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c
—
x
—
~
1

U(X;t) - pol[ pol]+ Rpol[ pol]+ Rpol[ poI]+ Rpol[ pol]+ Rpol[ pol]+ Rpol[ pol
pol
Redfih n 2
u
u(x;t) = u(0;t)+ @,u(0;t)x1 + @,u(0;t)x2 + @,u(0;t)Xs

1
+ 5(@1U(0:t)><§+ @,u(0;t)x3 + @, u(0;1)x3)
+  @,x,U(0;t)X1X2 + @,x5U(0; t)X1X3 + @,x5U(0; t)X2X3:
u

c05)0(t)
2c

0 1
(£D9 W
ruin = fé ($)® (t)é

( &P )

u(o;t) =



n Reﬁs cos Re(‘lfﬂn sm
( cos O(I) ( 005)(3) ('[) 2 5
0 T 1207 " T2 0
cos\(3)
1 %Xg + 0 (rz) 0
( D)9 (1) 2 (DO 2
6¢c3 Xl+r!00(r ) 6¢c3 X2+r!00(r )
COS)(S) (t) ( COS)(S)() 5
0G5 x3 20C + o (r ) 0
( )9 (1) ( $)O (1)

2 711%05 X1X3 + r!oo(rz) 7112 = XoX3 + r!oo(rz)
( )P (1) ( 350 (1)
“iogs 05 DT o) gt o (1)

Regon [ o n 2
0 1
COS)(S) (t) 2( sm)(S) (t) COS)(S) ('[)
o 1 (&M . (59O (1)
Hu(:t) = OCEE 20590 25HOM (OO ET — ez T 10ce
( 005)(5) ('[) ( sm (5) ('[) ( 005)(5) ('[)
I r2
C2=fx2R%ry jxj ro0
Uc Cc
uc(x;t)=0
Crrf r )

r = X2 R3jxj = rig

r, = FxX 2 R3;jxj = rag:

uc2Cl (C'? R)



r2

uc(x;t)=0; 8t< O;

u, (xt) = ax;t);

8
%cz U(xit) @uxi)=0;  Ciz;

u (X t) = b(x;t);

a2C'(,, R b2C'(,, R

R
8
@uc(x;t) & ug(x;t) = 0; x 2 Cf?
% us(x;t) = 0; 8t< 0;
% uc(x;t) = a(x;t); X2 o
ToUc(xit) = b(x;t); X2 1,
a b c(:, R c(:, R

Uc(x;0)=0  @uc(x;0)=0

a a b

ra

r2
G2

ra
G2

r2

a?2



c (R® R)

8
% ~a(x;t) G2
§ a(x;t) = a(x;t) f
T oa(x;t)=0
8
L c:
g Bx;t)=0
Tob(x;t) = b(x;t) .-
ue(X;t) = uc(x;t) a(x;t) [(x;t) u
8
% @ue(x;t) & ue(x;t) = f(x;t); x2Clz t O
@ue(x;0) = tc(x;0) = 0; x 2 Cz;
%u-c(x;t)=0; x2 o[ » t 0
ue(x;t) = 0; x2Cjz t O
0 1
0
f(x;t)y= @ a+b(x;t) + & a+ b (x;t) F(x;t) = % § Uc(x;t) =
f(x;t)
0 1 0 1
e(X;t 0 1
%w(x )§ A:% §
Q@ue(X; 1) ¢ 0
8
5 @Uc(x;t) + AUc(x;t) = F(x;t); x2Ciz t 0
-§ Uc(x;0) = 0; x 2 Cfz:
0 1
V(x) = %ul(x)§ 2H  H=HyC) LYC: Ha(CP:
uz(x)
(U1 (X); u2(X) 1 (crz) = o S ur(x; )r u(x;t)d x:
(A) = fV(x) 2 HIAV (x) 2 Hg = HG (Cf2) HJ(C/? Hé (Cr2) = H?(R%)\
Ha(Cr? A (A) H H



0

10 1
% u2(X) §:%U1(X)§

& ui(x) uz(x)

(AV (x); V (X))

