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I. Are fra tals everywhere ?

A very often ited example of a fra tal urve is the Brittany oast in Fran e. The view one has by looking at this
highly irregular oast at oarse s ale is indeed quite similar to what an be observed by looking more pre isely at
a small part of the sea shore. In a famous book [1℄, it was
further laimed that fra tals are everywhere.
A tually, in the last years, image pro essing using fra tal models has represented an a tive resear h area stimulated by the plethora of appli ations [2℄ (infographi s [3℄,
geophysi s [4℄, [5℄, turbulen e phenomena [6℄, [7℄, satellite
imagery, texture modeling, lassi ation and segmentation
[8℄, [9℄, ompression, watermarking, ... ) where these onepts are potentially interesting. Fra tals orrespond to
the general idea { that an be easily understood from an
intuitive point of view { that a given obje t, espe ially a
textured area, an be represented by similar hara teristi s \repeated" at di erent s ales. This versatile idea an
however be translated into di erent forms from a mathemati al point of view. In this tutorial, we will be mainly
interested in a sto hasti view of fra tals, whi h will fo us
on more or less sophisti ated models for des ribing image
textures. As will be shown in this paper, these models rely
on the notion of statisti al \self-similarity". This on ept
is at the origin of relevant models for several natural phenomena. In the meantime, the non-stationary stru ture
of self-similar pro esses put them at the ore of the most
re ent preo upations in image and signal pro essing.
Our trip in fra tal lands apes will depart from the simplest but yet e e tive model of fra tional Brownian motion,
and explore its two-dimensional extensions. We will fo us
on the ability to introdu e anisotropy in this model and
we will also be interested in onsidering its dis rete-spa e
ounterparts. We will then move towards re ent multifra tional and multifra tal models providing more degrees of
freedom for tting omplex 2D elds.
We note in this introdu tion that many of the models and
pro essing des ribed below are implemented in Fra Lab,
a software Matlab/S ilab toolbox for fra tal pro essing of
signals and images. Fra Lab is available at the following
address: http://www-ro q.inria.fr/fra tales/.

Ness in 1968 [4℄. It is a nonstationary pro ess, but it has
stationary in rements. In 1D, it is the only self-similar (i.e.
\fra tal") Gaussian pro ess with stationary in rements.
Let us brie y remind some of the most important properties of the one-dimensional fBm, in order to ompare and
to extend it to two (or higher) dimensions. A pro ess
fBH (t); t 2 Rg is a 1D fBm if it is Gaussian, zero-mean
and its auto orrelation fun tion is given by
RBH (t; s) = E fBH (t)BH (s)g =

2 h

i

jtj2H + jsj2H jt sj2H ;

2

(1)

where 0 < H < 1 is the fra tal s aling parameter, also
alled the Hurst parameter. For H = 1=2 we obtain the
well known Brownian motion (or Wiener pro ess), denoted
by B (t). One of the most important properties of the Brownian motion is the independen e of its in rements.
The fBm is a random pro ess whi h is ontinuous in the
mean-square sense. It admits several integral representations. The most popular one, as introdu ed in [4℄, is:

BH (t) /

Z

0
1

h

(t s)H 1=2
+

i

( s)H 1=2 dB (s)
Z t

0

(t s)H 1=2 dB (s): (2)

(2) allows to interpret the fBm as a derivative of fra tional
order 1=2 H of Brownian motion. Another useful representation is the \spe tral representation" of the fBm [10℄.
The so- alled "power law" or "T H law" of the fBm states
that the varian e of the in rements of BH (t) is given by
Ef[BH (t +  ) BH (t)℄2 g = 2 j j2H . We will all this quantity the "stru ture fun tion" of the fBm. As will be seen in
Se tion III-A, it also plays an important role in the study
of more general pro esses with stationary in rements. As
the fBm is nonstationary (and therefore one annot dene its power spe trum), but it has stationary in rements,
it is more onvenient to study the hara teristi s of this
pro ess using the auto orrelation and the spe trum of its
in rements. This approa h was used in [11℄ to de ne the
"generalized power spe trum" of BH (t), whi h is proportional to j!j (2H +1) ; 0 < H < 1.
The rst order in rement of the sampled fBm is the
fra tional Gaussian noise (fGn): GH (k) = BH (k; 1) =
II. A simple example of a fra tal field: the
BH (k) BH (k 1); k 2 Z: It is a stationary pro ess, whose
fra tional Brownian motion
auto orrelation fun tion de ays hyperboli ally as jkj2H 2
A. Reminders about the 1D fBm
(for H 6= 1=2), and therefore the dis rete-time pro ess exFra tional Brownian motion (fBm) is one of the most hibits a short-range dependen e for 0 < H < 1=2, indepopular sto hasti fra tal model for images. It was intro- penden e for H = 1=2 (Brownian motion) and long-range
du ed by Kolmogorov and studied by Mandelbrot and Van dependen e for 1=2 < H < 1 (see Se tion VI-A for more

details). Moreover, as all se ond order self-similar proesses with stationary in rements have the same se ondorder statisti s as the fBm, it follows that their in rements have all the same auto orrelation fun tion as the
fGn. The power spe trum density (psd) of the fGn is given
by: S (!) / j!j21H 1 .
Another important property of fBm is that its lo al regularity, as measured by the Holder exponent [12℄, is
with probability one equal to H everywhere. Let us explain the geometri al meaning of this statement. Roughly
speaking, saying that a fun tion f has exponent at t0
means that, around t0 , the graph of f \looks like" the
urve t 7! f (t0 ) + jt t0 j in the following sense: For any
positive ", there exists a neighbourhood of t0 su h that the
path of f inside this neighbourhood is in luded in the envelope de ned by the two urves t 7! f (t0 ) + jt t0 j "
and t 7! f (t0 ) jt t0 j " , while this property is no longer
true for any negative " (see gure 1). Thus, a \large"
means that f is smooth at t0 , while an irregular behaviour
of f at t0 translates into lose to 0. For instan e, in 2D,
pixels having an exponent smaller than 2 are \irregular",
while an image is smooth in regions where all the pixels
have > 2. In the ase of fBm, (t0 ) = H for all t0 with
probability 1, and thus the larger H is, the smoother the
path of the pro ess will look.

