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Chapitre 1Introdu
tion
Les statistiques, étymologiquement s
ien
es de l'État, peuvent être vues 
omme l'artde tirer des informations de données. Quoiqu'ils puissent prendre des formes très var-iées, tout problème de statistiques peut se dé
omposer en trois mor
eaux : l'objetétudié, les opérations que nous pouvons e�e
tuer, et la question mathématique pré-
ise. En d'autres termes, 
e que nous avons, 
e que nous pouvons faire, et 
e quenous voulons savoir.Les statistiques quantiques di�èrent des statistiques 
lassiques sur le premier point,
e que nous avons. Par ri
o
het, elles en di�èrent aussi sur le se
ond, 
e que nouspouvons faire.En statistiques 
lassiques, nous partons en général du résultat des mesures physiques,qui sont modélisées par des variables aléatoires et leurs lois de probabilité 
orrespon-dantes. En e�et, si nous pouvons mesurer les quantités A et B, nous pouvons enthéorie mesurer les deux simultanément. Les expérien
es mesurent souvent toutesles quantités utiles et a

essibles. En théorie, �
e que nous pouvons faire� est ap-pliquer n'importe quelle transformation mathématique aux données, éventuellementave
 une 
omposante aléatoire supplémentaire. En pratique, la puissan
e de 
al
ulpeut être un fa
teur limitant.Dans 
ertains 
as, 
ependant, nous devons 
onsidérer d'ores et déjà l'objet étudié,et 
hoisir quelle mesure e�e
tuer. Par exemple, si nous voulons 
omprendre le fon
-tionnement d'une boîte noire, nous devons la sonder ave
 di�érentes entrées, unenouvelle entrée à 
haque fois. Cette thématique relève des �plans d'expérien
e�.�Ce que nous pouvons faire� dépend largement du problème spé
i�que. Dans le 
asde la boîte noire, nous pouvons 
hoisir notre entrée. La des
ription mathématiquede 
e 
hoix peut varier d'une boîte noire à une autre, 
ependant. Toutefois, une foisla mesure e�e
tuée, nous avons de nouveau des probabilités, et sommes de retourau paragraphe pré
édent.



2 Introdu
tionEn statistiques quantiques, le plan d'expérien
e est inévitable. En e�et, si nous pou-vons mesurer A ou B, les lois même de la physique nous interdisent de mesurersimultanément A et B, en général. Nous devons don
 
hoisir quelle mesure nousapporte les informations les plus utiles. Néanmoins, la mé
anique quantique fournitun 
adre parallèle à 
elui des statistiques 
lassiques, qui nous dit exa
tement �
eque nous pouvons faire�. Initialement, �
e que nous avons� est un objet quantique,modélisé par un état quantique. �Ce que nous pouvons faire� est mesurer l'état,et obtenir une variable aléatoire 
lassique, ou bien plus généralement transformerl'état quantique. Les ensembles de mesures et transformations possibles sont pré
isé-ment dé�nis mathématiquement, 
e qui permet un traitement uni�é de nombreusesquestions.�Ce que nous voulons savoir� ne di�ère guère en statistiques quantiques et 
lassiques.Le plus souvent, nous souhaitons soit résumer les informations 
ontenues dans lesdonnées (inféren
e statistique), soit in�rmer une hypothèse ou 
hoisir la meilleurehypothèse dans un ensemble �ni (test), soit deviner ave
 pré
ision le phénomène quia généré les données (estimation). Les réponses à 
es questions sont toutes dé
ritespar un paramètre 
lassique. L'ex
eption est quand nous 
her
hons à obtenir un objetintrinsèquement quantique, 
omme par exemple quand nous essayons de 
loner leplus pré
isément possible un état.La Partie I de 
ette thèse est 
onsa
rée à l'étude d'un 
ertain nombre de systèmesparti
uliers. Spé
i�quement, nous 
ommençons au Chapitre 2.5.3 par un 
as où lamesure est déjà e�e
tuée, si bien que le problème devient 
lassique : nous évaluons unétat de la lumière par tomographie homodyne. Au Chapitre 3, nous nous demandons
omment dé
ider au mieux dans lequel d'un ensemble �ni d'états se trouve notresystème ; au Chapitre 4, nous donnons une pro
édure d'estimation rapide (1/n)d'une transformation unitaire boîte noire. Les Chapitres 5 et 6 s'atta
hent davantageà la stru
ture générale des expérien
es quantiques : le premier est 
onsa
ré à unerelation d'ordre sur les mesures quantiques, et le se
ond à la re
her
he de sous-systèmes �aussi di�érents que possible d'un même système quantique, dans le 
as leplus simple.D'un autre 
�té, nous pouvons avoir des questions très di�érentes sur un systèmedonné. Pour un tel système, �
e que nous avons� et �
e que nous pouvons faire�restent �xes. Nous pouvons don
 nous interroger sur 
e que l'on peut dire sur lesystème lui-même, sans référen
e à une question parti
ulière. La théorie de la 
on-vergen
e d'expérien
es en statistiques 
lassiques nous dit ave
 quelle pré
ision nouspouvons appro
her une expérien
e par une autre. Ainsi nous pouvons traduire toutesles pro
édures pour une expérien
e en une pro
édure pour l'autre expérien
e. Si bienque nous obtenons une réponse à �
e que nous voulons savoir� dans les deux expéri-en
es dès que l'on sait répondre pour l'une d'entre elles.La Partie 1.7, prin
ipale 
ontribution de 
ette thèse, généralise au monde quantique



1.1 Statistiques 3le 
as le plus basique de 
onvergen
e d'expérien
es, à savoir la normalité asymp-totique lo
ale. Nous prouvons qu'une expérien
e assez lisse d'états quantiques in-dépendants identiquement distribués (i.i.d.) 
onverge vers une expérien
e de dé
alagegaussienne quantique. L'important est que 
ette expérien
e est très bien 
onnue, ettout 
e que nous savons à son sujet peut être traduit pour la 
lasse très large desexpérien
es i.i.d lisses.Le reste de 
ette introdu
tion 
ommen
e par pré
iser les règles des statistiques 
las-siques et quantiques, puis introduit 
ha
un des 
hapitres de la thèse, et les problé-matiques 
orrespondantes dans l'ordre donné 
i-dessus.1.1 StatistiquesNous présentons une autre introdu
tion aux statistiques quantiques à l'usage dustatisti
ien, plus 
ondensée, en Appendi
e 2.A du Chapitre 2.5.3.1.1.1 Statistiques ClassiquesOn pourra 
onsulter Le Cam (1986) et van der Vaart (1998) 
omme référen
essupplémentaires, entre autres nombreux livres de statistiques. Nous résumons dansle Tableau 1.1, page 26, les ingrédients de base des statistiques 
lassiques. Le Tableau1.2 adja
ent donne les notions quantiques 
orrespondantes.Ce que nous avonsEn statistiques 
lassiques, on nous donne les données, qui peuvent être modéliséespar une variable aléatoire X de loi p. On sait par avan
e que p est dans un ensemble
E = {pθ, θ ∈ Θ} , (1.1)sans 
ontrainte en général sur l'espa
e de paramètres Θ. Les lois pθ sont toutesdé�nies sur le même espa
e de probabilités (Ω,A). Cet E est appelé expérien
e oumodèle statistique.Remarques :



4 Introdu
tion� Les données proviennent souvent de plusieurs mesures, générant autant de vari-ables aléatoiresX1, . . . , Xn, de lois p1, . . . , pn sur des espa
es de probabilités poten-tiellement di�érents. Toutefois, nous pouvons toujours 
onsidérer toutes 
es don-nées 
omme une seule variable aléatoireX = (X1, . . . , Xn), de loi p = p1⊗· · ·⊗pn,et nous restons dans le 
adre 
i-dessus.� Quoiqu'il n'y ait pas de 
ontrainte sur Θ à 
e point de la théorie, 
et ensemble estsouvent soit �ni soit un sous-ensemble raisonnable de R
d. Le premier 
as mène auxstatistiques dis
rètes, et à 
ertaines familles de tests en parti
ulier, et le se
ondaux statistiques paramétriques. Quand Θ est de dimension in�nie, nous sommesdans le 
omplexe royaume des statistiques non paramétriques, thème privilégié dela re
her
he 
es dernières annéesExemples : expérien
e de Bernoulli, expérien
e de dé
alage gaussienneL'espa
e de probabilité non trivial le plus simple est l'espa
e à deux éléments {0, 1}.Une expérien
e de pile ou fa
e s'é
rit

EBer = {pθ = (θ, 1 − θ), θ ∈ [0, 1]} . (1.2)Une alternative 
onsiste à lan
er la piè
e n fois. Si on note X = (X1, . . . , Xn) lerésultat, nous obtenons 
ette expérien
e sur {0, 1}⊗n :
EBin =

{
pθ : {X} 7→ θ

P

Xi(1 − θ)n−
P

Xi, θ ∈ [0, 1]
}
. (1.3)Quant aux fon
tions 
ontinues, l'exemple type est le gaussienne. Nous nous in-téresserons en parti
ulier aux expérien
es de dé
alage gaussiennes, où la varian
ede la gaussienne est �xée et où le paramètre est la moyenne :

Egs =
{
N (θ, I−1), θ ∈ R

d
}
, (1.4)où N est la loi normale, et I toute matri
e dé�nie positive �xée1.Ce que nous pouvons faireUne fois a
quises nos données X, 
omment les traitons-nous ?La pro
édure la plus générale 
onsiste à tirer une nouvelle variable aléatoire Y deloi pX dépendant seulement de X, mesurable en tant que fon
tion de X.1Nous utilisons 
ette étrange notation 
ar 
ette matri
e est l'inverse de la matri
e d'informationde Fisher (1.13).



1.1 Statistiques 5Nous pouvons voir 
e proto
ole de deux manières. La première est de 
onsidérer Y
omme la solution à �
e que nous voulons savoir�. Alors Y est un estimateur (ran-domisé), typiquement un estimateur de θ, auquel 
as nous le dénoterons également
θ̂.Mais nous pouvons également 
onsidérer Y 
omme une nouvelle variable aléatoire,et que nous avons transformé notre expérien
e. Notre nouvelle expérien
e est don

onstituée de Y de loi q dans un ensemble {qθ, θ ∈ Θ} sur un espa
e (Ω1,B), dedensité2

qθ(y) = T (pθ)(y)=̂

∫

Ω

pX(y)dpθ(X). (1.5)La transformation T est un noyau de Markov.Dans le 
as 
lassique, 
es deux notions sont les mêmes. Toutefois, j'insiste pour lesséparer dès maintenant 
ar elles seront di�érentes dans le 
as quantique.ExemplesRevenons à notre n-é
hantillon (1.3) de Bernoulli EBin. Notre espa
e de probabilitéest {0, 1}⊗n. Nous pouvons utiliser un noyau de Markov de 
et espa
e dans [0, n]∩Nqui envoie X = (X1, . . . , Xn) sur Y =
∑
Xi. I
i, les pX sont simplement des pi
sde Dira
. Nous obtenons alors une loi binomiale pour Y , 
'est-à-dire qθ = B(n, θ).L'expérien
e 
orrespondante est E = {qθ, θ ∈ Θ}.De même, nous pourrions souhaiter 
onstruire un estimateur θ̂. Le plus évident estde prendre X 7→ ∑

Xi/n = Y . La loi de notre estimateur est alors la binomiale
i-dessus, divisée par n.Pour 
e qui est de trouver un estimateur dans l'expérien
e (1.4) de dé
alage gaussi-enne Egs, la première idée est en
ore plus simple : on garde X. Le noyau de Markov
orrespondant est l'identité.Ce que nous voulons savoirNous souhaitons en général obtenir de l'information sur le pro
essus sous-ja
entin
onnu qui a généré nos données. En d'autres termes, nous voulons deviner le2Nous pourrions aussi bien travailler ave
 des ensembles non dominés de lois, mais 
ela ne feraitqu'alourdir les notations. Nous faisons don
 l'hypothèse que toutes les lois ont une densité, etutilisons la même lettre pour la loi et la densité.
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tionparamètre3 θ.Nous pouvons donner notre solution soit sous la forme d'un intervalle de 
on�an
e,soit par une estimation de notre quantité, éventuellement assortie d'estimationsde la varian
e de 
ette estimation. Cette estimation 
orrespond à la donnée d'unestimateur θ̂ de θ.Nous voulons 
onstruire un bon estimateur. Nous avons don
 besoin de pouvoirjauger les estimateurs. En théorie de la dé
ision, nous 
onsidérons une fon
tion de
oût c(θ, θ̂). C'est le 
oût que l'on doit payer si notre estimateur renvoie θ̂ quandle vrai paramètre est θ. Ainsi, les fon
tions de 
oût sont en général nulles sur ladiagonale, et augmentent quand θ et θ̂ s'éloignent dans un 
ertain sens.Une fon
tion de 
oût typique quand Θ est dis
ret dénombrable serait c(θ, θ̂) = δθ,θ̂.Quand Θ est un sous-ensemble ouvert de Rd, la fon
tion de 
oût la plus fa
ile àtraiter mathématiquement est le 
arré de la distan
e eu
lidienne c(θ, θ̂) = ‖θ− θ̂‖2
2,ou plus généralement toute fon
tion de 
oût quadratique (θ− θ̂)⊤G(θ− θ̂) pour unematri
e dé�nie positive G, éventuellement dépendant de θ.Comme θ̂ est une variable aléatoire, nous voulons minimiser l'espéran
e du 
oût,appelée le risque au point θ :

rθ(θ̂) =

∫

Ω1

c(θ, θ̂)dqθ(θ̂). (1.6)Cependant, nous ne pouvons minimiser dire
tement 
ette expression, 
omme lameilleure stratégie dépend de θ, qui est in
onnu. Nous devons don
 trouver le moyende 
hoisir un estimateur e�
a
e pour θ que nous risquons de ren
ontrer. Il y a essen-tiellement deux appro
hes. Les physi
iens favorisent le paradigme bayésien, où nousadmettons l'existen
e d'une loi a priori sur le paramètre θ. Les mathémati
iens vonten général préférer les 
ritères minimax, où une stratégie est évaluée par son 
as lepire.Critère bayésienNous avons 
onsidéré des données X de loi p. Jusqu'i
i, nous étions parti du prin
ipeque notre seule information était l'expérien
e, l'ensemble dont nous savons qu'il
ontient p.3Plus généralement, on peut être intéressé seulement par une fon
tion f de θ. Cependant,on peut toujours utiliser (θ, f(θ)) 
omme paramètre. On 
hoisira dès lors les fon
tions de 
oûtintroduites 
i-dessous pour qu'elles ne dépendent que de f(θ).



1.1 Statistiques 7Supposons maintenant que nous avons davantage d'informations. Plus pré
isément,on nous a dit avant l'expérien
e que θ est 
hoisi au hasard suivant une loi π. Alors,en moyenne, le meilleur estimateur sera 
elui qui minimise la moyenne du risque(1.6), 
'est-à-dire :
Rπ(θ̂) =

∫

Θ

π(dθ)rθ(θ̂)

=

∫

Θ

∫

Ω1

c(θ, θ̂)dqθ(θ̂)π(dθ). (1.7)À partir du risque de Bayes d'un estimateur spé
i�que θ̂, nous pouvons é
rire lerisque de Bayes asso
ié à la loi a priori π 
omme l'in�mum des risques sur tous lesestimateurs θ̂ :
Rπ = inf

θ̂
Rπ(θ). (1.8)La faiblesse de 
ette appro
he vient de 
e qu'il n'y au
une raison pour avoir uneloi de probabilité a priori sur Θ, mis à part la fon
tion de Dira
 sur le vrai θ...qui est exa
tement 
e que nous souhaitons trouver. Nous avons don
 à 
hoisir uneloi a priori et à 
onsidérer que 
'est la vraie. Le risque de l'estimateur �nal serasous-estimé, 
ependant.La plus grande for
e des estimateurs bayésiens est qu'ils utilisent de manière opti-male l'information des mesures, à loi a priori donnée. La loi a priori 
orrespond àde l'information a priori en général fausse. De 
e fait, les meilleures lois a priorisont 
hoisies pour minimiser l'information qu'elles 
ontiennent4. Pour un Θ �ni, on
hoisira d'habitude l'équiprobabilité a priori sur 
haque θ possible. Sur un sous-ensemble pré
ompa
t ouvert de Rd, on 
hoisira souvent la loi a priori de Je�reyJe�reys (1946), proportionnelle à la ra
ine 
arrée de l'information de Fisher (1.13)donnée 
i-dessous. Une analyse à θ �xé montrent que 
es estimateurs sont très bonsen général.Les estimateurs bayésiens peuvent être 
al
ulés en déterminant les lois a posteriori.Dans 
ertains 
as simples, 
es 
al
uls peuvent être réalisés expli
itement, et l'estima-teur sera le bary
entre des θ pondérés par leurs vraisemblan
es. Dans les situationsplus 
omplexes, on utilisera les 
haînes de Markov Monte-Carlo.Critères minimaxSoit qu'il est pessimiste ou mégalomane, le mathémati
ien part du prin
ipe qu'iljoue 
ontre le Diable. Aussi, il veut mettre au point une stratégie e�
a
e quel que4Les bayésiens subje
tivistes 
onsidèrent les lois de probabilité 
omme des degrés de 
royan
e.Ils peuvent don
 utiliser toute loi a priori basée sur les informations d'experts.
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tionsoit le vrai θ. Un estimateur θ̂ est don
 évalué par sa valeur dans le pire des 
as :
RM(θ̂) = sup

θ
rθ(θ̂). (1.9)Le risque minimax est le risque du meilleur estimateur, dit estimateur minimax :

RM = inf
θ̂
RM(θ̂) = inf

θ̂
sup
θ
rθ(θ̂). (1.10)Le défaut de 
ette méthode est qu'elle peut 
onduire à a�aiblir l'estimation surintuitivement beau
oup de valeurs possibles de θ a�n d'être e�
a
e dans quelques
as parti
uliers. Ce problème est 
ontourné en ré
lamant d'être adaptatif, 
'est-à-dire d'être minimax sur toute une 
lasse de sous-ensembles de {pθ}. Cette dernièrete
hnique s'utilise surtout en statistiques non paramétriques.L'intérêt de 
es méthodes est qu'elle ne font au
une hypothèse. Elles donnent unee�
a
ité dont nous savons qu'elle est atteinte, à partir du moment où le modèle (oul'expérien
e) lui-même est juste.Liens entre 
ritères bayésiens et minimaxLe lien prin
ipal entre 
es deux 
ritères vient de la remarque suivante. Si une stratégie

θ̂ est optimale au sens bayésien pour une loi a priori quel
onque, et si le risque de
θ̂ ne dépend pas de θ, alors θ̂ est optimale au sens minimax.En e�et, pour tout π, le risque de Bayes est plus faible que le risque minimax :

Rπ(θ̂) ≤ sup
θ
rθ(θ̂) = RM(θ), (1.11)ave
 égalité si et seulement si le risque au point θ est le même π-presque partout.Sous 
ertaines 
onditions, l'énon
é inverse est vrai : un estimateur minimax est opti-mal pour une loi a priori pré
ise, 
elle pour laquelle le risque bayésien est maximal.Nous dis
uterons de questions similaires au Chapitre 3.ExempleNous 
al
ulons le risque de l'estimateur susmentionné pour la famille de dé
alagegaussienne (1.4). La loi de θ̂ est la loi des données originales, 
'est-à-dire la loi



1.1 Statistiques 9normale N (θ, I−1). Don

rθ(θ̂) = Eθ

[
(θ − θ̂)⊤G(θ − θ̂)

]

= Tr(GI−1). (1.12)Ce risque au point θ ne dépend pas de θ, si bien que 
ette même valeur est aussi lesrisques minimax et bayésiens pour toute loi a priori de 
et estimateur. Nous verronsplus bas que 
et estimateur est aussi minimax pour le modèle.Le reste de 
ette se
tion résume brièvement les risques que l'on peut attendre dansles 
as su�samment réguliers, pour des fon
tions de 
oût quadratiques.Information de FisherLes risques que nous donnons 
i-dessus dépendent de la question (la fon
tion de
oût) et de l'expérien
e {pθ, θ ∈ Θ}, mais pas d'un estimateur parti
ulier. Nouspouvons don
 les lire dire
tement sur l'expérien
e.La notion la plus importante à 
ette �n est 
elle de matri
e d'information de Fisher.C'est une notion lo
ale, qui peut être interprétée 
omme une mesure de la vitesse àlaquelle nous pouvons distinguer pθ des pθ+dθ environnants. La borne de Cramér-Raodé
rite dans la pro
haine se
tion expli
ite 
ette interprétation. Notons que pour 
equi suit, il faut que le modèle soit assez régulier. Deux fois di�érentiable en θ estplus que su�sant.L'information de Fisher au point θ = (θα)α=1...d est donnée partons
Iα,β(θ) =

∫

Ω

∂ ln(pθ(X))

∂θα

∂ ln(pθ(X))

∂θβ
dpθ(X). (1.13)La matri
e d'information de Fisher est dé�nie positive, et dé�nit une métrique sur

Θ, qui est invariante par 
hangement de variables lisse. Ce fait peut être vu 
ommele lien le plus basique entre statistiques et géométrie di�érentielle. La géométriedi�érentielle peut être utilisée pour étudier les asymptotiques d'ordre supérieur,
omme par exemple dans le livre d'Amari (1985).En développant le logarithme des produits, nous 
onstatons fa
ilement qu'avoir né
hantillons de données multiplie l'information de Fisher par n, 
'est-à-dire I(n)(θ) =
nI(1)(θ) où I(n) est la matri
e d'information de Fisher de l'expérien
e E (n) = {p⊗nθ , θ ∈
Θ}.



10 Introdu
tionBorne de Cramér-RaoNous pouvons utiliser la matri
e d'information de Fisher pour trouver une borneinférieure sur la matri
e de varian
e des estimateurs lo
alement non biaisés :
∫

Ω1

(θ − θ̂)(θ − θ̂)⊤dqθ(θ̂) ≥ I−1(θ). (1.14)Cette borne tient5 pour tous les estimateurs lo
alement non biaisés θ̂, 
'est-à-direaussi longtemps que ∫ θ̂dqθ(θ̂) = θ et ∂/∂θi ∫ θ̂jdqθ(θ̂) = δi,j.Comme 
onséquen
e immédiate, pour une fon
tion de 
oût quadratique (θ−θ̂)⊤G(θ−
θ̂) et tous les estimateurs lo
alement non biaisés, nous obtenons 
ette borne inférieuresur le risque au point θ :

rθ(θ̂) ≥ Tr(GI−1). (1.15)Cette borne est asymptotiquement saturée. En e�et, une expérien
e de n-é
hantillonressemble de plus en plus à une expérien
e de dé
alage gaussienne, pour laquellela borne est saturée. L'expli
ation pré
ise vient de la théorie de la 
onvergen
ed'expérien
es de Le Cam, que nous esquissons plus avant à la Se
tion 1.7.1.ExemplesCal
ulons l'information de Fisher pour l'expérien
e de Bernoulli, en un point θdi�érent de 0 et de 1. L'expression se simpli�e légèrement 
omme nous n'avonsqu'un paramètre.
I(θ) = θ

(
d ln(θ)

dθ

)2

+ (1 − θ)

(
d ln(1 − θ)

dθ

)2

=
1

θ
+

1

1 − θ

=
1

θ(1 − θ)
.De 
e
i et notre remarque pré
édente sur les n-é
hantillons, nous déduisons que

I(θ) = n/(θ(1 − θ)) dans l'expérien
e binomiale Ebin.Un 
al
ul un peu plus pénible montrerait que la matri
e d'information de Fisherd'une expérien
e de dé
alage gaussienne est l'inverse de la varian
e des gaussiennes.5Les estimateurs supere�
a
es tel l'estimateur de Stein montrent qu'on ne peut pas simplementéliminer la 
ondition d'être lo
alement non biaisé. Cependant, 
ette 
ondition peut être suppriméeau prix de modi�
ations te
hniques, 
onsistant essentiellement à 
onsidérer l'e�
a
ité sur tout unvoisinage de θ, soit dans une appro
he minimax, soit bayésienne.



1.1 Statistiques 11D'où notre 
hoix de notation dans l'équation (1.4). De plus, après 
omparaison entrela borne (1.15) et le risque (1.12) de l'estimateur 
onsistant à prendre X lui-même,nous obtenons l'optimalité de 
e dernier estimateur dan la 
lasse des estimateurslo
alement non biaisés.Nous allons maintenant nous atta
her à donner des équivalents de 
es notions dansle monde quantique.1.1.2 Objets et Opérations QuantiquesLes livres de Helstrom (1976) et Holevo (1982) sont les référen
es habituelles enstatistiques quantiques. Nous pouvons également ajouter l'arti
le de revue plus ré-
ent de Barndor�-Nielsen et al. (2003). Comme nous l'avons déjà mentionné, nousavons résumé dans le Tableau 1.2, page 27, les ingrédients de base des statistiquesquantiques, ave
 le Tableau 
lassique 
orrespondant 1.1 en regard.États, opérateurs densitéL'objet de base des statistiques quantiques est l'état. L'état est l'équivalent d'uneloi de probabilité.Nous le dé�nissons sur un espa
e de Hilbert H. Son expression mathématique estdonnée par l'opérateur densité.De�nition 1.1.1. Un opérateur densité ρ sur un espa
e de Hilbert H est un opéra-teur à 
lasse de tra
e doté des propriétés suivantes :� Auto-adjon
tion : ρ est auto-adjoint.� Positivité : ρ est positif.� Normalisation : Tr(ρ) = 1.Ces 
onditions sont les équivalentes de 
elles qui régissent les mesures de probabilité :
es dernières sont réelles (= auto-adjointes), positives et normalisées à un.Pour les espa
es de Hilbert de dimension �nie, les opérateurs sont des matri
es, etles matri
es densité satisfont également aux 
onditions 
i-dessus. La variété des étatsest de dimension réelle d2 − 1 si H est de dimension 
omplexe d.
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tionExemple : QubitsLa situation la plus élémentaire 
orrespond à dim(H) = 2. Physiquement, 
e sys-tème pourrait être le spin d'un éle
tron. Ces états sont appelés états qubit, et sontlargement utilisés en information quantique.Nous dé�nissons les matri
es de Pauli 
omme
σx =

[
0 1
1 0

]
, σy =

[
0 i
−i 0

]
, σz =

[
1 0
0 −1

]
. (1.16)Comme une matri
e densité est auto-adjointe, elle sera une 
ombinaison linéaireréelle de 
es trois matri
es et de l'identité 1. La positivité et la normalisation im-posent de plus :

ρ =
1

2

(
1 + ~θ · ~σ

)
, ‖~θ‖ ≤ 1, (1.17)ave
 ~σ = (σx, σy, σz) un ve
teur de matri
es.Nous voyons que nous avons déjà besoin de trois paramètres réels pour dé
rire lesétats qubit, 
onfer le paramètre unique dont nous avons besoin pour dé
rire une loisur un espa
e 
lassique à deux éléments.États pursL'ensemble des mesures de probabilité peut être vue 
omme l'enveloppe 
onvexe desfon
tions delta. De même, les états sont l'enveloppe 
onvexe des états purs.Les états purs sont 
ara
térisés par le fait d'être des opérateurs de rang un, de valeurpropre un. Nous pouvons les é
rire |ψ〉 〈ψ|, où |ψ〉 est un ve
teur de norme un dans

H. Les états purs peuvent don
 être vus 
omme des points de l'espa
e proje
tifasso
ié à H.Ils sont extrêmement importants : de nombreuses des
riptions de la mé
anique quan-tique traitent uniquement les états purs. Les états généraux sont des mélanges 
las-siques d'états purs. Un état qui n'est pas pur est dit mélangé.Contrairement aux fon
tions delta, où il su�t de tirer une fois la variable aléatoirepour identi�er la loi in
onnue, il n'existe pas de mesure permettant d'identi�er sansambiguïté n'importe quel état pur, quand bien même nous saurions auparavant quel'état est pur. Cette di�éren
e fondamentale ave
 le 
as 
lassique est une marque dela non-
ommutatiivté entre les di�érents états. L'étude des états purs est déjà unproblème di�
ile.



1.1 Statistiques 13Pour les qubits paramétrés 
omme 
i-dessus, les états purs 
orrespondent à ‖~θ‖ = 1Cette paramétrisation par une sphère, appelée sphère de Blo
h, nous donne uneintuition graphique pour les problèmes sur les qubits.La dimension réelle des états purs est de 2(d− 1) si dim(H) = d.États 
ohérentsLes qubits sont l'exemple-type des états de dimension �nie. Les états 
ohérents6forment l'autre famille fondamentale d'états.Ces états vivent dans l'espa
e de Fo
k7 F(C), 
'est-à-dire l'espa
e de Hilbert dedimension in�nie ℓ2(N). Nous notons par {|k〉}k∈N la base 
anonique de ℓ2(N). Lesphysi
iens appellent |k〉 le k-ième état de Fo
k.Les états sur l'espa
e de Fo
k sont 
eux de l'os
illateur harmonique, 
omme parexemple l'état de la lumière mono
hromatique, i.e. l'état d'un laser. Nos sommesdon
 sur le terrain de l'optique quantique. Parmi 
es états, les états 
ohérents sonten un sens les plus 
lassiques : ils saturent les relations d'in
ertitude de Heisenberg.Ils sont donnés par un 
oe�
ient θ 
omplexe, soit deux paramètres réels. Comme
e sont des états purs, nous pouvons les dé
rire par un ve
teur de F(C), plut�t quepar un opérateur8 :
|θ) = exp(−|θ|2/2)

n∑

k=0

θk√
k!

|k〉 . (1.18)États multipartites, états intriquésConsidérons deux objets quantiques ρ1 et ρ2 sur H1 et H2. Ils peuvent être vus
omme un seul objet quantique sur l'espa
e H = H1 ⊗H2, d'état ρ = ρ1 ⊗ ρ2.Tout état sur pareil espa
e de Hilbert produit est appelé état multipartite. Main-tenant 
ertains états multipartites ne peuvent pas être é
rits 
omme une 
ombi-naison 
onvexe ∑ ciρ
i
1 ⊗ ρi2, ave
 des ci positifs. Nous pourrions avoir besoin de ci6Plus généralement, tous les états gaussiens éventuellement 
ompressés jouent un r�le majeuren optique quantique et, 
omme nous allons le voir, en statistiques quantiques. Dans l'exemple,nous nous restreignons aux états 
ohérents par sou
i de simpli
ité.7Les états 
ohérents de dimension supérieure à deux sont des produits tensoriels d'états 
o-hérents sur l'espa
e de Fo
k produit F(Cd) = F(C)⊗d.8Nous utiliserons la notation |θ) au lieu du ket habituel |θ〉 a�n d'éviter la 
onfusion ave
 lesétats de Fo
k, en parti
ulier quand θ est un entier positif.
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tionstri
tement négatifs. En d'autres termes, 
es états ne sont pas un mélange statistique
lassique de paires d'états. Ils 
ontiennent un 
ouplage intrinsèquement quantique.De tels états sont appelés états intriqués.Commençons par prouver leur existen
e. Nous é
rivons dimH1 = d1 et dimH2 = d2.Don
 dimH = d1d2. Les états multipartites pur sont des états purs sur H, don

onstituent une variété de dimension 2(d1d2 − 1). D'un autre 
�té, un état pur de laforme ∑ ciρ
i
1 ⊗ ρi2 ave
 les ci positifs impose que la somme ne 
ontienne qu'un seulterme, ave
 ρ1 et ρ2 tous deux purs. La dimension de la variété de 
es états produitest 2(d1 + d2 − 2) < 2(d1d2 − 1). Il y a don
 de nombreux états purs intriqués.Un exemple typique sont les états d'intri
ation maximale, 
'est-à-dire les états dela forme |Ψ〉 〈Ψ|, ave
 |Ψ〉 = 1√

d

∑ |ψi〉 ⊗ |ψi〉, où H1 = H2 et {|ψi〉} est une baseorthonormale de H1. Comme leur nom l'indique, 
es états sont aussi intriqués quepossible.L'intri
ation est peut-être la ressour
e la plus basique et la plus essentielle de toutel'information quantique. Elle joue un r�le au 
÷ur de la téléportation quantique, de laplupart des proto
oles de 
ryptographie quantique et dans les algorithmes a

élérésdes ordinateurs quantiques. La littérature qui y est 
onsa
rée est trop immense pourêtre seulement esquissée. En statistiques quantiques, les états intriqués peuvent êtreutilisés pour a

élérer l'estimation de transformations quantiquesA
tions sur les étatsDans le 
as 
lassique, nous avons remarqué que donner un estimateur ed θ, ou plusgénéralement de n'importe quelle fon
tion de θ, était équivalent à la transformationde nos données initiales pour obtenir une nouvelle variable aléatoire Y de loi T (pθ).Dans le 
as quantique, les deux notions sont bien distin
tes. En e�et, transformerles données signi�e obtenir un nouvel état quantique, 
'est-à-dire un nouvel opéra-teur sur un espa
e de Hilbert. Les états sont transformés quand ils sont envoyésà travers un 
anal. Un estimateur d'un paramètre 
lassique, en revan
he, est unequantité 
lassique. Nous obtenons don
 une variable aléatoire 
lassique. Ces données
lassiques sont obtenues en e�e
tuant une mesure de l'état.Si nous souhaitons simplement 
onsidérer les estimateurs, pourquoi s'intéresser aux
anaux ? En e�et, l'appli
ation de 
anaux su

essifs suivie d'une mesure peut êtrerésumée à une mesure plus 
omplexe.La première raison est que nous pourrions vouloir transformer nos états en unenouvelle famille pour laquelle nous savons quelle mesure e�e
tuer. En fait, tout le but



1.1 Statistiques 15de la normalité asymptotique lo
ale quantique forte, dont l'étude forme l'essentielde 
ette thèse, est de transformer des expérien
es en d'autres expérien
es quasi-équivalentes, et plus simples et mieux 
onnues.Deuxièmement, les 
anaux dé
rivent des transformations quantiques. Nous pourrionssouhaiter étudier la transformation elle-même, plut�t que l'état. Typiquement, 
ettetransformation pourrait être générée par une for
e que nous voulons mesurer. Nousnous étendrons davantage sur le sujet au Chapitre 4.Nous appelons instrument une fon
tion qui retourne à la fois des données 
lassiqueset quantiques en prenant un état quantique en entrée. Les véritables instrumentsde mesure sont en fait des instruments, quand bien même l'état de sortie peut êtreoublié. En parti
ulier, les mesures en temps 
ontinu sont 
ommunes en pratique.Typiquement, nous mesurons le 
hamp éle
tromagnétique par son intera
tion ave
 lamatière, 
omme au Chapitre 8. Ces mesures peuvent être vues 
omme une suite d'in-struments in�nitésimaux. É
rire les équations 
orrespondantes est le but du �ltragequantique, 
réé par Davies et Belavkin (Bouten et al., 2006, for an introdu
tion).Mesures, POVMsSi nous voulons e�e
tuer de l'inféren
e statistique 
lassique sur les paramètres in
on-nus, il nous faut traduire notre information quantique en information 
lassique. À
ette �n, nous e�e
tuons une mesure. Comme les états mélangés sont des mélanges
lassiques d'états purs, nous exigeons que 
ette transformation soit linéaire. De plus,la sortie doit toujours suivre une loi de probabilité 
lassique. De 
e
i, nous déduisonsla forme suivante pour les mesures physiquement permises :De�nition 1.1.2. Une mesure à valeur dans les opérateurs positifs, ou POVM,de l'a
ronyme anglais, sur un espa
e mesuré (Ω,A) est une ensemble {M(A)}A∈Ad'opérateurs bornés sur H tels que :� M(Ω) = 1H.� M(A) est positif.� Pour toute 
olle
tion dénombrable (Ai)i∈N d'Ai disjoints, nous avons M(
⋃
Ai) =∑

M(Ai).On remarquera que 
e sont exa
tement les axiomes habituels d'une mesure de prob-abilité, à 
e
i près que nous utilisons des opérateurs au lieu de nombres réels. Nousappelons 
haque M(A) un élément de POVM.Appliquer une mesure M à un état ρ génère une loi Pρ sur (Ω,A), donnée par larègle de Born :
Pρ(A) = Tr(ρM(A)). (1.19)



16 Introdu
tionAu Chapitre 5, nous examinerons une relation d'ordre spé
i�que sur les POVMs.Quelques remarques s'imposent. Tout d'abord, nous pouvons in
lure tout traitement
lassique des données dans la POVM. En e�et, e�e
tuer la mesureM , puis appliquerle noyau de Markov T (dé�ni par (1.5)) à la variable aléatoire de sortie est équivalentà e�e
tuer la mesure N sur (Ω1,B) donnée par N(B) =
∫
Ω
pω(B)M(dω). Si bienque travailler ave
 des POVMs est équivalent à travailler ave
 des estimateurs.Deuxièmement, en général, nous ne pouvons pas mesurer simultanément M1 et M2sur (Ω1,A1) et Ω2,A2). Contrairement au 
as 
lassique, où l'on peut obtenir si-multanément les résultats de l'appli
ation des noyaux T1 et T2. En e�et, mesurerà la fois M1 et M2 signi�e mesurer N sur (Ω1 ⊗ Ω2) ave
 N(A1 × Ω2) = M1(A1)et N(Ω1 × A2) = M2(A2). Un 
ontre-exemple simple illustrant le r�le de la non-
ommutativité est donné par M1 et M2 toutes deux dé�nies sur {0, 1}, ave


M1(0) =

[
1 0
0 0

]
, M1(1) =

[
0 0
0 1

]
,

M2(0) =
1

2

[
1 1
1 1

]
, M2(1) =

1

2

[
1 −1
−1 1

]
.Toutes 
es matri
es sont de rang un. Il faut maintenant N(0, 0) +N(0, 1) = M1(0).Comme tous les éléments de POVM sont positifs, nous obtenons M1(0) ≥ N(0, 0).Comme de plusM1(0) est de rang un, nous avons N(0, 0) = c1M1(0) pour un 
ertain

0 ≤ c1 ≤ 1. De même N(0, 0) + N(1, 0) = M2(0). Si bien que N(0, 0) = c2M2(0).La seule solution est c1 = c2 = 0 et N(0, 0) = 0. Le même raisonnement tient pour
N(0, 1), N(1, 0) et N(1, 1). Par ailleurs, il faut que N({0, 1}2) = 1C2 . Contradi
tion.Finalement, on 
roit que toutes 
es mesures sont permises par les lois de la physique.Mais elles peuvent être très dures à implémenter en pratique. En parti
ulier si l'étatest multipartite, il peut être raisonnable de se restreindre à des 
lasses de mesureplus petites. Notamment, si di�érentes personnes possèdent di�érentes parti
ules endes lieux di�érents, elles ne pourront pas implémenter une mesure générale, mêmes'ils 
oopèrent. Le mieux qu'elles puissent faire est : l'une d'elles mesure sa parti
ule(éventuellement ave
 un état quantique non trivial en sortie), donne le résultat auxautres, qui 
hoisissent quel mesure e�e
tuer sur leurs parti
ules, garde l'état desortie et donnent le résultat aux autres, et on itère. De telles mesures, qui utilisentuniquement des opérations quantiques lo
ales et les 
ommuni
ations 
lassiques, sontappelées LOCC : Lo
al Operations, Classi
al Communi
ation.En information quantique, quand le système (souvent intriqué) est divisé entreplusieurs personnes, nous nous restreignons naturellement aux opérations LOCC.En estimation quantique ave
 n 
opies de l'état initial, nous sommes intéressés par
e que nous pouvons réaliser ave
 des mesures LOCC, beau
oup plus simples à im-plémenter en pratique, que les mesures générales, dites 
olle
tives. Nous pouvons



1.1 Statistiques 17généralement améliorer la pré
ision de la mesure par des mesures 
olle
tives, 
e quipeut paraître surprenant pour des physi
iens, puisque les n 
opies sont totalementindépendantes. Dans 
ertains 
as, en parti
ulier quand nous savons que l'état est pur(Matsumoto, 2002), les mesures 
olle
tives n'améliorent guère les mesures LOCC.Cela peut surprendre les mathémati
iens, 
omme l'espa
e des mesures 
olle
tivesest beau
oup plus grand que 
elui des mesures LOCC.Exemple : Spin zConsidérons la mesure binaire sur les qubits donnée par
M(↑) =

[
1 0
0 0

]
=

1

2
(1 + σz), M(↓) =

[
0 0
0 1

]
=

1

2
(1 − σz).Cette mesure appliquée à l'état ρ = 1+~θ·~σ

2
renvoie ↑ ave
 probabilité

Tr(ρM(↑)) =
1

2

(
Tr(1M(↑)) +

∑

α=x,y,z

θα Tr(σαM(↑))
)