(U2(X); U2(X D ng(crz) (c¢? u1(X); U2(X)) L2 (c )
AV )V (k=0 A A V 2 D(A)
f
G(x) = % 1(X)§ 2 H

f2(x)
(A+ 1V (x) = G(x);

8
g ur(x) uz(x) = f1(x)
2 ua(x) & uy(x) = fax):

up  Up 2 H3(Cr2 f12 HH(C/?

ur(x) ¢ ug(x) = fi(x)+ fa(x):

us HZ, (C2 8G 2 H v
D(A) (A+ 1)V(x)= G(x)
St A
Zt

ux;t)= S sF(x;s)ds;
0

Zt
kU(;t)ky C  KkF(;s)knyds; C>0:
0

KF(0kn = kf (DK 2z [0:]
(G it)ng(c{;) t maxkf ( it)kLz(c{;)3
f
kete( 5 1)K 1(cr2) Ctmaxk@ a+ b (;t) & a+b( TDkL2cr2y:

k@ a+B (i) ¢ a+B(;kocz C+ ) k@a( Dk oz + k@ Dk ez

k~a( )k zcrzy = ka( )k zcrz) k B0k 2crzy = KO k(e

w2zl R*:X =fa2L! R"';X) ;8p 2,9C> 0:k@a( ;t)kx Cg;
X = HY2( ) HIP?(h,) LG Co>0

kete( 3 )k (cr2) Cotka( ;t) + B( ;K21 (reiL2(c2))
Cot ka( ;t)kwain (re =2,y + KB i DKw2i1 (reizz( )



Co>0 C:>0
kug( ;t)kHl(Crrlz) Cokere( ;t)kHé(C;f) + Cika( ;t) + B ;t)kHé(C;f)
Cot ka( ;t)ka;l (R*’ ;H 1:2( fl)) + ku ;t)ka;l (R+ ;H 1:2( fz))

+C1 ka( ;t)kH1:2( ’1) + kd ;t)kH1:2( 72) .

M#]OI
XL X X _
Ue(x; 1) = MBS [ By 106Gt ) + MBS [ BRI t")
n=0 m=0 pol
pol cos sin Pk M pol
2 C! (R®) aﬁﬂoln
Ko a b
8 X1 X X
% a(x;t) = abo (r;t)polp (5" )
n=0 m=0 pol
E Xt X X | N
> b(x;t) = bien (poln (')
n=0 m=0 pol
8
. . r
A G0 = MERTLITI0GES S+ MBS LB TGt )
§ | | | I; I 2
bhn () = M p0+[p“](Xt+ )+Mp°’ [ 106t ;) ra
X XL x X
pol — pol .
m;n mn -
m;n; pol n=0 m=0 pol
e MBSTLENTD MBS [ BN ]
pol;
m:n X
(x;t) 7! MpPalt[ Pl (x;tY)  (x;t) 7!
X m;n; pol
MO [ ben 10x;t ) Cr?
m;n; pol
8
pol + pol + _ + I‘_2
% M5 1(x;t*) = 0; t o
3 MBS [ R Jx;t ) = 0; e

MBS L RN ] MBS [ B ] ¢ =



r,=c “

Mpol+[ pol +](t+)_

r
r{=Cc
MB% [ B 1t )=0
ro ra ry ro
ti=t — th= t+ =
c 1 c 2
8
2OMEN LEN Jow) = alh ot D) MEFEF TG+ )
§ I+ |+ ol 2 ol; ol; 2r;
MR RRTIGt) = B (Xt ?) MEn [ e 1(t2 —) r
B,
M pol: pol; ty 2
Ty MBS B Tt + 2
2
Mpol [pol 1(x; t2 2) 0 tzz[r_z %24. d t12[—l %4. i
2 I2
2 [2; 2+
2 [ - t]
% MBS LB J0it) = aloh (xita+ ) o

MBS L Ao 10x; t2)

Iy r2 )
tﬁgn (X!tZ ?) ra-



t
k MBS LB 106t MBS [ R I(x;ta)
t1 i +kt to %2 +kt
2] 20t (k) U] 2 [k 2a(ke) 1] MBS [ BER 10 ta+
oM it 22
ML BT I0Gt) M LB J0at) 2 lekt

