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ABSTRACT
Recent work hasshown that implicit modeling using levelsof
details (LODs) is possible thanks to the use of subdivision-
curves as skeletons. However, the geometric skeleton of a
3D shape is, in the general case,a graph of interconnected
curve segments and surface patches, the exclusive use of
curve skeletons is therefore not su�cien t.

We present a model that usesa graph of interconnected
subdivision curves and surfaces as a skeleton, on which a
varying radius can be speci�ed in order to control surface
thickness. The subdivision levels of the skeleton provide
levels of detail for the �eld function that de�nes the implicit
surface.

Its visualization is achieved by generating a coarsemesh
that surrounds the skeleton. At high valence skeleton ver-
tices, triangulation topology issuesare managed by locally
overlapping the iso-surfacetriangulations. The mesh is then
adaptiv ely re�ned in order to sample the current LOD of the
implicit surface within an error tolerance.

The last contribution is a new solution to the unwanted
blending problem. It avoids blending between parts of the
surface that do not correspond to neighboring skeletal el-
ements, and ensures C1 contin uit y everywhere. All these
methods are integrated into an interactiv e modeling system,
where the user can create, view and edit complex shapes at
di�eren t levels of detail.

Categoriesand SubjectDescriptors
I.3.5 [Computer Graphics ]: Computational Geometry and
Object Modeling| Curve, surface, solid, and object repre-
sentations
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Algorithms

y iMA GIS is a joint project of CNRS, INRIA, Institut Na-
tional Polytechnique de Grenoble and Univ ersit�e Joseph
Fourier.

Permissionto make digital or hardcopiesof all or part of this work for
personalor classroomuseis grantedwithout fee provided that copiesare
not madeor distributedfor pro�t or commercialadvantageandthatcopies
bearthisnoticeandthefull citationon the�rst page.To copy otherwise,to
republish,to postonserversor to redistributeto lists,requiresprior speci�c
permissionand/ora fee.
SM'02,June17­21,2002,Saarbrucken,Germany.
Copyright 2002ACM 1­58113­506­8/02/0006...$5.00.

Keywords
Blends, sweeps,o�sets & deformations, Heterogeneousmod-
els, Multi resolution models

1. INTRODUCTION
An implicit surface is de�ned as the set of points p veri-

fying an equation f (p) = c, where f is called �eld function .
Modeling shapeswith implicit surfacesis an elegant solution
to represent smooth objects with branchings [4]. However,
their usehas beenrestricted, as they can't easily be adapted
to interactiv e modeling. The characteristic that made pop-
ular other models such as subdivision surfaces is the possi-
bilit y to render them at di�eren t levels of detail (LOD).

Therefore, recent work has provided LODs for implicit
surfaces. TheseLODs can be de�ned on both the �eld func-
tion [6] and on surface sampling. However, in this previous
work, only implicit surfaces generated by curve skeletons
were considered, which was severely restricting the range of
shapes being modeled.

A secondfeature neededfor interactiv e modeling with im-
plicit surfaces is the control of the localit y of the blend: it
helps controlling the topology of the shape being modeled;
local blending allows moreover a local control of the shape
being modeled. The latter does not need to be entirely re-
computed when an element is modi�ed. Previous solutions
in this area aren't fully satisfying: in the caseof curve skele-
tons for instance, the skeleton needs to do large folds to
prevent the surface from blending back with itself [6].

In this paper, a general solution to the interactiv e mod-
eling and display of implicit surfaces at di�eren t levels of
detail is presented. It relies on interconnected subdivision
curves and surfacesfor generating a �eld function at di�er-
ent levels of re�nement. The resulting subdivision implicit
surface is displayed using a set of locally adaptiv e closed
meshesthat exploit temporal coherenceduring re�nement
and editing operations, and adapt their resolution to the lo-
cal underlying curvature, thus providing a secondcontrol on
levels of detail. The convenienceof the resulting modeling
system is illustrated by the interactiv e modeling of complex
organic shapes. Their qualit y is enhanced by the use of a
new solution for avoiding unwanted blending, which ensures
C1 contin uit y everywhere, and can be used even when a
skeletal element directly folds back onto itself.

