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Since Riemann [1], a number of authors have been interested in constructing nowhere differ-
entiable continuous functions. Some use geometrical constructions, of which the best known
examples are probably Von Koch’s [2], Peano’s and Hilbert’s [3] curves, while others are
based on analytical tools. The very well known example is here the Weierstrass function,
which was shown by Weierstrass to be continuous and nowhere differentiable [4]. This result
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Abstract

In this work we investigate both from a theoretical and a practical point of view the
following problem: Let s be a function from [0;1] to [0;1]. Under which conditions
does there exist a continuous function f from [0;1] to IR such that the regularity of f
at z, measured in terms of Holder exponent, is exactly s(z), for all z € [0;1] 7
We obtain a necessary and sufficient condition on s and give three constructions of the
associated function f. We also examine some extensions, as for instance conditions on
the box or Tricot dimension or the multifractal spectrum of these functions. Finally
we present a result on the “size” of the set of functions with prescribed local regularity.

Introduction

was later greatly enhanced by Hardy [5] who showed that

flz) = i b"cos(a™zm)

n=0

has nowhere a finite derivative, provided that

Hardy also analyzed the Holder conditions satisfied by f(z). If ab > 1, let £ < 1 be defined

0<b<1l, a>1, ab>1.

by £ = log(1/b) Then, for h — 0,

loga
[f(z+h) = f(z)] = O (|n]*) for every x
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but
[f(@+h) = f(z)] = o(]hf) forno a.

Another example of nowhere differentiable function, which fits well the main ideas of this
paper, is the Takagi function [6] defined by :

T(x) = i 2776%(27x)

where 0*(z) is the periodic function of period 1 defined on [0;1] by §*(z) =2z if0 <z < 1/2
and 0*(z) =2 —2zif1/2<z < 1.

Indeed, we consider in the sequal three different constructions of nowhere differentiable
functions: one is based on a generalization of the Weierstrass function, another one on
an expansion in the Schauder basis, and the last one on a generalization of IFS theory.
The construction of the Takagi function bears some analogy with that of the Weierstrass
function. On the other hand, the restriction of 7" to [0; 1] can be written, in its expansion
in the Schauder basis, as:

T(z)=> > 2702z —k)
J>00<k<2i
where 0(z) = 0*(z) if x € [0;1] and f(z) = 0 if x ¢ [0;1]. Finally, the graph of the
restriction of this function to [0; 1] is the attractor of the IFS defined by the two functions
wi(z,y) = (%, 25%) and wa(w,y) = (5 + 5, 52 + 1),
Hata [7] considered the following generalization. Let g be the continuous function defined
by :

4(z) = i brg(a™ )

where ¢ is an almost periodic function and 0 < b < 1. He showed in particular that, when
q(z) = cos(z + 0) (# € IR), which leads to:

g(z) = b'cos(azm + 0),

n=0

then the continuous function g has nowhere a finite or infinite derivative if:
ab > 1+ 7.

He also found related results when the function ¢ is almost periodic. This results were later
improved by Hu and Lau [8]. Mauldin and Williams [9] also considered a generalization of
the Weierstrass function by taking the functions

400
Wg(z) =Y B " (¢(8"x + 0,) — ¢(6a)),
where 6 > 1, 0 < a < 1, each 6, is an arbitrary number, and ¢ is a function which has
period one. They showed that there exists a constant C' > 0 such that, if 8 is large enough,
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log 8°

then the Hausdorfl dimension of the graph of Wj is bounded from below by 2 — a —

Several other techniques are now employed for constructing continuous nowhere differen-
tiable functions. One powerful scheme is to use wavelet decompositions. For instance,
Jaffard [10] has given a construction of a function with prescribed multifractal spectrum
(c, f(a)). Choosing in such a construction f(«) such that f(a)|]—oc»0]u[1»+oc[ = —o0 leads to
a nowhere differentiable continuous function. o
Another method that has been investigated a lot these past years is based on Iterated Func-
tion System (IFS). Although the study of iteration of matrices dates back to Doeblin and
Fortet [11] and Dubbins and Freedman [12], it is Hutchinson [13] who really laid the foun-
dations of the IFS theory. Subsequently, several authors have explored this path (see for
instance [14, 15, 16, 17] and many others). Barnsley [14] showed that, under some condi-
tions, it is possible to construct an IFS whose attractor is the graph of a continuous nowhere
differentiable function. More precise results are now known, concerning the almost sure
Hoélder exponent of such functions [17] or their multifractal spectrum [18, 19].

We shall hereafter call o the Holder function of f (which associates, to each point z,
the Holder exponent of the function f at z).

The main objective of the present work is the following:

Let s be a function from [0;1] to [0;1]. Under what conditions on s does there ezist a
continuous function f from [0;1] to R such that af(x) = s(x) for all x in [0;1].

The motivation for this investigation stems partly from applications in signal processing.
Indeed, in some cases, it is desirable to model highly irregular signals while precisely con-
trolling the irregularity at each point. This happens, for instance, when the significant
information lies in the singularities of the signal more than in its intensity. In such cases, we
want to tune the value of ay(z) everywhere and not merely almost everywhere. An example
in speech modeling is presented in [19, 20].

Our main result is the following:

Theorem

Let s be a function from [0;1] to [0;1]. Then, the following conditions are equivalent :
i) s is the Hélder function of a continuous function f from [0;1] to IR.

i) There exists a sequence (s,),~, of continuous functions such that:

s(z) = lim}_nf sp(z), Vael0;1]

The proof of i) = ii) is easy and is given in section 3. The proof of ii) = i) requires more
work.

For practical purposes, we are here interested in constructive proofs, i.e, we want to derive
explicit methods to construct the function f. We present below three such proofs which
highlight different aspects of the problem. We also investigate related problems, as for in-



stance the evaluation of the local box dimension of f at each point or the computation of the
multifractal spectrum of f. Finally, for practical applications, we want to construct func-
tions f with prescribed Hélder function that satisfies additional constraints, as for instance
interpolating a finite number of points (z;,y;) € [0;1] x IR, i = 1,2,..., N. This naturally
leads to a characterization of the set of functions with prescribed Hélder function.

The remainder of this paper is organized as follows: in section 2, we recall some basic
definitions about the local regularity of functions, the Hausdorff, Tricot and box dimension.
We also prove a new relation between the local box dimension and the Holder exponent. In
section 4 we construct functions with prescribed local regularity s(z) at each point using the
Schauder basis. In section 5, we give another solution based on a generalized Weierstrass
function. In section 6, we use IFS to give a solution which constructively allows to interpolate
a given finite set of equispaced points. In section 7, we propose some desirable extensions
that would allow to measure more finely the local structure of graphs of continuous functions.
Section 8 shows some implementation results.

2 Recalls and a result relating the local box dimen-
sion and the Holder exponent

In this section we recall some basic definitions useful for the sequel. The definitions are not
given in full generality, but only in the form adapted to our problem.

