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Abstract

In this technical report, we consider conditional density estimation with a maximum like-
lihood approach. Under weak assumptions, we obtain a theoretical bound for a Kullback-
Leibler type loss for a single model maximum likelihood estimate. We use a penalized model
selection technique to select a best model within a collection. We give a general condition
on penalty choice that leads to oracle type inequality for the resulting estimate. This con-
struction is applied to two examples of partition-based conditional density models, models
in which the conditional density depends only in a piecewise manner from the covariate. The
first example relies on classical piecewise polynomial densities while the second uses Gaus-
sian mixtures with varying mixing proportion but same mixture components. We show how
this last case is related to an unsupervised segmentation application that has been the source
of our motivation to this study.

1 Introduction

Assume we observe n pairs ((X;,Y;));;<,, of random variables, we are interested in estimating
the law of the second variable Y; € Y conditionally to the first one X; € X. In this paper,
we assume that the pairs (X;,Y;) are independent while Y; depends on X; through its law.
More precisely, we assume that the covariates X; are independent but not necessarily identically
distributed. Assumptions on the Y;s are stronger: we assume that, conditionally to the X;s,
they are independents and each variable Y; follows a law with density so(-|X;) with respect to
a common known measure d\. Our goal is to estimate this two-variables conditional density
function sg(|-) from the observations.

This problem has been introduced by Rosenblatt [42] in the late 60’s. He considered a
stationary framework in which so(y|x) is linked to the supposed existing densities so(x) and
so(x,y) of respectively X; and (X;,Y;) by

Sor (IL‘, y)

so(y\x) = 50’(55)

and proposed a plugin estimate based on kernel estimation of both sy (z) and so/(z,y). Few
other references on this subject seem to exist before the mid 90’s with a study of a spline tensor
based maximum likelihood estimator proposed by Stone [44] and a bias correction of Rosenblatt’s
estimator due to Hyndman et al. [31].



Kernel based method have been much studied since. For instance, Fan et al. [22] and de Gooi-
jer and Zerom [17] consider local polynomial estimator, Hall et al. [26] study a locally logistic
estimator that is later extended by Hyndman and Yao [30]. In this setting, pointwise convergence
properties are considered, and extensions to dependent data are often obtained. The results de-
pend however on a critical bandwidth that should be chosen according to the regularity of the
unknown conditional density. Its practical choice is rarely discussed with the notable exceptions
of Bashtannyk and Hyndman [5], Fan and Yim [21] and Hall et al. [27]. Extensions to cen-
sored cases have also been discussed for instance by van Keilegom and Veraverbeke [48]. See for
instance Li and Racine [36] for a comprehensive review of this topic.

In the approach of Stone [44], the conditional density is estimated through a parametrized
modelization. This idea has been reused since by Gyorfi and Kohler [25] with a histogram based
approach, by Efromovich [19, 20] with a Fourier basis, and by Brunel et al. [13] and Akakpo
and Lacour [2] with piecewise polynomial representation. Those authors are able to control
an integrated estimation error: with an integrated total variation loss for the first one and a
quadratic distance loss for the others. Furthermore, in the quadratic framework, they manage
to construct adaptive estimators, estimators that do not require the knowledge of the regularity
to be minimax optimal (up to a logarithmic factor), using respectively a blockwise attenuation
principle and a model selection by penalization approach. Note that Brunel et al. [13] extend
their result to censored cases while Akakpo and Lacour [2] are able to consider weakly dependent
data.

In this paper, we consider a direct estimation of the conditional density function through a
maximum likelihood approach. Although natural, this approach has been considered so far only
by Stone [44] as mentioned before and by Blanchard et al. [11] in a classification setting with
histogram type estimators. Assume we have a set S, of candidate conditional densities, our
estimate 5, will be simply the maximum likelihood estimate

Sm = argmin <— Zln sm(Y;Xi)> .
i=1

Sm€Sm

Although this estimator may look like a maximum likelihood estimator of the joint density of
(X, Y;), it does not generally coincide, even when the X;s are assumed to be i.i.d., with such an
estimator as every function of S, is assumed to be a conditional density and not a density. The
only exceptions are when the X;s are assumed in the model to be i.i.d. uniform or non random
and equal. Our aim is then to analyze the finite sample performance of such an estimator in term
of Kullback-Leibler type loss. As often, a trade-off between a bias term measuring the closeness
of s¢ to the set 5, and a variance term depending on the complexity of the set S,, and on the
sample size appears. A good set S, will be thus one for which this trade-off leads to a small risk
bound. Using a penalized model selection approach, we propose then a way to select the best
model S~ among a collection & = (S, )menm. For a given family of penalties pen(m), we define
the best model S~ as the one that minimized

n
m = argmin < Z In §m(Yi|Xl-)> + pen(m).
meM i—1

The main result of this paper is a sufficient condition on the penalty pen(m) such that for any
density function sy and any sample size n the adaptive estimate §7An performs almost as well as
the best one in the family {8, }mem-

The very frequent use of conditional density estimation in econometrics, see Li and Racine
[36] for instance, could have provided a sufficient motivation for this study. However it turns



out that this work stems from a completely different subject: unsupervised hyperspectral image
segmentation. Using the synchrotron beam of Soleil, the IPANEMA platform[6], for which
one of the author works, is able to acquire high quality hyperspectral images, high resolution
images for which a spectrum is measured at each pixel location. This provides rapidly a huge
amount of data for which an automatic processing is almost necessary. One of this processing is
the segmentation of these images into homogeneous zones, so that the spectral analysis can be
performed on fewer places and the geometrical structures can be exhibited. The most classical
unsupervised classification method relies on the density estimation of Gaussian mixture by a
maximum likelihood principle. The component of the estimated mixtures will correspond to
classes. In the spirit of Kolaczyk et al. [34] and Antoniadis et al. [3], we have extended this
method by taking into account the localization of the pixel in the mixture weight, going thus
from density estimation to conditional density estimation. As stressed by Maugis and Michel
[39], understanding finely the density estimator is crucial to be able to select the right number of
classes. This theoretical work has been motivated by a similar issue for the conditional density
estimation case.

Section 2 is devoted to the analysis of the maximum likelihood estimation in a single model.
It starts by Section 2.1 in which the setting and some notations are given. The risk of the max-
imum likelihood in the classical case of misspecified parametric model is recalled in Section 2.2.
Section 2.3 provides some tools required for the extension of this analysis to more general setting
presented in Section 2.4. We focus then in 3 to the multiple model case. The penalty used is
described in Section 3.1 while the main theorem is given in Section 3.2. Section 4 introduces
partition-based conditional density estimator: we use model in which the conditional density de-
pends from the covariate only in a piecewise constant manner. We study in details two instances
of such model: one in which, conditionally to the covariate, the densities are piecewise polynomial
for the Y variable and the other, which corresponds to our hyperspectral image segmentation
motivation, in which, again conditionally to the covariate, the densities are Gaussian mixtures
with the same mixture components but different mixture weights.

2 Single model maximum likelihood estimate

2.1 Framework and notation

Our statistical framework is the following: we observe n independent pairs ((X;,Y:)) i<, €
(X, )" where the X;’s are independent, but not necessarily of the same law, and, conditionally
to X;, each Y; is a random variable of unknown conditional density so(:|X;) with respect to a
known reference measure dA. For any model S,,, a set comprising some candidate conditional
densities, we estimate s by the conditional density s, that maximizes the likelihood (condi-
tionally to (X;),.,«,) or equivalently that minimizes the opposite of the log-likelihood, denoted
-log-likelihood from now on:

Sm€Sm i=1

S = argmin (Z —ln(sm(Yi|Xi))> .

To avoid existence issue, we should work with almost minimizer of this quantity and define a 7
-log-likelihood minimizer as any s, that satisfies

Y —In(E,(YiX,)) < inf (Z—ln(sm(YilXi))>+n-

Sm€ES
i=1 T Ni=1



We should now specify our goodness criterion. We are working with a maximum likelihood
approach, the most natural quality measure is thus the Kullback-Leibler divergence KL. As we
consider law with densities with respect to the known measure d\, we use the following notation

fQ ln( ) sdX if sd\ < tdA

KLy (s,t) = KL(sd\,td\) = { .
400 otherwise

where sd\ < tdA means & V' C Q, [, tdA =0 = [, sd\ = 0. Remark that, contrary to
the quadratic loss, this divergence is an intrinsic quality measure between probability laws: it
does not depend on the reference measure d\. However, The densities depend on this reference
measure, this is stressed by the index A when we work with the non intrinsic densities instead
of the probability measures. As we deal with conditional densities and not classical densities,
the previous divergence should be adapted. To take into account the structure of conditional
densities and the design of (X;)1<i<n, we use the following tensorized divergence:

KL (s,1) ZKL/\ ) t(1X3)) | -

This divergence appears as the natural one in this setting and reduces to classical ones in specific
settings:

e If the law of Y; is independent of X;, that is s(-|X;) = s(-) and #(-|X;) = ¢(-) do not depend
on X;, these divergences reduce to the classical KL (s, ).

e If the X;’s are not random but fixed, that is we consider a fixed design case, this divergence
is the classical fixed design type divergence in which there is no expectation.

e If the X,’s are i.i.d., this divergence is nothing but KLY (s,t) = E [KLy(s(-|X1),t(-| X1))] -

Note that this divergence is an integrated divergence as it is the average over the index ¢ of the
mean with respect to the law of X; of the divergence between the conditional densities for a
given covariate value. Remark in particular that more weight is given to regions of high density
of the covariates than to regions of low density and, in particular, the values of the divergence
outside the supports of the X;’s are not used. In particular, if we assume that each X; has a law
with density with respect to a common finite positive measure p and that all those densities are
lower and upper bounded then all our results hold, up to modification in constants, by replacing
the definition of KL{" (s,t) (and their likes) by the more classical

KL (5.0) = | KE(sCle).tC1a)d

We stress that these types of loss is similar to the one used in the machine-learning community
(see for instance Catoni [14] that has inspired our notations). Such kind of losses appears also, but
less often, in regression with random design (see for instance Birgé [8]) or in other conditional
density estimation studies (see for instance Brumel et al. [13] and Akakpo and Lacour [2]).
When § is an estimator, or any function that depends on the observation, KL%" (s,8) measures
this (random) integrated divergence between s and § conditionally to the observation while
E [KL%” (s, §)} is the average of this random quantity with respect to the observations.



2.2 Asymptotic analysis of a parametric model

Assume that S, is a parametric model of conditional densities,
S = {sem(y\m)wm €0, C RDM} ,

to which the true conditional density sy does not necessarily belongs. In this case, if we let

8,, = argmin <Z —1In(sy,, (Y1|X1))>

S

then s, = s; . White [49] has studied this misspecified model setting for density estimation but

its results can easily been extended to the conditional density case.
If the model is identifiable and under some (strong) regularity assumptions on 6,, — sg,,

provided the D,, x D,, matrices A(6,,) and B(6,,) defined by

—0? log39
Olog sg,, Olog sy, _ _
BOm)r1 = Z/ Do r )%(Q|X1)So(y|Xz)d)\]

exists, the analysis of White [49] implies that, if we let

0, = argmin KL (s, so,, )
0m €Om

E [KL%"(so,gm)] is asymptotically equivalent to
® 1 * *\—1
KL)\ n (507 59:}7’) + % Tr(B(Gm)A(Qm) )

When sq belongs to the model, i.e. so = sp: , B(0};,) = A(0};,) and thus the previous asymptotic
equivalent of E [KL?" (s0, §m)] is the classical parametric one

1
in KL®» —D,,.
i K (o0 ) g,

This simple expression does not hold when sy does not belong to the parametric model as
Tr(B(0%,)A(0%,) ™) cannot generally be simplified.

A short glimpse on the proof of the previous result shows that it depends heavily on the
asymptotic normality of \/n(6,, — 6%,). One may wonder if extension of this result, often called
the Wilk’s phenomenon [50], exists when this normality does not hold, for instance in non
parametric case or when the model is not identifiable. Along these lines, Fan et al. [23] propose
a generalization of the corresponding Chi-Square goodness-of-fit test in several settings and
Boucheron and Massart [12] study the finite sample deviation of the corresponding empirical
quantity in a bounded loss setting.

Our aim is to derive a non asymptotic upper bound of type

~ 1 1
E [KL%"(S(),Sm)] < (smelg KL® (50, Sm) + %Dm> + C’gﬁ



with as few assumptions on the conditional density set S,, as possible. Note that we only aim
at having an upper bound and do not focus on the (important) question of the existence of a
corresponding lower bound.

Our answer is far from definitive, the upper bound we obtained is the following weaker one

S

E [JKL?;(SO,@R)} <(1+e) ( inf  KLS" (s0, 5m) + ’Z)Qm> + 02%

in which the left-hand KL?"(S(), Sm) has been replaced by a smaller divergence JKL?K(S(), Sim)
described below, € can be chosen arbitrary small, ©,, is a model complexity term playing the
role of the dimension D,,, and kg is a constant that depends on e. This result has nevertheless
the right bias/variance trade-off flavor and can be used to recover usual minimax properties of
specific estimators.

2.3 Jensen-Kullback-Leibler divergence and bracketing entropy

The main visible loss is the use of a divergence smaller than the Kullback-Leibler one (but larger
than the squared Hellinger distance and the squared L, loss whose definitions are recalled later).
Namely, we use the Jensen-Kullback-Leibler divergence JKL, with p € (0,1) defined by

1
JKL,(sd\, td\) = JKL, x(s,t) = ;KL,\ (s,(1=p)s+pt).

Note that this divergence appears explicitly with p = % in Massart [38], but can also be found
implicitly in Birgé and Massart [9] and van de Geer [46]. We use the name Jensen-Kullback-
Leibler divergence in the same way Lin [37] uses the name Jensen-Shannon divergence for a
sibling in his information theory work. The main tools in the proof of the previous inequality
are deviation inequalities for sums of random variables and their suprema. Those tools require
a boundness assumption on the controlled functions that is not satisfied by the -log-likelihood
differences —In i—'s When considering the Jensen-Kullback-Leibler divergence, those ratios are

implicitly replaced by ratios —% In U=p)sotesm ¢hat are close to the -log-likelihood differences

S0
when the s, are close to sg and always upper bounded by —Inl=p) s divergence is smaller

than the Kullback-Leibler one but larger, up to a constant factor, than the squared Hellinger
one, d3(s,t) = [o|v/s — Vi[*dX, and the squared L distance, [|s —t[|3; = ([, |s — t|d)\)2, as
proved in Appendix

Proposition 1. For any probability measures sd\ and td\ and any p € (0,1)
C,d3(s,t) < JKL, x(s,t) < KLx(s,1).

1 1-—
with C, = min< '0,1> (111 (1 + p> —p) while
p p L—p

max(C,/4,p/2)||s — |31 < JKL,A(s,t) < KLx(s,t).
Furthermore, if sd\ < td\ then

& (s,t) < KLx(s,t) < (2 +ln H;H ) &2 (s,1)

o0

while

1 1
sle =t < ks < | 5| - iR



More precisely, as we are in a conditional density setting, we use their tensorized versions
d39m (s, 1) Zdz t(|X3))| and  JKLEX(s,t) l ZJKLPA i),t(~Xi))] .

We focus now on the definition of the model complexity ©,,. It involves a bracketing entropy

condition on the model S,,, with respect to the Hellinger type divergence d%” (s,t) =4/ d?\@” (s,t).

A bracket [t~,¢1] is a pair of functions such that V(z,y) € XxY, ¢ (y|x) < t*(y|z). A conditional

density function s is said to belong to the bracket [t—,¢T] if V(z,y) € X x V.t~ (y|z) < s(y|z) <

t*(y|r). The bracketing entropy HH 400 (0,5) of a set S is defined as the logarithm of the
X

minimum number of brackets [t~, ¢+] of width d}" (t7,¢T) smaller than ¢ such that every function
of S belongs to one of these brackets. ©,,, depends on the bracketing entropies not of the global
models S, but of the ones of smaller localized sets S,,(s,0) = {sm S Sm|d (8, 8m) < O’}
Indeed, we impose a structural assumption:

Assumption (H,,). There is a non-decreasing function ¢, (8) such that § — ¢ (8) is non-
increasing on (0,+00) and for every o € R and every s, € Sy

/ \/H[.M@n (5. S (52:0)) d6 < G (0).

Note that the function o — fog J.d®n (9, S) dd does always satisfy this assumption. ©,,

1
is then defined as no2, with o2, the unique root of —¢,,(c) = v/no. A good choice of ¢,, is one

which leads to a small upper bound of ©,,. This bracketing entropy integral, often call Dudley
integral, plays an important role in empirical processes theory, as stressed for instance in van der
Vaart and Wellner [47] and in Kosorok [35]. The equation defining o,, corresponds to a crude
optimization of a supremum bound as shown explicitly in the proof. This definition is obviously
far from being very explicit but it turns out that it can be related to an entropic dimension of the
model. Recall that the classical entropy dimension of a compact set S with respect to a metric d
can be defined as the smallest non negative real D such that there is a non negative V such that

1
Vo > 0,Hq(0,5) <V +Dlog (6)

where H, is the classical entropy with respect to metric d. The parameter V can be interpreted
as the logarithm of the volume of the set. Replacing the classical entropy by a bracketing one,
we define the bracketing dimension D,,, of a compact set as the smallest real D such that there
is a V such

1
V6 > 0, H1.4(6,5) <V + Dlog (5> :

As hinted by the notation, for parametric model, under mild assumption on the parametrization,
this bracketing dimension coincides with the usual one. Under such assumption, one can prove
that ®,, is proportional to D,,. More precisely, working with the localized set Sy, (s, o) instead
of S,,, we obtain in Appendix, we obtain

1
Proposition 2. e if3D,, >0,3C,, > 0,Y6 € (0,v2],H, ],d®n (0,5m) < Vi + Di, lng then



— if Dy > 0, (Hyn) holds with D,y < {2C,m + 1+ (ln ”) Dy with Cyy =
ec*,mper +

5 2
(Vaz+va)
— if Dy, =0, (Hy,) holds with ¢, (0) = 0/ Vi, such that D, = Vi,

o if 3Dy = 0,3V 2 0,Y0 € (0,V2],¥5 € (0,0], Hy o0 (3, S5, 0)) < Vi + Dy m% then

2
— if Dy, > 0, (Hy, ) holds with ¢, such that ®,, = Cy D, with Cy = ( %& n ﬁ) ;
— if Dpy = 0, (H,,) holds with ¢,,,(0) = 0/Vy, such that D, = Vy,.

