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❋r♦♠ ❋❧♦✇ ❈♦♥tr♦❧ ✐♥ ▼✉❧t✐✲♣❛t❤ ◆❡t✇♦r❦s t♦

▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥

●r✐❞s

❘é♠✐ ❇❡rt✐♥ ✱ ❙❛s❝❤❛ ❍✉♥♦❧❞ ✱ ❆r♥❛✉❞ ▲❡❣r❛♥❞ ✱ ❈♦r✐♥♥❡ ❚♦✉❛t✐

❉♦♠❛✐♥❡ ✿ ❘és❡❛✉①✱ s②stè♠❡s ❡t s❡r✈✐❝❡s✱ ❝❛❧❝✉❧ ❞✐str✐❜✉é
➱q✉✐♣❡s✲Pr♦❥❡ts ▼❊❙❈❆▲

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✼✹✺ ✖ ❙❡♣t❡♠❜r❡ ✷✵✶✶ ✖ ✷✻ ♣❛❣❡s

❆❜str❛❝t✿ ❆ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❝✉rr❡♥t❧② ❞❡♣❧♦②❡❞ ♦♥
❧❛r❣❡ s❝❛❧❡ ❞✐str✐❜✉t❡❞ s②st❡♠s s✉❝❤ ❛s ❣r✐❞s ♦r ✈♦❧✉♥t❡❡r ❝♦♠♣✉t✐♥❣ s②st❡♠s ❛r❡
❇❛❣✲♦❢✲❚❛s❦s ✭❇♦❚✮ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♣ ✉♥t✐❧ ♥♦✇✱ s✐♠♣❧❡ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥
✉s❡❞ t♦ ❡♥s✉r❡ ❛ ❢❛✐r s❤❛r✐♥❣ ♦❢ r❡s♦✉r❝❡s ❛♠♦♥❣st t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❧t❤♦✉❣❤
t❤❡s❡ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ♣r♦✈❡❞ ❡✣❝✐❡♥t ❢♦r ❈P❯✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡② ❛r❡
❦♥♦✇♥ t♦ ❜❡ ✐♥❡✛❡❝t✐✈❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡t✇♦r❦✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ❢✉❧❧② ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ❢❛✐r❧② s❝❤❡❞✉❧✐♥❣
❇♦❚ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ❛ ❝♦♠♣✉t✐♥❣ ❣r✐❞ ✇❤✐❧❡ r❡s♣❡❝t✐♥❣ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳
❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✐♥s♣✐r❡❞ ❜② t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ ✢♦✇ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s ✐♥
♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳ ❨❡t✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥t❡①t ♦❢ ❇♦❚ s❝❤❡❞✉❧✐♥❣ ✐s s✐❣✲
♥✐✜❝❛♥t❧② ♠♦r❡ ❞✐✣❝✉❧t ✐♥ ♣r❛❝t✐❝❡ ❛♥❞ t❤❛t ❛ s❡t ♦❢ ♥♦♥✲tr✐✈✐❛❧ ❛❞❛♣t❛t✐♦♥s ❛r❡
r❡q✉✐r❡❞ t♦ ❡♥s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ♣r♦✈❡ t❤❡✐r ❡✛❡❝t✐✈❡♥❡ss t❤r♦✉❣❤ ❛♥ ❡①t❡♥✲
s✐✈❡ s❡t ♦❢ s✐♠✉❧❛t✐♦♥s t❤❛t ❡♥❛❜❧❡s t♦ ❞❡❡♣❧② ✉♥❞❡rst❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts
❛s ✇❡❧❧ ❛s t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❣r✐❞ ❝♦♠♣✉t✐♥❣✳

❑❡②✲✇♦r❞s✿ ▲❛❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥✱ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣✱ ❞✐str✐❜✉t❡❞
s❝❤❡❞✉❧✐♥❣✱ ❣r✐❞ ❝♦♠♣✉t✐♥❣



❉✉ ❝♦♥trô❧❡ ❞❡ ✢✉① ❞❛♥s ❧❡s rés❡❛✉①

♠✉❧t✐✲❝❤❡♠✐♥s à ❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❡♥ ré❣✐♠❡

♣❡r♠❛♥❡♥t ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❡ t②♣❡ ❇❛❣✲♦❢✲t❛s❦s

❞❛♥s ❞❡s ❣r✐❧❧❡s ❞❡ ❝❛❧❝✉❧

❘és✉♠é ✿ ❯♥❡ ❣r❛♥❞❡ ♣❛rt✐❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❛❝t✉❡❧❧❡♠❡♥t ❞é♣❧♦②é❡s à ❣r❛♥❞❡
é❝❤❡❧❧❡ ❡st ❞❡ t②♣❡ ❇❛❣✲♦❢✲❚❛s❦s ✭❇♦❚✮✱ ❝✬❡st✲à✲❞✐r❡ q✉✬❡❧❧❡s s♦♥t ❝♦♥st✐t✉é❡s ❞✬✉♥
❣r❛♥❞ ♥♦♠❜r❡ ❞❡ tâ❝❤❡s ✐❞❡♥t✐q✉❡s ❡t ✐♥❞é♣❡♥❞❛♥t❡s✳ ❏✉sq✉✬✐❝✐✱ s❡✉❧❡♠❡♥t ❞❡s
♠é❝❛♥✐s♠❡s s✐♠♣❧❡s ♦♥t été ♠✐s ❡♥ ÷✉✈r❡ ♣♦✉r s✬❛ss✉r❡r ❞✬✉♥ ♣❛rt❛❣❡ éq✉✐t❛❜❧❡
❞❡s r❡ss♦✉r❝❡s ❡♥tr❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ❙✐ ❝❡s ♠é❝❛♥✐s♠❡s ♦♥t ♣r♦✉✈é ❧❡✉r ❡✣❝❛❝✐té
❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❛♣♣❧✐❝❛t✐♦♥s s♦♥t ❣♦✉r♠❛♥❞❡s ❡♥ ❝❛❧❝✉❧✱ ❧❡✉r ✐♥❡✣❝❛❝✐té ❡♥
♣rés❡♥❝❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❣♦✉r♠❛♥❞❡s ❡♥ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❡st é❣❛❧❡♠❡♥t ❝♦♥♥✉❡✳

❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❝♦♠♣❧èt❡♠❡♥t ❞✐str✐❜✉é ♣♦✉r
❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t éq✉✐t❛❜❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❡ t②♣❡ ❇♦❚ t♦✉t ❡♥ ❡①♣❧♦✐t❛♥t ❡✣✲
❝❛❝❡♠❡♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s r❡ss♦✉r❝❡s ✭❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡t ❞❡ ❝❛❧❝✉❧✮✳ ❈❡t ❛❧❣♦✲
r✐t❤♠❡ s✬✐♥s♣✐r❡ ❞❡ t❡❝❤♥✐q✉❡s q✉✐ ♦♥t été ✉t✐❧✐sé❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✉ ❝♦♥trô❧❡
❞❡ ✢✉① ❞❛♥s ❧❡s rés❡❛✉① ♠✉❧t✐✲❝❤❡♠✐♥s✳ ❊♥ ❞é♣✐t ❞❡ ❧❡✉r r❡ss❡♠❜❧❛♥❝❡ s✉r ❧❡ ♣❧❛♥
t❤é♦r✐q✉❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧✬♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✬❛♣♣❧✐❝❛t✐♦♥s
❇♦❚ ❞❛♥s ✉♥❡ ❣r✐❧❧❡ ❡st s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ♣❧✉s ❞é❧✐❝❛t ❡♥ ♣r❛t✐q✉❡ q✉❡ ❝❡❧✉✐ ❞✉
❝♦♥trô❧❡ ❞❡ ✢✉① ❞❛♥s ❞❡s rés❡❛✉① ♠✉❧t✐✲❝❤❡♠✐♥s✳ ❯♥ ❡♥s❡♠❜❧❡ ❞✬❛❞❛♣t❛t✐♦♥s
♥♦♥ tr✐✈✐❛❧❡s ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡t ♥♦✉s ♠♦♥tr♦♥s ❧❡✉r
❡✣❝❛❝✐té à tr❛✈❡rs ✉♥ ❡♥s❡♠❜❧❡ ❝♦♥séq✉❡♥t ❞❡ s✐♠✉❧❛t✐♦♥s

◆♦✉s ♣❡♥s♦♥s q✉❡ ❧✬❛♥❛❧②s❡ ♠✐♥✉t✐❡✉s❡ ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ♣rés❡♥té❡ ❞❛♥s ❝❡
❞♦❝✉♠❡♥t ♣❡r♠❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ✜♥❡♠❡♥t ❧❡s ❛✈❛♥t❛❣❡s ❡t ❧❡s ❧✐♠✐t❛t✐♦♥s ❞❡
❝❡tt❡ t❡❝❤♥✐q✉❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❣r✐❧❧❡s ❞❡ ❝❛❧❝✉❧✳

▼♦ts✲❝❧és ✿ ❖♣t✐♠✐s❛t✐♦♥ ▲❛❣r❛♥❣✐❡♥♥❡✱ ♦r❞♦♥♥❛♥❝❡♠❡♥t ❡♥ ré❣✐♠❡ ♣❡r♠❛✲
♥❡♥t✱ ♦r❞♦♥♥❛♥❝❡♠❡♥t ❞✐str✐❜✉é✱ ❝❛❧❝✉❧ à ❣r❛♥❞❡ é❝❤❡❧❧❡



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❆ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❝✉rr❡♥t❧② ❞❡♣❧♦②❡❞ ♦♥ ❧❛r❣❡ s❝❛❧❡
❞✐str✐❜✉t❡❞ s②st❡♠s s✉❝❤ ❛s ❣r✐❞s ♦r ✈♦❧✉♥t❡❡r ❝♦♠♣✉t✐♥❣ s②st❡♠s ❛r❡ ❇❛❣✲♦❢✲
❚❛s❦s ✭❇♦❚✮ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♣ ✉♥t✐❧ ♥♦✇✱ ♠❛✐♥❧② s✐♠♣❧❡ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥
✉s❡❞ t♦ ❡♥s✉r❡ ❛ ❢❛✐r s❤❛r✐♥❣ ♦❢ r❡s♦✉r❝❡s ❛♠♦♥❣st t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❧t❤♦✉❣❤
t❤❡s❡ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ♣r♦✈❡❞ ❡✣❝✐❡♥t ❢♦r ❈P❯✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡② ❛r❡
❦♥♦✇♥ t♦ ❜❡ ✐♥❡✛❡❝t✐✈❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡t✇♦r❦✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ t❤✐s
❛rt✐❝❧❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ❢✉❧❧② ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ❢❛✐r❧② s❝❤❡❞✉❧✐♥❣ ❇♦❚ ❛♣✲
♣❧✐❝❛t✐♦♥s ♦♥ ❛ ❝♦♠♣✉t✐♥❣ ❣r✐❞ ✇❤✐❧❡ r❡s♣❡❝t✐♥❣ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts✳

❲❡ ✜rst r❡✈✐❡✇ ✐♥ ❙❡❝t✐♦♥ ✷ ♥❡t✇♦r❦ ♣r♦t♦❝♦❧ ❡♥❣✐♥❡❡r✐♥❣ t❡❝❤♥✐q✉❡s ❜❛s❡❞
♦♥ ▲❛❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❞✐str✐❜✉t❡❞ ❣r❛❞✐❡♥t✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❤❛✈❡
❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ ♥❡t✇♦r❦✐♥❣ ❝♦♠♠✉♥✐t② ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ ♣r♦♣♦s❡
✢♦✇ ❝♦♥tr♦❧ ♠❡❝❤❛♥✐s♠s ✐♥ ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳

❚❤❡♥✱ ✇❡ ❡①♣❧❛✐♥ ✐♥ ❙❡❝t✐♦♥ ✸ ❤♦✇ t❤❡ ✢♦✇ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r t♦
t❤❡ ♦♥❡ ♦❢ ❢❛✐r r❡s♦✉r❝❡ s❤❛r✐♥❣ ❜❡t✇❡❡♥ ♠✉❧t✐♣❧❡ ❇♦❚ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❛ ❣r✐❞
❡♥✈✐r♦♥♠❡♥t✳ ❆❧t❤♦✉❣❤ t❤❡ ✢♦✇✲❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ❢♦r ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s ❤❛❞
♦♥❧② ❜❡❡♥ ❡✈❛❧✉❛t❡❞ ✐♥ ❛ ✈❡r② ❧✐♠✐t❡❞ s❡tt✐♥❣✱ s✉❝❤ t❡❝❤♥✐q✉❡ ✐s ✈❡r② ❛♣♣❡❛❧✐♥❣
❛s ✐t ❛❧❧♦✇s t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❢❛✐r♥❡ss ❝r✐t❡r✐❛ ❛♥❞ ❛❝❤✐❡✈❡s ❜♦t❤
♦♣t✐♠❛❧ ♣❛t❤ s❡❧❡❝t✐♦♥ ❛♥❞ ✢♦✇ ❝♦♥tr♦❧✳

❲❡ s❤♦✇ ✐♥ ❙❡❝t✐♦♥ ✹ ❤♦✇ t❤✐s t❡❝❤♥✐q✉❡ ❡♥❛❜❧❡s t♦ ❞❡s✐❣♥ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❛♥❞
❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ♦♥❧② r❡q✉✐r❡s ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛t ❡❛❝❤
✇♦r❦❡r ❝♦♠♣✉t✐♥❣ t❛s❦s ❛♥❞ ❛t ❡❛❝❤ ❜✉✛❡r ♦❢ t❤❡ ♥❡t✇♦r❦ ❧✐♥❦s✳

❨❡t✱ ✇❡ ❞❡♠♦♥str❛t❡ ✐♥ ❙❡❝t✐♦♥ ✺ t❤r♦✉❣❤ ❛ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥❡❞ s❡t ♦❢ s✐♠✉✲
❧❛t✐♦♥s t❤❛t ❛ ❞✐r❡❝t ❛❞❛♣t❛t✐♦♥ ♦❢ t❤✐s ♣r♦t♦❝♦❧ t♦ t❤❡ ❣r✐❞ ❝♦♥t❡①t ✐s ❡✛❡❝t✐✈❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧✿❛♣♣❧✐❝❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t② r❛✐s❡s ✈❡r②
❝♦♠♣❧❡① ♣r❛❝t✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐ss✉❡s✳

❚♦ ❛❞❞r❡ss ❤❡t❡r♦❣❡♥❡✐t②✱ ✇❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✻ ❛ s❡t ♦❢ ♥♦♥✲tr✐✈✐❛❧ ❛❞❛♣✲
t❛t✐♦♥s t❤❛t ❛r❡ r❡q✉✐r❡❞ t♦ ❡♥s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✼✱ ✇❡ ♣r♦✈❡ t❤❡✐r
❡✛❡❝t✐✈❡♥❡ss ✐♥ ❛ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s s❡tt✐♥❣ t❤r♦✉❣❤ ❛♥ ❡①t❡♥s✐✈❡ s❡t ♦❢ s✐♠✉✲
❧❛t✐♦♥s✳

❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ t❤♦r♦✉❣❤ ❛♥❛❧②s✐s ✇❡ ❝♦♥❞✉❝t ✐♥ t❤✐s ❛rt✐❝❧❡ ❡♥❛❜❧❡s t♦
❞❡❡♣❧② ✉♥❞❡rst❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❜❡♥❡✜ts ❛s ✇❡❧❧ ❛s t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤✐s t❡❝❤✲
♥✐q✉❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❣r✐❞ ❝♦♠♣✉t✐♥❣✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ❛rt✐❝❧❡ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❼ ❚❤❡ ♣r♦♣♦s❛❧ ♦❢ ❛ ❢❛✐r ❛♥❞ ♦♣t✐♠❛❧ ❤✐❡r❛r❝❤✐❝❛❧ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r
❇♦❚ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❛r❜✐tr❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦✳ P♦♣✲
✉❧❛r ❡①✐st✐♥❣ ✐♥❢r❛str✉❝t✉r❡s ❞♦ ♥♦t ♦✛❡r s✉♣♣♦rt ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ s✉❝❤
❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❦✐♥❞ ♦❢ ❛❧❣♦r✐t❤♠ ✇❡ ♣r♦♣♦s❡ ✐s t❤✉s ❛ ✜rst st❡♣ t♦✲
✇❛r❞ t❤✐s ❞✐r❡❝t✐♦♥✳

❼ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡ s✉r✈❡② ♦♥ ❤♦✇ ▲❛❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❣r❛❞✐❡♥t
❞❡s❝❡♥t ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❞❡s✐❣♥ ♥❡t✇♦r❦ ♣r♦t♦❝♦❧s✳

❼ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦♦❢ t❤❛t ❛❧t❤♦✉❣❤ ❛ ♥❛✐✈❡ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s
t❡❝❤♥✐q✉❡ ✐s ❡✛❡❝t✐✈❡ ✇❤❡♥ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✐t ✐s ❜♦✉♥❞ t♦ ❢❛✐❧
✇❤❡♥ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❇♦❚ s❝❤❡❞✉❧✐♥❣ ♦♥ ❣r✐❞
❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠s ✐s t❤✉s s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ ✢♦✇ ❝♦♥tr♦❧
✐♥ ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✹

❼ ❆ s❡t ♦❢ ♥♦♥✲tr✐✈✐❛❧ ❛❞❛♣t❛t✐♦♥s r❡q✉✐r❡❞ t♦ ❝♦♠❡ ✉♣ ✇✐t❤ ❛♥ ❛❧❣♦r✐t❤♠
✇❤♦s❡ ❡✛❡❝t✐✈❡♥❡ss ✐s ❛ss❡ss❡❞ ✐♥ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ s❝❡♥❛r✐♦s✳

❼ ❲❡ s❤♦✇ ❤♦✇ t♦ ❝❛rr② ♦✉t st❡♣✲s✐③❡ t✉♥✐♥❣✱ ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② t❡❞✐♦✉s ❢♦r
s✉❝❤ ❛❧❣♦r✐t❤♠s ❛♥❞ ✇❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♣r♦✈❡ t❤❛t s✉❝❤ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡
❛❞❥✉st❡❞ s♦ t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✐s r♦❜✉st t♦ ♣❧❛t❢♦r♠ t♦♣♦❧♦❣② ♠♦❞✐✜❝❛t✐♦♥✳

✷ ❘❡❧❛t❡❞ ❲♦r❦

✷✳✶ ❘❡s♦✉r❝❡ ❙❤❛r✐♥❣ ❇❡t✇❡❡♥ ▼✉❧t✐♣❧❡ ❈♦♥❝✉rr❡♥t ❇♦❚

❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❢♦❝✉s ♦♥ s❝❤❡❞✉❧✐♥❣ ♠✉❧t✐♣❧❡ ❇♦❚ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ st❡❛❞②✲st❛t❡✳
❙t❡❛❞②✲st❛t❡ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ♠♦❞❡❧ s✐t✉❛t✐♦♥s ✇❤❡♥ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ❤❛s
❛ ✈❡r② ❧❛r❣❡ ♦r ❛♥ ✉♥❧✐♠✐t❡❞ s✉♣♣❧② ♦❢ t❛s❦s✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥s✱ ❛♣♣❧✐❝❛t✐♦♥s
s❤♦✉❧❞ ❛✐♠ ❛t ♠❛①✐♠✐③✐♥❣ t❤❡✐r ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♣r♦❝❡ss❡❞ ♣❡r t✐♠❡✲✉♥✐t
✭t❤❡ t❤r♦✉❣❤♣✉t✮✳ ❙✉❝❤ ♦❜❥❡❝t✐✈❡ ✐s ❜♦t❤ ♠♦r❡ ♠❡❛♥✐♥❣❢✉❧ ❛♥❞ ❡❛s✐❡r t♦ ♦♣t✐♠✐③❡
t❤❛♥ ❝❧❛ss✐❝❛❧ ♠❛❦❡s♣❛♥ ♦♣t✐♠✐③❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ♦♣t✐♠✐③✐♥❣ t❤❡ st❡❛❞②✲st❛t❡
t❤r♦✉❣❤♣✉t ❡♥❛❜❧❡s t♦ ❞❡r✐✈❡ ♣❡r✐♦❞✐❝ ❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ s❝❤❡❞✉❧❡s ❢♦r t❤❡
♠❛❦❡s♣❛♥ ❬✶❪✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✷❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✲
✐♥❣✳

❚❤✐s s❝❡♥❛r✐♦ ✐s s♦♠❡❤♦✇ s✐♠✐❧❛r t♦ t❤❛t ❛❞❞r❡ss❡❞ ❜② ❡①✐st✐♥❣ s②st❡♠s✳ ❋♦r
✐♥st❛♥❝❡ ❇❖■◆❈ ❬✸❪ ✐s ❛ ❝❡♥tr❛❧✐③❡❞ s❝❤❡❞✉❧❡r t❤❛t ❞✐str✐❜✉t❡s t❛s❦s ❢♦r ♣❛r✲
t✐❝✐♣❛t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s ❙❊❚■❅❤♦♠❡✱ ❈❧✐♠❛t❡Pr❡❞✐❝t✐♦♥✳◆❊❚✱ ❛♥❞ ❊✐♥✲
st❡✐♥❅❍♦♠❡✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❝❛♥ ❜❡ ✈❡r② ❞✐✛❡r❡♥t ✐♥ ♥❛t✉r❡✱ ❡✳❣✳✱ ✜❧❡s t♦ ❜❡
♣r♦❝❡ss❡❞✱ ✐♠❛❣❡s t♦ ❜❡ ❛♥❛❧②③❡❞ ♦r ♠❛tr✐❝❡s t♦ ❜❡ ♠❛♥✐♣✉❧❛t❡❞✳ ❨❡t✱ ♠♦st ♦❢
❡①✐st✐♥❣ s②st❡♠s ❛r❡ ❝❧✐❡♥t✲s❡r✈❡r ♦r✐❡♥t❡❞ ❛♥❞ t❛❝❦❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❛ ✈❡r②
s♠❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ✭❈❈❘✮✳ ❚❤✐s ✐s ❛ ❦❡② s✐♠♣❧✐❢②✐♥❣ ❤②✲
♣♦t❤❡s✐s ❛s ✐t ❡♥❛❜❧❡s t♦ s❡r✈❡ ❝❧✐❡♥ts r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❛✈♦✐❞s
s❡r✈❡r ♦✈❡r❧♦❛❞✳ ■t ❛❧s♦ ❡♥❛❜❧❡s t♦ r❡❧② ♦♥ ✈❡r② s✐♠♣❧❡ s❤❛r✐♥❣ ♠❡❝❤❛♥✐s♠s✳ ❋♦r
❡①❛♠♣❧❡ t❤❡ ❇❖■◆❈ s❤❛r✐♥❣ ♣♦❧✐❝② ✐s t♦ ❢❛✐r❧② s❤❛r❡ ♦♥ ❡❛❝❤ ❝❧✐❡♥t t❤❡ ❈P❯
r❡s♦✉r❝❡ ❛♠♦♥❣ ♣r♦❥❡❝ts t♦ ✇❤✐❝❤ t❤❡ ✈♦❧✉♥t❡❡r s✉❜s❝r✐❜❡❞ ❬✹❪✳ ■t ❤❛s ❜❡❡♥
♣r♦✈❡❞ ❬✺❪ t❤❛t s✉❝❤ ❛ s✐♠♣❧✐st✐❝ ❛♥❞ ❧♦❝❛❧ ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ r❡s♦✉r❝❡ ✇❛st❡
✇❤❡♥❡✈❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❜❡❝♦♠❡ ❝r✐t✐❝❛❧ r❡s♦✉r❝❡s✳ ❚❤❡ ❖✉r●r✐❞ ✐♥❢r❛s✲
tr✉❝t✉r❡ r❡❧✐❡s ♦♥ ❛ t✐t✲❢♦r✲t❛t ♠❡❝❤❛♥✐s♠ ✐♥s♣✐r❡❞ ❜② t❤❡ ❇✐t❚♦rr❡♥t ❜❛♥❞✇✐❞t❤
s❤❛r✐♥❣ ♠❡❝❤❛♥✐s♠ ❬✻❪✳

