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Abstract

Multistable processes, that is, processes which are, at each “time”, tangent to a stable
process, but where the index of stability varies along the path, have been recently
introduced as models for phenomena where the intensity of jumps is non constant. In
this work, we give further results on (multifractional) multistable processes related
to their local structure. We show that, under certain conditions, the incremental
moments display a scaling behaviour, and that the pointwise Hélder exponent is,
as expected, related to the local stability index. We compute the precise value of
the almost sure Holder exponent in the case of the multistable Lévy motion, which
turns out to reveal an interesting phenomenon.

Keywords: localisable processes, multistable processes, multifractional processes,
pointwise Holder regularity.
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1 Introduction

Multistable processes are stochastic processes which are “locally stable”, but where the
index of stability varies with “time”. To be more precise, we need to recall the definition



of a localisable process |5, 6]: Y = {Y(t) : t € R} is said to be h—localisable at u if there
exists an h € R and a non-trivial limiting process Y, such that

lim Y(u+rt)—Y(u)
r—0 rh

= Y/(1). (1.1)

u

(Note Y,! may and in general will vary with u.) When the limit exits, Y, = {Y/(t) : t € R}
is termed the local form or tangent process of Y at w. The limit (1.1) may be taken in
mainly two ways: convergence in finite dimensional distributions, or in distribution (in
which case the process is called strongly h-localisable). In the sequel, equality in finite

dimensional distributions will be denoted fid, and equality in distributions Ly

A classical example of localisable process is multifractional Brownian motion Y [,
3, 11, 19| which “looks like” index-h(u) fractional Brownian motion close to time u but
where h(u) varies, that is

lim Y(u+rt)—Y(u)
r—0 rh

= B (1) (1.2)

where By, is index-h fractional Brownian motion. A generalization of mBm, where the
Gaussian measure is replaced by an a-stable one, leads to multifractional stable processes,
where the local form is an h(u)-self-similar linear a-stable motion |23, 24].

Multifractional multistable processes provide a further step of generalization: they are
localisable processes such that the tangent process is again an a-stable random process,
but where o now varies with time. Multifractional multistable processes were constructed
in 7, 8, 14, 9] using respectively moving averages, sums over Poisson processes, the Fer-
guson - Klass - LePage series representation, and multistable measures. Section 3.3 below
provides several specific examples of such processes.

The aim of this work is twofold:

1. We show that, for a large class of (multifractional) multistable processes, a precise
estimate for the incremental moments holds. More precisely, we prove in section
3.1 that there exists a natural scaling relation for E [|Y (¢t 4+ ¢) — Y (¢)|"] and ¢ small.
This class includes (multifractional) multistable processes considered in [8, 14|, in
particular Lévy multistable motions and linear multistable multifractional motions.

2. We then study the pointwise Holder regularity of (multifractional) multistable pro-
cesses. For the same class as above, we obtain an almost sure upper bound for this
exponent. In the case of the Lévy multistable motion, we are able to compute its
exact value. An interesting phenomenon occurs: when the functional parameter « is
smooth, not surprisingly, the Holder exponent is equal, at each point, almost surely,
to the localisability index. However, when « is smaller than one and sufficiently
irregular, the regularity of the process is governed by the one of a: their Holder
exponent coincide. Note that a uniform statement, z.e. a statement like “almost
surely, at each point”, cannot hold true in general. Indeed, it already fails for the
case of a Lévy stable motion. The right frame in this respect is multifractal analysis,
and results in this direction will be presented in a forthcoming work.

The remainder of this work is organized as follows. In the next section, we recall
the definition of multistable processes based on the Ferguson - Klass - LePage series



representation used in [14] (this defines processes which are equal in distribution to the
ones obtained in [8] through sums over Poisson processes). Our main results on incre-
mental moments and upper bound for the pointwise Holder exponents are described in
subsections 3.1 and 3.2. Subsection 3.3 applies these findings to the linear multistable
multifractional motion. In subsection 3.4, we state the result giving the exact value of the
pointwise Hoélder regularity of the Lévy multistable motion. In section 4, we give interme-
diate results, some of which being of independent interest, which are used in the proofs
of the main statements. Section 5 gathers technical results followed by the proofs of the
statements related with the incremental moments and upper bounds on the exponents.
Section 6 contains the computation of the exponent for the multistable Lévy motion.
Finally, section 7 gives a list of the various technical conditions on multistable processes
required by our approach so that their incremental moments and Hélder exponents may
be estimated.

2 Multistable processes

Our results will apply to certain processes that are defined as “diagonals” of random fields
that we describe in subsections 2.1 and 2.2.

2.1 Finite measure space case

Let (FE,&€,m) be a finite measure space, and U be an open interval of R. Let « be a
C! function defined on U and ranging in [c,d] C (0,2). Let b be a C' function defined
and bounded on U. Let f(t,u,.) be a family of functions such that, for all (t,u) € U?,
f(tu,.) € Faw(E,E,m). Let (I';);>1 be a sequence of arrival times of a Poisson process
with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with distribution
m =m/m(E) on E, and (v;);>1 be a sequence of i.i.d. random variables with distribution
P(v;i =1) = P(v; = —1) = 1/2. Assume finally that the three sequences (I';);>1, (Vi)i>1,
and (7;);>1 are independent. As in [14], we will consider the following random field:

X (t,u) = b(u)(m(E)) />0y "0V f(tu, V), (2.3)
i=1

where C,) = ([ a7 sin(x)dx)_l.

Note that when the function « is constant, then (2.3) is just the Ferguson - Klass -
LePage series representation of a stable random variable (see |4, 10, 15, 16, 21| and |22,
Theorem 3.10.1] for the specific properties of this representation that will be needed here).

2.2 o-finite measure space case

When the space E has infinite measure, one cannot use definition (2.3), since it is no
longer possible to renormalize by m(FE). However, in the o-finite case, one may always
perform a change of measure that allows to reduce to the finite case, as explained in [22]
proposition 3.11.3 (see also section 4 of [14]). In our frame, this simply means adding a
term involving the change of measure in the definition of the field.

Let (E,&,m) be a o-finite measure space and U be an open interval of R. Let r :
E — R, be such that m(dz) = %m(dx) is a probability measure. Let o be a C!

3



function defined on U and ranging in [c,d] C (0,2). Let b be a C' function defined
and bounded on U. Let f(t,u,.) be a family of functions such that, for all (t,u) € U?,
f(tiu,.) € Faw(E,E,m). Let (I';);>1 be a sequence of arrival times of a Poisson process
with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with distribution
m on E, and (7;);>1 be a sequence of i.i.d. random variables with distribution P(y; =
1) = P(y; = —1) = 1/2. Assume finally that the three sequences (I';);>1, (V;)i>1, and
(7i)i>1 are independent. We consider again a random field:

X (t.u) = bu)Co S D (V) e £t V), (2.4)
=1

a(u)

with C, as above.

2.3 The diagonal processes

Multistable processes are obtained by taking diagonals on X, i.e. defining Y () = X (¢, 1),
both in the finite and o-finite measure space cases. Indeed, as shown in Theorems 3.3 and
4.5 of [14], provided some conditions are satisfied both by X and by the function f, Y
will be a localisable process whose local form is a stable process. In the remaining of this
work, we obtain, under certain assumptions (which imply that Y is indeed localisable),
estimates on the incremental moments and the pointwise Holder regularity of Y.

3 Main results

The three following theorems apply to a diagonal process Y defined from the field X given
by (2.3) or (2.4). For convenience, the conditions required on X and the function f that
appears in (2.3) and (2.4), denoted (C1), ..., (C15), are gathered in section 7.

3.1 Moments of multistable processes

Theorem 3.1 Let t € R and U be an open interval of R with t € U. Let n € (0,c).
Suppose that f satisfies (C1), (C2), (C3) (or (C1), (Cs2), (Cs3), (Cs4) in the o-finite
case), and (C9), and that X wverifies (C5) at t. Then, when € tends to 0,

E[[Y(t+e) = Y(1)]") ~ e"VE[Y{(1)]].
Proof

See section 5.

Remark: Under the conditions listed in the theorem, Theorems 3.3 and 4.5 of [14] imply
that Y is h(t)—localisable at t.

3.2 Pointwise Holder exponent of multistable processes

Let H; = sup{~ : lin% YD YOL — 0} denote the Holder exponent of the (non-differentiable)
r—

|
process Y at t.



Theorem 3.2 (Upper bound) Suppose that there exists a function h defined on U such
that (C6), (C7), (C8), (C10), (C11), (C12), (C13), (C14) and (C15) holds for some
t € U. Assuming (C1), (C2), (C3), (or (C1), (Cs2), (Cs3), (Cs4) in the o-finite case),
one has:

H, < h(t).

Proof
See section 5.

3.3 Example: the linear multistable multifractional motion

In this section, we apply the results above to the “multistable version” of a classical
process known as the linear stable multifractional motion, which is itself a extension of
the linear stable fractional motion, defined as follows (in the sequel, M will always denote
a symmetric a-stable (0 < o < 2) random measure on R with control measure Lebesgue
measure L):

Lo mprp-(t) = / For(bF, 07,8, 2) M (dx)

where t e R, H € (0,1), b*,b~ € R, and

Farr 007 1) = 0" (0= o) = ()
b (6= — ().

When bt = b~ = 1, this process is called well-balanced linear fractional a-stable
motion and denoted L, .

The localisability of the linear fractional a-stable motion simply stems from the fact
that it is 1/a-self-similar with stationary increments [6].

The multistable version of this processes was defined in [7, 8|. Its incremental moments
and regularity are described by the following theorems:

Theorem 3.3 (Linear multistable multifractional motion). Let o : R — [c,d] C (0,2)
and H : R — (0,1) be continuously differentiable. Let (I';);>1 be a sequence of arrival
times of a Poisson process with unit arrival time, (V;)>1 be a sequence of i.i.d. random
variables with distribution m(dx) = 2 ;r:ofj‘z1[_j’_j+1[u[j_17j[(x)dx on R, and (7;)i>1
be a sequence of i.i.d. random variables with distribution P(y; =1) = P(y; = —1) = 1/2.
Assume finally that the three sequences (I';)i>1, (Vi)i>1, and (7;)i>1 are independent and

define

7T2j2

a(u —1/a(u u)—1/a(u w)—1/a(u
3 Y/ N g Ve (e yy O el |y He ey (V)

ij=1

X (t,u) = CMM(

a(u)

(3.5)
and the linear multistable multifractional motion

Y(t) = X(L,1).