2.1 Definition of the Hausdorff dimension

Let E be a non empty set of IR%.
Define:
|E| :=sup{|z —y[ ; =,y € E}
x’y

to be the diameter of E.
If £ C U FE; with 0 < |E;| <6 for each 4, then {£;},_, is called a (countable) ¢-cover of E.
€N

For 6 > 0 and r > 0, define
+oo
H(E) :=mf{>_|E]|" | {E:},cy 0-cover of E}
i=1
H5(E) is a non increasing function of ¢, and we note

H(E) = (lsi_r% H5(E) = sup H5(E)

6>0

the Hausdorff r-dimensional outer measure of F.
The Hausdorff dimension of E is the unique value dimy(F£) such that [21]:

riy ) Foo if r < dimg(E)
HI(E) = { 0 if r > dimy(F)



2.2 Definition of the box dimension

For any & > 0, we consider the set of §-mesh squares in IR? of the form [i6, (i +1)6] x [46, (5 +
1)6] with 4, j integers. For any bounded subset F' of IR?, we denote by Ng(F) the number of
8-mesh squares which intersect /. The box dimension of F'is then defined by [22]:

log Ns(F'
)

whenever this limit exists.
When the limit exists, its value is unaffected if we change the definition of Ng(F') and take
any of the following:

1. the smallest number of squares of size § that cover F’
2. the smallest number of closed balls of diameter § that cover F’
3. the smallest number of sets of diameter § that cover F

4. the largest number of disjoint balls of diameter  with centers in F.

2.3 Definition of the Tricot (packing) dimension

Let I be a non empty set of IR?, where n > 1 is an integer, and:
Pi(r) = sup{ S |5},
€N
where {B;},c is a collection of disjoint balls of radii at most ¢ whose centers belong to F'.
Consider :
P3(F) = lim Py(F)

this limit exists since P§(F) decreases with 8.
Define now the r-dimensional Tricot measure [23, 22] P" by :

PT(F) =inf {ZPS(FZ) :Fcl FZ} ,
i=1 i=1
then, the Tricot (or packing) dimension dimp is defined as follows :

dimp F =sup{r : P"(F) = 4oo} =inf{r : P"(F) =0}.

2.4 Definition of the Holder spaces and the Holder exponent
Let I be an interval in IR, f a continuous function from I to IR, and § € Fi \ IN.

Definition 1 f is said to belong to the global Hélder space CP(I) iff there exists a positive
constant ¢, such that for every xo € I, there exists a polynomial P, of degree less than or
equal to the integer part of B, such that:

|f(z) — Ppy(z — x0)| < ¢z — 20|® Yz €1



Definition 2 Let to be in I. Then f is said to belong to the pointwise Hélder space CP(ty)
ioff there exists a polynomial P of degree less than or equal to the integer part of B, and a
positive constant ¢ such that, for every t in the neighborhood of ty, we have :

S (1) = P(t = to)| < et — to]”.
Recall that if 3 € IN*, the space C must be replaced by the Zygmund $-class [24].

Definition 3 A function [ is said to have Hélder exponent 8 al point to iff :

i) for every real v < [3:
|/ (to + h) — P(h)]

T
ii) if B < 4o0, for every real vy > 3 :
g Mo+ D) = PO _
h—0 |h|’}/

where P s a polynomial whose degree is less than or equal to the integer part of (5.
When 8 < +o0, this is equivalent to:

Fe MO (to) but [ ¢ JC™(to).

e>0 e>0

1t is also equivalent to :
B=sup{f>0:fecCLl)}

Notice that f € CA(I) does not imply that 8 = }flelf_l af(t). As an example, consider the

continuous function f defined on IR by:

_ [ sin(y)  ifte R
f(t)_{ 0 ift=0

then, f € C2(IR), but f is C™ at each point, except at 0 where ar(0) =1.

2.5 A relation between the local box dimension and the Holder
exponent

In this section we propose a new result that links the local box dimension of the graph of a
continuous function and the Holder function of this function.

Let f be a continuous function from [0;1] to IR. We suppose that s(z) = ay(z) € [0;1] for
all z € [0;1]. Let z €]0;1[, € > 0 such that |z —e;z 4+ €¢[C [0;1] and § € ]0;€[.

We cover the plane by a é-mesh, i.e a grid of squares of the form [id; (i 4+ 1)6] x [§6; (j +1)8],
with 7, 7 integers.

Let N§ be the number of squares that intersect graph f‘] - We define, respectively, the

r—e;xte

upper and lower local box dimension [22] of the graph of f at the point = by :

JEE— 1 Ne
dim% graph f = lim limsup — 98
e— 60 log ¢




and

log N§
dim% graph f = 11_1)1(1) li%njglf — (l)(%g (56'

When these numbers coincide, we denote by dim% graph f the local box dimension of f at
z. For t €]0; 1] such that |t —€;¢ + €[C [0, 1], define:

o(t,e) =inf {c € RY :¥u € B(t,e) , [f(t) — f(u)] < cft —u"®}

and
c(t,€) = sup {c € IR :Ju e B(t,¢) : [f(t) —f(u)] > ces(t)}

Proposition 1 Let z be a real in |0;1[. Define the following conditions :

there exists € > 0 such that : C(x,¢) = sup ¢(t,€) < +oo for every e<¢e (c1)
teB(x,€)

and

there exists € > 0 such that : C(z,€) = t ‘g%f )g(t,e) #0 for every e < ¢ (ca)
€B(x,c

Then, if (¢c1) holds, we have the following inequality :
dim% graph f <2 — min (liltn inf s(¢), s(a:))
and, if (c2) holds, we have :

2 — max (lim sup s(t), s(x)) < dim% graph f

t—z

Proof:
Let € be a real such that 0 < € < ¢.We denote:

s, = inf{s(t);t €]z — ;2 + €[}
st =sup{s(t);t €]z — e;z + €[}.
Rylty;te] = sup  [f(u) = f(v)].

ti<u<v<ts

Let m be the least integer greater than or equal to 2¢/6. Thus, if :
Ii(e,0) =lx —e+id;0 — e+ (14 1)0],
then:

m—1

Jz —e;z +e[C | Li(e,6).

i=0
However, since f is continuous, the number of squares of the 6-mesh that intersect graph f, e

is at least M and at most 2 4 w. Summing over all such intervals gives:
m—1 m—1
67" " Ry(Ii(e,8)) < Nf <2m+ 67" Y Ry(Ii(e, 6)). (1)
=0 =0



Let now u,v €]z — €;x + €[, with u < v. Then:

|f(u) = f(0)] < elu, €)fu—v*,

thus: B
f(u) = f(v)] < Tz, €)|u — v,
We deduce that:

Rylt1 ;] < Oz, )|t — o V ty,ty €]z — €57 + €],
but m <1+ 2e67!, and using (1) we get :

Ns

where ¢; > 0 only depends on z and ¢ and is finite.

We deduce: log N
_08 78 <9 ¢ (§)
log 6
where | |
ogep  loge
h(0) = :
() logd  logé
Since cl$iH(1) h(6) = 0, we obtain:
log N§
lim sup — %6 75 <2-—s;
5—0 og b
which implies :
log N§
lim lim sup — 98 s <2-—lims}
e—0 s log o) e—0
but
lin(l) s& = min <111;n inf s(¢), S(x)>
and finally :

dimy graph f <2 — min (lirtn inf s(¢), 3(;1:)) :

Now we establish the other inequality.
For all v €]z — €;z + €[, there exists u such that:

|f(u) = f(0)]| > e(v, ),

thus: )
1f(uw) = f(v)] > C(x, €)e™.

