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de�nition

 � RN domain

De�nition
u : 
 ! R (linearly) semiconcave

I u continuous in 

I 9C > 0 (semiconcavity constant) such that

u(x + h) + u(x � h) � 2u(x) 6 Cjhj2

for all x; h 2 RN such that [x � h; x + h] � 


more general notion

u(x + h) + u(x � h) � 2u(x) 6 jhj! (jhj)

where ! : [0; 1 ) ! [0; 1 ) (semiconcavity modulus) upper
semicontinuous, nondecreasing, ! (r ) ! 0 (r ! 0)
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de�nitions

equivalent properties
u : 
 ! R semiconcave with constant C > 0

iff

any of the following holds:
I for all x; y such that [x; y] � 
 and all � 2 [0; 1]

� u(x)+( 1� � )u(y) � u
�
� x +( 1� � )y

�
6

C
2

� (1� � ) jx � y j2

I the function x ! u(x) �
C
2

jxj2 is concave in 


I for any � 2 RN such that j� j = 1

@2u
@�2

� C in (distributional sense on) 


I u(x) = infi2I ui (x) where jjD2ui jj1 � C for all i 2 I
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I Villani (Springer, 2009)

I generalizations
I Colombo – Marigonda (2006)
I Colombo – Nguyen (2010)



 

semiconcavity results for optimal control

semiconcave functions

de�nitions

references
I uniqueness for pdes Kruzhkov (1960), Douglis (1961)
I control theory

I Hrustalev (1978)
I C – Soner (1987) power-like modulus
I C – Frankowska (1991) general modulus
I Fleming – McEneaney (2000) nonlinear �ltering
I Rifford (2000, 2002) feedback stabilization
I . . .

I nonsmooth analysis Rockafellar (1982)
I comprehensive exposition

I C – Sinestrari (Birkhäuser, 2004)
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generalized differentials

 � RN domain u : 
 ! R

u semiconcave =) u Locally Lipschitz

=) u differentiable a.e.

x 2 

I limiting gradients

D� u(x) =
n

lim
i !1

Du(xi )
�
�
� xi ! x

o

compact 6= ;
I D+ u(x) = co

�
D� u(x)

�
superdifferential�

) D+ u(x) = @u(x) Clarke's generalized differential
�

D+ u(x) =
n

p 2 RN
�
�
� lim sup

y! x

u(y) � u(x) � p � (y � x)
jy � xj

6 0
o
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gradients

example 1

Figure: u(x; y) = 3 �
p

x2 + y2 and D+ u(0; 0)



 

semiconcavity results for optimal control

semiconcave functions

gradients

example 2

Figure: u(x; y) = 3 � j x j � j y j and D+ u(0; 0)
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singular point = nondifferentiability point
u : 
 ! R semiconcave

De�nition (singular set)

�( u) = f x 2 
 j 6 9Du(x)g

= f x 2 
 j dim D+ u(x) > 1g

I u 2 Liploc(
) = ) j �( u)j = 0 (Lebesgue)
I Du 2 BVloc(
; RN ) =) �( u) countably H N� 1-recti�able
I magnitude of a singular point x

� (x) = dim D+ u(x)
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example 1

�Y(u)

�g(0)=2

Figure: singular set of u(x; y) = 3 �
p

x2 + y2
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example 2

Figure: singular set of u(x; y) = 3 � j x j � j y j
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semiconcave functions

singularities

sharp recti�ability
u : 
 ! R semiconcave
singular sets of prescribed magnitude k = 1; : : : ; N

� k (u) := f x 2 
 j dim D+ u(x) = kg

Theorem

� k (u) countably (N � k)-recti�able

I �( u) = [ N
k= 1� k (u) countably (N � 1)-recti�able

I references
I Zaj�́ �cek (1978), Veselý (1979)

linearly semiconcave functions
I Alberti, Ambrosio & C— (1992)

general semiconcave functions
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singularities

propagation of singularities
u : 
 ! R semiconcave x0 2 �( u)

Problem

??? =) �( u) 6= f x0g

Figure: no propagation for u(x; y) = 3 �
p

x2 + y2
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semiconcave functions

singularities

do lower magnitude singularities propagate?

Figure: magnitude 1 singularities of u(x; y) = 3 � j x j � j y j do
propagate along straight lines
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semiconcave functions

singularities

NO

Figure: an isolated singularity of magnitude 1 at the origin

u(x; y) = 3 �

r
�

3x
2

� 2
+

�
2y
3

� 4
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semiconcave functions

singularities

“pattern recognition”
a closer look at D+ u and D� u

Example

Figure: in example 1 D� u(0; 0) = @D+ u(0; 0)
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semiconcave functions

singularities

example 2

Figure: here D� u(0; 0) ( @D+ u(0; 0)
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semiconcave functions

singularities

example 3

Figure: here D� u(0; 0) = D+ u(0; 0)
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semiconcave functions

singularities

propagation principle

u : 
 ! R semiconcave x0 2 �( u)

Theorem (Albano – C 1999; C – Yu 2007)

Let
I ; 6= @D+ u(x0)nD� u(x0) 3 p0

I q 2 RN n f 0g such that q � (p � p0) > 0 8p 2 D+ u(x0)

Then 9� > 0 and x(�) : [0; � ] ! �( u) Lipschitz

1. _x(s) 2 q � p0 + D+ u(x(s)) a.e. s 2 [0; � ]

2. _x+ (0) = q & _x+ (�) continuous from the right

3. infs2 [0;� ] diam D+ u(x(s)) > 0
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semiconcave functions

singularities

back to example 2

Figure: the propagation principle at work
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semiconcavity and optimal control

Mayer problem

Outline

Semiconcave functions
De�nitions and general properties
Generalized gradients
Singularities of semiconcave functions

Semiconcave functions and optimal control
Mayer problem
Differential inclusions

Semiconcave functions and Hamilton-Jacobi equations
Smoothness of extremal trajectories
Semiconcavity of solutions

Conclusions
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semiconcavity and optimal control

Mayer problem

value function of a Mayer problem
t � T x 2 RN yt ;x;� (�) solution

�
_y(s) = f (y(s); � (s)) s 2 (t; T )
y(t) = x

where
� A compact
� � : [t ; T ] ! A measurable
� f 2 C(RN � A; RN ) continuous

I jf (x; a)j � C0(1 + jxj)
I jf (x; a) � f (y; a)j � C1jx � y j

given � 2 C(RN ) de�ne value function

V(t; x) = inf
�

�
�
yt ;x;� (T )

�
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semiconcavity and optimal control

Mayer problem

an `old' semiconcavity result

Theorem
Assume

� � semiconcave

� kfx (x; a) � fx (y; a)k � C2jx � y j

Then V (linearly) semiconcave (�1 ; T ] � RN

references
I C – Frankowska (1991)
I C – Sinestrari (2004)
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Assume

� � semiconcave
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references
I C – Frankowska (1991)
I C – Sinestrari (2004)
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semiconcavity and optimal control

Mayer problem

proof of semiconcavity of V (t; �)
x; z 2 RN

I � optimal at x
I y(�) = yt ;x;� (�) , y� (�) = yt ;x� z;� (�)

by semiconcavity of � and smoothness of �ow

V(t; x + z) + V(t; x � z) � 2V (t; x)

� �
�
y+ (T )

�
+ �

�
y� (T )

�
� 2�

�
y(T ))

= �
�
y+ (T )

�
+ �

�
y� (T )

�
� 2�

� y+ (T ) + y� (T )
2

�

| {z }
� cjy+ (T )� y� (T )j2� cjzj2

+ 2
h

�
� y+ (T ) + y� (T )

2

�
� �

�
y(T ))

| {z }
� cjy+ (T )+ y� (T )� 2y(T )j� cjzj2

i
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semiconcavity and optimal control

differential inclusions

Outline

Semiconcave functions
De�nitions and general properties
Generalized gradients
Singularities of semiconcave functions

Semiconcave functions and optimal control
Mayer problem
Differential inclusions

Semiconcave functions and Hamilton-Jacobi equations
Smoothness of extremal trajectories
Semiconcavity of solutions

Conclusions
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semiconcavity and optimal control

differential inclusions

multifunctions and trajectories
F : RN � RN multifunction

8
><

>:

1) F(x) nonempty, convex, and compact 8x 2 RN

2) F Lipschitz: F (y) � F (x) + cjy � xjB 8x; y 2 RN

3) 9r > 0 so that maxfj v j : v 2 F(x)g � r (1 + jxj)

given
I F : RN � RN

I T 2 R, let t � T , x 2 RN

denote by YT (t ; x) all absolutely continuous arcs

�
_y(s) 2 F(y(s)) a.e in (t; T )
y(t) = x
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semiconcavity and optimal control

differential inclusions

parameterizations

I control system
�

_y(s) = f (y(s); � (s)) s 2 (t; T )
y(t) = x

can be recast as differential inclusion
�

_y(s) 2 F(y(s)) a.e in (t; T )
y(t) = x

de�ning
F(x) =

�
f (x; a) : a 2 A

	
(� )

I F can be parametrized as in (� )
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semiconcavity and optimal control

differential inclusions

dif�culty : smoothness of f (�; a)

