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«J¼�±�³3µÄ¹0/OÁ�Ç~Á : §F¬k³�ÁyÇ8�>È�¼�¸~¾½Á�Á"±�Â"¼»¯?µ�¸ µ�Á"¾½¾·Á%��Ç~¹O±´³®¾½Áy¾Æ¹»É�¼OÈÄ¹�µ�¼O¶½È�Á�­ÌÒ®¬1Ñºª3Ò��5¹O¸�³�Á>¶·±�Ç Á ¾�3 �>Å�¸~¶+��Á§�Ñ�¬�©¤ª�Î�¨�Ç´¹»±´³�¾½Á>³Ì¾½¼¤Â>¹»¸ ú}Ç~ÁÔ¾e3 ª3¨ºÒ|ª3¬���«J¼O±¤É�¼O±~±´¼»µ	�4³�¼O¸�³�¾Æ¹
µ�¸ µ�Á"¾½¾·ÁÜÇ Á 2 È�¹O± �Ë¼�¶½³ 2 ¹O¸~È�Á6��ÁËµ)�+Ç~¹»±�³¾e3 ��Å�¸´¶I��Á�­Ì«	Í�¬ºÎ�Ç ¸�¾½¹OÉ�¼�È�¹»µ�¼�¶·È�ÁºÐBª3«	ÍQ¹O¸AÍ. �¡�Ç~Á�­�È�Á"±´¼OÉ~¾½Á6�¤³�¼�¸´³�¾½¹yµ�¸~µ�Á"¾½¾½ÁÌÇ~Á�«�¹»µ�µ�Ã~¶·Á>¸JÍ�Ã�¹»É´¹»¯±´¹�³ ù
Ï4ÁB¾Æ¹»É�¼OÈÄ¹�µ�¼O¶½È�Á|­ÌÒ®¬1Ñºª3Ò¢w�­ÌÒº¬A�~Ã~¶Æ³�"ÔÁºÑº¶Æ³�¶½¼O± ÁËµFÒ®¼OÉ�¼»µ�¶ÆÅ�¸~Á)x1µ�È�¹#þ�¹O¶·¾½¾·Á|³�¸~È�¾e3 ¶½±8; ¼%/OÈÄ¹0�~Ã~¶½Á6��¾Æ¹Ìþ¤¶½³�¶½¼O±ÁËµ�¾Æ¹ È�¼OÉ�¼»µ�¶½Å�¸~Á ù Ï4Á��~È�¼»Ê3ÁËµÌ§�Ñ�¬�©¤ª�Î�¨£w
§�±¤þ�¶½È�¼O±~±~Á	" Á"±�µ�³�Ñº¶½È�µ�¸~Á>¾½³@��¼O¸~ÈÌ¾e3 ¬º±~¶+" ¹»µ�¶½¼O±%ÁËµ�¾Æ¹�©¤À¤±�µ�Ã *>³�ÁÇ43 ªZ"Ü¹0/OÁ�³�Ç43 Î�É Ê3ÁËµÄ³y¨�¹�µ�¸´È�Á>¾½³Ì¯Ì¹»±´Â"¶·Á>±~±~Á	"ÔÁ>±�µy¶½«}¬®­�ª�©�x�³	3 ¶½±�µ��"È�Á>³�³�Á
�~¾·¸�³��´¹OÈ�µ�¶½Â"¸~¾·¶+*"È�Á#" Á>±�µo��¾�3 ¶·±�; ¼OÈ�¯"Ü¹�µ�¶½Å�¸~ÁV/OÈÄ¹0�´Ã~¶½Å�¸~Á
ÁËµÜ¾Æ¹%³�À¤±�µ�Ã�*�³�ÁAÇ43 ¶I"Ü¹0/�Á>³ ù ©¤Á>³��~È�¶½±´ÂË¶+�´¹»¸~ú;µ�Ã�*	"ÔÁ�³ÜÇ ÁAÈ�Á�ÂÄÃ~Á"ÈÄÂÄÃ~Á���¼�È�µ�Á"±�µ ³�¸~È ¾Æ¹³�¶I" ¸~¾½¹»µ�¶½¼O±�/�È�¹6�~Ã~¶ÆÅ�¸~Á
Ç ÁA³�Â<*"±´Á>³Ô±´¹�µ�¸~È�Á"¾½¾·Á�³yþ%�#/6�"µ�¹O¾·Á�³#��¹»±~¶+"Ü¹»¾½Á>³ ÁËµ
" ¶·±��>È�¹O¾·Á�³ ù Ï4Á�³ Ç~¼6"Ü¹»¶½±~Á>³ Ç43 ¹0�~¯�~¾½¶½Â>¹�µ�¶·¼�±	þ�¼O±�µÌÇ~Á>³�³�¶I" ¸~¾½¹»µ�Á>¸~È�³@"���Ç ¶½Â>¹»¸ ú%¹»¸ úÜÊ3Á>¸ ú	þ¤¶ÆÇ8�"¼H�5Á"±¤�´¹O³�³�¹O±�µ>�´¹OÈÌ¾½¹�È5�>¹»¾½¶·µ�� þ¤¶·È�µ�¸~Á>¾·¾½Á ÁËµ�¾Æ¹þ¤¶½³�¸´¹O¾·¶Æ³�¹»µ�¶½¼O±�³�Â"¶·Á>±�µ�¶d-�Å�¸´Á ùÏ¥3 �"¾Æ¹»É�¼OÈÄ¹�µ�¶·¼�±�Ç Á|³�¶+"y¸´¾½¹»µ�Á"¸´È�³�³�¼�¸´³�ÂË¼O±�µ�È�¹O¶·±�µ�Á�³1Ç~Á�Â>¹»¾ÆÂË¸~¾Æ³1µ�Á#"��´³�È5�"Á>¾�Á"µ�¹#þOÁ>Â�Ç Á>³�¼�É Ê3Á>ÂËµ�¶I;�Ç Á�¦|È5�>¹»¯¾½¶½³�" Á@§ ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µ�¹»¾¨w µ�ÁËú¤µ�¸´È�Á%� È�Á"µ�¼O¸´È�Ç43 Á<©�¼OÈ�µyxFÁ>³�µB¸~±~Á>�~È�¼�É~¾+�#"Ü¹�µ�¶½Å�¸~Á�ÂËÁ"±�µ�È�¹O¾·Á���¼�¸~ÈB¾·Á�³T��Å�¸~¶I��Á>³Ç ÁÜÈ�Á>ÂÄÃ~Á>È�ÂÄÃ´ÁÔÅ�¸~¶.µ�È�¹#þ�¹O¶·¾½¾·Á>±�µ�Ç´¹»±´³Ì¾½Á
" ¼O±´Ç ÁDÇ~ÁÜ¾�3 ¶·±�; ¼OÈ5" ¹»µ�¶ÆÅ�¸~Á�/OÈÄ¹0�~Ã~¶ÆÅ�¸~Á ù Í�3 Á>³�µy¹»¶½±´³�¶�Å�¸~ÁÜ¾�3 �>Å�¸~¶+��Á§�Ñ�¬�©¤ª�Î�¨ ¹J¹OÂ"Å�¸~¶Æ³Ì¸~±;³�¹#þO¼O¶½È�¯�;
¹O¶·È�Áy¶+"���¼�È�µÄ¹»±�µ�Á"±ª"Ü¹�µ�¶I*>È�ÁDÇ ÁD³�¶+"y¸~¾Æ¹�µ�Á"¸~ÈÄ³�Ç À¤±´¹0" ¶ÆÅ�¸~Á>³�¶½±�µ�Á>È�¹�Â/µ�¶I;
³ ùÍ�ÁËµ�µ�ÁAÂË¼%"&" ¸~±´¹O¸ µ���ÂÄÃ~Á"ÈÄÂÄÃ~Áa"Ü¹O¶·±�µ�Á>±´¹»±�µ��W�Ëµ�Á"±´Ç~È�ÁA³�Á�³y¼�¸ µ�¶½¾Æ³ Ç Á]" ¼ Ç8�"¾½¶½³�¹�µ�¶·¼�±�þOÁ>È�³ Ç Á>³&"��Ëµ�Ã~¼ Ç Á>³"Ü¹�µ�Ã��#"Ü¹�µ�¶½Å�¸~Á�³.�~¾·¸�³=�~È�¼ ÂÄÃ~Á�³�Ç~Á�¾Æ¹yµ�Ã��>¼OÈ�¶·ÁÌÅ�¸~¶4Ç8�>Â"È�¶·µB¾½¹�"��>Â"¹O±~¶ÆÅ�¸´Á�Ç Á�³=" ¶·¾½¶·Á>¸ ú
Â"¼O±�µ�¶½±¤¸´³�w�Ç ¸�¦�È5�>¹»¯¾½¶½³�µ�Áa§%þ�Á"ÈÄ³Ì¾·Á«¦��~È5�>Â"¶½³o§ x¬�+Á"µyÂËÁ�ÂË¶F¹#þ�Á>ÂÔ¸~±�³�¼O¸´Â"¶.±~¼O¸~þ�Á>¹O¸%Ç Á
ÂË¼O±�; È�¼�±�µÄ¹�µ�¶·¼�±	Ç Á�³�" ¼¤Ç�*"¾½Á>³�¹#þ�Á>Â Ç Á>³Ç ¼�±~±��"Á�³B¶½³�³�¸~Á>³|Ç ¸V" ¼O±�Ç ÁÌÈ��>Á"¾ ù
Ï4ÁÌ¾Æ¹»É�¼OÈÄ¹�µ�¼O¶½È�ÁÌÐBª3«	Í�w
Ð1Á>ÂÄÃ~±~¶ÆÅ�¸~Á>³ºÇ Á�¾�3 ªZ"Ü¹0/�Á"È�¶·Á%�~Ç Á�¾½¹Ü«�¼¤Ç��"¾½¶½³�¹�µ�¶·¼�±
Á"µºÇ Á�¾½¹ Í�¼%/O±~¶·µ�¶½¼O±sxFÈ�Á#�´È��"¯³�Á"±�µ�ÁD¾e3 ¶·±�µ�Á>Èm;
¹�ÂËÁ Ç~Á>³y¹6���~¾½¶½Â>¹�µ�¶·¼�±´³�É~¶½¼O¾½¼6/�¶½Å�¸~Á�³�ÁËµ&"&��Ç ¶ÆÂ"¹»¾½Á>³�ÁËµÔÇ~Á>³�"Ü¹»µ�Ã��	" ¹»µ�¶ÆÅ�¸~Á>³ ¹#þOÁ>Â ¾e3 ¶·±8; ¼�È�"Ü¹»¯µ�¶ÆÅ�¸~Á ù Ï¥3 ¼OÉ Ê3Á�Â/µ�¶I;�Ç~¸]�´È�¼OÊ3ÁËµ®­Ì«	Í�¬ºÎ­w?­�Á>³�µ�Á�³|«,�>Ç ¶ÆÂ"¹O¸ úAÍ�Ã~¶½È�¸~È�/�¶½Â>¹»¸ úD¬�³�³�¶½³�µ���³=�´¹»È�Î�ÈÄÇ ¶½±´¹�µ�Á"¸~È¬xFÁ>³�µÂË¾½¶½±~¶½Å�¸~Á
z ¶½¾+³	3 ¹6/O¶·µ®Ç43 ¹�³�³�¶Æ³3µ�Á"ÈB¾·Á@"��>Ç~Á>ÂË¶½±AÁËµ®¾½Á�ÂÄÃ~¶·È�¸~È5/O¶½Á"±�Ç~¹»±´³B¾Æ¹ È5�>¹»¾½¶Æ³�¹»µ�¶½¼O± Ç Á�/�Á>³�µ�Á�³|Ç ¶½¹6/O±~¼�³3µ�¶½Å�¸~Á�³¼O¸
µ�Ã �"ÈÄ¹0��Á"¸ µ�¶½Å�¸~Á�³|¾·Á�³=�~¾½¸´³$�~È5�>Â"¶½³�ÁËµ®¾½Á>³A"Ô¼�¶·±�³B¶·±¤þ�¹O³�¶d;
³=��¼�³�³�¶·É~¾½Á>³ ùÏ+¹y³�¸~È5/6�"µ�¶ÆÅ�¸~Á®Á>³�µ�¸´±
Ç ¼%" ¹O¶·±´Á|µ�ÈÄ¹»±´³�Ç ¶Æ³�Â"¶I�´¾·¶½±´¹»¶½È�Á®þ¤¶½³�¹»±�µT�y¶·±�µ�È�¼ Ç ¸~¶½È�Áº¾·Á�³�Ç Á>È�±´¶·Á>È�³F¼O¸ µ�¶·¾Æ³�Ç~Á>³.µ�Á>ÂÄÃ ¯±~¼�¾·¼%/O¶½Á>³|¶½±8; ¼OÈ5"Ü¹�µ�¶½Å�¸~Á ÁËµ�È�¼OÉ�¼»µ�¶½Å�¸~Á Ç~¹»±´³º¾½¹a�~ÈÄ¹�µ�¶ÆÅ�¸~Á�"��>Ç~¶½Â"¼»¯²ÂÄÃ~¶·È�¸~È5/O¶ÆÂ"¹O¾·Á ù�: ¹O±´³�Â"Á Â>¹OÇ È�Á6��¾½¹
�´¾½¹O±~¶ ¯-�Â>¹�µ�¶½¼O±�ÇP3 ¼%�H�>È�¹»µ�¶½¼O±´³�Á�³3µÔ¹OÂ/µ�¸~Á"¾½¾½Á#" Á"±�µ Á>±��~¾½Á"¶½±~Á Á"ú���¹»±´³�¶·¼�±®z�Ç Á�³y³�¶I" ¸~¾Æ¹�µ�Á>¸~ÈÄ³��~Ã¤À ³�¶ÆÅ�¸~Á>³ Ç ÁÜµ�¶Æ³�³�¸´³É~¶½¼O¾½¼6/�¶½Å�¸~Á�³$��Á>È�" Á"µ�µ�Á>±�µ�¹»¸»Ê3¼O¸~ÈÄÇ43 Ã�¸´¶+Ç Áo�´È��>þO¼O¶½È|¾½Á>³ºÂ"¼O±´³��>Å�¸~Á>±´ÂËÁ�³®Ç ÁÔÂËÁ"È�µ�¹O¶·±´Á>³|¼%�H�>È�¹»µ�¶½¼O±´³ ù Ï¥3 �>Å�¸~¶+��Á­Ì«	Í�¬ºÎQ¹Ì¹�Â"ÂË¸ "y¸~¾+��¸´±~ÁBÁËú8�H�>È�¶½Á"±�ÂËÁ�¶I"���¼OÈ�µ�¹»±�µ�Á�Ç~¹O±´³.ÂËÁBÇ ¼%" ¹O¶·±´Á ù Ï4Á�³¨�~È�¹»µ�¶ÆÂË¶½Á"±´³���Á"¸~þ�Á"±�µ.¹»¶½±´³�¶8�´¾½¹»¯±~¶I-´Á"È)�¤µ�Á�³3µ�Á"È|Á"µ®¼6� µ�¶I" ¶Æ³�Á>ÈBÇ~Á>³®³�µ�ÈÄ¹�µ5�#/O¶½Á>³�¼6�s�"ÈÄ¹�µ�¼O¶½È�Á�³B¹#þ#¹O±�µBÂ"Á"È�µ�¹»¶½±~Á�³�¶½±�µ�Á>È�þ�Á"±�µ�¶½¼O±´³ ù Í�Á>³|³�¶I" ¸~¾Æ¹�µ�Á>¸~ÈÄ³" ÁËµ�µ�Á"±�µ®Á>± ¼¤Á"¸~þ¤È�Á�Ç~Á>³=" ¼ Ç8*"¾½Á>³�¦o�~È5�>ÂË¶Æ³$§%�8" ¹O¶½³BÂ"¼6"��~¾½ÁËú Á>³ ù Ï+¹&�~¾½¸��´¹»È�µBÈ�Á	��¼�³�Á>±�µ|³�¸~È|Ç Á>³="��Ëµ�Ã~¼ Ç Á>³Å�¸~¶5È�Á>Å�¸~¶+*"È�Á"±�µ®Ç ÁÌ±~¼6" É~È�Á>¸ ú Â"¹O¾½Â"¸~¾Æ³=��¼�¸~È®Ç8�Ëµ�Á"È5" ¶·±~Á>È|¸~±~Á�ÂË¼�±8- /�¸~È�¹»µ�¶½¼O±�Ç43 ��Å�¸~¶·¾½¶½É~È�ÁÌÁ>±
È5�#��¼O±´³�Á�¹»¸ úÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³�¹0���´¾·¶ÆÅ�¸��"Á�³|¹»¸ ú
³�À ³3µ5*#" Á>³ ù8: Á�Â"Á>;
¹»¶·µ	�~ÂËÁ�³=" ¼¤Ç�*"¾½Á>³B±~Á@��Á"¸~þ�Á"±�µ$�´¹O³=¯"µ�È�Á�¸~µ�¶½¾·¶Æ³m��³BÁ"±]" ¼¤Ç~Á¶½±�µ�Á"ÈÄ¹OÂËµ�¶I;°�~Å�¸�¹»±´Ç�¾½Á>³|ÂË¼�±´³��>Å�¸~Á"±�ÂËÁ>³BÇ43 ¸~±V/OÁ�³3µ�Á�Ç ¼O¶½þOÁ>±�µ$¯"µ�È�Á�¶+"�"��>Ç ¶Æ¹�µ�Á#" Á"±�µA��Á"ÈÄÂËÁ#�~µ�¶½É~¾·Á�³ ù

û
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: Á|±~¼�³�Ê3¼�¸~ÈÄ³#��¾Æ¹�Ç Á#"Ü¹O±´Ç Á$��¼O¸~ÈFÇ~Á>³�³�¶I" ¸~¾Æ¹�µ�Á>¸~ÈÄ³�¶·±�µ�Á>È�¹�Â/µ�¶d;
³À/�È�¹O±´Ç ¶·µ�ÂË¼O±�³�¶ÆÇ8�"ÈÄ¹»É´¾·Á	"ÔÁ>±�µ	����¼O¸~ÈFÇ~Á"¸ úÈÄ¹»¶Æ³�¼�±´³ ù ¿�È�Á#" ¶+*"È�Á#" Á"±�µ	�¤¾½Á>³BÂË¾½¶½±~¶½Â"¶·Á>±´³|³�¼O¸~Ã´¹O¶ µ�Á"ÈÄ¹»¶½Á"±�µ�Ç~¶½³���¼�³�Á>È�Ç~ÁÌ³�¶+"y¸~¾Æ¹�µ�Á"¸~ÈÄ³FÈÄ¹0�´¶½Ç Á�³.��¼�¸~ÈBÁ<©�Á>Â/µ�¸~Á"ÈÇ Á�³M¦�È�Á	�~¾½¹O±~¶I-�Â"¹»µ�¶½¼O±´³¥§ Á"±ÜÂ"¼O¸~ÈÄ³.Ç43 ¼6�s�"ÈÄ¹�µ�¶½¼O±Á�»Ç~¹»±´³�¾½Á>³FÂ"¹O³�; È5�>Å�¸~Á>±�µ�³.¼%Â ¾Æ¹@" ¶½³�Á|Á"± ¼¤Á"¸~þ¤È�Á|Ç Á>³À/�Á>³�µ�Á�³�~È5�"þ¤¸´³F±P3 Á�³3µ.�´¹O³T��¼�³�³�¶½É~¾½ÁowF" ¼ Ç ¶I-�Â"¹»µ�¶½¼O± Ç Á�¾½¹ ÂË¼�±8- /O¸´È�¹»µ�¶½¼O±Ü¹»±´¹»µ�¼%"Ô¶ÆÅ�¸~Á6�%�~È�¼OÉ~¾+*#" Á®µ�Á>ÂÄÃ~±´¶½Å�¸~Á%��Á"µ�Â ù x¬�¼O¸AÁ>±AÂÄÃ´¶·È�¸~È5/O¶½Á�Á>±A¸~È�/�Á"±´Â"Á ù�: Á"¸ ú ¶+*#" Á#" Á>±�µ)��Ç Á�³®³�¶I" ¸~¾½¹»µ�Á>¸~È�³�µ�Á#"��´³�¯?È5�"Á>¾4��Á>È�" Á"µ�µ�ÈÄ¹»¶½Á"±�µºÇ Á@;
¹�ÂË¶½¾·¶·µ�Á>È	�Ç Á�Â"¼6"��~¾+�Ëµ�Á>È	� þ�¼O¶½È�ÁÌÇ43 ¹0"��"¾½¶½¼OÈ�Á"ÈB¾½¹�; ¼�È�"Ü¹�µ�¶·¼�±�¹O¸ úa/�Á>³�µ�Á>³BÂÄÃ~¶½È�¸~È�/�¶½Â>¹»¸ ú ù
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îËï�õOò�ïckH�¤ï�ö�
¤ï�ð	� Ï+Á>³�È5�>³�¸~¾·µ�¹»µ�³�È�Á>³�µ�Á>±�µ��´È�¼ ÂÄÃ~Á�³�Ç ÁDÂËÁ>¸ ú;Â"¹»¾ÆÂË¸´¾I��³��V�´¹»È�µ�¶½È�Ç43 ¸~±bµ�Á>±´³�Á"¸~ÈÔÇ ÁDÇ8�Ë¯; ¼OÈ5"Ü¹�µ�¶·¼�±´³B±~¼O±~¯?¾½¶·± �>¹»¶½È�Á6��µ�¹O±�µºÅ�¸~Á�¾½Á>³|Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³|³�¼O±�µ�¦M��Á"µ�¶·µ�³\§ ù Ï4¼�È�³�Å�¸~Á�¾½Á>³ºÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³|¹»¸�/O¯" Á"±�µ�Á>±�µ	�4¾½ÁÔµ�Á"È5" ÁDÅ�¸´¹OÇ ÈÄ¹�µ�¶½Å�¸~Á&/OÈ�¼�³�³�¶�Á"µ�¼O±b³#3 �"¾½¼O¶+/O±´Á Ç~¸%þ¤ÈÄ¹»¶.ÂË¼%"���¼�È�µ�Á#" Á"±�µ	�5¼�±%Ç~Á"þ¤¶·Á>±�µy¹»¾½¼OÈÄ³�Ç~Á�~¾½¸´³�Á"±W�´¾·¸´³�¶+"��~È���ÂË¶Æ³ ù Î�±�Á�³3µ�Ç ¼O±�Â�¼OÉ´¾·¶+/6�ÔÇ Áyµ�È�¹#þ�¹O¶·¾½¾·Á>È�³�Á"¸~¾½Á#" Á>±�µÌ³�¸´È�Ç Á�³º¼�É Ê3ÁËµÄ³ÌÅ�¸´¶�³�Á Ç8�	�~¾Æ¹OÂËÁ>±�µ��Á"¸ ù¡®±(¹#þ#¹O±�µ�¹0/�Á Ç8�	"Ô¼�±�µ�È5� Ç ¸ô" ¼ Ç8*>¾·Á�±~¼O±~¯?¾½¶·± �>¹»¶½È�ÁDÁ>³�µÔÇ43 �"¾½¶+"Ô¶½±~Á>È Â"Á"È�µ�¹O¶·±´³ ¹»È�µ�Á#;
¹OÂ/µÄ³�¶½±~Ã��>È�Á>±�µÄ³ ¹O¸" ¼ Ç8*"¾½ÁÜ¾·¶½±���¹»¶½È�Á
��¼O¸~È Ç Á�; ¼OÈ�µ�³�Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³	�4±~¼Oµ�¹6"&" Á>±�µ�¾½¼OÈÄ³�Å�¸Á3 ¸~±´Á
�´¹»È�µ�¶½ÁÜÇ ¸�³�À ³�µ�*	"ÔÁD³�¸~É~¶·µy¸~±´ÁÈ�¼»µ�¹»µ�¶½¼O± ù Ï+¹�"��Ëµ�Ã~¼ Ç ÁÌÃ´¹»É~¶·µ�¸´Á"¾½¾·Á>��¼�¸~È|ÂË¼�±�µ�¼O¸~È�±~Á>È�Â"Á��~È�¼OÉ´¾I*	"ÔÁ�Á>³�µ|Ç Á�Â>¹»¾ÆÂË¸~¾½Á"ÈB¾½Á>³BÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³T�´¹OÈ¾½Áyµ�Á"±´³�Á"¸~È�Ç ÁÜ­�È�Á"Á"±~¯9Ï1¹0/OÈÄ¹»± /OÁÌ±~¼O±~¯?¾½¶·± �>¹»¶½È�Á6��Å�¸´¶�Á�³3µÌ¶½±�þ�¹OÈ�¶Æ¹»±�µºÁ>±}È�¼»µ�¹»µ�¶½¼O± ù Ï¥3 ¶½±´ÂË¼�±�þ%�"±~¶½Á"±�µ�Á>³�µÌÅ�¸P3 ¶·¾ÂË¼%"���¼�È�µ�Á�¸~±Jµ�Á"È5"ÔÁ Å�¸�¹OÇ ÈÄ¹�µ�¶½Å�¸~Á�Á"µ�Ç ¼�±´ÂyÅ�¸P3 ¼O±�³�¼OÈ�µºÇ ¸}Â"¼O±�µ�Á"ú�µ�ÁyÇ Á ¾½¹Ü¾½¶½±��>¹OÈ�¶·µ���/%�"¼%"&�"µ�È�¶½Å�¸~Á%��¹#þ�Á>Â��¼O¸~È$�~È�¼OÉ´¾I*	"ÔÁÌ¾Æ¹ÔÈ���³�¼�¾·¸ µ�¶·¼�±�ÇP3 ¸~±J³�À ³3µ5*#" ÁÌ±~¼O±�¾·¶½±���¹»¶½È�Á ù: ¹»±´³Ô¾½Á�Â>¹O³ÔÇ ÁV/OÈÄ¹»±´Ç~³ÔÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�1¾½ÁV"Ô¼ Ç8*>¾·Á�¾½¶·±���¹»¶½È�Á���Á>¸ µDÂË¼�±´Ç ¸~¶½È�ÁV�	¸~±~ÁAÇ ¶½³�µ�¼�È�³�¶½¼O±P��Â"¹OÈ¾½Á>³
�´¹OÈ�µ�¶½Â"¸~¾½Á>³Ü±~Á«��Á>¸~þOÁ>±�µ ³�Á�Ç8�	�~¾½¹�ÂËÁ>È Å�¸~ÁJ¾·Á}¾·¼�±�/�Ç ÁAµ�ÈÄ¹�Ê3Á�Â/µ�¼O¶½È�Á�³ÜÇ È�¼�¶ µ�Á>³	�.µ�¹O±´Ç ¶Æ³DÅ�¸~Á�¾½Á," ¼¤Ç�*"¾½Á±~¼�± ¯?¾½¶½±��>¹O¶·È�ÁÜ¹»¸ µ�¼OÈ�¶½³�ÁÜÇ Á>³ Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³�Á"±�Â"¼O¸~È�É�Á Á"µ ÂË¼�±´³�Á>È�þ�Á ¾½¹]; ¼�È�" ÁDÇ ÁD¾e3 ¼OÉ Ê3Á"µ�w
Â<;.-H/O¸~È�Á ü ù û x ùÑº¶Æ³�¸~Á"¾½¾·Á	" Á"±�µ	�~¾½Á�" ¼ Ç8*"¾½ÁÌ¾·¶½±��>¹O¶·È�Á�³�Á	"yÉ~¾½Á>;
¹»¶½È�Á@/�¼O±BA´Á>ÈB¾�3 ¼OÉ Ê3Á"µ ù

�-
��DC��E ��/6GF + � + $%&!29
�$%���E�9��&G6!�!$ )�H1�G&!�E6!$%�")"����#�'$%��&I6!� + 
KJ����" ��L6!� + 
M�7
��"� ���	�NCO�P ��/6GF + �Q&!��&G# + $%&!29
�$%�"�P����&!�"����(�� + 
J����� ��16!� + 
M�!
��'�

Ï=ÐFÑ\Ò ü~ù ûaÓ«: �#; ¼OÈ5"Ü¹�µ�¶½¼O±bÇ43 ¸~±;ÂËÀ¤¾½¶·±´Ç~È�Á��´¹OÈÌ¹6���~¾½¶½Â>¹�µ�¶·¼�±%Ç43 ¸~±~Á�; ¼�È�Â"ÁyµÄ¹»±�/�Á"±�µ�¶½Á"¾½¾½Á���¾e3 ¸´±~ÁDÇ Á>³ÌÉ�¹O³�Á>³	�¾e3 ¹O¸ µ�È�ÁÌÉ´¹O³�Á@�Ëµ�¹O±�µ.-´ú��>Á ù
ç=èmé¥è�ç V¤ø\íSR�øUT � �Áí��Áë��WVAêmó�÷cø=ìÁõ°îÀó���êmð=ñ®�
Ï4Á�³�; ¼OÈÄÂËÁ>³�³	3 ¼�É µ�¶½Á"±~±´Á"±�µ��a�´¹OÈ�µ�¶·ÈÌÇ Á�³�ÂË¼O±�µ�È�¹O¶·±�µ�Á�³ ù Ï4Á�³ÌÂË¼O±�µ�È�¹O¶·±�µ�Á�³�³	3 ¼OÉ µ�¶·Á>±~±~Á"±�µ��a��¹»È�µ�¶½ÈÌÇ~Á>³ÌÇ8�Ë¯; ¼OÈ5"Ü¹�µ�¶·¼�±´³=/OÈ�
OÂ"Á@�D¸~±~Á�¾½¼O¶+Ç~ÁyÂË¼%"&��¼OÈ�µ�Á	" Á"±�µºÅ�¸~¶4;
¹»¶·µº¶½±�µ�Á"È�þOÁ>±~¶½È®¾·Á�³$�~È�¼6�~È�¶+�Ëµ���³|Ç ¸,"Ü¹�µ5�"È�¶½¹O¸ ù Ï+¹ ¾½¼O¶Ç Á�Â"¼6"���¼�È�µ�Á#" Á"±�µBµ�ÈÄ¹OÇ~¸~¶ µ|¾½Á>³|Â>¹»ÈÄ¹OÂ/µ5�"È�¶½³�µ�¶ÆÅ�¸~Á>³BÇ ¸V"Ü¹�µ5�"È�¶½¹O¸ ù¡®±´ÁÌÂ"¼O±�µ�ÈÄ¹»¶½±�µ�Á�ÂË¼OÈ�È�Á>³���¼�±´Ç�� ¸~±~Á>; ¼OÈÄÂËÁ>�´¹»ÈB¸~±´¶ µ5�ÌÇ~Á�³�¸~È�;
¹OÂËÁ%�¤Á"¾½¾·ÁÌ±P3 ¹y¸´±�³�Á"±´³|Å�¸~Á>�´¹OÈ�ÈÄ¹0� ��¼�È�µ=�¸~±~Á@;
¹�ÂËÁ"µ�µ�Á Å�¸´Á�¾�3 ¼O±�¼OÈ�¶·Á>±�µ�Á@�´¹»È�³�¹Ô±~¼�È�"Ü¹»¾½Á ù ­�È�
OÂ"Á�¹»¸�µ�Á>±´³�Á>¸~ÈºÇ Á�Â"¼O±�µ�ÈÄ¹»¶½±�µ�Á�³

[σ]
�´Å�¸~¶4È�Á�A *"µ�Á�¾e3 �"µ�¹»µÇ Á ÂË¼�±�µ�È�¹O¶·±�µ�Á Ç ÁÔ¾�3 ¼OÉ~Ê3ÁËµ�Á"±	¸~±~Á&�´¹»È�µ�¶ÆÂË¸~¾½Á6��¶½¾.Á>³�µ>��¼�³�³�¶·É~¾½Á Ç43 Á"ú¤µ�ÈÄ¹»¶½È�ÁÔÇ Á>³�; ¼OÈÄÂËÁ�³

f
Á"±W; ¼�±´Â/µ�¶·¼�±	Ç ÁÔ¾Æ¹/6�>¼6"��Ëµ�È�¶½Á�¹»¾½Á"±�µ�¼�¸~ÈA� ¾Æ¹��´¹»È�µ�¶ÆÂË¸~¾½Á6� Á>±,�´¹»È�µ�¶ÆÂË¸´¾·¶½Á"È|Á>±�; ¼�±´Â/µ�¶·¼�±JÇ Á�¾�3 ¹»¶½È�Á

dS
wF��ÁËµ�¶ µ�Á)x|Á"µºÇ Á�¾Æ¹ ±~¼OÈ5"Ü¹»¾½Á�Ô¾½¹ ³�¸~È�;
¹OÂËÁ�Ç43 ¹0� �~¾·¶ÆÂ"¹»µ�¶½¼O± −→n ù

f = [σ]−→n dS

C ò4ó�����
]�������>ð>ö"@5ô�
 Ï+Á>³�¼OÉ~Ê3ÁËµ�³BÇ8�#; ¼OÈ5"Ü¹»É~¾½Á>³�³�¼�±�µBÂ"¾½¹�³�³�¶½Å�¸~Á	" Á"±�µ�È�Á#�´È���³�Á>±�µ5�>³T�´¹»ÈB¸~±´Á�¾½¼O¶4�>¾½¹�³3µ�¶½Å�¸~Á%�Â"¹OÈ�Â"Á"¾½¾·Á"¯9Â"¶.ÂË¼OÈ�È�Á>³���¼�±´ÇW�
¸~±«/�È�¹O±´ÇJ±~¼%"yÉ~È�ÁÔÇ~Á�"Ü¹�µ5�"È�¶½¹O¸ úJÈ��>Á"¾Æ³>��¼�¸~È�Ç Áo;
¹O¶·É´¾·Á�³�Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³ ù §�¾½¾½Á³	3 ¶½±´³�ÂËÈ�¶ µ�Ç~¹O±´³.¾½Á>³�¾½¼O¶Æ³¨�~¾½¹�³3µ�¶½Å�¸~Á�³.Å�¸~¶���Á"È5"ÔÁ"µ�µ�Á"±�µFÇ Á®Ç8��ÂËÈ�¶·È�ÁB¾·Á®Â"¼6"���¼�È�µ�Á#" Á"±�µ�Ç ÁBµ�¼O¸ µ¥"Ü¹�µ5�"È�¶½¹O¸Ô³�¼O¾½¶ÆÇ ÁÇ8�#; ¼OÈ5" ¹OÉ~¾½Á ù ¡º±~Á�Ã¤À���¼Oµ�Ã�*�³�Á�³�¶I"��~¾½¶I-�Â"¹»µ�È�¶½Â"Á�Á>³�³�Á>±�µ�¶·Á>¾·¾½Á�Ç Á�³A" ¶·¾½¶½Á"¸ úV�"¾Æ¹O³�µ�¶ÆÅ�¸~Á>³BÁ�³3µº¾Æ¹ ±~¼�± ¯9Ç~¶½³�³�¶+�´¹»µ�¶½¼O±¶½±�µ�È�¶½±´³�*>Å�¸~Á ùX ¾Æ¹O³�µ�¶ÆÅ�¸~ÁÌ¶·±´Ç~¶½Å�¸~Á�Å�¸~ÁÌ¾e3 �"µ�¹�µºÇ~Á>³|Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³B±´ÁÌÇ��#��Á"±´ÇJÅ�¸~Á�Ç Á�¾e3 �"µ�¹»µ=�´È���³�Á>±�µ®Ç Á�³®ÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³	�ÂËÁ�Å�¸~¶5È�Á"þ¤¶½Á"±�µ=�Ô³�¸�����¼�³�Á"È|Å�¸~ÁÌ¾·Á�³\; ¼�È�Â"Á>³�¶½±�µ�Á"È�±~Á>³B¹O¸�"Ü¹�µ5�"È�¶½¹O¸D±P3 ¹0/�¶½³�³�Á>±�µBÅ�¸~Á@�´¹OÈBÂ"¼O±�µ�¹�Â/µB¶I"�"��>Ç~¶½¹»µÁËµFÅ�¸~ÁB¾½Á"¸~ÈFÈ�¹#À�¼O±yÇ43 ¹OÂËµ�¶½¼O±ÔÁ>³�µ¥�~È�¼¤ÂÄÃ´ÁBÇ~Á$É#�"È�¼ ù ¡º±&"Ü¹»µ��"È�¶Æ¹»¸&�"¾Æ¹O³�µ�¶ÆÅ�¸´ÁBÅ�¸~¶�¹��"µ��®Ç8�#; ¼OÈ5"��B³�¼O¸�³�¾�3 ¹OÂËµ�¶½¼O±Ç ÁºÂ"Á"È�µ�¹O¶·±~Á�³¨; ¼OÈÄÂËÁ�³.È�Á#/�¹6/O±~Á|³�¼O±
�"µ�¹�µ�¶·±~¶·µ�¶Æ¹»¾�¸~±~ÁM; ¼O¶Æ³FÅ�¸~ÁºÂ"Á>³¨; ¼�È�Â"Á>³.¼�±�µ�Ç ¶½³��´¹OÈ�¸~Á�³#�OÁËµ�¶½¾ ��Á"¸~µ�È�Á>³�µ�¶·µ�¸~Á>Èµ�¼�¸ µ�ÁA¾e3 �>±~Á"È5/O¶½ÁAÅ�¸Á3 ¶½¾®¹	¹OÉ´³�¼OÈ�ÉH�%��³�¹«; ¼OÈ5"ÔÁ�±~ÁJÇ8�	��Á>±´Çh�´¹O³ Ç ÁA¾e3 Ã~¶Æ³�µ�¼OÈ�¶ÆÅ�¸´Á�Ç ÁJ³�Á>³ Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³]w
Â<;
' n !6(
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- /�¸~È�Á ü~ù ÿ x ù ¡®±~Á���¹»È�µ�¶ÆÂË¸~¾½Á�Å�¸´¶5Á>³�µºÇ8�#�~¾Æ¹OÂ#�"Á�È�Á>þ¤¶·Á>±´Ç ÈÄ¹�� ³�¹���¼�³�¶·µ�¶½¼O±�¶·±~¶·µ�¶Æ¹»¾½ÁÌÁ"±V�´¹�³�³�¹»±�µ=�´¹»È|¾½Á@"&¯	" Á¦�ÂÄÃ~Á#" ¶½±�§ ù
contraintes

déformations

Ï.ÐFÑTÒ ü ù ÿoÓ�: Á>³®¾·¼�¶½³|Ç Á�Â"¼6"���¼OÈ�µ�Á#" Á>±�µ$�>¾½¹�³3µ�¶½Å�¸~Á
= ö�ï���� ñ�ö
ð	�«�ô��õ%�~ï�ö�@5ô�
 ª²¾+Á�³3µ>��¼�³�³�¶·É´¾·ÁyÇ~Áy³�¶+"��~¾½¶d-´Á>Èº¾e3 Á"ú8�~È�Á�³�³�¶½¼O±JÇ Áy¾e3 �"¾Æ¹O³�µ�¶ÆÂË¶·µ����´¹OÈ®¾e3 �>¾½¹�³3µ�¶½Â"¶ µ5�¾½¶·±���¹»¶½È�Á%� ±~¼O¸�³|¹»¾½¾·¼�±´³|¹»É�¼OÈÄÇ Á"È|Å�¸~Á>¾½Å�¸~Á�³=�"¾+�#" Á"±�µ�³|Ç~Á�ÂËÁËµ�µ�ÁÌµ�Ã��"¼�È�¶½Á ù: ¹»±´³Ì¾½ÁDÂ"¹�³�ÇP3 ¸~±ª"Ü¹�µ5�"È�¶½¹O¸	¾½¶½±��>¹O¶·È�Á6�5¼�±%¹V��;
¹»¶½È�Á
�A¾Æ¹�¾·¼�¶�Ç ÁDÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ�¾½¹]�~¾½¸´³�³�¶I"��~¾½Á6�5¾½Á>³; ¼OÈÄÂËÁ�³ÜÇ Á"þ¤¶½Á"±~±´Á"±�µ��~È�¼6��¼OÈ�µ�¶½¼O±~±~Á>¾·¾½Á>³ ¹O¸ ú<Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³ ù v�¶½Á"±Q³9Y~È ¾·Á�³Üþ¤È�¹O¶½³&"Ü¹�µ5�"È�¶½¹O¸ ú�±~Á�³�¼O±�µ��´¹�³ÁËú~¹�Â/µ�Á	" Á"±�µ�¾½¶½±��>¹O¶·È�Á>³ ù ª²¾�Á�³3µ$��¼�³�³�¶½É~¾½Á�Ç~Á�þ�¼O¶½È�¾e3 Á"È�È�Á>¸~È�Á>±�/OÁ>±´Ç È5�"Á>�´¹»È�¸~±~Á�µ�Á"¾½¾·ÁÌ¾½¼O¶¨z~³�¶�¼�±��"µ�¶½È�Á�¼O¸�Å�¸´Á¾e3 ¼�±}ÂË¼%"&�´È�Á�³�³�Á�¸~±«"Ü¹»µ��"È�¶Æ¹»¸W� ø)(6(OZ ��¾½¹a"&¯	" Á�; ¼OÈÄÂËÁ�w
¹»¸	³�¶+/O±~Á��~È5*>³yx|³#3 ÁËú Á�ÂË¸ µ�Á"ÈÄ¹$Ã´¼�Èº¼O±	³�¹O¶ µ�Å�¸~ÁÔ³�¶¼O±]��¼O¸~þ�¹»¶·µºÂË¼%"��~È�¶+" Á"ÈB¸~±A¼OÉ~Ê3ÁËµ®Á"±�¸~±V��¼O¶½±�µ)�~¾½Á>³.; ¼OÈÄÂËÁ�³BÁËú Á"ÈÄÂ<�>Á>³B³�Á"ÈÄ¹»¶½Á"±�µ|¶·±8-�±~¶·Á�³ ù

contraintes

déformationspetites grandes

Ï=ÐFÑ\Ò ü ù7��Ó ¬A� �~È�¼#ú ¶+"Ü¹�µ�¶½¼O± ¾½¶·± �>¹»¶½È�Á�w È�¼O¸�/�Á)x.Ç43 ¸~±~Áº¾·¼�¶�Ç Á�ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µ¥�"¾Æ¹O³�µ�¶ÆÅ�¸´Áº³�¸´É~¾·¶½±���¹»¶½È�Á�w
É~¾·Á>¸~Á)x
Î�± þ�¼O¶·µB¹6���´¹OÈ�¹O¶ µ�È�Áº³�¸~ÈB¾½ÁÌ³�ÂÄÃ��	" ¹ ü ù7� �¤¾Æ¹y±~¼Oµ�¶½¼O±�Ç Á@/OÈÄ¹»±´Ç Á�³FÁ"µBÇ~Á>��ÁËµ�¶ µ�Á>³|Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³ ù Î�±
þ�¼O¶·µÅ�¸~ÁB¾�3 ¹0� �~È�¼#ú ¶+"Ü¹�µ�¶½¼O±o�´¹»È.¸~±´ÁBÇ~È�¼�¶ µ�Á�Ç43 ¸~± þ6�>È�¶·µ�¹OÉ~¾½Á�Â"¼6"���¼�È�µ�Á#" Á"±�µ�È�Á�³3µ�Á$����Á"¸&�~È5*>³�Ê3¸´³�µ�Á�µÄ¹»±�µ�Å�¸´Á�¾½Á>³Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³�È�Á>³�µ�Á"±�µ.��Á"µ�¶·µ�Á>³ ù §�±�/6�"± �"ÈÄ¹»¾e��¼�±
ÂË¼�±´³�¶½Ç8*>È�Á�Å�¸Á3 ¸~±�"Ü¹�µ��>È�¶Æ¹»¸a�"¾Æ¹O³�µ�¶ÆÅ�¸´Á�±P3 Á>³�µ=�~¾·¸�³�¾½¶½±��>¹O¶·È�ÁÁËµºÅ�¸P3 ¼O±A¹ Ç Á>³A/OÈÄ¹»±´Ç Á�³BÇ8�<; ¼�È�"Ü¹�µ�¶·¼�±´³B¹»¸AÇ Á"¾ �ÜÇ Á ü0(�Z ù
= ò�öÔó�
\[Jò+ò^]s
 Î�±�¶½±�µ�È�¼¤Ç~¸~¶ µ��%ÂËÁ�±~¶½þOÁ>¹O¸�¾e3 Ã¤À���¼»µ�Ã *>³�Á�Å�¸~Á�¾·Á]"Ü¹�µ5�"È�¶½¹O¸�Á>³�µ ¶½³�¼»µ�È�¼%��Á%��Â"Á�Å�¸~¶³�¶I/�±~¶d-�Á�Å�¸´ÁÌ³�Á>³A�~È�¼%�~È�¶I�"µ��>³B³�¼O±�µ®¾½Á>³$"�¯#" Á�³|Ç~¹»±´³|µ�¼O¸~µ�Á>³®¾·Á�³|Ç ¶·È�Á>ÂËµ�¶½¼O±´³ ù Í�Á"µ�µ�Á�Â"¼O±´Ç~¶ µ�¶·¼�±�¶½±�µ�È�¼ Ç ¸~¶·µ®¸~±ÂËÁ>È�µÄ¹»¶½± ±~¼6" É~È�Á�Ç Á®¾½¶·Á>±´³�Á>±�µ�È�Á|¾½Á>³\�´¹»ÈÄ¹0"�*"µ�È�Á>³	�»Â"¹»ÈF¾·Á�³�È�Á"¾Æ¹�µ�¶½¼O±�³�Ç ¼O¶½þOÁ>±�µ¥¯Ëµ�È�Á®¾½Á>³\"&¯	" Á>³�¶½±´Ç8�	��Á>±´Ç~¹6" ¯" Á"±�µ�Ç Á ¾�3 ¼OÈ�¶½Á"±�µ�¹»µ�¶½¼O±	Ç~¸%³�À ³3µ5*#" ÁÜÇ ÁÜÂË¼¤¼OÈÄÇ ¼O±´±��"Á�³ ù §�±;ÂË¼�±´³�¶ÆÇ8�>È�¹O±�µ�µ�¼�¸ µ�Á�³Ì¾·Á�³�³�À�"��Ëµ�È�¶½Á>³>��¼�³�³�¶½É~¾½Á>³	�¶½¾5Á>³�µB¹O¾·¼�È�³T��¼�³�³�¶½É~¾·ÁÌÇ Á�Ç8�	"Ô¼�±�µ�È�Á"ÈBÅ�¸´Á�¾½Á>³ û%! �´¹OÈ�¹6"�*Ëµ�È�Á>³�Â"¹OÈ�¹�Â/µ��>È�¶Æ³�¹»±�µF¸~±]"Ü¹�µ��>È�¶Æ¹»¸��"¾Æ¹O³�µ�¶ÆÅ�¸~Á�³�Á�È��"¯Ç ¸~¶Æ³�Á"±�µ.��³�Á"¸´¾·Á	"ÔÁ>±�µ�Ç Á>¸ ú
�´¹»ÈÄ¹0"�*Ëµ�È�Á�³.¶½±´Ç8�#��Á"±�Ç~¹»±�µ�³ ù Í�Á>³FÇ~Á"¸ ú
�´¹OÈ�¹6"&*"µ�È�Á>³�³�¼O±�µ�¹6����Á"¾+�>³�ÂË¼¤Á�_DÂË¶½Á"±�µÄ³Ç Á�Ï1¹0"��ÌÁËµº³�¼O±�µ|±~¼»µ5�>³

λ
Á"µ

µ
ù Ï+¹ ¾½¼O¶4Ç Á�ÂË¼%"���¼�È�µ�Á#" Á"±�µ®³#3 �>Â"È�¶·µº¹»¾½¼OÈÄ³�z

[σ] = λtr([ε])I + 2µ [ε]

¹#þOÁ�Â
I
¾Æ¹�"Ü¹�µ�È�¶ÆÂËÁÌ¶ÆÇ Á"±�µ�¶·µ���Á"µ

tr(X)
¾Æ¹yµ�È�¹�ÂËÁ�Ç Á

X
ùÏ+¹W" ¹»µ�È�¶½Â"Á
Ç Á
È�¶+/O¶ÆÇ ¶·µ���Ç ¸�"Ü¹�µ5�"È�¶½¹O¸

D
��Å�¸~¶BÈ�Á�A *"µ�ÁD¾Æ¹�¾½¼O¶BÇ Á�ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µ ÁËµ�;
¹»¶·µ&��¹O³�³�Á>ÈyÇ Á>³

? n !6(
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Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³B¹O¸ ú
ÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³	�¤Á>³�µºÇ ¸�µ3À���Á
z

D =











λ + 2µ λ λ 0 0 0
λ λ + 2µ λ 0 0 0
λ λ λ + 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ











{σ} = D {ε}
§�±���ÂËÈ�¶ µ�¸~È�ÁA"Ü¹�µ�È�¶ÆÂË¶½Á"¾½¾·Á%�O¾½Á>³�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³ {ε(x)} ÁËµ�¾½Á>³�ÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³ {σ} ³#3 �>Â"È�¶½þOÁ>±�µF¹»¾½¼OÈÄ³�³�¼�¸´³�¾Æ¹�; ¼�È�" Á

