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L definitions

definition
Q c RN domain
Definition
u: Q — R (linearly) semiconcave
» U continuous in Q
» 3C > 0 (semiconcavity constant) such that

u(x + h) + u(x — h) — 2u(x) < C|h[?

for all x, h € RN such that [x — h,x + h] € Q
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Lsemiconcave functions

L definitions

definition
Q c RN domain
Definition
u: Q — R (linearly) semiconcave
» U continuous in Q
» 3C > 0 (semiconcavity constant) such that

u(x + h) + u(x — h) — 2u(x) < C|h[?
for all x, h € RN such that [x — h,x + h] € Q

more general notion

u(x + h) + u(x — h) — 2u(x) < |hlw(|h])

MIE

where w : [0, 00) — [0, o) (semiconcavity modulus) upper
semicontinuous, nondecreasing, w(r) — 0 (r —.0)
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L definitions

equivalent properties
u:Q — R semiconcave with constant C >0
iff
any of the following holds:
» for all x, y such that [x, y] c Qand all A € [0, 1]
C

AU(x)+(1=A)u(y) —u(Ax+(1=N)y) < o A1=X) [x—y?

. C . . :
» the function x — u(x) — E\x|2 is concave in Q
» for any v € RN such that |v| = 1

d%u

— <C in (distributional sense on)
ov?

MIE

» u(x) = infier ui(x) where ||D?uj|| < Cforalli € T
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u(x)=infu(x) xeRN
[

» u; affine = wuconcave
» |[|D?uil|l.c < C = usemiconcave
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L definitions

references

» unigueness for pdes  Kruzhkov (1960), Douglis (1961)
» control theory

Hrustalev (1978)

C — Soner (1987) power-like modulus

C — Frankowska (1991) general modulus

Fleming — McEneaney (2000) nonlinear filtering
Rifford (2000, 2002) feedback stabilization

v
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Ldefinitions
references

> Kruzhkov (1960), Douglis (1961)

>
» Hrustalev (1978)
» C —Soner (1987) power-like modulus
» C — Frankowska (1991) general modulus
» Fleming — McEneaney (2000) nonlinear filtering
» Rifford (2000, 2002) feedback stabilization
> ooo

> Rockafellar (1982)

>
» C — Sinestrari (Birkhauser, 2004)
» Villani (Springer, 2009)

>

» Colombo — Marigonda (2006)
» Colombo — Nguyen (2010)
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L gradients

generalized differentials
Q c RV domain u:Q—R

u semiconcave = u Locally Lipschitz
= u differentiable a.e.
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S u differentiable a.e.
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» limiting gradients
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L gradients

generalized differentials
Q c RV domain u:Q—R
u semiconcave = u Locally Lipschitz
— u differentiable a.e.

X €
» limiting gradients

D*u(x) = { lim Du(x;) ‘ Xj — x}
[—00
compact # ()
» Dtu(x) =co(D*u(x)) superdifferential

( = D"u(x) = 0du(x) Clarke’s generalized differential)

MIE

: uly) —u(x) —p-(y = x)
D u(x) = {p e RN ‘ pr_s:)l(Jp v =] <0
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L gradients

example 1

Figure:

u(x,y)=3—-+/x2+y? and D*u(0,0)
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I—semiconcave functions

L gradients

example 2

Figure: u(x,y) =3 — |x| — |y|

and Dtu(0,0)
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singular point = nondifferentiability point
u: Q — R semiconcave

Definition (singular set)

T(u) = {xeQ| ADu(x)}
= {xeQ|dmD"u(x)>1}
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singular point = nondifferentiability point
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Lsemiconcave functions

Lsingularities

singular point = nondifferentiability point
u: Q — R semiconcave

Definition (singular set)

Y(u) = {xeQ| ADu(x)}
= {xeQ|dmD"u(x)>1}

» Uuelip(?) = |X(u)]=0 (Lebesgue)
» Du € BV)oo(Q;RN) = X (u) countably H#N~"-rectifiable
» magnitude of a singular point x

k(x) = dim D" u(x)

MIE
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L singularities

example 1

2(u)

k(0)=2

Figure: singular set of u(x,y) =3 — /X2 + y?
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I—semiconcave functions

