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[ u continuous in
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equivalent properties
u: ' R

semiconcave with constant C > 0
iff
any of the following holds:
I for all x;y such that [x;y]

and all

2 [0;1]
C . 5
u)+(1 July) u x+(1 )y 6 5 (1 )jx ]
I the function x ! u(x) ijj2 is concave in
I forany 2 RNsuchthatj j=1
@u
@2

in (distributional sense on)
| u(x) = infiz uj(x) where jjD?uijj1

Cforalli2l

R

g



semiconcavity results for optimal control
I—semiconcave functions
L de nitions

why study semiconcave functions?

u(x) = iizr}f u(x) x2RN

g

?



semiconcavity results for optimal control
I—semiconcave functions
L de nitions

why study semiconcave functions?

u(x) = ii2n|f Ui (x)
)

x 2 RN
u; af ne

u concave

g

?



semiconcavity results for optimal control
I—semiconcave functions
L de nitions

why study semiconcave functions?

u(x) = infui(x)  x2 RN
I

[ uj afne )

I jjiD2uijja

u concave
c )

u semiconcave

g

?



semiconcavity results for optimal control
I—semiconcave functions

l—de nitions

references

g



semiconcavity results for optimal control
I—semiconcave functions

l—de nitions

references

unigueness for pdes  Kruzhkov (1960), Douglis (1961)

g

?



semiconcavity results for optimal control
L'semiconcave functions

Lcle nitions

references

I uniqueness for pdes  Kruzhkov (1960), Douglis (1961)
I control theory

I Hrustalev (1978)

I C—Soner (1987) power-like modulus

I C - Frankowska (1991) general modulus

I Fleming — McEneaney (2000) nonlinear Itering

I Rifford (2000, 2002) feedback stabilization

|

g



semiconcavity results for optimal control
L'semiconcave functions

Lcle nitions

references

I uniqueness for pdes  Kruzhkov (1960), Douglis (1961)
I control theory

I Hrustalev (1978)

I C—Soner (1987) power-like modulus

I C - Frankowska (1991) general modulus

I Fleming — McEneaney (2000) nonlinear Itering

I Rifford (2000, 2002) feedback stabilization
|

I nonsmooth analysis Rockafellar (1982)

g



semiconcavity results for optimal control

L'semiconcave functions

Lcle nitions

references

unigueness for pdes  Kruzhkov (1960), Douglis (1961)

control theory

Hrustalev (1978)

C — Soner (1987) power-like modulus

C — Frankowska (1991) general modulus
Fleming — McEneaney (2000) nonlinear ltering
Rifford (2000, 2002) feedback stabilization

I nonsmooth analysis Rockafellar (1982)
comprehensive exposition

C — Sinestrari (Birkhauser, 2004)
Villani (Springer, 2009)

g

p)



semiconcavity results for optimal control

L'semiconcave functions

Lcle nitions

references

unigueness for pdes  Kruzhkov (1960), Douglis (1961)

control theory
I Hrustalev (1978)
I C—Soner (1987) power-like modulus
I C - Frankowska (1991) general modulus
I Fleming — McEneaney (2000) nonlinear Itering
I Rifford (2000, 2002) feedback stabilization
|

nonsmooth analysis  Rockafellar (1982)
comprehensive exposition

I C — Sinestrari (Birkhduser, 2004)

I Villani (Springer, 2009)
generalizations

I Colombo — Marigonda (2006)
I Colombo — Nguyen (2010)

q



semiconcavity results for optimal control
I—semiconcawe functions
L gradients

Outline

Semiconcave functions

De nitions and general properties
Generalized gradients
Singularities of semiconcave functions

Semiconcave functions and optimal control
Mayer problem
Differential inclusions

Semiconcave functions and Hamilton-Jacobi equations
Smoothness of extremal trajectories
Semiconcavity of solutions
Conclusions

g

«O» «Fr «

=

<



semiconcavity results for optimal control
Lsemiconcave functions

L gradients

generalized differentials
RN domain u: ! R
u semiconcave =) u Locally Lipschitz
=) u differentiable a.e.

g

?



semiconcavity results for optimal control
Lsemiconcave functions

L gradients

generalized differentials

RN domain u: ! R
u semiconcave =) u Locally Lipschitz
=) u differentiable a.e.
X 2
I limiting gradients
n o]
D u(x) = |“1m Du(xj) X! x
I

compact 6 ;

g

u]
8
I
n
it
S
pe)
i)



semiconcavity results for optimal control
L'semiconcave functions

L gradients

generalized differentials
RN domain u:

U semiconcave

X 2
I limiting gradients

D u(x) =

compact 6 ;
I D*u(x) = co D u(x)