the entered Gaussian pro ess with ovarian e fun tion

E fFH (x)FH (y)g /

N
Y

i=1



jxi j2Hi + jyi j2Hi jxi yi j2Hi :

This eld also admits a harmonizable representation, whi h
is a separable extension of the 1D one.
Another generalization of an fBm for 2D surfa es, alled
isotropi fra tional Brownian eld or Levy fra tional Brownian eld, is the Gaussian zero-mean eld BH with autoorrelation fun tion

RBH (x; y) / kxk2H + kyk2H kx yk2H ; (3)
where 0 < H < 1 and k  k is the usual Eu lidean norm
in R2 . Note that the one-dimensional pro ess obtained by
\ utting" an isotropi 2D fBm with a line passing through
the origin of the plane is a 1D fBm with the same selfsimilarity index. As said above, the interpretation of the
parameter H is related to the "roughness" of the fBm image: the loser H to 0, the rougher the image (the more
similar to a white noise) and the loser H to 1, the smoother
the orresponding texture ( f Fig. 2).
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Fig. 2. Isotropi fBm's with Hurst parameters respe tively H = 0:2
and 0:8.
Fig. 1. Graphi al interpretation of the Holder regularity of a fun tion

f at a point t0 .

The lassi al one-dimensional fBm an be generalized
to images or multidimensional pro esses in several ways,
depending on the property one is looking for.
B. Multi-dimensional extensions of the fBm

Let us rst keep in mind the Gaussianity assumption
in the original de nition of the 1D fBm and des ribe
the orresponding pro esses by their orrelation fun tion.
The extension to two or higher dimensions is however not
unique. For example, a possible generalization is the multiparameter Wiener pro ess, or Brownian sheet, denoted by
fWH (x); x 2 RN g. It is an anisotropi extension, that may
have di erent Hurst parameters in ea h of the N dire tions,
gathered in the ve tor parameter H = (H1 ; : : : ; HN ). The
idea to generalize the de nition of fBm in Eq. (1) is here to
set the ovarian e between the points x = (xi )1iN and
y = (yi )1iN in RN equal to the produ t of ovarian es
between the omponents of the two ve tors. This is similar
to what is done for de ning the Brownian sheet. We get
the fra tional Brownian sheet, whi h is thus de ned to be

The two (or n)-dimensional isotropi fBm an also be
de ned, as in the 1D ase, as a sto hasti integral existing in the mean-square sense [11℄. The basi interpretation of su h a onstru tion is that the in rements of the
fBm are generated by passing a 2D white noise through
a bidimensional fra tional lter. For an isotropi eld,
the fra tional lter is de ned by its frequen y response:
G(!) = k!k1 H N=2 where N is the dimension of the
spa e (N = 2 for images). Using this onstru tion, Reed
et al. [11℄ de ned a generalized power spe trum of an ndimensional fBm as BH (!) = k!k 2H N .
Alternatively, one an give an interpretation of the
Fourier transform of the orrelation fun tion (3) in terms
of a \power spe trum density" de ned as the Fourier transform of a tempered distribution. Using this result, one an
establish a link between the so-obtained \power spe trum"
of the fBm and the expression of the averaged Wigner-Ville
spe trum of the fBm introdu ed by Flandrin [13℄. One
shows [14℄ that the expe ted value of the Wigner-Ville distribution [15℄ of the 2D fBm is the inverse Fourier transform
of this \power spe trum". Moreover, the averaged WignerVille spe trum being de ned as a spatial mean of the average of the Wigner-Ville distribution, it follows that the

averaged power spe trum of the 2D fBm is, for all non-zero
frequen ies, proportional to k!k 2H 2 , whi h is also formally onsistent with the previous expression of BH (!).
Another possibility for building multidimensional extensions of the 1D fBm is to de ne self-similar elds with stationary 2D in rements. The de nition of the self-similarity
in the multidimensional ase is analogous to the one in 1D:
Let F (x), x 2 R2 , be a ontinuous-spa e random eld. It
is alled self-similar of parameter H > 0 if, for all a > 0 we
have F (ax) =d aH F (x); where =d means the equality of all
its nite-dimensional probability distributions. This implies
that the statisti al hara teristi s of the pro ess are invariant (up to a multipli ative onstant) under s ale hanges.
The extension of the notion of stationary in rements is a
little bit more tri ky and, depending on the de nition, one
an be led to elds with di erent properties. For example,
in 1D, one an see the (stri t sense) stationarity of the inrements as the invarian e of their probability distribution
to translations (whi h are the only rigid body motions in a
spa e with only one dimension). In two dimensions, the extension of this property an be seen as the invarian e of the
probability distribution of the in rements F (x) F (0) with
respe t to all possible rigid body motions (translations, rotations and ompositions of these operations). In the sense
of this de nition, the isotropi fra tional Brownian motion
is the only self-similar Gaussian eld with stationary in rements. If we relax the Gaussianity onstraint, there exist
several self-similar elds with (stri t-sense) stationary inrements [10℄, [16℄. In parti ular, they may have stable distributions. Even though the stable elds dis ussed in [10℄
have not been used in many image pro essing appli ations,
the extension of Gaussian models to heavy-tailed distributions for images is a very promising resear h problem whi h
has re eived re ently an in reasing interest. Some hints on
the on-going developments will be given in Se tion VI-D.
Besides, if the stationarity is de ned not w.r.t. all the
rigid body motion, but only w.r.t. translations, we ome
up with another de nition, dis ussed in Se tion III-A.
III. Looking at Anisotropy