Section 2 discussesrelated works. Our �rst contributions,
described in Section 3, is the de�nition of an implicit primi-
tiv e generated by subdivision surface, which generalizesthe
subdivision-curv e implicit primitiv e [6]. The problem of



de�ning a varying surface radius along these primitiv es is
addressed.Section 4 describeshow to visualize with a piece-
wise triangulation the implicit shape. Section 5 intro ducesa
new solution to the unwanted blending issue. Section 6 ex-
plains how these methods are integrated into an interactiv e
modeling system, and presents results. Section 7 concludes
and discussesthe possible extensions of this work.

2. RELATED WORKS

2.1 SkeletonDe�ned Surfaces
Among the various categories of implicit surfaces (alge-

braic [18, 2], sampled�eld [11, 10, 15], skeleton de�ned [13]),
the latter category provides many advantages.
Firstly , in a modeling context, combining many simple prim-
itiv es is an easy and intuitiv e way of modeling complex
shapes. Secondly, this representation is the most adapted
to animation and deformation: the skeleton gives a �rst
intuitiv e representation of the iso-surface; it is used as an
underlying control primitiv e for the object. Lastly, without
considering surface visualization issues,its memory storage
is cheap. Intuitiv ely, the surface generated by a skeleton
corresponds to the skeleton's coating. The coating's global
thicknessis controlled with both the iso-value and the speed
at which the �eld decreases.

However, using the skeleton asa topology graph to control
blending has seldom been exploited.

2.2 Blending
Smooth blending is one the main advantages of implicit

surfaces. It can be performed by simply summing the �eld
functions. When two skeletonsof �elds f i and f j stand close
enough, the generated iso-surfaces blend, resulting into a
smooth and organic looking shape.

There are two problems with blending: unwanted blend-
ing, and unwanted bulges at junctions.

2.2.1 UnwantedBlending
To model complex shapes, blending must be controlled

in order to prevent all iso-surfacesfrom blending with each
other. Previous solutions to the unwanted blending prob-
lem [14, 7], did not maintain C1 contin uit y of the shape ev-
erywhere, since the �eld at a given point was de�ned as the
maximal contribution from groups of skeletons that blend
together. This solution results in a union of volumes, possi-
bly creating tangent discontin uities in regions where blend-
ing properties change. The problem has only beenpartially
solved [6], asthe skeleton needsto do large folds not to blend
again when parts come close to each other again.

2.2.2 UnwantedBulges
The problem of unwanted bulges appeared with the gen-

eralization of simple punctual skeletons [3] to more complex
skeletons. This generalization can be done in two ways: the
�rst de�nes the �eld generated by a skeleton S at a point p
as the punctual �eld of the closest point of S to p. In this
case, every time the skeleton is subdivided, new punctual
�elds are added, thus creating bulges in areaswhere several
primitiv es join, as shown in Figure 1.

A secondway of generalizing punctual skeletonsconsist in
summing all the punctual �elds of the points of the skeleton
S. This is done by integrating a punctual �eld over S [5].
Then, splitting a skeleton segment into two parts does not

Figure 1: Bulge resulting from the sub division of a dis-
tance surface skeleton in to t wo pieces.

intro duce any bulge (Figure 2), and moving the newly in-
serted point smoothly deforms the iso-surface.

This property of convolution surfaces is of great interest
to de�ne the subdivision implicit primitiv es.

Figure 2: Conserv ation of the volume and shap e while
sub dividing the skeleton of a con volution surface.

2.3 Subdivision­curve implicit primiti ve
Previous work [6] has proposed a LOD paradigm for the

implicit �eld function, using subdivision curve primitiv es in
combination with convolution surfaces. Subdivision is an it-
erative processthat re�nes the curve at each step, and makes
the polyline convergegeometrically to a smooth curve. These
polylines are usedasskeletons for generating an implicit sur-
face, thus providing the LODs on the �eld function.

The subdivision scheme can be de�ned with masks, de-
scribing how an initial vertex is moved, and how additional
vertices are inserted (seefor instance [17]). The limit curve
can either approximate or interpolate the initial control points.