■♥ t❤✐s ❛rt✐❝❧❡ ❤♦✇❡✈❡r✱ ✇❡ ♣r♦♣♦s❡ ❛♥❞ st✉❞② t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❢❛✐r ❛♥❞ ♦♣t✐♠❛❧
❤✐❡r❛r❝❤✐❝❛❧ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❛r❜✐tr❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥✲
t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦✳ ❚❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ❈♦♠♣✉t✐♥❣ ●r✐❞ ✭▲❈●✮ ❬✼❪ ✐s
❛ s②st❡♠ ✇✐t❤ s✉❝❤ ♥❡❡❞s✳ ❚❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭▲❍❈✮ ♣r♦❞✉❝❡s r♦✉❣❤❧②
✶✺ P❡t❛❜②t❡s ♦❢ ❞❛t❛ ❛♥♥✉❛❧❧② t❤❛t ❛r❡ ❛❝❝❡ss❡❞ ❛♥❞ ❛♥❛❧②③❡❞ ❜② t❤♦✉s❛♥❞s
♦❢ s❝✐❡♥t✐sts ❛r♦✉♥❞ t❤❡ ✇♦r❧❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝♦♠♣✉t❛t✐♦♥ t❛s❦s ❤❛✈❡ ❛ ♠✉❝❤
❧❛r❣❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✲t♦✲❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ t❤❛♥ t②♣✐❝❛❧ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣
❝♦♠♣✉t✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t❤❡✐r ❡✣❝✐❡♥t ♠❛♥❛❣❡♠❡♥t ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

❚❤❡ ❇♦❚ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ❤❛s ❛❧s♦ ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✉♥❞❡r ❧❡ss r❡str✐❝✲
t✐✈❡ ❤②♣♦t❤❡s✐s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✐❢
t❤❡r❡ ❛r❡ ❢❡✇❡r t❛s❦s t❤❛♥ ♠❛❝❤✐♥❡s✳ ❚❤❡ ♠♦st ✇❡❧❧✲❦♥♦✇♥ s②st❡♠s ❢♦r ♠♦r❡
❣❡♥❡r❛❧ s✐t✉❛t✐♦♥s ❛r❡ ❆P❙❚ ❬✽❪✱ ◆✐♠r♦❞✴● ❬✾❪✱ ❈♦♥❞♦r ❬✶✵❪ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧②
▼②●r✐❞ ❬✻❪✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s ♦❢t❡♥ t♦ ♠✐♥✐♠✐③❡ ❝♦♠♣❧❡t✐♦♥ t✐♠❡ ✇❤✐❧❡ t❤❡ ♠❛✐♥

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✺

✐ss✉❡ ✐s t♦ s❡❧❡❝t r❡s♦✉r❝❡s✳ ❙✉❝❤ ♣r♦❜❧❡♠s ❛r❡ ❣❡♥❡r❛❧❧② s♦❧✈❡❞ ✇✐t❤ ❧✐st s❝❤❡❞✉❧✲
✐♥❣ ❤❡✉r✐st✐❝s ❧✐❦❡ ♠✐♥✲♠✐♥✱ s✉✛❡r❛❣❡✱ ♦r s✐♠✐❧❛r ✈❛r✐❛t✐♦♥s ❬✶✶✱ ✶✷❪✳ ■t ✐s ❛❧s♦
❣❡♥❡r❛❧❧② ✐♠♣♦ss✐❜❧❡ t♦ ❛ss✉♠❡ t❤❛t ♥♦❞❡s ❛r❡ r❡❧✐❛❜❧❡ ❛♥❞ ❞❡❧✐✈❡r ❝♦♥st❛♥t ❝♦♠✲
♣✉t✐♥❣ ♣♦✇❡r✳ ❙✉❝❤ ✉♥❝❡rt❛✐♥t✐❡s ❛r❡ ❛t t❤❡ ❤❡❛rt ♦❢ s❡❧❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛♥❞
r❡♣❧✐❝❛t✐♦♥ ✐s t❤✉s ♦❢t❡♥ ✉s❡❞ t♦ ❛✈♦✐❞ ✇❛✐t✐♥❣ ❢♦r t❤❡ ❧❛st t❛s❦s ♦❢ ❛ ❇♦❚ ❬✶✸❪✳

✷✳✷ ❋❛✐r♥❡ss ❛♥❞ ◆❡t✇♦r❦ Pr♦t♦❝♦❧ ❉❡s✐❣♥

■♥ t❤❡ ❧❛st ❞❡❝❛❞❡✱ t❤❡ ♥❡t✇♦r❦ ❝♦♠♠✉♥✐t② ❤❛s ✉s❡❞ ▲❛❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥
❛♥❞ ❞✐str✐❜✉t❡❞ ❣r❛❞✐❡♥t t❡❝❤♥✐q✉❡s t♦ ❜♦t❤ ❛♥❛❧②③❡ ❛♥❞ ❞❡s✐❣♥ ♥❡t✇♦r❦ ♣r♦✲
t♦❝♦❧s ❧✐❦❡ ❚❈P ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✹✱ ✶✺❪✮✳ ❲❡ st❛rt ❜② r❡✈✐❡✇✐♥❣ t❤❡ ❜❛s✐s ♦❢
t❤❡s❡ t❡❝❤♥✐q✉❡s t♦ ✉♥❞❡rst❛♥❞ t❤❡✐r ❦❡② ❝♦♠♣♦♥❡♥ts✳ ❚❤❡♥✱ ✇❡ tr❛♥s❢❡r t❤❡♠
t♦ t❤❡ ❣r✐❞ ❝♦♥t❡①t✳

❆ss✉♠❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ♥❡t✇♦r❦ ♠❛❞❡ ♦❢ ❛ s❡t ♦❢ ❧✐♥❦s L ✇❤♦s❡ ❝❛♣❛❝✐t② ✐s t♦
❜❡ s❤❛r❡❞ ❛♠♦♥❣st ❛ s❡t ♦❢ ✢♦✇s F ✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② ̺f t❤❡ ❜❛♥❞✇✐❞t❤ ❛❧❧♦tt❡❞
t♦ ✢♦✇ f ✳ ❋❛✐r❧② ❛♥❞ ❡✣❝✐❡♥t❧② s❤❛r✐♥❣ r❡s♦✉r❝❡s ❛♠♦♥❣st ❛♣♣❧✐❝❛t✐♦♥s ❤❛s ❜❡❡♥
✇✐❞❡❧② ❤❛♥❞❧❡❞ ✐♥ ❡❝♦♥♦♠✐❝s t❤r♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✉t✐❧✐t②✱ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢
r❡❧❛t✐✈❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ ✉s❡rs ✭♦r ✢♦✇s ❤❡r❡✮✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② Uf (̺f ) t❤❡ ✉t✐❧✐t②
❛ss♦❝✐❛t❡❞ t♦ ✢♦✇ f ✇❤❡♥ ✐t ✐s ❛❧❧♦tt❡❞ ❛ t❤r♦✉❣❤♣✉t ̺f ✱ ✐t ✐s ❝♦♠♠♦♥ t♦ ❛✐♠
❛t ♠❛①✐♠✐③✐♥❣

∑
f∈F

Uf (̺f )✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ Uf

❧❡❛❞s t♦ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ❢❛✐r♥❡ss ❬✶✻❪✳ ❈♦♠♠♦♥ ❝❤♦✐❝❡s ❛r❡ Uf (̺f ) = log(̺f )
✭♣r♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss ❬✶✺❪✮ ♦r Uf (̺f ) = ̺αf /(1−α) ✭α✲❢❛✐r♥❡ss ❬✶✻❪✱ ✇❤✐❝❤ ❝♦✈❡rs
✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛s❡s ♦❢ ♣r♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss ❢♦r α→ 1✱ ♠❛①✲♠✐♥ ❢❛✐r♥❡ss ❬✶✼❪
✇❤❡♥ α→∞✱ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢♦r α = 0✮✳

▲❡t ✉s t❤✉s ❛ss✉♠❡ t❤❡ ♥❡t✇♦r❦ ♦♣❡r❛t♦r ❤❛s ❞❡❝✐❞❡❞ t♦ s❤❛r❡ ❜❛♥❞✇✐❞t❤
❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❢❛✐r♥❡ss ❝r✐t❡r✐❛ ❡①♣r❡ss❡❞ t❤r♦✉❣❤ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s Uf ✳ ❚❤❡
❜❛♥❞✇✐❞t❤ s❤❛r✐♥❣ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

max
∑

f∈F
Uf (̺f ){

∀l ∈ L,
∑

f ❣♦✐♥❣ t❤r♦✉❣❤ l

̺f 6 Bl
✭✶✮

❙♦❧✈✐♥❣ s✉❝❤ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❛ ❝❡♥tr❛❧✐③❡❞ ✇❛② ✇♦✉❧❞ ❜❡ ✐♠♣r❛❝t✐✲
❝❛❜❧❡✳ ❉❡✈❡❧♦♣✐♥❣ ❛ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ❤❛s t❤✉s r❡❝❡✐✈❡❞ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥✳
❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐s t❤❛t ❝❤❡❝❦✐♥❣ t❤❛t ❛❧❧ ❝♦♥str❛✐♥ts ❛r❡ s❛t✐s✜❡❞ r❡q✉✐r❡s ❛
❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✈❡r② ❤❛r❞ t♦ ✐♠♣❧❡♠❡♥t✳ ❍♦♣❡❢✉❧❧②✱ ▲❛❣r❛♥❣✐❛♥
♦♣t✐♠✐③❛t✐♦♥ ❡♥❛❜❧❡s ✉s t♦ ♣✉t t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ✐♥ ❛ ❢♦r♠ ♠♦r❡ ❛♠❡♥❛❜❧❡
t♦ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❞✉❛❧ ✈❛r✐❛❜❧❡ ❢♦r ❡❛❝❤ ❝♦♥✲
str❛✐♥t ❛♥❞ ❤❡♥❝❡ ❢♦r ❡❛❝❤ r❡s♦✉r❝❡✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② λl✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥
❢✉♥❝t✐♦♥ ✐s t❤❡♥ ✇r✐tt❡♥ ❛s✿

L(̺, λ) =
∑

f∈F

Uf (̺f )

︸ ︷︷ ︸
♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥

+
∑

l∈L

λl ·


Bl −

∑

f t❤r♦✉❣❤ l

̺f




︸ ︷︷ ︸
❝♦♥str❛✐♥ts

✭✷✮

❚❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✶✮ ❝❛♥ ❜❡ s❛❢❡❧② ❜❡ r❡✇r✐tt❡♥✿

max
̺>0

min
λ>0

L(̺, λ).

■♥❞❡❡❞✱ ✐❢ ❛♥ ❛❧❧♦❝❛t✐♦♥ ̺ ✐s ✉♥❢❡❛s✐❜❧❡✱ t❤❡♥ ♦♥❡ ♦❢ t❤❡ ❝♦♥str❛✐♥ts ✐s ✈✐♦❧❛t❡❞ ❛♥❞
t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t❤✉s ♠✐♥✐♠✐③❡❞ ❜② s❡tt✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✻

λl t♦ +∞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ̺ ✐s ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥✱ t❤❡♥ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✐s ♠✐♥✐♠✐③❡❞ ❜② s❡tt✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ λl t♦ ❡✐t❤❡r ✵ ✇❤❡♥ t❤❡
❝♦♥str❛✐♥ts ❛r❡ ♥♦t t✐❣❤t ♦r t♦ ❛♥② ♣♦s✐t✐✈❡ ✈❛❧✉❡ ✇❤❡♥ t❤❡ ❝♦♥str❛✐♥t ✐s t✐❣❤t✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ✐s t❤❡♥ ❡q✉❛❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤✐s
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠❛❧ ✐s t❤✉s str✐❝t❧② ❡q✉✐✈❛❧❡♥t t♦ ♦✉r ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳
❯♥❞❡r ✈❡r② ♠✐❧❞ ❛ss✉♠♣t✐♦♥s ✐t ❝❛♥ ❜❡ ♣r♦✈❡♥ t❤❛t t❤❡r❡ ✐s ♥♦ ❞✉❛❧✐t② ❣❛♣✱ ✐✳❡✳✱
t❤❛t

max
̺>0

min
λ>0

L(̺, λ) = min
λ>0

max
̺>0

L(̺, λ)

︸ ︷︷ ︸
d(λ)

■♥ ♠♦st ❝❛s❡s Uf ✐s ❝❤♦s❡♥ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✱ ✐♥❝r❡❛s✐♥❣ ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞
t❤❡ ❞✉❛❧ ❢✉♥❝t✐♦♥ d ✐s t❤✉s ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✳ ❙♦❧✈✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✐s
❡q✉✐✈❛❧❡♥t t♦ ✜♥❞ t❤❡ s❛❞❞❧❡ ♣♦✐♥t ♦❢ L✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ s✉❝❤ r❡❢♦r♠✉✲
❧❛t✐♦♥ ✐s t❤❛t ♥♦✇ ❝♦♥str❛✐♥ts ❛r❡ ✈❡r② s✐♠♣❧❡ ✭̺ > 0 ❛♥❞ λ > 0✮ ❛♥❞ ❞♦ ♥♦t
r❡q✉✐r❡ ❛♥② ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t✐♦♥✳ ❙✐♥❝❡ ❜♦t❤ ❝♦♥❝❛✈❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞
❝♦♥✈❡① ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ t❤r♦✉❣❤ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ✭s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✶✽❪✱ ❝❤❛♣t❡r ✸✱ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❛❧②s✐s ♦❢ ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠s✮✱ t❤❡
s❛❞❞❧❡ ♣♦✐♥t ✐s ❣❡♥❡r❛❧❧② ♦❜t❛✐♥❡❞ ♠❛❦✐♥❣ ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r
❜♦t❤ ✐♥♥❡r ❛♥❞ ♦✉t❡r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❆ s✐♠♣❧❡ ❝♦♥st❛♥t st❡♣✲s✐③❡ ✭γ̺✮
❛s❝❡♥t ♦♥ t❤❡ ♣r✐♠❛❧ ✈❛r✐❛❜❧❡s s✐♠✉❧t❛♥❡♦✉s t♦ ❛ ❝♦♥st❛♥t st❡♣✲s✐③❡ ✭γλ✮ ❞❡s❝❡♥t
♦♥ t❤❡ ❞✉❛❧ ✈❛r✐❛❜❧❡s ❧❡❛❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s





̺f (t+ 1) = ̺f (t) + γ̺ ·
∂L

∂̺f
(̺(t), λ(t))

λl(t+ 1) = λl(t)− γλ ·
∂L

∂λl

(̺(t), λ(t))

✭✸✮

❊①♣❛♥❞✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t❡s✱ t❤❡ ♣r❡✈✐♦✉s ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❛r❡ r❡✇r✐t✲
t❡♥✿ 




̺f (t) = ̺f (t) + γ̺ ·
(
U ′
f (̺f (t))−

∑

l ✉s❡❞ ❜② f

λl(t)
)

λl(t) = λl(t)− γλ ·
(
Bl −

∑

f t❤r♦✉❣❤ l

̺f

) ✭✹✮

λl ✐s ❣❡♥❡r❛❧❧② ❝❛❧❧❡❞ s❤❛❞♦✇ ♣r✐❝❡ ❢♦r ❧✐♥❦ l ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s t❤❡♥
❧❡❛❞ t♦ ❛ s✉r♣r✐s✐♥❣❧② s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❢♦❧❧♦✇s ✭❙❡❡
❋✐❣✉r❡ ✶✮✿

❼ ❊✈❡r② ✢♦✇ f ❡✈❛❧✉❛t❡s t❤❡ ✏t♦t❛❧ ♣r✐❝❡✑ ♦❢ t❤❡ r❡s♦✉r❝❡s ✐t ✉s❡s ✭✐✳❡✳✱ t❤❡
s✉♠ ♦❢ t❤❡ λl(t)✮ ❛♥❞ ❛❞❛♣ts ✐ts ❡♠✐ss✐♦♥ r❛t❡ t♦ ❛❝❝♦✉♥t ❢♦r ❜♦t❤ ✐ts
✉t✐❧✐t② ❛♥❞ t❤❡ ✈✐rt✉❛❧ ♣r✐❝❡ ✐t s❤♦✉❧❞ ♣❛②✳ ❲❤❡♥❡✈❡r t❤❡ ♣r✐❝❡ ❣❡ts ✏t♦♦
❡①♣❡♥s✐✈❡✑✱ t❤❡ ✢♦✇ ❞❡❝r❡❛s❡ ✐ts ❡♠✐ss✐♦♥ r❛t❡ ❛♥❞ ❝♦♥✈❡rs❡❧②✳

❼ ❊✈❡r② r❡s♦✉r❝❡ l ❡✈❛❧✉❛t❡s ✇❤❡t❤❡r ✐t ✐s s❛t✉r❛t❡❞ ♦r ♥♦t ❛♥❞ ❛❞❛♣ts ✐ts
♣r✐❝❡ ❛❝❝♦r❞✐♥❣❧②✳ ❲❤❡♥❡✈❡r ❛ r❡s♦✉r❝❡ ✐s s❛t✉r❛t❡❞✱ ✐t ✇✐❧❧ ✐♥❝r❡❛s❡ ✐ts
♣r✐❝❡ s♦ t❤❛t t❤❡ ✢♦✇s ❣♦✐♥❣ t❤r♦✉❣❤ ✐t ❞❡❝r❡❛s❡ t❤❡✐r ✉s❛❣❡ ❛♥❞ ✇❤❡♥❡✈❡r
❛ r❡s♦✉r❝❡ ✐s ✉♥❞❡r✉s❡❞✱ ✐t ✇✐❧❧ ❧♦✇❡r ✐ts ♣r✐❝❡ s♦ t❤❛t t❤❡ ✢♦✇ ❣♦✐♥❣ t❤r♦✉❣❤
✐t ❝❛♥ ✐♥❝r❡❛s❡ t❤❡✐r r❛t❡✳

❚❤✐s ✏♦✛❡r✲❛♥❞✲❞❡♠❛♥❞✑ ✐♥s♣✐r❡❞ ❛❧❣♦r✐t❤♠ ✐s ❛ s✐♠✉❧t❛♥❡♦✉s ❣r❛❞✐❡♥t ❞❡s❝❡♥t
♦♥ ❜♦t❤ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ✈❛r✐❛❜❧❡s t❤❛t ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤❡ s❛❞❞❧❡ ♣♦✐♥t✱ ✇❤✐❝❤

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✼

❋❧
♦✇

s

◆
❡t
✇
♦r
❦
❧✐♥
❦s

̺1

̺2

λ2

λ1

λ3

λ4

λ5

λ7

λ6

̺

λ

❋✐❣✉r❡ ✶✿ ❉✐str✐❜✉t❡❞ s❤❛r✐♥❣ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ▲❛❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞
❣r❛❞✐❡♥t ❞❡s❝❡♥t✳ ❋❧♦✇s ❛❞❛♣t t❤❡✐r r❛t❡ ̺ ❜❛s❡❞ ♦♥ ♣r✐❝❡s λ ❛❞✈❡rt✐③❡❞ ❜② t❤❡
♥❡t✇♦r❦ ❧✐♥❦s t❤❡② ✉s❡ ❛♥❞ ❝♦♥✈❡rs❡❧②✳

✐s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❇② ❛❞❛♣t✐♥❣ t❤❡ st❡♣✲s✐③❡✱
♦r t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ ♦♥❡ ❣❡ts ❞✐✛❡r❡♥t ♣r♦t♦❝♦❧✳ ❙✉❝❤ t❡❝❤♥✐q✉❡ ❤❛✈❡ ❢♦r
❡①❛♠♣❧❡ ❜❡❡♥ ✉s❡❞ ❡✐t❤❡r t♦ ❞❡s✐❣♥ ♣r♦t♦❝♦❧s ❛❝❤✐❡✈✐♥❣ ❛ ❣✐✈❡♥ ❢❛✐r♥❡ss ❝r✐t❡r✐❛
♦r t♦ r❡✈❡rs❡✲❡♥❣✐♥❡❡r ❡①✐st✐♥❣ ♣r♦t♦❝♦❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ❜② ♠❛❦✐♥❣ ❛♥ ❛♥❛❧♦❣②
❜❡t✇❡❡♥ t❤❡ ✇✐♥❞♦✇ ❛❞❥✉st✐♥❣ ♣r♦t♦❝♦❧s ❛♥❞ t❤❡ ♣r✐♠❛❧ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✱ ▲♦✇
❡t ❛❧✳ ♣r♦✈❡❞ ❬✶✹❪ t❤❛t ❚❈P ❱❡❣❛s ❛❝❤✐❡✈❡s s♦♠❡ ❢♦r♠ ♦❢ ♣r♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss✱
✇❤✐❧❡ ✜rst ✈❡rs✐♦♥s ♦❢ ❚❈P ❘❡♥♦ ❜❡❤❛✈❡❞ ❛s ✐❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✇❡r❡ arctan
❜❛s❡❞ ❢✉♥❝t✐♦♥s✳

❚♦ s✉♠ ✉♣✱ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ st❡♣s✿

✶✳ ▼♦❞❡❧✐♥❣✳ ▼♦❞❡❧ t❤❡ ♣r♦❜❧❡♠ ❛s ❛ ❝♦♥❝❛✈❡ ♥♦♥✲❧✐♥❡❛r ♠❛①✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠❀

✷✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t❡s✳ ❈♦♥✈❡rt t❤✐s ♣r♦❜❧❡♠ ✐♥t♦ t✇♦ ❝♦✉♣❧❡❞ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠s ✉s✐♥❣ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t❡s ♦❢
L ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ✈❛r✐❛❜❧❡s❀

✸✳ ❆❧❣♦r✐t❤♠ ❞❡s✐❣♥✳ ❋r♦♠ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t❡s✱
❞❡✈✐s❡ ❛ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t✐♥❣ ❝♦✉♣❧❡❞ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛♥❞
❛s❝❡♥t✳

❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥ts t♦ t✉r♥ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛t❡s ✐♥t♦ ❛ ❞✐str✐❜✉t❡❞ ❛❧❣♦✲
r✐t❤♠s ✭✐✳❡✳✱ ♠♦✈❡ ❢r♦♠ st❡♣ ✷ t♦ st❡♣ ✸✮ ❛r❡ ✭✶✮ t❤❡ s❡♣❛r❛❜✐❧✐t② ♦❢ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥ ✭✐t ✐s ❛ s✉♠ ♦✈❡r t❤❡ ✢♦✇s ♦❢ q✉❛♥t✐t✐❡s t❤❛t ❞❡♣❡♥❞ ♦♥❧② ♦♥ ❡❛❝❤ ✢♦✇✮
❛♥❞ ✭✷✮ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♥str❛✐♥ts ✭❡❛❝❤ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛ r❡s♦✉r❝❡✮✳