We deduce: .
Rylty ;] > O, €)|ty — 1oV by, by €]z — €52 + ¢,
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but m > 2¢6~!, and using (1) we get :

Nf > 20(x,¢)ebd™6716%
20 (z,

= ( e)eégg’_Q,
Thus: low N¢
0g Vs _
- >92-3 —h
logd =2 % (6)
where log 20z, ¢
0g 20 (x,€)e
h — O = ’
() log 6
Since %ir% h(6) =0, we get:
lim inf — 0g Ng >2-3,
6—0 log 6
but
lir% 3., = max <lim sup s(t), s(a:))
€= t—x
and finally :

dim% graph f > 2 — max <lim sup s(t), s(a:)) .a

t—z

This result shows in particular that:

Corollary 1 Whenever s is continuous at point x and conditions (c¢;) and (co) hold, the
local box dimension of f at x ezists and is equal to 2 — s(x).

Note that the converse is not true: the existence of the local box dimension of f at z does
not tell anything about the continuity of s at x.

Besides, when s is not continuous at x, s(x) and dim% graph f can greatly differ (take for
instance f(z) = \/H at x = 0). Another consequence is that we can think of the local box
dimension as a more “local” quantity, and of the Holder exponent as a more “pointwise”
quantity: in the case of f(z) = \/m, the local box dimension, which is equal to 1, is
dominated by the local behavior of f around 0, as the Holder exponent, %, reflects the
behavior of f solely at 0.

Let us give an example which shows the necessity of condition (¢;). Consider the continuous
function f defined by :

@) = { z¥cos(z™V) ifx#0

0 ifz=0

where 0 < u < v. This function does not verify condition (¢1). Now, one can prove that, for
r =0, ay(z) = v and that [24, p.126]:

u—+1
v+ 1

dim% graph f = dim% graph f =2 —

Hence, when v < 1/u, the second inequality in the proposition above does not hold.



2.6 A relation between the Tricot dimension and the local Holder
exponent

Let f be a continuous function on [0; 1], and define, for z € [0;1] and € > 0:
Ve(z) = sup{|f(z) = f(z")| s [z — 2| < e, o —a"|<¢}

Ve(z) is called the local e-oscillation of f at z.
Define now the conditions (p;) and (ps) by :

ds; >0/ Vz €[0;1], Jar(z) >0/ V. <ay(z)e’t  (p)
dse >0/ Vz €[0;1], Jax(z) >0/ V. > ai(z)e* (p2).
Condition (p;) implies that:

log Ve
lim inf L(x) > 5
e—0 log e
which means that af(z) > sy, for every z € [0;1].
In the same way, condition (p2) implies that :
log V.,
lim inf log Ve(z) < 59

e—0 log e

which means that a¢(z) < ss, for every z € [0;1].
Then we have the following result, due to Claude Tricot:

Proposition 2 If condition (p1) holds, then :
dimp graph f < max(1,2 — s1).

This result remains true when condition (py) holds for every x € [0;1] except on a set E
such that dimp(FE) = 0.
If condition (py) holds, then :

dimp graph f > 2 — s,.

This result remains true when condition (ps) holds for every x € [0;1] except on a sel of
Lebesgue measure zero.

3 Characterization of the set of Holder functions of
continuous function

Theorem 1 Let f be a nowhere differentiable continuous function from [0;1] to IR. Then,
there exists a sequence {sp}, o of continuous functions, such that :

as(z) =liminfs,(z) Vv €0;1].

Conversely, let s be a function from [0;1] to [0;1] such that s(x) = lim inf sn(x), where the

Sp’s are continuous functions. Then, there exists a continuous function f from [0;1] to IR
such that :



The first part of the theorem is easy to prove. Indeed, take

= {MQU@+M—f®N+T”q'

2-n<|h|<2-n+l log |A|

Then, s, is continuous for every integer n > 1 , and since

o Jloglf(z+ k) — fla)
oflz) = fiminf log |h|

Y

it is easy to see that:
as(z) =liminfs,(z) V2 €[0;1].

In the following sections, we shall give three constructive proofs of the second part of the
theorem. We shall denote by H the set of all functions, defined from [0; 1] to [0;1], which
are the lower limit of a sequence of continuous functions.

4 Construction using the Schauder basis

This construction is due to S. Jaffard [25], and is based on the well known relation between
the pointwise regularity of a function and the coefficients of its expansion in the Schauder
basis.

4.1 Recalls on the Schauder basis
Consider the function (z) from IR to IR defined by :

1—1]2¢—1] ifze[0;1]
9(“"):{ 0 ifz &0;1]

It is well known that if f is continuous function from [0;1] to IR, and if f(0) = f(1) =0,

then :
F@)=>" > c(j k)0;i(x)
J200<k<27
where
0;x(z) =0(2z — k)
and

k)= £ (k4 )27) = 3 (FOR29) + f((k+ 1)279)

We have the following results:

Proposition 3 If f € C%(x), for some xy € [0;1] and s > 0, then there exists a constant
C such that : _ _ ,
(G, k) < C(27 + k277 — o)

The proof of this proposition is straightforward.

11



Proposition 4 Suppose that there ezists a constant C such that, for every x € [0;1] we
have :
|f(z+h)— f(z)] < Cw(h) when h—0 (2)

where w is a strictly increasing function from [0;1] to R, which verifies :
w(0) =0 and w(h) =0 (|logh|™) VN >1.
Suppose also that, for some xo € [0;1] and s > 0, there exists a constant C' such that :
le(, k)] < C(277 + k277 4 277 — ag]) .

Then :
[ e (zg) Ye> 0.

Proof:
Let z; be a real in the neighborhood of xy, and jy be the integer such that

270 < |zy — x| < 2700,
We define the integer j, such that w(277') = 275, Then
[f(@1) = f@o)| SW + X +Y + 7

where

W = Z Z (0;6(z1) — 0 k(x0))]

0<5<j0 0<k<2i

X Z Z |9]k LE())

J>Jo 0<k<27

Z Z k)16 k(1)

Jo<j<j1 0<k<2d

Z Z Z |03k 271)

J>71 0<k<2i

For j < jo — 1, 6;4(zo) # 0, implies 6, ,(z1) # 0. Furthermore, for each j, there exists a
unique k such that 6, x(zo) # 0 or 6;4(x1) # 0. In this case, we have |[k277 — x| < 277,
Finally, remark that |60, x(z1) — 0;(z0)| < 27|21 — zo|. Hence, we have:

w S Z 2j(1_s)|ﬂ?1 - $0| S O|LE1 - JZ'0|S.

0<5<j0
It is easy to prove that X < (0'27%¢ which leads to:
X <Oz — zo®.
When 6, () # 0, we have [k277 — 24| <277, and if j > jo, this implies that:
|c(4, k)| < Clay — ol

12



hence,
Y < O(jl - j0)|$1 - 1’0|S~

For every integer N > 1, there exists a constant Cy such that w(2791) < Cn7j;~". Hence,
ji < Oywoom

since w(2771) = 27905, This implies that, for every ¢ > 0, there exists a constant C. such
that :
J1 = Jo < Ol — zo| .