=
1

2
(1 + θz).En parti
ulier, si θz = 1, la sortie est toujours ↑. À l'inverse, si θz = −1, la sortieest toujours ↓. D'autre part, si θx = 1, si bien que θz = 0, la sortie sera ou bien ↑ oubien ↓ ave
 probabilité un demi, alors que l'état ρ est pur.Les mesures de 
e genre, où tous les éléments de POVM sont des proje
teurs, sontaussi appelées observables. Elles génèrent de l'information uniquement sur la base oùtous les éléments de POVM sont diagonaux. A

essoirement, les axiomes usuels dela mé
aniques quantiques restreignent les mesures aux observables. Nos ré
upéronsl'ensemble des POVMs en appliquant une observable à un état multipartite dontnotre état n'est qu'une partie ; 
'est le théorème de Naimark.Mesure hétérodyneLa mesure hétérodyne tire son nom de la te
hnique utilisée pour l'implémenteren laboratoire, ave
 des lasers déphasés. Cette POVM de sortie dans C se dé
ritmathématiquement par :

M(A) =
1

π

∫

A

|z)(z|dz, (1.20)où |z) est un état 
ohérent (1.18).
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tionLa loi du résultat de la mesure de ρ a don
 pour densité (z|ρ|z) par rapport à lamesure de Lebesgue, au point z. En parti
ulier, la loi du résultat de la mesure d'unétat 
ohérent est une gaussienne :
qθ(dz) =

1

π
(z|θ)(θ|z) =

1

π
exp(−|θ − z|2). (1.21)Si nous 
onsidérons tous les θ 
omplexes, nous re
onnaissons une expérien
e dedé
alage gaussienne (1.4) sur R

2.Plus généralement, la densité de la loi du résultat de la mesure d'un état ρ estappelée fon
tion de Husimi de l'état :
Hρ(dz) =

1

π
(z|ρ|z). (1.22)Les états dont la fon
tion de Husimi est une gaussienne sont appelés états gaussiens.CanauxNous dé
rivons maintenant 
omment obtenir un nouvel état quantique à partir d'unpremier. Notez que l'état original est détruit au 
ours du pro
essus.Une transformation physique d'un objet prend un état et renvoie un aure état,éventuellement sur un espa
e de Hilbert di�èrent. Elle est dé
rite par un 
anal,l'équivalent d'un noyau de Markov.Pour rappel, un superopérateur positif E est une appli
ation qui asso
ie à 
haqueopérateur A positif un résultat E(A) également positif.De�nition 1.1.3. Un 
anal E est une appli
ation de l'ensemble T (H1) des opéra-teurs à 
lasse de tra
e, dans T (H2), doté des propriétés suivantes :� Linéarité : E est linéaire.� Positivité 
omplète : pour tout espa
e auxiliaire H3, le superopérateur E ⊗ Id :

T (H1 ⊗H3) → T (H2 ⊗H3) donné par (E ⊗ Id)(ρ⊗ σ) = E(ρ) ⊗ σ est positif.� Préservation de la tra
e : Tr(E(A)) = Tr(A).Notez que les noyaux de Markov satisfont à 
es 
ritères, quand on rempla
e lesopérateurs par des mesures9.9Dans le 
adre plus général des C∗-algèbres, les espa
es de fon
tions sont des C∗-algèbres
ommutatives et tous les superopérateurs positifs sur 
es espa
es sont 
omplètement positifs



1.1 Statistiques 19La né
essité de la linéarité peut être prouvée par l'axiome d'évolution unitaire10 eten in
luant l'observateur dans le système.Nous voulons que l'image d'un état soit un état, don
 un opérateur positif doit êtreenvoyé sur un opérateur positif. Pour 
omprendre d'où vient l'exigen
e de positivité
omplète, 
onsidérons un état éventuellement intriqué sur H1 ⊗ H3. Si nous trans-formons l'état sur H1, nous transformons aussi l'état sur H1 ⊗ H3, par le 
anal
E ⊗ Id. Don
 
ette dernière transformation doit aussi être positive. D'où la requêtede 
omplète positivité.Finalement, la sortie est un état si l'entrée est un état, et tous deux ont tra
e un,don
 la tra
e doit être 
onservée.Nous 
onsidérerons souvent des 
anaux du point de vue (pré)dual, 
'est-à-dire 
ommeagissant sur les éléments de B(H). Nous dé�nissons Tr(E(ρ)A) = Tr(ρE∗(A)) pourtout état ρ et tout opérateur borné A. Dans 
e 
as, E∗ est aussi une appli
ationlinéaire 
omplètement positive, mais nous devons rempla
er la préservation de latra
e par la préservation de l'identité, 
'est-à-dire E∗(1) = 1.Notations : Nous utilisons d'habitude les lettres E ou F pour les 
anaux. Par abusde notation, nous ne noterons en général pas l'étoile pour le prédual et é
rironségalement E dans 
e 
as. Cependant, 
es notations standard sont également lesnotations standard pour les expérien
es ; Aussi , dans les 
hapitres où nous utilisons
ette dernière notion, nous désignerons les 
anaux de la même façon que les noyauxde Markov, à savoir par T, Tn, S, Sn.Représentation de Kraus, théorème de StinespringLa dé�nition donnée 
i-dessus ne permet pas une manipulation simple des 
anaux.Heureusement, nous disposons de deux théorèmes de représentation qui dé
rivent lesappli
ations 
omplètement positives de manière plus pratique. Le livre de Paulsen(1987) est une bonne référen
e sur 
es sujets.La représentation de Kraus (1983) est l'outil prin
ipal quand l'espa
e de Hilbert estde dimension �nie.Theorem 1.1.4. Une appli
ation 
omplètement positive E de M(Cd1) dans M(Cd2)peut s'é
rire

E(A) =
∑

α

RαAR
∗
α, (1.23)10La mé
anique quantique a�rme que l'évolution d'un système est donnée par ρ(t) =

U(t)ρ(0)U∗(t), où U(t) est un opérateur unitaire qui peut être 
al
ulé à partir de l'opérateurauto-adjointH appelé le hamiltonien. Si le hamiltonien ne dépend pas du temps, alors U(t) = eitH .
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tionoù α va de 1 à d1d2 au plus, et Rα ∈Md2,d1(C). L'étoile représente l'adjon
tion.De plus, le 
anal préserve la tra
e si et seulement si ∑R∗
αRα = 1Cd1 .Cette dé
omposition n'est pas unique. Le 
anal dual est donné par A 7→∑

R∗
αARα.En dimension in�nie, nous utiliserons de préféren
e le plus puissant théorème dedilatation11 de Stinespring (1955).Theorem 1.1.5. Soit E : B(H1) → B(H2) une appli
ation 
omplètement positive.Alors il existe un espa
e de Hilbert K et un *-homomorphisme (ou représentation)

π : B(H1) → B(H2) tels que
E(A) = V π(A)V ∗, (1.24)où V : K → H est un opérateur borné.De plus, si E préserve l'identité, alors V est une isométrie, 
'est-à-dire V V ∗ = 1H.Si de plus nous imposons que K soit la fermeture de l'espa
e ve
toriel engendré par

π(A)V ∗H, alors la dilatation est unique à des transformations unitaires près.InstrumentsNous donnons les représentations d'instruments en dimension �nie12. Pour simpli�erdavantage les notations, nous nous pla
erons dans le 
as où la mesure a un nombre�ni d'issues.De�nition 1.1.6. Un instrument est donné par un ensemble {Nω,k} de matri
es de
H1 dans H2, tel que

∑

ω

∑

k

N∗
ω,kNω,k = 1H1 .La mesure 
orrespondante est donnée par

M(ω) =
∑

k

N∗
ω,kNω,k,11En fait le théorème de Stinespring a été prouvé pour toute C∗-algèbre unitaire. On peut prouverqu'il implique le théorème de représentation de Kraus, ainsi que la représentation GNS, une basede la théorie des algèbres d'opérateurs.12En dimension in�nie, il faut se pla
er dans le 
adre des C∗-algèbres, et un instrument est alorssimplement un 
anal entre C∗-algèbres



1.1 Statistiques 21et l'état de sortie quand le résultat de la mesure est ω est donné par
N (ρ, ω) =

∑
kNω,kρN

∗
ω,k

Tr(ρM(ω))
.L'état de sortie vit dans H2.Nous avons désormais une nouvelle manière de 
omprendre pourquoi nous ne pou-vons pas mesurer deux POVMs simultanément : après avoir mesuréM , l'objet quan-tique, don
 notre donnée, a en général été perturbé. En fait, si la mesure est su�-isamment ri
he, l'état de sortie ne dépend que du résultat ω de la mesure, et plusdu tout de l'état d'entrée.Nous avons désormais tous les outils pour transposer les statistiques 
lassiques aumonde quantique.1.1.3 Statistiques quantiquesNous travaillons d'habitude sur les états quantiques ; à l'o

asion, nous voudronsobtenir des informations sur un 
anal. Nous traitons les deux 
as séparément.États : 
e que nous avons, 
e que nous pouvons faire, 
e que nous voulonssavoirDe manière analogue au 
as 
lassique, nous disposons d'habitude d'un état quantique

ρ, que nous savons être dans l'ensemble
E = {ρθ, θ ∈ Θ} . (1.25)Nous appellerons également 
et ensemble expérien
e ou modèle.Dans l'exemple des qubits, les modèles usuels seront le modèle 
omplet de mélange,à trois dimensions, Em = {ρθ, ‖θ‖ < 1} et le modèle à deux dimensions des étatspurs Ep = {ρθ, ‖θ‖ = 1}, où nous avons utilisé la paramétrisation pré
édente (1.17)de l'état ρθ. Si nous avons n 
opies de l'état, nous remplaçons ρθ par ρ⊗nθ .Un autre exemple typique est le modèle Et = {ρθ, θ ∈ {θ1, θ2}}, où la questionhabituelle est de dis
riminer entre les deux θ possibles. Nous étudions 
e genre deproblèmes dans la Se
tion 1.3 et le Chapitre 3.
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tionNous pouvons a priori utiliser n'importe quelle suite d'instruments sur l'état. Si nousvoulons simplement obtenir des renseignements sur θ, nous pouvons nous restreindreaux mesuresM , les POVMs. Nous asso
ions alors àM un estimateur, disons θ̂, dontla loi dépend du vrai paramètre θ de la manière suivante :
qθ(B) =̂ Pθ

[
θ̂ ∈ B

]
= Tr(ρθM(B)).Selon les 
ir
onstan
es, nous pourrons permettre toutes les mesures physiques, ounous restreindre à des ensembles plus petits, 
omme les mesures séparées ou lesmesures LOCC.En�n, 
e que nous voulons savoir est la même 
hose que dans le 
as 
lassique.Nous voulons 
onnaître une fon
tion du paramètre θ. Nous voulons don
 estimer

θ, et évaluer notre estimateur θ̂ au travers d'une fon
tion de 
oût c(θ, θ̂). Commeauparavant, les fon
tions de 
oût les plus 
ommunes sont (1− δθ,θ̂)� si l'ensemble deparamètres est �ni, et les fon
tions de 
oût quadratique (θ̂ − θ)⊤G(θ̂ − θ) pour unematri
e G dé�nie positive, si le paramètre vit dans un sous-ensemble ouvert de Rd.La matri
e de poids G peut dépendre de θ.Nous pouvons à nouveau é
rire le risque (1.6) d'un estimateur au point θ. Commenous ne 
onnaissons pas θ, nous pouvons utiliser soit le risque bayésien (1.7) pourune loi a priori adaptée, soit le risque minimax (1.9), et optimiser (1.8, 1.10) sur lesestimateurs disponibles. Notons que la dernière étape dépend de l'ensemble d'esti-mateurs que nous nous autorisons.Information de Fisher quantique et bornes de Cramér-RaoNous pouvons essayer d'imiter la dé�nition de l'information de Fisher 
lassique etobtenir des ornes similaires sur la varian
e des estimateurs. En fait, nous pouvons
onstruire pareil équivalent pour tout 
hoix de dérivée logarithmique. Nous 
hoi-sissons la dérivée logarithmique à droite (RLD), dé�nie pour 
haque θ et 
haque
oordonnée θα 
omme la matri
e λα,θ telle que :
∂ρθ
∂θα

= ρθλα,θ (1.26)sur le support de ρθ.Alors l'examen de la dé�nition (1.13) et le rappel du fait que la règle de Born (1.19)est l'équivalent de l'espéran
e 
lassique rendent naturelle la dé�nition suivante de lamatri
e d'information de Fisher quantique :
Jα,β(θ)=̂Tr(ρθλβ,θλ

∗
α,θ). (1.27)



1.1 Statistiques 23Helstrom (1976) a prouvé que la matri
e de 
ovarian
e de tout estimateur lo
alementnon biaisé θ̂ était plus grande que l'inverse de la matri
e d'information de Fisherquantique. De 
e fait, pour toute fon
tion de 
oût quadratique (θ − θ̂)⊤G(θ − θ̂),nous avons 
ette borne sur le risque (1.6) :
rθ(θ̂) ≥ Tr

(
Re(G1/2J −1(θ)G1/2) +

∣∣Im(G1/2J −1(θ)G1/2)
∣∣
)
. (1.28)Remarquons que nous n'é
rivons pas le membre de droite Tr(GJ −1(θ)), 
ar notrematri
e d'information de Fisher est auto-adjointe, mais pas réelle.Holevo (1982) a amélioré13 
ette borne pour un paramètre de dimension p et unsystème vivant dans un espa
e de Hilbert de dimension d :

rθ(θ̂) ≥ inf
~X

Tr
(
Re(G1/2Z( ~X)G1/2) +

∣∣Im(G1/2Z( ~X)G1/2)
∣∣
)
, (1.29)où Zi,j = Tr(ρθXiXj), et ~X = (X1, . . . , Xp) est un ve
teur de d × d matri
es auto-adjointes satisfaisant la 
ontrainte ∂/∂θi(Tr(ρXj)) = δi,j.Cette borne s'applique pour tous les estimateurs lo
alement non biaisés. Hayashiet Matsumoto (2004) ont prouvé que 
ette borne était asymptotiquement saturéepour les modèles de qubits. Comme dans le 
as 
lassique, la raison sous-ja
enteest la 
onvergen
e vers une expérien
e de dé
alage gaussienne quantique. Dans laPartie II, nous 
onstruisons une théorie qui montre que toute fon
tion raisonnabled'un modèle de qubits 
onverge vers sa valeur dans une expérien
e de dé
alagegaussienne quantique.Cette borne a l'air horrible, mais elle est souvent 
al
ulable. Par exemple, si leparamètre θ est de dimension d(d − 1), il n'y a qu'un seul ~X admissible. C'est le
as quand notre expérien
e est le modèle 
omplet de mélange. De plus, on peutprouver que 
ette borne est multipliée par n quand nous avons n é
hantillons. Nousretrouvons don
 la vitesse de 
onvergen
e en ra
ine 
arrée des modèles 
lassiquesréguliers.Ces bornes sont valides pour toutes les mesures permises par la physique. Si nousnous restreignons à des 
lasses plus petites, nous pouvons obtenir de meilleuresbornes (Nagaoka, 1991; Hayashi, 2005a; Gill et Massar, 2000).13La matri
e d'information de Fisher (1.27) est un Z( ~X) 
onvenable, 
e qui implique à la foisl'existen
e du membre de droite de l'équation (1.29), et que 
ette borne est meilleure que la bornede Helstrom (1.28).
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tionExemple : Expérien
e de dé
alage 
ohérenteConsidérons l'expérien
e quantique suivante sur l'espa
e de Fo
k :
Eqgs = {|θ)(θ|, θ ∈ C}.Alors Yuen et Lax, M. (1973) et Holevo (1982)14 ont 
al
ulé la borne de Cramér-Rao(1.28) et obtenu Tr(G)/2 +

√
det(G). Si G = 1, 
ela vaut 2.Par une mesure hétérodyne (1.20), nous transformons notre expérien
e quantiqueen une expérien
e de dé
alage gaussienne 
lassique Egs = {N (θ, 2 ·1), θ ∈ C}. Don
,ave
 G = 1, nous lisons sur notre 
al
ul pour le 
as 
lassique (1.12) que le risque aupoint θ vaut 2.De 
e fait, la mesure hétérodyne sature la borne de Cramér-Rao pour la matri
ede poids identité. De légères modi�
ations de 
ette mesure, faisant usage d'étatsdit 
ohérents 
ompressés au lieu des états 
ohérents (1.18), atteignent l'optimalitépour toute matri
e de poids. Il faut remarquer, 
ependant, que 
ontrairement au 
asquantique, la mesure optimale dépend de la matri
e de poids.Exemple 2 : Modèle 
omplet de mélange pour les qubitsDans le modèle 
omplet de mélange pour les qubits Em, la borne de Cramér-Rao15pour la fon
tion de 
oût (θ − θ̂)T (θ − θ̂) est 
onnue pour valoir 3 − 2 ‖θ‖.D'autre part, nous savons aussi (Hayashi et Matsumoto, 2004, pour 
ette formepré
ise) que, quand seules les mesures lo
ales sont permises, 
ette borne devient

(2
√

1 − ‖θ‖)2. Nous avons i
i un exemple où l'utilisation des mesures 
olle
tivesaméliore la vitesse d'appro
he, pour tout ‖θ‖ ≤ 1, 
'est-à-dire pour tous les étatsmélangés.Canaux : Ce que nous avons, 
e que nous pouvons faireNous avons mis au point notre 
adre pour quand des états quantiques nous sont don-nés. Dans d'autres appli
ations, nous voulons étudier des ma
hines qui transformentles états quantiques. En statistiques 
lassiques, 
e problème 
orrespond à essayer de
omprendre 
e que fait une boîte noire. Mathématiquement 
es ma
hines sont des14Pour une matri
e de poids G arbitraire.15Hayashi et Matsumoto (2004) l'ont 
al
ulée pour une matri
e de poids arbitraire, et montréqu'elle pouvait être atteinte dans tous les 
as.
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anaux quantiques. Ballester (2005a) a notamment 
onsa
ré sa thèse à l'estimationde 
anaux unitaires, 
orrespondant à l'évolution naturelle d'un système quantique.Ji et al. (2006) nous fournit une autre ressour
e ré
ente.Dans 
e 
as, on ne nous donne pas une �loi de probabilité quantique� ρ, mais plut�tun 
anal T : B(H1) → B(H2) dans un ensemble
E = {Tθ, θ ∈ Θ} .Pour obtenir des informations sur T , nous devons envoyer un état au travers, et nousobtenons une expérien
e quantique plus habituelle. Néanmoins, nous avons plusieursméthodes à disposition. La plus évidente est d'envoyer un état bien 
hoisi ρ. Nousobtenons en sortie l'état T (ρ) et nous retrouvons ave
 le modèle

E1
ρ = {Tθ(ρ), θ ∈ Θ} .Cependant, nous pouvons aussi utiliser un système auxiliaire : au lieu de sonder T ,nous sondons de manière équivalente T ⊗ Id : B(H1 ⊗ H3) → B(H2 ⊗ H3). Nousenvoyons un état ρ multipartite, intriqué et obtenons :

E2
ρ = {(Tθ ⊗ Id)(ρ), θ ∈ Θ} .Si nous avons le droit de sonder plusieurs fois le 
anal, le premier ré�exe sera d'en-voyer n 
opies du même état. Nous obtenons :
E3
ρ =

{
(Tθ(ρ))

⊗n, θ ∈ Θ
}
.Cependant il pourrait être plus e�
a
e d'envoyer un grand état intriqué ρ ∈ B(H1)

⊗n.Nous obtenons alorss l'expérien
e très générale :
E4
ρ =

{
(Tθ)

⊗n(ρ), θ ∈ Θ
}
.Pour �nir, on peut dé
ider d'ajouter un système auxiliaire à l'entrée pré
édente :

E5
ρ =

{
((Tθ)

⊗n ⊗ Id)(ρ), θ ∈ Θ
}
.Toutes 
es distin
tions ne sont pas super�ues16. La première stratégie est plus sim-ple que la se
onde, mais Fujiwara (2001) a prouvé qu'envoyer la moitié d'un étatd'intri
ation maximale au travers d'un 
anal qubit in
onnu et garder l'autre moitié16Des stratégies en
ore plus 
omplexes existent, où l'on renvoie en entrée l'état de sortie...
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Classique Exemple 
lassique simpleEspa
e de probabilité

(Ω,A)
{0, 1}Mesure de probabilité

pθ

(
1

2
(1 + θ),

1

2
(1 − θ)

)ave
 −1 ≤ θ ≤ 1.Mesure de Dira

(1, 0) or (0, 1)donnée par θ = −1 ou 1.Estimateur à valeurs dans l'espa
emesuré (X ,A)

X : Ω ⊗ Ω2 → Xoù (Ω2,B, q) est un espa
e de probabilitéave
 q 
onnu. X : i 7→ Xi(ω2)with Xi : Ω2 → X for i = 0, 1,où (Ω2,B, q) est un espa
e de probabilitéave
 q 
onnu.Loi de probabilité de l'estimateur
Pθ [X ∈ A] = (pθ ⊗ q)(X−1(A)). Pθ [X ∈ A] =

1

2
(1 − θ)q(X−1

0 (A))

+
1

2
(1 + θ)q(X−1

1 (A)).Noyau de Markov (donné par (1.5))
τ

pθ 7→ pθ(0)τ0 + pθ(1)τ1ave
 τ0 et τ1 des lois de probabilité surle même espa
e.Fig. 1.1 � Correspondan
es entre notions 
lassiques et quantiques de base
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Quantique Exemple quantique simpleEspa
e de Hilbert

H
C

2État (donné par la Dé�nition 1.1.1)
ρθ

1

2

(
1C2 +

3∑

i=1

θiσi

)ave
 σi donné par (1.16) et ‖θ‖ = 1.État pur
|ψ〉 〈ψ|ave
 〈ψ|ψ〉 = 1. ρθ de rang un, équivalant à ‖θ‖ = 1 dansla formule pré
édente.POVM (donnée par la Dé�nition 1.1.2),à valeur dans l'espa
e mesuré (X ,A)

M = {M(A)}A∈A

Pas de simpli�
ation
Loi de probabilité de la mesure

Pθ [X ∈ A] = Tr(ρθM(A)).

Pas de simpli�
ation
Canal (donné par la Dé�nition 1.1.3)

E : T (H) → T (K).

Si dim(K) = d <∞, alors
E(ρθ) =

2d∑

α=1

RαρθR
∗
αave
 Rα ∈Md,2(C) et ∑αR

∗
αRα = 1C2 .Fig. 1.2 � Correspondan
es entre notions 
lassiques et quantiques de base
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omme système auxiliaire permettait une estimation asymptotiquement trois foisplus rapide que toute stratégie du premier et du troisième types.De manière en
ore beau
oup plus impressionnante, l'utilisation de l'intri
ation (qua-trième et 
inquième stratégies) permet d'estimer des opérations unitaires ave
 uneerreur quadratique au 
arré en 1/n2. Par 
ontraste, toutes les premières stratégiesfourniraient n 
opies d'un état, et la borne de Cramér-Rao (1.29) nous assure quela vitesse ne peut être meilleure que 1/n.En tout 
as, 
hoisir 
e que nous permettons n'est qu'une partie du problème. Laquestion la plus di�
ile reste de trouver quel état envoyer. L'expérien
e quantiqueobtenue en sortie dépend beau
oup de 
e 
hoix. Quand on utilise seulement unsystème auxiliaire, les états d'intri
ation maximale sont le 
hoix naturel. Quandnous utilisons les immenses états intriqués en entrée de la quatrième expérien
e,nous sommes guidés par la théorie des groupes.Nous étudions la dis
rimination entre deux 
anaux de Pauli au Chapitre 3.Au Chapitre 4, nous traitons l'estimation de 
anaux unitaires sur des espa
es dedimension �nie, et la Se
tion 1.4 
orrespondante dans l'introdu
tion s'étend pluslonguement sur l'histoire et les référen
es.1.2 Tomographie homodyne1.2.1 MotivationPour pouvoir 
ommuniquer à un niveau quantique, il faut à la fois pouvoir 
oderl'information dans l'état d'un système, transmettre 
e système, et ré
upérer l'infor-mation.La lumière étant très fa
ile à transmettre, elle est un 
andidat naturel à servirde ve
teur de 
ommuni
ation. Toutefois, pour transmettre davantage d'informationquantique que la polarisation, il faut pouvoir identi�er l'état d'un mode de la lumière.La première méthode permettant de re
onstituer 
omplètement l'état d'un os
il-lateur harmonique est la tomographie quantique homodyne, proposée par Vogel etRisken (1989) et implémentée par Smithey et al. (1993).Sa relative fa
ilité de mise en ÷uvre et sa relative rapidité, dans la mesure où denombreuses 
opies de l'état peuvent être examinées à 
haque se
onde, en font unoutil de base de l'information et de l'optique quantique a
tuelles. Cette te
hnique



1.2 Tomographie homodyne 29peut tout d'abord être utilisée au terme d'une expérien
e pour véri�er que l'étatvoulu a bien été 
réé (par exemple par Ourjoumtsev, 2007). Elle pourra aussi servirà 
ertaines formes d'expérien
es de Bell (Da�er et Knight, 2005). Et 
omme évoquéplus haut, en transmission d'information quantique. Le livre de Leonhardt (1997)et l'arti
le de revue de Lvovsky et Raymer (2005) détaillent davantage l'intérêt de
ette méthode de mesure.Du point de vue du mathémati
ien, 
omme l'instrument de mesure est donné, nousré
upérons un problème de statistiques 
lassiques. L'aspe
t quantique du problèmen'est plus présent que dans la forme étrange de l'espa
e des paramètres. Ainsi latomographie homodyne peut servir d'introdu
tion en dou
eur au monde des statis-tiques quantiques. Quant aux problèmes soulevés, il nous faut, après ré
upérationdes données, déterminer l'état. Nous restons ave
 une inversion de transformée deRadon à e�e
tuer, d'où le nom de tomographie. C'est un problème inverse mal posé,en dimension in�nie, qui n'est don
 pas sans poser 
ertains dé�s. Mettre au pointdes méthodes d'estimation plus e�
a
es permet aux physi
iens d'a
quérir moins dedonnées, et don
 de gagner du temps ou augmenter les débits.1.2.2 Résultats antérieursMathématiquement, nous voulons estimer un état de l'os
illateur harmonique, surl'espa
e de Fo
k, tel que dé
rit dans la sous-se
tion 1.1.2. Nos données sont desé
hantillons de loi pρ sur R × [0, π], qui sont la transformée de Radon d'une autrereprésentation usuelle en optique quantique, à savoir la fon
tion de Wigner. On peutnotamment voir la fon
tion de Husimi (1.22) 
omme la fon
tion de Wigner 
onvoluéeave
 une gaussienne de varian
e ~/2.Les premières méthodes d'estimation utilisaient la fon
tion deWigner 
omme représen-tation de l'état. Les données étaient 
olle
tées en histogrammes et lissées, puis oninversait la transformée de Radon. Toutefois, 
e lissage introduit un biais di�
ile à
ontr�ler.La première méthode d'estimation sans biais remonte à D'Ariano et al. (1994), quiont introduit les fon
tions motif, des bases biduales pour les entrées matri
ielles del'opérateur densité ρ. (D'Ariano et al., 1995) les ont ensuite généralisé pour gérerle bruit au niveau des déte
teurs. Notons que 
e bruit est très handi
apant, 
arextrêmement lisse. Banaszek et al. (1999) ont également appliqué l'estimateur dumaximum de vraisemblan
e, ave
 une bien plus grande e�
a
ité. Le revers de lamédaille est le temps de 
al
ul.Dans 
ha
un de 
es 
as, néanmoins, il faut �xer à l'avan
e quelles 
oordonnées,typiquement 
elles 
orrespondant à un petit nombre de photons, pourront ne pas
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tionêtre nulles, sinon la varian
e de l'estimateur est in�nie. Artiles et al. (2005) onttoutefois pu établir la 
onsistan
e de 
es estimateurs utilisés ave
 un tamis.En�n, Butu
ea et al. (2007), ont mis au point une méthode d'estimation par noyauxde la fon
tion de Wigner asymptotiquement optimale au sens L2, sur de larges 
lassesd'états, y 
ompris en tenant 
ompte du bruit de déte
tion.Par ailleurs, D'Ariano et al. (2004) ont utilisé la tomographie homodyne dans unepro
édure de 
alibration d'un 
ompteur de photons.Mentionnons pour �nir la thèse de Meziani (2008), qui porte notamment sur despro
édures de test basées sur la fon
tion de Wigner.1.2.3 Contributions de la thèseJe me suis attaqué au problème évoqué, 
i-dessus, à savoir que l'on doit 
hoisir àquel niveau on 
oupe l'estimation des paramètres dans les pro
édures d'estimationpar fon
tions motif ou maximum de vraisemblan
e. Il ne s'agit de rien d'autre qued'un 
hoix de modèle. J'ai don
 appliqué les te
hniques de séle
tion de modèles et depénalisation à la Birgé-Massart pour 
réer un estimateur 
omplètement automatiquede l'état d'un os
illateur harmonique.Au passage, j'ai prouvé que nous ré
upérions une vitesse d'estimation polynomialebien que nous soyions en dimension in�nie, du moment que nous avons une bornesur l'énergie.J'ai de même utilisé 
es méthodes pour la 
alibration du 
ompteur de photons tellequ'évoquée par D'Ariano et al. (2004), que j'ai aussi interprétée 
omme un problème
lassique de données manquantes.1.3 Dis
rimination1.3.1 MotivationAli
e et Bertrand veulent établir et partager une 
lé 
ryptographique sûre. Ali
eenvoie alors une suite de parti
ules à Bertrand, où 
haque parti
ule est soit dansl'état |ψ1〉 soit dans l'état |ψ2〉. Ces états ne sont pas orthogonaux. Pourtant Bertrandpeut mesurer 
ha
un d'entre eux et obtenir l'un des trois résultats suivants : l'étatest |ψ1〉, |ψ2〉, ou �je ne 
onnais pas l'état�. Quand il a une réponse expli
ite, l'état



1.3 Dis
rimination 31est toujours 
orre
tement identi�é. Quand il obtient le résultat douteux, Bertrandtéléphone simplement à Ali
e pour lui dire de jeter 
e bit là. Pour une e�
a
itémaximale, Bertrand doit réaliser une mesure qui donne une solution expli
ite aussisouvent que possible.Or, Ève les espionne. Si elle ne veut pas être remarquée, elle doit envoyer un étatà Bertrand, quelle que soit la 
on
lusion de sa mesure. Contrairement à Bertrand,elle n'a pas le droit de dire �je ne sais pas�. Don
 sa meilleure stratégie 
onsisteà réaliser la mesure qui lui donnera le plus souvent raison, même si elle n'est pas
ertaine d'avoir 
orre
tement identi�é l'état. Comme les états ne sont de toute façonpas orthogonaux, elle �nira par faire une erreur et sera repérée.Ce proto
ole de distribution de 
lé quantique a été proposé par Bennett et al. (1992).Il 
ontient les deux exemples les plus élémentaires de dis
rimination quantique. Le
adre général est le suivant. Nous avons un objet quantique, en général un état. Noussavons qu'il appartient à un ensemble �ni. Nous devons deviner duquel il s'agit. Pour
hoisir une stratégie optimale, il nous faut une fon
tion de 
oût. Les plus naturellessont les deux qui apparaissent dans l'exemple 
i-dessus. Le 
ritère de Bertrand estappelé dis
rimination optimale sans ambiguïté, 
elui d'Ève dis
rimination ave
 er-reur minimale.Historiquement, la dis
rimination ave
 erreur minimale fut étudiée en premier, dèsHelstrom (1976). En e�et, elle 
orrespond aux tests d'hypothèses, un sujet majeur enstatistiques 
lassiques. Ivanovi
 (1987) a introduit la dis
rimination sans ambiguïté.Contrairement à la dis
rimination ave
 erreur minimale, le problème 
lassique 
or-respondant est trivial. Cependant, il y a de nombreux liens ave
 d'autres sujetsd'information quantique, tels le 
lonage exa
t (Che�es et Barnett, 1998b) ou ladistillation d'intri
ation (Che�es et Barnett, 1997).1.3.2 Résultats antérieursChe�es (2000) et Bergou et al. (2004) ont ré
emment é
rit deux arti
les de revue,qui sont mes sour
es prin
ipales pour 
ette partie historique.En premier point, remarquons que tous les travaux pré
édents ont été e�e
tués dansun 
adre bayésien. On peut alors expli
iter le problème d'Ève ainsi : elle essaie detrouver une POVM P = (P1, P2) qui minimise la probabilité moyenne d'erreur, oude manière équivalente qui maximise la probabilité de su

ès :
pS = π1 Tr(ρ1P1) + π2 Tr(ρ2P2), (1.30)où π est la loi a priori et ρi = |ψi〉〈ψi|.
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tionBertrand doit quant à lui maximiser la même expression (1.30), mais ave
 une POVM
P = (P1, P2, P?), et la 
ondition supplémentaire Tr(ρ2P1) = Tr(ρ1P2) = 0. I
i P?
orrespond à la réponse ambigüe. Ave
 notre dé�nition d'un problème statistiqueen trois points (
e que nous avons, 
e que nous pouvons faire, 
e que nous voulonssavoir), la di�éren
e se situe sur le se
ond point : 
e que nous pouvons faire.Commençons par suivre Helstrom (1976) sur la dis
rimination ave
 erreur minimale.Comme P2 = 1 − P1, en é
rivant ρ1 = |ψ1〉 〈ψ1| et |ψ2〉 〈ψ2|, nous obtenons

pS = π2 Tr(ρ2) + Tr(P1(π1ρ1 − π2ρ2)).Ainsi une POVM optimale est donnée par P1 la proje
tion sur le support de lapartie positive de π1ρ1 − π2ρ2. En parti
ulier, la POVM est observable. Ce
i résoutla dis
rimination ave
 erreur minimale pour deux états, même s'ils sont mélangésLa même stratégie fon
tionnerait si nous ajoutions des poids aux di�érentes erreurs.Les di�
ultés pour l'erreur minimale 
ommen
ent quand nous avons plus de deuxétats possibles, disons N . Nous pouvons é
rire la probabilité de su

ès sur le modèlede l'équation (1.30), 
'est-à-dire ∑i πi Tr(Piρi). Cependant, nous ne pouvons plusutiliser l'astu
e du rempla
ement de P1 par 1−P2, et il n'y a pas de solution généraleau problème de maximisation. Résumons 
e que nous savons, néanmoins.Pour 
ommen
er, Eldar (2003) a montré que l'une des POVMs optimales était tou-jours une observable, du moment que les ρi sont linéairement indépendants. Via lesmultipli
ateurs de Lagrange, Holevo (1973) et Yuen et al. (1975b) ont donné une so-lution impli
ite ; les 
onditions suivantes sont né
essaires et su�santes pour qu'unePOVM soit optimale :
Pi(πiρi − πjρj)Pj = 0,

N∑

k=1

(πkρk)Pk − πiρi ≥ 0,pour tout 1 ≤ i, j ≤ N .Nous avons des solutions analytiques dans quelques 
as parti
uliers (Barnett, 2001;Yuen et al., 1975b; Andersson et al., 2002). Le plus intéressant est 
elui où le prob-lème est 
ovariant, 
'est-à-dire quand πi = 1/N pour tout i, et il y a un opérateurunitaire V tel que V N = I et ρi = V i−1ρ1V
1−i. Nous pouvons alors appliquer Holevo(1982) et 
her
her une solution de la forme Pi = V iΞV −i, où Ξ est appelée le germede la POVM. Ce point de départ a permis d'abord à Ban et al. (1997) pour lesétats purs, puis à Eldar et al. (2004) et Chou et Hsu (2003) pour les états mélangésgénéraux, de dériver une solution. Ils ont obtenu la �mesure ra
ine 
arrée�, qui pour



1.3 Dis
rimination 33des états purs |ψ1〉 devient :
Pi = B−1/2|ψi〉〈ψi|B−1/2with B =

∑

i

|ψi〉〈ψi|.Quoique nous avons une solution expli
ite pour deux états, il est di�
ile de dire àquelle vitesse nos prédi
tions s'améliorent qui nous avons n 
opies du même état,si bien que nous devons dis
riminer entre ρ⊗n1 et ρ⊗n2 . Les travaux ré
ents se sont
on
entrés sur 
ette vitesse, et sur quelle 
lasse de mesures peut l'atteindre (Hayashi,2002b; Nagaoka et Hayashi, 2007; Nussbaum et Szkola, 2006; Audenaert et al., 2007;Kargin, 2005). Ils utilisent essentiellement des bornes de Cherno� quantiques ou lethéorème de Sanov, 
'est-à-dire la théorie des grandes déviations quantiques. Cesrésultats sont également exprimés dans le 
adre minimax.En�n, puisque nous essayons de minimiser une fon
tionnellelinéaire sous des 
ontraintes linéaires, à savoir que P doit être une POVM, la pro-grammation linéaire semi-dé�nie permet un traitement numérique e�
a
e (Jezeket al., 2002).Riis et Barnett (2001) ont implémenté expérimentalement la situation d'Ève, 
'est-à-dire la dis
rimination entre deux qubits, tandis que Clarke et al. (2001b) a réalisé ladis
rimination des états trines et tétrades, i.e. trois et quatre états purs qui formentles sommets d'un triangle et d'un tétraèdre réguliers.Revenons-en au problème de Bertrand, la dis
rimination sans ambiguïté de deuxétats |ψ1〉 et |ψ2〉. Pour la loi a priori équiprobable π1 = π2 = 1/2, Ivanovi
(1987); Dieks (1988) et Peres (1988) ont trouvé la mesure optimale. La probabilité
orrespondante d'obtenir un résultat expli
ite est alors appelée la limite IDP :
pS = 1 − |〈ψ1|ψ2〉|. (1.31)Comment arrive-t-on à 
e résultat ? Tout d'abord, la seule partie pertinente del'espa
e est 
elle générée par les deux ve
teurs |ψ1〉 et |ψ2〉, et est don
 de dimensiondeux. Nous pouvons ainsi 
onsidérer la base biorthogonale à (ψ1, ψ2), 
'est-à-direla base non orthogonale (ω1, ω2) 
ara
térisée par 〈ωi|ψj〉 = δij pour 1 ≤ i, j ≤ 2.De plus, l'élément de POVM P1 doit satisfaire à Tr(P1ρ2) = 0, ou de manièreéquivalente, son support doit être orthogonal à |ψ2〉. Don
 P1 = c1|ω1〉〈ω1|. De même,

P2 = c2|ω2〉〈ω2|. Nous devons don
 simplement trouver les c1 et c2 qui maximisent(1.30) tout en gardant P1 +P2 ≤ I. Alors P? = I−P1−P2. Par symétrie, si π1 = π2,nous devons avoir c1 = c2. Nous prenons don
 le c1 le plus grand tel que P1 +P2 ≤ I.Les 
al
uls mènent à (1.31).
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tionLa dis
rimination sans ambiguïté, 
ontrairement à la dis
rimination ave
 erreurminimale, se généralise assez bien à plusieurs états purs. En revan
he, dis
riminermême entre deux états mélangés est di�
ile.Jaeger et Shimony (1995) ont généralisé au 
as π1 6= π2. Pour plus de deux états purs,nous pouvons 
ommen
er notre raisonnement de la même manière : nous é
rivons
Pi = ci|ωi〉〈ωi|, ave
 {ωi}1≤i≤N la base biorthogonale de {ψi}1≤i≤N . Nous avonsdon
 à gérer uniquement N 
oe�
ients. Mais nous n'avons pas en général de solutionexpli
ite. Les 
as parti
uliers résolus in
luent le 
as 
ovariant, où |ψi〉 = V i−1|ψN 〉, et
V N = I = V V ∗ (Che�es et Barnett, 1998a). Les prin
ipaux résultats pour plusieursétats purs sont des bornes supérieures et inférieures sur la probabilité de su

ès.Zhang et al. (2001) ont prouvé que :

pS ≤ 1 − 1

N − 1

∑

1≤j,k≤N
j 6=k

√
πjπk|〈ψi|ψj〉|.Remarquons que la limite IDP sature 
ette borne. De l'autre 
�té, Sun et al. (2002)ont montré que pS était plus grande que la plus petite valeur propre de la matri
e

N×N dont les éléments sont les produits s
alaires 〈ψi|ψj〉. Ils ont utilisé des travauxantérieurs de Duan et Guo (1998), portant sur le 
lonage.Cependant, l'essentiel de la littérature tourne autour de la dis
rimination de deuxétats mélangés, ou davantage. Je serai bref 
omme je n'ai pas abordé 
e 
as là.Rudolph et al. (2003) ont donné des bornes inférieures et supérieures sur la proba-bilité de su

ès pS, et montré qu'elles 
orrespondent souvent. En résultat annexe, ilsdonnent une solution quand le rang des matri
es densité est la dimension de l'espa
ede Hilbert moins un. De plus, Raynal et al. (2003) ont montré qu'ils pouvaient ré-duire l'étude de la dis
rimination à 
elles de deux matri
es densité de même rang surun espa
e de Hilbert de dimension deux fois 
e rang. De plus, Feng et al. (2005) adonné des bornes supérieures pour la dis
rimination entre N états mélangés, et Qiu(2007) une borne inférieure. Herzog et Bergou (2005); Raynal et Lütkenhaus (2005);Herzog (2007) ont fourni des solutions expli
ites dans plusieurs 
as parti
uliers.Comme pour la dis
rimination ave
 erreur minimale, Eldar (2003) a montré que nouspouvions utiliser les te
hniques de programmation linéaire semi-dé�nie. Qui plus est,Huttner et al. (1996); Clarke et al. (2001a) ont implémenté expérimentalement lasituation de Bertrand, 
'est-à-dire la dis
rimination entre deux états purs. Mohseniet al. (2004) a également mis en pratique le 
as plus 
ompliqué de la dis
riminationentre un état pur et un état mélangé.Jusqu'i
i, nous avons uniquement évoqué la dis
rimination entre états. On peutsouhaiter dis
riminer entre d'autres objets quantiques, par exemple entre des 
anaux.Nous avons un 
anal E dont nous savons qu'il fait partie d'un ensemble �ni {Ei}1≤i≤k.



