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Abstract: We study a class of robust, or worst case scenario, optimal control problems for jump diffusions.
The scenario is represented by a probability measure equivalent to the initial probability law. We show that
if there exists a control that annihilates the noise coefficients in the state equation and a scenario which is
an equivalent martingale measure for a specific process which is related to the control-derivative of the state
process, then this control and this probability measure are optimal. We apply the result to the problem of
consumption and portfolio optimization under model uncertainty in a financial market, where the price process
S(t) of the risky asset is modeled as a geometric Itd-Lévy process. In this case the optimal scenario is an
equivalent local martingale measure of S(t). We solve this problem explicitly in the case of logarithmic utility
functions.
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Controéle stochastique robuste et mesures martingales équivalentes

Résumé : On étudie une classe de controle optimal robuste - ou pire des cas - pour des processus de duffusions
avec sauts. Le scénario est représenté par une mesure de probabilité équivalente & la probabilité initiale. On
montre que s’il existe un controéle qui annule les coefficients aléatoires dans ’équation d’état et un scénario qui
est une mesure martingale équivalente pour un certain processus associé a la dérivée de I’état par rapport au
controéle, alors ce controle et cette mesure de probabilité sont optimaux. On applique ce résultat a un probléme
de consommation et portefeuille optimal avec incertitude de modeéle dans un modéle de Marché de Lévy. Dans
ce cas le scénario optimal est une mesure martingale locale équivalente du processus de prix. Le probléme est
résolu explicitement dans le cas de fonctions d’utilité logarithmiques.

Mots-clés : controle robuste, incertitude de modéles, scenario pire des cas, portfolio optimization, Processus
de Lévy
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1 Introduction

During the last decade there has been an increasing awareness of the importance of taking model uncertainty into
account when dealing with mathematical models. See e.g. [HS| and the references therein. A general feature
of model uncertainty is the recognition of the uncertainty about the underlying probability law, or scenario, for
the model. This leads to the study of robust models, where one seeks an optimal strategy among a family of
possible scenarios. A special case is the problem of optimal control in the worst possible scenario. This is the
topic of this paper. We consider a class of scenarios which is basically the set of all probability measures @
which are absolutely continuous with respect to a given reference measure P, and we study an optimal control
problem for a jump diffusion under the worst possible scenario.

Mathematically this leads to a stochastic differential game between the controller and the “environment”
who chooses the scenario. Assuming the system is Markovian and using the Hamilton-Jacobi-Bellman-Isaacs
(HJBI) equation, we show that if there exists a control & which annihilates the noise coefficients of the system
and a scenario Q which is an equivalent martingale measure for a specific process which is related to the control-
derivative of the state process, then this control is optimal for the controller and the scenario Q is a worst case
scenario.

We then apply this result to the problem of optimal consumption and portfolio under model uncertainty in a
financial market, where the price process S(t) of the risky asset is modeled as a geometric Ito-Lévy process. In
this case the optimal scenario is an equivalent local martingale measure of S(t). We solve this problem explicitly
in the case of logarithmic utility functions.

Robust control problems and worst case scenario problems have been studied by many researchers. We
mention in particular the paper [BMS]|, where the following approach is used: The authors first fix a strategy
and prove the existence of a corresponding optimal scenario Q*, and then subsequently use BSDEs to study
the optimal strategy problem for a fixed scenario. The advantage with this approach is that it applies to non-
Markovian systems. Robust control problems for possibly non-Markovian systems can also be studied by means
of stochastic maximum principles (see [AQ)).

2 Robust optimal control

2.1 Stochastic differential game approach
Consider a controlled jump diffusion X () = X™*(¢) in R of the form
dX (t) =b(t, X (t),u(t))dt + o(t, X (t), u(t))dB(t)
-I—/ v(t, X (1), u(t), 2)N(dt,dz) ; X(0)=z €R; t €[0,T] (2.1)
Ro

where T > 0 is a fixed constant. Here N(dt,dz) = N(dt,dz) — v(dz)dt is the compensated Poisson random
measure of a Lévy process with jump measure N(-,-) and Lévy measure v(-), and B(t) is an independent
Brownian motion. Both N(-,-) and B(-) live on a filtered probability space (2, F, {F:}, P).