The extension from isotropi to anisotropi fra tal image models an be realized in several ways. A rst method
is to build anisotropi elds by linear spatial transforms
of isotropi fra tal elds. This approa h is dis ussed in
Se tion III-B. Another possible onstru tion is by spatial
ltering of elds with desired hara teristi s (see Se tion
III-B). Last, but not least, it is possible to adopt a dire t
approa h by building intrinsi ally anisotropi elds, as it
was done for building the fra tional Brownian sheet. Another example of a dire t onstru tion will be dis ussed
in Se tion III-A. In all these onstru tions, the stru ture
fun tion of the elds will play an important role in introdu ing and hara terizing the anisotropy.
A. Fields with stationary in rements of fra tional order
As mentioned above, the manner of de ning in rements
in R2 is important, as it leads to elds with di erent properties. By taking di erent orders of di eren ing along

two orthogonal dire tions of spa e, we are emphasizing the
anisotropy of the elds under study. This enables the onstru tion of self-similar Gaussian elds with stationary inrements other than the isotropi fBm [17℄.
Consider an arbitrary spatial dire tion (x ; y ). Ba0
si ally, the in rements (D;D ) F (x; y; x ; y ) of fra tional order (D; D0 ) 2 R2+ of a 2D ontinuous (resp.
dis rete) random eld F (x; y) are obtained by ltering
F (x; y) with a linear lter0 whose transfer fun tion is


1 e p x D 1 e s y D ; 8(p; s) 2 C 2 . In this framework, a zero-mean eld F (x; y) has (wide-sense) stationary in rements of order (D; D0 ) if it is with nite varian es and, for all (x ; y ; 0x ; 0y ), the ross- orrelation
0
0
of (D;D ) F (x; y; x ; y ) and (D;D ) F (x0 ; y0 ; 0x ; 0y )
is a fun tion depending only on x x0 , y y0 and
x ; y ; 0x ; 0y . More properties of su h elds are disussed in [17℄ and [18℄. In parti ular, the isotropi 2D
fBm with parameter 0 < H < 1 has stationary fra tional
in rements of order (D; 0)/(0; D) for all D 2 R; D > H .
A pro ess F (x; y) with stationary in rements of order (1,0)/(0,1) is hara terized by its stru ture fun tion
'(x ; y ), representing the varian e of F (x; y) F (x
x ; y y ) for all (x ; y ). This fun tion is also used
in geostatisti s problems [19℄, and for hara terizing the
roughness of me hani al surfa es, whi h are by their nature anisotropi and non-stationary [20℄. The stru ture
fun tion is a fundamental on ept, as it an be used to
express the auto orrelation fun tion of the elds with stationary in rements, whi h shows that zero-mean Gaussian
elds with stationary in rements are entirely hara terized
by this fun tion. Moreover, one an determine expli itly
the form of the stru ture fun tion of su h a eld having
self-similar properties. More pre isely, its expression
reads:
p
'(x; y) = 2H f (); where 0 < H < 1;  = x2 + y2 ;  =
angle(x + |y) and f is a -periodi fun tion. For example,
the fun tion f redu es to a onstant in the ase of isotropi
fBm.
B. Filtering and Linear Spatial Transforms
If we onsider a se ond order random eld F (x); x 2
R2 , with stationary in rements of order (1,0)/(0,1) and
su
R h that F (0) = 0, we an build the eld G(x) =
R2 h(u)F (x u)du, where h is the impulse response of the
onsidered real lter. Provided that h de ays fast enough,
the existen e of this eld is guaranteed [14℄. It has also
stationary in rements of order (1,0)/(0,1) and its stru ture
fun tion an be easily dedu ed from the stru ture fun tion
of the eld F .
Another way of introdu ing the anisotropy is to observe
that, if 'F ();  2 R2 , is the stru ture fun tion of a eld
F (x; y) with stationary in rements of order (1,0)/(0,1),
then, for all 2  2 real matrix M ; F (M x) is a eld with
stationary in rements of order (1,0)/(0,1) with stru ture
fun tion 'F (M ). Moreover, by using polar oordinates
 = ( os ; sin ), the stru ture fun2Htion of an isotropi
2D fBm takes the form : 'BH () /  , whereas the stru ture fun tion of any self-similar eld with stationary in re-

ments of order (1; 0)/(0; 1) resulting from a linear spatial is perfe tly tted in this ase. Another example is image
transformation of the 2D fBm will be:
synthesis: fBm has frequently been used for generating arti
ial mountains [3℄. Su h a modeling assumes that the

os [2( 0 )℄ H :
(4) irregularity of the mountain is everywhere the same. This
' (M ) / 2H 1
is not realisti , sin e it does not take into a ount, e.g.,
erosion, whi h smoothes some parts of the mountains more
than others. To model these and other ne features of
lands apes, mBm is a mu h better andidate. We brie y
present below the 1D mBm, then move to its 2D isotropi
and non-isotropi extensions.
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Fig. 3. Anisotropi elds with stru ture fun tion given by Eq. (4),
having resp. the parameters H = 0:2, = 0:9, 0 = 2=3 (left), and
H = 0:8, = 0:9, 0 = =3 (right).

The parameter 2 [0; 1℄ ontrols the degree of anisotropy, while 0 2 [0; ℄ indi ates the "privileged" dire tion of
the eld. More pre isely, the in rements have the smallest
(resp. largest) variation in the dire tion 0 (resp., 0 +=2).
The two extreme ases, = 0 and = 1, orrespond, respe tively, to an isotropi fBm and to a ompletely oriented
eld obtained by sta king 1D fBm's along ea h line of dire tion 0 + =2.
IV. Is stationarity a realisti

assumption?

A. 1D mBm
The name \multifra tional Brownian motion" was introdu ed in [21℄ to designate the following generalization
of fBm: The mBm with fun tional parameter H (t) is the
zero-mean Gaussian pro ess de ned as
WH (t) (t) /

Z

0

1

[(t

s ) H (t)

1=2

( s)H (t) 1=2 ℄dB (s)
Z t
+ (t s)H (t) 1=2 dB (s);
0

(5)

where H is a C 1 fun tion ranging in (0; 1). A harmonizable representation of mBm was introdu ed independently
in [22℄. The in rements of mBm are in general neither independent nor stationary. When H (t) = H 8t, mBm is an
fBm of exponent H . The ovarian e of mBm reads [23℄:

RWH (t; s) / jtjH (t)+H (s) +jsjH (t)+H (s) jt sjH (t)+H (s) :
One an show that, ontrarily to fBm, the in rements of
mBm display LRD for all admissible fun tions H (t) (of
ourse, the notion of long range dependen e must be rede ned arefully for non-stationary in rements, see [23℄).
The main feature of mBm is that its Holder exponent
varies in time: At ea h point t0 , it equals H (t0 ) with probability one. This is in sharp ontrast with fBm, where the
almost sure Holder exponent is onstant: As announ ed
above, mBm allows to des ribe phenomena whose regularity evolves in time/spa e. Equally with probability one,
the Hausdor and box dimensions [ ; d℄ are both equal to
2 minfH (t); t 2 [ ; d℄g. Another important property of
mBm is that it is asymptoti ally lo ally self-similar. Basially, this means that, at ea h t, there exists an fBm with
exponent H (t) whi h is \tangent" to the mBm: A path of
an mBm is thus a \lumping" of in nitesimal portions of
fBm-s with well- hosen exponents [22℄.
Let us nally mention that one an de ne a generalized
mBm where the fun tion H is no longer restri ted to be C 1
but may be very irregular. This allows to model Gaussian
pro esses with arbitrary lo al regularity, and is a useful
tool for appli ations su h as image segmentation [24℄.