✷✳✸ ❋❧♦✇ ❈♦♥tr♦❧ ✐♥ ▼✉❧t✐✲♣❛t❤ ◆❡t✇♦r❦

❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ r❡❧②✐♥❣ ♦♥ t❤❡s❡ t❤r❡❡ st❡♣s ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ♥❡t✇♦r❦ ✢♦✇s t❤❛t ♠❛② ❝❤♦♦s❡ ❛♠♦♥❣ ❛ ♣r❡❞❡t❡r♠✐♥❡❞ s❡t ♦❢ r♦✉t❡s ❬✶✾❪✳
■♥ s✉❝❤ ❛ ❝♦♥t❡①t✱ ❡❛❝❤ ✢♦✇ f ✐s s✉❜❞✐✈✐❞❡❞ ✐♥t♦ s✉❜✲✢♦✇s f1✱✳ ✳ ✳ ✱fk ❛♥❞ t❤❡
♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧ ✐s ✇r✐tt❡♥ ❛s✿

max
∑

f∈F
Uf (

∑
k ̺f,k){

∀l ∈ L
∑

fk ❣♦✐♥❣ t❤r♦✉❣❤ l

̺f,k 6 Bl
✭✺✮

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✽

❲❛♥❣ ❡t ❛❧✳ ❬✶✾❪ s♣❡❝✐✜❝❛❧❧② ❛❞❞r❡ss❡❞ t❤✐s ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥✲
str❛✐♥t t❤❛t ❡❛❝❤ ✢♦✇ ❤❛s s♦♠❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ r❡q✉✐r❡♠❡♥ts✿ ∀f,mf 6

̺f
❞❡❢

=
∑

k ̺f,k 6 Mf ✳ ❆s t❤✐s ❦✐♥❞ ♦❢ ❝♦♥str❛✐♥ts ✐s ♥♦t r❡❧❡✈❛♥t ✐♥ ♦✉r ❝♦♥t❡①t✱
❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ♦♥❧② ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥s ♦❢
t❤❡ ❡q✉❛t✐♦♥s ❛♥❞ ❛❧❣♦r✐t❤♠s ♣r♦♣♦s❡❞ ❜② ❬✶✾❪✳

◆♦✇ t❤❛t t❤❡ ✜rst ♠♦❞❡❧✐♥❣ st❡♣ ✐s ❛❝❤✐❡✈❡❞✱ ✇❡ ❝❛♥ ♠♦✈❡ ♦♥ t♦ t❤❡ ♣❛rt✐❛❧
❞❡r✐✈❛t✐✈❡s st❡♣✳ ❯s✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❛s ♣r❡✈✐♦✉s❧②✱ ❛ ❝♦♥st❛♥t st❡♣✲s✐③❡
❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡✿





̺f,k(t) = ̺f,k(t) + γ̺ ·
(
U ′
f (̺f (t))−

∑

l ✉s❡❞ ❜② fk

λl(t)
)

λl(t) = λl(t)− γλ ·
(
Bl −

∑

fk t❤r♦✉❣❤ l

̺f,k

) ✭✻✮

❲❡ ❝❛♥ ♥♦✇ ♠♦✈❡ ♦♥ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s✐❣♥ st❡♣✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤
t❤❡ ♣r❡✈✐♦✉s s❡tt✐♥❣ ✐s t❤❛t ♥♦✇ ❡❛❝❤ s✉❜✲✢♦✇ fk ❤❛s ✐ts ♦✇♥ r❛t❡ ❛♥❞ t❤❛t
✐t r❡q✉✐r❡s t❤❡ ❛❣❣r❡❣❛t❡ t❤r♦✉❣❤♣✉t ♦❢ ✢♦✇ f t♦ ♣❡r❢♦r♠ ✐ts ✉♣❞❛t❡✳ ▼♦r❡
❝♦♥❝r❡t❡❧②✱ ❡❛❝❤ ✢♦✇ f ❡✈❛❧✉❛t❡s t❤❡ ♣r✐❝❡ ♦❢ ❡❛❝❤ s✉❜✲✢♦✇ fk ❛♥❞ ✉♣❞❛t❡s t❤❡
s✉❜✲✢♦✇ r❛t❡s ❛❝❝♦r❞✐♥❣❧②✱ s❧♦✇❧② ♠♦✈✐♥❣ t♦✇❛r❞ t❤❡ ❝❤❡❛♣❡st ❛❧t❡r♥❛t✐✈❡s✳ ✳

❯♥❢♦rt✉♥❛t❡❧②✱ ❛ t❡❝❤♥✐❝❛❧ ✐ss✉❡ ♣r❡✈❡♥ts t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s t♦ ❜❡ ✉s❡❞
❜❧✉♥t❧②✳ ❙✐♥❝❡ t❤❡ ♦r✐❣✐♥❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ♥♦t str✐❝t❧② ❝♦♥✈❡① ✭✐t ✐s str✐❝t❧②
❝♦♥✈❡① ✐♥ ❛♥② ♦❢ t❤❡ ̺k✱ ❜✉t ♥♦t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ̺f,k✮✱ t❤❡ ❞✉❛❧ ❢✉♥❝t✐♦♥
d ✐s ♥♦t t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ s♦✱ ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤✐s
❛♣♣r♦❛❝❤ ♠❛② ♦s❝✐❧❧❛t❡ ❛♥❞ ❡①❤✐❜✐t ❝♦♥✈❡r❣❡♥❝❡ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥
❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❜② ❛❞❞✐♥❣ ❛ q✉❛❞r❛t✐❝ t❡r♠✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♣r✐♠❛❧ ❝♦st ❢✉♥❝✲
t✐♦♥ str✐❝t❧② ❝♦♥✈❡①✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❝❛❧❧❡❞ ♣r♦①✐♠❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✭s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✶✽❪✱ ❝❤❛♣t❡r ✸✮ ❛♥❞ ✐s ✉s❡❞ ✐♥ ❬✶✾❪ ✇❤❡r❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ❛❧❣♦r✐t❤♠s
❛r❡ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤❡ ✢♦✇ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳

❈♦♥s✐❞❡r t❤❡ ♥❡✇ ♠♦❞✐✜❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

max
˜̺>0

max
̺>0

∑

f

Uf

(
∑

k

̺f,k

)
−
∑

k

∑

f

c

2
(̺f,k − ˜̺f,k)2, ✭✼✮

✇❤❡r❡ ˜̺f,k ✐s ❛♥ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ ❛♥❞ c ❛ ❝♦♥st❛♥t ✭s❡t t♦ 1 ✐♥ ❬✶✾❪✮✳
❆t t❤❡ ♦♣t✐♠✉♠✱ ˜̺f,k = ̺f,k ❛♥❞ ❤❡♥❝❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✼✮ ✐s t❤❡ s❛♠❡ ❛s t❤❡

♦♥❡ ♦❢ ✭✺✮✳ ❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ ❡❛❝❤ ✈❛r✐❛❜❧❡ ˜̺f,k
❛♥❞ ̺f,k ❛♥❞ ✐s ❡q✉✐✈❛❧❡♥t t♦

max
˜̺>0

max
̺>0

min
λ>0

L(˜̺, ̺, λ), ✭✽✮

✇❤❡r❡ ❛♥② ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❛ ❝♦♥✈❡① ♦r ❝♦♥✲
❝❛✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❛ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆ ❝❧❛ss✐❝❛❧ ✜①❡❞
st❡♣✲s✐③❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡❛❝❤ ❧❡✈❡❧✳ ❙✉❝❤ t❤r❡❡✲
❧❡✈❡❧ r❡s♦❧✉t✐♦♥ ✇♦✉❧❞ ❤♦✇❡✈❡r ❜❡ ❡①tr❡♠❡❧② ✐♥❡✣❝✐❡♥t ✐♥ ♣r❛❝t✐❝❡ ❛s ✐t ✇♦✉❧❞
r❡q✉✐r❡ t♦ ❞❡t❡❝t ❛ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✐♥ ❛ ❞✐str✐❜✉t❡❞ ✇❛②✮ ♦❢
t❤❡ ✐♥♥❡r ♣r♦❜❧❡♠s ❜❡❢♦r❡ ❢✉rt❤❡r ♣r♦❝❡❡❞✐♥❣ ♦♥ t❤❡ ♦✉t❡r ♣r♦❜❧❡♠s✳ ❚❤✐s ✐s
✇❤② ❲❛♥❣ ❡t ❛❧✳ ❬✶✾❪ ♣r♦♣♦s❡ t♦ ✉♣❞❛t❡ ❛❧❧ ✈❛r✐❛❜❧❡s ̺✱ ˜̺ ❛♥❞ λ s✐♠✉❧t❛♥❡♦✉s❧②✱
❤❡♥❝❡ ❜r❡❛❦✐♥❣ t❤❡ ✈❡r② ❝♦♥str❛✐♥✐♥❣ t❤r❡❡✲❧❡✈❡❧ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡
♣r♦①✐♠❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢r♦♠ ❊q✳ ✭✽✮✳ ■♥ ❡ss❡♥❝❡✱ t❤✐s ❧❡❛❞s t♦ t❤❡ s❛♠❡
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▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✾

d2

d1s1

s2

s1 d1

s1 d1

❋✐❣✉r❡ ✷✿ ❋♦✉r t❡st t♦♣♦❧♦❣✐❡s ✉s❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ▲❛❣r❛♥❣✐❛♥
❜❛s❡❞ ✢♦✇ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠s ✐♥ ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳ si ❞❡♥♦t❡s t❤❡ s♦✉r❝❡ ♦❢
❛ ✢♦✇ ❛♥❞ di t❤❡ ❞❡st✐♥❛t✐♦♥✳ ❉♦tt❡❞ ❧✐♥❡s ❛r❡ ♦♥❡ ♣❛rt✐❝✉❧❛r ♣❛t❤ t❤❛t ❛ ✢♦✇
♠❛② ✉s❡✳

❡q✉❛t✐♦♥s ❛♥❞ ❛❧❣♦r✐t❤♠ ❛s ✭✻✮✱ ❡①❝❡♣t t❤❛t t❤❡ ˜̺ ❛❝t ❛s ❛ s♠♦♦t❤✐♥❣ t❡r♠ ❢♦r
t❤❡ ̺ ✈❛r✐❛❜❧❡s t♦ ❞❛♠♣❡♥ ♦s❝✐❧❧❛t✐♦♥s✳

◆♦t❡ t❤❛t ❲❛♥❣ ❡t ❛❧✳ ❞♦ ♥♦t ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s
❛❧❣♦r✐t❤♠✳ ❚❤✐s ✇❛s st✉❞✐❡❞ ✐♥ ❛ ♠♦r❡ r❡❝❡♥t ✇♦r❦ ♦❢ ▲✐♥ ❛♥❞ ❙❝❤r♦✛ ❬✷✵❪✱ ✐♥ ❛
s✐♠✐❧❛r s❡tt✐♥❣✱ ✇❤❡r❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t✇♦ ♦✉t❡r♠♦st ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s
✐s ❜r♦❦❡♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ♣r♦✈❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ st❡♣✲s✐③❡s ❢♦r
t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡r❣❡ ❛♥❞ ❛❧s♦ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ ♠❡❛s✉r❡♠❡♥t ♥♦✐s❡✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② Ef,k t❤❡ r♦✉t✐♥❣ ✈❡❝t♦r ❢♦r s✉❜✲✢♦✇ fk✳ ❚❤✐s
♠❡❛♥s t❤❛t El

f,k ✐s ❡q✉❛❧ t♦ 1 ✐❢ r♦✉t❡ f ❣♦❡s t❤r♦✉❣❤ ❧✐♥❦ l ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❬✷✵❪ ✐s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✐❢ t❤❡ st❡♣✲s✐③❡ γλ
s❛t✐s✜❡s

γλ <
c

2 · S ·M
✱ ✇❤❡r❡

{
M = maxf,k

∑
l E

l
f,k ❛♥❞

S = maxl
∑

k

∑
f E

l
f,k

✭✾✮

▼♦r❡ ❝♦♥❝r❡t❡❧②✱ M ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❛r❣❡st ♣❛t❤ ❛♥❞ S ✐s t❤❡ ❧❛r❣❡st ♥✉♠❜❡r
♦❢ s✉❜✲✢♦✇s ❣♦✐♥❣ t❤r♦✉❣❤ ❛ ❧✐♥❦✳ ❆❧t❤♦✉❣❤ t❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧②
st✉❞✐❡❞ ♦♥ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t✱ t♦ t❤❡ ❜❡st
♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠s ✐s r❛t❤❡r
❧✐♠✐t❡❞✳ ❚❤❡ ♦♥❧② t❡st❡❞ s✐t✉❛t✐♦♥s r❡♣♦rt❡❞ ✐♥ ❬✶✾✱ ✷✵❪ ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✷
❛♥❞ ✐♥✈♦❧✈❡ ❛t ♠♦st ✽ ♥♦❞❡s ❛♥❞ ✸ ♣❛✐rs ♦❢ s♦✉r❝❡s✴❞❡st✐♥❛t✐♦♥s✳ ■♥ ❜♦t❤ st✉❞✐❡s✱
t❤❡ ♣r♦♣♦s❡❞ st❡♣✲s✐③❡s ❢♦r ❡❛❝❤ s❡tt✐♥❣ ❧❡❛❞ t♦ ❛ s❛t✐s❢❛❝t♦r② ❝♦♥✈❡r❣❡♥❝❡ ✇✐t❤✐♥
❛ ❢❡✇ ❞♦③❡♥s t♦ ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ✐t❡r❛t✐♦♥s✳

✸ ❙t❡❛❞②✲❙t❛t❡ ❙❝❤❡❞✉❧✐♥❣ ♦❢ ❇♦❚ ❆♣♣❧✐❝❛t✐♦♥s✿

❋r❛♠❡✇♦r❦ ❛♥❞ ▼♦❞❡❧s

✸✳✶ P❧❛t❢♦r♠ ▼♦❞❡❧

❚❤r♦✉❣❤♦✉t t❤✐s ❛rt✐❝❧❡✱ ✇❡ r❡♣r❡s❡♥t t❤❡ t❛r❣❡t ❝♦♠♣✉t✐♥❣ ❛♥❞ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ r❡s♦✉r❝❡s ❜② ❛ ♣❧❛t❢♦r♠ ❣r❛♣❤✱ ✐✳❡✳✱ ❛ ♥♦❞❡✲✇❡✐❣❤t❡❞ ❡❞❣❡✲✇❡✐❣❤t❡❞ ❣r❛♣❤
G = (N,E,W,B)✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳ ❊❛❝❤ ♥♦❞❡ Pn ∈ N r❡♣r❡s❡♥ts ❛
❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡ t❤❛t ❝❛♥ ❞❡❧✐✈❡r Wn ✢♦❛t✐♥❣✲♣♦✐♥t ♦♣❡r❛t✐♦♥s ♣❡r s❡❝♦♥❞✳
❊❛❝❤ ❡❞❣❡ ei,j : (Pi → Pj) ∈ E ✐s ❧❛❜❡❧❡❞ ❜② ❛ ✈❛❧✉❡ Bi,j ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡
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▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✵

❆
♣♣
❧✐❝
❛t
✐♦
♥
✶

❘
❡s
♦✉
r❝
❡s

❆
♣♣
❧✐❝
❛t
✐♦
♥
✷

m(1)

Wi

Wj

Bi,j

m(2)

(w1, b1)
✳✳✳

✳✳✳ (w2, b2)

❋✐❣✉r❡ ✸✿ ❆ r❡s♦✉r❝❡ ❣r❛♣❤ ❧❛❜❡❧❡❞ ✇✐t❤ ♥♦❞❡ ✭❝♦♠♣✉t❛t✐♦♥✮ ❛♥❞ ❡❞❣❡ ✭❝♦♠♠✉✲
♥✐❝❛t✐♦♥✮ ✇❡✐❣❤ts✳ ❚✇♦ ❛♣♣❧✐❝❛t✐♦♥ ❞❡♣❧♦②♠❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t s♦✉r❝❡s ❛♥❞ t❛s❦
❝❤❛r❛❝t❡r✐st✐❝s✳

❜❛♥❞✇✐❞t❤ ❜❡t✇❡❡♥ Pi ❛♥❞ Pj ✳ ❲❡ ❛ss✉♠❡ ❛ ❧✐♥❡❛r✲❝♦st ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞
❝♦♠♣✉t❛t✐♦♥ ♠♦❞❡❧✳ ❍❡♥❝❡ ✐t t❛❦❡s X/Bi,j t✐♠❡ ✉♥✐ts t♦ s❡♥❞ ❛ ♠❡ss❛❣❡ ♦❢ s✐③❡
X ❢r♦♠ Pi t♦ Pj ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ✐❣♥♦r❡ ♣r♦❝❡ss♦r✲t❛s❦ ❛✣♥✐t✐❡s❀ ✐♥✲
st❡❛❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤❡ ♥✉♠❜❡r ♦❢ ✢♦❛t✐♥❣✲♣♦✐♥t ♦♣❡r❛t✐♦♥s ♣❡r s❡❝♦♥❞
✭Wu ❢♦r ♣r♦❝❡ss♦r Pu✮ ❞❡t❡r♠✐♥❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❡①❡❝✉t✐♦♥ s♣❡❡❞✳ ❍♦✇❡✈❡r✱
t❛❦✐♥❣ s✉❝❤ ❛✣♥✐t✐❡s ✐♥t♦ ❛❝❝♦✉♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥② ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞
✐♥ t❤✐s ❛rt✐❝❧❡✶✳

❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ Wi ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳ ❋♦r ❛♥② i✱ Wi = 0
♠❡❛♥s t❤❛t Pi ❤❛s ♥♦ ❝♦♠♣✉t✐♥❣ ♣♦✇❡r ❜✉t ②❡t✱ ❝❛♥ ❢♦r✇❛r❞ ❞❛t❛ t♦ ♦t❤❡r
♣r♦❝❡ss♦rs✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ Bi,j ❛r❡ ♣♦s✐t✐✈❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ✭♦r
❡q✉❛❧ t♦ 0 ✐❢ t❤❡r❡ ✐s ♥♦ ❧✐♥❦ ❜❡t✇❡❡♥ Pi ❛♥❞ Pj✮✳

❚❤❡ ♦♣❡r❛t✐♦♥ ♠♦❞❡ ♦❢ t❤❡ ♣r♦❝❡ss♦rs ✐s t❤❡ ❢✉❧❧ ♦✈❡r❧❛♣✱ ♠✉❧t✐✲♣♦rt ♠♦❞❡❧ ❢♦r
❜♦t❤ ✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❛ ♣r♦❝❡ss♦r ♥♦❞❡
❝❛♥ s✐♠✉❧t❛♥❡♦✉s❧② r❡❝❡✐✈❡ ❞❛t❛ ❢r♦♠ ❛❧❧ ❤✐s ♥❡✐❣❤❜♦rs✱ ♣❡r❢♦r♠ s♦♠❡ ✭✐♥❞❡♣❡♥✲
❞❡♥t✮ ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ s❡♥❞ ❞❛t❛ t♦ ❛❧❧ ✐ts ♥❡✐❣❤❜♦rs ❛t ❛r❜✐tr❛r② r❛t❡ ✇❤✐❧❡
r❡s♣❡❝t✐♥❣ t❤❡ r❡s♦✉r❝❡ ❝♦♥str❛✐♥ts ✭✐✳❡✳✱ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ ♣r♦❝❡ss✐♥❣ s♣❡❡❞
❜♦✉♥❞s✮✳ ◆♦t❡ t❤❛t t❤✐s ❢r❛♠❡✇♦r❦ ❛❧s♦ ❝♦♠♣r✐s❡s t❤❡ ❜♦✉♥❞❡❞ ♠✉❧t✐✲♣♦rt ❡①✲
t❡♥s✐♦♥ ❬✷✶❪ ✇❤❡r❡ ❡❛❝❤ ♥♦❞❡ ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ s♣❡❝✐✜❝ ❜❛♥❞✇✐❞t❤ ❜♦✉♥❞✳ ❚❤✐s
❡①t❡♥s✐♦♥ s✐♠♣❧② ❛♠♦✉♥ts t♦ s❧✐❣❤t❧② ❝❤❛♥❣❡ t❤❡ ❣r❛♣❤✳ ❍♦✇❡✈❡r✱ ♥♦ s♣❡❝✐✜❝ ❛s✲
s✉♠♣t✐♦♥ ✐s ♠❛❞❡ ♦♥ t❤❡ ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ❣r❛♣❤✱ ✇❤✐❝❤ ♠❛② ✇❡❧❧ ✐♥❝❧✉❞❡ ❝②❝❧❡s
❛♥❞ ♠✉❧t✐♣❧❡ ♣❛t❤s✳

✸✳✷ ❆♣♣❧✐❝❛t✐♦♥ ▼♦❞❡❧

❲❡ ❝♦♥s✐❞❡r K ❛♣♣❧✐❝❛t✐♦♥s✱ Ak✱ 1 6 k 6 K✳ ❊❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦r✐❣✐♥❛t❡s ❢r♦♠
❛ ♠❛st❡r ♥♦❞❡ Pm(k) t❤❛t ✐♥✐t✐❛❧❧② ❤♦❧❞s ❛❧❧ t❤❡ ✐♥♣✉t ❞❛t❛ ♥❡❝❡ss❛r② ❢♦r ❡❛❝❤
❛♣♣❧✐❝❛t✐♦♥ Ak ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❊❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✈❡r② ❧❛r❣❡ s❡t
♦❢ ✐♥❞❡♣❡♥❞❡♥t✱ ❡q✉❛❧✲s✐③❡❞ t❛s❦s✳ ❲❡ ❝❛♥ t❤✐♥❦ ♦❢ ❡❛❝❤ Ak ❛s ❛ ❜❛❣ ♦❢ t❛s❦s✱

✶■t s✐♠♣❧② ❛♠♦✉♥ts t♦ r❡♣❧❛❝❡ t❤❡ ❧❛tt❡r✲t♦✲❜❡✲❞❡✜♥❡❞ ❛♣♣❧✐❝❛t✐♦♥✲s♣❡❝✐✜❝ q✉❛♥t✐t✐❡s wk ❜②
wn,k✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✶