A secondkind of LOD, de�ned on the surface's sampling
has been also suggested[6]. It has recently been extended
to a locally adaptiv e iso-surface sampling [1]. This is done
in three steps: the skeleton is cut into pieces that can be
easily triangulated; a coarsetriangulation is assignedto each
piece; then the triangulations re�nes according to an error
criterion.

Despite of their interest for modeling organic shapes, im-
plicit surfacesgenerated by subdivision curves can only be
used in a restricted range of applications; indeed, modeling
surfaces with planar regions requires the use of a surfacic
skeletal element. Thus, our �rst contribution presented next
is the extension of the model to subdivision-surface skele-
tons.

3. THE SUBDIVISION­SURFACE IMPLICIT
PRIMITIVE

Subdivision-surfaceso�er the sameadvantagesassubdivision-
curves for de�ning skeletons that are used to generate con-
volution surfaces at di�eren t LODs. Subdivision schemes
have been developed for polygonal surfaces made either of
quadrilateral or triangle meshes. In this paper, we focus
on the latter, since the only known closed-form solution for
convolution along surface elements holds for triangles [16].



Subdivision schemes are more complex for triangulated
surfaces than for curves. Indeed, the number of connected
edgesat vertices may vary from onevertex to another. More-
over, edgescan either stand on surface's border or be em-
bedded in the surface. The surface border is re�ned using
a curve subdivision scheme. For surface embedded vertices,
two typesof vertices are usually distinguished: regular ver-
tices, which are the vertices of valence6, and irregular ver-
tices. As for the curves, the subdivision scheme can either
interpolate the initial vertices or approximate them.

3.1 Approximating Subdivision Scheme
In Loop's approximation scheme[12] the border of the sur-

face is subdivided using the cubic uniform B-spline scheme.
On the surface, this scheme produces a C2 contin uous sur-
face, except at extraordinary vertices where surface is C1 .
Regular and irregular vertices are treated using the same
mask, shown on Figure 3, where � = 1
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3.2 Inter polating Subdivision Scheme
The modi�ed butter
y scheme [8] interpolates the initial

vertices. New vertices on the border of the surface are in-
serted using the DLG mask [9]. For an edge between two
regular vertices, the new vertex is inserted using the mask
depicted in Figure 4 (a). For an edgebetweena regular and
an irregular vertex, mask Figure 4 (b) is used. Else, the av-
erageof the valuescomputed by the mask of Figure 4 (b) for
each endpoint is taken. Coe�cien ts are: if k = 3, s0 = 5

12 ,
s1;2 = � 1

12 , if k = 4, s0 = 3
8 , s1;3 = 0, s2 = � 1
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3.3 Varying ThicknessImplicit Surfaces
Let us consider the implicit surface generated at di�eren t

LODs using a subdivision surface skeleton. The assignment
of a varying radius along the skeleton allows to model a
larger set of objects. As in previous works [6], a varying
radius is assignedat each vertex, and computed vertices are

being assigneda radius value using the subdivision masks.
Considering a single primitiv e, the �eld function generated
by a segment or a triangle is not only a function of the
skeleton vertices positions, but also a function of radii.

The proposedsolution by Cani and Hornus [6], which con-
sisted in interpolating linearly the radius along the segment,
and multiplying the �eld at a point p by the radius of the
projection of p on the skeleton is not satisfying, as it does
not allow to control precisely the decreasingof the �eld, as
shown in Figure 5.

We propose a simple solution that converges toward a
varying radius �eld as quick as the implicit surface's skele-
ton converge towards a smooth skeleton through the subdi-
vision process. Also, it allows the use of any non-varying
radius �eld. The solution consists in using a constant ra-
dius, computed as the average of the vertices radii along
each individual segment or triangle:

Figure 5: Iso-surface pro duced by the segmen t �eld pro-
p osed in [6]. The left vertex radius is the highest, the
middle vertex radius is almost null. A bulge app ears on
the righ t segmen t, while the iso-surface on the left side
tak es o� of the segmen t.