The stationary-in rements property of fBm is useful beause it allows to simplify the analysis. However, most
real world images do not share this property. In order to
obtain realisti models, one must onsider more omplex
pro esses, whi h have non stationary in rements of any order. One of the simplest fra tal models that falls into this
ategory is the multifra tional Brownian motion (mBm).
The major di eren e between the two pro esses is that,
unlike fBm, the Holder exponent of mBm is allowed to
vary along the traje tory, a useful feature when one needs
to model pro esses whose regularity varies in spa e, as is
the ase for most images. While all the properties of fBm
are governed by the unique number H , a fun tion H (x; y)
is available in the ase of mBm. Let us give two examples that explain why this is important. As we have seen,
the long term orrelations of the in rements of fBm deay as k(2H 2) , where k is the lag, resulting in long range
dependen e (LRD) when H > 1=2 and anti-persistent behavior when H < 1=2. In this respe t, fBm is \degenerated": Sin e H rules both ends of the Fourier spe trum,
i.e. the high frequen ies related to the Holder regularity
and the low frequen ies related to the long term dependen e stru ture, it is not possible to have at the same time B. Two-dimensional extensions of mBm
One an imagine various extensions of mBm in higher
a very irregular lo al behavior (H lose to 0) and LRD
(H > 1=2). fBm is thus not adapted to model pro esses dimensions. We des ribe two versions that are dire t genwhi h display both those features, su h as Internet traÆ eralizations of the ones onsidered in Se tion II-A for fBm.
or ertain highly textured images with strong global orgaAn isotropi multifra tional Brownian eld WH (x) is a
nization, as are e.g. MR brain images. In ontrast, mBm entered Gaussian pro ess, whose ovarian e fun tion de-

pends on a deterministi fun tion H (x); x 2 R2 and reads: [32℄ and the results have also been extended to elds with
stationary in rements of arbitrary fra tional order [18℄.

Other lassi al methods for estimating the Hurst paramE WH (x) (x)WH (y) (y) /
o
n
eter
in lude the box- ounting and the variation method
kxkH (x)+H (y) + kykH (x)+H (y) kx ykH (x)+H (y)
[33℄, [34℄, maximum likelihood estimates [35℄, [36℄, [37℄,
least squares regression in the spe tral domain [38℄, methIt admits a moving average representation extending in ods based on the log-periodogram [39℄, or estimators based
the obvious way (5) to several dimensions.
on the moments of the in rements [40℄, [41℄. The fra tal
An anisotropi version alled multifra tional Brownian dimension has also been measured by morphologi al ovsheet (mBs) is obtained by extending the de nition of the ers [42℄ or by algorithms adapted to a spe i appli ation,
Brownian sheet. For H : RN ! (0; 1)N a smooth enough but derived from existing methods (e.g., the \reti ular ell
fun tion, the mBs is the entered Gaussian eld FH (x) with ounting" method [43℄, related to spe tral algorithms or
auto orrelation fun tion:
the \fra tal interpolation fun tion models" [44℄).

E FH (x) (x)FH (y) (y)


N
Y
i=1

/

jxi jHi (x)+Hi (y) +jyi jHi (x)+Hi (y) jxi yi jHi (x)+Hi (y)

with x = (xi )1iN and y = (yi )1iN (N = 2 for images). As in 1D, one an study the regularity properties
of these two elds, and show that their Holder exponents
are ontrolled by the fun tion H . Multifra tional Brownian elds have been used in [25℄ for the modeling of X-ray
images of bones in view of early dete tion of osteoporosis.
Another appli ation is ne terrain modeling ([26℄).
V. How to Analyze and Synthesize Fra tal
Surfa es

A. Analysis
One of the most popular method for estimating the Hurst
parameter of a fra tal eld is based on the wavelet analysis (WA). Being s aled and translated versions of a single
os illating fun tion, wavelets [27℄ perform a mathemati al
zooming into signals. In the two-dimensional ase, wavelets
(and wavelet pa kets) also provide an appropriate tool for
hara terizing elds with fra tal features. The most usual
way to extend WA to 2 (or higher) dimensions is to onsider
separable wavelet bases. The underlying notion of s ale invarian e in the WA naturally relates it to nonstationary
self-similar pro esses, whose statisti al properties are invariant under s ale hanges. This spe ial relation was rst
pointed out for the 1D fBm [28℄: wavelet oeÆ ients of
fBm form stationary sequen es at a given s ale and satisfy
a \power-law" property. Applied to the 2D isotropi fBm,
this means that the varian e of its wavelet oeÆ ients at
resolution level j is proportional to 2j(2H +2) [29℄. Written
in logarithmi s ale, this leads to a simple method for estimating the Hurst parameter of an isotropi fBm. In the
ase of 2D separable wavelets, we have three di erent regression lines allowing to estimate H , orresponding to the
horizontal, verti al and diagonal details. A more pre ise
estimation of H an be obtained by making a joint linear
regression on all the subbands.
Under some assumptions on the number of vanishing moments of the WA, the same property of stationarization was
shown to be onsistent with the properties of more general
1D random pro esses with stationary in rements [30℄, [31℄,