✇❤❡r❡ t❤❡ t❛s❦s ❛r❡ ✜❧❡s t❤❛t r❡q✉✐r❡ s♦♠❡ ♣r♦❝❡ss✐♥❣✳ ❆ t❛s❦ ♦❢ ❛♣♣❧✐❝❛t✐♦♥
Ak ✐s ❝❛❧❧❡❞ ❛ t❛s❦ ♦❢ t②♣❡ k ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st wk ✭❛
♥✉♠❜❡r ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✮ ❛♥❞ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st bk ✭✐♥ ❜②t❡s✮ ❢♦r
t❤❡ ❛ss♦❝✐❛t❡❞ ✜❧❡s✳ ❋♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦♥❧② ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ r❡q✉✐r❡❞ ✐s ♦✉t✇❛r❞s ❢r♦♠ t❤❡ ♠❛st❡r ♥♦❞❡s✱ ✐✳❡✳✱ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢
❞❛t❛ r❡t✉r♥❡❞ ❜② t❤❡ ✇♦r❦❡r ✐s ♥❡❣❧✐❣✐❜❧❡✳ ❈♦♥s✐❞❡r✐♥❣ ✐♥✇❛r❞ ❞❛t❛ ✇♦✉❧❞ ✐♥✲
❝✉r ♦♥❧② ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ r❡♠❛✐♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞ ❛❧❣♦r✐t❤♠s✳ ❲❡
❢✉rt❤❡r ❛ss✉♠❡ t❤❛t ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ Ak ✐s ❞❡♣❧♦②❡❞ ♦♥ t❤❡ ♣❧❛t❢♦r♠ ❛s ❛ tr❡❡✳
❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s r❡❛s♦♥❛❜❧❡ ❛s t❤✐s ❦✐♥❞ ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ❞❡♣❧♦②♠❡♥t ✐s ✉s❡❞
❜② ♠❛♥② ❣r✐❞ s❡r✈✐❝❡s ❬✷✷❪✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ k ✉s❡s ♥♦❞❡ Pn✱ ❛❧❧ ✐ts
❞❛t❛ ✇✐❧❧ ✉s❡ ❛ s✐♥❣❧❡ ♣❛t❤ ❢r♦♠ Pm(k) t♦ Pn ❞❡♥♦t❡❞ ❜② (Pm(k) ❀ Pn)✳ ■❢ ♥♦
s✉❝❤ ♣❛t❤ ❡①✐sts ♦r ✐❢ ❛♣♣❧✐❝❛t✐♦♥ k ❝❛♥♥♦t ❛❝❝❡ss ♥♦❞❡ n ✭❡✳❣✳✱ ❢♦r ❛❞♠✐♥✐str❛t✐✈❡
r❡❛s♦♥s✮✱ t❤❡♥ (Pm(k) ❀ Pn) ✐s ❡♠♣t②✳ ❲❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ s✐♥❣❧❡
✇❛② t♦ ❣♦ ❢r♦♠ ❛ ❧♦❝❛t✐♦♥ t♦ ❛♥♦t❤❡r ✭✇❤✐❝❤ ❣❡♥❡r❛❧❧② ❞♦❡s ♥♦t ❤♦❧❞ tr✉❡ ✐♥
❛ ❣r✐❞ ❡♥✈✐r♦♥♠❡♥t✮✳ ❲❡ r❛t❤❡r ❛ss✉♠❡ t❤❛t ✐❢ s❡✈❡r❛❧ ✇❛②s ❡①✐st✱ ♦♥❧② ♦♥❡ ✐s
❛❝t✉❛❧❧② ✉s❡❞✳

✸✳✸ ❙t❡❛❞②✲❙t❛t❡ ❙❝❤❡❞✉❧✐♥❣ ❛♥❞ ❋❛✐r♥❡ss

❆s ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ❤❛s ❛♥ ✉♥❧✐♠✐t❡❞ s✉♣♣❧② ♦❢ t❛s❦s✱ ✐t s❤♦✉❧❞ ❛✐♠ ❛t ♠❛①✐✲
♠✐③✐♥❣ ✐ts ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♣r♦❝❡ss❡❞ ♣❡r t✐♠❡✲✉♥✐t ✭t❤❡ t❤r♦✉❣❤♣✉t✮✳ ■♥
t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❞❡♥♦t❡ ❜② ̺n,k t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ t❛s❦s ♦❢ t②♣❡ k ❡①❡❝✉t❡❞
❜② Pn ♣❡r t✐♠❡ ✉♥✐t✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ ✐♥ ❬✷❪ t❤❛t ❢❡❛s✐❜❧❡ st❡❛❞②✲st❛t❡ r❛t❡s
✭✐✳❡✳✱ ❢❡❛s✐❜❧❡ ̺n,k✬s✮ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ❡✣❝✐❡♥t ❛✉t♦♥♦♠♦✉s ❛♥❞ ❞②♥❛♠✐❝
s❝❤❡❞✉❧❡s✳ ❚❤❛t ✐s ✇❤② ✐♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♦♥❧② ❢♦❝✉s ♦♥ ❞❡t❡r♠✐♥✐♥❣ s✉❝❤ r❛t❡s
✐♥ ❛ ❢✉❧❧② ❞❡❝❡♥tr❛❧✐③❡❞ ✇❛②✳

❲❡ ❞❡♥♦t❡ ❜② ̺k t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ❛♣♣❧✐❝❛t✐♦♥ k ❛t t❤❡ st❡❛❞② st❛t❡✿ ̺k =∑
n∈N ̺n,k✳ ■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ❢♦❝✉s ♦♥ ♣r♦♣♦rt✐♦♥❛❧ ❢❛✐r♥❡ss ✭✐✳❡✳✱ Uk = log✮

❛s t❤✐s ♠❡❛s✉r❡ ✐s s❝❛❧❡✲❢r❡❡✷ ❜✉t t❤❡ ❛❧❣♦r✐t❤♠s ✇❡ ♣r❡s❡♥t ❝❛♥ ❜❡ str❛✐❣❤t✲
❢♦r✇❛r❞❧② ❛❞❛♣t❡❞ t♦ α✲❢❛✐r♥❡ss✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r ♦t❤❡r t②♣❡s ♦❢ ❢❛✐r♥❡ss✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❛✐♠ ❛t ✜♥❞✐♥❣ (̺n,k)16k6K,16n6N t❤❛t s♦❧✈❡

max
∑

k Uk(̺k)



✭✶✵❛✮ ̺k =
∑

n

̺n,k ✭✶✵❜✮ ∀n,
∑

k

̺n,kwk 6 Wn

✭✶✵❝✮ ∀(Pi → Pj),
∑

k

∑

n s✉❝❤ t❤❛t
(Pi→Pj)∈(Pm(k)❀Pn)

̺n,kbk 6 Bi,j

✭✶✵✮

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✭✶✵❛✮ ✐s ♦♥❧② ✐♥tr♦❞✉❝❡❞ ❢♦r ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥s✳ ❈♦♥str❛✐♥t ✭✶✵❜✮
st❛t❡s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ ♣r♦❝❡ss♦r n ❝❛♥♥♦t ❜❡ ❡①❝❡❡❞❡❞✳ ❙✐♠✐✲
❧❛r❧②✱ ❝♦♥str❛✐♥t ✭✶✵❝✮ st❛t❡s t❤❛t t❤❡ ♥❡t✇♦r❦ ❝❛♣❛❝✐t② ♦❢ ❧✐♥❦ (Pi → Pj) ❝❛♥♥♦t
❜❡ ❡①❝❡❡❞❡❞✳

❚❤✐s ❢r❛♠❡✇♦r❦ ✐s ✈❡r② ❣❡♥❡r❛❧ ❛s ✐t ❞♦❡s r❡❧② ♥❡✐t❤❡r ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥
t❤❛t ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥ ♥♦r t❤❛t ❛❧❧ ♣r♦❝❡ss♦rs ❛r❡
❛✈❛✐❧❛❜❧❡ t♦ ❛❧❧ ❛♣♣❧✐❝❛t✐♦♥s ✭s✉❝❤ r❡str✐❝t✐♦♥s ❝❛♥ s❡❛♠❧❡ss❧② ❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✮✳

✷■t ✐s ✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ✉♥✐ts ✐♥ ✇❤✐❝❤ t❤r♦✉❣❤♣✉t ✐s ❡①♣r❡ss❡❞✳ ■❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❡r❡
t♦ ❣r♦✉♣ ✐♥t♦ t❛s❦s t✇✐❝❡ ❛s ❜✐❣✱ t❤❡ s❛♠❡ r❡s♦✉r❝❡ s❤❛r❡ ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ t✇✐❝❡ s♠❛❧❧❡r
t❤r♦✉❣❤♣✉t✳ ❙✉❝❤ s❝❛❧❡✲❢r❡❡ ♣r♦♣❡rt② ✐s ❤✐❣❤❧② ❞❡s✐r❛❜❧❡ ✐♥ ♦✉r ❝♦♥t❡①t s✐♥❝❡ t❤r♦✉❣❤♣✉t ✐s
❡①♣r❡ss❡❞ ✐♥ t❛s❦s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ k ♣❡r t✐♠❡✲✉♥✐t✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✷

✹ ❉❡❝❡♥tr❛❧✐③❡❞ ❙❝❤❡❞✉❧✐♥❣ ♦❢ ❇♦❚ ❆♣♣❧✐❝❛t✐♦♥s

❚❤❡ ♦♣t✐♠❛❧ ❇♦❚ ❛♣♣❧✐❝❛t✐♦♥ s❝❤❡❞✉❧✐♥❣ ♦♥ ❣r✐❞✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ✐s
✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦♣t✐♠❛❧ ✢♦✇ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ ♠✉❧t✐✲♣❛t❤ r♦✉t✐♥❣ ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ ▲❛❣r❛♥❣✐❛♥ ❜❛s❡❞ t❡❝❤♥✐q✉❡✳

❈♦♠♣✉t✐♥❣ P❛rt✐❛❧ ❉❡r✐✈❛t✐✈❡s ❆♣♣❧②✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞♦❧♦❣② t♦
t❤✐s ❝♦♥t❡①t ❧❡❛❞s t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞✉❛❧ ✈❛r✐❛❜❧❡s ❢♦r ❜♦t❤ ❝♦♠♣✉t✐♥❣
r❡s♦✉r❝❡s ✭λi ❢♦r Pi✮ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s ✭µi,j ❢♦r (Pi → Pj)✮✳ ❆❣❛✐♥✱
t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝✿





̺n,k(t+ 1) = ̺n,k(t) + γ̺ ·
∂L

∂̺n,k
(̺(t), ˜̺(t), λ(t), µ(t))

˜̺n,k(t+ 1) = ˜̺n,k(t) + γ˜̺ ·
∂L

∂ ˜̺n,k
(̺(t), ˜̺(t), λ(t), µ(t))

λi(t+ 1) = λi(t)− γλ ·
∂L

∂λi

(̺(t), ˜̺(t), λ(t), µ(t))

µi,j(t+ 1) = µi,j − γλ ·
∂L

∂µi,j

(̺(t), ˜̺(t), λ(t), µ(t))

✭✶✶✮

❊①♣❛♥❞✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❢♦r ̺n,k✱ ✇❡ ❣❡t✿

∂L

∂̺n,k
= U ′

k(̺k(t))−
(
bk ·

∑

(Pi → Pj) ❢r♦♠
♠✭❦✮ t♦ Pn

µi,j(t) + wk · λn(t)

︸ ︷︷ ︸
pn
k (t)✿ ❛❣❣r❡❣❛t❡ ♣r✐❝❡ t♦ ✉s❡ Pn

)
✭✶✷✮

❆s ❡①♣❡❝t❡❞✱ t❤❡ ❛❣❣r❡❣❛t❡ ♣r✐❝❡ t♦ ✉s❡ Pn ❛❝❝♦✉♥ts ❢♦r ❜♦t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥
❧✐♥❦ ✉s❛❣❡ ✭t❤❡ µi,j✮ ❛♥❞ ❈P❯ ✉s❛❣❡ ✭t❤❡ λn✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ✉s❛❣❡ ✐s
✇❡✐❣❤t❡❞ ❜② ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭bk✮ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ✭wk✮ r❡q✉✐r❡♠❡♥ts ♦❢ ❛♣✲
♣❧✐❝❛t✐♦♥ k✳ ❆❣❛✐♥✱ ✉♣❞❛t✐♥❣ ̺n,k r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ̺k✱ ✇❤✐❝❤ ✐s t❤❡
❛❣❣r❡❣❛t❡ t❤r♦✉❣❤♣✉t ♦❢ ❛♣♣❧✐❝❛t✐♦♥ k✳

❊①♣❛♥❞✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ ♦t❤❡r ✈❛r✐❛❜❧❡s ✐s str❛✐❣❤t❢♦r✲
✇❛r❞ ❛♥❞ ❞♦❡s ♥♦t ❜r✐♥❣ ♣❛rt✐❝✉❧❛r ✐♥s✐❣❤t s♦ ✇❡ ❞♦ ♥♦t ❞❡t❛✐❧ t❤❡♠ ❤❡r❡✳ ❚❤❡②
❧❡❛❞ t♦ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❛♥❛❧♦❣♦✉s t♦ ❊q✉❛t✐♦♥ ✭✻✮✿ ❛s s♦♦♥ ❛s t❤❡ ❝❛♣❛❝✐t② ♦❢
❛ r❡s♦✉r❝❡ ✐s ❡①❝❡❡❞❡❞✱ ✐ts ♣r✐❝❡ ✐♥❝r❡❛s❡s ❛♥❞ ✈✐❝❡✲✈❡rs❛✳

❉✐str✐❜✉t❡❞ ❆❧❣♦r✐t❤♠ ❉❡s✐❣♥ ■♥ ❣r✐❞s✱ t❤❡ ♠❛st❡r✲✇♦r❦❡r ♣❛✐rs ❛r❡ ❛♥❛❧✲
♦❣♦✉s t♦ r♦✉t❡s ✐♥ t❤❡ ✢♦✇ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❛♥❛❧♦❣♦✉s t♦
❝♦♥♥❡❝t✐♦♥s✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ✢♦✇ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ t❤❡r❡ ✐s t❤✉s ❛ ❤✉❣❡ ♥✉♠❜❡r
♦❢ ✏r♦✉t❡s✑ ❛♥❞ ❛ ✈❡r② ❢❡✇ ✏s♦✉r❝❡s✳✑✱ ✇❤✐❝❤ ♠❛② ❤❛✈❡ s♦♠❡ ✐♠♣♦rt❛♥t ✐♠♣❛❝t
♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳

▲❛st✱ ❛ s✉❜s❡q✉❡♥t ❞✐✛❡r❡♥❝❡ ❧✐❡s ✐♥ t❤❡ ❞❡❝✐s✐♦♥ ♣♦✐♥ts✳ ❲❤✐❧❡ ✐♥ ♥❡t✇♦r❦✐♥❣
❝♦♥t❡①t✱ s♦✉r❝❡s ❛❞❛♣t ❛♥❞ ❝❤♦♦s❡ t❤❡✐r tr❛♥s♠✐ss✐♦♥ r❛t❡✱ ✐♥ ❣r✐❞s✱ ✇❡ ✇♦✉❧❞
❧✐❦❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♥♦❞❡s ✭❜❡t✇❡❡♥ ❛ ♠❛st❡r ❛♥❞ ❡❛❝❤ ♦❢ ✐ts ✇♦r❦❡r✮ t♦ ❛❞✲
❥✉st t❤❡ r❛t❡s✱ s♦ ❛s t♦ ♣r❡✈❡♥t ♦✈❡r❧♦❛❞✐♥❣ t❤❡ ♠❛st❡r✳ ❍❡♥❝❡ t❤❡ ♣r♦t♦t②♣❡
✏s♦✉r❝❡✑ ❛❧❣♦r✐t❤♠ ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❬✷✸❪ ✇❛s ❜❛s❡❞ ♦♥ ❛ ❞❡❝❡♥tr❛❧✐③❡❞ ❛❣❣r❡❣❛t✐♦♥
♦❢ ✈❛r✐♦✉s q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤ ✇❡ ❞❡t❛✐❧ ❤❡r❡✳

❯s✐♥❣ t❤✐s ♣❛rt✐❝✉❧❛r str✉❝t✉r❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ✐♠♣❧❡♠❡♥t t❤✐s ❞②♥❛♠✐❝ ✉s✐♥❣
❝❧❛ss✐❝❛❧ tr❛✈❡rs❛❧ ❛❧❣♦r✐t❤♠s ❬✷✹❪ ✐♥✐t✐❛t❡❞ ❜② t❤❡ ♠❛st❡r ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥✿

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✸

❼ ❊❛❝❤ ♥♦❞❡ Pn ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ♣r✐♠❛❧ ✈❛r✐❛❜❧❡s ̺n,k ❛♥❞ ˜̺n,k✱ ✇❤✐❧❡ t❤❡
♠❛st❡r ♥♦❞❡s ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❛❣❣r❡❣❛t✐♦♥ ̺k ♦❢ t❤❡ ̺n,k✳ ❊❛❝❤
r❡s♦✉r❝❡ ✭❈P❯ ♦r ❧✐♥❦✮ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ✐ts ❞✉❛❧ ✈❛r✐❛❜❧❡ ✭λn ♦r µi,j✮✳

❼ ❊❛❝❤ r♦♦t ♣r♦♣❛❣❛t❡s ✐ts ❛❣❣r❡❣❛t❡ t❤r♦✉❣❤♣✉t ̺k ❛❧♦♥❣ t❤❡ tr❡❡✳ ❉✉r✐♥❣
t❤❡ ♣r♦♣❛❣❛t✐♦♥✱ t❤❡ ❛❣❣r❡❣❛t❡ ♣r✐❝❡ ❢♦r s❡♥❞✐♥❣ ❞❛t❛ ❢r♦♠ t❤❡ ♠❛st❡r ✐s
❝♦♠♣✉t❡❞✳ ❚❤❡r❡❢♦r❡✱ ✉♣♦♥ r❡❝❡♣t✐♦♥✱ ❡❛❝❤ ♥♦❞❡ ❤❛s ❛❧❧ r❡q✉✐r❡❞ ✐♥❢♦r♠❛✲
t✐♦♥ t♦ ✉♣❞❛t❡ ✐ts ❝♦♥tr✐❜✉t✐♦♥ ̺n,k t♦ ❛♣♣❧✐❝❛t✐♦♥ k✳ ❯♣♦♥ r❡❝❡♣t✐♦♥✱ t❤❡
❧❡❛✈❡s ♦❢ t❤❡ tr❡❡ s❡♥❞ ❜❛❝❦ t❤❡✐r ̺n,k ✉♣✲tr❡❡✱ ✇❤✐❝❤ ❛r❡ ✐♥ t✉r♥ ❛❣❣r❡❣❛t❡❞
✉♣ t♦ t❤❡ ♠❛st❡r✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ♦❢ ❬✶✾❪✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ❛♥② ❣❧♦❜❛❧
✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s t❤❡ ♥✉♠❜❡r ♦r t❤❡ ❦✐♥❞ ♦❢ ♥♦❞❡s t❤❛t ❛r❡ ✐♥ t❤❡ ❣r✐❞✳ ◆♦❞❡s
♦♥❧② ♥❡❡❞ t♦ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ t❤❡✐r ♥❡✐❣❤❜♦rs ❛♥❞ t♦ ✉♣❞❛t❡ t❤❡ ❢❡✇ ✈❛r✐❛❜❧❡s
t❤❡② ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r✳ ❚❤❡ ✇❛✈❡ ❛❧❣♦r✐t❤♠s s❡❛♠❧❡ss❧② ❛❣❣r❡❣❛t❡ ❛❧❧ r❡q✉✐r❡❞
q✉❛♥t✐t✐❡s ✇✐t❤ ♥♦ ❞✐r❡❝t ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ♦♥❧② r❡q✉✐r❡s ✈❡r② s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s
❛♥❞ s♠❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ▲❛st✱ t❤✐s ❛❧❣♦r✐t❤♠ s❡❛♠❧❡ss❧② ❛❞❛♣ts t♦ ✈❛r✐❛t✐♦♥s
♦❢ Wi ♦❢ Bi,j ❛♥❞ t♦ t❤❡ ❛rr✐✈❛❧ ♦r ❞❡♣❛rt✉r❡ ♦❢ ♥❡✇ ♥♦❞❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳

❈♦♥✈❡r❣❡♥❝❡ ■ss✉❡s ❚❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♦♣t✐♠❛❧ s♦❧✉✲
t✐♦♥ ✇❤❡♥ ♣r♦✈✐❞❡❞ ✇✐t❤ ❛♥ ❛❞❡q✉❛t❡ ❝❤♦✐❝❡ ♦❢ γλ✱γµ✱γ̺✱ ❛♥❞ γ˜̺✱ ❛ r❡❝✉rr❡♥t
♣r♦❜❧❡♠ ✐♥ ❣r❛❞✐❡♥t ❜❛s❡❞ ❛❧❣♦r✐t❤♠s✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ r❡s✉❧ts ❜② ▲✐♥ ❛♥❞
❙❝❤r♦✛ ❬✷✵❪ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❛♥② ✐♥s✐❣❤t ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞✱ ❝♦♥❞✐t✐♦♥ ✭✾✮
✐♠♣❧✐❡s t❤❛t t❤❡ st❡♣✲s✐③❡ s❤♦✉❧❞ ❜❡ ♠✉❝❤ s♠❛❧❧❡r ✐♥ t❤❡ st❡❛❞②✲st❛t❡ s❝❤❡❞✉❧✐♥❣
❝♦♥t❡①t t❤❛♥ ✐♥ t❤❡ ♠✉❧t✐✲♣❛t❤ ✢♦✇✲❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ✢♦✇✲❝♦♥tr♦❧
♣r♦❜❧❡♠✱ t❤❡ ✈❡❝t♦r E ✐s ❛ 0−1 ✈❡❝t♦r ✇❤❡r❡❛s ✐♥ ♦✉r ❝♦♥t❡①t✱ ✐ts ✈❛❧✉❡s ❛r❡ t❤❡
wk ❛♥❞ t❤❡ bk✱ t❤❛t ❛r❡ ♠✉❝❤ ❧❛r❣❡r✳ ❚❤❡ st❡♣✲s✐③❡ s❤♦✉❧❞ ❜❡ ❛t ❧❡❛st ✐♥✈❡rs❡❧②
♣r♦♣♦rt✐♦♥❛❧ t♦ M · L✱ ✇❤❡r❡

L = maxk
(
bk.
(
maxn |(Pm(k) ❀ Pn)|

)
+ wk

)
❛♥❞

M=max

(∑
k wk, max

(Pi→Pj)

∑
k

∑
n s✉❝❤ t❤❛t

(Pi→Pj)∈(Pm(k)❀Pn)
bk

)
✳

◆♦✇✱ ❛❧t❤♦✉❣❤ M ❛♥❞ S ❤❛✈❡ ❧❡ss ♦❜✈✐♦✉s ✐♥t❡r♣r❡t❛t✐♦♥✱ ♦♥❡ s❡❡s t❤❛t t❤❡②
❛❝❝♦✉♥t ❢♦r bk ❛♥❞ wk ❛♥❞ t❤❛t st❡♣ s✐③❡s s❤♦✉❧❞ t❤✉s ❜❡ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧✱
✇❤✐❝❤ ♠❛② ✐♠♣❛❝t ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞✳

❆s ✇❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ❛❧t❤♦✉❣❤ ✈❡r② ♣r♦♠✐s✐♥❣✱ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s
♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛r❡ r❛t❤❡r ❧✐♠✐t❡❞✳ ❖✉r ✐♥✐t✐❛❧
❡✈❛❧✉❛t✐♦♥ ✐♥ ❬✷✸❪✱ ❛❧t❤♦✉❣❤ ❧✐♠✐t❡❞ r❡✈❡❛❧❡❞ t❤❛t ❡✈❡♥ ✐♥ ✈❡r② s✐♠♣❧❡ s❡tt✐♥❣s✱
✜♥❞✐♥❣ s❛t✐s❢❛❝t♦r② st❡♣✲s✐③❡s s❡❡♠❡❞ s♦♠❡t✐♠❡s ✐♠♣♦ss✐❜❧❡ ❛♥❞ t❤❛t ♥♦♥ tr✐✈✐❛❧
❛❞❛♣t❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✶✷✮ ✇❡r❡ r❡q✉✐r❡❞✳ ❚❤✐s ✐s ✇❤② ✇❡ ❞❡✈♦t❡ t❤❡ r❡st ♦❢
t❤✐s ❛rt✐❝❧❡ t♦ ❞❡♠♦♥str❛t❡ t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t② ✐s t❤❡ s♦✉r❝❡ ♦❢ t❤❡
❞✐✣❝✉❧t②✱ t♦ ❡①♣❧❛✐♥ ❤♦✇ st❡♣✲s✐③❡s s❤♦✉❧❞ ❜❡ t✉♥❡❞ ❛♥❞ ❤♦✇ ✉♣❞❛t❡s s❤♦✉❧❞ ❜❡
♣❡r❢♦r♠❡❞ t♦ ❜❡ ❡✛❡❝t✐✈❡ ✐♥ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ s❝❡♥❛r✐♦s✳

✺ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ◆❛✐✈❡ ❆❧❣♦r✐t❤♠

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ✇❤❡♥ ✉s✐♥❣
❡①❛❝t❧② ❊q✉❛t✐♦♥ ✭✶✶✮✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛❧❣♦r✐t❤♠ t❤❡ ✏♥❛✐✈❡ ❛❧❣♦r✐t❤♠✑ ❛s ✐t ✐s ❛

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✹

◆♦❞❡s

▲✐♥❦s

❋✐❣✉r❡ ✹✿ ❙❛♠♣❧❡ ♣❧❛t❢♦r♠ ✇✐t❤ N = 20 ♥♦❞❡s ❛♥❞ ♠❛①✐♠✉♠ ❞❡❣r❡❡ dmax = 5✳
❚❤❡ ❛r❡❛ ♦❢ sq✉❛r❡s ✭r❡s♣✳ ❞✐❛♠♦♥❞s✮ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡
♥♦❞❡s ✭r❡s♣✳ ❧✐♥❦s✮✳

str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❬✶✾❪✳ ❲❡ ❡✈❛❧✉❛t❡ ♦✉r ❛❧❣♦r✐t❤♠ ✉s✐♥❣ t❤❡ ❙✐♠✲
●r✐❞ s✐♠✉❧❛t✐♦♥ t♦♦❧❦✐t ❬✷✺❪✳ ❆❧❧ ♦✉r ❝♦❞❡s✱ s❝r✐♣ts ❛♥❞ ❡①♣❡r✐♠❡♥t r❡s✉❧ts ❛r❡
❛✈❛✐❧❛❜❧❡ ❛t ❤tt♣✿✴✴♠❡s❝❛❧✳✐♠❛❣✳❢r✴♠❡♠❜r❡s✴❛r♥❛✉❞✳❧❡❣r❛♥❞✴❞✐st❧❛❴✷✵✶✷✴✳

✺✳✶ P❧❛t❢♦r♠ ●❡♥❡r❛t✐♦♥

❚❤❡ ♣❧❛t❢♦r♠s ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❛r❡ r❛♥❞♦♠ tr❡❡s ❞❡s❝r✐❜❡❞ ❜② t✇♦
♣❛r❛♠❡t❡rs✿ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s n ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ♥♦❞❡
dmax✳ ❚❤❡ ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦ t♦♣♦❧♦❣✐❡s ❛r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ ❛ ❜r❡❛❞t❤✲
✜rst ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ✇✐❞❡r ✭r❛t❤❡r t❤❛♥ ❞❡❡♣ ❛♥❞ ♥❛rr♦✇✮ tr❡❡s✳
❋✐❣✉r❡ ✹ s❤♦✇s ❛ s❛♠♣❧❡ ♣❧❛t❢♦r♠ ✇✐t❤ ✷✵ ♥♦❞❡s ❛♥❞ ❛ ♠❛①✐♠✉♠ ♥♦❞❡ ❞❡❣r❡❡
♦❢ ✺✳ ❈♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞s ❛r❡ ✉♥✐❢♦r♠❧② ❝❤♦s❡♥ ✐♥ t❤❡ r❛♥❣❡ [2, 10]GFLOP/s✱
✇❤✐❧❡ ❧✐♥❦ ❝❛♣❛❝✐t② ✐s ❝❤♦s❡♥ ✐♥ t❤❡ r❛♥❣❡ ✶✶✵ kB/s ✕ ✼MB/s✳

✺✳✷ ❆♣♣❧✐❝❛t✐♦♥s

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♦✉r ❞✐str✐❜✉t❡❞ s❝❤❡❞✉❧✐♥❣ ❛❧❣♦r✐t❤♠✱ ✇❡ ✉s❡
t❤r❡❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ t♦ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s t♦ ❛❧❧♦❝❛t❡
r❡s♦✉r❝❡s ❡✣❝✐❡♥t❧② ❛♥❞ ❢❛✐r❧②✳ ❆s st❛t❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛r❡❢✉❧❧② ❞❡s✐❣♥❡❞ t❤❡ ❛❧✲
❣♦r✐t❤♠ t♦ ❝♦♣❡ ✇✐t❤ ♥❡t✇♦r❦✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✉s✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦
❞❡✜♥❡ ❛♣♣❧✐❝❛t✐♦♥ t②♣❡s t❤❛t ❡①❤✐❜✐t ❞✐✛❡r❡♥t ❈❈❘s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ t②♣❡s
♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts✿

❆ ❈P❯✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥ ❊❛❝❤ t❛s❦ ♣❡r❢♦r♠s ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦
sq✉❛r❡❞ ♠❛tr✐❝❡s ♦❢ s✐③❡ t = 3500✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ t❛s❦s ❛r❡ ❤❡♥❝❡ b1 = 8×2×t2 =
196MB✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ r❡q✉✐r❡❞ ✐s r♦✉❣❤❧② w1 = t3 = 42,875MFLOP✳
❚❤❡♥✱ ✐ts ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦ ❝♦♠♣✉t❛t✐♦♥ r❛t✐♦ ✭❈❈❘✮ ✐s c1 = b1/w1 = 4.57 ·
10−3✳
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▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✺

❆ ♥❡t✇♦r❦✲❜♦✉♥❞ ❛♣♣❧✐❝❛t✐♦♥ ❚❤❡ t❛s❦s ♦❢ t❤❛t ❛♣♣❧✐❝❛t✐♦♥ ✐♠♣❧❡♠❡♥t t❤❡
❛❞❞✐t✐♦♥ ♦❢ t✇♦ sq✉❛r❡❞ ♠❛tr✐❝❡s ♦❢ s✐③❡ t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s✐③❡ ♦❢ ❡❛❝❤ t❛s❦ ✐s
b2 = 196MB ❛♥❞ t❤❡✐r ♣r♦❝❡ss✐♥❣ r❡q✉✐r❡♠❡♥ts ❛r❡ w2 = t2 = 12.25MFLOP✳
❚❤✐s r❡s✉❧ts ✐♥ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❈❈❘ ♦❢ c2 = b2/w2 = 16✳

❆♥ ✐♥t❡r♠❡❞✐❛t❡ ❛♣♣❧✐❝❛t✐♦♥ ❆ t❛s❦ ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ s♦rts ❛ ✈❡❝t♦r ♦❢
t′ = 1,000,000 ❞♦✉❜❧❡ ❡❧❡♠❡♥ts ✭✽ ❜②t❡s✮✳ ❍❡♥❝❡✱ ❛❧❧ t❛s❦s ❛r❡ ♦❢ s✐③❡ b3 = 8MB
❛♥❞ t❤❡✐r ♣r♦❝❡ss✐♥❣ r❡q✉✐r❡♠❡♥ts ❛r❡ w3 = t′ · log(t′) = 13.81MFLOP✳ ❚❤❡
❈❈❘ ♦❢ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ✐s c3 = 0.58✳

◆♦t❡ t❤❛t t❤❡ ❈❈❘ ♦❢ s✉❝❤ ❛♣♣❧✐❝❛t✐♦♥s ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ❢♦r t❤♦s❡ ✇❤✐❝❤
❛r❡ t②♣✐❝❛❧❧② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❇❖■◆❈ ♣r♦❥❡❝ts ❬✸❪✳ ❚❤❡② ❛r❡ t❤❡r❡❢♦r❡ ♠♦r❡ ❞✐✣✲
❝✉❧t t♦ s❝❤❡❞✉❧❡✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♠❛st❡r ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝❤♦s❡♥
r❛♥❞♦♠❧②✱ ❜✉t ♥♦ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❡♠✐tt❡❞ ❢r♦♠ t❤❡ s❛♠❡ ❤♦st✳ ❆❧t❤♦✉❣❤
t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥ ♦❢ b ❛♥❞ w ✐s ✈❡r② ❝r✉❞❡ ❛♥❞ q✉✐t❡ ✉♥r❡❛❧✐st✐❝ ❢♦r t❤❡
❛❢♦r❡♠❡♥t✐♦♥❡❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ❡♥❛❜❧❡s t♦ s♣❛♥ ❛ r❛t❤❡r ❞✐✣❝✉❧t s❡t ♦❢ s❝❡♥❛r✐♦✳

✺✳✸ ❱❛❧✐❞❛t✐♥❣ ❘❡s✉❧ts

❉❡t❡r♠✐♥✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ✐s ❣❡♥❡r❛❧❧② ♥♦t ❡❛s②✳ ❋♦rt✉✲
♥❛t❡❧②✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ ❢❛✐r ❛❧❧♦❝❛t✐♦♥ ♦❢ r❡✲
s♦✉r❝❡s s✉❜❥❡❝t t♦ ❧✐♥❡❛r ❝♦♥str❛✐♥ts ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛♥ ❙❉P ✭❙❡♠✐✲❉❡✜♥✐t❡
Pr♦❣r❛♠♠✐♥❣✮ ♣r♦❣r❛♠ ❬✷✻❪✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ t❡st t❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♠♣✉t❡❞ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ t♦ t❤❡
r❡s♣♦♥s❡ ♦❢ t❤❡ ❉❙❉P s♦❧✈❡r ❬✷✼❪✳ ❙✐♥❝❡ t❤❡ ❙❉P ♣r♦❣r❛♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ✐t ♣r♦✈✐❞❡s ❛ q✉✐❝❦ ❛♥❞ r❡❧✐❛❜❧❡✱ ②❡t ❝❡♥tr❛❧✐③❡❞✱ ✈❛❧✐❞❛t✐♦♥ ♦❢
♦✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳

✺✳✹ ❈♦♥✈❡r❣❡♥❝❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❡r♠s ♦❢ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡
❢✉♥❝t✐♦♥✱ ❛s ✐t r❡♣r❡s❡♥ts t❤❡ ❢❛✐r♥❡ss ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❙✉♣♣♦s❡
t❤❛t ❛t t✐♠❡ ❡♣♦❝❤ t✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ✐s ❛t ✾✺✪ ♦❢ t❤❡ ♦♣t✐♠❛❧✳ ❚❤❡♥✱ t❤✐s
♠❡❛♥s t❤❛t t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s P❛r❡t♦ ❡✣❝✐❡♥t ✭♦♥❡ ❝❛♥♥♦t ✐♥❝r❡❛s❡ t❤❡ t❤r♦✉❣❤♣✉t
♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇✐t❤♦✉t ♥❡❡❞✐♥❣ t♦ ❞❡❝r❡❛s❡ ❛♥♦t❤❡r ♦♥❡✮✱ ❛♥❞ ❢❛✐r ✭❛s ✈❛❧✉❡s
♦❢ t❤❡ t❤r♦✉❣❤♣✉t ❛r❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡rs✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡
♠❡❛s✉r❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✮✳ ❨❡t✱ ✇❤✐❧❡ t❤❡ ♣♦✐♥ts ♠❛② ❜❡ ❝❧♦s❡ t♦ t❤❡
♦♣t✐♠❛❧ ♦♥❡s✱ ✐♥ t❡r♠s ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ t❤❡② ♠❛② ❜❡ ❛r❜✐tr❛r✐❧② ❢❛r
❛✇❛② ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s ✭✐✳❡✳✱ ✐♥ t❤❡ ̺n,k s♣❛❝❡✮✳

❆s ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠✲
♣❛r✐♥❣ t❤❡ ❝✉rr❡♥t ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❙❉P
s♦❧✈❡r✳ ❙✐♥❝❡ ♦✉r ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❛ s✉♠ ♦❢ ❧♦❣❛r✐t❤♠s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦✲
❧✉t✐♦♥ t♦ ❤❛✈❡ ❝♦♥✈❡r❣❡❞ ✇✐t❤ ❛ ♣r❡❝✐s✐♦♥ ♦❢ 0 < x 6 1 ✐❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ❧✐❡s
✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ [objopt + log(x), objopt − log(x)]✱ ✇❤❡r❡ objopt ✐s t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❙❉P✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ♣❡r❢♦r♠✐♥❣ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✱ ♦s✲
❝✐❧❧❛t✐♦♥s ♠❛② ♦❝❝✉r✳ ❙♦✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ♠❛② ❧✐❡ ✇✐t❤✐♥ t❤❡ ❝♦rr❡❝t ✐♥t❡r✈❛❧
✐♥ ✐t❡r❛t✐♦♥ v ❜✉t ♥♦t ✐♥ ✐t❡r❛t✐♦♥ v + 1✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✇❡ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠
❢♦r ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s vmax ❛♥❞ ❝❤❡❝❦ ✐❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ♦❢
♦✉r ❛❧❣♦r✐t❤♠ ✐s ✇✐t❤✐♥ t❤❡ ❝♦♠♣✉t❡❞ ❜♦✉♥❞s ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ❙❉P ✈❛❧✉❡ ❢♦r
t❤❡ ❧❛st vcheck ✐t❡r❛t✐♦♥s✳ ❋♦r ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡ ❛ ♣r❡❝✐s✐♦♥ ♦❢ x = 0.85

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✻

✭✽✺✪✮ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❤❛✈❡ ❝♦♥✈❡r❣❡❞ ✐❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡
r❡♠❛✐♥s ✇✐t❤✐♥ ❜♦✉♥❞s ❢♦r t❤❡ ❧❛st vcheck = 100 ✐t❡r❛t✐♦♥s✳

✺✳✺ ❘❡s✉❧ts ❢♦r ❍♦♠♦❣❡♥❡♦✉s ❆♣♣❧✐❝❛t✐♦♥s

❚♦ ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❡ st❛rt ✇✐t❤ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣
❛♥ ❤♦♠♦❣❡♥❡♦✉s ✭✐♥ t❡r♠ ♦❢ ❈❈❘✮ s❡t ♦❢ t❤r❡❡ ❛♣♣❧✐❝❛t✐♦♥s ✭t❤r❡❡ ✐♥t❡r♠❡❞✐❛t❡
❛♣♣❧✐❝❛t✐♦♥s✱ ✐✳❡✳✱ w = 13.81 × 106 ❛♥❞ b = 8 × 106✮✳ ❋♦r ❡❛❝❤ ❡①♣❡r✐♠❡♥t✱ ✇❡
r❛♥❞♦♠❧② s❡❧❡❝t t❤❡ ♠❛st❡r ♥♦❞❡ ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ ❣✐✈❡♥ ♣❧❛t❢♦r♠✳

❚♦ ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❡ ❤❛✈❡ st❛rt❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥ts
✉s✐♥❣ t❤r❡❡ ❤♦♠♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ❈❈❘✳ ❋♦r ❡❛❝❤ ❡①♣❡r✐♠❡♥t✱
✇❡ r❛♥❞♦♠❧② s❡❧❡❝t❡❞ t❤❡ ♠❛st❡r ♥♦❞❡ ♦❢ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❛ ❣✐✈❡♥ ♣❧❛t❢♦r♠✳
❲❡ ❤❛✈❡ ✉s❡❞ ❛ s❡t ♦❢ t❤r❡❡ ✐♥t❡r♠❡❞✐❛t❡ ❛♣♣❧✐❝❛t✐♦♥s ✭w = 13.81 × 106 ❛♥❞
b = 8× 106✮ ❢♦r ❝♦♥❞✉❝t✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✳

✺✳✺✳✶ ❙♠❛❧❧ ♣❧❛t❢♦r♠s

❋♦r t❤✐s ✜rst ❡①♣❡r✐♠❡♥t✱ ✇❡ ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠ s✐③❡s✿ ✺ ♥♦❞❡s✱ ✶✵ ♥♦❞❡s✱
❛♥❞ ✷✵ ♥♦❞❡s✳ ❙✐♥❝❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤
♥♦❞❡✱ ✇❡ ✈❛r② t❤❡ ❞❡❣r❡❡ ❢♦r t❤❡s❡ ♣❧❛t❢♦r♠s ❛♥❞ ❣❡♥❡r❛t❡ ✾ r❛♥❞♦♠ ♣❧❛t❢♦r♠s✿
t❤r❡❡ ❢♦r N = 5 ♥♦❞❡s ❛♥❞ ♠❛①✐♠✉♠ ❞❡❣r❡❡ dmax = 3❀ t❤r❡❡ ❢♦r N = 10 ✇✐t❤
dmax ∈ {3, 5, 7}❀ ❛♥❞ t❤r❡❡ ❢♦r N = 20 ✇✐t❤ dmax ∈ {5, 10, 20}✳ ❚❤r♦✉❣❤ ❛♥
❡①t❡♥s✐✈❡ s❡❛r❝❤✱ ✇❡ ✜♥❞ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ ♦✉r ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠
❝♦♥✈❡r❣❡s ❢♦r t❤❡ ❣✐✈❡♥ ❤♦♠♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧ ♣❧❛t❢♦r♠s✳
❚❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡✿ γ̺ = 0.01✱ γ˜̺ = 0.1✱ γλ = 1×10−14✱ γµ = 1× 10−14✳ ❋♦r
t❤✐s s❡t ♦❢ ♣❛r❛♠❡t❡rs ♦✉r ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✇✐t❤✐♥ t❤❡ ✜rst ✷✵✵ ✐t❡r❛t✐♦♥s✱
✐✳❡✳✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ❡♥t❡rs t❤❡ t✉❜❡ ❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ ❙❉P ✈❛❧✉❡ ❛❢t❡r ❛t
♠♦st ✷✵✵ ✐t❡r❛t✐♦♥s ❛♥❞ r❡♠❛✐♥s ✐♥ t❤✐s t✉❜❡ ✉♥t✐❧ ✐t❡r❛t✐♦♥ ✶✱✺✵✵ ✇❤❡r❡ ✇❡ st♦♣
t❤❡ s✐♠✉❧❛t✐♦♥✳

❚❤❡s❡ r❡s✉❧ts ❝♦♥✜r♠ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❛♣♣❧✐✲
❝❛t✐♦♥s✱ s✐♠✐❧❛r t♦ t❤❡ s✐♠✉❧❛t✐♦♥s ❝♦♥❞✉❝t❡❞ ❜② ❲❛♥❣ ❡t ❛❧✳ ❬✶✾❪✳ ◆♦♥❡t❤❡❧❡ss✱
✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤✐s ❡①♣❡r✐♠❡♥t t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s r❛t❤❡r s❡♥s✐t✐✈❡ t♦ t❤❡
❝❤♦s❡♥ ♣❛r❛♠❡t❡rs✳ ❊①❤❛✉st✐✈❡ s❡❛r❝❤ ✐s r❛t❤❡r t❡❞✐♦✉s ❛♥❞ ✐s ♥♦t ❧✐❦❡❧② t♦ ✇♦r❦
✇❤❡♥ ❡①♣❧♦r✐♥❣ ❧❛r❣❡r s❡ts ♦❢ ♣❧❛t❢♦r♠s✳ ❋✉rt❤❡r♠♦r❡✱ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❞♦❡s
♥♦t ❣✐✈❡ ❛♥② st❛t✐st✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s❡♥s✐❜✐❧✐t② t♦ ♣❧❛t❢♦r♠ ❝♦♥✜❣✉r❛✲
t✐♦♥ ♦r ❛❧❣♦r✐t❤♠ ♣❛r❛♠❡t❡rs✳ ❋♦r t❤❛t r❡❛s♦♥✱ ✇❡ r❡❧② ♦♥ ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥s ❢♦r
t❤❡ ❡①♣❡r✐♠❡♥ts ♦♥ ❜✐❣❣❡r ♣❧❛t❢♦r♠s ❬✷✽❪✳

✺✳✺✳✷ ❈♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥

❈♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ✜♥❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛s ♠❡tr✐❝ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❧❡❛❞s t♦
♦♥❧② ♦♥❡ ❝❛t❡❣♦r✐❝❛❧ ✈❛r✐❛❜❧❡ ♦❢ ❜✐♥❛r② ✈❛❧✉❡ ✏❝♦♥✈❡r❣❡❞✑ ♦r ✏♥♦t ❝♦♥✈❡r❣❡❞✑✳ ❙t❛✲
t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡s✉❧ts✱ ❡✳❣✳✱ ❜② ✉s✐♥❣ ❛♥ ❛♥❛❧②s✐s ♦❢ ✈❛r✐❛♥❝❡ ✭❆◆❖❱❆✮
❝❛♥ ❜❡ ♠✐s❧❡❛❞✐♥❣ ❢♦r ❝❛t❡❣♦r✐❝❛❧ ❞❛t❛ ❬✷✾❪✳ ❋✉rt❤❡r♠♦r❡✱ st❛t✐♥❣ ✇❤❡t❤❡r t❤❡
❛❧❣♦r✐t❤♠ ❤❛s ❛❧r❡❛❞② ❝♦♥✈❡r❣❡❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧
✈❛❧✉❡ ✇✐t❤ t❤❡ ❙❉P s♦❧✈❡r t❤❛t ❡①❤✐❜✐t❡❞ s❡✈❡r❡ s❝❛❧❛❜✐❧✐t② ❛♥❞ ♥✉♠❡r✐❝❛❧ st❛✲
❜✐❧✐t② ✐ss✉❡s ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ ❝♦♥❞✉❝t❡❞✸✳ ■♥ ♦r❞❡r t♦ ❜❡ ❧❡ss ❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❙❉P ✈❛❧✉❡ ❛♥❞ st✐❧❧ ❣❛✐♥ ✐♥s✐❣❤ts ♦♥ ❤♦✇ ✇❡❧❧ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ✇♦r❦s✱ ✇❡

✸◆♦t❡ t❤❛t t❤✐s ✐s ♣r♦❜❧❛❜❧② ♥♦t ❞✉❡ t♦ t❤❡ s♦❧✈❡r ✐♥ ✐ts❡❧❢ ❜✉t r❛t❤❡r t♦ t❤❡ ❡♥❝♦❞✐♥❣ ✐♥t♦
❛♥ ❙❉P ♣r♦❣r❛♠ t❤❛t ✇❛s ❞✐r❡❝t❧② ✐♥s♣✐r❡❞ ❢r♦♠ ❬✷✻❪ ❛♥❞ ♠❛② ❤❛✈❡ ❜❡❡♥ ❜❡tt❡r ❝♦♥❞✐t✐♦♥♥❡❞✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✼