f seg ment (p; v0 ; v1 ; r 0 ; r 1) = r 0 + r 1
2 f seg ment (p; v0 ; v1)

Figure 6: V arying radius �elds obtained with skeleton
sub division.

f tr iang le (p; v0 ; v1 ; v2 ; r 0 ; r 1 ; r 2) =

r 0 + r 1 + r 2
3 f tr iang le (p; v0 ; v1 ; v2)

Figure 6 shows the convergenceof the resulting implicit
surface toward a convolution surface with a smoothly vary-
ing radius, as the skeleton curve or surface re�nes. Thus



the subdivision processre�nes the curvature as well as the
thicknessof the implicit shape. This has however a cost, as
each subdivision of the skeleton increasesby 4 the number
of implicit primitiv es, making the modeling 4 times slower.

Our modeling proposesto model implicit surfacesusing a
skeleton de�ned by a graph of branching curve and surface
pieces. Underlying the control skeleton is a re�ned skeleton
whose level of subdivision provides LODs on the implicit
function, that a�ect both curvature and thicknessof the im-
plicit shape. In order to avoid the appearanceof unwanted
bulges when re�ning the skeleton, convolution surfacesare
used; the subdivision is de�ned such that non-varying radius
�elds can be used.

Before describing how these primitiv es blend, we present
our method for ensuring an interactiv e display during mod-
eling sessions.

4. INTERA CTIVE DISPLAY
Previous works haveproposeda solution to visualize inter-

actively the iso-surfacegeneratedby subdivision-curv eprim-
itiv es [6, 1].

In this paper, we adapt to subdivision surfacesthe adap-
tiv e triangulation method de�ned in [1] for subdivision curve
primitiv es. We still use the three steps summarized in Sub-
Section 2.3: the skeleton is cut into piecesthat can be easily
polygonised; each pieceof skeleton is being assigneda rough
triangulation; the coarsetriangulation is then locally re�ned
using an error criterion.

4.1 Rough Local mesh
The implicit surfacesweconsiderare generatedfrom graphs

of branching curvesand surfaces. Let us consider the coars-
est version of the skeleton graph. The idea is to associate
a local closed mesh to each maximal connected polyline or
piece of surface in this coarse graph. Each vertex of the
mesh will slide toward the iso-surfacealong an axis de�ned
in the skeleton's coordinate set. SeeFigure 7.

Figure 7: A coarse skeleton made of t wo surface pieces
and �v e curv e pieces.

More precisely, the skeleton piecesare de�ned as:

� a maximal set of control segments connected by ver-
tices of valence2 (curve piece).

� a maximal set of control triangles sharing an edge(sur-
face piece).

A coarseclosedmeshis associated with each skeleton piece
as shown in Figures 8 and 9. Mesh vertices are attached to
�xed axes relativ e to their parent primitiv e in the skeleton.
For vertices that \b elong" to two joining line-segments, or
to two neighboring triangles (as in Figures 8 and 9 right),
the axes are de�ned in the bisecting plane between the two
primitiv es, or in a plane perpendicular to the primitiv e if
there is no neighbor. Additional axes are de�ned for the
segment (resp. the triangle) at the extremities (resp. the
edgesand vertices).
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for a single triangle. (b) Single triangle's coarse mesh.
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mesh.

Oncethe axesaresde�ned, the iso-surfacesampling points
converges along their axis toward the iso-surface. This is
doneusing a Newton-Raphson minimization on the function:

F (t) = (f (si + t � di ) � iso)2

where f is the �eld function, and si and di are the start-
ing point and direction of axis i . There can be more than
one solution to this equation. During the modeling process
however, time coherenceis of great help to keep the right



solution when the skeleton is being deformed. The same
equation holds to �nd the solution at initialization, as long
as the newly inserted primitiv e does not stand to close to
the skeleton to which it has been connected.

4.2 Re�nement
The rough mesh is attached in the local coordinate set of

the coarseskeleton, so as the newly inserted iso-surfacetri-
angleswhen iso-surfacesampling is re�ned. This enablesto
re�ne either the skeleton, or the iso-surfacesampling while
using temporal coherence.