B. Synthesis
Several methods have been proposed for synthesizing
fra tional Brownian elds. Synthesizing fBm's is by no
means an easy pro ess, espe ially if one needs to build large
images. The problem lies mainly in the non-Markovian nature of fBm. The Choleski method allows exa t synthesis,
but a plain implementation requires a large omputational
time and a large amount of memory. Under some minor restri tions, it is possible to use fast and eÆ ient algorithms
for Choleski de omposition, but various approximate methods have also been designed that allow reasonable omputer
time/memory requirements.
We rst des ribe the steps involved in the Choleski
method. We wish to generate samples of an index-H
fBm BH at N equidistant points of [0; 1℄. The disrete in rements BH (k=N ) = BH (k=N ) BH ((k
1)=N ) form a stationary Gaussian sequen e with zero
mean, and the statisti al properties of the ve tor BH =
(BH (1=N ); BH (2=N ); : : : ; BH (1)) are determined by
its auto ovarian e matrix AN . Sin e AN is positive definite, it may be written using its Choleski de omposition
as AN = LN LTN where LN is an invertible lower triangular
matrix. Let YN be an N -sample realization of a unit varian e entered white Gaussian noise. Then it is lear that
the auto ovarian e matrix of the random ve tor LN YN
is exa tly AN . Setting BH = LN 
PYN , we thus generate
a realization of BH as BH (k=N ) = kp=1 BH (p=N ). The
synthesis of an fBm is now redu ed to the omputation
of LN from AN . Note that the pro edure above may be
applied for synthesizing any dis rete Gaussian pro ess. A
dire t method for general Choleski fa torization has omplexity O(N 3 ) and annot be used for building large tra es.
Fortunately, when the pro ess is stationary (this is why we
work with BH rather than BH ) and when the samples
are equi-spa ed, the onsidered matrix is Toeplitz and one
an use fast algorithms, su h as the S hur or Levinson ones,
whi h have omplexity O(N 2 ) and need O(N ) memory. It
is possible to do even better if one for es N to be a power
of 2. Su h a requirement is ommon to many methods (e.g.
FFT or dyadi wavelet-based algorithms). Then, the doubling S hur algorithm ([45℄) allows the omplexity to be
redu ed to O(N (log2 (N ))2 ). This method was used in [46℄
to synthesize 1D fBm's with 131072 sample points and 2D
fBm's with 2048  2048 sample points.

Let us now brie y omment on some approximate methods. The oldest one is the midpoint displa ement algorithm. In the ase of Brownian motion, this is the original onstru tion by P. Levy of the Wiener pro ess. This
method has a linear omplexity [47℄. When H 6= 1=2, however, the resulting pro ess has se ond order properties that
di er signi antly from those of fBm. In [48℄, [37℄, an improvement of this s heme is proposed, whi h allows to reover approximately the right ovarian e fun tion with a
low omputational burden. The algorithm is based on the
notion of a multis ale pro ess, and improves on the lassi al
method by using statisti al des riptions of the interpolation
and displa ement steps.
Wavelet based methods [49℄ rely mainly on the fa t that
the wavelet transform a ts as a `whitening lter' on fra tional Brownian motion. This allows easy synthesis of the
wavelet oeÆ ients of fBm. However, the problem of building the low frequen y non-stationary approximation of the
signal remains. Other wavelet methods ([50℄, [29℄) assume
that the detail oeÆ ients are un orrelated, thus leading
to \1=f -type" elds rather than 2D-fBm.
A spe tral method for generating an approximation of
a two dimensional N  N fBm is the in remental Fourier
synthesis des ribed in [51℄. The idea is to reate rst a
periodi random eld of size 2N  2N with statisti s lose
to those of the in rements of the 2D-fBm over half the
spatial period. Su h random elds are easy to generate
be ause their Karhunen-Loeve transform is simply the two
dimensional dis rete Fourier transform. The approximate
2D-fBm is then obtained by adding up the in rements. The
omplexity of this method is O(N 2 log2 (N )). This method
an also be used to generate anisotropi elds with stationary in rements [52℄. Other approximate Fourier methods
in lude the ones des ribed in [3℄ and [53℄.
Finally, while methods based on di erential models are
interesting be ause they have a physi al meaning, they do
not yield orre t approximations to fBm. In fa t, these
methods are used to study generi `1=f ' noises ([54℄).
Let us now dis uss the synthesis of mBm. The usual
te hnique is based on the property that a path of an mBm
with fun tion H (t) is \tangent" at ea h t0 to the one of
an fBm with exponent H0 = H (t0 ) (see [21℄). This allows to generate a sample path of an mBm BH (t) (t) at the
N points (ti ) by generating rst N plain fBm-s Bi with
exponents Hi = H (ti ). One then lumps together the appropriate points Bi (ti ). The omplexity of the pro edure is
O(N 2 (log2 (N ))2 ). An alternate method is to make use of
the Choleski de omposition to generate dire tly the samples of an mBm. The omplexity is now O(N 3 ): This se ond method is thus more omplex than the rst one, but
it is exa t, whereas the previous one is approximate.
VI. Dis rete Fra tional Models for a Digitized
World

idea is also supported by the fa t that the in rements of
ontinuous-spa e self-similar elds present long-range dependen e (LRD) properties. They an be modeled by 2D
extensions of fra tionally integrated auto-regressive moving
average (FARIMA) pro esses, whi h have been su essfully
used in nan e, hydrology and other appli ations. The 2D
FARIMA elds an be built in an isotropi or anisotropi
manner, the latter being mu h more exible in taking into
a ount the hara teristi s of natural s enes. These models
also onstitute a dis rete alternative to the 2D fra tional
Gaussian noise. Another argument in favor of dis retespa e models is that the parameter estimation methods will
be dire tly derived from the lassi al approa hes existing
in the literature for time-series analysis.
A. Long-range dependen e and fra tal pro esses
For a stationary se ond-order random pro ess, (X (k))k2Z,
the LRD is de ned by the non summability of its autoorrelation fun tion (k). In parti ular, a ondition of
LRD is the existen e of a parameter d 2 (0; 1=2) su h
that: limk!1 k1 2d (k) = K ; with K 2 R+ or, equivalently, the power spe trum density is divergent at the
origin: lim!!0 j!j2d S (!) = KS with KS 2 R+ : De ning
H = 1=2 + d, the LRD appears for H 2 (1=2; 1). A typi al
example of an LRD pro ess is the (dis rete-time) fra tional
Gaussian noise (fGn) des ribed in Se tion II-A.
Another example of LRD pro esses are FARIMA proesses, also alled fra tionally di eren ed noises, whi h
have been introdu ed by Hosking [55℄. The psd of a
FARIMA(0,d,0) pro ess is S (!) = 2 j sin(!=2)j 2d. It an
be remarked that, for ! ! 0; it is equivalent to that of the
fGn. The onstraint d > 0 leads to LRD, whereas d < 1=2
is ne essary for nite varian e.
B. Gaussian FARIMA models and related anisotropi
elds
A possible bidimensional extension of the fra tional
Gaussian noise [11℄ is an isotropi eld with 2D psd