γ̺ γ˜̺ γµ γλ
❧♦✇ ✭✲✶✮ ✵✳✵✵✶ ✵✳✵✵✶ ✶✳✵✵❡✲✶✺ ✶✳✵✵❡✲✶✺
❤✐❣❤ ✭✶✮ ✵✳✶ ✵✳✶ ✶✳✵✵❡✲✶✸ ✶✳✵✵❡✲✶✸

✭❛✮ P❛r❛♠❡t❡rs ❢♦r ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥

❉❢ ❙✉♠ ❙q ▼❡❛♥ ❙q ❋ ✈❛❧✉❡ Pr✭>❋✮

̺ ✶ ✻✸✹✽✺✹✳✹✸✺✻ ✻✸✹✽✺✹✳✹✸✺✻ ✼✺✳✶✼✼✶ ✵✳✵✵✵✵ ✯✯✯
˜̺ ✶ ✼✾✷✾✸✳✶✽✷✷ ✼✾✷✾✸✳✶✽✷✷ ✾✳✸✽✾✻ ✵✳✵✵✷✸ ✯✯
λ ✶ ✸✾✽✽✷✳✵✼✶✷ ✸✾✽✽✷✳✵✼✶✷ ✹✳✼✷✷✼ ✵✳✵✸✵✸ ✯
µ ✶ ✸✷✹✾✼✳✹✸✹✹ ✸✷✹✾✼✳✹✸✹✹ ✸✳✽✹✽✷ ✵✳✵✺✵✹ ✳
♣❧❛t❢♦r♠ ✷✾ ✹✼✵✶✼✷✳✸✵✻✵ ✶✻✷✶✷✳✽✸✽✶ ✶✳✾✶✾✾ ✵✳✵✵✸✷ ✯✯
̺ : ˜̺ ✶ ✻✼✹✹✶✳✷✵✶✷ ✻✼✹✹✶✳✷✵✶✷ ✼✳✾✽✻✶ ✵✳✵✵✹✾ ✯✯
̺ : λ ✶ ✷✼✺✽✹✳✷✺✸✸ ✷✼✺✽✹✳✷✺✸✸ ✸✳✷✻✻✹ ✵✳✵✼✶✹ ✳
˜̺ : λ ✶ ✸✸✵✳✵✽✾✵ ✸✸✵✳✵✽✾✵ ✵✳✵✸✾✶ ✵✳✽✹✸✹
̺ : µ ✶ ✸✽✹✺✵✳✽✼✵✷ ✸✽✹✺✵✳✽✼✵✷ ✹✳✺✺✸✷ ✵✳✵✸✸✹ ✯
˜̺ : µ ✶ ✸✶✻✺✶✳✺✽✻✷ ✸✶✻✺✶✳✺✽✻✷ ✸✳✼✹✽✶ ✵✳✵✺✸✺ ✳
λ : µ ✶ ✶✹✶✸✻✳✶✾✸✶ ✶✹✶✸✻✳✶✾✸✶ ✶✳✻✼✹✵ ✵✳✶✾✻✹
̺ : ˜̺ : λ ✶ ✶✹✽✾✳✼✷✹✽ ✶✹✽✾✳✼✷✹✽ ✵✳✶✼✻✹ ✵✳✻✼✹✼
̺ : ˜̺ : µ ✶ ✸✺✽✺✻✳✷✶✵✶ ✸✺✽✺✻✳✷✶✵✶ ✹✳✷✹✻✵ ✵✳✵✸✾✾ ✯
̺ : λ : µ ✶ ✶✻✸✹✺✳✾✽✷✻ ✶✻✸✹✺✳✾✽✷✻ ✶✳✾✸✺✻ ✵✳✶✻✹✾
˜̺ : λ : µ ✶ ✶✻✳✶✶✹✵ ✶✻✳✶✶✹✵ ✵✳✵✵✶✾ ✵✳✾✻✺✷
̺ : ˜̺ : λ : µ ✶ ✶✺✽✳✹✽✾✺ ✶✺✽✳✹✽✾✺ ✵✳✵✶✽✽ ✵✳✽✾✶✶
❘❡s✐❞✉❛❧s ✹✸✺ ✸✻✼✸✹✽✵✳✵✼✶✼ ✽✹✹✹✳✼✽✶✽

✭❝✮ ❆◆❖❱❆ r❡s✉❧ts✿ ✯ ♠❡❛♥s t❤❛t ♣❛r❛♠❡t❡r
✐s s✐❣♥✐✜❝❛♥t

✵
✷✵

✹✵
✻✵

γ̺

c v

✲✶ ✶

✵
✷✵

✹✵
✻✵

γ˜̺

c v

✲✶ ✶

✵
✷✵

✹✵
✻✵

γµ

c v

✲✶ ✶

✵
✷✵

✹✵
✻✵

γλ

c v

✲✶ ✶

✭❜✮ ▼❛✐♥ ❡✛❡❝ts ♣❧♦t

✹✵✵ ✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵ ✶✹✵✵

✭❞✮ ❇♦① ♣❧♦t ♦❢ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r

❜❡st ♣❛r❛♠❡t❡r s❡t

❋✐❣✉r❡ ✺✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ♣❧❛t❢♦r♠s ♦❢
N = 20 ❛♥❞ dmax = 5✳

❚❛❜❧❡ ✶✿ ❖✈❡r✈✐❡✇ ♦❢ ❢❛❝t♦r ❧❡✈❡❧s ❢♦r ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ❤♦♠♦❣❡✲
♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳

N dmax γ̺ γ˜̺ γµ γλ
★♣❧❛t❢♦r♠s ♥♦❞❡s ❞❡❣r❡❡ ❧♦✇ ❤✐❣❤ ❧♦✇ ❤✐❣❤ ❧♦✇ ❤✐❣❤ ❧♦✇ ❤✐❣❤ ♥❜ ❝♦♥✈❡r❣❡❞

✸✵ ✷✵ ✺ ✵✳✵✵✶ ✵✳✶ ✵✳✵✵✶ ✵✳✶ ✶❊✲✶✺ ✶❊✲✶✸ ✶❊✲✶✺ ✶❊✲✶✸ ✷✽ ✴ ✸✵
✸✵ ✷✵ ✶✺ ✵✳✵✵✶ ✵✳✶ ✵✳✵✵✶ ✵✳✶ ✶❊✲✶✺ ✶❊✲✶✸ ✶❊✲✶✺ ✶❊✲✶✸ ✷✾ ✴ ✸✵
✸✵ ✹✵ ✺ ✵✳✵✵✶ ✵✳✶ ✵✳✵✵✶ ✵✳✶ ✶❊✲✶✺ ✶❊✲✶✸ ✶❊✲✶✺ ✶❊✲✶✸ ✷✼ ✴ ✸✵
✸✵ ✶✵✵ ✺ ✵✳✵✵✶ ✵✳✶ ✵✳✵✵✶ ✵✳✶ ✶❊✲✶✺ ✶❊✲✶✸ ✶❊✲✶✺ ✶❊✲✶✸ ✷✹ ✴ ✸✵

✉s❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ cv ✭cv = SD(z)/MEAN(z)✱ ✇❤❡r❡ z ✐s t❤❡ ✈❡❝t♦r
♦❢ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧❛st v ✐t❡r❛t✐♦♥s✮ t♦ ❛ss❡ss ✇❤❡t❤❡r t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡
✐s ♦s❝✐❧❧❛t✐♥❣ ♦r ♥♦t✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❛ s♠❛❧❧ ✈❛❧✉❡ ♦❢ cv ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ❤❛s ❛❧r❡❛❞② r❡❛❝❤❡❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✳ ■t ♠❛② ❜❡ ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ❜✉t ❝♦♥✈❡r❣❡ ✈❡r② s❧♦✇❧②✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ s♠❛❧❧ ✈❛❧✉❡s ♦❢ cv ❛♥❞ ❛
♥♦♥✲♦♣t✐♠❛❧ s♦❧✉t✐♦♥ r❡✢❡❝ts t❤❛t st❡♣ s✐③❡s ❛r❡ t♦♦ s♠❛❧❧ t♦ ❧❡t t❤❡ ❛❧❣♦r✐t❤♠
❝♦♥✈❡r❣❡ ✇✐t❤✐♥ t❤❡ ❞❡✜♥❡❞ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳

✺✳✺✳✸ ▲❛r❣❡ ♣❧❛t❢♦r♠s

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ✇♦r❦s ❢♦r s♠❛❧❧ ♣❧❛t❢♦r♠s✱ ✇❡
❜❛s❡ t❤❡ ✐♥✐t✐❛❧ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❢♦r ♦✉r ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥ ♦♥ t❤❡s❡ ✈❛❧✉❡s✳ ❋✐❣✉r❡ ✺
s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥t ✉s✐♥❣ ✸✵ ♣❧❛t❢♦r♠s ✇✐t❤ N =
20 ♥♦❞❡s ❛♥❞ dmax = 5✳

❚❤✐s s✉♠♠❛r② ❜❡❝♦♠❡s ✈❡r② ✉s❡❢✉❧ ✇❤❡♥ s❡❡❦✐♥❣ ❛ ❣♦♦❞ s❡t ♦❢ ♣❛r❛♠❡t❡rs
❢♦r ❛ ❣✐✈❡♥ ♣❧❛t❢♦r♠ s✐③❡✳ ❚❤❡ ❆◆❖❱❆ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❛❧❧ ❢❛❝t♦rs ✇❤✐❧❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ cv ✐s ✉s❡❞ ❛s r❡s♣♦♥s❡ ✈❛r✐❛❜❧❡✳
❚❤❡ t❡r♠ ✏❢❛❝t♦r ̺✑ ✭r❡s♣✳ ˜̺, λ, µ✮ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ ✏❢❛❝t♦r γ̺✑ ✭r❡s♣✳ γ˜̺, γλ, γµ✮
✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✳ ❚❤❡ ❆◆❖❱❆ t❛❜❧❡ r❡✈❡❛❧s ✇❤✐❝❤ ❢❛❝t♦r ❤❛s ❛ r❡❛❧
❡✛❡❝t ♦♥ t❤❡ r❡s♣♦♥s❡✳ ■♥ ❋✐❣✉r❡ ✺✱ t❤❡ ❢❛❝t♦r ̺ ✐s t❤❡ ♠♦st ✐♥✢✉❡♥❝✐♥❣ ❢❛❝t♦r

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✽

✇✐t❤ ❛ ❤✐❣❤ s✐❣♥✐✜❝❛♥❝❡ ✭p ✈❛❧✉❡ ✐s s♠❛❧❧❡r t❤❛♥ ✵✳✵✵✵✶✮✳ ❚❤✐s ❡✛❡❝t ❝❛♥ ❛❧s♦
❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✭❜✮ ❛s t❤❡ ❛✈❡r❛❣❡ cv ✈❛❧✉❡ ✐s ♠✉❝❤ ❧♦✇❡r ✐❢ ̺ ✐s s❡t t♦ ✐ts
❧♦✇ ✈❛❧✉❡ ✭−1✮✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❡❧❡❝t ❣♦♦❞ st❡♣ s✐③❡s ❢♦r
❡❛❝❤ ✈❛r✐❛❜❧❡✳ ❨❡t✱ ♦♥❡ ♠✉st ❜❡ ❝❛r❡❢✉❧ ❛❜♦✉t t❤❡ s✐❣♥✐✜❝❛♥❝❡ r❡s✉❧ts ❢♦r ❡❛❝❤
❢❛❝t♦r ❛s ✇❡❧❧ ❛s ❛❜♦✉t ♣♦ss✐❜❧❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡ ♣r❡s❡♥t
❡①♣❡r✐♠❡♥t✱ ♦♥❡ ❝♦✉❧❞ tr② t♦ r❡❞✉❝❡ ❢✉rt❤❡r t❤❡ st❡♣ s✐③❡ ♦❢ ̺ s✐♥❝❡ ✐t ✐s t❤❡ ♠♦st
s✐❣♥✐✜❝❛♥t ❢❛❝t♦r✳ ■t ♠❛② ❤♦✇❡✈❡r ♥❡❣❛t✐✈❡❧② ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ λ ❛♥❞
µ ❤❛✈❡ ❧✐♠✐t❡❞ ✐♠♣❛❝t ❛♥❞ ❝❛♥ t❤✉s ❛ ♣r✐♦r✐ ❜❡ ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥ ✐♥ t❤❡ r❛♥❣❡
[1×10−13, 1×10−15]✳ ◆♦t❡ t❤❛t ✐t ❝❛♥ ❜❡ ✈❡r② ❤❛r❞ t♦ ❞r❛✇ s✉❝❤ ❝♦♥❝❧✉s✐♦♥s ✐♥
♣r❡s❡♥❝❡ ♦❢ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❛t ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s
✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞✳

❇② ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡r s❡t γ̺ = 0.001✱ γ˜̺ = 0.001✱ γλ = 1 × 10−13✱
γµ = 1 × 10−15✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ♦♥ ✷✽ ♣❧❛t❢♦r♠s ♦✉t ♦❢ ✸✵ ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ t✐♠❡ ❞✐str✐❜✉t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✺✭❞✮✳ ❲❤❡♥ ✐♥✲
✈❡st✐❣❛t✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ t✇♦ ♣❧❛t❢♦r♠s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✶✱✺✵✵ ✐t❡r❛t✐♦♥s ❛r❡
s✐♠♣❧② ♥♦t ❡♥♦✉❣❤ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ r❡q✉✐r❡s ❛ ❢❡✇ ❡①tr❛ ❤✉♥❞r❡❞s ♦❢ ✐t❡r❛t✐♦♥s
t♦ ❝♦♥✈❡r❣❡✳ ❋✉rt❤❡r t✉♥✐♥❣ ♦❢ st❡♣ s✐③❡s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✉s✐♥❣ s✉❝❤ t❡❝❤♥✐q✉❡ ❜✉t
♦✉r ❣♦❛❧ ❤❡r❡ ✐s ♠❛✐♥❧② t♦ ✐❧❧✉str❛t❡ ❤♦✇ ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥ ❛♥❞ ❆◆❖❱❆ ❝❛♥ ❤❡❧♣
t♦ q✉✐❝❦❧② ❣❡t s♦♠❡ s♦✉♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✛❡❝ts ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✬s ♣❛r❛♠❡t❡rs
♦♥ ❝♦♥✈❡r❣❡♥❝❡✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ r❡❝❛❧❧ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t ❛❜♦✉t ✜♥❞✐♥❣
t❤❡ ❜❡st ♣♦ss✐❜❧❡ st❡♣ s✐③❡s ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♣❧❛t❢♦r♠ ❜✉t r❛t❤❡r t♦ ✜♥❞ st❡♣ s✐③❡s
t❤❛t ❛r❡ ❡✛❡❝t✐✈❡ ✐♥ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❡tt✐♥❣s✳

❚❛❜❧❡ ✶ s❤♦✇s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ✈❛❧✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ❝♦♥❞✉❝t✐♥❣ t❤❡
❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥ts✱ ✇❤❡r❡ ❡❛❝❤ r♦✇ s♣❡❝✐✜❡s t❤❡ ❢❛❝t♦r ❧❡✈❡❧s ❢♦r ❛ ♣❛rt✐❝✉❧❛r
♣❧❛t❢♦r♠ s✐③❡✳ ❚❤❡ ❜❡st ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❢❛❝t♦r ❧❡✈❡❧s ✇❡ ♦❜t❛✐♥ ❢♦r ❡❛❝❤ ♣❧❛t❢♦r♠
s✐③❡ ✐s ♠❛r❦❡❞ ✐♥ ❜♦❧❞✱ ✇❤✐❧❡ t❤❡ ❧❛st ❝♦❧✉♠♥ ❤♦❧❞s t❤❡ ♥✉♠❜❡r ♦❢ ❡①♣❡r✐♠❡♥ts
t❤❛t ❤❛✈❡ ❝♦♥✈❡r❣❡❞ ✐♥ ❧❡ss t❤❛♥ ✶✺✵✵ ✐t❡r❛t✐♦♥s ❢♦r t❤❡s❡ ❜❡st ❢❛❝t♦r ❧❡✈❡❧s✳

■♥ s✉♠♠❛r②✱ t❤❡ ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ❝❛♥ ❤❡❧♣ ✉s t♦ ✜♥❞
t❤❡ ❝♦rr❡❝t st❡♣ s✐③❡s t❤❛t ❡♥❛❜❧❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡r❣❡✳ ❚❤❡ ❧❡✈❡❧s ♦❢
❡❛❝❤ ❢❛❝t♦r✱ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✶✱ ❞✐❞ ♥♦t ❤❛✈❡ t♦ ❜❡ ♠♦❞✐✜❡❞ t❤r♦✉❣❤♦✉t t❤❡
❡①♣❡r✐♠❡♥ts ❢♦r ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠ s✐③❡s ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❜❡st ❧❡✈❡❧s ❢♦r ❛ ♣❧❛t❢♦r♠
s✐③❡ ❤❛✈❡ ❝❤❛♥❣❡❞✳

✺✳✻ ❘❡s✉❧ts ❢♦r ❍❡t❡r♦❣❡♥❡♦✉s ❆♣♣❧✐❝❛t✐♦♥s

❙✐♥❝❡ t❤❡ ♥❛✐✈❡ ❛❧❣♦r✐t❤♠ ❤❛s ♣r♦✈❡❞ t♦ ❜❡ ❡✛❡❝t✐✈❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s
❛♣♣❧✐❝❛t✐♦♥s ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❧❛t❢♦r♠s✱ ✇❡ ♥♦✇ ❡✈❛❧✉❛t❡ t❤❡ ❝❛s❡ ♦❢ ❤❡t❡r♦❣❡✲
♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ t❤✐s ❡①♣❡r✐♠❡♥t✱ t❤r❡❡ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✭♦♥❡ ✐♥st❛♥❝❡
❢r♦♠ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ❛♣♣❧✐❝❛t✐♦♥ t②♣❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✮
❡♠✐t t❛s❦s t♦ t❤❡ ❞✐str✐❜✉t❡❞ ♣❧❛t❢♦r♠✳ ❆❣❛✐♥✱ ✇❡ ✉s❡ ❛ ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥ ❢♦r t❤❡
❡①♣❡r✐♠❡♥t ❛♥❞ st❛rt ✇✐t❤ ✸✵ ♣❧❛t❢♦r♠s ♦❢ ✷✵ ♥♦❞❡s ❛♥❞ ❛ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢
✺✳

❚❤❡ s✉♠♠❛r② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ■♥ t❤✐s
❡①♣❡r✐♠❡♥t✱ ✇❡ ✉s❡ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ✇♦r❦❡❞ ✇❡❧❧ ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳
❍♦✇❡✈❡r✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❢❛✐❧s ❝♦♥✈❡r❣❡ ✐♥
❛♥② ♦❢ t❤❡ ✹✽✵ ❡①♣❡r✐♠❡♥ts✳ ❲❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t ̺ ✐s t❤❡ ♦♥❧② ❢❛❝t♦r ✇❤✐❝❤ ✐s ♥♦t
❤✐❣❤❧② s✐❣♥✐✜❝❛♥t✳ ■t ✐s t❤✉s ✈❡r② ❤❛r❞ t♦ ❝♦♥❝❧✉❞❡ ❛♥②t❤✐♥❣ ❢r♦♠ t❤❡ ❆◆❖❱❆
s✐♥❝❡ t❤❡r❡ ❛r❡ ♠❛♥② s✐❣♥✐✜❝❛♥t ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❛❧❧ ❢❛❝t♦rs✳ ❆❧t❤♦✉❣❤✱ t❤❡
♠❛✐♥ ❡✛❡❝ts ♣❧♦t s✉❣❣❡sts t♦ ❞❡❝r❡❛s❡ ˜̺ ❛♥❞ t♦ ✐♥❝r❡❛s❡ λ✱ t❤❡r❡ ✐s ❛ s✐❣♥✐✜❝❛♥t
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❛♥❞ ❝❤❛♥❣✐♥❣ t❤❡ ❧❡✈❡❧s ❞♦❡s ✐♥ s✉❝❤ ❛ ✇❛② ♠❛②

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✶✾

γ̺ γ˜̺ γµ γλ
❧♦✇ ✭✲✶✮ ✵✳✵✵✶ ✵✳✵✵✶ ✶✳✵✵❡✲✶✺ ✶✳✵✵❡✲✶✺
❤✐❣❤ ✭✶✮ ✵✳✶ ✵✳✶ ✶✳✵✵❡✲✶✸ ✶✳✵✵❡✲✶✸

✭❛✮ P❛r❛♠❡t❡rs ❢♦r ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥

❉❢ ❙✉♠ ❙q ▼❡❛♥ ❙q ❋ ✈❛❧✉❡ Pr✭>❋✮

̺ ✶ ✶✶✻✹✳✺✷✼✶ ✶✶✻✹✳✺✷✼✶ ✸✳✼✾✺✾ ✵✳✵✺✷✵ ✳
˜̺ ✶ ✶✺✸✻✼✳✶✷✽✹ ✶✺✸✻✼✳✶✷✽✹ ✺✵✳✵✾✵✸ ✵✳✵✵✵✵ ✯✯✯
λ ✶ ✺✵✸✼✳✶✵✾✾ ✺✵✸✼✳✶✵✾✾ ✶✻✳✹✶✽✽ ✵✳✵✵✵✶ ✯✯✯
µ ✶ ✸✹✷✸✳✶✷✾✵ ✸✹✷✸✳✶✷✾✵ ✶✶✳✶✺✼✾ ✵✳✵✵✵✾ ✯✯✯
♣❧❛t❢♦r♠ ✷✾ ✺✺✹✼✳✼✺✸✻ ✶✾✶✳✸✵✶✽ ✵✳✻✷✸✻ ✵✳✾✸✽✼
̺ : ˜̺ ✶ ✸✽✻✾✳✷✸✺✽ ✸✽✻✾✳✷✸✺✽ ✶✷✳✻✶✷✶ ✵✳✵✵✵✹ ✯✯✯
̺ : λ ✶ ✹✺✹✻✳✹✾✻✾ ✹✺✹✻✳✹✾✻✾ ✶✹✳✽✶✾✻ ✵✳✵✵✵✶ ✯✯✯
˜̺ : λ ✶ ✹✷✼✼✳✼✾✺✺ ✹✷✼✼✳✼✾✺✺ ✶✸✳✾✹✸✽ ✵✳✵✵✵✷ ✯✯✯
̺ : µ ✶ ✸✺✸✵✳✸✽✹✶ ✸✺✸✵✳✸✽✹✶ ✶✶✳✺✵✼✺ ✵✳✵✵✵✽ ✯✯✯
˜̺ : µ ✶ ✶✸✺✳✻✹✼✻ ✶✸✺✳✻✹✼✻ ✵✳✹✹✷✷ ✵✳✺✵✻✹
λ : µ ✶ ✸✶✳✸✸✽✽ ✸✶✳✸✸✽✽ ✵✳✶✵✷✷ ✵✳✼✹✾✹
̺ : ˜̺ : λ ✶ ✺✾✼✷✳✽✽✶✷ ✺✾✼✷✳✽✽✶✷ ✶✾✳✹✻✾✵ ✵✳✵✵✵✵ ✯✯✯
̺ : ˜̺ : µ ✶ ✺✳✼✼✷✹ ✺✳✼✼✷✹ ✵✳✵✶✽✽ ✵✳✽✾✶✵
̺ : λ : µ ✶ ✷✾✵✺✳✽✾✻✺ ✷✾✵✺✳✽✾✻✺ ✾✳✹✼✷✵ ✵✳✵✵✷✷ ✯✯
˜̺ : λ : µ ✶ ✷✻✶✳✺✹✻✺ ✷✻✶✳✺✹✻✺ ✵✳✽✺✷✺ ✵✳✸✺✻✸
̺ : ˜̺ : λ : µ ✶ ✸✶✻✾✳✸✺✻✷ ✸✶✻✾✳✸✺✻✷ ✶✵✳✸✸✵✼ ✵✳✵✵✶✹ ✯✯
❘❡s✐❞✉❛❧s ✹✸✺ ✶✸✸✹✺✸✳✵✸✾✺ ✸✵✻✳✼✽✽✻

✭❝✮ ❆◆❖❱❆ r❡s✉❧ts✿ ✯ ♠❡❛♥s t❤❛t ♣❛r❛♠❡t❡r
✐s s✐❣♥✐✜❝❛♥t

✵
✺

✶✵
✶✺

✷✵

γ̺

c v

✲✶ ✶

✵
✺

✶✵
✶✺

✷✵

γ˜̺

c v

✲✶ ✶

✵
✺

✶✵
✶✺

✷✵

γµ

c v

✲✶ ✶

✵
✺

✶✵
✶✺

✷✵

γλ

c v

✲✶ ✶

✭❜✮ ▼❛✐♥ ❡✛❡❝ts ♣❧♦t

❋✐❣✉r❡ ✻✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s ♦❢ N = 20 ♥♦❞❡s
❛♥❞ dmax = 5✳

♥♦t ❜❡ ❡✛❡❝t✐✈❡ ❢♦r ❞❡❝r❡❛s✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♥♦ ❢❛❝t♦r
r❡❞✉❝❡s t❤❡ cv t♦ ✈❛❧✉❡ ♦❢ ❧❡ss t❤❛♥ ✼✱ ✇❤✐❝❤ ✇❛s ❢♦✉♥❞ t♦ ❜❡ ❛ r❛t❤❡r ❧❛r❣❡ ✈❛❧✉❡
❢♦r ❛❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

◆♦♥❡t❤❡❧❡ss✱ ✇❡ ❞❡❝r❡❛s❡ t❤❡ ❧❡✈❡❧s ♦❢ ˜̺✱ µ ❛♥❞ λ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧t✐♥❣
♠❛✐♥ ❡✛❡❝ts ❛♥❞ r❡r✉♥ t❤❡ ❢❛❝t♦r✐❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ ✈❛❧✉❡s ❢♦r ̺ r❡♠❛✐♥ ✐❞❡♥t✐❝❛❧
❛s t❤✐s ❢❛❝t♦r ✇❛s ✐♥s✐❣♥✐✜❝❛♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❆◆❖❱❆✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ r❡s✉❧ts
♦❢ t❤❡ s✉❝❝❡ss✐✈❡ ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥t ❛r❡ ❞✐s❛♣♣♦✐♥t✐♥❣✳ ❆❣❛✐♥✱ ♦✉r ❞✐str✐❜✉t❡❞
❛❧❣♦r✐t❤♠ ❢❛✐❧s t♦ ❝♦♥✈❡r❣❡ ✐♥ ❛♥② ♦❢ t❤❡ ✹✽✵ ❡①♣❡r✐♠❡♥ts✳ ❲♦rs❡✱ t❤❡ ❛✈❡r❛❣❡
❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛♥❝❡ ✐♥❝r❡❛s❡❞ ❢♦r ❡❛❝❤ ❢❛❝t♦r ❧❡✈❡❧✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛❧❧ ❢❛❝t♦rs ✭❡①✲
❝❡♣t µ✮ ❛♥❞ ❜❛s✐❝❛❧❧② ❛❧❧ ✐♥t❡r❛❝t✐♦♥s s❤♦✇❡❞ ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ ✈❛r✐❛♥❝❡
✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❆◆❖❱❆ t❛❜❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥
❢r♦♠ t❤❡s❡ r❡s✉❧ts✿

✶✳ ❚❤❡ ♥❛✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ❢❛✐❧s t♦ ❝♦♥✈❡r❣❡ ❢♦r ❛ ❤❡t✲
❡r♦❣❡♥❡♦✉s s❡t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❞❡s♣✐t❡ ♦✉r ❡✛♦rts✱ ✇❡
❝❛♥♥♦t ✜♥❞ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs t❤❛t ❡♥❛❜❧❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡r❣❡ ❢♦r
s❡✈❡r❛❧ ♣❧❛t❢♦r♠s ❛s s❡❡♥ ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

✷✳ ❚❤❡r❡ ♠✐❣❤t ❜❡ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❢♦r
❛ ❣✐✈❡♥ ♣❧❛t❢♦r♠✱ ❜✉t t❤✐s s❡t s❡❡♠s ✈❡r② ❤❛r❞ t♦ ❜❡ ❞❡t❡r♠✐♥❡✳ ❍❡♥❝❡✱ ❢♦r
✈❡r② s✐♠♣❧❡ ♣❧❛t❢♦r♠s✱ ✇❡ tr✐❡❞ s❡✈❡r❛❧ ❡①t❡♥s✐✈❡ s❡❛r❝❤ ❜✉t ❛❧✇❛②s ❢❛✐❧❡❞ t♦
✜♥❞ s❛t✐s❢❛❝t♦r② st❡♣ s✐③❡s✳ ❊✐t❤❡r t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❤✐❣❤❧② ✉♥st❛❜❧❡ ♦r ✐t ✐s
s♦ s❧♦✇ t❤❛t ✐t ❢❛✐❧s ❣❡tt✐♥❣ ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ s❡✈❡r❛❧
❝❛s❡✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡ ✐s ✈❡r② ❧♦✇✱ ✐♥❝r❡❛s❡s ✈❡r② s❧♦✇❧② ❛♥❞ ❜r✉t❛❧❧②
♠♦✈❡s ✈❡r② ❢❛r ❛✇❛②✱ ❤❡♥❝❡ t❛❦✐♥❣ ❛ ✈❡r② ❧♦♥❣ t✐♠❡ ❜❡❢♦r❡ st❛❜✐❧✐③✐♥❣
❛❣❛✐♥✳ ❚❤❡ s②st❡♠ ❜❡❤❛✈❡s ❥✉st ❛s ✐❢ t❤❡r❡ ✇❛s ❛ ❤✉❣❡ ✐♥st❛❜✐❧✐t② ③♦♥❡
❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡✱ ✇❤✐❝❤ ♣r❡✈❡♥ts ❛♥② ❝♦♥✈❡r❣❡♥❝❡✳

❚❤✉s✱ ✇❡ s❤♦✇ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❤♦✇ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❡♥❛❜❧❡
❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s s❡ts ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✷✵

✻ ❘❡❝✐♣❡s ❢♦r ❈♦♥✈❡r❣❡♥❝❡

❆s ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❛♥ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ♥❛✐✈❡❧② ✉♣❞❛t❡
❡q✉❛t✐♦♥s ✭✶✶✮ ✐s ✐♥❡✛❡❝t✐✈❡ ✐♥ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥ s❡tt✐♥❣✳ ❚❤✐s ✐ss✉❡
✇❛s ❛❧r❡❛❞② ✐❞❡♥t✐✜❡❞ ♦♥ ❛ ✈❡r② s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ✐♥ ❬✷✸❪✱ ❜✉t ❛♣♣❧✐❝❛t✐♦♥ ❤❡t✲
❡r♦❣❡♥❡✐t② ❤❛❞ ♥♦t ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ❡①♣❧✐❝❛t✐✈❡ ❢❛❝t♦r✳ ❚❤r♦✉❣❤ ❛ ❞❡t❛✐❧❡❞
❛♥❛❧②s✐s ♦❢ s❡✈❡r❛❧ ♣❛rt✐❝✉❧❛r ❝❛s❡s✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② s❡✈❡r❛❧ s♦✉r❝❡s
♦❢ ✐♥st❛❜✐❧✐t② ♦r ♦❢ s❧♦✇ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡t❛✐❧ ❛♥❞ ❥✉st✐❢② s❡✈❡r❛❧
♠♦❞✐✜❝❛t✐♦♥s t❤❛t ♥❡❡❞ t♦ ❜❡ ❞♦♥❡ t♦ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ✭✶✶✮ t♦ ❡❧✐♠✐♥❛t❡ t❤❡s❡
✐ss✉❡s✳ ❖✉r ❡①♣❡r✐❡♥❝❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s
✐s r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❜✉t ✇❡ ❤❛✈❡ ♥♦t ❡✈❛❧✉❛t❡❞ t❤❡✐r r❡✲
s♣❡❝t✐✈❡ ✐♠♣❛❝t✳ ❙✉❝❤ ❛ st✉❞② ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ ❜✉t ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢
t❤✐s ❛rt✐❝❧❡✳

✻✳✶ ❆✈♦✐❞✐♥❣ ❉✐✈✐s✐♦♥ ❜② ❩❡r♦

❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ❛ r❡❛s♦♥❛❜❧❡ ❝❤♦✐❝❡ ❢♦r Uk ✐s t❤❡ ❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥✳
❨❡t✱ ✇❤❡♥ s✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s✹ ❢♦r ̺n,k✱ ✇❡ ❣❡t ❛ t❡r♠
1
̺k
✿

̺n,k(t+ 1)← ̺n,k(t) + γ̺

(
1

̺k(t)
− pnk (t)

)
,

✇❤❡r❡ pnk (t) ✐s t❤❡ ❛❣❣r❡❣❛t❡ ❝♦st t❤❛t ❛♣♣❧✐❝❛t✐♦♥ k s❤♦✉❧❞ ✏♣❛②✑ ❢♦r ✉s✐♥❣
r❡s♦✉r❝❡ n✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❛❧t❤♦✉❣❤ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ̺k > 0✱ ❞✉r✐♥❣
❝♦♥✈❡r❣❡♥❝❡✱ ♦♥❡ ♦❢ t❤❡ ̺k ♠❛② ❞r♦♣ t♦ ③❡r♦ ♦r t♦ ✈❡r② s♠❛❧❧ ✈❛❧✉❡s✳ ❆ s♠❛❧❧
✈❛❧✉❡ ♦❢ ̺ ❧❡❛❞s t♦ ❤✉❣❡ ✉♣❞❛t❡s ❛♥❞ t❤✉s t♦ s❡✈❡r❡ ♦s❝✐❧❧❛t✐♦♥s✳ ❆s ♠❡♥t✐♦♥❡❞
✐♥ ❬✶✾❪✱ ✐t ✐s ♣❡r❢❡❝t❧② ✈❛❧✐❞ t♦ ♥♦r♠❛❧✐③❡ t❤✐s ✉♣❞❛t❡ ❛s ❢♦❧❧♦✇s✿

̺n,k(t+ 1)← ̺n,k(t) + γ̺ (1− ̺k(t) · p
n
k (t)). ✭✶✸✮

❙✉❝❤ r❡s❝❛❧✐♥❣ ✐s ✈❡r② ❝❧❛ss✐❝❛❧ ❛♥❞ ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♥❛✐✈❡ ❛❧❣♦r✐t❤♠✳
■t ✐s t❤✉s ❝♦♠♣❧❡t❡❧② ✐♥❡✛❡❝t✐✈❡ ✐♥ ❛ ❢✉❧❧② ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥t❡①t✳

✻✳✷ ❋❛st ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ Pr✐♠❛❧

❆s ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② s❡❡♥✱ ❝♦♥st❛♥t st❡♣✲s✐③❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♦♥ ❛ ❝♦♥✈❡① ❢✉♥❝✲
t✐♦♥ F ✐s ❞♦♥❡ ❜② r❡♣❡❛t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣❞❛t❡s✿ x(t+1)← x(t)−γ∇F (x(t))✳
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ❤❛s ♠✉❝❤ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ t❤❛♥ s✐♠♣❧❡
❣r❛❞✐❡♥t ♣r♦❥❡❝t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■♥ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠✱ t❤❡ ✉♣❞❛t❡s ❛r❡ ❛s ❢♦❧✲
❧♦✇s✿ x(t+1)← x(t)−γ

(
∇2F (x(t))

)−1
·∇F (x(t))✳ ■♥✈❡rt✐♥❣ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①

∇2F (x(t)) ✐s ❤♦✇❡✈❡r ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ✇❤✐❝❤ ✐s ✇❤② ❛♣♣r♦①✐♠❛t❡ ◆❡✇t♦♥
♠❡t❤♦❞s ❛r❡ ♦❢t❡♥ ✉s❡❞ ❬✶✽❪✳ ■♥ s✉❝❤ ♠❡t❤♦❞s✱ t❤❡ ∇2F (x(t)) ♠❛tr✐① ✐s ♦❢t❡♥ r❡✲
♣❧❛❝❡❞ ❜② ❛ s✐♠♣❧❡r ♠❛tr✐① ✭❧✐❦❡ ✐ts ❞✐❛❣♦♥❛❧✮✱ ✇❤♦s❡ ✐♥✈❡rs✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
❛♥❞ st✐❧❧ ❤❛s t❤❡ r✐❣❤t ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳ ❈♦♠♣✉t✐♥❣ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ❢♦r
♦✉r ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ❧❡❛❞s t♦ ❛ ♥♦♥✲✐♥✈❡rt✐❜❧❡ ♠❛tr✐① ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥✲str✐❝t
❝♦♥✈❡①✐t② ♦❢ ♦✉r ✐♥✐t✐❛❧ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❈♦♥s✐❞❡r✐♥❣ ♦♥❧② ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✱
✇❡ ❣❡t ❛ ♥❡✇ s❝❛❧✐♥❣ t❤❛t r❡♣❧❛❝❡s ❊q✉❛t✐♦♥ ✭✶✸✮✿

̺n,k(t+ 1)← ̺n,k(t) + γ̺ (1− ̺k(t) · p
n
k (t)) ̺k(t). ✭✶✹✮

✹❲❡ ❛❧✇❛②s ♦♠✐t t❤❡ t❡r♠ ✐♥ ˜̺ ❢♦r s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✷✶

❯♥❢♦rt✉♥❛t❡❧②✱ ❛❣❛✐♥✱ ❡✈❡♥ ✇✐t❤ ✈❡r② s♠❛❧❧ st❡♣ s✐③❡s t♦ ♣r❡✈❡♥t ♦s❝✐❧❧❛t✐♦♥s✱
t❤✐s t❡❝❤♥✐q✉❡ ✭❛❧♦♥❡✮ r❡✈❡❛❧❡❞ ✐♥❡✛❡❝t✐✈❡ t♦ ✐♠♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♦✉r ❡①♣❡r✲
✐♠❡♥ts✳

✻✳✸ ❙t❛❜✐❧✐t② ❈♦♥❞✐t✐♦♥ ❆r♦✉♥❞ t❤❡ ❊q✉✐❧✐❜r✐✉♠

❖✉r ❡①♣❡r✐♠❡♥ts ✐♥ ❬✷✸❪ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✻ s❤♦✇❡❞ t❤❛t t❤✐s ✐♥❛❜✐❧✐t② t♦ ❝♦♥✈❡r❣❡
✇❛s ❞✉❡ t♦ ❛ str♦♥❣ ✐♥st❛❜✐❧✐t② ♥❡❛r❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❙✉❝❤ ✐♥st❛❜✐❧✐t② ✐s ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t ✉♣❞❛t✐♥❣ ̺ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ♣r✐❝❡s λ ❛♥❞ µ✱ ✇❤✐❝❤ ✐♥ t✉r♥
✐♠♣❛❝t ♦♥ t❤❡ ̺✬s ✉♣❞❛t❡✳ ❚❤❡ s❡❝♦♥❞ ✉♣❞❛t❡ ♦❢ ̺ s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r
♦❢ ♠❛❣♥✐t✉❞❡ ✭♦r ❜❡ s♠❛❧❧❡r✮ ❛s t❤❡ ✜rst ♦♥❡ t♦ ❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t✐❡s t❤❛t
♣r❡✈❡♥t ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

❚❤❡r❡❢♦r❡✱ ✐♥ ❬✷✸❪✱ ✉s✐♥❣ ❛ ♥❛t✉r❛❧ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t❤❡
❢♦❧❧♦✇✐♥❣ s❝❛❧✐♥❣ ♦♥ ❞✉❛❧ ✈❛r✐❛❜❧❡s✺✿

λi(t+ 1)← λi(t) + γλ

∑
k wk̺n,k(t)−Wi∑

k s✳t✳ ̺n,k>0 w
2
k̺

2
k(t)

✭✶✺✮

µi,j(t+ 1)← µi,j(t) + γµ

∑
k bkσ

n
k (t)−Bi,j∑

k

∑
n s✉❝❤ t❤❛t

(Pi→Pj)∈(Pm(k)❀Pn)
❛♥❞ ̺n,k>0

b2k̺
2
k(t)

✭✶✻✮

◆♦t❡ t❤❛t t❤✐s s❝❛❧✐♥❣ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❛❞❞✐t✐♦♥❛❧ ❛❣❣r❡❣❛t✐♦♥ ❛s ❛❧❧ ♣r♦✲
❝❡ss♦rs ❛❧r❡❛❞② r❡❝❡✐✈❡ ̺k t♦ ♣❡r❢♦r♠ t❤❡ ✉♣❞❛t❡ ♦❢ ̺ ✭❊q✉❛t✐♦♥ ✭✶✸✮✮✳ ❲❤❡♥ ❛
♥♦❞❡ ❞♦❡s ♥♦t ♣❛rt✐❝✐♣❛t❡ t♦ ❛♥② ❝♦♠♣✉t❛t✐♦♥ ♦r ✇❤❡♥ ❛ ❧✐♥❦ ❞♦❡s ♥♦t ❝♦♥✈❡②
❛♥② ❞❛t❛✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ✉♣❞❛t❡s ❛r❡ t❤✉s
♥♦t ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ♥❡❡❞ ❛♥ ✉♣❞❛t❡ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤✐s s✐t✉❛t✐♦♥ ♦❝❝✉rs✳

✻✳✹ ❆✈♦✐❞ ❉✐✈✐s✐♦♥ ❜② ❱❡r② ❙♠❛❧❧ ❱❛❧✉❡s ❛♥❞ ❉✐s❝♦♥t✐♥✉✲

✐t✐❡s

❙♦♠❡t❤✐♥❣ ✐♠♣♦rt❛♥t ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥♦t ✐♥s✐st❡❞ ②❡t ✐s t❤❛t ❡✈❡r② ✈❛r✐❛❜❧❡
♥❡❡❞s t♦ r❡♠❛✐♥ ♣♦s✐t✐✈❡✳ ❍❡♥❝❡✱ ✐♥ ❛♥② s✉❝❤ ❞✐str✐❜✉t❡❞ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠✱ ✐❢
❛♥② ✉♣❞❛t❡ st❡♣s ❧❡❛❞s t♦ ❛ ♥❡❣❛t✐✈❡ ✈❛r✐❛❜❧❡✱ t❤❡ ✈❛r✐❛❜❧❡ ✐s s❡t t♦ ✵✳ ❚❤✐s ❦✐♥❞
♦❢ ♣r♦❥❡❝t✐♦♥ ✐s ❞♦♥❡ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r [x(t) + u]+ = max(0, x(t) + u) ❛♥❞ ✐s
❛♣♣❧✐❡❞ t♦ ❡✈❡r② ✈❛r✐❛❜❧❡ ✭❜♦t❤ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧✮✳ ■t ✐s t②♣✐❝❛❧ ♦❢ s✉❝❤ ♠❡t❤♦❞s
❜✉t r❛✐s❡s s❡✈❡r❛❧ ✐ss✉❡s ✐♥ ♦✉r ❝♦♥t❡①t✳ ■♥❞❡❡❞✱ ✐t ♠❛② ❜❡ t❤❡ ❝❛s❡ ❢r♦♠ ❛♥
✐t❡r❛t✐♦♥ t♦ ❛♥♦t❤❡r t❤❛t ❛ ❞❡♥♦♠✐♥❛t♦r ❡①♣❡r✐❡♥❝❡s ❛ ✈❡r② ✐♠♣♦rt❛♥t ✈❛r✐❛t✐♦♥✱
✇❤✐❝❤ ♠❛② ❝❛✉s❡ ❛ ❜r✉t❛❧ ♥❡❣❛t✐✈❡ st❡♣✳ ❲❤❡♥❡✈❡r ♠❛♥② ❞✉❛❧ ✭r❡s♣✳ ♣r✐♠❛❧✮
✈❛r✐❛❜❧❡s s✉❞❞❡♥❧② ❞r♦♣ t♦ ✵✱ ✐t ❣❡♥❡r❛❧❧② ❝❛✉s❡s ❛ ❧❛r❣❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣r✐♠❛❧
✭r❡s♣✳ ❞✉❛❧✮ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✐s ✇❤② t❤❡s❡ ♣r♦❥❡❝t✐♦♥s ♥❡❡❞ t♦ ❜❡ s♠♦♦t❤❡❞✳
❲❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s♠♦♦t❤ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✱ ✇❤✐❝❤ r❡✈❡❛❧❡❞ ❡①tr❡♠❡❧②
❡✣❝✐❡♥t✿

[x(t) + u]
α+

= max(α · x(t), x(t) + u),✇✐t❤ 0 < α < 1

❲✐t❤ s✉❝❤ ✉♣❞❛t❡s✱ ✈❛r✐❛❜❧❡s ♥❡✈❡r s✉❞❞❡♥❧② ❞r♦♣ t♦ ✵✳ ■♥st❡❛❞✱ ✈❛r✐❛❜❧❡s ❣❡♦✲
♠❡tr✐❝❛❧❧② ❞❡❝r❡❛s❡ t♦ ③❡r♦✱ ✉♥t✐❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦✉r❝❡ ✐s ✉s❡❞ ❛❣❛✐♥✳ ■♥
♦✉r ❡①♣❡r✐♠❡♥ts✱ ✇❡ s❡t α t♦ 1/2✳

❚❤❡ ✜♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ ❢♦r ♦✉r ❛❞❛♣t✐✈❡ ❛❧❣♦✲
r✐t❤♠ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✼✳

✺❊q✉❛t✐♦♥s ✐♥ ❬✷✸❪ ❞✐❞ ♥♦t t❛❦❡ t❤❡ ◆❡✇t♦♥ ✉♣❞❛t❡s ♦♥ ♣r✐♠❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ ✇❡r❡ t❤✉s
s❧✐❣❤t❧② ❞✐✛❡r❡♥t✳

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✷✷

̺n,k(t+ 1) ←
[
(1− γ˜̺)̺n,k(t) + γ˜̺˜̺n,k(t)+

γ̺ (1− ̺k(t).p
n
k (t)) ̺k(t)

]α+
˜̺n,k(t+ 1) ←

[
(1− γ˜̺)˜̺n,k(t) + γ˜̺̺n,k(t)

]α+

λi(t+ 1) ←

[
λi(t) + γλ

∑
k wk̺n,k(t)−Wi∑

k s✳t✳ ̺n,k>0 w
2
k̺

2
k(t)

]α+
µi,j(t+ 1) ←


µi,j(t) + γµ

∑
k bkσ

n
k (t)−Bi,j∑

k

∑
n s✉❝❤ t❤❛t

(Pi→Pj)∈(Pm(k)❀Pn)
❛♥❞ ̺n,k>0

b2k̺
2
k(t)




α+

❋✐❣✉r❡ ✼✿ ❯♣❞❛t❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠

✼ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❆❞❛♣t✐✈❡ ❆❧❣♦✲

r✐t❤♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ q✉❛❧✐t② ♦❢ ♦✉r ♥❡✇ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠
♦♥ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣❧❛t❢♦r♠s✳

✼✳✶ P❧❛t❢♦r♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s

❲❡ s❡❧❡❝t t❤❡ s❛♠❡ ♣❧❛t❢♦r♠s ❛s t❤❡ ♦♥❡s ✇❡ ✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❤♦♠♦❣❡✲
♥❡♦✉s ❝❛s❡✱ ✐✳❡✳✱ ♣❧❛t❢♦r♠s ♦❢ s✐③❡ ✷✵✱ ✹✵✱ ❛♥❞ ✶✵✵✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡
♣❧❛t❢♦r♠s ✇✐t❤ ✺✵✵ ♥♦❞❡s ❛♥❞ ❛ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ✶✺✳ ❲❡ ❤❛✈❡ t❡st❡❞ t❤❡
s❛♠❡ ❤❡t❡r♦❣❡♥❡♦✉s s❡t ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❛s ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ♥❛✐✈❡
✈❡rs✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙♦✱ t❤r❡❡ ❛♣♣❧✐❝❛t✐♦♥s ✭❈P❯✲❜♦✉♥❞✱ ♥❡t✇♦r❦✲ ❜♦✉♥❞✱
✐♥t❡r♠❡❞✐❛t❡✮ ❛r❡ r❛♥❞♦♠❧② ♣❧❛❝❡❞ ♦♥ ❛ ❤♦st ❛♥❞ ❡♠✐t t❤❡✐r t❛s❦s ❢r♦♠ t❤✐s ❤♦st✳
❲❡ ❛❧s♦ ❡♥s✉r❡ t❤❛t ❛♣♣❧✐❝❛t✐♦♥s r♦♦ts ❛r❡ ♥♦t t♦♦ ❢❛r ❛✇❛② ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❛♥❞
t❤❛t t❤❡② ❛❝t✉❛❧❧② ✐♥t❡r❢❡r❡ ❡✈❡♥ ✇❤❡♥ ♣❧❛t❢♦r♠ s✐③❡ ✐♥❝r❡❛s❡s✳

✼✳✷ ❘❡s✉❧ts ❢♦r ❍❡t❡r♦❣❡♥❡♦✉s ❆♣♣❧✐❝❛t✐♦♥s

❲❡ st❛rt❡❞ ♦✉r ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ ✸✵ ♣❧❛t❢♦r♠s ♦❢ ✷✵ ♥♦❞❡s ❛♥❞ ❛ ♠❛①✐♠✉♠ ❞❡❣r❡❡
dmax = 5✳ ❙✐♥❝❡ t❤❡ ✉♣❞❛t❡ ❢♦r♠✉❧❛s ❞✐✛❡r ❞r❛st✐❝❛❧❧② ❢r♦♠ t❤❡ ♦♥❡s ✉s❡ ✐♥ t❤❡
♥❛✐✈❡ ✈❡rs✐♦♥ ✱ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡r r❛♥❣❡s✳ ❍❡♥❝❡✱ ✇❡ s❡❧❡❝t
♦♥❡ ♣❧❛t❢♦r♠ ❛♥❞ ♣❡r❢♦r♠ ❛♥ ✐♥✐t✐❛❧ s❝❛♥ ♦✈❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡rs t♦
✜♥❞ s✉✐t❛❜❧❡ ✈❛❧✉❡s ❢♦r ❡❛❝❤ ❢❛❝t♦r✳ ❚❤✐s s❝❛♥ s✉❣❣❡sts t♦ ❝♦♥❞✉❝t ❛ ❢❛❝t♦r✐❛❧
❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✿ ̺ = (0.05, 0.15)✱ ˜̺ = (0.05, 0.15)✱ λ =
(0.7, 1.3)✱ µ = (0.7, 1.3)✳ ❚❤❡ ✜rst ❡♥tr② ♦❢ t❤❡ ✈❡❝t♦r ❞❡♥♦t❡s t❤❡ s♠❛❧❧❡r ❧❡✈❡❧
♦❢ ❡❛❝❤ ❢❛❝t♦r✳ P❡r❢♦r♠✐♥❣ ❛♥ ❆◆❖❱❆ ♦♥ t❤❡ r❡s✉❧ts ❡♥❛❜❧❡s t♦ ❞❡t❡r♠✐♥❡ ❛ s❡t
♦❢ ♣❛r❛♠❡t❡rs t❤❛t ❧❡❛❞ ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❝♦♥✈❡r❣❡ ♦♥ ✷✹ ♦✉t ♦❢ ✸✵ ♣❧❛t❢♦r♠s✳
❚❤❡ ❜❡st ✈❛❧✉❡s ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ✜rst ❧✐♥❡ ♦❢ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷✿ ●♦♦❞ st❡♣ s✐③❡s ❢♦r ❞✐✛❡r❡♥t ♣❧❛t❢♦r♠ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s
❛♣♣❧✐❝❛t✐♦♥s✳

♥♦❞❡s ❞❡❣r❡❡ ̺ ˜̺ λ µ ♥❜ ❝♦♥✈❡r❣❡❞

✷✵ ✺ ✵✳✵✺ ✵✳✵✺ ✶✳✸ ✵✳✼ ✷✹ ✴ ✸✵
✷✵ ✶✺ ✵✳✵✶ ✵✳✶✺ ✵✳✼ ✶✳✸ ✸✵ ✴ ✸✵
✹✵ ✺ ✵✳✵✶ ✵✳✵✺ ✶✳✸ ✵✳✼ ✷✽ ✴ ✸✵
✶✵✵ ✺ ✵✳✵✶ ✵✳✵✺ ✵✳✼ ✵✳✼ ✷✼ ✴ ✸✵
✺✵✵ ✶✺ ✵✳✵✵✷ ✵✳✵✺ ✵✳✼ ✵✳✼ ✷✾ ✴ ✸✵

❯♥❢♦rt✉♥❛t❡❧②✱ ✇❤❡♥ t❡st✐♥❣ t❤❡s❡ ❢❛❝t♦r ❧❡✈❡❧s ♦♥ ♣❧❛t❢♦r♠s ✇✐t❤ ✹✵ ♥♦❞❡s
❛♥❞ dmax = 5✱ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ✐♥❡✛❡❝t✐✈❡ ✭t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✷✸

γ̺ γ˜̺ γµ γλ
❧♦✇ ✭✲✶✮ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✵✳✶
❤✐❣❤ ✭✶✮ ✵✳✵✵✷ ✵✳✵✺ ✵✳✼ ✵✳✼

✭❛✮ P❛r❛♠❡t❡rs ❢♦r ❢❛❝t♦r✐❛❧ ❞❡s✐❣♥

❉❢ ❙✉♠ ❙q ▼❡❛♥ ❙q ❋ ✈❛❧✉❡ Pr✭>❋✮

̺ ✶ ✵✳✶✵✶✸ ✵✳✶✵✶✸ ✷✳✵✷✹✸ ✵✳✶✺✺✺
˜̺ ✶ ✵✳✸✻✹✵ ✵✳✸✻✹✵ ✼✳✷✼✶✶ ✵✳✵✵✼✸ ✯✯
λ ✶ ✹✳✻✸✷✽ ✹✳✻✸✷✽ ✾✷✳✺✸✷✶ ✵✳✵✵✵✵ ✯✯✯
µ ✶ ✷✳✻✷✾✻ ✷✳✻✷✾✻ ✺✷✳✺✷✶✸ ✵✳✵✵✵✵ ✯✯✯
♣❧❛t❢♦r♠ ✷✾ ✷✽✳✽✺✶✹ ✵✳✾✾✹✾ ✶✾✳✽✼✵✾ ✵✳✵✵✵✵ ✯✯✯
̺ : ˜̺ ✶ ✵✳✵✼✼✹ ✵✳✵✼✼✹ ✶✳✺✹✻✶ ✵✳✷✶✹✹
̺ : λ ✶ ✵✳✵✼✾✻ ✵✳✵✼✾✻ ✶✳✺✾✵✹ ✵✳✷✵✼✾
˜̺ : λ ✶ ✵✳✵✹✶✵ ✵✳✵✹✶✵ ✵✳✽✶✾✼ ✵✳✸✻✺✽
̺ : µ ✶ ✵✳✵✷✹✵ ✵✳✵✷✹✵ ✵✳✹✽✵✵ ✵✳✹✽✽✽
˜̺ : µ ✶ ✵✳✵✵✹✺ ✵✳✵✵✹✺ ✵✳✵✾✵✵ ✵✳✼✻✹✸
λ : µ ✶ ✷✳✸✻✵✾ ✷✳✸✻✵✾ ✹✼✳✶✺✺✵ ✵✳✵✵✵✵ ✯✯✯
̺ : ˜̺ : λ ✶ ✵✳✶✷✸✵ ✵✳✶✷✸✵ ✷✳✹✺✻✵ ✵✳✶✶✼✽
̺ : ˜̺ : µ ✶ ✵✳✵✵✵✾ ✵✳✵✵✵✾ ✵✳✵✶✽✷ ✵✳✽✾✷✻
̺ : λ : µ ✶ ✵✳✵✶✹✵ ✵✳✵✶✹✵ ✵✳✷✼✾✽ ✵✳✺✾✼✶
˜̺ : λ : µ ✶ ✵✳✵✵✼✶ ✵✳✵✵✼✶ ✵✳✶✹✶✽ ✵✳✼✵✻✼
̺ : ˜̺ : λ : µ ✶ ✵✳✵✵✷✵ ✵✳✵✵✷✵ ✵✳✵✸✾✵ ✵✳✽✹✸✻
❘❡s✐❞✉❛❧s ✹✸✹ ✷✶✳✼✷✾✵ ✵✳✵✺✵✶

✭❝✮ ❆◆❖❱❆ r❡s✉❧ts✿ ✯ ♠❡❛♥s t❤❛t ♣❛r❛♠❡t❡r
✐s s✐❣♥✐✜❝❛♥t

✵✳
✶✺

✵✳
✷✺

✵✳
✸✺

γ̺

c v

✲✶ ✶

✵✳
✶✺

✵✳
✷✺

✵✳
✸✺

γ˜̺

c v

✲✶ ✶

✵✳
✶✺

✵✳
✷✺

✵✳
✸✺

γµ

c v

✲✶ ✶

✵✳
✶✺

✵✳
✷✺

✵✳
✸✺

γλ

c v

✲✶ ✶

✭❜✮ ▼❛✐♥ ❡✛❡❝ts ♣❧♦t

✻✵✵ ✽✵✵ ✶✵✵✵ ✶✷✵✵

✭❞✮ ❇♦① ♣❧♦t ♦❢ ♥✉♠❜❡r ♦❢
✐t❡r❛t✐♦♥s ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r

❜❡st ♣❛r❛♠❡t❡r s❡t

❋✐❣✉r❡ ✽✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t❤❡ ❛❞❛♣t❡❞
❛❧❣♦r✐t❤♠ ♦♥ ♣❧❛t❢♦r♠s ♦❢ N = 500 ♥♦❞❡s ❛♥❞ dmax = 15✳

✐♥ ♦♥❧② ✼ ♦✉t ♦❢ t❤❡ t♦t❛❧ ✹✽✵ ❡①♣❡r✐♠❡♥ts✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❆◆❖❱❆ r❡✈❡❛❧s t❤❛t
t❤❛t ̺ ✐s t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❢❛❝t♦r ❛♥❞ s❤♦✉❧❞ ❜❡ ❞❡❝r❡❛s❡❞✳ ❚❤✉s✱ ✇❡ ❛❞❥✉st
t❤❡ ✈❛❧✉❡s ❢♦r ̺ ❛♥❞ r✉♥ ❛♥♦t❤❡r s❡r✐❡s ♦❢ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r
❧❡✈❡❧s✿ ̺ = (0.01, 0.05)✱ ˜̺ = (0.05, 0.15)✱ λ = (0.7, 1.3)✱ µ = (0.7, 1.3)✳ ❚❤❡
❛♥❛❧②s✐s s❤♦✇s t❤❛t ̺ ✐s ❛❣❛✐♥ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❢❛❝t♦r t♦ ❛❝❤✐❡✈❡ ❛ s♠❛❧❧
❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ✭cv✮ ❛♥❞ t❤❛t t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❤❛✈❡ ❧✐tt❧❡ ✐♥✢✉❡♥❝❡✳
■♥❞❡❡❞✱ ✇❤❡♥ ̺ ✐s s❡t t♦ 0.01✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ✐♥ ✷✸✷ ♦❢ ✷✹✵ ❝❛s❡s✳

❲❡ ❝♦♥❞✉❝t ❢✉rt❤❡r ❡①♣❡r✐♠❡♥ts ✇✐t❤ ♣❧❛t❢♦r♠s t❤❛t ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ✶✵✵
♥♦❞❡s ✭dmax = 5✮ ❛♥❞ ♦❢ ✷✵ ♥♦❞❡s ✭dmax = 15✮✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❛❞❥✉st❡❞
❢❛❝t♦r ❧❡✈❡❧s t❤❛t ❤❛✈❡ s❤♦✇♥ ❛ ❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡ q✉❛❧✐t② ❢♦r ✹✵ ♥♦❞❡s✳ ❋♦r ❜♦t❤
❡①♣❡r✐♠❡♥ts✱ t❤❡ ❢❛❝t♦r ̺ ✐s t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ♦♥❡ ❛♥❞ ♥❡❡❞s t♦ ❜❡ s❡t t♦ ✐ts
❧♦✇❡r ✈❛❧✉❡✳ ❚❤❡ ❜❡st st❡♣ s✐③❡s ❛r❡ ❛❧s♦ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳

❆s ✜♥❛❧ ❡①♣❡r✐♠❡♥t✱ ✇❡ ❛ss❡ss t❤❡ ❝♦♥✈❡r❣❡♥❝❡ q✉❛❧✐t② ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❢♦r
♣❧❛t❢♦r♠s ✇✐t❤ ✺✵✵ ♥♦❞❡s ❛♥❞ ❛ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ✶✺✳ ❋♦r t❤❡s❡ t❡sts✱ ✇❡ st❛rt
❛❣❛✐♥ ✇✐t❤ t❤❡ ❢❛❝t♦r ❧❡✈❡❧s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ♣❧❛t❢♦r♠s ♦❢ s✐③❡ ✹✵✲✶✵✵✱
✇❤✐❝❤ ❛r❡ ̺ = (0.01, 0.05)✱ ˜̺= (0.05, 0.15)✱ λ = (0.7, 1.3)✱ µ = (0.7, 1.3)✳ ❲❤❡♥
r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ q✉✐❝❦❧② ♥♦t✐❝❡ ❛❢t❡r ✹✵ t❡sts t❤❛t ♦✉r ❛❧❣♦r✐t❤♠
❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ❛♥❞ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ✐s ✈❡r② ❧❛r❣❡✳ ❚❤✐s s✉❣✲
❣❡sts t❤❛t ♦✉r st❡♣ s✐③❡s ❛r❡ t♦♦ ❜✐❣✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦t r❡❝♦r❞❡❞ ❡♥♦✉❣❤ ❞❛t❛
t♦ ❝♦♥❞✉❝t ❛♥ ❆◆❖❱❆✱ ✇❡ s✐♠♣❧② ❝❤❡❝❦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ cv ✈❛❧✉❡s ❢♦r t❤❡
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ̺ = (0.01, 0.05)✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❤✐st♦❣r❛♠s✱ ♦♥❡ ❝❛♥ s❡❡
t❤❛t t❤❡ cv ✈❛❧✉❡s ❛r❡ s♠❛❧❧❡r ♦♥ ❛✈❡r❛❣❡ ❢♦r t❤❡ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ ̺✳ ❍❡♥❝❡✱ ✇❡
❞❡❝r❡❛s❡ t❤❡ ❧❡✈❡❧s ♦❢ ̺ ❛♥❞ ❝♦♥❞✉❝t t❤❡ ❡①♣❡r✐♠❡♥ts ❛❣❛✐♥ ✇✐t❤ t❤❡s❡ ❧❡✈❡❧s✿
̺ = (0.001, 0.01)✱ ˜̺= (0.05, 0.15)✱ λ = (0.7, 1.3)✱ µ = (0.7, 1.3)✳ ❆❣❛✐♥✱ ✇❡ ✐♥t❡r✲
❛❝t✐✈❡❧② ❡✈❛❧✉❛t❡❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛♥❞ st♦♣♣❡❞ t❤❡ ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥t
❛❢t❡r r♦✉❣❤❧② ✶✼✵ ❡①♣❡r✐♠❡♥ts ❛s ♠❛♥② ❡①♣❡r✐♠❡♥ts ❢❛✐❧❡❞ t♦ ❝♦♥✈❡r❣❡✳ ❖♥ t❤❡
❞❛t❛ ❣❛t❤❡r❡❞ ✇❡ r✉♥ ❛♥ ❆◆❖❱❆ ❛♥❞ ❞✐s❝♦✈❡r t❤❛t ̺ ✐s ❛❣❛✐♥ t❤❡ ♠♦st s✐❣♥✐❢✲
✐❝❛♥t ❢❛❝t♦r ❛♥❞ s❤♦✉❧❞ ❜❡ ❢✉rt❤❡r ❞❡❝r❡❛s❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❧♦✇❡r t❤❡ ❧❡✈❡❧s ♦❢
̺ ♦♥❝❡ ❛❣❛✐♥ t♦ (0.0001, 0.001) ❛♥❞ r❡r✉♥ t❤❡ ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥t✳ ◆♦✇✱ t❤❡

❘❘ ♥➦ ✼✼✹✺



▼✉❧t✐♣❧❡ ❇❛❣✲♦❢✲t❛s❦s ❆♣♣❧✐❝❛t✐♦♥ ❙❝❤❡❞✉❧✐♥❣ ♦♥ ●r✐❞s ✷✹

❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ✈❡r② s♠❛❧❧ ✈❛❧✉❡s ♦❢ cv ❜✉t ❛❣❛✐♥✱ ✇❡ ♥❡✈❡r ❝♦♥✈❡r❣❡ ✇✐t❤✐♥
t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✭✶✺✵✵✮✳ ❙♦✱ ❛s ̺ ✇❛s ❛❧r❡❛❞② t♦ s❡t t♦ ❛
s♠❛❧❧ ❛♥❞ st❛❜❧❡ ✈❛❧✉❡✱ ✇❡ ✐♥❝r❡❛s❡ t❤❡ r❛♥❣❡ ♦❢ ̺ ❛♥❞ ❞❡❝r❡❛s❡ t❤❡ r❛♥❣❡ ❢♦r ❛❧❧
♦t❤❡r ♣❛r❛♠❡t❡rs t♦ ❛✈♦✐❞ ♦s❝✐❧❧❛t✐♦♥✳ ❲❡ r✉♥ ❛ ✜♥❛❧ ❢❛❝t♦r✐❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t♦r ❧❡✈❡❧s✿ ̺ = (0.001, 0.002)✱ ˜̺ = (0.01, 0.05)✱ λ = (0.1, 0.7)✱
µ = (0.1, 0.7)✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ❛♥❛❧②③❡❞ ✐♥ ❋✐❣✉r❡ ✽✱ ✇❤✐❝❤ ❧❡❛❞s
✉s t♦ ❛ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ♦♥ ✷✾ ♦✉t ♦❢ ✸✵ ♣❧❛t✲
❢♦r♠s✳ ❯♥s✉r♣r✐s✐♥❣❧②✱ t❤❡ ❢❛❝t♦r ̺ ✇❛s ♥♦t s✐❣♥✐✜❝❛♥t ❛♥②♠♦r❡ ❢♦r ♦❜t❛✐♥✐♥❣ ❛
s♠❛❧❧ cv ❛s ❜♦t❤ ❧❡✈❡❧s ❛r❡ ✈❡r② ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✳

■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s r❡q✉✐r❡❞ t♦ ❝♦♥✈❡r❣❡ s❡❡♠s t♦ ❜❡ ✐♥✲
❞❡♣❡♥❞❡♥t ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ✭❛s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❜② ❝♦♠♣❛r✐♥❣ ❋✐❣✲
✉r❡ ✽✭❞✮ ❛♥❞ ❋✐❣✉r❡ ✺✭❞✮✮✳ ❙t❛rt✐♥❣ ❛r❜✐tr❛r✐❧② ❢❛r ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱
t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ st❡♣s s❤♦✉❧❞ t❤✉s ❜❡ s♠❛❧❧❡r t❤❛♥ ✽✵✵✳ ❆ ✺✵✵ ♥♦❞❡
♣❧❛t❢♦r♠ ✇✐t❤ dmax = 15 ❤❛s ❛ ❞✐❛♠❡t❡r ♦❢ r♦✉❣❤❧② 10 ❛♥❞ t❤✉s t❤❡ ❡①♣❡❝t❡❞
❝♦♥✈❡r❣❡♥❝❡ t✐♠❡ ✇♦✉❧❞ ❜❡ ♦❢ ❛ ❞♦③❡♥ ♦❢ ♠✐♥✉t❡s ✭❛ss✉♠✐♥❣ ❛ 50ms ❘❚❚ ❜❡✲
t✇❡❡♥ ♠❛❝❤✐♥❡s✮✳ ❙✉❝❤ ❝♦♥✈❡r❣❡♥❝❡ t✐♠❡ ✐s ❧✐♥❡❛r ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ❛♥❞
❧♦❣❛r✐t❤♠✐❝ ✐♥ t❤❡ ♣❧❛t❢♦r♠ s✐③❡✳ ■t ❝♦✉❧❞ ❝❡rt❛✐♥❧② ❜❡ ❢✉rt❤❡r ✐♠♣r♦✈❡❞ ❜② ❛
❜❡tt❡r t✉♥✐♥❣ ♦❢ st❡♣ s✐③❡s ❛♥❞ ✉s✐♥❣ ❛s②♥❝❤r♦♥♦✉s st❡♣s✳

✽ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ ❝♦♠♠✉♥✐❝❛t✐♦♥✲❜♦✉♥❞ ❇♦❚
s❝❤❡❞✉❧✐♥❣ ✐♥ ❣r✐❞ ♣❧❛t❢♦r♠s ✇✐t❤ ✢♦✇ ❝♦♥tr♦❧ ✐♥ ♠✉❧t✐✲♣❛t❤ ♥❡t✇♦r❦s✳ ▲❛✲
❣r❛♥❣✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❞✐str✐❜✉t❡❞ ❣r❛❞✐❡♥t ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥
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