(k+1) t] t22[%+ kt;%+(k+1)t] MBSt [ B9 ](x; ty)

MESL* [ B 1(x; t2) R
por (t )
n 1
r
poli (t ) tf=t+ -2 t =t -—
8 C
N~ 12X ()@ R
E R CTU N A SR
.
. 11X @ Bt)
g e ) = L0 @B ) g,
1=0
a b
poly

Uen an by

8
XX X ) ) ) .
Ucn (X;t) = MBS [ BeR 106Gt ) + MBSV [ ho 1(x;t )
n=0 m=0 pol
XX X
an (x;t) = abo (x;1)
n=0 m=0 pol
XX X
bu (x;t) = ten (X; 1)
n=0 m=0 pol
8
2 Jim av(xt) = ax;t) HZ( )
N! +1
N!“Tl by (x;t) = b(x;t) Hz( r,):
Sol Sol
a2cCt () b2cC () Uc

Sol(a; b) = uc(x;t):
Sol W2 ([0; TEH?( 1)) W2 (0, TEH2( () 1 LT (0; TIHY(C!?)
T>0
Sol



kuc(x;t)

USh () = MBS [ B T0G ) + MBS [ B9k 106t )

ii )

pol; . — X
Ivlm;n [](th )_

an by

UcnN

Sol(an ; by) = uen (X;1):

Soll@ an;b by)= uc(x;t) ucn (X;t):

ucN(x;OkHluﬂf) Cka(x;1) aN(x;OkH%(r1)+ Cokb(x;t) tN(X;”kH%(,Zf

N UcnN u

Uc

Mpoli+ M pol 0
Us
us(x;t) = MES L Ron 106t )+ MBY [ B 1(x:t ):
m;n; pol
upeh Us
X
Us(X;t) = Ufen (6 );
m;n; pol

Us
Xx=0
. % |
MP [0t )= M, [ 1(55t )P+ O (rP*);
p= n 1 rt o
x
p n'zr?gdZ)
X hoe | e | i
o Minp [ hin 1035t rf Rediih, [ 5557 1(: 50 )r?
m;n; pol p= n 1 p=n
p n(mod 2)
+ O (rP+l):

rt o

X ()
MBS [I0GE )= PO ()
0

X k (n "+k) .
on( 1) (t)r l+kp0|nm(;n )+ OO(rK n):

kI 4cn *k r!
"0 k=0



p= ° 1+k P=K n 1

x X S (1P (e prD) (g
l; . - o1 P+1y.
M [ 10t )= on(p+‘+1)! 4 cn+p+l poly' (5" ) rp+r!00(r ):
p= n 1 “=max(0 ; 1 p)

M Eoko [ ] MEn [
X « (1P (s (1)
p)q“(p+ K+1) 4cnep

MBIt ) = poly' (5" ):

k=max(0 ; 1

>
Mrrrﬂ?rg; [ ](X;t )= Mr%Oer [ ]( Dt )rp + IPloo(r.P+1):
p= n 1 :

ol X PR () PP my . K +n+l
Rednn [ 1(x:1) = > r WQn (1) poly (" )+ O(r ):

K= rt 0
kr;e?ir
p=n+k P=n+K
ol 1) = 1 x (p+ n+1) (t) +n 1 mge . P+1y.
Regin L10GD= 5= —gwmer Q" IO DPOR(G ) 1P O(r7T:
p n(mod 2)
Redho [ ] Redin [ ]
p n
(p+n+1) (¢ .
Reqhohy [ 1058 ) = o, P 2 1polf (' )
p n

Redhnp [ 105t )=0:

X
Regn [ J06i)= Redin, [ 10:5t )rP + O (rP™):
p=n '
RELLI0GD = MBS [0t ) MEST[ 1(x;t)
MBS [ Bk -

us(Gt) = MBS [ B 106t )+ M [ B Ikt )
m;n; pol
MBS [ ERTI0G )+ MELT LB 10t
— ; ; ; . | ; 1Y
= MBS [ R+ B 106t ) Redin [ Ry 106):
m;n; pol
fn = BT+ R

uben OGt) = MPSY [ BTGt ) Redin [ bon* 10x;1):