Finding an upper bound for Z requires the following results.
Lemma 1 Denote :

Se()x)= > D ch k)bjr(z),

0<5<q 0<k<2J

then Sy(f) is the continuous piecewise affine function which satisfies :
Sy([)(k279) = f(k27%) Y k=0,...,2%

Corollary 2
1f = Sq(F )l < w(279)

The proofs of the lemma and the corollary are easy.
We remark that Z < ||f — S;,(f)||.., and since:

(U(Q_jl) = 2_j05 S |£271 - $0|s,

the proof of the proposition is completed.O

4.2 Construction of the desired function

The following result will be used in the proof of the theorem.

Lemma 2 Let s € H. Then there exists a sequence {Qn}n21 of polynomials such that :

{ s(t) = liminf Qu () ¥t € [0;1] (3)

1@l < YV >1
where Q) is the derivative of Q.

Proof:
Since s € ‘H*, there exists a sequence {sj},c- Of continuous functions, such that :

s(t) = liminf sg(t) VYt €[0;1].

k——+o0

13



Thus, there exists a sequence { P} of polynomials, such that :

s(t) =liminf Py(t) Vi e [0;1].

k—4o0

Let {gx},en+ De a sequence of integers such that :
q = M

and
qr, > max(My, q,1) for k> 2

where

My, = [| Pl -
Define the sequence {Q;},,, by:
Qi(t)=01if 1<j<aq

and
Q;(t) = Pe(t) if ¢ <Jj <@y for £>1

Of course, s(t) = hﬂmﬁénf ®;(t) Vt€[0;1]. On the other hand
j—+o00

|Qj/(t)| = |Pkl(t)| it g <7< dr+1

and
|Py' ()] < My < g, Yt€[0;1]
hence
Q/ (D <j ¥j>1 and Wte[o;1]0

Proposition 5 Let s € H and let (Qn)n21 be the associated sequence of polynomaials verify-
ing (3).
Consider the continuous function f defined on [0;1] by :

fl@)=2" > cld, k);x(x)

J>00<k<27
where | |
C(k7]) = inf (Q_IUJE’ 2ij(k2—J)) .
Then :
ap(z) =s(z), Yzel0;1]
Proof:

We first prove that as(zo) < s(zo), for every zo € [0;1].

Let 5 > 1 be an integer, and k be the integer such that xy € [k277;(k + 1)277[. Hence,
|Q;(k277) — Q;(wo)| < j279. This implies that, for every € > 0 there exists an integer jo,
such that c(k,j) > 277¢@0)+) for every j > jo. Using proposition 3, we conclude that
ap(zg) < s(xp).

14



Let us now show that af(zg) > s(xg) — ¢, for every € > 0. Remark that there exists j. such
that :

s(wo) — e < Q;(k277)
for every j > je, and k such that zg € [ko277 ; (k + 1)277[. This implies that :

c(j, k) < 9—i(s(zo)—e€)

Furthermore, since ¢(j,k) < 97%e7, it is easy to see that condition (2) holds. Hence, we
conclude using proposition 4 that af(zg) > s(zg) — e.O

5 Use of Weierstrass type functions

In this section, we show that a simple generalization of the Weierstrass function allows to
control the regularity at each point. For a related result, see [24, p.282].
We first recall some properties of the Weierstrass function, which is defined by :

400
W(t) =" A" sin(A\t)

k=1
where A > 1 and s €]0; 1[.
It is well known [26] that aw(t) = s for all ¢ and that dimg graph W = 2 — s. However
the value of dimg graph W is not yet known. Of course: dimg graph W < dimg graph W,
and using mass distribution methods depending on estimates for the Lebesgue measure of
the set {t / (t,W(t)) € D} where D is a disc, it can be shown [9] that there exists a constant
¢ > 0 such that dimg graph W > s — ¢/log.
As mentioned in the introduction, several authors have considered generalizations of the
Weierstrass function, by replacing the sinus with other type of functions. Here we consider
another type of generalization.

Proposition 6 Let s(t) be a function from [0;1] to [a;b] C|0; 1], which is the lower limit of a
sequence of continuous functions. Let a' and b' be two reals such that 0 < o' <a<b< b <1
and consider the sequence I = (1,) ., defined by:

{2 )
b1 = [=50,] +1
where [.] denotes the integer part. Then :

o there exists a sequence {Qn}n21 of polynomials such that :

s(t) = liminf Q,(t) Vt e [0;1]

n—+toc

n€lL (5)
IQull <n Vi >1

where Q), is the derwative of @y,.
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e define:
)= AW gin( M),

k€Il

Then, provided that X is an even integer large enough, we have :

af(t) =s(t), Vtel0;1].

Proof:
The proof of the first item is similar to that of Lemma 2 ; the only difference is that we now
define the sequence g, by :

/

b,Qk 1+ 1), fork>1.

1-—
qr > maX(Mk,
Now, we give the proof of the second item. Let ¢ be fixed and let € be a positive real such
that s(t) + ¢ < b and s(t) — ¢ > a’ . We begin by proving that f € C*®=¢().
There exists an integer ko such that Q¢ () > s(t) — ¢, for every k > ky. Let h be a real such
that 0 < |h| < A%, Then we have:

F+h) = f@)] = D (AFE M sin(Wr (¢ + h)) — A7H9O sin(MFr) )
kel
< A+ A+ A
where .
A= |(ATROR) _ ATRRD) in (AR (¢ + b)),
k=1
ko
Apy = >N sin(Xr (¢ + h)) — sin(AFt)]
k=1
and

+o0
> AT sin(AF(t + h)) — sin(\'t)).
k=ko+1

Let us give an upper bound for A. We have:

+00
A< Z |A*ka(t+h) _ )\*ka(t)|
k=1

but :
ATRQREER) AR = —(log \) X [Qk(t + h) — Qr(t)] x (kATFT)

where 7 € [min(Q(?), Qk(t + 1)) ; max(Qr(t), Qu(t + h))]-
Thus:

A < (log ) 3 I IQu(t + 1) — Qul0)

k=1

16



Since
|Qx(t + k) — Qr(t)] < KA,
we have:
Al < erlh] < eal b0,
with ¢; = log A 129 kA —*ke,
Let us now give an upper bound for A’. For this purpose, we consider the integer N such

that :
A—(N-i—l) < |h| < )\—N.

We have, using the mean value theorem :

A <A X +2Y
where
N
X = Z )\—k;(s(t)—e—l)
k=1
and
+oo
y= 3 AHew-o
k=N+1
but:

1 s(t)—e—1
A= e

1 s(t)—e
VT
Since s(t) is bounded, there exists a constant ¢o > 0 depending only on ¢ and € such that:
AI S C2|h|s(t)76'

Finally, it easy to see that there exists a positive constant ¢z, which depends only on ¢ and
€, such that:
| Al | < calh| < calh]" 7

Hence, if ¢ = 3 max(ey, 9, c3), we have:
[F(E+h) = F(D)] < el

Now we will prove that as(t) < s(¢).