S (!x ; !y ) / !x2 + !y2 2d ; 0 < d < 1=2: The link between d and the Hurst parameter is then: 2d = H . Its
dis rete-spa e equivalent is an isotropi 2D FARIMA. This
is a zero-mean Gaussian eld with psd:
 2d

:
S (!x ; !y ) / sin2 !2x + sin2 !2y
When !x ! 0 and !y ! 0, the psd of the 2D FARIMA
pro ess tends towards that of the isotropi fGn.
As already pointed out, it is often useful to dispose of
an anisotropi model for LRD elds. It an be built in
the same way as the isotropi 2D fra tionally di eren ed
Gaussian noise, taking into a ount jointly the long-range
dependen e properties, the anisotropy and the dire tionality in the image. A form for the spe tral density answering
to these requirements is:

Continuous elds, and in parti ular fra tal elds, have
S (!x ; !y ) = 2 I (!x ; !y )2(1 d) A ;' (!x ; !y ) 2
to be sampled in order to be pro essed. Another apos ') sin2 !2x + (1 + os ')
proa h, whi h may appear mu h easier to apply in pra - where A ;' (!x ; !y ) = (1
!
ti e, is to de ne dire tly dis rete-spa e models. This sin2 2y 21 sin ' sin !x sin !y . This expression is able, on

the one hand, to model an isotropi part: I (!x ; !y ) =
sin2 !2x + sin2 !2y , depending only on the fra tional oeÆ ient d and apturing the LRD behaviour, and, on
the other hand, an anisotropi part A ;' (!x ; !y ) depending only on
 0 and ' 2 [0; 1). A polar oordinates hange (!x ; !y ) = !r ( os ! ; sin ! ) in the previous expression helps in studying the psd in the neighborhood of the origin of the spatial frequen y plane.
Indeed,
for !r ! 0, we get
S (! os ! ; !r sin ! ) 
 1 r

'
2
4
d
For an LRD eld, this
2 os ! 2
!r 1 +
spe tral density diverges at the frequen y (!x ; !y ) = (0; 0),
for d > 0. Another onstraint omes from the fa t that,
in order to de ne the orrelation fun tion of the eld, the
integral of its psd has to be nite, and this leads to d < 12 .
The form of the psd near the origin also suggest the interpretation of the parameters hara terizing the model (see
Fig. 4). The parameter '=2 2 [0; ) determines the orientation of the resulting eld: the psd is maximum in the
neighborhood of the origin for ! = '=2 and therefore the
privileged dire tion in the eld is '=2 + =2. The parameter 2 [0; 1) hara terizes the dispersion of the psd of
the eld around this privileged dire tion and is alled the
anisotropy oeÆ ient. In parti ular, we remark that, for
= 0, we nd an isotropi model. The fra tional parameter d determines the degree of \roughness" of the eld. The
loser d to 1=2, the \smoother" the eld. Note also that
the LRD and the anisotropy terms being separated when
!r ! 0, the orientation and the roughness of the eld an
be tuned independently. The in uen e of these parameters
on the generated texture are illustrated in Fig. (5).
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ea h iteration of the algorithm, an optimization of the same
omplexity as that of the noiseless model is performed.
C. Non stationary extensions
It is also important to note that it is possible to propose
nonstationary extensions of the FARIMA 2D elds [14℄. A
onstru tion of su h elds has been detailed in [59℄: starting from a stationary eld (U (n; m))(n;m)2Z2, we rst lter
it by the lters with frequen y responses
 ! i 1=2
! 
h
Gx (!x ; !y ) = (1 e |!x ) sin2 x + sin2 y
2
2
and Gy (!x ; !y ) = Gx (!y ; !x ). The resulting elds Bx and
By are stationary and an be onsidered as the in rements
of a non-stationary eld F (n; m) with stationary in rements of order (1,0)/(0,1). This one an be onstru ted by
summing up in an appropriate way Bx and By . Moreover,
if the original eld U (n; m) is the anisotropi FARIMA
eld de ned in Se tion VI-B, then (F (n; m))(n;m)2Z2 is
a eld with stationary in rements of order ( ; 0)/(0; ),
for all 2 R;
> 2d. Therefore, these elds are the
dis rete-spa e equivalent of the ontinuous-spa e models
with stationary in rements of fra tional order dis ussed in
Se tion III-A. In parti ular, for isotropi elds, they represent dis rete-spa e ounterparts of the isotropi 2D fBm.
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Fig. 5. Left: dis rete-spa e fra tional noise with ' = =3; =
0:97; d = 0:3. Right: non-stationary eld with stationary in rements,
having the above realization as rst-order in rement.
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Fig. 4. Level sets of the psd of the anisotropi fra tional Gaussian
noise, for: ' = =5; = 0:97; d = 0:3 (left) ' = =5; = 0:17; d =
0:3 (right). The angle '=2 is measured lo kwise w.r.t. the verti al
axis.