B,-nf0g R*

Ou(x;t) =0;

W /W0

u(x;0)=0; @u(x;0)=0;

X
u(x;t) = MED a1+ Regf, [ohtn 1

m;n; pol

X X ol; ol pol ol m '
u(x;t) = rP fR%: [aho 1+ Begy, ., (BB 1 poll (' );

m;n; pol p
8
2 mE, [ 1= 22, [ Tpoll (57 );
3 | .
” Regi®h, [ 1= Bedyy, [ IpolT (" ):
u
8
EElu(x;t)=0; R3nf0g R*;
B u(x;0)=0; @u(x;0)=0; R3nf0g;

Redyy, [0 1=0;
X
u(x;t) = MBbo @b ];

m;n; pol

0

X X
u(x;t) = rPRa o [aBor Tpoll (5 ):

m;n; pol p

Redyy [66% ]



u Br? R+
8

2 Hu(x;t)=0;

-3 u(x;0)=0;@u(x;0)=0;

MBS [ 1= 0;
X
u(x;t) = Redin [ohn I
m;n; pol

0

X X 0
u(x;t) = rPEegqp (B JPOIT (5" ):

m;n; pol p
u
u(x;t) = rPup(55t )+ uP(x);
p=1
uP
SP Y = P+1y.
maxju” (x;)j = O (r"™);
P (e )i = Py.
rt’na}FXJr u (x;t)) = r!Oo(r ):

X
up( it )= (up)R2, (D pol (5" );

m;n; pol

(Up)2l (1) = KRS [a89) ]+ Beghy,, (9 ]
0

X X
u(x;t) = rP(up)hen (Hpoly (' );

m;n; pol p

(Up)2, (1) = KRS (a9 ]+ Reghr, (9 ]

ol ol; ol;+
Red%;n M r‘r)un M r’?l;n






Cl

R?

X - 3
(X
1,X2,X
)
2



RS

(Ri;")2RY [0 ] [02]
X1 = Rsin cos; X ,= Rsin sin’; X3 = Rcos:
Uu:b rR"1 Ri22Z
x Uisz (X t) = C@—;ui(x;t); Xx2b, t o
b B
Ui(X;t) =0; 8i22Z; 8t2R; 8Xx2b:
i<oO0 t O
U(X;t) = 0; 8i<0 8t2R; 8X2Db;
U(X;t)=0; 822z 8 0 8X2Db:
U 2ct (b Ry
@y .
=X(X;t) = 0; 27, 2R; 8Xx2b:
@n( ;) =0; 81227, 8t2R; 8
U =0 i< O 1= 2
xUg(X;t)=0;  xU(X;t)=0; 8t2R; 8x2b:
pol cos sin
m;n; pol
X X1 X .
pol _ cos sin
m;n m;n m;n
m;n; pol n=0 m=0
M r?]orlw RecﬂﬁL;‘
C! (R) C! (S?2 R) s?
;")
R: Ry BS,
Ry CR? Ry Rz
n (0] n (0]
BR,= X2R*jR Ry CR? = X2R)jRi R Ry :



(U2ct® Ry,
(ADRSL 2 CL(R)  (B)RSh 2CL(R) i |

n2N O m n pol cos  sin R R?”t2R
i
X X ol; l; 1+° ol | +°
Ui(X:1) = MBS [(Bi RN IR MM+ Regl (A )R IR™
m;n; pol =0
MBS,  Redh,

Lioc (RiL2(CR2))
Wllz(aé’l (R;Hl(CEf)) Wllt()é’l (RiHY( kz;cgf)) R: Ro
R?<R 1<R> k1 ko

Ui
K1

Ui(X;t) = RP Uip (55t ) + UP(X;0);
p= P

max @ U (X; 1)

rtnaTx@‘jr x U7 (X ;1)

O RP?YH 8m o0
R! +1

L0 (R P2, 8m o
Ui:D
X |
Up (55t )= (Uip)ien (O POIT (5 );

m;n; pol

(Uip )R () = K12 [(B1 5 1)P 1+ Begimy (A pr )20

8
2 Reditn, [ 1=0 8p<n;