L singularities

example 2

Figure: singular set of

L
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L singularities

sharp rectifiability
u:Q — R semiconcave
singular sets of prescribed magnitude k=1,...,N

K(u) ;= {x € Q| dimD*u(x) = k}
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I .



semiconcavity results for optimal control
Lsemiconcave functions

L singularities

sharp rectifiability
u:Q — R semiconcave
singular sets of prescribed magnitude k=1,....N

K(u) ;= {x € Q| dimD*u(x) = k}

Theorem

Yk(u) countably (N — k)-rectifiable

» ¥ (u) = U %) countably (N — 1)-rectifiable
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Lsemiconcave functions

Lsingularities
sharp rectifiability
u:Q — R semiconcave
singular sets of prescribed magnitude k=1,....N

K(u) ;= {x € Q| dimD*u(x) = k}

Theorem

YK(u) countably (N — k)-rectifiable

> ¥ (u) = UN_ TF(u) countably (N — 1)-rectifiable
» references
» Zajicek (1978), Vesely (1979)
linearly semiconcave functions
» Alberti, Ambrosio & C— (1992)
general semiconcave functions
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I—semiconcave functions

L singularities

propagation of singularities
u:Q—R semiconcave xp € X(u)
Problem

??7? —  Y(u) # {x)}

¥lu)

w{0)=2

Figure: no propagation for u(x.y) =3= /%2 + y2 - =
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L singularities

do lower magnitude singularities propagate?

— k=1
Z(u)

18]

o

—

K=2

Figure: magnitude 1 singularities of u(x,y)=3—|x| —|y| do =
propagate along straight lines —
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L singularities

NO

. S(u)

Figure: an isolated singularity of magnitude 1 at the origin
2 4
ux.y) =81/ (3)°+ (%)

cone
=
Jyeey)

u]

8
I
n
it




semiconcavity results for optimal control
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L singularities

“pattern recognition”
acloserlookat Du and D*u

Example

IV w0, 0)

I e

Figure: in example 1 | D*u(0,0) = oD u(0,0) |
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L singularities

example 3

" limiting gradients

Figure: here | D*u(0,0) = D+u(0,0)|
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propagation principle

u:Q—R semiconcave X € X(u)
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propagation principle

u:Q—R semiconcave X € X(u)
Theorem (Albano — C 1999; C — Yu 2007)
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Theorem (Albano — C 1999; C — Yu 2007)
Let

» () #£ 0D u(x0)\D*u(xo)
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propagation principle

u:Q—R semiconcave X € X(u)

Theorem (Albano — C 1999; C — Yu 2007)
Let

» () # 0D u(x9)\D*u(xo) > po
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L singularities

propagation principle

u:Q—R semiconcave X € X(u)

Theorem (Albano — C 1999; C — Yu 2007)
Let

» () # 0D u(x9)\D*u(xo) > po

» gc RN\ {0} suchthat q-(p—po) = 0Vp e Dtu(xy)
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Lsemiconcave functions

L singularities

propagation principle

u:Q—R semiconcave X € X(u)
Theorem (Albano — C 1999; C — Yu 2007)
Let
> 0 # 2D u(x0)\D*u(x0) 3 Po
» gc RN\ {0} suchthat q-(p—po) = 0Vp e Dtu(xy)
Then dr >0 and x(:):[0,7] — X(u) Lipschitz
1. x(s) € q—po+ Dtu(x(s)) ae sel0,r1]
2. x*(0)=qg & x'(-) continuous from the right
3. infgepo -1 diam D u(x(s)) > 0

I .
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back to example 2

\

singular arc

Figure: the propagation principle at work
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Semiconcave functions and optimal control
Mayer problem
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Lsemiconcavity and optimal control

L Mayer problem

value function of a Mayer problem
t<T xeRN yi,.(-) solution

{ y(s) = f(y(s),a(s)) se(t,T)
y(t) = x
where
o A compact
oa:[t,T] = A measurable
o fe C(RN x A;RN) continuous
> |f(x,a)| < Co(1 + |x])
> |f(x,a) = f(y,a)| < Ci|x -y

MIE
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Lsemiconcavity and optimal control