1.3 Dis
rimination 35Nous devons sonder la boîte noire E ave
 un état ρ. Nous obtenons E(ρ) en sortie, etdevons ensuite dis
riminer entre les états Ei(ρ). Nous sommes de retour à la situationpré
édente, à 
e
i près que nous devons 
hoisir l'état d'entrée pour obtenir les sortiesles plus fa
iles à distinguer. Le 
hoix de l'entrée est le point le plus di�
ile, et soulèveses propres questions, 
omme de déterminer si un système auxiliaire peut s'avérerutile.Childs et al. (2000b) ont été les premiers à étudier la dis
rimination ave
 erreurminimale pour des 
anaux unitaires, en insistant sur les appli
ations en informa-tion quantique, telles l'algorithme de Grover (1996) pour les re
her
hes en basesde données. Sa

hi (2005b) ont 
onsidéré des 
anaux de Pauli, 
omme exemple élé-mentaire de 
anaux non unitaires. La dis
rimination sans ambiguïté a été abordéeplus ré
emment. Wang et Ying (2006) a trouvé sous quelles 
onditions deux 
anauxpeuvent être distingués sans ambiguïté, soit ave
 une entrée, soit ave
 plusieurs.Dans 
e dernier 
as, intriquer les états en entrée améliore en général les résultats.En�n, Che�es et al. (2007) ont rassemblé les résultats 
onnus en dis
riminationsans ambiguïté, et en ont ajouté d'autres, dans un arti
le 
lairement motivé parl'informatique quantique. Davantage de travail est né
essaire sur 
es questions.Quoiqu'ils n'apparaissent pas dans 
ette thèse, la dis
rimination re
ouvre d'autresaspe
ts. Une première 
lasse de problèmes vient de l'utilisation d'autres 
ritèresd'optimalité (par exemple Fiurasek et Jezek, 2003; Touzel et al., 2007; Sasaki et al.,2002). Herzog et Bergou (2002) ont aussi exploré la dis
rimination entre 
lassesd'états, ou �ltrage. Une extension à la mode est la suivante : nous avons jusqu'i
isupposé que nous pouvions utilisé n'importe quelle mesure permise par la physique.Mais si nous partons d'un état produit, nous ne pouvons pas for
ément e�e
tuerdes mesures 
olle
tives, et devons nous restreindre aux mesures LOCC. Une ap-pli
ation possible est le partage du se
ret : trouver un état qu'Ali
e et Bertrandpourront identi�er s'ils 
oopèrent, mais pas individuellement. Un tel état devraitêtre symétrique. Un point de départ pour la bibliographie est l'arti
le de revue deBergou et al. (2004), et ses référen
es, ou le travail plus 
ontemporain d'Owari etHayashi (2008).1.3.3 Contributions de la thèseComme je l'ai déjà mentionné, tous les travaux antérieurs utilisaient le 
adre bayésien,exigeant une probabilité a priori. Mon travail, réalisé en 
ollaboration ave
 G.M. d'Ar-iano et M.F. Sa

hi, a 
onsisté en l'étude du 
adre minimax, parti
ulièrement utiles'il n'y a pas de raison physique de 
hoisir une loi a priori.À partir du lien entre risques minimax et bayésiens, donné dans la Se
tion 1.1.1,nous avons exprimé la solution quand les états sont 
ovariants. Cette solution est
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tionla même que pour la loi a priori uniforme. Relevons une di�éren
e importante ave
le s
énario bayésien : même pour la dis
rimination ave
 erreur minimale entre deuxétats, la mesure optimale n'est en général pas une observable.Nous avons aussi prouvé qu'il y a toujours une solution minimax à la dis
riminationave
 erreur minimale pour tout ensemble �ni d'états éventuellement mélangés ρi, oùtous les états ont la même probabilité d'être identi�ée, autrement dit où Tr(ρiPi) nedépend pas de i.La dis
rimination sans ambiguïté minimax se révèle plus simple que la dis
riminationbayésienne pour plusieurs états purs : nous avons toujours une solution expli
ite. Demanière similaire à nos expli
ations sous l'équation (1.31), nous pouvons prouverque les éléments de POVM doivent être de la forme Pi = ci|ωi〉 〈ωi|, où {ωi} estune base biorthogonale à {ψi}. Alors les ci sont tous donnés par la valeur propre laplus basse d'une matri
e dépendant des ωi. Quand il y a plusieurs solutions, nouspouvons ra�ner le 
ritère minimax pour en 
hoisir une unique.Nous avons également étudié la dis
rimination ave
 erreur minimale entre deux
anaux de Pauli. Quand nous pouvons utiliser un système auxiliaire, nous avonsmontré que l'e�
a
ité maximale était obtenue ave
 un état d'intri
ation maximale,tout 
omme dans le 
as bayésien. Nous avons aussi 
ara
térisé les 
anaux de Paulipour lesquels l'usage d'un système auxiliaire améliore les 
han
es de su

ès. Pointintéressant, si dans le 
as bayésien nous pouvons toujours 
hoisir un état propre del'une des matri
es de Pauli en entrée, 
es 
hoix peuvent ne pas être optimaux ausens minimax.1.4 Estimation Rapide d'Opérations Unitaires1.4.1 MotivationL'évolution d'un système quantique en l'absen
e de mesure est unitaire. De 
e fait,
onsidérer 
ette évolution 
omme une boîte noire à estimer signi�e estimer un opéra-teur unitaire. Cela peut nous fournir des informations sur la physique du système.Il y a aussi de nombreux 
as en information quantique où nos devons estimer uneopération unitaire, le plus souvent 
ar 
ela 
orrespond à l'orientation des ve
teursde base, 
'est-à-dire la partie purement quantique d'un état.Ces deux 
atégories de problèmes en tête, nous pouvons donner davantage de détailssur les diverses appli
ations. Certaines requièrent juste l'estimation d'un paramètre :



1.4 Estimation Rapide d'Opérations Unitaires 37Horloges quantiques L'évolution d'un système est donnée par Ut = eitH . Unehorloge quantique 
onsiste à estimer le paramètre libre t, 
'est-à-dire le temps.Nous devons don
 réaliser de l'estimation dans une famille d'unitaires à unparamètre (Buzek et al., 1999).Mesures de pré
ision Plus généralement, les petites for
es de forme 
onnus etd'intensité in
onnue vont apparaître dans l'opérateur d'évolution 
omme U =
eiφH . Déterminer φ revient à déterminer la for
e. Un usage notable 
on
erneles a

éléromètres (Yurke, 1986).D'autres appli
ations exigent de déterminer tout l'opérateur :Transmission de repères de référen
e Quand Ali
e et Bertrand veulent 
om-muniquer en é
hangeant des qubits, ou plus généralement des états à d di-mensions, ils doivent se mettre d'a

ord sur les axes de la mesure, 
'est-à-direle repère de référen
e (Holevo, 1982). Ces axes vont tourner durant la trans-mission des parti
ules d'Ali
e à Bertrand. Ce dernier doit don
 estimer larotation des axes, soit l'évolution unitaire des objets. Remarquons néanmoinsl'existen
e de proto
oles basés sur les représentations de groupe, où les repèresde référen
e sont super�us (Bartlett et al., 2003).Estimation d'états d'intri
ation maximale Les états d'intri
ation maximale sontdes ressour
es fondamentales en téléportation quantique (Bennett et al., 1993)ou en information quantique (Ekert, 1991). Pour atteindre à une e�
a
ité max-imale, néanmoins, Ali
e et Bob doivent savoir quel état d'intri
ation maximaleils partagent, soit quel est l'unitaire U tel que |ψ〉 = 1

d

∑ |i〉 ⊗ U |i〉.1.4.2 Résultats antérieursÀma 
onnaissan
e, Yurke (1986) a été le premier a remarquer qu'un paramètre d'uneévolution quantique pouvait être estimé à un taux 1/N2 (pour l'erreur au 
arré), où
N est le nombre d'états qui subissent l'évolution. C'est extrêmement remarquable,puisque les paramètres ne peuvent en général être estimés qu'à vitesse 1/N dans lessituations 
lassiques.Ce genre d'estimation rapide, qui utilise l'intri
ation entre les états en entrée, sature
e que les physi
iens appellent la limite de Heisenberg, la limite fondamentale à lapré
ision des mesures quantiques. Giovannetti et al. (2004) ont ré
emment é
rit unarti
le de revue de 
e genre d'estimation a

élérée, et font mention d'expérien
es. Laplupart des méthodes pratiques reposent soit sur des photons obtenus par 
onversionparamétrique (e.g. Eisenberg et al., 2005), soit sur des pièges à ions (e.g Dalvit et al.,2006) soit sur des atomes en 
avité QED (e.g. Vitali et al., 2006).A
in et al. (2001) ont les premiers donné la forme générale de l'état d'entrée op-timal, ave
 des 
oe�
ients non spé
i�és dépendant de la fon
tion de 
oût, pour
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tiontout problème d'optimisation bayésienne uniforme ave
 une fon
tion de 
oût SU(d)-
ovariante. Quand nous avons le droit d'envoyer N parti
ules à travers l'opérateurunitaire, elle s'é
rit :
|Φ〉 =

⊕

~λ:|~λ|=N

c(~λ)√
D(~λ)

D(~λ)∑

i=1

|ψ~λi 〉 ⊗ |ψ~λi 〉, (1.32)où nous utilisons les notations du Chapitre 4 pour les représentations de groupe.Les 
oe�
ients c(~λ) dépendent de la fon
tion d'optimisation, et les |ψ~λi 〉 formentune base orthonormale de l'espa
e Hλ. Seules les N premières parti
ules, 
orrespon-dant à la droite du produit tensoriel, sont envoyées à travers l'opérateur unitaire ?Comme notre problème initial est entièrement invariant sous l'a
tion de SU(d), iln'est pas surprenant que la solution le soit également. Plus tard, Chiribella et al.(2005) ont généralisé 
ette équation à d'autres symétries, et spé
i�é les 
oe�
ients
omme 
oordonnées d'un ve
teur propre d'une matri
e dépendant des 
oe�
ientsde Clebs
h-Gordan.Les travaux ultérieurs se sont 
on
entrés sur SU(2). Peres et S
udo (2001) ontété les premiers à donner une stratégie 
onvergeant à vitesse 1/N2 ave
 la �délité
omme fon
tion d'évaluation, bien que l'état d'entrée n'ait pas été 
ovariant. Baganet al. (2004a) a alors trouvé les bons 
oe�
ients dans l'équation (1.32) et atteintla même vitesse, ave
 la 
onstante optimale π2/N2. Puis Bagan et al. (2004b) ontChiribella et al. (2004) noté que l'on pouvait se passer de système auxiliaire. Ona alors moitié moins de parti
ules à préparer. Ils rempla
ent l'intri
ation ave
 desparti
ules extérieures par une �auto-intri
ation�, basée sur le fait que la multipli
ité
M(~λ) de la plupart des représentations irrédu
tibles est su�samment élevée dansla représentation N-tensorielle.Hayashi (2004) ont établi des résultats similaires ave
 des 
ritères minimax. En 
equi 
on
erne SU(d), Ballester (2005b) a juste donné une indi
ation que 
ette vitessede 1/N2 pouvait être atteinte. Il a trouvé un état d'entrée telle que la matri
ed'information de Fisher quantique (1.27) se 
omporte en 1/N2. Il n'a pas trouvé depro
édure d'estimation 
omplète, 
ependant.Notons que 
es hautes vitesses ne peuvent pas être généralisées à des 
anaux arbi-traires. En e�et, de nombreuses familles 
ontinues de 
anaux peuvent être program-mées par une famille 
ontinue d'états ρθ, 
'est-à-dire que nous pouvons 
hoisir uneopération unitaire agissant sur σ ⊗ ρθ, et observer uniquement l'e�et sur σ. Alors,estimer θ pour les 
anaux revient à l'estimer pour les états ρθ. À 
ause de la bornede Cramér-Rao 
lassique (1.15), 
ette dernière estimation est toujours plus lente que
1/N (Ji et al., 2006). Fujiwara et Imai (2003) ont expli
itement dérivé de taux max-imum de 1/N pour les 
anaux de Pauli généralisés, et mentionnent une remarqueéquivalente de Hayashi (2006).



1.5 Mesures à Valeurs dans les Opérateurs Positifs Propres 391.4.3 Contributions de la thèseA
in et al. (2001) et Chiribella et al. (2005) ont fourni une forme générale pourestimer de manière optimale une opération unitaire. Cependant, on ne peut y lirela vitesse. Mon travail a 
onsisté à trouver des 
oe�
ients c(~λ) dans l'état (1.32)pour lesquels les 
al
uls sont possibles, et prouver que nous atteignions en
ore lavitesse 1/N2, à la fois dans les 
adres bayésiens et minimax. Imai et Fujiwara (2007)ont depuis indépendamment donné une interprétation de géométrie di�érentielle à
e taux.L'idée est la suivante : les 
al
uls montrent que c(~λ) doit être presque égal à c(~λ)′pour ~λ et ~λ′ 
orrespondent à des tableaux de Young qui ne di�èrent que d'une boîte.Quand λi = λi+1 pour un i donné, nous devons aussi prendre un petit c(~λ). Nous
hoisissons alors nos 
oe�
ients proportionnels à
c(~λ) =

d∏

i=1

(λi − λi+1),et véri�ons que nous avons la bonne vitesse.
1.5 Mesures à Valeurs dans les Opérateurs PositifsPropresNous avons un appareil de mesure P. Nous pourrions vouloir réutiliser 
e 
oûteuxappareil pour des e�e
tuer des mesures di�érentes. À 
ette �n, nous pouvons trans-former ρ avant d'utiliser notre appareil. Cette 
ombinaison d'une transformation etd'une mesure 
orrespond à un nouvel instrument de mesure Q.Ce s
énario, illustré par la Figure 1.5, soulève quelques questions naturelles. Math-ématiquement, nous partons d'une POVM P et obtenons une nouvelle POVM
Q = E(P) par l'appli
ation préalable d'un 
anal E à l'état ρ. Nous disons alorsque P est plus propre que Q. C'est un pré-ordre, noté P < Q. On peut se deman-der, 
ependant, à P et Q �xés, s'il y a un 
anal E tel que Q = E(P). À P �xé,quelles sont les POVMs Q équivalente en propreté à P, i.e. telles qu'on ait à lafois P < Q et Q < P ? Néanmoins, la première étape pour la 
ompréhension de
ette relation d'ordre est la 
onnaissan
e de ses points maximaux : quelles sont lesPOVMs propres, i.e. les POVMs P telles que Q < P implique P < Q ?
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ρ
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Fig. 1.3 � Nous appliquons le 
anal E à ρ avant de le mesurer ave
 la POVM P.L'opération globale, qui renvoie des données 
lassiques i à partir de l'état ρ, peutêtre vue 
omme la mesure de ρ ave
 une POVM Q. Nous disons que P est pluspropre que Q.1.5.1 Résultats antérieursLe pré-ordre �plus propre que� a été introduit par Bus
emi et al. (2005), pourformaliser le traitement a priori des POVMs, par opposition à leur traitement aposteriori, 
'est-à-dire le traitement 
lassique des données 
lassiques de sortie.Pour nous donner une 
ertaine perspe
tive, , mentionnons quelques autres ordreshabituels sur les POVMs (Heinonen, 2005) :� Une POVM P donne plus d'information qu'une POVM Q si elle permet de dis-tinguer toutes les paires d'états que Q permet de distinguer. Une POVM permet dedistinguer deux états si les distributions de probabilité des sorties sont di�érentes.Les POVMs maximales pour dette relation sont dites info
omplètes (Prugorev£ki,1977).� La relation d'ordre plus faible �avoir une plus grande for
e de détermination d'étatque� a également les POVMs info
omplètes 
omme éléments maximaux. UnePOVM détermine un état si la loi de la sortie ne peut être obtenue qu'ave
 
etétat en entrée (Bus
h et Lahti, 1989; Davies, 1970).� Une POVM Q est une version �oue (Martens et de Muyn
k, 1990) de P si ellepeut être obtenue par un traitement a posteriori de la sortie de P. Les POVMsmaximales sont alors les POVMs de rang un Bus
emi et al. (2005), i.e. dont tousles éléments sur les singletons sont de rang un au plus.Remarquons que si Q est une version �oue de P, alors P donne plus d'informationque Q. Cependant, il n'y a pas de relations entre les éléments maximaux. Remar-quons aussi que les POVMs de rang un sont les points extrémaux de l'ensemble
onvexe des POVMs. Si la fon
tion d'optimisation est 
onvexe, 
e qui est souvent le
as, les solutions 
orrespondantes sont de rang un (Helstrom, 1976).La relation �plus propre que� se révèle assez dénuée de liens ave
 les relations pré
é-dentes. La 
ara
térisation de ses points maximaux est aussi un problème di�
ile.



1.5 Mesures à Valeurs dans les Opérateurs Positifs Propres 41Nous 
onnaissons déjà 
ertains résultats partiels, néanmoins. Bus
emi et al. (2005)ont prouvé que les POVMs de rang un sont propres, de même que les POVMs où lavaleur propre maximale de 
haque élément est un. Ce dernier 
as part du prin
ipeque P doit avoir le même nombre de valeurs possibles en sortie que Q. Si nous ad-mettons que P puisse en avoir plus, alors 
es dernières POVMs ne sont pas propres,à moins d'être de rang un. En e�et, au
un traitement a priori ne pourra augmenterle nombre de valeurs possibles en sortie, tandis qu'une observable de rang un traitéea priori peut générer toute POVM à d sorties : il su�t de mesurer Q et préparerl'état propre i 
omme entrée de l'observable.Bus
emi et al. (2005) ont également prouvé que si Q est info
omplète et P < Q,alors P est aussi info
omplète, et qu'un e�et, 
'est-à-dire une POVM à deux sorties,
P = {P1, 1 − P1} est plus propre qu'un e�et Q = {Q1, 1 − Q1} si et seulementsi [λm(P1), λM(P1)] ⊃ [λm(Q1), λM(Q1)], où λm et λM sont les plus petites et plusgrandes valeurs propres.Le reste de leur travail s'appuie sur les notions de relations d'ordre et d'équivalen
eliées.La plus élémentaire est l'équivalen
e unitaire. Les POVMs P et Q sont unitairementéquivalentes si on peut obtenir Q à partir de P en utilisant un 
anal unitaire,i.e. UPiU∗ = Qi pour tous les éléments de POVM. Nous pouvons alors revenir à
P par appli
ation du 
anal unitaire inverse. Ainsi, l'équivalen
e unitaire impliquel'équivalen
e en propreté. L'inverse n'est pas vrai : prenons par exemple deux e�etsen dimension trois, ave
 P1 = |φ〉 〈φ| = 1 −Q1. Alors nous n'avons pas équivalen
eunitaire, mais λm(P1) = 0 = λm(Q1) et λM(P1) = 1 = λM(Q1), don
 P et Q sontéquivalentes en propreté. Néanmoins les équivalen
es unitaires et en propreté sont lesmêmes dans un 
ertain nombre de 
as parti
uliers : pour les POVMs info
omplètes,pour les qubits, i.e. quand l'espa
e de Hilbert est de dimension 2, et pour POVMsde rang un.Pour donner une idée des méthodes, prouvons la dernière assertion sur les POVMsde rang un. Nous pouvons é
rire Qi = λM(Qi) |ψi〉 〈ψi| ave
 |ψi〉 normalisé. Nouspouvons é
rire λM(Qi) = Tr(Qi |ψi〉 〈ψi|) = Tr(PiE(|ψi〉 〈ψi|)). Comme E(|ψi〉 〈ψi|)est un état, 
ette dernière expression vaut moins que λM(Pi) ≤ Tr(Pi). Comme lesPOVMs sont normalisées, nous savons que ∑i λM(Qi) = d =

∑
i Tr(Pi), où d estla dimension de l'espa
e de Hilbert. Don
 Tr(Pi) = λM(Qi) = λM(Pi), si bien que

Pi = λM(Qi) |φi〉 〈φi| pour un 
ertain |φi〉 de norme un. Don
 E(|ψi〉 〈ψi|) = |φi〉 〈φi|.Don
 E(Id) =
∑

i λM(Qi)E(|ψi〉 〈ψi|) =
∑

i Pi = Id, autrement dit E préserve àla fois la tra
e et l'identité. Don
 son dual aussi, qui envoie |φi〉 sur |ψi〉. Nousterminons la preuve en rappelant qu'il existe deux 
anaux envoyant un ensembled'états purs sur un autre, et ré
iproquement, si et seulement si 
es deux ensemblessont unitairement équivalents (Che�es et al., 2003).



42 Introdu
tionL'autre relation d'ordre qu'ils utilisent est �avoir une plus grande portée�, notée
P ⊃r Q, où la portée est l'ensemble des distributions de probabilité possibles àobtenir en sortie, i.e. {(Tr(ρPi))i : ρ état}. Comme nous pouvons fournir E(ρ) enentrée de P et obtenir le même résultat que si nous avions fourni ρ en entrée de
Q, la relation �plus propre que� est plus forte que �avoir une plus grande portée�.L'inverse n'est pas vrai. Toutefois, s'il existe une POVM info
omplète M sur lemême espa
e de Hilbert, telle que P ⊗ M ⊃r Q ⊗ M, alors P < Q. La présen
e de
M assure que l'appli
ation dé�nie sur l'espa
e engendré par les éléments de POVM
{Pi} par E(Pi) = Qi est 
omplètement positive, et don
 peut être étendue à toutl'espa
e, par le théorème d'extension d'Arveson (1969).En�n, Bus
emi et al. (2005) ont aussi prouvé que l'ensemble CP,Q des 
anaux E quivéri�ent E(P) = Q est un ensemble 
onvexe. Nous avons peu de résultats générauxqui 
on
ernent également les POVMs non propres.1.5.2 Contributions de la thèseNous avons vu que nous n'avions pas, à l'heure a
tuelle, de 
ara
térisation desPOVMs propres. Cette thèse donne une 
ondition su�sante, et prouve que 
ette
ondition est aussi né
essaire pour une 
ertaine 
atégorie de POVMs, qui in
lutnotamment toutes les POVMs sur les qubits. Nous avons don
 
ara
térisé les POVMspour les qubits.Nous utilisons deux idées prin
ipales. Commençons par nous donner une POVM P.Nous voulons prouver qu'elle est propre. En d'autres termes, étant donnée Q telleque Q < P, nous voulons prouver que l'inverse P < Q est aussi vrai. Le 
as le plussimple est 
elui où P = E(Q) ave
 E unitaire. Nous essayons don
 de trouver une
ondition sur P sous laquelle E est unitaire pour tout Q.Maintenant, par la représentation de Kraus (1.23), nous savons que Pi =

∑
αR

∗
αQiRα.Tous les éléments de la somme sont positifs, don
 Pi ≥ R∗

αQiRα pour tout i et α.En parti
ulier, le support de R∗
αQiRα doit être in
lus dans le support de Pi, en tantqu'opérateurs sur l'espa
e de Hilbert H. Ce
i nous fournit d− dim(Supp(Pi)) équa-tions linéaires homogènes sur les éléments matri
iels de Rα, pour 
haque ve
teurdans le support de Qi. Si nous obtenons par 
e biais d2−1 équations indépendantes,les matri
es Rα sont déterminées à 
onstante près, et la 
ontrainte ∑R∗

αRα = Idsu�ra à prouver que E est unitaire.La di�
ulté dans 
e s
énario réside dans la dépendan
e de 
es équations en Q.J'introduis don
 la dé�nition suivante : un ensemble de sous-espa
es de H déterminetotalement H s'ils fournissent su�samment d'équations pour tout {Qi} quand ilssont les supports des Pi. Il se révèle qu'un ensemble de ve
teurs {|ψi〉}, soit un



1.6 Sous-algèbres 
omplémentaires 43ensemble de supports de dimension un, détermine totalement H si et seulement si,pour toute paire de sous-espa
es propres supplémentaire V et W, il existe un i telque |ψi〉 6∈ V et |ψi〉 6∈ W.Ce
i fournit une 
ondition su�sante pour qu'une POVM soit propre, et elle peutêtre véri�ée algorithmiquement. J'ai également prouvé qu'être de rang un ou véri�er
ette 
ondition était né
essaire si tous les éléments de POVM sont soit de rang un,soit de rang plein. J'appelle pareilles POVMs des POVMs quasi-qubit, 
omme toutesles POVMs qubit sont quasi-qubit.La né
essité est prouvée en 
onsidérant des 
anaux E qui sont pro
hes de l'identité,et dont l'inverse est une appli
ation positive. On peut alors 
onsidérer Q = E−1(P)et il nous faut prouver que Q est une POVM. Un 
hoix pré
is de V et W tels quedonnés dans le paragraphe pré
édent permet de s'en assurer.Pour les qubits, les POVMs propres sont don
 les POVMs de rang un d'une part, etles POVMs ayant au moins trois éléments de rang un non 
olinéaires deux à deux.Cette dernière 
ondition est une tradu
tion plus intuitive de �détermine totalement� dans le 
as des qubits.1.6 Sous-algèbres 
omplémentaires1.6.1 MotivationNous avons deux qubits intriqués. Nous les laissons évoluer 
omme nous le souhaitons,puis mesurons l'un d'entre eux. Comment les laisser évoluer si nous voulons re
on-struire l'état de 
es deux qubits ave
 aussi peu d'évolutions, et aussi e�
a
ementque possible ?Formellement, 
e problème se traduit 
omme 
elui d'estimer un état sur C2 ⊗ C2.Nous avons quinze paramètres réels à estimer. Nous avons le droit de mesurer lesétats réduits sur un sous-espa
e de dimension 2, 
'est-à-dire sur les deux premières
oordonnées de WC4, où W est unitaire, 
orrespondant à l'évolution. Chaque Wgénère un état réduit, 
orrespondant à trois paramètres. Nous voulons utiliser aussipeu de transformations W que nous le pouvons.Nous avons à l'éviden
e besoin d'au moins 
inq W di�érents. Nous pouvons dansun premier temps nous demander si 
e nombre est su�sant. Nous pouvons aussiessayer de trouver un ensemble optimal de W . Nous répondons à 
es deux questionsen remarquant que 
onnaître un état, 
'est 
onnaître ses valeurs moyennes sur toute
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tionl'algèbre des observablesM2(C)⊗M2(C). Connaître l'état réduit sur di�érents sous-espa
es, 
'est 
onnaître l'état original sur les sous-algèbres Ai = Wi(M2(C)⊗Id)W ∗
i ,pour di�érentsWi. Don
 les états réduits déterminent l'état d'origine si et seulementsi les sous-algèbres Ai génèrent linéairement, en tant qu'espa
e ve
toriel, l'algèbreinitiale M2(C) ⊗M2(C).Intuitivement, nous obtenons autant d'informations que possible si les sous-algèbres

Ai di�èrent autant que possible l'une de l'autre. Mathématiquement, nous traduisons
ela en demandant que les sous-algèbres soient 
omplémentaires, 
'est-à-dire que
(Ai − C1) soit orthogonale à (Aj − C1) pour i 6= j et le produit s
alaire 〈A|B〉 =
Tr(A∗B) sur M4(C).En résumé, nous 
her
hons 
inq sous-algèbres deM4(C) 
ha
une isomorphe àM2(C),et 
omplémentaires deux à deux.1.6.2 Résultats antérieursPetz, Hangos, Szántó, et Szöll®si (2006) ont introduit les notions et problème pré
é-dents. Ils étaient également motivés par l'analogie ave
 les observables 
omplémen-taires, telles la position et l'impulsion. S
hwinger (1960) ont peut-être été les pre-miers à en donner une appro
he rigoureuse dans les espa
es de dimension �nie.Deux observables d'un espa
e de Hilbert de dimension d sont 
omplémentaires sileurs bases propres véri�ent 〈φ|ψ〉 = 1/d pour tout φ dans la première base et ψdans la se
onde. Ces bases sont fréquemment utilisées en information quantique,que 
e soit pour la dis
rimination d'états (Ivanovi
, 1981), pour le �problème duMé
hant Roi� (Kimura et al., 2006) ou en 
ryptographie quantique (Bruss, 1998).Maintenant, nous pouvons asso
ier à une observable l'algèbre 
ommutative des élé-ments diagonaux dans leur base propre. Deux observables sont 
omplémentaires siet seulement si les algèbres 
ommutatives 
orrespondantes sont 
omplémentaires.L'importan
e des observables 
omplémentaires peut donner quelque espoir d'utilitépour les sous-algèbres M2(C) 
omplémentaires.Revenons au problème initial. Petz et al. (2006) ont prouvé que 
inq sous-algèbressu�saient e�e
tivement pour générer M2(C) ⊗M2(C). Ils ont exhibé quatre sous-algèbresM2(C) 
omplémentaires. Mais ils n'ont pas pu en trouver 
inq. Ils ont égale-ment 
onsidéré n qubits, ave
 M2(C)⊗n 
omme algèbre 
orrespondante. On a alorsbesoin d'au moins (22n − 1)/3 sous-algèbres isomorphes à M2(C) pour générer l'al-gèbre de départ. Ils ont prouvé que, si l'on se restreignait aux sous-algèbres généréespar des éléments de la forme σ1⊗σ2⊗· · ·⊗σn, où 
haque σ est une matri
e de Pauli(1.16), alors 
ette borne n'est pas saturée, et il nous faut au moins une sous-algèbresupplémentaire.
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ale quantique 45Comme 
hoisir des sous-algèbres ave
 pareils générateurs est la manière la plussimple d'obtenir des sous-algèbres 
omplémentaires, 
e
i suggère l'impossibilité degénérer tout M2(C)⊗n ave
 des sous-algèbres 
omplémentaires isomorphes à M2(C).1.6.3 Contributions de la thèseCe travail est 
ommun ave
 Dénes Petz. Nous avons prouvé que le nombre maximalde sous-algèbres 
omplémentaires isomorphes à M2(C) dans M2(C) ⊗M2(C) étaitde quatre.L'idée est la suivante : nous 
onsidérons une base orthonormale d'une sous-algèbre
A isomorphe àM2(C) de la forme 1, A1, A2, A3. Comme 
ette base est orthonormale,les Ai sont de tra
e nulle. Prenons également 1, B1, B2, B3 
omme base orthonormalede 1 ⊗M2(C). Si A est 
omplémentaire à M2(C) ⊗ 1, alors ∑i,j |Tr(A∗

iBj)| ≥ 1.D'autre part, pour {Ci}i≤16 base orthonormale de M2(C) ⊗ M2(C), nous avons∑
i,j |Tr(C∗

iBj)| = 3. Don
, il y a au plus trois sous-algèbres 
omplémentaires iso-morphes à M2(C), qui sont aussi 
omplémentaires à M2(C) ⊗ 1.Pour être 
omplet, je pré
ise que depuis la publi
ation de 
e travail, Petz (2006) aprouvé que l'espa
e orthogonal aux quatre sous-algèbres, plus l'identité, était en
oreune sous-algèbre, mais 
ommutative.1.7 Normalité asymptotique lo
ale quantique1.7.1 Normalité asymptotique lo
ale 
lassiqueComme point de référen
e et motivation, nous passons rapidement en revue le théoriede la distan
e entre expérien
es et de la 
onvergen
e d'expérien
es de Le Cam (1986),en insistant sur la normalité asymptotique lo
ale.Wald (1943) a été le premier à avoir l'idée d'appro
her une suite d'expérien
es pardes expérien
es gaussiennes. Le Cam (1960, 1964) ont alors donné un ensemble pré
isde 
onditions sous lesquelles 
es approximations peuvent être faites, dé�ni une notionde distan
e entre expérien
es, et exploré les 
onséquen
es de 
ette approximation.Commençons ave
 deux expérien
es E = {pθ : θ ∈ Θ} et F = {qθ : θ ∈ Θ} ayant lemême ensemble de paramètres Θ. Nous pouvons dé�nir le défaut de E par rapport à
F à partir d'idées de théorie de la dé
ision. Considérons des fon
tions de 
oût c(θ, θ′)bornées entre 0 et 1. Le défaut est dé�ni 
omme l'in�mum des ǫ tels que pour toute
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tionsemblable fon
tion de 
oût, pour tout estimateur θ̂F dans la se
onde expérien
e F ,il y a un estimateur θ̂E dans la première expérien
e qui véri�e :
rθ(θ̂E) ≤ rθ(θ̂F ) + ǫ ∀θ ∈ Θ,où nous avons utilisé les notations pré
édentes (1.6) pour le risque d'un estimateurau point θ.En d'autres termes, à ǫ près, nous pouvons faire aussi bien dans l'expérien
e E quedans l'expérien
e F pour toute question que l'on pourrait poser, quelle que soit lavraie valeur du paramètre. Le défaut est noté δ(E ,F).Considérons maintenant un noyau de Markov T (donné par l'équation (1.5)) tel que

‖T (pθ) − qθ‖1 = 2ǫ pour tout θ ∈ Θ. Cela signi�e appro
her les lois de F par 
ellesde E . Alors pour toute fon
tion de 
oût c 
omme 
i-dessus, et tout estimateur θ̂F ,nous pouvons 
onsidérer l'estimateur θ̂E dé�ni par l'appli
ation de θ̂F à la variablealéatoire de loi T (pθ). Nous obtenons :
rθ(θ̂E) − rθ(θ̂F ) =

∫
c(θ, θ̂(x))T (pθ)(dx) −

∫
c(θ, θ̂(x))qθ(dx)

≤ (sup c(θ, θ′))

∫
(T (pθ) − qθ)

+(dx)

≤ 1 × ‖T (pθ) − qθ‖1 /2

≤ ǫ.Si bien que le défaut est inférieur à ǫ. En fait, l'inverse est aussi vrai17 Nous pouvonstrouver un noyau de Markov qui transforme tout pθ en qθ à deux fois le défaut près.Nous pouvons don
 é
rire :
δ(E ,F) =

1

2
inf
T

sup
θ

‖T (pθ) − qθ‖1 .Quand nous symétrisons le défaut, nous obtenons une distan
e, appelée distan
e deLe Cam ∆(E ,F). Nous pouvons alors 
onsidérer une suite d'expérien
es En = {pn,θ}qui 
onverge vers l'expérien
e limite F pour 
ette distan
e. En d'autres termes, ily a deux familles de noyaux de Markov Tn et Sn tels que ‖Tn(pn,θ) − qθ‖1 → 0 et
‖pn,θ − Sn(qθ)‖1 → 0 uniformément en θ.Cette 
onvergen
e ave
 noyaux est appelée 
onvergen
e forte. Il existe une autre
onvergen
e, dite 
onvergen
e faible, basée sur les rapports de vraisemblan
es.17À stri
tement parler, sans hypothèse de domination, il faut utiliser des objets légèrement plusgénéraux que les noyaux de Markov, appelés transitions. Les idées restent les mêmes.
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ale quantique 47Considérons l'expérien
e E = {pθ}, sur un ensemble de paramètres �ni Θ. Alors lesrapports de vraisemblan
e sont les pro
essus sto
hastiques ΛΘ(E) =
{

pθ
P

θ pθ

}

θ∈Θ
.Ave
 des ensembles de paramètres Θ in�nis, nous disons que En 
onverge faiblementvers F si la loi des pro
essus ΛI(En) 
onverge faiblement en loi vers ΛI(F) pourtout sous-ensemble �ni I de Θ.La 
onvergen
e faible se révèle équivalente à la 
onvergen
e forte sur les ensembles deparamètres �nis. Don
 pour les ensembles dénombrables. Ave
 quelques 
onditions derégularité, 
ette équivalen
e peut être étendue aux ensembles Θ non dénombrables.Pourquoi tant de dé�nitions ? La dé�nition basée sur les fon
tions de 
oût exprimela vraie motivation : si E 
onverge vers F , nous pouvons asymptotiquement répon-dre aux questions 
on
ernant En de la même manière qu'à 
elles 
on
ernant F . La
onvergen
e forte, ave
 les noyaux de Markov, donne un moyen dire
t de traduire lesestimateurs d'une expérien
e à l'autre : nous transformons la première expérien
e,et appliquons l'estimateur de la se
onde expérien
e. Cela nous assure d'obtenir lesmêmes risques. D'un autre 
�té, exhiber 
es noyaux de Markov pour des expérien
esréelles n'est pas for
ément évident. La 
onvergen
e des rapports de vraisemblan
e,par 
ontre, est assez simple à établir. Et elle su�t à prouver l'existen
e des noyauxde Markov. Même si nous ne 
onnaissons pas 
es noyaux, et ne pouvons don
 pastraduire dire
tement les méthodes d'une expérien
e à l'autre, nous savons que lesrisques optimaux sont les mêmes pour tous les problèmes, que nous soyons dans un
adre bayésien ou minimax.Les béné�
es pratiques de 
ette théorie sont au plus haut quand l'expérien
e limiteest simple et bien 
omprise. Par exemple, les données indépendantes identiquementdistribuées (i.i.d.) sont extrêmement fréquentes en statistiques, et peuvent être vues
omme des variables aléatoires de loi p⊗nθ . Sous 
ertaines 
onditions de régularité,elles 
onvergent vers une expérien
e de dé
alage gaussienne, qui est en e�et très bien
onnue.Theorem 1.7.1. Normalité asymptotique lo
ale(Le Cam, 1960)Soit Θ un sous-ensemble ouvert de Rk. Soit

En =
{
p⊗n
θ0+h/

√
n

: h ∈ R
k
}
.Alors si une famille {pθ} est su�samment régulière18 autour de 0, la suite d'expéri-en
es En 
onverge faiblement vers une expérien
e de dé
alage gaussienne

F =
{
N (h, I−1

θ0
) : h ∈ R

k
}
,18La bonne 
ondition est la di�érentiabilité en moyenne quadratique. Deux fois di�érentiable en

θ est plus que su�sant.
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tionoù N (h, I−1
θ0

) la loi normale sur Rk, de moyenne h et matri
e de 
ovarian
e I−1
θ0l'information de Fisher (1.13) au point θ0.Il y a deux di�éren
es ave
 un théorème de la limite 
entrale. Tout d'abord, la
onvergen
e vers la limite est uniforme19 sur les ensembles qui ne 
roissent pas tropvite. Deuxièmement, la matri
e de 
ovarian
e est la même pour toutes les gaussiennesde l'expérien
e limite. Le nom �expérien
e de dé
alage� vient de 
ette observation :le paramètre est simplement la moyenne de la gaussienne.Pourquoi est-
e appré
iable ? Par
e que nous 
onnaissons la réponse à la plupartdes questions statistiques habituelles pour les expérien
es de dé
alage gaussiennes.En parti
ulier, nous 
onnaissons un estimateur minimax optimal pour les fon
tionsde 
oût quadratiques, et nous pouvons traduire 
et estimateur pour les expérien
es

i.i.d. Cette observation 
onstitue la manière habituelle de prouver l'optimalité del'estimateur du maximum de vraisemblan
e dans 
es 
onditions, par exemple. C'estlà le théorème que nous aimerions généraliselser au 
as quantique.Le le
teur attentif aura noté que la fon
tion de 
oût quadratique n'est pas bornée engénéral, et que nous 
hangeons l'é
helle du paramètre h dans nos dé�nitions de En.Le théorème pré
édent est essentiellement lo
al par nature. C'est déjà su�sant pourdémontrer que les bornes de Cramér-Rao (1.15) ne peuvent pas être meilleures quedans l'expérien
e limite. Cependant, nous ne pouvons pas dire
tement traduire lastratégie utilisée dans l'expérien
e de dé
alage gaussienne pour l'expérien
e initiale.En pratique, nous 
ontournons 
es di�
ultés en utilisant une stratégie en deuxtemps : nous utilisons une proportion négligeable de notre n-é
hantillon pour ef-fe
tuer une estimation préliminaire grossière, puis utilisons l'estimateur optimalfourni par la normalité asymptotique lo
ale au point estimé. Nous devons pour�nir véri�er que la partie non bornée de la fon
tion de 
oût 
ontribue de manièrenégligeable à l'erreur globale.Le Cam a bien davantage développé sa théorie de la 
onvergen
e d'expérien
es, pourd'autres 
onditions de régularité, 
e qui fournit des approximations di�érentes, etdans des 
adres très généraux, basés sur les treillis de Bana
h. La largeur et laprofondeur de 
ette théorie est suggérée par le volume de son livre de 1986.1.7.2 MotivationDans une expérien
e physique, nous obtenons souvent en sortie n 
opies d'un étatpréparées de la même manière, et voulons apprendre 
ertaines 
ara
téristiques de
et état, typiquement l'identi�er.19Pour que 
e point ait du sens, il faut employer une version exprimant la 
onvergen
e forte.