The process u(t) = (u1(t), - - -, um(t)) € R™ is the control process of the agent and b(s,z,u), o(s,z,u) and

(s, z,u,2); s €[0,T], z € R, u € R™, 2 € Ry := R\ {0}, are assumed to be C! functions with respect to u.
The scenario of X (t) is determined by a (positive) measure QY of the form

dQ%(w) = K(T)dP(w) on Fr, (2.2)

RR n° 7557
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where
dK%(t) = —K°(t™) {Ho(t)dB(t) + /R 01(t,z)N(dt,dz)| ; t €[0,T)
K%0) =k > 0. 0 (2.3)
Here 0 = 0(t,2) = (0p(t), 01(t, 2)) € R? is the scenario control, assumed to be F;-predictable and such that
E[K®(T)] = K%(0) =: k > 0. (2.4)

Let V, © be two sets such that u(t) € V and 0(t,z) € © for all ¢,z and let U, A be given families of

admissible u-controls and #-controls, respectively.

Define the process Y (t) = Y%u(t) := (K?(t), X*(t)). Then Y (¢) is a controlled jump diffusion with generator

APuo(t,y) = APp(t, k, x)

Ao 1 ,.,0% 1 8290
0%
— Ooko(t,x,u) T

+ / {o(t,k — kO1(2),x +~(t,z,u, 2)) — @(t, k, x)
Ro

(th) 7(t:vuz)a

¢
+ kO (2) 5 -

ok

We refer to [AS1] for more information about stochastic control of jump diffusions.
Let f:R?2xV — R and ¢ : R — R be functions such that

EQB < 0

/0 (6 X (), u(t))[dE + |g(X (T))|

for all u € U, 6 € A. Define the performance functional by

J@ u t y Etxy

/ £(s, X (s), u(s))ds + g(X(T))

= EtY

)

T
/t K(s)£(5, X (5), u(s))ds + K°(T)g(X (T))

where EY and E'Y denotes expectation with respect to Q% and P, respectively, given Y (t)
We consider the following robust, or worst case scenario, stochastic control problem

Problem 2.1 Find 6* € A, u* € U and ®(t,y) such that

w(t.9) = o, (sup I (1.0) ) =97 (1)

RR n° 7557

(t,k,z)}v(dz) ; ¢ € CH*2(R?).

(2.5)

(2.7)
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2.2 The main theorem

We now formulate our main result:

Theorem 2.2 Suppose there exist a C* function (t, ) and feedback controls t = a(t,x) € U, 0 = (Oo(t, z),0,(t, x, 2)) €

A such that
o(t,z,0(t,z)) =y, z,4(t,x),z) =0 for all t,z, 2 (2.8)
and
~ oo . A 8’}/ N 0b ~ 81/)
Oo(t, ) ou, (t,z,a(t, r)) + - 01(t, @, 2) e (t,z,a(t, z), 2)v(dz) — ou, (t,z,u(t, x)) B (t,z)
_of N .
=3 (t,z,a(t,x)); forallt,x, i=1,2,...,m. (2.9)
u;

Then (i, ) is an optimal pair for the robust control problem Z1) and the value function is given by ®(t, k,x) =
k(t, x); provided that ¥(t, ) is the solution of the PDE

o o

5t —(t,x) + b(t, x, u(t, z)) e

(t,z) + f(t,z,a(t,xz)) =0; (t,z) € [0,T] xR (2.10)

V(T x) =g(x); v €R. (2.11)

Proof. ~ We apply Theorem 3.2 in [M@)]. Maximizing u — A%%p(t, k,x) + kf(t,r,u) with respect to u gives
the following first order conditions for an optimal :

ob dp . Oo 0% Oo 0%
o, (t,x )83: +o(t,z, ) o, (t,:v,u)@ — 90k8u1_ (t,x, ) pye
Op ) Op 0y .
v [ {0k k042t 2) - k) f S ()
of N i
Fhgo (o) =0 i=12.m (2.12)