L Mayer problem

value function of a Mayer problem
t<T xeRN yi,.(-) solution

{ y(s) = f(y(s),a(s)) se(t,T)
y(t) = x
where
o A compact
oa:[t,T] = A measurable
o fe C(RN x A;RN) continuous
> [f(x,a)| < Co(1 + [x])
> |f(x,a) — f(y,a)| < Ci[x - y|
given ¢ < C(RV) define value function

V(ta X) - igf¢(yt,x,a(T))

MIE
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L Mayer problem

an ‘old’ semiconcavity result

Theorem
Assume

o ¢ Ssemiconcave
o [[f(x,a) — f(y, a)ll < Calx — y|
Then V (linearly) semiconcave (—oo, T] x RN
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L Mayer problem

an ‘old’ semiconcavity result

Theorem
Assume

o ¢ Ssemiconcave

o |If(x,a) — f(y,a)| < Calx — y|
Then V (linearly) semiconcave (—oo, T] x RN
references

» C — Frankowska (1991)

» C — Sinestrari (2004)

MIE
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L Mayer problem

proof of semiconcavity of V(t,-)
x,ze RN
» o optimalat x

> ¥() = Vixo(), Ya() = Vixezal')
by semiconcavity of ¢ and smoothness of flow
V(it,x+2z)+ V(t,x —z) —2V(t, x)
< o)) +o(y=(T)) —26(y(T))
= (e (T) + o(y (7)) — 26( XD D)

<cly+(T)—y-(T)P<c|z?

+2[¢(y+(T) Z}/U)) —¢(Y(T))}

<cly+(T)+y—(T)—2y(T)|<clz|?
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Outline

Semiconcave functions and optimal control

Differential inclusions
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Ldiﬂ‘erential inclusions

multifunctions and trajectories
F:RN = RN  multifunction

1) F(x) nonempty, convex, and compact Vx € RN
2) F Lipschitz: F(y) c F(x) +cly — x|BVx,y € RN
3)3r > 0sothatmax{|v|: v e F(x)} <r(1+|x|)
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Ldiﬂ‘erential inclusions

multifunctions and trajectories
F:RN = RN  multifunction

1) F(x) nonempty, convex, and compact Vx € RN
2) F Lipschitz: F(y) c F(x) +cly — x|BVx,y € RN
3)3dr > 0 so that max{|v|: v e F(x)} <r(1+ |x|)

given
» F:RN= RV
» TER, lett<T, xcRN
denote by | Y7(t,x)| all absolutely continuous arcs

MIE

{ y(s) € F(y(s)) a.ein (t,T)
y(t) =x
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Ldiﬂ‘erential inclusions

parameterizations

» control system

{ y(s) =f(y(s),a(s)) se(tT)
y(t) =x
can be recast as differential inclusion

{ y(s) € F(y(s)) a.ein (t,T)
y(t) =x
defining

F(x) = {f(x,a) : ac A} (%)
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Ldiﬂ‘erential inclusions

parameterizations

» control system

{ y(s) =f(y(s),a(s)) se(tT)
y(t) =x
can be recast as differential inclusion

{ y(s) € F(y(s)) a.ein (t,T)
y(t) =x
defining

F(x) = {f(x,a) : ac A} (%)

I .

» [ can be parametrized as in (x)
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I—diﬂ‘erential inclusions

difficulty: smoothness of f(-, a)

Example

F(x) = [=Ix], x]]

(N=1)
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Ldiﬂ‘erential inclusions

difficulty: smoothness of f(-, a)

Example

F(x) =[-Ix[.|x]] ~ (N=1)
has the C'* parametrization

F(x)={xu:|ul <1}

) Q C



semiconcavity results for optimal control
Lsemiconcavity and optimal control

Ldiﬂ‘erential inclusions

difficulty: smoothness of f(-, a)

Example
F(x) =[=Ixl,Ixll ~ (N=1)
has the C'* parametrization
F(x)={xu:|ul <1}
as well as the nonsmooth parametrization

FOx) = {Ixlu - ful <1}
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Ldiﬂ‘erential inclusions

difficulty: smoothness of f(-, a)
Example
F(x) =[=Ixl,Ixll ~ (N=1)
has the C'* parametrization
F(x)={xu:|ul <1}
as well as the nonsmooth parametrization
F(x) ={Ixlu: |ul <1}

trajectories of the two systems coincide but known theorems
asserting semiconcavity only apply to former parametrization