1.7 Normalité asymptotique lo
ale quantique 49Une normalité asymptotique lo
ale quantique nous permettrait de répondre à toutes
es questions sur les expérien
es répétées en étudiant juste une expérien
e, quenous espérons plus simple. Par analogie ave
 le 
as 
lassique, nous nous attendonsà obtenir une expérien
e de dé
alage gaussienne quantique, qui est en e�et bien
omprise.Comme pour la 
onvergen
e forte ave
 les noyaux de Markov, nous voudrions trouverdes 
anaux qui transforment approximativement les états qui nous sont donnés enétats gaussiens, et ré
iproquement.Un in
onvénient de 
ette stratégie est que l'équivalen
e tient quand nous avons ledroit d'utiliser tout 
e que permet la physique, 
'est-à-dire les mesures et pro
édures
olle
tives. Celles-
i peuvent être di�
ile à implémenter en pratique. De plus, nousne pourrons pas étudier les mesures LOCC ou séparées dire
tement par la normalitéasymptotique lo
ale quantique.Un avantage d'exhiber les 
anaux est de permettre, pour peu que 
eux-
i puissentêtre implémentés en laboratoire, d'appliquer en pratique les méthodes des expéri-en
es gaussiennes à l'expérien
e initiale.1.7.3 Résultats antérieurs et liésLe premier pas vers des résultats similaires au 
as 
lassique en quantique remonteà Dyson (1956), qui a remarqué que les �u
tuations des 
omposantes du spin totalorthogonales à l'axe z de n spins ↑ purs se 
omportaient 
omme l'état fondamentald'un os
illateur harmonique quantique. De manière générale, les physi
iens traitentles états spin 
ohérents (Holtz et Hanus, 1974) 
omme des gaussiennes. Kitagawa etUeda (1993); Geremia et al. (2004) étendent 
ette situation aux types d'intri
ationqui ressemblent à des états 
ompressés.Ce genre de résultats peut être vu 
omme autant de théorèmes de la limite 
en-trale quantique, dont la première preuve rigoureuse nous vient de Cushen et Hudson(1971). Hayashi (2003); Hayashi et Matsumoto (2004) ont prouvé une 
ertaine régu-larité lo
ale de 
es limites et les ont utilisé pour donner la première méthode d'es-timation optimale pour des pour un qubit totalement in
onnu, ou des sous-modèlesparamétriques, quand les mesures 
olle
tives sont autorisées.Trouver et expliquer pareilles pro
édures optimales pour des problèmes variés est unegrande motivation de la normalité asymptotique lo
ale quantique. Le problème del'estimation d'un qubit à partir de plusieurs 
opies a généré une immense bibliogra-phie, 
omme il est élémentaire. Les études vont des mesures séparées aux mesuresadaptatives et aux mesures 
olle
tives. Les référen
es bayésiennes pour les états purs
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omptent (Jones, 1994; Massar et Popes
u, 1995; Latorre et al., 1998; Fisher et al.,2000; Hannemann et al., 2002b; Bagan et al., 2002; Emba
her et Narnhofer, 2004;Bagan et al., 2005), et pour les états mélangés (Cira
 et al., 1999; Vidal et al., 1999;Ma
k et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004
; Zy
zkowski et Som-mers, 2005; Bagan et al., 2006). L'appro
he à point �xé est illustrée dans (Hayashi,2002a; Gill et Massar, 2000; Barndor�-Nielsen et Gill, R., 2000; Matsumoto, 2002;Barndor�-Nielsen et al., 2003; Hayashi et Matsumoto, 2004). Les prin
ipaux pointsà retenir sont les suivants : pour les états purs et pas spé
i�quement pour les qubits,les mesures séparées, qui sont fa
iles à implémenter, sont asymptotiquement aussie�
a
es que les mesures 
olle
tives (Matsumoto, 2002) ; en revan
he, pour des étatsmélanges généraux, nous pouvons obtenir une réelle a

élération par des mesures
olle
tives (Gill et Massar, 2000) ; les méthodes bayésiennes font en général usage dela théorie des groupes, et ne sont don
 valides que pour les lois a priori uniformes ;Bagan et al. (2006) donnent une mesure optimale ave
 la �délité 
omme fon
tion de
oût, et prouvent que 
ette méthode est aussi asymptotiquement optimale au sensminimax.Cependant 
ette dernière mesure 
ovariante pourrait bien être très di�
ile à implé-menter en pratique.À un niveau plus fondamental, Petz et Jen£ová (2006) ont 
ara
térisé l'exhaustivitéquantique. Dans le monde 
lassique, une expérien
e E est exhaustive par rapport àune autre F si son défaut δ(E ,F) est nul. Petz et Jen£ová ont 
ara
térisé l'exhaus-tivité notamment par des 
anaux, équivalents des noyaux de Markov, et par l'usagede 
o
y
les de Connes, qui peuvent être vus 
omme équivalents aux rapports devraisemblan
e.Sur la base de 
e travail, Guµ  et Jen£ová (2007) ont prouvé la normalité asymp-totique lo
ale au sens de la 
onvergen
e des 
o
y
les de Connes, 
orrespondantà la normalité asymptotique lo
ale 
lassique faible. Pour être pré
is, une expéri-en
e d'états dé�nis sur un espa
e de dimension �nie, dépendant de manière lissedu paramètre θ dans un ouvert Θ ∈ Cd 
onverge vers une expérien
e de dé
alagegaussienne quantique20 de dimension d. Cette dernière expérien
e est une expérien
eoù l'état est gaussien21 sur l'espa
e de Fo
k F(Cd), dont la fon
tion de Husimi (1.22)a θ pour moyenne et une matri
e de 
ovarian
e �xée.Nous avons vu à la Se
tion 1.1.3 que la mesure hétérodyne saturait la borne deHolevo (1.29) pour les expérien
es de dé
alage gaussiennes quantiques. Cependant, iln'y a pour l'heure au
un lien établi entre la normalité asymptotique lo
ale quantique20Pour être parfaitement exa
t, une partie de l'expérien
e quantique peut dégénérer en expérien
ede dé
alage gaussienne 
lassique, 
e qui 
orrespond à déterminer des valeurs propres à ve
teurspropres �xés21Les états gaussiens peuvent être vus 
omme des mélanges gaussiens d'états 
ohérents.
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ale quantique 51faible et la théorie de la dé
ision, aussi nous ne pouvons pas immédiatement utiliser
es bornes pour les expérien
es en dimension �nie.1.7.4 Contributions de la thèseAve
 M d lin Guµ , j'ai établi la normalité asymptotique lo
ale forte pour lesqubits (2006). Spé
i�quement, nous avons exhibé des familles de 
anaux Tn et Snde M2(C)⊗n dans T (F(C)) ⊗ L1(R), et ré
iproquement, qui envoient les matri
esdensité i.i.d. ρ⊗n
θ0+h/

√
n
près du produit d'une gaussienne 
lassique à une dimension,
orrespondant aux valeurs propres, ave
 une gaussienne quantique à une dimen-sion, 
orrespondant aux ve
teurs propres. La dérivation de 
es 
anaux, qui reposesur la théorie des groupes, est lourdement inspirée par les travaux de Hayashi etMatsumoto (2004).Nous avons prouvé que la 
onvergen
e en norme d'opérateurs L1 était uniformepour ‖h‖ ≤ n1/4−ǫ. Ce grand domaine de validité nous assure de pouvoir utiliser lesstratégies en deux temps pour traduire les pro
édures de l'expérien
e limite pourl'expérien
e initiale.Nous avons expli
ité 
ette stratégie en deux temps, ave
 Guµ  et Bas Janssens(2008), en 
onsidérant une intera
tion en temps 
ontinu des qubits ave
 le 
hampéle
tromagnétique. En utilisant les équations di�érentielles sto
hastiques quantiques(Hudson et Parthasarathy, 1984), nous avons prouvé que l'état du 
hamp, ou lumièremono
hromatique, était la partie quantique de Tn(ρ⊗n) pour des temps plus longsque lnn.Nous pouvons dès lors utiliser la mesure hétérodyne sur 
ette lumière et obtenir uneestimation optimale de la partie quantique. La partie 
lassique reste dans les qubits,et peut être ré
upérée via une mesure du spin total. En pratique, 
ela sera réalisépar un autre 
ouplage au 
hamp et une mesure hétérodyne.Cette stratégie d'estimation est asymptotiquement globalement optimale, à la foisdans un sens minimax et bayésien pour des lois a priori 
ovariantes, aussi longtempsque nous sommes éloignés de l'état totalement mélangé. Nous pensons qu'elle doitêtre possible à implémenter en pratique.En�n M d lin Guµ  et moi avons généralisé 
ette 
onstru
tion des 
anaux aux qu-dits, pour toute dimension (2009). Là en
ore, le paramètre lo
al h a le droit degrandir 
omme une faible fon
tion puissan
e, permettant la tradu
tion des résultatsde l'expérien
e limite pour l'expérien
e initiale, notamment en matière d'estima-tion de paramètres. Pour montrer que l'optimalité asymptotique de la méthode et
al
uler les risques expli
ites pour des pertes lo
alement quadratiques, nous avons



52 Introdu
tionégalement établi des théorèmes de représentation asymptotique et asymptotiqueminimax quantiques très généraux.1.7.5 Perspe
tivesDes re
her
hes supplémentaires pourraient suivre plusieurs voies :Équivalen
e entre 
onvergen
es d'expérien
es faibles et fortesLes expérien
es limite sont les mêmes pour les 
onvergen
es faibles et fortes.Le fragment de la normalité asymptotique lo
ale 
lassique le plus important àmanquer en
ore à son équivalent quantique est la quasi équivalen
e de 
es deuxnotions. Comme la 
onvergen
e faible est relativement plus simple à prouver,nous en tirerions les mêmes béné�
es que dans le 
as 
lassique.Éliminer les singularités de la normalité asymptotique lo
alequantique forteNos preuves reposent sur les représentations de groupe. Elles introduisent unesingularité pour les valeurs propres égales, qui n'est pas importante au niveaudes algèbres, utilisées pour la 
onvergen
e faible. C'est pourquoi nous exigeonspour la 
onvergen
e forte que les valeurs propres soient deux à deux di�érentes,bien que 
e soit très probablement un artefa
t de la preuve.Obtenir une preuve de la 
onvergen
e forte en utilisant uniquement les C∗-algèbres semble di�
ile. Néanmoins, 
ela nous donnerait automatiquement unéquivalent de la 
ondition 
lassique de �di�érentiabilité en moyenne quadra-tique�.Par 
ontre, la singularité générée par les valeurs propres égales a une sig-ni�
ation physique dans notre �implémentation pratique�. Elle 
orrespond àl'égalité des niveaux d'énergie pour les qubits. Comme la lumière mono
hroma-tique est donnée par les transitions entre deux niveaux d'énergie, 
e 
ouplagedégénère.Traiter d'autres 
asD'autres dire
tions de re
her
he re
ouvrent l'expli
itation de la 
onvergen
ed'expérien
es pour d'autres 
as, non i.i.d., tels les états spin 
ohérents, ou les
haînes de Markov quantiques.Convergen
e d'expérien
es quantiques ave
 opérations lo
alesUn but plus ambitieux serait de dé�nir une distan
e LOCC entre expérien
es,et la 
onvergen
e 
orrespondante. En d'autres termes dé�nir une équivalen
eentre modèles quand nous n'avons le droit qu'aux méthodes LOCC, e pasà toutes les mesures 
olle
tives. La prolifération des s
énarios utilisant lesopérations LOCC, en information quantique en parti
ulier, et le fait que 
esméthodes sont plus fa
iles à implémenter en pratique, feraient tout le prix de
ette théorie.



1.7 Normalité asymptotique lo
ale quantique 53Implémentation pratiquePour �nir sur une idée plus réalisable, il devrait être assez simple de 
onvertir�l'implémentation pratique� de la normalité asymptotique lo
ale quantiquedu 
as des qubits à 
elui des qudits.
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Chapitre 2
Model sele
tion for quantumhomodyne tomography
Ce 
hapitre dérive de l'arti
le (Kahn).Résumé : Nous nous intéressons à un problème de statistique non-paramétrique issu de la physique, et plus pré
isément à la tomographiequantique, 
'est-à-dire la détermination de l'état quantique d'un mode dela lumière via une mesure homodyne. Nous appliquons plusieurs pro
é-dures de séle
tion de modèles : des estimateurs par proje
tion pénalisés,où on peut utiliser soit des fon
tions motif, soit des ondelettes, et l'esti-mateur du maximum de vraisemblan
e pénalisé. Dans 
haque 
as, nousobtenons une inégalité ora
le. Nous prouvons également une vitesse de
onvergen
e polynomiale pour 
e problème non-paramétrique, pour lesestimateurs par proje
tion. Nous appliquons ensuite des idées à la 
al-ibration d'un photo
ompteur, l'appareil dénombrant le nombre de pho-tons dans un rayon lumineux. Le problème mathématique se réduit dans
e 
as à un problème non-paramétrique à données manquantes. Nousobtenons à nouveau des inégalités ora
le, qui nous assurent des vitessesde 
onvergen
e d'autant meilleures que le photo
ompteur est bon.
2.1 Introdu
tionQuantum me
hani
s introdu
es intrinsi
 randomness in physi
s: the result of a mea-surement, or any ma
ros
opi
 intera
tion, on a physi
al system is not deterministi
.



58 Model sele
tion for quantum homodyne tomographyTherefore, a host of statisti
al problems 
an stem from it. Some are (almost) spe
i�-
ally quantum, notably any question about whi
h measurement yields the maximuminformation, or whether simultaneously measuring n samples is more e�
ient thanmeasuring them sequentially (Gill, 2001). However, on
e we have 
hosen the mea-surement we 
arry out on our physi
al system, we are left with an entirely 
lassi
alstatisti
al problem. This 
hapter aims at applying model sele
tion methods à laBirgé-Massart to one su
h instan
e, whi
h is of interest both pra
ti
al, as physi
istsuse this measurement quite often (the underlying physi
al system is elementary; itis the parti
le with one degree of freedom), and mathemati
al, as it yields a non-parametri
 inverse problem with un
ommon features.Moreover, as this 
lassi
al problem stemming from quantum me
hani
s 
ould be seenas an easy introdu
tion to the subje
t to 
lassi
al statisti
ians, we have added moregeneral notions on quantum statisti
s at the beginning of the appendix. The inter-ested reader 
an get further a
quaintan
e with these 
on
epts through the textbooksby Helstrom (1976) and Holevo (1982) or the review arti
le by Barndor�-Nielsenet al. (2003).More pre
isely, the problem we are interested in is quantum homodyne tomogra-phy. As an aside, we apply the results we get to the 
alibration of a photo
ounter,using a quantum tomographer as a tool. The word �Homodyne� refers to the exper-imental te
hnique used for this measurement, �rst implemented by Smithey et al.(1993), where the state of one mode of ele
tromagneti
 radiation, that is a pulse oflaser light at a given frequen
y, is probed using a referen
e laser beam at the same(�homo�) frequen
y. Respe
tively, �Tomography� is used be
ause one of the physi-
ists' favourite representations of the state, the Wigner fun
tion, 
an be re
overedfrom the data by inverting a Radon transform.Mathemati
ally, our data are samples from a probability distribution pρ on R×[0, π].From this data, we want to re
over the �density operator� ρ of the system. This isthe most 
ommon representation of the state, that is a mathemati
al obje
t whi
hen
odes all the information about the system. Perfe
t knowledge of the state meansknowing how the system will evolve and the probability distribution of the resultof any measurement we might 
arry out on the system. These laws of evolutionand measurement 
an be expressed naturally enough within the density operatorframework (see Appendix). The density operator is a non-negative tra
e-one self-adjoint operator ρ on L2(R) (in our parti
ular 
ase). We know the linear transform
T whi
h takes ρ to pρ and 
an make it expli
it in parti
ular bases su
h as the Fo
kbasis. We may also settle for the Wigner fun
tion W , another representation of thestate. That is a two-dimensional real fun
tion with integral one, and pρ is the Radontransform of W .The �rst re
onstru
tion methods used the Wigner fun
tion as an intermediate rep-resentation: after 
olle
ting the data in histograms and smoothing, one inverted the



2.1 Introdu
tion 59Radon transform to get an estimate of W . This smoothing, however, introdu
eshard-to-
ontrol bias. Pattern fun
tions (bidual bases) for the entries of the densityoperator ρ were introdu
ed by D'Ariano et al. (1994), yielding an unbiased estimatorof those individual entries. They were later extended to allow for low noise in themeasurement. Maximum likelihood pro
edures are used sin
e the work of Banaszeket al. (1999). For both these estimators, we need an arbitrary 
ut-o� of the densityoperator, so that the model is �nite-dimensional. Artiles et al. (2005) have estab-lished 
onsisten
y of these two estimators used with a sieve. Then, a sharp adaptivekernel estimator for the Wigner fun
tion was devised by Butu
ea et al. (2007), andthis even if there is noise in the measurement (see subse
tion 2.3.6).In this 
hapter, we devise penalized estimators that ful�ll ora
le-type inequalitiesamong the L2-proje
tions on submodels, analyze the penalized maximum likelihoodestimator and apply these estimators to the 
alibration of a photo
ounter. Hen
e,we provide automati
 
ut-o�s for the estimators formerly mentioned. We 
an also
ast in the L2 proje
tion framework wavelets estimators used for inverting the Radontransform on 
lassi
al probability densities, to whom the Wigner fun
tion does notbelong. We also have �ner granularity for pattern fun
tions, sin
e we threshold themone by one, instead of keeping a whole submatrix. We get an expli
it polynomialrate of 
onvergen
e for this estimator. Noti
e that all our results are derived for�nite samples (all the previous works 
onsidered only the asymptoti
 regime). Wehave mainly worked under the idealized hypothesis where there is no noise, however.The appendix is not logi
ally ne
essary for the 
hapter. We have inserted it forba
kground and as an invitation to this �eld. It �rst features a general introdu
tionto quantum statisti
s with a publi
 of 
lassi
al statisti
ians in mind. We thendes
ribe what quantum homodyne tomography pre
isely is. This latter subse
tionis largely based on the arti
le by Butu
ea et al. (2007).Se
tion 2.2 formalizes the statisti
al problem at hand, with no need of the appendix,ex
ept the equations expli
itly referred to therein.Se
tion 2.3 aims at devising a model sele
tion pro
edure to 
hoose between L2-proje
tion estimators. We �rst give general theorems (2.3.2 and 2.3.4) leading toora
le-type inequalities for hard-thresholding estimators. We then apply them totwo bases. One is the Fo
k basis and the 
orresponding pattern fun
tions physi
istshave used for a while. For it we also prove a polynomial 
onvergen
e rate for anystate with �nite energy. The other is a wavelet basis for the Wigner fun
tion. We�nish with a short subse
tion des
ribing what 
hanges are entailed by the presen
eof noise. Espe
ially, we do not need to adapt our theorems if the noise is low enough,as long as we 
hange the dual basis.Se
tion 2.4 similarly applies a 
lassi
al theorem (2.4.2) to solve the question of whi
h(size of) model is best to use a maximum likelihood estimator on.



60 Model sele
tion for quantum homodyne tomographySe
tion 2.5 swit
hes to the determination of a kind of measurement apparatus (andnot any more on the state that is sent in) using a known state and this sametomographer that was studied in the previous se
tions. The law of our samples arethen very similar and we apply the same type of te
hniques (penalized proje
tion andmaximum likelihood estimators). The fa
t that the POVM (mathemati
al modellingof a measurement) is a proje
tive measurement (see Appendix) enables us to workwith L1-operator norm, however.2.2 The mathemati
al problemWe now des
ribe the mathemati
al problem at hand.We are given n independent identi
ally distributed random variables Yi = (Xi,Φi)with density pρ on [0, π) × R.This data is the result of a measurement on a physi
al system. Now the �state� ofa system is des
ribed by a mathemati
al obje
t, and there are two favourites forphysi
al reasons: one is the density operator ρ, the other is the Wigner fun
tion
Wρ. We des
ribe them below.Therefore we are not a
tually interested in pρ, but rather inWρ or (maybe preferably)
ρ. The probability distribution pρ of our samples 
an be retrieved if we know either
ρ or Wρ.In other words we aim at estimating as pre
isely as possible ρ or Wρ from the data
{Yi}. By � as pre
isely as possible�, we mean that with a suitable notion of distan
e,we shall minimize E [d(ρ, ρ̂)]. Our 
hoi
e of distan
e will be partly di
tated bymathemati
al tra
tability.We now brie�y explain what Wρ and ρ stand for.The Wigner fun
tion Wρ : R2 → R is the inverse Radon transform of pρ. In fa
t wewould rather say that pρ is the Radon transform of Wρ. Expli
itly:

pρ(x, φ) =

∫ ∞

−∞
W (x cosφ+ y sin φ, x sinφ− y cosφ)dy.Figure 2.1 might be of some help. An important remark is that the Wigner fun
tionis not a probability density, but only a quasi-probability density: a fun
tion withintegral 1, but that may be negative at pla
es. However its Radon transform is atrue probability density, as it is pρ.
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al problem 61
φ

x
0

Figure 2.1: The value of pρ at (x, φ) is the integral of the Wigner fun
tion over thebold lineRetrieving Wρ from Pρ then amounts to inverting the Radon transform, hen
e thename of tomography: that is the same mathemati
al problem as with the brainimagery te
hnique 
alled Positron Emission Tomography.As for ρ, this is a density operator on the Hilbert spa
e L2(R), that is a self-adjointpositive operator with tra
e 1. We denote the set of su
h operators by S(L2(R)).There is a linear transform T that takes ρ to pρ. We give it expli
itly using a basisof L2(R) known as the Fo
k basis. This orthonormal basis, whi
h has many ni
ephysi
al properties, is de�ned by:
ψk(x) = Hk(x)e

−x2/2 (2.1)where Hk is the kth Hermite polynomial normalized su
h that ‖ψk‖2 = 1. Thematrix entries of ρ in this basis are ρj,k = 〈ψj , ρψk〉. Then T 
an be written:
T : S(L2(R)) −→ L1(R × [0, π])

ρ 7→
(
pρ : (x, φ) 7→

∞∑

j,k=0

ρj,kψj(x)ψk(x)e
−i(j−k)φ

)
.Noti
e that as we have de�ned pre
isely the set of possible ρ, this mapping yieldsthe set of possible pρ and Wρ.The relations between ρ, Wρ and pρ are further detailed in subse
tion 2.A.2.Anyhow we may now state our problem as 
onsisting in inverting either the Radontransform or T from empiri
al data.This is a 
lassi
al problem of non-parametri
 statisti
s, that we want to treat non-asymptoti
ally. We then take estimators based on a model, that is a subset of theoperators on L2(R), or equivalently of the two-dimensional real fun
tions. These
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tion for quantum homodyne tomographymodels are usually ve
tor spa
es, whi
h may not be the domain of the obje
t to beestimated. To 
hoose a 
andidate within a given model, there are di�erent methods,two of whi
h we study, proje
tion estimators and maximum likelihood estimators.On
e we have a 
andidate within ea
h model, we then use model sele
tion methodsto 
hoose (almost) the best.We �rst study proje
tion estimators, for whi
h the most 
onvenient distan
e 
omesfrom the L2 norm
‖τ‖2 =

√∑
|λi(τ)|2 =

√∑

j,k

|τj,k|2,where the λi are the eigenvalues of τ , and the se
ond equality holds for τ written inany orthonormal basis. Noti
e that there is an isometry (up to a 
onstant) betweenthe spa
e of density operators with L2-operator norm and the spa
e of Wignerfun
tions with L2-Lebesgue norm, that is:
‖Wρ −Wτ‖2

2 =

∫ ∫
|Wρ(q, p) −Wτ (q, p)|2 dp dq =

1

2π
‖ρ− τ‖2

2.For maximum likelihood estimators, we have to make do with the weaker Hellingerdistan
e (see later (2.24)) on L1
(
R × [0, π]

), to whi
h pρ belongs.2.3 Proje
tion estimatorsIn this se
tion, whi
h owes mu
h to Massart's book (2006), we apply penalizationpro
edures to proje
tion estimators. The �rst subse
tion explains that we want toobtain ora
le-type inequalities. In the se
ond we obtain a general inequality wherethe left-hand side 
orresponds to an ora
le inequality, and where the remainderterm in the right-hand side depends on the penalty and on the large deviations ofempiri
al 
oe�
ients. The two following subse
tions give two ways to 
hoose thepenalty term large enough for this remainder term to be small enough. In se
tion2.3.3 this penalty is deterministi
. We design it and prove that it is a �good 
hoi
e�by keeping Hoe�ding's inequality in mind. In se
tion 2.3.4, the penalty is random,and designed by taking Bernstein's inequality into a

ount.We next express these theorems in terms of two spe
i�
 bases. For the Fo
k basis,we obtain polynomial worst-
ase 
onvergen
e rates, using the stru
ture of states.For a wavelet basis, we noti
e we obtain a usual estimator in 
lassi
al tomography.We �nish by saying what 
an be done if there is noise, that is (mainly) 
onvolution ofthe law of the sample by a Gaussian. We multiply the Fourier transform of the dualbasis with the inverse of the Fourier transform of the Gaussian, and as long as westill have well-de�ned fun
tions, and we 
an re-use our theorems without 
hanges.



2.3 Proje
tion estimators 632.3.1 Aim of model sele
tionLet's assume we are given a (
ountable) L2-basis (ei)i∈I of a spa
e in whi
h S(L2(R))is in
luded (typi
ally T (L2(R)), the tra
e-
lass operators on L2(R)). We may thentry and �nd the 
oe�
ients of ρ in this basis. The natural way to do so is to�nd a dual basis (fi)i∈I su
h that 〈T(ei), fj〉 = δi,j for all i and j. Then, if ρ =∑
i ρiei we get 〈pρ, fi〉 = ρi for all i. And if the fi are well enough behaved, then

1
n

∑n
k=1 fi(Xk,Φk) = ρ̂i tends to ρi by the law of large numbers.Now if we took ∑i ρ̂iei as an estimator of ρ, we would have an in�nite risk as thevarian
e would be in�nite. We must therefore restri
t ourselves to models m ∈ M,that is Vect (ei, i ∈ m), where m is a �nite set, and M is a set of models (we mighttake M smaller than the set of all �nite sets of N).We may then write the loss as

‖ρ̂m − ρ‖2 =
∑

i6∈m
|ρi|2 +

∑

i∈m
|ρi − ρ̂i|2where the �rst term is a bias (modelling error) and the se
ond term is an estimationerror. The risk would have this expression:

E
[
‖ρ̂m − ρ‖2] =

∑

i6∈m
|ρi|2 +

∑

i∈m
E
[
|ρi − ρ̂i|2

]where the expe
tation is taken with respe
t to pρ, sin
e ρ̂i depends on the (Xk,Φk).If we use an arbitrary model m, we probably do not strike a good balan
e betweenthe bias term and the varian
e term. The whole point of penalisation is to havea data-driven pro
edure to 
hoose the �best� model. We are aiming at 
hoosing amodel with (almost) the lowest error. We would dream of obtaining:
m̂ = arg inf

m∈M
‖ρ̂m − ρ‖2 .That is of 
ourse too ambitious. Instead, we shall obtain the following kind of bound,
alled an ora
le inequality:

E

[{
‖ρ̂m̂ − ρ‖2 −

(
C inf

m∈M

(
d2(ρ,m) + pen(m)

))}
∨ 0

]
≤ ǫn (2.2)where d2(ρ,m) is the bias of the model m, C is some 
onstant, independent of ρ,

pen(m) is a penalty asso
iated to the model m (the bigger the model, the bigger thepenalty) and ǫn depends only on n the number of observations, and goes to 0 when
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n is going to in�nity. We shall try to take the penalty of the order of the varian
eof the model.Noti
e that we have given in (2.2) an unusual form of ora
le inequality. Theseinequalities are more often written as

E
[
‖ρ̂m̂ − ρ‖2] ≤

(
C inf

m∈M

(
d2(ρ,m) + E [pen(m)]

))
+ ǫn.Our form implies the latter.The strategy is the following:First, rewrite the proje
tion estimators as minimum 
ontrast estimators, that isminimizers of a fun
tion (
alled the empiri
al 
ontrast fun
tion, and written γn),whi
h is the same for all models. We also demand that, for any m, this empiri
al
ontrast fun
tion 
onverges to a 
ontrast fun
tion γ, the minimizer in m of whi
h isthe proje
tion of ρ on m.Se
ond, �nd a penalty fun
tion that overestimates with high enough probability

(γ − γn)(ρ̂m) for all m simultaneously. Use of 
on
entration inequalities is pivotalat this point.Next se
tion makes all this more expli
it.2.3.2 Risk bounds and 
hoi
e of the penalty fun
tionFirst we noti
e that the minimum of
γ(τ) = ‖τ‖2 − 2〈τ, ρ〉

= ‖ρ− τ‖2 − ‖ρ‖2over a model m is attained at the proje
tion of ρ on m. Moreover
γn(τ) = ‖τ‖2 − 2

∑

i

1

n

n∑

k=1

τifi(Xk,Φk)
onverges in probability to γ for any m (and all τ su
h that ‖τ‖ = 1 simultaneously),as there is only a �nite set of i su
h that τi 6= 0 for τ ∈ m.Now the minimum of γn over m is attained by
τ =

∑

i∈m

1

n

n∑

k=1

fi(Xk,Φk)ei.



2.3 Proje
tion estimators 65So we have su

eeded in writing proje
tion estimators as minimum 
ontrast estima-tors. We then de�ne our �nal estimator by:
ρ̂(n) = ρ̂m̂with

m̂ = arg min
m∈M

γn(ρ̂m) + penn(m)where penn is a suitably 
hosen fun
tion depending on n, m and possibly the data.We then get, for any m, for any τm ∈ m,
γn(ρ̂

(n)) + penn(m̂) ≤ γn(ρ̂m) + penn(m) ≤ γn(τm) + penn(m). (2.3)What's more, for any m, for any τm ∈ m,
γn(τm) = ‖ρ− τm‖2 − ‖ρ‖2 − 2νn(τm) (2.4)with
νn(τ) = 〈τ, ρ〉 −

∑

i

n∑

k=1

τifi(Xk,Φk)

=
∑

i∈m
τi(ρi − ρ̂i) +

∑

i6∈m
τiρi.Putting together (2.3) and (2.4), we get, for all m and τm ∈ m:

∥∥ρ̂(n) − ρ
∥∥2 ≤ ‖τm − ρ‖2 + 2νn(ρ̂

(n) − τm) + penn(m) − penn(m̂).We then want to take penalties big enough to dominate the �u
tuations νn. Somemanipulations will make this expression more tra
table. First we bound νn(ρ̂(n)−τm)by ∥∥ρ̂(n) − τm
∥∥χn(m ∪ m̂), with

χn(m) = sup
τ∈m
‖τ‖=1

νn(τ).Now the triangle inequality gives ∥∥ρ̂(n) − τm
∥∥ ≤

∥∥ρ̂(n) − ρ
∥∥+ ‖ρ− τm‖, so that:

∥∥ρ̂(n) − ρ
∥∥2 ≤ ‖ρ− τm‖2 + 2χn(m ∪ m̂)

∥∥ρ− ρ̂(n)
∥∥

+ 2χn(m ∪ m̂) ‖ρ− τm‖ − penn(m̂) + penn(m).



66 Model sele
tion for quantum homodyne tomographyFor all α > 0, the following holds:
2ab ≤ αa2 + α−1b2 (2.5)Using this twi
e, we get, for all ǫ > 0:

ǫ

2 + ǫ

∥∥ρ− ρ̂(n)
∥∥2 ≤

(
1 +

2

ǫ

)
‖ρ− τm‖2 + (1 + ǫ)χ2

n(m ∪ m̂) − penn(m̂) + penn(m).Noti
ing that χn(m∪ m̂) ≤ χn(m) +χn(m̂) and putting our estimate of the error inthe left-hand side:
ǫ

2 + ǫ

∥∥ρ− ρ̂(n)
∥∥2 −

{(
1 +

2

ǫ

)
‖ρ− τm‖2 + 2 pen(m)

}

≤ (1 + ǫ)(χ2
n(m̂) + χ2

n(m)) − penn(m̂) − penn(m).Now what we want to avoid is that our penalty is less than the �u
tuations, so weseparate this event and take its expe
tation:
E

[{
ǫ

2 + ǫ

∥∥ρ− ρ̂(n)
∥∥2 −

((
1 +

2

ǫ

)
‖ρ− τm‖2 + 2 penn(m)

)}
∨ 0

]

≤ E
[{

(1 + ǫ)(χ2
n(m̂) + χ2

n(m)) − pen(m̂) − pen(m)
}
∨ 0
]

≤ 2E

[
sup
m

{
(1 + ǫ)χ2

n(m) − pen(m)
}
∨ 0

]
.

(2.6)Thus stated, our problem is to take a penalty large enough to make the right-handside negligible, that is vanishing like 1/n.We shall use this form of χn(m):
χn(m) = sup

(τi)i∈m
P

τ2
i =1

∑

i∈m
τi(ρi − ρ̂i) =

√∑

i∈m
|ρi − ρ̂i|2so that

χn(m)2 =
∑

i∈m
|ρi − ρ̂i|2 =

∑

i∈m

∣∣∣∣∣ρi −
1

n

n∑

k=1

fi(Xk,Φk)

∣∣∣∣∣

2

. (2.7)



2.3 Proje
tion estimators 672.3.3 Deterministi
 penaltyFirst we may try to 
raft a deterministi
 penalty.We plan to use Hoe�ding's inequality, re
alling that ρ̂i is a sum of independentvariables:Lemma 2.3.1. : Hoe�ding's inequality (1964) Let X1, . . . , Xn be independentrandom variables, su
h that Xi takes his values in [ai, bi] almost surely for all i ≤ n.Then for any positive x,
P

[
n∑

i=1

(
Xi − E [Xi]

)
≥ x

]
≤ exp

(
− 2x2

∑n
i=1(bi − ai)2

)
.We may also apply this inequality to −Xi so as to get a very probable lower boundon the sum of Xi.This is enough to prove:Theorem 2.3.2. Let ρ be a density operator. Assume that ea
h fi is bounded,where (fi)i∈I is the dual basis of (ei)i∈I , as de�ned at the beginning of this se
tion.Let Mi = sup(x,φ)∈R×[0,π] fi(x, φ) − inf(x,φ)∈R×[0,π] fi(x, φ). Let (xi)i∈I be a family ofpositive real numbers su
h that ∑i∈I exp(−xi) = Σ <∞. Let

penn(m) =
∑

i∈Im

(1 + ǫ)
(
ln(Mi) +

xi
2

)M2
i

n
. (2.8)Then the penalized proje
tion estimator satis�es:

E

[
ǫ

2 + ǫ

∥∥ρ̂(n) − ρ
∥∥2
]
≤ inf

m∈M

(
1 +

2

ǫ

)
d2(ρ,m) + 2 penn(m) +

(1 + ǫ)Σ

n
. (2.9)Remark: Here the penalty depends only on the subspa
e spanned by the model

m. So it is the same whether M is small or large. The best we 
an do is thento take M = P(I), that is to 
hoose for every ve
tor ei whether to keep the esti-mated 
oordinate ρ̂i or to put it to zero. In other words we get a hard-thresholdingestimator:
ρ̂(n) =

∑

i∈I
ρ̂i1|ρ̂i|>αi

ei,with
αi =

√
(1 + ǫ)

(
ln(Mi) +

xi
2

)Mi√
n
. (2.10)



68 Model sele
tion for quantum homodyne tomographyProof. Considering (2.6), we have only to bound appropriately
E

[
sup
m

(
(1 + ǫ)χ2

n(m) − pen(m)
)
∨ 0

]
.

Now, by (2.7) and (2.8), both χ2
n(m) and penm are a sum of terms over m. As thepositive part of a sum is smaller than the sum of the positive parts, we obtain:

E

[
sup
m

{
(1 + ǫ)χ2

n(m) − pen(m)
}
∨ 0

]

≤ E

[
sup
m

{
∑

i∈m

(
(1 + ǫ) (ρ̂i − ρi)

2 − α2
i

}
∨ 0

)]

=
∑

i∈I
E








(1 + ǫ)

(
1

n

n∑

k=1

fi(Xk,Φk) − ρi

)2

− (1 + ǫ)
(
ln(Mi) +

xi
2

)M2
i

n




 ∨ 0



 .Ea
h of the expe
tations is evaluated using the following formula, valid for anypositive fun
tion f :
E [f ] =

∫ ∞

0

P [f(x) ≥ y] dy. (2.11)Remembering (2.10) we noti
e that the inequality



(1 + ǫ)

(
1

n

n∑

k=1

fi(Xk,Φk) − ρi

)2

− (1 + ǫ)
(
ln(Mi) +

xi
2

)M2
i

n




 ∨ 0 ≥ yis equivalent to
∣∣∣∣∣
1

n

n∑

k=1

fi(Xk,Φk) − ρi

∣∣∣∣∣ ≥
√
α2
i + y

1 + ǫ
.We may then 
on
lude, using Hoe�ding's inequality on the se
ond line and the value
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tion estimators 69(2.10) of αi on the fourth line:
E

[
sup
m

{
(1 + ǫ)χ2

n(m) − pen(m)
}
∨ 0

]

≤
∑

i∈I

∫ ∞

0

P




∣∣∣∣∣
1

n

n∑

k=1

fi(Xk,Φk) − ρi

∣∣∣∣∣ ≥
√
α2
i + y

1 + ǫ



 dy

=
∑

i∈I

∫ ∞

0

2 exp

(
−2n(α2

i + y)

(1 + ǫ)M2
i

)
dy

=
∑

i∈I
2 exp

(
− 2nα2

i

(1 + ǫ)M2
i

)
(1 + ǫ)M2

i

2n

=
1 + ǫ

n

∑

i∈I
exp(−xi)

=
(1 + ǫ)Σ

n
.