Minimizing A% % (t k,x) + kf(t,z, ) with respect to 8 = (0, 01(2)), we get the following first order condi-
tions for optimal g, 01 (2):

~ 0%p 0%
kQHOW — ko(t,z, ) oron = ° (2.13)
and 5 5
/ {ai (tk — kb1 (2), 2 +(t, 2, 0,2)) — a;j (t,k x)}y(dz) = 0. (2.14)
Let us try a value function of the form
o(t, ki, 7) = kib(t, ). (2.15)

RR n° 7557
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Then (ZI2)-ZTI4) get the form
0b L OY .\ 0o 0%~ o L OY
a—ui(t,l’,u)% + U(tv%u)a—ui(t,l’,u)@ —bog (t,l’,u)%
0 0
-l—/]R0 {(1 —91(2))a (t,z+~(t,z,4,2)) — 8_116( ) )} 811 (t,x, 4, z)v(dz)
+ =0 i=rem (2.16)
0
U(t,x,ﬁ)a—i}(t, x) =0, (2.17)
and
[0t @ + 2t 2,0, 2)) — {t, 2)w(dz) = 0. (2.18)
Ro
Suppose there exists a Markov control 4 = (¢, z) such that
o(t,z,a(t,z)) =y(t,x,a(t, x),z) =0 for all z € Ry. (2.19)
Then [ZT0)-EIX) are satisfied, and ZIH) gets the form
. A b
io(t.9) 5 (t,0) + [ Ou(t2) S0 2ulds) = ()| ()
0
:a{i(t,;aﬁ); i=1,2,....m. (2.20)
Suppose i, § satisfy ([ZI9)-(E20). Then by Theorem 3.2 in [MO] we are required to have
dp ,a N
o Hy) + AT et y) + k(G 2, 4) =05t <T.
By ([ZH) and ZI9), this gives the equation
D0 )+ 000, 0(0,2) 22 1,0 + S0t 2) = 05 1 < T, (2.21)
x
with terminal condition
(T, z) =g(z); z €R. (2.22)
This completes the proof. O

. 0
Remark 2.8 Note that 4(t,x) and 6(t,z) might depend on 8_¢(t’$)' Hence equation [ZIN) is in general a
T

nonlinear PDFE in the unknown function 1.
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2.3 Equivalent local martingale measures

The following definition is motivated by applications in mathematical finance:

Definition 2.4 Let S(t) be an It6-Lévy process of the form

dS(t) = a(t)dt + B(t)dB(t) +/ A(t, z)N (dt, dz)

for predictable processes a(t), B(t), A(t,z); t € [0,T], z € Ro.

A probability measure Q on Fr is called an equivalent local martingale measure (ELMM) for S(-) if Q ~ P
(i.e. Q< P and P < Q) and {S(t)}epo,1) s a local martingale with respect to Q.

It is well-known (see e.g. [@S1, Theorem 1.31]) that a measure Q¥ of the form ([Z2)-(@3) with k = 1 is an
ELMM for S(-) if and only if

00(t)3(t) +/ 01(t, 2)A(t, z)v(dz) = a(t) ; t € [0,T]. (2.23)

Ro

Suppose that g—i’ # 0. Then, in view of Definition EZ4, the measure @ of the form {2)-E3) with k£ = 1,
where 6 is a scenario control satisfying ([Z3), is a ELMM for all the processes G;(t), given by

-1
dG;(t) = [gji(t,X(t),ﬁ(t))+(%(f,X(t))) g—i(t,)&(t),a(t)) dt
+§—0(t,X(t),a(t))dB(t)+ 57(t,X(t),a(t),z)N(dt,dz); i=1,2,...,m. (2.24)
Ug Ro Uj

where () = a(t, X (t)) and X (t) = X%(t); t € [0,T).