Then for allt € R and n < ¢, when ¢ tends to 0,

n

0 ) o

27]71F(1 - %) H(t)——L- H(t)——L-
BV (e +2) = YOI ~ —m o B0 ([ [ a0t - o0
n o utsin?(u)du \ Jr

Proof
See section 5.

Theorem 3.4 Let Y be the linear multistable multifractional motion defined on R with
H— é a non-negative function. For all t € R, almost surely,

H, < H(t).

Proof
See section 5.

3.4 Example: the Lévy multistable motion

In the case of the Lévy multistable motion, we are able to provide a more precise result,
to the effect that, at each point, the exact almost sure value of the Holder exponent is
known. Let us first recall some definitions. With M again denoting a symmetric a-stable
(0 < @ < 2) random measure on R with control measure Lebesgue measure L, we write

La(t) = /0 t M(dz)

for a-stable Lévy motion.

The localisability of Lévy motion is a consequence of the fact that it is 1/a-self-similar
with stationary increments [6]. Its multistable version and incremental moments are
described in the following theorem:

Theorem 3.5 (symmetric multistable Lévy motion). Let o : [0,1] — [¢,d] C (1,2) be
continuously differentiable. Let (I';);>1 be a sequence of arrival times of a Poisson process
with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with distribution
m(dx) = dz on [0,1], and (v;);>1 be a sequence of i.i.d. random variables with distribution
P(yi =1) = P(y; = —1) = 1/2. Assume finally that the three sequences (I';)i>1, (Vi)i>1,
and (7;)i>1 are independent and define

X(tu) = Co™ Y AT 1 (Vi) (3.6)
=1

and the symmetric multistable Lévy motion
Y (t) = X(¢,1).
Then for all t € (0,1) and n < ¢, when & tends to 0,

277—1I‘(1 - %) n

1 JoS w1 sin® (u)du

EY(t+e)— V(O] ~



Proof
See section 5.
Theorem 3.6 Let Y be the symmetric multistable Lévy motion defined on (0,1) with
a:[0,1] = [e,d] € (0,2). For allt € (0,1), almost surely,
1
H < —.
a(t)

Proof
See section 5.

Theorem 3.7 Letu € U C (0,1).

1. If 0 < a(u) < 1, almost surely,

H, = min (L,Hff) ,
a(u)

where H;, denotes the Holder exponent of o at u, at least when ﬁ # He.

2. If 1 < a(u) <2, and « is C', almost surely,

Proof
See section 6.

Thus, in the case 0 < a(u) < 1, the regularity of the multistable Lévy motion is the
smallest number between ﬁ and the regularity of the function o at u. This is very
similar to the case of the multifractional Brownian motion, where the Hélder exponent
is the minimum between the functional parameter h and its regularity [11, 12]. We

conjecture that the same result holds even when o > 1.

4 Intermediate results

Let ¢x denote the characteristic function of the random variable X. We first state the
following almost obvious fact :

Proposition 4.8 Assume that for a given t € R there exists g > 0 such that

“+o00
sup / ‘(,OY(H-»«)—Y@) (U)
reB(0,e0) J0 #h(t)

dv < 400,

where Y 1s a symmetrical process. Then there exists K > 0 which depends only on t and

o such that for all x >0, and all r € (0,&y),
x

P(Y(t+r) —Y(t)] <z) < KW'

If furthermore we suppose that Sup,cy SUp,cp(o..) fOJrOO ©yarn-vm (V)| dv < 400, then for

allt € U, for all v € (0,20), P([Y(t +7) =Y (t)] <) < K5

7



Proof
This is a straightforward consequence of the inversion formula. Let z > 0 and r < €.
Since Y is a symmetrical process, ¢y 1)y () is an even function and

1] [t v vz N\ dv
0 PY (=Y ) <rh(t)> St <rh(t)> v

P(lY(t+r)—Y(#)|<z) = —

m
1 oo
S T sup / Py (t+r)=Y () (U) dv
m™r (t) r€B(0,c0) Jo ()
X
< -
< Krh(t).

We now consider multistable processes, first in the finite measure space case, and then
in the o-finite measure space case:

Proposition 4.9 Assuming (C1), (C2) and (C3), there exists Ky > 0 such that for all
ueU,velU andx >0,

v —ul? lv—uf 4 Jo—ul v —ul
_ < e B oy ).
P (00) = X (ol > ) < or (P 0 g M 4 P 1o 1
Proof
See section 5.
In the o-finite space case, a similar property holds:

Proposition 4.10 Assuming (C1), (Cs2), (Cs3) and (Cs4), there exists Ky > 0 such
that for allu e U, ve U and x > 0,

P(|X(U,U)—X(v,u)|>x)§KU(|U— | |v—u||d>+|v E

(1+|log

— |U——U|
1+ |log —9) ) .
—— (14 |log=——")

24
Proof
We shall apply Proposition 4.9 to the function g(t, w, z) = r(2)Y*® f(t,w,z) on (E, &, m).

e By (C1), the family of functions v — f(¢,v,z) is differentiable for all (v,t) in U?
and almost all z in E thus v — ¢(¢,v, z) is differentiable too i.e (C1) holds for g.

e Choose § > ¢ — 1 such that (Cs2) holds.

sup(|g(t, w, z)[*™) = r(z) sup(| f(t, w, 2)|*)
welU wel

One has

/R [sup(!g(t,w,:vﬂa(”)}1+5m(dx) = /R r(z)'H {Sup(\f(t,w,x)]a(w))]1+5m(d9€)

welU wel

= /R[sup(lf(t,w,x)\"‘(w))}Har(l‘)‘sm(dx)

wel

thus (C2) holds.



e Choose § > ¢ — 1 such that (Cs3) and (Cs4) hold.

gLt w,2) = r(@) O f (8w, 1) — LD g (r(@)) (2w, 2))

a?(w)

and

/R {sup<|g;<t,w7x>|a<w>>} " )

wel

< [ Jsup |1t - 252 1og<r<x>>f<t,w,x>\a<w>ﬂHér(m)‘smwx»

welU o (w)
The inequality |a + b]° < max(1,2°~1)(|a|’ + |b]°) shows that (C3) holds.

Proposition 4.9 allows to conclude.

Proposition 4.11 We suppose that there exists a function h defined on U such that (C8),
(C10) and (C14) hold. Assuming (C1), (C6), (C7), (C11), (C12), (C13), (C15), one has:

+oo
sup / Oyrn-ve (v)dv < 400.
reB(0,e) J0o rh(®)

If in addition we suppose (Cu8), (Cull), (Cull), (Cul2), (Culj) and (Culd), then

“+o00
sup sup / Oy -y (v)dv < +00.
teU reB(0,e) JO £

r

Proof
The expression of the characteristic function @y@in-ve is given in [14] :
0]

1/« r 1/
(0) = ex +o0 P vC /t+i)+ )f(t +rt+r) vCa{t) f(t,t,x) dy m(de)
SOW = &Xp 2rh(D) 1 /alt+r) 20170 Y :

For v < 1, Pren- v ) (v) < 1. For v > 1, we fix ¢ < . Lemma (5.14) entails that
®

there exists Ky > 0 such that

2
vCl/fjriM)f(t +r,t+r,T) vC’ifg(t)f(t, t, )
Presmoym (v) < exp / L,ﬂ,l 4 2By 1/atr) prgiaty |y mdr)
Let
1/a(t+r) 1/a(t) 2
N(ot.r) = vCiiny JE+TE+T,2) B vChy [t 1, @) dy m(de)
R Ky oToed 2rh(D)y1/alt+r) 2rh(Dy1/a®) Y :

Using lemma (5.15), there exist Ky > 0 and €9 > 0 such that for all v > 1,
N(v,t,r) > KUUHﬁ(l*%).

9



The inequality becomes
PY(+r)-Y () (U) < exp <_KU02+1—;JW(1_%)> ’
R
and

“+o00 [e%}
/ Oyan-ve (V)dv < 1+ / exp <—KUU2+1%21(1_%)> dv
0 1

rh()

< +o0

5 Proofs and technical results

Proof of proposition 4.9
We proceed as in [14]. Note that condition (C2) implies that there exists § > ¢ — 1
such that :

1+9
sup / [sup [1f<t,w,x>1og1f<t,w,x>ua<w>ﬂ tin(da) < oo. (5.7)
teU JR |weU
1/a(u)

The function u — C, ()" Is a C' function since a(u) ranges in [c,d] C (0,2). We shall

denote a(u) = (m(E))l/a(“)C;{:)(u). The function a is thus also C*. Let (u,v) € U2 We
estimate:

X(0.0) = X(0,0) = 3 5(@i(0) = W) + Y (Wile) = Wilw),

where
O, (u) = a(u)i_l/a(“)f(uu, Vi)
and
Wi(u) = a(u) (T, = 72 f(0,0,15).

2

Thanks to the assumptions on a and f, ®; and V; are differentiable and one computes :

O (u) = a' (w)i W f (v, u, Vi) +a(uw)i™ O ! (v, u, V;)+a(uw) % log(1)i =YW f (v, u, V}),

\I//(U) _ a/(u) (Ffl/a(u) o i—l/a(u)) f(U,U, V;) + CL(U) <Fz_1/a(u> o i—l/a(u)) f/ (U,U, V;)

o/ (u)
a(u)?

Using the mean value theorem, there exists a sequence of independent random numbers
w; € (u,v) (or (v,u)) and a sequence of random numbers x; € (u,v) (or (v,u)) such that:

+a(u)

(1og(0) T/ ~ tog(@)i /) f(v,u, Vi),

X(v,w) = X(v,0) = (w=0) Y (Z+ 2+ Z]) + (w=v) 3 (' + Y2+ Y7, (58)

10



where
Z} = i (wy)i= o f (0, w,, Vi),
22 = 3a(w)i Mo £ (0, w1, 1),
o/ (w;)
a(w;)?
Y;l _ %a'(:(:i) (Fi—l/a(wi) _ i—l/a(m)) f(U’ Xy, ‘/Z),

73 = ~yia(w;) log (1) =) f (v, w;, Vi),

Y2 = va(zi) (Fi—l/a(mi) _ i—l/a(wi)) £l (v, 21, Vi),

, .
Y= fyia(xi)z(ii;l (log(Fi)Fjl/a(xi) - log(i)i_l/a(xi)> fv, 2, V;).
Note that each w; depends on a, f, a,u,v,V;, and each x; depends on a, f, o, u,v,V;,T';
but not on ;. This remark will be useful in the sequel.

