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Robust multiplexed codes for compression of
heterogeneous data

Hervé EGcou and Christine GILLEMOT

Abstract— Compression systems of real signals (images, video,a performance and design criterion of the code in addition
audio) generate sources of information with different levés of to its compression performance. The characterization ef th
priority which are then encoded with variable length codes synchronization capability of VLC has thus been extengivel

(VLC). This paper addresses the issue of robust transmissio Lo . - .
of such VLC encoded heterogeneous sources over error-prones'[l'Idled in the research community [S], [6]. This property is

channels. VLCs are very sensitive to channel noise: when sem Often characterized by an error span [7], also called thenmea
bits are altered, synchronization losses can occur at the ceiver. error propagation length (MEPL) [8]. The authors in [7] have
This paper describes a new family of codes, called multipled developed a state model for synchronization recovery which
codes, that confine the de-synchronization phenomenon toWo g gyjitaple for analyzing the performance of various codes

priority data while asymptotically reaching the entropy bound .
for both (low and high priority) sources. The idea consists m with respect to error recovery. Effort has then also nalyral

creating fixed length codes for high priority information and been dedicated to the design of self-synchronizing codes.
in using the inherent redundancy to describe low priority daa, In [9], the authors show that some Huffman codes, tailored

hence the name multiplexed codes_._TheoreticaI and simulatn to a given source, may contain a codeword that can serve
results reveal a very high error resilience at almost no cosin - 55 5 “re-synchronization” point. However, the existence of
compression efficiency. . o .
this codeword depends on the source statistics. Statigtica
Index Terms— source coding, variable length codes, data com- synchronizable codes containing a synchronization semuen
pression, data communication, entropy codes are also described in [5] and [10]. Self-synchronizing Ituth
codes are also proposed in [11]. The design is governed by
|. INTRODUCTION a trade-off between redundancy and synchronization regove
Entropy coding, producing variable length codewordsapability. E.g., the authors in [12] and [8] search to carcit
(VLC), is a core component of any data compression schengedes with minimum redundancy which allow to have short
Unlike fixed length codes (FLCs), variable length codes amean error propagation length (MEPL). In the same spirit,
designed to exploit the inherent redundancy of a symbol digversible VLCs (RVLC) [13], [14], [3] have been designed
tribution. The main drawback of VLCs is their high senstiivi specifically to fight against desynchronizations. Variable
to channel noise: when some bits are altered by the chanffigled length codes [15] [16] mainly designed for compression
synchronization losses can occur at the receiver, theiposif purposes are also well-suited for robust transmissionh Bot
symbol boundaries are not properly estimated, leadingde dself-synchronizing codes and variable-to-fixed codes only
matic symbol error rates. Soft VLC decoding ideas, expigiti allow for synchronization in terms Levenshtein distance
residual source redundancy (the so-called “excess-rdtalle sense [17]. However, strict-sense synchronization [&, i.
also been shown to reduce the “de-synchronization” effeggnchronization in the Hamming distance sense, is required
as well as the residual symbol error rates. These ideas rblyapplications, such as image and video compression.
on capitalizing on source coder suboptimality, by exphgiti  Here, we consider the design of a new family of codes,
inner codeword redundancy and exploiting correlation imithcalled “multiplexed codes”, that allow to control (even
the sequence of symbols (inter symbol dependency). Modaisid) the “de-synchronization” phenomenon of VLC encoded
incorporating both VLC-encoded sources and channel codesirces, while still allowing to reach asymptotically the e
(CC) have also been considered [1], [2], [3]. The authord]n [tropy bound and to rely on simple decoding techniques. The
derive a global stochastic automaton model of the transdhittprinciple underlying these codes builds upon the idea that
bitstream by computing the product of the separate modelsmpression systems of real signals generate sourcesoof inf
(Markov source (MS), source coder (SC) and channel codaation with different levels of priority (e.g. texture anation
(CQC)). The authors in [4] push further the above idea bpformation for a video signal). This idea underlies undqua
designing an iterative estimation technique alternatiguse error protection (UEP) techniques, which allocate differe
of the three models (MS, SC, and CC). The above methddsels of protection to the different types of information,
mostly consist in re-augmenting the redundancy of the biither to signal frequency bands [18], to bit planes [19]tcor
stream, by introducing an error correcting code or deditatquantization layers [20]. In the wake of this idea, we coesid
patterns in the chain. Also, the decoding algorithms, oftéwo sources, a high priority source and a low priority source
relying on MAP estimators, have a rather high complexity. referred to a$y; andSy, in the sequel. The codes designed are
The synchronization recovery capability (or selfsuch that the risk of “de-synchronization” is confined to the
synchronization property) of a VLC, which representow priority information. The idea consists in creating aG-L
the error-resiliency of the code, has also been considesedfar the Syy source, and in exploiting the inherent redundancy



to represent or store information of the low priority sourc C'agsci COdg‘ggrdx symf"'“" |gj‘ pmbgbz'llgy i '”d%’( d
S1.. Hence, the sourcBy inherits some of the properties of] ' 001 ' ' 1
FLCs such as random access in the data stream and strict- 010 2
sense synchronization. It is shown that these codes allow| to C2 %3 a2 2 020 2
almost reach the entropy bound. Cs 101 a3 1 020 0

The rest of the paper is organized as follows. Section Il in- C4 110 a4 1 0.10 0
troduces the notations we use in the sequel. Section llinmstl |5 111 as 1 0.10 0
the principle of multiplexed codes, discusses their cosgios TABLE |

properties and describes the first coding algorithm in trse ca
of two sources. The approach relies on a mapping of the low
priority flow of data into a sequence dfvalued variables,
where k depends on the realization of the high priority
sequence of symbols. A first mapping, optimal in the senggnchronization of the high priority sour@y at almost no
that it allows to reach the entropy bound is presented. Thigst in terms of compression efficiency.

mapping is based on an Euclidean decomposition of a long

integer, which can be computed with a hierarchical (dyadic) 1. M ULTIPLEXED CODES

approach with a close to linear computational complexity.
The computational cost can be further reduced (but this time
at the expense of a small excess-rate), by performing the-et us denoteX’ the set of binary codewords of length
decomposition on a constrained set ofvalued variables. ¢- This set of[X| = 2¢ codewords is partitioned intA|
This amounts to consider a constrained partition of the s@{bsets, denoted; for i = 1...[A|, called equivalence

of fixed length codewords intequivalence classesxpressed Cclassesassociated to symbois of the alphabe#, as shown in

in terms of prime-valued variables. The resulting loss ihable I. Note that codebook partitioning is sometimes refr
compression depends on the distance between the resped@va@s binning. The condition > log2(|.A[) is required to
probability density functions (pdf) of the constrained sét have at least codeword per subset. Eagyuivalence class
k-valued variable and of the sour&;. A heuristic method Ci is a set ofiC;| codewords. In the following, the integhf;|

for selecting the set of-valued variables (i.e., the partition)denotes the cardinality of thequivalence classnd is such
that would best approximate the pdf of the soufsg is that> 1Al |Cil = |x|.