MIE
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Ldiﬂ‘erential inclusions

Hamiltonian

H: RN x RN — R associated to F is defined by

H(x,p) = sup v-p
veF(x)
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Ldiﬂ‘erential inclusions

Hamiltonian
H: RN x RN — R associated to F is defined by

H(x,p) = sup v-p
veF(x)

one-to-one correspondence between H and F

veF(x) < v-p<H(x,p) vpeRN
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Ldifferential inclusions

Hamiltonian

H: RN x RN — R associated to F is defined by

H(x,p) = sup v-p
veF(x)

one-to-one correspondence between H and F
veF(x) < v-p<H((x,p) VpeRN

Assumptions
(H1) for all compact convex K C RN there is a constant cx > 0
so that x — H(x, p) semiconvex on K with constant cx|p|
(H2) VpH(x,p) locally Lipschitz in x uniformly for |p| # 0

I g,
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I—diﬂ‘erential inclusions
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Ldiﬂ‘erential inclusions

a ‘new’ semiconcavity result
given terminal cost ¢ € C(RN)
define value function

V(t.x) = inf {(y(T)) : y € Yr(t,x)}
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Ldiﬂ‘erential inclusions

a ‘new’ semiconcavity result
given terminal cost ¢ € C(RN)
define value function

V(t.x) = inf {(y(T)) : y € Yr(t,x)}

Theorem (C — Wolenski, 2011)
Assume
» F and H as above
» o locally semiconcave
Then V locally semiconcave on (—oo, T] x RN
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Ldiﬂ‘erential inclusions

a ‘new’ semiconcavity result
given terminal cost ¢ € C(RN)
define value function

V(t.x) = inf {(y(T)) : y € Yr(t,x)}

Theorem (C — Wolenski, 2011)
Assume
» F and H as above
» o locally semiconcave
Then V locally semiconcave on (—oo, T] x RN
time optimal control
» C—, Marino and Wolenski
» C— and Nguyen
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Ldiﬂ‘erential inclusions

proof of semiconcavity of V(t,-)

» fix x,z € RN and let y(-) be optimal at x: want to show
V(t,x +2z)+ V(t,x — z) — 2V(t,x) < c|z|?
» invoke maximum principle to obtain adjoint arc

{—p(s) € 0xH(y(s).p(s)) . ¥(s) € BpH(y(s), p(s))
—p(T) € %o (y(T))

» supposing p(s) # 0 define y.(-) by

V+(8) = VpH(y+(s), p(s))
yi(t)=x+2z

observe
> yi(s) —y-(s)l <clz| and [y=(s)—y(s)| < c|Z|
» p-y=H(y,p) and p-yi=H(ys,p)

MIE
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Ldiﬂ‘erential inclusions

> V(t,x+2z)+ V(t,x —z) —2V(t,x)

(y+(T)) +o(y—(T)) —2¢(y(T))
(ra(1) +(y-(T) —20( 2

2

(T)+y—(T))

<cly4(T)—y-(T)[2<c|z|?
+2p (LD — o (y(T)]
» since —p(T) € oPp(y(T))

< —p(n)- [T )4
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Ldiﬂ‘erential inclusions

> —p(T)- [M —y(T)}

=30 [P (s +y-—2y) +p- (27 -y —y-)] O
> 3) P (2 -y —y)ds

= 17 [H(y.p) - Hlregplenl] g

= I [H(y.p) = H(*5=.p) | ds
+ftT [H(y+ +y- ) _ H(ys,p) +H(y-.p) ] ds

2 2
<clplly+—y-[2<c|z[?
> [H(y,p) —H(%,p)] ds (—pedxH(y,p))

< ST [ (4 ) e o

<clz|?
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I—semiconcavity and Hamilton-Jacobi

nonsmooth HJ equations

{ H(x, —Du(x)) = 1
u(x)=0

in Q
on 0N
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nonsmooth HJ equations

{ H(x,—Du(x)) =1 in Q
u(x)=0 on 99

Example

|A(X)Du(x)| =1 in Q
where

» A:RN — RN*Njs o-Hélder continuous on RN
» A(x) is invertible for all x € RN, and