2.3.4 Random penaltyThe most obvious way to improve on Theorem 2.3.2 is to use sharper inequalitiesthan Hoe�ding's. Indeed the range of fi might be mu
h larger than its standarddeviation, so that we gain mu
h by using Bernstein's inequality:Lemma 2.3.3. : Bernstein's inequality (1964) Let X1, . . . , Xn be independent,bounded, random variables. Then with
M = sup

i
‖Xi‖∞ , v =

n∑

i=1

E
[
X2
i

]
,for any positive x

P

[
n∑

i=1

(Xi − E [Xi]) ≥
√

2vx+
M

3
x

]

≤ exp(−x).With this tool, we may devise a hard-thresholding estimator where the thresholdsare data-dependent:



70 Model sele
tion for quantum homodyne tomographyTheorem 2.3.4. Let (yi)i∈I be positive numbers su
h that∑i∈I e
−yi = Σ <∞. Letthen

xi = 2 ln(‖fi‖∞) + yi.Let the penalty be a sum of penalties over the ve
tors we admit in the model. Thatis, for any δ ∈ (0, 1), for any i ∈ I, de�ne
penin =

1 + ǫ

n

(√
2

1 − δ
xi

(
Pn [f 2

i ] +
1

n
‖fi‖2

∞ (
1

3
+

1

δ
)xi

)
+

‖fi‖∞
3
√
n
xi

)2 (2.12)and the penalty of the model m:
penn(m) =

∑

i∈m
penin .Then there is a 
onstant C su
h that:

E

[(
ǫ

2 + ǫ

∥∥ρ̂(n) − ρ
∥∥2 −

(
inf

m∈Mn

(
1 +

2

ǫ

)
d2(ρ,m) + 2 penn(m)

))
∨ 0

]
≤ CΣ

nwhere Mn is the set of models m for whi
h i ∈ m→ xi ≤ n.Remark: As with the deterministi
 penalty, we end up with a hard-thresholdingestimator. Morally, that is, forgetting all the small δ whose origin is te
hni
al, thethreshold is
√

2Pn [f 2
i ] ln ‖fi‖2

∞
n

.Proof. On
e again we have to dominate the right-hand side of (2.6). We �rst sub-tra
t and add, inside that expression, what 
ould be seen as a target for the penalty.Writing
Mi = ‖fi‖∞ , vi = nE

[
f 2
i

]
, αi =

√
2vixi +

Mi

3
xi (2.13)we have

E

[
sup
m

(
(1 + ǫ)χ2

n(m) − pen(m)
)
∨ 0

]

≤ E

[

sup
m

(1 + ǫ)

(

χ2
n(m) −

∑

i∈m

1

n2
α2
i

)

∨ 0

]

+ E

[(
∑

i∈m

1 + ǫ

n2
α2
i − pen(m)

)

∨ 0

]

.(2.14)
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tion estimators 71Using (2.7), we bound the �rst term as a sum of expe
tations.
E

[
sup
m

(1 + ǫ)

(
χ2
n(m) −

∑

i∈m

1

n2
α2
i

)
∨ 0

]

≤(1 + ǫ)
∑

i∈m
E








∣∣∣∣∣ρi −

1

n

n∑

k=1

fi(Xk,Φk)

∣∣∣∣∣

2

− 1

n2
α2
i



 ∨ 0



 .We now bound ea
h of these expe
tations using (2.11).
E








∣∣∣∣∣ρi −

1

n

n∑

k=1

fi(Xk,Φk)

∣∣∣∣∣

2

− 1

n2
α2
i



 ∨ 0



 (2.15)
=

∫ ∞

0

P

[∣∣∣∣∣ρi −
1

n

n∑

k=1

fi(Xk,Φk)

∣∣∣∣∣ ≥
√
y +

α2
i

n2

]
dy. (2.16)We 
hange variables in the integral, 
hoosing ξ de�ned by:

√
y +

α2
i

n2
=

√
2viξ + Mi

3
ξ

n2
. (2.17)Using Bernstein's inequality, the integrand in (2.16) is upper bounded by 2 exp(−ξ).Given the value of αi (2.13), the range of the integral is now from xi to ∞. Finally,taking the square on both sides of (2.17), then using (2.5), we get:

dy = 2

√
2viξ + Mi

3
ξ

n2

(
Mi

3
+

√
2vi

2
√
ξ

)
dξ

=
2

n2

(
vi +

M2
i

9
ξ +

Mi

2

√
2vi

√
x

)
dξ

≤ 2

n2

(
2vi +

11M2
i

18
ξ

)
dξ.Hen
e

E








∣∣∣∣∣ρi −

1

n

n∑

k=1

fi(Xk,Φk)

∣∣∣∣∣

2

− 1

n2
α2
i



 ∨ 0



 ≤ 4

n2

∫ ∞

xi

exp(−ξ)
(

2vi +
11M2

i

18
ξ

)
dξ

=
4

n2

(
2vi +

11M2
i

18
(1 + xi)

)
exp(−xi).(2.18)



72 Model sele
tion for quantum homodyne tomographyLet us now look over the se
ond term of (2.14). We noti
e, through (2.12) and(2.13), that this term is of the form:
1 + ǫ

n2

∑

i∈m
E

[((
ai +

Mixi
3

)2

−
(
bi +

Mixi
3

)2
)

∨ 0

]

≤ 1 + ǫ

n2

∑

i∈m
E
[
2
(
a2
i − b2i

)
∨ 0
]
,with

a2
i − b2i = 2vixi −

2

1 − δ

(
nPn

[
f 2
i

]
xi +M2

i

(
1

3
+

1

δ

)
x2
i

)
.Using again (2.11), we end up with:

E

[(
∑

i∈m

1 + ǫ

n2
α2
i − pen(m)

)

∨ 0

]

≤ 1 + ǫ

n2

∑

i∈m

2

1 − δ
xi

∫ ∞

0

P

[
(1 − δ)vi −

(
nPn

[
f 2
i

]
+M2

i

(
1

3
+

1

δ

)
xi

)
≥ y

]
dy.(2.19)We 
an again make use of Bernstein's inequality:

P

[

vi −
n∑

k=1

f 2
i (Xk,Φk) ≥

√
2nE [f 4

i ] ξ +
‖f 2

i ‖∞ ξ

3

]

≤ exp(−ξ).Noti
ing that f 2
i is non-negative everywhere, so that E [f 4

i ] ≤ E [f 2
i ] ‖f 2

i ‖∞, andusing (2.5), we get:
P

[
(1 − δ)vi ≥ nPn

[
f 2
i

]
+M2

i

(
1

3
+

1

δ

)
ξ

]
≤ exp(−ξ).Re
alling (2.19), we get

∫ ∞

0

P

[
(1 − δ)vi −

(
nPn

[
f 2
i

]
+M2

i

(
1

3
+

1

δ

)
xi

)
≥ y

]
dy

=

∫ ∞

0

exp

(

−xi −
y

M2
i

(
1
3

+ 1
δ

)
)

dy

= exp(−xi)M2
i

(
1

3
+

1

δ

)
exp

(

− xi

M2
i

(
1
3

+ 1
δ

)
)

≤ exp(−yi)
(

1

3
+

1

δ

)
.
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tion estimators 73With that and (2.18), we are left with:
E

[
sup
m

{
(1 + ǫ)χ2

n(m) − pen(m)
}
∨ 0

]
≤ C

n2

∑

i∈I
e−xi(vi +M2

i (1 + xi)) + xie
−yi.Repla
ing xi with its value, and overestimating vi by nM2

i we obtain (under the
ondition that 2 lnMi + yi ≤ n):
E

[
sup
m

{
(1 + ǫ)χ2

n(m) − pen(m)
}
∨ 0

]
≤ C

(
Σ

n
+

Σ

n2

)
.

Remark: The logarithmi
 fa
tor in the penalty (that would not be here if wetook only the varian
e) 
omes from the multitude of models allowed by a hard-thresholding estimator. By sele
ting fewer models (for example the square matri
esobtained by trun
ating the density operator) and using a random penalty, we 
anget rid of this term. However, 
rafting the penalty requires mu
h more work andmore powerful inequalities (Talagrand's). An interested reader may have a look atthe se
tion 3.4 of the author's master thesis (2004).2.3.5 Appli
ations with two basesWe now give two bases that are reasonable when applying these theorems. As 
anbe seen from (2.2), a good basis should approximate well any density operator (sothat the bias term gets low fast when m is big), with dual ve
tors having a lowvarian
e. With the �rst of the two bases, we have this interesting phenomenon thatwe obtain a polynomial 
onvergen
e rate under the mere physi
al hypothesis thatthe state has �nite energy.Photon basisHere we shall take as our (ei)i∈I a slight variation of the matrix entries of our densityoperator with respe
t to the Fo
k basis (2.1).More pre
isely, we worked in the previous subse
tions with real 
oe�
ients. To applyTheorems 2.3.4 and 2.3.2, we then need to parametrize ρ with real 
oe�
ients. Thematrix entries are a priori 
omplex. However, using the fa
t that ρ is self-adjoint,we may separate the real and imaginary parts.



74 Model sele
tion for quantum homodyne tomographyWe use a double index for i and de�ne the orthonormal basis, denoting by Ej,k thenull matrix ex
ept for a 1 in 
ase (j, k):
ej,k =






1√
2
(Ej,k + Ek,j) if j < k

i√
2
(Ek,j − Ej,k) if k < j

Ej,j ifj = k

.

Then, using a tilde to distinguish it from the matrix entries, with ρ̃j,k = 〈ρ, ej,k〉,wehave
〈ψj , ρψk〉 =






1√
2
(ρ̃j,k + iρ̃k,j) if j < k

1√
2
(ρ̃k,j − iρ̃j,k) if j > k

ρ̃j,j if j = k.The asso
iated f̃j,k are well-known. They are a slight variation of the usual �patternfun
tions� (see Appendix 2.A.2, and (2.38) therein), the behaviour of whi
h may befound in (Artiles et al., 2005). Notably, we know that:
N∑

j,k=0

‖fj,k‖2
∞ ≤ CN7/3. (2.20)As the upper bounds on the supremum of f̃j,k may not be sharp, the best wayto apply the above theorems (espe
ially Theorem (2.3.2)) would probably be totabulate these maxima for the (j, k) we plan to use.The interest of this basis is that it is a priori adapted to the stru
ture of our problem:if we have a bound on the energy (let's say it is lower than H + 1

2
), we get worst-
ase estimates on the 
onvergen
e speed with the deterministi
 penalty: indeed, theenergy of a state ρ may be written 1

2
+
∑

j jρj,j, so that
∑

j≥N
ρ̃j,j ≤ H

N
.Moreover, by positivity of the operator,

ρ̃2
j,k + ρ̃2

k,j ≤ ρ̃j,jρ̃k,k.



2.3 Proje
tion estimators 75If we look at the models N su
h that IN = {(j, k) : j < N, k < N}, we 
an get:
d2(ρ,N) ≤

∞∑

j,k=0

ρ̃2
j,k −

N∑

j,k=0

ρ̃2
j,k

≤ (
∑

j≥0

ρ̃j,j)
2 − (

N∑

j=0

ρ̃j,j)
2

≤ 1 − (1 − H

N
)2

≤ 2H

Nwhere we have used that the density operator has tra
e one.We substitute in (2.9) and get:
E

[∥∥ρ̂(n) − ρ
∥∥2
]

≤ C

(
H

N
+ penn(N) +

1

n

)
.Now, using the bounds on in�nite norms (2.20), the penalty is less than:

penn(N) = C
N7/3 ln(N)

n
.Optimizing in N (N = C(Hn)3/10), we get

E

[∥∥ρ̂(n) − ρ
∥∥2
]

≤ CH7/10 ln(H)n−3/10 ln(n). (2.21)This estimate holds true for any state and is non-asymptoti
. It is generally ratherpessimisti
, though. For many 
lassi
al states, su
h as squeezed states or thermalstates, ρj,j ≡ A exp(−B/n), the same 
al
ulation yields a rate for the square ofthe L2-distan
e as n−1 ln(n)β for some β. In su
h a 
ase, the penalized estimatorautomati
ally 
onverges at this latter rate.WaveletsAnother try 
ould be to use fun
tions known for their good approximations proper-ties. To this end we look at the Wigner fun
tion and write it in a wavelet basis.Re
all that wavelets on R are an orthonormal basis su
h that all fun
tions ares
aled translations of a same fun
tion, the mother wavelet. In multis
ale analysis,



76 Model sele
tion for quantum homodyne tomographywe use a 
ountable basis ψj,k : x 7→ 2j/2ψ0,0(2
jx + k), for j and k integers. Let

Vi = {ψj,k : j ≤ i}. There is a φ, 
alled father wavelet, su
h that the φk(x) = φ(x+k)for k ∈ Z are a basis of the ve
tor spa
e generated by all the wavelets of larger orequal s
ale, that is V0. We may 
hoose them with 
ompa
t support, or lo
alizedboth in frequen
y and position. So they harvest lo
al information and 
an fet
h thiswhatever the regularity of the fun
tion to be approximated, as they exist at severals
ales.From a one-dimensional wavelet basis ψj,k : x 7→ 2j/2ψ0,0(2
jx+k), C3 and zero mean,with a father wavelet φj,k, also C3, we shall make a tensor produ
t basis on L2(R2):let I = (j, k, ǫ) be indi
es, with j integer (s
ale), k = (kx, ky) ∈ Z2 (position), and

ǫ ∈ 0, 1, 2, 3. Let
ΨI(x, y) =






φj,k(x)φj,k(y) if ǫ = 0
φj,k(x)ψj,k(y) if ǫ = 1
ψj,k(x)φj,k(y) if ǫ = 2
ψj,k(x)ψj,k(y) if ǫ = 3We may then de�ne a multis
ale analysis from the one-dimensional one (written

V,W): V0 = V0 ⊗ V0 and for all j ∈ Z, Vj+1 = Vj ⊕Wj , so that Wj+1 = Vj ⊗Wj ⊕
Wj ⊗ Vj ⊕ Vj ⊗Wj .For any j, Vj∪⋃k≥jWk is then an orthonormal basis of L2(R2). We hereafter 
hooseour models as subspa
es spanned by �nite subsets of the basis ve
tors for well-
hosen
j.It 
an be shown that:

γI(x, φ) =
1

4π

∫ ∞

−∞
|u| Ψ̂I(u cosφ, u sinφ)eixuduful�lls this property:

[γI , Kf ] = 〈ΨI , f〉.Noti
ing that
γI(x, φ) = 2jγ0,0,ǫ(2

jx− kx cosφ− ky sinφ, φ),we see that these fun
tions have the same dilation properties as wavelets, and theyare �translated� in a way that depends on φ, through sinusoids. Their normaliza-tions, though, explode with j; this derives from inverting the Radon transform beingan ill-posed problem.We 
an now apply Theorem 2.3.4. Before doing so, though, we restri
t ourselves toa �nite subdomain of R2, whi
h we denote D, and put the Wigner fun
tion to zero



2.3 Proje
tion estimators 77outside this domain, that we should 
hoose big enough to ensure this does not 
osttoo mu
h.Then, M is the set of all models 
hara
terized by
m =

{
(j1, k, 0) : 2j1k ∈ D

}

∪
{
(j, k, ǫ) : (j, k, ǫ) ∈ I ′

m ⊂ {(j, k, ǫ) : ǫ = 1; 2; 3, j1 < j < j0, 2
jk ∈ D}

}
.To have good approximating properties, we 
hoose 2j1 ≡ n1/7 and 2j0 ≡ n

(lnn)2
. Theproje
tion estimator within a model is then:

f̂ =
∑

I∈m
αIΨIwith

αI =
1

n

n∑

i=1

γI(Xi,Φi).DenotingBǫ = ‖γ0,0,ǫ‖∞, the translation of Theorem 2.3.4 gives (noti
e that applying(2.3.2) would be awkward, as the varian
e of γI is like 2j whereas its maximum islike 22j):Theorem 2.3.5. Let yI be su
h that ∑I exp(−yI) = Σ ≤ ∞. For example yI = j.Let then:
xI = 2(j + ln(Bǫ)) + yI .We 
hoose an α ∈ (0, 1) and the penalty (and restraining ourselves to the m su
hthat I ∈ m→ xI ≤ n):

pen(m) =
1 + ǫ′

n

∑

I∈M
2

(√
2

1 − α
xI

(
Pn [γ2

I ] +
1

n
22jB2

ǫ

(1

3
+

1

α

)
xI

)
+

2jBǫ

3
√
n
xI

)2

.Then there is a 
onstant C su
h that:
E

[{
ǫ

2 + ǫ

∥∥ρ− ρ̂(n)
∥∥2 −

(
inf
m∈M

(
1 +

2

ǫ

)
d2(ρ,m) + 2 penn(m)

)}
∨ 0

]
≤ CΣ

n
+ C

1

n
22j1.(2.22)Proof. First it's easily 
he
ked that xI = 2 ln(‖γI‖∞) + yI . Se
ond ∑I exp(−j) =

C
∑

j 2j exp(−j) < ∞ implies that yI = j does indeed the work, as there are atmost C2j wavelets at s
ale j whose support meet D.



78 Model sele
tion for quantum homodyne tomographyThe last term is the varian
e of âj1,k,0, 
orresponding to the ve
tors that are in everymodel.:
1

n
V

[
∑

2j1k∈D

γj1,k,0

]
≤ 1

n
E

[
∑

2j1k∈D

γ2
j1,k,0

]

≤ 1

n

∑

2j1k∈D

∫

R×[0,π]

γ2
j1,k,0(x, φ)dx

dφ

π
pρ(x, φ)

=
1

n

∑

2j1k∈D

∫

R

γ2
j1,k,0

(x, 0)

∫ π

0

pρ(x− kx cosφ− ky sinφ, φ)dx
dφ

π

= C
1

n
22j1where we have used that for all x and k, ∫ π

0
pρ(x − kx cosφ − ky sinφ, φ)dφ

π
is lessthan a 
onstant about 1.086. Indeed, the translation of a Wigner fun
tion is stillthe Wigner fun
tion of a state, so that we may take k = 0. Then

∫ π

0

pρ(x− kx cos φ− ky sinφ, φ)
dφ

π
≤ sup

i,x
|ψi(x)|2and the upper bound on this supremum is due to Cramér (Erdélyi, 1953, 10.18.19).Remarks: As the varian
e of γI goes like 2j the threshold might be seen as C2j/2

√
j
n
.This yields the wavelets estimator studied by Cavalier et Koo (2002), for a generalRadon transform on usual (non-negative) probability densities (i.e. not on Wignerfun
tions).The role of the approximation speed is apparent in (2.22). Arti
les like that byCavalier et Koo show that this strategy is asymptoti
ally (quasi)-optimal for ap-proximating a fun
tion in a Besov ball. However, this is no proof of the e�
ien
y inour 
ase, as the set of Wigner fun
tions is not a Besov ball. There is still some workin approximation theory needed there. In parti
ular, we do not know if a statementsimilar to (2.21) 
an be proven.Finally, noti
e that we may 
ombine proje
tion estimators: as the 
ontrast fun
tionis the same for any basis we are working with, keeping the same penalizations, we
ould �nd an estimator that is almost the best among those built with the photonbasis and those with the wavelet basis simultaneously (just add a ln(2) to Σ). Inother words, we do not have to 
hoose beforehand whi
h basis we use. Moreover anestimator allowing for the two bases would satisfy (2.21).



2.3 Proje
tion estimators 792.3.6 Noisy observationsThe situation we have studied was very idealized: we did not take any noise intoa

ount. In pra
ti
e, a number of photons fail to be dete
ted. These losses may bequanti�ed by one single 
oe�
ient η between 0 (no dete
tion) and 1 (ideal 
ase).We suppose it to be known.There are several methods to re
over the state from noisy observations. One 
on-sists in 
al
ulating the density matrix as if there was no noise, and then apply theBernoulli transformation with fa
tor η−1. We 
an also use modi�ed pattern fun
-tions (D'Ariano et al., 1995). Or we 
an approximate the Wigner fun
tion with akernel estimator that performs both the inverse Radon transform and the de
onvo-lution (Butu
ea et al., 2007). The former two methods fail if the observations aretoo noisy (η ≤ 1
2
), but the latter is asymptoti
ally optimal for all η over wide 
lassesof Wigner fun
tions.This noise 
an be seen as a 
onvolution of the result (X,Φ) with a Gaussian ofvarian
e depending on η:

pηρ(y, φ) =
1√

π(1 − η)

∫ ∞

−∞
pρ(x, φ) exp

(
− η

1 − η

(
x− η−1/2y

)2
)
dxor equivalently in terms of generating fun
tions

∫
pηρ(x, φ)eirxdx = e−

1−η
4η

r2
∫
pρ(x, φ)eirxdx.We 
an use the methods des
ribed above and then use the Bernoulli transform. Forfree, we may also use the modi�ed pattern fun
tions f ηj,k knowing fj,k. Expli
itly wesee that the dual basis of the matrix entry ρj,k be
omes:

f ηj,k(x, φ) =
1

2π

∫
dre

1−η
4η

r2
∫
dyfj,k(y, φ)eiry.The reason why one needs η > 1

2
is for this Fourier transform to be well de�ned.And we 
an again apply Theorems 2.3.2 and 2.3.4 with the dual basis f̃ ηj,k.Obtaining results with high noise η ≤ 1

2
is harder. We would need to introdu
ea 
ut-o� h within the inverse Fourier transform (and therefore a bias). Using thesame h as in (Butu
ea et al., 2007) would ensure this bias b(ρ, h) is asymptoti
allyreasonable. We 
ould then reuse Theorems 2.3.2 and 2.3.4 to have an �almost best�approximation of ρ + b(ρ, h) within a set of models, for �nite samples. Carefulexamination would then be required to 
he
k the varian
e (or the penalties) go to
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0 as n and h(n) go to in�nity. Moreover, we would need to translate 
onditions onthe Wigner fun
tion into 
onditions on the density operator to see whether we 
anreprodu
e the asymptoti
 optimality results of Butu
ea et al. with model sele
tionin the Fo
k basis (or any other basis 
hosen and studied a priori).2.4 Maximum likelihood estimatorProje
tion estimators are not devoid of defe
ts. Notably, the varian
e of empiri
al
oe�
ients might be high, the 
onvergen
e therefore rather slow, and the estimatoris not a true density matrix. Espe
ially, the tra
e is probably not one, though this
ould be �xed easily enough. We 
an diagonalize the estimated density matrix,repla
e the negative eigenvalues with 0, and divide by the tra
e.Anyhow, there are other types of estimator that automati
ally yield density matri
es.One su
h estimator is the maximum likelihood estimator, whi
h sele
ts the nearestpoint of the empiri
al probability measure in a given model for the Kullba
k-Leiblerdistan
e (whi
h is not a true distan
e as it is not symmetri
). Re
all that theKullba
k-Leibler distan
e between two probability measures is:

K(p, q) =

∫
ln

(
p(x)

q(x)

)
p(x)dx.In other words, the maximum likelihood estimator is

arg min
τ∈Q

n∑

l=1

− ln pτ (Xl,Φl)where Q is any set of density operators (su
h that the minimum exists). This way,it is automati
ally a true density operator. A pra
ti
al drawba
k is that 
al
ulatingit is very power-
onsuming.As γn(·) → −
∫

ln(p·)dpρ, we have de�ned a minimum 
ontrast estimator in thesense of se
tion 2.3.1. Mu
h like for proje
tion estimators, the Kullba
k distan
ethus estimated might be overly optimisti
, and all the more when Q is big. Indeed, if
Q is the set of all density operators, then there is no minimizer of the distan
e withthe empiri
al distribution; however when we take only �nite-dimensional models,su
h as

Q(N) =
{
τ ∈ S(L2(R)) : τj,k = 0 for all j > N or k > N

}
, (2.23)then the minimum is attained by 
ompa
tness. Here the matrix entries τj,k are takenin the Fo
k basis (2.1).



2.4 Maximum likelihood estimator 81We then have to de�ne a penalty for 
hoosing (almost) the best model. To do so, wemake use of a (slightly simpli�ed but su�
ient for our needs) version of a theoremby Massart (2006), but we need a few de�nitions before stating it.First we need a distan
e with whi
h to express our results, and it is not the Kullba
k-Leibler, but the Hellinger distan
e. The Hellinger distan
e between two probabilitydensities is de�ned in relation with the L2-distan
e of the square roots of thesedensities:
h2(p, q) =

1

2

∫
(
√
p−√

q)2 . (2.24)This distan
e does not depend on the underlying measure. The following relationsare well-known:
1

8
‖p− q‖2

1 ≤ h2(p, q) ≤ 1

2
‖p− q‖1

h2(p, q) ≤ 1

2
K(p, q). (2.25)The penalty to be de�ned shall depend on the size of the model, that we have toestimate. The right tool is the metri
 entropy, and more pre
isely the metri
 entropywith bra
keting of the model.De�nition 2.4.1. Let G a fun
tion 
lass. Let NB,2(δ,G) be the smallest p su
h thatthere are 
ouples of fun
tions [fLi , f

U
i ] for i from 1 to p that ful�ll ∥∥fLi − fUi

∥∥
2
≤ δfor every j, and for any f ∈ G, there is an i ∈ [1, p] su
h that:

fLi ≤ f ≤ fUi .Then HB,2(δ,G) = lnNB,2(δ,G) is 
alled the δ-bra
keting entropy of GRemarks:
• Noti
e that the fUi and fLi need not be in G.
• The 2 in HB,2 stands for L2 distan
e.Looking 
losely at de�nition 2.4.1, we see that the 
on
ept of entropy dependsonly on those of positivity and norms. We may then de�ne a similar bra
ketingentropy for any spa
e with a norm and a partial order, su
h as the L1 δ-bra
ketingentropy of Q(N): we must �nd 
ouples of Hermitian operators [τLi , τ

U
i ] su
h that∥∥τUi − τLi

∥∥
1
≤ δ and su
h that for any τ ∈ Q(N), there is an i su
h that τLi ≤ τ ≤ τUi .



82 Model sele
tion for quantum homodyne tomographyWe are 
hie�y interested in the L2 entropy of square roots of density (denoted by
HB,2(δ,P

1
2 )):

P1/2(N) =
{√

pρ : pρ ∈ P(N)
}
.Now the Theorem by Massart (2006):Theorem 2.4.2. Let X1, . . . , Xn be independent, identi
ally distributed variableswith unknown density s with respe
t to some measure µ. Let (Sm)m∈M be an atmost 
ountable 
olle
tion of models, where for ea
h m ∈ M, the elements of Sm areassumed to be densities with respe
t to µ. We 
onsider the 
orresponding 
olle
tionof maximum likelihood estimators ŝm. Let pen : M −→ R and 
onsider the randomvariable m̂ su
h that:

Pn [− ln(ŝm̂)] + pen(m̂) = inf
m∈M

Pn [− ln(ŝm)] + pen(m).Let (xm)m∈M a 
olle
tion of numbers su
h that
∑

m∈M
e−xm = Σ ≤ ∞.For ea
h m, we 
onsider a fun
tion φm of R+∗, nonde
reasing, and su
h that x 7→

φm(x)
x

is nonin
reasing, and:
φm(σ) ≥

∫ σ

0

√
HB,2(ǫ, S

1
2
m)dǫ.We then de�ne ea
h σm as the one positive solution of

φm(σ) =
√
nσ2.Then there are absolute 
onstants κ and C su
h that if for all m ∈ M,

pen(m) ≥ κ
(
σ2
m +

xm
n

)
,then

E
[
h2(s, ŝm̂)

]
≤ C

(
K(s, Sm) + pen(m) +

Σ

n

)where, for every m ∈ M, K(s, Sm) = inft∈Sm K(s, t).



2.4 Maximum likelihood estimator 83We noti
e that what is bounded in �ne is the Hellinger distan
e and not the Kull-ba
k. Indeed our evaluation of the estimation error, whi
h depends upon the sizeof the model (its bra
keting entropy), dominates the Hellinger distan
e but maybenot the Kullba
k-Leibler distan
e.In our 
ase, we have parametrized the models m by N , through de�nition (2.23).To apply Theorem 2.4.2, we need to �nd suitable φm, and this 
alls for dominatingthe entropy integral. We reprodu
e here the arti
le by Artiles et al. (2005).By (2.25), it is su�
ient to 
ontrol HB,1(δ,P(N)). Moreover, the linear extension ofthe morphism T sends a positive matrix to a positive fun
tion, and is 
ontra
tive.So any 
overing of Q(N) by δ-bra
kets is sent upon a 
overing of P(N) by L1

δ-bra
kets, that is [pLj , p
U
j ] = [pτL

j
, pτU

j
]. Thus

HB,1(δ,P(N)) ≤ HB1(δ,Q(N)),so that
HB,2(δ,P

1
2 (N)) ≤ CHB,1(δ

2,Q(N)).Moreover:Lemma 2.4.3.
HB,1(δ,Q(N)) ≤ CN2 ln

N

δwhere C is a 
onstant not depending on δ or N, and 
an be put to 1 + ln(5).Proof. Let {ρj : j = 1, . . . , c(δ,N)} a maximal set of density matri
es in Q(N) su
hthat for all j 6= k, ‖ρj − ρk‖1 ≥ δ
2N

. De�ne the bra
kets [ρLj , ρ
U
j ] as

ρLj = ρj −
δ

2N
1 ρUj = ρj +

δ

2N
1.Then ‖ρLj −ρUj ‖1 = δ. Moreover for any ρ in the ball B1(ρj ,

δ
2N

), as ‖ρ−ρj‖1 ≤ δ
2N

1,we have
ρLj ≤ ρ ≤ ρUjand as {ρj} was a maximal set, this set of bra
kets 
over Q(N).So HB,1(δ,Q(N)) ≤ c(δ,N).



84 Model sele
tion for quantum homodyne tomographyNoti
e that B1(ρj ,
δ

4N
) are disjoint and in
luded in the shell B1(0, 1+ δ

4N
)−B1(0, 1−

δ
4N

), so that
c(δ,N) ≤

(
4N

δ

)N2
((

1 +
δ

4N

)N2

−
(

1 − δ

4N

)N2
)

≤
(

1 +
4N

δ

)N2

≤
(

5N

δ

)N2

, (2.26)
on
luding the demonstration.
From this, we 
an obtain:Corollary 2.4.4. There is a 
onstant C su
h that:

HB,2(δ,P
1
2 (N)) ≤ CN2 ln

N

δ2
.Writing

φN(σ) =

∫ σ

0

√
HB,2(ǫ,P

1
2 (N))dǫand σN (n) the only σ su
h that

φN(σ) =
√
nσ2we get

σN (n) ≤
√
C

n
N

(
1 +

√
0 ∨ ln

n

N

)
. (2.27)Indeed
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φN(σ) ≤ CN

∫ σ

0

√

ln

(
N

ǫ2

)
dǫ

= CN
3
2

∫ ∞

q

ln N
σ2

xe−
x2

2 dx

= CN
3
2

(∫ ∞

q

ln N
σ2

e−
x2

2 dx−
[
xe−

x2

2

]∞
q

ln N
σ2

)

≤ CNσ

(
1 +

√
ln
N

σ2

)where we have made use of, in ea
h line in turn,
• Corollary 2.4.4
• the 
hange of variables x =

√
ln(Nǫ−2)2, with dǫ

dx
= −

√
Nxe−

x2

2

• integration by parts, with x seen as a primitive and xe−x2

2 as a derivative
• the upper bound Ce−x2

2 of ∫∞
x
e−x

2/2dx for x positive when evaluating the �rstterm.We are looking for an upper bound on σN , solution of the equation
√
nσ2

N = CNσ

(
1 +

√

ln
N

σ2
N

)
.We lower bound the se
ond term by 0, and get

σN ≥ C
N√
n
≡ σm.Hen
e the upper bound

σN = CNn− 1
2

(

1 +

√

ln
N

σ2
N

)

≤ CNn− 1
2

(
1 +

√

ln
N

σ2
m

)

= C
N√
n

(
1 +

√
ln

n

C2N

)
.



86 Model sele
tion for quantum homodyne tomographyWe may absorb the C2 in the �rst multipli
ative 
onstant to �nd (2.27). Of 
ourse wetake only the positive part of the logarithm. This will always be the 
ase hereafter.Applying Theorem 2.4.2 we get:Theorem 2.4.5. Consider the 
olle
tion of maximum likelihood estimators (ρ̂N )N∈N,that is for any integer N,
Pn

[
− ln(pρ̂N )

]
= inf

ρ∈Q(N)
Pn

[
− ln(pρ̂)

]Let pen : N 7→ R+ and 
onsider a random variable N̂ su
h that
Pn

[
− ln(pρ̂

N̂
)
]
+ pen(N̂) = inf

N∈N

(Pn [− ln(pρ̂N
)] + pen(N))Let (xN)N∈N a family of positive numbers su
h that

∑

N∈N

e−xN = Σ < ∞Then there are absolute 
onstants κ and C su
h that if
pen(N) ≥ κ(

N2

n
(1 + (0 ∨ ln

n

N
)) +

xN
n

)then
E[h2(pρ, pρ̂

N̂
)] ≤ C

(
inf
N∈N

(E[K(ρ,Q(N))] + pen(N)) +
Σ

n

)with K(ρ,Q(N)) = infτ∈Q(N)K(pρ, pτ ).Remarks:
• When designing the penalty, what stands out in this theorem is the generalform of the penalty. Now the 
onstant κ that 
an be expli
itly 
omputedwould be very pessimisti
. The best thing to do is therefore to keep thegeneral formula for the penalty and 
alibrate κ using 
ross-validation, theslope heuristi
 (Massart, 2006) or any other appropriate method.
• If we wanted an expli
it 
onvergen
e rate for a given state, as for the photonbasis in se
tion 2.3.5, we would �rst need to know how the Kullba
k-Leiblerdistan
eK(ρ,Q(N)) is de
reasing withN . One thing that is obvious, however,is that if we add noise we 
onvolve with the same fun
tion pρ and pσ for all
σ in Q(N), so the Kullba
k-Leibler distan
e is de
reasing with the noise, so
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onvergen
e is faster when there is noise... The reason for this is that we arelooking at 
onvergen
e in Hellinger distan
e, that is a distan
e between thelaw of the result of the measurement pρ and pσ. This does not tell us dire
tlyanything about what we are really interested in, that is the distan
e between
ρ and σ (as operators). Indeed we may bound the L2 or L1 norm betweenelements of Q(N) by the Hellinger distan
e, times something depending onthe sum of the L2 or L∞ norms of the f ηj,k. And these norms are going (veryfast) to in�nity when there is noise, so that low Hellinger distan
e gives noindi
ation on the operator norms.

2.5 Quantum 
alibration of a photo
ounterThis se
tion features a s
heme to 
alibrate an apparatus M measuring the numberof photons in a beam with the help of a photo
ounter.The physi
al motivation is given in Appendix 2.A.3.The �rst subse
tion states the mathemati
al problem. In the two others, proje
tionestimators and maximum likelihood estimators are respe
tively studied.2.5.1 Statisti
al problemThe pra
ti
al problem of 
alibration of a photo
ounter turns out to be mathemat-i
ally speaking an entirely 
lassi
al missing data problem. However, to the bestof our knowledge, it has never been studied. We now des
ribe this missing dataproblem.We are given samples (I,X) in N × R from a probability density of the form
p(i, x) =

∞∑

k=0

b2kP
k
i ψk(x)

2. (2.28)In this expression, the real numbers b2k satisfy∑m b
2
k = 1. The ψk are the Fo
k basisfun
tions given in Equation (2.1). For any k, the P k
i are a probability measure, thatis they are non-negative and ∑∞

i=0 P
k
i = 1.We know the b2k, and we want to retrieve the P k

i , whi
h we do not know. We write
P = (P k

i )i,k.



88 Model sele
tion for quantum homodyne tomographyTo make 
learer that this is a missing data problem, we give the following way toobtain this experiment. First we 
hoose K ∈ N with probability given by b2k. Weforget K, whi
h is the missing data. Our data 
onsists in (I,X), with i having lawgiven by P k
i and x with law ψk(x).Noti
e that the experimentalist has some 
ontrol on the b2k, but usual te
hniqueswill yield b2k proportional to ξk. This means that the low k are probed faster.We propose below two types of estimators P̂ for P . To get results on their e�
ien
y,we must �rst �nd meaningful distan
e d(P, P̂ ). Sin
e ∑i P

k
i = 1 for all k ∈ N,distan
es like d2

2(P,Q) =
∑

i,k(P
k
i − Qk

i )
2 are bound to yield in�nite errors on ourestimators. We then must weight them, using (ak)k∈N of our 
hoi
e. We shall use,depending on the estimator, either d2

2(P,Q) =
∑

i,k a
2
k(P

k
i −Qk

i )
2 with∑ a2

k = 1, or
d1(P,Q) =

∑
i,k ak|P k

i −Qk
i |, with∑k ak = 1. Then these distan
es are bounded by

2 on the set of all P su
h that {P k
i }i∈N is a probability measure for every k.Varying the 
hoi
e of ak 
orresponds to putting the emphasis on di�erent k, that isde
iding whi
h P k

i we demand to know with the more pre
ision. If we take the akde
reasing, it means physi
ally that we are more interested in the behaviour of ourphoto
ounter for a low number of photons. This is usually the 
ase for a physi
ist.A possible 
hoi
e is to take ak or a2
k equal to b2k.In the next subse
tion, we use proje
tion estimators, and in the following, maximumlikelihood estimators.2.5.2 Using proje
tion estimatorsAs in the tomography problem, the parameter spa
e is 
ontained in an in�nite-dimensional ve
tor spa
e, and a natural type of estimators are proje
tions of theempiri
al law on �nite-dimensional subspa
es. The problem we are left with is thenagain �nding the best subspa
e.Con
retely, we 
onsider the distan
e d2

2(P,Q) =
∑

i,k a
2
k(P

k
i −Qk

i )
2 and write Ek

i =

akP
k
i . Similarly we shall write Êk

i = akP̂
k
i for our estimator. Then

d2
2(P, P̂ ) =

∑

i,k

(Ek
i − Êk

i )
2,and the law of our samples 
an be rewritten as

p(i, x) =
∑

k

Ek
i

b2k
ak
ψk(x)

2. (2.29)
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alibration of a photo
ounter 89We may then 
onsider {(b2k/ak)ψk1i=l}k,i as a basis of our fun
tions on N × R. Wewant to use the general 
onstru
tions of se
tion 2.3. We �rst need a dual basis
{gi,k}. Now, the dual basis of {ψ2

k} as fun
tions on R is well-known. Those are the�pattern fun
tions� fk,k introdu
ed by D'Ariano et al. (1994) (see (2.38)). From this,we dedu
e:
gi,k(l, x) =

ak
b2k
fk,k(x)1i=l.With these dual fun
tions, we 
an de�ne the minimum 
ontrast fun
tion:

γn(Q) = d2
2(Q, 0) − 2

(
n∑

α=1

gi,k(Lα, Xα)

ak

)(
∑

i,k

a2
kQ

k
i

)
,where the (Lα, Xα) are our data, that is n independent samples with law p.Our models m ∈ M 
onsist in the subsets of N2. If (i, k) 6∈ m, then P̂ k
i = 0. In amodel m, the estimator P̂ (m) given by minimizing the 
ontrast fun
tion is then

P̂ k
i =

1

n

n∑

α=1

gi,k(Lα, Xα)

ak
for (i, k) ∈ m.The penalized estimator is as always the proje
tion estimator of the model m̂ su
hthat:

m̂ = arg min
m∈M

γn(P̂
(m)) + penn(m).We also use the usual notation for the distan
e to a model:

d2(P,m) = inf
Q∈m

d2(P,Q).We then obtain from the general theorems of se
tion 2.3:Theorem 2.5.1. Let P be a photo
ounter and (ak) and (bk) with ∑k a
2
k =

∑
k b

2
k =

1. Let (xi,k)(i,k)∈N2 su
h that ∑i,k e
−xi,k = Σ <∞. We de�ne a penalty as

penn(m) =
∑

(i,k)∈m
(1 + ǫ)

(
ln(Mi,k) +

xi,k
2

)M2
i,k

nwith
Mi,k =

ak
b2k

(sup
x
fk,k(x) − inf

x
fk,k(x)).Then the penalized estimator ful�lls

E

[
ǫ

2 + ǫ
d2

2(P, P̂ )

]
≤ inf

m∈M

(
1 +

2

ǫ

)
d2

2(P,m) + 2 penn(m) +
(1 + ǫ)Σ

n
.
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tion for quantum homodyne tomographyTheorem 2.5.2. Let P be a photo
ounter and (ak) and (bk) with ∑k a
2
k =

∑
k b

2
k =

1. Let (yi,k)(i,k)∈N2 su
h that ∑i,m e
−yi,m = Σ <∞. Let then

xi,k = 2 ln

(
ak
b2k

‖fk,k‖∞
)

+ yi,k.For any δ ∈ (0, 1), with
penn(m) =

∑

(i,k)∈m
pen(i,k)

n ,

n pen
(i,k)
n

2(1 + ǫ)
=

(√
2

1 − δ
xi,k

(
Pn[g2

i,k] +
1

n

a2
k

b4k
‖fk,k‖2

∞

(
1

3
+

1

δ

)
xi,k

)
+
ak ‖fk,k‖∞

3b2k
√
n

xi,k

)2

,there is a 
onstant C su
h that:
E

[(
ǫ

2 + ǫ
d2

2(P, P̂ ) −
((

1 +
2

ǫ

)
inf

m∈Mn

d2
2(P,m) + 2 penn(m)

))
∨ 0

]
≤ CΣ

nwhere Mn is the set of models m for whi
h (i, k) ∈ m implies xi,k < n.Remarks:
• As with the estimation of states with tomography in se
tion 2.3, we 
hoosewith high e�
ien
y the best subspa
e. It should be noti
ed that 
onvergen
eis fast if the photo
ounter is good, and 
ould be slower if it is bad. In the latter
ase, we know it is bad, though. Indeed, the dependen
e of the 
onvergen
erate on the photo
ounter P lies in the approximation properties of the models� subspa
es � m, that is on how fast d2

2(P,m) de
rease when m gets bigger.Now for an ideal photo
ounter, we need only the (i, i) to be in m. The penaltywould be as low as possible when negle
ting what happens to beams with morethan a given number k of photons. For a worse photo
ounter, to have a goodapproximation of how a k-photons beam is read, we might need many i, andthe penalty would in
lude all the peni,k.
• The estimator depends only weakly on (ak) (unlike the distan
e), whi
h is goodnews as it is somewhat arbitrary. Indeed, the empiri
al P̂ k

i does not dependof this sequen
e at all, nor do the main terms in the threshold on P̂ k
i of boththeorems. For Theorem 2.5.1, this main term is a−1

k

√
(1 + ǫ) ln(Bi,k)Bi,k/

√
n.Now Bi,k depends linearly on ak, so the only ak left in this expression is inthe logarithm whi
h 
an be developed as ln(Bi,k/ak) + ln(ak). In this way,we see that we only get another term in the penalty. For Theorem 2.5.2,the threshold is essentially a−1

k

√
8(1 + ǫ)Pn

[
g2
i,k

]
ln(‖gi,k‖∞)/((1 − δ)n); andas gi,k is proportional to ak, the situation is the same.
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• The pro
ess by whi
h we get our data in
ludes a tomographer and the laws
p(i, x) were given in the ideal 
ase when there is no noise. If there is noise,as brie�y sket
hed in se
tion 2.3.6, these laws are di�erent. However we may
hara
terize the noise with a single 0 < η < 1. We then have for free the sametheorems for η > 1

2
: we only need to repla
e fk,k with f ηk,k.2.5.3 Maximum likelihood pro
edureIn this 
ase, our results are easier expressed with the distan
e
d1(P, P̂ ) =

∑

i,k

ak

∣∣∣Pm
i − P̂ k

i

∣∣∣

=
∑

i,k

∣∣∣Ek
i − Êk

i

∣∣∣with Ek
i = akP

k
i and ∑k ak = 1. We denote wi =

∑
k E

k
i . Noti
e that ∑i wi = 1.Re
all that our data 
onsists in n independent samples (Lα, Xα) with law p givenby Eq. (2.28).The main di�
ulty with applying here Theorem 2.4.2 lies in that the Kullba
kdistan
e to the models is usually in�nite (if we have Êk

i = 0 for all k for some i, then
p̂(i,R) = 0 and this is generally not the 
ase for p(i,R)). The easiest way around isto keep independen
e and restri
t attention to some set of i.Expli
itly, we take an ordering on the possible results i of the photo
ounter (typi-
ally, if we expe
t that one result 
orresponds roughly to a given number of photons,we 
an order them in in
reasing order. The idea is that the results that interest usmost should 
ome �rst). We then 
hoose, still beforehand, I+ ∈ N, and we restri
tour attention to the �rst i ∈ [0, I+]. We just throw away the part of the data wherethe photo
ounter gave a result more than I+. We are left with data size nI+ , withlaw pI+ on [0, I+] × R:

pI+ =
p|[0,I+]×R∫
[0,I+]×R

p
.This law is the probability measure asso
iated to the apparatus P̃ for whi
h P̃ k

i =
1

P

l≤I+
wl
P k
i 1i≤I+ .