Note that we assume bounds on the entropy only for § and ¢ smaller than /2, but, as for
any conditional densities pair (s,t) dy"(s,t) < V2,

Hiy o (8, Sm(3m,0)) = Hyg yon (8 A V2, S (5m, 0 AV2))

which implies that those bounds are still useful when § and o are large. Assume now that all
models are such that g—m < C, i.e. their log-volumes V,,, grow at most linearly with the dimension
(as it is the case for instance for hypercubes with the same width). One deduces that Assumptions

2
(H,,) hold simultaneously for every model with a common constant C, = (\@ + ﬁ) . The

model complexity ®,, can thus be chosen roughly proportional to the dimension in this case,
this justifies the notation as well as our claim at the end of the previous section.

2.4 Single model maximum likelihood estimation

For technical reason, we also need a separability assumption on our model:

Assumption (Sep,,). There exist a countable subset S, of Sy, and a set V!, with A(Y\V,,) =0
such that for every t € Sy,, there exists a sequence (t)r>1 of elements of S, such that for every
x and for every y € V)., In (tx(y|z)) goes to In (t(y|z)) as k goes to infinity.

We are now ready to state our risk bound theorem:

Theorem 1. Assume we observe (X;,Y;) with unknown conditional density so. Assume Sy, is
a set of conditional densities for which Assumptions (H,,) and (Sep,,) hold and let S, be a n
-log-likelihood minimizer in Sy,

> (G, (Vi X)) < inf (Z—ln(sm(YiXi))>+n

SmES.
i=1 mEET =1

Then for any p € (0,1) and any C1 > 1, there are two constants ko and Cy depending only
1

on p and Cy such that, for ®,, = no2, with ., the unique root of =¢,,(c) = \/no, the likelihood
o

estimate s, satisfies

~ 1
E JKLig(so,sm)} < ( inf  KLZ" (s0, $m) + ’jf@m) +Co=+ 1

SmESm n



This theorem holds without any assumption on the design X, in particular we do not assume
that the covariates admit upper or lower bounded densities. The law of the design appears
however in the divergence JKL?" and KL%" used to assess the quality of the estimate as well as
in the definition of the divergence d%” used to measure the bracketing entropy. By construction,
those quantities however do not involve the values of the conditional densities outside the support
of the X;s and put more focus on the regions of high density of covariates than the other. Note
that Assumption H,, could be further localized: it suffices to impose that the condition on the
Dudley integral holds for a sequence of minimizer of di‘g’” (80, Sm)-

We obtain thus a bound on the expected loss similar to the one obtained in the parametric case
that holds for finite sample and that do not require the strong regularity assumptions of White
[49]. In particular, we do not even require an identifiability condition in the parametric case.
As often in empirical processes theory, the constant kg appearing in the bound is pessimistic.
Even in a very simple parametric model, the current best estimates are such that ko9, is still
much larger than the variance of Section 2.2. Numerical experiments show there is a hope that
this is only a technical issue. The obtained bound quantifies however the expected classical bias-
variance trade-off: a good model should be large enough so that the true conditional density
is close from it but, at the same time, it should also be small so that the ®,, term does not
dominate.

It should be stressed that a result of similar flavor could have been obtained by the information
theory technique of Barron et al. [4] and Kolaczyk et al. [34]. Indeed, if we replace the set S,
by a discretized version G,, so that

1
inf KL (sg,5m) < inf KL®» =
. nf KLy (0, m)—swﬁgsm 5 (SOaSm)+n>

then, if we let 5,, be a -log-likelihood minimizer in &,,,

1

—~ 1
E [D3®"(s0,8m)] < inf KL (s0,8m) + ﬁln\6m| + -

SmE€Sm
where D§®" is the tensorized Bhattacharyya-Renyi divergence, another divergence smaller than
KL®", |G,,| is the cardinality of &,, and expectation is taken conditionally to the covariates
(Xi)i<i<n- As verified by Barron et al. [4] and Kolaczyk et al. [34], &,, can be chosen of
cardinality of order Inn D,, when the model is parametric. We obtain thus also a bound of type

1

n

~ C
E [D/Q\®"(3075m)] < 122 KL%"‘ (80, 8m) + 1 InnD,, +
Sm, m n

with better constants but with a different divergence. The bound holds however only condi-
tionally to the design, which can be an issue as soon as this design is random, and requires to
compute an adapted discretization of the models.

3 Model selection and penalized maximum likelihood

3.1 Framework

A natural question is then the choice of the model. In the model selection framework, instead
of a single model S,,,, we assume we have at hand a collection of models S = {S.},,c 1. If we
assume that Assumptions (H,,) and (Sep,,,) hold for all models, then for every model Sy,

N . N Ko L 7
E | JKLS5 (s0, sm)} < <Helg KLY (s0, 8m) + n:om) + Cgﬁ +o



Obviously, one of the models minimizes the right hand side. Unfortunately, there is no way to
know which one without knowing sg, i.e. without an oracle. Hence, this oracle model can not be
used to estimate sg. We nevertheless propose a data-driven strategy to select an estimate among
the collection of estimates {5,, }mear according to a selection rule that performs almost as well
as if we had known this oracle.

As always, using simply the -log-likelihood of the estimate in each model

~InE (Y1)
1

n
i—
as a criterion is not sufficient. It is an underestimation of the true risk of the estimate and
this leads to choose models that are too complex. By adding an adapted penalty pen(m), one
, . S~ (V] X3)
hopes to compensate for both the variance term and the bias between % Yo, —In P Ao and
infy, es,, KL (s, $m). For a given choice of pen(m), the best model S~ is chosen as the one
whose index is an almost minimizer of the penalized 7 -log-likelihood :

> —In(5;(Yi|X,)) + pen() < inf <Z—ln(§m(K|Xi))+Pen(m)> +1.

‘ meM \ 4
i=1 =1

The analysis of the previous section turns out to be crucial as the intrinsic complexity ©,,
appears in the assumption on the penalty. It is no surprise that the complexity of the model
collection itself also appears. We need an information theory type assumption on our collection;
we assume thus the existence of a Kraft type inequality for the collection:

Assumption (K). There is a family (xm)mem of non-negative number such that

Z e ' <Y < 4o
meM

It can be interpreted as a coding condition as stressed by Barron et al. [4] where a similar
assumption is used. Remark that if this assumption holds, it also holds for any permutation
of the coding term z,,,. We should try to mitigate this arbitrariness by favoring choice of z,,
for which the ratio with the intrinsic entropy term 9,, is as small as possible. Indeed, as the
condition on the penalty is of the form

pen(m) > k(D + )

this ensures that this lower bound is dominated by the intrinsic quantity ©,,.

3.2 A general theorem for penalized maximum likelihood conditional
density estimation

Our main theorem is then:

Theorem 2. Assume we observe (X;,Y;) with unknown conditional density so. Let S = (Spm)mem
be at most countable collection of conditional density sets. Assume Assumption (K) holds while
Assumptions (H,,) and (Sep,,) hold for every model S,, € S. Let Sy be a n -log-likelihood
minimizer in Sy,

Y (G, (YiX,)) < it (Z_ln(sm(YiXi))>+77

SmES.
i=1 T Ni=1
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Then for any p € (0,1) and any C1 > 1, there are two constants ko and Cy depending only
on p and Cy such that, as soon as for every index m € M

pen(m) > k(D + ) with k > Ko

1
where D, = no?, with o, the unique root of —¢,(0) = /no, the penalized likelihood estimate
o

s~ with m such that
m

S~ (5 (Vi X)) + pen() < inf (Z—ln@mmxawpen(m)) o

i
¢ meM \ 4
=1 =1
satisfies
o o pen(m) . T n+7
E [JKLS3(50.55)] < 1 inf, (SJEEm KLY (s0,8m) + == == |+ Ca b ==

Note that, as in 2.4, the approach of of Barron et al. [4] and Kolaczyk et al. [34] could have
been used to obtain a similar result with the help of discretization.

This theorem extends Theorem 7.11 Massart [38] which handles only density estimation. As
in this theorem, the cost of model selection with respect to the choice of the best single model is
proved to be very mild. Indeed, let pen(m) = k(D,, + =) then one obtains

E [JKLES (0,55

/

by
< (Cj inf < inf KLY (s0,8m) + g(@m +$m)> + 025 + 77—;77

meM \ 5,,ESm

K O+ \ . . ® Ko ¥ nt+1n
<Cy— _— f f KLo» —% Cy— + ——.
=G (:zw o, ),JQM(SJQSW A" (50, 8m) + m)+ e,

As soon as the term x,, is always small relatively to ®.,,,, we obtain thus an oracle inequality that
show that the penalized estimate satisfies, up to a small factor, the bound of Theorem 1 for the
estimate in the best model. The price to pay for the use of a collection of model is thus small.
The gain is on the contrary very important: we do not have to know the best model within a
collection to almost achieve its performance.

So far we do not have discussed the choice of the model collection, it is however critical to
obtain a good estimator. There is unfortunately no universal choice and it should be adapted to
the specific setting considered. Typically, if we consider conditional density of regularity indexed
by a parameter «, a good collection is one such that for every parameter « there is a model
which achieves a quasi optimal bias/variance trade-off. Efromovich [19, 20] considers Sobolev
type regularity and use thus models generated by the first elements of Fourier basis. Brunel et al.
[13] and Akakpo and Lacour [2] considers anisotropic regularity spaces for which they show that
a collection of piecewise polynomial models is adapted. Although those choices are justified, in
these papers, in a quadratic loss approach, they remain good choices in our maximum likelihood
approach with a Kullback-Leibler type loss. Estimator associated to those collections are thus
adaptive to the regularity: without knowing the regularity of the true conditional density, they
select a model in which the estimate performs almost as well as in the oracle model, the best
choice if the regularity was known. In both cases, one could prove that those estimators achieve
the minimax rate for the considered classes, up to a logarithmic factor.

As in Section 2.4, the known estimate of constant k¢ and even of ©,, can be pessimistic.
This leads to a theoretical penalty which can be too large in practice. A natural question is thus
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whether the constant appearing in the penalty can be estimated from the data without loosing
a theoretical guaranty on the performance? No definitive answer exists so far, but numerical
experiment in specific case shows that the slope heuristic proposed by Birgé and Massart [10]
may yield a solution.

The assumptions of the previous theorem are as general as possible. It is thus natural to ques-
tion the existence of interesting model collections that satisfy its assumptions. We have mention
so far the Fourier based collection proposed by Efromovich [20, 19] and the piecewise polynomial
collection of Brunel et al. [13] and Akakpo and Lacour [2] considers anisotropic regularity. We
focus on a variation of this last strategy. Motivated by an application to unsupervised image
segmentation, we consider model collection in which, in each model, the conditional densities
depend on the covariate only in a piecewise constant manner. After a general introduction to
these partition-based strategies, we study two cases: a classical one in which the conditional
density depends in a piecewise polynomial manner of the variables and a newer one, which cor-
respond to the unsupervised segmentation application, in which the conditional densities are
Gaussian mixture with common Gaussian components but mixing proportions depending on the
covariate.

4 Partition-based conditional density models

4.1 Covariate partitioning and conditional density estimation

Following an idea developed by Kolaczyk et al. [34], we partition the covariate domain and
consider candidate conditional density estimates that depend on the covariate only through the
region it belongs. We are thus interested in conditional densities that can be written as

S(y|$) = Z S(y|Rl)1{xERL}
RiEP

where P is partition of X', R; denotes a generic region in this partition, 1 denotes the character-
istic function of a set and s(y|R;) is a density for any R; € P. Note that this strategy, called as
in Willett and Nowak [51] partition-based, shares a lot with the CART-type strategy proposed
by Donoho [18] in an image processing setting.

Denoting ||P|| the number of regions in this partition, the model we consider are thus specified
by a partition P and a set F of ||P||-tuples of densities into which (s(:|R;))r,ep is chosen. This
set F can be a product of density sets, yielding an independent choice on each region of the
partition, or have a more complex structure. We study two examples: in the first one, F is
indeed a product of piecewise polynomial density sets, while in the second one F is a set of
|P||-tuples of Gaussian mixtures sharing the same mixture components. Nevertheless, denoting
with a slight abuse of notation Sp r such a model, our n-log-likelihood estimate in this model is
any conditional density sp r such that

<Z—1H(§7J,f(Yi|Xi))>§ min (Z‘ln(SP,F(K‘|Xi))>+77~

s €S
et P.FESPF \ i

We first specify the partition collection we consider. For the sake of simplicity we restrict our
description to the case where the covariate space X’ is simply [0, 1]9%. We stress that the proposed
strategy can easily be adapted to more general settings including discrete variable ordered or
not. We impose a strong structural assumption on the partition collection considered that allows
to control their complexity. We only consider five specific hyperrectangle based collections of
partitions of [0, 1]9x:
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Figure 1: Example of a recursive dyadic partition with its associated dyadic tree.

e Two are recursive dyadic partition collections.

— The uniform dyadic partition collection (UDP(X)) in which all hypercubes are subdi-
vided in 2¢% hypercubes of equal size at each step. In this collection, in the partition
obtained after J step, all the 2¢x7 hyperrectangles {Ri}1<i<)jp) are thus hypercubes
whose measure |R;| satisfies |R;| = 279x/.
number of steps J satisfies 2?—;( >Ry > %

— The recursive dyadic partition collection (RDP(X)) in which at each step a hypercube

We stop the recursion as soon as the

of measure |R;| > TiTX is subdivided in 29X hypercubes of equal size.
e Two are recursive split partition collections.

— The recursive dyadic split partition (RDSP(X")) in which at each step a hyperrectangle
of measure [R;| > 2 can be subdivided in 2 hyperrectangles of equal size by an even
split along one of the dx possible directions.

— The recursive split partition (RSP(X)) in which at each step a hyperrectangle of
measure |R;| > % can be subdivided in 2 hyperrectangles of measure larger than %
by a split along one a point of the grid %Z in one the dx possible directions.

e The last one does not possess a hierarchical structure. The hyperrectangle partition col-
lection (HRP(X)) is the full collection of all partitions into hyperrectangles whose corners
are located on the grid %Zd" and whose volume is larger than %

We denote by S;(X) the corresponding partition collection where x(X') is either UDP(X'), RDP(X),
RDSP(X), RSP(X) or HRP(X).

As noticed by Kolaczyk and Nowak [33], Huang et al. [29] or Willett and Nowak [51], the
first four partition collections, (SgDP(X), SgDP(X), SgDSP(X), Sgsp(x))’ have a tree structure.
Figure 1 illustrates this structure for a RDP(X') partition. This specific structure is mainly
used to obtain an efficient numerical algorithm performing the model selection. For sake of
completeness, we have also added the much more complex to deal with collection SgRP(X), for
which only exhaustive search algorithms exist.

As proved in Appendix, those partition collections satisfy Kraft type inequalities with weights
constant for the UDP(X') partition collection and proportional to the number ||P|| of hyperrect-

angles for the other collections. Indeed,

Proposition 3. For any of the five described partition collections S;(X), JA}, By, ¢ and X
such that for all ¢ > CS(X):

*(X *(X * (X *(X
Z efc(AD( )JrBO( )HPH) < ES(X)efcmax(AO( ),BD( ))'

*(X)
PeS,
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Those constants can be chosen as follow:
* = UDP(X) % =RDP(X) | «=RDSP(X) | x=RSP(X) | x=HRP(X)
A | In (max<2,1+ Inn )) 0 0 0 0
dxIn2
Ba 0 In2 |—1n(1+dx)-|1n2 |—ln(1—|—dx)—|1nz dx |—lnn-|1,,2
+[1H n]an
2d
o 0 = 2 2 1
24 —1

pIY |4 nn 2 2(1 + dx) 4(1 4 dx)n (2n)x

0 dxIn2 X X

where [z]1, 2 is the smallest multiple of In 2 larger than z. Furthermore, as soon as ¢ > 21n 2 the
right hand term of the bound is smaller than 1. This will prove useful to verify Assumption (K)
for the model collections of the next sections.

In those sections, we study the two different choices proposed above for the set F. We first
consider a piecewise polynomial strategy similar to the one proposed by Willett and Nowak [51]
defined for Y = [0,1]9" in which the set F is a product of sets. We then consider a Gaussian
mixture strategy with varying mixing proportion but common mixture components that extends
the work of Maugis and Michel [39] and has been the original motivation of this work. In both
cases, we prove that the penalty can be chosen roughly proportional to the dimension.

4.2 Piecewise polynomial conditional density estimation

In this section, we let X = [0,1]9%, ) = [0,1]%" and )\ be the Lebesgue measure dy. Note that,
in this case, A is a probability measure on ). Our candidate density s(y|x € R;) is then chosen
among piecewise polynomial densities. More precisely, we reuse a hyperrectangle partitioning
strategy this time for J = [0,1]%¥ and impose that our candidate conditional density s(y|z € R;)
is a square of polynomial on each hyperrectangle Ry, of the partition Q;. This differs from the
choice of Willett and Nowak [51] in which the candidate density is simply a polynomial. The two
choices coincide however when the polynomial is chosen among the constant ones. Although our
choice of using squares of polynomial is less natural, it already ensures the positiveness of the
candidates so that we only have to impose that the integrals of the piecewise polynomials are
equal to 1 to obtain conditional densities. It turns out to be also crucial to obtain a control of the
local bracketing entropy of our models. Note that this setting differs from the one of Blanchard
et al. [11] in which Y is a finite discrete set.