MIE

IAX)|<C and |A(x)"'|<C vxeRV
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Lsemiconcavity and Hamilton-Jacobi

assumptions on H

3 Cyp, r, R, and « € (0,1/2) such that
> |H(x,p) = H(y,p)| < Colx —yP*lp| ~ ¥x,y,pe RN
» H(x,-) is convex, 1-homogeneous, and

rlpl < H(x,p) <Rlp|  Vx,peR"

» H(x,-) is continuously differentiable on RN\ {0}, and
—3: |DoH(x, q) — DoH(x. p)/*
S <DpH(X7 q) - DPH(Xap)a ﬁ>
< — 25 |DpH(x, G) = DpH(x, p)[?

MIE
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associated control problem
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I—semiconcavity and Hamilton-Jacobi

associated control problem

define

F(x) = co {DpH(x,p) : p € RM\{0}}

vx e RN

I .
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Lsemiconcavity and Hamilton-Jacobi

associated control problem

define

F(x) =co{DpH(x,p) : pc RM\{0}}  vxeRN

then
{ H(x,—Du(x)) =1 in Q
u(x)=0 on 99

if and only if

U(X)zinf{t>0 - 3 {y/(s)e’:(}’(s)) SZOa.e.}
- y(0) = x, y(t) € 89

I .
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I—semiconcavity and Hamilton-Jacobi

properties of F(-)

» F(X) CF(y)+ Colx—y|**B  Vx,y e RN
» curvature estimates

B(fp(x)—r|g|,r> C F(x) and F(x)cB(fp(X)—R|g‘,R>

» controllability condition

B(0,r) ¢ F(x) ¢ B(0,R)

) Q C
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Outline

Semiconcave functions and Hamilton-Jacobi equations
Smoothness of extremal trajectories
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L smoothness of trajectories

C'.%/2 regularity of extremal trajectories
K c RN closed

{x’(t) F(x(t)) t>0a.e. (on

reachable set (from K) in time t
R(t) ={x(t) : x(-)is atrajectory of (DI) }

x(-) extremal trajectory on [0, t] if x(t) € OR(f)
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L smoothness of trajectories

C'.%/2 regularity of extremal trajectories
K c RN closed

{x’(t) F(x(t)) t>0a.e. (on

reachable set (from K) in time ¢

K)i
R(t) ={x(t) : x(-)is atrajectory of (DI) }
x(-) extremal trajectory on [0, {] if x(f) € OR(t)

Theorem (C—Cardaliaguet)
x(-) extremal on [0, T] = |X'(t) — x'(s)| < C|t — s|*/? Vt,s —
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Lsmoothness of trajectories

C'.%/2 regularity of extremal trajectories
K c RN closed

{x’(t) F(x(t)) t>0a.e. (on

reachable set (from K) in time ¢

K)i
R(t) ={x(t) : x(-)is atrajectory of (DI) }

x(-) extremal trajectory on [0, {] if x(f) € OR(t)
Theorem (C—Cardaliaguet)
x(-) extremal on [0, T] = |X'(t) — x'(s)| < C|t — s|*/? Vt,s —
F(x) =c(x)B

» Su and Berger (2006, 2007) N =2

» Cardaliaguet, Ley and Monteillet
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Outline

Semiconcave functions and Hamilton-Jacobi equations

Semiconcavity of solutions
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Lsemit:oncavity of solutions

‘new’ semiconcavity for HJ

Theorem (C—Cardaliaguet)

» U solution
H(x,—Du(x)) =1 in Q
u(x)=0 on 02

> 0 e (0, 7%)

= U locally semiconcave

u(x + h) + u(x — h) — 2u(x) < C|h['*?

I .
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conclusions

» semiconcavity is a useful property to study nonsmooth
solutions of

» optimal control problems
» partial differential equations
not only for smooth data

» extensions of such a property (p-concavity, exterior ball
property of hypograph...) have been developed

» modelling control systems by differential inclusions
provides intrinsic description which is independent of
smoothness of parameterization

» maximum principle and geometric properties of
dynamics (rather than smoothness of flow) should play an | =
essential role in such generalized contexts —
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Thank you for your attention
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