In [14], it is proved that each series ) Zij and ) Y;j , j = 1,2,3, converges almost
i=1 i=1

surely. Let = > 0. We consider P (\ S 7 > x) and P (] S Y| > x) for j =1,2,3.
i=1 i=1

Let n € (0, min(%¥ —1,£(6 + 1) — 1)). Markov inequality yields
S 1 Sl
j j|d
(152154) < Leiya
VARSI

1A+
< S E|ID_Z .

i=1

The random variables Z/ are independent with mean 0 thus, by theorem 2 of [2]:

400 +o00
|15 ze0en| <23 ez,
=1 =1
For j =1,
E[ZHA] = E [ (w0 G | f 0, w, V)04
d(}+n>)
KU a(w) -
S Tt (w?(%@“mm%ﬂ
Ky a(w)\1+n a(w)y 4 (1+4n)
< A ( sup |f(v,w,V1)| ) +( sup |f(v,w,V1)| )C
AR i wEB(u,e) weB(u,e)
< Bu
- ql+m

11



For j = 2,

B[z ] < E [( sup |, V) 4 sup |f;(v,w,%)!()>c(l+n)]
¢ weB(use) wEB(u,e)
< Kv
< Ko

For j =3,
o (w;) (log 7)@1+m)
E [‘Zﬂd(l—i_n)} = E ‘a(wi) D) ‘d(l—m)’f(va Wi, V;)’d(l—i_n) a(1+n)
a(w;) 7 olwy)
(log 7)4(+n)
s Ko—nm—

+oo .
Finally, sup > E [| Z{|***"] < 400 thus

vel i=1
z : U

We consider now P <| SY| > 9:) for j =1,2,3.
i=1
p Yi| > <P<Yj>f) P vi|>2.
(';f d x>_ HEHEIDEES

1
0 ) 00 . T+n
Since P (| Y| > %) < i—z (E {| > yiﬂ|d(1+n)]> ], we want to apply theorem 2 of
i=2 i=2

2] again. Let S,, = 3. Y/ and write Y/ = ~,WW/. Note that ~; is independent of W/ and

7
i=1
Si—1.

E (Y lSm) = E(E( m+1|5m,Wm+1)IS)
E( m+1 +1‘Sman+1)’S )
W (7m+1 |Sma Wm-‘,—l) |S )

W E(7m+1)|5m)

E
E
E
E
0.

We apply theorem 2 of [2] with (d(1+7) < 2),

‘ Z Y;j‘d(lJrn)] <2 Z E’Y'ij‘d(1+77)7
=2 1=2

and )

> . . 2d oo ) 1+n
i ('ZW' - ) <P(I¥123)+ (22E|Yx|d<l+n>) |
1=2

i=1

12



For j =1,

P (|Y1’ > f) = P |(I’(:E )‘O‘(xl)’ 1 _ 1’a(x1)|f(v x V)’a(xl) > (1)
=9 1 1—‘}/04(1‘1) y L1, V1 Z Saten)
1
P <|—1/a(:c1) — 1‘04(901) sup ’f(fU, w, V*l)‘oz(w) Z KU.Z'a(xl)> ‘
F1 wEB(u,e)
For x < 1,
T 1
P (’Y’ll‘ > 5) < P ’—1/04(;51) _ 1|a(z1) sup |f(v,w, ‘/1)|a(w) > Kde

Fl wEB(u,e)

< P{ sup |f(v,w,V))|*™ > Kya} n{T, > 1})

weB(u,e)

]- ol olx alw
+ P {|F—1|r}/ @) _ g sup | f(o,w, V3)|™ >2Kde}m{F1§1}>.

weB(u,e)

P({ sup !f(uw%)l““”ZKde}ﬂ{Fl>1}> < ﬁE( sup |f<v,w,v1>|a<w>>

weB(u,e)

IN

gl

Let W(v, ) = sup,epue |f (v, w, z)|“®) and F,y, be the distribution of W (v, ;).
]‘ a(xT

P ({|F—|r}/ @) _q)e@OWw (v, V1) > Ko n{Ty < 1}) < P(W(v, V) > Kya'ly)
1

+oo
- / P(z > Kyz'Ty) F, v, (dz)
0

too
F, v (dz
— 0 KU d 7‘/1( )
Ky
a

For z > 1,

T 1
P(hz3) < P('m—l\“"“) sup |f(v,w,V1)|°‘(w)2KU:cc>
1

weB(u,e)

iL') S KU

x¢

13



For 1 > 2,

Lyd(1+n) / d(1+4n) | —1/a(zs) —1/a(x;) |d(1+1) a(w:) d(1+n)
ElY; |“" = E | |a(x)|"" | Dy ’ n (|f(v,xz, )| ) o(z;)

_ d(1+n)
< KyE (l a<%> W(v,V;) o) |( )1/a(a:i) _ 1|d(1+77)>
K : .
< ZHL;E ([W(v VO £ W (v, Vi)« d(14n) ] |:|(%)1/c T |(%>1/d _ 1|d(1+77)])
KU 1+n i l—l—n) Z 1/C d(1+77) Z 1/d d(1+77)
< LB (W W) W V)R ) E (Ve = 1 () = 1 .

Using the fact that n < ¢ and ‘—Cl(l +n) <1+,

E (W(v V) W (v, V)% 1+n)> — E <W(v Vi) 4+ W (o, V)% 1+4n) )

IA
=
&

1 i 4
E|(F_)1/c _ 1|d(1+77) < Ky(1+E <<F>g(1+n)))

i

IA
=
S

and .
E\(Pi)l/d [ < g

i

As a consequernce:

+00

SupZE|Y 90+ < Ky

UEU
1 1
>ZL‘) SKU(_‘I'—d).
x¢ x

P (
For j = 2, since the conditions required on (@', f) are also satisfied by (a, f'u), one

>y
i=1
gets in a similar fashion
1 1
| x

(1=5) - P<“‘("”1>a/(“1g<rl>r ”““l’f(v,wl,vl)\z%)

and

>y

=1

For j =3,

2 a(x1)?
‘f(vaxb‘/l)’a(ml) Fl
< P|K, > .

14



Letg() W,forz<1

g is a one-to-one increasing function, and for all z < 1 such that z|log z|*(*1) < 1 and

1+ afen) Sl < 2,

1 a(z1)
(Z|10g2|a ml)) Z| ngl >

2
[log z + a(z1) log | log z|[*(=) = 2

thus g7'(2) < z|log z|*@).
Fix A > 0 such that for all 0 < z < A4, g7(2) < 2z|log2 + log 2|V i.e

g7 1(2) < Kyz|log 2@,

|f (v,@1,V3) >
Let B = {Kv == = |10gF1\a(”1)}

|f(va Zy, ‘/’1)|a(m1)

P(B) = P(BN{D\ > 1}) + P(BN{T; < 1}N{0 < Ky———rd < A})
+P(BN{T, <1} N {KUV(“’:S;’(E))'Q(M > A}).

Each of these three terms will be treated separately.

o(z1)
° P(BH{R = 1}) < P (KU‘f(Uaxla‘/l)‘ |10grl|a(x1) > 1)

xa(xl)

< P <KU SU(P )|f(%w,V1)|O‘(w)(|10gF1|C + [logI'y|4) > x@(m)) .
weB(u,e
For z > 1,

P(BN{T >1}) §P<Kuam|ﬂummWWWbﬂw4u%nW2xﬁ

weB(u,e)

K,

< —E| sup [f(v,w,V3)]*™ | E(|logD|° + |logTy|*)
x¢ weB(u,e)

< v
xC

For z < 1,

P(BN{I >1}) < PG@ wplﬂummWWWb@w“Hb@w%zﬂ>

wEB(u,e)

IN
|

a(z1)
o P (B <y T ) <P (o e > A

Ky Ky
x¢ xd

15



Vi) |ele)
o« P (B N{, <1}n{0< KU|f(U’ZL’($11)>| < A}>

a(z1) a(z1)
)’ }ﬂ {Fl < 1}m{0 < KU|f(U7Q;Z(Zl))| < A})

a(f'?l))

| f (v, 21, V1)|log | f (v, 21, Vl)Ha(zl)>
U .

xa(ml)

a(z1) a(z1)
|f(vvx1a‘/1)| + K |f(vax1a‘/1)| lo

U xa(iﬁl)

|f (v, 21, V7))

xa(aq)

1+ | log x|*(=1)
(]ja(xl)

< P FISKU|f<Uax17‘/1)|a(I1)( )+K

With W (v, z) = SUD e B(ue) |f(v,w,z)|*™) and Z (v, z) = SUD e B(u,e) |f(v,w, z)log | f(v,w,z)||*™),
|f (v, @y, V)| *0) < A}>

P(Bﬂ{F1<1}ﬂ{0§KU

Qja(l’l)

IN

14+ |1 a(z1) Z(v.V,
P<F1§KUW(1},V1)( +[log | )+ Ky (v, 1))

xa(wl) 3;04(531)

1+ |log x|V
<P <F1 < KpW (v, i) (— Lfii’ )) +P (Fl < KuZ(v, i)

1+ |log z|*(=v)
x(1) )]

Since

1+ log x|*(*1) 1+ log z|¢ 14| log z|?
poz) S KU( xC —I— zd )7

1+ |log z|*(@v)
P(FngUW(v,Vl)( + [ log 2] ))

1+ |logz|® 1+ |logx|d
=) < P(FléKUW(v,Vl)( | log ] + T |logal ))
ralr:

¢ zd

1+ |logx|° N 1+ |logz|

S KU( xre .’L’d

),

and

1+ |log x|a(11)
xa(wl)

x¢ xd

P (F1 < KyZ(v, Vi)(

1 1 ¢ 1 1 d
>) < P(“SKUZWX *|logzl | 1+ |loga] >)-

Denoting Gy, the distribution of Z(v, 1),

1+ |logzlc 1+ ]|logxl|?
Icg|Jr Idg|)>
i X

P <F1 < KyZ(v, Vi)(

oo 1+|logzl¢ 1+ |logz|?
— / (1 — exp(— K ( |ng - ’xdg o) G (2)
0

1+ |logzl¢ 1+ |logz|?
T d
e T

1+ |logz|¢ 1+ |logx|?
T d
x¢ T

< Ky(

) /0 G (d2)
),

< Ky(

16



since sup,ep,.q) E (Z(v, V1)) < +o0.