Ç Á�þOÁ�Â/µ�Á>¸~ÈÄ³ ù {ε(x)} =











εx

εy

εz

γxy

γyz

γxz











¹#þOÁ>Â
εi

¾Æ¹ Â"¼6"��~È�Á>³�³�¶½¼O±sn��"¾½¼O±�/�¹�µ�¶·¼�±Ô³�¸~¶½þ#¹O±�µ�¾e3 ¹»ú¤Á
i
ÁËµ

γij

¾½Á�Â"¶½³�¹»¶½¾½¾·Á"¯

" Á"±�µº¹»± /O¸~¾Æ¹»¶½È�Á�Á"±�µ�È�ÁÌ¾½Á>³|¹�ú Á�³
i
ÁËµ

j
�8��¼O¸~È®¾Æ¹&�´¹»È�µ�¶ÆÂË¸´¾·Á

x
ù

¡®±´Á	¹»¸~µ�È�ÁW�>Â"È�¶·µ�¸~È�Á}Ç Á�³��´¹OÈ�¹6"�*Ëµ�È�Á>³ Ç8�<-´±´¶½³�³�¹O±�µ ¸~± "Ü¹�µ5�"È�¶½¹O¸T¶·±�µ�È�¼ Ç ¸~¶·µ�Ç~Á"¸ ú`ÂË¼¤Á*_ÜÂ"¶·Á>±�µ�³��´¾·¸´³³�¼O¸~þ�Á"±�µ|¸ µ�¶½¾·¶Æ³��>³®Á>±,"��>Â"¹O±~¶ÆÅ�¸´Á�Â"¹»È$�´¾·¸´³A;
¹OÂ"¶·¾½Á>³A� ¶½±�µ�Á>È��~È5�Ëµ�Á"È|Á"ú��s�"È�¶+"ÔÁ>±�µ�¹»¾½Á#" Á>±�µ)�´ÂËÁ�³�¼O±�µ®¾½Á�" ¼ Ç ¸~¾½ÁÇ43 `�¼O¸~± /
E
ÂË¼�È�È�Á>³���¼�±´Ç~¹O±�µ$�Ü¾Æ¹ È�¶+/O¶ÆÇ ¶·µ��yÇ~¸," ¹»µ��>È�¶Æ¹»¸P�´ÁËú8�~È�¶I"���Á>±J¿�¹ �~ÁËµ�¾·ÁyÂ"¼¤Á�_DÂË¶½Á"±�µ�Ç Áy¿�¼�¶½³�³�¼O±

νÂË¼�È�È�Á>³���¼O±´Ç��Ô³�¹ ÂË¼%"&�´È�Á�³�³�¶·É´¶·¾½¶ µ5�6�~³�¹»±´³�¸~±´¶ µ5�aw
Â<;�- /�¸~È�Á ü~ù ! x ù
λ = νE

(1+ν)(1−2ν) µ = E
2(1+ν)

0 < ν < 0.5

E = (3λ+2µ)µ
λ+µ

ν = λ
2(λ+µ)

��
��Ka + �!�'$%���!���U ��/6G� + ���56 , b ���G&!c!;�� + �/#�"$%�9�G�"�d�"$%c�$%6G$ )'2�� ���	�La + �!�'$%���!���1���/�4e���$%��&�)'�56!�faB��$%�'�"��&O;� + �G�'$%���!���g���� ��!�����'�'$%�G$ + $ )'2��

Ï=ÐFÑ\Ò ü~ù !oÓ ª²±BA´¸~Á>±´ÂËÁ�³|Ç ¸V" ¼¤Ç~¸~¾·Á�ÇP3 `�¼�¸~±�/ ÁËµºÇ ¸JÂ"¼�Á*_DÂË¶½Á"±�µ®Ç Á�¿�¼O¶Æ³�³�¼O±
Ï4Á�³�À ³3µ5*#" ÁÌÁ>³�µ®¶·±¤þOÁ>È�³�¶½É~¾·Á>��¼O¸~È®Ç8��Ç ¸~¶½È�Á�¾½Á>³|Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³BÇ Á>³®Â"¼O±�µ�ÈÄ¹»¶½±�µ�Á�³ ù

[ε] =
1 + ν

E
[σ] − ν

E
tr([σ])I

ç=èmé¥è"h � õ°øKiMîÀõmê3��ì
Î�±���Á"¸ µBÈÄ¹»¶Æ³�¼�±~±~Á"È�Ç~¹»±�³F¾½Á>³�Ç Á"¸~ú ³�Á>±´³#�¤Â03 Á>³�µ$�yÇ ¶½È�Á�Â"¹O¾½Â"¸~¾·Á>È�Ç~Á>³\; ¼OÈÄÂËÁ>³.����¹»È�µ�¶½È�Ç ÁÌÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�¼O¸Á�~Â"¹»¾ÆÂË¸´¾·Á>È®Ç Á>³|Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³$�&�´¹OÈ�µ�¶·È®Ç Á@; ¼�È�Â"Á>³ ù
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Contraintes Déformations

géométriematériau

DéplacementsForces

géométrie
deloi

comportement

Ï=ÐFÑ\Ò ü ùB9@Ó Ò®Á"¾Æ¹�µ�¶½¼O±JÇ8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³¬n�Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³yn»ÂË¼O±�µ�È�¹O¶·±�µ�Á�³yn1; ¼OÈÄÂËÁ�³.Á"±]; ¼O±�Â/µ�¶½¼O±�Ç~Á�¾½¹
/%�"¼%"&�"µ�È�¶·ÁÌÁ"µÇ ¸V"Ü¹�µ5�"È�¶½¹O¸
ª²¾�Á>³�µÔ¶+"���¼�È�µÄ¹»±�µÔÇ Á�±~¼Oµ�Á"È Å�¸~Á�¾�3 ¼O±���Á"¸~µ&¯"µ�È�Á
¾½¶·± �>¹»¶½È�Áµw ¼�¸�±~¼�±Hxo�	Ç Á"¸~ú�Á"±´Ç È�¼O¶·µ�³�z.¹»¸���¹O³�³�¹6/OÁÇ Á�³�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³�¹»¸ úDÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³�¹»¸Ü±~¶½þOÁ�¹»¸ Ç~¸Üµ�Á>±´³�Á>¸~ÈBÇ Á�Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³#��ÁËµ�¹O¸´³�³�¶�¹»¸��´¹�³�³�¹0/�Á®Ç Á>³Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³B¹O¸AÂ"¼O±�µ�ÈÄ¹»¶½±�µ�Á�³�¹O¸
±´¶·þ�Á>¹»¸AÇ ÁÌ¾Æ¹ ¾·¼�¶4Ç Á�ÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ ù: ¹»±´³�¾½ÁºÂ"¹�³�¼6Â ¾½Á>³�Ç Á>¸ ú��"µ�¹6��Á�³�³�¼�±�µ�¾½¶½±��>¹O¶·È�Á>³	��¾·Á�³¨; ¼OÈÄÂËÁ�³.³�¼�±�µ¥�~È�¼%��¼�È�µ�¶·¼�±~±~Á>¾·¾½Á>³�¹»¸~úÔÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³ ùÎ�±]��Á>¸ µº¹»±´³�¶5È5�>³�¼O¸´Ç È�Á�Ç~Á>³=�~È�¼OÉ~¾+*#" Á�³�Ç~Á�³3µÄ¹�µ�¶ÆÅ�¸~Á@�´¹»ÈB¾Æ¹ÔÈ���³�¼�¾·¸ µ�¶·¼�±
Ç43 ¸~±A³�À ³�µ�*	"ÔÁ@"Ü¹�µ�È�¶ÆÂË¶½Á"¾5¾½¶½±��>¹O¶·È�ÁÇ ¸�µ3À���Á
z

f = Ku¼6Â
K
Á>³�µº¹0����Á"¾+�"Á@"Ü¹�µ�È�¶ÆÂËÁ�Ç Á�È�¶+/O¶ÆÇ ¶ µ5� ù

ç=èmé¥èkj �Vî1T ��êm÷4ñ�õ3�
¡®±´ÁM�´¹OÈ�µ�¶½Â"¸~¾·Á�Á>³�µ�¸´±��"¾+�#" Á"±�µ|Ç Á>" ¹»µ�¶+*"È�ÁºÇ Á�; ¼OÈ5" Á�Å�¸~Á"¾ÆÂË¼�±´Å�¸~Á�¹O¸ µ�¼�¸~È�ÇP3 ¸~±���¼�¶·±�µ ù §F¾·¾½Á�Á�³3µB¹O³�³�Á	É��ÁËµ�¶·µ�Á«��¼�¸~È�¯Ëµ�È�Á�Â"¼O±´³�¶ÆÇ8�"È5�"ÁV"Ü¹�µ�Ã��#"Ü¹�µ�¶½Å�¸~Á	" Á"±�µ ÂË¼%"&" ÁJ¸~±T¶½±8-´±´¶I" Á"±�µa��ÁËµ�¶ µ)�\"Ü¹»¶Æ³ÜÁ>¾·¾½ÁJÁ>³�µ ¹O³�³�Á	É/OÈÄ¹»±�Ç ÁM��¼O¸~È|Â"¼O±�µ�Á>±~¶·È�¸~±
µ�È5*>³./OÈÄ¹»±�ÇÜ±~¼6" É~È�Á�Ç Á>" ¼O¾+�>ÂË¸´¾·Á�³#�¤Á"¾½¾½Á�Â"¼OÈ�È�Á�³m��¼O±´Ça�y¸~±´Á�"Ü¹O³�³�Á���¼O±´ÂËµ�¸~Á>¾·¾½Á ù

�Pù
ísùI^�ù
í = ò�ö��&�������ô
�ï�ð)�~ö ñ�
��
�
ò�ö.óTr·ö
ï�
�ñ#ð>ö�
:lZj�ñ�
���ö���ñ�
��
ò�ö�ó�
nm,
Oo ð>ò�ï5p §�¾·¾½Á>��Á>È�" ÁËµ|Ç ÁÌÂ"¹O¾½Â"¸~¾·Á>ÈF¾e3 ¹�Â"Â#�"¾+�"ÈÄ¹�µ�¶½¼O±

q̈i

Ç43 ¸´±~Á���¹»È�µ�¶·¯ÂË¸´¾·Á
i
Ç~Á�" ¹�³�³�Á

mi

Á>±�; ¼�±´Â/µ�¶·¼�±JÇ Á>³.; ¼�È�Â"Á>³|Å�¸~¶5¾½¸~¶+³�¼O±�µ®¹0���~¾½¶ÆÅ�¸ �"Á>³@z

q̈i =

∑

j 6=i fj→i

mi

�
ò�ö�ó\r½ö
ï�ð	
�ñ��~õOð>ö
ò�ï?l°�)
¤õOò�ï1ó�
W�
ò�öFó�
qm,
Oo ð>ò�ï1p Ï+Á>³.; ¼OÈÄÂËÁ�³|³�¼�±�µBÈ5�>Â"¶I�´È�¼ Å�¸~Á>³B¹O¸�³�¶I/�±~Á@�~È5*>³@z
fj→i = −fi→j

�Pù
ísùI^�ù � i�
��)�~ï�ð)
�ô1ñ
: ¹»±´³�¸~±~ÁÔ³�Â#*"±~Áyµ�Á"È�È�Á>³�µ�È�Á�¾½¹���Á�³�¹O±�µ�Á"¸~È

g
Á>³�µ�¸~±~¶I; ¼OÈ5" ÁyÁ"µ�¹0� �~¾·¶ÆÅ�¸~Áy¸´±«��¼O¶ÆÇ~³M�´È�¼%��¼�È�µ�¶·¼�±~±~Á"¾��Ü¾Æ¹"Ü¹O³�³�Á�z

f→i = mig

�Pù
ísùI^�ù½÷ r�ö���õOòs�>ö
ð	�Aó1ôR��ö��
ö�
¤ô
Ï+¹ þ¤¶Æ³�Â"¼�³�¶ µ5��Ç43 ¸~±W" ¶·¾½¶½Á"¸�³	3 ¼%����¼�³�Á�¹O¸," ¼O¸~þ�Á#" Á"±�µºÇ Á�³ºÂË¼�È���³®Å�¸~¶1³	3 ÀAÇ8�	�~¾½¹�ÂËÁ>±�µ ù §�¾½¾½Á ³�Á�"Ô¼ Ç8�>¾·¶Æ³�Á�´¹OÈ|¸~±JÂË¼¤Á�_DÂË¶½Á"±�µ$��¼�³�¶ µ�¶d;

ν
Å�¸´¶+¹0/�¶ µ®Ç~¹O±´³B¾½¹ Ç ¶½È�Á>Â/µ�¶·¼�±
¼%����¼�³��"Á��Ô¾½¹Ôþ¤¶ µ�Á>³�³�Á

q̇i

z
f→i = −νq̇i
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�Pù
ísùI^�ùI^ = ò�ö�� ð)
���jFò�ñ1
�����
��
: ¹»±´³�¾½ÁDÂ"¹�³�Ç ÁD³�¶I" ¸~¾Æ¹�µ�¶½¼O±�³�¶·±�µ�Á"ÈÄ¹OÂ/µ�¶·þ�Á>³	�5¼O±b±~ÁDÂÄÃ~Á>È�ÂÄÃ´Á
�´¹O³ÌÁ"ú��´¾·¶ÆÂË¶·µ�Á	"ÔÁ>±�µy¸~±��ËµÄ¹�µyÇ43 �>Å�¸~¶½¾½¶·É~È�Á6�"Ü¹»¶Æ³=�~¾½¸ µ�vOµºÇ Á>³®Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³B¹»¸AÂË¼O¸´È�³|Ç ¸�µ�Á#"��´³ ù©¤¶~¼�±ÜþOÁ>¸ µ�þ¤¶½³�¸´¹»¾½¶Æ³�Á>È.ÁËµF¶½±�µ�Á"ÈÄ¹0/�¶·È¥��µ�¼O¸ µT"Ô¼%" Á"±�µF³�¸´È�¾·Á�³�À ³�µ�*#" Á%�»¶·¾ ;
¹»¸ µ�¶·±�µ��	/OÈ�Á"È.¾½Á|µ�Á	"��´³�Á"µ�¹»¶½±´³�¶/6�>È�Á>ÈF¾½Á��´È�¼�É~¾I*	" ÁºÁ"±�Ç À¤±´¹0" ¶ÆÅ�¸~Á ù ¿�¼O¸~ÈBÂËÁ>¾½¹ ��¼�±
Ç ¼�¶ µ�È���³�¼�¸´Ç È�Áº¸~±´Á���Å�¸�¹�µ�¶½¼O±
Ç ¶d©c�"È�Á"±�µ�¶·Á>¾·¾½Á�Ç~¸
³�Á>ÂË¼�±´Ç¼OÈÄÇ È�Á�Ç~Á�¾½¹�; ¼OÈ5" Á�z

[M ]{ü} + [C]{u̇} + [K]{u} = {f} w ü ù½ø x
¼6Â

[M ]
Á>³�µ+¾½¶I�¥�B¾Æ¹="Ü¹O³�³�Á%�

[C]
�B¾�3 ¹0" ¼OÈ�µ�¶Æ³�³�Á	"ÔÁ>±�µ4ÁËµ

[K]
�B¾Æ¹BÈ�¶+/O¶ÆÇ ¶·µ��%� {u} Â"¼OÈ�È�Á�³m��¼O±�Ç�¹O¸ ú�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³ÁËµ {f} ¹O¸ ú®; ¼OÈÄÂËÁ�³PÃF¾½Á�µ�Á#"��´³�Á>³�µ µ�È�¹O¶ µ5�	Â"¼6"�" Á}¸~±��´¹»ÈÄ¹0"�*Ëµ�È�Á ù

[M ]
�

[C]
Á"µ

[K]
³#3 ¼OÉ~µ�¶½Á"±~±~Á>±�µ
Á"±È�Á#/OÈ�¼O¸ �´¹»±�µ1¾½Á>³¨��Å�¸´¹�µ�¶·¼�±´³�Á"± ÂÄÃ´¹OÅ�¸~Á|³�¼6"�" ÁËµÁÃ�Á>¾·¾½Á>³¨��Á"¸´þOÁ"±�µFÇ8�	��Á>±´Ç È�Á|Ç ÁB¾½¹>/6�>¼6"��Ëµ�È�¶½ÁBÁËµ�Ç ¼�±´ÂBÇ Á"þ�¼O¶½È¯Ëµ�È�ÁÌÈ�Á>Â>¹»¾ÆÂË¸~¾+�"Á�³.� ÂÄÃ´¹�Å�¸~Á�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�± ùÎ�±�È5�>³�¼O¸ µÜÇ ¼�±´Â ¸´±ô�~È�¼OÉ~¾+*#" ÁV�}ÂÄÃ´¹�Å�¸~Á���¹O³ÔÇ Á µ�Á#"��´³	�.Á"± �´¹»È�µ�¹O±�µ Ç43 ¸~±(¶½±´³�µ�¹O±�µ ¶½±~¶ µ�¶½¹O¾B¼6Â�¾½Á>³Ç8�>È�¶½þ6�>Á>³.�~È�Á#" ¶I*>È�Á�³BÁËµº³�Á>Â"¼O±´Ç Á�³B³�¼�±�µ®³�¸�����¼�³��"Á�³|ÂË¼O±´±�¸´Á>³@z~ÂËÁ�³�¼O±�µ|¾½Á>³|ÂË¼�±´Ç ¶·µ�¶½¼O±´³B¶½±~¶·µ�¶Æ¹»¾½Á>³ ùÏ4Á�³�ÂÄÃ �#"Ü¹®Ç43 ¶·±�µ5�#/OÈÄ¹�µ�¶·¼�±�Á>³�µ�¾e3 ¹»¾+/O¼OÈ�¶·µ�Ã�" ÁFÅ�¸~¶���Á>È�" Á"µ�Ç Á�Â"¹O¾½Â"¸~¾·Á>È+¾e3 �"µ�¹»µ¨�º¾�3 ¶·±�³3µÄ¹»±�µ�³�¸~¶½þ#¹O±�µ��A��¹»È�µ�¶½ÈÇ Á�¾e3 ¶½±´³�µ�¹O±�µ®Â"¼O¸~ÈÄ¹»±�µBÁ"±AÁ<©�Á>ÂËµ�¸´¹O±�µ®¸´±~Á�¶·±�µ5�#/OÈÄ¹�µ�¶·¼�±
Ç ¸�µ�Á#"��´³	�´ÂË¼%"&" ÁÌÁËú8�~È�¶+"&�@�´¹OÈ|¾½¹�; ¼�È�" ¸~¾·Á�z

q(t + h) = q(t) +

∫ t+h

t

q̇(q, t)dt

¼6Â
q(t)

Á�³3µ|¾Æ¹&��¼�³�¶·µ�¶½¼O±JÇ43 ¸~±~Á��´¹OÈ�µ�¶½Â"¸~¾½ÁÌ¹O¸ µ�Á#"��´³
t
�
q̇(q, t)

Á�³3µ®³�¹ þ¤¶·µ�Á�³�³�ÁÌÁËµ
h
Á>³�µ|¾·Á���¹O³|Ç Á�µ�Á	"��´³ ùª²¾5ÁËú ¶Æ³3µ�Á�Å�¸�¹»±�µ�¶·µ��ÌÇ Á�³�ÂÄÃ��#"Ü¹O³BÇ43 ¶½±�µ5�#/�È�¹»µ�¶½¼O±P�¤Å�¸~¶+³�Á�Ç ¶Æ³�µ�¶½±�/O¸~Á>±�µ=��¹»È|¾½Á"¸~ÈB¼OÈÄÇ È�Á�Ç~Á>�´È���ÂË¶Æ³�¶½¼O±P�¤¾½Á"¸~È³�µ�¹»É´¶·¾½¶ µ5�
Á"µÔ¾½Á"¸´È Â"¼�Y µ Á"±�µ�Á>È�" ÁAÇ Á µ�Á#"��´³ Ç ÁAÂ"¹O¾½Â"¸~¾ ù Ð1¼O¸´³Ô³�¼O±�µ ¹6���~È�¼#ú ¶I"Ü¹�µ�¶d;
³ Â"¹OÈ ¼�±�±~ÁA³�¹O¶ µ��´¹�³Â"¹O¾½Â"¸~¾½Á"Èº¾e3 ¶·±�µ��	/OÈÄ¹»¾½Á�Ç Áy¾Æ¹�; ¼�È�" ¸~¾·Á Ç~¹»±´³�¾½ÁyÂ"¹�³A/6�>±��"ÈÄ¹»¾ ù Î�±,��Á"¸~µÌÇ ¶Æ³�µ�¶½±�/O¸~Á>È�Ç Á>¸ úV/OÈÄ¹»±´Ç Á�³ºÂ"¾½¹�³�³�Á>³®Ç~Á"��Ëµ�Ã~¼ Ç Á>³�zÓ Ï4Á>³M"��Ëµ�Ã´¼¤Ç~Á>³�ÁËú8�~¾½¶½Â"¶ µ�Á>³�z�¾½Á>³�Ç8�"È�¶½þ6�"Á�³A�~È�Á#" ¶+*"È�Á>³ºÁËµ�³�Á>Â"¼O±´Ç~Á>³ºÇ��>Ç ¸~¶·µ�Á�³ÌÇ Áy¾e3 �"µ�¹»µ�ÂË¼�¸~ÈÄ¹»±�µ�³�¼O±�µ¸ µ�¶½¾·¶Æ³��"Á>³>��¼O¸~È�Â>¹»¾ÆÂË¸~¾½Á"È�¾½¹
þ�¹»¾½Á"¸~È�³�¸~¶½þ#¹O±�µ�Á Ç ¸%ÂÄÃ�¹0"��}¶½±´ÂË¼�±~±¤¸ ù Ï+¹�³3µÄ¹»É~¶½¾½¶ µ5�ÔÇ ÁÔ¾Æ¹�³�¼O¾½¸ µ�¶·¼�±}Ç ÁË¯" ¹O±´Ç Á@/6�>±��"ÈÄ¹»¾½Á#" Á>±�µ|Ç Á�³$�´¹O³|Ç~Á�µ�Á#"��´³Bµ�È�*�³=��Á"µ�¶·µ�³ ù¿�¹OÈ�Á"ú Á#"��~¾½Á6��¾·ÁÌ³�ÂÄÃ �#"Ü¹yÇ43 §�¸~¾½Á"ÈBÁ"ú��´¾·¶ÆÂË¶·µ�Á�;
¹»¶·µ�¾e3 ¹0���~È�¼#ú ¶I"Ü¹»µ�¶½¼O±DÅ�¸~Á�¾½¹ Ç8�"È�¶·þ%�"Áºµ�¼O¸~µB¹O¸ ¾½¼O±�/ÔÇ ¸�´¹O³�Ç Á®µ�Á#"��´³�Á>³�µT�#/�¹»¾½ÁM�y³�¹�þ�¹»¾½Á"¸´È�¹»¸
Ç8�"É~¸~µBÇ ¸a�´¹O³>w ¾Æ¹�þ¤¶ µ�Á>³�³�Á�±~Áºþ�¹OÈ�¶½ÁA�´¹�³�¹O¸DÂË¼O¸´È�³�Ç43 ¸´±a�´¹�³Ç Á�µ�Á#"��´³yx>z

q(t + h) ≈ q(t) + hq̇(t)Ó Ï4Á>³T"��Ëµ�Ã~¼ Ç Á>³�¶+"&�´¾·¶ÆÂË¶·µ�Á�³@z�¾½Á>³BÇ8�>È�¶½þ6�>Á>³T�~È�Á#" ¶I*>È�Á�³FÁ"µB³�Á>Â"¼O±´Ç~Á>³�Á"±�-´±
Ç Á>�´¹�³�³�¼O±�µ�¸ µ�¶½¾·¶Æ³��"Á>³.��¼O¸~ÈÂ"¹»¾ÆÂË¸´¾·Á>È�¾½¹Aþ�¹O¾·Á>¸~È ³�¸~¶½þ#¹O±�µ�Á ù Ï+¹J³�µ�¹OÉ~¶·¾½¶·µ�� Á�³3µ�"ÔÁ>¶·¾½¾½Á"¸~È�Á6��" ¹O¶½³�¾½¹JÈ5�>³�¼O¾½¸ µ�¶·¼�±bÇ~Á ÂÄÃ´¹OÅ�¸~Á
��¹O³yÇ~Áµ�Á#"��´³+ÁËú ¶+/OÁ�¸~±�Â>¹»¾ÆÂË¸~¾�¶ µ5�"ÈÄ¹�µ�¶d;°��¹#þOÁ>Â�¾½Á>³Á�~È�¼OÉ~¾+*#" Á>³+¹O³�³�¼ ÂË¶+�>³Á�Bµ�¼�¸ µ1Â"¹O¾½Â"¸~¾O¶·µ��>È�¹»µ�¶I;4z>¾½Á>³Á�´¹»ÈÄ¹0"�*Ëµ�È�Á�³¹»¾+/O¼OÈ�¶·µ�Ã�" ¶ÆÅ�¸´Á>³�ÁËµ®¾½Á�ÂÄÃ~¼O¶·ú
Ç Á�ÂËÈ�¶·µ�*"È�Á>³|ÇP3 ¹OÈ�È5¯Ëµ ùw
Ï+¹&"��Ëµ�Ã~¼ Ç Á�Ç43 §�¸~¾½Á"È®¶+"��~¾½¶½Â"¶ µ�Á�Å�¸´Á�±´¼O¸´³|¸~µ�¶½¾·¶Æ³�Á>È�¼�±´³�Á>³�µºÇ8�ËµÄ¹»¶½¾·¾+�"Á�¹O¸��´¹OÈ�¹6/OÈÄ¹0�~Ã´Á û~ù½øOùýü x
Ä��yÄ rxw ÈP�gy{z �$È|z Ç�È�ÈÁ�$È~}�Õ¨�$ÈÁÈ���ÕÁ��È
Ï4Áµ�~È�Á#" ¶·Á>Èa" ¼ Ç8*"¾½ÁbÇ8�<; ¼�È�"Ü¹»É´¾·Á}Å�¸~Á	±~¼O¸�³
¹O¾·¾½¼O±´³�¹»É�¼OÈÄÇ Á>È Á>³�µ
¾½Á	³�À ³3µ5*#" Á«"Ü¹�³�³�Á>³�¯?È�Á>³�³�¼OÈ�µ�³ ù Í�Á" ¼ Ç8*"¾½Á�Á>³�µ|É~¶·Á>±JÂË¼O±´±�¸�Á"±A¶½±8; ¼OÈ5"Ü¹�µ�¶½Å�¸~Á@/OÈÄ¹0�´Ã~¶½Å�¸~Á>��¼O¸~È®³�¼O±�Á�_DÂ"¹�ÂË¶·µ�� ù

ç=è�ç$èmé ��T êmë�÷4ê�R��
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q̈ = f(q̇, q, t)
ùT: ÁAµ�Á"¾Æ³D³�À ³�µ�*	"ÔÁ�³
��Á"È5"ÔÁ"µ�µ�Á"±�µ Ç Á³�¶I" ¸~¾·Á>ÈÔÇ~Á>³ ¾·¼�¶½³��~Ã¤À ³�¶ÆÅ�¸~Á>³ ÁËµÜ¹»¶½±´³�¶�Ç43 ¼OÉ~µ�Á"±´¶·ÈÜÇ Á�³ ¹O±~¶I"Ü¹»µ�¶½¼O±´³ ÁËµÜÇ Á>³o; ¼OÈ5" Á>³ÔÇ43 ¹0��Á>Â/µ ±´¹»µ�¸~È�Á"¾ ù�: Á>³¾½¼O¶Æ³@�"¾½Á#" Á"±�µ�¹O¶·È�Á>³�Â"¼6"�"y¸´±~Á>³
w�¨®Á*�Bµ�¼O±Hx>��Á"È5" ÁËµ�µ�Á"±�µyÇ ÁDÂ"¼6" É~¶·±´Á"È�Ç ¶½þOÁ>È�³@" ¼ Ç8�"¾½Á>³�ÇP3 ¹�Â/µ�¶½¼O±®wF/�È�¹#þ¤¶·µ�Á%�È�Á>³�³�¼�È�µÄ³#� ù·ù½ù x ù

ø�ü n !6(
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�Pù �Pù �Pù
í _�
��)��ò´ñ#ð

¡®± È�Á�³�³�¼OÈ�µF³�Á>È�µ=�y³�¶I" ¸~¾½Á"ÈF¸´±
ÂË¼%"���¼�È�µ�Á#" Á"±�µ\�>¾½¹�³3µ�¶½Å�¸~Á�Å�¸´¶´µ�Á"±´Ç��yÈ�¹6" Á"±~Á>È�Ç Á>¸ ú
�´¹»È�µ�¶ÆÂË¸~¾½Á>³T��¸~±´ÁÇ ¶Æ³3µÄ¹»±´Â"Á�Ç ¼O±~± �"Á�¾e3 ¸~±´ÁÌÇ~Á�¾�3 ¹»¸ µ�È�Á ùÏ¥3 ¹OÂËµ�¶½¼O±QÇ43 ¸~±TÈ�Á�³�³�¼OÈ�µ Á"±�µ�È�ÁJ¾·Á�³
�´¹OÈ�µ�¶½Â"¸~¾·Á�³
i
Á"µ

j
Á>³�µa�~È�¼6��¼OÈ�µ�¶½¼O±´±~Á"¾½¾·ÁV�;³�¼O±T¹»¾½¾·¼�±�/OÁ	" Á"±�µWwF�´¹OÈÈÄ¹0����¼OÈ�µ=�Ü³�¹Ô¾·¼�±�/O¸´Á"¸~ÈB¶½±~¶ µ�¶½¹O¾·Á

l0
x�ÁËµM� ³�¹ ÈÄ¹»¶ÆÇ Á>¸~È

k
Ç~¹O±´³|¾Æ¹ Ç ¶·È�Á>ÂËµ�¶½¼O± −→

ji
z

fj→i = k(
‖qi − qj‖ − l0

‖qi − qj‖
)

qi − qj

‖qi − qj‖
�Pù �Pù �Pù � p ��ò´ñ#ð�ö��)�	
���
¤ï�ð�ö
ï�ð>ñ�ö
ï��	��@5ô�


¡®±J¹6"Ô¼�È�µ�¶½³�³�Á"¸~ÈB³�Á>È�µA�ÔÈ5�>Ç ¸~¶½È�Á�¾½Á�" ¼O¸~þ�Á#" Á"±�µ|È�Á"¾Æ¹�µ�¶I;�Ç~Á�Ç Á"¸ ú��´¹»È�µ�¶ÆÂË¸~¾½Á>³ ùÏ¥3 ¹OÂËµ�¶½¼O±�ÇP3 ¸~±Q¹0" ¼�È�µ�¶½³�³�Á>¸~ÈÔÁ>³�µ&�~È�¼6��¼OÈ�µ�¶½¼O±´±~Á"¾½¾·Á]�	³�¹	þ�¶Æ³�ÂË¼�³�¶·µ��
ν
Á"µ��%³�¹	þ¤¶ µ�Á>³�³�ÁAÇ43 ¹»¾½¾·¼�±�/OÁ	" Á"±�µw
Ç~¶d©c�"È�Á"±´Â"Á
Ç Á�³yþ¤¶·µ�Á�³�³�Á>³o�~È�¼OÊ3ÁËµ5�"Á>³ ³�¸´È ¾Æ¹�Ç ¶½È�Á�Â/µ�¶·¼�±Hx ù Ï¥3 ¹OÂËµ�¶½¼O±�³�¸~È ¸´±~Áa�´¹OÈ�µ�¶½Â"¸~¾½Á Á>³�µÔÇ~¼O±~±��>Á��´¹OÈy¾Æ¹È�Á"¾Æ¹�µ�¶½¼O±¤z

fj→i = ν(
(q̇i − q̇j)(qi − qj)

‖qi − qj‖
)

qi − qj

‖qi − qj‖
�Pù �Pù �Pù½÷ _�
��)��ò´ñ#ð�����ò�ñ�ð�ö
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F = g(U)¼6Â
f
Á>³�µy¸~±;þ�Á>Â/µ�Á"¸~È ÂË¼O±�µ�Á"±´¹O±�µ�¾½Á>³�; ¼OÈÄÂËÁ>³���¼�¸~ÈyÂÄÃ´¹�Å�¸´ÁÜ±~¼¤Á"¸´Ç4�

u
Á>³�µy¸~±;þ�Á>Â/µ�Á"¸~È�Â"¼O±�µ�Á>±´¹»±�µ�¾½Á>³Ç Á	�~¾½¹�ÂËÁ	"ÔÁ>±�µ|Ç~Á�ÂÄÃ´¹OÅ�¸~ÁÌ±~¼¤Á"¸�Ç~³#�

g(u)
Á>³�µ®¾½¹�; ¼O±�Â/µ�¶½¼O±�µ�È�¹O±´³°; ¼�È�"Ü¹O±�µB¾½Á>³|Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³BÁ"±]; ¼�È�Â"Á>³ ù¿�¼O¸~ÈÌ¸~±¤�~È�¼OÉ~¾+*#" ÁÜ³�µ�¹�µ�¶½Å�¸~Á%�5¶·¾.±´ÁÔÈ�Á>³�µ�Á��~¾½¸´³�Å�¸P3 ��È���³�¼�¸´Ç È�Á ÂËÁÜ³�À ³3µ5*#" Á���¼�¸~ÈÌ¼OÉ µ�Á"±~¶½È�¾�3 ¹0� �~È�¼#ú ¶·¯"Ü¹�µ�¶·¼�±
Ç Á�¾½¹�; ¼O±´ÂËµ�¶½¼O±�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�± ³�¸~ÈB¾·Á>"Ü¹»¶½¾·¾Æ¹0/�Á6�¤Ç ¼O±�µB¼O±���¼O¸~È�ÈÄ¹yÇ8��Ç ¸~¶½È�Á�¾·Á�³�Â"¼O±�µ�ÈÄ¹»¶½±�µ�Á�³F¶½±�µ�Á"È�±~Á�³/OÈ�
OÂ"Á>�Ô¾Æ¹Ô¾·¼�¶+Ç Á�ÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ®Ç ¸V" ¹»µ��>È�¶Æ¹»¸ ù

ç=è"h$è"� G�P � �4ö�R�õ�êm÷4ê3�¤��ó
Ï+¹&"��Ëµ�Ã~¼ Ç ÁyÂ"¾½¹�³�³�¶½Å�¸~Á�Ç8��ÂËÈ�¶ µ�Á�Ê3¸´³�Å�¸P3 ��"Ü¹»¶½±�µ�Á"±�¹»±�µ®±��>Â"Á>³�³�¶·µ�Á�¾e3 ¶·±¤þOÁ>È�³�¶½¼O±
ÇP3 ¸~±�³�À ³3µ5*#" Á@/O¾½¼OÉ´¹O¾�� ¼�±¹0� ��Á>¾·¾½ÁÜÇ ÁÔµ�Á"¾½¾½Á>³�"��Ëµ�Ã~¼ Ç Á>³��<�"¾+�#" Á"±�µÄ³M-�±~¶½³Ì¶+"��~¾½¶½Â"¶ µ�Á>³!� ù ¬®¸;Â"¼O±�µ�ÈÄ¹»¶½È�Á%��¶½¾�Á"ú¤¶Æ³�µ�ÁÜ¹»¸´³�³�¶�¾½Á>³��<�"¾+�#" Á"±�µÄ³-´±~¶Æ³�ÁËú8�~¾½¶ÆÂË¶·µ�Á>³!��Å�¸´¶¤³	3 ¹0���´¹OÈ�Á>±�µ�Á"±�µ¨�~¾½¸´³�¹»¸ úy³�À ³3µ5*#" Á>³�Ç Á=�´¹OÈ�µ�¶½Â"¸~¾·Á�³�¹�-´±ÔÇ Á=�~È�¼6-~µ�Á>È.Ç Á�¾½Á"¸´È1A´ÁËú ¶½É~¶·¾½¶·µ�� ùÍ�¼O±�µ�È�¹O¶·È�Á#" Á"±�µ|¹»¸ ú�¹0���~¾½¶ÆÂ"¹�µ�¶·¼�±´³�µ�ÈÄ¹OÇ~¶ µ�¶·¼�±~±~Á"¾½¾½Á>³|Ç Á�¾Æ¹&"&��Â"¹O±~¶½Å�¸~Á���¹»È$�"¾+�#" Á>±�µÄ³.-´±~¶Æ³#�´¾·Á�³®³�¶+"y¸´¾½¹»¯µ�Á>¸~ÈÄ³B¶·±�µ�Á>È�¹�Â/µ�¶d;
³B±P3 ¼O±�µ$�´¹�³T��¼O¸´È|þO¼ Â"¹»µ�¶½¼O±
Ç~Á�Â"¹»¾ÆÂË¸´¾·Á>ÈBÇ~¶·È�Á>ÂËµ�Á#" Á>±�µ|¸~±´Á�ÂË¼O±�- /O¸~ÈÄ¹�µ�¶·¼�± Ç43 �>Å�¸~¶½¾·¶½É~È�Á6� ¶½¾½³±~Á�±���ÂËÁ�³�³�¶ µ�Á"±�µ®Å�¸~Á�Ç Á>³®Â>¹»¾ÆÂË¸~¾Æ³|Ç À¤±´¹6"Ô¶ÆÅ�¸~Á>³|Å�¸~ÁÌ¾e3 ¼�±V��Á>¸ µº¹0���´¾·¶ÆÅ�¸~Á"È®Ç ¶½È�Á>Â/µ�Á#" Á"±�µ ù

ø	! n !6(



³�²   QM·e¸1û¬¼5»�·e¶Îý�½�û¡� ¹�UWOK¢ OÀÿ8·+»	¶e¹0ºc¶¨»	¾0¼��Fû¬»��a´�½���� û<»>½�ý���´�¼���¹�Í	� û<»

Ï4Á��~È�¶½±´ÂË¶+��Á Á�³3µ�Ç ÁÜÂ"¹O¾½Â"¸~¾½Á"ÈÌ¾·Á�³>; ¼OÈÄÂËÁ�³�Å�¸~¶�³	3 ÁËú Á"ÈÄÂËÁ>±�µ�³�¸~È�ÂÄÃ´¹OÅ�¸~Á ³�¼6"�" ÁËµ���¼�¸~È�ÂÄÃ´¹�Å�¸´Á��>¾I�	"ÔÁ>±�µ¶½±´Ç8�#��Á"±�Ç~¹0"�" Á"±�µ ù §�±´³�¸~¶ µ�Á6�4¼�±%³�¼6"�" Á µ�¼O¸~µ�Á>³Ì¾½Á>³>; ¼�È�Â"Á>³ÌÅ�¸~¶F³	3 ¹6���~¾½¶½Å�¸~Á>±�µ@��¸~±b³�¼%"�"ÔÁ"µ�¹»¸´Å�¸~Á>¾.Á>³�µ¹O³�³�¼¤Â"¶I�>Á��Ü¸~±~Á�"Ü¹�³�³�Á ù Î�±J±´ÁyÂÄÃ~Á"ÈÄÂÄÃ~Á@�´¹�³M�Ôµ�È�¼O¸´þOÁ"È|¾Æ¹
��¼�³�¶ µ�¶·¼�±JÇ43 ��Å�¸~¶·¾½¶½É~È�Á Ç ¸�³�À�µ5*#" Á�/O¾½¼OÉ�¹»¾e��"Ü¹»¶Æ³� Â"¹O¾½Â"¸~¾·Á>È|¾·Á�³|¹OÂ>Â<�"¾+�"ÈÄ¹�µ�¶·¼�±´³BÇ Á>³|³�¼6"�" ÁËµÄ³ ùÎ�±V/�¹6/O±~Á@�"±´¼OÈ5"&�	" Á"±�µ|Á"±Jþ¤¶ µ�Á>³�³�Á�Ç Á Â"¹»¾ÆÂË¸´¾���"Ü¹O¶½³$�´¾·¸´³�¶½Á"¸~ÈÄ³=�´¹O³ºÇ Á�Â"¹O¾½Â"¸~¾+³�¼O±�µ®±��>Â"Á>³�³�¹O¶·È�Á>³.��¼O¸~È�~È�¼6�´¹6/OÁ>È�¾½Á>³BÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³	� ÂÄÃ´¹OÅ�¸~ÁÌ³�¼6"�" ÁËµB±~ÁÌÈ���¹0/O¶Æ³�³�¹O±�µBÅ�¸P3 � ¾Æ¹o��¼�³�¶ µ�¶·¼�±�Ç~ÁÌ³�Á>³�þ�¼O¶Æ³�¶½±´³=�y¾e3 ¶·±´³�µ�¹O±�µ�~È5�>Â#�>Ç Á>±�µ ù ¿.¹OÈ ÂË¼�±�µ�È�ÁD¾�3 �ËµÄ¹�µ�-´±´¹»¾BÇ43 �>Å�¸~¶½¾·¶½É~È�Á
Ç ¸<³�À ³�µ�*	"ÔÁ�¹0" ¼OÈ�µ�¶�Á>³�µ ¾½Áa"�¯#" Á�Å�¸´Á
Â"¹O¾½Â"¸~¾+�a�´¹OÈy¾Æ¹³�µ�¹�µ�¶½Å�¸~Á
w
¾½¹���¼�³�¶ µ�¶·¼�±���Á"¸~µºþ�¹»È�¶·Á>Èyx ù¡®±;¹O¸ µ�È�ÁD¹#þ�¹»±�µ�¹6/OÁ Ç Á ÂËÁ µ3À���ÁDÇ ÁDÈ5�>³�¼O¾½¸ µ�¶½¼O±%Á>³�µyÇ Á
;
¹�ÂË¶½¾·¶·µ��Ü¾Æ¹JÂË¼%"yÉ~¶½±´¹O¶½³�¼O±bÇ Á
�~¾½¸´³�¶·Á>¸~È�³�µ3À���Á>³Ç43 �"¾+�#" Á"±�µÄ³®Ç~¹»±�³B¾·Á@"Ü¹»¶½¾·¾Æ¹0/�Á6�8�~¸´¶½³�Å�¸~Á�ÂÄÃ´¹OÅ�¸~Á@�"¾+�#" Á>±�µ®Á�³3µBµ�È�¹O¶ µ5��¶½±´Ç8�	��Á>±´Ç~¹6"&" Á>±�µ ù¡®±T¹O¸ µ�È�Á,��¼�¶·±�µ ¶+"���¼�È�µÄ¹»±�µ	�\�´¹O³ÜÁ>±´ÂË¼�È�ÁJ³�¼O¸~¾½Á"þ%�6��Á"µ
ÂËÁ>¾·¸´¶ºÇ Á>³ ÂÄÃ´¹»±�/�Á#" Á"±�µÄ³DÇ ÁAµ�¼%��¼�¾·¼%/O¶½Á�Ç~¹»±�³¾e3 ¼�É Ê3ÁËµ|È�Á#�~È5�>³�Á"±�µ�� ù §F±�Á#©�Á"µ	� ¶½¾4��Á>¸ µA¯Ëµ�È�ÁÌ¶+"���¼�È�µÄ¹»±�µBÇ~ÁÌ³�¶+"y¸~¾½Á"È|Ç Á�³|Ç8�>ÂÄÃ~¶½È�¸~È�Á�³FÁ"µ®Ç Á>³|Ç8��ÂË¼�¸���Á�³|Ç~¹»±�³¾½ÁBÂ>¹OÇ È�ÁBÂÄÃ~¶·È�¸~È5/O¶ÆÂ"¹O¾ ù1: ¹O±´³�¾½ÁBÂ>¹O³.Ç Á|«J§ 2 ÁËú8�~¾½¶ÆÂË¶·µ�Á>³	�»ÂËÁ"µ�µ�Á./�Á>³�µ�¶½¼O± ³�Á�µ�È�¼O¸´þOÁ�µ�È5*>³�; ¼OÈ�µ�Á	" Á"±�µ�³�¶+"��~¾·¶I- �>Á�´¹OÈ|¾�3 ¹»É´³�Á"±�ÂËÁ�Ç43 ¸~±J³�À ³�µ�*#" Á@/O¾½¼OÉ�¹»¾ ù
ç=è"h$è"£ V¤ø\ëM÷4õ�ñMó�ê°ø\ë

v�¶·Á>±�Å�¸~Á�¾Æ¹�"��Ëµ�Ã~¼ Ç Á Ç Á�³A�>¾I�	"ÔÁ>±�µ�³$-�±~¶½³�³�Á#"yÉ´¾·Á��´¾·¸´³�ÂË¼%"��~¾·¶ÆÅ�¸��"ÁyÁËµ��´¾·¸´³º¾·¼�¸~ÈÄÇ Á�Á"±	Â"¹»¾ÆÂË¸´¾���Â03 Á>³�µ¸~±~Á�"��Ëµ�Ã´¼¤Ç~Á�Å�¸~¶B¹}Ç8��Êm�,;
¹O¶ µ ³�Á�³��~È�Á"¸~þ�Á>³yÁ"±�µ�Á"È5" Á Ç Á]�~È���ÂË¶Æ³�¶½¼O± ù Í�3 Á>³�µ ¾½Á
Â�vOµ����~È���ÂË¶Æ³�¶½¼O±�Ç~Á
ÂËÁ"µ�µ�Á"��Ëµ�Ã~¼ Ç Á�Å�¸~¶4Á>³�µBµ�È5*>³B¶½±�µ��"È�Á>³�³�¹»±�µÁÃ Â03 Á>³�µ®¾·Á@��¼O¶½±�µºÇ Á�þ¤¸~ÁÌþ�¶·µ�Á�³�³�Á�Ç Á�Â"¹O¾½Â"¸~¾4Å�¸P3 ¶·¾4;
¹O¸ µº¹0"��>¾·¶½¼OÈ�Á"È ù ¨º¼O¸´³¹»É�¼OÈÄÇ Á>È�¼�±´³#���´¹OÈB¾½¹Ü³�¸~¶·µ�Á6�~Ç~Á>³=; ¼�È�" ¸~¾½¹»µ�¶½¼O±´³.�~¾½¸´³®³�¶+"&�´¾·Á�³BÁËµA�~¾½¸´³|ÈÄ¹0�~¶ÆÇ Á�³ ù
Ä��9¤ [ Å¬Æ��=Õ¨ÈÁÅy��ã¥�����<Ç Yha`d
ª²¾¤ÁËú ¶Æ³3µ�ÁT�~¾½¸´³�¶·Á>¸~ÈÄ³Á" ¼ Ç8*"¾½Á>³��~Ã¤À ³�¶½Å�¸~Á�³+É´¹�³m��³1³�¸~È�¾Æ¹A"��Ëµ�Ã~¼ Ç Á|Ç Á>³��"¾+�#" Á>±�µÄ³P-�±~¶½³ ù ¨®¼�¸´³�¹»¾½¾·¼�±´³��´¹O³�³�Á>ÈÁ"±AÈ�Á"þ¤¸~ÁÌ¾½Á>³=�~¾½¸´³|¶+"���¼�È�µÄ¹»±�µ�³BÁ"µ�µ�Á"±�µ�Á>ÈºÇ ÁÌþO¼�¶·È|¾½Á"¸´È�³|Å�¸´¹O¾·¶·µ���³BÁËµ®Ç8�<;
¹O¸ µ�³ ù

ç=èkjMèmé G ì5�D¦Aø$ò®�Áóhó��8î1��ê�ð.ñº�Áó�î�V��Á÷T� �Áë�ó���ñ{TRò®�¢òAìd§5øKT í î1��êmø\ëMó�õ�êmëMìPîÀê�T~�
Ï+¹��~È�Á#" ¶+*"È�ÁT; ¼�È�" ¸~¾Æ¹�µ�¶½¼O±��~¾½¸´³�¼O¸&" ¼O¶½±´³�È�¹6�~¶ÆÇ Á�Ç~Á�¾Æ¹Ì«J§ 2 Å�¸´Á�±´¼O¸´³.¹O¾·¾½¼O±´³��"µ�¸´Ç ¶½Á"ÈFÁ>³�µ.Â"Á"¾½¾·ÁBÉ´¹�³m�>Á³�¸~È|¾½¹ µ�Ã��"¼�È�¶½Á�Ç Á�¾�3 �"¾Æ¹O³�µ�¶ÆÂË¶·µ��Ì¾½¶·± �>¹»¶½È�Á ù¨®¼�¸´³�¹#þO¼O±�³.þ¤¸��~È5�>ÂËÁ�Ç Á#"�" Á"±�µ�¾�3 ¹#þ�¹»±�µ�¹6/OÁ6��Á"±Üµ�Á"È5" Á�Ç Áºµ�Á	"&��³�Ç~Á�Â"¹O¾½Â"¸~¾e��Ç43 ¸ µ�¶·¾½¶½³�Á"È�¸~± µ�Á"±�³�Á>¸~È�Ç~ÁÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±JÁ"µ�¸~±´Áy¾½¼O¶�Ç Á Â"¼6"���¼�È�µ�Á#" Á"±�µº¾½¶½±��>¹O¶·È�Á>³ ù Ï1¹DÈ5�>³�¼O¾½¸ µ�¶½¼O±�Ç ¸	³�À�µ�*	" Á Å�¸~¶.Ç Á"þ¤¶½Á"±�µ�"Ü¹»µ�È�¶½Â"¶·Á>¾Á>³�µÜÉ�Á�¹»¸´Â"¼O¸�� �~¾½¸´³&;
¹OÂ"¶·¾½Á]�	È5�>³�¼O¸´Ç È�Á ù ¿.¹»ÈÜÂË¼�±�µ�È�Á6�.Ç~¹»±�³ÔÂ"ÁJÂ"¹O³	��±~¼O¸�³Ô¹#þ�¼O±´³Ô¹»¸�³�³�¶�þ¤¸QÅ�¸~ÁV�~¾·¸�³ ¾½Á>³Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³�Ç Á>þ�¶½Á"±´±~Á"±�µ�/�È�¹O±´Ç Á�³#�)�~¾½¸´³�¾·ÁT"Ô¼ Ç8*>¾·ÁBÇ Á>þ�¶½Á"±�µ�¶I"��~È5�>Â"¶½³	�#¹#þOÁ>Â�¾�3 ¹0����¹»È�¶ µ�¶·¼�±yÇ Á./O¼O±DA´Á#" Á"±�µÄ³¾½¼OÈÄ³�Ç~Á�È�¼Oµ�¹�µ�¶·¼�±´³ ù

�PùI^�ù
ísù
í = 
W�*¨P�>ð	����
©>s�
òH��� �
: ¹»±´³B¾½Á�Â"¹�³�Ç~Á�¾�3 Á"¾Æ¹O³�µ�¶ÆÂË¶·µ��Ì¾½¶·±���¹»¶½È�Á%� ¾·Á�³�À ³3µ5*#" Á@��Á>¸ µº³	3 ��ÂËÈ�¶·È�Á�³�¼�¸´³T; ¼OÈ5"ÔÁ@"Ü¹�µ�È�¶ÆÂË¶½Á"¾½¾½Á&z