We should now define the sets F we consider for a given partition P = {R;i}1<i<|p| of
X =1[0,1]*x. Let D = (Dy,...,Dyg, ), we first define for any partition Q = {R}}1<k<|g| of
Y = [0,1]% the set Fo,p of squares of piecewise polynomial densities of maximum degree D
defined in the partition Q:

VRY € Q, PRi} polynomial of degree at most D,

. o 2
Fop =1 sy) = REy :Q PRky (y)l{yeRi}} ZR{GQ fRy P722y (y) =1
y c k k

For any partition collection Q” = (Qi),<;<p = ({sz@}ls%ngzn)1<z<|\7>|\ of ¥ = [ 1%, we

can thus defined the set Fgor p of ||P[|-tuples of piecewise polynomial densities as
Forp = {(s(IR))g,ep|VRi € P,s(-|Ri) € Fo,p} -

The model Sp, For p that is denoted Sg» p with a slight abuse of notation, is thus the set

SQp,D = {s(y|x) = Z 5(y|Rl)1{w€Rz}

RIEP

(S(y‘Rl)Rle”p € ]:QP,D}
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VR, € P,VRik € 9y,
=< s(ylz) = Z Z lny 1{ye723’ }l{reRl} PRlny polynomial of degree at most D,
RIEPRY, €9, VR, € P, ZRy o, fRy szRy (y) =1

Denoting R/, the product R; x R}, , the conditional densities of the previous set can be advan-
tageously rewritten as

y|.13 Z Z Plk l{zy)ER k}

R €EP 733’ €9,

As shown by Willett and Nowak [51], the maximum likelihood estimate in this model can be
obtained by an independent computation on each subset Rlxk

~ i1 Y (xvier? -
PRsz = - {(1 CYOER; ) argmin Z 1{(Xi,Yi)€73,X,€} In (P*(Y;)) .
' >im1 Lix.eri) P,deg(P)SDJRy P2(y)dy=1 i=1 '

L,k

This property is important to be able to use the efficient optimization algorithms of Willett and
Nowak [51] and Huang et al. [29].

Our model collection is obtained by considering all partitions P within one of the UDP(X),
RDP(X), RDSP(X), RSP(X) or HRP(X) partition collections with respect to [0, 1]¢X and, for
a fixed P, all partitions Q; within one of the UDP()), RDP(Y), RDSP(Y), RSP()) or HRP())
partition collections with respect to [0, 1]dY. By construction, in any cases,

dy
dim(Sgr p) = Z <||Ql|| H(Dd +1) - 1) .

R€EP d=1

To define the penalty, we use a slight upper bound of this dimension

dy dy
Dorp= Y_ QI [[Da+1) =97 [[(Da+1)

RIEP d=1 d=1
where || QF || = Z [|Q:]|. is the total number of hyperrectangles in all the partitions:
RIEP

Theorem 3. Fix a collection x(X) among UDP(X), RDP(X), RDSP(X), RSP(X) or HRP(X)
for X =10,1]%%, a collection x(¥) among UDP(Y), RDP(Y), RDSP(Y), RSP(Y) or HRP(Y)
and a mazimal degree for the polynomials D € Nv

Let

§={Serp|P= (R} € S5 and ¥R, € P, @y € 557}
Then there exist a Cy, > 0 and a ¢, > 0 independent of n, such that for any p and for any

C1 > 1, the penalized estimator of Theorem 2 satisfies

SQP’DES SQP,DGSQp,D n

P D
E JKL?K(SOEQ/”,\D)} <C _ inf ( inf KL?”(SmSQ?’,D)Jripen(Q ’ )>
1 +7
+Cp— 4 120

n n
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as soon as
pen(Q”, D) > & Dor p
for
7> ko (C* +e, (A(*J(X) + B A ng) +2In n) .

where kg and Cy are the constants of Theorem 2 that depend only on p and Cy. Furthermore
C, < %ln(Sﬂ'e) + Zgil In (\/i(Dd + 1)) and ¢, <21n2.

A penalty chosen proportional to the dimension of the model, the multiplicative factor k
being constant over n up to a logarithmic factor, is thus sufficient to guaranty the estimator per-
formance. Furthermore, one can use a penalty which is a sum of penalties for each hyperrectangle
of the partition:

dy
pen(Q”, D) = Z K <H(Dd + 1)) .

X =
Rz,kGQP d=1

This additive structure of the penalty allows to use the fast partition optimization algorithm of
Donoho [18] and Huang et al. [29] as soon as the partition collection is tree structured.
In Appendix, we obtain a weaker requirement on the penalty

n
pen QP7D > K Cy+2ln ——— | Dor
(@b (( ||Q7’||> e

*(X *(X * *
+ o (AJ D+ (By ) 1Pl + B Y ||Ql||> )

RIEP

in which the complexity part and the coding part appear more explicitly. This smaller penalty is
no longer proportional to the dimension but still sufficient to guaranty the estimator performance.
Using the crude bound ||Q% || > 1, one sees that such a penalty penalty can still be upper bounded
by a sum of penalties over each hyperrectangle. The loss with respect to the original penalty is
of order klog || Q7| Dgr p, which is negligible as long as the number of hyperrectangle remains
small with respect to n2.

Some variations around this Theorem can be obtained through simple modifications of its

proof as explained in Appendix. For example, the term 21In(n/+/||QF||) disappears if P belongs

to SgDP(X) while Q; is independent of R; and belongs to SgDP(X). Choosing the degrees D of

the polynomial among a family DM either globally or locally as proposed by Willett and Nowak
[61] is also possible. The constant C, is replaced by its maximum over the family considered,
while the coding part is modified by replacing respectively AS(X) by AS(X) +1In|DM| for a global
optimization and Bg(y) by Bg(y) + In|DM| a the local optimization. Such a penalty can be
further modified into an additive one with only minor loss. Note that even if the family and
its maximal degree grows with n, the constant C, grows at a logarithic rate in n as long as the
maximal degree grows at most polynomially with n.
Finally, if we assume that the true conditional density is lower bounded, then

1 ®n2
KLg (s, < 4| s -1y

o0
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as shown by Kolaczyk and Nowak [33]. We can thus reuse ideas from Willett and Nowak [51],
Akakpo [1] or Akakpo and Lacour [2] to infer the quasi optimal minimaxity of this estimator
for anisotropic Besov spaces (see for instance in Karaivanov and Petrushev [32] for a definition)
whose regularity indices are smaller than 1 along the axes of X and smaller than D + 1 along
the axes of V.

4.3 Spatial Gaussian mixtures, models, bracketing entropy and penal-
ties

In this section, we consider an extension of Gaussian mixture that takes account into the covariate
into the mixing proportion. This model has been motivated by the unsupervised hyperspectral
image segmentation problem mentioned in the introduction. We recall first some basic facts
about Gaussian mixtures and their uses in unsupervised classification.

In a classical Gaussian mixture model, the observations are assuming to be drawn from several
different classes, each class having a Gaussian law. Let K be the number of different Gaussians,
often call the number of clusters, the density sg of Y; with respect to the Lebesgue measure is
thus modeled as

K
sox() =Y mrPg, (-)
k=1

where

By, (y) = L e~ 3 (W—n) S (y—p)

(27 det £5,)P/?

with gy the mean of the kth component, ¥y its covariance matrix, 6y = (ug, Xx) and 7 its
mixing proportion. A model Sk g is obtained by specifying the number of component K as well
as a set G to which should belong the K-tuple of Gaussian (®g,,...,®p, ). Those Gaussians
can share for instance the same shape, the same volume or the same diagonalization basis. The
classical choices are described for instance in Biernacki et al. [7]. Using the EM algorithm, or
one of its extension, one can efficiently obtain the proportions 7, and the Gaussian parameters
0 of the maximum likelihood estimate within such a model. Using tools also derived from
Massart [38], Maugis and Michel [39] show how to choose the number of classes by a penalized
maximum likelihood principle. These Gaussian mixture models are often used in unsupervised
classification application: one observes a collection of Y; and tries to split them into homogeneous
classes. Those classes are chosen as the Gaussian components of an estimated Gaussian mixture
close to the density of the observations. Each observation can then be assigned to a class by a
simple maximum likelihood principle:

k(y) = argmax 7, ©5 (y).
1<k<K

This methodology can be applied directly to an hyperspectral image and yields a segmentation
method, often called spectral method in the image processing communit. This method however
fails to exploit the spatial organization of the pixels.

To overcome this issue, Kolaczyk et al. [34] and Antoniadis et al. [3] propose to use mixture
model in which the mixing proportions depend on the covariate X; while the mixture components
remain constant. We propose to estimate simultaneously those mixing proportions and the
mixture components with our partition-based strategy. In a semantic analysis context, in which
documents replace pixels, a similar Gaussian mixture with varying weight, but without the
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partition structure, has been proposed by Si and Jin [43] as an extension of a general mixture
based semantic analysis model introduced by Hofmann [28] under the name Probabilistic Latent
Semantic Analysis. A similar model has also been considered in the work of Young and Hunter
[52]. In our approach, for a given partition P, the conditional density s(-|z) are modeled as

spaon(le)= > (Zm Ri] P, (- ) Lzer)

REP

which, denoting 7[R (z)] = Z 7[Ri] 1{zer,}, can advantageously be rewritten
Ri€EP

K
Z z)]®g, ().

k=1

The K-tuples of Gaussian can be chosen is the same way as in the classical Gaussian mixture case.
Using a penalized maximum likelihood strategy, a partition P a number of Gaussian components
K their parameters 9k and all the mixing proportions W[Rl] can be estimated. Each pair of pixel
position and spectrum (z,y) can then be assigned to one of the estimated mixture components
by a maximum likelihood principle:

k(x,y) = argmax 7[R (2)) 5, (1).
1<k<K

This is the strategy we have used at IPANEMA [6] to segment, in an unsupervised manner,
hyperspectral images. In these images, a spectrum Y;, with around 1000 frequency bands, is
measured at each pixel location X; and our aim was to derive a partition in homogeneous regions
without any human intervention. This is a precious help for users of this imaging technique
as this allows to focus the study on a few representative spectrums. Combining the classical
EM strategy for the Gaussian parameter estimation (see for instance Biernacki et al. [7]) and
dynamic programming strategies for the partition, as described for instance by Kolaczyk et al.
[34], we have been able to implement this penalized estimator and to test it on real datasets.

Figure 2 illustrates this methodology. The studied sample is a thin cross-section of maple
with a single layer of hide glue on top of it, prepared recently using materials and processes from
the Cité de la Musique, using materials of the same type and quality that is used for lutherie.
This sample is to serve as reference material to study the spectral variation of the hide glue
at the various steps of the process. We present here the result for a low signal to noise ratio
acquisition requiring only two minutes of scan. Using piecewise constant mixing proportions
instead of constant mixing proportions leads to a better geometry of the segmentation, with less
isolated points and more structured boundaries. As described in a more applied study [16], this
methodology permits to work with a much lower signal to noise ratio and thus allows to reduce
significantly the acquisition time.

We should now specify the models we consider. As we follow the construction of Section 4.1,
for a given segmentation P, this amounts to specify the set F to which belong the ||P||-tuples
of densities (s(y|Ri))g,cp- As described above, we assume that s(y|R;) = ZkK:l 7i[Ri] Py, (y).
The mixing proportions within the region R;, 7[R;], are chosen freely among all vectors of the
K — 1 dimensional simplex S _1:

Sk_1 = {W: (M1, Th)

K
Vk,lSkSK,ﬂ'kZO,Zﬂ'kzl}.

k=1
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Figure 2: Unsupervised segmentation result: a) with constant mixing proportions b) with piece-
wise constant mixing proportions.

As we assume the mixture components are the same in each region, for a given number of
components K, the set F is entirely specified by the set G of K-tuples of Gaussian (®y, , ..., Py, )
(or equivalently by a set © for 0 = (0y,...,0k)).

To allow variable selection, we follow Maugis and Michel [39] and let E be an arbitrary
subspace of ) = RP, that is expressed differently for the different classes, and let E+ be its
orthogonal, in which all classes behave similarly. We assume thus that

(I)ak (y) = (I)HE,k (yE)(I)eEL (yEJ-)

where yr and yg. denote, respectively, the projection of y on E and E*, ®p,, ,, is a Gaussian
whose parameters depend on k£ while ®y_, is independent of k. A model is then specified by the
choice of a set G5 for the K-tuples (®g,, ., ..., Pg, ) (or equivalently a set O for the K-tuples
of parameters (g 1,...,08 k)) and a set Gg. for the Gaussian Dy, (or equivalently a set @ g1
for its parameter 0. ). The resulting model is denoted Sp kg

K (q)gE,u'“a@@E,K) € gé(?
Sprg =13 sproxylr) =D m[R(@)] Pop, (ys) Po,, (ypr)| Po,. €Gpe,
k=1 VR, € P,m[Ri] € Sk—1

The sets GE and Gp. are chosen among the classical Gaussian K-tuples, as described for
instance in Biernacki et al. [7]. For a space E of dimension pg and a fixed number K of classes,
we specify the set

g= {((I)Eﬁl,...,(I)E,gK) 0= (91,...,0}() S 6[']{’{15}

through a parameter set @[,]{fE defined by some (mild) constraints on the means u; and some
(strong) constraints on the covariance matrices Y.

The K-tuple of means p = (u1,. .., tx) is either known or unknown without any restriction.
A stronger structure is imposed on the K-tuple of covariance matrices (31, ..., X k). To define it,
we need to introduce a decomposition of any covariance matrix ¥ into LDAD’ where, denoting
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|| the determinant of ¥, L = |X|'/P# is a positive scalar corresponding to the volume, D is
the matrix of eigenvectors of ¥ and A the diagonal matrix of renormalized eigenvalues of X
(the eigenvalues of |X|~%/P#%). Note that this decomposition is not unique as, for example, D
and A are defined up to a permutation. We impose nevertheless a structure on the K-tuple
(%1,...,XK) through structures on the corresponding K-tuples of (L1,...,Lk), (D1,...,Dk)
and (Ai,...,Ak). They are either known, unknown but with a common value or unknown
without any restriction. The corresponding set is indexed by [u4 Ly Dy A*]{); where x = 0 means
that the quantity is known, x = K that the quantity is unknown without any restriction and
possibly different for every class and its lack means that there is a common unknown value over
all classes.

To have a set with finite bracketing entropy, we further restrict the values of the means puy,
the volumes Ly and the renormalized eigenvalue matrix Ay. The means are assumed to satisfy
V1 < k < K, |ux| < a for a known a while the volumes satisfy V1 < k < K,L_ < L, < Ly
for some known positive values L_ and L. To describe the constraints on the renormalized
eigenvalue matrix Ay, we define the set A(A_, Ay, pg) of diagonal matrices A such that |A] =1
and V1 <i < pg,A_ < A;; < Ap. Our assumption is that all the Ay belong to A(A\_, A\, pE)
for some known values A_ and A;.

Among the 3* = 81 such possible sets, six of them have been already studied by Maugis and
Michel [39, 41] in their classical Gaussian mixture model analysis:

e [0 Lx Do Ag] Zle in which only the volume of the variance of a class is unknown. They use
this model with a single class to model the non discriminant variables in E-.

[bx Lk Do Ak] ff}; in which one assumes that the unknown variances ¥, can be diagonalized
in the same known basis Dy.

[uk Lk D A K],I,{E in which everything is free,

[tx LDg A]ffE in which the variances ¥ are assumed to be equal and diagonalized in the

known basis Dy.

[k LDo Ak in which the volumes Ly, are assumed to be equal and the variance can be
diagonalized in the known basis Dg

o (LK LDA]{,; in which the variances Y are only assumed to be equal

All these cases, as well as the others, are covered by our analysis with a single proof.

To summarize, our models Sp i g are parametrized by a partition P, a number of compo-
nents K, a set G of K-tuples of Gaussian specified by a space E and two parameter sets, a
set O, L, D, ALK of K-tuples of Gaussian parameters for the differentiated space E and a set

O, L, D, A,],  of Gaussian parameters for its orthogonal E~L. Those two sets are chosen among
E
the ones described above with the same constants a, L_, Ly, A_ and Ay. One verifies that

dim(Sp,x.g) = [PII(K = 1) +dim (O, 1., Ay, ) +dim (O, 1.0 A, ) -

Before stating a model selection theorem, we should specify the collections S considered. We
consider sets of model Sp kg with PP chosen among one of the partition collections S, K smaller
than K, which can be theoretically chosen equal to +00, a space E chosen as span{e; };c; where
e; is the canonical basis of RP and I a subset of {1,...,p} is either known, equal to {1,...,pg}
or free and the indices [us Ly Dy Ay] of O and Og. are chosen freely among a subset of the
possible combinations.

Without any assumptions on the design, we obtain
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Theorem 4. Assume the collection S is one of the collections of the previous paragraph.
Then, there exist a Cy > 7 and a ¢, > 0, such that, for any p and for any C1 > 1, the
penalized estimator of Theorem 2 satisfies

, ~ . . , pen(P, K, G) Co n+n
E[ KLy e } < f f KIL®n pen(P, K, G) G n+i
JKL, % (s0, SP,K,g) <Cy Sp,li?,ges SP,K,QIQSp,ng S (s0, 57,K,g) + - n - + :
as soon as
pen(P, K, g) > kK1 dim(Sp7K7g) +ReDg
for

K1 > K ((20* + 1+ (ln eg ) + ¢y (AS(X) + BS(X) + 1))) and Ko > KCy
x/ +

with kK > ko where kg and Cs are the constants of Theorem 2 that depend only on p and C1 and

0 if E is known,
Do if E is chosen among spaces spanned by
E=\PE the first coordinates,
(I+Wm2+In)pp if E is free.

As in the previous section, the penalty term can thus be chosen, up to the variable selection
term Dpg, proportional to the dimension of the model, with a proportionality factor constant
up to a logarithmic term with n. A penalty proportional to the dimension of the model is thus
sufficient to ensure that the model selected performs almost as well as the best possible model
in term of conditional density estimation. As in the proof of Antoniadis et al. [3], we can also
obtain that our proposed estimator yields a minimax estimate for spatial Gaussian mixture with
mixture proportions having a geometrical regularity even without knowing the number of classes.

Moreover, again as in the previous section, the penalty can have an additive structure, it can
be chosen as a sum of penalties over each hyperrectangle plus one corresponding to K and the
set G. Indeed

pen(P,K,G) = Z Fi(K —1)+ & (dim (6[/L* L, D, A*]{’(E) + dim <®[M* LoDy Ay, | )) + koDp
R.€P

satisfies the requirement of Theorem 4. This structure is the key for our numerical minimization
algorithm in which one optimizes alternately the Gaussian parameters with an EM algorithm
and the partition with the same fast optimization strategy as in the previous section.