Finally,
|f (0, 21, Vy) [0 1+ [logz| 1+ [logz|?
P <B N {Fl < 1} N {0 < KU xa(wl) < A} < KU( e + 7d
and ‘1 | ‘1 ‘d
x I+ |logz|® 1+ |logx
p ( Y3 > _) < K .
| 1 | - 2 — U( e + $d )
For ¢ > 2,

| log 4|4(1+m logI';

E’Y;?)‘d(lﬂﬂ < KU

E (W(v Vi) W (w, V) €€ ”’7) (I -l

it log i
[log i[**7 7 Tog Ty i 1.
< K E —\elzi) _ q1d+n)
S G |
log ¢|4(+m) logT; i log T
< | g| | g : ||(_)1/c_1|d(1+n)+| g
it logi " T log i
< g, llogd™™
g1+n
thus
+0o0
supZE\Y3|d(1+” < Ky
vel
and
= 1+ |logz|® 1+ |logz|
P Y3 >z | <K .

Let us go back to P (| X (v,v) — X (v,u)| > z).

'L

)

. )1/a x; 1|d(1+n))

.i ||(Fi)1/d . 1|d(1+17)>

P(X(v,v) = X(v,u)] >2) = P (Iu—vHZ(Z}+ZE+ZE’+3@1+3@2+323)| >rc)

i=1

< 2 ((Z2a5) e (D)
< KU(’U; ’d(1+|1 ﬂﬁw—‘v ‘(1+|1 —x“’r))

and the proof is complete m

Lemma 5.12 Assume (C11), (C12), (C14), (C15). There exists a function | > 0 such

that
li [A(r,1) = (8] = 0

17



where
2

l/a (t+r) 1/af(t)
a(t+r) a(t
A(r,t) =: Tzh 1/(at+r t—l—r,t%—r,x)—ﬁf{t,t,x) dy m(dz).

Assuming in addition (Cull), (Cul2), (Cull), (Culd), the convergence is uniform on U.

Proof
CQ/Q(t) K Dc(t)

Let [(t) = —=“5———g¢(t). Note that condition (C14) implies the following:
a(t)

/ |lf(t+rtx)— f(t,t,:z:)|2m(dx)§KU.
(5.9)

Ve > 0,dKy > 0,Vr <g, I 1+2(h(t

The uniform condition (Cul4) implies also that:

2

< .

o 1+2 “)*W |f v,u,x) — flu,u,z)|”m(de) < Ky
(5.10)
Expanding the square, we can write A(r,t) —I(t) = A1(r,t) + Aa(r,t) + Az(r, t) where

2

dKy > 0,Vv € U,Yu € U,

léa t—)l—'r) l{c;(t)
a(t+r ot
A T t 712h 1/a(t+r t+ T7t+ T ':E) o yl/a(t) f(t + ’f’,t,.ﬁE) dy m(dx),

20%‘;

ot
Ag(r,t) = e / / V0 gl(r t,x,y)g2(r, t, v)dy m(dx),
and
2/04
2
Mfrt) = / / o (- rot) = F(t.4.2) dy m{da) = 100

1/a(t+r) 1/a(t)

c c
with gy (r,t,z,y) = % (t+rt+rz)— % (t +r,t,x) and go(r,t,z) = f(t +
r,t,x) — f(t,t,x). Since « is continuous, there exists a positive constant Ky (that may
change from line to line) such that

18



g1(r.t, z,y)ga(r, t, )

Aafrt)] < / / g dy m(dz)
K : g2(r,t, x) 2
< mw (/R / |gl<r,t,x,y>|2dym<das>> (/ / g dym(dx)>
Ky i g2(r,t, x) :
= r2h0 N 1) <// Cyl/a) dym(d$)>
K

IA

VRGO ([l o man) ) ottt e
R

1
KU\/ Al(r,t) (m/R ]f(t—i—r,t,a:) — f(t t Z’ dl’ )
Ky+/Aq(r,t) with (5.9).

IN

IA

Let us show that lim, ,q/Ai(r,t) = 0. The triangle inequality yields \/Ai(r,t)) <
d1(r,t) + 0o(r,t) + 03(r, t) where

0 (r,t) = 2rh (

2/a
5(r.1) = 34 (// A\ f(t 4t ) — f(t+r,t,x)|2dym(da:)),

N|=

a(t+r) a(t) y2/olt+r)

l/a (t+7) 1/a 2| f(t+rt+, x)| dy m(dx))

(NI

and
1 2/a(t) > 1 1\’ :
53(T7 t) - W </RL Oa(t) |f(t +r,t, I)| yl/a(t—i—r) - yl/a(t) dy m(dx)
Now,
1

|C;/a(1;+r . i/oc(t)| 1 K . 2 1

Si(rt) < Ky—E - (=)'~ [f(t+rt+ ) md) )
rh® a(t2+r) —Lr R

Since the function u Ci{g)(“) is a C! function,

Kyr' MO+ s - < / 1t +rt+r )] (da:))

KUrl_h(t)+a<t+T) 7 with (C12)

1,1
KUTE—'—E_IMF.

(51 (7’, t)

IN

IA A

19



Since 5 + 3 — hy >0, limdy(r,t) =0.

1

oM/ ] K. . \? 1
Bt < 0 ( <—>1‘a<f+r>> ([ 1t ntsra = st ma)
( R

t+r) —Lr

2

IN

ortr 0 ([ gt ntnn) et o) )

KUT%JFMHT) "1 with (C15)

1,1
141 gy
KUrQ d ,

IA A

thus lim do(7, t) = 0.
r—0

1/oz(t

3 1 1 \? :
o = S (essatmsr) ([ 5o} )

T

Since the function u — a(u) is a C'* function, Vn < 3,

vl
+
=
|

3

K 3
i) < by ([ e fman) Ko
R

< Kyrzta "M with (C11)

thus liH(l] d3(r,t) = 0. Finally, hH(l) VA (r,t) =0.
r— r—

Let us now consider the last term As(r,t):

2/a(t) p-1— 2
Az(r,t) = Corg 1 "0 ! (ft+rt,2) — f(t,t,2)) > m(dz) — g(t)
A= a1 ri2m)-1/a() [ nthT b)) miar) =g

thus, with (C14), lir% |As(r,t))=0m
r—
Lemma 5.13 Assume (C6), (C10), (C12), (C13), (C15), and let:

1 C;/a(t K &t t+r) a(t) t+r — fR t +r,t+r, x)f(t7 t, x)m(daj)
A(r,t) =: -1

rl+2(h(t)=1/a(t) Clégft?’”) EG=) a<t>( (HT) + W —1) Jg ft+rt+r x)?>m(ds)

Then:
lim |A(r, t)| = 0.
r—0

If in addition we suppose (Cul0), (Cul2), (Culs), the convergence is uniform on U.

20



Proof
Since the function ¢ — «(t) is a C* function, there exists Ky > 0 such that

1/e(t)
Ca(t) 1
1/a(t+r)
Ca(t+r)

< rKy, (5.11)

‘KTL)—% _ 1‘ <rKy, (5.12)

and

2
alt+r) 1

1 1
ot T a® 1

Increasing K if necessary, we also have, Va > 0,

1
— T 1 — 1‘ S TaKU. (514)

ra(+r)  alt)

— 1| < rKy. (5.13)

For the last term, we write

S ft+rt+ra)f(t,t, x)m(dx)

fR f(t +rt+r, J})Qm(d;p) —1= Al(r> t) + AZ(Ta t)

where

M) = T Hrtirﬂmdx (/ft+rt+rm)(f(ttx) f(t+r,t,x))m(dx))

and

Aq(r,t) = (%7 t+rt41rrx)2mdx (/ft—l—rt—l—rx)(f(t—l—rtm) f(t+r,t+r,x))m(dx)).

With (C13), we may choose Ky such that
Bu(r )] < Ko [ [+t ro)] Fltti) = F(t+ ritn)| mida).
R

Let p € («(t),2) , p > 1 satisfying (C10), and ¢ such that i +% = 1. Holder inequality
entails:

MmOl = f (/ 7+ 7t @)t dx) (/ 1t t,2) - (t+r,t,x)\pm(daf))1/p

IN

Ky (/R |f(t+rt,x)— f(t,t, )" (d:v)) with (C6) and (C12)

< Kyrr?"0750 with (C10).

With (C12), (C13) and Cauchy-Schwarz inequality, we select Ky such that

Mo(rt)] < Ky ( / \f<t+r,t+r,x>—f<t+r,t,x>|2m<d:c>)
R
< Kyr with (C15).
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Finally, since h(t) + 2 — = <1,

a(t)

=

Jpftrttna)fittomde) | o word-o (5.15)
Jo F(+ 7.t 47 2)*m(dz) - |

Using the inequalities (5.11), (5.12), (5.13), (5.14) and (5.15), we may find a constant K,
such that for all a > 0,

1

2 2a 2(h()+5 —57my)
|A(r,t)] < r1+2(h(t)—1/a(t))KU<T + 4y pmam)),

Choosing a € (h(t) +1- L), 1), this entails:

D ot
3 2h0+3- k)
|A(r,t)| < r1+2(h(t)fl/a(t))KU a®
< 3Kprs ol

Since 2 —1> 0, lim|A(r,t)| =0m
p r—0
Lemma 5.14 Assuming (C1), (C6), (C7), (C8), one has:

1
Ve < E,EIKU <1 such that Vv > 1,Vr < g,

_d 1/a(t+r) l/a(t

T—cd vC, ft+nrt+rz) oC, " f(ttx
y > Ky ~ sin? ( o) I ) _ ( )>

r

(g1 /attr) 2rh( Jyl/a®
L[oC S f it ra) OO f ) |
= 9 orh(t)y1/alt+r) 2rh(t)y1/a(t)
If in addition we suppose (Cu8),
VT L vC’i{fﬁJ)rr)f(t +rt+r ) vC’i{g(t)f(t, t,x)
y > Ky = VteU,sin _
orh(Dy1/alt+r) (D) 1/a(t)
a(t+r a 2
1 vC’iftﬁJ{ )f(t +rt+r ) vC’i{t)(t)f(t, t,x)
= 9 2ph(t)y1/alt+r) - 2rh(t)y1/o(t)
Proof 1/a(t+r) 1/a(t)
R vC > tT " ft4rttr,a) vC ? t fttx)
Let ¢ < é We write g:h()t)yl/a(t+r) - 2,,;5(1) o — r1(r, t,v,2,y) + Ka(r, v, 2, y),
with

yl/a(tJrr) yl/a(t)