Example

F(x) = [ �j x j; jx j] (N = 1)

has the C1+ parametrization

F(x) = f xu : juj � 1g

as well as the nonsmooth parametrization

F(x) = fj x ju : juj � 1g

trajectories of the two systems coincide but known theorems
asserting semiconcavity only apply to former parametrization
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semiconcavity and optimal control

differential inclusions

Hamiltonian

H : RN � RN ! R associated to F is de�ned by

H(x; p) = sup
v2 F(x)

v � p

one-to-one correspondence between H and F

v 2 F(x) () v � p � H(x; p) 8p 2 RN

Assumptions

(H1) for all compact convex K � RN there is a constant cK > 0
so that x 7! H(x; p) semiconvex on K with constant cK jpj

(H2) r pH(x; p) locally Lipschitz in x uniformly for jpj 6= 0
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semiconcavity and optimal control

differential inclusions

a `new' semiconcavity result
given terminal cost ' 2 C(RN )
de�ne value function

V(t; x) = inf
�

' (y(T )) : y 2 YT (t ; x)
	

Theorem (C – Wolenski, 2011)
Assume

I F and H as above
I ' locally semiconcave

Then V locally semiconcave on (�1 ; T ] � RN

time optimal control
I C—, Marino and Wolenski
I C— and Nguyen
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semiconcavity and optimal control

differential inclusions

proof of semiconcavity of V (t; �)
I �x x; z 2 RN and let y(�) be optimal at x: want to show

V(t; x + z) + V(t; x � z) � 2V (t; x) � cjzj2

I invoke maximum principle to obtain adjoint arc
(

� _p(s) 2 @xH
�
y(s); p(s)

�
; _y(s) 2 @pH

�
y(s); p(s)

�

� p(T ) 2 @P '
�
y(T )

�

I supposing p(s) 6= 0 de�ne y� (�) by
(

_y� (s) = r pH
�
y� (s); p(s)

�

y� (t) = x � z

observe
I jy+ (s) � y� (s)j � cjzj and jy� (s) � y(s)j � cjzj
I p � _y = H

�
y; p

�
and p � _y� = H

�
y� ; p

�
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semiconcavity and optimal control

differential inclusions

I V(t; x + z) + V(t; x � z) � 2V (t; x)

� '
�
y+ (T )

�
+ '

�
y� (T )

�
� 2'

�
y(T ))

= '
�
y+ (T )

�
+ '

�
y� (T )

�
� 2'

� y+ (T ) + y� (T )
2

�

| {z }
� cjy+ (T )� y� (T )j2� cjzj2

+ 2
h
'

�
y+ (T )+ y� (T )

2

�
� '

�
y(T ))

i

I since � p(T ) 2 @P '
�
y(T )

�

'
�

y+ (T ) + y� (T )
2

�
� '

�
y(T )

�

� � p(T ) �
hy+ (T ) + y� (T )

2
� y(T )

i
+ c

�
�
�
y+ (T ) + y� (T )

2
� y(T )

�
�
�
2

| {z }
� cjzj2
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semiconcavity and optimal control

differential inclusions

I � p(T ) �
h

y+ (T )+ y� (T )
2 � y(T )

i

= 1
2

RT
t

�
� _p �

�
y+ + y� � 2y

�
+ p �

�
2 _y � _y+ � _y�

� �
ds

I 1
2

RT
t p �

�
2 _y � _y+ � _y�

�
ds

=
RT

t

h
H

�
y; p

�
�

H
�

y+ ;p
�

+ H
�

y� ;p
�

2

i
ds

=
RT

t

h
H

�
y; p

�
� H

�
y+ + y�

2 ; p
� i

ds

+
RT

t

h
H

� y+ + y�

2
; p

�
�

H
�
y+ ; p

�
+ H

�
y� ; p

�

2| {z }
� cjpjj y+ � y� j2� cjzj2

i
ds

I
RT

t

h
H

�
y; p

�
� H

�
y+ + y�

2 ; p
� i

ds
�

� _p 2 @xH(y; p)!
�

�
RT

t

h
_p �

�
y+ + y�

2 � y
�

+ cjpj
�
�
�
y+ + y�

2
� y

�
�
�
2

| {z }
� cjzj2

i
ds
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semiconcavity and Hamilton-Jacobi

nonsmooth HJ equations

�
H(x; � Du(x)) = 1 in 

u(x) = 0 on @


Example

jA(x)Du(x)j = 1 in 


where
I A : RN ! RN� N is � -Hölder continuous on RN

I A(x) is invertible for all x 2 RN , and

jA(x)j � C and jA(x) � 1j � C 8x 2 RN
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I controllability condition
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