There exists an infinite set I' = I'(¢,¢) C IL such that s(t) — ¢ < Qx(t) < s(t) + ¢, for every
k €. Let N be an integer in I' such that N > kq. Let h = AN where ¢(N) is chosen
in the set {£1,£2} so that:

c(N)

Isin (Ve + ) — sin(ANY))|

(V) ~ 10

Hence, if A is an even integer, we have:

|f(t+h) — f(t) = A VONO(in(AN (¢ + h)) —sin(AVE))]| < A+ A + A"+ A"

17



where :

A" = 5 ARO[ sin(AR(¢ + R)) — sin(AFt)]
k> k)
keLAT

A" =3 ATREO sin(XM(t 4 h)) — sin(A*1)].
ket
Since Qx(t) > s(t) +eif k€ L\ T and k > kg, we have:
A" < 3T AR sin (AR (2 + h)) — sin(MF1)],
kEIN

thus, there exists a positive constant ¢4 such that:
A" < C4|h|s(t)+e.
Let N; be the highest integer in I' less than N. Then:
Ny
A" < ST ATREO=9 gin(AR(¢ + h)) — sin(AFt)]

k=0

N,
<[RS NGO
k=0
AN (s(0)-0)
< A

N-GMh-o _ 1

Using the fact that 1 —s({) +e<1—da' and 1 —s(t) —e > 1 =¥, we get:
ANO-s(t)—0)

"
A S |h|)\1—(s(t)—e) _ 1

Thus, there exists a positive constant cs such that:
A" < C5|h|s(t)+6.

We can choose A large enough so that the constants ¢, ¢c3, ¢4 and c5 are less than 81—0. Hence
we end up with :

76+ B) = F(B)] > golhl e
In the case where s is a continous function, we have the following result :
Proposition 7 Let s be a continuous function from [0;1] to [a;b] C]0; 1] such that
s(z) < ag(z) Vo € [0;1].
Assume also that there exsits a constant M > 0 such that :
|s(t) — s(u)| < M|t —u|*® V(¢ u) € [0;1] x [0;1].
Then, the function f(x) = ng A7k@) sin(\kx) is such that :

2 —dimy graph f = ar(z) = s(z).

Proof: see appendix.
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6 Construction using Iterated Function System(IFS)

The third construction of continuous function with prescribed Hélder function is based upon
a generalization of the notion of IFS. This construction bears some analogy with the first
one, but here we directly manipulate the contraction ratios of affine functions instead of
working on the coefficients of the expansion in the Schauder basis. To begin with, we recall
some basic facts about IFS. More details can be found in [13, 27, 16, 17, 15, 28] and others.

6.1 Recalls

Let K be a compact metric space whose distance is denoted by d(z,y) for z,y € K. Let H
be the set of all non empty closed subsets of K. Then H is a compact metric space with the
Hausdorff metric [13]:

h(A, B) = max{sup inf d(z,y) , sup inf d(z,y)}
z€AYEB zeB YA
which is defined whenever A and B are subsets of K.
Let w, : K — K forn € {1,2,...,N} be N continuous functions. Then {K,w, : n =
1,2,...,N} is called an iterated function system (IFS). Define W : H — H by

=

W(A) = ) wa(A) for A€ H.

n=1

Any set ¢ € H such that
W(G) =G

is called an attractor of the IFS {K,w, : n=1,2,..., N}. An IFS always admits at least
one attractor. Indeed, start with any S € H, then the closure of the set of all accumulation
points of {W°™(S)}>_,, with Wom(S) = W(W°m=1(S)), is an attractor of the IFS.

If, for some s € [0,1] and all n € {1,..., N},

d(wy(z), w,(y)) < sd(x,y), VY(z,y) € K x K

then the IF'S is termed hyperbolic. In this case W is a contraction mapping, hence it admits
a unique fix point which is the unique attractor of the IFS.

When the attractor G of an IFS is unique, it may be obtained as follows [14]:let p =
(p1,-..,pn) be a probability vector with each p, > 0 and 3 p, = 1. Start from the fix point

xo of wy and define a sequence (x,,) by choosing successively z,, € {wi(Tm-1),. .., WN(Tm-1)}
for m € {1,2,3,...}, where probability p, is attached to the event x,, = w,(z;—-1). Then,
the orbit {zm},,cn is dense in G. The p,’s allow to generate a unique probability measure
i on K which is stationary for the discrete time Markov process defined as follows:

The probability of transfer of z € K to a Borel subset B of K is:

p(:z;, B) = anéwn(x)(B)
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where :
_J1 ifyeB
6y(B)_{O if y¢ B

We shall not developp here this aspect of IF'S theory, and will now focus on the use of IFS
for constructing graphs of continuous functions [14].

Given a set of points {(z,,y,) € [0;1] X [u;v],n =0,1,..., N}, with (u,v) € IR?, consider
the IFS given by the N contractions w,(n =1,..., N) eﬁned on [0;1] x [u;v], by:

wn(xmy) = (Ln(x) ) Fn(x>y))

where L, is a contraction that maps [0;1] to [z,—1;2,) and F, : [0;1] X [u;v] — [u;v] is a
function, contractive with respect to the second variable, such that:

Fn(x()?yO) = Yn—1 ;Fn(xN,yN) = Yn- (6)

The attractor of this IFS is the graph of a continuous function f which interpolates the

points (z,,y,) [14] .
If the L,’s are affine, L,(x) = a,z + hy, and if, for each n € {1,..., N},

tnd(z,y) < d(wa(z), wa(y)) < spd(z,y) for all z,y € K,
where 0 < £, < s, < 1, then:
min(2,1) < dimg graph f <u

where [ and u are the positive solutions of :

N N
St =1 and > st=
n=1 n=1

and where the lower bound holds when :

2
tity < min al, aN (Z tl)

Concerning the box dimension, if each F), is affine with contraction ratio equal to ¢,, and if
the interpolation points are equally spaced, then it is a classical result that [22]:

log(cl + ...+ CN)

dimpg graph f =1+ log N

6.2 Local behavior of self-affine functions

Under some conditions on the F},’s, the function f defined above is nowhere differentiable.
But here we want more, namely to control the regularity of f at each point.

In this section we obtain the local Holder exponent of f at each point z € [0;1] in the
case where the F},’s are affine functions, and the interpolation points are equally spaced .
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We also derive the multifractal spectrum of f and recover the classical formula for the box
dimension of the graph of f. Related results concerning the almost sure Holder exponent
of f have already been obtained in [17]. Results concerning the multifractal spectrum were
independently obtained in [18] and [19].

It is convenient to rewrite our setting in the following form :

Let S; (0 <i < m) be affine transformations represented in matrix notation by :

s(4)-(m ) () ()

We suppose 0 <t < 1and 1/m < ¢; < 1. Let f be the function whose graph is the attractor
G of the IFS defined by the S;’s (with conditions on a; and b; corresponding to (6) to ensure
the continuity of f). Our result concerning the local regularity of f is the following one:

Proposition 8 Let 0.iy...ix... be the terminating base-m expansion of a realt € [0;1). Then
the Holder exponent oo of f at point t is:

o (im flog(cil...cik)
o = min | lim inf —=—""k2 — Lk
k—+oo  log(m=*) " k—too  log(m=F) " k—+oo log(m=F)

where, for any positive integer k, the k-uples (ji, ..., ji) and (ly, ..., lx) of non negative integers
strictly smaller than m, are uniquely determined by :

ty = m~ % [mke]
k

if te+m F<1thentf =ty +m*=>"j,m? else tf =t
p=1

k
if th—m™">0thent, =ty —m =3 [,m™? else t; =t
p=1

Proof:

The proof is an adaptation of the classical computation of the box dimension of the graph
of self affine curves [22].