1/a(t+r 1/«
v Ooa{t-ifi‘—)i— )f(t + T, 13 + r, I’) Caét)(t)f(t + T, ta I’)
ri(r t,v,x,y) = S0
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and

o
ot
KQ(Tatvwruy) - W (f(t +7‘,t,ZL’) - f(tut)x)) :
Using the finite-increments theorem,
l/a a)
Ka(r b0 z.y)| < v r(su Kylf(t+ra,x) Cota) | fo(t + 1,0, )|
WnELYL = 5hmn P y1/a(@ o y1/a@

@@, Cala) 1/ (t+70.2)
2( ) | | yl/a(a)

For y > 1, conditions (C6) and (CT7) imply
Kuylf(t+r,a,2)| < Ky

+ sup
acU

yl/a(a) - yl/d’
Kyl f,(t +r,a,x)| < Ky
yl/a(a) — yl/d7
and 1/a o
o' (a)] |f(t+ 7 a ) _ Ky|lny|
a2(a) | ny| y1/a@ =Tgud
Finally,
Kyort=®
|/431(7‘,t,'U,ZL’,y)| T(l_l_“nyn
< KUU
— yl/dfe'

Condition (C8) allows to estimate kq(r,t, v, z,y) as follows:
KUU
(ry)t/em

_d
Finally, VK > 0, Ve < 1 3K, > 1Yo > 1Vr < &g, Vy > Kyttt

|/<52(7‘,t,v,x,y)| S

1/a(t+r 1/a(t
VONEET @+t ) 0Ol St )

2rh(t)y1/alt+r) 2rh(t)q1/a(t)

Lemma 5.15 Assuming (C6), (C10), (C11), (C12), (C13), (C14), (C15), there exist &,
and Ky > 0 such that ¥r < eq, Yo > 1:

N(U’ t,T) Z KU,U2+1%M(1_%)’

where

N(v,t,r) ::/Rﬂuv:‘dgd

If in addition we suppose (Cul0), (Cull), (Cul2), (Culj), (Cul’), the constant Ky does
not depend on t.

1/a(t+r 1/a(t 2
O f(t+ it ra) T f ()

() yy1/alt+r) o 2ph(yl/e®)

dy m(dx).
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Proof
Expanding the square above, we may write

2

N(U,t77‘) - Al(ra t>v2+ﬁ(l_ﬁ) - A2<T) 75)7}2—i_1_;d€d(1_m_m + A ( ) +1_7d€d(1_m)7

where
CZ/a(t+r) (KU)l t+7
Ai(r,t) = a(t+r) i / lf(t+rt+mr, ;p)| m(dzx),
4 (5 — 1) O
oYeltn olfa) (g V1= —am
Sy e [ Jet ) )ma)
L 142h(t) — —L—
2 <a(t+r) + m - 1) r &~ &
and -
C a(t (KU 1 m
a(t)
Aalr 1) = 2 1+2(h(t)_1)/ | f(t, ¢, z)Pm(dz).
4 (W — 1) T a(t) R
We obtain

N(v,t,r) = o* e (-5t) (Al(r,t)(v%d%*ﬁb — Ag(r, ) (TG wm ) + As(r, t)).

Let P(r,t, X) = Ai(r, t)X? — Ay(r, t) X + As(r,t). Write:

Ay(r,t) Ay(r,t)

P(r,t,X) = P(r,t,X) — P(r,t, m) (r.t, m>

— P(r,t,1) + P(rt,1).

Since P(%) is the minimum of P,

Ay(r,t)

P(r.t. X)> P(r.t, ———~—
(rt, X) = P(r, 94, (1, 1)

)—P(r,t,1) + P(r,t,1).

Note that P(r,t,1) = N(1,¢,7), thus lemma (5.12) entails that there exists a positive

function [ such that lin}] P(r,t,1) = I(t). For P(r,t, Q’X((sz)) — P(r,t,1), we use lemma
r— )

(5.13). With the same notations,

Ao(r,t 1
[P(r.t. ;((T 2)> Pt D] = [Ai(r,t)r" 00750 A 1)
S KUA(T’, t)
thus lir% | P(r,t, 2’?421((7;1?)) — P(r,t,1)| = 0. As a consequence, there exist a positive con-
r— ’

stant Ky and g9 > 0 such that for all z € R and r € (0,e9), P(r,t,z) > Ky. We
d

obtain N(v,t,r) > v2+1—5d(1_%)KU for all v € R and r € (0,g9). Since a(t) > «,

N(v,t,r) > Kyv*'= (-t

Proof of theorem 3.1
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Counsider

e H Y(t +;)(t)— Y (t)

= [Tt o)

Thanks to (C1), (C2), (C3) and (C5), Y is h(t)-localisable at ¢ [14], thus for all z > 0,

P (‘ Y (t +€€h)(t)— Y (t)

> :p) = P([Y/()|"> ).

We shall make use of Lebesgue dominated convergence theorem.

For z < 1, p(‘wn>x> -
For x > 1,
P ('Y(t +§3@_ Yol x) _ P (’Y(t +§3<t)_ Y(t)‘ - /n)
< P(’X(t+5,t+;)(t)—X(t+s,t) y 3712/77)
L op (’X(tJre,;;L)(t)— X(t,t)‘ N I12/77> |

For the first term, by proposition 4.9 (or 4.10),

X(t+et+e)—Xt+et)|  at/ Ky Ky C
P(’ ehl®) > ) = d/n(1+llogxl) 7 (1+ [logz).

For the second term, let p € (n, a(t)).

b X(t+et)— X(t,t)| a1\ b X(t+e,t)— X(t,1)
2h(D) - ) = 2h(D)

P ap/n
.2,

With Markov inequality and (C9),

X(t+et)— X(t,t)]  at/m 2P
(|7 > %57 ) < mmmm Caa P11t 2.t = T 1)l

; p/alt)
2"Coo(p) (/ f(t+e.t,2) f(t,t,x)la(t)m(dm))

1P/Mgph(t)

K

p.a(t)
P/

IN

IN

Y

1 a1 1
> 1) < Ky (W (1+|logz|?) + o (1+|logz|®) + W) oo +1<im

25



Proof of theorem 3.2
Let v > h(t) and = > 0.

p (yY(HZ)W— > a:) _p (|Y(t+r) —Y () < %) |

Applying proposition (4.11), there exists €9 > 0 such that

“+00
sup / Oyrn-vm (v)dv < 400.
reB(0,e0) JO 7h(t)

Thus with proposition (4.8), there exists Ky > 0 such that

rr-'y rfyfh(t)
P (|Y(t+r) Y ()| < —) < Ky——.

xz

n

Let 7, = —= with n(y — h(t)) > 1. Vz > 0, zn:P (m > x) < +o0o. Borel

[Y (t+rn) =Y (1)
v

Tn

Cantelli lemma entails that, almost surely, lim = +00. As a consequence,

n—-+00

|Y (t+r)—Y(t)

almost surely, lim sup = | = ~+00, and

r—0
H, < h(t).

u

Proof of theorem 3.5

We want to apply theorem (3.1) with f(¢,u,x) = 1j (). Let us show that conditions
(C1), (C2), (C3), (C5) and (C9) are satisfied.

e (C1) The family of functions v — f(¢,v,x) is differentiable for all (v,t) in (0,1)?

and almost all x in F. The derivatives of f with respect to u vanish.

(C2)

|f(t7 w, x)|a(w) = 1[0,75] (ZE)
thus, for all 6 > 0, all ¢t € (0, 1),
145

/R [ sup (|f(t,w,x)|a(w)) dr =t

we(0,1)
and (C2) holds.
(C3) f/ =0 thus (C3) holds.

(C5) X (t,u) (as a process in t) is localisable at u with exponent ﬁ € (5,%) C(0,1),
with local form X, (¢,u), and u — &5 is a C* function (see [14]).

1
a(u

(C9)

1 1 t+r
trrtx) — ft,t,2) | Om(de) = - / J
,,,h(t)a(t)/R\f( +rtx) — f(t,t,2)|*"Y'm(dx) - X

thus (C9) holds.
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From theorem (3.1), we get that

EIIY (t+e) = Y(0)] ~ e=OE [V (1)]"].

Since Y/(1) is an Su(;)(1,0,0) random variable, property 1.2.17 of [22] allows to conclude.
u

Proof of theorem 3.6

We want to apply Theorem (3.2) with f(t,u,z) = 1g4(x) and h(t) = ﬁ in order to
obtain the inequality. Let us show that the conditions (C6), (CT7), (Cu8), (Cul0), (Cull),
(Cul2), (C13), (Cul4) and (Culb) are satisfied.

e (C6) Obvious.
e (C7) Obvious.
o (Cu8)VveU,VueU,VreR,
1
”U _ u‘h(u)fl/a(u) |f(va u, $) - f(u7u7 33)| = ]-[u,v]('r)

thus (Cu8) holds.

(Cul0) Yv € UYu € U,

1 , 1
_ dr) — 1
‘U B u‘ler(h(u)i )) / |f(U,U, l’) f<u7u7 SL’)| m( I‘) ’U _ U| /R| [u,v]<x>

thus (Cul0) holds.