In Appendix, we obtain a weaker requirement

n

> .
pen(P, K, G) 2 K( (20* L (ln eC, dim(Sp,kg) ) +> dim(S7.xc0)

0 (45 + BIIP| + (K - 1) + D) )

in which the complexity and the coding terms are more explicit. Again up to a logarithmic term
in dim(Sp K g), this requirement can be satisfied by a penalty having the same additive structure
as in the previous paragraph.
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Our theoretical result on the conditional density estimation does not guaranty good seg-
mentation performance. If data are generated according to a Gaussian mixture with varying
mixing proportions, one could nevertheless obtain the asymptotic convergence of our class esti-
mator to the optimal Bayes one. We have nevertheless observed in our numerical experiments
at IPANEMA that the proposed methodology allow to reduce the signal to noise ratio while
keeping meaningful segmentations.

Two major questions remain nevertheless open. Can we calibrate the penalty (choosing the
constants) in a datadriven way while guaranteeing the theoretical performance in this specific
setting? Can we derive a non asymptotic classification result from this conditional density
result? The slope heuristic, proposed by Birgé and Massart [10], we have used in our numerical
experiments, seems a promising direction. Deriving a theoretical justification in this conditional
estimation setting would be much better. Linking the non asymptotic estimation behavior to a
non asymptotic classification behavior appears even more challenging.

4.4 Bracketing entropy of Gaussian families

A key ingredient in the proof of 4 is a generalization of a result of Maugis and Michel [39, 40]
controlling the bracketing entropy the Gaussian families g[_]g with respect to the dy®* distance
defined by

A3 (81,2, 8K), (b1, ti)) = sup  d*(sg,ty).
1<k<K

Here, [(t,..-,t%), (t7,...,t%)] is a bracket containing (sy,...,sx) if
VI<k<EVyeB. t(y) <sly) < t5(0).

As it can be of interest on its own, we state it here:

Proposition 4. For any § € (0,v/2],

1
H['Ld'i"ax (6/9’ g[,u‘*7L*7D*7A*]IE() S V[N*7L*7D*7A*]£(E + ID[H*7L*7D*7A*]IID<E ln g

where Dy, 1, p, 4,15, = dim (e[u*,L*,D*,A*]{fE) = . Dypp +¢1, Dr+cD, Db py+¢a, Dapy, and

Cup = CLy = €Dy = €Ay =0
Vi LD ALK, = Cu Vipe 0L VL pp T, VD pp €A, Vapp With § €y = €L = Dy = Cax = K

cp=cL=cp=cp=1

Vyupe =P | In | 1+ 108 —F—2—=pg
DH:?E =PE b L,A,i—;
Dy =1 - PR
D and Vepe =In(1+39In () pe
D,pr — 2 ) _ pe(ps—1) 2lncg + (I 252)\74r
Dapp =pe—1 D.pp 2 pe(pe—1) »_PE
Vs = (pp — 1) (1n (2 492552 In (%) pE>)

where cg is an universal constant.
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A Proofs for Section 2 (Single model maximum likelihood
estimate)

A.1 Proof of Proposition 1
Proof of Proposition 1. We first notice that, by convexity of the Kullback-Leibler divergence,

1 ((1 — p)KLx(s,8) + pKL(s,t)) = KLx(s,t).

1
JKL, x(s,t) = ;KL,\ (s,(1=p)s+pt) < P

Then let dN = ((1 — p)s + pt)dA, the function u = #_St—i-pt remains in [—1/p,1/(1 — p)],
and is such that Z(i\//\ =1+pu and % =1-(1-pu.
Now, JKL,(sd\, td\) = %KL(sd/\, (1—p)s+ ptd)) = %KL((I + pu)dN, dN)
_ %KL,\/(I +pu,1) = % /(1 + pu) In(1 + pu)dN’
and as /ud)\’ =0 = %/((1 + pu) In(1 + pu) — pu) dA.

Similarly, d?(sd\,td)\) = d*((1 4 pu)dN, (1 — (1 — p)u)dN) = d3, (1 + pu, 1 — (1 — p)u)
:2—2/\/1+,0u\/1—(1—p)ud)\/:2/(1— \/1+(2p—1)u—p(1—p)u2)d)\/

—2/(1\/l+(2p1)up(1p)u2+(p;)u)d)\'

Now let ®(z) = (1+x)In(1+ ) — 2, one can verify that ®(z)/2? is non increasing on [—1, +o0],
u S
so that Yu € [—1/p,1/(1 — p)], ®(pu) = %/ﬁu? > ﬁp%ﬁ so that

(1+ pu) In(1 + pu) — pu > ((1 + %) In (1 + 1fp> - 1fp) (1 - p)%u?

2(1—p)<1n(1+1_pp>—p)u2

Along the same lines, one can verify that Yu € [—-1/p,1/(1 — p)]

1 1—
max(p,1=p) »

L= V142 —Du—p(l—pu?+(p—)u < 5

This implies thus

(14 p) (1 + pu) = pu)

Z%m(l—p) (ln<1—|—1_pp> —p>2(1—\/1+(2p—1)u—p(1—p)u2+(p—;)a)
Z%min(lgp,l) (1n<1+1fp> p>2<1\/1+(2p1)up(lp)u2+(p;)u)
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which yields the first inequality.
Recall now that KL(sd\,td)) > 3||s — t[|3 1 so that

JKL,(sd\, td\) = ZKL(sd), (1 — p)s + ptd)
p

1

=z g lls = ((L=p)s+pt) 3.1

1
> —p(s—t
> 2pllp(s )l

2
21

p
> Llls — R .

Combining this result with d3(s,t) > X|s — t||§71 allows to conclude.
For the third series of inequalities,

2

dz(sdA,td)\)—d?dA(i,l)—/(ﬁ—l) td),

KL(sd), td)\) = KLm(%, 1) = / % In %tdk - / (; 1n§ - % + 1) td.

while

It turns out that Vz € [0, M],
(Vr—1?2?<zhz—2+1< 2+ (nM)) (Vo —1)>

which yields the result.
For the last bound, we use an idea of Kolaczyk and Nowak [33]:

KL(sd), td)\) = / sln (;) X
— KL(sd), td)\) - / (t —s+sln (%)) X

and as logzx <z —1

S

and assuming that ¢ does not vanish

/% (t* — 2st + 5%)) dA

<
1

<[3] e-snzs
o0
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A.2 Proof of Proposition 2

For sake of simplicity, we remove from now on the subscript reference to the common measure A
from all notations.

Proposition 2 is split into three propositions: Proposition 5 handles the cases of bracketing
dimension 0, Proposition 6 applies when one control the bracketing entropy of the models S,,
while 7 applies using bounds on the bracketing entropy of the local models Sy, (sm, o). Recall
that Assumption (H,,)is the existence of a non-decreasing function ¢, such that & — %@, (6)

is non-increasing and / \/H[~],d®n (6, Sm(8m,0)) dd < ¢, (o). The complexity term D, is then
0

1
defined by no?, where o, is the unique root of —¢,,(c) = v/no.
o

For the case of bracketing dimension 0, it suffices to show that the property holds for the
local models as H{j gon (0, S (Sm, 7)) < Hij gen (0, Sm)-

Proposition 5. Assume for any o € (0,v/2] and any 6 € (0, ]
Hiy a9 (0, S (Sm,0)) < Vi
then the function
P (o) = J\/]Z

satisfies the properties required in Assumption (Hy, ).
Furthermore, ©,, = V.

Proof. One check easily that ¢, is non-decreasing while ¢ — %(bm(é) = \/Vp, is constant and
thus non-increasing.
Using the assumption on the entropy,

/U \/H[.])d@% (0, Sm(8m,0))dd = /U \/H[.],dean (oA \[2, S (Sm,0 A \/5))(:15
0 0
S/ vV Vp, dd
0
< g/ V= ¢m(g)'

1
Finally, the unique root of —¢,,(c) = /no is o, = \/% which implies ©,,, = no?, =
o
|7 O

If one is only able to bound the bracketing entropy of the global model, one has:
Proposition 6. Assume for any 6 € (0,v/2],

1
Hpjaen (6,5m) < Dpy, (Cm +1In 5) )

¢m<o>=a@<@+ﬁ+,/mwi_u2).

satisfies the properties required in Assumption (Hy, ).

Then the function
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Furthermore, © satisfies

((\ﬁ+f) +1+< (F+nf) ) )Dm

where ()4 =z if x > 0 and (z)+ = 0 otherwise.

Proof. When o > 6*1/2,
o) =0+vDp, (\/Cm + ﬁ)

which is non-decreasing and such that 6 — ¢ (6) = VD, (vCy + /7) is constant and thus
non-increasing.

When o < 6*1/2,

(o) = F<W+I+\ﬁ)

and thus

¢, (0) = /Dy, <\ﬁ+f+\/;) 2\/»
@(@+ﬁ+\/;7<lnil/2>)20

as lné —1/2 >0 when o < e~1/2, @ is thus non-decreasing. The function

5H%¢>m( F(fﬁfﬂ/;)-

is strictly decreasing and thus non-increasing.
Now

/ JHi om0, Sm) d6 = / VH o0 (6 A V2, S,) 4
0 0
g/ VHigaen (6 A e1/2,5,,) ds
0
U/\efl/2 1 o 1
S / 1/ Dnz C?n + In g dd + \V D»m Cm + In T/Q dd
e

0 oNe—1/2

oAe 1/? o
1 1
< m/cm+/ \/;déJr/ \/In——dd | /D,
0 4 oNe—1/2 6_1/2
We now rely on
o 1 1
Lemma 1. For any o € [0,1], / wlngd(i <o (Hln—I—ﬁ) .
0 o
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proved in Maugis and Michel [39] to deduce

7 1
[ asaiass (s onet (o s 47
0

_ 1
+(U_U/\e 1/2)+ 1n€_1/2>\/Dm

gg(¢aﬁva+mm]->¢ﬁn
oAe1/2

Zonlo) = Vs & <@+ﬁ+m>ﬁ=ﬁa
& 02;ﬁ<@+ﬁ+m>m

This implies
1
Om = % (\/Cer\/TT) \/Dm

which implies by inserting this bound in the initial equality

1 1 —
g 0 <\/C +ﬁ+ n\}ﬁ(m+ﬁ)mAe_l/2>

B

el/2

n 1/2
2 (Voo + V) VD A1

Ju—

VCTVL+\/7>T+

)m

Sl-

1 1 n

Proposition’s bound is obtained by squaring this inequality, using the inequality (1/a + \/5)2 <
2(a + b) and multiplying by n.

O

If one is able to bound the bracketing entropy of the local models, one can use:

Proposition 7. Assume for any o € (0,+/2] and any 6 € (0, 0]
Hijaen (6, Sm(sm,0)) < D (Cm +1n %) .
Then the function
én(0) = ov/ Dy (Vi + V/7)

satisfies the properties required in Assumption (Hp,).
Furthermore, ©,, satisfies

D = (Ve + ﬁ)QDm.
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Proof of Proposition 7. By construction, the function ¢,, is non decreasing while the function

5+ 56m(6) = (Ven +v7) /D

is non increasing.
Now,

/OU \/H[.],d®n (6, Sm(sm,0))dé < /J \/H[_]’d@n (6 AV2, S (8m,0 AV2))
/ \/ Crm +1n‘;A§> 46
S/O (\/CTHL \/E) d6+/Dry
0/01 <@+ \/;> d6\/Dy,

<a(@+ﬁ)m

We now use Lemma 1 to obtain

By definition of ¢y, (o):

Soule)=vir & (Ve +VR) VD= vie & o= 2= (V& +vF) VD,

Squaring this equality and multiplying by n yields the equality of the Proposition. O

A.3 Proof of Theorem 1

Proof of Theorem 1. For any function g, which may depend on the observed (X;,Y;), we define
its empirical process P®"(g) by

P®ﬂ Zg Xh}/l
and its mean P®"(g) by

P®n(g) =E [P2"(g)] = l

Z Z’ Z ZE ’L7 Z

where (X/,Y/) is an independent copy of (X;,Y;). Note that when g depends on the (X;,Y;),

P®n(g) is a random variable. Let v27(g) denote the recentred process P2~ (g) — P®"(g).
Using this definition,

KL®"(sg,t) = P®" <—ln <t>> and  JKLZ"(so,t) = P®" (—1 In ((1—p)so+pt>) .
S0

p So

3\'—‘

By construction, s, satisfies

PO (—Ing,) < inf P& (—lnsy)+ -
n

Sm€ESm
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We let 5, be a function such that

OKL
KL®"(50,5,,) < inf KL% (s0,8,) + 2L,
(SOaSn)_SW}IelSm (50, Sm) + -

We then define the functions ¥I(3,,), kl(8,,), and jkl(S,,) by

H(Sm) = —In (Sm> H(Sm) = —In (§’”> hl(E) = —% In <UP>%+P’%>

S0 S0 50

By construction
P (K(5m)) < P2 (K(5m)) +

Since, by concavity of the logarithm,

1 1-— S 1 o 5 R
Jkl(GE) = ——1n <(P)50+p8) <_= <(1 S LUy ) s) — 2 = G,
p S0 So So S0

hS)

P (jH(5m)) < P (R(5m)) +
and thus

PO (HI(S,0)) — 19" (R(50) < PO (R(50)) — v (H(Eo) +
using the definition of jki(s,,) and of kI(S,,), we deduce

- . 0
KL (s0,3m) = v (M(5n)) < _inf KL (s0,8) = V5" (GK(En)) + - + 25

where JKLZ™ (50, 5,,) is still a random variable.
We now rely on a control on the deviation of v¥" (jkl(5,,)) through its conditional expectation.

For any random variable Z and any event A such that P{A} > 0, we let E4 [Z] = %. It is
sufficient to control those quantities for all A to obtain a control of the deviation. More precisely,

Lemma 2. Let Z be a random variable, assume there exists a non decreasing U such that for

all A such that P{A} >0, EA[Z] < ¥ (ln (IP’{1A}>> . then for all x P{Z > U(x)} < e™”.

Here, we can prove

Lemma 3. There exist three absolute constants ky > 4, k| and k% such that, under Assumption
(H), for all m € M, for every ym, > om and every event A such that P{A} > 0,

—jkl(Sm) >] K1Om 1 1 18 1
B4 vy . = < g 1 +—1 .
l:Vn (y’rzn + K d?®n (S0, 5m) T Ym "2 Vny2, ! P{A} nYs,p " P{A}

Combining Lemma 2 and Lemma 3 implies that, except on a set of probability less than e™*,

for any Y., > om,
i fug@/n(éjkl(?m)z < K)Om ol x2 n 18 xz '
Y + K2 (50,5m) T Ym Vs o nyl,
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Choosing y,, = 04/03, + % with 6 > 1 to be fixed later, we deduce that, except on a set of
probability less than e™®

)

VS (HGn) KRy 18

V2t k@ (s0,5m) = 0 0%

Thus, except on the same set,

n < n < n K//l + K? 18 2 2@n ~
KL (50, 50) = v (9(5)) < i, KL (s, + (7% 4 28 ) (024 o (s,5)

5
++ﬁ
n

Let epen > 0, we define e, by (m + 9218p) ko = Cp €pen With C, defined in Proposition 1
en pen

and as S, is a conditional density C, d*®" (sg, $,,) < JKL?” (80, 8m). Thus, we obtain

2 5
(1= €pen) JKLE™ (50, 8m) — vE" (K(3,0)) < inf. KLE" (50, 5m) + Cotpentyn M | OKL

/

S €Spm K{) n n
C ) enend? T
< inf KL®» —reeren (52 4 )
- smuels (50, 5m) + K Tm n
)
+ n 4+ IKL
n n

pen

2
C epenﬁ
K/

Let kg = , we obtain that, with probability smaller than e™*

)

~ 1 5
JKL" (s0,55) > 7—— ( inf  KL®"(s0, 5m) + Kooy, ) + L4

1 —€pen \5m€ESm n

1
O (H(5m)) + — 2

1—€pen 1—epenmn

which can be rewritten as, with probability smaller than e~*

b

JKL?n(so,ga)— (1( inf  KL®" (so, Sm)-l-HOJ >+ n +(5I<L)

1—€pen \5mESm n
1 Ko X

0O (Kl(3m)) >

1-— €pen 1-—- €pen T

For any non negative random variable Z and any a > 0, E[Z] =« P{Z > az}dz so

220
E JKL®"(5 5~) — ; inf KL®7L(8 Sm) + K J +77+5KL
14 0y 20, 1_€pen smESm 0s9m 0 n
1
P

1 —€pen

()| <
As by construction v@ (ki(s,,)) is integrable and E [v®" (kl(5,,))] = 0), we derive
R 1 Ko 1 5KL
Rn )] < ®n _ A A
B [JKL" (s0,55)] < 1 — €pen (snfrelgm KL (30, 5m) + Koo, ) Tz €pen n .t n

As §kp, can be chosen arbitrary small this implies

—~ 1 1 /
E [JKL;?"(S()’S%)] < S ( inf KL (30, $m) + K002, ) 4 : ko 1 I n+n
pen

— 1= $m €Sm — €pen N n

and CQ

and thus C7 =

epen 1— epen :
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B Proofs for Section 3 (Model selection and penalized
maximum likelihood)

B.1 Proof of Theorem 2

Proof of Theorem 2. For any model S,,, we let 5,,, be a function such that

s
KL% (s0,8m) < inf KL®"(so,$m) + —£.
8m€Sm n

Let m € M such that KL®"(s,5,,) < +o0c and let

pen(m’)

M/z{m’EM

!
PO (— InB) + pen(m) ”}.