-SM@?#F,[]:O 8p< n 1

(A ()= (Bihw () =0; 8i< O



Ui

X X | | : \
Ui(X;t) = Ma% o o [Bi Db IR ™ M +Reght L [(A )RRIR™
m;n; pol =0

8
2 Regd, . (A )Eh1=0 &>
2

Mraor! n 1+‘[(Bi )meIn =0 8>

m;n;

X1 . Xt
(Uesh (Rity= " AR (B )%k IR " 2T+ Red, |

n Gninin +‘[(Ai )Pnon ]Rn+\i
"=0 <o
p= n 1+° p=n+"
| X - 5 X1 pol |
(Uin (Rit) = RPKIESL [(Bi p o )R 1+ RPBedyny [(Ai prn)BSh
p= n 1 p=n
pol ol
Regm;n;p [(Ai p+n)|pn;n ] =0 p<n
I Xt l; |- pol |
(Uiwn (Ri1) = RP Mr’?l?nfp [(Bi p n O)n 1+ Bednnp [(Ai pen)iin]
p= n 1
X1
(UDhn (Ri=  RPUROGD+ O (R P Y
p= P nr
o
2C! (R)

) x Redh, o[ RP2 = %Reg‘;%;p[ IRP;

i) X Mr?wc;)rh;;p ol IRP*2 = ngﬂ?Agp[ IRP:

poly (' )= n(n+1Lpoly (' ):

S @R?@R™ = (p+2)(p+3)RP:



x Red, o[ IRP2 = (p+2)(p+3) n(n+1) Redy, ., [ IR™:

(p+2)(p+3) n(n+1) Redon, [ 1= ?—jRe o [
Redfiih, [ 120 Rediih, [ 1=0
Re(ﬂ?ln;p

. ' (p+n+3) (¢
PER 3 Dpoly (57 ) = ZCTng)Qn

P n

p n
(p+ n+3) (t) p+n 1 n/.vy.
(p+2)(p+3) n(n+1) 2Cpfﬁan ( Dpoly (5" );

n(n+1) Q,”" 3( 1)= Q" *( 1)
p=n+2p° p°2 N

(p+2)(p+3)

Redoh, [ 1=0 p<n
QP (1) _ Q¥ (1),
(M3 D) Q® i

Q,P P p

Q> (1 D - ep+2)@n+2p%+3):

Q2 3( 1)
p=n+2p°
(p+2)(p+3) n(n+1) =@2p°+2)(2n+2p°+3);
n p
n p
p= n 1+2p° p°2 N

MERp [1=0 p< n 1
QP " (1) _ Q@ (1)
an+n 3( 1) Qﬁn 2p° 2( 1)'

2(p° n) 1
QQg(po n+1)(( )1) =2(2 pO 2n + 1)( p0+ 1
n

p= n 1+2p°

(P+2)(p+3) n(n+1) =2(2p° 2n+1)(p°+1);

C' RiH()



uz2ct b R
xU(X;t)=0 b U(X;t)=0 8t O;
APY :R!I R B :R! R

X . .
U(X:t) = Man o aBRW IR " T+ Regi, (ARG R":

m;n; pol
APn?L (t) = BrEf;’,'1 (t)y=0 t O
U
poly
X
U(X;t) = U (Rit)pol' (5" ):
m;n; pol
U
poI . ( 1) pol
—@R @ULS, (R 1) Tumn(R t)=0
UPY (R;t) = A(t)R" + B()R " %
A B2C! (R)
0 Bp 1= Fepl (o,
3 d2n+1 Apol ('[)
) gegmnn [ApOI = ZCTQn l( 1)
8 2n+1
n+
5 d2n+1 ApOI (t) 2C1 A(t),
Qn (1)
? Bl (0= LB
AR dARS, (1) =0 *oon
Up Uz
8 X
2 Uo(Xit)= ME% o al(Bo)i IR M 1+ Reghot, [(Ao)idh IR™;
m;n; pol
E X X pol; ol; n 1+ pol ol n+"
o Ul(x,t): an n 1+‘[(Bl \)ﬁ];n, ]R +Regm;n;n +‘[(Al \)I’e];n ]R :
m;n; pol =0