The four parameters of the model: 2 ; d; , ', an
be easily estimated in the noise-free ase, either by a least
mean squares approa h, or by maximum likelihood [14℄.
The rst method relies on the fa t that an asymptoti ally
unbiased estimator of log S (!x ; !y ) is, for (!x ; !y ) 6= (0; 0),
log PN (!x; !y ) + ( 
= 0:57721), where PN (!x ; !y ) is the
periodogram of the observed image. In the se ond ase,
one an use the Whittle spe tral approximation to derive
an expli it form for the log-likelihood [56℄, [57℄. When the
realizations of the anisotropi FARIMA are orrupted by
an additive Gaussian noise, the dire t estimation of parameters from the log-likelihood expression leads to a omplex non-linear optimization. This an be alleviated by
an \expe tation-maximization" (EM) approa h [58℄. At

D. Non-Gaussian Fra tional Fields
The driving noise in the dis rete anisotropi model disussed so far has a Gaussian distribution. A large lass of
distributions an be approximated by Gaussian mixtures
and texture models ombining su h distributions with LRD
hara teristi s have been proposed in [60℄. However, in
some appli ations (e.g. SAR, ultrasound or astronomi al
imaging), the analyzed elds may be highly variable and
it may be interesting to use \heavy" tail probability distributions. In parti ular, stable pro esses have turned out
to be good models for many impulsive signals and noises.
Alpha-stable distributions have in nite varian e, unde ned
higher-order moments and, in general, there does not exist an expli it form for their probability densities [61℄, [10℄.
They are however interesting in linear modeling, as linear
transforms preserve the distribution of any linear ombination of i.i.d. -stable random variables. Alpha-stable 2D
dis rete-spa e pro esses having LRD properties have been
studied in [62℄.

VII. Multifra tal Surfa es

Multifra tal analysis is on erned with the study of the
regularity stru ture of fun tions or pro esses, both from a
lo al and global point of view. More pre isely, one starts
by measuring in some way the pointwise regularity, usually
with some kind of Holder exponents (see Se tion II-A or
[12℄). The se ond step is to give a global des ription of
this regularity. This an be done in a geometri fashion,
using Hausdor dimension, or in a statisti al one through
a large deviation analysis. We des ribe below a simpli ed
version of multifra tal analysis in the framework of image
pro essing. Let X (t), t 2 T = [0; 1℄2 denote the image.
The Hausdor spe trum fh ( ) des ribes the stru ture
of the fun tion t 7! (t) (where (t) is the Holder exponent at t) by evaluating the size, as measured by the
Hausdor dimension, of its level sets. In other words, one
sets fh( ) = dimH ft 2 T; (t) = g, where dimH (E ) denotes the Hausdor dimension [63℄ of the set E . Sin e ea h
E is in luded in T , fh takes values in [0; 2℄ [ f 1g (the
value 1 o urs when E is empty, while fh ( 0 ) = 2 indi ates that a whole region in the image has exponent 0 ).
>From a heuristi point of view, the Hausdor multifra tal
spe trum thus des ribes the \size" of the set of pixels in
the image whi h have a given regularity. For instan e, if
fh ( 0 ) = 2 for some 0 > 2 and fh( ) < 2 for all 6= 0 ,
then we know that almost all points in the image have regularity 0 and thus that the image is almost everywhere
smooth, be ause 0 > 2.
Another global des ription of the lo al regularity is provided by the large deviation multifra tal spe trum, fg ( ).
A heuristi way to introdu e fg is as follows. Fix an integer n and partition the image into n2 boxes of size 1=n2.
Now pi k a box at random. One de nes fg ( ) by writing
that the probability that the hosen box has a regularity
behaves as n (2 fg ( )) , when n is large. Thus, roughly
speaking, fg ( ) measures the rate of de ay, when n tends
to in nity, of the probability that a randomly pi ked region of size 1=n2 has regularity . In parti ular, if fg ( ) is
stri tly smaller than 2, then the probability of observing a
regularity goes to 0 exponentially fast, with exponential
rate 2 fg ( ): when n is \large", \most" pixels have an
su h that fg ( ) = 2. We mention that it is natural to interpret fg as a rate fun tion in a large deviation prin iple.
The theory of Large Deviations provides onditions under
whi h su h rate fun tions may be al ulated as Legendre
transforms of moment generating fun tions. When appli able, this pro edure yields a more robust estimation than a
dire t omputation. In general, this allows to de ne a new
spe trum, the Legendre spe trum, not onsidered here.
Multifra tal analysis has been the subje t of numerous
studies both in the deterministi and random ases. A very
partial list of referen es is [64℄, [65℄, [66℄, [67℄, [68℄. Many
works have been devoted to the omparison of the spe tra
and their omputation in various ases. In parti ular, it
is shown for instan e in [69℄ that the inequality fh  fg
holds in full generality. The spe tra have been determined
most notably in the ase of multipli ative as ades [70℄,
for whi h one has equality between fh and fg (one then

says that the multifra tal formalism holds). The Hausdor
spe trum of Levy pro esses was omputed in [71℄, and the
fh and fg spe tra of a large lass of Gaussian pro esses
are given in [72℄. Multifra tal analysis has a number of
important appli ations in image pro essing, some of whi h
are des ribed in the next se tion.
VIII. Appli ations

Some appli ation of the fra tal modeling of surfa es have
already been mentioned, like texture analysis and synthesis, others will be dis ussed in this se tion.
A. Geophysi al elds simulation
A popular way to synthesize various geophysi al phenomena is to use multifra tals. The starting point of the
method is based on the remark that the simplest models leading to pro esses with non-trivial spe tra (i.e. not
redu ed to a point) are the so- alled multipli ative asades, and that these kinds of as ades are believed to o ur ommonly in many natural phenomena. To onstru t
the rudest as ade, hoose a real number m0 in (0; 1) and
set m1 = 1 m0 (these are alled the \weights"). Split
the unit interval into two halves, and assign measure m0
to [0; 1=2℄ and measure m1 to [1=2; 1℄. Iterate this proess so that at step n we are dealing with dyadi intervals
[k2 n; (k +1)2 n ℄, ea h having a given measure n;k . Then
split ea h of these interval into two halves, and put measure
m0 n;k on the left one and measure m1 n;k on the right
one. One shows that this pro edure allows to de ne a limiting measure when n tends to in nity, alled the binomial
measure. The binomial measure has a multifra
tal spe T
trum looking like the mathemati al symbol . More omplex versions of these multipli ative pro esses are expe ted
to be good models in a wide variety of elds in luding turbulen e [68℄, [67℄, DLA [73℄, nan ial data modeling [74℄,
Internet traÆ [75℄, [76℄, geophysi s [77℄, . . . In parti ular,
random multipli ative as ades with a ontinuous s ale parameter (i.e. de ned on a ontinuum of s ales rather than
dyadi ones) and a Levy stable distribution for the weights
were used in a series of works [78℄ to model various multidimensional geophysi al phenomena, in luding louds and
o eans.
Let us nally mention another method for synthesizing
louds based on a wavelet model alled TAON [79℄. Images
obtained with this model are displayed on Fig. 6.