The iso-surfacesampling adaptiv e re�nement is performed
in the following way: a triangle edge is subdivided if the
di�erence between the �eld value at its midp oint and the
iso-value iso is greater than a constant � (which may be
view-dependent to re�ne areasof interest). SeeFigure 11.

� =
�

� f
�

v0 + v1
2 �

� iso
�

�

Several iso-surfacesamplings of a spaceshipmodel are shown
in Figure 10. It is to note that the triangulation is higher in
curved areas.

1:0

0:5

0:2

0:1

Figure 10: Spaceship mo del re�ned with decreasing val-
ues of �
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Figure 11: Iso-surface re�nmen t. (a) A t least one edge
do es not satisfy the criterion. (b) The triangle is splitted.
(c) Edges that do not need re�nemen t are snapp ed, other
sample the iso-surface.

5. AVOIDING UNWANTED BLENDING
A �rst reasonfor controlling the blending of the �elds gen-

erated by di�eren t primitiv es is to control the topology of
the �nal shape. A secondmotiv ation is to control the local-
it y of the implicit surface skeleton edition in an interactiv e
modeling context, in order to restrict updates to local, well
de�ned deformed regions.

A solution would be to consider the portion of the skeleton
at a constant distance from reference points associated to
the iso-surfacesample points; this method has already been
applied to curve primitiv es([1]), but is not however obvious
to apply to skeleton constituted of both curvesand surfaces.

The solution we have developed is basedon the idea that
only a prede�ned number of neighbors in the coarseblending
graph should be allowed to blend their �eld contributions.
When a skeleton is re�ned using curve and surface subdi-
vision techniques, the blending properties are transmitted
from parent to child primitiv es. In consequence,a primitiv e
only blends with others that have either the sameparent in
the coarse skeleton graph, or whose parents are allowed to
blend in this graph. To maintain surface smoothness using
such a restricted blending graph, the de�nition of �eld values
has to be modi�ed. The idea is to ensure that only prim-
itiv es with locally null contributions will be added (respec-
tiv ely suppressed) to (from) the group of active primitiv es
when we traversethe implicit surface.

We implemented this idea in the caseof a blending graph
where each primitiv e only blends with its immediate neigh-
bors in the coarse skeleton structure. Let P be a query
point, Si be the skeleton primitiv e in the coarse skeleton
that contributes the most to f (P ) (i.e. P 's \paren t skele-
ton"; if P is a mesh sample point constructed as described
in Section 4), then Pi be the point of Si which is the closest
to P . To maintain surface smoothness, the contribution of
Si 's neighbors in the coarse graph has to vanish smoothly
when Pi moves to the opposite extremit y of Si (since the
neighbor will not be considered anymore if P 's projection
crossesSi 's border and moves to another skeleton element).

To do this, the contribution f j (P ) of a neighboring prim-
itiv e Sj is multiplied by a function � (u), where u 2 [0; 1] is
the parameter of Pi on Si if Si is a segment skeleton and
the parameter of Pi on the segment that goesfrom Sj to the
other extremit y of Si if the latter is a triangle skeleton. See
Figure 12. The function � is set to vanish smoothly when
Pi is far from Sj , which ensuresthe samelevel of contin uit y
for the resulting implicit surface.

This new solution has several bene�ts:

� �rst of all, it allows more localit y in shape description,
since each skeleton primitiv e only a�ects a restricted,
prede�ned portion of the surface. This solves the case
when neighboring branchesshould not blend together,
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Figure 12: T o main tain the implicit surface smo othness
while using a restricted blending graph, �eld con tribu-
tions from neigh b oring primitiv es are m ultiplied by a
coe�cien t that smo othly vanishes when we mo ve away
from these primitiv e. (a) The p oin t's paren t primitiv e Si

is a segmen t. (b) Si is a triangle, and the neigh b ors are
attac hed to a vertex of Si . (c) Si is a triangle, and the
neigh b ors are attac hed to an edge of Si . The neigh b or-
ing primitiv es con tribution is full at v1, null at v0, and
in terp olated b et ween.

such asin Figure 13 (c) and (d). It alsoprovides a good
shape consistency if the skeleton is animated. Note
that the object's thickness may be smaller with our
new method due to the in
uence of � (seeFigure 15).