3 Example

Suppose we have a financial market with a risk free asset with unit price Sp(¢) = 1 and a risky asset with unit
price S(t) given by

dS(t) = S(t) |bo(t)dt + oo (t)dB(t) + / volt, )N (dt, d2)| : t e 0,7
Ro

5(0) > 0, (3.1)

where bo(t), oo(t) and 7o(t,z) are bounded deterministic functions, vo(t,z) > —1. If we apply a portfolio
m(t), representing the proportion of the total wealth X (¢) invested in the risky asset at time ¢t and a relative
consumption rate A(t) > 0, the corresponding wealth process X (t) = X*™(t) will have the dynamics

dX (1) = 7O X (1) bo(t)dt+oo(t)dB(t)+/ oty 2)N(dt, dz) | — A X (@)t ; t € [0,T),
Ro

X(0) =z >0. (3.2)

RR n° 7557
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We say that the pair u = (A, 7) is an admissible controlif A and 7 are F-predictable, A > 0, w(¢t)yo (¢, 2) > —1
and fOT (72 (t) + A(t) + fRo [log(1+ 7w (t)v0(t, 2))|v(dz))dt < co a .s. Note that under these conditions the unique
solution X (¢) of B3) is given by

X(t) =z exp(/o {m(s)bo(s) — A(s) — %w%s)aé(s)}ds —i—/o 7(8)oo(s)dBs

+/0 /Ro (log(1 + w(s)v0(s, 2)) — w(8)v0(s, 2))v(dz)ds
—i—/o /Ro(log(l +7(s)v0(s, 2))N(ds,dz));t € [0,T]

In particular, X (¢) > 0 for all ¢ € [0,T7.

Let Uy : [0,T] x [0,00) — R, Uz : [0,00) — R be two given C! functions. We assume that ¢ — Ui (¢, c) and
x — Us(x) are strictly increasing, concave functions (utility functions) for all ¢ € [0,T]. We also assume that
¢ %(t,c) is strictly decreasing and that lim._, 4 %(t,c) =0 for all t € [0,T]. Put zp = %Ucl (¢,0) and

define

I(t.2) for x > xg (3.3)
,T) = _ .
(aaUCl (t,")) ! (x) for0<xz<umo
Define the absolute consumption rate at time ¢ by
c(t) =A)X(t); t€[0,T]. (3.4)
Suppose the performance functional is given by
T
I ty) = Bl | [ Ur(s,els))ds + Ua(X(@)
t
T
= EbY / K%(s)Uy (s, c(s))ds + K (T)Us (X (T)) (3.5)
t
To solve the problem
O(t,y) = inf | sup JONT(ty) | =TT (1) (3.6)
fecA A\, m)eu

we apply Theorem Thus we search for a solution &, #, 8 = (fy,0;) and (¢, z) such that [ER) and E3)
hold, when b(t,z,u) = wxbo(t) — Az, o(t, z,u) = 7xog(t), y(t, z,u,2) = Txyo(t,z, 2) and f(t,z,u) = Ui(t,c),
g(I) = UQ(I)a U = ()\aﬂ-)v c=Aw.

We see that [ZF) holds with & = 0, for all é. Writing ( 0 9 > = ( 0 9 >, equation () becomes

duy’ Quy N O
oY _ouy,
%(tv 'r) - W(tv C(ta I)) (37)
and
Oo(t, z)oo(t) + i 01(t, z, 2)y0(t, 2)v(dz) = bo(t). (3.8)

RR n° 7557
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The equation ZI0)-ETI) for ¢ gets the form

%(t,x) —¢(t, x)%(t, é(t,m)) + Uit é(t,z)) =0; t<T
(T, z) = Us(x) (3.9)
which has the solution
T
P(t, z) = Us(w) —I—/t {Ui(s,é(s,x)) — é(s,x)%(s,é(s,x))}ds (3.10)

In this case the processes G; defined in ([Z24)) are

—1

dGi(t) = X(t) -1+ <%’(t,)€(t>)> W(t,é(t,f((t)))] dt =0

dGa(t) = X (t7) {bo(t)dt+ao(t)dB(t)+ /R yo(t,z)N(dt,dz)}
_X@)
- S(t)

ds(t).