Fig. 6. Cloud images obtained using TAON.

B. Medi al appli ations
Fra tal Brownian elds have been early used to model
textures and the Hurst parameter has been estimated in
view of segmentation and lassi ation [80℄, [81℄, [82℄. Reently, isotropi and non-isotropi 2D fBm and multifra tional Brownian elds have been used for early dete tion
of osteoporosis from X-ray images [25℄, [83℄.
C. Satellite imaging
An isotropi FARIMA model with a non-Gaussian (onesided exponential) white noise driving sequen e was used
in radar [84℄ to simulate the texture in syntheti aperture
radar (SAR) imagery for o ean surveillan e. The isotropy
of the model was established based on the symmetry of
the periodogram for the RADARSAT lutter. This model,
ombining a LRD part with an ARMA short-range dependen e part, was shown to better t the experimental lutter
power spe tral density than both a MA model and a simple fra tional di eren ing eld. Other appli ations in SAR
imagery on ern radar image data lassi ation [85℄, [86℄
and the hara terization and segmentation of hydrologi al
basins [87℄, both based on the fra tal dimension.
D. Image segmentation
In many appli ations, the information ontained in the
lo al regularity of images is more important than the a tual values of the grey levels. A typi al example is edge
dete tion: edges are not modi ed by an aÆne transformation of the grey levels, while they always orrespond to low
regularity pixels. It thus seems reasonable to expe t that
estimating the Holder exponents of the image will yield relevant information for segmentation. In the spe i ase of
edge dete tion, one needs an additional, global, information. Indeed, the property of being an edge point is not
only lo al: by de nition, the set of the edges in the image has the geometry of a set of lines (as opposed to 2D
regions or isolated points), and thus must be of dimension
1. From a di erent, statisti al, point of view, one also has
that the probability that a randomly hosen pixel in an image of size n2 pixels is an edge point should be of the order
of 1=n. We may then hara terize edges as points whi h
have spe i , low regularities (this is a lo al riterion, measured through the Holder exponent ) and su h that the
asso iated spe tra value are fh ( ) = 1 (be ause edges are
1D obje ts) and fg ( ) = 1 (be ause they have a given,
resolution-dependent, probability to o ur). Multifra tal
edge dete tion thus onsists in rst estimating fg and then
lassifying as edge points those pixels whose Holder exponent is su h that fg ( ) = 1 (one assumes that the
multifra tal formalism is valid, i.e. fh = fg ). An example
of a multifra tal segmentation is displayed on gure 7. See
[8℄ for more on this topi .
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Fig. 7. Original image (left) and edges obtained through multifra tal
segmentation (right).

for instan e SAR images) will have a low regularity. To
the ontrary, \smooth" images ontain mostly points with
high values of . In terms of the multifra tal spe trum,
noisy images have a \large" fg ( ) for \small" values of
, and have fg ( ) < 2 for  2. For \ lean" images,
sup <2 fg ( ) < 2, and the maximum of fg is rea hed for
exponents larger than 2. In order to denoise an image, a
natural idea is then to modify it so that its multifra tal
spe trum is translated towards large values of : in this
way, the regularity of ea h point is in reased, but the shape
of the spe trum is left un hanged. As a onsequen e, the
image be omes more readable while the respe tive strength
of ea h singularity remains the same (i.e. a noisy point on
a ontour will still be, after pro essing, more irregular than
a noisy point in a smooth zone). From a pra ti al point of
view, the shift in Holder regularity is obtained through a
non linear manipulation of the wavelet oeÆ ients of the
image (see [88℄ for a detailed explanation). This method allows in parti ular to pro ess eÆ iently ertain SAR images
whi h resist most other te hniques, as shown in Fig. 8.
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Fig. 8. Original SAR image (left) and its multifra tal denoising
(right): the multifra tal spe trum of the image is shift through a non
linear manipulation of its wavelet oeÆ ients.

F. Interpolation of fra tal surfa es
In missing data problems, one an be interested in realizing a linear interpolation of a eld exhibiting fra tal features. The statisti al interpolation of nonstationary elds
E. Image denoising
(as those we have seen so far) does not enter the lassi al
The problem of image denoising may also be treated with framework of mean-square predi tion problems for stationmultifra tal methods. Intuitively, it seems lear that most ary pro esses [89℄. However, if we restri t our analysis to
points in a s ene whose overall appearan e is noisy (as elds having stationary in rements, it is possible to extend

the existing methods, by exploiting the properties of the
stru ture fun tion [90℄. Indeed, let F (n) be the value of the
eld to be estimated and S be a nite subset of Zn n f0g
whi h de nes a nite neighbourhood fn p; p 2 Sg of the
point n. Remark that we do not impose any onstraint on
the neighbourhood, whi h an be symmetri or not. The
lter is shift-invariant (i.e. its oeÆ ients P
do not depend on
the position n of the estimated sample) if p2S hn(p) = 1.
The interpolation oeÆ ients are estimated by minimizing
the mean square estimation error, and the problem redu es
to a linear mean square estimation. As the in rements of F
are stationary, we an express the normal equations, using
the stru ture fun tion. Together with the shift invarian e
onstraint, we obtain a set of linear equations allowing to
determine the impulse response of the interpolation lter.
This method has been applied to the interpolation of underwater terrain maps in [90℄. Note that the des ribed
approa h is strongly related to kriging methods [19℄.
IX. Con lusions

Resulting from more than a entury of theoreti al works
realized in mathemati s and physi s, the idea of fra tals
has emerged in the early 1970's. As we have shown in
the paper, this on ept provides new sophisti ated analysis and synthesis tools for image pro essing. An important question that ould be raised at this point is whether
fra tals onstitute adequate models for real s enes. Re ent
advan es [91℄ have shown that even though few natural images are a tually fra tal, methods inherited from the fra tal
and multifra tal formalisms an be su essfully applied to
a wide range of textures and images.
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