(Cull) Yo e U, Vu € U,
/]fvum m(dx) =wv
1

(Cul2) For the same reason as (Cull), (Cul2) holds.

thus (Cull) holds (U = (0,

e (C13) Since t € (0,1) (in particular ¢ # 0), one can choose U such that inf,cpv > 0
thus (C13) holds.

e (Culd)

1 1
rl+2(h(t)—1/oz(t))/R(f(t_’_ratwr)_f(tytax))zm(dx) = ;Al[t,t+r]<x)dx

=1

thus (Cul4) holds.
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e (Culb)VoeU,VueU,

1
m/}{ﬁ(v,v,x)—f(v,u,:p)|2m(dx) = 0

thus (Culb) holds. m

Proof of theorem 3.3 ) .
We want to apply theorem (3.1) with f(t,u,z) = |t — 2|7 a0 — |2[T™ 5@ . Let us
show that conditions (C1), (Cs2), (Cs3), (Cs4), (C5) and (C9) are satisfied.

e (C1) The family of functions u — f(¢,u,x) is differentiable for all (u,t) in a neigh-
bourhood of t; and almost all z in E. The derivatives of f with respect to u read:

o/ (w)

aQ(w)) [(og |t — x[)|t — x|"*) =) — (log |]) ")~ 1/)]

fﬂi(t’ w, ZL’) = (h/(w)+

e (Cs2) In [8], it is shown that, given ¢ty € R, one may choose € > 0 small enough and
numbers a,b,h_,hy with 0 < a < a(w) < b < 2,0 < h_ < h(w) < hy < 1 and
dl_y<h.—(L—3)<h.<hy<hp+(2—3)<1—(L-3)such that, for all

t and w in U := (tg — e,ty + €) and all real z:

£ w, ), | (b, )| < () (5.16)
where
| egmax{1,|t — w|h-7YVae 4|z} (o] < 14 2maxey [t])
kl(tax> - { C2|$|h+*1/b71 (|£L” > 1+ 2maXtEU |t|) (517)

for appropriately chosen constants ¢; and cs. One has, for all § > 0,

/R {sup!f(t,w,x)la(“”]1+§r<a:)5dx < /R (Ba(t, ) + R (£, 2)0) ()

welU

< Kg/ key (t, )2 (2)0da
R

+Ks / key (t, )20 (1) .
R

Let us study [g ki(t, z)P*9r(z)’dz, where p =a or p = b.

+o0
7T25

j+1
/ ]{Zl(t,x)l’(lJré)r(x)ésdx — ? Z(j + 1)26/ (]{Zl(t, _x)p(lJr&) + kl(t’x>p(1+§))dx
R =0 j

+0o0
7T25

J+1
= o5 Z(] + 1)26/ (ko (—t, 2)P0FD) 4 Ky (¢, )P+ .
=0 J
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We consider now fjo ki (£t, z)P1+9)dx. There exists K,; > 0 such that, for all real
x such that |z| <14 2maxey |t]:

kl(:‘:t,x)p(1+6) S Kp’é (1 _|_ ’ :i: t _ xlp(l-‘ré)(h,—l/a) + |x|p(1+5)(h,—1/a)) ,
and for all real z such that |z| > 1 + 2 maxcy |t],
(£, )P0 < g [P0 =161

Let jo = [1 + 2maxsep [t])] . For j < jo,

Jj+1 Jj+1 Jj+1
/ ky(t, )P < K, 5(1+ / | £t — gpUFOh——1a) gy 4 / | [P+ (h==1/a) gy
J J J

Choose 0 such that p(1 4 0)(h- — 1/a) > —1 (we show below that such a ¢ exists).
Then

G+1 +t—j
/ |t — PV gy / PO -=1/) gy
j +t—j—1
4+t — 4 1+p(1+6)(h——1/a) +t—5—1 1+p(1+6)(h——1/a)
| jl + | j—1
- 1+ p(1+6)(h- —1/a)
KU‘t’1+p(1+5)(h_fl/a)‘1 _'_j‘1+p(1+5)(h_71/a)

<
< Ky(1 +j)1+p(1+5)(h7—1/a)

where Ky > 0 depends on U and may have changed from line to line. We deduce:

+1
/] kl(ﬂ:t, .T)p(1+6)dl‘ < KU(l _|_j1+p(1+6)(h_—1/a)).
J

For j = jO:

Jo+1
/ ky(£t, )P dy

Jo

Jo+1
K |jo| PO+ h—=1/a) 4 KU/ |z [PFO) (e =1/6=1)
Jo

IN

IN

Ky.
For 7 > 7o,
s j+1
/ kl(:tt,a:)p(ué)dx < KU/ ‘x’p(lw)(m,l/b,l)dx
7 J

< KUjP(1+5)(h+—1/b—1) )

Finally,
Jo—1
Sup/ kl(t,x)p(1+5)r(x)5dx < Ky <1+Zj25<1+j1+p(1+5)(h—1/a))>
teU JR ,
7=0

+ Ky Z j204p(1+0)(hy =1/6=1)

Jj=jo+1
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To conclude, we need to show that we may chose 6 > 2 — 1 such that p(1+6)(h_ —
1/a) > —1and 20 +p(1 +6)(hy —1/b—1) < —1, for p=a and p = b. We consider
several cases.

First case : ho —+ >0and hy —3 —1 < =2,

a

Let 6 > 2 —1. One has p(146)(h- — 1) > 0 > —1. We consider 1 + 26 + p(1 +
§)(hy —1/b—1).

2
1425+ p(1+8)(he = 1/b—1) < 1420~ ~p(1+)

:1—%+wyf)
a

Since 1 — 22 <0 and 1 — 2 <0, 1+25+p(1+5)( —-1/b—1) <0.
Secondcase h_ — aZOandh+———1>—a

1

Let § € (g -1, ﬁ:—;;ﬁ) One has p(1 + 0)(h- — %) > 0 > —1. We consider
b

1426+ p(1+6)(hy —1/b—1).

Forp=a:
2 1 1 1

1425 +p(14+6)(hy —1/b—1) = ad(—+hy ———1)+alhy ———1+-)
a b b a
1 1 1 1

= 0.
Forp=15b:

14254 p(1+8)(hs —1/b—1) — b5(%+h+—1)+b(h+—1).

If + +hy —1<0, then b8(3 + hy — 1) + b(hy — 1) < 0. Else

I41-hy 1
—3—1+hy
b 11 1

= Y ho—1-=
g—%—1+hﬁa p) )
< 0.

1 1
b(y +he = 1) +b(he —1) < by (5 +he =1) +b(hy —1)

Thirdcase:h_—%<0andh+—%—1§—§.

Let § € (g -1, ah*+%_1>.

1—ah_—

30



Forp=a:

L4 p(1+0)(h —3) = ah_ +8(ah —1)

a
ah_ +%—1
B o) =_35 =
> ah_+ (ah ) T an
= ah_+1—%—ah_
> 0,
and
2 1 1
1+20+p(1+6)(hy —1/b—1) = a6(5+h+—5—1)+a(h+—5—1+
1 1
< alhy—~-—1+-
< a(hs b +a)
< -1
< 0.
Forp=1b:
1 1 1 1
1 14+0)(h.—=) = bh.——=+-)+bé(h_ — -
FPU+A)(h =) = bho ==+ )+ b =)
1 1 l.ah_ +¢—1
> b= o) b = )
1 1 1 1
= bh.—=+-)+b(——~-—h_
( ¥ el el )
pu— ()7
and

1

(2~ )+ by — 1)

< 0.

IN

Fourthcase:h_—§<0andh+—%—1>—§.

a_ 1 1.4
Let § € (3—1,min(“h*+b L ogat h*)).

— 2 1
T—ah— 217000,
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Forp=a:

L4 p(1+0)(h —3) = ah_ +8(ah —1)

ah_ +%—1
B o) =_35 =
> ah_+ (ah ) T an
= ah_+1—%—ah_
> 0,
and
2 1 1 1
1+25+p(14+6)(hy —1/b—1) = ad(—+hy ———1)+alhy ———1+-)
a b b a
1 1 1 1
= 0.
Forp=1>:
1 1 1 1
1 14+8(h.—=) = blho — =+ = bo(h_ — —
FPUHA)(h =) = bho — )+ b )
1 1ah_—|—b 1
> b(h_—a+g)+b(h_ a) T
= blh_. — -+ - b(——=—nh
(ho ==+ )+ )
p— 0’
and

1+20+p(1+6)(hy —1/b—1) = b<5(1

p - he = 1) +b(hy —1).

Tf L+ hy —1<0, then 1428+ p(1+8)(hy —1/b—1) <0, else

+1—h,
_1+h+
b 1 1 1
= (= =1=7)

—%—1+h+ a b

b5(%+h+—1)+b(h+—1) < b(é )(b+h+—1)+b(h 1)

SO S I>i

A\
Oeav

e (Cs3) is obtained with (5.16) for the same reason as in (Cs2).
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e (Cs4) For j large enough (j > j*),

|f(t,w, ) log(r())|*™) < K|k (t,2)|*™)
“+00

+1 ) | f(tw, @) 10g (1)) sy .1()-

Jj=J*

alw 1
[f (8w, )" o) < K2W1[—j,—j+1[uu—1,ﬂ(m)

(K5 may have changed from line to line). Thus

wel

—+00 26 . d
7% (log(j))
tK Z w‘a(1+5)(1+1/b7h+)1[*j7*j+1[u[j

Jj=3*

Let 6 > 2 —1 be such that (Cs2) holds. Since 26 +a(146)(hy —1—1) < —1, (Cs4)
holds .

e (C5) X(t,u) (as a process in t) is localisable at u with exponent H(u) € (h_,hy) C
(0,1), with local form X, (¢,u), and v — H(u) is a C" function (see [14]).

e (C9)

1 1 _ el
e [ M) = f ) Omidn) = [ |10 (o707
rEe Jr R

so (C9) holds.
From theorem 3.1, we obtain that
E[Y(t+e) = Y(O)"] ~ OBV (1)]7).

1

Since Y/(1) is an Sa) (0, 0,0) random variable with o = (fR )|1 - $|H(t)_ﬁ — |z|W 5@

property 1.2.17 of [22] allows to conclude. m

Proof of theorem 3.4 )

We want to apply theorems 3.2 with f(¢,u,z) “a in order
to obtain the inequality. Let us show that conditions (C6), (C7), (Cu8), (Cul0), (Cull),
(Cul2), (C13), (Culd) and (Culb) are satisfied.

= |t — x|H(U)—ﬁu) _ ‘x’H(u)

e (C6) Since H(t) — —= > 0, (C6) holds.

T at)

e (C7) We also use the fact that H(t) — ﬁ > 0 in order to prove that (C7) holds.

~
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(Cu8) Yo e U,Vu e U, Vx € R,

1 H(u)-

_ H(u)—ﬁ
‘h(u)*l/a(u) |f(1), u, $) - f(u7u7 l’)| - |U _ u‘H(u)—l/a(u) |U - l‘| ()

ﬁ—|u—a¢|
v —u

IN
—_

thus (Cu8) holds.
(Cul0) Yv € UYu € U,

H
— 1) = S mids) = [ a0 - e

o (Cul0) holds.
(Cull) Yo e U, Vu € U,

2
/’f(v’u’l')ﬁm(dx)—UHz(H(U)aw /”1 Jcl u)= o) —\x|H(u)*ﬁ dx
R

thus (Cull) holds.

