lemma7.9Let ¢ be a path constraint of one of the forms;dm|<u,?m),
ur ] ~ux?1e], or u?m~a. For all ¢ with V() C V(¢) and F (P) C F(d):

If (W) € L(Agr) then(y) € L ()

Proof. From Lemmas 7.8 and 6.3. O
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