Let k£ be a positive integer and (n4,...,ng) be a k-uple of integers such that 0 < n, < m, for
every p = 1,..., k. Let I,,, ,, be the interval of reals in [0 ;1) whose base-m expansion begins
with n...ng. Then graph f| oy, = Spy0...05,, (G), which is a translation of T}, 0...0T,, (G),
where 7T} is the linear part of .S;. It is easily seen that the matrix representing 7,,, o ... o T},
is:

m=* 0
1—k 2—k
m™ "0y, + M "Cp Oy + ... F CpyCryeCny [ Ony CnyCng---Cpy,

Note ¢ = max |a;|, ¢ = min(c;),r We have:

= (1—(mo)-h)

k k

1- 2
| Fan, +m” cn, any + oo F CpyCpgenCny_ Oy | < TCpy e Cny

so that if s is the height of the rectangle containing G, then graph f), is contained in
nl...7lk

the rectangle whose height is (r + s)cp,...cp, -
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Consider now a real § < a; there exists a positive integer ko such that, for every integer
k > ko we have:
Blix) > B, B(jk) > B and B(lx) > 8
where
log(cp,---Cn,,)

Ble) = 7 o (m*)

Let h be a real small enough so that the integer %, defined by m™"=! < |h| < m™*, verifies
k > ko. Then either (i), (ii) or (iii) is true:

(1) (t, i+ h) - [il---ik

(11) (t, t+ h) C [“Zk U [jl---jk

(iii) (t,t4+h) C L4, U L.,

Denote ri =r + s;

case (i): we have :
[f(E+h) = F(O)] < ey

case (ii) : since f is continuous, we have:

|[f(t+h)— f(t)] < ricy...ci + 1165, ...Cjp -
case (iii) : using again the continuity of f, we have:

lfit+h)— f(V)] <micy-..cip + 1100 -
Hence, we always have:

|[f(t+R) = f(t)] < 2m|R)”.

This implies that f € C*¢(t), for every € > 0.
On the other hand, consider now a real v > a. Assume w.l.o.g. that:

a = liminf log (¢ --¢;,)
k—+oo  log(m~*)

Y

(the other cases are treated by simply changing j to ¢ or [).
Then, there exists a subsequence o(k) such that, for every k, we have:

log(cjl"'cjo-(k))

<
log(m *®)

If g1, g2 and g3 are three non-colinear points in G, then Sj,0...05; (G) contains the points
(Tn, f(zn)) = Sj 00 8; 1 (g)(n = 1,2,3). The height do(y of the triangle with these
vertices is at least dcj,...c;,,, where d is the vertical distance from g to [g1;q3]. Thus, for
every k, there exists a real Ay such that |A] < 2m=7® and

d
|f(t + hk) — f(t)| 2 §cj1"'cja(k)’

which implies that:
d
|f(t+he) = f(O)] > §|hk|7-
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This shows that f ¢ C**¢(¢), for every € > 0, and the proof is complete.O
Using this proposition, it is easy to deduce the spectrum (a, F'(a)) of singularity of f. The
proof is analogous to the one for multinomial measures.

Corollary 3 With the same notations as above, and assuming that the proportion ¢;(t) of
(1 — 1)’s in the base-m expansion of t exists for each i, we have:

m—1 m—1 m—1
Off(t) == Z (bi(t) log,, ¢ ; F(Oé) = - Z ¢ilog,, ¢; ; T(Q) = —log,, Z ¢’
=0 =0 i=0

(for definition of F' and T, see for instance [29].)

Remark 1 Using the relation dimp graph f =1 — 7(1) we recover the classical result [22] :

m—1

dimp graph f =1+ log,, Z ci

=0

It is now clear that, with this construction, we can not hope to control the local regularity at

each point, since almost all points have the same Holder exponent (because the almost sure

value of ¢;(t) w.r.t the Lebesgue measure is =) . We thus need to use some generalization,

which will be presented in the next section.

6.3 Recursive construction

We set up here another way to construct fractals recursively, originally due to Anderss-
son [28]. We consider a collection of sets (F*)gen+ , where each F* is a non-empty finite
set of contractions S¥ in K, for i = 0,..., Ny — 1, Ny > 1 being an integer which denotes
the cardinal of F*. We denote by cF the contraction ratio of S¥, for i =0,..., Ny — 1, and
k€ IN*.

For n € IN*, let SR, be the set of sequences of length n, defined as follows:

%T]i]i:{O_:(O'l,...,O‘n) ZO’iE{O,...,NZ‘—l}, ZEIN*}

and :
%?@:{O’:(O’l,am...) ZO’iE{O,...,NZ‘—l}, ’LE]N*}

Define the operator W* : H — H by:
N
WH(A) = U Sf;(A) for Ae H
n=1

where N, is the cardinal of F}. Define the conditions:

(¢) lim  sup {H cfjp} =0
k=1

(0’1,...,0'71,)63%";

00 J
(C,) nlgrolo sup {Z d(Sg_;_ll.’If, SU) H Cls_k} =0

(01,02, 0635, | j=n Pt

The proof of the following proposition can be found in [28].
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Proposition 9 If the conditions (c¢) and (¢') hold, then there exists a unique compact G
such that :
lim W¥o . ..o W(A) =G for every A€ H.

k—o0

We call G the attractor of the IFS (K, {F*}, ).

We will use this generalized result to obtain more flexibility in the construction of our
functions.
Let F* be the set of affine transformations S¥ (0 < i < m) represented in matrix notation

by :
Sk

()= ) ()= ()

i\Nax )\ aF F )T b¥

We suppose 0 < ¢ < 1 and 1/m < ¢¥ < 1. We also assume that conditions (c) and (¢')
hold to ensure that we have a unique and compact attractor. Then, if the a¥’s and the b}’s
satisfy some relations, analogous to those proposed in subsection 6.1, one can prove, using
the same techniques as in [14], that the attractor of the IFS (K, {F*}, ) is the graph of a

continuous function f. We, then, have the following result :

Proposition 10 Let 0.i1...1... be the base-m expansion of a real t € [0;1). Then:

log(ct ...ck log(c}. ...ck
af(t) = min | iminf — 708;(6]1 _ij) lim i 700(011 _Zlk’)
k—+oo log(m™*) " k—+oo log(m=F) k-t log(m=F)

log(clll...cfk)

where, for any integer k, if we denote t;, = m *[m*t], the k-uples (j1,...,7x) and (I3, ..., I)
are given by:

k
th=t,+m>*=>jm™?
p=1

k
ty =ty —mF=>"l,m™"
p=1

Proof:
The proof uses the same techniques as in proposition 8.

Although this generalization allows more flexibility in the choice of a(¢), it is still too
much constrained. Indeed, it is easy to see that if two reals differ only at finite number of
ranks in their base-m expansion, then they will have the same Holder exponent. Hence we
can not control the regularity independently at each point.

To do so, let now F* be defined as the set of affine transformations S¥ (0 <7 < mF—1), each
S¥ operating only on [[%]m_k+1 (A + 1)m_k+1} and maps to [tm™*; (i+1)m~*]. Suppose,
also, that we want to interpolate the points (%, y;), fori=0,...,m, m>2and y; € R. Let
the compact K be a rectangle containing the (x;,y;)’s and write:

(2)-( )08

24



We call (K, (F*)) a generalized affine IFS. Define the following conditions, which allow the
attractor to be the graph of a continuous function f (for sake of simplicity we will give
conditions when m = 2, the general case being handled similarly): start with the graph of
any non affine continuous function ¢, and denote:

o0)=u ; ¢(1)=v.

Then choose the contractions (or more precisely the af and b¥) so that they verify the
following conditions:
fori=20,1:

SH0,0) = () 5 8H0,) = (B gin)
520,50 = (0.30) 5 53(1/2.31) = S20,30) SH1/2,) = (1/2,11)

55(1/27?!1) = (1/2;,@1) %SQQ(L?JQ) = 59%(1/2791) ;S§(1,y2) = (1:y2)‘
for k>2and fori=0,...,2F — 1:

if 7 is even then:

if 1 < 261 .

Sfosg_loskﬂo...oSQ;-]((Lyo)ZngloSkIQ]o...oS[Q#](O,yo)

[ZLZ] [2k—2

sfos’%?—lms*’c ﬁO...oSf ](1/2,y1)=sf+105’“1 o Sk 2 o...os[2i (0, yo)

o _
52 2k—2

if 4 > 2k,

StoSEloStRo oSt ((1/2,3) = S o SR 0. 0 8 1(1/2,)

k3
[2_2] 2k—2 22

SfOS(Z_lo,S’kZﬁO...oS[Z

E w2

k‘_z](lva) = Sﬁrl °© Sf%] 0 Sf;—jl] 0...0 52%](1/2,?/1)
if 7 is odd, then:

if 1 < 2671

7
ok—2

ok—2

k k—1 k—2 2

if ¢ > 281

Sfoskflosk 2]o...oS[Q;-](l,yQ):Sf;fOSf:—

5] ° L&

Our main result is the following:

io...oS[Q;](l,yg).

22 2k—2
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Proposition 11 Suppose that conditions (¢) and (c') hold. Then the attractor of the IFS
defined above is the graph of a continuous function f such that:

f<i>=yiVi=Q”wm
m

and
af(t) = min(ay, g, a3)
where . ) .
{ 7
— liminf IOg(cmk—1i1+mk—2z‘2+...+mik_1+ik"'cmi1+izci1)
a1 = limin Toa(m=F)
k—+o0 . g ) )
— liminf log(cv;bk’_1j1+’rn,k_2jz+...+'rrl.jk;_1-|—jk.“cmjl‘l“jQle) (7)
oy = limin Tog(m=F)
k—+o00 \ g
o 2 1
— liminf IOg(cmk71l1+mk72l2+...+7nlk_1+lk"-Cm'll‘HQCll)
a3 = limin Tog(m—F)
\ k—4o00 g

and where the i,’s, j,’s and the l,’s are defined as in proposition 8.

Proof
Let I,,. n, be the interval of reals whose base-m expansion begins with n;...ny. Define G*
to be the set obtained after k iterations in the process of generation of the attractor GG, i.e:

GF=Wkro. . o WHQ).
Then, it easy to see that:

G* o...082 .. oS (G).

k—1 k—2
|In,1A.An,k m nit+m nao+t...+mngi_1+ng

Using the same techniques as in the proof of proposition 8, the announced result follows. O

Remark 2 Given m reals r1,...,7m, E]% ; 1[, define, for every integer k > 1 and for every
i €40,...,mF =1}, the c¥’s as follows :

ko _
€ = Tit1-m[L]-

Then, we recover the original construction considered in proposition 8.

The following corollary allows to control the local singularity at each point, while interpo-
lating the points (-, %;), for i = 0,...,m. We first need to state the following refinement of
Lemma 2:

Lemma 3 Let s € H. Then there exists a sequence {R,}, -, of piecewise polynomials such
that : -
s(t) = liminf R,(t) Vte0;1]
1B o <03 lIB [l S Vn > 1 (8)
Rl oo 2

oo — logn

where R " and R~ are respectively the right and the left derivative of R,,.
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Proof :
Let @)y, be defined as in Lemma 2 and define:

1
Ry = —).0 9
Corollary 4 Let s(t) be a function from [0;1] to [0; 1], which is the lower limit of a sequence
of continuous functions.
Then, there exists a generalized affine IFS whose attractor is the graph of a continuous

function f which verifies:

Proof:

Because of the continuity constraints, finding the generalized affine IFS amounts to deter-
mining the double sequence (cf), .

Let {R,},-, be a sequence of piécewise polynomials that verifies (8) and let M be the set
of m-adic points of [0;1].

Consider now the sequence {r;},~, of functions from M to IR defined as follows.

Fort € M, t =Yk i,m™?, let:

Tl(t) = Rl(ilm_l)
k-1
ri(t) = kRy(t) — (k — )Ry (D iym™P) for k=2,... ko
p=1
and
re(t) = kRg(t) — (k — D) Ry_1(t) for k > k.
Now, for each 5 >1and i =0,...,m* — 1, set:

(i k
ch=m re(im=t)

Using (9), one verifies that conditions (¢) and (¢') are fulfilled.
Using proposition 11, we get :

k k k
2 ril;) 2. 7i(t7) > ity
af(t) = min lliminf J_T, lligminf %T’ llicminf = ?
Since:
k k N k ~
P ri(l5) P ri(t7) P ri(t5)
= Rl = R T = Rl
_ . . . . . + . . —
as(t) = min (lggﬁ&f Ry(tx), lkrgigof Ry (1), l]giljgof Ry(t; )) .

Using (8), we have:
liminf Ry (t) = liminf Rg(tx) = lligm inf Ry (tf) = liminf Rg(t; ).

k—+o0 k—+o0 —4o00 k—+o0
We end up with:
ap(t) =s(t). O
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7 Concluding remarks

7.1 Non uniqueness of f

It is easy to see that, given a set of points {(z;,yi)},_o y Where z; = i/N, and a function
s € 'H, there is an infinite number of continuous functions that interpolate the (z;,y;)’s
and whose Holder function is s. Indeed, take the function f constructed in section 6.3 and
consider the function g, defined by :

f(z) + APp(z)
1+ A
where Pp(x) is the Legendre polynomial defined by :

g(z) =

N ljj(x — zj)
Pr(z) =Y yi—
=00 Iz — )

J#i

and A is a real different from —1. Then, since P, € C*(IR), it is clear that oy, = s, and of
course, the function g, interpolates the (z;,y;)’s for every A € R\ {—1}.

7.2 Size of E,
Let s € H and define:
Ey={w e C°([0;1]) / aw(z) = s(z) Yz € [0;1]}.
Proposition 12 E; is dense in C°([0;1]) for the uniform convergence norm || . ||s-

Proof:

Let IP be the set of polynomials defined on [0;1]. It is well known that IP is dense in
C°([0;1]) for the uniform convergence norm. For f € C°([0;1]), let (P,),c be a sequence
such that P, € IP for every n € IN and

1Py — fllo = 0 when n — oo.