� secondly, it increasese�ciency , since the portions of
the meshesto be recomputed after a skeleton edition
are known in advance, and since each �eld query at
a mesh point only requires the computation of a re-
stricted number of �eld contributions. Table 14 com-
pares the e�ciency of the two blending methods for
the two surfacesdepicted on Figure 15.

However, the method still has drawbacks: it is sensitive to
variations in sizeand shape of the coarseskeleton's elements,
as illustrated in Figure 16. These parameters in
uence the
extent of spaceof the blending regions, thus a�ecting the re-
sulting surface radius. Also, such a de�ned �eld is C1 along
the skeleton. In order to have a C1 iso-surfacesampling, the
directions of the sampling axes of the piecewise triangula-
tion need also to be contin uous. We are thus still looking
for a better solution.

(a) (b) (c)

Figure 13: Con trolled blending: comparison b et ween
the solution in [6] (b) and our new solution based on
nearest neigh b or blending with a re�ned skeleton (c).

number of number of blending new
objects triangles segments of [6] blending
bretzel 0 24 22.77 s 4.80 s
alien 15 102 504.9 s 33.77 s

Figure 14: Computing times on a 180MHz O2 station.

6. RESULTS
The techniques we have presented have beenimplemented

in an interactiv e modeling system, which interfaces is shown
in Figure 17.

Modeling is done as follows: the user inserts skeleton ver-
tices, then edgesand/or triangles betweenthe vertices. The
implicit surface is automatically generated around it. The
shape can be deformed by translating the vertices and/or
increasing (resp. decreasing) the thicknessof the surface at
each vertex. A scenestatus bar allows to control the param-
eters of the sceneor of the selected object (iso-value, �elds
functions, iso-surfacesampling precision, unwanted blending
type).

Characters have been modeled with this system: in Fig-
ure 18, the re�nement of Nessie's neck skeleton illustrates
the subdivision-curv e LOD on the �eld. The LOD pro-
vided by the subdivision-surface primitiv e is illustrated in
Figure 19 by the re�nement of the bat's wings.

Both �gures illustrates our unwanted blending solution,
as the two �ns of Figure 18, or ear and wing of Figure 19
do not blend with each other as they would with previous
method. In practice, modeling is performed with the coarse
skeleton, or after one subdivision, and iso-surface sampling
error is 0:33 for iso-value 1:0.

7. CONCLUSION
In this paper, we have extended the subdivision-curv e im-

plicit primitiv e representation with the subdivision-surface
implicit primitiv e, allowing to model shapes such as in Fig-
ures 18, 19 and 7. Our secondcontributions which is a so-
lution to unwanted blending allows to constrain the surface
to the skeleton's topology. However, the unwanted blending
method still has a drawback: it is sensitive to variations in
size of the coarseskeleton's elements. Also, it is dependent
of the iso-surface triangulation method, as sample points
need an associated referencepoint on the skeleton.

These contributions have been illustrated by their inte-
gration in an interactiv e modeling system, where the user
models complex shapes by progressively re�ning and de-
forming their skeleton. Extending thesetechniques to multi-
resolution subdivision schemes, where details would be in-



Figure 19: Bat character, with three lev els of skeleton sub division

(a) (b)

(c) (d)
Figure 15: Blending using previous metho d [6] (a, c)
and our metho d (b, d).

corporated to the skeleton structure during subdivisions,
would be a very useful extension to this approach.

Finally , the approximation and interpolating schemesre-
spectively slims and fattens the implicit surface after each
subdivision, as neither of these schemes does take into ac-
count the implicit volume, or, more generally, desirablechar-
acteristics of the implicit shape (implicit surface area, im-
plicit volume, size of the shape) that are to be kept while
subdividing. A subdivision scheme that would take into ac-
count these properties would be of interest.

(a) (b)

Figure 16: (a) Tw o skeleton elemen ts. (b) The insertion
of a third small segmen t pro duces a smo oth crease, since
blending is not allo wed anymore b et ween the t wo largest
segmen ts.
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