Uo UO



8
3
2

Uz

X
Ui(X;t) = (U (R; t)poll (' );

m;n; pol

(UDPS, (Rit) = A1(DR" + By(DR " L; A1 B12C! (R):

(Ap)k, (B1)ho

Ui(X;t) = MPY o AI(B)RY TR ™ 1+ Reghthn [(A)RS IR”
m;n; pol
+ MESE AIBo)h IR " +Reghny 1 [(Ao)ion IR
e, [1=0 n p
Re nn +1 [(AO)pOI ]_ .

néo

MP [Bo) 1 = 0 n6O;
d(Bo)hy (1)
4c
(BB (A1)PY n=0
(UPS (R;t) = A1()R" + By ()R " 1
(UDES (Rit) = BB [(BDRY IR ™ L+ Bedhny (AR IR™:
ol
2 I(/I”'f n (BB 1= %7(81)’) W,
3 @ (A )30' (t)
- He gmnn [(A)R 1= Win( 1):
8
2 @y = 2210,
§ n+l ol 2C2n+l .
@ (AR, (1) = T AL(t):
(A1)RS, di (A1)R% (1) =0 Coo2n
n=0

USRI = As()+ CLD,

(UDBA(R: ) = M2 L[(B1)BY TR 1+ Bedhool(A1)R0]+ K18 [(Bo)sSy

_(BYY (O
=

| . .
Begh.o.o[(A1)8%] + fE% [(Bo)BS

M (’));%I;; 1[(81)8;0(;; -

_ @A)

1
2¢c Qo ( 1) 4c

@Bo)sy (1)

Ay

neéo

B1



5 (B1)EY (1)=4 Ba(t);

o 2C @Bo)b%y’ (1)
> @Em - Qi 1) A+ ——
(A1)B% (A1)B% (1) =
Up U
O
Ui Cl Ioc(l? i |

8
2 XUi(X;t):C@_;Ui H(X:t); 8x2b; 8t o

-SUi(X;t)=0; 8i2z: 8x2b: st2R;

BR
St = X X pol; pol no 1+ pol pol n+
Ui (X ’t) - M N ono 1+ ‘[(BI ) ]R + Regm;n;n +‘[(Ai ‘)m;n ]R :
m;n; pol “=0
@ _
XU|+1 (X t)_ UI l(x t) BR? R™;
? . X xt pol; pol n 1+ pol pol n+
Ui.‘fl (X't) = an n 1+‘[(Bi+l ) R +Regm;n;n +‘[(Ai+1 ) R .
m;n; pol "=1
X Ui?+1
? X xt pol; ol; no o1+
XUi-+1 (X,t) = X Mm;n;’ n 1+‘[(Bi+l ‘)Pn;n' ]R
m;n; pol “=1
X X! o
+ X Reiﬁn;n +[(Ain )pol ]Rn+
m;n; pol “=1

8
o R = G R

X Req#?ln;;p[ ]Rp+2 = ?_SRei?L;;p ol IRP:



? . X x @ pol; pol; n 3+° 0 pol n+’
XUi'Jrl(th): C_sz;n; n 3+‘[(Bi+l ‘)m;n’ IR Red%nnJr 2[(Ai+l ‘)m;n]R
m;n; pol “=1
= 2
X 1 . . .
x Ul (X51) = gM,ﬁ?A; TR (TP L 0 S +C@§Re o+ [AT 1 R IR
m;n; pol "= 1
N
Mbn o 2l(BORYN 120 Redyn, 1l(ADRR1=
? . @ X X? pol; pol n 1+° pol pol n+.
XUi.+1 (X't): 2 Mm;n; n 1+‘[(Bi 1 ) ]R +Regm;n;n +‘[(Ai 1 ) R .
m;n; pol =0
x Uy (X5t) = ?—;Ui 1(X;1):
LZ
Mb% o a[BE IR " '+ Regh, (AR IR™;
m;n; pol
L2
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