We conclude that the optimal scenario control is to choose 6 = (éo, él) such that ([E3) holds, i.e. such that Q,
is an ELMM for S(t).

The corresponding optimal portfolio is to choose # = 0 (no money in the risky asset). This is intuitively
reasonable, because if the price process is a martingale, there is no money to be gained by investing in this
asset.

Finally, to find the optimal consumption rate é(t, ) we combine [B1) and BI0) : From BX) and B3) we
have

é(t,x) =1 (t, ‘;—f(t, x)) . (3.11)

Differentiating (BI0) we therefore get

%_f(t,x) =-U; (t,I (t, g—f(t,:v)» +1 (t, g—f(tjw)) g—f(t,:c) ;< T (3.12)

This is a nonlinear first order partial differential equation in ¥ (¢, ). Together with the terminal value (obtained

from BI0))
(T, x) = Us(x) (3.13)

this determines (¢, z) uniquely. To summarize, we have proved

Theorem 3.1 The optimal (i.e. worst case) scenario control for the problem @) is to choose 6* = (6, 0;)
such that () holds, which is equivalent to saying that the measure Q4 is an ELMM for the price process S(t)
given by BI).

The optimal portfolio under this scenario is to choose # = 0 (no money in the risky asset). The optimal
consumption rate ¢(t, x) under this scenario is given by BT, i.e.

oUy _ oY
T Oz

%(t,é(t,x)) (t,x) (3.14)

RR n° 7557
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where (¢, z) is the solution of (BI2)-BI3). The corresponding value function is, by ZIH),
O(t, k,x) = ky(t, ). (3.15)

This is an extension of the result in [S2].

A special case. To illustrate the content of Theorem Bl we consider the special case when U; and U; are
logarithmic exponential utility functions, i.e.

Ui(s,¢) =Ui(c) =lne; Us(z) =Alnz (3.16)

where A > 0 is constant. Then U{(c) = 1 and, by B3) I(z) = 1. Therefore equation [BIZ) gets the form

%—zf(tw) =In (g—f(t,w)) + 1. (3.17)
Set
h(t,z) = (t,x) — ¢
then oh oh
5 (t,z) =1n (%(t, :v))
Set

H(t,z) = %(t,x)
Then H satisfies the nonlinear PDE:
oOH oH
H(t,x) 5 (t,x) 5 (t,x); t<T (3.18)

We assign the terminal condition

and try to solve this equation by setting
1
H(t,x) = Hy(t)—.
x

Substituting into [BIF) gives

Hi(t) = —1.
Since H1(T') = A, this gives the solution
T—t+X
H(t,z) = Lotra
x

and hence
h(t,z) =(T —t+X)Inz+ C(2)

for some function C(t). This gives

Y(t,x) = (T —t+ N Ina+t+C(t)

RR n° 7557
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and hence o0
- — 4
5 (t,x) Inz+C'(t) +1
while ”
In (8_x(t’ :v)) =In(T—t+ ) —Inz.

Using BI1), we get
C't)=In(T—t+X)—1

or
Ct)=—(T—=t+ M InT —t+ XN+ T —-t+X)—-t+C
Hence
Y, z) = (T —t+ N[lnx —In(T —t+ X) + 1] + Co.
Requiring

(T, z) = Us(z) = Alnx

leads to the condition

Co=Alnx— A\
Hence the solution is
Y, )= (T —t+Nne —In(T —t+XN)]+AXInA+T — ¢ (3.19)
and the optimal consumption rate is then
x
C(t,x) = =———. 3.20
R (3.20)

In particular, we see that the consumption increases with time, which makes sense, because a large early
consumption reduces the growth for the whole remaining time period.
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