Let now w be a function in F;, and consider the sequence (f,) defined by :

n€IN*
w
fn=PFP,+ — forevery ne IN".
n
Since P, € C*([0;1]) for every n € IN, and w € Fj, it is clear that f, is in Fy for every
n € IN*. We have:

[lw]loo

fn = flloo < [P0 = flloo +

w is a continuous function on a compact, and there exists a constant ' > 0 such that
l|w]|oo < C, hence:
[|fo — flloo = 0 when n — oco. O
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7.3 More refined ways of characterizing the local regularity

The local regularity of the graphs of the functions constructed with the three methods we
have presented above appears, in some cases, strikingly different (see section 8). Several
improvements may be proposed in order to describe these discrepancies :

e A well known method to measure more precisely the local structure would be to use finer
scales of functions, as for instance functions of the form:

2(log 1) (loglog L) (loglog .. log &) "
g(z) = 2%(log ) (loglog—) ...(loglog...log —) ,

the Holder exponent at a point xy would then be a vector (a, 51, 8o, - .., On)-
e Another possibility is to characterize algebraic oscillations instead of taking the absolute
values, i.e consider the two limits:

. g—(h) . g+(h)
hriljélp = and 1112jélp by

where

g(z) = [(zo + h) = f(@0), g4(2) = max(g(z),0), g-(z) = min(g(z),0).

e Finally, especially for practical purposes, the speed of convergence to the local Holder
exponent at xp is of crucial importance. For instance, it is easy to show that, for the
Schauder type function considered in section 4, if we take s(x) = x, then, for £y > 0 and for
some sequence h,, — 0, the best possible lower bound is:

(@0 + hn) — f(@o)] = cilha| 2"

where ¢; and ¢y are constants. But for the Weierstrass like functions of section 3, and also
with s(z) = z, the best possible lower bound is:

[/ (@o + ha) = f(@o)| = ¢hn™

where ¢’ is a constant.
When working with discrete data, this first order difference in h can make a big difference
(see figures in the next section).

8 Examples

The following figures are graphs of continuous functions with prescribed local regularity. We
have implemented the constructions described in section 4, 5, 6, and for each case, we show
an example with s(¢) = ¢ and s(¢) = |sin(57t)|.
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Figure 1: Construction using the Schauder basis with s(t) =t

7 T T T T T T T T T

[ I—

Figure 2: Construction using the Schauder basis with s(¢) = |sin(5nt)|

8 T T T T T T T T T

[T
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Figure 3: Construction using the Weierstrass type function with s(¢) = ¢
8 T T T T T T T T T

L L—

Figure 4: Construction using the Weierstrass type function with s(t) = |sin(57t)|
12 T T T T T T T T T

[T
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Figure 5: Construction using generalized affine IFS with s(¢) = ¢
5 T T T T

[ I—

Figure 6: Construction using generalized affine IFS with s(¢) = |sin(5nt)|
5 T T T T

[T
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Appendix

Proof of proposition 7

Recall that o, is the Holder function of s. We begin by proving that as(t) > s(?).
Let ¢ be fixed, €, be a real such that 0 < e, < 1, and h be a real such that 0 < |h| < €.
Then we have:

+00
FE+h)—f(t) = S (AHERsin(M(E+ b)) — AW sin(Aht))
k=1
= A+ A
where .
A=Y (AR A=k O) sin (AR (¢ + b)),
k=1
and

Z Aks(t (sm (M(t+ h)) — sin()\kt)) :

Let us give an upper bound for |A|. We have:

+oo
|A| < Z |>\—ks(t+h) . )\—ks(t)|
k=1

but :
ATRSUER) _ AR = —(log ) x [s(t + h) — s(£)] x (kA™FT)
where 7 € [min(s(?), s(t + h)); max(s(t), s(t + h))].
Thus:
Al < (log \)|s(t + h) — s( IZM e
Let C = {2 kA" (0 < C < +o00 because this series converges), then, since there exists a
constant M > 0 such that:

as(t)

|s(t + h) — s(t)| < M|h

we have:

|A] < er|h|*® < e |A[*@,

where

cp = CMlog \.

Let us now give an upper bound for |A’|. For this purpose, we consider the integer N such
that :
)\—(N-i-l) < |h| < A_N.
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We have, using the main value theorem :

|A'| < |B|X +2Y

where N
X = 3 AHs-D)
k=1
and
“+o00
Y = Z )\—ks(t)
kE=N-+1
but : |
s(t)—1
=Tl
y< b e
S oyl

Since s(t) is bounded, there exists a constant ¢y > 0 such that :
A < eof ",
Finally, if ¢ = ¢; + ¢o, we have:
[+ h) = F@] < clhl™®

which gives:

=0.

S+ h) = f@)]
(7 < s(0) = fim D
Now we will prove that a(t) < s(¢).
Let ¢ be a real in [0;1] and 6 a real in |0;e[. Then, consider the integer N such that
A~WVHD <« § < A7V and let A be a real such that A=V+Y < || < §. We have:

X = |f(t+h)— ft) = XV O(sin(AN (¢ + k) — sin(\V1))]

+o0
< B+23 AR0 44
k=N

where B = Y0 A0 sin(\¥(t + h) — sin(\Ft)].

We have:
s(t)—1

—Ns(t)
B=a 1 \GO-1)
Since we have seen that :

Al < ea A < AN

then:
X S )\st(t) (Cl + 03) s
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with
/\s(t)—l )\—s(t)

RS\ GOED RSOk

C3

Provided that A is large enough, we may choose ¢; and c¢3 such that:

< ! and < 1

T Ty
thus:

v < Ly s
— 20
but :
X > “f(t-l— h) — f(£)] = AV O sin(AN (¢ + h)) — sin()\Nt)”

and :

F(E+h) — F(O] > A0 sin(AN (£ + B)) — sin(AV8)] — X.
There exists a sequence [22] (h,,), with A=V < |k, | < 6§ < A7V for every n, such that :

1
| sin(AY (¢ + hy)) — sin(AV )| > o

because % < |ha AV <1 Vn.
We deduce:

1 1 1
_ S LN s L gs) S s(6)

which gives:

(v > s(t) = hrﬁfﬁfp |f(t+ |f;)|7— f(@)]

Let us now check that f verifies conditions (¢;) and (c2) of proposition 1.
Let z be a real in [0; 1] and € be a real such that 0 < € < min(ey, €3). For every § < e and
t € B(x,6), we have seen that :

= +o00.

1 2
1 — M\s(O-1 + 1 — )\—s@

|F(5) = Flu)] < |1t = ul" for every € B(t,6),

c(t)Mlog A +

where: -
c(t) =3 kA with 7 € [min(s(t), s(u)); max(s(t), s(u))] .
k=1
This implies that :

¢(t,6) < AM + B for every t€[0;1] and ¢ <e

where : - | )
— —ka —
A—log)\kz::lk)\ and B_l—)\b—l-l_l—)\—b'

Hence:

Clx,6) < 400 V6 <,
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and the condition (¢;) holds.
Condition (¢p) is easy to verify. Indeed, we have seen that there exists a real u € B(t, §),such
that :

1 s(t
70 = W] > 556,

hence: ]
> _
c(t, 6) > 50 V6 < e,

which implies that :
C(w,€) £ 0.

Now, since s is continuous, and conditions (¢1) and (¢y) hold, we get using proposition 1:

2 — dim% graph f = s(z) for every z€[0;1]. O
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