< P& (—In8p) + +
n n n

For every m' € M,

pen(m’)

/ /
< P2 (H(En) + P4 T < pon(ri(s,)) + P 14
n n n n n

P (kl(Sme)) +

Since, by concavity of the logarithm, jkl(S,, ) < kl(Spm/),

pen(m’)

!
< PS" (H(5,)) + R 00

P (HE) + P 1

and thus

P () — v (1(5)) < PO (R(5) + P 0 (s,,.y) - PO e

using the definition of jki(5,, ) and of ki(5,,), we deduce

!/
TKLE™ (50, 8mr) — vE" (K(5,)) < inf KLE" (50, $m) + pen(m) _ V& (Kl (Smr)) — pen(m’)
SmE€Sm n n
!
5
Lt Ok
n n

Combining again Lemma 2 and Lemma 3, we deduce that, except on a set of probability less
than e™®=' =% for any Yy, > om,

—v&n (Gl (S KO T+ 18Ty +
. n/(.g@( m )/)\ < 10m _"_M/2 m . 4 0%m . .
ym/ + K,Od n (80, Sm/) Ym/ nym, p nym/

Choosing this time y,,,» = 04/02, + W with @ > 1 to be fixed later, we deduce that, except
on a set of probability less than e=%m’ ~%,

G mihRy 18
y72n,’ + H6d2®" (SOa /S\Tn’) - 0 92/)

Using the Kraft condition of Assumption (K), we deduce that if we make this choice of y,,/ for
all models m/’, this properties hold simultaneously for all m’ € M except on a set of probability
less than Ye™7.
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Thus, except on the same set, simultaneously for all m € M/,

~ _ . pen(m)
JKLE™ (50,8 ) — v (Kl(5m)) < s,:relgm KL®"(s0, 8m) + .
Ky + Ky 18 5 2%~ pen(m’)
(B ) O+ om0, 5,0) - B
+n' 9
Lt bk
n n

Let €pen > 0, we define e by (M + 8 ) ko = Cp €pen With C, defined in Proposition 1

Open 02 enp
and, as S, is a conditional density C, d*®" (s¢, S;n/) < JKLE" (50, 8/ ), we obtain

(1= €pen) JKLE™ (s0,5) = v5" (R(5)) < inf KL®" (50, 5) + pen(m)
SmESm n
o Copentipy _ pen(m’)  n+n'  dxa
K} n n n

Cpepeny? ’
We should now study —225m" — penr(lm ).
0

m

Cpépenlpy  pen(m’) _ Copepentien <02 L Im +£B) _ pen(m/)

/ /
K n K n n
. . Cpepenbiey
and by construction if we let kg = ———2=
0
2 / /
Crepenys,,  pen(m’) <X (1 fio)pen(m )
K n n K n

—

We deduce thus, except on a set of probability smaller than YXe~*, simultaneously for any m’ €

MI

, ~ Ko . pen(m’ _
(1 — €pen) JKLE™ (50, 8mr) + (1 — ;0)7( ) _ v& (Kl(5m))
)
< inf KL®(sysy) + M) L @ ndn L Ok
$m €Sm n n n n

en(m’)

n

As v (kl(S,,)) is integrable (and of mean 0), we derive that M = sup,,/c yp 2 is almost

surely finite, so that as k*=- < M for every m/ € M’, one has

»> Z e~ m > |M,|67%
m/eM’
and thus M’ is almost surely finite. This implies that the minimizer m of P2 (—In(s,,))+ %(m)
exists.
For this minimizer, one has with probability greater than 1 — e,

—~ ko, pen(m B
(1 = epen) JKLE" (9, 5) + (1 — ;O)Pi() B ((5)
/
S 1nf KL®n (307 S7n) + M —|— /{‘/OE —|— m _|_ 5&
SmESm n n n n
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which yields by the same integration technique that in the proof of the previous theorem

1— %0 m 1
E |:JKL;®"<307§;,;) 4 K pen(m)} < : ( inf KL®"(SO,Sm) + pen(m))
- epen

1 —€pen n 5mESm n

K p +n 4
L kB
1—€pen n n

As §xp, can be chosen arbitrary small this implies

1— 50 m 1
E JKL&L(sO’gA) 4 K pen(m) < inf KL®» (80, Sm) + &(m)
P m l—€pen N 1 — €pen \5mESm n
K by +n
4 0o X T nrn
1—€pen n

which is sligthly stronger than the result stated in the theorem with C; = % and Cy = 0
pen

1—¢€pen

as the penalty of the select model appears in the right-hand side with a positive weight. O

B.2 Proof of Lemma 2
Proof of Lemma 2. Let A= {Z > ¥(z)}. Either P{A} =0<e ? or

EAZ] <@ (ln <P{IA})> .

E[Z1{z59())]
P{Z > U(z)}

Now in the later case,

EA[Z] = > U(x).

Hence ¥(z) < ¥ (ln (ﬁ)) which implies z < In (Wlf“}) as U is not decreasing. This last
inequality yields P{A} < e~* which concludes the proof. O

B.3 Proof of Lemma 3

We should now prove Lemma 3 which contains most of the differences with Massart [38]’s proof.
Proof of Lemma 3. In this lemma, we want to control the deviation of

Vo (— ik (5)) = V" (1 In (“”)S“”g’”)) .

p S0

~ 1 1-— 3,
Note that for any s, to be fixed later, if we let jki(s) = —;ln (M), then
0
—jHL(Em) = —RUE) + (—jHL(F) + HL(F)) with

RPN . 1 (1 - P)So + p§m>
— ikl (5y,) + jkl(s) = —In | ———————
)+ 3H(E) = S n ([

To control the behavior of these quantities, we use the following key properties of Jensen-
Kullback-Leibler related quantities (a rewriting of Lemma 7.26 of Massart [38])
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Lemma 4. Let P be a probability measure with density sq with respect to a measure A and s,t
be some non-negative and A integrable functions, then one has for every integer k > 2

k
[l So+ s S’i’ 9”\[_\/%”?\,2 ok—2
So-l-t 2 8

where ||| x 2 is the \-L? norm so that ||\/§—\/i||§2 is nothing but the extended Hellinger distance.

In this lemma, P (g) stands for [ gsodA i.e. the expectation with respect to the probabil-
ity sodA. In our context this implies, conditioning first by (X;)i<i<n, applying the previous
inequality for each (so(:|X;),s(-|X5), t(-|X;)) and then taking the expectation, that

k
Lot s\ ) oK <9d<t>> (2>
p \so+ 55t ~ 2\ 8(l-p) ) \p '

Theorem 5. Assume f is a function such that
Pe(|f7) <
vk >3, P ((f)f) <

P®n

We now use

k!
v bk72.
5 1%

Then for all A such that P{A} >0

B () < \/g i (5eay) + o (o)

These bounds are sufficient to obtain a Bernstein type control for jki(s)

M 3 \/m
E4 [—v7" (jKI(3))] < o /p(l—p) m P{A})

To cope with the randomness of s,,, we rely on the following much more involved theorem
(a rewriting of Theorem 6.8 of Massart [38])

Theorem 6. Let G be a countable class of real valued and measurable functions. Assume that
there exist some positive numbers V and b such that for all f € G and all integers k > 2

k!
PE(IfI) < SV

Assume furthermore that for any positive number &, there exists a finite set B(d) of brackets
covering G such that for any bracket [g~,g"] € B() and all integer k > 2

|
Pyt — g ) < S

Let e denote the minimal cardinality of such a covering. There exists an absolute constant K
such that, for any € € (0,1] and any measurable set A with P{A} > 0,

(1 + 6Ge) \/2V

EA [supv® (f)| < E+

feg

P{A} P{A})
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E

where E:Ei \/ ndd + —— b+\ﬁ) H(WV).

Furthermore k < 27.

If we consider

~ X . 1 S0 + m
Gm(Sm,0) = {—]kl(sm) + Jkl(s) = ;ln ()

So + 1 psm

Sm € Smad2®n( m;sm) < J}

1 So + Sm
= 711'1 #
P S0 + 1— psm

2
. . _ 30 _ 2
then the first assumption of Theorem 6 holds with V' = <2 m) and b = 5

Sm € Sm (sm,a)}.

We are thus focusing on

Wi (3m,0) = sup vOn(f) = sup. v@n (—jkl(sm) + jKkI(3))
FE€Gm(sm,0) SmESm (sm,0)

= sup v (—jkl(sm)) + v (JRI(S))

SmE€Sm (8m,0)

Now if [t7,¢T] is a bracket containing s, then

1 so+ 25t 1 so + 1258 1 so + 25t"
g =-ln # <l # < -1In % =gt
P 50+ % pSm p so + 2% psm p S0+ 1=, 5m

1 so+—” tr 1 S0+ -t~ 1 s0+ 1 t+
g+797:*hl — = - ln % :*ln 7_
14 S0 + 1— psm 1Y S0 + 1,p5m 14 S0 + 1,p

So that
k!
P®n(‘g+ g—|k) < 5 62bk—2

and

3d®n (¢~ 1)
as soon as ———-— < §. This implies that, for any § > 0, one can construct a set of brackets
24/2p(1—p) P Y

satisfying the second assumption of Theorem 6 from a set of brackets of d®» width smaller than

2/2etl=r) 2p(1 2p) covering Sy, (S, o). That is

H(0) < Hyyaen (2\/2’)75 S (Sm, ))

Theorem 6 can not be used directly with the set G,, (8, 0) as it is not necessarily countable.
However, Assumption (Sep,,) implies the existence of a countable family S/, such that

Gl (5 0) = {jkusm) + M) = 7 In (W)

So + 17p5m

Sm €S d*®" (3, 5m) < 0’}
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is countable, and thus for which the conclusion of Theorem 6 holds, while sup G (50 V& (f) =

SUPg (3 o v@n(f) with probability 1. We deduce thus that for every measurable set A with
P{A} > 0,

v (1L+6930 [ (1 AL

30
1 2o (ip) 24/2p(1 — -
where E = E7‘/ Vet \IH[] d®n (/J(p)(s’ Sm(Sm,U)> A ndd
€ \/E 0 ’ 3

(2 30

224 30
p T 2\/2p(17p))H - 24/2p(1 — p) 3o S (G 0)
n [-],d®n 3 9 /72/)(1 */))7 m\om»

(B, ) Andd

+

3k 1 i
= Hij gon (8, 5m
26«/2,0(1—,0)\/5/0 \/ o

22 + e )
2 -
o LA g (028G )

Choosing € = 1 leads to

Wl <4 s () + e (50

where

(24_3707)
(s 7)) A dd + ——Y2EEL ) o (0, S (Fons 7))

3k 1 7
E=—+o Hiy.qom (6, S
2\/2;)(1/))\/5/0 \/ aen {

By Assumption (H,,), if we assume 3, € Sp, [; \/H[»],d@)n (6, 9m(8m,0)) Andd < ¢ (o) ,

as well as 6 +— H[j gon (0, Sm(5m,0)) is non-increasing. This implies

2
_ 1 [ —
Hij.gen (0, S (5m, 0)) < ( / \/H[‘]_dm (o, S’m(sm,a))d§> <
g 0 :
Inserting these bounds in the previous inequality yields

3 om@) (1. 30\
E§2\/2p(1—p) Vin +<P+ 2p(1—p)> no?

3 (3 ) on@) dulo)
“\2v2ol-p) \p V20(1-p)) Vno* ) Vi
As 6 — 6 1¢,,(0) is also non-increasing, so is § — 6 2¢,,(d). The definition of o, can be

Sm(om)
Vnol,

O(L\/%')) as s00s as 0 > oy,. Indeed under this assumption,

3k 4 3o Om (o)
ES( 2w(—p) p 2p(1—p)> Vn
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rewritten as the equation = 1. The right-hand side of the previous inequality is thus an




and

- 3K 4 3o dm(0) 2lo 1
BA Wi (G 0)] < | —oe 4+ 24 ~(9) m( )
220(1—p) P 2o(1—=p)) V= 2y/p(1—p)Vn P{A}
(S
pn P{A}
. " o_ 3k 4 3 81 4 3
Using now o < v/2, we let Kl = <2 2o(1p) +,+ \/p(lp)) < <2\/p(1p) +,+ \/p(lp)> as
"o __ 21
K <27, kg = ) so that Vo > oy,

su v@n (—ikl(s jkl(3 R/,qu(a) 520 n T in ST
p " (=KL m)+gkl(~))1< n : <]P>{A}>+P”1 (P{A}>'

SmESm (Sm,0)

EA

Thanks to Assumption (Sep,,), we can use the pealing lemma (Lemma 4.23 of [38]):

Lemma 5. Let S be a countable set, s € S and a : S — RT such that a(3) = infseg a(s). Let Z
be a random process indexed by S and let

B(o) ={s € Sla(s) <o},

assume that for any positive o the mon-negative random variable sup¢p () (Z(s) — Z(3)) has

finite expectation. Then, for any function v on RT such that 1(z)/x is non-increasing on RT
and

E| sup (Z(s) - Z(5))

s€B(o)

<¢(o), foranyo>o,>0,

one has for any positive number x > o,

. {Su 2(s) - Z(3)

seS LL‘Q + G/Q(s)

] <4z %p(x).

With S = S,,, § = 5,, € Sy to be specified with a(s) = d?®"(3,,,s) and Z(s) = —jki(s).
Provided y,,, > 0, one obtains

—jkl(spm) + FKL(Sm) Om(ym)  4rYo 1 16 1
E4 on (S J < 4] 27 N1 1 :
Lj‘é‘;m o <ym T i) )| S g, v BT ) T o, \BAY
Now using again the monotonicity of § — §~1¢,,(d) and the definition of o, Yym > o,

P (Ym) < Pm(om) — 0
Vym — V/nop "

and therefore

—iK(Sp) + jEL(Gm) AR o AR 1 16 1
EA| sup v®» < J — < 1 + 2 In + In .
Lmegm NG PO (S, sm) 1T Ym vy, P{A} ) pny2,  \P{A}

We can now choose s, such that for every s,, € S,

d*®7 (50,3m) < (1+ €q)d*® (50, 5m)
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so that
7 Gy 5m) = PO (25, 5)) < PO ((dFms 50) + (50, 5m)°)
< 2P (d® (S, 50) + d* (50, 5m)) < 2(2 4 €a)d*®" (50, ).
For this choice, one obtains

— Kl (spm ikl (S, 4k o, 4kl 1
EA[ sup O ( ! Jkl(s )+g® (5m) ﬂ P G ln( >
$m€Sm Y +2(2 + €q)d*@ (50, 5m) Ym ny2, P{A}

+i]n L
pnyq,  \P{A}

which implies

—H(Gn) + K (G )} Mo ARY ( 1 ) 16 ( 1 )
EA | ,®n J _ < 1 1 .
[”" (ya+2<2+ed>d2®n<so,sm> < e ) o R

We turn back to the control of —v&= (jkl(5,,

))-
A e 3 m
EA [—v7 (jK(3m))] < 2 /p(l—p) m P{A})

or for any y,, > 0 and any ' > 0:

EA —v 2 (jRl(5m)) < 1 3 \/d2®" (805 Sm)
Y2, + K2d?On (50, 8m) | T Y2, 4+ K2d*On (80, 5m) 24/p(1 — IP’{A}

1 2
— —1
T T B (s, 5 (P{A})

Our Berstein type control yields

3 1 1 2 1
In + In ( > .
K/ p(1 — p) \/ny2, (P{A}) pmyz, P{A}
We derive thus

[ (o n M) Y, _ i HGn) )

Y + 22+ €a)d*@n (s0,5m) ) yp, + K2dEn (50, 5m)

<4K',/1/0'm+ w4 3 1 1n( 1 >+ 18 ln( 1 )
T Um 2 4&’\/p(1—p) \/nyfn P{A} pny2, P{A}

Let #/, such that &/,°> = 2(2 + €4)/(1 + €4), using d*®" (s9,5n) > d*** (s, 5m)/(1 + €a),

®n < —Jkl(Sm) + JKI(Sm) ) 4 —v 3 (kl(3m)) > ®n ( —Jjkl(5m)
"o\ y2 4 2(2 4 €4)d*® (80, 8m) y2, + ,i:i2d2®n (50,3m) \¥E +2(2+e)d®®(s0,5m)

and thus

S LACD) Kho 1 18 1
b )] s ) )
{ (IU%@ + K d*@ (50, 8m) ny2, P{A} ny2,p . P{A}

where k{ = 2(2 + €4)/(1 + €q), k] = 4k} and k) = 4kf +3/(4y/p(1 — p O
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B.4 Behavior of the constants of Theorem 1 and Theorem 2

We now explain the behavior of the constants f<ao and Cy with respect to C1 and p. As shown in
the proof, if we let €pen = 1 — C% then C; = and Cy = = koC1 so that it suffices

- 6pen 1—€pen

to study the behavior of k.

€pentd?
Now kg is defined as equal to % with Open the root of (%IH€2 + 5z
O

/
) ko = C) €pen

enp
where we use the constants appearing in Lemma 3. This implies

2
Ko = Cpepenepen 02 (H/l + HQ > 18

(K] + ko) + —.
Open (K1 + Kz P

"{6 pen epen enp
Solving the implied quadratic equation Open (k] + K5) + 78 = ggenC epen violds
72C ,€pen
L bl ) (V1+ 722y +1)
pem 2C  €pen
and thus
72C en
'k‘./()(’“‘-’/l + Hl2)2 ( I+ pné(nf?ﬁ'zﬁ + 1) 18
Ko = + —
ZC(pepem P
Now

=4k = .. 3 = ) K 1-p
= 4<2 2p(1—p)+/’+\/p(1—p)> \/p(l—p)<3 \/5+12+16\/ p)

and using that for any e > 0, once ¢4 is small enough, 2 > k!, > 2(1 —¢)

s 3 42 3 1 3
R =Vii0 sl a0 - (2 )

so that

(ky + Kh)* <

p 3 1=r
7 <3 \/§+54+8(1_6)+16 > >

Now using 4 < Kk < 4(1 +¢)

2
4(1+e)<3m@+54+ﬁ+16 1%”) ( 1+%+1) 18
_|_7

2p(1 = p)Cpepen P

Ko <

1
- Cpp(l - p)epen

3 -\’ 720 ¢
2(1 35V2 + 54 16,/ — 14— —ppen 18C on
x(( +e)(n\[+ +8(17€)+ 5 ) <\/ +pn6(n’1+m’2)2+ >+ (1 —pep )

This implies that k¢ scales when p is close to 1 proportionally to

1 P

Cop(1 = p)épen (1 — p)? (ln (1 + ﬁ) - p) €pen
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and thus explodes when p goes to 1 as well as when €,en goes to 0.

Note that, as it is almost always the case in density estimation, these constants are rather
large, mostly because of the crude constant appearing in Theorem 6. Indeed let o denote the
supremum over all models of the collection, the right hand side of the previous bound on kg can
already be replaced by

1
Cop(1 — p)épen

2
3 1—p 72C e
2(1 3kV2 + 42 4+ 6v2 —— + 164/ — 14 ———FPPR 1] 18C,(1 — on | -
x(( +e)(m\f—&— + \faM+8(1—e)+ 5 ) <\/ +p%(n,1+n,2)2+ )—i— (1 —pep )

which is much smaller than the previous quantity as soon as o ¢ is much smaller than v/2, which
can be ensured in the models of Section 4 provided we limit their maximum dimension well below
n, for instance to n/In*(n).

C Proof for Section 4.1 (Covariate partitioning and condi-
tional density estimation)

d
Proof of Proposition 3. We start by the UDP case, as we stop as soon as 27’( > 27dxJ < %,

J < d;l(nﬁz and thus there is at most 1+ d)l(nlzg different partitions in the collection, which allows
to prove the proposition in this case.

Proofs for the RDP, RSDP and RSP cases are handled simultaneously. Indeed all these
partition collections are recursive partition collections and thus correspond to tree structures.
More precisely, any RDP can be represented by a 2§(-ary tree in which a node has value 0 if it
has no child or value 1 otherwise. Similarly, any RSDP (respectively RSP) can be represented by
a dyadic tree in which a node has value 0 if it has no child or 1 plus the number of the dimension
of the split (respectively 1 plus the number of the dimension and the position of the split). Such
a tree can be encoded by an ordered list of the values of its nodes. The total length of the code

is thus given by the product of the number of nodes N(P) by their encoding cost (respectively

Hg—g] bits, [%—‘ bits and [%—‘ + {%]) As this code is decodable, it satisfies the
(x)

)

Kraft inequality and thus, using the definition of BS

*(X)
3 9 NP < & S e NPBT o

*(X) *(X)
PeS, PeES,

It turns out that the number of nodes N(P) can be computed from the number of hyperrect-
angles of the partition ||P||, which is also the number of leaves in the tree. Indeed, each inner
node has exactly 2% children in the RDP case and only 2 in the RDSP and RSP case, while, in
all cases, every node but the root has a single parent. Let d = dx + dy in the RDP case and
d =1 in the RDSP and RSP case then 2¢(N(P) — ||P||) = N(P) — 1 and thus

_29P-1 24 <1 24

) = P+ (1 - )

with CS(X)

*(X *(X X *(X *(X X *(X *(X
Z eico( )BO( )HPH+B(§( )(co( )71) é 1<:> Z 6760( )BS( )HPH SeBO( )(lfco( ))'

*(X) *(X)
Pesy Pesy

as defined in the proposition. Plugging this in the Kraft inequality leads to
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Let now ¢ > CS(X),

3 =Bl VIPI < 3 o= (e=c N By NP =g By 1P|

*(X)

Pesp) PeSy

and as |P]| > 1

X X X X
<e_(c_ca( ))BS( ) Z e_ca( )BS( )HPH

()
PeS],

*(X)y p*(X) * (X)) p*(X) *(X) *(X) *(X)
< e—(c—co )Bg e(l—co ) B, _ GBO e_CBO _ ZS(X)G—CCO

which concludes these three cases.

For the HRP cases, it is sufficient to give the uppermost coordinate of the hyperrectangles
ordered in a uniquely decodable way based on the following observation: assume we have a
current list of hyperrectangles, the complementary of the union of these hyperrectangles is either
empty if the list contains all the hyperrectangles of the partition or contains a lowermost point
that is the lowermost corner of a unique hyperrectangle. Furthermore, this hyperrectangle is
completely specified by its uppermost corner coordinates. Starting with an empty list, an HRP
partition can thus be entirely specified by the list of uppermost corner coordinates obtained
through this scheme.

This leads to a code with |P|| xdx P“—’ﬂ bits for each partition that satisfies a Kraft inequality

In

HRP(X)

B HRP(X) ,HRP(X
Yoo Pt <1 Y e B P
PeSHEP peSgRP(M
HRP(X
Now for any ¢ > ¢ ()
Yy 0 )
HRP(X HRP(X HRP(X HRP(X HRP(X
Yo ek Rl ol S el ) B P| =y T B |
HRP(X) HRP(X)
Pes PeS,
HRP(X)\ o HRP(X) HRP(X) ,HRP(X)
< e—(c—c0 ) B, Z e % By, 171
HRP(X)
PES,
HRP(X)\ o,HRP(X) HRP(X) HRP(X) HRP(X)
< e (75 ) B, _ B, e—Bs _ EOHRP(X)G_CCO

It is then only a matter of calculation to check that if ¢ is larger than 1 in the UDP and RDP
cases and larger than 21n2 in the other cases then all these sums can be bounded by 1.
O

D Proof for Section 4.2 (Piecewise polynomial conditional
density estimation)

Theorem 3 is obtained by proving that Assumption (Hgr p) and (Sgr p) hold for any model
Sor p while Assumption (K) holds for any model collection. Theorem 3 is then a consequence
of Theorem 2.

One easily verifies that Assumption (Sg» p) holds whatever the partition choice. Concerning
the first assumption,
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Proposition 8. Under the assumptions of Theorem 3, there exists a D, such that for any model
Sor p Assumption (Hgr p) is satisfied with a function ¢ such that
n2
@QP’D S (C* + ln ”Q,P|> DQP,D
with Cy = 2D, + 2.
The proof relies on the combination of Proposition 2 and

Proposition 9. VSgr p,Vsgr p € So» b,

1 2
H[,]7d®n (5, SQP,D(SQP,D, O')) S IDQ‘P7D (2 h’l HS’P” =+ D* + ln g) .
Remark that we also use the inequality
1 2 2 2
n n
“—e—————+D,+7| <ln—s +2D, +27.
< 2" S rer 121 ) 197]

By using Proposition 3 for both P and Q, we obtain the Kraft type assumption:

Proposition 10. Under the assumptions of Theorem &, for any collection S, there exists a
cx > 0 such that for

Togrp = (As“‘) + (B + 43) 1Pl + B> Y ||Ql|>
RIEP

Assumption (K) is satisfied with Z e PePp < 1.
SQP,DES

The complete proof is postponed after the one Proposition 9.

D.1 Proof of Proposition 9

For sake of simplicity, we remove from now on the subscript reference to the common measure

A from all notations.We rely on a link between | - ||2 and || - ||« structures of the square roots of

the models and a relationship between bracketing entropy and metric entropy for | - || s norms.
Following Massart [38], we define the following tensorial norm on functions u(y|z)

1 — 1 —
[ul3% =E [n > ||u<-|XZ->||§] and [Jul3® =E [nZ |u<~|Xi>§o] .
i=1 =1

As the reference measure is the Lebesgue measure on [0,1]¢, [[u]2®" > |lul|3%". By definition
d®n(s,t) = ||v/s — V1|3 and thus for any model S,, and any function s,, € Sy,

H['],d®n (0, Sm(sm,0)) = H['MI-H?"’ (57 {U €V Sm‘ [u—/smlla™ < U})
If /S, is a subset of a linear space /S, of dimension D,,, as in our model,

H[-],d@’n (67 Sm(sm70)) < H[‘]v”ﬂ?" (57 {U S ﬁ‘||u — m“?" < U})
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so that one can replace, without loss of generality, \/s,, by 0 and use

Hiyaen (8, Sm(sms @) < Hiy o (8 {u e /S lul§" < o}).

Using now || - [|€» > || - ||§", one deduces

Hijgon (8, Sm(sm,0)) < Hppyon (57 {u € \/TT,L‘HuIB "< U}) .

As for any u, [u—8/2, u+4/2] is a d-bracket for the ||| norm, any covering of {u € \/Sm‘ [ull" < 0’}
by || - |2~ ball of radius §/2 yields a covering by the corresponding brackets. This implies

6 [
Hiyaen (9 Sm(sm, 0)) < Hy g (2’ {ue VEullulg < a})

where Hy(6,S), the classical entropy, is defined as the logarithm of the minimum number of ball
of radius ¢ with respect to norm d covering the set S.

The following proposition, proved in next section, is similar to a proposition of Massart [38].
It provides a bound for this last entropy term under an assumption on a link between || - |2~
and || - [|2¥" structures:

Proposition 11. For any basis {¢r }1<k<p,, 0f /Sm such that

D,
VB ERP™, S Beenll3® > 11813,

k=1

let

a _ 1 ||kafiﬂk¢k\|§é"
Fm({0x}) 5o monso Vo Wl

and let T, be the infimum over all suitable bases.
Then 7,, > 1 and

Hy )z (Z {ue Voulluls" < o}) < D (Cn+10 %)

with Cr, = In (KooTm) and Koo < 24/27e.
In our setting, using a basis of Legendre polynomials, we are able to derive from Proposition 11

Proposition 12. For any model of Section 4.2,

dy
Torp <[] (\/Dd +1/2Dg + 1) sup !

s =i e \/IQPT /1R,

so that Vsgr p € SQP’D,
Hyj 4¢n (6,507 p(s0r p,0)) < Dorp (CQP,D +1n %)
with Cor p = In (IQOO?QP)D) and Koo < 2v/27e.
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One easily verifies that

1 {1 if all hyperrectangles have same sizes
sup ————= < 2 .
r7ee” /[ QP \RIXJJ \ TomT otherwise.

Remark that when x(X) = UDP(X), x())) = UDP(Y) and Q; is independent of R;, all the
hyperrectangles have same sizes and that the n? corresponds to the arbitrary limitation imposed
on the minimal size of the segmentations. If we limit this minimal size to ﬁ instead of % this

factor becomes n.
Let

D, =1In <moo ﬁ (\/Dk 112Dy, + 1))

k=1

we have slightly more than Proposition 9 as Vsgr p € So7 p,

(D* +In %) for the same size case

Hiy gon (0,8 , <D
[].d® ( QP,D(SQP,D 0'))— QP,D{(élnlsj,l+D*+lng) otherwise

D.2 Proofs of Proposition 11 and Proposition 12
Proof of Proposition 11. Let (¢x)1<k<p,, be a basis of 1/S,, satisfying

2,®n

V3 € RPm, > |18l13-

Note that for 8 defined by V1 < k < D,,,, B =1

2,®n
> 118113 = P = D8Il

D”L 2»®n

Z Br Pk
=1 -

D

Z ﬂkéf)k

so that 7,,(¢) > 1.
Let the grid G,,(9,0):

BeRP|V1<k<D,, B € ———7 and B =B < ——e—— }
{ vD rm( ) 515 < : : 2y D m( )
By definition, for any u’ € \/S,, such that ||[u/[|$" < o there is a 3’ such that v/ = kD’”l 1Dk

and ||8’||2 < o. By construction, there is a 5 € G,,(0, ) such that

18- Flo < 5.

Definition of 7, implies then that

D, QRn
> Bior| < Fm(®)VDullB— Bl
k=1 o
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<

I\U\sz

The set {ka;"l Bkcbk’B € Gm (9, 0)} is thus a & covering of {u € \/Sm‘||u||2 n < a} for the |- ||2»
norm. It remains thus only to bound the cardinality of gm(a o).
Let G, (6 o) be the union of all hypercubes of width m centered on the grid G,,, (9, 0),

by construction, for any 8 € G,,(d,0) there is a 5/ with |||l < o Such that |5’ — Bllee <
g @ As [|B" = Bll2 £ VD ||f" — Bllo, this implies [|]ls < o+ = 7. We then deduce
)

VDT (6)
Vol (m) =G (5,0)| (\/M)Dm < Vol ({5 e RP"|||B]ls < o+ mj@ﬁ)})

) Do D,
< <a+ mw)) Vol ({8 € RP|||B]lz < 1})

and thus

_ D
|G (6, 0)] < (1 + U“gw)) DEm/2Vol ({8 € RP™|||B]l2 < 1})

and as M > 1 and Vol ({5 € RDMH|5”2 < 1}) (Qﬂe) o

G0 < (22Tul0h)

which concludes the proof. O

Instead of Proposition 12, by mimicking a proof of Massart [38], we prove an extended version
of it in which the degree of the conditional densities may depend on the hyperrectangle. More

precisely, we reuse the partition P € S*(X) and the partitions Q,; € 87*,()} ) for R; € P and define
now the model Sg» p as the set of condltional densities such that

sln) = Y0 Pax Wlfuyery,)

R, €QP
where PRX is a polynomial of degree at most D(R) = (Dl(RZk), ..., Dy, (Rlxk)) which

depends on the leaf.
By construction,

dy
dim(Sgr p) = > 3 H(Dd(R;k)H) 1

RIEP R?fkegl d=1

The corresponding linear space /Sgr p is

Z 1{ £ )ERY, } deg (PRzX,k) < D(lek)

R,€Q7
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Instead of the true dimension, we use a slight upper bound
dy dY
Porp= > > JT(Da®ip+1)= > TI(PaRiy) +1)
RIEP R?ﬁkegl d=1 ’R;fkegp d=1

Note that the space Sgr p introduced in the main part of the paper corresponds to the case
where the degree D(R;,) does not depend on the hyperrectangle R;*,.

Proposition 13. There exists
d T T
. - SUPR X eQP || Y <ZDdSDd(RlX,k) 2Da + 1) sup 1
QP D =
’ . d
1nfR5k€Qp | Dd(RlX,k) +1 R, €EQP 4/ ||79||\/ |Rl>jk|

such that VSQP,D € SQP’D,

H[']vd®” (67 SQP7D(SQP,D7 U)) S DQ7’7D (CQF"D + In %)

with Cogr p = In (KZOO?QP’D) and Ko < 24/ 2me.
Proposition 12 is deduced from this proposition with the help of the simple upper bound
> V2Dg+1< (Da(R),) +1)y/2Da(R}) + 1.
Da<D4(R},)

As

d
e cor [ (Sosounsy PPIFT) _de o
> d ’
infrx cor [T321 \/Da(R7y) +1 d=1

once a maximal degree is chosen along each axis, the equivalent of constant Cy of 3 depends
only on this maximal degrees. Assumption Hgr p holds then, with the same constants, simul-
taneaously for all models of both global choice and local choice strategies. Obtaining the Kraft
type assumption, Assumption (K) is only a matter of taking into account the augmentation of

the number of models within the collection. Replacing respectively AS(X) by AS(X) +1n [DM] for
global optimization and Bg(y) by B} W) 4 1n |DM| for local optimization, where |DM| denotes
the size of the family of possible degrees, turns out to be sufficient as mentioned earlier.

Proof of Proposition 13. Let Lp be the one dimensional Legendre polynomial of degree D on
[0,1] and Gp = /2D + 1Lp its rescaled version, we recall that, by definition,

VDEN, |Gplle=Vv2D+1 and V(D,D')e€N? /GD(t)GD,(t)dt =dp.pr

Let D € N% | we define Gp as the polynomial

Gp,,...,04, (y) = Gp, (1) X -+ X Gp,_(Yay ),

by construction

VDeN™, |Gplew= ][ V2Da+1

1<d<dy
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and

w0y e, | o EOCD W)y =000
0,1]%y

RX
Now for any hyperrectangle R/ , we define G ,"* (z,y) = \/\RiGD (T ’f( ))1{(%1/)673%} (z,y)

y
where TR is the affine transform that maps R}, into [0, 1]dY so that

H V2D, +1
\/| lk|1<d<dy

RX
VR € Q7. VD e N*, |IGp"" ||loo =

and

V(R Rk p) € (QF)7 ¥(D, D) € N2,

/ / )GD:/ k/(fl' y)dydﬁ = 6RX R 5D D’
0 1]dX ye[o 1]dy UV k!

Using the piecewise structure, one deduces

2

R RX
K > > BptGR (X
R},€QP DD(R},) ,

1
=B |3 e Z / DS Gy )| dyda
(z,y)e

Ri€EP Lk |D<KD(R;,R l,k)
1{X1€Rl} Rk ’
=E| > > X
RzGP RY,€Q DSD(R),)
P X € Rl RE |
P M
RIEP RlykEQz D<D( )

The space /Sgr p is spanned by

D
P{X;ER.}

R R
but also by the rescaled ¢,"* = ———G"* where ux(R;) = £ 37", —mr - For these

Vix (Ry)

R €Q”,D< D(R;k)}

functions, one has

2®n

Z Z ﬁzlxk (bglxk

x X
RL‘kEQP DSD(Rl,k)

2

2
n

=K %Z Z Z Ble(bD“c( w')

=1 R, €QF D<D(R}))
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2

D3] | Do e e
_lye Pt Ry,
= R, €QF DSD(R}),) Hx(Ri)
2 2
R R
IR DN B
R,€QP DD(RY,) 2
For || - ||eo type norm,
20,
RY, R,
S OX e
R, €QP D<D(R},) 0
2 A

S e (X)

=1 IR, €QP D<D(R/,) o
~ 2 -
1 & RX RX
=SBl X X Aotent (X
i=1 R, €QP D<D(R/}) o
- 2
1 — RS, RS
= EZ]E Z 1{XieRl} i’up Z ﬂled)le(Xia')
=1 | RiEP k€9 || D<D(RY,) oo
- 2
1 & R Ry
I3 E| Y tensmp o | [ e
i=1 | R.eP TERIRY €EQ D<D(R),) oo
- 2
1 & 1 rE 1
S -YE| Y Lixery S (ROREG > lGoll. ’ﬂp’
n i=1 RIEP Rl,kegl Hx l L,k DSD(RlX,k) o0
) 2
2
1 R
< Z |Ri| sup W Z Gl ’BDM
RiEP Ry €Q 1Mk D<D(R),) o0
Now
dy dY
S 1Gole= Y. JIIGoil=]] > Gl
D<D(R},) D<D(R},) 4=1 d=1 \ D4<D4(R},)
dy dY
= H Z V2Ds+1| < sup H Z V2D, +1
d=1 \ D4<D4(R},) R w€Q7 d=1 Da<Da(R}; ,,)
while
dy dY P
. >< . >< 1) .
Dgrp 2 Z Z RXIH£Q7’ H (Dd(Rl,k) + 1) > <RX1H£QP H (Dd(Ru@) + ([
RIEP ’Rly cQ; V.K d=1 k! d=1
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This implies

20,
RS, RS
H ZR;keQP ZDgD(Rﬁk) Bp " op™"
rZ || -
Dor b ‘ Bp""
o0
; 2
<SUPRﬁ,k,eQ7’ b (ZDngd(Rf,,k,) V2Da + 1)) 1
=< ) v y > IRl sup 197 IR
lnfR;ij/lep | ) (Dd(Rl,}k,) + 1) RiEP RY,LEQ 1k
d
suPrx  eor [ats <ZD4<D4<R,X, o) V2D 1> 1
< ’. y ’X Z |R;| sup —
ll’lf,R;; k/EQP Hdil ‘/Dd(Rllvk/) + 1 R.€EP R?ikegl ||QPH \/ |Rl,k|
2
d
SUPRx QP T2, <2Dd<Dd(Rf, )V 2Dq + 1> 1
< — — sup ———— | .
= . d . /
mfRLX, W €QF Hdil Dd(R;,k/) +1 R/ x€Q7 v/ ||QP|| |Rl><k|

Proposition is then obtained by a simple application of Proposition 11.

D.3 Proof of Proposition 10

Proof. By construction

O D D

SoP pES PesL™) RIEP g, esn)

Y YT m(AS“”+(B$<X>+A3<”)HP\HBs(”ZRLE,,ugzu)
e

73657*)(?5) RIEP Qles;(y)

Z efc*(Aa(X)+BS(X)|'p|) H Z 6*5*(A3(y)+35(y)\|gl“)

*(X) RIEP * (V)
PeSL L QieS,

By Proposition 3, one can find ¢, > max(1, CS(X), ca(y)) such that
(V) | ()
Z o (A +B Qi) <1
QLES;,W)

and

e (WTEBIP)

*(X)
Pesy

Plugging these bounds in the previous equality yields

E eixQP,D < E eic* (AS(X)+B(;(X)H,P”) <1

SoP p€S Pesi™
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Proposition holds with the modified weights for polynomial as

—coIn | DM| _ | yM|1—c,
E e = |D"| <1
DeDM

as soon as ¢, > 1. O

E Proofs for Section 4.3 (Spatial Gaussian mixtures, mod-
els, bracketing entropy and penalties)

As in the piecewise polynomial density case, Theorem 4 is obtained by showing that Assumptions
(Hp.k,6), (Sp.K,g) and (K) hold for any collection.

Again, one easily verifies that Assumption (Sp i g) holds. For the complexity assumption,
combining 2 with a bound on the bracketing entropy of the models of type

; 1
Hj gswr (9,Sp.Kk,g) < dim(Sp k) (C +1n 5) )

one obtains

Proposition 14. There exists a constant C' depending only on a, L_, L, A\_ and Ay such that
for any model Sp i,g of Theorem 4 Assumption (Hp k.g) is satisfied with a function ¢ such that

e (\@ + ﬁ) i dim(Sp,k,g)

For the Kraft assumption, one can verify that

2
Dprg< |2 (\/5+ ﬁ) +14+|1In dim(Sp7K7g).

Proposition 15. For any collections S of Theorem 4, there is a ¢, such that for the choice
wpuce = e (45 + By || + (K = 1)+ Dg) .

Assumption (K) holds with Z eTIPEG <.

S‘py}(ygES

As for the piecewise polynomial case section, the main difficulty lies in controlling the brack-
eting entropy of the models. A proof of Proposition 15 can be found in our technical report [15].

We focus thus on the proof of Proposition 14. Due to the complex structure of spatial
mixture, we did not manage to bound the bracketing entropy of local model. We derive only
an upper bound of the bracketing entropy Hpjqen(d,Sp k,g), but one that is independent of
the distribution law of (X;)i<i<n: the bracketing entropy with a sup norm Hellinger distance
d*"P = Vd*suP, Hij geu0 (9, Sp Kk,g), where d?*"P is defined by

d*'P (s, t) = supd? (s(-|z), t(-|z)) .
Obviously d?s" > ¢?®~ and thus Hiy gour (6, 8P k.6) = Hpj a0 (6, 9P K,g). This upper bound is

furthermore design independent.
Proposition 14 is a direct consequence of Proposition 2 and

Proposition 16. There exists a constant C' depending only on a, L_, Ly, A\_ and Ay such that
for any model Sp i g of Theorem 4:

1
Hj gsuw (0, 8p.k,¢) < dim(Sp k.g) <C +In 5) .
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E.1 Model coding

Proof of Proposition 15. This proposition is a simple combination of Theorem 3, crude bounds
on the number of different models indexed by [u Ly Dy A, ]¥ and [u, Ly Dy A,] and of classical
Kraft type inequalities for order selection and variable selection (see for instance in the book of
Massart [38]):

Lemma 6. e For the selection of model order K, let xx = (K — 1), forc >0
o1 1—e—¢
e For the ordered variable selection case, E = span{e;};cr with I = {1,...,pg}, let 0 = pg,
fore>0

1
Zefce’f = <1.
ec—1

e For the non ordered variable selection case, E = span{e;};cr with I C {1,...,p}, let
O = (1+9+ln1%)p1;, fore>1,

o—(c=1)(1+6)

769}3

(& =
Z 1_c 6
E

Using that there is at most 3 x 3 x 3 x 3 different type of models [, L, Dy A,]% and 2x2x2x2
different type of models [, L, D, A,], and 3% x 2% = 1296, we obtain

Z o TKP.O — Z Z Z Z Z oo (A B VPl (K -1+ D)

Sk,p,gES KEN*PESL E [, L, Dy A JK [, L, D, A,]
H(X) | pr(X)
_ ( E 66*(K1)> § e ©* (Ao +B, ”PH)
KEN* PESE
X ( E eC*DE> sup g g
E KN [, L DL ALK [0 Lo D, AL
1 if £ is known,
1 if F is chosen amongst
< 1296178266_0* “ 66171 spaces spanned by the first
— e * .
coordinates,

2e~(ex—D(I+In2) if B g free.
Choosing ¢, slightly larger than max(1, ¢f) yields the result. O

E.2 Entropy of spatial mixtures

Proof of Proposition 16. While we use classical Hellinger distance to measure the complexity of
the simplex Si_1 and the set G, we use a sup norm Hellinger distance on G& defined by

deaX ((51, .. .,SK), (tl, e ,tK)) = sgpdz(sk,tk).
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We say that [(s1,...,8k), (t1,...,tx)] is a bracket of GE if V1 <k < K, s < ty.
Using a similar proof than Genovese and Wasserman [24], we decompose the entropy in three
parts with:

Lemma 7. For any 6 € (0,/2],
H[.]’dsup (6, SP,K,Q) S ||P||H[],d(5/3, SK_l) + H[.]’dmax (5/97 gg) + H[],d(5/97 gEL)

We bound those bracketing entropies with the help of two results. We first use a Lemma
proved in Genovese and Wasserman [24] that implies the existence of a universal constant Cgs
such that

1
Hpy.a(6/3,Skx 1) < (K —1) <Cs +1n 6) .

Lemma 8. For any ¢ € (0,/2],

1
Hi,4(6/3,Sk-1) < (K - 1) <CsK1 Tln 5)

. 1 K
’U]Zth CSK71 = ﬁ IHK + m ln(27‘re) + 1113\/5
1
Furthermore, uniformly on K: Cs,,_, <In2+ 3 In(2me) +In3v2 = Cs

We then rely on Proposition 4 to handle the bracketing entropy of Gaussian K-tuples collec-
tion. It implies the existence of two constants C+ and C[,; depending only on a, L, Ly, A
and Ay such that

1
H[.Ldmax (5/97 gg) é dlm(gg) <C[*]* + ln 6)

1
Hiy,a(6/9,Gp+) < dim(Gpp) (Cm +in 5> .

As dim(Skpg) = [|PI(K — 1) + dim(GE) + dim(Gg1 ), we obtain Proposition 16 with C' =
maX(Cs,C[*]*,C[*]). O]

E.3 Entropy of Gaussian families

Instead of Proposition 4, we prove the slightly stronger

Proposition 17. Let k > % and

= min 3(5_%) (K_%) — 1/ k2 cos r 1
w=min (S na T B R A s D) S Ve g

Then for any 6 € (0,/2],

1
H[']’dmax (5/9’ g[“*’L*wD*’A*]IE() < V[#*,LMD*,A*]{,(E + ID[H*,L*,D*,A*]T}fE In g
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'(Uhe'f'e D[/‘L*!L*’DMA*]é{E = dlm <@[H*’L*’D*’A*]I{(E) = C:“‘* D#,PE +CL*DL +CD* DD,pE +CA*DA,Z7E (lnd

Cup = CLy = €D, = €Ay =0
Vi Lo Do AE. = CuVipp TCL VL pp 6D, VD pp+CA VA pp With § €uye = L = Dy = Caye = K

cp=cL=cp=cp=1

Vype =Peln |14+ _ 18Bnxapr
DIMPE = PE wpPE VKL7A7%
DL =1
Doy — pelop=n @ Vi =D (14 96,0 () pe)
sPE T D) i )
DA.pE =pp—1 VD,pE = PE(:D;: 1) (pEQ(lpEcil) + (hl (126,6Ki—tpE)))

Vige = bz = n (24 325,35 In (32 pe)

where cg 1s a universal constant.
Furthermore, for any pp <p

Ve < CupDups
Vips < CL,pDL:z)E
Vbpp < CD1PDD47E
Vape < CapDapp

with

188,.ap

/ X
%-;L—)\—K
39 L
CLp=In (1 + ?/BH In (LJ:) p)
As
Cpp=|2ncsg+ (In 126@{)\—]9

255  Ar . [ As
CA,p = hl (2 + TBK)\T ln ()\) p>

Cop=In|1+

and, uniformly over K,

v < <c A
*1L*7D*7A* K = ’ mé}x ’ ’ ) ! r—
[ e 1o L, DY ALK Mpcu/*K' +cu, +cp, hhr b U; Sy car (K" = 1)
+C oLy
L. ’ ’__
,PC#;K/_"_CL/*_i_cD,*w_FcA;(K/_l)
K'(K'—1)
+Cp e —)
sP 7 7 _
CuiK'+CL;+CDiw+CAL(K/71)
enr (K — 1) )
+Ca, R Dy, L. DL ALK
pCN;K'-‘rCL'*—FCD/*iK (l; _1)—|—CA;(K'—1) b Leas Do Al

< maX(Cu,pch,p’CD,p?CA,p)D[u*,L*,D*,A*]fE

where the max is taken over every Gaussian set type and every number of classes considered.
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Proposition 4 is obtained by setting x = 1 and using the crude bounds 1/9 < v, < 1/4,
1<pBs <2

Proof of Proposition 17. We consider all models G, 1, A, p,)% at once by a “tensorial” construc-

tion of a suitable §/9 bracket collection.
We first define a set of grids for the mean p, the volume L, the eigenvector matrix D and the
renormalized eigenvalue matrix A from which one constructs the bracket collection.

e For any ¢, the grid G, (a, pg,d,) of [—a, a]P?:

a
G.(a,pE,0,) = {gf& g € ZP",||glloe < 5}.
1%

e For any 6r, the grid Gr,(L_, L4,01) of [L_, L4]:

GL(L_ Ly, 0r) ={L_(1+6r)g €N, L_(1+0) < L;}.

e For any dp, the grid Gp(pg, dp) of SO(pg) made of the elements of a dp-net with respect
to the || - |2 operator norm (as described by Szarek [45]).

e For any d,, the grid Ga(A_, A, pg,04) of A, A\ (1+A),pE):
Ga( A, A, pE,0a) ={A € AN A1 (14+6a),pE)|V1 <i<pgr,dg; e NJA; = A_(14+ )% }.
Obviously, for any p € [—a, al, there is a fi € G,(a, pE, d,) such that
I = pl? < prd;

pE PE
|gﬂ(a7pEa 5u)| < 1+ 2i < max 2PE, 4£ )
) 5,

m

while

In the same fashion, for any L in [L_, L], thereisa L € Gi,(L_, Ly, dy,) such that (146y) "' L;, <
L < Lj, while
In (é—f)

In(1+dr,)

If we further assume that dr, < % then In(1 4 6,) > %5L and

13In (1)
S

‘QL(L—7L-H5L)| <1+

GL(L—, Ly, 00)| <1+

By definition on a dp-net, for any D € SO(pg) there is a D e Gp (pE,dp) such that
v, |[(D — D)zllz < bp||zl2-

As proved by Szarek [45], it exists a universal constant cg such that, as soon as ép < 1

re(pp—1)
2

G0 (s, 60)| < cs (;)

D
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where % is the intrinsic dimension of SO(pg).

The structure of the grid Ga (A—, A+, pg, 04 ) is more complex. Although, looking at condition
on the pp — 1 first diagonal values,
A pe—1
In (f)

< -~ 7
‘gA(Afa)‘+7pE75A)| = 2+ ln(l +5A)

where pg — 1 is the intrinsic dimension of A(A_, A4, pg). If we further assume that d5 < 8—14 then
In(1+405) > 226, and thus

8510 (3+)

AL A oA < |2
|gA( y A+ PE, A)‘ = + 845A

A key to the succes of this construction is the following approximation property of this grid
proved later:

Lemma 9. For A€ A\_, Ay, pg) there is A € Ga(A_, Ay, pE,04a) such that
A7 = A7l <oan”h.

Define ¢,, = cL, = cp, = €A, = 0,¢cu = CLx = Cpyg =cay, = K,y =cL =cp =ca = 1.
Let fx.,, ps be the application from (RPZ)%+ to R¥ defined by

0= (ko,1,- - HoK) if p, = po
(W1 e o) = (W1, pire) 1 gy = e s
o (fhs ooy ft) if 1y = p

and fx 1, (respectively frxp,p, and fxa, p,) be the similar application from (RT)“* into

(RT)™ (respectively from (SO(pg))®* into (SO(pg))™ and from (A(0, +00, pg))™* into (A(0, +00, pr)) ).
By definition, the image of

([=a,a]P)* x ([L-, Li])™ x (SO(pp))™* x (A(A=, Ay, pE))™
by (fK,u*,pE ® fLi.pe @ JKD, ps ®fK_,A*) is, up to reordering, the set of parameters of all
K-tuples of Gaussian densities of type [u, Ly, Dy, A, ]X.

We construct our 6/9 bracket covering with a grid on those parameters. For any K-tuple of
Gaussian parameters ((p1,%1),. .., (4K, Xk )) and any dx, we associate the K-tuple of pairs

( ((1 + 552)_pE(I)u1,(1+52)—1Z17 (1 + 552)1)’3@#1,(1-&-52)21) IR

(1 + o) PED,,, (14om) 155 (L4 KOIS)PED 0 (14655 ) >

We prove that, for v, and , defined in Proposition 17 and any x > %, the choice
VL-A-3T 1 5 1 1 A6 1 15 1
L S T e T S g
9Bk PE 186 pp — 12 1265 Ay pp — 84 9B pe — 8



is such that the image of

(Gpla,pe, 0,))" ¥ (GL(L, Ly, 60))™ x (Go(pe,0p)) ™ X (Ga(A; Ay, pE,04))

by fx e @ fLk.ps @ fKD, pr @ [KA, is a set of parameters corresponding to a set of pairs
that is a 6/9-bracket covering of 9. 1. D, ALK for the d™* norm.
Indeed, as proved later,

3(k—19) (k—3)
Y1+ )1+ 15) 201+ £)(1+5)

Lemma 10. Let k > 3, ~, = min( > and B, =
- 4’ K K
2014+ ¢

. Forany 0 <6 <2, any pp > 1 and any b5 < gi- -,

1

2
Let (i, L, A, D) € [—a,a]P® x [L_, L] x A(A_,+00) x SO(pg), define ¥ = LDAD',
t7(2) = (14 Kdg) 72D, (145 )s(2)  and t7(2) = (1+K02)PPP; (1 455(@).

then [t~,tT] is a /9 Hellinger bracket.
Furthermore, let (u, L, A, D) € [—a,a]P2 x [L_, L] x A(A=, ;) X SO(pg) and define ¥ =
LDAD'. If

e = ll® < pevel-A- 363

(1+%)'L<L<L

Vi<i<pgp, |A;] —A}|< ﬁﬁ‘sﬁ
~ A

Vo € RP=, | Dz — Da|l < £5=dz|

then t~(z) < @, 5(z) < tH ().

By definition of d™#*, this implies that our choice of 4, i1, dp, 04 and dx is such that every
K-tuple of pairs of the collections is a §/9-bracket and they cover the whole set.
The cardinality of this d/9-bracket covering is bounded by

PE Cris
L L
» 131n ($£)
1+ X 1+ 16
/ A 19 o
’YNL_)\_t 5 188k PE
9B PE
pprp—1\ P
2

1
X Ccs 71 3
1268, Xt pr

2 pE—1\ “Ax
851n (3%)

X 24| ——m——
1 A6
841555, X7 ve
PE\ Cp« L, CLy
1845, 398 In (£ ) pi
(1 —Aedee ) ) ((h BEEAE)
,/WKL,A,ﬁé
A\ prr(rg—1) CD, A A pE—1\ CAx
1266, 35pE ’ 2556, 5+ In (ﬁ) PE
- - 2
X | cg 5 X + 25
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So
Hiam=<(6/9, G, 1, D, AL )%)
185:<GPE

2N R (m (1 + 395 m <L+> pE) +1In 1>
LA 5 2 I_ 5
\V n

pe(pe — 1) 2lncg Ay 1
In (1268, — In -
+cp, 5 (pE(pE1)+n I} )\_pE +n5

255 A A 1
+ea,(pe—1) (ln (2—1— —ﬁ,{ + 1 (;) pE> +In 5)

which concludes the proof. [

<cupe|In|1+

E.4 Entropy of spatial mixtures (Lemmas)

Proof of Lemma 7. This a variation around the proof of Genovese and Wasserman [24].

Let {[Wf7 7r1+] e, |:7T;[SK71 , 71';\;51(71}} be a minimal covering of 6/3 Hellinger bracket of the
simplex Sk _1. Let
- - + + - - + +
{[(tE,l,h cotpra) gy 7tE,K,1):| v [(tE,LNE,K: e atE,K,NE,K)v (tE,LNE,K’ e atE,K,NE,K)]}
be a minimal covering of §/9 sup norm Hellinger bracket of Gg x and { [tEL Lthe 1} - [t;:L N, tJEEL,NEL ] }

be a minimal covering of §/9 Hellinger bracket of G . By definition, In Ns,._, = H; (5/3 Sk-1),
1DNE7K—H dmmx((S/g QEK) and h’lNEL—H[ ((5/9 gEL)
By constructlon

{[ Z <Z7T [Ri], Ekd y) tEL,jEL ( )> 1{16731}7 Z <Zﬂ- [R1], Ekg y) tEL,l (y)> 1{m€72,}‘|

RieP \k=1 RiEP

is a covering of model Sk p g of cardinality exp (|P|H}),4(6/3, Sk —1) + H}j,qmsx(8/9,Gp ) + H11,4(0/9,Gp1)) -
It remains thus only to prove that each bracket is of sup norm Hellinger d*"P width smaller
than 4.
Using

if for any x [u™(z,y), u* (,y)] is a 6

Lemma 11. For any § Hellinger brackets [t~ (z),t*(z)],
,v)] is a 38 Hellinger bracket.

bracket and 6 < \/2/3, then [t~ (z)u™ (z,y),t+(x) ut(x

we obtain immediately
@ (g () oy (st ()t ()) < 9(5/9)° = (6/3)%

Let {t,;;l, tﬁjl] denote the corresponding §/3 Hellinger bracket.
By definition,

K K
d?sup ( Z (Z 77'7;_[731],;c t];J_‘,l (y)> 1{wERl}a Z (Z W;[_RL]JC t;j‘:l (y)> 1{9:6Rl}>
k=1 k=1

RIEP R.EP
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K K
_ 2 - ——
= sup d <Z7Q[ tk]l’zﬂz[Rl]kthl>

RIEP h—1 _

K
2 A ++
< supd (Z Tik U0 Z”z kU g, l)
k=1 k=1

1,5,

Seeing m; gk ;,1(y) as a function of k and y, we can use

Lemma 12. For any brackets [t (z),t+(x)] and if for any z [u™(x,y),u"(x,y)] is a bracket
then

@ ( / t (2) u™ (2. ) dAo (a), / £ () ut () dmm) <&, (@) u (2,y), (@) ut(2,y))

to obtain

d?sup ( > (Z Torak e (U > Liaeriys D (Z TRk g (v > 1{’”€RI}>

RieP \k=1 RieP \k=1

< su;l) dz v (7?1 ke (), 7r tzjl(y))
0.,

and then using again Lemma 11

<9(6/3)? = 6°.

Proof of Lemma 11.
d(t™ (z) u (z,y),t* (x) u™ (2,y))

~ [[ (Vi@ e - VE@ e @) dhle) dyo)
- [[ (Vi@ (Ve - Vi w) (V@ ~ Vim@) Vo @) dhe() dry ()
~ [ (v (Vi@ - V@) + (V@ - V@) )
+ 217 @) (VT (@) = VI @) Vi~ (@) (Vat @) - Vi (,9)) ) dAa (@) X, (y)
— [ @@ @) ) dhale) + B @), @) s [0 () )
+2/\/t+ (Vi@ t—(m))/\/u— 29) (Vi@ y) — V@) dhy () dhs (2)

< ( /t+($)d)\x(:n) sgpd(uf(x,y), T(z,y) +dt (z),t7 (z sup \// (z,y) dAy( ) .

Using

Lemma 13. For any 6-Hellinger bracket [t~ t%], [t~dA <1 and [tTdX < (6 + V1 + 52)2.
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we deduce using § < v/2/3

(5+\/1+52+1) 52
S(f/3+\/1+2 +1) 52
§9

d*(t () u (z,y),

Proof of Lemma 12.

2 (/ o) () dhela), [ (@) (o) st >)

/y(Wﬁ ) (2, 5) Ao W Ju (2 9) Ao )dw)
/y/t+ ) dAa // Ju A (9)
—2/\//t+ )ut (2, ) dAu( \// ~(z,y) dAz(z)dAy (y)
//t+ (z,y) dAo( // z)u” (z,y) dA () dAy (v)

—2//\/t+ Yut(z,y) \/t “(z,y) dAg(z) dAy (y)

<di, (7 (x)u(z,y),t"(x) " (2,y))

Proof of Lemma 13. The first point is straightforward as ¢~ is upper-bounded by a density.
For the second point,

trda= [ (T —t7)dA+ [tdr < [ (VEF =V ) (VEF + Vi) da+ 1
Jra=] (V7= V) (V7 + )
gz/(\/ﬁ—x/F)\/FdAng(/(\/F—\/F)zdA)m (/t+d/\)1/2+1

1/2
/t* dAg26(/t+d>\> +1

Solving the corresponding inequality yields

/t*d/\g (6+ \/1+52)2.
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E.5 Entropy of Gaussian families (Lemma)
Proof of Lemma 9. We first define g; as the set of integers such that
V1 <i<pm A (1+46a)% <A < A_(1484)%F

1

PE—T ,
i=1

1 (1+64)"Pe—1) 1
Ty - = 1 — < Apppr < Y —
[L2 A (L4 0a)3+ TIPE T A (14 6a)9 HpE A—(1+04)%

By construction §; € N and A_(1+ §5)% < A;. Now as A, p, =

There is thus an integer d between 0 and pg — 2 such that

(1+(5A)7d71 <A (1+6A) .
T2 A (L +aa)a 700 HPE "A_(1+64)7

Let g; = g; + 1 if i < d and g; = g; otherwise, then
V1<i<pp, A (1+6a)7 <A <A (1464)%T!
which implies A_ (1 4+ 04)% < (1 4+ da)A;. Now

1 (14 0a)¢
5 A (L4 0a)%  TI25 TA(1+ oa)0

and thus

(1 + 5A)71 < A 1
pE Ty gi PE.PE = pE LY gi
[LZ A-(1+6a) H A—(1+6a)

which implies
1

Ao < < (T+6a)A
— HPE 1 (1+5A)gl —( A) +

Thus the diagonal matrix A defined by

V1<1<pp—14;; =X (1+34)"

and APEJDE = W belongs to Ga(A_, A+, pE,04). Furthermore, we can write for any
1<i<pe—1
Aii(1+06a)7 < Ay < A i(1+0a)

which implies

A (4 6a)" < A7 < A7 (14 6a)

- - - )
|A,_,1 — A; ,1| < A;il max (1 +0a—1,1-(1+ 5A)*1) = Ai_,,i1 max (5A, ] +A5A)
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< A\"16A.

Along the same lines,

(1 + 5A)71APE7PE < APEJJE < A;DEJ?E

thus

AZl <AL < (14 04)A5)

PE;PE — " PEPE PE;PE

and

PEPE PEPE

A = AL <AL A < AT1oA.

O

Proof of Lemma 10. We first prove that [t~,¢"] is a /9 Hellinger bracket. As (1 + 5s)Xt —
(146s)'27 = ((140g) — (14 0x) ) X! is a positive definite matrix, one can apply

Lemma 14. Let ®(,, s,y and ®(,,, s,) be two Gaussian densities with full rank covariance matrix
in dimension pg such that Efl — Z;l is a positive definite matriz, for any v € RPE

(I)(m 21)(1‘) |22| (1 ! -1
——— < exp | o (p1 — p2) (B2 —21) " (11 — p2) ) -
¢(H2722)(x) |El| 2
proved by Maugis and Michel [39]. This yields using eventually & > £
t(z) _ (L+K0) 77" P isny1s8(@) 1 (I+0s)pe (14 0w)P"

tt(z) (14 Kkdg)Pe <I>M)(1+6Z)~E(x) T 1+ rog)?Pe |\ (14 0n)7Pr = (1+ koy)?Pe
PE PE
= ((11++I€((55§)2) = (1+2ic;;5$/£26%> =1
Concerning the Hellinger width,
e, th) = /f(x) dx+/t+(x)dx—2/ Vi (@)t () de
= (14 ko)™ 7% + (1 + Kdx)PP

—2(1+ /-edz)—pE/z(l + méz)pE/z / \/@}L7(1+5E),12(x)\/<I>H7(1+5E)g(a:) dx

= (14 R2) 7% (14 76) = (2= @ (@ 1) 15(0). Dy 15y 15(0)) )

Using

Lemma 15. Let @, s,y and ®(,, s,) be two Gaussian densities with full rank covariance matrix
in dimension pg,

_ _ _11—1/2 1 _
& (D(,,30)> Plug.za)) = 2 (1 — 2P 2 |5y | TV B 4+ 55 /% exp (—4 (11— p12) (B1 4+ B2) ™" (1 — M2)>) :
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also proved in [39], we derive

R, 1) :/f(x)dx+/t+(x) da:—2/\/t—(x)\/t+(x)dx
= (1 + Kd5) PE + (1 + kds)PP — 22P5/2 ((1 4 65) + (1 + 6%) )
= 22975/ (14 65) + (14 05) ")) 75?4 (14 rds) 7= + (1 + rdg)P? — 2

—pE/2

Combining
Lemma 16. For any 0 < § < V2 and any pp > 1, let & > 2 and B, = (/K% cosh(&) + 5, if
oy < ﬁi, then
mellcl
and

Lemma 17. For any d € N, for any ds; > 0,

—d/2 _ dzég

22242 (1+35) + (1 +0x)7Y) 5

Furthermore, if dds, < ¢, then
(1 + ks)® + (1 + k)™ — 2 < k% cosh(ke)d?S2.
with ¢ = % yields

1 2
d*(t,tT) < (HQ cosh(g) + 2) pLo% < <g>

< 1 6
as 52 — 98k PE

We now focus on the proof of t~ () < @, x(z) <t (z). As
Lemma 18. Under Assumptions of Lemma 10, (14 6x)5"" — X' and 271 — (1 + 62)X"" are
positive definite and satisfies

Vz e RPZ 2/ (1+6)S7' =2 )z > g L
47 Ay

. 3 -1
RPE /(' —(146)" ' VN >—" 71§ 2

ds ||

we can apply Lemma 14 on Gaussian density ratio to both

P, (z) and (1+ "552)7qu)[¢,(1+62)*12($)
(L4 K0s)PED, (14 50y5(2) ¢, =(r)

to prove that they are smaller than 1.
For the first one, using

Pp5(2)
(14 K0s)PP @, 14 50)5(2)

< (1 + H(sg)ipE
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pE/2 3 3 -1
< (L+dz)Pe/% ( ;:exp (;(u—ﬂ)' (1+02)2 - %) (H-ﬂ))) '

(1 + rds)PE
Now
(1465)5-%) " = (1465)S (S = (1+55) '8 )~
=(1+05) 'S (B = (14 6y) N ) 8
and thus

(1= ) (14 6)E — %) (u— i) < (1 4+ 65) 1221 208

4(1 + 6x)
3

LALOG LA | —

A A
(1+6x) to5 L2 1A+pE%L )\,—62

4
=Yy 5
S’YPEz

IN

Now as by construction,

:E < (14 Lovpr

one obtains

P, (1 + o5 )Pe/? 1 ) 14
: < 1+ =dx)Pe/ = —5,.pEd
T+ r/0)PED, (L ps — (L4 rox)Pe (1+ 500)""2 exp 53 wpEds
VI+0s,/1+ 365 e
1T roy eXp< %52) :

It is thus sufficient to prove that

1+6E' o 526@( %52)_

1+I‘€52

or equivalently

1
g’Vk(SZ <In + £z :
3 VI+05,/1+ Los

Now let
1 o 1 1 1
fi(ds) =1In + oS 1+ kdy) — B In(1+ %) — iln(l + 562)
,Wszm
f(5) % _ %(5_%)524‘5—%
1o 1+ KOy 14+0s 14+ ;52 (14 K05)(1 + 65) (1 + Ldx)
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and thus provided k > %, as 0y < %

_3
k=3

f1(6s) > (1+50+H0+ 5)

Finally, as f1(0) = 0, one deduces

_3
K—3

f1(0s) > (1+ %)(1 + %)(1 + T12)

2
oy > §7k52

which implies thus

P, 5 ()

<1
(1 + kox)Pe (I);l,(l—&-éz)i(x)

or @, »(z) <tt(z).
The second case is handled in the same way.
(1 + K0s) " PEQ, (44500 -15(2)

P, 5(z)

< (L+ k) ™P" ( |(1+|622)12|6Xp (l(u—ﬂ)' (S—(1+60)7'8) " (u-ﬂ)))

<GB o (S (5 - (1407'5) " (=)
Now as
(2= (1+82)718) ' = (S((1+0)S7 - £7Y) (14 65)718)
= (1+05)E 1(1+6g oy Tiet
and thus

(=) (5= (1465)7'8) " (=) < (14 09) L AZEA 65 LA | — i
<(1+ 52)L:1A:14i(sglme,A,iég
< 4pp7s(1 + 6x)dx

one deduces

(1JF/f(;E)ipE(I)ﬂ,(lJr&E)*li(m) (1+52)pE/2

1
< -4 1
By w(r) S At rogyee &P (2 PE Ve ( +5z)5z>
1"'52 PE
< (Y 2, (1 .
< <1+m62 exp (279, (1 + 0%)dx)
All we need to prove is thus
Vv1+6s
<
e exp (27, (1 4 dxn)ox) <1



or equivalently

1+H(52)
27, (1 4 05)6s < In [ —02 ) |
Tx(1 4 05)0s ( o
Let
_ 1+ kox o 1
f2(5g) =In (%) = ln(l + K/(;E) - 5 ln(l + 52)

f1(0s) = K 3 _ S0y +k—1
2T TN key 146y (1+rog)(1+0x)

and thus provided x > %7 as 0y < %

fo(0x) >

1
i 1
—2 )52 > 2x(1+ )05 = 27x(1 + 0x)dx

which implies

(L4 K0s)PEQ, 14 500-15(2) <1
®y () B

or equivalently ¢t~ (z) < @, »(z).

Proof of Lemma 16. A straightforward computation yields

Proof of Lemma 17.

B In(146s) 1 ,—In(1+ds)y —9/2
2 —22Y2 ((1+465) + (1+62) ) d/22<1<e te ) )

2
=2 (1 — (cosh (In(1 + 52)))_d/2>
=2f (In(1 + dx))

where f(z) = 1 — cosh(z)~%2. Studying this function yields

f(z) = gsinh(x) COSh(:I:)—d/Z—l
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cosh(z) ~4* — g (;l + 1) sinh(z)? cosh () ~%/272

(1= (50) (25 e

f(x) =

Dl N

and, as cosh(z) > 1,

@) < 5.

Now as f(0) = 0 and f/(0) = 0, this implies for any z > 0
22

2

332

5

N
| Sy

flz) <

We deduce thus that

<

- 1
2-2%”(@+5ﬂ+41+&y4)W2g5f0m1+&m2
and using In(1 + dy) < dx
272T”(u+6ﬂ441+5g*3_w2§%d%§

Now,
(1+ k) + (14 k6s) ™% — 2 =2 (cosh (dIn(1 + kdx)) — 1) = 2¢ (dIn(1 + kb))
with g(z) = cosh(z) — 1. Studying this function yields
g'(z) =sinh(z) and ¢”(z) = cosh(z)
and thus, as ¢(0) =0 and ¢’(0) =0, forany 0 <z <c¢
g(z) < cosh(c)%z.
As In(1 + kdx) < Koy, dix < ¢ implies dIn(1 + kdx) < ke, we obtain thus

1+ nég)d +(1+ nég)fd — 2 < cosh(ke)d? (In(1 + kd5))* < k2 cosh(ke)d?63.

Proof of Lemma 18. We deduce this result from a slightly more general:
Lemma 19. Let s, > 0. o

Let (L,A,D) € [L—,Ly] x A(A_,A\y) x SO(pg) and (L, A,D) € [L_,Ly] x A(A-,+00) X
SO(pg) , define ¥ = LDAD' and ¥ = LDAD'.

If

(1+6,) 'L<L<L
VI<i<pg, |A;] - A7} <oar!
Yz € R, | Dz — Dz|| < dplz||
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then (1+065)2" ' =2~ and =1 — (1 + (52) satisfies

151
Vo e RPZ o' (14 05)S7 =S 2 > L7 ((6s — L)AL — (14 0)A"" (20D + 64)) [l
E 1

Vo e RPZ 2/ (871 — (1+65) ' o > e (627" = AZH (26D +64)) |12

Indeed Lemma 16 ensures that dy < %. Hence, if we let o, = %62 and 6o = ép = 114 t Os,
bounds of the previous Lemma become Vz € RPZ

g (1+60)2 =2 N> L7 ((6s — ou)AL" — (1 + 0s)AZ" (20D + 0a)) |||

N 1 _ A
>L! ((52 - 252> A= (L +6s)AC 131“52) [|2:]|?

Y

1= 1

L' —¢ 2
LW sl
while Vz € RPE,

Lfl

(57 - (1+6s) ' )2 > i (SsATH = AZH (20D + 164)) ||z
L 1 1, 1A 2
> - - =
S (52A+ A13 2 52) e
3 .., 1
> [t = 2,
T >\+52||3?H

Proof of Lemma 19. By definition,
B B PE
2 (1+60)87 =S Ve =(1+0x)L 1ZA \D§x|2fL’1ZA;i1|D§x|2
= (1+05)L 12,4 Y Dix|? — (14 65)L 1ZA | D]
+(1+0x)L 1ZA Y Dix)? — (1+6%)L 1ZA ! Dx|?
+(1+6)L 1ZA \D;:vF—L—lZA;ﬂD;xP
Similarly,
~ pE ~ ~
2 (27— (1405)7'8 12,4 D> — (14 05) L7 A} D)
B PE
=L 12,4 Djx? = (1+62) 'L A} Djaf?

=1

PE
+ (1 +0y) LY ZA;;|D;m|2 —(1+62) 'L A} Djaf?

=1 i=1
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PE
+(1+6s) 'L AN D — (14 65) 'L 1ZA D .
=1 =1
Now

PE B B PE B
ST A NDi* =Y A Djal?
=1 =1

PE
<> A;}!||Djx|* — |Dja|?|

PE B
< A2V |IDjal — |Djxl?|
PE ~ N
<AZ') " ||Djal — |Dja|| || Djx| + | Djx|

PE 1/2 PE 1/2
j<zma_pmx> (Zma+nmw>
=1 =1

< AZ'dp|lal|2]lz]| = A= 20p |z

Furthermore,

PE 5 PE
ST A ND? =Y A Dja?
=1 i=1

PE B
<Y A - A D
=1

PE
<OANTT Y D = 507 %
i=1
We then notice that

PE
(14 0x)L 1ZA HDj? = LY A D = (1 +6s) 07" - ZA '|Dlx|?

> (65 — 0L) LAY 1Hif||2

while
PE 5 PE
LY A D — (14 65) 'Ly A Dl = (L7 = (14 05)” ZA ' Dlx|?
=1 =1
> (1= (1+69)7") L7IA} ||ac||2
s -1 2
>
Z 1T o+ [l

We deduce thus that
g (1+60)2 =2z (5 —On) LTI |2 )|? — (14 65)L7IAZY (20D + 2604) =2

>
> L1 (62 — 0u)AT! — (14 85)A™" (20D + 04)) ||

and

P (ST (4 0) ) > TN ol - (14 d) LA (20 4+ 00) o]
1

L~
_|_

I \/

(GA7" = AZ1 (20D + 6a)) [l

1+6g
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