92 Model sele
tion for quantum homodyne tomographyThe models mI,K we work with are indexed by K ∈ N and I ≤ I+. They are givenby the 
onstraints:
Êk
i = 0 if i > I+

Êk
i = 0 if i > I+ and k ≤ K

∑

i≤I
Êk
i = ak for k ≤ K

Êk
i =

ak
I+ + 1

for k > K and i ≤ I+. (2.30)Any su
h element gives a probability measure on ([0, I+]×R). Similarly to equation(2.29), the 
orresponding probability law reads p̂(l, x) =
∑

i,k b
2
ka

−1
k Êk

i ψk(x)
21i=l.The fourth 
ondition (2.30) does not in
rease the 
omplexity of the model andensures that the Kullba
k distan
e remains �nite.We 
an now use an empiri
al maximum likelihood pro
edure to sele
t within ea
hmodel an estimator. It minimizes on ea
h mI,K the 
ontrast fun
tion

γn(Q) =

n∑

α=1

− ln q(Lα, Xα).where Q is an element of the model mI,K and q the asso
iated probability law.We then use Theorem 2.4.2 to sele
t the model of whi
h we keep the estimator,through a penalization pro
edure. We obtain the following theorem.Theorem 2.5.3. Consider the 
olle
tion (P̂I,K)I≤I+,K∈N of maximum likelihood es-timators , de�ned as minimizers of
γn(P̂I,K) = inf

P∈mI,K

γn(P )Let pen : [0, I+] × N → R be a penalty fun
tion and de�ne (Î , K̂) by
γn(P̂(Î ,K̂)) + pen(Î, K̂) = inf

I≤I+,K∈N

γn(P̂I,K) + pen(I,K).Let (xI,K) be a family of numbers su
h that
∑

I≤I+,K∈N

e−xI,K = Σ < ∞.Then there are absolute 
onstants κ and C su
h that if
pen(I,K) ≥ κ

(
(I + 1)(K + 1)

ln(nI+)

nI+
+
xI,K
nI+

)
,
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E

[
d1(P, P̂(Î,K̂))

]

≤
∑

i>I+

wi +
∑

k∈N



2ak ∧



C
ak
b2k

‖fk,k‖∞

√√√√ inf
I≤I+
K∈N

K(pI+ , mI,K) + pen(I,K) +
Σ

nI+







 ,where K(pI+, mI,K) = infQ∈mI,K
K(pI+ , q), intended as the Kullba
k distan
e on

[0, I+] × R.Remarks:
• As with proje
tion estimators, we 
an expe
t fairly qui
k approximation if thephoto
ounter is good. Indeed, for K = I+ and the ideal photo
ounter, thedistan
e K(pI+, mI+,K) = 0.
• Like proje
tion estimators, the maximum likelihood strategy 
an also be usedwith noise. If η > 1

2
, we get the same theorem 
hanging fk,k in f ηk,k. Justnoti
e that the in�nite norm ‖fk,k‖∞ is exploding.

• As in se
tion 2.4, an expli
it 
omputation of κ would be over-pessimisti
 andit is best to estimate it with a data-driven pro
edure.Proof. First we rewrite and bound the distan
e d1 in a way that suits our purpose.We separate the entries 
orresponding to measurement results bigger than I+, andwe re
all at the third line that ∑i∈N
Ek
i = ak. Then

d1(P, P̂ )

=
∑

i,k

∣∣∣Ek
i − Êk

i

∣∣∣

=
∑

i>I+

∑

k

Ek
i +

∑

k

∑

i≤I+

∣∣∣Êk
i − Ek

i

∣∣∣

≤
∑

i>I+

∑

k

Ek
i +

∑

k



2ak ∧




∑

i≤I+

∣∣∣∣∣Ê
k
i −

1∑
i≤I+ wi

Ek
i

∣∣∣∣∣+
(

1∑
i≤I+ wi

− 1

)
Ek
i









=
∑

i>I+

wi +
∑

i≤I+

∑
i>I+

wi∑
i≤I+ wi

∑

k

Ek
i +

∑

k



2ak ∧
∑

i≤I+

∣∣∣∣∣Ê
k
i −

1∑
i≤I+ wi

Ek
i

∣∣∣∣∣





=2
∑

i>I+

wi +
∑

k



2ak ∧
∑

i≤I+

∣∣∣∣∣Ê
k
i −

1∑
i≤I+ wi

Ek
i

∣∣∣∣∣



 .
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tion for quantum homodyne tomographyLet us now work a little on the last term:
1∑

i≤I+ wi
Ek
i =

∫
ak
b2k
fk,k(x)1i=ldpI+(l, x),

Êk
i =

∫
ak
b2k
fk,k(x)1i=ldp̂(l, x).So that

∣∣∣∣∣
1∑

i≤I+ wi
Ek
i − Êk

i

∣∣∣∣∣ =

∣∣∣∣
∫
fk,k(x)1i=ld(pI+ − p̂)(l, x)

∣∣∣∣

≤ ak
b2k

‖fk,k‖∞
∫

1i=ld|pI+ − p̂|(l, x).Summing over i, we get:
∑

i≤I+

∣∣∣∣∣
1∑

i∈I+ wi
Ek
i − Êk

i

∣∣∣∣∣ ≤ ak
b2k

‖fk,k‖∞
∫
d|pI+ − p̂|(l, x).

We may then bound the distan
e between the POVM we 
alibrate and our estimatorby
d1(P, P̂ ) = 2

∑

i>I+

wi +
∑

k∈N

(
2ak ∧

(
ak
b2k

‖fk,k‖∞
∫
d|pI+ − p̂|(l, x)

))
.

Finishing the proof of our theorem amounts to 
ontrolling ∫ d|pI+ − p̂|(l, x). We�rst apply Theorem 2.4.2 (assuming that our penalty is big enough, whi
h we 
he
kbelow). We get:
E

[
h2(pI+, p̂(Î ,K̂))

]
≤ C

(
inf

I≤I+,K∈N

K(pI+, mI,K) + pen(I,K) +
Σ

nI+

)
.We then use the bound (2.25) of the square of the L1-distan
e in the Hellingerdistan
e, and �nish with Jensen, using the 
on
avity of both the fun
tion x 7→ (C∧x)
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E

[
d1(P, P̂(Î,K̂))

]

≤ E




∑

i>I+

wi +
∑

k∈N

(
2ak ∧

(
C
ak
b2k

‖fk,k‖∞
∫
d|pI+ − p̂(Î ,K̂)|(l, x)

))



≤
∑

i>I+

wi +
∑

k∈N

E

[(
2ak ∧

(
C
ak
b2k

‖fk,k‖∞
√
h2
(
pI+ − p̂Î ,K̂

)))]

≤
∑

i>I+

wi +
∑

k∈N

(
2ak ∧

(
C
ak
b2k

‖fk,k‖∞
√

E

[
h2
(
pI+ − p̂Î,K̂

)]))

≤
∑

i>I+

wi +
∑

k∈N



2ak ∧



C
ak
b2k

‖fk,k‖∞

√√√√ inf
I≤I+
K∈N

K(pI+ , mI,K) + pen(I,K) +
Σ

nI+







 .The only thing we still have to 
he
k is our penalty. We must dominate
HB,2(δ,P1/2(I,M)) where

P1/2(I,K) = {√q, Q ∈ mI,K} .With the same reasoning as in se
tion 2.4, it is su�
ient to dominateHB,1(δ
2, mI,K).We then mimi
 lemma 2.4.3. All the elements of mI,K are on the L1-sphere of radius∑

k≤K ak of a ve
tor spa
e of dimension (K + 1)(I + 1). We 
an then asso
iate amaximal 
olle
tion of bra
kets to a maximal 
olle
tion (Pj) of P ∈ mI,K separatedby δ2/(2(K + 1)(I + 1)). The balls B1(Pj ,
δ2

(K+1)(I+1)
) are disjoint and in the shell

B1(0,
∑

k≤K ak + δ2

(K+1)(I+1)
) − B1(0,

∑
k≤K ak − δ2

(K+1)(I+1)
). And as with equation(2.26), we obtain

HB,1(δ
2, mI,K) ≤ C(K + 1)(I + 1) ln

(
(K + 1)(I + 1)

δ2

)Imitating the 
al
ulation in the proof of 
orollary 2.4.4, we �nd that the solution
σI,K of the equation

√
nI+σ

2
I,K =

∫ σI,K

0

√
HB,2(δ,P1/2(I,K))
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tion for quantum homodyne tomographyadmits this upper bound:
σI,K ≤ C

√
(K + 1)(I + 1)

nI+
(1 +

√
lnnI+)We may absorb the latter 1 in the 
onstant, as long as nI+ ≥ 2...This ends the proof.

2.A Ba
kground in quantum me
hani
sSubse
tion 2.A.1 gives parallel developments of 
lassi
al statisti
s and quantumstatisti
s, so that any quantum notion is linked with a 
lassi
al equivalent.Subse
tion 2.A.2 des
ribes both the experimental setup of quantum homodyne to-mography and some basi
 mathemati
s playing a role in it. More pre
isely, it high-lights several di�erent representations of the state to be re
overed (our unknown)and the links between them.Subse
tion 2.A.3 is ba
kground for se
tion 2.5. Notably, it explains where the for-mulas su
h as (2.29) 
ome from.2.A.1 Statisti
s: 
lassi
al and quantumWe have here three di�erent parts. The aim is to highlight the equivalen
es in
lassi
al and quantum formalism. The �rst part lies then upon the 
lassi
al world,the se
ond part re
ast this 
onstru
tion as a spe
ial 
ase of what will be our quantumformalism, and the third part des
ribes these quantum statisti
s. Bold numbers referto the same number in the other se
tions. They might be repeated inside a se
tionif the same obje
t is introdu
ed under di�erent forms.In this short introdu
tion to the subje
t, we shall restri
t ourselves more or less todes
ribing what physi
al measurements 
an be done and how they 
an be en
odedmathemati
ally. In other words, we 
hara
terize what information 
an be retrievedfrom a system.
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s 97Classi
alIn the 
lassi
al setting of statisti
s, we are working with probability measures p { 1 }on a probability spa
e (X ,A) { 2 }. For 
omparison, we re
all that probabilitymeasures are normalized { 3 } real { 4 } non-negative { 5 } measures. Similarlymeasures are elements of M(X ,A) { 6 }, the dual of L∞(X ,A) { 7 }.Noti
e that the probability measures form a 
onvex set, the extremal points of whi
hare the Dira
 measures { 8 } on x for x ∈ (X ,A). They may then be des
ribed by
x { 9 }. If we want to draw on the analogy with physi
s (X ,A) may be viewed asa phase spa
e, and the x would be the pure states. A general probability measurewould des
ribe a mixed state. These are systems that have a probability to be inthis or that pure state. Any mixed state (probability measure) 
an be de
omposedin a unique way over pure states (Dira
).A statisti
almodel { 10 } 
onsists in a set of probability measures pθ on a probabilityspa
e (X ,A) indexed by a parameter θ, for θ ∈ Θ { 11 } the parameter spa
e. Astatisti
al problem 
onsists in determining as pre
isely as possible, with a meaningdepending on the instan
e, a fun
tion of θ.Now we must gain a

ess at information on these θ in some way. What we havea

ess at are random variables.The aforementioned spa
e L∞(X ,A) is the spa
e of real bounded random variables
f { 12 }. By analogy with the quantum 
ase, we 
all these f observables. They
orrespond to the set of physi
al measurements that 
an be 
arried out on thesystem, to what 
an be �observed�.�Measuring� an observable f yields a result f(x) { 13 }, with law:

Pp [f ∈ B] =

∫

X
1f(x)∈Bdp(x) for B ∈ B { 14 } (2.31)where B is the Borelian σ-algebra of R. Noti
e that this result is not random for apure state.Noti
e also that the way we 
ould see the probability measures p as elements of thedual of L∞(X ,A) was by writing p(f) =

∫
X f(x)dp(x) { 15 }.The most general type of statisti
 or estimator we 
an extra
t from data, in
ludingrandom strategies, is obtained by asso
iating to ea
h x a probability measure on anauxiliary spa
e (Xa,A, a) { 16 } and draw a �nal result a

ording to this proba-bility measure. This is equivalent (at the pri
e of 
hanging the auxiliary spa
e) tomeasuring a fun
tion f { 17 } on a spa
e (X ⊗Xa,A⊗Aa) { 18 } a

ording to aprobability measure pθ ⊗ s { 19 } with s independent of θ.



98 Model sele
tion for quantum homodyne tomographyIf we write (2.31) in this 
ase, we get
Pθ [f ∈ B] =

∫

X

∫

Xa

1f(x,xa)∈Bdpθ(x)ds(xa) for B ∈ B.If we integrate out Xa, this yields
Pθ [f ∈ B] =

∫

X
fB(x)dpθ(x) for B ∈ B { 20 }where

• fR = 1 { 21 }
• 0 ≤ fB ≤ 1 { 22 }
• For 
ountable disjoint Bi, ∑i fBi

= fS

i Bi
{ 23 }.As a remark, the result f(x) is essentially a label. We 
ould write the same formulafor fun
tions with values in other measure spa
es (Y ,B) than R. Just let B be the

σ-algebra on this spa
e. In this way, we retrieve in parti
ular estimators in Rd.Another very important remark is that if we have a

ess to two statisti
s f and
g, we have a

ess to both { 24 }. Indeed suppose that f was taking its values in
(Y ,B) and g in (Z, C). Then take a new statisti
 with values in the produ
t spa
e
(Y ⊗ Z,B ⊗ C), 
hara
terized by hB⊗C = fB ∗ gC as real fun
tions on (X ,A). Wesee that the three 
onditions are satis�ed, and that the marginals of h are f and g.From 
lassi
al to quantumThe above des
ription was already somewhat non-
onventional, with the parallelwith quantum formalism in mind. In this subse
tion, we take one further step, bysetting 
lassi
al probability as a spe
ial 
ase of what will be our quantum probabilitytheory.To have something easy to understand, we start from a �nite probability spa
e
(X ,A) = {1, . . . , d} { 2 }. We asso
iate to it the Hilbert spa
e of 
omplex valuedfun
tions on this spa
e, that is H = Cd { 2 }. We are here endowed with adistinguished orthonormal basis {|ei〉}1≤i≤d with |ei〉 the fun
tion whose value is oneon i and zero elsewhere.Noti
e by the way the notation |ψ〉: this is a physi
ist's notation for ve
tors, elementsof H. They 
all this a �ket�. The asso
iated linear form, that is, the adjoint of the
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s 99ve
tor, is 
alled a �bra� and denoted 〈ψ|. Thus 〈φ|ψ〉 is the s
alar produ
t of |φ〉and |ψ〉 (a �bra
ket�).Now to the probability measure p = (p1, . . . , pd) { 1 } on {1, . . . , d}, we asso
iatethe matrix ρ { 1 } diagonal in our spe
ial orthonormal basis { 6 }, with diagonalentries (p1, . . . , pd). As this is a diagonal matrix in an orthonormal basis, with non-negative elements, this is a self-adjoint { 4 } non-negative { 5 } matrix. Moreover,as ∑i pi = 1 { 3 }, it has tra
e 1 { 3 }.We see that the extremal points of our set are of matri
es are the orthogonal pro-je
tors on the lines spanned by our spe
ial eigenve
tors, that is |ei〉〈ei| { 8 }. They
orrespond to the Dira
 measures on i. We may represent any of these pure statesby the eigenve
tor |ei〉 { 9 }. We may also rewrite ρ =
∑

i pi|ei〉〈ei|.A statisti
al model { 10 } 
onsists in a set of non-negative matri
es ρθ with tra
e
1, on a Hilbert spa
e H, diagonal in the {|ei〉}i basis, indexed by a parameter θ, for
θ ∈ Θ { 11 } the parameter spa
e. A statisti
al problem 
onsists in determining aspre
isely as possible, with a meaning depending on the instan
e, a fun
tion of θ.As we have done for probability measures, we identify f ∈ L∞({1, . . . , d}) { 12,7 }with the diagonal matrix O ∈ M(Cd) { 12,7 } whose diagonal elements are the
Oi,i = f(i). This is still the dual of the set of matri
es diagonal on our spe
ialbasis. We view the a
tion of ρ by taking the tra
e of the produ
t with ρ. Thatis p(f) = Tr(ρO) { 15 }. One 
an see that we have only rewritten the 
lassi
alformula for the expe
tation.Equivalently, measuring an observable O yields as a result an eigenvalue of O { 13 }.The law of the result is given by:

Pρ [O ∈ B] = Tr(ρPO,B) for B ∈ B { 14 }where PO,B is the proje
tion upon the spa
e spanned by the eigenspa
es of O 
orre-sponding to those eigenvalues λ of O su
h that λ ∈ B. In other words, in our 
ase,
O =

∑
i f(i)|ei〉〈ei|. Then PO,B =

∑
i|f(i)∈B |ei〉〈ei|. This PO,B is playing the role of

1f(x)∈B in the 
lassi
al setting. And we take note that Tr(ρPO,B) =
∑

i|f(i)∈B pi, aswe should obtain from the 
lassi
al formula.We 
an en
ode in the same framework the general strategies for estimators, providedthat Xa is also �nite { 16 }. The auxiliary spa
e is then identi�ed to Ha = Cda .We have matri
es ρθ ⊗ σ { 19 }, with σ independent of θ. We are allowed to useas observable O { 17 } any matrix diagonal in the same basis as these ρθ ⊗ σ. Thepro
edure equivalent to the partial integration on Xa is then taking partial tra
e on
Ha in Pθ[O ∈ B] = Tr((ρθ ⊗ σ)PO,B). And this yields Tr(ρθM(B)) { 20 } with
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• M(R) = 1H { 21 }
• M(B) is non-negative and diagonal in the {|ei〉} basis { 22 }
• For 
ountable disjoint Bi, ∑iM(Bi) = M(

⋃
iBi) { 23 }.Here again, we see that if we have a

ess to O1 and O2 
hara
terized by the families

M1(B) andM2(C), we have a

ess to both { 24 }. Our new measurement would be
hara
terized by N(B ⊗ C) = M1(B)M2(C) as multipli
ation of matri
es. Noti
ethat this set of matri
es still satis�es the three above 
onditions. Espe
ially, thefa
t that they are still non-negative stems from that they are diagonal in the sameeigenbasis.Going from 
lassi
al to quantum now means throwing away our spe
ial eigenbasis
{|ei〉}. The immediate 
onsequen
e will be that we shall deal with obje
ts that donot 
ommute. And of 
ourse, we did not restrain to �nite probability spa
es inthe 
lassi
al 
ase. Likewise, we do not restrain to �nite-dimensional Hilbert spa
esin the quantum 
ase. We shall therefore deal with operators rather than matri
es.Keeping the �nite-dimensional example �rmly in mind should be a guide to theintuition of those less pro�
ient in operator theory.QuantumA quantum system is des
ribed by a density operator ρ { 1 } over a Hilbert spa
e
H { 2 }, that is:De�nition 2.A.1. : Density operatorA density operator, usually denoted by ρ, is a tra
e-
lass linear operator on a (
om-plex, separable) Hilbert spa
e H that satis�es:

• ρ is self-adjoint { 4 }.
• ρ is non-negative (noti
e that this implies self-adjointness) { 5 }.
• Tr ρ = 1 { 3 }.If H is �nite-dimensional, those are just the (self-adjoint) non-negative matri
eswith tra
e 1.We denote by S(H) the set of density operators on H.
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hani
s 101Density operators are a 
onvex set, too. The extremal points are 
alled �pure states�.They are the orthogonal proje
tors on 1-dimensional spa
es { 8 }. Thus we 
anrepresent them by a norm 1 element of H, denoted by |ψ〉 { 9 }. The 
orrespondingdensity matrix is then ρ = |ψ〉〈ψ|. Noti
e that it would be more pre
ise to speak of
|ψ〉 as an element of the proje
tive spa
e PH, but we 
onform here to the usage ofphysi
ists. Noti
e also that there are in�nitely many pure states even in the �nite-dimensional 
ase, unlike in the 
lassi
al framework. Let us �nally signal that thede
omposition of a mixed state on pure states is not unique. It is essentially uniqueif we further impose that the pure states of the de
omposition are all orthogonal,though.A quantum statisti
al model { 10 } 
onsists in a set of density operators ρθ on aHilbert spa
e H indexed by a parameter θ, for θ ∈ Θ { 11 } the parameter spa
e. Astatisti
al problem 
onsists in determining as pre
isely as possible, with a meaningdepending on the instan
e, a fun
tion of θ.Now the role of random variables is played by observables. Those are the elements
O { 12 } of Bsa(H) { 7 }, the bounded self-adjoint operators upon H. If we aredealing with �nite-dimensional H, those are the self-adjoint matri
es.As a remark, the dual of Bsa(H) is the set of self-adjoint tra
e-
lass operators, whi
h
ρ is in. This duality is given by the formula of the expe
tation of measuring O on
ρ, also 
alled Born's rule:

Eρ[O] = Tr(ρO) { 15 } (2.32)When measuring O, the result is an element of the spe
trum of O { 13 }, that isin the �nite-dimensional pi
ture, an eigenvalue of O. The law of the result whenmeasuring O on ρ is:
Pρ [O ∈ B] = Tr(ρPO,B) for B ∈ B { 14 } (2.33)where PO,B is 
oming from the spe
tral measure of O. This is an obje
t asso
iatedto self-adjoint operators through the spe
tral theorem, whose main property is thatthe expe
tation of the law above is given by the Born's rule for any density operator

ρ. We only give the derivation for �nite-dimensional H. Then, as O is self-adjoint,we 
an diagonalize it in an orthonormal basis, and write O =
∑

i λi|ψi〉〈ψi|. Then
PO,B =

∑
i|λi∈B |ψi〉〈ψi|. We see that in this 
ase the law of the measurement is
oherent with the expe
tation given by Born's rule (2.32).Generally {PO,B}B is a proje
tor valued measure, the de�nition of whi
h we givebelow. To ea
h proje
tor valued measure 
orresponds an observable, and to ea
hobservable 
orresponds a proje
tor valued measure. We may then 
onsider that this
on
ept is also a de�nition of an observable.
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tion for quantum homodyne tomographyDe�nition 2.A.2. : Proje
tor valued measure { 12 }A proje
tor operator valued measure {P (B)}B∈B is a set of operators on H su
hthat:
• P (B) is an orthogonal proje
tor.
• P (R) = 1H.
• For disjoint 
ountable Bi, ∑i P (Bi) = P (

⋃
iBi).Noti
e that these are the axioms of a probability measure, ex
ept that we do notdeal with real numbers but with proje
tion operators.Combining this de�nition with the de�nition of a density operator, we 
an 
he
kthat formula (2.33) yields a true probability measure. Indeed, as both ρ and PO,Bare non-negative, the probability of any event is non-negative. With the 
ountableadditivity property of proje
tor valued measure and linearity of produ
t and tra
e,we get the 
ountable additivity of a probability measure. Finally, the probability ofthe universe is Tr(ρPO,R) = Tr(ρ1H) = 1.Remark: - even for a pure state, the result of the measurement is random, unlessthe pure state is an eigenve
tor of O.Now what is the most general estimation strategy, or measurement? The rightanalogy is that of the auxiliary spa
e. We measure observables O { 17 } on aHilbert spa
e H ⊗ Ha { 18 } under the density operator ρθ ⊗ σ { 19 }, with

σ independent of θ. Now we may take partial tra
e in (2.33) along Ha, and weobtain equivalen
e of this s
heme with measuring a positive operator valued measure(POVM).De�nition 2.A.3. : Measurement (POVM) { 17 }A measurement M on a quantum system, taking values x in a measurable spa
e
(X ,A) is spe
i�ed by a positive operator valued probability measure or POVM forshort, that is a 
olle
tion of self-adjoint matri
es M(A) : A ∈ A su
h that:

• M(X ) = 1, the identity matrix { 21 }
• Ea
h M(A) is non-negative { 22 }
• For disjoint 
ountable Ai, ∑iM(Ai) = M(

⋃
Ai) { 23 }.The M(A) are 
alled the POVM elements.
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hani
s 103The law of measuring M on ρ is given by
Pρ [O ∈ A] = Tr(ρM(A)) for A ∈ A { 20 }. (2.34)With the same reasoning as for proje
tor valued measure (whi
h are a spe
ial 
aseof these POVMs), this is a genuine probability measure.A spe
ial 
ase of POVM is that of a POVM dominated by σ-�nite measure ν on

(X ,A), that is
M(A) =

∫

A

m(x)dν(x) for all A ∈ A (2.35)where m(x) is positive for all x and ∫X m(x)dν(x) = 1H. The POVM asso
iated tohomodyne tomography is dominated by the Lebesgue measure.The very important di�eren
e with the 
lassi
al world is that if we 
an have a

essto M1 or M2, in general, we 
annot have a

ess to both simultaneously { 24 }.We 
annot 
opy what we have done in the former paragraph, sin
e M1(A)M2(B) +
M2(B)M1(A) might not be non-negative if M1(A) and M2(B) do not 
ommute.More generally, there is usually no way to 
reate a new POVM N with values in
(X⊗Y ,A⊗B) su
h that the marginals areM1 andM2. Notably, two observables thatdo not 
ommute 
an never be measured simultaneously. As an example, 
onsiderthatM1 andM2 are two proje
tor valued measures on C2, ea
h with values in {0, 1},
orresponding to observables diagonal in di�erent bases {e0, e1} and {f0, f1}. Then
N(0, 0) should be proportional both to |e0〉〈e0| and |f0〉〈f0|. So that it is null. Sameremark for the other N(i, j). Thus N({O, 1}⊗2) = 0 6= 1. So that it is null.The truly quantum feature of quantum statisti
s lies in that we should de
ide whi
hmeasurement is to be 
arried out. On
e we have 
hosen our measurement, we areleft through (2.34) with a 
lassi
al statisti
al experiment. This is the 
ase in this
hapter.As a last remark on the subje
t, we 
ould have developed a slightly more general for-malism, based on C∗-algebras, that would have been parallel to Le Cam formulationof statisti
s. In pra
ti
al appli
ations, the formalism above is usually su�
ient.2.A.2 Quantum homodyne tomographyThe system we work with is the harmoni
 os
illator. Both in 
lassi
al or quantumme
hani
s, the harmoni
 os
illator is a basi
 and pervading system. It des
ribes,
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le on a line, or a mode of the ele
tromagneti
 �eld (that is mono
hro-mati
 light), as in our 
ase.The state of a quantum harmoni
 os
illator is des
ribed by an operator on L2(R)(this is the Hilbert spa
e { 1 }). There are two important observables 
orrespondingto the 
anoni
al 
oordinates of the parti
le. If we know the expe
tation of measuringon a state ρ any operator in the algebra they generate, then we know ρ. Thoseobservables are P,the magneti
 �eld, and Q, the ele
tri
 �eld. They satisfy the(
anoni
al) 
ommutation relations:
[Q,P] = QP − PQ

= i1.They are realized as:
(Qψ1)(x) = xψ1(x)

(Pψ2)(x) = −idψ2(x)

dx
. (2.36)As they do not 
ommute, they 
annot be measured simultaneously. However, anylinear 
ombination 
an theoreti
ally be measured. These Xφ = sin(φ)Q + cos(φ)Pare 
alled quadratures.Using an experimental setup proposed by Vogel et Risken (1989), ea
h of thesequadratures 
ould be experimentally measured on a laser beam (Smithey et al.,1993). The te
hnique is 
alled quantum homodyne tomography.The opti
al set-up sket
hed in �gure 2.2 
onsists of an additional laser of highintensity |z| ≫ 1 
alled the lo
al os
illator, a beam splitter through whi
h the
avity pulse prepared in state ρ is mixed with the laser, and two photodete
torsea
h measuring one of the two beams and produ
ing 
urrents I1,2 proportional tothe number of photons. An ele
troni
 devi
e produ
es the result of the measurementby taking the di�eren
e of the two 
urrents and res
aling it by the intensity |z|. Asimple quantum opti
s 
omputation by Leonhardt (1997) shows that if the relativephase between the laser and the 
avity pulse is 
hosen to be φ then (I1 − I2)/|z| hasdensity pρ(x|φ) 
orresponding to measuring Xφ .Knowledge of Pρ(x|φ), the law of the result of the measurement Xφ on ρ, for all

φ, is enough to re
onstru
t the state ρ. As we have seen, the experimentalist may
hoose φ when measuring. We assume that the measurement 
arried out on ea
h ofthe n systems in state ρ is the following: �rst 
hoose φ uniformly at random, then
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beam 
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signal
detector

detector

lo
alos
illator
z = |z|eiφ

I2

I1

I1−I2
|z| ∼ pρ(x|φ)

Figure 2.2: Quantum Homodyne Tomography measurement set-upmeasure Xφ. We get a random variable Y = (X,Φ) with values in R× [0, π) whosedensity with respe
t to the Lebesgue measure is pρ(x, φ) = 1
π
pρ(x|φ).Now we make expli
it the links between ρ, pρ(x, φ) and the Wigner fun
tion Wρ.First we write ρ in a parti
ular basis, physi
ally very meaningful, the Fo
k basis,already given in Se
. 2.2:

ψk(x) = Hk(x)e
−x2/2,where Hk is the k-th Hermite polynomial, normalized so that the L2-norm of ψk is

1. The proje
tor on ψk is the pure state with pre
isely k photons. We also denotethis state by the ket |k〉.The matrix entries of pρ in this basis are ρj,k = 〈ψj , ρψk〉. We 
an then derive from(2.32) and (2.36) the formula we gave in Se
. 2.2:
T : S(L2(R)) −→ L1(R × [0, π])

ρ 7→
(

pρ : (x, φ) 7→
∞∑

j,k=0

ρj,kψj(x)ψk(x)e
−i(j−k)φ

)

. (2.37)The mapping T asso
iating Pρ to ρ is invertible, so we may hope to �nd ρ from theindependent identi
ally distributed results Y1, Y2, . . . , Yn of the measurements of the
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n systems in state ρ. This implies notably that pρ is another representation of thestate.More expli
itly, there are pattern fun
tions fj,k (D'Ariano et al., 1994) against whi
hto integrate pρ to �nd any matrix entry of ρ in the Fo
k basis, that is:

ρj,k =

∫ ∞

−∞
dx

∫ π

0

dφ

π
pρ(x, φ)fj,k(x)e

i(j−k)φ.These fj,k are bounded real fun
tions. That inverting the Radon transform is anill-posed problem 
an be seen in the behaviour of fj,k when j and k go to in�nity.Several formulas were found for these fun
tions (Leonhardt et al., 1995), amongwhi
h:
fj,k(x) =

d

dx
(χj(x)φk(x)) (2.38)for k ≥ j, where χj and φk are respe
tively the square-integrable and the unboundedsolutions of the S
hrödinger equation:

[
−1

2

d2

dx2
+

1

2
x2

]
ψ = ωψ, ω ∈ R.Another one, maybe more pra
ti
al when it 
omes to theoreti
al 
al
ulations, orwhen we add noise (see se
tion 2.3.6) is:

fj,k(x, φ) =

√
j!

k!

∫ ∞

−∞
|r|e− r2

2
+2irxrk−jLk−jj (r2)drwhere the Ldj are the Laguerre polynomials, that is the orthogonal polynomials withrespe
t to the measure e−xxd on R+.Let's now have a look at the Wigner fun
tion. This is a real fun
tion of two variables,with integral 1, but that may be negative in pla
es. It 
an be interpreted as ageneralized joint probability density of the ele
tri
 and magneti
 �elds q and p. Asboth 
annot be measured simultaneously, the negative pat
hes are not nonsense.On the other hand, any proje
tion on a line of the Wigner fun
tion must be a trueprobability density, as it is the law of Xφ, whi
h is an observable. In fa
t, theWigner fun
tion may be seen as the probability density on R2 resulting from (2.34)when measuring on ρ a �POVM� whose elements are not non-negative, but whosemarginals on ea
h line R are the Xφ.As we have already said in the introdu
tion, pρ is the Radon transform of theWigner fun
tion. The Wigner fun
tion 
an be de�ned by its Fourier transform.
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s 107This de�nition tells how to �nd the Wigner fun
tion W of the state from its densitymatrix ρ:
F2W (u, v) = Tr(ρe−iuQ−ivP). (2.39)On the other hand, the generating fun
tion of pρ(·|φ) is

E
[
eitXφ

]
= Tr(ρeitXφ).In other words, F2W (t cosφ, t sinφ) = F [pρ(·, φ)](t). These relations are known toimply that pρ = R(W ) (Deans, 1983) where R is the Radon transform. Expli
itly:

pρ(x, φ) =

∫ ∞

−∞
W (x cosφ+ y sinφ, x sinφ− y cos φ)dy.The Radon transform is illustrated by Fig. 2.1, given in Se
. 2.2.Finding the Wigner fun
tion from the data means then inverting the Radon trans-form, hen
e the name of tomography: that is the same mathemati
al problem aswith the brain imagery te
hnique 
alled Positron Emission Tomography.2.A.3 Physi
al origin of the photo
ounter 
alibration prob-lemAn experiment usually ends with a measurement. We need, however, an apparatusto measure. And we �rst have to know what is the meaning of the result theapparatus is giving us: it is not at all obvious a priori that if our new thermometersays �31◦ C�, the temperature 
annot be �32◦ C�. That is why we must 
alibrate ourmeasurement apparatus. In quantum me
hani
s, this means asso
iating with ea
hresult i of our measurement the positive operator P (i), su
h that P is the POVM(see de�nition 2.A.3) 
orresponding to our measurement.D'Ariano et al. (2004) have introdu
ed a general 
alibration pro
edure. The pro-
edure relies on 
omparing with an already 
alibrated apparatus, using entangledstates. Let us des
ribe this more pre
isely in the spe
ial 
ase of the photo
ounter.A photo
ounter is an apparatus that aims at 
ounting the photons in a beam. Theideal dete
tor D has therefore POVM elements given by D(i) = |i〉〈i| in the Fo
kbasis. Re
all we use the physi
ists' notation, where |·〉 is a ve
tor and 〈·| is theasso
iated linear form. Moreover |i〉 is the ve
tor 
orresponding to the pure statewith i photons, that is the fun
tion ψi on L2(R), that we had de�ned in (2.1).Models of the noise (non-unit e�
ien
y and dark 
urrent) leave the POVM diagonalin this basis. Thus, we are only interested in the diagonal elements of Pi in the
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T

x

i
P

|s〉 {P̂i}

Figure 2.3: Experimental set-up to determine the POVM asso
iated to an unknownphoto
ounter P. We use it to measure a known bipartite state |s〉, jointly with atomographer T. The photo
ounter gives a result i and the tomographer a result x.From these samples, we 
onstru
t an estimator {P̂i} of the self-adjoint operatorsasso
iated to the results {i} by the photo
ounter P.Fo
k basis. To obtain those we send a twin beam state, one of the beams in thephoto
ounter, the other in a homodyne tomographer. We get a result I from thephoto-
ounter, and X from the tomographer (�gure 2.3; as we are only interestedin the diagonal elements, we shall see that we do not need the phase φ, as long asthe experimentalist 
hooses it randomly). We then have to pro
ess these out
omes
(I,X) to �nd P .Mathemati
ally, the twin beam is a system in a state |s〉 =

∑∞
k=0 bk|k〉 ⊗ |k〉. Thisnotation (where we may 
hoose the bk non-negative) means that the underlyingHilbert spa
e is L2(R) ⊗ L2(R), and that ρ is the pure state that proje
ts on theline spanned by this ve
tor. Here again, |k〉 is the ve
tor 
orresponding to the purestate with k photons. Finally ∑k b

2
k = 1, so that the ve
tor state |s〉 is normalizedand the density operator is ρ = |s〉〈s|.Now, what is the law p(i, x) of the samples we get? By (2.37) we see that thePOVM asso
iated to the tomographer is dominated by the Lebesgue measure on

R × [0, π), as in (2.35). That is 〈j|tx,φ|k〉 = ψj(x)ψk(x)e
−i(j−k)φ, where we havedenoted tx,φ the self-adjoint operator asso
iated to the result (x, φ) for the POVMof the tomographer. If we forget about φ after having 
hosen it randomly, we thenget 〈j|tx|k〉 = ψk(x)

21j=k. We have now all the ingredients for 
al
ulating our law,given the notation 〈k|Mi|k〉 = Mk
i .
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p(i, x) = Tr(ρ(Pi ⊗ tx))

= 〈s|(Pi ⊗ tx)|s〉
=
∑

k1,k2

bk1bk2(〈k1| ⊗ 〈k1|)(Pi ⊗ tx)(|k2〉 ⊗ |k2〉)

=
∑

k1,k2

bk1bk2〈k1|Pi|k2〉〈k1|tx|k2〉

=
∞∑

k=0

b2kP
k
i ψk(x)

2.(As a remark, the fourth line shows that the use of the phase would be to retrievethe non-diagonal elements, in whi
h we are not interested.)We have thus re
overed (2.28), and explained how we got the data with whi
h wewant to estimate the Mm
i .