' R

=) u Locally Lipschitz
=) u differentiable a.e.
n o

lim Du(x;) x! x
i

superdifferential

g



semiconcavity results for optimal control
L'semiconcave functions

L gradients

generalized differentials

RN domain u: ! R
u semiconcave =) u Locally Lipschitz
=) u differentiable a.e.
X 2
I limiting gradients
n o]
D u(x) = |“1m Du(xj) X! x
I

compact 6 ;
I D*u(x)= co D u(x) superdifferential

) Dfu(x)= @(x) Clarke's generalized differential

g



semiconcavity results for optimal control
L'semiconcave functions

L gradients

generalized differentials

RN domain u: ! R
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fx2 | 69u(x)g
fx2 jdimD u(x)> 1g

| U2Lipee() =) j (uj=0 (Lebesgue)

I Du2BVie(; RV) =) (u) countably HN I-recti able
I magnitude of a singular point x
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K(u)y:=fx 2 jdimD"u(x)= kg

Theorem

K(u) countably (N

I (u)= [, ¥(u) countably (N
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I Zaj'cek (1978), Vesely (1979)
linearly semiconcave functions
Alberti, Ambrosio & C— (1992)
general semiconcave functions
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Figure: no propagation for

u(x;y)= 3o P

&24. y2

g



semiconcavity results for optimal control
I—semiconcave functions

L singularities
.

do lower magnitude singularities propagate?

Figure: magnitude 1 singularities of u(x;y)= 3 | X] | Vi
propagate along straight lines

do

g

?



semiconcavity results for optimal control
I—semiconcave functions

L singularities

NO

ux;y)=3
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propagation principle

u: ! R

semiconcave X 2 ( Uu)
Theorem (Albano — C 1999; C — Yu 2007)
Let
I ; 6 @"u(xo)nD u(Xo) 3 Po

I g2 RNnfOg suchthat q (p po) > 08p 2 D*u(xp)
Then 9 > 0 and x():[0; ]! ( u) Lipschitz

1. x(s)2q po+ D*u(x(s)) ae. s2][0; ]
2. x"(0)=q & x*() continuous from the right
3. infsy [0, ydiamD* u(x(s)) > 0
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y(s) = f(y(s); (s))
y(t) = x
where

s2(1;T)

A compact

([t;T]! A measurable

f2 C(RN  A;RN) continuous
Ljf(x;a)j  Co(1+ jxj)
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L Mayer problem
.

value function of a Mayer problem
t T x2RN

Yix: () solution

y(s) = f(y(s); (s)) s2(t;T)
y(t) = x
where

A compact
([t;T]! A measurable
f2 C(RN  A;RN) continuous
L fGa) Co(L+ jxj)
Lf(x;a)  f(y;a)j  Cijx
given 2 C(RN) dene value function
V(t;x) = inf

yj

Yex; (T)
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Then V
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(linearly) semiconcave
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L Mayer problem
.

an old' semiconcavity result

Theorem
Assume
semiconcave
kfx(x;a) fx(y;a)k  Cgjx
Then V

yj
(linearly) semiconcave
references
I C — Frankowska (1991)
[

C — Sinestrari (2004)

(1

T
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L Mayer problem

proof of semiconcavity of V(t; )
x;z 2 RN
[ optimal at X
Fy()=yux; (),

y ()= Yux z ()
by semiconcavity of

and smoothness of ow
V(t;x+z)+ V(t;x

z) 2V(t;x)
y+(T) +

y (T) 2 y(T)
pom + y @ 2 DIy D
| z .
ciy+(T) y (T)i? cjzj? .
ey Ye(M+y (M)
| 2

i
y(T))
{z

}
ciys (T)+y (T) 2y(T)j cjzj?

[m]
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multifunction

8
> 1) F(x) nonempty, convex, and compact 8x 2 RN
S 2) F Lipschitz: F(y)
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multifunctions and trajectories
F:RV RN

multifunction

8
> 1) F(x) nonempty, convex, and compact 8x 2 RN
S 2) F Lipschitz: F(y)

F(x)+ cjy
3)9r > 0 sothat maxfjvj:v 2 F(x)g

xjB 8x;y 2 RN
r(1+ jxj)
given
I F:RN RN
I T2R, lett T, x2RN
denote by | Y1 (t;x)| all absolutely continuous arcs
y(s) 2 F(y(s))
y(t) = x

aein (t;T)

PN
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I control system

y(s) = f(y(s); (s)) s2(t;T)
y(t) = x
can be recast as differential inclusion

y(s) 2 F(y(s)) aein (t;T)
y(t) = x
de ning

F(x)= f(x;a) : a2 A

F can be parametrized as in ( )
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Example

dif culty : smoothness of f( ;a)