F = KU

¼6Â
K
Á>³�µ�¾Æ¹V" ¹»µ�È�¶½Â"ÁÜÇ ÁÜÈ�¶+/O¶ÆÇ ¶·µ��DÇ ¸;³�À ³3µ5*#" Á6�

U
Á�³3µ�¾½ÁÜþOÁ�Â/µ�Á>¸~È�È�Á#/OÈ�¼O¸ �´¹»±�µ�ÂÄÃ´¹OÅ�¸~ÁÜÂË¼%"���¼�³�¹O±�µ�ÁÇ Á Ç8�#�´¾½¹�ÂËÁ#" Á>±�µ�Ç ÁÜÂÄÃ´¹�Å�¸´Á ³�¼6"�" ÁËµ�³	��ÁËµ

F
Á�³3µÌ¾·ÁÔþOÁ�Â/µ�Á"¸~ÈÌÈ�Á#/OÈ�¼O¸ �´¹»±�µ�ÂÄÃ´¹�Å�¸~Á Â"¼6"���¼�³�¹O±�µ�Á Ç~Á�; ¼�È�Â"Á¹0� �~¾·¶ÆÅ�¸��"Á�¹O¸ ú
³�¼6"�" ÁËµ�³ ù§�± �~È�¹»µ�¶ÆÅ�¸~Á6���~¸~¶Æ³�Å�¸~Á�³�Á>¸~¾Æ³y¾½Á>³ ³�¼6"�" ÁËµ�³ ¾½Á>³��~¾·¸�³��´È�¼ ÂÄÃ~Á�³�¶½±�µ�Á"È�þ¤¶·Á>±~±~Á"±�µ Ç~¹»±´³ ¾e3 Á"ú��´È�Á�³�³�¶·¼�±�Ç Á>³Ç8�>È�¶½þ6�>Á>³	��ÂÄÃ´¹�Å�¸´Á��>Å�¸´¹»µ�¶½¼O±J±P3 ¶I"��~¾½¶ÆÅ�¸´ÁÔÅ�¸P3 ¸~±W��ÁËµ�¶ µÌ±~¼6" É~È�Á Ç ÁÔ³�¼%"&" Á"µ�³ ù Ï1¹
"Ü¹�µ�È�¶ÆÂËÁ

K
±��"ÁÔÇ Áy¾½Á"¸~ÈÈ�Á#/OÈ�¼O¸ ��Á	"ÔÁ>±�µÌ³�Á"ÈÄ¹
Ç~¼O±´ÂÜÂ"È�Á>¸´³�Á ù ª²¾.Á>³�µ���¼�³�³�¶½É~¾·ÁÜÇ ÁÜ¾Æ¹]" ÁËµ�µ�È�ÁD³�¼O¸�³Ì¾½¹�; ¼OÈ5" ÁÜÇ43 ¸´±~ÁÜÉ´¹»±�Ç ÁÜÇ Á�;
¹»¶½É~¾½Á¾Æ¹»È5/OÁ"¸´ÈÔ¹0-´±(Ç Á�È�Á"±´Ç È�Á�¾½¹	±¤¸�"��"È�¶½³�¹�µ�¶·¼�±�¼6� µ�¶I"Ü¹O¾·Á ù¨: Á>³&"��Ëµ�Ã~¼ Ç Á>³ÜÇ~Á
È5�>³�¼O¾½¸ µ�¶½¼O±<¹OÇ~¹6� µ��>Á>³���Á>¸~þOÁ>±�µ¹»¾½¼OÈÄ³.¯Ëµ�È�Á�¹0� �~¾·¶ÆÅ�¸��"Á�³ ùÎ�±���Á"¸ µÔ±~¼»µ�Á"È Å�¸~Á ¾·Á Â"¼O±´Ç~¶ µ�¶·¼�±~±~Á#" Á>±�µÔÇ Á ¾Æ¹,"Ü¹�µ�È�¶ÆÂËÁ«w
¶ ù Á ù ³�¹,;
¹OÂË¶½¾½¶ µ5���V¯Ëµ�È�Á ¶·±¤þOÁ>È�³��"Á1xÌÇ8�#��Á"±�ÇÇ ¶½È�Á�Â/µ�Á#" Á"±�µºÇ Á�³|ÂË¼¤Á�_DÂË¶½Á"±�µÄ³|Ç Á�È�¹O¶½Ç~Á"¸~È®Ç ¸V"Ü¹�µ5�"È�¶½¹O¸«z��´¾·¸´³®¶·¾4Á�³3µ®È�¶+/O¶ÆÇ Á6�8�~¾½¸´³B¾e3 ¶½±¤þOÁ>È�³�ÁÌÁ>³�µ|Ç~¶�_DÂË¶½¾½Á��Â"¹O¾½Â"¸~¾½Á"È ù

ø19 n !6(
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�PùI^�ù
ísù � = 
W�*¨P�>ð	����
V��ò4õ6���
: ¹»±´³�ÂËÁ"µ�µ�Á��´¹»È�µ�¶½Á6��±~¼�¸´³F¹O¾·¾½¼O±´³�þO¼�¶·ÈF¾½¹�; ¼OÈ5"y¸~¾Æ¹�µ�¶·¼�±Ü¾·¶½±��>¹O¶·È�Á�Ç~Á>³Fµ�Á"±�³�Á>¸~È�³�Å�¸~¶�È�Á"±�ÇÜ¾�3 �>Å�¸´¹»µ�¶½¼O±��´¾·¸´³;
¹OÂ"¶·¾½Á�� ¶I"��~¾+�#" Á>±�µ�Á"È ù¿�¼O¸~È®ÂÄÃ�¹OÅ�¸~Á>�"¾+�#" Á"±�µ	�´¼O±A¹�z

f = BT DBu

Ó
B
Á�³3µ®¾Æ¹&"Ü¹�µ�È�¶ÆÂËÁ�Ç Á�È�¶I/�¶½Ç ¶·µ���Ç Á�¾e3 �"¾+�#" Á"±�µ�z

B =












∂N1

∂x
0 0 ... ∂Nn

∂x
0 0

0 ∂N1

∂y
0 ... 0 ∂Nn

∂y
0

0 0 ∂N1

∂z
... 0 0 ∂Nn

∂z
∂N1

∂y
∂N1

∂x
0 ... ∂Nn

∂y
∂Nn

∂x
0

0 ∂N1

∂z
∂N1

∂y
... 0 ∂Nn

∂z
∂Nn

∂y
∂N1

∂z
0 ∂N1

∂x
... ∂Nn

∂z
0 ∂Nn

∂x












¼6Â
Ni

Á>³�µÔ¾Æ¹,; ¼�±´Â/µ�¶·¼�±�Ç43 ¶·±�µ�Á>È���¼O¾Æ¹�µ�¶·¼�±�Ç ¸
iime

±~¼¤Á"¸´Ç�ÁËµ
n
¾·Á�±~¼%"yÉ~È�Á Ç Á�±~¼¤Á"¸´Ç´³ Ç Á�¾e3 �>¾I�	"ÔÁ>±�µÁÃ1¾½Á>³; ¼O±�Â/µ�¶½¼O±�³|Ç43 ¶½±�µ�Á>È���¼O¾Æ¹�µ�¶·¼�±�Ç8�	��Á>±´Ç Á>±�µºÇ~¸
µ3À���Á�Ç Á�¾e3 �>¾I�	"ÔÁ>±�µ�w�Â¬;.¹»±~±´ÁËú Á�¬�x ù

Ó
D
Á�³3µ®¾Æ¹&" ¹»µ�È�¶½Â"Á�Ç Á�È�¶+/O¶ÆÇ ¶·µ���Ç ¸V"Ü¹�µ5�"È�¶½¹O¸«z

D = ϕ(V )
E(1 − ν)

(1 + ν)(1 − 2ν)












1 ν
1−ν

ν
1−ν

0 0 0
ν

1−ν
1 ν

1−ν
0 0 0

ν
1−ν

ν
1−ν

1 0 0 0

0 0 0 1−2ν
2(1−ν) 0 0

0 0 0 0 1−2ν
2(1−ν) 0

0 0 0 0 0 1−2ν
2(1−ν)












¼6Â
ϕ(V )

Á>³�µB¸´±~Á@; ¼O±´ÂËµ�¶½¼O±JÇ8�	��Á>±´Ç~¹»±�µ�ÁÌÇ~¸�þ�¼O¾½¸�" ÁÌÁËµºÇ ¸�µ3À���Á�Ç43 �"¾+�#" Á>±�µ ù

Ó
u =













u1x

u1y

u1z

...

unx

uny

unz













ÁËµ
f =













f1x

f1y

f1z

...

fnx

fny

fnz













È�Á	�~È���³�Á>±�µ�Á"±�µÌÈ�Á�³m��Á>ÂËµ�¶½þOÁ	"ÔÁ>±�µÌ¾½Á>³�Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³ÌÁ"µ�¾·Á�³>; ¼OÈÄÂËÁ�³

Ç Á�µ�¼O¸�³|¾·Á�³
n
±~¼¤Á>¸´Ç~³®Ç43 ¸~±V�"¾+�#" Á>±�µA��¼O¸´È|¾·Á�³|¹�ú Á>³

x
�
y
�
z
ù

Bu
Â"¼OÈ�È�Á�³m��¼O±´Ç
¹»¸ ú�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³>z {ε} = Bu

DBu
Â"¼OÈ�È�Á�³m��¼O±�Ç ¹»¸~ú
ÂË¼�±�µ�È�¹O¶·±�µ�Á>³>z {σ} = DBu = D {ε}

BT
��Á"È5" ÁËµ®Ç ÁÌµ�È�¹O±´³°; ¼�È�" Á>È�¾½Á>³|Â"¼O±�µ�ÈÄ¹»¶½±�µ�Á�³�Á>±]; ¼OÈÄÂËÁ>³ ù

K = BT DB
Á�³3µ®¾Æ¹&"Ü¹�µ�È�¶ÆÂËÁ�Ç ÁÌÈ�¶+/O¶ÆÇ ¶·µ�� ù

ç=èkjMè�ç ��T�ìÁ÷cîÀõm÷4ñ�õmó
ª²¾�Á>³�µ���¼�³�³�¶½É~¾½Á Ç43 ¹0"��"¾½¶·¼�È�Á>Èy¾e3 Á*_DÂ"¹OÂ"¶ µ5� Ç Á�³ Â>¹»¾ÆÂË¸~¾Æ³yÇ Á�¾Æ¹�«J§ 2 Á>±��"¾Æ¹�µ�¶½Â"¶ µ5� ¾½¶·±���¹»¶½È�Áa/OÈ�
OÂËÁ���Ç Á>³�~È5�>Â>¹»¾ÆÂË¸~¾Æ³ ùÏ¥3 ¹0� �~È�¼#ú ¶+"Ü¹�µ�¶½¼O± ¾·¶½±��>¹O¶·È�Á@�~È�¼¤Â"¸~È�Á�Ç Á�³|Ã¤À���¼Oµ�Ã�*�³�Á�³B¶·±�µ��>È�Á�³�³�¹»±�µ�Á>³�zÓ Ï+¹}Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±;È���³�¸~¾·µ�¹O±�µ�Á
ÇP3 ¸~±´Á�Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±

d
ÇP3 ¸~± ��¼�¶·±�µÔÁ>³�µÔ¾Æ¹W"�¯#" ÁAÅ�¸´Á
¾Æ¹}³�¼6"�" Á
Ç ÁÂËÁ"¾½¾½Á>³�Å�¸~¶´³�Á"ÈÄ¹»¶½Á"±�µÀ�~È�¼ Ç ¸~¶·µ�Á>³¥�´¹»È�¾½Á>³.µ�È�¼O¶Æ³.Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³

dx

�
dy

�
dz

¹6���~¾½¶½Å�¸��>Á>³.³��#�´¹OÈ�Á	" Á"±�µFÇ~¹»±�³ÂÄÃ´¹OÂ"¸~±~Á>³BÇ Á�³Bµ�È�¼O¶Æ³BÇ ¶½È�Á�Â/µ�¶½¼O±
x
�
y
�
z
ù
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³�²   QM·e¸1û¬¼5»�·e¶Îý�½�û¡� ¹�UWOK¢ OÀÿ8·+»	¶e¹0ºc¶¨»	¾0¼��Fû¬»��a´�½���� û<»>½�ý���´�¼���¹�Í	� û<»

Ó ¬+þ�Á>Â�¸~±AÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µºÇ ¼�¸~É~¾½Á6� ¼�±
¼�É µ�¶½Á"±�µ®¸~±~Á�Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±
Ç ¼�¸~É~¾½Á ùÍ�¼»µ�¶·±�w°å ÿ ¯�Í|Î�Ð ?�9#æ xÔÈ�Á#"Ü¹»ÈÄÅ�¸~Á
Å�¸P3 ¶·¾ºÁ>³�µÜ¹O¾·¼�È�³&��¼�³�³�¶½É~¾½ÁJÇ ÁJ³3µ�¼¤Â�ª�Á"È&��¼�¸~ÈDÂÄÃ´¹�Å�¸´ÁAÇ��#�~¾Æ¹OÂ"Á#" Á"±�µDÇ~¹»±�³ÂÄÃ´¹�Å�¸´ÁyÇ ¶½È�Á�Â/µ�¶½¼O±	Ç Á ÂÄÃ´¹�Å�¸~Á���¼O¶½±�µÌ³m�	�´¹»È�Á#" Á>±�µ)��Å�¸~Á>¾·¾½Áyþ�¹�¯"µ�È�Áy¾Æ¹DÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±}Ç~Á�µ�¼�¸ µ�¾e3 ¼OÉ Ê3Á"µ ù w?Í�Á>³¶½±8; ¼OÈ5"Ü¹�µ�¶½¼O±�³�³�¼�±�µ�-´¾ µ�È��>Á>³yÁ"±��"¾½¶+"Ô¶½±´¹O±�µ ¾·Á�³yÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³Ìµ�È�¼%����Á"µ�¶·µ�³y¹0-´±�Ç43 �>Â"¼O±~¼%"Ô¶Æ³�Á"ÈyÇ Á ¾½¹V"��Ë¯" ¼O¶½È�Á1x ù¡®±��~È�¼OÉ~¾+*#" ÁºÁ�³3µBÇ ÁÌÂË¼O±´±´¹1ÊÆµ�È�Áº¾Æ¹yÇ8�#; ¼OÈ5"Ü¹�µ�¶½¼O± ¾·¼�È�³�Å�¸P3 ¼�±DÇ8�#�´¾½¹�ÂËÁM�´¾·¸´³BÇ43 ¸~±���¼�¶·±�µ$��¾Æ¹�; ¼�¶½³ ù Í�¼Oµ�¶½±±P3 ¹0���´¾·¶ÆÅ�¸~ÁDÅ�¸P3 ¸´±~Á
�´¹»È�µ�¶½ÁÜÇ Á>³yÇ8�<; ¼�È�"Ü¹�µ�¶·¼�±´³ÌÂËÈ5�#�>Á>³@�´¹OÈ�ÂÄÃ´¹OÂ"¸~±%Ç~Á>³�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³	�5Á"±b¸ µ�¶·¾½¶½³�¹»±�µ�¸~±´Á"Ü¹�µ�È�¶ÆÂËÁÌÇ43 ¶·±BA�¸~Á"±´Â"Á�" ¸ µ�¸´Á"¾½¾·Á�Ç Á�³�±´¼�Á>¸´Ç~³BÇ8�	�~¾½¹�Â<��³#� Ç ¼�±�µB¾e3 ¶½±¤þOÁ"ÈÄ³�Áºþ�¹ Ç~ÁËµ�Á>È�" ¶½±~Á"ÈB¾½Á>³BÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³.�¹0� �~¾·¶ÆÅ�¸~Á"È®¹O¸ ú
Ç ¶I©c�"È�Á"±�µ�³B±~¼¤Á>¸´Ç~³ ùv�È�¼O¯9¨º¶·Á>¾½³�Á"±Rwmå ü~ø ¯Zv�Ò®Î ?%'#æ x�Á"µDÍ�¼Oµ�¶½± w°å üOü ¯3Í|Î�Ð ?%?)æ x�¼O±�µ È5�"¸´³�³�¶T�V;
¹O¶·È�Á��"þ�¼O¾½¸~Á"ÈÔÇ Á>³�"Ü¹»¶½¾·¾Æ¹0/�Á>³�Ç~Á¾e3 ¼�È�Ç È�Á|Ç Á ü%�0( �"¾+�#" Á>±�µÄ³�¹#þOÁ�Â�¸~±~Á®È5�>³�¼O¾½¸ µ�¶½¼O±ÜÇ À¤±´¹6" ¶½Å�¸~Á|Á"µ ø)�6(6( �"¾+�#" Á"±�µÄ³�¹#þOÁ�ÂB¸~±~Á®È5�>³�¼O¾½¸ µ�¶½¼O± Å�¸´¹O³�¶·¯³�µ�¹�µ�¶½Å�¸~Á�w
Á"±�µ�È�Á®ÂÄÃ´¹OÅ�¸~Á.�´¹�³.Ç ÁBµ�Á	"&��³.Á>³�µ�¹0���~¾½¶ÆÅ�¸ ��¸´± Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ.È���³�¼�¾·¸&�´¹OÈ.¸~±~Á="��Ëµ�Ã´¼¤Ç~Á®³3µÄ¹�µ�¶ÆÅ�¸~Á6�- /�¸~È�Á ü~ù·ø�ø x ù

Ï=ÐFÑ\Ò ü~ù·ø�øAÓa: �<; ¼OÈ5"Ü¹�µ�¶·¼�±�Ç43 ¸~±," ¼ Ç8*"¾½Á�Ç Á@; ¼O¶½Á@�´¹»È|¸´±~Á�"��Ëµ�Ã´¼¤Ç~Á�Ç43 �>¾I�	" Á"±�µ�³.-´±´¶½³®Å�¸´¹�³�¶·¯²³3µÄ¹�µ�¶ÆÅ�¸~Á
Ï4Á�³|µ�Á#"��´³�Ç Á��~È5�>Â>¹»¾ÆÂË¸~¾Æ³®Á"µ�¾Æ¹
�~¾Æ¹OÂËÁo"&�	" ¼O¶½È�Á�¸~µ�¶½¾·¶Æ³m�>Á ³�¼O±�µ®µ�È�*�³®¶+"&��¼OÈ�µ�¹O±�µ	�s" ¹O¶½³�ÂËÁ"µ�µ�Á�"��Ëµ�Ã´¼¤Ç~Á¹&��Á>È�" ¶Æ³®Ç Á�³|¹»±~¶+"Ü¹�µ�¶½¼O±�³�µ�Á#"��´³�¯9È��>Á"¾ ù«,¯	"ÔÁ�³#3 ¶·¾�Á>³�µÁ��¼�³�³�¶½É~¾½ÁFÇ ÁFÇ8�	�~¾Æ¹OÂËÁ>ÈÁ�~¾½¸´³�¶·Á>¸~ÈÄ³5±~¼¤Á"¸´Ç´³4Á"±o"&¯	" Á.µ�Á	"&��³#��Â03 Á>³�µ�¹»¸@�~È�¶·úÌÇ43 ¸~±~Á�¶·±¤þ�Á"ÈÄ³�¶½¼O±Ç Á�"Ü¹�µ�È�¶ÆÂËÁ
w�Ç ÁÌµ�¹O¶·¾½¾·Á@�~È�¼6��¼OÈ�µ�¶½¼O±´±~Á"¾½¾·ÁÌ¹»¸A±~¼%"yÉ~È�ÁÌÇ Á�±~¼¤Á"¸´Ç´³5x ù§�±��´¾·¸´³BÇ43 ¯Ëµ�È�ÁºÉ´¹O³��"Á�³�¸~È�¾�3 �"¾Æ¹O³�µ�¶ÆÂË¶·µ���¾·¶½±���¹»¶½È�Á%��¾e3 ¶½±´Â"¼O±¤þ6�>±~¶·Á>±�µ\"Ü¹�Ê3Á"¸´È�Ç Á�ÂËÁËµ�µ�Á>"��Ëµ�Ã´¼¤Ç~ÁºÁ>³�µ�Å�¸P3 Á"¾½¾½ÁÁ>³�µ�Å�¸´¹�³�¶·¯²³3µÄ¹�µ�¶ÆÅ�¸~Á6�#Â03 Á>³�µ���Ç ¶½È�Á�Å�¸Á3 Á>¾·¾½Á�±´Á�Ç ¼�±~±~Á�Å�¸P3 ¸~±~ÁB³�¸~¶ µ�Á�ÇP3 �"µ�¹�µÄ³1ÇP3 ��Å�¸´¶·¾½¶·É´È�Á ù): ¼O±´Â�ÂË¼�±´ÂËÈ5*Ëµ�Á#" Á"±�µ)�³�¶´¼O± ¾½¹�ÂÄÃ~Á®¸~±���¼O¶½±�µ�Å�¸~Áº¾e3 ¼O±D¹�Ç8�	�~¾Æ¹OÂ<�%��Å�¸~Á>¾½Å�¸~Á�³�¼�¶ µF¾Æ¹yÇ~¶½³�µ�¹O±´ÂËÁºÇ~ÁºÇ8�#�´¾½¹�ÂËÁ#" Á>±�µ)��Â"Á"¾½¸~¶·¯9Â"¶´þ�¹�È�Á"þ�Á"±~¶½È¶½±´³3µÄ¹»±�µ�¹O±��#" Á>±�µA� ³�¹���¼�³�¶·µ�¶½¼O±�¶·±~¶·µ�¶Æ¹»¾½Á6��³�¹O±´³B¼�³�ÂË¶½¾·¾Æ¹�µ�¶·¼�± ùÎ�±;¹,�V;
¹»¶½È�Á��A¸~±~Á�"��Ëµ�Ã~¼ Ç ÁDÉ´¹�³m�>ÁD³�¸´È�¾½¹W"&�"µ�Ã~¼ Ç Á
Ç Á>³��>¾I�	" Á"±�µ�³�-´±~¶Æ³yÅ�¸~¶¥��Á"È5" ÁËµ Ç Á�³y¹O±~¶I"Ü¹»¯µ�¶½¼O±�³�¶½±�µ�Á"ÈÄ¹OÂËµ�¶½þOÁ>³ ù «}¹»¾½Ã~Á"¸~È�Á"¸�³�Á	"ÔÁ>±�µ	�OÂ"Á"¾½¾·Á"¯9Â"¶�Á�³3µ�µ�È�¼%�Ü¶I"��~È5�>Â"¶½³�Á®Á>±�/OÈÄ¹»±´Ç´³�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³#�¤Ç ÁA�´¾·¸´³�¾½ÁÈ5�>¹»¾½¶Æ³m" Á�þ�¶Æ³�¸~Á"¾4±Á3 Á�³3µA�´¹�³B¾+��� Â"¹O¸´³�ÁÌÇ~Á>³BÈ�ÁËµ�¼�¸~ÈÄ³�É´È�¸´³�Å�¸~Á>³ ù¡®±J¹O¸ µ�È�Á�Ç8�<;
¹O¸ µºÁ�³3µº¾e3 ¶I"���¼�³�³�¶½É~¶½¾·¶·µ���Ç Á�;
¹»¶½È�Á�Ç Á�³®ÂÄÃ´¹O±�/OÁ	"ÔÁ>±�µ�³|Ç Á�µ�¼6��¼O¾½¼6/�¶·Á�Ç ¸,"Ü¹»¶½¾½¾½¹6/OÁ ù ª²¾1±P3 Á>³�µ�´¹�³T��¼�³�³�¶·É~¾½Á�¹#þOÁ�Â�Â"ÁËµ�µ�Á@"&�"µ�Ã~¼ Ç Á�Ç Á�³�¶I" ¸~¾½Á"È®Ç Á�³�Â"¼O¸��´¸~È�Á�³#� Ç8��ÂÄÃ~¶½È�¸~È�Á>³�¼�¸���Á"È�; ¼OÈÄ¹�µ�¶·¼�±´³#�¤Â"¹OÈ|Ç8*>³|Å�¸P3 ¶·¾À ¹�ÂÄÃ´¹»±�/�Á#" Á"±�µFÇ Á®µ�¼6��¼O¾½¼6/�¶·Á%��¾½¹�" ¹»µ�È�¶½Â"Á®Ç Á®ÈÄ¹»¶ÆÇ Á"¸´È�Ç ¸D³�À ³�µ�*	"ÔÁ®³�Á|µ�È�¼�¸~þOÁ$" ¼ Ç ¶I- �"Á ù ª²¾8;
¹O¸´Ç ÈÄ¹»¶·µ�¹»¾½¼OÈÄ³¾Æ¹ È5�Ë¯9¶½±�þ�Á"ÈÄ³�Á>È	�¤ÂËÁ�Å�¸~¶4Á�³3µ®¸´±~ÁÌ¼6�s�"ÈÄ¹�µ�¶½¼O±�É~¶½Á"±�µ�È�¼6��¾½¼O¸~ÈÄÇ Á@��¼�¸~È$¯Ëµ�È�ÁÌÈ5�>¹O¾·¶Æ³m�>Á�Á>±�µ�Á#"��´³®È��>Á"¾ ù

ç=èkjMè"h G ì5�D¦Aø$ò®�¢ò®��ó�ìÁõmìÁí��Áë��8óôò®�«§�T ø\ë��8ê9¬ET~�Áó
Í�ÁËµ�µ�Á�"&�"µ�Ã~¼ Ç Á%�¨�~È�¼%��¼�³m�>Á��´¹OÈÔ×�¹0" Á>³yÁËµ ¿.¹»¶@w°å ü�ÿ ¯²×�¬º« ?%?)æ xyÁ>³�µ É´¹�³m�>Á
³�¸~ÈÔ¾½¹	«J§ 2�ù §�¾·¾½Á�¸ µ�¶½¾·¶Æ³�Á¾e3 ��Å�¸�¹�µ�¶½¼O±AÇ Á�¨º¹#þ¤¶½Á"È)� Å�¸´¶4Á>³�µ|¼OÉ µ�Á"±¤¸~ÁÌÁ"±�¶·±�µ5�#/OÈÄ¹»±�µB¾�3 �>Å�¸´¹»µ�¶½¼O±AÇ Á�ÂË¼�±´³�Á>È�þ�¹»µ�¶½¼O±
Ç~Á�¾e3 �"±~Á>È�/�¶·Á�Á"±JÂË¼%"Ô¯É~¶½±´¹»¶Æ³�¼O±A¹#þOÁ>Â�¾½Á>³=�>Å�¸´¹»µ�¶½¼O±´³|Â"¼O±´³�µ�¶·µ�¸~µ�¶½þOÁ>³|ÇP3 ¸~±V"Ü¹�µ5�"È�¶½¹O¸�Â"¼O±�µ�¶½±¤¸P� ¶Æ³�¼Oµ�È�¼6��Á�Á"µ$�"¾Æ¹O³�µ�¶ÆÅ�¸´Á�¾½¶½±��>¹O¶·È�Á�z

(Nu)(x) + b(x) = 0

¼6Â
x
³�¼O±�µ.¾·Á�³.ÂË¼¤¼OÈÄÇ ¼O±´±��"Á�³�Â>¹»È�µ���³�¶½Á"±~±´Á>³�Ç ¸�" ¶·¾½¶·Á>¸P�

N
Á>³�µ.¸~± ¼6�s�"ÈÄ¹�µ�Á>¸~È�¾·¶½±���¹»¶½È�Á|Ç ¶I©s�>È�Á>±�µ�¶½Á"¾~Ç ¸Ü³�Á>ÂË¼�±´ÇÇ Á	/OÈ5�6�

b
Á>³�µB¾½Á�ÂÄÃ´¹6"&�AÇ Á�³=; ¼OÈÄÂËÁ�³�¹6���~¾½¶½Å�¸��>Á>³|¹O¸�³�À ³3µ5*#" Á6�

u
Á�³3µ|¾½Á�ÂÄÃ´¹0"��AÇ Á>³ºÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³ ùÍ�ÁËµ�µ�ÁA��Å�¸´¹�µ�¶·¼�±
��Á>¸ µ.¯"µ�È�Á®È5�>³�¼O¾½¸~Á$�´¹»È�¸~±~Á�"&�"µ�Ã~¼ Ç Á�Ç Á>³\�"¾+�#" Á"±�µÄ³�Ç ÁA; È�¼�±�µ�¶I*>È�Á%��Å�¸~¶�Á>³�µF¾½ÁM��Á"±´Ç~¹O±�µÇ Á�¾½¹M"��Ëµ�Ã´¼¤Ç~Á�Ç Á�³��"¾+�#" Á"±�µ�³Á-´±~¶Æ³���¼�¸~È�¾·Á�³���Å�¸´¹�µ�¶·¼�±´³+¶½±�µ��	/OÈÄ¹»¾½Á>³ ù Ï+¹A; È�¼�±�µ�¶+*"È�ÁFÇ ¸ ³�À ³3µ5*#" Á�Á>³�µ�Ç8��ÂË¼O¸ �H�>Á
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Á"±,�>¾I�	" Á"±�µ�³�Ç ¶½³
Ê3¼O¶½±�µ�³	�s� ¾e3 ¶·±�µ��>È�¶½Á"¸´È�Ç Á�³�Å�¸~Á>¾½³º¾·ÁyÂÄÃ�¹0"���Ç Á>³�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³®Á�³3µº¶½±�µ�Á>È���¼O¾+��¾½¶·±���¹»¶½È�Á	" Á"±�µÁ"±�; ¼O±�Â/µ�¶½¼O±JÇ Á�³|Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³|Ç Á>³B±´¼�Á>¸´Ç~³ ù Î�±�¹ÔÉ~¶½Á"±A¸~±´Á>"��"µ�Ã~¼ Ç Á��´¹OÈ=�"¾+�#" Á"±�µ�³$-´±~¶Æ³|¹0"��"¾½¶·¼�È��>Á�Á>±È�Á#"Ü¹»ÈÄÅ�¸´¹»±�µ|Å�¸Á3 ¶½¾4±P3 À ¹»¸´È�¹��´¹O³|Ç~Á@; ¼OÈÄÂËÁ>³BÁ"ú¤µ�Á"È�±~Á�³�¹6���~¾½¶½Å�¸��>Á>³|¹O¶·¾½¾·Á>¸~È®Å�¸~Á�³�¸~È|¾½¹ ³�¸~È�;
¹OÂËÁ�Ç ÁÌ¾e3 ¼�É Ê3ÁËµ ù

� ¸~¼�¶½Å�¸~Á&"Ü¹�µ�Ã �#"Ü¹�µ�¶½Å�¸~Á	"ÔÁ>±�µ�Â"¼6"��~¾½ÁËú Á6�5Â"ÁËµ�µ�Á�"&�"µ�Ã~¼ Ç ÁÜÁ�³3µ�¸ µ�¶·¾½¶Æ³�¹OÉ~¾·Á Á>±}µ�Á#"��´³ÌÈ5�"Á"¾¨��¼O¸~È�Ç~Á"¸ úÈÄ¹»¶Æ³�¼�±´³ ù�: 3 ¸~±~Á��´¹»È�µ	�¤³�Á"¸~¾½Áº¾Æ¹y³�¸~È�;
¹OÂËÁºÁ>³�µBÇ ¶Æ³�ÂËÈ5�Ëµ�¶Æ³��"Á®Á"µ�¾½Á�±~¼%"yÉ~È�ÁºÇ43 �>Å�¸´¹»µ�¶½¼O±´³FÁ>³�µB³�Á"¸´¾·Á	"ÔÁ>±�µT�~È�¼6��¼OÈ�¯µ�¶½¼O±´±~Á"¾4¹O¸
±~¼%"yÉ~È�Á�Ç ÁÌ±~¼¤Á"¸´Ç´³|Ç Á�³�¸´Èm;
¹�ÂËÁ�É~¶·Á>±JÅ�¸´Á�¾Æ¹ ³3µ�È�¸�Â/µ�¸´È�ÁÌþO¼�¾·¸ "Ô¶ÆÅ�¸~ÁÌ³�¼�¶ µ$�~È�¶½³�ÁÌÁ"±JÂË¼%"�� µ�Á@�´¹OÈ¾½Á>³¥��Å�¸´¹�µ�¶·¼�±´³ ù%: 3 ¹»¸ µ�È�Á��´¹»È�µ	�O¼O±
��Á"¸ µ�ÁËú8�~¾½¼O¶·µ�Á"È�¾½¹�¾·¶½±��>¹OÈ�¶·µ��®Ç~¸ ³�À ³�µ�*	"ÔÁºÁ"±
�~È5�Ë¯²Â"¹O¾½Â"¸~¾½¹O±�µ�¸~±ÜÁ"±´³�Á#" É~¾½ÁÇ Á�È5�#��¼O±´³�Á>³=�>¾I�	" Á"±�µ�¹O¶·È�Á>³@w ; ¼�±´Â/µ�¶·¼�±´³®Ç Áy­�È�Á"Á>±Hx¬��Å�¸´¶P��Á>¸~þOÁ>±�µ®Á"±´³�¸~¶·µ�Á�¯Ëµ�È�Á�Â"¼6"yÉ´¶·±��>Á>³BÁ>±
µ�Á#"��´³ºÈ��>Á"¾ ù«�¹O¾·Ã~Á>¸~È�Á"¸´³�Á#" Á"±�µ)� �´¹OÈ�Â"Á>Å�¸P3 Á"¾½¾·Á�Á"ú��´¾·¼�¶ µ�Áy¹»É�¼O±´Ç´¹0"�" Á"±�µº¾½Á>³��~È�¼%�~È�¶I�"µ��>³ºÇ Áy¾½¶·± �>¹»È�¶·µ��6��¶·¾1±P3 Á>³�µ�¹
�~È�¶½¼OÈ�¶�´¹�³À��¼�³�³�¶½É~¾·Á®ÇP3 ¹�Ç~¹0� µ�Á"È�Â"ÁËµ�µ�ÁA"��Ëµ�Ã~¼ Ç ÁA��Ç Á>³�¾·¼�¶½³À"���Â"¹»±´¶½Å�¸~Á�³À�~¾½¸´³�ÂË¼%"��~¾·Á"ú Á>³�Å�¸~Á|¾e3 �>¾½¹�³3µ�¶½Â"¶ µ5�|¾·¶½±���¹»¶½È�Á ù«J¼�±´³�Á>È�ÈÄ¹�µowmå ü%� ¯²«	Î�¨ (´øyæ xº¹��~È5�>³�Á"±�µ5��¾½¹a"�¯#" Áo"��Ëµ�Ã~¼ Ç ÁyÁ"µ�µ�Á"±�µ��ÔÇ Áy¾e3 ¹0���~¾½¶ÆÅ�¸´Á"È�� ¾½¹
³�¶+"y¸´¾½¹»µ�¶½¼O±Ç Á�Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³�"���Â"¹»±´¶½Å�¸~Á�³ÜÇ ¸h; ¼O¶½ÁAÇ~Á,��¼�È�Â ù Í�Á#��Á"±´Ç~¹O±�µ ¶½¾Æ³Ü¼O±�µDÂË¼�±´ÂË¾½¸<Å�¸~ÁA¾½Á," ¼¤Ç�*"¾½ÁAÇ~ÁAµ�¶Æ³�³�¸�"¾Æ¹O³�µ�¶ÆÅ�¸~Á�¾½¶·± �>¹»¶½È�Á�±P3 �"µ�¹O¶ µºÈ5�>¹O¾·¶Æ³�µ�Á�Å�¸~Áo��¼O¸´ÈºÇ Á�µ�È�*�³=;
¹»¶½É~¾½Á>³�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³|Á"µ�Ç Á�;
¹O¶·É´¾·Á�³®þ¤¶ µ�Á>³�³�Á�³#��Ç43 ¼%Â¾Æ¹ ± �>ÂËÁ�³�³�¶·µ���Ç Á�" ¼ Ç ¶d-�Á"È|ÁËµºÇP3 ¹�Â"Â<�>¾I�>È�Á>ÈB¾�3 ¹»¾+/O¼�È�¶·µ�Ã�" Á>��¼�¸~È®¸~±´Á>" Á>¶·¾½¾·Á>¸~È�Á�"Ô¼ Ç8�>¾·¶Æ³�¹�µ�¶½¼O± ù: Á��~¾½¸´³	��¸~±�µ�Á"¾À" ¼ Ç8*"¾½Á È�Á>³�µ�Áyµ�È5*>³�¾½¶I" ¶·µ�� Ç~¹»±´³�¾Æ¹�/�Á>³�µ�¶½¼O±	Ç~Á>³�ÂÄÃ´¹»±�/�Á#" Á"±�µÌÇ Áyµ�¼6��¼O¾½¼6/�¶·Á&�
Â>¹»¸´³�ÁÇ Á�³�¼O±�¶·±�µ5�"È�¶·Á>¸~ÈB±~¼O±V"Ü¹»¶½¾·¾+� ù
ç=èkjMèkj zM�AóO�B¬Áí��Áó í î¨ó�ó��Áó�­>� �Áë�ó��Áñ{T ó
Í�Á$" ¼ Ç8*"¾½ÁA�~È5�>³�Á"±�µ��M�´¹»È : Á"¾½¶½±�/OÁ"µ�µ�Á�w°å ü»û ¯ : §FÏ ?%?1æ x�³�Á®É�¹O³�Á®³�¸~È�¾½¹�"&�"µ�Ã~¼ Ç Á�Ç Á>³\�"¾+�#" Á"±�µ�³À-´±~¶Æ³�¹#þ�Á>ÂÇ Á�³��"¾+�#" Á>±�µÄ³�µ�ÁËµ�È�¹6*>Ç È�¶½Å�¸~Á�³�¾½¶·±���¹»¶½È�Á�³ ù Ï¥3 ¶½Ç��"ÁDÁ�³3µ Ç43 Á"ú¤µ�ÈÄ¹»¶½È�ÁDÂÄÃ´¹�Å�¸~Á Â"¹O¾½Â"¸~¾\��¼O¸´ÈÔÂÄÃ´¹�Å�¸~Á
��¼�¶·±�µ)��¹0-´±Ç Á�" Á"µ�µ�È�Á�Ç ÁyÂ*v»µ5�Ìµ�¼O¸�³®¾½Á>³Bµ�Á"È5"ÔÁ�³|¸ µ�¶·¾½¶½³��>³M�~¾½¸´³�¶½Á"¸´È�³=; ¼�¶½³ ù Í�Á�³|µ�Á>È�" Á�³$��¼�¸~È�È�¼�±�µ®¹O¶·±´³�¶4±P3 ¯Ëµ�È�Á Â"¹»¾ÆÂË¸´¾I��³Å�¸P3 ¸~±~Á�; ¼O¶Æ³�¹»¸%É�¼O±¤"Ô¼%" Á"±�µ	�4�~¸´¶½³�È5�"¸~µ�¶½¾·¶Æ³m��³ ù ¬º¶·±�³�¶.¾½Á>³�Â>¹»¾ÆÂË¸~¾Æ³�Ç Á>³�µ�Á"±´³�Á"¸´È�³@�~¸´¶½³Ì¾e3 ¹�³�³�Á#" É~¾Æ¹0/OÁ ³�¼O±�µÂ"¹�ÂÄÃ��>³ ù Í�Á�" ¼¤Ç�*"¾½Á�³#3 ¶·±�³�Â"È�¶·µ®Ç ¼O±´ÂÌÇ~¹O±´³B¾½Á>³|«J§ 2 ÁËú8�~¾½¶ÆÂË¶·µ�Á>³ ù® ��¹»È�µ�¶½ÈÔÇ Á
¾½¹	Ç ¶Æ³�Â"È��"µ�¶Æ³�¹»µ�¶½¼O±�Ç ¸<ÂÄÃ´¹0"���Ç Á�³ Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³Ô³�¸~È ¸´±��"¾+�#" Á"±�µ)��¼�±���Á"¸ µ ÁËú8�~È�¶I" Á>È¾e3 �>±~Á"È5/O¶½Á Ç Á Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±}Ç~Á ¾e3 �>¾I�	" Á"±�µ�Á>±W; ¼�±´Â/µ�¶·¼�±	Ç Á�³�Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³�Ç Á ³�Á�³Ì³�¼%"&" Á"µ�³	�H�~¸´¶½³�Ç8�>È�¶½þOÁ>ÈÂËÁ"µ�µ�Á�ÁËú8�~È�Á>³�³�¶½¼O± ��¼�¸~ÈD¼�É µ�Á>±~¶·È ¾½¹¤; ¼�È�Â"Á]�>¾½¹�³3µ�¶½Å�¸~ÁJÁ"ú Á"ÈÄÂ<�"ÁJ³�¸~È ÂÄÃ´¹�ÂË¸~±QÇ Á�³ ³�¼6"�" ÁËµ�³ ù §�±R�>¾½¹�³3µ�¶½Â"¶ µ5�¾½¶·±���¹»¶½È�Á%�~ÂËÁ"µ�µ�Á@; ¼�È�Â"Á�³#3 ÁËú8�~È�¶I" ÁÌ³�¼�¸´³B¾Æ¹o; ¼�È�" Á�z

fi = Kiiui +
∑

j 6=i

Kijuj

¼6Â
fi

Á>³�µ�¾Æ¹�; ¼�È�Â"Á�µ�¼Oµ�¹»¾½Á�Á"ú¤Á>È�Â#�"Áy³�¸~È�¾·Á�±´¼�Á>¸´Ç
i
�
Kii

È�Á	�~È5�>³�Á"±�µ�Á�¾Æ¹D³�¼6"�" Á Ç Á�³ºÂË¼�±�µ�È�¶·É~¸~µ�¶½¼O±´³�Ç ¸³�¼6"�" ÁËµ
i
Ç~¹»±´³|µ�¼O¸�³|¾·Á�³|µ5�Ëµ�ÈÄ¹0*�Ç È�Á>³|¹OÇ�Ê�¹OÂËÁ>±�µ�³A�

i
�
Kij

È�Á	�~È5�>³�Á"±�µ�Á�¾½Á>³®³�¼6"�" Á>³ºÇ Á>³�ÂË¼O±�µ�È�¶½É~¸ µ�¶·¼�±´³|Ç Á>³¹»¸~µ�È�Á>³|³�¼6"�" ÁËµ�³
j
Ç ÁÌµ�¼�¸´³B¾·Á�³Bµ��"µ�ÈÄ¹0*�Ç È�Á�³B¹OÇ#Ê�¹�ÂËÁ"±�µÄ³$�

i
ùÏ4Á�³FÇ ¶I©c�"È�Á"±�µ�³�µ�Á"±�³�Á>¸~È�³

Kij

��Á>¸~þOÁ>±�µ.¯Ëµ�È�ÁA�´È��"¯9Â>¹»¾ÆÂË¸~¾+�>³.Á>± ÂË¼�±´³�¶½Ç8�>È�¹O±�µFÅ�¸Á3 ¶½¾½³F±~Á�Ç��#��Á"±´Ç Á>±�µ�Å�¸~Á�Ç~Á¾Æ¹�/%�"¼%"&�"µ�È�¶·Á�Ç ¸]"Ü¹»¶½¾·¾Æ¹0/�Á�¹»¸�È�Á	��¼�³BÁËµºÇ Á�³=�~È�¼%�~È�¶I�"µ��>³."��>Â>¹»±~¶ÆÅ�¸~Á>³ ù§�±´³�¸~¶·µ�Á®Â"ÁËµ�µ�Á=; ¼OÈÄÂËÁBÁ>³�µ.È��>¶·±�µ�È�¼ Ç ¸~¶·µ�Á®Ç´¹»±´³�¸~±´Á$�>Å�¸´¹�µ�¶·¼�±ÔÇ~À�±�¹0" ¶½Å�¸~ÁB¾½¼ Â"¹»¾½Á=��¼�¸~È�Â"¹O¾½Â"¸~¾½Á"È.¾½Á®ÂÄÃ´¹0"��Ç Á�³|Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³$� ¾�3 ¶·±�³3µÄ¹»±�µ®³�¸~¶½þ�¹»±�µ	�´ÁËµ|¾�3 ¹»¾+/O¼�È�¶·µ�Ã "ÔÁÌÁ�³3µ|È5�#�s�Ëµ���Ç~Á@;
¹6�Ë¼�±
¶·µ��>È�¹»µ�¶½þOÁ&z
miüi = −diu̇i + fi

¼6Â
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Á>³�µ®¾½¹&"Ü¹O³�³�Á�¹�³�³�¼ ÂË¶+�"ÁÌ¹»¸�±~¼¤Á"¸´Ç
i
�
di

Á>³�µB¾½Á�ÂË¼¤Á*_ÜÂ"¶·Á>±�µ|ÇP3 ¹»µ�µ��>±¤¸´¹�µ�¶·¼�±�¹�³�³�¼ ÂË¶+��¹O¸�±´¼�Á>¸´Ç
i
ùX µÄ¹»±�µ1Ç ¼�±~±��FÅ�¸~Á.µ�¼O¸ µ�Á>³1ÂËÁ>³+¼6�s�"ÈÄ¹�µ�¶·¼�±´³4³�¼O±�µ4¾·¼ Â>¹»¾½Á>³	�Ë¶·¾�Á>³�µÁ��¼�³�³�¶½É~¾½ÁFÇ Á¥�´È�¼ Â<��Ç Á"È��|Ç Á>³1ÂÄÃ´¹»±�/�Á#" Á"±�µÄ³Ç ÁBµ�¼6��¼O¾½¼6/O¶½Á�Á"±Ôµ�Á	"&��³.È��>Á"¾4z�¶½¾´³�¸B_ µ¥��¼�¸~È�ÂËÁ>¾½¹ÌÇ Á$" ÁËµ�µ�È�ÁA��Ê3¼O¸~È.¾½Á>³.¹�Ç#Ê�¹OÂ"Á"±´Â"Á>³�Á"±�µ�È�Á=�"¾+�#" Á>±�µÄ³�þO¼�¶½³�¶·±�³ÁËµ®¾½Á>³�µ�Á"±´³�Á"¸´È�³|Â"¼OÈ�È�Á�³m��¼O±´Ç´¹»±�µ�³.� ÂËÁ>³º¹OÇ#Ê�¹�ÂËÁ"±�ÂËÁ>³ ù
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Ï¥3 ¼6�~µ�¶+"Ô¶Æ³�¹�µ�¶½¼O±JÇ Á�³®Â"¹O¾½Â"¸~¾Æ³A��Á"¸ µM¯"µ�È�Á�Á<©�Á>ÂËµ�¸���³ºÅ�¸~Á>¾½³®Å�¸~Á ³�¼�¶·Á>±�µ®¾½Á>³®µ�Á>±´³�Á>¸~ÈÄ³|¸ µ�¶½¾½¶½³��>³ ù ª²¾1Á>³�µ�¹»¶½±´³�¶��¼�³�³�¶½É~¾½Á�Ç43 ¸ µ�¶½¾½¶½³�Á"È�¸~±�"Ü¹O³�³�Á>³�¯�µ�Á"±´³�Á"¸~ÈÄ³.Á>±��"¾Æ¹O³�µ�¶ÆÂË¶·µ���¾·¶½±��>¹O¶·È�Áº¼�¸Ü±~¼O±~¯?¾½¶·± �>¹»¶½È�Á6��³�¸~¶½þ�¹»±�µ�¾Æ¹�" ¼ Ç8�"¾½¶Æ³�¹»µ�¶½¼O±³�¼O¸~Ã´¹O¶ µ5�"Á ù¬$-�±`Ç Á,�~È�Á"±´Ç È�ÁJÁ"±TÂ"¼6"�� µ�Á}¾·Á�³
/OÈÄ¹»±´Ç´³ÜÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³#��¿F¶½Â"¶·±¤É�¼O±~¼ wmå ? ¯?¿�ª�Í (�û1æ xÜ¹ª�~È5�>³�Á"±�µ��J¸~±´ÁÁËú¤µ�Á"±´³�¶·¼�±
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¹O¸ µÔÇ ¼�±´ÂÜµ�È�¼�¸~þOÁ>È�¸~±~Á
È�¼Oµ�¹»µ�¶½¼O±��´¹OÈ ³�¼6"�" ÁËµ	��ÁËµ�;
¹»¶½È�Á¤¦�µ�¼�¸~È�±´Á"ÈT§;Å�¸´¹»µ�È�Á
; ¼O¶Æ³]w ¾½Á±~¼%"yÉ~È�Á�Ç Á@��¼�¶·±�µ�³ºÇ ÁÌ¾�3 �"¾+�#" Á"±�µ¬xBÂÄÃ´¹OÅ�¸~Á@�"¾+�#" Á>±�µowF- /O¸´È�Á ü ù½ø>û x ù

Ï=ÐFÑ\Ò ü ù½ø>û�Ó Ï+Á�µ�È�¶Æ¹»±�/�¾·Á
a
Á>³�µ�¾e3 �"¾+�#" Á"±�µ�¹O¸�È�Á	��¼�³ ù Ï4Á�µ�È�¶Æ¹»± /O¾½Á

b
Á>³�µ�¾½ÁyÇ8�#; ¼OÈ5"&� ù Ï+Á�µ�È�¶Æ¹»±�/�¾·Á

c
Á�³3µ�¾·Áµ�È�¶Æ¹»±�/�¾·Á

b
È�¹6"ÔÁ>±���Ç´¹»±´³�¾·Á�"�¯#" ÁºÈ�Á#�s*"È�Á�Å�¸~Á

a
ù Ï4Á�³\��ÁËµ�¶ µ�Á>³BÇ8�<; ¼�È�"Ü¹»µ�¶½¼O±´³�³�¼�±�µ." Á>³�¸~È��>Á>³FÁ"±�µ�È�Á

a
ÁËµ

c
ù

Ï=ÐFÑ\Ò ü ù½ø"ÿ�Ó ¿�¼O¸~È�µ�È�¼�¸~þOÁ>È�¾½¹�È�¼Oµ�¹�µ�¶·¼�±%Å�¸~¶�È�¹6"�*"±~ÁÜ¾e3 �>¾·Á	" Á"±�µy¹»¸;È�Á#��¼�³�Ç~¹O±´³�¾½ÁÜÈ�Á#�s*"È�ÁDÇ ÁD¾e3 �>¾·Á	"ÔÁ>±�µÇ8�#; ¼OÈ5"&�Ô¶½¾À;
¹»¸ µ�Â"¼O±´³�µ�È�¸~¶½È�ÁÔ¾·Á�³�È�Á	�H*>È�Á�³�¼�È�µ�Ã~¼O±´¼OÈ5"&��³�Ç~¶·È�Á>ÂËµ�³
N
Á"µ