described in section VI. A second class of multiplexed codesA symbol S; = a; of the flow Sy can be encoded with
for which the cardinalities of the different equivalencasses any c-bit codeword z belonging to theequivalence class
are constrained to be integer powers of two is also presentéd (see example of Table I). Hence, each codewsydcan
Such codes can be built in a very straightforward manner frdd¢ mapped into a pai(C;, Q;) of two variables denoting
any VLC code. The compression performance is then the safgpectively theequivalence classand the index of the
as the one achieved by the VLC considered. The impact @¥deword in theequivalence clasg;. The variableQ; is an
channel noise, considering a binary symmetric channel, ¢al|-valued variable, taking its value betweerand |C;| — 1

the overall source distortion is analyzed in section VIl.eTh(see Table ) and representing the inherent redundancyeof th
choice of the parameters of the algorithm are discussed ciits FLC. This redundancy will be exploited to describe the

section VIII and simulation results are provided in sectign lower priority flow of data. Let us denote, the cardinality
|C;| of the equivalence class associated to the realization

St = a;. Then, to the realizatioBy = s1...8¢...8k, Of

the sequence of high priority symbols one can associate a
Let Sy = (S1,...5:...5k,) be a sequence of sourcesequencey; ...q; ...qx, Of n;-valued variables that will be

symbols of high priority taking their values in a finite alfied  used to describe jointly the high and low priority data flows

A composed of|A| symbols, A = {ai,...a;...}. Note (i.e., sy andsg).

that, in the following, we reserve capital letters to random

variables, and small letters to values of these variabledd B  Definition 1: a multiplexed code is defined as a set of

face characters will be used to denote vectors or sequend¢®sts (a;, ¢;), Wherea, is a symbol value belonging to the

The stationary probability function density of the souRyg alphabetA (on which the high priority source is quantized)

is denotedu = (1, .- ui, .. . j1.4)), Wherey; stands for the and wherey; is the value of a variabl€); denoting the index

probability that a symbol ofSyg equalsa;. Let h be the of the codeword in thequivalence class

stationary entropy of the source per symbol, giveniby=

,Zlﬁ\l wiloga(p;). Let St, be a sequence of source symbols The corresponding encoder is the function which maps

of lower priority taking their values in a finite alphabet. Weevery couplga;, ¢;) into anc-bits fixed length codeword as

assume that the realizatici, of this source has been pre- (a5,4: ) S L

encoded into a bitstrearb = (by,...b,,...bk,) With a ©E '

VLC coder (e.g. Huffman or arithmetic coder). The problerBExample 1let A = {a1, a2, a3, a4, a5} be the alphabet of the

addressed here is the design of a family of joint codes for teeurceSyy with the stationary probabilities given iy = 0.4,

two sourcesSy and Sy, that would guarantee the strict-senses = 0.2, us = 0.2, uq4 = 0.1 and us = 0.1. Note that this

AN EXAMPLE OF MULTIPLEXED CODES(c = 3).

Principle and definitions

II. PROBLEM STATEMENT AND NOTATIONS



source has been considered in [7] and [8]. Table | gives Atgorithm 1 Conversion of the integey into the sequencq
example of partitioning of the set into the5 equivalence for t =1 to Ky do
classesassociated to the alphabet symbols. This partitioning g: = 7/ modulo ny
reveals5 |C;|-valued variables. v =10
Note that, in Table |, the codes are ranked in the lexico- end for
graphic order. Using this order, each equivalence clasdean

fully defined by, 1) the first codeword within this equivalenc t | st | ne | v | g | codeword
class, 2) the cardinality of this equivalence class. Thhs, t % “ i 23 (2) 88(1)
lexicographic order permits a compact representation ef th 3 a; 1| 8o 111
multiplexed code table. However, note that the method is not 41 ay| 2| 8]0 011
i i 5(as | 1| 4|0 110
restricted to this order. el el 1] 4lo 111
7 a1 | 3| 4] 1 000
8la | 2| 1|1 001

B. Conversion of the lower priority bitstream
: . TABLE I
It appears from above that the design of multiplexed cod%s
UCLIDEAN DECOMPOSITION OF THE VARIABLEY AND CORRESPONDING

relies on the choice of the partitiah = {C1,...Cj4 }. The
encoding then proceeds with the conversion of the lower
priority bitstream into a flow of variables taking their val-
ues in the different sets ofC;|-valued variables. In order
to be multiplexed with symbols o8y, the lower priority o . _
bitstreamb must be mapped into a sequence|@ff-valued p(ﬂ)<5|t|ve integers is the unique sequence (1,72, ..., 7x) €
variables. Let us first consider the mapping of the realirati N such that:

SH = S1...5...5k, into the sequence ...n;...ng,. %mz'rl oyl (et ul (rk—1 +Hyx—17K) - 2)) - -2))

MULTIPLEXED CODEWORDS

Thg sequence oﬁt—_valued variables c%n also be seen as Py, ¢ [1.K],0 <71 <y —1

uniqueA-valued variabley, whereA = [[,_1] n;. The variable 3)

~ hence ver_ifies[) <5 < A. The quantityA denotes the ; 1aads to expandy as qi + n1(gs + n2(e . (qrcy—1 +

number of different multiplexed sequences of codewords tq;leH_1 ax,)-..)). Since each codeword index verifies

can be used as a coded representation of the sequence

One of these sequences can be used as a multiplexed coded v

description of the two sequenceg andsy, 1. The sequence A e mod n, (4)

of multiplexed codewords to be transmitted will then depend =1

on the bitstream representatibnof the sourceSy,. the componentg, can be calculated by Algorithm 1. In section
The maximum amount of information that can be stored il-C, we will see that these quantities can be computed with

the A-valued variabley is theoreticallylogs (A) bits. However, @ lower complexity. In summary, the encoding proceeds as

since this variable is used to store bits of the bitstrégranly ~ follows:

K% = |log2(A)] bits can be stored, leading to an overhead 1) Fort = 1,...Kpy, let n; be the cardinality of the

equal to%. The last K, bits of b are then seen as the equivalence clasassociated to the realizatienp of the
. B . . .
binary representation of the integercomprised betweef symbol S;.
and2X5 — 1, that can be expressed as 2) The integer\ is computed ad = Hfjl ng. The number
! K[, of bits of the lower priority bitstreanb that can
A 1 be jointly encoded with the sequen8g; is given by
Y= Zb(7'+KB—K,[3) 2 (2) lloga(A)].
=t 3) TheK; last bits of the low priority bitstrearb are con-
Note again that the variable is an index of the set of verted into the sequence of pairs;, ¢;), t = 1... Ky,
sequences that represesiy. The variabley must then be using Algorithm 1 of the Euclidean decomposition of
expanded into a sequence of pafrs, ¢;) that will provide (3).
entries in the multiplexed codes table. Let us recall that  4) The sequence of pairss,, ;) provides the entries in
denotes the index of a codeword in tleguivalence class the table of multiplexed codes, hence allows to select
associated to the realizatigp of a given symbols;. There are the sequence of-bits fixed length codewords to be
different ways to expand the variableinto the sequence of transmitted on the channel.
ne-valued variablegg;), wheret = 1,... K. One possible  5) |f K, < Kp, the K3 — K first bits of the bitstreanh
method is to use the recursive Euclidean decomposition: are then concatenated to the sequence of multiplexed

codewords. Otherwise, the remaining symbolsSaf
Definition 2: the recursive Euclidean decomposition of are not mu|tip|exed but sent using other codes on the

a positive integerr by a sequencg = (yi,y2,...,yx) Of channel, such as FLCs or Huffman codes.
in fact, only a part ofsy,, whose length depends on the multiplexingAS all steps are re.vers.lble’ the decodlng prpceeds in trezsev
capacity of the sequencas order. A schematic diagram of the encoding process, for the

2Any other subset of¢/; bits of b can be used particular example proposed hereafter, is depicted in Fig.