FO) =17 xj;jxi]
has the C'* parametrization

(N=1)

F(x) = fxu:juj

1g
as well as the nonsmooth parametrization

F(x)= fijxju:juj 1g
trajectories of the two systems coincide but known theorems

asserting semiconcavity only apply to former parametrization
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Hamiltonian
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R associated to F is de ned by
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| L gifferential inclusions
Hamiltonian
H:RV RN! Rassociated to F is de ned by
H(x;p)= sup v p
V2F(x)
one-to-one correspondence between H and F
v2FX) 0 vV p
Assumptions

H(x;p) 8p2 RN
(H1) for all compact convex K RN there is a constant cx > 0

so that x 7! H(x; p) semiconvex on K with constant ckjpj
(H2) r pH(x;p) locally Lipschitz in x uniformly for jpj & O
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a new' semiconcavity result
given terminal cost

de ne value function

' 2 C(RN)
V(t;x) = inf " (y(T)) 1y 2 Yr(t;x)

Theorem (C — Wolenski, 2011)
Assume

F and H as above
I 1

locally semiconcave

Then V locally semiconcaveon (1 ;T] RN
time optimal control

I C—, Marino and Wolenski

[

C— and Nguyen
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proof of semiconcavity of V(t; )
|

x x;z 2 RN and let y() be optimal at x: want to show
V(t;x+ z)+ V(t;x
[

z) 2V(t;x) cjzj?
invoke maximum principle to obtain adjoint arc
(
p(s) 2 @H y(s);p(s) ;
p(M2 @@ y(T)
|

y(s) 2 @H y(s);p(s)
supposing p(s) 6 Odene y () by

y (s)=rpH Yy (5);p(s)
y (t)=x

z
observe

Lojy«(s) 'y (8)j cjzj
p y=Hy:p

g

and jy (s) vy(s)
and py =Hy ;p
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V() x+2)+ V(t;x  z) 2V (LX)
Pyse(T) w1y (T) 2 y(T))
= ym +y (M 2z XDIYD
I {z }
ciy+(T) y (T)j2 cjzj3
+2 y+(T)+2y (T) y(T))
I since p(T)2 @' y(T)
Y+ (T);y (T y(T)
h i
o(T) y+(T)+2y (M y(T) +c

y«(T)+y (T)

2{7

2
y(T)
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Lclifferential inclusions

h i
Py PP ()

=17 p oyi+y 2y +p 2y y. y ds
1RT
b3 ¢P 2y Yy Yy ds .
Ry Hyep +Hy ip |
= ¢ Hyp 57— ds
Rh |
N

=, Hyp Frily”zy;p ds
Rr ety Hy.;p +HY ;p

+ H : ds
l—2 2 2 }
cipiiy+ vy j? cjzj?
RTh Vity |

- th;p H *5*;p ds Ip_2 @H(y;p)! _
R .+ 2 -

Jopo ey o+ 2y ds

| & }
cjzj?
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Du(x))= 1
u(x)=0

in

on @

g



semiconcavity results for optimal control

L'semiconcavity and Hamilton-Jacobi

nonsmooth HJ equations

H(x; Du(x))= 1 in
ux)=0 on@
Example
JA(X)Du(x)j= 1 in
where
I A:RNI

RN Nis -Hélder continuous on RN
I A(x) is invertible for all x 2 RN, and
JA(X)]

C and jA(x) Y C

g

8x 2 RN
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assumptions on H

9Cq;r;R,and 2 (0;1=2) such that
I jH(X;p)
|

H(y;p)i Coix vyj*jpi  8x;y;p2 RN
H(x; ) is convex, 1-homogeneous, and
ripi  H(X;p)  Rjpj

8x;p2 RN

I H(x; ) is continuously differentiable on RNnf0g, and
27 iDpH(x;q)  DpH(x;p)i® |
h DpH(X; Q) .DpH(x;p); L

5= IDpH(X; 0)

g
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associated control problem
de ne

F(x)= co DpH(x;p) : p2 RNnfog

8x 2 RN
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associated control problem

de ne

F(x)= co DpH(x;p) : p2 RNnfog
then

8x 2 RN
H(x; Du(x))= 1 in
u(x)=10 on @
if and only if
(
ux)=inf t 0:9 yXs) 2 F(y(s)) s Oae:
y(0) = x;

y(t) 2 @

g
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properties of F ()

F(x)

F(y)+ Cojix yj? B  8x;y
I curvature estimates
B fy(x) rir

F(x) and F(x)
controllability condition
B(O;r)

F(x)  B(OR)

2 RN

B fo(x) R

p

1P

g
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