Chapitre 3
Dis
rimination
Ce 
hapitre est la fusion de (D'Ariano et al., 2005a) et (D'Ariano et al., 2005b).Résumé : Nous dérivons la mesure optimale pour la dis
rimination desétats quantiques, ainsi que pour la dis
rimination entre des 
anaux dePauli, dans un 
adre minimax. Pour les états, nous 
onsidérons à la foisles problèmes de dis
rimination ave
 erreur minimale, et de dis
rimi-nation sans ambiguïté. Nous présentons les relations entre les mesuresoptimales résultant de 
es deux 
ritères. Nous montrons qu'il y a des 
asoù le risque minimal ne peut être atteint par une observable, et que 
etrait est fréquent dans l'estimation minimax.Pour les 
anaux de Pauli, nous 
onsidérons uniquement le problème dedis
rimination ave
 erreur minimale, 
'est-à-dire que nous maximisons laplus faible des probabilités d'identi�er 
orre
tement le 
anal. Nous trou-vons l'état d'entrée optimal et montrons sous quelles 
onditions l'usagede l'intri
ation améliore stri
tement les résultats. En�n, nous 
omparonsles stratégies minimax et bayésiennes.3.1 Introdu
tionThe 
on
ept of distinguishability applies to quantum states (Wootters, 1981; Braun-stein et Caves C. M., 1994) and quantum pro
esses (Gil
hrist et al., 2004; Belavkinet al., 2005), and is stri
tly related to quantum nonorthogonality, a basi
 feature ofquantum me
hani
s. The problem of dis
riminating nonorthogonal quantum stateshas been extensively addressed (Bergou et al., 2004, and referen
es therein), also



112 Dis
riminationwith experimental demonstrations. Typi
ally, two dis
rimination s
hemes are 
on-sidered: the minimal-error probability dis
rimination (Helstrom, 1976), where ea
hmeasurement out
ome sele
ts one of the possible states and the error probabilityis minimized, and the optimal unambiguous dis
rimination (Ivanovi
, 1987), whereunambiguity is paid by the possibility of getting in
on
lusive results from the mea-surement. The problem has been analyzed also in the presen
e of multiple 
opies(A
in et al., 2005), and for bipartite quantum states, and global joint measurementshave been 
ompared to LOCC measurements, i.e. lo
al measurements with 
lassi
al
ommuni
ation (Walgate et al., 2000; Virmani et al., 2001; Ji et al., 2005).The problem of dis
rimination 
an be addressed also for quantum operations (Sa
-
hi, 2005a). This may be of interest in quantum error 
orre
tion (Knill et al., 2002,and referen
es therein), sin
e knowing whi
h error model is the proper one in�u-en
es the 
hoi
e of the 
oding strategy as well as the error estimation employed.Clearly, when a repeated use of the quantum operation is allowed, a full tomogra-phy 
an identify it. On the other hand, a dis
rimination approa
h 
an be usefulwhen a restri
ted number of uses of the quantum operation is available. Di�erentlyfrom the 
ase of dis
rimination of unitary transformations (Childs et al., 2000b),for quantum operations there is the possibility of improving the dis
rimination bymeans of an
illary-assisted s
hemes su
h that quantum entanglement 
an be ex-ploited (Sa

hi, 2005a). Notably, entanglement 
an enhan
e the distinguishabilityeven for entanglement-breaking 
hannels (Sa

hi, 2005
). The use of an arbitrarymaximally entangled state turns out to be always an optimal input when we areasked to dis
riminate two quantum operations that generalize the Pauli 
hannel inany dimension. Moreover, in the 
ase of Pauli 
hannels for qubits, a simple 
onditionreveals if entanglement is needed to a
hieve the ultimate minimal error probability(Sa

hi, 2005a,b). All the previous statements refer to a Bayesian approa
h.We address here the problem of optimal dis
rimination of quantum states, and oftwo Pauli 
hannels, in the minimax game-theoreti
al s
enario. In this strategy noprior probabilities are given. The relevan
e of this approa
h is both 
on
eptual,sin
e for a frequentist statisti
ian the a priori probabilities have no meaning, andpra
ti
al, be
ause the prior probabilities may be a
tually unknown, as in a non
ooperative 
ryptographi
 s
enario. We shall derive the optimal measurement forminimax state dis
rimination both for minimal-error and unambiguous dis
rimina-tion problems. We shall also provide the relation between the optimal measurementsa

ording to the minimax and the Bayesian strategies. We shall show that, quiteunexpe
tedly, there are instan
es in whi
h the minimum risk 
an be a
hieved onlyby non orthogonal POVM measurement, and this is a 
ommon feature of the min-imax estimation strategy. Similarly, for 
hannels dis
rimination, we shall give theoptimal input states and measurements whether or not we allow using an an
illa,and show that in the latter 
ase, the optimal input state might di�er from the usualBayesian ones.



3.2 Optimal minimax dis
rimination of two quantum states 113In more detail, in Se
tion 3.2, we pose the problem of dis
rimination of two quan-tum states in the minimax s
enario. Su
h an approa
h is equivalent to a minimaxproblem, where one should maximise the smallest of the two probabilities of 
or-re
t dete
tion over all measurement s
hemes. For simpli
ity we will 
onsider equalweights (i.e. equal pri
es of misidentifying the states), and we will provide the op-timal measurement for the minimax dis
rimination, along with the 
onne
tion withthe optimal Bayesian solution. As mentioned, a striking result of this se
tion is theexisten
e of 
ouples of mixed states for whi
h the optimal minimax measurement isunique and non orthogonal.In Se
tion 3.3 we generalize the results for two-state dis
rimination to the 
ase of
N ≥ 2 states and arbitrary weights. First, we 
onsider the simplest situation of
ovariant state dis
rimination problem. Then, we address the problem in generality,resorting to the related 
onvex programming method.In Se
tion 3.4 we provide the solution of the minimax dis
rimination problem inthe s
enario of unambiguous dis
rimination. We re�ne, if need be, the minimax
riterion, so that the solution be
omes unique.From Se
tion 3.5, we turn our attention from states to Pauli 
hannels. We �rstbrie�y review the problem of dis
rimination of two Pauli 
hannels in the Bayesianframework, where the 
hannels are supposed to be given with assigned a prioriprobabilities. We report the result for the optimal dis
rimination, along with the
ondition for whi
h entanglement with an an
illary system at the input of the 
han-nel stri
tly enhan
es the distinguishability.In Se
tion 3.6 we study the problem of dis
rimination of two Pauli 
hannels in theminimax approa
h. We show that when an entangled-input strategy is adopted, theoptimal dis
rimination 
an always be a
hieved by sending a maximally entangledstate into the 
hannel, as it happens in the Bayesian approa
h. On the 
ontrary, theoptimal input state for a strategy where no an
illary system is used 
an be di�erentin the minimax approa
h with respe
t to the Bayesian one. In the latter the optimalinput 
an always be 
hosen as an eigenstate of one of the Pauli matri
es, whereasin the former this may not be the 
ase.3.2 Optimal minimax dis
rimination of two quan-tum statesWe are given two states ρ1 and ρ2, generally mixed, and we want to �nd the optimalmeasurement to dis
riminate between them in a minimax strategy. The measure-ment is des
ribed by a positive operator-valued measurement (POVM) with two
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riminationout
omes, namely ~P ≡ (P1, P2), where Pi for i = 1, 2 are non-negative operatorssatisfying P1 + P2 = I.In the usually 
onsidered Bayesian approa
h to the dis
rimination problem, thestates are given with a priori probability distribution ~π ≡ (π1, π2), respe
tively, andone looks for the POVM that minimizes the average error probability
pE = π1Tr[ρ1P2] + π2Tr[ρ2P1]. (3.1)The solution 
an then be a
hieved by taking the orthogonal POVM made by theproje
tors on the support of the positive and negative part of the Hermitian operator

π1ρ1 − π2ρ2, and hen
e one has (Helstrom, 1976)
p

(Bayes)
E =

1

2
(1 − ‖π1ρ1 − π2ρ2‖1) , (3.2)where ‖A‖1 denotes the tra
e norm of A.In the minimax problem, one does not have a priori probabilities. However, onede�nes the error probability εi(~P ) = Tr[ρi(I − Pi)] of failing to identify ρi. Theoptimal minimax solution 
onsists in �nding the POVM that a
hieves the minimax

ε = min
~P

max
i=1,2

εi(~P ), (3.3)or equivalently, that maximizes the worst probability of 
orre
t dete
tion
1 − ε = max

~P
min
i=1,2

[1 − εi(~P )] = max
~P

min
i=1,2

Tr[ρiPi]. (3.4)The minimax and Bayesian strategies of dis
rimination are 
onne
ted by the follow-ing theorem.Theorem 3.2.1. If there is an a priori probability ~π = (π1, π2) for the states ρ1 and
ρ2, and a measurement ~P that a
hieves the optimal Bayesian average error for ~π,with equal probabilities of 
orre
t dete
tion, i.e.

Tr[ρ1P1] = Tr[ρ2P2], (3.5)then ~P is also the solution of the minimax dis
rimination problem.Proof. In fa
t, suppose on the 
ontrary that there exists a POVM ~P su
h that
mini=1,2 Tr[ρiPi] > mini=1,2 Tr[ρiBi]. Due to assumption (3.5) one has Tr[ρiPi] >
Tr[ρiBi] for both i = 1, 2, when
e

∑

i

πi Tr(ρiPi) >
∑

i

πi Tr(ρiBi) (3.6)
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rimination of two quantum states 115whi
h 
ontradi
ts the fa
t that ~P is optimal for ~a.The existen
e of an optimal ~P as in Theorem 3.2.1 will be shown in the following.First, by labeling with ~P (π) an optimal POVM for the Bayesian problem with priorprobability distribution ~π = (π, 1 − π), and de�ning
χ(π, ~P )

.
= πTr(ρ1P1) + (1 − π) Tr(ρ2P2), (3.7)we have the lemma:Lemma 3.2.2. The fun
tion f(π)

.
= Tr(ρ1P

(π)
1 )−Tr(ρ2P

(π)
2 ) is monotoni
ally non-de
reasing, with minimum value f(0) ≤ 0, and maximum value f(1) ≥ 0.In fa
t, 
onsider ~P (π) and ~P (̟) for two values π and ̟ with π < ̟ and de�ne

~D = ~P (̟) − ~P (π). Then
χ(π, ~P (̟)) = χ(π, ~P (π)) + χ(π, ~D)

χ(̟, ~P (π)) = χ(̟, ~P (̟)) − χ(̟, ~D).
(3.8)Now, sin
e χ(π, ~P (π)) is the optimal probability of 
orre
t dete
tion for prior π, andanalogously χ(̟, ~P (̟)) for prior ̟, then χ(π, ~D) ≤ 0 and χ(̟, ~D) ≥ 0, and hen
e

0 ≤ χ(̟, ~D) − χ(π, ~D) = (̟ − π)[Tr(ρ1D1) − Tr(ρ2D2)].It follows that Tr(ρ1D1) ≥ Tr(ρ2D2), namely
Tr(ρ1P

(̟)
1 ) − Tr(ρ1P

(π)
1 ) ≥ Tr(ρ2P

(̟)
2 ) − Tr(ρ2P

(π)
2 ) (3.9)or, equivalently

Tr(ρ1P
(̟)
1 ) − Tr(ρ2P

(̟)
2 ) ≥ Tr(ρ1P

(π)
1 ) − Tr(ρ2P

(π)
2 ). (3.10)Equation (3.10) states that the fun
tion f(π) is monotoni
ally nonde
reasing. More-over, for π = 0 the POVM dete
ts only the state ρ2, when
e Tr(ρ2P

(0)
2 ) = 1, andone has f(0) = −1 + Tr[ρ1P

(0)
1 ] ≤ 0. Similarly one 
an see that f(1) ≥ 0.We 
an now prove the theorem:Theorem 3.2.3. An optimal ~P as in Theorem 3.2.1 always exists.Proof. Consider the value π0 of π where f(π) 
hanges its sign from negative topositive, and there take the left and right limits

~P (∓) = lim
π→π∓

0

~P (π). (3.11)
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riminationFor f(π+
0 ) = f(π−

0 ) = 0 just de�ne ~P = ~P (π0).For f(π+
0 ) > f(π−

0 ) de�ne the POVM ~P

~P =
f(π+

0 )~P (−) − f(π−
0 )~P (+)

f(π+
0 ) − f(π−

0 )
. (3.12)In fa
t, one has

Tr[ρ1P1] − Tr[ρ2P2] = [f(π+
0 ) − f(π−

0 )]−1×
{Tr[ρ1P

(−)
1 − ρ2P

(−)
2 ]f(π+

0 )−
Tr[ρ1P

(+)
1 − ρ2P

(+)
2 ]f(π−

0 )} = 0 ,

(3.13)namely Eq. (3.5) holds.Noti
e that the value π0 is generally not unique, sin
e the fun
tion f(π) 
an belo
ally 
onstant. However, on the Hilbert spa
e Supp(ρ1) ∪ Supp(ρ2), the optimalPOVM for the minimax problem is unique, apart from the very degenerate 
ase inwhi
h D = π0ρ1 − (1 − π0)ρ2 has at least two-dimensional kernel. In fa
t, upondenoting by Π+ and K the proje
tor on the stri
tly positive part and the kernel of
D, respe
tively, any Bayes optimal POVM writes (P1 = Π+ +K ′, P2 = I−P1), with
K ′ ≤ K. Sin
e for the optimal minimax POVM we need Tr[ρ1P1] = Tr[ρ2P2], oneobtains Tr[(ρ1 +ρ2)K

′] = 1−Tr[(ρ1 +ρ2)Π+], whi
h has a unique solution K ′ = αKif K is a one-dimensional proje
tor.Corollary 3.2.4. There are 
ouples of mixed states for whi
h the optimal minimaxPOVM is unique and non orthogonal.For example, 
onsider the following states in dimension two
ρ1 =

[
1 0
0 0

]
, ρ2 =

[
1
2

0
0 1

2

]
. (3.14)Then an optimal minimax POVM is given by

P1 =

[
2
3

0
0 0

]
, P2 =

[
1
3

0
0 1

]
. (3.15)In fa
t, 
learly there is an optimal POVM of the diagonal form. We need to maximize

mini=1,2 Tr[ρiPi], when
e, a

ording to Theorem 3.2.3, we need to maximize Tr[ρ1P1]with the 
onstraints Tr[ρ1P1] = Tr[ρ2P2] and P2 = I − P1. Su
h an optimal POVMis unique, otherwise there would exists a 
onvex 
ombination π0ρ1 − (1−π0)ρ2 withkernel at least two-dimensional, whi
h is impossible in the present example (see
omments after the proof of Theorem 3.2.3).
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rimination of N ≥ 2 quantum states 117Noti
e that when the optimal POVM for the minimax strategy is unique and non-orthogonal, then there is a prior probability distribution ~π for whi
h the optimalPOVM for the Bayes problem is not unique, and the non-orthogonal POVM whi
hoptimizes the minimax problem is also optimal for the Bayes' one. In the exampleof remark 3.2.4 the optimal POVM (3.15) is also optimal for the Bayes problemwith ~π = (1
3
, 2

3
) as one 
an easily 
he
k. However, in the Bayes 
ase one 
an always
hoose an optimal orthogonal POVM, whereas in the minimax 
ase you may haveto 
hoose a non-orthogonal POVM.Finally, noti
e that, unlike in the Bayesian 
ase, the optimal POVM for the minimaxstrategy may be also not extremal.3.3 Optimal minimax dis
riminationof N ≥ 2 quantum statesWe now 
onsider the easiest 
ase of dis
rimination with more than two states, namelythe dis
rimination among a 
ovariant set. In a fully 
ovariant state dis
rimination,one has a set of states {ρi} with ρi = Uiρ0U

†
i ∀i, for �xed ρ0 and {Ui} a (proje
tive)unitary representation of a group. In the Bayesian 
ase full 
ovarian
e requires thatthe prior probability distribution {πi} is uniform. Then, one 
an easily prove (see,for example, Ref. (Holevo, 1982)) that also the optimal POVM is 
ovariant, namelyit is of the form Pi = UiKU

†
i , for suitable �xed operator K ≥ 0.Theorem 3.3.1. For a fully 
ovariant state dis
rimination problem, there is anoptimal measurement for the minimax strategy that is 
ovariant, and 
oin
ides withan optimal Bayesian measurement.Proof. A 
ovariant POVM {Pi} gives a probability p = Tr[ρiPi] independent of

i. Moreover, there always exists an optimal Bayesian POVM that is 
ovariant andmaximizes p, whi
h then is also the maximum over all POVM's of the averageprobability of 
orre
t estimation Tr[ρiPi] for uniform prior distribution (Holevo,1982). Now, suppose by 
ontradi
tion that there exists an optimal minimax POVM
{P ′

i} maximizing p′ = mini Tr[ρiP
′
i ], for whi
h p′ > p. Then, one has p < p′ ≤

Tr[ρiP ′
i ], 
ontradi
ting the assertion that an optimal Bayesian POVM maximizes

Tr[ρiPi] over all POVM's. Therefore, p = p′, and the 
ovariant Bayesian POVMalso solves the minimax problem. Noti
e that in the 
ovariant 
asealso for any optimal minimax POVM {Pi} one has Tr[ρiPi] independent of i, sin
ethe average probability of 
orre
t estimation is equal to the minimum one.As an immediate 
onsequen
e of Theorem 3.3.1 we derive the 
ase of optimal dis-
rimination of two pure states:
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riminationCorollary 3.3.2. For two pure states the optimal POVM for the minimax dis
rim-ination is orthogonal and unique (up to trivial 
ompletion of Span{|ψi〉}i=1,2 to thefull Hilbert spa
e of the quantum system).Proof. Any set of two pure states {|ψi〉}i=1,2 is trivially 
ovariant under the group
{I, U} with |ψ2〉 = U |ψ1〉. Then, there exists an optimal POVM for the minimaxdis
rimination whi
h 
oin
ides with the optimal Bayesian POVM, whi
h is orthog-onal. Uniqueness of the minimax optimal POVM follows from the assertion afterTheorem 3.2.3 when restri
ting to the subspa
e spanned by the two states.In the following we generalize Theorem 3.2.1 for two states to the 
ase of N ≥ 2states and arbitrary weights. We haveTheorem 3.3.3. For any set of states {ρi}2≤i≤N and any set of weights wij (pri
eof misidentifying i with j) the solution of the minimax problem

RM = inf
~P

sup
i

∑

j

wij Tr[ρiPj] (3.16)is equivalent to the solution of the problem
RM = max

~π
RB(π), (3.17)where RB(~π) is the Bayesian risk

RB(~π)
.
= max

~P

∑

i

πi
∑

j

wij Tr[ρiPj]. (3.18)Proof. The minimax problem in Eq. (3.16) is equivalent to look for the minimumof the real fun
tion δ = f(~P ) over ~P , with the 
onstraints
∑

j wij Tr[ρiPj ] ≤ δ, ∀i
Pj ≥ 0, ∀j
∑

j Pj = I. (3.19)Upon introdu
ing the Lagrange multipliers:
µi ∈ R

+ , ∀i
0 ≤ Zi ∈Md(C), ∀i
Y † = Y ∈Md(C),

(3.20)
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Md(C) denoting the d× d matri
es on the 
omplex �eld, the problem is equivalentto

RM = inf
~P ,δ

sup
~µ,~Z,Y

′ l(~P , δ, ~µ, ~Z, Y ),

l(~P , δ, ~µ, ~Z, Y )
.
= δ +

∑

i

[µi(
∑

j

wij Tr[ρiPj] − δ)]

−
∑

i

Tr[ZiPi] + Tr[Y (I −
∑

i

Pi)], (3.21)where sup′ denotes the supremum over the set de�ned in Eqs. (3.20). The problemis 
onvex (namely both the fun
tion δ and the 
onstraints (3.19) are 
onvex) andmeets Slater's 
onditions (Boyd et Vandenberghe, 2004) (namely one 
an �nd valuesof ~P and δ su
h that the 
onstraints are satis�ed with stri
t inequalities), and hen
ein Eq. (3.21) one has
inf
~P ,δ

sup
~µ,~Z,Y

′ l(~P , δ, ~µ, ~Z, Y ) = max
~µ,~Z,Y

′ inf
~P ,δ

l(~P , δ, ~µ, ~Z, Y ). (3.22)It follows that
RM = max

~µ,~Z,Y

′ TrY (3.23)under the additional 
onstraints
∑

i

µi = 1 ,

∑

i

wijµiρi − Zj − Y = 0 , ∀j. (3.24)The 
onstraints 
an be rewritten as
µi ≥ 0 ,

∑

i

µi = 1 ,

Y ≤
∑

i

wijµiρi , ∀j. (3.25)Now, noti
e that for the Bayesian problem with prior ~π, along the same reasoning,one writes the equivalent problem
RB(~π) = max

Y

′ Tr Y, (3.26)with the 
onstraint
∑

i

wijπiρi − Zj − Y = 0 , ∀j (3.27)
πi ≥ 0 ,

∑

i

πi = 1 ,

Y ≤
∑

i

wijπiρi , ∀j, (3.28)
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riminationwhi
h is the same as the minimax problem, with the role of the Lagrange multipliers
{µi} now played by the prior probability distribution {πi}. Clearly, a POVMthat attains RM in the minimax problem (3.16) a
tually exists, being the in�mumover a (weakly) 
ompa
t set�the POVMs' 
onvex set�of the (weakly) 
ontinuousfun
tion supi

∑
j wij Tr[ρiPj].3.4 Optimal minimax unambiguous dis
riminationIn this se
tion we 
onsider the so-
alled unambiguous dis
rimination of states (Ivanovi
,1987), namely with no error, but possibly with an in
on
lusive out
ome of themeasurement. We fo
us attention on a set of N pure states {ψi}i∈S. In su
h a
ase, it is possible to have unambiguous dis
rimination only if the states of theset S are linearly independent, when
e there exists a biorthogonal set of ve
tors

{|ωi〉}i∈S, with 〈ωi|ψj〉 = δij , ∀i, j ∈ S. We shall 
onveniently restri
t our attentionto Span{|ψi〉}i∈S ≡ H (otherwise one 
an trivially 
omplete the optimal POVM forthe subspa
e to a POVM for the full Hilbert spa
e of the quantum system). Whilein the Bayes problem the probability of in
on
lusive out
ome is minimized, in theminimax unambiguous dis
rimination we need to maximize mini〈ψi|Pi|ψi〉 over theset of POVM's with 〈ψi|Pj|ψi〉 = 0 for i 6= j ∈ S, and the POVM element thatpertains to the in
on
lusive out
ome will be given by PN+1 = I −∑i∈S
Pi. We havethe following theorem.Theorem 3.4.1. The optimal minimax unambiguous dis
rimination of N purestates {ψi}i∈S is a
hieved by the POVM

Pi =κ|ωi〉〈ωi|, i ∈ S ,

PN+1 =I −
∑

i∈S

Pi ,
(3.29)where κ is given by

κ−1 = max eigenvalue of ∑
i∈S

|ωi〉〈ωi| . (3.30)Proof. We need to maximize mini〈ψi|Pi|ψi〉 over the set of POVM's with
〈ψi|Pj|ψi〉 = 0 for i 6= j ∈ S, when
e 
learly Pj = κj |ωj〉〈ωj|. Then the prob-lem is to maximize mini∈S κi. This 
an be obtained by taking κi = κ independentof i and then maximizing κ. In fa
t, if there is a κi > κj for some i, j, then we 
anrepla
e κi with κj , and iteratively we get κi = κ independently of i. Finally, themaximum κ giving PN+1 ≥ 0 is the one given in the statement of the theorem.As regards the uniqueness of the optimal POVM, we 
an show the following.
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rimination of two Pauli 
hannels 121Theorem 3.4.2. The optimal POVM of Theorem 3.4.1 is non-unique if and onlyif |ωi〉 ∈ Supp(PN+1) for some i ∈ S.Proof. In fa
t, if there exists an i ∈ S su
h that |ωi〉 ∈ Supp(PN+1), this means thatthere exists ε > 0 su
h that ε|ωi〉〈ωi| ≤ PN+1. Then the following is a POVM
Qj = Pj, for j 6= i

Qi = Pi + ε|ωi〉〈ωi|,
QN+1 = PN+1 − ε|ωi〉〈ωi|,

(3.31)and is optimal as well. Conversely, if there exists another equivalently optimalPOVM {Qj}, then there exists an i ∈ S su
h that Qi > Pi (sin
e both areproportional to |ωi〉〈ωi|, and mini〈ψi|Qi|ψi〉 has to be maximized). Then |ωi〉 ∈
Supp(PN+1).When the optimal POVM a

ording to Theorem 3.4.2 is not unique, one 
an re�nethe optimality 
riterion in the following way. De�ne the set S1 ⊂ S for whi
h onehas |ωi〉 ∈ Supp(PN+1). Denote by P1 the set of POVM's whi
h are equivalentlyoptimal to those of Theorem 3.4.1. Then de�ne the set of POVM's P2 ⊂ P1 whi
hmaximizes mini∈S1〈ωi|Pi|ωi〉. In this way one iteratively rea
h a unique optimalPOVM, whi
h is just the one given in Eqs. (3.29) and (3.30).3.5 Bayesian dis
rimination of two Pauli 
hannelsThe problem of optimally dis
riminating two quantum operations E1 and E2 
anbe reformulated into the problem of �nding the state ρ in the input Hilbert spa
e
H, su
h that the error probability in the dis
rimination of the output states E1(ρ)and E2(ρ) is minimal. The possibility of exploiting entanglement with an an
illarysystem 
an in
rease the distinguishability of the output states (Sa

hi, 2005a). Inthis 
ase the output states to be dis
riminated will be of the form (E1 ⊗ IK)ρ and
(E2 ⊗ IK)ρ, where the input ρ is generally a bipartite state of H ⊗ K, and thequantum operations a
t just on the �rst party whereas the identity map IK a
ts onthe se
ond.We now make use of the expression for the Bayesian risk of dis
rimination betweenstates (3.2). Upon denoting with R′

B(π) the minimal error probability when astrategy without an
illa is adopted, one has
R′
B(π) =

1

2

(
1 − max

ρ∈H
‖π1E1(ρ) − π2E2(ρ)‖1

)
. (3.32)



122 Dis
riminationOn the other hand, by allowing the use an an
illary system, we have
RB(π) =

1

2

(
1 − max

ξ∈H⊗K
‖π1(E1 ⊗ I)ξ − π2(E2 ⊗ I)ξ‖1

)
. (3.33)The maximum of the tra
e norm in Eq. (3.33) with the supremum over the dimensionof K is equivalent to the norm of 
omplete boundedness (Paulsen, 1987) of themap π1E1 − π2E2, and in fa
t for �nite-dimensional Hilbert spa
e the supremumis a
hieved for dim(K) = dim(H) (Paulsen, 1987), and in the following we shalldrop the subindex K from the identity map. Moreover, due to linearity of quantumoperations and 
onvexity of the tra
e norm, the maximum in both Eqs. (3.32) and(3.33) is a
hieved on pure states.Clearly, RB(π) ≤ R′

B(π). In the 
ase of dis
rimination between two unitary trans-formations U and V (Childs et al., 2000b), one has RB(π) = R′
B(π), namely there isno need of entanglement with an an
illary system to a
hieve the ultimate minimumerror probability, whi
h is given by

RB(π) = min
|ψ〉∈H

1

2

(
1 −

√
1 − 4π1π2|〈ψ|U †V |ψ〉|2

)

=
1

2

(
1 −

√
1 − 4π1π2D2

)
, (3.34)where D is the distan
e between 0 and the polygon in the 
omplex plane whoseverti
es are the eigenvalues of U †V .In the 
ase of dis
rimination of two Pauli 
hannels for qubits, namely

Ei(ρ) =

3∑

α=0

q(i)
α σαρσα i = 1, 2 , (3.35)where ∑3

α=0 q
(i)
α = 1, σ0 = I, and {σ1 , σ2 , σ3} = {σx , σy , σz} denote the 
ustom-ary spin Pauli matri
es, the minimal error probability 
an be a
hieved by using amaximally entangled input state, and one obtains (Sa

hi, 2005a)

RB(π) =
1

2

(
1 −

3∑

α=0

|rα|
)
, (3.36)with

rα = π1q
(1)
α − p2q

(2)
α = π(q(1)

α + q(2)
α ) − q(2)

α , (3.37)where we �xed the prior π = π1 and π2 = 1 − π1. For a strategy with no an
illaryassistan
e one has (Sa

hi, 2005a)
R′
B(π) =

1

2
(1 − C) , (3.38)
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C = max {|r0 + r3| + |r1 + r2| , |r0 + r1| + |r2 + r3| , |r0 + r2| + |r1 + r3|} , (3.39)and the three 
ases inside the bra
kets 
orresponds to using an eigenstate of σz,

σx, and σy, respe
tively, as the input state of the 
hannel. More generally, for pureinput state ρ = 1
2
(I + ~σ · ~n), with ~n = (sin θ cos φ, sin θ sin φ, cos θ), the Bayes riskfor dis
riminating the outputs will be (Sa

hi, 2005a,b)

R′
B(π, ~σ · ~n) =

1

2

(
1 − max

{
|a+ b|,

√
cos2 θ(a− b)2 + sin2 θ(c2 + d2 + 2cd cos(2φ))

})
,(3.40)with a = r0 + r3, b = r1 + r2, c = r0 − r3, and d = r1 − r2. Noti
e that the term

|a + b| = |2π − 1| 
orresponds to the trivial guessing {E1 if π1 = π > 1/2 , E2 if π <
1/2}.We 
an also rewrite Eq. (3.38) as

R′
B(π) = min

i=1,2,3
R′
B(π, σi) . (3.41)From Eqs. (3.36�3.39) one 
an see that entanglement is not needed to a
hievethe minimal error probability as long as C =
∑3

i=0 |ri|, whi
h is equivalent to the
ondition Π3
i=0ri ≥ 0. On the other hand, we 
an �nd instan
es where the 
hannels
an be perfe
tly dis
riminated only by means of entanglement, for example in the
ase of two 
hannels of the form

E1(ρ) =
∑

α6=β
qασαρσα , E2(ρ) = σβρσβ , (3.42)with qα 6= 0, and arbitrary a priori probability.3.6 Minimax dis
rimination of Pauli 
hannelsAs in the Bayesian approa
h, the minimax dis
rimination of two 
hannels 
onsistsin �nding the optimal input state su
h that the two possible output states aredis
riminated with minimum risk. Again, we will 
onsider the two 
ases with andwithout an
illa, upon de�ning

RM = min
ξ∈H⊗K

RM ((E1 ⊗ I)(ξ), (E2 ⊗ I)(ξ)) ,

R′
M = min

ρ∈H
RM (E1(ρ), E2(ρ)) , (3.43)
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riminationwhere RM(ρ1, ρ2) is given in Eq. (3.17). Sin
e for all ~M , ρ, and π, one has
max{Tr[(E1 ⊗ I)(ρ)M2],Tr[(E2 ⊗ I)(ρ)M1]}
≥ πTr[(E1 ⊗ I)(ρ)M2] + (1 − π) Tr[(E2 ⊗ I)(ρ)M1] , (3.44)then RM ≥ RB(π) for all π. Analogously, R′

M ≥ R′
B(π) for all π.Theorems 3.2.3 and 3.3.3 
an be immediately applied to state that the minimaxdis
rimination of two unitaries is equivalent to the Bayesian one. In fa
t, the optimalinput state in the Bayesian problem whi
h a
hieves the minimum error probabilityof Eq. (3.34) does not depend on the a priori probabilities. Therefore it is alsooptimal for the minimax problem and there is no need of entanglement [and theminimax risk RM will be equivalent to the Bayes risk RB(1/2)℄.Let us now 
onsider the problem of dis
riminating the Pauli 
hannels of Eq. (3.35)in the minimax framework. In the following theorem, we show that an (arbitrary)maximally entangled state always allows to a
hieve the optimal minimax dis
rimi-nation as in the Bayesian problem.Theorem 3.6.1. The minimax riskRM for the dis
rimination of two Pauli 
hannels
an be a
hieved by using an arbitrary maximally entangled input state. Moreover,the minimax risk is then the Bayes risk for the worst a priori probability:

RM = max
π

RB(π) . (3.45)Proof. Let us dis
riminate between the states ρi = (Ei⊗I)(ξe), where ξe is a maxi-mally entangled state. By Theorem 3.2.1 there are a priori probabilities (π∗, 1−π∗)whose optimal Bayes measurement ful�lls
Tr[ρ1P1] = Tr[ρ2P2] . (3.46)Sin
e the input state ξe is always optimal in the Bayes problem we infer RB(π∗) =

Tr[ρ1P2], and moreover RM(ρ1, ρ2) = RB(π∗). Now, one has also RM = RM (ρ1, ρ2),sin
e if it would not be true, then there would be an input state ρ and a measure-ment ~M for whi
h max{Tr[(E1 ⊗I)(ρ)M2],Tr[(E2 ⊗I)(ρ)M1]} < RB(π∗), and hen
e
π∗ Tr[(E1⊗I)(ρ)M2]+(1−π∗) Tr[(E2⊗I)(ρ)M1] < RB(π∗), whi
h is a 
ontradi
tion.Equation (3.45) simply 
omes from the relation RM ≥ RB(π) for all π, along with
RM = RB(π∗).Noti
e the ni
e 
orresponden
e between Eqs. (3.17) and (3.45). Theorem 3.6.1holds true also in the 
ase of generalized Pauli 
hannels in higher dimension, sin
eentangled states again a
hieve the optimal Bayesian dis
rimination, whatever thea priori probability (Sa

hi, 2005a). More generally, Eq. (3.45) will hold in the
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Figure 3.1: The optimal Bayes riskRB(π) in the dis
rimination of two Pauli 
hannelsversus the a priori probability π will usually look like this. Noti
e that the rightmostand leftmost segments have slope 1 and (−1), respe
tively. The minimal risk for theminimax dis
rimination 
orresponds to RM = maxπRB(π), and is a
hieved at oneof the breakpoints π(α).dis
rimination of any 
ouple of quantum operations for whi
h the minimal Bayesrisk RB(π) 
an be a
hieved by the same input state for any π.Now we establish some visual images on whi
h to read the minimax risks. We mustlook at the fun
tion RB(π) given in Eq. (3.36) drawn on [0, 1]. By Eq. (3.45), weknow that its maximum is RM . As the rα de�ned in (3.37) are in
reasing a�nefun
tions of π, their absolute value is a 
onvex pie
ewise a�ne fun
tion, and hen
e
RB(π) is a 
on
ave pie
ewise a�ne fun
tion (see Fig. 3.1). The four breakpoints
orrespond to the four values of π for whi
h ea
h rα vanishes. We de�ne tα =
q
(1)
α + q

(2)
α as the slopes of the fun
tions rα and π(α) = q

(2)
α / tα as the value of π forwhi
h rα = 0. We denote by π∗ the point at whi
h RB(π) rea
hes its maximum(the maximum will be attained at one of the breakpoints π(α)). We also reorder theindex α su
h that π(0) ≤ π(1) ≤ π(2) ≤ π(3). In this way, RB(π) rewrites

RB(π) =
1

2

(
1 −

3∑

α=0

tα|π − π(α)|
)
. (3.47)Let us now look at the dis
rimination strategy without any an
illary system. An-other pi
ture, that should be superimposed on Fig. 3.6, is the Bayes risk R′

B(π)of Eq. (3.38) versus π for the strategy with no an
illary system. One 
an see that
R′
B(π) is the minimum of the three pie
ewise a�ne fun
tions R′

B(π, σx), R′
B(π, σy),

R′
B(π, σz), 
orresponding to the Bayes risks when sending an eigenstate of the Paulimatri
es. Here again R′

B(π) is the minimum of 
on
ave fun
tions, so it is 
on
aveas well, and the maximum will be attained at a breakpoint π = π′
∗ (see Fig. 3.6).
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0 1Figure 3.2: An example for the Bayes risks R′
B(π, σi) with i = x, y, z versus the apriori probability π, for dis
rimination without an
illa. Ea
h of the three di�erentdotted lines 
orrespond to the Bayes risk R′

B(π, σi) when sending an eigenstate ofthe Pauli matrix σi through the 
hannel. The solid line is the optimal Bayes risk
R′
B(π) without an
illary assistan
e, and 
orresponds at any π to the minimum of thethree R′

B(π, σi). The minimal risk for the minimax dis
rimination with no an
illa
orresponds to R′
M = maxπR′

B(π), and is a
hieved at one of the breakpoints of
R′
B(π).To �read� more on these pi
tures, on
e again we prove that the optimal minimaxrisk R′

M for dis
rimination without an
illa 
orresponds to the optimal Bayes riskwithout an
illa for the worst a priori probability π′
∗:Theorem 3.6.2. The optimal minimax dis
rimination with no an
illa is equivalentto the solution of the problem

R′
M = max

π
R′
B(π) ≡ R′

B(π′
∗) . (3.48)Proof. Noti
e again the similarity between equations (3.17), (3.45) and (3.48). Forany ρ one has

RM (E1(ρ), E2(ρ)) ≥ R′
M ≥ max

π
R′
B(π) . (3.49)If we �nd an input state ρ~n = 1

2
(I + ~σ · ~n) su
h that

max
π

R′
B(π) = max

π
R′
B(π, ~σ · ~n) (3.50)from Eq. (3.17) of Theorem 3.3.3 it follows that

RM(E1(ρ~n), E2(ρ~n)) = max
π

R′
B(π, ~σ · ~n) , (3.51)
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h, along with Eqs. (3.49) and (3.50), provides the proof. Moreover, ρ~n will bethe optimal input state for the minimax dis
rimination without an
illa.Now we have just to �nd a state su
h that 
ondition (3.50) holds. We already noti
edthat π′
∗ is a breaking point of R′

B(π). Either this breakpoint is also a breakpoint(and the maximum) of R′
B(π, σi) for some i ∈ x, y, z, or else at least two of the

R′
B(π, σi) are 
rossing in π′

∗, one in
reasing and the other de
reasing (Fig. 3.6). Inthe �rst 
ase Eq. (3.50) is immediately satis�ed, and an eigenstate of σi will bethe optimal input state. In the se
ond 
ase, we show that when two R′
B(π, σi) are
rossing at π′

∗ we 
an �nd a state ρ~n su
h that
R′
B(π′

∗, ~σ · ~n) = R′
B(π′

∗, σi) ,

∂πR′
B(π, ~σ · ~n)|π=π′∗ = 0 , (3.52)and therefore has the maximum at π′

∗ by 
on
avity. In fa
t, the 
rossing, andtherefore non-equality of the R′
B(π, σi) in a neighborhood of π′

∗, implies that forea
h of the two R′
B(π, σi), the maximum in (3.40) for π′

∗ is attained by the squareroot term (sin
e the term |a+ b| is just a fun
tion of π). Let us assume that the σithat give su
h a 
rossing are σx and σy. Then looking at (3.40), we have at point π′
∗

|c+ d| = |c− d| ,
∂π|c+ d| ∂π|c− d| < 0 (3.53)(noti
e that all fun
tions are linear, i.e. di�erentiable in π′

∗). Indeed, the �rst ofEqs. (3.53) implies that any linear 
ombination of eigenstate of σx and σy satis�esthe �rst of Eqs. (3.52). By taking an input state with θ = π/2 and φ su
h that
tan2 φ = − ∂π|c+ d|

∂π|c− d|

∣∣∣∣
π=π′∗

, (3.54)the se
ond equation in (3.52) is satis�ed as well. Similarly, if the σi are σz, σx one
an take the input state with φ = 0 or π and θ su
h that
tan2 θ = − ∂π|a− b|

∂π|c+ d|

∣∣∣∣
π=π′∗

. (3.55)Finally, for σz, σy one has φ = ±π/2 and
tan2 θ = − ∂π|a− b|

∂π|c− d|

∣∣∣∣
π=π′∗

. (3.56)As a remark, no eigenstate of σi for i = x, y, z 
an be an optimal input in the minimaxsense in this situation. This is a typi
al result of the minimax dis
rimination. As in
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riminationthe 
ase of dis
rimination of states, when the 
orrespondent Bayes problem presentsa kind of degenera
y and have multiple solutions, in the minimax problem thedegenera
y is partially or totally removed. In the present situation, if we have themaximum of R′
B(π) at the 
rossing point of exa
tly two R′

B(π, σi), one in
reasingand the other de
reasing, we �nd just four optimal input states: two non-orthogonalstates and their respe
tive orthogonal states. We shall give an expli
it example atthe end of the se
tion.If we want to �nd in whi
h 
ase entanglement is not ne
essary for optimal minimaxdis
rimination, then we have just to 
hara
terize when R′
B(π′

∗) = RB(π∗). Wealready noti
ed that we 
an 
hoose π∗ to be one of the π(α). The 
orresponding rαis zero, and hen
e C =
∑

α |rα|, namely R′
B(π∗) = RB(π∗). Sin
e one has

R′
B(π′

∗) = R′
M ≥ RM = RB(π∗) = R′

B(π∗) , (3.57)we only have to 
he
k that π∗ is a maximum of R′
B(π), re
alling that the fun
tionis 
on
ave (see Fig. 3.6).