. y s y g . . . Algorithm 2 C i f the int into th f
s “82 gorithm 2 Conversion of the integey into the sequence o

statesq using the hierarchical algorithm (for sequences such
! ! ! ! ! ! ! ! thatal/KH:2l)
for j = 1to! do {Processing of vaIueaﬁf involved in
1 1 | | 1 1 1 | (m) further processing
for i =1 to 27 do
th=0G—1)27 +1
to =127
t = (t1 +t2 —1)/2
gt =ngng? 4
end for
end for

entropy, for j = lto1l b)l/_f 1 do {Processing of valueg'?}
d for i =11t02"7 do
tlz(i—1)23+1
Fig. 1. Link between the sourc®, the low priority source formatted as a ty = 193

state flowq of |C;|-valued variables, and multiplexed codewords. Here, the tm = (t1 +1t2 —1)/2
bolded path denotes the chosen codewords. m — \“1 2

SL

qi;” = qff modulo n’;’lﬂ

a2, = (a2 —q;) /gy

Example 2:let us consider the source alphabet described €nd for

in section 1l and the multiplexed code given in Table 1._end for

Considering the sequence of symb8lg given in Table II,

the algorithm proceeds first with the derivation of the _ . _

sequence ofy; variables as shown in Table Il. This leads Notice thaty = ¢ . Hence the state is decomposed as

to A = log2(36) ~ 2°17. Therefore, the last bits of _gl=1 | gl-1 gl 8
the bitstreamb = 11010 are used to process the variable V=G A G ®)

v = Zle b.2"~1 = 26. The Euclidean decomposition ofSimilarly, each term of (8) can be recursively decomposed
the variabley according to (1) leads to the sequence afsing (6) and (7). Thus, the conversion of the integdnto

q; variables (indexes of the codewords in the classes afsequence of stateg can be done iteratively, as described
equivalence associated to the sequence of symbols) givenninAlgorithm 2. Note that each level generates the vari-
Table Il. The sequence of paifs;, ¢;) provides directly the ables required for leve] + 1. The reverse algorithm follows
entries in the table ot-bits fixed length codewords, i.e. innaturally. It is shown in Appendix Il that the complexity
the table of multiplexed codes. order of this algorithm is inO((Ky)"), wherer > 1 is the
complexity exponent of the algorithms used for operatidis o
large integers. Usually, the algorithm used is such thgbes
from r = 1293 ~ 1.58 to r = 222 ~ 1.37, depending on the

log2 logh
ngth of the message [21] [25].

C. Hierarchical decomposition of

. : oo
The comple>§|ty ordgr of thf Euclidean decomposition Cigxample 3 let us consider the decomposition proposed in
the global variabley is O(K%)

_ ) if Algorithm 1 iS_ us_ed. Example 2. This decomposition can also be processed with
This overall complexity can be reduced by considering th&. iararchical algorithm as? = 3, ni = 2, nf = 1, n$ = 6,
following hierarchical decomposition of the variabje Note 4 _ 6. n® — 6 and gt = dnd = 8§ _ 126 _ 4

! A _ : ny =6, n5 =6 andq; = 26 modnj =2, ¢5 = [7z] = 4,
that this reduction in terms of complexity does not inducg an
overhead or redundancy. The resulting statesre identical 41
to the ones obtained by Algorithm 1. For sake of clarity, ket s
assume thak;; = 2!, with I € N. The approach can be easily . o
extended to any length. Let? denote the produdi[;*, n,. D. Compression efficiency
Similarly, qif is defined as Each symbol of the sequenc®y is associated to a-
bits fixed length codeword, leading to a total length of the

ta A
467 = e+ 10 (@ + - (Gt + 0 -102) ) (5) multiplexed flow equal t@: x K ;. Therefore, the compression

1
=2,¢3=0,¢5=0,¢§ =8 q =1,¢ =04 =0,
=0,94=0,¢95=0, g6 =0, gy =1 and finallygs = 1.

If the number of terms in (5) is a power of two, i.etif — rate is determined by the amount 8f, information that can
t; +1 = 2V, then the entities:” and ¢* are respectively be jointly coded by the sequence of multiplexed codewords.
decomposed as Let us consider again the realizatiap of a symbolS; of
toty 1 the sequencSy. One can associate a-valued variable
ne2=mn; * n2. ., (6) to the symbol values;. The amount of data that can be
2 represented by this variablelisgs (n:) bits. Since the: bits of
gtz = qt”f“z'l’l n n:*?’l g2 . (7) the multiplexed codeword code both the symbol valuend
2

the indexq; describing the low priority bitstream realization,



the description length for the symbs] is theoreticallyc — b'gl b'gz b'g3 3'Va'“9do"a”ab'e ! 3'Va'“eg variable |2
loga(ny) = —logz(137) bits. The amount of data, in bits, used | o 0 1 0 1
to code the sequenagy is given by 0 1 0 0 2
0 1 1 1 0
- X lonli). © |1 o 1 : 2
1<t<Kpng 1 1 0 2 0
1 1 1 2 1
In order to minimize the mean description length (mll) 2 2
of the sourceSg, one has then to choose the partitionthgf TABLE Il
the set of| X| fixed length codewords intequivalence classes EXAMPLE OF TRANSFORMATIONT (uy = 3).
C; of cardinality|C;|, i =1...|A|, such that
_ |A| Ci|
(Il Cil,- - [Cyal) = argmin ;M logz(lX ) of |C;|. This expansion ofC;|-valued variables can also be
! represented as:
= argmin(h). (10)
a;,1 binary variables
In order to hav_e aérate close to the entropy boun_d of the source a; » 3-valued variables
Sy, the quantlty‘);“ should be as close as possibleito We |C;|-valued variable= ' _ (12)
come back in section VI on how to calculate an efficient set :
of |C;| values for a given source pdf. i, fu-valued variables

Example 4the entropy of the sour introduced in section - . . N
P Py B In order to limit the encoding complexity, the partitioniong

II'is h = 2.122. The partitionC given in Table | leads to an o
mdl of Sz of /» = 2.166. Note that a Huffman encoder of thethe set ofc-bits fixed length codewords must be such that the

source would have led to an mdl equalt@. The choice of: set(|Ci[)1<i<.4 Will not result in prime decompositions into
as well as of the partitiod has an impact on the coding rateT"’mt(.)rS greater thap_ a gen valyfe. These addltlc_)nal con-
traints on the partitiod will induce an approximation of the

For example, for: = 5, the partition into classes of res ective . L .
cardinalitizs (IC1l, Cal, |03|?|C4|, Cs)) = (13,7,6,??,3) pdf of the Sy source. This approximation leads to a slightly

produces an mdl equal @124 higher mdl. We come back on this point in Section VIII-B.

Property 1: Ve > 0,3c € N such thath — h < ¢ B. Conversion of the low priority bitstream intg;-valued
B variables

In other words, the mdl oSy can be made as close as Consecutive segments of the low priority bitstream are seen
required to the entropy, by increasing the lengttof the as the binary representations of integers to be decomposed
codewords. The proof is provided in Appendix I. this time into a set of binary3-valued, ..., j-valued,...,
fo-valued variables. Let/ be a transformation that takes
ur bits and produces a set ¢gf-valued variables. Letr ;,

1 < j < v, be the number off;-valued variables produced
by a transformatiori/. The number of possible values that

The computational cost of the mapping (or multiplexinggan be taken by the set gf-valued variables resulting from
algorithm can be further reduced by considering a consithinthe transformatiory” applied onu bits of the bitstreanb is
partition of the set of fixed length codewords. The pregiven by

formatted lower priority bitstream is in this case not seen a Y v

the representation of a unique variablebut as a sequence of Ar= H 5 (13)
“elementary variables”. An elementary variable is defined a =1

a variable which takes its value in a set of small dimensiofthis A-valued variable allows to theoretically stdeg (A )

IV. MULTIPLEXED CODES BASED ON A CONSTRAINED
PARTITION C

it is a k-valued variablek being small. bits. Note thatA+ may be higher tha"7. Therefore, there
is an overhead per bit given by
A. Constrained choice of partitiod _ loga (A7)

or 1. (24)

The |C;|-valued variables] < i < |A|, are decomposed ur
into a set of elementary variables as follows: For example, the transformatigh; shown in table Il applied
on 3 bits produces tw@-valued variables, leading to a number
of states increased fro®ito 9.

Table IV enumerates the transformations used fioe= 5.
If f, = 3, only the transformations that do not usevalued
where f; are prime factors. The terrfi,, denotes the highestvariables are valid7y, 73, Ti2, T15, T17. They are sorted by
prime factor in the decomposition @f;|. The terma; ; stands increasing loss in compression efficiency. Among all the
for the power of the prime factof; in the decomposition possible setsr+ = (vr1,...v7;,...v1,) explored under

Cil =T (11)
j=1



T~ identifier uT, v, 1 T, 2 VT, 3 oT, t 1 2 3 4 5 6 7 8
To 1 1 0 0 0.0000 St ap a4 a3 a2 a3 a3 ai a2
Ti 15 0 8 1 | 0.0001 ne |3 1 1 2 1 1 3 2
T3 21 0 3 7 0.0004 at1 | 0 0 0 1 0 0 0 1|d=2
T3 19 0 12 0 0.0010 a2 |1 0 0 0O 0 0 1 0]|dp=2
Ta 25 0 7 6 0.0011
Ts 24 0 2 9 0.0028 TABLE V
Te 14 0 3 4 0.0030 CALCULATION OF THE NUMBER OF AVAILABLE f;-VALUED VARIABLES.
Tr 18 0 7 3 0.0034
T3 27 0 1 11 0.0047
To 17 0 2 6 0.0060
Tio 30 0 0 13 0.0062
T 20 0 1 8 0.0080
Ti2 11 0 7 0 0.0086 D. Encoding procedure
Tis 23 0 0 10 | 0.0095
Tia 6 0 1 2 | 00381 Assuming that the low priority source; has been pre-
Tis 3 0 2 0 0.0566 . - .
Tie 5 0 0 1 0.1610 encoded using efficient VLCs, the encoding of the two se-
Temas = Ti7 1 0 1 0 0.5850 guencessy andsy using fast multiplexed codes proceeds as
follows:

TABLE IV

TRANSFORMATIONS USED FORf, = 5 1) For each prime integef;, 1 < j < v, the numberd;

of f;-valued variables resulting from the expansion of
the sequence af;-valued variables associated 4g is
calculated.

2) The numbey, of transformationg, needed to convert
the low priority bitstreanb into a sequence of;-valued
variables is searched with the procedure described in
Section IV-C. The transformatiorg, are then applied
on consecutive segments ofr, bits of the bitstream
b, leading to the generation of sequencesfpialued

Algorithm 3 Choice of the transformations to be used
z=0
while sum(d;) > 0 do {while some f;-valued variables
are not computed ygt
97, = Lmi"(uij,j )] {Calculation of how many transfor-
mations7. can be usef
for Vj betweenl andr do {Update the number of;-

variables.
variables to be transforméd 3) The n;-valued variable associated to the symbol real-
dj =dj — g1, * VT 5 i ization s; has to be in bijection with several elementary
z=z+1 {Try next transformatioh f;-valued variables generated in the previous step. Then,
end for at this point, the encoder has to choose the vajue
end while taken by thisy;-valued variable, such that the Euclidean
decomposition ofg; leads to the given sequence of
fj-valued variables. This is done using the Euclidean
previous constraints, only those for which the transforomet multiplication.
introduce an overhead lower than 1% are kept. Increaging 4) The resulting paif(s;, ¢;) provides entries in the mul-
reduces this overhead. tiplexed codewords table to select the codeword to be

transmitted.

The decoding algorithm is made in the reverse order.
As a consequence, it is not necessary to receive the whole
Let againsy, be the realization of a sour&; mapped into sequence of codewords to decode the information of high
a sequence of;-valued variables. Each;-valued variable priority sy: it is directly read in the multiplexed codes tables.
is decomposed into a set gfi-valued variables, each oneMoreover, random access is also possible for the 8w
being usedy, ; times. Letd; be the total number of;-valued
variables involved in the expansion of the entire sequerice Bxample 5:let us consider the sequence ®fhigh priority
n;-valued variables. Lejy, be the number of transformationssymbols given in Table V, with the corresponding mapping
T., z = 0,...zmes NeEcessary to convert the low priorityinto the sequence ofi;-valued variables according to the
bitstream into thef;-valued variables. There are several posnultiplexed codes given in Table |. The sequenceefalued
sible setsg = (977,..-97.,---97.,,..)- The optimum set variables is decomposed into a sequenceipfbinary and
of transformations is the one which will minimize the totali, 3-valued variables with respective powefig; and o o
overhead, given by (cf. table V). In a second step, one has to convert the low
priority bitstream into the binary and8-valued variables. It
appears that both transformatiofgand 715 have to be used
(see section IV-C® times and1 time, respectively. Thus;
bits can be multiplexed with the realizatiag; of Sg. The
The choice ofg is an optimization problem. Knowing thetransformatiory, being identity, the firs8 bits of the bitstream
transformation setT.)o<.<z,... andd = (d1,...d;,...d,), b are multiplexed unchanged. For each transformafiothe
the optimal vector is estimated by Algorithm 3. uy input bits are seen as the binary representation of an intege

C. Optimal set of transformations

Zmax

O=> g7 ur. or.. (15)

z=0



t 1 2 3 4 5 6 7
St al a4 as as as as al as SH
binary variables 1 1
3-valued variables| 0 2 —_-_ b
qt 0 0 0 1 2 1
codeword 000 110 111 100 101 101 010 100
TABLE VI

CONSTRUCTION OF THE SEQUENCE OF MULTIPLEXED CODEWORDS

Fig. 2. Codetree describing boyy and B

classC; codewordz | symbola; | |C;| probability pu; | U;
Cs 000 as 1 0.10 Iz
C1 001 ar 2 0.40 0
010 1 The number of bits that can be multiplexed with each symbol
C2 2(1)3 a2 2 0.20 (1) realization of the sequenc®y is processed, which leads to
Cs 101 s > 0.20 1 segmentb into (uy,...%s,...0x,) = (1,9,9,1,0,1,0,0),
110 0 where notation @ indicates that the corresponding
Ca 111 a4 L 0.10 2 equivalence class is of cardinality 1 and is consequentty no
TABLE VII indexed by any bit. Then, for each high priority symbol
A BINARY MULTIPLEXED CODES(c — 3, MDL — 2.2). |nde?< t, the couple (s, ur) mdexes a codeword in the.
multiplexed table. The resulting multiplexed bitstream is
010 111 000 100 110 101 001 O11.
~7 as Instead of designing a FLC codebook for the high priority
T Input bits — ~7 — binary 3-valued sourceSy, one can alternatively consider a variable length

codetree. This VLC codetree can then be completed to form a

: 1 1 1 . .
;_—0 ) 1 : 1 : 1 binary FLC codetree (see Fig. 2). The symbols of the alphabet
7_105 ) 010 PN 02 of the sourceSyg will then be associated either to leaves

of the FLC or to intermediate nodes. When they correspond
and leading to the sequencés of binary variables and2 to a node, all the corresponding leaves will constitute the
of 3-valued variables. The valug taken by then;-valued equivalence class associated to the given symb@zef The
variable associated to the symbol realizatignand to the cardinalities of the equivalence classes are the integeeg
realization of the low priority bitstreanb is obtained from of 2. Hence, one can create a multiplexed code such that
the sequences of binaryj (= 1) and 3-valued § = 2) codewords of the same equivalence class have the same prefix.
variables. In the example above, the sigtes generated using The suffix U; of the codewords can then be used to “store”
either a bit for equivalence class, either a 3-valued variable the bits of the bitstrearb (see Fig. 2).

for equivalence clas€,. The resulting pair(s;, ¢;) provides  pefinition 4: a Binary multiplexed code derived from a
entries in the multiplexed codes table (see Table I), lggtn /| ¢ js a multiplexed code constructed such that (1) every
the selection of multiplexed codes given in Table VI. prefix of a codeword is the representation of a symbol in a
VLC tree, (2) every suffix corresponds to the multiplexed
V. BINARY MULTIPLEXED CODES data of the low priority bitstream.

The partition of the FLC into several equivalence classes ca
be chosen such that the storage capacity is an integer numbgimple 7:considering the same sequences as in example 6,
of bits. It means that, for each equivalence class bijection the VLC-based multiplexed code depicted in Fig. 2 leads to
exists between the interval of index@s|C;| — 1] and a varying the multiplexed bitstream below.
integer number of bits, hence the following definition:

Definition 3: a binary multiplexed code is a multiplexed

. ) St a1 (47} as ag as as aj as
code such thati & [1..|A]], log>(|C:l) € N. prefix ~ 00. 110 111 01. 10. 10. 00. OL.

Uz 1 .1 .0 1 .0 .0
codeword 001 110 111 010 100 101 000 010

Then, to each symbal; of the sourceSy, one can associate
an equivalence clagg, hence a set of fixed length codewords;
which is in turn indexed by a sequenbe = U} ... Uil‘mlcf'|
of log2(|C;]) bits. A codeword representing jointly a symbolThe compression efficiency for the sourBg is obviously
of the sourceSyy and a segment of the low priority bitstreamgiven by the efficiency of the VLC considered. Similarly,

b can thus be selected without requiring any conversion of teance the low priority source before multiplexing has bess p
bitstreamb. encoded, the corresponding compression efficiency depends
Example 6: let again consider the sourcesgy = on the VLC code considered for this source. The low priority
aiagqasasasazaias andb = 110100 a pre-encoded bitstream.source (e.g high frequencies of a wavelet decompositiom) ca
Let us also consider the binary multiplexed codes of Table Vbe pre-encoded with an arithmetic coder.




VI. PROBABILITY DISTRIBUTION FUNCTION

APPROXIMATION

As already mentioned above, the mdl of the source
Su is function of the sizeqC;| of the equivalence classes
Ci,i =1...|A]. This section describes an algorithm that aims
at approximating, under constraints, the pdf of the soSsge
The probability distribution function estimatgr is defined by

3)

In the following, the index; is supposed to be chosen
such thata; € Aj,.

For eacha; € Ay, |C;| is set to the highest value

in m such that|C;|] < /; (|X] — | An|). However, at

this point, some cardinalities may be equal to zero. In
that case, the corresponding symbols are assumed to

belong toA,, instead ofA4,, and the algorithm goes

Wherezg‘1 ICi| < |X|. Letn={m =1,...nm,...} be the
set of possible valugg;|. A higher number of valid values for
IC;| leads indeed to a better approximation of the pdf of the
sourceSy. The probabilityu; of a symbol cannot be lower
than 2
and A,,, defined respectively by

a; € A iff i <

Let & be the probability distribution function of the set of
symbolsa; € A,,. Each is given by

The algorithm aiming at the best partition of the set of
codewords proceeds as follows:

1) For eachu; € A,,, |C;] is set tol.

2) The probability density functiofp of symbols belonging

_ - o Cla]
l"’_(:u’laﬂza:u’\./ﬂ)_ W7|X|5W )

back to step 1. The remaining number of codewords
to be assigned to equivalence classes is then given by
o= x| - Y || > 0.

As a consequence, it is possible to increase some values
of |C;|. For each index betweenl and|.4], if the value

Nk+1 IS used instead ofy,, the mdl h decreases of

a positive valueuilogg(%). The decreasing mdl is
induced by the assignment gf.1 — nx pairs (a;, |Ci|)

to classes of equivalence and, in average per codeword,
pi loga (TEEL

ICi] |G

e

Kk The alphabetd is partitioned into two subsetd,,

Nk

is given by~; = ErTererrant These pairs are th(_an
sorted by decreasing valuesgf The way to proceed is
to choose the paifa;, |C;|) with the highest associated
value ;. For a given variabléC;| set in the previous
steps, it is possible to re-set it t@.., instead ofny
only if ny+1 —nr < o, i.e. if there is a sufficient number
of codewords still to be assigned. If it is not the case,
the pair(a;, |C;|) is ignored in the next iteration of the
algorithm. The procedure continues with the treatment
of the pair with the next valuey;. If nx1 — n < o,
then |C;| = ni+1, the valueo is set too — ng4+1 + 1k,
and the variabley; is updated for this symbol.

|X

1
| X[

anda; € Ay, iff Wi > (17)

~ Mg

fi = =————— (18)
ZaiEAM Hi

to A,y is calculated. SincgA,, | codewords have already
been affected to equivalence classes in the first step,
there is still|X| — |.A,,| codewords to be assigned to
equivalence classes. The expression (10) can then be
written as
(ICal,---ICil, - - 1Cay|) =

VIlI. ERROR HANDLING ON A BINARY SYMMETRIC

CHANNEL

In this section, we analyze the impact of channel errors on
the distortion of the sourc8y. The part of the flowb that
, C; is not multiplexed is supposed to be lost if an error occurs on
argm|n<logg(|2(|) Z i = Z Hi logﬂ%)) the channel. We consider a binary symmetric channel (BSC)
@: €Am ai€Aum (19) with a bit error ratep. The pdf u of Sy being known, it
Since the first part of expression (19) is a constant afRy Possible to calculate the reconstruction accuracy imser
C;| = 1 whena; € A,,, the optimization is performed of Symbol Error Rate (SER) or of Mean Square Error (MSE).
for symbols of A, only, and is expressed as Since each _sta'r@ calculated fronb can be seen as a unlf(_)_rm
random variable, a symbal;, of A has the same probability
(ICiDican = argmin(— ZaieAM i loga( ‘ﬁ;‘")) to be encoded with any codeword of its equivalence algss
; ; ; Hence, for a given WO, ;
:argmm(— ZaieAM ZiETM _ (1092(\X||—C|7;|4m|) ence, for a given codeword € C;,

e ) .

~lal
. - C;
= argmln(— D asedny i 1092(7‘X|L|J4m‘)
- X|=|Am
_ZaiEAI\l Hi 1092(‘ l\z’J’| ‘))

P(x) (22)

The probability to receive the symbaf, if x has been
emitted, is function of the Hamming distanfgx, y) between

_ ‘ i the codewords andy, and is given byP(y/z) = p(®¥) (1—

= argmln(f DaseAn Hi (1092(M)) : p)c~H(=¥) The mean distortion induced by the channel noise
(20) is then given by

AS >, ca,, Hi =1, expression (20) can be seen as the
expression of the mdl when the indéxs constrained E(Asy) = Z P(x) Z P(y/z) Alz,y),
to be such thata; € Ap,. Consequently, assuming TEX yeX
that % can take any value of intervédd, 1], the
optimum is given by:

(23)

whereA(z, y) denotes the distortion of the sour8g induced
by the reception ofy instead ofz. Let respectivelya; and
a; be the symbols decoded from and y and A(a;,a;)
the corresponding distortion measure. E&(q;, a;;) may be,

ICi

YA 1A

= fi. (21)



respectively, the Kronecker operator or the quadraticrerro MUX: A, e

i HA . MQ)}E Af— —+--
depending on the error—resmence measure (respectivey t {{R jo‘ ) ! ; ; ]
SER or the MSE). This leads to o1f R
A
,,Huflenu,A,,,,,,,,,;,,,,,,,,,,;,,,,,,,,,,; ,,,,,,, .
E(Asy) = Z i Z Alai, air) Z Z (y/x), L Huffman: A” ool ol
aieA  aycA | z| ©€C; yeCy 0.01 :,Hutﬂ,m,u,:,—i—,—,,;—,,,—,—,-‘,—,,,;,,,—,,—,—,‘ FY- TP

P(a;r/ai) Huffman: A“

(24) 0.001 - reer v
whereP(a; /a;) is the probability to decode the symhaqg} if

a; has been transmitted. Therefore, the choice of the pantitio
C has a major impact on the final distortion. However, the 00001
number of partitions for a given set df;|-values is very

high, and is given by—— ‘L‘ ||' For example, the number lesO5L o L

of partitions such thaﬁCJ = 3, |Cg| = 2,1C3] = 1,|C4] = 1,
ICs| =1, is 3 360.

overhead

le-06
0

Ll
0.2 0.4 0.6 0.8
. . rate of S,
Example 8:let us consider again the example of the source e

alphabet given in section 1l and the corresponding muétipt s o o et sy . <
_ Fig. ompression efficiencys Ratio 5 s The source is the one
code of codeword length 6. Let us define the alphabet given in Example 1. Multiplexed codes dgsignLed for the pebcalphabets

values asa; = 1, ay = 2, ap = 3, ag = 4, a4 = 5. {al,ag,ag,a4,a5}" with n = 1, 2,4, 6 have been considered. Compression

We consider the two following distortion measures: the SEéficiencies of corresponding Generalized Huffman codesatso depicted.

(in that caseA(a;,a) = 1 if a; = ay, 0 otherwise) and

the quadratic errorX(a;,a;) = (a; — a;)?). For a BSC of

BER equal to 0.01, the summation in (24) leads to a SERfirst approximation, the expectation of the position of the

of 0.0279 and an MSE 0f0.0814 for a multiplexed code firstimpaired bit on the BSC is given by —mdls,,)/(c x p)

when a lexicographic index assignment is used. If the indéfstead ofl/p if Sy, is not multiplexed).

assignment is optimized using a simulated annealing algori [N binary multiplexed codes, the bits 8f, are directly in-

(e.g, [23]), then the distortion 0243 for the SER. However, dexed by codewords. It follows that either a bit error mayllea

we did not observe any improvement for the MSE criterit® drop or to insert some bits, either the number of decoded

using this method (for this source). bits is correct but these bits are erroneous. Consequdimdly,
For multiplexed codes derived from a VLC, the analysis dfitstream is not fully desynchronized in terms of Levenshte

the SER simplifies as follows. One can remark that a givélistance. This fact has been validated by simulations tesul

symbola; is in error if and only if the prefix that identifies (see section IX).

the equivalence class is in error. Hence, the probabiliat th

the symbola; is in error is given bypc—t09:(I¢)  This leads VIIl. DISCUSSION ANDPARAMETERS CHOICE

to the following expression of the SER:

A. Redundancy in terms of the rat8y; versusSy+St,

SERs,; =1 — Z pi (1 — p)etos=(IC:D, (25) We have seen above thatmust be high enough so that
ai€A one can find a partition that will closely approximate the pdf
For low BER, the approximatiofil —p)" = 1 —np+ O(p?) ©f the sourceSy. On the other hand, a high value for the
leads to parameterc will result in a decreased rate of synchronous
data. Thus a compromise has to be found between reaching the
SERsy =p Y i (c —loga(|C:)]) + O(p°), (26)  entropy (compression efficiency) and the rate of synchrenou
ai€A data in the multiplexed flow (error-resilience). Fig. 3 slsow

where we recognize the expression of the mdl of the VLC cotlee overhead (or redundancy) in terms of the ratio between
from which the multiplexed code has been derived: SER the sourceSy mdl and the total amount of transmitted bits
p x mdl. This SER is lower than for FLC® & mdl < pxc¢), (Su+Sp). It can be seen that, if we consider multiplexed
but the error-resilience is not uniformly better: symbolghw codes for joint encoding of motion and texture information
higher probabilities of occurrence have a lower probapttit in a video stream, for which realistic ratios are arour,

be erroneous whereas symbols with lower probabilities hathee redundancy of the code is negligible (around °).

a higher probability to be erroneous. Fig. 3 shows the performance of multiplexed codes versus
Note on the error-resilience of the low priority bitstreamn: Huffman codes when both codes are designed for product
the general case and from equation (3), it appears that alghabets. One can observe in Fig. 3 that when considering
error occurring on a multiplexed codeword at symbol clocka ratio of Sy versus the total number of symbols 66%,
engenders, at least, an error on the quantjtpr on the state the overhead remains rather lon0(3). To achieve the same

g+, or on possibly both. Consequently, the remaining stateserhead with a Huffman code, one has to take the symbols
Qi11- - qK, are corrupted. Thus, the conversionSyf into a by groups of6 symbols (alphabetd®). Fig. 3 also shows
sequence of state is a step that is sensitive to bit errors. that using product alphabets (her, A* and .A%) allows
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Fig. 5. Encoding and decoding processing durations of lglekied codes
(c=3) based on Algorithm 2. Source of Example 1 has still be@msidered.
Corresponding durations are provided for encoding and diego(hard and
soft) of Huffman codes.

Fig. 4. Closeness to entropy of fast-computable Multiplegedes (Gaussian
source).

to find a better trade-off between compression efficiency and

the ratio of the high priority source versus the overall nemb[24]. However, in order to meet the requirements in terms of
of symbols, however at the cost of larger codetrees or tablge ratio of synchronous data, one may limit the length of the
Note that using product alphabets preserves the strisesengest codeword [25], which amounts to limit the parameter

synchronization of the multiplexed codes. However, thisdha., For this purpose, the algorithm proposed in [26] may be
synchronization is in this case guaranteed evergymbols, ysed.

wheren is the power of the alphabet.

C. Elements of encoding and decoding complexity
B. Pdf approximation inherent to codes with constrained

- The conversion of the low priority source into a sequence
partitions

of states is the step that has the highest computing cost. For
Let us consider the codes based on a constrained partitiifary multiplexed codes, we have seen in section V that
presented in Section IV-A. The ability to closely approxta this conversion is straightforward. In that case, the sybeet
the pdf of the sourceSy (hence the closeness to entropygomputing costs required for encoding and decoding are very
depends also on the parameteiThe choice of the parameterssimilar to the ones involved in encoding and decoding VLCs.
c and v has hence a strong impact on the performance, ihe encoding and decoding of multiplexed codes based on
terms of compression and error-resilience, of the codes. Lg@nstrained partitions (see Section 1V) has a higher coimgut
h be the entropy per symbol of the source dndhe mean cost but the order of complexity remains the same: the number
codeword length produced by the algorithm. The overhe&d raff operations involved in the conversion of the low priority
is given by hh As ¢ bits are always used to represent gource is linear as the length of the sequence to encode in-
symbol of the sourcéy, the rate of high priority data in creases. In section IlI-C, we have shown that the complefity
the final multiplexede-bits codewords stream is given 5},/ the general case is sub-quadratic, but above linear coiitylex
Fig. 4 shows the influence of the parameterand v on the The exact complexity depends on the algorithms used foelarg
rate -2 For a source of cardinality4| = 256, the value integer multiplications and divisions.
f» = b leads to a small overhead when the codeword lengthFig. 5 depicts quantitative results of encoding/decoding
is ¢ = 14. Notice that the number of available transformationsomplexity using an implementation of Algorithm 2 based
and the number of flows of;-valued variables increases withon the GNU Multiple Precision Arithmetic Library [27]. The
v. Therefore, the computational cost of the algorithm insesa computing cost, expressed in seconds, is compared with a
with v. typical implementation of Huffman codes. It is shown that
The problem of finding good cardinalities for binary multhe complexity of multiplexed codes, as the sequence length
tiplexed codes is equivalent to the problem of finding goddcreases, remains tractable for most applications. kleked
VLC binary codetrees. Thus, choosing the codewords lendfiodes complexity has also been compared against the com-
is equivalent to minimizing (10) by assigning the carditiedi plexity obtained with soft decoding of VLCs based on a
ICi| , under the constraint®gs(|C;|) € N-and)_, . ,|Ci| = bit/'symbol trellis [3] and on the BCJR algorithm [28]. Fig. 5
2¢. It is well known that the algorithm that will provide the besshows that this solution has a rather higher complexity than
approximation of the sourcey pdf is the Huffman algorithm multiplexed codes. This results from the fact that the corre
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sponding trellis has a number of states which is quadratic as

the length of the sequence increases. Note that many authors
have proposed methods to decrease the complexity of VLCs,

using pruning techniques or suboptimal trellis, e.g. [28]t

then the estimation is not optimal.

0.1

IX. SIMULATION RESULTS

The multiplexed code are all the most beneficial when
applied to sources of different levels of priority. Theyrint
sically support unequal error protection of the corresjrmmd
sources. This is going to be illustrated below with a simple
image coding system.

However, these codes can also be applied in the case, there is
a unigue source. They allow to guarantee hard synchroaizati
for at least part of the sequence of symbols to be transmitted .0, N R
To illustrate the advantage in such a situation, the perémee 0.0001 0o 00t 0
of the multiplexed codes referred to as MUX codes in the
sequel and on the figures) is first assessed in terms of SE& 6. Performances in terms of normalized Levenshteinadi® of
(Hamming distance) and Levenshtein distance by consiglerinultiplexed codess Huffman codes.
the simple theoretical source given in Example 1 [7]. The
performance of the MUX code is compared to the performance
achieved with the cod€ LC = {01, 00, 11,100, 101} referred
to asC5 in [8]. We have chosen to use this code as a basis
for comparisons since, among thé optimal codes described
in [8], this is the code which leads to the best performance in
terms of Levenshtein distance. For the experiments regorte
for the theoretical source, we have considered sequences of
1000 symbols. The sequence 900 symbols is divided into £ . : L
two segments. The first and second segments are assumed 008 zeimeeeeeee AR SRR AN SRR E
to be the sources of high and low priority respectively. The i L e : ]
second segment of the sequence of symbols is thus coded with ‘
this code referred to a8 LC' on the figures. The sequence is

SER (Levenshtein)
o
o
=

0.0014

(

divided in such a way that the multiplexing capacity of thghhi B E
priority source is greater or equal to the length of the tatan o ; L VLG S %
representation of the low priority source. The multiplexed - § LOMUX: S ]
code used in this first experiment is the lexicographic lyinar 3 ‘ \\[I[L\\f;’[ e
multiplexed code such thaC;| = 4, |Co| = 1, |C3] = 1, e T Y
|C4] = 1 and |C5] = 1. This code is derived from the VLC BER

code{0, 100,101,110, 111}. '
This code leads to a ratio between the high priority symbcﬁ@'
to the overall number of symbols equal €072. The mdl
measured is close to the theoretical value2df with both
the MUX and theVLC (C5) codes. The results have beem®btained for the symbols to be considered as high priority
averaged oveR0000 simulations. For both codes, we havéymbols. One can also verify on the curves that the SER
respectively measured the overall performances in terms afproximation given in section VIl (SER ~ 2.2 x BER)
normalized Levenshtein distance and SER. Fig. 6 and Figis7valid. The benefit of this inherent unequal error protecti
show the performance in terms of normalized Levenshtdi@ature is better illustrated below with a concrete imagtirg
distance and SER obtained on the entire source with ba&kample.
codes (curves VLC:S; MUX:S). These figures also show The multiplexed codes have then been experimented with
the normalized Levenshtein distance and SER obtained m@al sources to show the benefits of both the inherent un-
the high (MUX:SSg) and low (MUX:SL) priority symbols equal error protection feature and of the hard synchroiozat
separately. It can be observed that the Levenshtein distapcoperty guaranteed for the high priority symbols. We have
values averaged on the entire sequence are very close with ionsidered a simple image coding system where the image is
codes. However, Fig. 7 shows the advantage of multiplexédst decomposed int@é6 subbands using a two-stage wavelet
codes if we consider strict-sense synchronization, i@ SBR transform. The low and high frequency subbands have been
or Hamming distance. It can also be observed that significanfuantized respectively ofi and 4 bits. The high frequen-
lower normalized Levenshtein distance and SER values aies have been encoded with an Huffman algorithm, and

7. SER performances of multiplexed codesHuffman codes.



then multiplexed into the low frequencies using lexicodyiap
multiplexed codes of parameters= 16 and f, = 5. A
synchronization marker has been used every four lines fr boyz,
Huffman codes and the low priority part of the multiplexed
codes. The bit rates obtained with Huffman and multiplexed
codes are quite similar and given respectively byl13 bit 161
per pixel ppp and 1.712 bpp. When considering FLCs, the
average bit rate obtained 65187 bpp. These FLCs are based [7]
on the lexicographic index assignment. Fig. 8 depicts th
PSNR and visual qualities obtained with the three codes.
This figure evidences significant improvements both in PSNR
and visual quality when using multiplexed codes even i X
comparison with FLCs and for a similar compression factgzoj
as the one obtained with Huffman codes.

(4

[11]
X. CONCLUSION

This paper describes a new family of codes called “muit2]
tiplexed codes”. These codes avoid the “de-synchronizatio
phenomenon for symbols considered to be of high prioritg, a3
allow thus to confine error propagation to symbols assumed
to be of lower priority. The low priority symbols can be pre—l4]
encoded with any efficient VLC. A FLC is created for thé
high priority source, its inherent redundancy being exphbi
to represent information from the low priority stream. Tdaes15
codes are shown to reach asymptotically the entropy bou[noJ
for both (low and high priority) sources. Several methods ¢f6]
multiplexing of the two sources are described. Sub-classes
of multiplexed codes relying on constrained partitions Cﬁ?]
the FLC codebook are also introduced. The codes called
binary multiplexed codes can be constructed from classidf!
VLC. They thus inherit the compression properties of the
VLC considered and allow for multiplexing with very low[19]
complexity. Theoretical and simulation results, using hbot
theoretical and real sources, show that these codes ane er;
resilient at almost no cost in terms of compression effigienc
Another key advantage is that they allow to make use of
simple decoding techniques. They hence appear to be encellé!
alternatives to reversible variable length codes (whictfiesu
from some penalty in terms of compression efficiency, whilg2]
not avoiding completely error propagation despite a demgpdi[23
in two passes) or to classical VLCs for which robust decod-
ing makes often use of computationally expensive Bayesi&d!
estimation techniques. [25]
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APPENDIX |
PROOF OF PROPERTYVL

Let ¢ > 0. The problem consists in finding a partitigh
that verifies the property. Let, be the integer defined as
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¢, = [—loge(mine 4(pi))]. By definition, inegality
l

. l
1 . > 97 Ch . . . .
VieA piz2 @7 Kp) 279C(2) <Ky 27/(A+B(2)")  (33)
For all ¢ € Nsuchthate > c¢,, we choose|C;| = j=1 J=l1
Lpa |X]]. From 37 c ypi = 1 we get) ;o 4 |pmi|X]] < : s (o
|X]> ", c 4 i = |X|. Moreover,Vi, |C;| > 1. Therefore this < KHAZQ '+ KuB ZQJ( Y (34)
choice of(|C;|)1<;<|.4| is valid. By construction; | X| —1 < =1 =1
Ci| < pi|X|, hence, <Ky A+ Ky B2UtD0=1 (35)
|X| 1 Since we have
1<y 57 <1+ ————. (28)
|Cz| Wi |X| -1 2(l+1)(7"71) _ (KH)T71 27"71, (36)
The difference’;, between the mdl and the entropy is givery appears that the complexity of processing the léaid the
by overall complexity are of the same order, O¢(Kx)").
p = — > mi loga( |X| ; Loga(pi)
i€ A i€ A
= Y wlo ™). @9
i€ A

Therefore, from (28), it can be seen easily thatverifies

o < ZZEAHZ 1092(1+i|+‘_1)
1

30
= O S YicamTeT 1:Zi€A|X\—%' (30)

From equations (27) and (30) we get

|A|
5h—Z|X|_2(h pINETS (31)

Thus, usinge = [loga (12! +2e0)] and¥i, |Ci| = [ |X]],
the inequalityd, < ¢ is verified.

Notice that, for any code for which the inequality> ¢y,
is true, this proof provides an upper bound for the mdIC

APPENDIXII
COMPLEXITY OF THE HIERARCHICAL DECOMPOSITION OF
THE VARIABLE ~

The complexity of the hierarchical decomposition of the
variable v strongly depends on the complexity of the algo-
rithms used for the multiplication, division and modulo ope
ations. Karatsuba [21] has shown that these operations have
a subquadractic complexny For example, the multiplaati
can be done |rO(Nlos72) with the Karatsuba algorithm. For
implementation purpose, efficient algorithms are desdribe
the GNU Multiple precision computing library [27]. Now, let
us assume that the complexity of long integer operations are
given by C(K), where K is the block size of the largest
variable involved. Then, processing the leyeh Algorithm 2
has the complexit!=7 C(27) = Ky 277C(27). Assuming
that C(K) = O(K™) with » > 1, the overall complexity can
be written as

l
Kg» 2770(2)"). (32)

Hence, fromC(K) = O(K"), we deduce thalA > 0 3B >
0/VK >0, C(K) <A+ BK". This leads to the following
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Fig. 8. PSNR performance and visual quality obtained resmye with FLCs, Huffman codes and multiplexed codes. Tharmel bit error rates are 0.0005
(top images), 0.005 (middle images) and 0.05 (bottom imJages