(Cul2) For the same reason as (Cull), (Cul2) holds.

(C13) For t # 0, one can choose U such that inf,cy V" PHO-SE) S 0 thus (C13)
holds.

(Cul4)

1 2 H(t)— L. H(t)— -1 2
RESAO=VADY /R(f(t+7“,t,:v) — f(t,t,x)) " m(dx) = /R ‘|1 — a® — |z 0| dx

2
dz, (Cul4) holds.

thus, choosing g(t) = [ ’]1 — $|H(t)—ﬁ — \;p]H(t)_ﬁ

(Culb) Yo e U, Vu € U,

|U—u|2/ |f(v,v,2) (U,U,x)]2m(dx) =

1 1 2
s [ [lo = ol 7 — o — a7 — o0 o0t
v—Uu R

thus (Cul5) holds m
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6 Proof of Theorem 3.7

Recall the definition of the Lévy Multistable field on [0, 1]:

lau —1/a(u
X (v,u) a{u( Z% /e )1[ (Vi)

To prove Theorem 3.7, we need a series of lemma:

Lemma 6.16 Assume « is C'. Then, for all u € (0,1), almost surely,

|X(Uv U) B X(Ua u)|
sup < +00.
v€E(0,1] |U - Ul

Proof
in the case of the Lévy multistable field, (5.8) reads:

+o0o +00 +oo
X(v,v) = X(v,u) =(v—u (ZZl —{—ZZ?(U)—}-Z}Ql(U)jLZKB(v)),
i=1 i=1 i=1
where Z} ... are defined as above. Let A > 0 and B > 0 be constants such that Yw € U,

/()] < A and Jofw) 751 < B“mWwZTm—§<gfﬂw):§xw>

jzl 1=2J

+o0 oo 29711 too
and ZZE’(U) = > ( ST Z3 (v )) =: ZX]?’(U) We consider liminf;{ sup |Xj(v)| <

i= j=1 =27 ve(0,1]
Agj\//;} and liminf;{ sup |X7(v)| < k)g()f’g]—/]jl\ﬁ} Let VO V@ V®) denote the
ve(0,1]

order statistics of the V; (i.e. V) =minVj;, ...). Then:

Aj\/_ al 1/a(wy,) Aj\/_
{sup X}(0) > =) € uﬁxmleWMﬁlm<ﬂ§jwazmﬂ ..... R e

v€[0,1] i—1

N{VO =V, VO =1, VM =1 }).

P<Sup X > A;f) . Z 3 (2]( (IZ% ) A;f)

ve(0,1] N=11y,..IN€[27,29+1-1]

>y e (1t )

29— N)I 2
ngiﬁ

IN

M)
(]

< (29)!
N=11y,..Iy€[27,27+1-1]

27

VAN
[\
Q\
o[

AN
[\
)

-
N
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where we have used the following inequality (lemma 1.5, chapter 1 in [17]):

n 2
P <\ Sl > )\\/ﬁ> <2 %
=1

for (u;); independent centered random variables verifying —1 < u; < 1, with u; =
a’(wy,) 9d/d
’le ll/a(wl ) an d )\ - j

A
We deduce that P (hminfj{ st;)pl] \Xl( )| < Agj.‘{?}) =1.
ve
Similarly:
log(2)B 1)v2 i2
p( sup X3 > BRBIGLDVZY -y
ve[0,1] 27/d

ve(0,1]

and P (hminfj { sup |X?(v)] < W}) = 1. We work on the event

log(2)Bj(j + 1)v/2i
- 2i/d

lim'inf{ sup | X} (v)| < }ﬂlimvinf {I'; >1}.

J ve(0,1]

AjV'2i
gj\//d_}ﬂliminf{ sup ]X?’( )| <

J vel0,1]

There exists Jo € N such that Vj > Jy, sup |Xj(v)| < Agf and sup [X?(v)| <
vel0,1] vel0,1]

log(2) Bj(j+1)v'2J
27/d :
2701

Z 1/d+z 23(7_7

= j=Jo

and

' B1
Z ?il Z Blog(2 é))

J=0 J=Jo
+o0 too
thus sup |>. Z}(v)| < +oo and sup | Z}(v)

ve[0,1] |i=1 ve[0,1] |i=1
Fix 79 € N such that Vi > iy, I'; > 1.

|ZY |<AZ l/c l/d

>z <

< +00.

and

logF log(i)
‘Zyg ’<BZ( 1/c id |-

36



400
> Vi) < AZ‘F;l/a(Ii)_ifl/a(xi)

Locri<yy
=10 =10
— [eu(zi)
—1/a(z; —1/a(x; )
+AY T =i L o
i=ig
+oo
—1/a(z; —1/a(x;
+AZ|FZ' falz) _ j1/ata) Lir,>2:,
i=io
— — N~ (/e
—1/a(z; —1/a(x; .
| ZY;I(U” < 2A2(1{1<F¢§%} + Lr>2i) + AZ T — it/ )|1{%<I‘i§2i}
i=ig i=io i= io
< 1 T;
< QAZ 1{1<F <iy + Lri>ai +chz |_ - 1.
i=1g i= 20
S S Ja(e)
-1/« Z; ol
2V < B |log(T)T; — log ()i /*"I 14, p <1
=10 =10
+oo
1/a T o x,L .
"’BZ | log(I';))I"; otz — log(i) /el )|1{%<F¢§2i}
i=io
+B Z | log 1/04 ) lOg( ) ~1/ede:) 1{F¢>2i}7
=19
o0 (ee]
| Z}/;g(U)‘ < KZIOg(i)(1{1<Fi§%‘} + 1ir,>2i))
=10 i= 7:0
1 T; alz;
+BZ|log /o) _og(i)imt/el )1{%<Fi§2i}
= 'LO
+o0o log )
< KZlog 1{1<r <iy T Lir,>2iy) +chz 1 |— — 1.
=10 =10
+00 +o0o
Finally, sup |>_ Yi'(v)| < 400 and sup |> Y3(v)| < +o0.
vel0,1] |i=1 vel0,1] |i=1
As a consequence, sup X=Xl 4o g

[v—ul
ve[0,1]

Lemma 6.17 For all u € (0,1) and all n € (0, m), one has, almost surely,

X(v,u) — X(u,u)

o —ul"

sup < +00.

vE(0,1]
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Proof
J+1_
Let n € (0,—*), m €N, C; —ﬂf y YV, & [u— 22j,u—|— 22]]}

a(u)/?

20+1 1

m 1 /e L) (Vi) 1
R I R PR
2m+1<|v “|<2m =27 u J
and D; = Nm>oDj". Dj may be written:
27411
D; =< sup i Veaw) 2w 7V o =
! v€[0,1] Z U—U’T’ J?
Let us evaluate liminf Cj.
S 1 1
P@) <) a5=5
=2
and thus P (liminf; C;) = 1. Now
— 1
P (DJ) < ]_2 + P(DJ n OJ)
1
1 X
< j—2+ZP(D§”ﬂCj).

m=0

We consider several cases, depending on the respective values of j and m:

o Ifm>j+ % log],

P(DFNCy) =
01fj+1g(2)10g]>m>.77
2711 1
=7 —1/a(u R
P(Dj) < P sup Z it /e )1[u,v](vi) > 2(m+1)'r]j2

2m+1<|” ul<zm | j—gi

. (=t~ —n) 34210
Let Jy € N be such that for all j > Jy, 270t " > 2757 e?) | The event:

27+1 1
1
—1/a(u

{ sup D i1 (Vi) 2 Srnni)

2m_~_1<|v u|<2m i=2J J
is included in the event
w, (U s 0] > e} 0O IV~ ] € [ 5 l))

N>1 U1,y ZNE[[2] 27+ 1]] ,}/ll 1 m-i-l)n 2 Z—l 2m+]_ 2m b
=1
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11
et 3m

).

O (Mt {

N
Notice that for j > Jo and N < j, P A Y s L) = 0 and thus
—1 17 2< + )77]

P(D

27
m -1 a(u 1 1 1
7)< Y >, ('ZW / >2(T1)njz> (H{IV —ul € [ 5
N=j Iy, lye[2,20+1-1]
2 1
—1/a(u
= Z 2(m+1)N Z <|27 l 2(m+1)nj2)
N=j 1. v E]20,2041-1]
27+l 1
462(m+1)
SZQm—i—l . jrmen Y | —
N=j I,y €29, 2041 1] i—gi 1o
Y 4o2(mtl)n
j12 J(1-225) AN
< Z 2m+1)N SN 2 ()C2j
N=
29 -
QJCN
2(j+ 5257 log j+1)n—j =2
N=j
. 2 5j-No(i—m)N
< jEEo¥eTtn 22 2
N=
< gjttmm oM aty),
e When j >m > iggé), the same computations lead to:
2 | 11
71/a(u
S S () L (=)
N=j2]_m l1,...,INE[27, 23+171]]

IN

IA

IA

IN

492(m+1)n
> Loy

N=j2i—m

m+1)N

27
j422(m+1)n72j/a(u) Z
N=j2i-m
1 =
=) >
N=j2i-m
2 (j—m)(j2I 1)

(2 + 1)

2i=N9(i—m)N
N!

2(j—m)N

4621627 (n—
772712 N

39

i)



T :EN+1

N . We arrive at:

where we have used the estimate ) .\ % < e

j2i=m
1 1 oy ~/a(w) 1
Z (m+1)N(1 o m+1> Z |ZV l (m+1)nq2 | °
2 2 < 2 J
N=1 l1,..,In€[27,29+1 1]

We need to distinguish two cases depending on the value of n. If n < %, fix J; € N such
that for all j > J;, 2@ 2 > 2Ve@ 3, /7 If n > 1 fix J; € N such that for all j > Jj,

i(atmy =) 1a(u) i3 /7 - 27/ (w)
et > 9 73y/7. Then for all  and all j > .J;, one has PN e > 1 and

N 9j 1/a(u)
> (%)

N
~1/a(u) 1
P (’ Z%ili | > 2(m+1)nj2> < P <
i=1 =1

< 2e9°/2,

>>jv7V>

We then get

j2j77n
1 1

=m 462j(n— =) 2% N ~Ne —j2/2
P(Dj) < Kj*2 (w) +22(WT)N<1_2’W+1) CNoe 7/
N=1

27

-4 2j(77_a1u ) _A2/2 1 1 2-N~ N

< Kj*2 @’ + 2e77 E %mﬂNﬂ—2mH) Cy;
N=1

< Kj4221(77—ﬁ)+26*j2/2_

e Assume finally that m < 1"28

Fix J, € N such that for all j > Js, 9t —2) > o1/aw) j3+n - Then, for j > J, one has
J

]3\/22%/2% > 1 and computations similar the ones above lead to
21 1 1
— 2_N —1/a(u)
P (Dj ) = Z 2(m+1)N<1 o 2m+1) Z <| Z% l > 2(m+1)nj2>
N=1 Iy, In€E[29 2041 1]
21 1
e D VI (D WIS TRy
N=1 Ih,..Iy€E[29 201 1]
< 2e~9%/2,

We thus get that, for j > max(Jy, Ji, Jo),

“+00
S P(DFNC)) < Klog(j)j* et 20 ata),

m=0
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and thus P (liminf; D;) = 1.
On the event liminf; C; Nliminf; D;, we may fix jo € N such that for all j > jo,

20+1_1

1pu.0(V3) 1
—1/Oc(u [u,v] <
sup Vit T ol S
ve[0,1] Z v — " J?
2! (V)
Since sup Z i~ Y/ew) 2 |Z”]u|nl < +o00, we obtain
vE(0,1]
+o0
sup _l/a(u)—l[uv}(v> < +00
velo1] |45 v —ul"
Let us now deal with
27+1_1
a(u — 1[“ ”}(V> 1
E; =< sup 7 (T; La(w) _ gYeloy 2R V) <
! ve[0,1] ; [v — ul J?
_ 1 _
P (E]) < P +P(E; N Cy)
1 i 1
S —+P 2]nj277 sup Z ’Yz 1/a(u) _ifl/a(u))l[uw](‘/i) > —
2 vel0, 1] | o J
1 gl 1
- —1/a(u)  —1/a(u) s
< 42 +P Z ‘<Fi ! )‘ > 24m 52(1+m)
=27
1 20+l
in —1/a(u -—1/a(u
< 3+21nj2(1+n) Z E|T; /alw) _ j=1/aw)
J =27
1 20+1 1
< PJrgmj2(1+n) Z 2(P(I; < 2)+P(F > 21))
i=2J
20411
AR W S| VA A PR
i=27
However
1 I,
—1/a(u —1/a(u %
E|r; /et — e Nlicrcoy < Aagw Bkl =1
< 1
and
27+l
2jnj2(1+7]) Z E|1“Z_1/04(U) o i_l/a(U)|1{%<Fi<2i} < Kj2(1+77)2j(”7_ﬁ)'
=27
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+o0 :
Z ,.)/i(Ffl/O‘(“) _ Z’—l/a(u)) 11y 0 (Vi) <

We thus obtain P (liminf; £;) = 1. As a consequence, sup ; e
i=1

vE(0,1]

400 and finally

X (v,u) — X
sup | X0 W = Xww)|

ve[0,1] v — ul"

Lemma 6.18 For all u € (0,1), one has almost surely, for alln € (0, ),

a(u)

|X(U7 u) — X<u> U)l
sup < +400.
ve(0,1] |U - u|77

Proof
Fix u € (0,1). Lemma 6.17 yields that, for all n € (0, fu)), we may choose an (,

X (v,u)—X (u,u)

having probability one and such that, on €,, sup < 4o00. Thus, on

[v—u|m
vE(0,1]
Q = Nj>oN Lo, which still has probability one, it holds that, for all n € (0, ﬁ),
- a(u 27
X (v,u)—X (u,u
SUD,c(0,1] X)X ()] |U)_u|n( < foom

Proof of Theorem 3.7
From Theorem 3.6, we already know that H, < ﬁ To prove the reverse inequality, we
treat separately the situations where oo < 1 and o > 1.

e Consider first the case 0 < a(u) < 1.

Write:
Y() =Y (u) = X(v,v) = X(v,u) + X(v,u) — X (u,u).

By Lemma 6.18, we know that the Holder regularity of v — X (v,u) — X (u,u) at u is

almost surely not smaller than ﬁ Now, by applying the finite increments theorem to

the functions ¢ — Ctl/tf‘l-_l/t, we get

a(v) i a(u) i

X(v,v) = X(v,u) = 2%1[0”](%) (Cl/a(v)l—\fl/a(v) B Cl/a(u)l—"—l/a(u)>
i=1

> 5 log Iy _ .
_ E ) - Y o e(w) 10815 1/a(w;)
- (Oé(U) - Oé(U)) - 711[0,1)](‘/;) <CP(O[(UJZ)) Ooz(wi) a(wi)2> Pz ;

where, for each i, w; € [u,v] (or [v,u]), and C'P denotes the derivative of the function
t— C’tl/t. However,

= lo Fz —1/a(w; -
1>tV (Cotatw) - SEL) TV <3
i=1 !

=1

1—"—1/a(wi)

(2

W ~/a(w) log T
CP(a(w)) = Cyu o w)?

< KZ(l—l— |log Ty|) <F;1/C+F;1/d> :
1=1

Thus the quantity T'(u,v) = > 7% %l (Vi) (C’P(oz(wi)) — Cl/“@“;(’ff)g> et g,

a(w;) i

uniformly in v, almost surely finite and not 0. As a consequence, the function v —
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X(v,v) — X(v,u) = (a(u) — a(v))T(u,v) has almost surely the same Holder exponent at
u as the function v — a(v) at u. If HS < ﬁ, this entails that Y has exponent H¢ at

u. If HE > ﬁ, then the exponent of Y at u is at least ﬁ and thus exactly ﬁ by

Theorem 3.6.
e Assume now that 1 < a(u) < 2.
Let n < ﬁ and ¢ € (n, ﬁ) Then:

Yv) =Y [ X(w,v) = X(o,u)| | [ X(v,u) = X(u,u)|

|v — uln - |v — uln |v — uln

By lemma 6.18, there exists K > 0 such that Xu-X@uuy)| - Klv — u|°~", and, by

|[v—uln
Lemma 6.16, there exists K > 0 such that X=Xl < fely) — 4y)1=1. This entails

|[v—ul"
YY)l _ ) and

hmv%u [o—ul7

1
= aw
7 Assumptions

This section gathers the various conditions required on the considered processes so that
our results hold.

e (C1) The family of functions v — f(¢,v,z) is differentiable for all (v,t) in U? and
almost all x in E. The derivatives of f with respect to v are denoted by f/.

e (C2) There exists § > ¢ — 1 such that :

sup/R [sup(lf(tawax)la(w))} . m(dr) < oco.

teU welU

e (Cs2) There exists 0 > ¢ — 1 such that :

sup/R [sup(lf(taw,x)l“(w))} 1+57’($)6 m(dzr) < oco.

teU welU

e (C3) There exists § > ¢ — 1 such that :

1+9
sup/R {sup(|f;(t,w,x)\a(w))} m(dz) < oo.

teU wel

(Cs3) There exists § > ¢ — 1 such that :

sup/R {sup(lfé(t,wyft)\“(w)ﬂ 1+57”(20)5 m(dz) < oo.

teU welU
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e (Cs4) There exists 0 > ¢ — 1 such that :

SUP/R {sup [|f(t7w7£v) log(r(x))la(“’)]]M?‘(fﬂ)‘S m(dz) < oo.

teU welU

(C5) X (t,u) (as a process in t) is localisable at u with exponent h(u) € (h_,hy) C
(0,1), with local form X/ (¢,u), and u + h(u) is a C'! function .

e (C6) There exists Ky > 0 such that Vv € U, Yu € U, Vx € R,

|f(v,u,z)| < Ky.

e (C7) There exists Ky > 0 such that Yo € U, Yu € U, Vx € R,

|fo(v,u, 2)] < K.

(C8) There exists a function h defined on U, gy € (0,1) and Ky > 0 such that
Vr < g9, Vz € R,

1

TR —1/a() |[f(t+rtz)— f(t,t,2)] < Ky.

e (Cu8) There exists a function h defined on U and Ky > 0 such that Vv € U, Vu € U,
Vo € R,

1
|U _ u|h(u)—1/a(u) |f(vauax) - f(U,u,x)| < Ky.

e (C9) There exists a function h defined on U, €9 > 0 and Ky > 0 such that Vr < &,
1 «
rh(t)a(t) /R |f(t + T,t,l‘) - f(t,t,x)| (t)m(dx) S KU-

e (C10) There exists a function h defined on U and p € (a(t),2), p > 1, such that for
all € > 0, there exists Ky > 0 such that, Vr < g,

1
- _ p
o L ) - f( )P mds) < K

(Cul0) There exists a function h defined on U, p € (d,2), p > 1 and Ky > 0 such
that Vv € UYu € U,

1
o [ 1#00) = fluw ) () < i,

e (C11) Ve > 0, 3Ky > 0 such that, Vr <,

/ |f(t+7“,t,x)|2 m(dx) < Ky.
R
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(Cull) There exists Ky > 0 such that Vv € U, Yu € U,
[ 17w ) mids) < Ko,
R
e (C12) Ve > 0, Ky > 0 such that Vr < ¢,

/ |f(t+rt+rx)>m(de) < Kyp.
R

(Cul2) There exists Ky > 0 such that Vv € U,
/ ’f(U,U,l’)‘zm(d{]j) < KU-
R

e (C13)
inf/Rf(v,v,me(dx) > 0.

velU

(C14) There exists a function h and a positive function g defined on U such that

1
}}_r)% r1+2(h(t)—1/a(t)) /R (f(t + 7.t l‘) - f(tv t, m))2 m(dx) = g(t).

(Cul4) There exists a function h and a positive function g defined on U such that

7~1+2<h<$—1/a<t>) /R (f(t+rt,2) — f(t,t,2))* m(dz) — g(t)| = 0.

lim sup

e (C15) Ve > 0, 3Ky > 0 such that Vr <,

1
W/ |ft+rt+r ) —f(t+7“,t,x)|2m(dx) < Kp.
R

(Culb) 3Ky > 0 such that, Vo € U, Yu € U,

ﬁ/}{\f(vw,x) — flv,u,z)]*m(dz) < Ky.
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