B
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R
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0 1Figure 3.3: Optimal Bayes risks versus the a priori probability π for the dis
rim-ination of the Pauli 
hannels with parameters given in Eq. (3.64). The solid linegives RB(π) for an entanglement-assisted strategy; the dotted lines gives R′
B(π) forstrategy without an
illa. The minimal risk in the optimal minimax dis
rimination
orresponds in both strategies to R′

M = maxπR′
B(π) = maxπRB(π) = RM , namelythere is no need of an an
illary system.Ultimately, we shall have to list down 
ases. Reading them might be 
learer withthe quantities appearing in Eqs. (3.36�3.39) expli
itly written as a fun
tion of π.The most useful segmentation of [0, 1] is based on the π(α), that is the points wherethe rα vanish, and RB(π) breaks. Re
all that rα = tα(π − π(α)), and rα > 0 for
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π > π(α). As we have four α, we have �ve segments (they may get degenerated).Remember that knowing C in Eq. (3.39) and ∑α |rα| is tantamount to knowing
R′
B(π) or RB(π). Here is a list of the signs of the rα and the value of C on ea
hopen segment (so that all rα 6= 0):
• (0, π(0)): ∑α |rα| = −∑α rα = C. Noti
e that R′

B(π) = RB(π) and that their
ommon slope is 1.
• (π(0), π(1)): ∑α |rα| = r0 − r1 − r2 − r3, so that C = r0 − r1 − r2 − r3 −

2 infα=1,2,3 |rα|. On this segment, R′
B(π) > RB(π).

• (π(1), π(2)) : ∑α |rα| = r0 + r1 − r2 − r3 = C, so that R′
B(π) = RB(π).

• (π(2), π(3)): ∑α |rα| = r0+r1+r2−r3, so that C = r0+r1+r2−r3−2 infα=0,1,2 rαand R′
B(π) > RB(π).

• (π(3), 1): ∑α |rα| =
∑

α rα = C and R′
B(π) = RB(π). Their 
ommon slope is

(−1).A 
lose look at these expressions, as we shall show in the following, proves that
R′
B(π) is derivable at π(α) unless there is β 6= α su
h that π(α) = π(β). With this inmind, we see that π∗ 
annot be a maximum of π(α) unless several rα are null at thesame point (with supplementary 
onditions) or π∗ = π(1) and the segment (π(1), π(2))is �at. Here is the full-�edged study, using repeatedly the list above. It is 
ompleteas any other 
ase 
an be handled by symmetry (swit
hing 
hannels, that is mapping

π to 1 − π).
• π∗ = π(0) < π(1): At π(0), we have r0 = 0 and rα < 0 for α 6= 0. So that

infα |rα| = |r0| on a neighborhood of π(0). On that neighborhood, we dedu
e
C = −∑α rα, and hen
e ∂πR′

B(π)|π=π(0) = 1, so that π(0) is not a maximumof R′
B(π). Entanglement is then ne
essary for optimal dis
rimination.

• π∗ = π(0) = π(1) < π(2): On (0, π(0)) ∪ (π(1), π(2)), equality R′
B(π) = RB(π)holds. Thus, the two fun
tions are equal on a neighborhood of π∗, and sin
e

π∗ is a (lo
al) maximum of RB(π), it is also a lo
al maximum of R′
B(π). Inthis 
ase an unentangled strategy is then as e�
ient as any entangled one.

• π∗ = π(0) = π(1) = π(2) < π(3): The risk R′
B(π) is nonde
reasing on the left of

π∗ (slope 1), we then want it to be non-in
reasing on a right neighborhood of
π∗. Now this is part of the segment (π(2), π(3)), where C = r0 + r1 + r2 − r3 −
2 infα=0,1,2 rα. Re
all that rα = tα(π−π(α)). Sin
e rα = 0 for α 6= 3 at π∗, andthey are all nonde
reasing, infα=0,1,2 rα is the one with the smallest slope tα. It
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riminationfollows that the slope ofR′
B(π) on the right of π∗ is t3−t0−t1−t2+2 infα=0,1,2 tα,and so entanglement is not needed if and only if
t3 + 2 inf

α=0,1,2
tα ≤

∑

α=0,1,2

tα (3.58)
• π∗ = π(0) = π(1) = π(2) = π(3): This is the trivial 
ase where both 
hannels arethe same. Of 
ourse, entanglement is useless.
• π(0) < π∗ = π(1) < π(2): In this 
ase R′

B(π) is derivable at π∗. Indeed, on
(π(1), π(2)), we have C = r0 + r1 − r2 − r3 whereas on (π(0), π(1)), C = r0 − r1 −
r2 − r3 − 2 infα=1,2,3 |rα|. In a neighborhood of π∗, one has infα=1,2,3 |rα| = r1,as it is the only one whi
h is 0 at π∗; hen
e C = r0 + r1 − r2 − r3 also on a leftneighborhood of π∗ and the slope of R′

B(π) at π∗ is t3 + t2 − t1 − t0. Sin
e π∗is a maximum if and only if this slope is null, we get the 
ondition
t0 + t1 = t2 + t3 . (3.59)

• π(0) < π∗ = π(1) = π(2) < π(3): On the left of π∗, we are on the segment
(π(0), π(1)), so that C = r0 − r1 − r2 − r3 − 2 infα=1,2,3 |rα|. On the right, weare on the segment (π(2), π(3)) and C = r0 + r1 + r2 − r3 − 2 infα=0,1,2 rα. In aneighborhood of π∗, the rα with the smallest absolute value will be either r1or r2 (more pre
isely, the one with the smallest slope tα), so that we 
an writein a neighborhood of π∗ for both sides C = r0 − r3 + |r2 − r1|. The slope of
R′
B(π) is then t3−t0 + |t2−t1| and t3−t0−|t2−t1| on the left and on the rightof π∗, respe
tively. Entanglement is not ne
essary when π∗ is a maximum of

R′
B(π), and hen
e we get the ne
essary and su�
ient 
ondition

|t0 − t3| ≤ |t1 − t2| . (3.60)We 
an summarize the above dis
ussion as followsTheorem 3.6.3. The minimax risk without using an
illa is stri
tly greater than theminimax risk using entanglement, ex
ept in the following 
ases:
• the trivial situation where both 
hannels are the same, so that π∗ = π(α) = 1

2for all α.
• if π∗ = π(0) ≤ π(1) < π(2)

• if π∗ = π(0) = π(1) = π(2) < π(3) and
t3 + 2 inf

α=0,1,2
tα ≤

∑

α=0,1,2

tα (3.61)
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• if π(0) < π∗ = π(1) < π(2) and

t0 + t1 = t2 + t3 (3.62)
• if π(0) < π∗ = π(1) = π(2) < π(3) and

|t0 − t3| ≤ |t1 − t2| (3.63)
• The symmetri
 
ases (obtained by ex
hanging 
hannels 1 and 2, i.e. ex
hang-ing indexes 0 and 1 with 3 and 2, respe
tively, both in π(α) and tα.Di�erently from the Bayesian result, we noti
e that when entanglement is not ne
-essary to a
hieve the optimal minimax dis
rimination, the optimal input state maynot be an eigenstate of the Pauli matri
es. Consider, for example, the two Pauli
hannels featured in Fig. 3.6 that 
orrespond to the parameters

q
(1)
0 = 0.3 q

(1)
1 = 0.4 q

(1)
2 = 0.2 q

(1)
3 = 0.1

q
(2)
0 = 0.1 q

(2)
1 = 0.3 q

(2)
2 = 0.15 q

(2)
3 = 0.45 (3.64)We 
an 
ompute π(α) = q

(2)
α /(q

(1)
α + q

(2)
α ) and get π(α) = (1/4, 3/7, 3/7, 9/11). Here

π∗ = 3/7, and we are in the situation of Eq. (3.63), sin
e tα = (q
(1)
α + q

(2)
α ) =

(0.4, 0.7, 0.35, 0.55). Hen
e, entanglement is not ne
essary to a
hieve the optimalminimax risk, but the state to be used is not an eigenstate of the Pauli matri
es. Infa
t, we are in the 
ase of the proof of Theorem 3.6.2, whereR′
B(π, σx) andR′

B(π, σy)are 
rossing in π∗. The optimal input state for the minimax dis
rimination will begiven by θ = π/2 and φ as in Eq. (3.54), whi
h gives tan2 φ = 2/5. Then, wehave four optimal input states that lie on the equator of the Blo
h sphere, with
~n = (±

√
5/7,±

√
2/7, 0).





Chapitre 4
Fast estimation of unitary operations
Ce 
hapitre dérive de l'arti
le (Kahn, 2007b).Résumé : NOus donnons une pro
édure expli
ite, basée sur un état in-triqué en entrée, pour estimer une opération U dans SU(d), dont le tauxde 
onvergen
e est de 1/N2 quand on envoie N parti
ules dans l'appareil.Nous prouvons l'optimalité de 
e taux. Nous évaluons également la 
on-stante C telle que le taux asymptotique soit C/N2. Toutefois, d'autresstratégies pourraient permettre d'obtenir une meilleure 
onstante C.4.1 Introdu
tionThe question that we are investigating in this 
hapter is: �What is the best way ofestimating a unitary operation U?�By �unitary operation�, we mean a devi
e (or a 
hannel) that sends a density oper-ator ρ0 on Cd to another density operator ρ = Uρ0U

∗, where U ∈ SU(d), a spe
ialunitary matrix.We immediately stress that the solution to this estimation problem 
an be dividedinto two parts: what is the input state, and whi
h measurement (POVM) to applyon the output state? Indeed, in order to estimate the 
hannel U , we have to let ita
t on a state (the input state). And on
e we have the output state, the problem
onsists in dis
riminating states in the family of possible output states.This estimation of unitary operation has been extensively studied over the last fewyears.



134 Fast estimation of unitary operationsThe �rst invitation was (Childs et al., 2000a), featuring numerous spe
ial 
ases. Inmost of those, the unitary U is known to belong to some subset of SU(2).Then A
in et al. (2001) provided the form of an optimal state to be sent in withnon-spe
i�ed 
oe�
ients depending on the 
ost fun
tion (we give the formula of thisstate in equation (4.2)). In that paper the authors 
onsider the situation where theunitary operation is performed independently on N systems. That study appliedto any SU(d), and any 
ovariant loss fun
tion, in parti
ular �delity, in a Bayesianframework. The proposed input state uses an an
illa, that is an auxiliary systemthat is not sent through the unitary 
hannel with Hilbert spa
e (Cd)⊗N . The state isprepared as a superposition of maximally entangled states, one for ea
h irredu
iblerepresentation of SU(d) appearing in (Cd)⊗n. We emphasize that the state is anentangled state of (Cd)⊗N ⊗ (Cd)⊗N : we do not send N 
opies of an entangled statethrough the devi
e, but all the N systems that are sent through the 
hannel togetherwith the N parti
les of the an
illa are part of the same entangled state, yielding themost general possible strategy. There was no evaluation of the rate of 
onvergen
e,though.Subsequent works mainly fo
used on SU(2), as the 
ase is simpler and yields manyappli
ations, e.g. transmission of referen
e frames in quantum 
ommuni
ation. In-deed, the latter is equivalent to the estimation of a SU(2) operation. The �rststrategy to be proved to 
onverge (in �delity) at 1/N2 rate was not 
ovariant (Peres,1993). It made no use of an an
illa. Later, Bagan et al. (2004a) a
hieved the samerate for a 
ovariant measurement with an an
illa through a judi
ious 
hoi
e of the
oe�
ients left free in the state proposed by A
in et al. (2001). The optimal 
onstant(π2/N2 for the �delity) was also 
omputed. It was almost simultaneously noti
ed(Bagan et al., 2004b; Chiribella et al., 2004) that asymptoti
ally the an
illa is unne
-essary. Indeed what we need is entangling di�erent 
opies of the same irredu
iblerepresentation. Now ea
h irredu
ible representation appears with multipli
ity in
(Cd)⊗N , most of them with higher multipli
ity than dimension, whi
h is the 
ondi-tion we need. This method was dubbed �self-entanglement�. The advantage is thatwe need to prepare half the number of parti
les, as we do not need an an
illa. In allthese arti
les, the Bayesian paradigm with uniform prior was used. The same 1/N2rate was shown to hold true in a minimax sense, in pointwise estimation (Hayashi,2004). We stress the importan
e of this 1/N2 rate, proving how useful entangle-ment 
an be. Indeed, in 
lassi
al data analysis, we 
annot expe
t a better rate than
1/N . Similarly the 1/N bound holds for any strategy where the N parti
les we sendthrough the devi
e are not entangled �among themselves� (that is, even if there isan an
illa for ea
h of these N parti
les).Another popular theme has been the determination of the phase φ for unitaries ofthe form Uφ = eiφH . This very spe
ial 
ase already has many appli
ations, espe
iallyin interferometry or measurement of small for
es, as featured in the review arti
le



4.1 Introdu
tion 135by Giovannetti et al. (2004) and referen
es therein. A 
ommon feature of the moste�
ient te
hniques is the need for entangled states of many parti
les, and mu
h ex-perimental work has aimed at generating su
h states. These methods essentially in-volve either manipulation of photons obtained through parametri
 down-
onversion(for example (Eisenberg et al., 2005)), ions in ion traps (for example (Dalvit et al.,2006)) or atoms in 
avity QED (for example (Vitali et al., 2006)).In re
ent years, there has been renewed interest in the SU(d) 
ase. Notably, Chiri-bella et al. (2005) takes o� from (A
in et al., 2001), allowing for more generalsymmetries and making expli
it for natural 
ost fun
tions both the free 
oe�
ients� as the 
oordinates of the eigenve
tor of a matrix � and the POVM (see Theo-rem 4.2.1 below). With a 
ompletely di�erent strategy, aiming rather at pointwiseestimation (and therefore minimax theorems), an input state for U⊗n was found(Ballester, 2005b,a) su
h that the Quantum Fisher Information matrix is s
alinglike 1/N2, yielding hopes of getting as fast an estimator for SU(d). No asso
iatedmeasurement was found in that paper.Given the state of the art, a natural question is whether we 
an obtain, as for SU(2),this dramati
 in
rease in performan
e when using entanglement for general SU(d).That is, do we have an estimation pro
edure whose rate is 1/N2, instead of 1/N?Neither Chiribella et al. (2005), who do not study the asymptoti
s for SU(d), norBallester (2005b), who does not give any measurement, answer this question.In this 
hapter, we �rst prove that we 
annot expe
t a better rate than 1/N2.This kind of bound based on the laws of quantum physi
s, without any a priori onthe experimental devi
e, is traditionally 
alled the Heisenberg limit of the problem.Then we 
hoose a 
ompletely expli
it input state of the form (4.2) (as in (A
in et al.,2001)), by spe
ifying the 
oe�
ients. By using the asso
iated POVM, the estimatorof a unitary quantum operation U ∈ SU(d) 
onverges at rate 1/N2. The 
onstantis not optimal, but is brie�y studied at the end of the 
hapter. We obtain theseresults with �delity as a 
ost fun
tion, both in a Bayesian setting, with a uniformprior, and in a minimax setting. Noti
e that we shall not need an an
illa.The next se
tion 
onsists in formulating the problem and restating Theorem 2 of(Chiribella et al., 2005) within our framework. Se
tion 4.3 then shows that it isimpossible to 
onverge at rate faster than O(N−2). In se
tion 4.4, we write a generalformula for the risk of a strategy as des
ribed in Theorem 4.2.1, and in se
tion 4.5we spe
ify our estimators by 
hoosing our 
oe�
ients in (4.2). We then prove thatthe risk of this estimator is O(N−2). The last se
tion (4.6) 
onsists in �nding thepre
ise asymptoti
 speed of our pro
edure, that is the 
onstant C in CN−2. We�nish by stating in Theorem 4.6.1 the results of the 
hapter.



136 Fast estimation of unitary operations4.2 Des
ription of the problemWe are given an unknown unitary operation U ∈ SU(d) and must estimate it �aspre
isely as possible�. We are allowed to let it a
t on N parti
les, so that weare dis
riminating between the possible U⊗N . We shall work both with pointwiseestimation (as preferred by mathemati
ians) and with a Bayes uniform prior (afavorite of physi
ists).Any estimation pro
edure 
an be des
ribed as follows (see Figure 4.1): the unitary
hannel U⊗N a
ts as
U⊗N ⊗ 1 : (Cd)⊗N ⊗K → (Cd)⊗N ⊗K,on the spa
e of the N systems together with a possible an
illa. The input state

ρn ∈ M((Cd)⊗n ⊗ Kn) is mapped into an output state on whi
h we perform ameasurement M whose result is the estimator Û ∈ SU(d).
U U U U U

? ? ? ? ?

? ? ? ? ? ?Measurement Apparatus
?

ÛFigure 4.1: Most general estimation s
heme of U when n 
opies are available at thesame time, and using entanglement.In order to evaluate the quality of an estimator Û , we �x a 
ost fun
tion ∆(U, V ).The global pointwise risk of the estimator is
RP (Û) = sup

U∈SU(d)

EU [∆(U, Û)].The probability distribution of Û depends on U , and we take expe
tation withrespe
t to this probability distribution.



4.2 Des
ription of the problem 137On the other hand, the Bayes risk with uniform prior is:
RB(Û) =

∫

SU(d)

EU [∆(U, Û)]dµ(U).where µ is the Haar measure on SU(d).As 
ost fun
tion, we 
hoose the �delity F (or rather 1 − F ), whi
h for an elementof SU(d) is de�ned as:
∆(U, Û) = 1 − |Tr(U−1Û)|2

d2

= 1 − |χ2(U−1Û)|2
d2where χ2 is the 
hara
ter of the de�ning representation of SU(d), whose Youngtableau 
onsists in only one box. In other words, χ2(U) = Tr(U).Before really addressing the problem, we make a few remarks on why this 
hoi
e ofdistan
e is suitable for mathemati
al analysis.Firstly, this 
ost fun
tion is 
ovariant, i.e. ∆(U, Û) = ∆(1Cd, U−1Û).Se
ondly, a useful feature within the Bayesian framework is that ∆ is of the form(4.1), as required in Theorem 4.2.1. Indeed we 
an rewrite:

∆(U, Û) = 1 − χ2(U−1Û)χ∗
2
(U−1Û)/d2.Now the 
onjugate of a 
hara
ter is the 
hara
ter of the adjoint representation, theprodu
t of two 
hara
ters is again the 
hara
ter of a possibly redu
ible represen-tation π. This 
hara
ter is equal to the sum of the 
hara
ters of the irredu
iblerepresentations appearing in the Clebs
h-Gordan development of π, in whi
h all 
o-e�
ients are non-negative. Therefore ∆ = 1 − (

∑
~λ a~λχ

∗
~λ
) where a~λ ≥ 0 and ~λ runsover all irredu
ible representations of SU(d). That is the 
ondition (4.1) that weshall need for applying Theorem 4.2.1, given at the end of the se
tion.On the other hand, the theory of pointwise estimation deals usually with the varian
eof the estimated parameters when we use a smooth parameterization of SU(d). Aswe want to use the Quantum Cramér-Rao Bound (4.9), we need ∆ to be quadrati
in the parameters to the �rst order, and positive lower bounded for Û outside aneighborhood of U . As ∆ is 
ovariant, it is su�
ient to 
he
k this with U = 1Cd.Now an example of a smooth parameterization in a neighborhood of the identity is

U(θ) = exp(
∑

α θαTα) where θ ∈ Rd2−1 and the Tα are generators of the Lie algebra,so that Tr(Tα) = 0. Now Tr[exp(
∑

α θαTα)] = d +
∑

α θα Tr(Tα) +O(‖θ‖2), so thatthe tra
e minus d, and 
onsequently ∆, is quadrati
 in θ to the �rst order.



138 Fast estimation of unitary operationsAs stated at the beginning of this se
tion, we are working with U⊗N . The Clebs
h-Gordan de
omposition of the n-th tensor produ
t representation is
U⊗N =

⊕

~λ:|~λ|=N

U
~λ ⊗ 1

CM(~λ)a
ting on⊕~λ:|~λ|=N H~λ ⊗ CM(~λ), where H~λ = CD(~λ) is the representation spa
e of ~λ,
M(~λ) is the multipli
ity of ~λ in the n-th tensor produ
t representation, and D(~λ)the dimension of ~λ. We refer to C

M(~λ) as the multipli
ity spa
e of ~λ. We haveindexed the irredu
ible representations of SU(d) by ~λ = (λ1, . . . , λd), and written
|~λ| =

∑d
i=1 λi. Noti
e that this labelling of irredu
ible representations is redundant,but that if |~λ1| = |~λ2|, then ~λ1 and ~λ2 are equivalent (denoted ~λ1 ≡ ~λ2) if and onlyif ~λ1 = ~λ2.The starting point of our argument will be the following reformulation of the resultsof (Chiribella et al., 2005), with less generality, and without the formula for the riskwhose form is not adapted to our subsequent analysis:Theorem 4.2.1. (Chiribella et al., 2005) Let U ∈ SU(d) be a unitary operation tobe estimated, through its a
tion on N parti
les. We may use entanglement and/oran an
illa.Then, for a uniform prior and any 
ost fun
tion of the form

c(U, Û) = a0 −
∑

~λ

a~λχ
∗
~λ
(U−1Û), (4.1)we 
an �nd as optimal input state a pure state of the form

|Ψ〉 =
⊕

~λ:|~λ|=N

c(~λ)√
D(~λ)

D(~λ)∑

i=1

|ψ~λi 〉 ⊗ |φ~λi 〉 (4.2)with c(~λ) ≥ 0, and the normalization 
ondition,
∑

~λ

c(~λ)2 = 1. (4.3)Moreover |ψ~λi 〉 is an orthonormal basis of Hλ and |φ~λi 〉 are orthonormal ve
tors of themultipli
ity spa
e, whi
h may be augmented by an an
illa if ne
essary (see remarkbelow on the dimensions).The 
orresponding measurement is the 
ovariant POVM with seed Ξ = |η〉〈η| givenby:
|η〉 =

⊕

~λ|c(~λ)6=0

√
D(~λ)

D(~λ)∑

i=1

|ψ~λi 〉 ⊗ |φ~λi 〉, (4.4)



4.3 Why we 
annot expe
t better rate than 1/N2 139that is a POVM whose density with respe
t to the Haar measure is given by m(U) =
U |η〉〈η|U∗ with

U |η〉 =
⊕

~λ|c(~λ)6=0

√
D(~λ)

D(~λ)∑

i=1

U
~λ|ψ~λi 〉 ⊗ |φ~λi 〉.Remark: We use D(~λ) orthonormal ve
tors in the multipli
ity spa
e of ~λ. Thisrequires M(~λ) ≥ D(~λ). If this is not the 
ase, we must in
rease the dimension ofthe multipli
ity spa
e by using an an
illa in Cδ. Then the a
tion of U is U⊗N ⊗ 1Cδwhose Clebs
h-Gordan de
omposition is⊕~λ||~λ|=N U

~λ⊗ 1
CδM(~λ). With big enough δ,we have δM(~λ) ≥ D(~λ). Noti
e that an an
illa is not ne
essary if c(~λ) = 0 for all ~λsu
h that D(~λ) >M(~λ).Another remark is that, as de�ned, our POVM is not properly normalized:

M(SU(d)) 6= 1, but is equal to the proje
tion on the spa
e spanned by the U |Ψ〉.As this is the only subspa
e of importan
e, we 
an 
omplete the POVM (throughthe seed, for example) ad libitum.Our estimator Û is the result of the measurement with POVM de�ned by (4.4) andinput state of the form (4.2), with spe
i�
 c(~λ). Su
h an estimator is 
ovariant,that is pU(Û) = p1
Cd

(U−1Û), where pU is the probability distribution of Û when weare estimating U . The 
ost fun
tion is also 
ovariant, so that EU [∆(U, Û)] does notdepend on U . This implies that the Bayesian risk and the pointwise risk 
oin
ide.With the se
ond equality true for all U ∈ SU(d), we have:
RB(Û) = RP (Û) = EU [∆(U, Û)]. (4.5)Theorem 4.2.1 states that there exists an optimal (Bayes uniform) estimator Ûo ofthis form (
orresponding to the optimal 
hoi
e of c(~λ)), so that it obeys (4.5). Fromthis we �rst prove that no estimator whatsoever 
an have a better rate than 1/N2.4.3 Why we 
annot expe
t better rate than 1/N2For proving this result, we need the Bayesian risk for priors π other than the uniformprior:

Rπ(Û) = Eπ[EU [∆(U, Û)]].As Ûo is Bayesian optimal for the uniform prior, we only have to prove thatRB(Ûo) =
O(N−2). This is also su�
ient for pointwise risk as, for any estimator Û , we have
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RB(Û) ≤ RP (Û). Moreover, as EU [∆(U, Ûo)] does not depend on U , Rπ(Ûo) =
RB(Ûo). It is then su�
ient to prove, for a π of our 
hoi
e, that:

Rπ(Ûo) = O(N−2). (4.6)The idea is to �nd a Cramér-Rao bound that we 
an apply to some π. We shall
ombine the Braunstein and Caves information inequality (4.8) and the Van Treesinequality (4.7) to obtain the desired Quantum Cramér-Rao Bound, mu
h in thespirit of Gill (2005b). This bound will yield an expli
it rate through a result ofBallester (2005b).Van Trees' inequality states that given a 
lassi
al statisti
al model smoothly param-eterized by θ ∈ Θ ⊂ Rp, and a smooth prior with 
ompa
t support Θ0 ⊂ Θ, thenfor any estimator θ̂, we have:
Eπ[Tr(Vθ(θ̂))] ≥

p2

Eπ[Tr(I(θ))] − Iπ
, (4.7)where I(θ) is the Fisher information matrix of the model at point θ, Iπ is a �nite(for reasonable π) 
onstant depending on π (quantifying in some way the priorinformation), and Vθ(θ̂) ∈ Mp(R) is the mean square error (MSE) of the estimator

θ̂ at point θ given by:
Vθ(θ̂)α,β = E[(θα − θ̂α)(θβ − θ̂β)].This form of Van Trees inequality is obtained by setting N = 1, G = C = Id and

ψ = θ in (12) of (Gill, 2005b).Now the Braunstein et Caves C. M. (1994) information inequality yields an upperbound on the information matrix IM(θ) of any 
lassi
al statisti
al model obtainedby applying the measurement M to a quantum statisti
al model. For any family ofquantum states parameterized by a p-dimensional parameter θ ∈ Θ ∈ R
p, for anymeasurement M on these states, the following holds:

IM(θ) ≤ H(θ), (4.8)where H(θ) is the quantum Fisher information information matrix at point θ.Now it was proved by Ballester (2005b) that for a smooth parameterization of anopen set of SU(d), and for any input state, the quantum Fisher information of theoutput states ful�ls:
H(θ) = O(N2).Inserting in (4.7) together with (4.8) we get as quantum Cramér-Rao bound

Eπ[Tr(Vθ(θ̂))] = O

(
1

N2

)
. (4.9)



4.4 Formulas for the risk 141We now want to apply this bound to obtain (4.6). There are a few small te
hni
aldi�
ulties. First of all, we 
annot use the uniform prior for π as SU(d) is nothomeomorphi
 to an open set of Rp. We then have to de�ne two neighborhoods ofthe identity Θ0 ⊂ Θ, allowing to use the Van Trees inequality. Now our estimator Ûoneed not be in Θ, so that we shall in fa
t apply Van Trees inequality to a modi�edestimator Ũ . Finally, this bound is on the varian
e, and we must relate it to ∆.Our �rst task 
onsists in restri
ting our attention to a neighborhood Θ of 1Cd . It
orresponds to a neighborhood Θ (we use the same notation) of 0 ∈ Rp through
U = exp(

∑
α θαTα). This holds if the neighborhood is small enough, so we de�neit by U ∈ Θ if and only if ∆(1Cd , U) < ǫ for a �xed small enough ǫ. We de�ne Θ0through U ∈ Θ0 for ∆(1Cd, U) ≤ ǫ/3, and take a smooth �xed prior π with supportin Θ0, su
h that Iπ <∞.Now we modify our estimator Ûo into an estimator Ũ given by Ũ = Ûo for Ûo ∈ Θand Ũ = 1Cd for Ûo 6∈ Θ. Then, by the triangle inequality, for any U ∈ Θ0, we have

∆(U, Ûo) ≥ ∆(U, Ũ).The fundamental point of the reasoning (used at (4.10)) is that, as ∆ is quadrati
at the �rst-order, there is a positive 
onstant c su
h that, for any U1, U2 ∈ Θ,
orresponding to θ1, θ2, we have ∆(U1, U2) ≥ c
∑

α(θ
1
α − θ2

α)
2.Finally we get

Rπ(Ûo) = Eπ[EU [∆(U, Ûo)]]

≥ Eπ[EU [∆(U, Ũ)]]

≥ cEπ[Vθ̃] (4.10)
= O(N−2).We have thus proved (4.6), and hen
e our bound on the e�
ien
y of any estimator.We now write formulas for the risk of any estimator of the form given in Theorem4.2.1.4.4 Formulas for the riskBy (4.5), our risk RP (Û) is equal to the pointwise risk at 1Cd, with whi
h we shallwork:

∫

SU(d)

p1
Cd

(Û)

{
1 − |χ2(Û)|2

d2

}
dµ(Û). (4.11)



142 Fast estimation of unitary operationsNow we 
ompute the probability distribution of Û for a given |Ψ〉 of the form (4.2),that is
p1

Cd
(Û) = 〈Ψ|ÛΞÛ∗|Ψ〉

=

∣∣∣∣∣∣

∑

~λ:|~λ|=N

c(~λ)

D(~λ)
D(~λ)

D(~λ)∑

i=1

〈ψ~λi |U |ψ
~λ
i 〉

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣

∑

~λ:|~λ|=N

c(~λ)χ~λ(Û)

∣∣∣∣∣∣

2

,where we have used that the 
hara
ter χ~λ of ~λ is the tra
e of U in the representation.Then, using (4.11), re
alling that p1
Cd

is a probability density for Haar measure µon SU(d), and that χ~λ1χ~λ2 = χ~λ1⊗~λ2 (for the se
ond term), we get:
RP (Û) = 1 − 1

d2

∫

SU(d)

∣∣∣∣∣∣

∑

~λ:|~λ|=N

c(~λ)χ~λ⊗2
(Û)

∣∣∣∣∣∣

2

dµ(Û). (4.12)In order to evaluate the se
ond term, we use the following orthogonality relationsfor 
hara
ters: ∫

SU(d)

dµ(U)χ~λ1
(U)χ~λ2

(U)∗ = δ~λ1≡~λ2
. (4.13)To do so we need the Clebs
h-Gordan series of ~λ⊗ 2:

~λ⊗ 2 = ⊕{1≤i≤d|λi>λi+1}
~λ+ ei, (4.14)where 
onventionally λd+1 = 0. Here we see ~λ as a d-dimensional ve
tor and ei asthe i-th basis ve
tor.We then reorganize the sum of 
hara
ters as:

∑

~λ:|~λ|=N

c(~λ)χ~λ⊗2
(Û) =

∑

~λ′:|~λ′|=N+1

∑

i∈S(~λ′)

c(~λ′ − ei)χ~λ′(Û),where S(~λ′) is the set of i between 1 and d su
h that ~λ′− ei is still a representation,that is λ′i > λ′i+1. We shall write #S(~λ′) for its 
ardinality.Inserting in (4.12) and remembering (4.13), we are left with
RP (Û) = 1 −

∑
~λ′:|~λ′|=N+1 |

∑
i∈S(~λ′) c(

~λ′ − ei)|2
d2

. (4.15)To go any further, we must work with spe
i�
 c(~λ).



4.5 Choi
e of the 
oe�
ients c(~λ) and proof of their e�
ien
y 1434.5 Choi
e of the 
oe�
ients c(~λ) and proof of theire�
ien
yWe now have to 
hoose the 
oe�
ients c(~λ) so that the right-hand side of (4.15) issmall.It appears useful to introdu
e subsets of the set of all irredu
ible representations.Let PN = {~λ| |~λ| = N ;λ1 > · · · > λd > 0}. Obviously, if ~λ′ ∈ PN+1, then
#S(~λ′) = d, and the 
onverse is true. We 
an see them intuitively as points on a
(d − 1)-dimensional surfa
e, and with this pi
ture in mind, we shall speak of theborder of PN (when λi = λi+1 + 1 for some i), or of being far from the border(without pre
ise mathemati
al meaning).We are ready to give heuristi
 arguments on how good 
oe�
ients should behave.We must try to get the fra
tion in (4.15) 
lose to one. Now

∑
~λ′:|~λ′|=N+1 |

∑
i∈S(~λ′) c(

~λ′ − ei)|2
d2

≤
∑

~λ′:|~λ′|=N+1

#S(~λ′)

d

∑
i∈S(~λ′) |c(~λ′ − ei)|2

d

≤
∑

~λ′:|~λ′|=N+1

∑
i∈S(~λ′) |c(~λ′ − ei)|2

d

≤
∑

~λ:|~λ|=N

|c(~λ)|2 = 1.The �rst inequality was obtained using Cau
hy-S
hwarz inequality for ea
h innersum. There is equality if c(~λ′ − ei) does not depend on i. From this, we dedu
ethat for most ~λ′, the c(~λ′ − ei) must be approximately equal, espe
ially if they arelarge. The se
ond inequality follows from #S(~λ′) ≤ d. From this we dedu
e that for
~λ 6∈ PN+1, the 
oe�
ients c(~λ− ei) must be small. Remark that about 1/N of the
~λ′ su
h that |~λ′| = N +1 are not in PN+1, so that if all c(~λ) were equal, these borderterms would 
ause our rate to be 1/N . The key of the third inequality is to noti
ethat ea
h c(~λ) is appearing in the sum on
e for ea
h term in its Clebs
h-Gordanseries (4.14), and that there are at most d terms. Please note that there are d termsif ~λ ∈ PN , and if ~λ′ is in PN+1, far from the border, then ~λ′ − ei is in PN , far fromthe border.



144 Fast estimation of unitary operationsThe 
on
lusion of these heuristi
s is that we must 
hoose 
oe�
ients �lo
ally� ap-proximately equal (at most 1/N variation in ratio), and that the 
oe�
ients mustgo to 0 when we are approa
hing the border of PN .One weight satisfying these heuristi
s is the following.
c(~λ) = N

d∏

i=1

pi, (4.16)where N is a normalization 
onstant to ensure that (4.3) is satis�ed and pi =
λi − λi+1. We shall use it below, and prove that it delivers the 1/N2 rate.A �rst remark about these weights is that c(~λ) = 0 if ~λ 6∈ PN . Now, for any ~λ ∈ PN ,we have D(~λ) ≥ M(~λ), so that we do not need an an
illa.Indeed, using hook formulas (see (S
hensted, 1976)), we get

M(~λ)/D(~λ) = N !

d∏

i=1

(λi + d− i)!

(d− i)!
.Now for ~λ ∈ PN , we know that λi 6= 0. Under this 
onstraint and ∑λi = N , themaximum is attained by λ1 = N − d + 1 and λi = 1 for i 6= 1. We end up withexa
tly 1.We shall now use (4.16) and express the numerator of (4.15) with our 
hoi
e of pi.Noti
e �rst that if pj 
hara
terize ~λ′ then those whi
h 
hara
terize ~λ′ − ei are givenby p(i)

j = pj + δj,i−1 − δj,i. So
N−1c(~λ′ − ei) =

d∏

j=1

pj + r~λ′(i),with
r~λ′(i) = −

∏

j 6=i
pj + δj>1

(
∏

j 6=i−1

pj −
∏

j 6=i,i−1

pj

)

.Introdu
ing another notation will make this slightly more 
ompa
t. For a ve
tor ~xwith d 
omponents and E a subset of {1, . . . , d}, de�ne:
xE =

∏

j 6=E
xj . (4.17)Then

r~λ′(i) = −p{i} + δj>1

(
p{i−1} − p{i,i−1}

)
.



4.5 Choi
e of the 
oe�
ients c(~λ) and proof of their e�
ien
y 145Noti
e now that for ~λ ∈ PN , there are exa
tly d irredu
ible representations appearingin the Clebs
h-Gordan de
omposition of ~λ⊗2 (4.14). So that c(~λ)2 appears exa
tly
d times in∑~λ′:|~λ′|=N+1

∑
i∈S(~λ′) c(

~λ′−ei)2. We may then rewrite the renormalization
onstant N as
d−1

∑

~λ′:|~λ′|=N+1

∑

i∈S(~λ′)

d∏

j=1

p
(i)2
j .

Therefore, rewriting the se
ond term in (4.15) with our values of c(~λ), we aim atproving:
∑

~λ′:|~λ′|=N+1

(∑
i∈S(~λ′)

∏d
j=1 pj + r~λ′(i)

)2

d
∑

~λ′:|~λ′|=N+1

∑
i∈S(~λ′)

(∏d
j=1 pj + r~λ′(i)

)2 = 1 +O(N−2). (4.18)Let us expand the numerator:
∑

~λ′:|~λ′|=N+1




∑

i∈S(~λ′)

d∏

j=1

pj + r~λ′(i)




2

= Ct (1 + t1 + t2) ,with
Ct =

∑

~λ′

(#S(~λ′))2

d∏

j=1

p2
j ,

t1 =
2
∑

~λ′
∑

i∈S(~λ′) #S(~λ′)r~λ′(i)
∏d

j=1 pj

Ct
,

t2 =

∑
~λ′

(∑
i∈S(~λ′) r~λ′(i)

)2

Ct
.Similarly the denominator 
an be read as:

d
∑

~λ′:|~λ′|=N+1

∑

i∈S(~λ′)

(
d∏

j=1

pj + r~λ′(i)

)2

= Cu (1 + u1 + u2) ,



146 Fast estimation of unitary operationswith
Cu =

∑

~λ′

d#S(~λ′)

d∏

j=1

p2
j ,

u1 =
2d
∑

~λ′
∑

i∈S(~λ′) r~λ′(i)
∏d

j=1 pj

Cu
,

u2 =

∑
~λ′ d
∑

i∈S(~λ′) r~λ′(i)
2

Cu
.With these notations, we aim at proving the set of estimates given in Lemma 4.5.1.Indeed they imply:

∑
~λ′:|~λ′|=N+1

(∑
i∈S(~λ′)

∏d
j=1 pj + r~λ′(i)

)2

d
∑

~λ′:|~λ′|=N+1

∑
i∈S(~λ′)

(∏d
j=1 pj + r~λ′(i)

)2

= 1 + t2 − u2 +O(N−3)

(4.19)with (t2 − u2) of order N−2. By (4.18), the risk of the estimator is then u2 − t2 +
O(N−3). Thus proving Lemma 4.5.1 amounts at proving 1/N2 rate.We shall make use of the notation Θ(f), meaning that there are universal positive
onstants m and M su
h that:

mf ≤ Θ(f) ≤ Mf.Lemma 4.5.1. With the above notations,
Cu = Ct = d2

∑

~λ′:|~λ′|=N+1

(
d∏

j=1

pj

)2

= Θ(N3d−1)

t1 = u1 = O(N−1)

t2 = O(N−2)

u2 = O(N−2).Proof. We �rst prove the �rst line.Indeed for ~λ′ ∈ PN+1, all i are in S(~λ′), and



∑

i∈S(~λ′)

d∏

j=1

pj




2

= d
∑

i∈S(~λ′)

d∏

j=1

p2
j = d2

d∏

j=1

p2
j .



4.6 Evaluation of the 
onstant in the speed of 
onvergen
e and �nal result147But if ~λ′ 6∈ PN+1, there is at least one pj equal to zero, so they do not 
ontribute tothe sum. So that Cu = Ct = d2
∑

~λ′:|~λ′|=N+1

(∏d
j=1 pj

)2.We have then equality of the denominators of t1 and u1. The same argument givesequality of the numerators. On PN+1, #S(~λ′) = d so that
∑

i∈S(~λ′)

#S(~λ′)r~λ′(i)

d∏

j=1

pj = d
∑

i∈S(~λ′)

r~λ′(i)

d∏

j=1

pj,and outside PN+1, ∏d
j=1 pj = 0 so that the equality still holds. Therefore t1 = u1.Now pj ