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Abstract

This article concerns the study of the asymptotic properties of the maximum like-
lihood estimator (MLE) for the general hidden semi-Markov model (HSMM) with
backward recurrence time dependence. By transforming the general HSMM into
a general hidden Markov model, we prove that under some regularity conditions,
the MLE is strongly consistent and asymptotically normal. We also provide useful
expressions for the asymptotic covariance matrices, involving the MLE of the con-
ditional sojourn times and the embedded Markov chain of the hidden semi-Markov

chain.
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1 Introduction

Hidden Markov models (HMMSs) were first introduced by Baum and Petrie
(1966), where it is proved the consistency and asymptotic normality of the
maximum likelihood estimator (MLE) for this model. In their study, Baum
and Petrie consider both the observable and the hidden process with a fi-
nite state space. The hidden process forms a Markov chain (MC), and the
observable process conditioned on the MC forms a sequence of conditionally
independent random variables. This class of HMMs is often referred to, as
probabilistic functions of Markov chains. The conditions for consistency are
weakened in Petrie (1969). Leroux (1992), Bickel, Ritov and Ryden (1998),
proved the consistency and the asymptotic normality of the MLE respectively,
when the observable process has a general state space.

The HMMs have a wide range of applications, including speech recognition
(see Rabiner (1989), and Rabiner and Juang (1993)), computational biology
(see Krogh et al. (1994)), signal processing (see Elliott and Moore (1995)). The
reader is also referred to Ephraim and Merhav (2002) for an overview of statis-
tical and information-theoretic aspects of hidden Markov processes (HMPs).
Ferguson (1980) introduced the hidden semi-Markov models (HSMMSs), where
the hidden process actually forms a semi-Markov chain (SMC). This setting
allows arbitrary distributions for the sojourn times in the states of the SMC,
rather than geometric distributions in the case of the HMM. Recent papers
that concentrate on computational techniques for the HSMMs are that of

Guédon (2003) and Sansom and Thomson (2001).

To the best of our knowledge, Barbu and Limnios (2006) were the first to study
asymptotic properties of the MLE for a HSMM. In this paper we present a

different approach which can be summarized as follows:



i)

ii)

iii)

iv)

we generalize the results for the HSMM found therein to the general
HSMM, where the state space of the observable process is assumed to
be a subset of a Euclidean space. For this purpose, we follow the lines of
Leroux (1992) and Bickel et al. (1998),

we allow the values of the observable process Y,,, conditioned on the SMC,
to depend probabilistically not only on the state Z,, but also on the time
duration that the system has stayed in this current state (backward re-
currence time dependence),

we use minimal representations for the parametric spaces, which are in-
volved in our analysis, taking into consideration the dependence relations
among the parameters. We also use for each ¢ and j the general constants
n;; to specify the support for the conditional sojourn times, rather than
extending the parametric space with identically zero parameters,

we do a different decomposition of the elements of the semi-Markov kernel,

from the one found in Barbu and Limnios (2006).

Together iii) and iv), open the way for explicit expressions for the asymptotic

covariance matrices (as functions of the semi-Markov kernel), that appear in

the central limit theorems for the MLE of the basic characteristics of the

semi-Markov chain.

This paper is organized as follows: In Section 2, we introduce the mathemat-

ical notation and we state a first set of conditions. In Section 3, we give a

representation of the HSMMs as a subclass of HMMs. In Section 4, we prove

the strong consistency of the MLE of the HSMM, and also of the basic charac-

teristics of the SMC, that is, the conditional sojourn times and the embedded

Markov chain. In Section 5, we prove the asymptotic normality of the MLE

of the HSMM and of the previously mentioned characteristics.



2 Preliminaries and assumptions

Let (Z,, Yn)nen be a hidden semi-Markov chain defined on a probability space
(Q, o7, Py), where § € ©, and O is a euclidean subset which parametrizes
our model and will be specified later in the sequel. We assume that the
SMC (Z,)nen has finite state space £ = {1,2,...,s} and semi-Markov ker-
nel (qu(k))i,jeEkeN. If we denote (J,,, Sp)nen+ the associated Markov renewal
process to Z, then ¢¥;(k) = Po(Jup1 = J,Sns1 — Sn =k | Ju = i), n > 1.
The process (S, )nen+ keeps track of the successive time points that changes of
states in (Z,)nen occur (jump times), and (J,, ),en+ records the visited states at
these time points. Under this consideration, ¢2(k) = 0 for alli € E, k € N. We
will use the notation ng to denote the vector (Zk,, Zxy 11, -+, Zky), k1 < ko,
and iy4 for a d-dimensional vector with every component equal to the element
1 € E. The distribution of Zgl is selected to be IP’g(Z’S_l =iy, Zp = 3,5 =
k) = pfjﬁf(k — 1)/ub;, where pf; refers to the (i, j) element of the transition

matrix of the embedded Markov chain (J,)nen+, ol (+) to the survival func-

i
tion in state 4, and uf to the mean recurrence time in the i—renewal process
associated to the semi-Markov chain (Z,)nen. We will define later the above
quantities as functions of the semi-Markov kernel. The selection of the distri-
bution of Z5' is naturally justified from the fact that it corresponds to the
distribution of the same vector in a semi-Markov system that has worked for
an infinite time period and is censored at an arbitrary time point, that can be

considered as the beginning of our observation. In order to be well defined, it

is enough p;; < oo, for all i € E.

We state the following conditions concerning the subclass of SMCs to be con-

sidered:



(A1) There exists a minimum 7 € N such that ¢¥;(k) = 0, for all k > 7, ,j €
E, and 6 € O©.
(A2) The MC (J,)nen is irreducible.

Under conditions (A1) and (A2), indeed, u; < oo for all i € E. It can be shown
easily that the previously defined distribution of Zgl implies that the SMC
(Z)nen is stationary. Because of the stationarity, we can allow (Z,),en to be
indexed by n € Z. In this case, we denote Sy = —inf{k e N: Z_, | # Z ,}.
For the observable process, we assume that (Y},),en takes values on the mea-
sured space (%, B(%),v), where usually % C R? for some ¢ € N*, ZB(¥)
denotes the Borel subsets on %, and v is a o-finite measure defined on
(%, A(%)). Also, let the conditional probability densities go(y | i, k) de-
note the densities that correspond to the conditional distribution functions
Py(Y, <y |Z' , =441, Zpnk1#1),1€ E, nkeN.

Under condition (A1) there exist constants 7;;, 77; < 00, such as n;; = max{k €
N: qu(k:) > 0} and n; = max;cp 7;;. The quantities 7;; express the maximum
time period that the SMC can stay in state i before having a direct transi-
tion in state j. These time bounds, for practical purposes, are supposed to
be known from the characteristics of the system to which this model can be
applied or they can be imposed by the experimenter as an approximation to
a more complicated system. The existence of these time bounds is all we need
for the theoretical results that will follow. For some 7,7 € E, n;; may be
equal to zero and this means that no direct transitions from ¢ to j are allowed.
Under condition (A1), the possible values of k, referring to the conditional
densities gg(y | i, k), are those for 0 < k < n; — 1. In order to simplify the
notation we denote by D;; = {1,2,...,n;,} for i, j € E that n;; > 0, and by

Di={1,2,... 7).



Let T be a finite index set. Different parametric spaces will be used in the
sequel. For the moment we specify the natural parametric space for the HSMM,

that is,
© :={q;j(k), 0, - k € Dyj, q;;(k) >0, q;(k) = 1,t € T}, (1)
ik

and in order to distinguish between the two different kinds of parameters we

denote

O1:={q;j(k) 1 k € Dy, qi;(k) >0, qi5(k) = 1}, (2)
7.k

Oy:={6,:t € T}. (3)

The space O parametrizes the elements of the semi-Markov kernel, and since
in the natural parametrization we have ¢/;(k) = pri(0) = ¢;;(k), we can
then suppress the superindex 6 from qf](k) The space O, refers to a set of
parameters that characterize the conditional densities go(y | ¢, k). It can be
the case that they distinguish densities from a specific parametric family, from
different parametric families or represent transition probabilities when % is
a finite state space. In the most simple case of a single parametric family we
have go(y | i, k) = g(y | 0(i, k)), 0(i,k) € A, where A C R™ for some m € N.
In this case, the index set T' that appears in ©y consists of all the possible
couples (i, k).

From now on, we suppose for simplicity that the cardinality of T', denoted by
ds, is equal to >, n;, that is, one one-dimensional parameter for each condi-
tional density (m = 1). Also, we denote d; = )=, ; 55, and d = dy + dy. Then,
O, CRY Oy CR®2, © =0, x0O, C R Since for all i € E, ik gij(k) =1,
there are s linear dependence relations among the elements of the semi-Markov
kernel. In order to have a minimal representation of ©, we have to express

s elements of the kernel as functions of the others. For this purpose, let



Ji={j € E:njj =n;}. We can choose one element j; € J;, for all i € E, and
express the s elements as follows
G (M) =1—" > > a(k)— > a (k) (4)
JEE—{i,i} 1<k<n; 1<k<m;—1
Now, we are in the position to have a minimal representation by using as a
parametric space ©* := O] X Oy, where OF results from ©; after extracting
the parameters described as above. Then, ©% C R% and ©* C R%, where

d3:d1—sandd4:d1+d2—s:d—s.

3 Representation of the HSMMs as a subclass of HMMs

We will show that the general HSMMs with backward recurrence time de-
pendence can be represented as a subclass of HMMs. For this purpose, it is
enough to represent the SMCs that satisfy condition (A1) as a special class of
MCs. Let U = (Up)nen be the sequence of backward recurrence times of the

SMC (Z,,)nez defined as follows:

where N(n) = max{k € N: S <n}.

Let also H;(-) be the survival function in state i defined by
Hi(n):=P(Ss1—Si>n|J=i)=1-> zn:qij(k), neNleN". (6)

JEE k=0

It can be shown that the stochastic process (Z,U) := (Z,, U, )nen is a Markov

chain (see Limnios and Oprigan (2001), Theorem 3.12). In a recent paper,

Chryssaphinou et al. (2008) study properties of the process (Z, U). This pro-

cess plays an important role on the understanding of the semi-Markov struc-

ture. On one hand, it can be used to study the probabilistic behavior and



limit theorems for semi-Markov chains and on the other hand to make statis-
tical inference for semi-Markov chains. This role will be extended here in the

framework of the HSMMs.

Condition (A1) implies that for all i € F, the maximum time period that
(Zy)nen can stay in this state is 72;. Therefore, the backward recurrence time
U, € {0,1,...n; — 1} and direct transitions from ¢ to j are restricted to
maximum backward recurrence time 7n,; — 1. Also, it can be easily verified
that conditions (A1) and (A2) and the selection of the distribution of Z3* as
previously mentioned, renders the process (Z,U) a stationary MC with initial
distribution given by Py ((Zy, Ug) = (i, k)) = Hi(k)/pii, 1 € E, 0 < k < n;—1.
If we denote by P = (p(i,k1)(j,ks)) the da X ds transition probability matrix of the
MC (Z,U), then the following proposition specifies the transition probabilities
of the above MC as a function of the semi-Markov kernel (see also Barbu and

Limnios (to appear)). The proof is easy and it is omitted here.

Proposition 1 Under condition (A1), the transition probabilities of the Markov

chain (Z,U) can be written as:

Qij(kl + 1)/Fz(k1), Zf 7 7éj and kz = O, 0 S kl S ﬁij — 1,

D k1) (k) = ﬁz(kl + 1)/Fz(k31), Zf 7 :j and kg - kl = ]_, 0 S k?l S ﬁz - 2,

0, otherwise,
(7)

where H;(+) is given by relation (6).

We present here the matrix P in a block form P = (P;;); jeg, where P;; is an



n; X n; matrix, and for ¢ = j,

0 pe0)@i,1) 0 0
0 0 Pe1G2) --- 0
Py = | "
00 0 Pam—26m-1)
0 0 0 0
and for i # 7,
PaoyGoy 0.0
PanGoy 0.0
Py = ~ 9
7| Pha-0Go 0 0 "
0 0...0
0 0...0
Remarks:

1) From relation (7), we conclude that with every semi-Markov kernel that
satisfies condition (A1) we can associate a Markov transition matrix with the
corresponding transition probabilities.

2) If we assume additionally (A2), then pg xyerr1) > 0,71 € E, 0 <k <n,; —2.
3) When transitions from ¢ to j are not allowed (n;; = 0), then P,; is a null

matrix, while if n;; = n; the first column of P;; has no fixed zero elements.



In Proposition 1, we regarded the probabilities p(; x,)(jk,) as functions of the
semi-Markov kernel, which is identified in the natural parametrization with

0O,. These probabilities will be denoted by p@-,kl)( ) whenever we refer to this

Jik2
parametrization. Additionally, we consider a setting where the parametriza-
tion, fits from the beginning, the class of Markov chains described in Propo-
sition 1. Let ©1 = {p(is)(jks) } C R, where all the identically zero elements
that appear in P have been excluded and the restrictions imposed on the pa-
rameters follow from the stochastic nature of the matrix P. Notice that él
can be regarded as the natural parametric space of a subclass of d,—state
Markov chains with transition matrices that are given in block form by (8)
and (9). The number of parameters that appear in O, equals d,. Since P is a
stochastic matrix, there are exactly ds linear relations among the elements of
P. If we exclude one parameter for each row of P, then the remaining number
of parameters equals the dimension of ©7, that is, ds.

We denote by é’{ C R% a minimal representation of ©;. Similarly, we have
O =0, x0, C R2td_and ©* = ©F x O, C R%. Let P; the generic element of
this subclass of ds X dy stochastic matrices. We will show the existence of the
inverse transformation that represents every MC with d, states (dy = 37 | ;)

and transition matrix P, as an s-state SMC with a kernel that satisfies con-

dition (A1).

Proposition 2 There exists a continuous function ¥ from é’{ into ©F that
reparametrizes every de—state Markov chain with transition probability matrix
gwen by P; by an s-state semi-Markov chain with a kernel satisfying condition
(A1), where the states of the SMC correspond to the blocks that the decompo-

sition of P indicates from relations (8) and (9).
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PROOF. From Theorem 6.7 in Barbu and Limnios (to appear), modified by

taking into consideration the constants n;;, we have for 4, j such that n;; > 0

P(,0)(5,0) if k=1,
qij(k) = (10)

Pak-1).0) [IEZ8 Py 1 2 <k < 7y

The proof is complete by letting all the other elements ¢;;(k) = 0, for n;; = 0.
For our statistical purposes we will need a specific minimal representation
%, so as to consider this transformation as a continuous function from the
domain (:)*1‘ to ©7. For this purpose, we find convenient to express p; i,)(j;,0) as
a function of the other parameters in the same row of P, where j; is defined

before relation (4). Therefore, for alli € E, 0 < ky <n; — 1,

- Z Pik1)(,0) — Pl (1) if 0 <k < iy — 2,
Jimgg>ki+1
PG k1) (5;,0) = J#ji
L= Pik)io) if k=7 —1,
JjeaG;

(11)
where G; = {j : j # Ji, Tuyj = N}

We define W, : ©F — ©%, the desired transformation

Uy (Pgi k) (k) = (35(K)), (12)

where the component functions of Wy, for ¢, j € E such that n;; > 0, are given

as follows:
P(3,0)(5.0) if j # Ji,
1 - Z P@,0),(5,0) — P(3,0),(5,1) if J = Jis
JEG;

11



k—2
Pak-1)G.0) L] Per)Gr+1) if j # ji, 2 < k < gy,
qii (k) = =
k=2
(1= k)0 = Pk k1) 1 Pamarrn if 5 =352 <k <7,
jEG; r=0
(14)
By (13) and (14), we conclude that ¥, is continuous. O

Remark. 1) The s parameters of ©; that have been excluded in order to

obtain ©F can be written as follows:

nlfl

qUZ nz 1_sznl_1 j(] ler zr+1 (15>

JEG

4 Consistency results

By following the representation of the previous section, the initial HSMM can
now be described by this special kind of HMM ((Z,U),Y"). The stationarity
of (Z,U) implies the stationarity of ((Z,U),Y). We make the assumption
in the sequel that the natural parametric space ©* is a compact subset of
R%. Since ©7F is a compact subset of R%, it is enough ©, to be compact. If
this is not the case, we can use a standard compactification technique (see
Leroux (1992), and Kiefer and Wolfowitz (1956)). In the most simple case of
a single parametric family we have go(y | i, k) := g(y | 0(i, k)), 6(i, k) € A,
where A C R. Here, ©, = A%. The likelihood function for an observation
{Y{ = yi} can be written as
n—1 n
po(yg) = X molios ko) TT s, k,)06501000) H 9(y; | 0(i;, k;)),
(i,k)0 =0 =0
where my(i, k) is the stationary distribution of Fy. We denote the real value of

the parameter by 6, and 6o when it refers to ©* and to ©* respectively. Since

12



for the results of asymptotic normality of some characteristics of the system we
obtain the asymptotic covariance matrices and we calculate derivatives with
respect to 8, we keep the minimal representation. The estimation problem is to
draw inference about this value from a trajectory of (Y;,),en. The MLE denoted
by 6,, maximizes pe(yy) over ©F. In the “best” case, it is a class, consisting of
the parameters 6, induced by permutations of a specific value that maximizes
the given likelihood. For this reason, we define an equivalence relation ~ in
©*, where 0, ~ 0, if Py, = [Pp,. Then, the results for the estimators should be
understood in the context of ©*/ ~, that is, in the quotient topology induced
by this equivalence (see, e.g., Leroux (1992)).

Now, we state some extra conditions in order to deduce that the MLE is
consistent. These conditions are found in Leroux (1992), and they are adapted

here to our model.

(B1) (Identifiability condition) The family of mixtures of at most dy elements
of {g(y | 6),0 € A} is identifiable.

(B2) The density function g(y | -) is continuous in A, for any y € R.

(B3) Ep,[|logg(Y1 | O0(i, k))|] < oo, for all 4, k.

(B4) Ego[sup’9/_9|<5(logg(Y1 | )] < oo for any § € A, for some § > 0,

where 27 = max(z,0).

In this setting, the identifiability of our model is guaranteed if (Al), (A2)
and (B1) hold, and additionally the (i, k) are distinct. For details see Leroux
(1992). We are now at the point where the results of consistency for MLE con-
cerning the general HSMMs can be deduced from the corresponding results of
the general HMMs. We denote by (;(k, n), 6;(n)) the MLE of 6 = (q5;(K), 67)

over OF.

13



Theorem 1 If conditions (A1)-(A2), (B1)-(B4) hold, then the MLE 0, is
strongly consistent estimator of 6y in the quotient topology, and consequently

(Gij(k,n)) is strongly consistent estimator of (qj;(k)) in the same sense.

PROOF. From Proposition 1 the general HSMM (Z,Y") parametrized by
©*, can be viewed as a type of a general HMM ((Z,U),Y) with the same
parametric space ©*. The result will follow from Theorem 3, Section 6, in
Leroux (1992), if the conditions 1-6 of that article hold. Indeed, it is easy to
verify that Cond.1 of Leroux is deduced from (Al) and (A2). Conditions 2
and 3 are identical to (B1) and (B2). Cond.4 is deduced from the fact that the
transition probabilities given in Proposition 1 are continuous functions of the

semi-Markov kernel and Conditions 5 and 6 are identical to (B3) and (B4). O

Let the matrix (p;;) denote the probability matrix of the embedded Markov

chain (J,)nen, and (fi;(k)) the conditional sojourn times, that is, for i,j € E,

Srly i (k) if g > 0,
Dij = (16)

0 if 71, = 0,

60 if fy; >0, 1< k< Ry,
ij

fij(k) = (17)
0 if n;; = 0.

Since these quantities are expressed as functions of the semi-Markov kernel,

we refer to them as p?j and Z(k) to show that they are parametrized over ©*.

Nevertheless, we will omit the superindex 6 for the estimators. Therefore, we

denote by (p;;(n)) and ( ik, n)) the corresponding MLE for the true values

(p%-) and ( g(k)) respectively (regarded as vectors), where we exclude the

14



identically zero parameters. Also, let ¢; = card{j : n;; > 0}, for all i € £, and
5 — ZZ Ci'

Then, the following asymptotic results hold:

Corollary 3 Under conditions (A1)-(A2), (B1)-(B4),

i) the MLE of the embedded Markov chain (p;j(n)) is strongly consistent esti-
mator of (p?j) ,

it) the MLE of the conditional sojourn time (ﬁ(k,n)) is strongly consistent
estimator of < 3(1{:)) :

PROOF. i) We define the function ® : ©* — R¢, where from relation (16),
B(0) = D(qs; (k), 0,) = (T2, qii (k) = (%)) (for i, j € E such that figj > 0).
We conclude that (p;;(n)) = q)/@) (n) = ®(0,) = ( Z’:Jl gij(k,n)),

where the second equality holds from the property of MLE. Consequently, we
get from the continuous mapping theorem, using Theorem 1 together with the

continuity of ® that

(Pis(n)) === (1f}).

ii) Let pri;x(0) = ¢i;(k) denote the projection of # € ©* into the corresponding
element of the semi-Markov kernel, and ®;; the component function of ®
which corresponds to pf;. Let also T : ©* — R*, where T(0) = (Tj;x(0)) =

(przgk(g)/q)zj(Q» . Then, for 7,7 € E such that T~lij >0, 1<k< ﬁz‘j, we have
i (k) prijk(0)
0 (k :<q’( ):( J =T(0),
(75w) = {7 2. ) =7

and since T' is continuous, the result follows along the line of reasoning of

theorem 1 1). O

15



5 Asymptotic normality results

Two very useful notions for statistical inference, closely connected with MLE,
are the rate of entropy of a stochastic process and the generalized Kullback-
Leibler divergence. Because of the stationarity of ((Z,U),Y), we can allow
((Zn,Upn), Yn)nen to be indexed by n € Z. In this case, the rate of entropy of

the stochastic process ((Z,U),Y) is defined as
—H(0o) := —Eg, [log Py, (Yo | Y=1, Yo, )]
and the generalized Kullback-Leibler divergence is defined as
Hy, (0) := Eg,[logPy(Yo | Y_1,Y 0,...)], 0 € O,

More details about their use in the proofs of consistency can be found in

Leroux (1992). We denote by o(6y) the opposite of the Hessian matrix of

9=90> U

A third set of conditions will be established, which is based on the article of

Hy, (#), calculated in 6y, i.e.,

- ), =~

Bickel et al. (1998), to ensure asymptotic normality of the MLE. The condi-

tions, adapted to our model, can be stated as follows:

(C1) The MC (Z,, Uy )nen is aperiodic.
(C2) The conditional densities g(y | (7, k)) have two continuous derivatives

with respect to 8 € ©*, in some neighborhood of 6, for all the possible

2
< 00,

values 7, k, y.

(C3) There exists a § > 0, for all i, k such as

d
—logg(Y1 | 0)

i) Ey 70

sup
10—00(i,k) <5

0

16



2

d
ii) Eg, [ sup  |—o>log g(V1 | 9)‘ < o0,
10—00 (i,k)|<s | A0
47
iii) / sup  |—=g(y | 0)|v(dy) < oo, forl<j<2
10—60(i k)| <5 | A0

(C4) For 6, € O, there exists a 6 > 0 such as, if

’ 10—0]|<5 (k) Ga ko) g(y | O(ia, ko))’

then, Py, (rg, (Y1) = oo | (Z1,U1) = (i, k)) <1, for all 4, k.
(C5) The true value 6, is an interior point of ©*.

(C6) The matrix o(6y) is nonsingular.

Remark. The conditions (C1)-(C3), which involve the densities g(y | 6(i, k)),
can be substituted with similar conditions for the more general conditional

densities go(y | 7, k), as they appear in Bickel et al. (1998).

Theorem 2 Under conditions (A1)-(A2), (B1)-(B4) and (C1)-(C6), the MLE

0, of 0y is asymptotically normal, that is, \/n(6, — 6) % N(0,0(00)71).

PROOF. Since Proposition 1 holds, the result will follow from Theorem 1,
Section 3 of Bickel et al. (1998), if the conditions for asymptotic normality
that are stated there hold. Indeed, conditions (A1), (A2) and (C1) render the
process (Z,U) an ergodic Markov chain with finite state space and therefore
condition (A1) of Bickel et al. (1998) is satisfied. The conditions (B1)-(B4),
together with (A1) and (A2) imply (A6) of Bickel et al. (1998). The other

conditions are adapted naturally to our model. a

At this point we will connect the two natural parametric spaces ©* and ©* for
the general HSMM and the type of the general HMM that we have already

considered respectively, by giving a connection between the two asymptotic
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covariance matrices of the MLE of the HMM and the MLE of the associated
HSMM given from Proposition 1.

As we can see from relation (12), ¥y is differentiable on ©%. By extending the
domain of W, in order to include the dy parameters for the conditional densi-
ties, but keeping the same range, we define W : 0* — O, where U = (U, pra,),
and prg, is the projection function on ©,. This function is differentiable at
6 € 6, and we denote by ¥’ the total derivative of ¥ calculated at 6. Let
also 0(50)*1 be the asymptotic covariance matrix of the MLE g n of 50. When-

ever necessary we will use the following decomposition of the matrix 0(50)_1,

ds dy

o(0o)it o(0o)s | } ds
o(0y)~! = :

o(00)st o(bo)z | } da

The following theorem expresses the asymptotic covariance matrix of the MLE
that corresponds to the HSMM in terms of the natural parametric space ©*

associated to the HMM.

Theorem 3 Under conditions (A1)-(A2), (B1)-(B4) and (C1)-(C6), the MLE
0, of 6y, that corresponds to the natural parametric space of the general HSMM
satisfies: /0, — 6p) % N, % a(0) 1 (T)T), as n — co.

Consequently, /n(Gi;(k,n) — q;(k)) % N, W,0(60) 7 (F)T), where the
matriz V' is given analytically from relations (31)-(35), and V) is the subma-

triz of U, taking its first ds rows and columns.
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PROOF. Let for any i € E, Nr,(1), ir,(2), - - - » iry(c;)» the ordered sequence
of n;j, for those j such as n;; > 0. In the case that some elements are equal,
the ordering is considered to be done according to the order of the indexes j as
natural numbers. Note that since 7, (.,) = 7;, then 7;(c;) € J;, and therefore

we can choose j; = 7;(¢;). Let for all i € E,

q(imi(j)) = (19)
(i5.(1), 455, (2), - - 435, (g, — 1)) if j=c.
and also
a(i) = (a(im(1). alii(2). . a(ifi)). (20)
Then, if we denote by ® the parameters that correspond to ©,, an arrange-

ment of the parameters of ©*, can be presented as follows:

(415 (F), 00) = (a(1). a(2), .. a(s),8®). (21)

We will need a corresponding arrangement of the elements of ©*. For this

purpose, let forall: e F, 1 <j <¢ —1,

plii) = (p(i,(])(i,l)ap(i,l)(i,Z); e vp(i,ﬁi—2),(z‘,%i—1))7 (22)
P(ITi(5)) = (Pl.0) ()0 PG00 - -+ Pliins, -1 ()0))- (23)

Then, denoting by

p(i) = (p(imi(1), p(i(2), . .. plimi(e; — 1)), plid)). (24)

an expression for an arrangement of the parameters of ©*, is given by

(p(i,kl)(jvk2)7 et) = (3(1)79(2)7 s 78(‘9)7@(2))‘ (25)
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Using relations (13),(14),(21),(25), we have a block decomposition for ¥’ as

indicated below.

U = , (26)
0 0 ...M® o0
0O 0 ... 0 I,
. () _ 9q(i) . .
where for all i € £, M = ) ) Using relations (13),(14),(20),(24), we
p(i
decompose M@ into blocks as follows:
MY 0 ... 0 M
o MY ... o M)
M = , (27)

o o ...M%Y MY

c;i—1,c;—1 c;i—1,c;
My M3 oo M MO,

where for 1 < j <¢; —1,

) (WU))> A0 (aq(”m)> M9 — (&;(w(c))> ,

Jj op(iTi(4)) )~ op(ii) )’ Ip(iTi(j))
and
o - (2t

These four different types of matrices summarize all the information we want

in order to have an explicit matrix form for U', and we study each one of
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them.

Forallte £, 1 <k<n;—1,let

k-1
a;(k) =[] parir+1), (28)
r=0
(K
aih: 1) = %K) 1<i<k, (29)
PG i1—-1)G,0)
b9 (k; 1) =p6w =) 0e(kil), 1<1<Ek 1<u< gy — 1. (30)

Recall that j; = 7;(c;) and we will also use the abbreviation c;; = 7y, () —

2,¢i = ¢;jj + 1. Then,

) 19

MY = diag{1,a;(1),a,(2),. .., ai(c})}. (31)
oAb or
Mc(f])* ) (32>
0 0'
where
AU = —diag{1,a,(1),a,(2), ..., ai(c;))}, (33)
0 0 0 0...0
b9 (1:1) 0 0 0...0
(1) . .
Mic =1 921 922 ... 0o 0.0 G4

he;) LYY
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-1 0 0 0

b9 (1;1) —a(1) ... 0 0

Mg = | wP@1) @2 0 0 (35)

b (cijs 1) O (e44,52) - b (ciie,) —ailciy)

Since

~

where U is differentiable at 6 0, then Theorem 3 follows from Theorem 2, by

an application of the delta method. a

Remark. In order to find the asymptotic covariance matrix of /n(g;(k,n) —
q%(k;)), regarded in O instead of ©F, we add the parameters ¢;j,(7;), given
from (15), and using relation (4) we conclude that

V(@ (k.n) = g5 (k) — N(0,CW 0 (8)11 (¥)TCT), where

I, ¢
C = dlag{CZ,l S E}, Ci= y T = Zﬁl"'z(]) — L
j=1

—1

Let ®; and 7} be ® and T respectively, regarded as functions with domain O7,
where ® and T are defined in Corollary 3. We give in the following two propo-
sitions the asymptotic normality results for the MLE of the characteristics of

the semi-Markov system, defined by (16) and (17).

Proposition 4 Under conditions (A1)-(A2), (B1)-(B4) and (C1)-(C6), the

MLE of the embedded Markov chain is asymptotically normal, that is,
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V(i (n) — (1Y) —— N(0,1010(6p) " (®10})T), where O} is given

n—o0

by relations (41) and (42).

PROOF. Let for all 7z € F,

pe(i) = (pin(l)upin@)? ce 7pi7'i(ci))- (37)

Then, an arrangement of the parameters (p;;) of the embedded MC can be

presented as follows:

(i) = (P°(1), (), -, P (5)). (38)
aﬂh» <é%« ) - Ap°(i)
If we denote by ( = =2 ) =) and VO = [ =22
q(iz) Oiao () : 0q(i)
then,
®,' = diag{V",i € F}, (39)
where
10 0 0
0 18 0 0
VO = : (40)
0 0 .10
—10 -1 -1 0

and lg-?, ng)J, are n;r,(jy—dimensional row vectors, with entries 1, for all j such

that 1 < j < ¢ — 1.

Since v/n ((Bi;(n) = (1)) = v/ (@1(Gij(k, n)) — ®1(q%(k))) , by using Theo-
rem 3 and the differentiability of ®; on ©7F, we conclude from an application of

tmumuamamﬁtmuv%(@mony—@%n—eAMQégmo@@*amwQU,

23



where
OV, = diag{VOIMD i e E}, (41)
and VO M@ are given by (40) and (27) respectively. The explicit form of

their product for all : € F, is given as follows:

4’ 0 0 0
0 d 0 0
VOME = : (42)
0 0 ...d7 0
—d —d$ .. —d% 0
where dgi) = (1, a;(1),a:(2),..., ai(c:;)), and a;(k) are given by (28). O

Proposition 5 Under conditions (A1)-(A2), (B1)-(B4) and (C1)-(C6), the

MLE of the conditional sojourn times is asymptotically normal, that is,

Vi ((Fig(kn) = (£5(k,n))) —— N0, T{W0(0p) "1 (T7W))").

PROQOF. Let forallie F, 1 <j <g,

f(ZTZ( )) (fm’Z ( )7fi'r¢(j)( ) fzn (nzn ))a (43)

and for all i € F,

£y = (£Gm(1), f:(2), -, flimi(er)). (44)

Then, an arrangement of the parameters (f;;(k)) of the conditional sojourn

times can be presented as follows:

(fis(k)) = (f(1), £(2),, £(5)).- (45)
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If we denote by <(9f(21)> = M) _ T1/a and F® .— ((9]”(@)

8@(22) o aqmjz(kQ) ag(z)
then,
T, = diag{ F" i € E}, (46)
where
FP% 0 ... o 0
(i)
0 Fy... 0 0
o — : Do : : 7 (47)
0 0 ...F”% ., 0
FOEY . FY . FY

CiyCi— CiCq

. : of (iTi(j1))
and the matrices F. .= <
NS IR e Qg (i)

that correspond to the non zero matrices in (47), are given by

) , for the different values of j; and 7

N @inhy(k)  Gnp(1) . Gir () (1)
kA1
. . Gir()(2) =D Gimy (k) - Giry(7)(2)
7 k#2
F}j = - 2 . ) (48>
Piz(5)
Gir) iri3)) ims)Rim)) - = 20 Gim(K)
k#nir, )
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Gij; (1) ¢i;(1) o g (1)

@ _ 1
) — : 49
T (49)

Giji (M — 1) qij,(ni — 1) ... gy (R — 1)

= > @ii(k) = > qi(k) o= D iy (k)

ket kit kit
A 1| s
FY = , where s; = ¢ . (50)
D '
-1

Since Vi ((75(0) = (F5(k)) = v (Ta(d(h, m)) = Ta(ah (1)) , by using The-
orem 3, and the differentiability of 7} on O7, we conclude from an application
of delta method that v/n ((fi;(k)) — (f3(k))) — N (0, T{W,0(00) " (T7W))T),

where
T,V = diag{ FOM® i ¢ E}, (51)

and F, M®  are given by (47) and (27) respectively. The explicit form of

these matrices for all ¢ € E| is given as follows:

p¥ o ... o 0
o DY ... o0 0
FO@ — : S : : : (52)
o 0 ..DY,., 0O
D(i) D(i) - D(i) D

cil Ci2 * Ci,ci—l C;i,Cq
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where for 1 < j <¢; —1,

. 1
DY — _
17 2
Piz;(5)
po _ 1
CiJ 2
Pij,
and

where F @ M (l)

Ci,j’
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