N ′ ÂËÁ>±�µ�È5�>³Ì³�¸´È�¾½Á�"�¯#" ÁÜ³�¼%"&" Á"µÁ"±a; ¼O±´ÂËµ�¶½¼O±�Ç Á>³B¹»È5¯Ëµ�Á>³�¶·±�ÂË¶ÆÇ Á"±�µ�Á�³
ei

�¤È�Á�³m��Á>ÂËµ�¶½þOÁ#" Á>±�µB³�¸´È�¾e3 ¼OÉ Ê3Á"µB¹O¸DÈ�Á	��¼�³FÁ"µ®³�¸~È�¾e3 ¼�É Ê3ÁËµ|Ç8�<; ¼�È�"�� ù Ï1¹È�¼»µ�¹»µ�¶½¼O±�Ç ¸AÈ�Á	�H*>È�Á
N
þOÁ"ÈÄ³

N ′ Á�³3µ®¹O¾·¼�È�³ R = N ′NT ù
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¬®¸¤�~È�Á#" ¶½Á"È�¹»É�¼OÈ�µ	�5ÂËÁ"µ�µ�Á�"��Ëµ�Ã~¼ Ç ÁÜ³�Á	"yÉ~¾½Á É~¶½Á"±b¹OÇ~¹6� µ��>Á&�
±~¼»µ�È�Á&�~È�¼OÉ~¾+*#" Á&�~¸~¶ÆÅ�¸P3 Á>¾·¾½Á ¸ µ�¶½¾½¶½³�Á ¸~±¹0��Á>ÂËµDÂË¼O±�µ�¶·±¤¸QÇ ¸®"Ô¶½¾½¶·Á>¸P�FÅ�¸P3 Á"¾½¾·ÁAÁ>³�µ µ�È5*>³ ÈÄ¹0�~¶ÆÇ ÁV/OÈ�
OÂ"Á��b³�¼O±QÂ"¹»¾ÆÂË¸´¾®Å�¸´¶|È�Á�³3µ�Á�¾½¶½±��>¹O¶·È�Á
Á"µ���Á>È�" Á"µÇ43 ¹»±~¶+" Á"È|Á>±]/�È�¹O±´Ç~³BÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³B¸~±�µ�È5*>³=/�È�¹O±´Ç~³�±~¼%"yÉ~È�Á�Ç43 �>¾I�	" Á"±�µ�³|³�¹»±´³=/�¼O±BA�Á#" Á"±�µ ù¿.¹»ÈBÂË¼�±�µ�È�Á%��¼�± ±~ÁÌ³�¹»¶·µ.�´¹�³4Ê3¸�³�Å�¸P3 � Å�¸~Á>¾c��¼�¶·±�µ|ÂËÁËµ�µ�Á@"��Ëµ�Ã~¼ Ç Á�È�Á>³���Á>Â/µ�Á�¾Æ¹�È5�>¹O¾·¶·µ��ÌÇ~¹O±´³�³�Á>³B¹O±~¶I"Ü¹»¯µ�¶½¼O±�³ ù ©¤¸~È�µ�¼�¸ µ�Å�¸~Á «8´~¾½¾½Á"È>�´¹»È�¾·ÁÔÇ Á�; ¼OÈÄÂËÁ>³M;
¹»±�µ�v6" Á>³�Å�¸P3 ¶½¾�Á>³�µ�¼�É~¾·¶+/6�ÔÇ Á ÂË¼6"���Á"±´³�Á"È
¦>�D¾Æ¹a"Ü¹O¶·±�§ ù½ù·ù: 3 ¹6�~È�*�³D¾½¸~¶�å ø)( ¯²«W¡ºÏ (»ÿ1æ ��¾½ÁW;
¹O¶ µJÇ Á}µ�ÈÄ¹#þ#¹O¶·¾½¾½Á"ÈD±~¼¤Á>¸´Ç �´¹OÈ ±~¼¤Á>¸´ÇT±~Áµ/�¹»ÈÄ¹»±�µ�¶M�´¹�³D¸~±~Áb³�¼6"�" Á}Ç Á>³; ¼OÈÄÂËÁ�³�±�¸´¾·¾½Á6� Â03 Á>³�µ$��¼�¸~È|ÂËÁ"µ�µ�ÁÌÈÄ¹»¶Æ³�¼�±
Å�¸P3 ¶·¾5¹ Ç Á	�~¸~¶Æ³�¹OÉ´¹»±�Ç ¼O±~± ��Â"ÁËµ�µ�Á@"&�"µ�Ã~¼ Ç Á@��¼O¸~È®Â"Á"¾½¾·ÁÌÇ ÁÌ§.µ5É#"y¸^µwF��¹»ÈÄ¹0/OÈÄ¹0�´Ã~Á�³�¸~¶½þ#¹O±�µ ü ù ÿ´ù7� ùýü x\/6�"± �"ÈÄ¹»¾½¶½³��"Á�¹»¸ úDµ�ÁËµ�È�¹6*>Ç È�Á>³ ù
�PùI^�ù fPù � CE��ðG±1ò4ó�
Aó�
«�ºðG¶6�%ôd·
§.µ5É#"y¸^µÔÇ~¹O±´³>å ü ¯?§�Ð¡¸ (Oû)æ ¹O±~¶I" ÁÌ³�Á>¸~¾½Á#" Á"±�µ|Ç Á>³B³�¸~Èm;
¹�ÂËÁ�³�µ�È�¶Æ¹»±�/�¸~¾+�"Á>³T��¼O¸~È|³�¶I" ¸~¾·Á>È�Ç~Á>³Bþ6¯"µ�Á	"ÔÁ>±�µ�³	�"Ü¹»¶Æ³|³�¼�±�¹6���~È�¼ ÂÄÃ~Á�³	3 ÁËú¤µ�ÈÄ¹0��¼O¾½ÁÌ¶·±�µ�¸´¶ µ�¶·þ�Á#" Á"±�µº¹»¸~ú þO¼�¾·¸�" Á�³ ùª²¾�±~ÁÜµ�ÈÄ¹#þ�¹»¶½¾·¾½Á��´¹�³y³�¸~ÈÔ¾·Á�³y³�¼6"�" ÁËµ�³ÔÂË¼%"�"ÔÁ
«8´~¾½¾·Á>È	��"Ü¹»¶Æ³ ³�¸~Èy¾½Á>³��"¾+�#" Á>±�µÄ³ ù ª²¾�ÂÄÃ´Á"ÈÄÂÄÃ~Á Ç ¼�±´ÂÜ¾Æ¹È�¼»µ�¹»µ�¶½¼O± ³�¸´É~¶·Á$��¹»ÈFÂÄÃ´¹�ÂË¸~± Ç Á�³À�"¾+�#" Á"±�µÄ³ ù ª²¾ ;
¹»¸ µ.µ�È�¼�¸~þOÁ>È.¸~±~Á|È�¼»µÄ¹�µ�¶½¼O±&�´¹OÈ¥�"¾+�#" Á"±�µ�Á"µ�ÂÄÃ´¹OÅ�¸~Á=�>¾I�	"ÔÁ>±�µ³�Á"ÈÄ¹�¦Fµ�¼O¸~È�±��\§Ô¸~±~Á®³�Á"¸´¾·Á=; ¼�¶½³ ù ¿�¼O¸~ÈFÂ"Á"¾Æ¹���¶½¾´¸ µ�¶·¾½¶Æ³�Á|¾Æ¹�µ�ÈÄ¹»±´³m; ¼OÈ5"Ü¹�µ�¶·¼�± Å�¸~¶´¹6"&*>±~Á|¸~±��"¾+�#" Á>±�µF¹O¸ È�Á	��¼�³��³�¼O±ª�ËµÄ¹�µ Ç��<; ¼OÈ5"��«w
Â<;=- /O¸~È�Á ü~ù·ø1� x ù ª²¾FÁ"±;Á"ú¤µ�ÈÄ¹»¶·µ�¾½¹JÈ�¼»µÄ¹�µ�¶·¼�±ª�A¾e3 ¹»¶ÆÇ Á Ç Á�³�þ�¹»¾½Á"¸~ÈÄ³�Á"µ Ç Á>³yþOÁ�Â/µ�Á>¸~ÈÄ³�~È�¼6�~È�Á>³�w
Â<;1¹»¾+/O¼�È�¶·µ�Ã�" Á ø x¬�¤Å�¸~Áº¾e3 ¼�±���Á"¸ µBþO¼�¶·ÈT/6�"¼%"��Ëµ�È�¶ÆÅ�¸´Á#" Á"±�µ�Â"¼6"�" Á�Ç Á�³FÈ�Á#�s*"È�Á>³�Å�¸´¶�È5�#��¹»È�µ�¶Æ³�³�Á"±�µ¹»¸]" ¶·Á>¸ ú
¾Æ¹&"Ü¹�µ�¶+*"È�Á ù

y

z

x

J=RU

élément au repos

élément déformé

Ï=ÐFÑTÒ ü ù½ø)��Ó
J
µ�ÈÄ¹»±´³m; ¼OÈ5" ÁÌ¾�3 �"¾+�#" Á"±�µ®¹»¸AÈ�Á#��¼�³@w þ�Á"È�µyx�Á>±
¾e3 �>¾I�	" Á"±�µºÇ8�<; ¼�È�"��
w È�¼O¸ /OÁ)x

p �">�ò�ñ�ö ðG±���
	í Í�¹O¾½Â"¸~¾4Ç Á�¾Æ¹ È�¼»µÄ¹�µ�¶·¼�±a�´¹OÈ®Ç8�>Â"¼6"���¼�³�¶·µ�¶½¼O±]��¼O¾Æ¹»¶½È�Á
¹OºD»�¼B½D¾�º

J ¿OÀÂÁ~À�Ã º~ÄOÅ�¾PÆ�¾ÈÇ ÀDÉ�É�À<Ê ¾°ÆB¾ ¿LË�ÌB¿OÌ!Á ¾�Í Ã\À ¼ÎºD¾�ÇD» É ½D¾<º ÉP¿1Ë�ÌB¿OÌ!Á ¾	Í Ã Æ ÌOÏ »<º Á~ÌÐ Ì Å�» Á ÇD» É ¾<º J
¾�ÍÑ¼�Í^¾ÈºD» ÃBÀ<Ã Ä	»�Í R

¾ Ã ¼�Í^¾ÈÆ Ì<Ï »<º Á~À�Ã Ä	»�Í°Ç�¼BºD¾ U Ò J = RUÓ<ÍÑ¼ Ã Ä ¿ Ä É	À Í ÃÑ¿OÀ Æ Ì Å	» Á Ç^» É Ä Ã Ä	»�ÍQÇ^» ¿<À Ä!ºD¾ ÒÔdÕ©Ö ÀB¿ Å!¼ ¿ Æ�¾ U2 = JT J × Å À º JT J = UT RT RU = UT U ØÙKÕ©Ö ÀB¿ Å!¼ ¿ Æ�¾ É ½ ÀB¿ ¾�¼�º É ÇBºD»�Ç�ºD¾ É λ1 Ú λ2
¾ Ã ÆB¾ É ½D¾^Å Ã ¾�¼Bº É Ç�ºD»�ÇBºD¾ É v1 Ú v2

Æ�¾
U2ÛKÕ©Ö ÀB¿ Å!¼ ¿ Æ�¾ U =

√
λ1v1v

T
1 +

√
λ2v2v

T
2ÜMÕ©Ö ÀB¿ Å!¼ ¿ Æ�¾ R = JU−1

Í�ÁËµ�µ�Á�¹0� �~È�¼ ÂÄÃ~Á@�~¾½¸´³="Ü¹�µ�Ã��#"Ü¹»µ�¶ÆÅ�¸´Á�/�¹»ÈÄ¹»±�µ�¶ µ|Ç Á�µ�È�¼O¸~þ�Á"ÈB¾½Á>³$�~¾½¸´³=��ÁËµ�¶ µÄ³ºÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³=��¼�³�³�¶½É~¾½Á>³	�ÁËµ�¹»¶½±´³�¶�Ç43 ¯"µ�È�Á®¹»¸
�~¾½¸´³À�´È�¼ ÂÄÃ~Á®Ç Áº¾½¹Ì¾½¼O¶´Ç~ÁºÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ�È��>Á"¾½¾·Á|Á"µ�Ç Á$/�¹»ÈÄ¹»±�µ�¶½È.¾½¹@" Á>¶·¾½¾·Á>¸~È�Á$�~È���ÂË¶Æ³�¶½¼O± ù§�±
µ�Á>È�" Á�Ç Á��~È5�>Â"¶½³�¶·¼�± ¾Æ¹&"&�"µ�Ã~¼ Ç Á�³�Á#" É~¾·ÁÌ¶ÆÇ8�>¹O¾·Á ù ©¤¼O±]�~È�¼OÉ~¾+*#" Á�þ¤¶·Á>±�µ®Ç Á�¾e3 Á�_DÂ"¹�ÂË¶·µ�� ù Í�¹OÈ="&¯	" Á³�¶�¾½Á�Â"¹O¾½Â"¸~¾�È�Á�³3µ�Á�¾½¶·± �>¹»¶½È�Á6��¾½¹ È�Á�ÂÄÃ~Á"ÈÄÂÄÃ~Á�Ç Á>³�þ�¹»¾½Á"¸~ÈÄ³�ÁËµ|Ç Á>³Bþ�Á>ÂËµ�Á"¸´È�³T�~È�¼6�~È�Á>³�Á>³�µ�¾½¼O± /O¸~Á ù §F¾·¾½ÁÌÁ>³�µ�Ê3¸�³3µ�Á¹O³�³�Á#É�ÈÄ¹0�~¶ÆÇ ÁF³�¸~È�Ç Á>³��"¾+�#" Á"±�µÄ³1³�¸~È�;
¹OÂË¶ÆÅ�¸~Á>³Á��¼�¸~ÈÁ¯"µ�È�ÁF¸ µ�¶·¾½¶Æ³m�>Á�Ç~¹O±´³+¾½ÁFÂ>¹OÇ È�ÁFÇ43 ¹0���´¾·¶ÆÂ"¹»µ�¶½¼O±´³1¶·±�µ�Á"ÈÄ¹OÂ/µ�¶·þ�Á>³ ù
ç=èkjMè"£ xRñ®�BT~�Áó�îÀí ìÁõmêmøUT�î���ê°ø\ë�ó¤îLRIR�õ�êm÷cî1i�õ��Áó�îÀñ$ömGIP �
¿.¹»È�Ç Á>³�³�¸�³�Â"Á>³�"&�"µ�Ã~¼ Ç Á�³º¶Æ³�³�¸~Á�³�Ç~Áy¾Æ¹ «J§ 2 �4��Á"¸~þ�Á"±�µ�þ�Á"±~¶½È�³�Áo/�È��#; Á"È�Ç Á>³>"��Ëµ�Ã~¼ Ç Á>³���Á>È�" Á"µ�µ�¹O±�µ¸~±V/OÈ�¼�³./�¹»¶½±
Á>± µ�Á#"��´³®Ç Á�Â>¹»¾ÆÂË¸~¾5¼�¸
Á>±V�~È���ÂË¶Æ³�¶½¼O± ù
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�PùI^�ù+�Áù
í C ò+ó�����
���±~¨4�1ñ�ö
ó�
��
Í�Á>³M" ¼¤Ç�*"¾½Á>³>"��"¾Æ¹»±�/�Á"±�µM�~¾½¸´³�¶·Á>¸~È�³�¹0� �~È�¼ ÂÄÃ~Á�³#��¹�-´±	Ç Á Ç8��ÂË¼%"&��¼�³�Á"È�¹»¸W" ¶½Á"¸ úJ¾½Á��´È�¼�É~¾I*	" Á6�´Á"µÌÇ~Á³�¶I" ¸~¾·Á>È�ÂÄÃ�¹OÅ�¸~Á��´¹OÈ�µ�¶·ÁÔ¹#þOÁ�Â�¾Æ¹�"��Ëµ�Ã~¼ Ç ÁÔÅ�¸~¶�¾½¸~¶�Á>³�µ�¾½Áo�~¾½¸´³Ì¹OÇ´¹0� µ5�"Á ù ª²¾�±P3 Á>³�µ��´¹�³A; ¼�È�Â#�#" Á"±�µ��>þ¤¶½Ç Á>±�µÇ Á@;
¹O¶·È�ÁÌ¶·±�µ�Á>È�¹6/O¶½È�¾½Á>³ºÇ ¶d©c�"È�Á"±�µ�Á>³|ÂË¼�¸´ÂÄÃ~Á�³BÁ"±�µ�È�ÁÌÁ"¾½¾·Á�³ ù¬1þOÁ>ÂÜÂ"ÁËµ�µ�ÁÜ¶ÆÇ8�"Á%��Í�¼»µ�¶·±Rå ' ¯�Í|Î�Ð (�ü#æ ¹V"Ô¶Æ³�Á>±��~¾Æ¹OÂËÁÜÁ>±�" ¼¤Ç�*"¾½ÁÜÃ�À¤É~È�¶ÆÇ ÁWw - /�¸~È�Á ü ù½ø	! x�¸~µ�¶½¾·¶Æ³�¹O±�µo�¾Æ¹&; ¼O¶Æ³B¸~±," ¼¤Ç�*"¾½Á��~È���Â"¹O¾½Â"¸~¾I�
w��´¹»ÈÄ¹0/�È�¹6�~Ã~Á ü~ù ÿ�ù ü x�ÁËµ®¸~±," ¼ Ç8*"¾½Á�"Ü¹O³�³�Á�³3¯?µ�Á>±´³�Á"¸~ÈÄ³�w��´¹»ÈÄ¹0/�È�¹6�~Ã~Á ü ù ÿ´ù ÿ x ùÏ¥3 ¹#þ�¹»±�µ�¹6/OÁ�Ç ¸ "Ô¼ Ç8*>¾·Áµ�~È5�>Â"¹O¾½Â"¸~¾+��Á>³�µ�³�¹;ÈÄ¹0�~¶ÆÇ ¶·µ��6�BÇ ¼�±´ÂJ¼O± ��Á>¸ µ�¾e3 ¸ µ�¶½¾·¶Æ³�Á"ÈA³�¸~È
¸~± /�È�¹O±´Ç®" ¼¤Ç�*"¾½ÁÇ8�"µ�¹»¶½¾½¾I� ù ¿.¹»È�ÂË¼O±�µ�È�ÁJ¶½¾º±~Á«��Á>È�" ÁËµ]�´¹O³
;
¹OÂË¶½¾½Á#" Á"±�µ
¾½Á>³a/OÈ�¼�³�³�Á�³&" ¹O±~¶+�~¸~¾Æ¹�µ�¶½¼O±�³#��±~¶º¾½Á>³
ÂÄÃ´¹»±�/�Á#" Á"±�µÄ³µ�¼%��¼�¾·¼%/O¶ÆÅ�¸~Á>³BÅ�¸~¶+³�Á"È�¼O±�µ|¹»¾½¼OÈÄ³T/%�"È5�>³�Á"±JÂ"Á"È�µ�¹»¶½±´³BÁ>±´Ç È�¼O¶·µ�³.�´¹»È|¾½Á�" ¼ Ç8*"¾½Á@" ¹�³�³�Á>³�¯?µ�Á"±�³�Á>¸~È�³ ù

Ï=ÐFÑ\Ò ü~ù·ø)!�Ó ¬M���~È�¼¤ÂÄÃ´Á�Ã¤À¤É~È�¶½Ç~Á
�PùI^�ù+�Áù � C ô�� ð�öÞÝ�ñ1����òH��ô+ð�ö
ò�ï��
Ï¥3 ¹0� �~È�¼ ÂÄÃ~Á>"y¸´¾ µ�¶ ¯9È���³�¼�¾·¸~µ�¶½¼O±´³�ÈÄ¹0����Á"¾½¾·Á�¾½Á@" ¼¤Ç�*"¾½Á"Ã¤À¤É~È�¶ÆÇ Á�Ç~¹O±´³B¾e3 ¶ÆÇ8�"Á�Ç~Á�³�¶+"y¸~¾½Á"È|¸´±]�´È�¼�É~¾I*	" Á�Á>±�~¾½¸´³�¶·Á>¸~È�³�³�¼O¸´³��~È�¼OÉ~¾+*#" Á>³�¹OÇ~¹6� µ���³ ù «�¹O¶½³�¶½Â"¶���¾Æ¹ Ç ¶�_DÂË¸~¾·µ�� Á�³3µÌÅ�¸´Á ¾½Á>³�ÂË¼�¸´ÂÄÃ~Á>³�Ç ¼�¶·þ�Á"±�µM¯Ëµ�È�Á&/6�>±��"È5�"Á�³¹»¸~µ�¼6"Ü¹»µ�¶ÆÅ�¸´Á#" Á"±�µF³�¸~¶·þ�¹O±�µ�¾�3 �ËµÄ¹�µ�Ç ¸
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µ�Á>È�" Á�Ç Á@�~È5�>Â"¶½³�¶·¼�±P�¤³�¹O±´³.�~È���Â"¹O¾½Â"¸~¾·Á>ÈB¾·Á�³T"Ü¹»µ�È�¶½Â"Á>³BÇ ÁÌÈ�¶+/O¶ÆÇ ¶·µ��%��µ�¼O¸�Ê3¼�¸~ÈÄ³�Ç´¹»±´³B¸~±A³�¼O¸´Â"¶Ç Á��~È���ÂË¶Æ³�¶½¼O± ù ¿�¼O¸~ÈT/�¹0/�±~Á"ÈFÁ"±Üþ¤¶ µ�Á>³�³�Á�Ç Á�Â>¹»¾ÆÂË¸~¾e�O¾½Á>³�±~¼O¸´þOÁ>¹O¸ µ���³.þO¼�±�µ�³�Á�³�¶·µ�¸~Á>È�¹O¸Ü±~¶·þ�Á>¹O¸DÇ ¸ Â"¹O¾½Â"¸~¾�Ç~Á¾Æ¹DÈ�¼»µ�¹»µ�¶½¼O±JÁ"µ�¹»¸}±~¶·þ�Á>¹O¸}Ç ¸}Â>¹»¾ÆÂË¸~¾�Ç Áy¾Æ¹�"Ü¹»µ�È�¶½Â"Á Ç Á È�¶+/O¶ÆÇ ¶·µ�� Ç~Áy¾e3 �>¾I�	"ÔÁ>±�µ�¹»¸	ÂË¼O¸´È�³�Ç Á ¾e3 ¹»±~¶+"Ü¹�µ�¶½¼O± ùÏ+¹
; ¼OÈ5"y¸~¾Æ¹�µ�¶·¼�±J¸ µ�¶½¾·¶Æ³��"Áo��¼O¸´È�Â"¹O¾½Â"¸~¾½Á"Èº¾½Á>³A; ¼OÈÄÂËÁ�³®Á"±W; ¼O±´ÂËµ�¶½¼O±�Ç Á�³�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³ºÁ>³�µ�ÂËÁ>¾·¾½ÁyÇ Á ¾½¹ «J§ 2¹#þOÁ�Â®µ�Á"±´³�Á"¸´È�³B¾½¶·± �>¹»¶½È�Á>³|Ç8�>þOÁ"¾½¼6� �H�>Á��´¹OÈ�¹6/OÈÄ¹0�~Ã´Á ü ù ÿ´ù½øOùýü ù: ¹»±´³|¾Æ¹ÜÇ Á>¸ ú ¶I*	"ÔÁ���¹»È�µ�¶½Á�Ç Á�" ¼O±J³3µÄ¹0/�Á6�#Ê<3 ¹»¶4µ�Á>³�µ���¾Æ¹��~È5�>ÂË¶Æ³�¶·¼�±�Ç Á ÂËÁ�" ¼ Ç8*"¾½Á6���´¸~¶½³.Ê3Á�¾�3 ¹»¶+¶·±�µ��	/OÈ5�Ç~¹O±´³B¸~±~Á�¹6���~¾½¶½Â>¹�µ�¶½¼O±AÇ Á�³�¶I" ¸~¾½¹»µ�¶½¼O±AÂÄÃ~¶½È�¸�/�¶½Â>¹»¾½Á&w µ�ÈÄ¹#þ�¹»¶½¾4ÂÄÃ~Á#É�­Ì«	Í�¬ºÎ@x ù
Ô��	� ���������.�����
h=èmé¥èmé xRë�êmísxTw
«J¼�±Ìµ�ÈÄ¹#þ#¹O¶·¾�³#3 ¶·±�µ5�#/OÈ�Á�Ç~¹O±´³5¾Æ¹|É~¶½É~¾·¶½¼»µ�Ã�*>Å�¸~Á�¬®±~¶+"Ü¬ºÏµw
¬®±´¶I"Ü¹�µ�¶·¼�±�¬®¾+/O¼�È�¶·µ�Ã�"Ü³1Ï4¶½É~È�¹OÈ�À�x�Ç8�>þOÁ>¾·¼%���H�>Á�´¹OÈ 2 ÈÄ¹»± �"¼O¶Æ³ 2 ¹»¸~È�Á ùÍ�ÁËµ�µ�Á	¾·¶½É~ÈÄ¹»¶½È�¶½Á�¹���¼O¸~È
É~¸ µAÇ Á«" ¸ µ�¸´¹O¾·¶Æ³�Á"È ¾½Á>³ µ�ÈÄ¹#þ�¹»¸ úh" Á"±���³
Ç~¹O±´³D¾e3 �>Å�¸~¶+��Á	§�Ñ�¬�©¤ª�Î�¨vÁËµ�Ç~Á¾½Á>³�È�Á>±´Ç È�Áy¹»¶Æ³m�	" Á"±�µºÈ5�"¸ µ�¶·¾½¶½³�¹»É´¾·Á�³A�´¹OÈ�Ç ¶I©s�>È�Á>±�µ�Á>³���Á"ÈÄ³�¼�±~±~Á>³�Ç~¹»±�³ºÇ ¶I©s�>È�Á>±�µ�³�ÂË¼O±�µ�ÁËú¤µ�Á�³ ù §�¾·¾½Á ÂË¼O±�³�¶Æ³3µ�ÁÁ"±;¸´±~Á ÂË¼�¾·¾½Á>ÂËµ�¶½¼O±�Ç Á
ÂË¾Æ¹O³�³�Á�³�ÁËµ ¹O¾I/�¼OÈ�¶ µ�Ã�" Á>³�Ç8��Ç ¶+�>³o��¾½¹J³�¶I" ¸~¾Æ¹�µ�¶½¼O±�Ç~À�±�¹0" ¶½Å�¸~Á ÁËµy¾Æ¹Aþ¤¶½³�¸´¹»¾½¶Æ³�¹»µ�¶½¼O±/OÈÄ¹0�´Ã~¶½Å�¸~ÁDÇ~Á��~Ã��>±~¼6"�*"±´Á>³yÂ"¼6"��~¾½ÁËú Á>³ ù §F¾·¾½ÁDÈÄ¹O³�³�Á	"yÉ~¾½ÁDÇ Á>³ ÂË¾Æ¹O³�³�Á�³�Ç ÁDÉ�¹O³�Á«w þ�Á>Â/µ�Á"¸~ÈÄ³	�+Å�¸´¹�µ�Á"È�±~¶·¼�±´³	�ù½ù·ù x¬� Ç Á�³T"��"µ�Ã~¼ Ç Á�³�Ç43 ¶½±�µ5�#/�È�¹»µ�¶½¼O±Ü±¤¸�"��"È�¶½Å�¸~Á&w §�¸´¾·Á>È	� Ò|¸~± /OÁË¯4¯Ì¸ µ�µ�¹���§�¸~¾½Á"ÈB¶+"��~¾·¶ÆÂË¶·µ�Á ù·ù½ù x¬�~Ç Á�³\"��Ëµ�Ã~¼ Ç Á>³ÁËú8�s�"È�¶I" Á>±�µÄ¹»¾½Á>³@��¼O¸~Èy¾�3 ¹»±~¶+"Ü¹�µ�¶·¼�±µ�´¹OÈ�" ¼ Ç8*"¾½Á>³@�~Ã¤À ³�¶½Å�¸~Á�³#�+Ç~Á>³Ì¼O¸~µ�¶½¾½³�Ç~¶·þ�Á"ÈÄ³ ù½ù·ù §�ÂËÈ�¶ µ�ÁDÁ"±�Í�æçæ��5Á"¾½¾½Á;
¹»¶·µ.¾½¹OÈ�/�Á#" Á"±�µ.¹0����Á"¾ ¹O¸ ú�µ3À���Á�³�/6�"± �"È�¶½Å�¸~Á�³.w µ�Á	"&�´¾½¹»µ�Á)x1Á"µ\�º¾Æ¹M�´È�¼%/OÈÄ¹0"�"Ü¹�µ�¶½¼O±y¼OÉ Ê3Á"µ ù §�¾½¾·Á®³�Á�þ�Á"¸ µ.¸~±´ÁÉ�¼O¶·µ�Á��Ô¼O¸ µ�¶·¾Æ³B¼6ÂJÂÄÃ´¹�ÂË¸~±]�~¸~¶Æ³�Á�¾½Á>³A�"¾+�#" Á"±�µ�³B± �>ÂËÁ�³�³�¹»¶½È�Á>³.�~¾½¸ µ�¼OµºÅ�¸Á3 ¸~±´Á>�´¾½¹»µ�ÁË¯e; ¼OÈ5" Á@"Ô¼�±~¼O¾½¶·µ�Ã~¶ÆÅ�¸~Á ùª²¾O¹=;
¹O¾·¾½¸�¹�Ê3¼�¸ µ�Á>È+Ç Á>³Á"��Ëµ�Ã´¼¤Ç~Á>³c;
¹�ÂË¶½¾·Á	"ÔÁ>±�µÁ"Ü¹»±~¶+�~¸~¾Æ¹»É~¾½Á>³P�´¹»È+Å�¸~Á>¾½Å�¸P3 ¸~±�Å�¸~¶�¸ µ�¶½¾·¶Æ³�Á�¾½¹BÉ´¶·É~¾½¶½¼»µ�Ã *>Å�¸~Á6�µ�¼�¸ µ®Á"±AÁ�ÂËÈ�¶·þ�¹»±�µ|Ç ¸JÂË¼ Ç Á�È5�"¸ µ�¶·¾½¶Æ³�¹OÉ~¾·Á�ÁËµ®Á>±A¾½¹O¶½³�³�¹O±�µ�¾Æ¹���¼�³�³�¶½É~¶·¾½¶·µ���Ç Á�¾e3 �"µ�Á"±�Ç È�Á ù«J¼�± µ�È�¹#þ�¹»¶½¾5³�Á�³�¶·µ�¸~Á�Ç ¼�±´Â�¹»¸�±~¶½þOÁ>¹O¸�Ç~¸AÂ>¹»¾ÆÂË¸~¾4Ç~Á>³|ÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³�Á"±]; ¼�±´Â/µ�¶·¼�±´³|Ç Á>³|Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³ ù

h=èmé¥è�ç M�ë���ìd�UT�î���ê°ø\ë£ò��AëMî¨íáê�ð.ñº�
Ï¥3 ¶½±�µ5�#/�È�¹»µ�¶½¼O± Ç ¸ µ�Á	"&��³F±~ÁA;
¹»¶Æ³�¹O¶ µ¥�´¹�³�Á"ú��´¾·¶ÆÂË¶·µ�Á	"ÔÁ>±�µ\�´¹»È�µ�¶½ÁºÇ ÁM"Ô¼�± µ�ÈÄ¹#þ�¹»¶½¾��0"Ü¹O¶½³�³�¼O±Ü¶+"���¼�È�µÄ¹»±´Â"ÁÁ>³�µ®Â"¹6�~¶ µÄ¹»¾½Á6�~Â>¹»ÈBÁ"¾½¾·ÁÌ¶½±�µ�Á"È�þ¤¶·Á>±�µ|¹O¸´³�³�¶5É~¶½Á"±A¹»¸�±~¶½þOÁ�¹»¸AÇ ÁÌ¾½¹Ôþ¤¶ µ�Á>³�³�ÁÌÅ�¸~Á�Ç ÁÌ¾Æ¹��´È���ÂË¶Æ³�¶½¼O±�Ç ¸V"Ô¼ Ç8*>¾·ÁÌÁ"µ¹»¸�³�³�¶�¹O¸�±~¶½þOÁ�¹»¸}Ç Á ³�¹ ³�µ�¹»É´¶·¾½¶ µ5� ù Ï+¹�"��Ëµ�Ã~¼ Ç ÁÔÅ�¸~¶�¹��Ëµ��ÔÈ�ÁËµ�Á>±¤¸~Á Â"¼6"�" ÁyÈ5�<;F�"È�Á"±�ÂËÁo��¼O¸´È>" ¼�±Jµ�ÈÄ¹#þ�¹»¶½¾Á>³�µ Â"Á"¾½¾·Á�Ç43 §F¸~¾·Á>È ¶+"��~¾½¶½Â"¶ µ�Á ù¨: 3 ¹0�~È5*>³�¾½¹J¾½¶·µ�µ��>È�¹»µ�¸~È�Á6�1¶·¾B³�Á#"yÉ´¾·Á Å�¸~Á
¾·Á�³�¶½±�µ��#/�È�¹»µ�¶½¼O±´³ÌÉ�¹O³��"Á>³ ³�¸´È ÂËÁ"µ�µ�Á"��Ëµ�Ã~¼ Ç Á�¼0©�È�Á>±�µB¸´±�É�¼O±JÂ"¼6"��~È�¼6" ¶½³B³�µ�¹OÉ~¶·¾½¶·µ���nyþ¤¶ µ�Á>³�³�Áono�~È5�>ÂË¶Æ³�¶·¼�± ù
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Ì ´1ºc¶Îûyÿ4¶Îû U«¹a¿¬´�ºc¶�¼5·eÍ8¾ ¶�·F´1º

¨®¼Oµ�È�ÁÌ¶·±�µ��	/OÈÄ¹�µ�¶·¼�±
Ç À¤±´¹6"Ô¶ÆÅ�¸~Á�³�Á>; ¼�È�" ¸~¾·Á�Ç Á�¾Æ¹&"Ü¹»±~¶+*"È�Á�³�¸~¶½þ�¹»±�µ�Á�z
{

x(t + h) = x(t) + hẋ(t + h) = x(t) + ∆x

ẋ(t + h) = ẋ(t) + hẍ(t + h) = ẋ(t) + ∆ẋ¼6Â
x
Á>³�µ�¾Æ¹���¼�³�¶·µ�¶½¼O±}Ç43 ¸~±~Á��´¹»È�µ�¶ÆÂË¸´¾·Á%�

ẋ
Á>³�µ�³�¹Üþ¤¶ µ�Á>³�³�Á%�

ẍ
Á>³�µ�³�¼O±�¹�Â"Â<�>¾I�>È�¹»µ�¶½¼O±JÁ"µ

h
Á>³�µ�¾½Áo�´¹�³�Ç Áµ�Á	"��´³ ù

Î�± ÂÄÃ~Á>È�ÂÄÃ´Á��ÔÇ ÁËµ�Á"È5"Ô¶½±~Á>È
∆ẋ

� Á"± ¸~µ�¶½¾·¶Æ³�¹O±�µ�¾½Á>³T; ¼OÈÄÂËÁ�³
f(x + ∆x, ẋ + ∆ẋ)

¹O¸a�´¹�³�Ç~Á�µ�Á#"��´³
t + h

z
∆ẋ = hẍ(t + ∆t) = h

1

m
f(x + ∆x, ẋ + ∆ẋ) = h

1

m
(f(x, ẋ) +

∂f(x, ẋ)

∂x
h(ẋ + ∆ẋ) +

∂f(x, ẋ)

∂ẋ
∆ẋ)

§�±];
¹OÂËµ�¼�È�¶Æ³�¹O±�µ.�´¹OÈ
∆ẋ

�~¼�±
¼�É µ�¶½Á"±�µ�z
(I − 1

m
h

∂f

∂ẋ
− 1

m
h2 ∂f

∂x
)∆ẋ =

1

m
h(f(x) +

∂f

∂x
hẋ)

§�± ø	: � ¼O±J¹
∆ẋ =

1
m

h(f(x) + ∂f
∂x

hẋ)

(I − 1
m

h∂f
∂ẋ

− 1
m

h2 ∂f
∂x

)§�±]�~¾½¸´³�¶½Á"¸´È�³|Ç ¶+" Á"±´³�¶½¼O±´³	�¤¶·¾c;
¹O¸ µ|È���³�¼�¸´Ç È�Áº¸~±J³�À¤³�µ�*	" Á ù ª²¾5±P3 Á>³�µ=��¹O³�±��>Â"Á>³�³�¹O¶·È�Á�ÇP3 ¶½±¤þOÁ"ÈÄ³�Á"È�¾½¹&"Ü¹�µ�È�¶ÆÂËÁ%�Â"¹OÈ|¼O±�±P3 ¹���¹O³BÉ�Á>³�¼O¶½±AÇ~Á�È5�>³�¼O¸�Ç È�Á�µ�¼�¸´³B¾½Á>³®³�À�µ�*#" Á�³#�8"Ü¹»¶Æ³|³�Á"¸~¾½Á#" Á"±�µ®¸~±J³�Á"¸~¾ ù
¡®±´Á
³�¶I"��~¾½¶d-�Â"¹�µ�¶·¼�±bµ�È5*>³ÔÂË¼�¸~È�¹O±�µ�Á
��Á"È5"ÔÁ"µÔÇ Á
È���Ç ¸~¶½È�Á
ÂË¼O±�³�¶ÆÇ8�"ÈÄ¹»É´¾·Á	"ÔÁ>±�µy¾·Á�³ Â>¹»¾ÆÂË¸~¾Æ³ ù ª²¾B³#3 ¹0/�¶ µ Ç~ÁÂË¼�±´³�¶½Ç8�>È�Á>È ∂f

∂ẋ
= α∂f

∂x

�
α
Â"¼OÈ�È�Á�³m��¼O±�Ç~¹»±�µ|¹»¸V;
¹OÂËµ�Á>¸~ÈºÇ43 ¹0" ¼OÈ�µ�¶Æ³�³�Á	"ÔÁ>±�µ ù ¬º±´¹»¾½À�µ�¶ÆÅ�¸´Á#" Á"±�µ	��ÂËÁ>¾½¹ È�Á"þ¤¶½Á"±�µ��;
¹»¶½È�ÁÌþ�¹»È�¶½Á"È�w µ�È�*�³=;
¹»¶½É~¾½Á#" Á"±�µyx�¾½Á��´¹�³|Ç Á�µ�Á#"��´³ ùÎ�±A¹Ô¹O¾·¼�È�³>z

(I − 1

m
hk

∂f

∂x
− 1

m
h2 ∂f

∂x
)∆ẋ =

1

m
h(f(x) +

∂f

∂x
hẋ)

(I − 1

m
h(h + k)

∂f

∂x
)∆ẋ =

1

m
h(f(x) +

∂f

∂x
hẋ)

Í�Á�³�À ³3µ5*#" ÁºÁ�³3µ�È���³�¼�¾·þ�¹OÉ~¾·ÁM�´¹»È�¾½¹o"&�"µ�Ã~¼ Ç ÁÌÇ Á�³\/�È�¹�Ç ¶·Á>±�µ�³FÂ"¼O±�Ê3¸ /O¸���³#��ÁËµ=��¼�¸~È�Â"Á"¾Æ¹���¶·¾s;
¹»¸~µT��¼O¸~þ�¼O¶½ÈÂ"¹O¾½Â"¸~¾½Á"Èº¾Æ¹Üþ�¹»È�¶Æ¹�µ�¶½¼O±�Ç~Á�¾½¹�; ¼OÈÄÂËÁo���´¹»È�µ�¶½È�Ç Á ¾½¹Dþ#¹OÈ�¶Æ¹�µ�¶·¼�±�Ç Áy¾Æ¹
��¼�³�¶ µ�¶·¼�± ù ¡®±~Á��´¹»È�µ�¶½ÁyÇ Á�"Ô¼�±Aµ�ÈÄ¹#þ�¹»¶½¾¹ÔÇ ¼O±´Â�ÂË¼�±´³�¶½³�µ��>�y¶+"��~¾I�	" Á"±�µ�Á>È ∂f
∂x

∆ẋ
ù Ñ.¸�Å�¸~ÁÌ¾�3 ¼O±�Ç8�"þ�Á"¾½¼6����Áº¸~±´Á>"��"µ�Ã~¼ Ç ÁÌÁËú8�~¾½¶ÆÂË¶·µ�Á6� Â"ÁËµ�µ�Á@" ¹»µ�È�¶½Â"Á±P3 Á>³�µ$�´¹O³./O¾½¼OÉ�¹»¾½Á#" Á"±�µ|ÂË¼O±�³3µ�È�¸~¶·µ�Á%��" ¹O¶½³.��¼O¸~È|ÂÄÃ´¹�Å�¸~Á�±´¼�Á>¸´Ç4� ¼�±�³�¼6"�" Á�¾½Á>³BÂ"¼O±�µ�È�¶·É´¸ µ�¶½¼O±´³BÇ Á�ÂÄÃ´¹�Å�¸~Á�"¾+�#" Á>±�µ ù

h=èmé¥è"h P,õmìÁí��Áë��8ó
¿�¼O¸~È®Â"¼6"�" Á"±´Â"Á"È)�¤±~¼O¸´³|¹O¾·¾½¼O±�³B¸ µ�¶½¾·¶Æ³�Á"È®Ç Á�³$�"¾+�#" Á"±�µÄ³�µ�ÁËµ�È�¹6�>Ç È�¶ÆÅ�¸´Á>³|ÂË¼%"�"ÔÁ�Â63 Á�³3µ|¾½Á�Â"¹O³|Ç´¹»±´³|Å�¸´¹»¯³�¶I" Á"±�µ�µ�¼�¸ µ�Á�³�¾½Á>³>"��Ëµ�Ã~¼ Ç Á>³@�"µ�¸´Ç~¶I�>Á>³>�~È5�>Â<��Ç Á#"�" Á"±�µ ù Ï+Áyµ5�Ëµ�È�¹6*>Ç È�Áo�"µ�¹»±�µÌ¾�3 �"¾+�#" Á>±�µ�Ç Á È5�<;F�"È�Á"±�ÂËÁ Ç~Á¾Æ¹ û%: �´¶·¾4Á�³3µ$�~¾½¸´³=;
¹�ÂË¶½¾·Á��Ô¸ µ�¶·¾½¶½³�Á"È�Â"¹»ÈB¶½¾4È�Á#�~È5�>³�Á"±�µ�ÁÌÇ ¶½È�Á�Â/µ�Á#" Á"±�µ®¸~±~Á�¶½±�µ�Á>È���¼O¾Æ¹�µ�¶·¼�±Dµ�È�¶½¾·¶½±��>¹O¶·È�Á ù: ¹»±´³Ü¸´± �~È�Á#" ¶·Á>ÈÜµ�Á	"��´³#��±~¼�¸´³Ü¸ µ�¶·¾½¶½³�Á"È�¼O±�³ Ç Á�³Üµ�Á"µ�ÈÄ¹0*�Ç È�Á�³ ¾·¶½±���¹»¶½È�Á�³�� ÿ ±~¼¤Á>¸´Ç~³ ùT: ¹»±´³
ÂËÁ}Â>¹O³	�

ϕ(V ) = 1
36V 2

�5Á>±	Á#©�Á"µ	�P��¼O¸´È�¸´±µ"Ü¹�µ5�"È�¶½¹O¸	Ç ¼�±~±��>Á6�4�~¾½¸´³Ì¾e3 �>¾I�	"ÔÁ>±�µ�Á�³3µ���ÁËµ�¶·µy¹»¸%È�Á#��¼�³	�H�~¾½¸´³�Â"Á"¾½¸~¶ ¯²ÂË¶Á>³�µ®È�¶I/�¶½Ç Á ùÏ4Á�³@; ¼O±�Â/µ�¶½¼O±�³yÇ43 ¶·±�µ�Á"È5��¼�¾½¹»µ�¶½¼O±;Ç Á Â"ÁËµ��>¾I�	" Á"±�µ ³�¼O±�µyÇ ¼O±´±��"Á�³�Á"±�¹O±~±~Á"ú¤ÁD¬ ù ü ÁËµ ¾½Á Â>¹»¾ÆÂË¸~¾FÇ~Á
³�¼O±þO¼�¾·¸ "ÔÁÌÁ>±A¹O±~±~Á"ú¤Á�v ù½øOù
h=èmé¥èkj �Vî1T ��êm÷4ñ�õ3�Áó
ª²¾|¹¤�Ëµ��A¶½±�µ��"È�Á>³�³�¹»±�µÔÇ43 ¹�Ê3¼�¸ µ�Á>È ¸~± ��¹»ÈÄ¹0"�*Ëµ�È�Á���¼�¸~ÈÜÇ8�<-´±´¶·ÈÜ¸~±h"Ü¹�µ5�"È�¶½¹O¸ z�¾½¹bÇ Á>±´³�¶ µ5�6�.ÁËú8�~È�¶+"&�>Á³�¹»±´³Ì¸~±´¶ µ5� ù §�¾½¾½Á&��Á"È5" ÁËµyÇ Á
�´¾½¹�ÂËÁ"ÈÌ¶½±�µ�¸~¶·µ�¶½þOÁ	"ÔÁ>±�µ�¾·Á�³@" ¹�³�³�Á>³>��¼O±´ÂËµ�¸~Á>¾·¾½Á>³Ì¾½¶+�"Á>³��AÂÄÃ´¹�Å�¸~Á ±~¼¤Á"¸´Ç ù §F±¹OÂ>ÂËÁ	� µ�¹O±�µ

d = m
V

�¤¶½¾�³�¸B_ µ|Ç Á�Â>¹»¾ÆÂË¸~¾½Á"È�¾·Á�þO¼�¾·¸�" Á
V
Ç ÁÌÂÄÃ´¹OÅ�¸~ÁM�"¾+�#" Á"±�µ	���~¸´¶½³B³�¹�"Ü¹O³�³�Á

m = dV
Á"µBÇ Á¾Æ¹ È5�#��¹»È�µ�¶½È�¸´±~¶d; ¼�È�"��	"ÔÁ>±�µº³�¸~È®ÂÄÃ�¹OÅ�¸~Á�±~¼¤Á"¸´Ç

mnoeud =
∑

∀ elements
melement

nb noeuds

ù
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h=èmé¥è"� V¤î¨õ�÷4ñMõ&ò®�¢õ°îèT�ø.�8î��8êmø\ë
¨®¼�¸´³Ì¹#þO¼�±´³ºÂÄÃ~¼�¶½³�¶.Ç ÁÔµ�ÈÄ¹»¶·µ�Á>È�Ç Á�³@�"¾½Á#" Á"±�µÄ³M-�±~¶½³ÌÁ"ú8�~¾·¶ÆÂË¶·µ�Á�³>�"¾+�#" Á"±�µ��´¹»È@�>¾I�	"ÔÁ>±�µ ù ¿�¼O¸~È@/6�>È�Á>È�¾½Á>³/OÈÄ¹»±�Ç~³BÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³#� ¶½¾4Á>³�µ®±���ÂËÁ>³�³�¹»¶½È�Á�Ç ÁÌµ�È�¼O¸~þ�Á"ÈB¾Æ¹ È�¼»µÄ¹�µ�¶·¼�±�³�¸~É~¶½Á@�´¹»È®ÂÄÃ´¹�Å�¸~Á@�"¾+�#" Á"±�µ ùª²¾5±P3 ÁËú ¶Æ³3µ�Á>��¹O³B¸~±~Á�³�Á"¸´¾·ÁÌÈ�¼»µ�¹»µ�¶½¼O±��´¹»È=�"¾+�#" Á>±�µ)�´ÂËÁ�Å�¸~¶4Á�³3µ|¶+"���¼�È�µÄ¹»±�µ	�~Â63 Á�³3µ®Ç43 Á"±�µ�È�¼O¸´þOÁ"È�¸~±~Á�Å�¸~¶��Á"È5"ÔÁ"µ�Ç ÁM"ÔÁ�³�¸´È�Á>ÈFÇ Á>³\��Á"µ�¶·µ�³�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³ ù Ï+¹�È�¼»µÄ¹�µ�¶·¼�± Ç~¼O±~±��>ÁA�´¹OÈF¾Æ¹�Ç8�>Â"¼6"���¼�³�¶ µ�¶·¼�±&��¼O¾Æ¹»¶½È�ÁºÇ~¹»±�³¾Æ¹�"&�"µ�Ã~¼ Ç Á�Ç~Á�§.µ�É	"y¸DµÜÁ�³3µºÂ"Á"¾½¾·Á�Å�¸~¶P��Á"È5" ÁËµºÇ ÁÌµ�È�¼�¸~þOÁ>È|¾·Á�³=�~¾½¸´³$��ÁËµ�¶·µ�³�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³#��Ç ¼O±´Â�¾½Á>³$�´¾·¸´³��ÁËµ�¶·µ�Á�³®Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³	�~ÂËÁ>¾·¾½Á>³|Å�¸~¶4¹6���~È�¼ ÂÄÃ~Á"È�¼O±�µ|¹»¸]"Ô¶½Á"¸~ú
¾Æ¹ þ¤ÈÄ¹»¶½ÁÌ¾·¼�¶4Ç Á�ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µ ù¨®¼�¸´³T�~È���³�Á>±�µ�¼O±�³�¸~±~ÁÌ¹»¸~µ�È�Á�È�¼»µÄ¹�µ�¶½¼O± ù ¨®¼Oµ�È�ÁºÈ�¼»µÄ¹�µ�¶½¼O± ±~Á�Ç~¼O±~±~Á��´¹O³�¾½Á>³T�~¾½¸´³.��Á"µ�¶·µ�³|Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�"Ü¹»¶Æ³|Ç ¼O±´±~Á"ÈÄ¹ Å�¸�¹»±´Ç�"�¯#" Á�Ç Á>³A��Á"µ�¶·µ�³®Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³ ù ¨®¼�¸´³|þOÁ>È�È�¼O±�³�Ç~¹O±´³B¾Æ¹��´¹»È�µ�¶½Á�³�¸~¶½þ�¹»±�µ�Á�³�¶+ÂËÁ"µ�µ�Á¹0� �~È�¼#ú ¶+"Ü¹�µ�¶½¼O±
Á>³�µ|È�Á	/OÈ�ÁËµ�µÄ¹»É~¾½Á�Á"±�µ�Á>È�" Á�Ç Á��~È5�>Â"¶½³�¶·¼�± ù¨®¼�¸´³�¹#þO¼O±�³ Ç Á>¸ ú "Ü¹»±~¶+*"È�Á>³
Ç ¶d©c�"È�Á"±�µ�Á>³AÇ Á�µ�È�¼�¸~þOÁ>È�Â"ÁËµ�µ�Á%È�¼Oµ�¹�µ�¶·¼�±P�F¸´±~Á«;
¹%�Ë¼�± /6�>¼6"��Ëµ�È�¶ÆÅ�¸~Á}Á"µ¸~±~Á�;
¹6�"¼O±W�´¾·¸´³Ì¹O±´¹»¾½À�µ�¶ÆÅ�¸´Á ùc: ¹O±´³�¾·Á�³�Ç Á>¸ ú}Â"¹�³#��¾e3 ¼ Ç È�Á Ç43 �"±¤¸�"��>È�¹»µ�¶½¼O±}Ç Á�³M��¼O¶½±�µ�³ÌÇ Á�³ºµ�ÁËµ�È�¹6*>Ç È�Á>³ºÁ>³�µ¶+"&��¼OÈ�µ�¹O±�µDÁËµ Ç ¼�¶ µÜµ�¼O¸�Ê3¼�¸~È�³�¯"µ�È�ÁJ¾·Á,"�¯	"ÔÁ%��ÂÄÃ´¹�Å�¸~ÁJ³�¼%"&" Á"µDÁ>³�µ Ç ¼O±´ÂA±¤¸�"��>È�¼Oµ��V��¼�¸~ÈD¸~±®�>¾I�	"ÔÁ>±�µÇ ¼�±~±�� ùÐ1¼O¸ µ�ÇP3 ¹OÉ�¼�È�Ç4��±~¼�¸´³º¹O¾·¾½¼O±´³M�Ëµ�¸´Ç ¶½Á"È�¾·Á�³ºÇ Á>¸ ú,"&�"µ�Ã~¼ Ç Á�³�ÇP3 Á"ú�µ�È�¹�Â/µ�¶·¼�±�Ç Áy¾Æ¹ÜÈ�¼»µ�¹»µ�¶½¼O± ù ¡®±�Á"ú Á#"��~¾½ÁÇ Á�Â>¹»¾ÆÂË¸~¾4��¼O¸~È®ÂÄÃ�¹OÂË¸´±~Á�Ç Á>³Bþ�Á"ÈÄ³�¶½¼O±
Á>³�µA�~È���³�Á>±�µ���¹»±~±´ÁËú ÁyÍ ù

÷Áù
ísù fPù
í r�
�ñ��>ö�ò�ïP>s��òs����ð"ñ�ö"@5ô�

Í�ÁËµ�µ�Á%þOÁ>È�³�¶·¼�± ��Á"¸ µV;
¹»¶½È�Áµ��Á"±´³�Á"È,�<ÂËÁ>¾·¾½Á%Ç~Á%«8´´¾·¾½Á"È�wF��¹»ÈÄ¹0/OÈÄ¹0�´Ã~Á ü ù ÿ´ù7� ù½ø x<��Â>¹»È�Á"¾½¾·Áb¸ µ�¶·¾½¶Æ³�ÁbÇ Á>³È�Á#�s*"È�Á>³�¼OÈ�µ�Ã´¼O±~¼�È�"��>³���¼O¸~È�Â"¹»¾ÆÂË¸´¾·Á>È.¾½¹�È�¼»µ�¹»µ�¶½¼O± ù «}¹»¶Æ³.¾·Á$�´È�¶½±´ÂË¶+��Á|Á>³�µFÇ ¶d©c�"È�Á"±�µ)�OÂ"¹OÈ.¼O±Ôµ�ÈÄ¹#þ�¹»¶½¾·¾½Á|³�¸~È.¾½Á>³�"¾+�#" Á>±�µÄ³#��ÂËÁºÅ�¸~¶~þ�¹Ì±~¼�¸´³À/�¹»ÈÄ¹»±�µ�¶½È�¸~±~Áº³�¼6"�" Á®Ç Á>³À; ¼OÈÄÂËÁ>³�±�¸´¾·¾½Á>³	�OÂË¼�±�µ�ÈÄ¹»¶½È�Á	"ÔÁ>±�µÀ��«q´~¾·¾½Á"È�Å�¸´¶ µ�ÈÄ¹#þ�¹»¶½¾·¾½Á³�¸~È|¾·Á�³|³�¼%"�"ÔÁ"µ�³ ùÏ+¹ª�´È�Á	"Ô¶+*"È�ÁJ¶ÆÇ8�"Á�Â"¼O±´³�¶½³�µ�ÁW��ÂËÈ5�"Á"ÈÜ¸´±TÈ�Á	�H*>È�Á,��¼O¸~È
ÂÄÃ´¹OÅ�¸~Á,�>¾I�	"ÔÁ>±�µ ù ¿�¼�¸~È ÂËÁ>¾½¹ ��¼O±T¸~µ�¶½¾·¶Æ³�Á}¸~±³�¼6"�" ÁËµ Ç ¸bµ�ÁËµ�È�¹6*>Ç È�ÁDÂË¼%"&" ÁÜ¾½Á ÂËÁ>±�µ�È�ÁDÇ ¸�È�Á#�s*"È�ÁÜÁËµy¸~±´Á ¹»È5*Ëµ�ÁDÂË¼6"�" ÁÜ¾½Á��~È�Á#" ¶·Á>Èy¹�ú Á Ç~¸;È�Á	�H*>È�Á ùÏ4Á�³�¹»¸ µ�È�Á�³Ì¹�ú Á>³Ì³�¼O±�µÌÇ��>Ç ¸~¶·µ�³@��¹»È�ÂË¼�±´³3µ�È�¸�Â/µ�¶½¼O±%Ç43 ¸~±bÈ�Á	�H*>È�ÁÔ¼OÈ�µ�Ã~¼�±~¼OÈ5"�� Ç ¶½È�Á>Â/µ ù v�¶·Á>±%³�Y~È)�s��¼O¸´È�¸~±�"¾+�#" Á>±�µ)�~¼O±AÇ ¼�¶ µ|µ�¼O¸�Ê3¼�¸~È�³�¸ µ�¶·¾½¶Æ³�Á>È®¾·Á@"�¯#" Á�³�¼6"�" ÁËµ�¯9Â"Á"±�µ�È�Á�Á"µ®¾½¹�"�¯	"ÔÁ�¹OÈ�*"µ�ÁË¯²¹»É�³�Â"¶½³�³�Á ù­�È�
OÂËÁ
�AÂËÁÜÈ�Á#�s*"È�Á6�+¼O±;ÂË¼�±~±´¹»¶·µ�¾½¹AÈ�¼»µÄ¹�µ�¶·¼�±%Å�¸~¶�ÈÄ¹0"�*>±~ÁÜ¾·Á�³�ÂË¼¤¼�È�Ç ¼�±~±��>Á>³>/O¾½¼OÉ´¹O¾·Á�³ÌÇ Á>³�³�¼6"�" ÁËµÄ³#�¹»¸~ú
ÂË¼¤¼OÈÄÇ ¼�±~±��"Á�³�¾·¼ Â"¹O¾·Á�³BÇ Á�¾�3 �"¾+�#" Á>±�µ ù§�± Â"¼O±~±�¹»¶Æ³�³�¹»±�µF¾½Á>³�ÂË¼¤¼OÈÄÇ ¼�±~±��"Á�³.¾½¼¤Â>¹»¾½Á>³�Ç Áº¾e3 �"¾+�#" Á"±�µ�¹O¸DÈ�Á#��¼�³�ÁËµ�Â"Á"¾½¾·Á�³�Ç~Áº¾e3 �>¾I�	"ÔÁ>±�µBÇ8�#; ¼OÈ5"��6�O¼�±��Á"¸ µ�Á"±}Ç8��Ç ¸~¶½È�Áy¸~±�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µ�Ç~¹»±´³º¾·Á�"�¯#" Á��ËµÄ¹�µ�Ç~ÁyÈ�¼»µ�¹»µ�¶½¼O±P�H�
�´¹»È�µ�¶½ÈºÇ ¸�Å�¸´Á"¾�¼O±,��Á"¸ µÌÂ"¹»¾ÆÂË¸´¾·Á>È¾½Á>³�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³	�%�~¸´¶½³�¾½Á>³\; ¼OÈÄÂËÁ>³�Á"±�ÂÄÃ´¹OÂ"¸~± Ç Á�³�³�¼6"�" ÁËµÄ³#�¤Á"ú¤Á>È�Â#�"Á�³¥�´¹OÈ�¾Æ¹yÇ8�#; ¼OÈ5"Ü¹�µ�¶½¼O±
Ç Á�¾e3 �"¾+�#" Á"±�µ ù§�±%ÂË¼O±�³�¶ÆÇ8�"ÈÄ¹»±�µº¸´±�µ�Á"µ�ÈÄ¹0*�Ç È�Áo; ¼OÈ5"�� Ç Á�³���¼O¶½±�µ�³ÌÇ Á���¼�³�¶·µ�¶½¼O±´³

a
�
b
�
c
ÁËµ

d
Ç��<-´±~¶½Á>³ÌÇ~¹O±´³�¾·ÁÔÈ�Á	�H*>È�Á

/O¾½¼OÉ�¹»¾e�4ÁËµy¸´±~Á È�¼»µÄ¹�µ�¶½¼O±
R

(local)
(global)

¹»¸ µ�¼O¸~È Ç ¸���¼O¶½±�µÔÇ Áa��¼�³�¶ µ�¶·¼�±
a
¹6"ÔÁ>±´¹»±�µ�¸~±ô��¼�¶·±�µ Ç8�#-´±~¶�Ç~¹»±´³y¾·Á

È�Á#�s*"È�Á
local

Ç Á�¾�3 �"¾+�#" Á>±�µ®þ�Á"ÈÄ³�¾·Á�È�Á#�s*"È�Á
global

�
R

(local)
(global) =

[
(1) (2) (3)

]

(1) = b−a
‖b−a‖ (3) = ab∧ac

‖ab∧ac‖ (2) = ab∧(3)
‖ab∧(3)‖¿�¼O¸~È�È�¹6" Á"±~Á>È®¾·Á�³M��¼O¶½±�µ�³�ÂË¼�±~±¤¸´³®Á>±}ÂË¼¤¼OÈÄÇ ¼�±~±��"Á�³$/O¾½¼OÉ�¹»¾½Á>³®Ç~¹O±´³�¾·Á�³ºÂË¼¤¼�È�Ç ¼�±~±��>Á>³|¾½¼ Â"¹»¾½Á>³M/OÈ�
OÂ"Á��¾Æ¹ È�¼»µÄ¹�µ�¶·¼�±µz

x(local) = R
(global)
(local) x(global) avec R

(global)
(local) =

(

R
(local)
(global)

)T w û´ù·ø x
¼6Â

x
(j)
i

Á�³3µ|¾Æ¹���¼�³�¶·µ�¶½¼O±AÇ ¸A±~¼¤Á"¸�Ç
x
�Ô¾e3 �"µ�¹»µ

i
ÁËú8�~È�¶I"��>ÁÌÇ´¹»±´³B¾½Á�È�Á	�H*>È�Á

j
ù¨®¼Oµ�È�Á�Â"¹»¾ÆÂË¸´¾5þ#¹ Ç ¼�±´ÂÌÇ Á"þ�Á"±~¶½È®Ç Á�¾Æ¹�; ¼OÈ5"ÔÁ�z

f = RR
(deforme)
(global) BT DB(X

(repos)
repos − X

(deforme)
deforme )

= RR
(deforme)
(global) BT DB(RR

(global)
(repos) X

(global)
repos − RR

(global)
(deforme)X

(global)
deforme)

w û´ù ü x

¼6Â
RR

(j)
(i)

Á�³3µ�¸´±~Á
"Ü¹�µ�È�¶ÆÂËÁÜÂË¼�±�µ�Á"±´¹O±�µÌÁ>±;Ç ¶½¹6/O¼�±´¹»¾½Á ¾½¹�È�¼»µ�¹»µ�¶½¼O±
R

(j)
(i)

Ç~¸%È�Á#�s*"È�Á
j
þ�Á"ÈÄ³Ì¾·ÁÜÈ�Á#�s*"È�Á

i
Á"µ

X
(j)
i

Á>³�µD¸~±QþOÁ�Â/µ�Á>¸~È Â"¼O±�µ�Á>±´¹»±�µÜ¾·Á�³���¼�³�¶·µ�¶½¼O±�³DÇ Á>³ ³�¼%"&" Á"µ�³ÜÇ ¸<µ�Á"µ�ÈÄ¹0*�Ç È�Á,�b¾e3 �"µ�¹»µ
i
Ç~¹O±´³ÜÇ Á>³
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a b

c

a’
b’

c’

repos déformé

Rglobal

��
��L24)�
��	��é{ê + �U)'��$ë
�&!c + ��
��ì���9�	���t��(�����)��1�9��)56!24J����" �2� í"
��!&!���

Rglobal

b

c b’

c’

repos déformé

a R repos

a’ Rdéformé

R(global)R(global)
(repos)

(déformé)

���7�^24)�
��	�gîfê���&t�"
� �F�&!� + �������*���"6G��&!&!2�����6!�E���7
��*�!�g�"�� t# ��4)E67
�&!� + �1�"���	F��"� + �*��
 + 6!� + ���!�~)"�"$ë
�&!c + �����7
��d�!&!�5����)�
�#)'$%��&7�

Rglobal

b’

c’

déformé
a’ Rdéforméa

c

b

déplacements

�����E24)'
��	�fï{ê7
�(��9�U�����g���*���"6G��&!&!2���� + �/�9
 + ����;G��&��	���G)g ���#�"�!���9��6G�9�{�	�4)'$ )"��6!2�� + 
����� ���&*)"��ð�ñL&ò�9
 + ��� + � + 
ç&!���/(�� +%+ � {
�)"��$%�9�ç6G�ç�"$%c�$%6!$ )"2ç6!� +-, 2 + 2� ���&*){�4) + �9��J����"�����¡67
�&!����������	F9��� + �/�9
 + ð

Rglobal

b’

c’

déformé
a’ Rdéformé

R(déformé)

(global)

��67��24)'
��	�5ó¡ê + ���~J��������9�d�9
 + ��� + 2��9�E67
�&G� + �g�"���	F��"�U6!24J����" �2�'��&�)L�"
� ���&!2����g67
�&G� + �1�����	F9���Kc + ���7
 +

Ï=ÐFÑTÒ û~ù½øAÓ Ñ.Á>È�³�¶·¼�±a/%�"¼6"��"µ�È�¶½Å�¸~Á�Ç ¸JÂ"¹O¾½Â"¸~¾4Ç Á�³=��Á"µ�¶·µ�³ºÇ��#�~¾Æ¹OÂ"Á#" Á"±�µ�³

ÂË¼¤¼�È�Ç ¼�±~±��>Á>³BÇ ¸AÈ�Á	�H*>È�Á
j
ù

RR
(j)
(i) =









R
(j)
(i) 0 0 0

0 R
(j)
(i) 0 0

0 0 R
(j)
(i) 0

0 0 0 R
(j)
(i)









X
(j)
i =








a
(j)
i

b
(j)
i

c
(j)
i

d
(j)
i








Ï+¹ÔÈ�¼»µÄ¹�µ�¶½¼O±
R

(global)
(repos)

��Á"¸~µA¯Ëµ�È�Á@�~È5�Ë¯²Â"¹»¾ÆÂË¸´¾I�>Á6�¤ÁËµ®¼�±]��Á"¸~µ	�´¹#þ�¹»±�µ®Ç Á�ÂË¼%"�"ÔÁ>±´ÂËÁ>È|¾�3 ¹»±´¶I"Ü¹�µ�¶·¼�±P�~Ç8��Êm�
¹#þO¼�¶·È�¾½Á>³®Â"¼�¼�È�Ç~¼O±~±��>Á>³�¾½¼¤Â>¹»¾½Á>³BÇ Á�³®³�¼%"�"ÔÁ"µ�³|Ç ÁÌ¾e3 �>¾I�	" Á"±�µº¹»¸�È�Á	��¼�³

X
(repos)
repos

ù
÷Áù
ísù fPù � r�
�ñ��>ö�ò�ï®�~ï����k¨5ð�ö�@5ô�


¡®±´Á�¹»¸~µ�È�ÁA"Ü¹»±~¶+*"È�ÁºÇ Áºµ�È�¼O¸~þ�Á"È�¾Æ¹�"�¯#" ÁºÈ�¼»µÄ¹�µ�¶·¼�±P�OÁ�³3µ�Ç~Á�ÂË¼�±´³�¶½Ç8�>È�Á>È�¾Æ¹�"Ü¹�µ�È�¶ÆÂËÁºÇ~ÁA�´¹O³�³�¹0/OÁ�w���¸~±´Áµ�ÈÄ¹»±�³�¾Æ¹�µ�¶·¼�±��~È�*�³5xyÇ Á ¾e3 �"¾+�#" Á"±�µÔÇ��<; ¼OÈ5"�� þ�Á"ÈÄ³�¾e3 �>¾I�	"ÔÁ>±�µÔ¹»¸�È�Á	��¼�³yÂË¼%"�"ÔÁ
¾·Áa;
¹»¶·µÔ§�µ�É#" ¸Dµ ù Î�±���Á"¸ µÁ"±%ÁËú¤µ�È�¹O¶·È�Á��
¾½¹a; ¼O¶Æ³�¸~±~ÁÔµ�ÈÄ¹»±�³°; ¼�È�"Ü¹�µ�¶·¼�±JÈ�¶+/O¶ÆÇ ÁÔÁËµ�¸~±~ÁÜ¹O¸ µ�È�Á�µ�È�¹O±´³°; ¼�È�"Ü¹»µ�¶½¼O± ù Î�±}þ�¹�;
¹»¶½È�ÁÔÁ"±%³�¼�È�µ�Á

û~ø n !6(
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Å�¸~Á�¾Æ¹ µ�ÈÄ¹»±�³°; ¼�È�"Ü¹�µ�¶·¼�±
È�¶+/O¶ÆÇ ÁyÂË¼�È�È�Á>³���¼O±´Ç Á��Ü¾Æ¹ È�¼»µ�¹»µ�¶½¼O±AÈ�Á>ÂÄÃ~Á>È�ÂÄÃ��>Á6�~Á"µº¾e3 ¹O¸ µ�È�Á�µ�ÈÄ¹»±�³°; ¼�È�"Ü¹�µ�¶·¼�±]� ³�Á�³Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³ ù: ¹»±´³º±~¼»µ�È�Á�"��"µ�Ã~¼ Ç Á ±~¼O¸´³�¹»¾½¾·¼�±´³º¹�Ç ¼6�~µ�Á"Èº¸~±~Á ¹O±´¹»¾½À ³�Á�³�¶+"Ô¶½¾Æ¹»¶½È�Á%� "Ü¹»¶Æ³®Á>±�±~Áo��¹O³�³�¹O±�µA��¹O³ºÇ~¶·È�Á>ÂË¯µ�Á	" Á"±�µÔÇ Á
¾�3 �"¾½Á#" Á>±�µ Ç8�<; ¼�È�"��
þOÁ"ÈÄ³�¾e3 �>¾·Á	" Á"±�µÔ¹O¸�È�Á	��¼�³#��"Ü¹»¶Æ³yÁ>±��´¹O³�³�¹»±�µ��´¹»È ¸~±��>¾I�	"ÔÁ>±�µ ¸~±~¶·µ�¹O¶·È�Á ùÍ�Á"¾½¸~¶·¯9Â"¶4þ�¹Ô±~¼O¸´³A��Á>È�" ÁËµ�µ�È�Á�Ç43 Á<©�Á>Â/µ�¸~Á"È�Ç Á>³$�"µ�¹6��Á�³BÁ"±,�~È5�>Â>¹»¾ÆÂË¸~¾5Á"µ®þ#¹ ±´¼O¸´³=��Á"È5" ÁËµ�µ�È�Á�ÇP3 ¹#þ�¼O¶½ÈBÇ~¶·È�Á>ÂË¯
µ�Á	" Á"±�µ®¾½¹ÔÈ�¼»µÄ¹�µ�¶½¼O±AÅ�¸~¶5±~¼�¸´³B¶·±�µ5�"È�Á>³�³�Á
w

R
(deforme)
(global)

x ù
¿�¼O¸~È µ�È�¼O¸´þOÁ"È ¾½¹%Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±�Ç~Á
¾e3 �>¾I�	" Á"±�µ Ç��<; ¼OÈ5"�� þ�Á"ÈÄ³y¾e3 �>¾I�	" Á"±�µ ¹O¸�È�Á#��¼�³	�1¼�±ô�´¹�³�³�Áa��¹»ÈÔ¸~±�"¾+�#" Á>±�µ�¸~±~¶·µ�¹O¶·È�Á ù ¿�¼O¸~È�¸~±Üµ�ÁËµ�ÈÄ¹0*�Ç È�Á�Å�¸~Á"¾ÆÂË¼�±´Å�¸~Á6��¾½¹o"Ü¹�µ�È�¶ÆÂËÁ

A
Ç Á>�´¹O³�³�¹6/OÁ|þ�Á"ÈÄ³�¾½Á®µ�Á"µ�ÈÄ¹0*�Ç È�Áº¸~±~¶·µ�¹»¶½È�Áw È�Á#�´È���³�Á>±�µ5�M-H/O¸~È�Á û~ùýü x�Á>³�µ�z

A =
[

(b − a) (c − a) (d − a)
]

x

y

z

0

0

0

0

a

b

c

d

tetraèdre quelconque

a

c

d

b

tetraèdre unitaire

A

1
1

1

Ï=ÐFÑTÒ û~ùýü�Ó Ð1ÈÄ¹»±´³m; ¼OÈ5"Ü¹�µ�¶½¼O±
Ç43 ¸´±
µ�ÁËµ�È�¹6*>Ç È�Á�Å�¸´Á"¾ÆÂË¼O±�Å�¸´Á�þ�Á"ÈÄ³�¾·ÁÌµ�ÁËµ�ÈÄ¹0*�Ç È�Á�¸~±´¶ µÄ¹»¶½È�Á
Î�±DÇ8��ÂË¼6"���¼�³�Á®¾Æ¹�µ�ÈÄ¹»±�³°; ¼�È�"Ü¹�µ�¶·¼�±

A
Á"± ¸~±~ÁºÈ�¼»µÄ¹�µ�¶·¼�±

R
Á"µ�¸~±~Á�Ç8�<; ¼�È�"Ü¹»µ�¶½¼O±
�~¸~È�Á

U
�
A = RU

��Á"±³�¸~¶·þ�¹O±�µ|¾½Á>³$�"µ�¹6��Á�³=�~È���³�Á>±�µ��"Á�³.- /O¸´È�Á û~ù û~ù

û�ü n !6(
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Rglobal

A =R
(global)

(repos) U
(global)

(repos) (repos)

(global)

b

c b’

c’

repos déformé

a

a’

unitaire

��
���24)'
����Kéfê���&��G�"2��9
 + ��� + � + 
56!24J����� {
�)"$%��&�6!� +-, 2 + 2� ���&*)ä
�������	���g(����"� +-, 2 + 2� ��9&�)E�!&!$ )'
�$%���

Rglobal

A
(global)

(déformé)=R (déformé)U
(global)

(déformé)

(global)

b

c b’

c’

repos déformé

a

a’

unitaire

���7�K24)�
��	�IîxêB��&ô�9
 + ��� +�+ 
�����)�
�)"$%��&��4) + 
�6G2�J����� {
�)'$%��&ô6G�+-, 2 + 29 ���&�)E6!24J����� �21(����"� +-, 2 + 2� ��9&�)E�!&!$ )'
�$%���

Rglobal

b

c b’

c’

repos déformé

a

a’

unitaire
U

(repos)

(déformé)=U (repos)

(global)
−U(déformé)

(global)
=> {E}

�����t2�)'
��	�ìï�ê���&ò���G)'$%��&�) + 
�6!24J����" {
�)"$%��&ò�9&�)"�"� +-, 2 + 2� ���&*)6G2�J����� �2I�4) +-, 2 + 2� ���&*)t
��ò�����	�����9&��7
��"��
�&�){�7
�� +-, 2 + 2� ���&*)�G&!$ )�
�$%���

(déformé)
(global)

(déformé)
T(déformé)

(global)

Rglobal

b’

c’

déformé
a’ Rdéformé

R

BF = R D{E}

��67�ä2�)'
��	�5ï�ê/��&{�9
 + ��� +�+ 
U {
�)"��$%�9�Lõò�4) + ���äJ������9���E67
�&!� + ��"���	F��"� + �*�9
 + 6!� +-, 2 + 2� ���&*)~6!24J����� �2�ð!ö + J-
��G)E��&!�"�!$ )"�5�'
� ��4#&!��� + ����J����"�����L67
�&G� + �1�����	F9���Kc + ���7
 + ð

Ï=ÐFÑTÒ û~ù ûoÓ Ñ.Á>È�³�¶½¼O±A¹»±´¹O¾·À�µ�¶ÆÅ�¸~ÁÌÇ ¸JÂ"¹»¾ÆÂË¸´¾+Ç Á>³=��ÁËµ�¶ µÄ³®Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³
¡®±�¹#þ�¹»±�µ�¹6/OÁºÇ Á�¾Æ¹yþ�Á"ÈÄ³�¶½¼O± ¹O±´¹»¾½À�µ�¶ÆÅ�¸~ÁºÁ�³3µ|Ç43 ¹#þO¼O¶½È�Ç~¶·È�Á>ÂËµ�Á#" Á>±�µB¾½Á>³BÇ8�<; ¼�È�"Ü¹»µ�¶½¼O±´³	��³�¹»±�³\�´¹�³�³�Á"È.�´¹OÈ¾½Á>³ÜÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�.¾½¹¤"Ü¹�µ�È�¶ÆÂËÁJÇ ÁAÈ�¼»µ�¹»µ�¶½¼O±Q³�Á>È�µD³�Á"¸~¾½Á#" Á>±�µ��%ÈÄ¹0" Á"±~Á>È ¾·Á�³&; ¼OÈÄÂËÁ>³	��Â"¹O¾½Â"¸~¾+�"Á>³ Ç~¹O±´³ ¾½ÁÈ�Á#�s*"È�Á�¾½¼ Â"¹O¾�� þ�Á"ÈÄ³�¾½Á�È�Á#�s*"È�Á�/�¾·¼�É´¹»¾ ù¨®¼Oµ�È�Á>; ¼OÈ5"y¸~¾½ÁÌÈ�Á>þ�¶½Á"±�µ|Ç ¼O±�Â���z

f = R
(deforme)
(global) BT D {ε}

¿.¹»ÈºÂ"¼O±�µ�È�Á6�´¸~±J¶·±�ÂË¼O±¤þ%�"±~¶½Á"±�µºÇ Á ¾½¹ þ�Á"ÈÄ³�¶½¼O±J¹»±�¹»¾½À�µ�¶½Å�¸~Á�Á�³3µ�Å�¸´Á���¼�¸~ÈM��¼O¸´þO¼O¶½ÈºÂ>¹»¾ÆÂË¸~¾½Á"È®¾Æ¹ µ�È�¹O±8; ¼OÈ�¯"Ü¹�µ�¶·¼�±
J
�Á�~¸~¶Æ³�¾Æ¹JÈ�¼Oµ�¹»µ�¶½¼O±

R
�1¶·¾\;
¹»¸ µÔÅ�¸´ÁD¾·ÁDµ��Ëµ�È�¹6*>Ç È�ÁÜ±~ÁD³�¼O¶·µo�´¹�³�Ç8�#/%�"±��>È��%�+Â03 Á>³�µ��JÇ ¶½È�Á%�1Å�¸~ÁÜ¾½Á>³ÿ ³�¼%"�"ÔÁ"µ�³�±´Á ³�¼O¶½Á"±�µ��´¹�³�Ç~¹»±�³Ì¾·Á
"�¯#" Á
�~¾Æ¹»±®w
Å�¸P3 ¶½¾�±~ÁD³�¼O¶·µ��´¹O³�¹6���~¾Æ¹�µ�¶ x ù © ¶·±~¼�±b¾½¹AÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±

UÁ>³�µB¸~±~Á>" ¹»µ�È�¶½Â"Á�³�¶½±�/O¸~¾½¶+*"È�ÁºÁËµB¾½Á�Â>¹»¾ÆÂË¸~¾5Ç Á
R
Á>³�µ�¶+"���¼�³�³�¶½É~¾·Á�w
Â"¼6"�" Á�Á>±
«J§ 2 ÂË¾Æ¹O³�³�¶ÆÅ�¸~ÁºÅ�¸~¶5±���ÂËÁ�³�³�¶ µ�Á¾e3 ¶½±¤þOÁ"ÈÄ³�¶·¼�±
Ç Á�¾Æ¹&" ¹»µ�È�¶½Â"Á)x ùª²¾T;
¹»¸ µ ¹»¸´³�³�¶�±~¼»µ�Á"È Å�¸~Á
³�¶�Â"ÁËµ�µ�ÁDµ�È�¹O±´³m; ¼6"Ü¹�µ�¶·¼�±;ÁËú ¶½³�µ�Á
Á"±�Â>¹O³o/6�"± �"ÈÄ¹»¾\��¼O¸´È Ç Á�³�µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³	�+Á"¾½¾½Á±P3 ÁËú ¶Æ³3µ�Á>��¹O³$��¼O¸~È®Ç~Á>³=�"¾+�#" Á>±�µÄ³A�&�~¾½¸´³|Ç Á�±~¼¤Á"¸�Ç~³ ù

ûOû n !6(
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¿�¼O¸~È Á"ú�µ�È�¹O¶·È�Á�¾½¹%È�¼»µ�¹»µ�¶½¼O±(ÁËµÜ¾½¹bÇ8�#; ¼OÈ5"Ü¹�µ�¶½¼O±QÇ ÁJÂËÁ"µ�µ�Á]"Ü¹»µ�È�¶½Â"ÁAÇ~Á]��¹O³�³�¹6/OÁ6��§.µ5"y¸Dµb¸ µ�¶·¾½¶Æ³�ÁJ¸~±´ÁÇ8��ÂË¼6"���¼�³�¶ µ�¶·¼�±ô��¼O¾Æ¹»¶½È�Á%��¾·¼�¸~È�Ç~Á
Á>±<Â>¹»¾ÆÂË¸~¾ ù ¨®¼O¸�³��~È�¼%��¼�³�¼�±´³ÔÇ43 ¸~µ�¶½¾·¶Æ³�Á>ÈÜ¾½¹«;
¹OÂËµ�¼�È�¶Æ³�¹»µ�¶½¼O±�Ç~Á�Í�Ã´¼O¾½Á>³�ª�ÀÉ�Á>¹»¸�ÂË¼O¸ ���~¾½¸´³|ÈÄ¹0�´¶½Ç Á ù
p �">�ò�ñ�ö ðG±���
,� Ñ.Á>È�³�¶·¼�±
¹O±´¹»¾½À�µ�¶ÆÅ�¸´Á�¸~µ�¶½¾·¶Æ³�¹O±�µ®¾½¹ Ç8��ÂË¼6"���¼�³�¶ µ�¶·¼�±�Ç~Á Í�Ã~¼O¾½Á>³�ª¤À
÷�øfùLúfûUüUùdý9þKÿ���������þUÿ{ÿ	��

�

etat � ú��������GùBû�ù���� R
(etat)
(global)

� ε
(etat)
(global) �

|
| A

¾ É7Ã«¿OÀQÁ~À<Ã º~ÄOÅ�¾PÆB¾ Ç ÀDÉ�É�À<Ê ¾PÆ�¾ ¿1Ë�ÌB¿OÌ!Á ¾	Í Ã Æ À Í É ¼�Í Ì�ÃDÀ<Ã ½D¾<º ÉP¿1Ë�ÌB¿OÌ!Á ¾	Í Ã ¼�Í�Ä ÃDÀ Ä!ºD¾
| Ð Ì Å�» Á Ç^» É ¾<º A

¾�ÍÑ¼�Í^¾PºD» ÃDÀ<Ã Ä	»	Í R
¾ Ã ¼�ÍD¾\Æ ÌOÏ »<º ÁäÀ<Ã Ä	»�Í°Ç�¼BºD¾ U Ò A = RU

| ÓOÍÑ¼ Ã Ä ¿ Ä É�À Í ÃÑ¿OÀ Æ Ì Å�» Á Ç^» É Ä Ã Ä	»�Í ÆB¾ Ö�� » ¿ ¾ É���� Ò
| ÔdÕ � » Ã »	Í É�! ¼^¾ AT A = UT RT RU = UT U

| ÙKÕ " »�¼Bº
A
Å À º�º Ì ¾PÆ Ì<Ï ÄGÍ�Ä	¾°ÇD» É Ä Ã ÄG½D¾ Ú Ç À º Ö�� » ¿ ¾ É#��� Ò

| UT U = AT A = LLT »�$
L
¾ É7Ã\Ã º~Ä À Í Ê ¼ ¿<À Ä!ºD¾\ÄGÍ ÏBÌ ºäÄ	¾�¼BºD¾

| ÛKÕ ÓOÍ Ï Ä#% À Í Ã U Ã º~Ä À Í Ê ¼ ¿OÀ Ä!ºD¾ É ¼�Ç Ì ºäÄ	¾�¼BºD¾ Ò
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

U = LT =





1 + εx γxy γxz

0 1 + εy γyz

0 0 1 + εz



 ⇒ ε =











εx

εy

εz

γxy

γxz

γyz











| ÜfÕ
R = AU−1

&�')(+*-,�(/.0�1+'32 46587:9<;+*=(
R
(393>@?A2B(+7C*-7D(E')58>GF8>H2B587:I�JK5�LMLN(A7POQ587:9�R:F8'E')(GS�F8')T�(+'U932

RRT = RT R = I
.

• RRT = AU−1(AU−1)T = AU−1U−T AT = A(UT U)−1AT = A(AT A)−1AT = AA−1A−T AT = I

• RT R = (AU−1)T AU−1 = U−T AT AU−1 = U−T UT UU−1 = I

R
(393>69A582V>6*-7D(E')58>GF8>H2B587W9+5�2V>�*-7P(E93X�L�1+>H'32B(QYZ *QR�R:5�9+5�7:9[;A*=(

R
(393>�*-7P(\93X�LN1A>]'32B(3I^F�_`5�'K9

U
JK5�7a>H2B(+7=>^T�(A9\>b(+'3L�(A9C7P1GScF�>]2 de9+Y^f@'

U
IM>]'32BF�7�S8*-_gF82V')(AI(A9K>hJK5�7=9K>]'3*-2V>iR=F�'jT�1KJK5�LkR:5�9K2V>]2B5�7lT�(nmpo=5�_g(A9)q�XrT�5�7DJs>G58*�9t9+(A9u>G(+'3L�(A9vT�2BFwS�587PF�*�xy9+587=>CR:5�9K2V>]2 de9

⇒ contradiction
Y�z/587PJ

R
(A93>6*-7D(E')58>GF8>H2B587PY

{xúUþ}|túMû�~ ~�
t�Lúfý�ÿ¡ü1ý��Bû��
" º Ì Å ÀB¿ ¼ ¿ Ò

| Ö ÀB¿ Å!¼ ¿ ¾<º ¿OÀÂÁ~À<Ã ºäÄOÅ�¾PÆB¾Èº~Ä Ê Ä!ÆäÄ ÃDÌ Æ�¼ Á~À�ÃDÌ º~Ä À ¼ Ò D = fonction(E, µ, V )

| Óc% Ã º À Å Ã Ä	»�Í-��� × ºD¾	Ç^» É Ú R
(repos)
(global) Ú ε

(repos)
(global) Ø

� Å � À�! ¼^¾°Ç À^É ÆB¾ Ã ¾ Á Ç É Ò
| Óc% Ã º À Å Ã Ä	»�Í-��� × Æ Ì<Ï »<º Á~Ì Ú R

(deforme)
(global) Ú ε

(deforme)
(global) Ø

| � À!Á ¾�Í^¾�º ¿ ¾ É Å�»�»<º�ÆB»�Í�Í Ì ¾ É ÆB¾ É Ç^»^ÄGÍ ÃäÉ Æ Ì<Ï »<º Á~ÌDÉ Æ À Í ÉP¿ ¾	¼Bº\ºD¾�Ç=�<ºB¾ ¿ »^Å ÀB¿|Ò
| x(deforme) = R

(global)
(deforme)x(global)

| Ö ÀB¿ Å!¼ ¿ ¾<º ¿OÀÂÁ~À<Ã ºäÄOÅ�¾PÆB¾Èº~Ä Ê Ä!ÆäÄ ÃDÌ Æ�¾ ¿1Ë�ÌB¿OÌ!Á ¾	Í Ã Æ À Í ÉP¿ ¾\ºB¾�Ç=�<ºD¾ ¿ »^Å ÀB¿|Ò
| B(deforme) = fonction(x(deforme))
| Ö ÀB¿ Å!¼ ¿ ¾<º ¿ ¾ É°Ï »<º�Å�¾ É Æ À Í ÉÈ¿ ¾\ºD¾	Ç=�<ºD¾ Ê^¿ »�� ÀB¿|Ò
| F = R

(deforme)
(global) BT D(ε

(repos)
(global) − ε

(deforme)
(global) )
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h=èmé¥è"£ G î1�BT ê�÷�� òº� T ê��\ê�òMê3��ì
: ¹»±´³|Â"ÁËµ�µ�Á��´¹»È�µ�¶½Á6� ±´¼O¸´³|¹O¾·¾½¼O±´³=" ¼�±�µ�È�Á>ÈB¾½¹Ô±���ÂËÁ>³�³�¶ µ5�ÌÇ~Á�È�Á�Â"¹»¾ÆÂË¸´¾·Á>È�¾Æ¹&"Ü¹�µ�È�¶ÆÂËÁ�Ç Á�È�¶I/�¶½Ç ¶·µ�� ù

÷Áù
ísù+�Áù
í u 
��>õOñ#ö�j1ð�ö
ò�ï
Ï+¹�È�¶I/�¶½Ç~¶ µ5�

K
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D
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¹»¸(Â>¹»¾ÆÂË¸~¾BÇ Á�¾½¹«"Ü¹�µ�È�¶ÆÂËÁ
Ç~Á
È�¶I/�¶½Ç~¶ µ5���}ÂÄÃ�¹OÅ�¸~Á
Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±P�1±´¼»µ�È�Áa" ¼ Ç8*>¾·Á
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¹O±�µ�v6" Á%��¶½¾�Á>³�µÌ¹O¾·¼�È�³M��¼�³�³�¶½É~¾·ÁÔÇ43 �Ëµ�¶½È�Á"ÈÌ¸~±«�>¾I�	" Á"±�µÌÇ~Á��~¾½¸´³�¶·Á>¸~ÈÄ³; ¼O¶Æ³|³�¹yµÄ¹»¶½¾·¾½Á�¶½±~¶ µ�¶½¹O¾·Á�³�¹»±´³B¶½±´³�µ�¹OÉ~¶·¾½¶·µ����
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x

(local)
etat = R

(global)
(local) (x

(global)
etat − a

(global)
etat )

Ï4Á�Â>¹»¾ÆÂË¸~¾4Ç Á�³=; ¼OÈÄÂËÁ�³ û~ùýü Ç~Á"þ¤¶·Á>±�µ@z
f = RR

(deforme)
(global) BT DB(RR

(global)
(repos) (X(global)

repos − A(global)
repos ) − (RR

(global)
(deforme)(X

(global)
deforme − A

(global)
deforme)))
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³�¼�±�µB±¤¸~¾½¾½Á>³ ù: Á.�´¾·¸´³	���´¹OÈ�Â"¼O±´³�µ�È�¸´Â/µ�¶·¼�± Ç ÁB±~¼�³�È�¼Oµ�¹�µ�¶·¼�±´³	��¼�± ³�¹»¶·µ�Å�¸~ÁB¾½Á|Ç Á"¸ ú ¶+*#" ÁB³�¼%"&" Á"µ
b
³�Á�µ�È�¼�¸~þOÁB³�¸´È�¾e3 ¹�ú Á

−→
Ox

�´Å�¸~ÁÌ¾·ÁÌµ�È�¼�¶½³�¶I*	" Á���¼O¶½±�µ
c
Á�³3µ®Ç~¹O±´³B¾·Á��´¾½¹O±

(
−→
Ox,

−→
Oy)

�~Á"µ|Å�¸~Á�¾½Á�Ç Á"È�±~¶½Á"È$��¼O¶½±�µ
d
Á>³�µB¾½¶½É~È�Á�Ç~¹O±´³B¾½Á>³µ�È�¼O¶Æ³�Ç ¶·È�Á>ÂËµ�¶½¼O±´³

x
�
y
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z
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OÂËÁ>�y³�Á>³�±~¼6" É~È�Á"¸ ú µ�Á>È�" Á�³�±¤¸~¾Æ³	��¾½Á�Â>¹»¾ÆÂË¸~¾5Ç Á�¾Æ¹�"Ü¹�µ�È�¶ÆÂËÁ�Ç Á�È�¶+/O¶ÆÇ ¶ µ5��Ç~¸µ��"µ�ÈÄ¹0*�Ç È�Á
w�Â¬;.¹»±~±~Á"ú ÁÌ¬ ù ü x�³�ÁÌµ�È�¼�¸~þOÁÌ³�¶+"��~¾½¶d- � ù ª²¾4Á�³3µ®¹»¾½¼OÈÄ³.��¼�³�³�¶½É~¾·Á�Ç Á�¾Æ¹ÔÈ�Á�Â"¹O¾½Â"¸~¾·Á>È$�ÔÂÄÃ�¹OÅ�¸~Á@�´¹O³|Ç~Áµ�Á	"��´³A��¼O¸~Èº¸~±JÂË¼�Y~µA;
¹»¶½É~¾½Á ù Ï+Á>³®Â>¹»¾ÆÂË¸~¾Æ³®³�¶I"��~¾½¶d-H�>³®Ç Á�³=;
¹OÂËµ�Á>¸~È�³ºÇ Á>³=; ¼�±´Â/µ�¶·¼�±´³®Ç Á�; ¼OÈ5"ÔÁ�Ç ¸Aµ�ÁËµ�È�¹6*>Ç È�ÁÇ ¸�µ3À���Á

Ni = ai + bix + ciy + diz
³�¼O±�µ|¾·Á�³®³�¸~¶·þ�¹O±�µ�z

b1 = −cydz b2 = −cydz b3 = 0 b4 = 0
c1 = (cxdz) − (bxdz) c2 = cxdz c3 = dzbx c4 = 0

d1 = cydx − cxdy + bxdy − bxcy d2 = cydx − cxdy d3 = −dybx d4 = −bxcy
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b b’

c

1

1 déplacement

y

Ï=ÐFÑ\Ò ÿ�ù ü�Ó Ï4Á�µ�È�¶Æ¹»±�/�¾·Á�Ç ÁÌµ�Á>³�µ ù Î�±�É�¼�¸�/OÁÌ¾½Á���¼�¶·±�µ
b
³�¸´È|¾�3 ¹�ú Á�Ç Á>³|¹OÉ´³�ÂË¶Æ³�³�Á>³ ù
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notre méthode
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Ï=ÐFÑ\Ò ÿ�ù ûoÓ Í�¼6"���¼OÈ�µ�Á#" Á>±�µÄ³|Ç ÁÌ¾½¹&; ¼�È�Â"Á�Á"ú Á"ÈÄÂ<�"Á�¹O¸���¼O¶½±�µ
b
Á>±�; ¼�±´Â/µ�¶·¼�±�Ç~Á�³�¼�±�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ

Î�±}þ�¼O¶·µ�³�¸~ÈÌ¾Æ¹
Â"¼O¸~È�É�Á ÿ�ù û w
¹�x�Å�¸Á3 ¹��´¹»È�µ�¶½È�Ç43 ¸~±~ÁÜÁËú¤µ�Á"±´³�¶·¼�±	Ç Á ø)(6(OZ wB�U� ø Á"±¤�´¹»È�µ�¹O±�µÌ¹#þ�Á>Â ¸~±µ�È�¶Æ¹»±�/�¾·Á®Ç Á|¾½¼O± /O¸~Á>¸~È ø x<�O¾½Á®³�À ³�µ�*	"ÔÁ�Ç ¼O±~±´Á®Ç Á>³FÈ���³�¸~¾·µ�¹»µ�³.±´¼O± ¶·±�µ�¸~¶ µ�¶d;
³	���~¸~¶Æ³�Å�¸~Á|¾Æ¹@; ¼OÈÄÂËÁ®Ç~¶I" ¶½±�¸´Áº¹»¾½¼OÈÄ³Å�¸~Áy¾Æ¹ Ç��<; ¼OÈ5"Ü¹�µ�¶·¼�±}¹»¸�/%" Á"±�µ�Á ù «�¹O¶½³�È�¶½Á"±	Ç Á Ç ÈÄ¹0"Ü¹»µ�¶ÆÅ�¸´Á6��Â"¹»È�¶·¾�Á"ú¤¶Æ³�µ�Áo��Á"¸ wF�´¹�³�ã1xºÇ~Áo"Ü¹�µ�¶I*>È�Áyµ�Á"¾½¾½ÁÅ�¸~Á"¾½¾½Á ù ª²¾5±~Á�;
¹»¸ µ$�´¹�³F¼�¸~É~¾½¶·Á>È�±´¼O±a�´¾·¸´³BÅ�¸~ÁÌ¾½Á>³./OÈÄ¹»±´Ç~Á>³FÇ��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³�±~Á�³�¼O±�µ=�´¹O³T/6�>È��>Á>³ ù ¬º¸�Ç~Á"¾ ���¤¶·¾;
¹»¸�Ç È�¹O¶ µB³9Y´È�Á	"ÔÁ>±�µT/6�>±��"È�Á"È�Ç Á>³BÂ>¹O³�³�¸~È�Á>³	�O¼�¸ Ç Á�³�Ç8��ÂÄÃ~¶½È�¸~È�Á>³ ù�: Á>�~¾½¸´³#�¤±~¼Oµ�¼�±´³�Å�¸~Á�¾·Á�³�¾·¼�¶½³�Ç Á�Â"¼6"���¼OÈ�¯µ�Á	" Á"±�µ®Á"±V/OÈÄ¹»±�Ç Á>³BÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³B³�¼O±�µ|Á"±´Â"¼OÈ�Á@" ¹O¾4ÂË¼�±~±¤¸~Á>³	�~³�¸´È�µ�¼O¸ µ®Ç~¹O±´³B¾·Á�Â>¹O³�µ�È�¶ÆÇ ¶I" Á>±´³�¶½¼O±´±~Á"¾ ùÏ4Á ÂË¼O¸´È�É�Á ÿ´ù û w Ésx$" ¼O±�µ�È�ÁyÅ�¸~Á�±´¼»µ�È�Á�" ¼ Ç8*"¾½ÁyÈ�Á>³�µ�Á�¾½¶½±��>¹O¶·È�Á�ÁËµ�Á>³�µºþ�¹»¾½¶½Ç~Á���¼�¸~È�Ç~Á>³�Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³Ê3¸´³�Å�¸P3 �
ln u = −1

�O³�¼O¶·µ
u = 0.37

�»Ç ¼�±´Â|Á"±¤þ¤¶½È�¼�± û�9�Z ÇP3 Á"ú�µ�Á"±´³�¶½É~¶·¾½¶·µ�� ù Í�Á>³�È���³�¸~¾·µ�¹»µ�³�³�¼O±�µ�µ�È�*�³.þ�¹»¾Æ¹»É~¾½Á>³	��~¸~¶Æ³�Å�¸´ÁBÇ~Á�µ�¼O¸ µ�Á.;
¹6�Ë¼�±P��¹»¸ÔÇ Á"¾ ��wF"�¯#" Á|¹#þ�¹»±�µ¨�>¹%x<��¸~±~ÁBþ¤È�¹O¶·Á�¾·¼�¶~Ç Á|ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µ�±P3 Á>³�µÀ�~¾½¸´³�¾·¶½±���¹»¶½È�Á ù
­�È�
OÂËÁ�¹»¸ Â>¹»¾ÆÂË¸~¾¤Ç Á�¾½¹�"Ü¹�µ�È�¶ÆÂËÁ�Ç Á�È�¶+/O¶ÆÇ ¶ µ5�T��ÂÄÃ´¹OÅ�¸~Á\�´¹O³�Ç Á�µ�Á	"&��³#�#¾½ÁT" ¼ Ç8*"¾½ÁB¹®¸~±~Á�µ�È5*>³�/OÈÄ¹»±�Ç Á�³�µ�¹»¯É~¶½¾·¶·µ��%�1"&¯	" Á�Á>±�µ�È5*>³�/OÈÄ¹»±�Ç Á>³1Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³.wF"�¯#" ÁB³�¶¤Ç~¹»±�³1Â"Á�Â>¹O³	�>¾½Á>³1È���³�¸´¾ µÄ¹�µ�³Á; ¼O¸´È�±~¶Æ³�³�¼�±�µ�¶I"��~È5�>Â"¶½³yx ù

Ï.ÐFÑTÒ ÿ´ù ÿoÓ�: ÁÌµ�È5*>³A/OÈÄ¹»±´Ç Á�³BÇ8�<; ¼�È�"Ü¹�µ�¶·¼�±´³@w È�Á#��¼�³BÁ>±�É´¾·Á>¸P�~Ç8�<; ¼�È�"���Á>±
È�¼O¸�/�Á)x
jAèmé¥è�ç V¤ø\íSRMî1T�îÀêmó�ø\ë£î�V��Á÷ ò��FîÀñ|�BT~�Áó ó%øTõmñ|��êmø\ëMó�ë=ñ�íïìdT êmð=ñ®��ó

v�¶·Á>±�Å�¸´Á.¾½¹="��Ëµ�Ã~¼ Ç ÁF³�ÁFÂË¼%"���¼�È�µ�Á�þ¤¶Æ³�¸´Á"¾½¾·Á	"ÔÁ>±�µ1ÂË¼�È�È�Á>ÂËµ�Á#" Á>±�µ4Ç~¹O±´³5¾½Á�Â"¹�³4Ç Á¥/�È�¹O±´Ç~³5Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�¶½¾4±~¼O¸�³.;
¹»¸ µ®þ%�"È�¶d-´Á>È$�ÔÅ�¸~Á>¾4±~¶½þOÁ�¹»¸�¾·Á�³BÈ���³�¸~¾·µ�¹»µ�³|³�ÁÌÈ�¹6���~È�¼¤ÂÄÃ´Á"±�µBÇ~Á�¾Æ¹ È5�>¹»¾½¶·µ�� ù

û6? n !6(
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¨®¼�¸´³ ¹#þ�¼O±´³Ôµ�¼O¸ µAÇ43 ¹»É�¼OÈÄÇ(þ�¼O¸~¾½¸`ÂË¼%"��´¹»È�Á"ÈÜ±~¼Oµ�È�ÁW"��Ëµ�Ã~¼ Ç Á	¹#þ�Á>ÂAÇ43 ¹»¸ µ�È�Á�³�"��Ëµ�Ã~¼ Ç Á>³ ¶½³�³�¸´Á>³ Ç~Á¾e3 ¶½±�/6�>±~¶½Á"È�¶·Á�"���Â"¹»±´¶½Å�¸~Á ù Ï+¹D±~¼O¸~þ�Á>¹O¸ µ��y¹6����¼OÈ�µ��"Á ³�Áy³�¶·µ�¸´¹O±�µÌ¹»¸J±~¶½þOÁ�¹»¸�Ç Á�³M/�È�¹O±´Ç~³®Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³	�´¼�±Ç8��³�¶½È�Á|¾Æ¹�ÂË¼%"��´¹»È�Á"È�¹#þ�Á>ÂBÇ Á>³¥"&�"µ�Ã~¼ Ç Á�³FÂ"¾½¹�³�³�¶½Å�¸~Á�³�±~¼O±~¯?¾½¶·± �>¹»¶½È�Á>³�È�Á�ÂË¼�±~±¤¸~Á>³¨��¼O¸~È�É~¶½Á"±�/6�>È�Á>È.¾·Á�³¥/OÈÄ¹»±�Ç~³Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³	�4ÁËµyÃ�¹»É~¶·µ�¸~Á>¾·¾½Á#" Á>±�µÔ¸ µ�¶½¾½¶½³��"Á�³�Ç~¹»±�³yÇ ÁÜµ�Á"¾Æ³yÂ>¹O³ ù Ï4ÁD¾½¼6/�¶½Â"¶·Á>¾FÇ Á Â"¼6"��´¹OÈ�¹O¶½³�¼O±%ÂÄÃ~¼O¶Æ³�¶FÁ>³�µ¬®±�³�À ³	�Ë¾·¼%/O¶ÆÂË¶½Á"¾OÇ~Á�È��#;F�"È�Á"±´Â"Á.Ç Á>³Á�"¾+�#" Á"±�µ�³4-´±~¶Æ³ ù Ï+¹="��Ëµ�Ã~¼ Ç ÁFÇ ÁFÂ"¼6"��´¹OÈ�¹O¶½³�¼O±�Á>³�µ+¸~±~ÁÀ"��Ëµ�Ã~¼ Ç ÁF³�µ�¹»µ�¶ÆÅ�¸´Á¸ µ�¶·¾½¶½³�¹»±�µÌ¾·Á µ�Á>±´³�Á"¸~È�Ç ÁÜÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³�±~¼�± ¯?¾½¶½±��>¹O¶·È�ÁyÇ ÁD­�È�Á"Á"±~¯9Ï1¹0/OÈÄ¹»± /OÁ�ÁËµÌ¸~±~ÁÔ¾½¼O¶.Ç ÁÜÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ�"¾Æ¹O³�µ�¶ÆÅ�¸~ÁÔ¾·¶½±��>¹O¶·È�Á ù Ï+¹�³�Á"¸~¾½Á Ç ¶I©c�"È�Á"±´Â"ÁÔ¹#þ�Á>Â�±´¼»µ�È�Á&"&�"µ�Ã~¼ Ç ÁÔÁ>³�µ�Ç ¼O±´Â É~¶½Á"±b¹»¸�±´¶·þ�Á>¹»¸%Ç ¸�µ�Á"±´³�Á"¸´ÈÌÇ~ÁÇ8�#; ¼OÈ5" ¹»µ�¶½¼O± ù¿�¼O¸~È
ÂËÁ"¾ ����¼O±`È�Á>³�µ�Á�µ�¼O¸»Ê3¼O¸~ÈÄ³D³�¸~È ¾½Á	Â>¹O³ ÇP3 ¸~±´Á«��¼O¸ µ�È�Á�Á>±´Â"¹�³3µ�È��>Á ù ¿�¼�¸~Èa��¼O¸~þ�¼O¶½È
Â"¼6"��´¹»È�Á"ÈÜ¾½Á>³"��Ëµ�Ã~¼ Ç Á>³	�4¼O±¤" Á>³�¸~È�ÁÔ¾½Á>³�Ç~¶d©c�"È�Á"±´Â"Á>³�Ç ÁôAH*>ÂÄÃ~Á�³
w
Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³yx�Á"±bÂËÁ"È�µ�¹O¶·±�³@��¼�¶·±�µ�³	�5Á"±b¾e3 ¼ Â>ÂË¸~È�Á"±´Â"Áµ�¼�¸´³B¾½Á>³|±~¼¤Á>¸´Ç~³	�~¹#þOÁ>Â�¸~±~Á�Ç~¶½³�µ�¹O±´ÂËÁÌ§�¸´Â"¾·¶ÆÇ ¶½Á"±~±´Á ùv�¶·Á>±Ô³�Y~È¥��¼O¸´ÈÀ��¼�¸~þO¼�¶·È�Â"¼6"��´¹»È�Á"È�¾½Á>³À"��"µ�Ã~¼ Ç Á�³#�»¶½¾~Á�³3µ�±���ÂËÁ�³�³�¹»¶½È�ÁBÇ43 ¸ µ�¶½¾½¶½³�Á"È�¾½Á>³¥"&¯	" Á>³¨"Ü¹»¶½¾·¾Æ¹0/�Á>³�Á"µ¾½Á$"&¯	" ÁA�´¹»ÈÄ¹»ÈÄ¹0"��"µ�ÈÄ¹0/OÁ ù ¿�¼O¸´ÈFÂËÁ>¾½¹ �»¼O± ¹@"Ü¹»¶½¾·¾+�6�»Á>±Ôµ�ÁËµ�È�¹6*>Ç È�Á>³	��¸~±
�´¹OÈ�¹O¾·¾+�"¾+�#�´¶I�s*>Ç Á=/�È�
�ÂËÁ|¹»¸�"Ü¹»¶½¾·¾½Á"¸´ÈÇ43 ¬®±´³�À ³#��Å�¸´¶4³�Á>È�¹ÔÇ ¼O±�Â@�´¹»È�;
¹»¶·µ�Á	"ÔÁ>±�µ|¹�Ç~¹0�~µ���� ¬®±´³�À ³ ù

�¤õ6� ñ#ð���ò�¨s
�ï (~ù '6! "�"��õ%� ñ#ð����8�4ö��	ô�� øOù7�6� "�"j�ò�ô1ñ�õ6
¤ï�ð	�D>s
�óTrI
�ñ#ñ�
�ô1ña��ò�¨s
¤ï1ï�
 ø)'�Z

Ï¥3 �>Â>¹»È�µ�" ¼�ÀOÁ"±Rw
Á"±�Ç ¶Æ³3µÄ¹»±´Â"Á>³�Á>¸´ÂË¾½¶ÆÇ ¶·Á>±~±~Á�³5xÌ¼�É µ�Á>±¤¸;Á"±�µ�È�ÁD¾½Á>³���¼�³�¶ µ�¶·¼�±´³yÇP3 ��Å�¸´¶·¾½¶·É´È�Á
; ¼�¸~È�±~¶·Á�³��´¹OÈ¬®±�³�À ³�ÁËµFÂ"Á"¾½¾·Á�³�; ¼O¸~È�±~¶½Á>³¨�´¹OÈ.±~¼»µ�È�Á."��Ëµ�Ã´¼¤Ç~ÁA��¾e3 �Ëµ�¹»µ�Ç43 ��Å�¸~¶·¾½¶½É~È�ÁBÁ�³3µFÇ Á ø)'OZ Á"±�" ¼�ÀOÁ>±~±~Á%�#³�¼O¶·µ (~ù '6! "&"��¼O¸~È.¸~±´Á$��¼�¸ µ�È�Á®Ç Á ø)�6(U�ºÿ�(E��û%( "�" 3 �»¸~±�" ¼¤Ç~¸~¾·Á®ÇP3 `�¼�¸~±�/�Ç Á ü0(%(6( ¿.¹ÌÁËµ�¸~±ÜÂË¼¤Á*_ÜÂ"¶·Á>±�µ.Ç~Á|¿�¼�¶½³�³�¼O±Ç Á (´ù ÿ�ùÏ¥3 �>Â>¹»È�µT��Á"¸ µº³�Á#" É~¾½Á"È=/OÈÄ¹»±´Ç Á"±]��¼�¸~ÈÄÂËÁ"±�µÄ¹0/OÁ%�%"Ü¹O¶½³�Á"±�;
¹»¶·µ®¶½¾5Á>³�µB¹�³�³�Á#É�;
¹»¶½É~¾½Á6�~Â"¹OÈB¾+� ¼6Â�¾·Á�³|Ç8�#�´¾½¹»¯ÂËÁ	" Á"±�µ�³�³�¼�±�µ|µ�È�*�³$��ÁËµ�¶·µ�³	��¾½¹�"Ü¹»È5/OÁ�ÇP3 Á>È�È�Á"¸~È$�´È�Á>±´ÇA¸~±~Á��´¾½¹�ÂËÁ�µ�È�*�³|¶I"���¼OÈ�µ�¹O±�µ�Á�Ç~¹»±�³®¾½Á���¼�¸~ÈÄÂËÁ"±�µÄ¹0/OÁ ù¨®¼�³|È5�>³�¸~¾ µÄ¹�µÄ³|³�Á	"yÉ~¾½Á"±�µºÇ ¼�±´Â�ÂË¼�Ã��"È�Á"±�µ�³ ù ©¤¸~È�µ�¼�¸ µºÅ�¸~Á���¼O¸~È|¾Æ¹Ü³�¶I" ¸~¾½¹»µ�¶½¼O±P��³�¶4¾½Á�"�¯#" Á�"Ü¹»¶½¾½¾½¹6/OÁ@�ËµÄ¹»¶·µ¸ µ�¶·¾½¶½³��6��Ç~¹O±´³�¬®±´³�À ³#��¶½¾�À�¹�³�Á"¸~¾½Á"¸�" Á>±�µ.Ç Á�³4µ5�Ëµ�ÈÄ¹0*�Ç È�Á>³�� ø	( ±~¼¤Á"¸´Ç´³1Á"µ�Ç~¼O±´Â�¶·±�µ�Á"È5��¼�¾I��³Á�´¹OÈ1¸´±~Á\; ¼�±´Â/µ�¶·¼�±Å�¸´¹OÇ~È�¹»µ�¶ÆÅ�¸´Á ù ª²¾Æ³�È���¹0/�¶½³�³�Á>±�µºÇ ¼O±´Âo" ¶·Á>¸ ú}¹»¸ ú,/�È�¹O±´Ç Á>³�Ç8�<; ¼�È�"Ü¹»µ�¶½¼O±´³ ùH: ¹»±´³�±~¼Oµ�È�Áo"��Ëµ�Ã~¼ Ç Á6�5³�Á"¸~¾Æ³º¾½Á>³µ��"µ�ÈÄ¹0*�Ç È�Á�³ ÿ ±~¼¤Á"¸�Ç~³B¾·¶½±���¹»¶½È�Á�³\�"µ�¹»±�µB¶I"��~¾+�#" Á>±�µ5�>³	�~ÂËÁ�Å�¸~¶�¶I"��~¾½¶ÆÅ�¸´Á�¸´±~Á�µ�È5*>³�¾I�	/6*>È�Á�Ç ¶d©c�"È�Á"±�ÂËÁ�¾·¼�È�³�Å�¸~Á¾½Á>³|Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³|¹O¸�/6" Á>±�µ�Á"±�µ ù

Ï=ÐFÑ\Ò ÿ�ù ��Ó Ò$��³�¸~¾·µ�¹»µ�³|³�¼O¸´³|¹O±´³�À¤³>z~¾Æ¹&��¼�¸ µ�È�Á��Ô¾�3 �ËµÄ¹�µ®¹»¸AÈ�Á#��¼�³	�¤ÁËµM�Ô¾�3 �ËµÄ¹�µºÇ43 �>Å�¸~¶½¾½¶·É~È�Á���c� �b ]¡+¢b£ £ ¢�¤+¢� b¥e¦+£ ¢b¦+§P¨ ©+¤+¨ ª3¦w¢p£ ¢�«#¥e¦+§¬ b¢b©K­H®)¯e¢�¤+¢�¤+�G°g¥)§¬±²®)­B¨ ¥e©#³w¤+®e©+´� b¢G­B­B¢p´¬¨ ±�¦+£ ®)­B¨ ¥)©�³Q b¢b§V­B®e¨ ©+´D�b£ �b±²¢b©K­B´=´¬¥e©K­�µ}«w£ ¦+´D¤+¢�¶)·3¸¤+¢�¤+�G°�¥e§¬±²®)­B¨ ¥)©�³+ b¢�ª3¦+¨8¢b´¬­P¹#¢b®e¦+ b¥e¦+«wº
Ï+¹AÂ"¼O±~¾½¸´³�¶·¼�±	Ç ÁDÂ"Á µ�Á>³�µ�Á>³�µyÅ�¸~Á ¾·Á�;
¹O¶ µyÇ43 �"¾½¶+"Ô¶½±~Á>È�¾·Á�³�Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³ÌÈ�¶+/O¶ÆÇ Á�³�¹#þ#¹O±�µÌÇ43 ¸ µ�¶·¾½¶½³�Á"Èy¸~±Â"¹O¾½Â"¸~¾�¾·¶½±���¹»¶½È�Á�Á"±]��Á"µ�¶·µ�³®Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³B³�Á#" É~¾·Á�Â"¼OÈ�È�Á�³m��¼O±´Ç~È�ÁM� Ç Á�³�È���³�¸~¾·µ�¹»µ�³�¸ µ�¶·¾½¶½³�¹»±�µ|¸~±AÂ"¹O¾½Â"¸~¾5±~¼O±~¯¾½¶·±���¹»¶½È�Á ù
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: Á,�~¾·¸�³#�T�~¾·¸�³�¶½Á"¸~ÈÄ³ µ�Á>³�µ�³D¹#þ�Á>ÂAÇ ¶I©s�>È�Á>±�µÄ³
�´¹OÈ�¹6"&�"µ�ÈÄ¹0/�Á>³ Ç Á,"Ü¹�µ5�"È�¶½¹O¸Q³�Á#" É~¾½Á"±�µD¶·±�Ç ¶½Å�¸~Á>È Å�¸~ÁJ¾½ÁÈ5�#/O¾Æ¹0/�Á�Ç~Á�±´¼�³=�´¹OÈ�¹6"&*"µ�È�Á>³BÂË¼�È�È�Á>³���¼O±´Ç��ÔÂ"Á"¾½¸~¶+Â"¼O±~±¤¸�ÁËµ®¸ µ�¶·¾½¶½³�� ù Í�3 Á�³3µ®¸~±V��¼O¶½±�µ|µ�È5*>³B¶½±�µ5�"È�Á>³�³�¹O±�µ	� Â"¹OÈ¼O±�³�¹O¶ µBÅ�¸P3 ¶½¾�Á>³�µ.��¼�³�³�¶·É~¾½Á�ÇP3 ¸ µ�¶·¾½¶Æ³�Á>ÈBÇ~Á>³." ¼¤Ç~¸~¾·Á�³�ÇP3 `�¼�¸~±�/ÔÁËµ|Ç Á>³BÂË¼¤Á*_ÜÂ"¶·Á>±�µ�³�Ç Á�¿�¼�¶½³�³�¼�±DÈ5�"Á"¾Æ³	��¼6©�Á>È�µÄ³�´¹OÈ|¾½¹&"��>Â>¹»±~¶ÆÅ�¸~Á�Ç Á>³$"Ü¹»µ��"È�¶Æ¹»¸ ú ù
jAèmé¥è"h V¤ø\íSRMî1T�îÀêmó�ø\ë�ó�î�VF��÷ ò®��óôó�ø\õmñ®��ê°ø\ë�ó�îÀëAîÀõ4�B��êmð=ñ®��ó
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,���µjFò�ô+ð>ñ�
,
�ï�õ6� �"ð>ñ1��

Ï4ÁT�~È�¼OÉ~¾+*#" Á¥�"µ�¸´Ç ¶+�BÂË¼O±�ÂËÁ"È�±~Á�¸´±~ÁT��¼O¸~µ�È�Á�¹�µ�µ�¹�ÂÄÃ��"ÁFÇP3 ¸~±ÔÂ�vOµ��FÁ"µ�³�¼O¸�" ¶Æ³�Á.�º³�¹$/OÈÄ¹#þ¤¶ µ5� ù Í�ÁËµ1Á"ú Á#"��~¾½ÁÂË¼�±´³�¶½³�µ�ÁV�	Â"¼O±´³�¶ÆÇ8�"È�Á"ÈÔ¸~±~ÁV��¼O¸ µ�È�ÁAÂË¼%"&" ÁA¸~±QÂË¼�È��´³Ô³�¼O¾½¶½Ç Á]�"¾Æ¹O³�µ�¶ÆÅ�¸~Á�¸~±~¶I; ¼OÈ5"ÔÁ�ÁËµDÇ ÁA¾e3 ¹O±´¹»¾½À ³�Á>È Á>±³�¸�����¼�³�¹»±�µ|¸~±V�Ëµ�¹»µ®Ç Á�ÂË¼�±�µ�È�¹O¶·±�µ�Á>³.�~¾Æ¹»±~Á�³ ùÏ+¹@��¼O¸~µ�È�ÁA�Ëµ�¸´Ç ¶+�"Á®Á�³3µFÈ�Á#�´È���³�Á>±�µ5�®³�¸´È�¾·Á�³�ÂÄÃ��	"Ü¹ ÿ´ù !~ù

l
Á�³3µ�¾½¹�¾½¼O± /O¸~Á>¸~ÈFÇ Á®¾Æ¹@��¼O¸ µ�È�Á%�

H
³�¹ÌÃ´¹»¸ µ�Á"¸~ÈÁËµ

T
³�¼O±]�#�´¹O¶½³�³�Á>¸~È)�

ρ
Á�³3µº³�¹&" ¹�³�³�ÁÌþO¼�¾·¸�" ¶ÆÅ�¸~Á6�

g
¾Æ¹&/OÈÄ¹#þ�¶·µ�� ùª3ÂË¶�¼�±DÈ�Á�³3µ�Á�Ç´¹»±´³�¸~±
Â>¹O³ ø	: � Ç ¼O±´Âºµ�¼�¸´³�¾·Á�³.��¼�¶·±�µ�³�ÂË¼%"��´¹»È5�>³�³�Áºµ�È�¼O¸~þ�Á"È�¼O±�µ�³�¸~ÈB¾½¹y¾·¶+/O±´Á�" ¼�ÀOÁ>±~±~Á%�"Ü¹»¶Æ³B¾�3 ÁËú¤µ�Á"±´³�¶·¼�±�¹O¸ ü0: ¼O¸A¹»¸ û%: Á>³�µ®¶·±�µ�¸´¶ µ�¶·þ�Á ù

x
l

fn

ft

pg

l
H T

Ï=ÐFÑTÒ ÿ�ù !oÓ Ï+¹&��¼O¸ µ�È�Á�Á>±´Â"¹�³3µ�È��>Á�¹O±´¹»¾½À ³m�>Á
¿�¼O¸~ÈÌÂ"¹O¾½Â"¸~¾½Á"Èº¾Æ¹òA *>ÂÄÃ~ÁÔÇ43 ¸~±«��¼O¶½±�µÌÇ Á ÂË¼¤¼�È�Ç ¼�±~±��>Á

x
��¼O±	È�Á	/�¹OÈ�Ç Á�Â"ÁÔÅ�¸P3 ¶½¾�³�Áo��¹O³�³�Á&�D¾e3 Á"ú�µ�È��	" ¶ µ5�Ç Á
¾½¹µ��¼�¸ µ�È�Á��«�´¹»È�µ�¶½È Ç~Á

x
ù ¬º¸���¼O¶½±�µ

x
��¶½¾|³#3 ÁËú Á"ÈÄÂËÁ ¸~±~Á�; ¼�È�Â"Á
Ç8��ÂË¼%"&��¼�³�¹»É´¾·ÁDÁ>±�¸~±´Á
ÂË¼%"���¼�³�¹O±�µ�Áµ�¹O±�/OÁ>±�µ�¶½Á"¾½¾·Á

ft

ÁËµ®¸´±~Á�ÂË¼6"���¼�³�¹»±�µ�ÁÌ±~¼�È�"Ü¹O¾·Á
fn
ù¬�¾�3 �>Å�¸~¶½¾½¶·É~È�Á6�´¾½¹ ³�¼6"�" ÁÌÇ~Á>³=; ¼�È�Â"Á>³�Á>³�µ®±¤¸~¾·¾½Á�z

fn + ft + ρg(l − x) = 0

¼OÈ
ft = 0

Â"¹OÈ®¹»¸´Â"¸~±~Á>; ¼OÈÄÂËÁÌ±~Á�þ¤¶½Á"±�µ®ÂË¼%"&�´È�¶+" Á"È)� ±~¶+¹»¾½¾½¼O±�/�Á"È�¾½¹���¼O¸ µ�È�Á%�~Ç ¼O±�Â
fn = −ρg(l − x)

Î�±�Á"±JÇ8�>Ç~¸~¶ µ®¾½Á@" ¼6" Á"±�µ®ÁËú Á>È�Â#��z
M = −ρg(l − x)

(l − x)

2
= −ρg

(l − x)2

2Â"¹OÈ�¾Æ¹�/OÈÄ¹#þ�¶·µ���³#3 ¹0� �~¾·¶ÆÅ�¸´¹»±�µ�¸~±~¶I; ¼OÈ5"&�	" Á"±�µB³�¸~È�µ�¼�¸ µ|¾·Á�þO¼�¾·¸ "ÔÁ%�¤¼O±a��Á"¸~µ|¹�Ç8" ÁËµ�µ�È�Á�Å�¸P3 Á"¾½¾·ÁÌÂË¼�È�È�Á>³���¼O±´Ç�Ô¸~±~Á@; ¼�È�Â"ÁÌ³	3 ¹0���~¾½¶ÆÅ�¸�¹»±�µ®¹»¸]"Ô¶½¾½¶·Á>¸AÇ~¸�þ�¼O¾½¸�" Á ùÏ¥3 �>Å�¸´¹»µ�¶½¼O±�Ç ¶d©c�"È�Á"±�µ�¶·Á>¾·¾½Á�Ç Á�¾Æ¹yµ�Ã��"¼�È�¶½Á�Ç Á>³=��¼O¸~µ�È�Á>³BÁ>³�µ�z

EI
∂2u

∂x2
= −M(x)

¼6Â
E
Á>³�µ�¾·Á
" ¼ Ç ¸~¾½ÁDÇ43 `�¼O¸~± / �4³�¼O¶·µ�¾½¹�È�¶I/�¶½Ç ¶·µ��ÜÇ ¸�"Ü¹»µ��"È�¶Æ¹»¸P�5Á"µ

I
Á�³3µ�¾½Á
" ¼6" Á"±�µyÇ43 ¶½±~Á"È�µ�¶½ÁDÇ Á ¾½¹

��¼O¸ µ�È�Á%�~¹#þOÁ>Â
I = TH3

12

Ç~¹O±´³B¾½Á�Â"¹O³|ÇP3 ¸~±´Á���¼�¸ µ�È�ÁÌÈ�Á�Â/µ�¹O±�/O¸´¾½¹O¶·È�Á6��; ¼O±�Â/µ�¶½¼O±AÇ Á�¾Æ¹ ³�¸~È�;
¹OÂ"Á�Ç Á�ÂË¼O¸ ��Á ùÎ�±�Á"±JÇ8�>Ç~¸~¶ µ®¾Æ¹&��Á>±�µ�Á
z
∂2u

∂x2
=

−1

EI
(ρg

(l − x)2

2
)§�±A¶½±�µ5�#/�È�¹O±�µ)�¤¼O±�¼OÉ µ�¶·Á>±�µ®¾Æ¹&��Á>±�µ�Á
z

∂u

∂x
=

−1

EI
(−ρg

(l − x)3

6
) + a
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§�±A¶½±�µ5�#/�È�¹O±�µ)�¤¼O±�¼OÉ µ�¶·Á>±�µ®¾Æ¹�A *>ÂÄÃ´Á&z

u =
−1

EI
(ρg

(l − x)4

24
) + ax + b

Ï+¹&��¼O¸ µ�È�Á@�"µ�¹»±�µ=-~ú8�"Á�Á>±
x = 0

� ¼�±�¹Ô¾½Á>³®Â"¼O±´Ç~¶ µ�¶·¼�±´³|ÂË¶½±��#"Ü¹»µ�¶ÆÅ�¸´Á>³|³�¸~¶·þ�¹O±�µ�Á>³
∂2u

∂x2
(0) = 0

ÁËµ
∂u

∂x
(0) = 0

Ç43 ¼6Â�¼O±JÇ8��Ç ¸~¶·µ
a
ÁËµ

b
z

a =
1

EI
(−ρg

l3

6
)

b =
1

EI
(ρg

l4

24
)
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Ñ.¸�¾Æ¹ÜµÄ¹»¶½¾·¾½Á Ç Á ¾½¹a��¼�¸ µ�È�Á6��¾½Á>³®È5�>³�¸~¾·µ�¹»µ�³�³�¼�±�µ�Á"±´Â"¼O¸~ÈÄ¹0/�Á>¹»±�µÄ³ ù ª²¾�;
¹»¸~µºµ�¼�¸ µ�Ç~Á�"�¯#" ÁÔ³�¹#þ�¼O¶½È®Å�¸´Áy¾Æ¹ÂË¼%"��´¹»ÈÄ¹»¶Æ³�¼�±�Ç ¶½È�Á�Â/µ�ÁÔÇ Á>³�þ�¹»¾½Á"¸´È�³�Á>³�µ�¸´±µ��Á"¸«;
¹»¸´³�³m�>Á6��Á"±�µ�È�ÁÔ¹»¸ µ�È�Á&�´¹»ÈÄÂËÁÔÅ�¸~Á ¾Æ¹Üµ�Ã��"¼�È�¶½Á Ç Á>³>��¼O¸ µ�È�Á�³±~Á��~È�Á>±´Ç���¹O³�Á"± Â"¼6"�� µ�Á�¾�3 ¶+" Â"¼6"��~È�Á>³�³�¶½É~¶½¾·¶·µ���Ç ¸a"Ü¹»µ��"È�¶Æ¹»¸Ww
Â"¼¤Á�_DÂË¶½Á"±�µ|Ç Áº¿�¼O¶Æ³�³�¼�±Hx¬�¤Ç~¹»±�³\" ¼O±Dµ�Á>³�µ�Ê3Á¾e3 ¹O¶4"Ô¶Æ³A� (~ù û~ùÍ�Á�Å�¸~¶4Á�³3µº³�¸~È�µ�¼O¸~µ®¶·±�µ��>È�Á�³�³�¹»±�µ)�~Â03 Á>³�µºÇ Á�ÂË¼%"&��¹»È�Á"ÈB¾½¹ÜÂ"¼O¸~È�É�Á@; ¼OÈ5"&�>Á@�´¹»È®¾Æ¹�A´ÁËú ¶½¼O±JÇ Á�¾Æ¹���¼�¸ µ�È�Á ùÎ�±	³�¹»¶·µ�Å�¸Á3 ¹O±´¹»¾½À�µ�¶ÆÅ�¸´Á#" Á"±�µ	��¼�±%¹
¸~±«��¼O¾½À¤±Dv6" ÁÜÇ Á Ç Á#/�È�� ÿ ��¼�±«��Á"¸ µ�È�Á#/�¹OÈ�Ç~Á"È�Â"ÁÜÅ�¸Á3 ¶½¾�Á"±%Á>³�µ>��¼O¸~È±~¼Oµ�È�Á
"&�"µ�Ã~¼ Ç ÁD¹#þ�Á>ÂÔ¾½Á>³�È5�>³�¸~¾·µ�¹�µÄ³@�~È5�>Â<��Ç Á"±�µÄ³ ù ¿�¼�¸~È�ÂËÁ>¾½¹ �4¼O±bþ�¹JÂË¼%"&��¹»È�Á"ÈÌ¾·Á�³�È5�>³�¸~¾ µÄ¹�µÄ³�Á"±ª�>ÂÄÃ´Á"¾½¾·Á�³¾½¼6/�¹OÈ�¶·µ�" ¶ÆÅ�¸~Á>³.��¼O¸~È®Ç ¶I©c�"È�Á"±�µ�Á�³Bþ#¹O¾·Á>¸~ÈÄ³|Ç ¸JÂË¼¤Á�_DÂË¶½Á"±�µ®Ç Á���¼O¶Æ³�³�¼O± ù
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courbure théorique
courbure numérique µ=0.1
courbure numérique µ=0.3

courbure numérique µ=0.49

position en x

déplacement en y
flèche =

Ï=ÐFÑ\Ò ÿ�ù79�Ó Í�¼6"��´¹OÈ�¹O¶½³�¼O± Ç~Á>³MA *�ÂÄÃ~Á>³=�´¹OÈ|È�¹6����¼OÈ�µ|¹O¸ ú
¹OÉ´³�Â"¶½³�³�Á>³�Á"±V�>ÂÄÃ´Á"¾½¾·Á�³�¾½¼6/�¹»È�¶ µ�Ã�" ¶½Å�¸~Á�³
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Î�±�þ�¼O¶·µ µ�È5*>³ É~¶½Á"±Q³�¸´ÈÜ¾·ÁV/OÈÄ¹0�´Ã~Á ÿ�ù79 Å�¸~Á�µ�¼�¸ µ�Á�³ ¾·Á�³ÜÂË¼O¸´È�É�Á>³Ü³�¼O±�µÜÅ�¸�¹O³�¶ ¯Î�´¹»ÈÄ¹»¾½¾+*"¾½Á>³	��Ç ¼�±´Â�¾·Á>¸~ÈÄ³ÂË¼¤Á*_ÜÂ"¶·Á>±�µ�³|Ç ¶½È�Á�Â/µ�Á"¸~ÈÄ³B³�¼�±�µBµ�È�*�³=�~È�¼ ÂÄÃ~Á�³#� Ç ¼�±´Â�Á"¾½¾·Á�³|³�¸´¶·þ�Á"±�µ|¸~±~Á�¾½¼O¶4Ç Á@"�¯#" Á�Ç Á	/OÈ5� ù Í�ÁÌÈ���³�¸~¾·µ�¹»µ|Á>³�µµ�È5*>³�þ�¹O¾·¼�È�¶Æ³�¹O±�µ	�#¶·¾ �~È�¼�¸~þOÁBÅ�¸~Á|±~¼Oµ�È�ÁT"��Ëµ�Ã~¼ Ç Á®³�¸~¶ µ�¸´± Â"¼6"���¼OÈ�µ�Á#" Á>±�µ�µ�Ã��"¼�È�¶ÆÅ�¸~ÁBþ#¹O¾½¹OÉ~¾½Á6��ÁËµFÂ"Á|Å�¸´Á"¾ÆÅ�¸´Á³�¼O¶·µB¾½Á��´¹OÈ�¹6"&�"µ�ÈÄ¹0/�Á ù¿�¾½¸´³ ¾½ÁAÂ"¼¤Á�_DÂË¶½Á"±�µDÇ ÁA¿�¼O¶Æ³�³�¼O±(Á>³�µ���Á"µ�¶·µ	�¥�~¾½¸´³ ¼�±(È�Á#"Ü¹»ÈÄÅ�¸~Á
Å�¸~ÁA¾Æ¹bÂË¼O¸´È�É~¸´È�Á�Á>³�µ
�~È�¼ ÂÄÃ~ÁAÇ ÁA¾Æ¹µ�Ã �"¼OÈ�¶½Á6��ÂËÁ Å�¸~¶�È�Á3Ê3¼O¶½±�µ��´¹OÈm;
¹O¶ µ�Á#" Á"±�µ�¾·Áo;
¹»¶·µ�Å�¸~ÁÔ¾�3 ¶I"ÜÂ"¼6"��~È�Á>³�³�¶½É~¶½¾·¶·µ��yÇ~¸«"Ü¹�µ5�"È�¶½¹O¸J±P3 Á�³3µ@�´¹�³A�~È�¶½³�ÁyÁ>±ÂË¼%"�� µ�Á�Ç~¹O±´³|ÂËÁ"µ�µ�Á�¹0���~È�¼ ÂÄÃ~ÁÌ¹»±´¹O¾·À�µ�¶ÆÅ�¸~Á ù
jAèmé¥èkj V¤ø\íSRMî1T�îÀêmó�ø\ë£î�V��Á÷ õ��n�BT ñ®�B¦£÷4ñ¡i��
^�ù
ísùI^�ù
í = 
Jð"ñ�ô1ð/±TõOô��\

Ï4ÁBµ�È�¸~µ�ÃDÂË¸´É�Á®Á�³3µ�¸´±~ÁA�Ëµ�¸´Ç ÁA" Á>±��"ÁA��¾e3 ¸~±~¶½þOÁ"ÈÄ³�¶ µ5�BÇ~ÁM º¹OÈ�þ�¹»ÈÄÇ�å ü�9 ¯4¯Ì§FÒ (Oû)æ9ù §F¾·¾½ÁA��Á"È5"ÔÁ"µ�Ç ÁBµ�Á>³�µ�Á"È¾Æ¹«�~È5�>Â"¶½³�¶½¼O±�Ç Á]"��Ëµ�Ã~¼ Ç Á>³Ô±¤¸�"��"È�¶½Å�¸~Á�³ Ç´¹»±´³Ô¾½Á�Â>¹O³ÔÇ ÁV"Ô¼ Ç8*>¾·Á�³ Ç8�<; ¼�È�"Ü¹»É´¾·Á�³ ù §�¾½¾·ÁA¹«�"µ��AÂËÈ5�"ÁAÇ~¹»±�³¾e3 ¶ÆÇ8�"ÁÌÇ Á�µ�Á�³3µ�Á"ÈB¾½Á>³."��Ëµ�Ã´¼¤Ç~Á>³�¸ µ�¶½¾½¶½³��"Á�³�Ç´¹»±´³�¾½Á�Â>¹OÇ È�Á�Ç Á�³�¶I" ¸~¾Æ¹�µ�¶½¼O±�³�ÂÄÃ~¶½È�¸~È�/�¶½Â>¹»¾½Á>³	��Ç ¼�±´Â�ÂËÁ�µ�Á>³�µ|±~¼O¸�³¶½±�µ5�"È�Á>³�³�Á>�´¹OÈ�µ�¶½Â"¸~¾·¶+*"È�Á#" Á>±�µ ùÏ4Á�µ�È�¸ µ�Ã`Â"¸~É�Á	Á>³�µ ¸~±nÂ"¸~É�Á}Ç Á	³�¶½¾·¶ÆÂË¼�±~Á�Ç Á '���'c�0' Â<" 3 Ç ¼�±�µ ¾·Á�³��~È�¼6�´È�¶+�Ëµ5�>³DÇ ¸R"Ü¹»µ��"È�¶Æ¹»¸`³�¼O±�µÂË¼�±~±¤¸~Á>³awF" ¼ Ç ¸~¾½Á Ç43 `�¼O¸~±�/[� ø>ÿ´ù ? ª�¿.¹AÁ"µ ÂË¼¤Á�_DÂ"¶·Á>±�µÔÇ ÁD¿�¼O¶Æ³�³�¼O±½� (~ù7� x ù ¬�¾e3 ¶½±�µ��"È�¶½Á"¸~ÈyÇ~Á ÂËÁ Â"¸~É�Á³�¼O±�µ®Ç ¶½³���¼�³��"Á>³|Ç~Á>³=��ÁËµ�¶·µ�Á�³|É~¶½¾·¾½Á>³ºÇ Á�"��Ëµ�¹O¾P�Ô¶·±�µ�Á>È�þ�¹O¾·¾½Á>³BÈ5�#/�¸~¾·¶½Á"ÈÄ³@w
Â<;�- /�¸~È�Á ÿ�ù ' x ù

Ï=ÐFÑTÒ ÿ´ù '�Ó Ï+Á�µ�È�¸~µ�ÃJÂË¸~É�Á�ÁËµº³�Á>³|Â>¹»ÈÄ¹OÂËµ��"È�¶Æ³3µ�¶½Å�¸~Á�³
^�ù
ísùI^�ù � = rI
��4j\��ñ�ö�
¤ï1õ%


: Á>³.ÂË¼�±�µ�ÈÄ¹»¶½±�µ�Á>³�ÂË¼�±~±¤¸~Á>³=w ¶½±�µ�Á>±´³�¶·µ��BÁ"µ.Ç~¶·È�Á>ÂËµ�¶½¼O±Hx�³�¼O±�µ�¹6���~¾½¶½Å�¸��>Á>³	�0�º¾e3 ¹»¶ÆÇ Á|Ç43 ¸´±ÔÇ ¶Æ³���¼�³�¶·µ�¶I;�Â"¼O±�µ�È�vO¾+�Á"±¤; ¼�È�Â"Á6�4³�¸~È�ÂËÁDÂ"¸~É�Á ù Ï4Á�³�Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³Ì³�¼O±�µ�Á"±´È�Á	/O¶Æ³3µ�È��>Á>³Ì³�¼�¸´³Ì¶+" ¹6/OÁ>È�¶½ÁÔ³�Â"¹O±~±~Á>È	�4��¼O¸~È���Á"È5" ÁËµ�µ�È�ÁÇ Á�" Á>³�¸~È�Á"ÈB¾½Á�Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µ®Ç Á�ÂÄÃ´¹�Å�¸~ÁÌÉ~¶·¾½¾½Á@� ¾e3 �Ëµ�¹»µ®³3µÄ¹»É~¾½Á�¹0�~È5*>³�¾e3 ¹6���~¾½¶½Â>¹�µ�¶·¼�±�Ç Á�Ç~¶·þ�Á"ÈÄ³�Á�³\; ¼�È�Â"Á>³@w
Â<;- /�¸~È�Á ÿ�ù·ø)( x ùÏ¥3 ÁËú8�s�"È�¶·Á>±´ÂËÁÔ¾Æ¹V�~¾·¸�³>;
¹OÂË¶½¾½Á���³�¶+"y¸~¾½Á"È�Á�³3µ�ÂËÁ>¾·¾½ÁDÂË¼�±´³�¶½³�µ�¹O±�µ���Á<©�Á>ÂËµ�¸~Á>È�¸~±~Á��~È�Á>³�³�¶½¼O±b³�¸~ÈÌµ�¼�¸ µ�Á ¾Æ¹�´¹OÈ�µ�¶·Á�³�¸��H�>È�¶½Á"¸´È�Á�Ç ¸JÂË¸´É�Á%�´ÂË¼%"&" ÁÌ¶½±´Ç ¶ÆÅ�¸ ��Ç~¹»±´³B¾Æ¹�- /O¸´È�Á ÿ´ù ?~ùÏ4Á�³ºÈ5�>³�¸~¾·µ�¹»µ�³Ì³�¼�±�µ��~È�¶½³�Á>±	ÂË¼%"�� µ�Á��Üµ�È�¼�¶½³�±~¶½þOÁ�¹»¸ ú�Ç Á ÂË¼%"&�´È�Á�³�³�¶·¼�±�z �<Z � ø�ü � �OZ Á"µ ø)'~ùýü6�OZDù Î�±¹0� �~È�¼ ÂÄÃ~ÁÌÇ ¼�±´ÂÌ¾·Á�³=/OÈÄ¹»±´Ç~Á>³BÇ8�<; ¼�È�"Ü¹»µ�¶½¼O±´³ ù

ÿ�û n !6(



 �²+±�� ¼<ý)¿�· »�· ´�º [�ý<»#¾���¶Î¹8¶�»

Ï=ÐFÑ\Ò ÿ�ù ?oÓ Ï¥3 ÁËú8�s�"È�¶·Á>±´ÂËÁ�Ç Á�Â"¼6"��~È�Á>³�³�¶½¼O±

Ï=ÐFÑ\Ò ÿ�ù·ø)(«Ó Ñº¶Æ³�¸´¹O¾·¶Æ³�¹�µ�¶½¼O±QÁ>±<¶+"Ü¹0/�Á>³D³�Â"¹O±~±~Á"ÈDÇ~ÁJ¾�3 ÁËú8�s�"È�¶·Á>±´ÂËÁ�Ç Á	ÂË¼6"��~È�Á>³�³�¶·¼�±ô��¼O¸~ÈDÈ5�>Â"¸��s�"È�Á"ÈÜ¾Æ¹��¼�³�¶ µ�¶·¼�± û%: Ç Á>³BÉ´¶·¾½¾·Á�³�w
¹O¸
È�Á#��¼�³BÁ"µ �<Z Ç~Á�ÂË¼6"��~È�Á>³�³�¶·¼�±Hx
^�ù
ísùI^�ù½÷ = �¤��ö��%ô���� ð�ö
ò�ï
Í�ÁËµ�µ�Á ÁËú8�H�>È�¶½Á"±�ÂËÁÔþ#¹a¯Ëµ�È�ÁÔ³�¶+"y¸~¾+�"ÁÔ¹#þOÁ�Â�±~¼Oµ�È�Áo"��Ëµ�Ã~¼ Ç Á6�5¹�-�±}Ç Á ÂË¼6"��´¹OÈ�Á>È®±~¼�³ºÈ5�>³�¸~¾·µ�¹�µÄ³�¹#þ�Á>Â�¾½Á>³Ç ¼�±~±��"Á�³BÁËú8�s�"È�¶I" Á"±�µÄ¹»¾½Á>³ ù¿�¼O¸~È�ÂËÁ>¾½¹ �>¼�±yþ�¹M;
¹»¶½È�Á�Å�¸´Á"¾ÆÅ�¸´Á>³�Ã¤À���¼»µ�Ã�*>³�Á>³ ù Î�± ³	3 ¹�Â"ÂË¼�È�Ç~Á\��Ç~¶·È�Á�Å�¸~Á�¾½Á>³���Á"µ�¶·µ�Á>³�É´¶·¾½¾·Á�³�±~Á�ÂÄÃ�¹»±�/�Á"±�µ�´¹�³�¹�³�³�Á#É®¾½Á>³T�~È�¼6�~È�¶+�Ëµ���³FÇ ¸�"Ü¹�µ��>È�¶Æ¹»¸
��¼O¸´È�Å�¸~Á>¾·¾½Á>³�³�¼�¶·Á>±�µT�~È�¶½³�Á>³FÁ"±�ÂË¼6"�� µ�Áº¾½¼OÈÄ³FÇ Á�¾Æ¹y³�¶I" ¸~¾½¹»µ�¶½¼O± ù�: Á�~¾½¸´³	��¾½Á&" ¹»µ��>È�¶Æ¹»¸�±´Á���Á"¸ µ@�´¹�³�¯"µ�È�Áo" ¼ Ç8�"¾½¶Æ³m�&�´¹»È�¸~±%ÂË¼¤Á�_DÂË¶½Á"±�µÌÇ Á ¿�¼�¶½³�³�¼�±«� (´ù � w
¹O±´¹»¾½À�µ�¶ÆÅ�¸´Á#" Á"±�µ	�ÂËÁ>¾½¹�ÂËÈ5�"Á ¸~±~ÁÜÇ ¶½þ¤¶½³�¶·¼�±«�´¹OÈ ( x¬��¼�±}þ�¹
Ç~¼O±´Â ¸ µ�¶½¾½¶½³�Á"È (´ù ÿ�?6? w�ÂËÁ"¾Æ¹
±~ÁÜ³�Á>È�µ�� È�¶½Á"±	Ç~Á��~È�Á"±�Ç È�ÁÔ¸~±%ÂÄÃ~¶d©�È�Á�~¾½¸´³$/�È�¹O±´Ç Å�¸~¶+Â"È��>Á"ÈÄ¹ Ç~Á>³B¶+"&�´È���ÂË¶Æ³�¶½¼O±´³�±¤¸�"��"È�¶ÆÅ�¸´Á>³yx ùª²¾.¹�;
¹O¾·¾½¸bÂË¼O±�³3µ�È�¸~¶½È�Áy¸~±¤"Ü¹»¶½¾·¾Æ¹0/�Á����´¹»È�µ�¶½È�Ç Á>³>��¼�³�¶ µ�¶·¼�±´³ÌÇ Á>³ÌÉ~¶½¾½¾·Á�³�È�Á#��¼�³ ù §�±�µ�È�ÁÜÂÄÃ´¹OÅ�¸~Á É~¶·¾½¾½Á6�5¾½ÁÂË¸´É�ÁM�@�"µ��ºÇ~¶·þ¤¶Æ³m�|Á>±
��Á"µ�¶·µ�³FÂ"¸~É�Á>³À"Ü¹»¶½¾½¾I��³.Á"± ø)( µ�ÁËµ�È�¹6*>Ç È�Á>³.¹0-´±ÜÇ ÁºÂ"¼O±´³�Á"È�þOÁ>È�¸´±~Áº³�À�"��"µ�È�¶·Á�w�Â¬;4¹»±~±´ÁËú Áv ù ü x ù

^�ù
ísùI^�ùI^ = 
�� ñ�����ô��
ð	� ð)�
§�±b³�¸�³�Ç~Á>³�È���³�¸´¾ µÄ¹�µ�³�; ¼�¸~È�±´¶½³>�´¹OÈ�¾½Á>³�¶+"Ü¹0/OÁ�³Ì³�Â>¹»±~±~Á>È	��³�¼O±�µÌÇ~¼O±~±���³ÌÇ Á>³�Ç8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³ÌÂ"¹O¾½Â"¸~¾+�>³>��´¹OÈ�µ�¶·È�Ç43 ¸~±~ÁD¹O¸ µ�È�Á�"��Ëµ�Ã´¼¤Ç~ÁÜ±�¸ "&�>È�¶ÆÅ�¸~ÁDÇ43 �"¾+�#" Á"±�µÄ³>-´±~¶Æ³�ÂË¾Æ¹O³�³�¶ÆÅ�¸~Á>³	��µ�Á>±´³�Á"¸~È�Ç ÁDÇ��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³Ì±~¼O±~¯¾½¶·±���¹»¶½È�ÁBÁ"µ�¾·¼�¶~Ç Á®ÂË¼%"&��¼OÈ�µ�Á	" Á"±�µ.¾·¶½±��>¹O¶·È�Á=�"¾Æ¹O³�µ�¶ÆÅ�¸~Á�w ¾½¼6/O¶ÆÂË¶½Á"¾4z�¬MvB¬ � ¡�© þ � ù ' x ù Í�ÁËµ�µ�Á®³�¶+"y¸´¾½¹»µ�¶½¼O±&�Ëµ�¹O±�µ¹0� �~¾·¶ÆÅ�¸��"Á�¹#þOÁ�Â|¾·Á�³\"�¯	"ÔÁ�³FÃ¤À���¼»µ�Ã *>³�Á>³>w É~¶½¾·¾½Á>³�±��	/O¾½¶I/%�"Á>³	�6"�¯	"ÔÁ�³Fþ�¹O¾·Á>¸~È�³�Ç ¸�"Ü¹»µ��"È�¶Æ¹»¸Hx�ÁËµB¸~±�"Ü¹»¶½¾·¾Æ¹0/�ÁÃ~Á"ú ¹6*>Ç È�¶ÆÅ�¸´Á�¾½¶½±��>¹O¶·È�Á
w Ã~Á"ú ¹6*>Ç È�Á>³$� ' ±~¼¤Á>¸´Ç~³yxBÂË¼6"��´¹OÈ�¹OÉ~¾½Á>�ÜÂ"Á"¾½¸~¶+Ç Á�±~¼Oµ�È�Á�³�¶+"y¸~¾Æ¹�µ�¶·¼�±P�~ÂËÁ�³|È5�>³�¸~¾ µÄ¹�µÄ³��Á"¸~þ�Á"±�µ&¯"µ�È�Á��´È�¶Æ³ÔÁ"±(Â"¼6"�� µ�Á
þ�¹»¾Æ¹»É´¾·Á	"ÔÁ>±�µ Ç~¹O±´³Ô¾½¹%ÂË¼%"��´¹»ÈÄ¹»¶Æ³�¼�± ù Í�3 Á>³�µÔµ�È5*>³ ¶·±�µ��>È�Á�³�³�¹»±�µ)��Â>¹»ÈÜÇ~¹»±�³ÂËÁ"µ�µ�Áa"��Ëµ�Ã~¼ Ç Á6�.Â03 Á>³�µy¸~±�µ�Á>±´³�Á>¸~È Ç~Á>³ÔÇ8�<; ¼�È�"Ü¹�µ�¶·¼�±´³�±´¼O± ¯9¾·¶½±���¹»¶½È�ÁDÅ�¸~¶�Á>³�µ ¸ µ�¶·¾½¶Æ³m�%��¹#þ�Á>ÂÜ¸~±´Á ¾½¶·±���¹»È�¶ µ5�"��>Â>¹»±~¶ÆÅ�¸~ÁÌÁËµºÇ Á�³=�"¾+�#" Á"±�µ�³®¾·¶½±��>¹O¶·È�Á>³ ùÎ�±ô��¼O¸´È�ÈÄ¹�Ç ¼�±´Â
Â"¼6"��´¹OÈ�Á>È ±~¼Oµ�È�Á�"��"µ�Ã~¼ Ç ÁA¹#þOÁ�ÂD¸~±~ÁJ¹O¸ µ�È�Áa"��Ëµ�Ã~¼ Ç ÁJÅ�¸~¶BÁ>³�µÔÁ"ú ¹�Â/µ�Á#" Á"±�µÜÂËÁ"¾½¾½ÁÅ�¸P3 ¼O±�Á>³�³�¹#À�Á�Ç43 ¹0� �~È�¼ ÂÄÃ~Á>ÈB¾·¶½±��>¹O¶·È�Á#" Á>±�µ)� ÁËµ®¾½Á�µ�¼O¸~µº¹#þOÁ>Â�Ç Á�³®Ç ¼O±´±��"Á�³BÈ��>Á"¾½¾·Á�³ ùÏ4Á�³®È5�>³�¸~¾·µ�¹�µÄ³®þ¤¶Æ³�¸~Á>¾½³�Ç Áy±´¼»µ�È�Áo"��"µ�Ã~¼ Ç ÁÔ³�¼�±�µ�Ç ¼O±~± �>³M- /O¸~È�Á ÿ�ù·ø�ø ��¼�¸~È�ÂÄÃ�¹OÂË¸´±�Ç Á>³ºµ�È�¼O¶Æ³®±~¶½þOÁ�¹»¸ úÇ Á�Â"¼6"��~È�Á>³�³�¶½¼O± ù

ÿOÿ n !6(



 �²+±�� ¼<ý)¿�· »�· ´�º [�ý<»#¾���¶Î¹8¶�»

��
���
������9�	��� ���	�E¾A¿ 6!������ ��!�"����#�"$%��& �����Pé9îGð ¾A¿ 6!�P���� t#�!�����'�"$%��& ��6	�xéÁÀGð î3¾A¿|6!������ t#�!�����'�'$%��&

Ï=ÐFÑ\Ò ÿ�ù·ø�øAÓ ©¤¶+"y¸´¾½¹»µ�¶½¼O±JÇ ÁÌ¾�3 ÁËú8�s�"È�¶·Á>±´ÂËÁ�Ç~ÁÌÂ"¼6"��~È�Á>³�³�¶½¼O±�¹#þOÁ�Âº±~¼Oµ�È�Á@"&�"µ�Ã~¼ Ç Á
Ï4Á�³�ÂË¼%"��´¹»ÈÄ¹»¶Æ³�¼�±´³>; ¼O¸´È�±~¶½Á>³	�4Á>±�µ�È�Á ¾½¹AÈ5�>¹O¾·¶·µ��DÁ"µy¾½Á"¸~ÈÔ«J§ 2 ±~¼O±~¯?¾½¶·± �>¹»¶½È�Á6�5±~Á��´È�Á>±~±~Á"±�µ ³�Á"¸´¾·Á	"ÔÁ>±�µÁ"±AÂË¼%"�� µ�Á�Å�¸~ÁÌ¾·Á�³|Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³BÇ Á>³BÉ~¶½¾½¾·Á�³|Ç43 ¸´±~Á�µ�ÈÄ¹»±´ÂÄÃ~Á>"��>Ç ¶Æ¹»± ù ¨®¼O¸�³|¹»¾½¾·¼�±´³BÇ ¼O±´Â�Á#©�Á�Â/µ�¸´Á"È®ÂËÁ"µ�µ�Á"�¯#" Á|ÂË¼%"&��¹»ÈÄ¹»¶Æ³�¼�±aw È�Á>³�¸~¾·µ�¹�µÄ³1µ�¹»É´¾·Á ÿ´ù½ø x<�1�~¸~¶Æ³�¼O±&�~È�Á>±´Ç ÈÄ¹º¹O¸´³�³�¶¤Á"± ÂË¼%"&�~µ�ÁB¾·Á�³.Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³�Â"¹»¾ÆÂË¸´¾I��³Ç Á�¾Æ¹ µ�¼»µÄ¹»¾½¶ µ5��Ç Á>³|É´¶·¾½¾·Á�³=�´¹»È|ÈÄ¹0� ��¼�È�µ®¹»¸~ú
Ç8�#�´¾½¹�ÂËÁ#" Á>±�µÄ³BÈ��>Á"¾Æ³�w È�Á>³�¸~¾·µ�¹�µÄ³�µ�¹OÉ~¾·Á ÿ�ù ü x ù

ð)�~ôÁ�Qó�
JõOòs��j1ñ�
��)�>ö�ò�ï í8GPù �HfPÂñ1������ö ð)�VkP�
CE� q ï1ò�ïEÝy�
ö�ï����~ö
ñ1
 ü ù ( "�" ü ù7�<Z Ç43 Á"È�È�Á>¸~Èñ������
ö
ð	�VkP�Üï�ò´ð>ñ1
,�ô��ðG±1ò+ó�
 øOù ! "�" ü<Z Ç43 Á>È�È�Á"¸´È

Ã6ÄpÅ�Ò ÿ´ù½ø>Ó «J¼�ÀOÁ>±~±~Á>³ºÇ Á>³º¾·¼�±�/O¸~Á>¸~ÈÄ³|Á"¸´Â"¾·¶ÆÇ ¶½Á"±~±´Á>³®Á>±�µ�È�Á�¾·Á�³ºÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³|È5�#�>¾½³ºÁËµº¾½Á>³�Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³Â"¹O¾½Â"¸~¾+�>³|Ç Á�³BÉ~¶·¾½¾½Á>³$��¼O¸~È|¸´±~ÁÌµ�ÈÄ¹»±´ÂÄÃ´Á�"��>Ç~¶½¹O±A³�Á"¸´¾·Á	"ÔÁ>±�µ

ð	�~ô��<ó�
�õ�òH��j�ñ�
��	��ö
ò�ï fPÂ í��Pù fPÂ í8GPù �HfPÂñ�������ö ð	�VkP�Üï�ò�ð"ñ�
W����ð/±�ò4ó�
 (~ù '%� "&" øOùýü»û "�" øOùB9 "�"j�ò�ô1ñ�õ6
¤ï�ð	�D>s
}óTrI
�ñ#ñ�
¤ô+ñ ø�ù (%!OZ øOù7��ÿ�Z ü~ù·ø�ûOZ

Ã6ÄpÅ�Ò ÿ´ùýüoÓ «J¼�ÀOÁ>±~±~Á>³ºÇ Á>³º¾·¼�±�/O¸~Á>¸~ÈÄ³|Á"¸´Â"¾·¶ÆÇ ¶½Á"±~±´Á>³®Á>±�µ�È�Á�¾·Á�³ºÇ8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³|È5�"Á>¾½³ºÁËµº¾½Á>³�Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³Â"¹O¾½Â"¸~¾+�>³=�´¹OÈ|±~¼»µ�È�Á@"��Ëµ�Ã~¼ Ç Á@��¼�¸~È®¾Æ¹yµ�¼»µÄ¹»¾½¶ µ5�ÌÇ~Á>³|É~¶½¾½¾·Á�³
Ï4Á�³�È���³�¸~¾·µ�¹»µ�³�³�¸~È.ÂËÁËµ�µ�ÁBÁËú8�s�"È�¶·Á>±´ÂËÁB³�¼O±�µ�þ¤ÈÄ¹»¶+" Á"±�µ�É�¼O±�³ ù Î�±���Á>¸ úo"�¯#" ÁBþO¼�¶·È�³�¸´È�¾Æ¹�µ�¹OÉ~¾·Á ÿ´ù½ø Å�¸Á3 ¶½¾½³³�Á#"yÉ´¾·Á>±�µ@" Á"¶½¾·¾½Á"¸´È�³ÌÅ�¸~Á Ç Á>³ÌÈ5�>³�¸~¾·µ�¹�µÄ³A; ¼�¸~È�±~¶½³>�´¹OÈÌ¸~±�µ�Á"±´³�Á"¸~È�Ç ÁÜÇ8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³º±~¼�± ¯9¾·¶½±��>¹O¶·È�Á ù ª²¾¨;
¹»¸~µ³�Y~È�Á	" Á"±�µM�~È�Á"±´Ç~È�Á�Â"Á>³®È5�>³�¸~¾·µ�¹»µ�³®¹#þ�Á>ÂÌ¸~±~Á��~È5�>Â"¹O¸ µ�¶½¼O±Á�´¹#þOÁ�ÂÌ¾�3 ¶½Ç��"ÁyÅ�¸~ÁyÂ"ÁËµ�µ�ÁyÁ"ú8�H�>È�¶½Á"±´Â"Á�Ç ¼O¶·µ�È�Á#"��~¾½¶½È¾½Á>³®Â"¼O±´Ç ¶·µ�¶½¼O±�³B¼6� µ�¶I"Ü¹»¾½Á>³=��¼O¸´È®¾·Á�É�¼O±]; ¼�±´Â/µ�¶·¼�±~±~Á#" Á>±�µºÇ~Á�±~¼»µ�È�Á@" ¼ Ç8*"¾½Á ù §F±Aµ�¼O¸~µºÂ"¹O³	� ¼O±V��Á"¸ µFÊ3¸�/OÁ>ÈÅ�¸~ÁÌ±~¼»µ�È�Á@" ¼ Ç8*"¾½Á�Ç ¼�±~±~Á�Ç Á�É�¼O±´³|È5�>³�¸~¾·µ�¹»µ�³	���´È�¼ ÂÄÃ~Á�³|Ç ÁÌ¾½¹ È5�>¹O¾·¶·µ��ÌÁËµ$�´¹�³|Ç ¸�µ�¼�¸ µº¹»É�Á"È�È�¹O±�µ�³ ùª²¾%;
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Ç Á��~¾Æ¹»±~¶I-�Â>¹�µ�¶½¼O±Á�4¶·¾��¼O¸~È�È�¹O¶ µ$¯"µ�È�Á�¶½±�µ��>È�Á�³�³�¹»±�µ|Ç Á�" ÁËµ�µ�È�ÁÌÁ>±]�´¾½¹�ÂËÁÌ±~¼»µ�È�Á�¹6���~È�¼¤ÂÄÃ´Á�Ç~¹O±´³B¸~±~Á�"��"µ�Ã~¼ Ç Á�³�µ�¹»µ�¶ÆÅ�¸´Á ù

Ï=ÐFÑ\Ò ÿ´ù½ø"ÿVÓ Ï4Á>³ È5�>³�¸~¾ µÄ¹�µÄ³yÇ Á
¾½¹	³�¶+"y¸~¾Æ¹�µ�¶·¼�± ù ¬ /�¹O¸´ÂÄÃ~Á%�4¾·Á��~È5�Ë¯9¼6�s�"ÈÄ¹�µ�¼�¶·È�ÁWw È�¼O¸ /OÁWz�Ç ¼O±´±��"Á�³#�1È�¼�³�ÁWz" ¼ Ç8*"¾½Á)x<����Ç~È�¼�¶ µ�Á6�O¾½ÁA��¼�³�µ�¯9¼6�s�"ÈÄ¹�µ�¼O¶½È�Á�w
þOÁ"È�µMz�Ç ¼O±~± �"Á>³	�OÉ´¾·Á>¸Wz�³�¶+"y¸~¾Æ¹�µ�¶·¼�±Hx ù ¬®¸�" ¶½¾·¶½Á"¸ ú4��¼O±Üµ�È�¼�¸~þOÁ|¸~±´Á³�¸���Á>È���¼�³�¶·µ�¶½¼O±AÇ Á>³Bþ¤¶Æ³�¹6/OÁ>³ ù
Ñº¶Æ³�¸~Á"¾½¾·Á	" Á"±�µ+¼O±�þ�¼O¶·µ+É~¶½Á"±�Å�¸P3 ¶·¾�ÀÌ¹|¸~±�È�Á>ÂË¸´¾·Á	"ÔÁ>±�µ1Ç Á�¾Æ¹$"Ü¹OÂÄÃ~¼�¶·È�Á6�"ÁËµ�Å�¸~ÁF¾·Á�³4È5�>³�¸~¾ µÄ¹�µÄ³5È�Á�³�³�Á#" É~¾½Á"±�µ�®Â"Á"¸ ú�Ç Á�³+Ç ¼�±~±��"Á�³Á��¼�³�µ�¯9¼6�s�"ÈÄ¹�µ�¼O¶½È�Á�³#�¬"�¯	"ÔÁ�³�¶�¶½¾�ÀÌ¹ºÇ Á�³P��ÁËµ�¶ µÄ³�Ç��<;
¹»¸~µ�³�¹»¸�±~¶½þOÁ�¹»¸�Ç Á�³+¾+*"þ¤È�Á>³5Á"µ�Ç ¸yÂ"¼O¸ ù«�¹O¾·Ã~Á>¸~È�Á"¸´³�Á#" Á"±�µ\��¹»È\"Ü¹O±´Å�¸~Á�Ç Áºµ�Á	"&��³#��¾·Á�³FÈ5�>³�¸~¾·µ�¹»µ�³�±Á3 ¼�±�µT�´¹O³�Á"±´Â"¼OÈ�ÁA�Ëµ5�®µ�Á>³�µ���Å�¸´¹O±�µ�¶·µ�¹�µ�¶·þ�Á#" Á"±�µ ùÏ4Á�µ�Á>³�µºÅ�¸�¹»±�µ�¶·µ�¹»µ�¶I;�; Á>È�¹&�´¹OÈ�µ�¶4Ç Á>³�µ�È�¹#þ�¹»¸~úa�~È�¼¤ÂÄÃ�¹»¶½±´³ ù

¤a�yÄ È Åy���$ÈÁÈ��
Ï4Á�³ÌÂÄÃ~¶d©�È�Á>³ÌÅ�¸~¶�³�¼�±�µÌÇ ¼�±~±���³�¶ÆÂË¶À"�¯	"ÔÁ ³	3 ¶½¾½³�³�¼O±�µ@�~È�¼6" ÁËµ�µ�Á"¸´È�³�È5�>³�¸~¾ µ�Á"±�µ�Ç43 ¸´±%Â"¼¤Ç~Á ¼%� µ�¶+" ¶½³�¹»É~¾½Á6�¼O±«��Á>¸ µ�Ç ¼�±´Â�Á�³m�s�"È�Á"È�¾·Á�³ºÈ�Á"þ�¼O¶½ÈM�Ü¾Æ¹DÃ´¹O¸´³�³�Á ù Ï4Á�³|µ�Á>³�µ�³�¼O±�µ��"µ��yÁ#©�Á�Â/µ�¸��>³�³�¸´È�¸~±«��Â ¹#þOÁ>Â��~È�¼ Â"Á>³�³�Á>¸~È��Á"±�µ�¶½¸�" ÿ�ü ù ÿ ­@ MÉ6� � ø#ü «J¼AÇ ÁÜÒ®¬�« Á"µ�Â>¹»È�µ�Á þ�¶ÆÇ8�>¼A­�Á 2 ¼OÈÄÂËÁ ÿ «i� ù Ï+Á>³>; È5�>Å�¸~Á"±�ÂËÁ>³M; ¼O¸´È�±~¶½Á>³ÌÂ"¼OÈ�¯È�Á>³���¼�±´Ç Á"±�µy¹O¸ ú«; È5�>Å�¸~Á>±´ÂËÁ�³�Ç43 ¹7_DÂÄÃ´¹0/�Á
�A¾�3 �>Â"È�¹O±%Á"µyÂË¼�±�µ�¶·Á>±~±~Á Ç~¼O±´ÂÜ¹O¸´³�³�¶�¾½Á>³�Â>¹»¾ÆÂË¸~¾Æ³�±���ÂËÁ�³�³�¹»¶½È�Á�³@�¾e3 ¹	_ÜÂÄÃ�¹0/OÁ ù

ÿ�9 n !6(



 �² ³CÇ ·e¶Îû<»�»¬û [�ý<»#¾���¶Î¹8¶�»

ïc�Xï1òP
¤ô�ó�� ÿ�ÿ ø>û�ü ø)?6' 96�0! ø>û%'6! û%!Oû6! !%!6!6!ïc�Tð)
�ð"ñ����¤ó+ñ�
�� ø)(6( !6(%( ø)(6(6( �0(%(6( ø	(%(6(6( ü6�6(6(%( �0(%(6(%(
[8¶ û%(6( 90� �0( ø#ü � û ø

 0

 50

 100

 150

 200

 250

 300

 100  600  1000  5000  10000  25000  50000

no
m

br
e 

d\
’im

ag
es

 a
ffi

ch
ée

s 
pa

r s
ec

on
de

nombre d\’éléments

Ã6ÄpÅ�Ò ÿ�ù ûoÓ Ñº¶·µ�Á�³�³�Á�Ç Á�Â"¹O¾½Â"¸~¾4Á"±�; ¼O±�Â/µ�¶½¼O±JÇ ¸A±~¼%"yÉ~È�ÁÌÇ43 �>¾I�	" Á"±�µ�³�w��´¹O³|Ç~ÁÌµ�Á#"��´³�� ÿ%( "Ü³yx
Î�±���Á"¸ µD³�Á
³�¶ µ�¸~Á"È��´¹OÈ ÈÄ¹0� ��¼�È�µ ¹»¸�±~¶½þOÁ�¹»¸�Ç~Á>³ ¹»¸ µ�È�Á�³o"��"µ�Ã~¼ Ç Á�³ÔÇ~Á
È5�<;F�>È�Á>±´ÂËÁ ù Ï1¹W"��Ëµ�Ã~¼ Ç Á�Ç~ÁÈ5�<;F�"È�Á"±�ÂËÁÜÇ Á>³�³�¶+"y¸~¾Æ¹�µ�Á"¸~ÈÄ³�ÂÄÃ~¶½È�¸~È5/O¶ÆÂ"¹O¸ ú�Á>³�µ�¾·ÁD³�À ³3µ5*#" Á�"Ü¹O³�³�Á�³3¯?µ�Á>±´³�Á>¸~ÈÄ³�Ç~ÁÜ¿�¶½Â"¶·±¤É�¼O±~¼�w��´¹»ÈÄ¹0/�È�¹6�~Ã~Áü ù ÿ´ù ÿ x<��ÁËµÜ¾½¹%È5�<;F�>È�Á>±´ÂËÁAÇ ÁA¾�3 ¶½±8; ¼OÈ5"Ü¹�µ�¶ÆÅ�¸~Á]/OÈÄ¹0�~Ã~¶ÆÅ�¸~Á�Á>³�µÜÂ"Á"¾½¾·ÁJÇ ÁJ«8´´¾·¾½Á"ÈD¹#þ�Á>Â ³�¼O±Q¹OÇ´¹0� µÄ¹�µ�¶½¼O±<¹»¸ úþO¼�¾·¸ "ÔÁ�³|Ç ÁÌ¾½¹ÜÇ��>ÂË¼%"���¼�³�¶·µ�¶½¼O±���¼�¾½¹O¶·È�Á�Ç Á�§.µ�É	"y¸Dµ,w ü ù ÿ´ù7� ùýü x ù

~ ��ù�É¡þ��@
 �����)�	
��*Ýð	
¤ï��)
¤ô+ñ��ï1ò�ïEÝ�
ö
ï����~ö ñ�
��

ó��¤õ�òH��j�òDÝ�>ö
ð>ö�ò�ïjFòs���~ö
ñ1

ï1ò�ð"ñ�
����ð/±�ò4ó�
 ��� �	�)
���Ýð)
�ï��)
�ô1ñ����ö
ï����´ö ñ�
��

����ðG±1ò4ó�
��ö
ï����´ö ñ�
³�¹»±´³È�Á>Â>¹»¾ÆÂË¸~¾È�¶I/�¶½Ç~¶ µ5�~nûUü²É{ý�ÿ	
 ¿ û��0(6( «W AÉ ¿ ÿJøOù ' ­@ AÉ ¿ ÿDü~ù ÿ ­@ AÉ ¿ û
�0(%( «W MÉ ¿ ÿÜü~ù ÿ ­@ AÉ
ÿ¡þ�~�Ê5ú6
��ËV���=��~ 
�ÿ{ù�� ü6(6(%( ø)(6(%( ø	(%(6( ü0(%(6( ø	(%(6(6( ø)(6(%( ø)(6(6(%(
��ú���Ì���
�ÿ¡ü�
��ËÞû��P�^ý9ü²É¡û�|@
 ü6�  AÉ û6(  MÉ �6(  AÉ ÿ%(  AÉ ü%�  AÉ �»û  AÉ !  AÉ

Ã6ÄpÅ�Ò ÿ�ù ��Ó Í�¼6"��´¹OÈ�¹O¶½³�¼O± ¹#þ�Á>Â�¾·Á�³$"��Ëµ�Ã~¼ Ç Á>³|Ç Á�È5�<;F�>È�Á>±´ÂËÁÌÁ"µB¾½Á>³A"&�"µ�Ã~¼ Ç Á�³B¾·¶½±���¹»¶½È�Á�³
Î�±���Á"¸ µBþO¼�¶·ÈBÇ~¹O±´³F¾Æ¹��´È�Á	"Ô¶+*"È�ÁM��¹»È�µ�¶½Á�Ç Á�¾½¹�µ�¹OÉ~¾·Á ÿ´ù7� Å�¸~Á�¾·Á�³BÂÄÃ~¶d©�È�Á>³�Ç Á�±´¼»µ�È�ÁM"��"µ�Ã~¼ Ç Á�³�³�¼O±�µBÇ ¸"�¯#" ÁB¼OÈÄÇ È�ÁFÇ Á=/OÈÄ¹»±´Ç~Á"¸~È�Å�¸´Á�¾½Á>³�"Ü¹O³�³�Á>³�¯�µ�Á"±´³�Á"¸~ÈÄ³4±´¼O±y¾½¶½±��>¹O¶·È�Á>³�Ç ÁB¿�¶ÆÂË¶½±�É�¼O±´¼�å ? ¯9¿�ª�Í (Oû�æ Å�¸~¶ ³�Á#" É~¾·Á>±�µ�~¾½¸´³|ÈÄ¹0�~¶ÆÇ Á�³|Å�¸´Á�¾Æ¹�"��Ëµ�Ã~¼ Ç Á�Ç Á�§.µ5"y¸Dµ8n�«8´~¾½¾½Á"È�å ü ¯9§FÐ¡¸ (Oû � ø	( ¯²«W¡�Ï (»ÿ1æ wF�´¹OÈ|È�¹6����¼�È�µA�Ô¾Æ¹��~¸~¶Æ³�³�¹»±´Â"ÁÇ Á�³T"Ü¹�ÂÄÃ~¶·±´Á>³yx¬�¤±~¼»µ�È�Á>"��Ëµ�Ã~¼ Ç Á�µ�¼O¸´È�±~ÁÌÇ ¼�±´Â�� ¾Æ¹�"�¯	"ÔÁ�þ¤¶ µ�Á>³�³�ÁÌÅ�¸~ÁÌ¾·Á�³."&�"µ�Ã~¼ Ç Á�³|Ç Á�È��#;F�"È�Á"±´Â"Á6� ¹»¾½¼OÈÄ³Å�¸P3 Á"¾½¾·Á|Á#©�Á�Â/µ�¸´ÁºÇ Á>³FÂ"¹»¾ÆÂË¸´¾½³.Á>±��~¾·¸�³#�0��¼O¸´È¥" ÁËµ�µ�È�Á��FÊ3¼�¸~È�¾Æ¹@"Ü¹�µ�È�¶ÆÂËÁ®Ç Á|È�¶I/�¶½Ç~¶ µ5� ù Ï+Á®ÂË¼O±�µ�È�¹»µ.Ç~Á|È�¹6�~¶½Ç~¶ µ5�Á>³�µºÇ ¼�±´Â�È�Á	"&�´¾·¶ ù­�È�
OÂËÁ.�º¾Æ¹ºÇ~Á"¸ ú ¶+*#" Á=�´¹»È�µ�¶½Á�Ç ¸ µ�¹OÉ~¾½Á>¹»¸Á��¼�±o��Á"¸ µ.þ�¼O¶½È1Å�¸~ÁB±~¼»µ�È�ÁT"��Ëµ�Ã´¼¤Ç~ÁB¹ºÁËú~¹OÂËµ�Á	"ÔÁ>±�µ�¾½Á>³�"�¯#" Á>³µ�Á	"��´³�Ç Á Â"¹»¾ÆÂË¸´¾�Å�¸P3 ¸~±~Á�"��Ëµ�Ã~¼ Ç Á ¹#þOÁ>Ây¸~±	µ�Á"±�³�Á>¸~È�Ç ÁÔÇ��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³�¾·¶½±��>¹O¶·È�ÁyÁ"µ�³�¹O±´³º¾Æ¹�"Ô¶Æ³�Á��yÊ3¼O¸´ÈÇ Á�¾Æ¹&" ¹»µ�È�¶½Â"Á�Ç Á�È�¶+/O¶ÆÇ ¶·µ�� ù ¨®¼�³|¹�Ê3¼O¸~µ�³�w µ�È�¹O¶ µ�Á#" Á"±�µºÇ Á�³®Ç8�	�~¾½¹�ÂËÁ	"ÔÁ>±�µ�³BÈ�¶I/�¶½Ç Á�³BÁËµºÂ>¹»¾ÆÂË¸~¾4Ç Á�¾Æ¹ÔÈ�¶+/O¶ÆÇ ¶·µ��1x³�Á#"yÉ´¾·Á>±�µ®Ç ¼�±´Â�Å�¸´¹O³�¶+"ÔÁ>±�µ=/�È�¹»µ�¸~¶·µ�³ ù�� ¸´¹O±´Ç ¼�±
þ�¼O¶·µ®¾�3 ¹OÂ>Â<�>¾I�>È�¹»µ�¶½¼O±
Å�¸~Á@��Á"¸ µ��~È�¼ Â"¸~È�Á>ÈB¾½¹�; ¼OÈ5"y¸´¾½¹»µ�¶½¼O±Á"±&"Ü¹O³�³�Á�³3¯?µ�Á>±´³�Á"¸~ÈÄ³\å ü»û ¯ : §FÏ ?6?1æ �´¹OÈ�È�¹6����¼�È�µÀ��¸~±~Á="��Ëµ�Ã~¼ Ç Á|¾·¶½±���¹»¶½È�ÁBÂ"¹O¾½Â"¸~¾I�>Á�Â"¾½¹�³�³�¶ÆÅ�¸´Á#" Á"±�µ	��¼�±o��Á"¸ µ¶+" ¹6/O¶½±~Á"È.¾½Á>³�È���³�¸~¾·µ�¹»µ�³�Å�¸~Á®Â"ÁËµ�µ�Á=; ¼OÈ5"y¸´¾½¹»µ�¶½¼O±ÜÇ ¼O±´±~Á"ÈÄ¹»¶~³�¸~È�±~¼Oµ�È�Á="&�"µ�Ã~¼ Ç Áoz»¼O±Ü¹»¸´È�¹O¶ µ�¸~±�" ¼ Ç8*"¾½Á|µ�È�*�³ÈÄ¹0�~¶ÆÇ ÁÌÁËµ|þ¤¶½³�¸~Á>¾·¾½Á#" Á"±�µ®È5�>¹O¾·¶Æ³3µ�Á�Ç~¼O±´Â>�´¹OÈm;
¹O¶ µ�Á#" Á"±�µ®¹OÇ~¹6� µ��>Á�� ¾e3 ¶·±8; ¼�È�"Ü¹»µ�¶ÆÅ�¸´Á�/�È�¹6�~Ã~¶ÆÅ�¸´Á ù ª²¾c;
¹»¸~µ|µ�¼O¸~µÇ ÁV"�¯#" ÁV��¼�³�Á>ÈÜ¸~±<ÉH�	"Ô¼�¾®³�¸´ÈÜ¾·Á�³ þ�¶·µ�Á�³�³�Á>³ Ç ¼�±~±��>Á>³&��¼�¸~ÈÜ¾½Á>³�" ¼ Ç8*"¾½Á>³�"Ü¹O³�³�Á>³�¯�µ�Á"±´³�Á"¸~ÈÄ³	��Â>¹»ÈÜÂËÁ>¸ ú¤¯ÂË¶F¸ µ�¶½¾·¶Æ³�Á"±�µy¸~±~Á ¶·±�µ��	/OÈÄ¹�µ�¶·¼�±	Á"ú��´¾·¶ÆÂË¶·µ�ÁDÇ ¸bµ�Á#"��´³	�+Á"µ ¹#þOÁ�ÂÔÇ~Á>³���ÁËµ�¶ µ�Á>³�È�¶+/O¶ÆÇ ¶ µ5�>³�¶½¾Æ³���Á>¸~þOÁ>±�µ�¯Ëµ�È�ÁÜµ�È�*�³

ÿ%' n !6(



 �²7Ë]Ì ´1º4¿���¾%»m·F´1º [�ý<»#¾���¶Î¹8¶�»

ÈÄ¹0�~¶ÆÇ Á>³	�4"Ü¹»¶Æ³�Ç8*�³�Å�¸´ÁÜ¾½¹AÈ�¶I/�¶½Ç~¶ µ5�D¹»¸�/%"ÔÁ>±�µ�Á6�5¶½¾�Á�³3µ�±���ÂËÁ�³�³�¹»¶½È�Á Ç43 ¹»¸�/%" Á"±�µ�Á>È�¾·Á
�´¹�³�Ç Á µ�Á#"��´³�Á"µyÂËÁ>³È5�>³�¸~¾ µÄ¹�µÄ³|³�Á>È�¼�±�µBÈ�Á"þ¤¸´³$�Ô¾½¹ÔÉ´¹O¶½³�³�Á ù
¤a��Ô �����]àf�<×]ÈÁÅ#���

v�¶·Á>±�Å�¸P3 ¼O±�¸ µ�¶·¾½¶½³�ÁÌ¸~±�µ�Á>±´³�Á>¸~È®Ç Á�Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±
¾·¶½±��>¹O¶·È�Á6� ¾Æ¹&"��Ëµ�Ã´¼¤Ç~Á>�>¾·¶+" ¶·±´Á�¾·Á�³=/O¼O±DA´Á#" Á"±�µÄ³T�´È�¼O¯þO¼ Å�¸���³A�´¹OÈ�Ç Á�³M/�È�¹O±´Ç~³®Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³ ù §�¾·¾½Á ÂË¼O±�³�Á>È�þ�Á�É~¶·Á>±}¾½Á>³�þO¼�¾·¸�" Á�³ ùs: Á&�~¾½¸´³#��Á"¾½¾½ÁyÁ>³�µ�µ�È5*>³º³�µ�¹OÉ~¾½ÁÅ�¸~Á"¾ÆÅ�¸~Á�³�¼�¶ µ®¾e3 �Ëµ�¹»µ®Ç Á�Ç8�<; ¼�È�"Ü¹»µ�¶½¼O±AÇ ¸J³�À ³�µ�*#" Á ù§�±Aµ�Á"È5"ÔÁ�Ç~Á��~È5�>ÂË¶Æ³�¶·¼�±P�~±~¼Oµ�È�Á�"Ô¼ Ç8*>¾·Á ³�¸~¶·µº¸~±�Â"¼6"���¼OÈ�µ�Á#" Á>±�µA�´Ã�À ³�¶½Å�¸~Á	" Á"±�µ®È���¹»¾½¶½³�µ�Á ù ª²¾4È�Á>³���Á�Â/µ�Á¾Æ¹Aµ�Ã��>¼OÈ�¶·Á
Ç ÁD¾Æ¹,��¼�¸ µ�È�ÁDÁ>±´Â"¹�³3µ�È��>Á6�+Â"¼O±´Â"¼OÈÄÇ ÁD¹#þOÁ�ÂÜÇ Á>³o"&�"µ�Ã~¼ Ç Á�³�±¤¸�"��"È�¶ÆÅ�¸´Á>³�¶Æ³�³�¸~Á�³�Ç Á
¾�3 ¶·± /6�"±´¶·Á>È�¶½Á"��>Â>¹»±~¶ÆÅ�¸~ÁAÁËµD³�¶+"y¸´¾·ÁJÉ~¶½Á"±<¾e3 Á"ú��s�"È�¶½Á"±´Â"ÁAÇ~¸(µ�È�¸~µ�ÃQÂË¸~É�Á ù Î�±h��Á"¸ µ Ç ¼�±´ÂAÂË¼�±´³�¶ÆÇ8�>È�Á>ÈÔ±´¼»µ�È�ÁV"��Ëµ�Ã´¼¤Ç~ÁÂË¼%"�"ÔÁ@�~È5�>Â"¶½³�Á ù«�¹O¾·Ã~Á>¸~È�Á"¸´³�Á#" Á"±�µ)�~Ç~¹»±´³®¾·Á�Â>¹O³®Ç Á�³�¶+"y¸~¾Æ¹�µ�¶·¼�±´³�µ�È5*>³®Â"¼6"��~¾½ÁËú Á>³	�~¼%Â�¾½Á�"Ü¹»¶½¾·¾Æ¹0/�ÁÌÁ>³�µºÂË¼6"���¼�³���Ç43 ¸~±µ�È5*>³¥/OÈÄ¹»±´Ç~³�±~¼6" É~È�Á�³.Ç43 �"¾+�#" Á"±�µ�³FÁËµF¼%ÂÜ¾·Á�³FÇ8�	�~¾Æ¹OÂËÁ	" Á"±�µ�³�Â"¼O±�µ�ÈÄ¹»¶½±�µ�³.³�¼O±�µ\/�È�¹O±´Ç~³�ÁËµ�³�¸~È�µ�¼�¸ µ�¹6���~¾½¶½Å�¸���³ÈÄ¹0�~¶ÆÇ Á#" Á>±�µMw
Á"±
��Á"¸DÇ Á$��¹O³�Ç Á®µ�Á#"��´³yx¬��¾½¹@"��"µ�Ã~¼ Ç ÁA" ¼�±�µ�È�Á®Ç~Á>³¨;
¹O¶·É~¾½Á>³�³�Á>³ ù §�±ÜÁ<©�ÁËµ)�O¾½Á>³�Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³¼O±�µ�Ç~¸�"Ü¹»¾H�y³�ÁA�´È�¼%�´¹0/�Á"È)��Á<©�ÁËµ�¶½±´Ç8��³�¶½ÈÄ¹»É~¾½Á®Ç Á>³\"��Ëµ�Ã´¼¤Ç~Á>³�ÁËú8�~¾½¶½Â"¶ µ�Á>³ ù Í�3 Á>³�µ�Ç ¼O±�Â|¾�3 ¹O³���Á>Â/µ�Ç À¤±´¹0" ¶ÆÅ�¸´ÁÅ�¸~¶4Á�³3µ$" ¼O¶½±´³=��Á"È�; ¼OÈ5" ¹O±�µ ù¬®¸;±´¶·þ�Á>¹»¸�Ç~Á ¾Æ¹Jþ¤¶ µ�Á>³�³�Á%�+¾½Á>³�È5�>³�¸~¾·µ�¹»µ�³y³�¼O±�µ�µ�È�*�³y³�¹�µ�¶½³m;
¹»¶Æ³�¹O±�µ	�4Á>±�Á<©�ÁËµÔ±~¼»µ�È�Á�"��"µ�Ã~¼ Ç ÁDÁ�³3µ ¹»¸´³�³�¶ÈÄ¹0�~¶ÆÇ Á Å�¸P3 ¸~±~Á&"��Ëµ�Ã~¼ Ç Á ¸ µ�¶½¾·¶Æ³�¹»±�µ�¸~±	µ�Á>±´³�Á"¸~ÈÌÇ Á Ç8�<; ¼�È�"Ü¹�µ�¶·¼�±´³�¾·¶½±��>¹O¶·È�Á ³�¹»±�³M/�Á>³�µ�¶½¼O±}Ç Á�³>/OÈÄ¹»±´Ç~³�Ç8�Ë¯�~¾Æ¹OÂ"Á#" Á"±�µ�³ ù ­�È�
OÂ"Á«��³�¼O±T¶½±�µ��#/�È�¹»µ�¶½¼O±Q¶+"&�´¾·¶ÆÂË¶·µ�Á%Ç ¸Tµ�Á	"��´³#��Á"¾½¾½Á�±~Á«��Á"ÈÄÇ®�´¹�³ Ç Á	þ�¶·µ�Á�³�³�ÁW��¼O¸~È�Ç Á>³/OÈÄ¹»±�Ç Á>³�È�¶+/O¶ÆÇ ¶·µ���³ ù ¿�¼O¸´È�¾Æ¹]"�¯#" Á þ�¶·µ�Á�³�³�Á6��¼�±%¹AÇ ¼�±´Ây¸´±~Á�"&�"µ�Ã~¼ Ç Á
�´Ã�À ³�¶½Å�¸~Á	" Á"±�µ>�´¾·¸´³ÌÈ5�>¹O¾·¶Æ³�µ�Á Å�¸´Á¾½Á>³=" Á"¶½¾·¾½Á"¸´È�Á�³="&�"µ�Ã~¼ Ç Á�³®¹OÂËµ�¸~Á>¾·¾½Á>³ ù
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â��	� �����]àf�<×]ÈÁÅ#���
: ¸~È�¹O±�µ�ÂËÁ ³�µ�¹0/�Á6��±~¼�¸´³�¹#þ�¼O±´³�È5�>¹»¾½¶Æ³m� ¸~±«" ¼ Ç8*"¾½Á Ç43 ¼�É Ê3ÁËµÄ³ÌÇ8�<; ¼%" ¹OÉ~¾½Á>³Ì³3µÄ¹»É~¾½Á6�4�
¾½¹�; ¼O¶Æ³�È�¹6�~¶½Ç~Á Á"µ�~Ã¤À ³�¶ÆÅ�¸~Á#" Á>±�µ|È5�>¹O¾·¶Æ³3µ�Á ù­�È�
OÂËÁ��}³�¼�±;¸ µ�¶½¾·¶Æ³�¹�µ�¶½¼O±�Ç~Á>³��>¾I�	" Á"±�µ�³�-´±~¶Æ³yÁ"µ ³�¹W/OÁ>³�µ�¶½¼O±�Ç~Á>³�/�È�¹O±´Ç~³�Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³	�+¶½¾�³�¸~¶·µ ¸~±´ÁÂËÁ>È�µÄ¹»¶½±~Á��~È5�>Â"¶½³�¶½¼O± ù ©¤Á>³ Â"¹»¾ÆÂË¸´¾½³yÁËú8�~¾½¶½Â"¶ µ�Á>³ ÁËµy¾½¶·± �>¹»¶½È�Á>³�¾½¸~¶.��Á>È�" Á"µ�µ�Á>±�µÔÇ43 ¯Ëµ�È�Á
È�¹6�~¶½Ç~ÁDÁËµ Ç~Á�;
¹»¶½È�Á Ç Á>³¹»±´¶I"Ü¹�µ�¶·¼�±´³B¶½±�µ�Á"ÈÄ¹OÂËµ�¶½þOÁ>³.��¼O¸~È|¸´±�±´¼6"yÉ´È�ÁÌÈ�Á"¾Æ¹�µ�¶½þOÁ	" Á"±�µ�¶+"���¼�È�µÄ¹»±�µ®Ç43 �"¾+�#" Á"±�µ�³owF�~¾½¸´³�¶·Á>¸~È�³|Â"Á"±�µ�¹O¶·±´Á>³yx ùÏ+¹A±´¼O¸~þ�Á>¹»¸~µ��Ü³�ÁD³�¶·µ�¸~Á ¹O¸b±~¶·þ�Á>¹O¸bÇ~¸�Â"¹»¾ÆÂË¸´¾FÇ Á>³yÇ8�<; ¼�È�"Ü¹�µ�¶·¼�±´³ ù Ï4ÁÜÈÄ¹»¶Æ³�¼�±~±~Á	"ÔÁ>±�µ�Ç��"þOÁ>¾·¼%���s�ÜÁ>³�µÇ43 ÁËú¤µ�ÈÄ¹»¶½È�Á�¾½Á>³
Ç8�<; ¼�È�"Ü¹»µ�¶½¼O±´³
�ª�´¹OÈ�µ�¶·È
Ç Á,/OÈÄ¹»±´Ç´³ÜÇ8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³ µ�¼�¸ µ Á"±`Â"¼O±´³�Á"È�þ�¹»±�µÜ¸~±Qµ�Á>±´³�Á"¸~È Ç~ÁÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³ ¾½¶½±��>¹O¶·È�Á ù ¿�¼�¸~È ÂËÁ>¾½¹ �.¶·¾M;
¹»¸ µ��"¾½¶I" ¶½±~Á"ÈD¾½Á>³ Ç8�#�~¾Æ¹OÂ"Á#" Á"±�µÄ³ÜÈ�¶+/O¶ÆÇ Á�³ ÁËµ ±~Á«/�¹»ÈÄÇ Á>È Å�¸~ÁJ¾½Á>³Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³��~¸~È�Á>³ ù¨: Á>¸ ú�þOÁ>È�³�¶·¼�±´³�¼�±�µ��Ëµ5��" ¶Æ³�Á�³ ¹O¸ô��¼O¶½±�µ Ç~¹O±´³ÔÂËÁ É´¸ µ ù ¡º±~Á
þ�Á"ÈÄ³�¶½¼O±�¹O±´¹»¾½À�µ�¶ÆÅ�¸~ÁÉ´¹�³m�>Á�³�¸~ÈB¸~±~Á�Ç8��ÂË¼6"���¼�³�¶ µ�¶·¼�±�Ç~Á�Í�Ã´¼O¾½Á>³�ª�À%� ¹�-´±�Ç43 Á"ú¤µ�ÈÄ¹»¶½È�Á�¾½¹ È�¼»µ�¹»µ�¶½¼O±
ÁËµ|¾½¹ Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±]�o��¹»È�µ�¶½ÈBÇ~Á¾Æ¹a"Ü¹�µ�È�¶ÆÂËÁ Ç Á µ�ÈÄ¹»±´³m; ¼OÈ5"Ü¹�µ�¶·¼�±}Ç Á ¾�3 �ËµÄ¹�µ�Ç8�<; ¼�È�"���� ¾e3 �Ëµ�¹»µ�¹»¸}È�Á#��¼�³ ù §.µ�¸~±~ÁÔþOÁ>È�³�¶·¼�±W/6�>¼6"��Ëµ�È�¶ÆÅ�¸~Áy¼%Â¾½Á>³�È�¼»µÄ¹�µ�¶·¼�±´³�¾·¼ Â>¹»¾½Á>³�³�¼O±�µFÂ"¹O¾½Â"¸~¾+�"Á>³\���´¹»È�µ�¶½ÈFÇ ÁºÈ�Á	�H*>È�Á�³.¾·¼ Â>¹»¸ úÔÁ"±DÂÄÃ´¹�Å�¸´Á$�"¾+�#" Á"±�µ ù Í�3 Á�³3µ�¾½¹�Ç Á>¸ ú ¶I*	" ÁþOÁ>È�³�¶½¼O±}Å�¸~¶�³	3 Á�³3µ�È5�"þ�Á"¾+�"Á&¯Ëµ�È�Á ¾½¹��~¾½¸´³ÌÁ�_DÂ>¹OÂËÁ%�4Â"¹OÈ�Á>¾·¾½Á�"Ü¹»ÈÄÂÄÃ~ÁÔÇ´¹»±´³�µ�¼�¸ µ�Á�³Ì¾·Á�³�ÂË¼�±´Ç ¶·µ�¶½¼O±´³	�5Å�¸´Á"¾ÆÅ�¸´Á³�¼O¶·µB¾e3 �Ëµ�¹»µºÇ Á>³=�>¾I�	" Á"±�µ�³	�´Ç Á@�~¾½¸´³|Á>¾·¾½Á���Á>¸ µA�"þ�¼O¾½¸~Á"ÈBþ�Á"ÈÄ³|Ç43 ¹O¸ µ�È�Á>³.�>¾I�	"ÔÁ>±�µ�³|±~¼�± µ�ÁËµ�È�¹6*>Ç È�¶½Å�¸~Á�³ ù§�±��´¾·¸´³ Ç43 ¹OÂ"Â#�"¾+�"È�Á"È�¾½Á>³ Â"¹O¾½Â"¸~¾½³	�1Â"Áa�~È�¶½±´ÂË¶+��Áa��Á>È�" ÁËµ Ç Á�" ÁËµ�µ�È�Á�� Ê3¼�¸~È��W"Ô¼�¶·±�Ç È�Á
ÂË¼�Y~µy¾·Á�³o"Ü¹»¯µ�È�¶ÆÂËÁ>³ Ç Á�È�¶I/�¶½Ç ¶·µ��%��¹�³�³�¸~ÈÄ¹»±�µ ¸´±~Á�/�È�¹O±´Ç Á��~È���ÂË¶Æ³�¶½¼O±�ÁËµ ¸~±~Á]/OÈÄ¹»±´Ç Á�³3µÄ¹»É~¶½¾½¶ µ5� ù ¬®¾½¼OÈÄ³ Å�¸´Á�Ç~¹O±´³yµ�¼O¸~µ�Á>³¾½Á>³º¹O¸ µ�È�Á>³A"&�"µ�Ã~¼ Ç Á�³®ÈÄ¹0�~¶ÆÇ Á�³#�~Â"ÁËµ�µ�Áo"Ü¹�µ�È�¶ÆÂËÁ�Ç~Á�È�¶+/O¶ÆÇ ¶·µ���Á�³3µM�´È���Â"¹»¾½¸~¾+�"Á�³�¸~È®¾e3 �>¾I�	" Á"±�µ�¹»¸JÈ�Á#��¼�³ÁÃ´ÂËÁ"µ�µ�Á¹0� �~È�¼#ú ¶+"Ü¹�µ�¶½¼O±�ÂËÈ5�>¹O±�µ|Ç Á�³®ÂË¼�¸��~¾½Á>³T;
¹»±�µ�v%" Á>³|Ç ¼�±´ÂÌ¸~±~Á�ÂËÁ>È�µÄ¹»¶½±~ÁÌ¶·È�È5�>¹»¾½¶·µ��@�~Ã¤À ³�¶ÆÅ�¸~Á ù¬®¸~µ�¼O¸´È Ç~ÁAÂ"ÁJÂ"¹»¾ÆÂË¸´¾��.³�Á"¸~¾½Á>³ÜÇ Á�³Ô¾·¼�¶|É´¹O³�¶½Å�¸~Á�³Ô¼O±�µ&�"µ��A¸ µ�¶·¾½¶½³��"Á�³,w ¾½¼O¶®Ç ÁJÂ"¼6"���¼�È�µ�Á#" Á"±�µ ¾·¶½±���¹»¶½È�Á%��"¾+�#" Á>±�µÄ³�µ�Á"µ�ÈÄ¹0*>Ç~È�¶ÆÅ�¸~Á>³�¾·¶½±���¹»¶½È�Á�³5x<�5¶·¾.Á�³3µ@; ¼OÈ�µ�Á	" Á"±�µ>��¼�³�³�¶·É~¾½ÁÜÇ43 ¹0"��"¾½¶·¼�È�Á>È�¾Æ¹]�~È5�>ÂË¶Æ³�¶·¼�±	Ç ¸¤" ¼¤Ç�*"¾½ÁÔÁ>±¸ µ�¶·¾½¶½³�¹»±�µºÇ43 ¹»¸~µ�È�Á>³�¾·¼�¶½³=�´¾·¸´³ºÂË¼6"��~¾½ÁËú Á�³ ù«�¹O¾I/�È��yÂ"Á>³�¹O³���Á�Â/µÄ³�É�¹O³�¶½Å�¸~Á�³#��¾·Á�³ºÈ5�>³�¸~¾·µ�¹»µ�³�Á"±�µ�Á"È5" ÁÔÇ Á��~È5�>ÂË¶Æ³�¶·¼�±}³�¼�±�µ�É�¼O±´³�ÁËµÌ¼O±µ��Á>¸ µÌÁ>³��H�>È�Á>ÈÉ�Á>¹»¸�ÂË¼O¸ �}Ç Á ÂËÁËµ�µ�Á&"��Ëµ�Ã´¼¤Ç~Á ù ¬®¸	±~¶·þ�Á>¹O¸}Ç Áy¾Æ¹
þ�¶·µ�Á�³�³�Á6��¾ �DÁ"±�ÂË¼OÈ�Áy¾½Á>³�È5�>³�¸~¾ µÄ¹�µÄ³�³�¼O±�µ�³�¹�µ�¶½³m;
¹»¶Æ³�¹»±�µ�³	�´Á"µ¾½Á>³�µ�Á	"��´³®Ç Á�Â>¹»¾ÆÂË¸~¾Æ³|³�¼�±�µBÁ>±´ÂË¼�È�ÁÌ¹0"��>¾·¶½¼OÈÄ¹»É~¾½Á>³ ù

â��yÄ l �=Õ¨ÈPßµ�$à\��Å¬Æ��$È
�=è�ç$èmé ��T�øUR�îL�\î1��êmø\ë
¨®¼�¸´³Ü¹#þO¼�±´³ Å�¸~ÁJÇ~¹»±´³D¾·Á�Â>¹O³ Ç Á�³�¶I" ¸~¾½¹»µ�¶½¼O±(µ�È5*>³DÂ"¼6"��~¾½ÁËú Á6�.¸~µ�¶½¾·¶Æ³�¹O±�µD¸~±®" ¹O¶·¾½¾Æ¹0/OÁAÂË¼%"���¼�È�µÄ¹»±�µ�"±´¼OÈ5"&�	" Á"±�µ�Ç43 �>¾I�	" Á"±�µ�³ÌÁ"µyÇ Á>³@/�È�¼�³�³�Á>³�Ç8�<; ¼�È�"Ü¹»µ�¶½¼O±´³Ì¹0� �~¾·¶ÆÅ�¸��"Á�³ÌÈ�¹6�~¶ÆÇ Á#" Á"±�µ)�5¾·Á&;
¹»¶·µyÇ43 ¸ µ�¶½¾½¶½³�Á"È�¸~±´Á"��Ëµ�Ã~¼ Ç ÁºÇ43 �"¾+�#" Á"±�µÄ³¨-´±~¶Æ³.ÁËú8�~¾½¶ÆÂË¶·µ�Á®ÂËÈ5�"Á®Ç~Á>³À�~È�¼OÉ´¾I*	"ÔÁ�³.Ç ÁA�~È�¼6��¹0/�¹»µ�¶½¼O±ÔÇ Á>³�Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³ ù ª²¾�;
¹O¸´Ç ÈÄ¹»¶·µµ�È�¼O¸´þOÁ"Èy¸~±�" ¼�ÀOÁ"±;Ç Á�" ¶·Á>¸ ú¤�´È�¼%�´¹0/�Á"È)�4¹�-´±�Ç Á���¼�¸~È�þO¼O¶½È�/6�>È�Á>È��~¾½¸´³yÇ~Á Â"¹�³yÇ Á
-H/O¸~È�ÁDÁËµ ±~Áa�´¹�³�³�Á¾½¶I" ¶·µ�Á"È��ÔÇ~Á>³=" ¼ Ç8*"¾½Á>³®Å�¸~¶4³�Á�Ç8�#; ¼OÈ5"ÔÁ>±�µB¾½Á"±�µ�Á#" Á"±�µ ù
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�=è�ç$è�ç G î1�8ìETHê°îÀñ$ö
ª²¾0��¼O¸~È�ÈÄ¹»¶·µP¯Ëµ�È�Á.É~¶½Á"±�Ç43 ¹OÇ´¹0� µ�Á"È4¾Æ¹|¾½¼O¶OÇ Á�ÂË¼6"���¼OÈ�µ�Á	"ÔÁ>±�µP��¼�¸~È4±~Á¥��¹O³4³�Á�È�Á>³�µ�È�Á"¶½±´Ç È�Á�Å�¸P3 ¹»¸@�~¸´È�Á	"ÔÁ>±�µ¾½¶·±���¹»¶½È�Á ù Í�¼6"�" Á�þ¤¸,�~È5�>Â<��Ç Á#"�" Á"±�µ)�´¶½¾+Á>³�µ$;
¹OÂ"¶·¾½ÁyÇ Áy¾½¹&;
¹O¶·È�Á��"þ�¼O¾½¸~Á"È®¾½Á>³A�´¹»ÈÄ¹0"�*Ëµ�È�Á�³|Ç ¸,"Ü¹�µ5�"È�¶½¹O¸�Á>±; ¼O±�Â/µ�¶½¼O±�Ç Á>³�Ç8�#; ¼OÈ5" ¹»µ�¶½¼O±´³\��¼�¸~È|¹#þO¼�¶·È�¸´±a"Ü¹�µ5�"È�¶½¹O¸D±~¼O±~¯?¾½¶·± �>¹»¶½È�Á®ÁËµ|¹»¶½±´³�¶H" ¶½Á"¸ ú�/%�"È�Á"ÈF¾Æ¹��´È���ÂË¶Æ³�¶½¼O±DÁ>±/OÈÄ¹»±�Ç Á>³BÇ8�#; ¼OÈ5" ¹»µ�¶½¼O±´³ ùÎ�±]��¼�¸~È�ÈÄ¹»¶·µ|¹»¸´³�³�¶4/%�"È�Á"È|Ç Á�³$"Ü¹�µ��>È�¶Æ¹»¸�¹»±~¶Æ³�¼»µ�È�¼6��Á>³	���~¾Æ¹O³�µ�¶ÆÅ�¸´Á>³ ù·ù½ù¬®¸ ±~¶½þOÁ>¹O¸ Ç ¸ ÂË¼%"���¼�È�µ�Á#" Á"±�µ	�#¸~±���¼�¶·±�µ�µ�È5*>³�¶+"���¼�È�µÄ¹»±�µ���¼O¸´È�/%�"È�Á"È1µ�¼�¸´³�¾·Á�³�Â>¹O³�Ç Á.- /O¸´È�Á%�#³�Á"ÈÄ¹»¶·µ�Ç~Á/6�>È�Á>ÈB¾·Á�³|Ç8�>ÂÄÃ~¶½È�¸~È�Á�³B¹0�~È5*>³B¸~±JÂ"Á"È�µ�¹»¶½±
³�Á"¸´¶·¾+Ç~Á�Ç8�<; ¼�È�"Ü¹�µ�¶·¼�± ù8: ¹O±´³|¾e3 �>¾½¹O±P� ¼O±]��¼O¸~È�È�¹O¶ µ®¹O¸´³�³�¶c/6�>È�Á>È�¾½Á>³Ç8��ÂË¼O¸ ��Á�³ ù v�¶½Á"±D³�Y~ÈFÂ"Á>³FÂ>¹O³�Ç~Á=- /O¸~È�Á®³�¼O±�µ�µ�È5*>³FÂË¼6"��~¾½ÁËú Á�³#�OÂ>¹»È.¶½¾½³\" ¼¤Ç~¶d-´Á>±�µF¾½¹�µ�¼6��¼O¾½¼6/�¶·Á|Ç ¸
"Ü¹O¶·¾½¾½¹6/OÁ ù

�=è�ç$è"h P,õmìÁí��Áë��8ó
Î�±ªå ! ¯3Î> �¬ (%()æ ³�¹O¶ µºÅ�¸~Á�Ç´¹»±´³|¾½Á�Â"¹�³®Ç Á�³�¼O¾½¶½Ç~Á>³	� ¾·Á�³$�"¾+�#" Á"±�µÄ³|Ã~ÁËú~¹6*>Ç È�¶½Å�¸~Á�³|Ç ¼O±´±~Á"±�µºÇ Á�" Á>¶·¾½¾·Á>¸~ÈÄ³È5�>³�¸~¾ µÄ¹�µÄ³D¼O¸`³�¼O±�µ�" ¼O¶½±´³
ÂÄÃ~Á"ÈÄ³DÁ>±Qµ�Á#"��´³�Ç Á}Â>¹»¾ÆÂË¸~¾�z�¼�±R��Á>¸ µ�³�ÁW��Á"È5" ÁËµ�µ�È�Á	Ç Á«" ÁËµ�µ�È�ÁW" ¼O¶½±´³ Ç~Á�~¾½¸´³A/�È�¼�³$�"¾+�#" Á>±�µÄ³A��¼O¸~Èº¾½¹
"�¯	"ÔÁ��~È5�>ÂË¶Æ³�¶·¼�±�¼�¸JÇ Áo"Ü¹»¶½¾½¾·Á>ÈA�~¾½¸´³$-´±´Á#" Á"±�µ���¼O¸´Èº¾½Á>³A"�¯	"ÔÁ�³|µ�Á#"��´³ºÇ~ÁÂ"¹O¾½Â"¸~¾Æ³ ù¨: Á]�~¾½¸´³Ô¶·¾|Á�³3µ&�~¾½¸´³�;
¹OÂË¶½¾½Á�Ç Á�È�Á>³���Á�Â/µ�Á>È ¾½Á>³ ³�À�"&�"µ�È�¶·Á�³ Ç~Á�"Ü¹»¶½¾½¾½¹6/OÁ Å�¸P3 ¹#þOÁ�Â Ç Á�³�µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³ ù¬|Â/µ�¸~Á"¾½¾½Á#" Á"±�µ	�´¼O±V/6*>È�Á�¸~±JÃ~Á"ú ¹6*>Ç È�Á>�´¹»È ø)( µ�ÁËµ�È�¹6*>Ç È�Á>³	�~Ç ¼O±�Â�¶½¾4Á�³3µº³�Y~È®Å�¸~Á�¾e3 ¼�±]/�¹0/�±~Á"ÈÄ¹»¶·µ�É�Á>¹O¸´ÂË¼�¸���Ô¸ µ�¶½¾½¶½³�Á"ÈºÇ~¶·È�Á>ÂËµ�Á#" Á>±�µ®Ç Á�³BÃ~ÁËú~¹6*>Ç È�Á>³ ùÏ4Á�³º¹6���~È�¼¤ÂÄÃ´Á>³|¸ µ�¶·¾½¶Æ³�¹O±�µÌÇ Á>³M"Ü¹»¶½¾·¾Æ¹0/�Á>³®¶½±´Ç8�	��Á>±´Ç~¹O±�µÌÇ Áy¾e3 ¼OÉ Ê3Á"µ	��Â"¼6"�" Áy¾½Á>³ 2 È�Á"Á 2 ¼OÈ5" : Á<; ¼�È�"Ü¹»¯µ�¶½¼O±�³�Á#" É~¾½Á"±�µº¶½±�µ5�"È�Á>³�³�¹O±�µ�Á>³	�~Â"¹OÈA"Ü¹»¶½¾·¾½Á"È�¸~±," ¼ Ç8*"¾½Áy³�¸~Èm;
¹�ÂË¶ÆÅ�¸~Á�Á>³�µº¸~±´Á��ËµÄ¹0��ÁyÇ8�"¾½¶ÆÂ"¹�µ�Á�ÁËµ�Ç ¶�_DÂ"¶·¾½ÁyÁ"µ��¼O¸~È�µ�¹O±�µ|µ�È�*�³B¶I"���¼OÈ�µ�¹O±�µ�Á ù ª²¾�³�Á>È�¹O¶ µ®¹O¾·¼�È�³.��¼�³�³�¶½É~¾½Á�Ç Áy³��#�´¹OÈ�Á>È�¾½Á>³A" ¹O¶·¾½¾½Á>³	�~¸ µ�¶½¾½¶½³��"Á�³$��¼�¸~È®¾Æ¹��~Ã¤À ³�¶ÆÅ�¸~ÁÇ ¸]" ¼¤Ç�*"¾½Á�³�¸~È�;
¹OÂË¶ÆÅ�¸~Á6�¤¸ µ�¶·¾½¶Æ³m�@��¼O¸~ÈB¾e3 ¹	_ÜÂÄÃ�¹0/OÁ ù Ï\3 �"µ�¹6��Á�µ�È5*>³BÇ8�>¾·¶ÆÂ"¹»µ�Á�Ç ¸]" ¹O¶·¾½¾Æ¹0/OÁ���¼�¸~È�È�¹O¶ µB¹»¶½±´³�¶c¯"µ�È�Á�"þ¤¶·µ��>Á6�~Á"µ®¾·Á�³=�"¾+�#" Á"±�µ�³$-´±~¶Æ³=��¼�¸~È�ÈÄ¹»¶½Á"±�µ$¯Ëµ�È�Á>;
¹OÉ~È�¶ÆÅ�¸��>³|¹#þ�Á>Â�Ç Á>³$; ¼OÈ5"ÔÁ�³=�´¹»È�;
¹»¶·µ�Á	" Á"±�µ|¸ µ�¶½¾·¶Æ³�¹»É~¾½Á>³B±~¼�±Ç8�	/6�"± �"È5�"Á>³ ù

�=è�ç$èkj {Ô�Áó���ó
«�¹O¶·±�µ�Á>±´¹»±�µ®Å�¸~Á�¾½Á�" ¼¤Ç�*"¾½Á�¹��Ëµ���µ�Á>³�µ���Á>±�³3µÄ¹�µ�¶½Å�¸~Á%�~¶·¾�³�Á>È�¹O¶ µ|¶½±�µ��"È�Á>³�³�¹»±�µ®Ç ÁÌµ�Á�³3µ�Á"Èº¾e3 ¹O³���Á�Â/µºÇ À¤±´¹»¯" ¶½Å�¸~Á%�>Á"µ�Ç~ÁFþO¼�¶·È1³�¶¤Ç43 ¸~±~Á.��¼�³�¶·µ�¶½¼O±yÇP3 ��Å�¸´¶·¾½¶·É´È�Á\�º¸~±~Á�¹»¸ µ�È�Á%�>¾½Á>³��ËµÄ¹0��Á>³�Ç Á�Ç8�#; ¼OÈ5"Ü¹�µ�¶½¼O±�³4¶½±�µ�Á"È5"��>Ç ¶Æ¹»¶½È�Á�³³�¼O±�µM�~È5�>Â"¶½³�Á>³ ù «�¹O¶½³�ÂËÁ"µ�¹O³���Á>Â/µ�³�Á	"yÉ~¾½Á�µ�È�*�³ºÇ ¶�_DÂË¶½¾·Á&� µ�Á�³3µ�Á"È ù ×�Á�±~ÁÔ³�¹O¶½³M�´¹O³�³#3 ¶·¾�ÁËú ¶Æ³3µ�ÁyÇ Á�³�³�¼O¾½¸ µ�¶½¼O±�³µ�Ã �"¼OÈ�¶ÆÅ�¸´Á>³�Ç À¤±´¹0" ¶ÆÅ�¸´Á>³ ù ª²¾¨;
¹O¸´Ç ÈÄ¹»¶·µÌ¹O¸´³�³�¶�Ç Á>³ÌÈ5�>³�¸~¾·µ�¹»µ�³�ÁËú8�H�>È�¶+" Á"±�µ�¹O¸ úJµ�Á>¾½³ÌÅ�¸~Á ¾½Áyµ�È�¸ µ�Ã%Â"¸~É�Á6�4�´¹�³³�Á"¸~¾½Á#" Á"±�µ ¹»ú8�>³y³�¸~ÈÔÇ ¶d©c�"È�Á"±�µÄ³��ËµÄ¹�µÄ³ Ç43 �>Å�¸~¶½¾½¶·É~È�Á6��"Ü¹»¶Æ³y¹»¸�³�³�¶�³�¸~È�µ�¼O¸ µÔ¾·Á
ÂÄÃ~Á#" ¶½±~Á#" Á"±�µ&��¼�¸~Èy¾½Á>³Ô¹�µ�¯µ�Á>¶·±�Ç È�Á ù

�=è�ç$è"� V¤ø\íSR¡T�ø\íáê�ó%�¤��í R>ó�ò®��÷cîÀõm÷4ñ�õNÓ³R¡T ìÁ÷4êmó�ê°øTë
Ï4Á�Â"¼6"��~È�¼6" ¶½³�Á>±�µ�È�Á�þ¤¶·µ�Á�³�³�ÁÌÁËµA�~È5�>Â"¶½³�¶·¼�± Á�³3µ®¶+"���¼�È�µÄ¹»±�µ®³�¶4¼�±
þ�Á"¸ úa;
¹»¶½È�ÁÌ¸~±~Á�"��"µ�Ã~¼ Ç Á�/%�"±��>È�¶ÆÅ�¸~ÁÅ�¸~¶¥��Á"¸ µ�¯"µ�È�Á ¸ µ�¶½¾·¶Æ³�¹»É~¾½Á���¾½¹�; ¼O¶Æ³ÌÁ"±;³�À¤±�µ�Ã�*>³�ÁÜÇ43 ¶I"Ü¹0/�Á>³	�5¼6Â%¾·Á��~¾½¸´³�¶+"���¼�È�µÄ¹»±�µ�Á>³�µ�¾½¹�þ¤¶·µ�Á>³�³�Á6�5ÁËµ�Á>±³�¶I" ¸~¾½¹»µ�¶½¼O±AÂÄÃ~¶½È�¸~È5/O¶ÆÂ"¹O¾·Á%��¼%ÂA¾·Á@�~¾½¸´³|¶+"���¼�È�µÄ¹»±�µ|Á>³�µ®¾½¹&�~È5�>Â"¶½³�¶·¼�± ùÎ�±���Á>¸ µ�Ç��<-´±~¶½ÈF¸´±~Á$; ¼O¶Æ³À��¼O¸~ÈFµ�¼�¸ µ�ÁºÇ´¹»±´³�Å�¸´Á"¾½¾·Á®Â>¹�µ��	/O¼�È�¶½Á|³�ÁA�´¾½¹�ÂËÁ|¾Æ¹�³�¶+"y¸´¾½¹»µ�¶½¼O±P�O¹0-´±DÇ ÁA�´È�¼6-~µ�Á>È¹»¸«"Ô¶½Á"¸~úJÇ~Á>³�Å�¸�¹»¾½¶ µ5�>³�Ç8�>³�¶·È5�"Á�³ºÇ ¸µ" ¼¤Ç�*"¾½Á ù ¿�¹OÈ�Á"ú Á#"��~¾½Á Ç~¹O±´³º¾½Á Â>¹O³�Ç Á ³�¶+"y¸~¾Æ¹�µ�¶·¼�±´³M�´Ã�À ³�¶½Å�¸~Á	" Á"±�µ" ¼O¶½±´³ÜÈ5�>¹O¾·¶Æ³3µ�Á>³	�.¼O±®��Á"¸ µ ¶+"Ü¹0/�¶·±~Á>ÈÜ¸~±~Á,; ¼�È�" ¸~¾Æ¹�µ�¶½¼O±h"Ü¹O³�³�Á�³3¯?µ�Á>±´³�Á"¸~ÈÄ³ Ç Á�±~¼Oµ�È�Á]"��"µ�Ã~¼ Ç Á%��¹#þOÁ�Â�¸~±�~È5�>Â>¹»¾ÆÂË¸~¾4Ç Á�³="Ü¹�µ�È�¶ÆÂËÁ>³|Ç~Á�È�¶+/O¶ÆÇ ¶ µ5�6�´¹0-´±AÇ43 ¹�³�³�¸~È�Á"ÈB¾½Á>³=" Á"¶½¾·¾½Á"¸´È�³�µ�Á#"��´³®Ç Á�Â>¹»¾ÆÂË¸~¾4��¼�³�³�¶·É~¾½Á>³ ù¬®¸;Â"¼O±�µ�ÈÄ¹»¶½È�Á%�5ÂËÁDÂË¼%"��~È�¼%" ¶½³@��Á"¸ µ�¯Ëµ�È�Á
/6�>È��
��¾Æ¹AþO¼O¾+�"Á%�4¹»¸;ÂË¼�¸~ÈÄ³�Ç ÁÜ¾�3 ¹»±´¶I"Ü¹�µ�¶·¼�± ù ¿�¼O¸´È�ÂËÁ"¾Æ¹��~Ê3Á��Á"±´³�ÁÜÁ"±ª�´¹OÈ�µ�¶½Â"¸~¾·¶½Á"È���¾Æ¹V"y¸~¾·µ�¶·¯9È�Á�³�¼�¾·¸ µ�¶·¼�±´³ÌÇ ¸ª"Ü¹»¶½¾·¾Æ¹0/�ÁÔ¼�¸;Ç ¸%µ�Á#"��´³ ù Í�Á
�~È�¶½±´ÂË¶+��ÁÜÁ�³3µ�¶½±�µ��>È�Á�³�³�¹»±�µÂ"¹OÈ|¶·¾Á��Á>È�" ÁËµºÇ~Á�¾½¶+"Ô¶·µ�Á>È®¾½Á>³®Â>¹»¾ÆÂË¸~¾Æ³BÁ"±V��Á"ÈÄÇ~¹»±�µ|¸~±V" ¶·±~¶+"y¸ "fÇ Á��~È5�>Â"¶½³�¶½¼O± ù Ï\3 ¶ÆÇ8�"ÁÌÁ�³3µºÇ Á�Ç��Ëµ�¹O¶·¾½¾½Á"È|¾½Á"Ü¹»¶½¾·¾Æ¹0/�Á|¾+��¼6ÂÜ¾½Á>³FÇ��<; ¼OÈ5"Ü¹�µ�¶·¼�±´³�³�¼O±�µF¾½Á>³¥�´¾·¸´³T/OÈÄ¹»±�Ç Á>³�Á"µ�Ç Á®¾½ÁºÈ�Á"±�Ç È�Á$/�È�¼�³�³�¶½Á"È.¾ ��¼6ÂÜÁ>¾·¾½Á>³�³�¼�±�µ�¾·ÁA�´¾·¸´³;
¹»¶½É~¾½Á ù Ï+¹
�~¸´¶½³�³�¹O±´ÂËÁ�Ç~ÁyÂ"¹O¾½Â"¸~¾+Á�³3µ�¹O¶·±�³�¶�ÂËÁ"±�µ�È��>Á�¾+�Ü¼%ÂJÁ"¾½¾·ÁyÁ>³�µº¸ µ�¶½¾½Á ù ¿�¾·¸�³®¼O±Jþ�¼O¸´Ç~È�¹Ô¸~±~ÁÔ³�¶+"y¸´¾½¹»µ�¶½¼O±�~Ã¤À ³�¶ÆÅ�¸~Á#" Á>±�µ®È5�>¹O¾·¶Æ³�µ�Á6� �~¾·¸�³®¼O±�ÂÄÃ´¼O¶Æ³�¶½È�¹Ô¾½Áy³�Á"¸~¶½¾1Ç Á ÂÄÃ´¹»±�/�Á#" Á"±�µ®Ç Á�È5�>³�¼O¾½¸ µ�¶·¼�±´³Bµ�Á>¾1Å�¸~Á�¾½Á>³A�"¾+�#" Á"±�µ�³³�¼O¶½Á"±�µ�¾½Á��´¾·¸´³>��ÁËµ�¶ µÄ³@��¼�³�³�¶·É´¾·Á�³ ù ¬®¸%ÂË¼O±�µ�È�¹O¶·È�Á6�H��¼�¸~ÈÌ¸~±DÊ3Á>¸}þ¤¶½Ç��"¼ �5¹#þ�Á>Â��>±~¼OÈ5"��#" Á"±�µ�ÇP3 �>¾I�	"ÔÁ>±�µ�³	��¼�±�~¾Æ¹OÂ"Á"ÈÄ¹y¾½Á�³�Á>¸~¶½¾�µ�Á"¾1Å�¸´Á�¾·Á�³=�"¾+�#" Á"±�µ�³|³�¼O¶½Á"±�µ|¾½Á��~¾·¸�³$/OÈ�¼�³.��¼�³�³�¶½É~¾½Á ùÎ�±ª��Á>¸ µÔ¹O¸´³�³�¶�¶+"Ü¹0/�¶·±~Á>È�¸~±~Á
¹0���~È�¼ ÂÄÃ~Á�"y¸~¾·µ�¶·¯9È���³�¼�¾·¸ µ�¶·¼�±;ÂË¼O¸ �~¾I�>Á ¹#þOÁ�Â Ç Á>³ 2�2¨: ��³�¼O¶·µ�¸~±~Á 2�2¨:"y¸´¾ µ�¶ ¯9È���³�¼�¾·¸~µ�¶½¼O±´³	�"Å�¸~¶�±P3 Á"ú ¶½³�µ�ÁT�´¹O³+Á"±´Â"¼OÈ�Á�ÂË¾Æ¹»¶½È�Á	"ÔÁ>±�µ��|¾e3 Ã~Á>¸~È�ÁF¹OÂËµ�¸~Á>¾·¾½Á ù Î�±���Á>¸ µ�;
¹OÂË¶½¾½Á#" Á"±�µ+¶+"Ü¹0/O¶½±~Á>È¾½Á>³BÈ5�>³�¸~¾ µÄ¹�µÄ³�Å�¸~Á@��¼O¸~È�È�¹O¶ µ|Ç ¼�±~±~Á"È|Â"ÁËµ�µ�Á�Ç8�>Â"¼O¸���Á�¹OÇ~¹6� µ�¹»µ�¶½þOÁ�¹O±~¶+"&�>Á�¹#þOÁ>Âº±~¼»µ�È�Á>" ¼ Ç8*"¾½Á�Ç8�<; ¼�È�"Ü¹»É´¾·Á ù

� ø n !6(



Ô ÕÖÕ �½×Þ� Ô

Ø � � �kéXê=� � ç æ Ù�ê � énå¢ìÚÐ ��ã|à éXê=� � ç

Ï4Á�³ÌÂË¼¤¼OÈÄÇ ¼O±´±��"Á�³�Ç ¸¤��¼O¶½±�µ
i
³�¼O±�µ

xi

�
yi

ÁËµ
zi
ù Ï+Á>³>; ¼�±´Â/µ�¶·¼�±´³ÌÇ43 ¶½±�µ�Á>È���¼O¾Æ¹�µ�¶·¼�±%³�¼O±�µ�Ç Á ¾½¹�; ¼OÈ5" Á�z

Ni = ai + bix + ciy + diz
ù

g �#� p Õ�Å<Ço� Ûì�#� �<Å<�]ã$Ç�Å¬Õ¨�

N1 =
(y2 − y3)x + (x3 − x2)y + x2y3 − x3y2

−x2y1 + x3y1 + x1y2 − x3y2 − x1y3 + x2y3
(en 2D)

Ï4Á�³|ÂË¼¤Á�_DÂ"¶·Á>±�µÄ³|Ç Á>³|¹O¸ µ�È�Á>³.; ¼�±´Â/µ�¶·¼�±´³|Ç43 ¶·±�µ�Á"È5��¼�¾½¹»µ�¶½¼O±´³|³�¼O±�µ|¾·Á�³="�¯#" Á>³$��¹»ÈBÈ�¼Oµ�¹»µ�¶½¼O±AÇ Á>³B¶½±´Ç ¶ÆÂËÁ�³ ù
g �5Ä p �.�ÁÕ�Ç�y��aÕ¨� �<Å<�]ã$Ç�Å¬Õ¨�







1
x

y

z







=







1 1 1 1
x1 x2 x3 x4

y1 y2 y3 y4

z1 z2 z3 z4













N1

N2

N3

N4













N1

N2

N3

N4







=







a1 b1 c1 d1

a2 b2 c2 d2

a3 b3 c3 d3

a4 b4 c4 d4













1
x

y

z







a1 =

∣
∣
∣
∣
∣
∣

x2 x3 x4

y2 y3 y4

z2 z3 z4

∣
∣
∣
∣
∣
∣

b1 = −

∣
∣
∣
∣
∣
∣

1 1 1
y2 y3 y4

z2 z3 z4

∣
∣
∣
∣
∣
∣

c1 =

∣
∣
∣
∣
∣
∣

1 1 1
x2 x3 x4

z2 z3 z4

∣
∣
∣
∣
∣
∣

��ü
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d1 = −

∣
∣
∣
∣
∣
∣

1 1 1
x2 x3 x4

y2 y3 y4

∣
∣
∣
∣
∣
∣

Ï4Á�³yÂ"¼�Á*_DÂË¶½Á"±�µ�³ Ç Á>³Ô¹»¸ µ�È�Á�³�; ¼�±´Â/µ�¶·¼�±´³yÇ43 ¶½±�µ�Á"È5��¼�¾½¹»µ�¶½¼O±´³ ³�¼�±�µy¾·Á�³�"�¯#" Á�³o�´¹OÈy¸~±(ÂÄÃ´¹»±�/�Á#" Á"±�µ Â"À�¯ÂË¾½¶ÆÅ�¸´ÁÌÇP3 ¶½±´Ç ¶ÆÂËÁ�³�w
¹»µ�µ�Á>±�µ�¶½¼O±A¾·Á�³|³�¶+/O±´Á>³|ÂÄÃ´¹O±�/OÁ>±�µ|¹»¸�³�³�¶ x ù
Ï+¹&"Ü¹�µ�È�¶ÆÂËÁ�Ç ÁÌÈ�¶I/�¶½Ç~¶ µ5�ÌÇ~Á�¾�3 �"¾+�#" Á"±�µ

B
Ç Á>þ¤¶·Á>±�µ®Ç ¼�±´Â&z

B =











b1 0 0 b2 0 0 b3 0 0 b4 0 0
0 c1 0 0 c2 0 0 c3 0 0 c4 0
0 0 d1 0 0 d2 0 0 d3 0 0 d4

c1 b1 0 c2 b2 0 c3 b3 0 c4 b4 0
0 d1 c1 0 d2 c2 0 d3 c3 0 d4 c4

d1 0 b1 d2 0 b2 d3 0 b3 d4 0 b4











g �mÔ a �<ã{z �$��� ä�×����<à.���]ä�×��
§�±µ��¼�³�¹O±�µ

N (i) = a
(i)
1 + a

(i)
2 B1 + ... + a

(i)
n Bn

¹#þ�Á>Â
N (i) ¾½¹�; ¼O±´ÂËµ�¶½¼O±bÇ43 ¶½±�µ�Á>È���¼O¾Æ¹�µ�¶·¼�±}¹»¸µ��¼�¶·±�µ

i
�

¾½Á>³
a
(i)
j

³�Á>³�ÂË¼¤Á�_DÂË¶½Á"±�µÄ³¥��¼O¸~È�¾½¹�É�¹O³�ÁºÂ"¹O±~¼O±~¶ÆÅ�¸~ÁºÇ Á���¼�¾·À¤±Dv%" Á>³
(B1, ..., Bn)

�¤³�¶�¾½¹o" ¹»µ�È�¶½Â"ÁºÇ Á�³
a
(i)
j

Á>³�µÈ5�#/O¸´¾·¶+*"È�Á6�¤¼O±A¹Vz





a
(1)
1 ... a

(n)
1

... ... ...

a
(1)
n ... a

(n)
n




 =






B
(1)
1 ... B

(n)
1

... ... ...

B
(1)
n ... B

(n)
n






−1

ñ��8j�j\
������>ô1ña��
��&�¨���)
�� ó�
,jFòs�k¨4ï��H�ô
��Ï¥3 Á>³��´¹OÂ"ÁyÇ Á>³M��¼�¾·À¤±Dv%" Á>³ºÇ~Á Ç Á	/OÈ5�
d
Á�³3µ�¸~±�Á�³m�´¹�ÂËÁ�þ�Á>ÂËµ�¼OÈ�¶½Á"¾+Ç ¼�±�µ�¾½¹ Ç ¶I" Á>±´³�¶½¼O±	Ç8�#��Á"±´Ç}Ç ¸}Ç Á	/OÈ5�Ç Á�³���¼O¾½À¤±Dv6" Á�³�Á"µ�Ç ¸}±~¼%"yÉ~È�Á Ç Á þ�¹OÈ�¶Æ¹»É~¾½Á>³ ù Í�ÁËµ�Á>³��´¹OÂ"Áo��¼�³�³m*�Ç ÁÔ¸~±~Á É´¹O³�Á Â>¹»±~¼�±~¶ÆÅ�¸´ÁÔÂ"¼O±´³�µ�¶·µ�¸��>ÁÔÇ~Áµ�¼�¸´³B¾½Á>³$" ¼O±^v6" Á>³BÇ Á�Ç Á	/OÈ5�Ì±~¼O±�±��#/�¹�µ�¶d;�¶·±8;F�>È�¶½Á"¸´È®¼O¸]�#/�¹»¾4�

d
ù ¿�¹OÈ�Á"ú Á#"��~¾½Á
zÓ Ï+¹ É´¹�³�Á�Â"¹O±~¼O±´¶½Å�¸~Á�Ç Á�³$��¼O¾½À�±^v6" Á>³A� ¸´±~Á�þ�¹»È�¶½¹OÉ~¾½Á

x1
Ç Á�Ç~Á#/OÈ5� û Á>³�µºÂË¼�±´³�µ�¶·µ�¸��>ÁyÇ Á>³A"Ô¼�±Dv6" Á�³

{
1, x1, x2

1, x3
1

} ùÓ Ï+¹�É´¹O³�ÁDÂ"¹O±~¼O±´¶½Å�¸~ÁDÇ Á�³���¼O¾½À�±^v6" Á>³��JÇ Á>¸ úbþ#¹OÈ�¶Æ¹»É´¾·Á�³
x1
Á"µ

x2
Ç~ÁDÇ Á#/�È�� ü Á�³3µyÂ"¼O±´³�µ�¶·µ�¸��>ÁDÇ Á>³"Ô¼�±Dv6" Á�³ {

1, x1, x2, x2
1, x2

2, x1x2

} ùÓ Ï+¹�É�¹O³�Á�Â"¹O±~¼O±´¶½Å�¸~Á�Ç Á>³T��¼�¾·À¤±Dv%" Á>³.��µ�È�¼O¶Æ³�þ#¹OÈ�¶Æ¹»É´¾·Á�³
x1
�
x2
ÁËµ

x3
Ç ÁÌÇ Á#/�È�� ü Á�³3µ|ÂË¼�±´³3µ�¶ µ�¸��"Á�Ç Á>³"Ô¼�±Dv6" Á�³ {

1, x1, x2, x3, x2
1, x2

2, x2
3, x1x2, x2x3, x1x3

} ù
Ï4ÁÌµÄ¹»É~¾½Á>¹O¸J¬ ù½ø Ç ¼O±~±´Á�¾·Á�³®Ç ¶+"ÔÁ>±´³�¶·¼�±´³®Ç Á�³|Á>³��´¹OÂ"Á>³|Ç Á���¼O¾½À¤±Dv6" Á�³$��¼�¸~ÈºÇ Á�³®Ç Á	/OÈ5�>³|Ç Á ø � � ��¼O¸~È®¾½Á>³��¼O¾½À�±^v6" Á>³$� ø � ü ¼�¸ û þ�¹»È�¶Æ¹»É~¾½Á>³ ù

ó�
�>´ñ�� í,k��~ñ#ö��8�¨��
 �«k�� ñ�ö��8����
�� ÷¤k�� ñ�ö��8�¨��
��í ü û ÿ� û ! ø	(÷ ÿ ø)( ü0(^ � ø1� û%�f ! ü~ø �0!
Ã}Ä�Å�Ò�¬ ù·ø�Óa: ¶+" Á"±´³�¶½¼O±´³®Ç~Á>³BÁ>³��´¹�ÂËÁ>³|Ç~Á>��¼O¾½À¤±Dv6" Á�³

Î�±&��Á>¸ µFþO¼�¶·È.Å�¸P3 ¶·¾´±P3 Á�³3µ¥��¹O³¨��¼�³�³�¶½É~¾½ÁBÇ~Á=;
¹»¶½È�ÁB±P3 ¶I"���¼OÈ�µ�Á®Å�¸~Á>¾ µ3À���Á®Ç43 �"¾+�#" Á>±�µF¹#þ�Á>Â�±P3 ¶I"���¼OÈ�µ�Á®Å�¸~Á"¾±~¼%"yÉ~È�Á�Ç ÁÌ±~¼¤Á"¸´Ç~³ ù
�»û n !6(



Ô ÕÖÕ �½×Þ� Ý

Þ ê}ÒSåfì�ç

i �#� È��ì�<×©z � ��× ���.�ÁÕ¨Çìy���Õ��
: ¶d©c�"È�Á"±�µ�³|Â>¹»¾ÆÂË¸~¾Æ³|Ç ¸AþO¼�¾·¸ "ÔÁ�Ç43 ¸~±�µ�Á"µ�ÈÄ¹0*�Ç È�Á

(a, b, c, d)
z

volume(tetraedre) =
1

6

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
xa xb xc xd

ya yb yc yd

za zb zc zd

∣
∣
∣
∣
∣
∣
∣
∣

=
1

6

∣
∣
∣
∣
∣
∣

xa − xb ya − yb za − zb

xa − xc ya − yc za − zc

xa − xd ya − yd za − zd

∣
∣
∣
∣
∣
∣

=
1

6

∣
∣
∣(
−→
ab ∧ −→ac) · −→ad

∣
∣
∣

i �5Ä Y ÇoÅ����<ÇßÛo���[à°×]� â]�.��Çìy���Õ��
: ¹»±´³�±´¼»µ�È�ÁÜ¶+"&�´¾I�	"ÔÁ>±�µ�¹�µ�¶·¼�±P�+±´ÁD³�¼�±�µ�/%�"È5�6�P��¼O¸´È�¾�3 ¶½±´³3µÄ¹»±�µ	��Å�¸~ÁÜ¾·Á�³�µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³ ù  ®¼OÈÄ³�Å�¸´¹�³�¶+" Á"±�µµ�¼�¸ µ�¾½Á>³�"Ü¹»¶½¾·¾Æ¹0/�Á>³º¸ µ�¶½¾·¶Æ³��>³�¾·¼�È�³�Ç Á>³ºµ�Á�³3µÄ³M�"µ�¹O¶·Á>±�µ�Á"±W�>¾I�	" Á"±�µ�³�Ã~ÁËú~¹6*>Ç È�¶½Å�¸~Á�³ ù ¿�¼O¸~ÈÌ¹»±~¶+" Á"È�¹»¸W" ¶½Á"¸ ú¸~±DÃ´ÁËú~¹0*�Ç È�Á®¹#þ�Á>Â|Ç Á�³.µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³	�»¾½¹�"ÔÁ>¶·¾½¾½Á"¸~È�ÁA"��Ëµ�Ã~¼ Ç Á®µ�È�¼�¸~þ6�>Á|Á>³�µ�Ç Á®¾½Á�Ç��>ÂË¼�¸���Á"È�Á>± ø	( µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³ ù§�±AÁ<©�ÁËµ)�~¶½¾4ÁËú ¶Æ³3µ�Á ü "��Ëµ�Ã~¼ Ç Á>³=��¼O¸´È®Ç8�>Â"¼O¸���Á"È|¸~±AÃ~Á"ú~¹0*>Ç~È�Á�Á"± � µ�ÁËµ�È�¹6*>Ç È�Á>³ ù  ®¼�È�³BÂ"Á>³ ü Ç8�>Â"¼O¸���Á>³B±´Á³�¼O±�µ\�´¹�³F³�À�"��"µ�È�¶½Å�¸~Á�³.ÁËµ�¼O±Ü¼OÉ~µ�¶½Á"±�µ�Ç ¼�±´Â$�´¹�³�¾½Á>³\"&¯	" Á>³�È5�>³�¸~¾·µ�¹»µ�³F¹#þ�Á>ÂB¸~± Ã~ÁËú~¹»Á�Ç È�Á|¼O¸ � µ�ÁËµ�ÈÄ¹0*�Ç È�Á>³ ù¬®¾½¼OÈÄ³�Å�¸P3 Á>±Ô³�¸���Á"È5��¼�³�¹O±�µ1¾½Á>³ ü Ç8�>Â"¼O¸���Á>³	��³�¼�¶ µ ø	( µ�Á"µ�ÈÄ¹0*>Ç~È�Á�³#�#¾½Á."Ü¹O¶·¾½¾½¹6/OÁ�Á>³�µ.³�À�"��Ëµ�È�¶ÆÅ�¸´Á6�#ÁËµ.¼O± ¼OÉ µ�¶·Á>±�µ¹»¸�" ¼O¶½±´³�¾·Á�³="&¯	" Á>³.��¼�³�¶·µ�¶½¼O±�³�ÇP3 ��Å�¸´¶·¾½¶·É´È�Á ù ª²¾c;
¹O¸ µ®¹»¾½¼OÈÄ³FÇ ¶½þ¤¶½³�Á"ÈB¾Æ¹yÈ�¶+/O¶ÆÇ ¶ µ5��Ç~Á>³�µ�Á"µ�ÈÄ¹0*�Ç È�Á�³\��¹»È ü ��¼O¸~ÈÈ�ÁËµ�¼%"yÉ�Á"È®³�¸~È|¾Æ¹�"�¯	"ÔÁ�È�¶+/O¶ÆÇ ¶ µ5��Å�¸´Á�¾e3 Ã~ÁËú~¹0*�Ç È�Á ù

10

4 5

2
3

76

w ø � ÿ � � � 9 x w � � ( � ø � û xw ( � ø � ÿ � ü x w ÿ � � � ( � ! xw ø � û � ü � 9 x w � � 9 � ! � û xw ü � ÿ � ! � 9 x w ! � ( � ü � û xw ø � ü � ÿ � 9 x w � � ! � ( � û x

Ï=ÐFÑTÒcv ù·ø�Ó Ï4Á�³|Ç Á"¸ úAÇ8�>Â"¼O¸���Á>³BÁ>±�Â"¶·±�ÅÜµ�Á"µ�ÈÄ¹0*�Ç È�Á�³BÇ43 ¸´±�Ã´ÁËú~¹0*�Ç È�Á

�»ÿ
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Ù Ú åmè ÐäãBå æ°å �\àâã$� � ã

¿�È�Á"±~¼�±´³B¾e3 Á"ú¤Á	"��~¾·Á�Ç ¸�µ�ÁËµ�ÈÄ¹0*�Ç È�ÁÌÇ��<-´±~¶P- /O¸~È�Á�Í ù·ø ÁËµºÇ��"þOÁ>¾·¼%����¼O±´³B¾½Á>³|Â>¹»¾ÆÂË¸~¾Æ³ ù

y

z

x
c

a
d

b

b’
a=a’=(0,0,0)
b=(0,1,0)      b’=(0,1.1,0)
c=c’=(0,0,1)
d=d’=(1,0,0)

µ=0.49
E=1000

Ï=ÐFÑ\Ò4Í ù½ø�Ó Ï4Á���¼O¶½±�µ
b
Á>³�µ®Ç8�#�´¾½¹�Â<��Ç Á (~ù½ø ³�¸´¶·þ�¹»±�µ|¾e3 ¹»ú¤Á

y

� �#� Y Ç@�ÁÕ¨Å<à.���]� Õ�Å+Û�Å��]Åy��ãâá%�$� ßµ�.��Åy��È ��ã=ß©�<Ç�à.�{z �$����È²ã
Ó Ñ.¼O¾½¸�" ÁÌ¹O¸AÈ�Á	��¼�³�z

V =
1

6

∣
∣
∣(
−→
ab ∧ −→ac) · −→ad

∣
∣
∣ =

1

6Ó Ò|¶I/�¶½Ç~¶ µ5�ÌÇ~¸]"Ü¹»µ��"È�¶Æ¹»¸¤z

D = 1
36V 2

E(1−ν)
(1+ν)(1−2ν)












1 ν
1−ν

ν
1−ν

0 0 0
ν

1−ν
1 ν

1−ν
0 0 0

ν
1−ν

ν
1−ν

1 0 0 0

0 0 0 1−2ν
2(1−ν) 0 0

0 0 0 0 1−2ν
2(1−ν) 0

0 0 0 0 0 1−2ν
2(1−ν)












=











17114.1 16443 16443 0 0 0
16443 17114.1 16443 0 0 0
16443 16443 17114.1 0 0 0

0 0 0 335.57 0 0
0 0 0 0 335.57 0
0 0 0 0 0 335.57











�%�



Ì=² ³ ä ¼¬¹�ºP½%»>½�ý°ú�� ¹8¿¬û��aû¬ºs¶e»Eå4¸1û¬¼5»�·F´1º^æ�ý#´7��ý�¶�¼5·�þ8¾�û O¥ÿ û���ú~� ûo½8û�¿¬¹7��¿	¾	�

Ó 2 ¼O±�Â/µ�¶½¼O±�³|Ç Á>; ¼OÈ5"ÔÁ
b1 = −c′yd

′
z = −1 b3 = 0

c1 = (c′xd′z) − (′bxd′z) = −1.1 c3 = d′zb
′
x = 1.1

d1 = c′yd′x − c′xd′y + b′xd′y − b′xc′y =
−1.1

d3 = −d′yb
′
x = 0

b2 = −c′yd
′
z = 1 b4 = 0

c2 = c′xd′z = 0 c4 = 0
d2 = c′yd′x − c′xd′y = 0 d4 = −b′xc′y = 1.1Ó Ò|¶I/�¶½Ç~¶ µ5�ÌÇ~Á�¾�3 �"¾+�#" Á"±�µ

B =











b1 0 0 b2 0 0 b3 0 0 b4 0 0
0 c1 0 0 c2 0 0 c3 0 0 c4 0
0 0 d1 0 0 d2 0 0 d3 0 0 d4

c1 b1 0 c2 b2 0 c3 b3 0 c4 b4 0
0 d1 c1 0 d2 c2 0 d3 c3 0 d4 c4

d1 0 b1 d2 0 b2 d3 0 b3 d4 0 b4











=











−1 0 0 1 0 0 0 0 0 0 0 0
0 −1.1 0 0 0 0 0 1.1 0 0 0 0
0 0 −1.1 0 0 0 0 0 0 0 0 1.1

−1.1 −1 0 0 1 0 1.1 0 0 0 0 0
0 −1.1 −1.1 0 0 0 0 0 1.1 0 1.1 0

−1.1 0 −1 0 0 1 0 0 0 1.1 0 0











� �5Ä çÞÕ¨Ç�� ��È|��ã=ß©�<Ç�à.�{z �$����ÈÖè]Æ��=Õ¨ÈÁÅ<���éÛ�ã$��z ã.��Õ�Å<ä�×]�

f = RR
(deforme)
(global) BT DB(RR

(global)
(repos) (X(global)

repos − A(global)
repos ) − (RR

(global)
(deforme)(X

(global)
deforme − A

(global)
deforme)))

Ó Ò|¼»µÄ¹�µ�¶½¼O±�³�z

R
(global)
(repos) =





0 1 0
0 0 1
1 0 0





R
(global)
(deforme) =





0 1 0
0 0 1
1 0 0





Ó Í�¼�¼�È�Ç~¼O±~±��>Á>³�Á"±AÈ�Á#�s*"È�Á>³B¾½¼¤Â>¹»¸ úWz

X(repos)
repos =









R
(global)
(repos) 0 0 0

0 R
(global)
(repos) 0 0

0 0 R
(global)
(repos) 0

0 0 0 R
(global)
(repos)































ax − ax

ay − ay

az − az

bx − ax

by − ay

bz − az

cx − ax

cy − ay

cz − az

dx − ax

dy − ay

dz − az























�0! n !6(



Ì=²7Ëêä ¼¬¹�ºP½%»>½�ý°ú�� ¹8¿¬û��aû¬ºs¶e»Eå4¸1û¬¼5»�·F´1º]¹0ºH¹7��sP¶�·�þ8¾�û O¥ÿ û���ú~� ûo½8û�¿¬¹7��¿	¾	�

X
(deforme)
deforme =









R
(global)
(deforme) 0 0 0

0 R
(global)
(deforme) 0 0

0 0 R
(global)
(deforme) 0

0 0 0 R
(global)
(deforme)































a′
x − a′

x

a′
y − a′

y

a′
z − a′

z

b′x − a′
x

b′y − a′
y

b′z − a′
z

c′x − a′
x

c′y − a′
y

c′z − a′
z

d′x − a′
x

d′y − a′
y

d′z − a′
z























Ó ¿�Á"µ�¶·µ�³®Ç��#�~¾Æ¹OÂ"Á#" Á"±�µ�³@z

U = X(repos)
repos − X

(deforme)
deforme =























0
0
0

−0.1
0
0
0
0
0
0
0
0























Ó 2 ¼OÈÄÂËÁ�³>z

F = RR
(deforme)
(global) BT DBU =























1711.41
1808.73
1808.73
−1711.41

0
0
0

−1808.73
0
0
0

−1808.73























� �mÔ çÞÕ¨Ç�� ��È|��ã=ß©�<Ç�à.�{z �$����ÈÖè]Æ��=Õ¨ÈÁÅ<��� Ç��]Çì� w ��Å<ä�×]�

f = RR
(deforme)
(global) BT DBε

A
(repos)
(global) =





bx − ax cx − ax dx − ax

by − ay cy − ay dy − ay

bz − az cz − az dz − az



 =





0 0 1
1 0 0
0 1 0





�%9 n !6(



Ì=²7Ëêä ¼¬¹�ºP½%»>½�ý°ú�� ¹8¿¬û��aû¬ºs¶e»Eå4¸1û¬¼5»�·F´1º]¹0ºH¹7��sP¶�·�þ8¾�û O¥ÿ û���ú~� ûo½8û�¿¬¹7��¿	¾	�

= R
(repos)
(global)U

(repos)
(global)

= R
(repos)
(global)





1 0 0
0 1 0
0 0 1





ε
(repos)
(global) =











0
0
0
0
0
0











A
(deforme)
(global) =





b′x − a′
x c′x − a′

x d′x − a′
x

b′y − a′
y c′y − a′

y d′y − a′
y

b′z − a′
z c′z − a′

z d′z − a′
z



 =





0 0 1
1.1 0 0
0 1 0





= R
(deforme)
(global) U

(deforme)
(global)

=





0 0 1
1 0 0
0 1 0









1.1 0 0
0 1 0
0 0 1





ε
(deforme)
(global) =











0.1
0
0
0
0
0











ε
(deforme)
(repos) =











−0.1
0
0
0
0
0











F = RR
(deforme)
(global) BT DBU =























1711.41
1808.73
1808.73
−1711.41

0
0
0

−1808.73
0
0
0

−1808.73























�0' n !6(



ë êBáäã|ê=�íìLìXàíÐïî êBå

å ø ¯²«W¡ºÏ (�ü1æ « ù «8´´¾·¾½Á"È)� Z >bF�?+_g(�ðk(KF�_òñwóp2VLN(Uz/(HdA5�'3LNF�>]2B5�7H��©´Í�¬ ü0(%(�ü
å ü ¯9§FÐ¡¸ (Oû0æ Î ù §.µ�É	"y¸DµH�¤« ù ¯ÌÁ�Â�ªOÁ>¶½³�Á"±D¹O±´ÇNô ù ©�µ�È�¹�µOÁ"È)��õ
ö�F#93>�ö}2V7=2V>b(�÷@_g(ALN(+7=> Z 5�_ò*->]2B5�7ßdA58'Mm�_g58>VoøC5wT�(A_V_ò2V7�S0��¿�­ ü0(%(Oû
å û ¯9¿�ª�Í (~ø#æ ­ ù ¿�¶ÆÂË¶½±¤É�¼�±~¼ �pøC5wT�ùA_g(A9�Sc1K5�LN1A>]'32B;A*=(A9/(+>pR=o�X#932B;+*=(39�R=5�*-'<_gFN932VLM*-_gF�>]2B5�7úT�û 2V7a>G(+'3,�(A7a>H2B587:9Jeo-2V'3*-'HS�2BJeF8_g(A9y��µ�Ã *>³�Á ü6(6(´ø
å ÿ ¯�Í|Î�Ð ?�9)æ © ù Í�¼Oµ�¶½±P��øC5wT�ùA_`(39/F87PF�>b5�LM2B;+*=(39<T�1HdA5�'3LNF�?+_g(A9M(+7C>b(ALkRa9U')1K(A_d� µ�Ã�*�³�Á ø)?6?�9
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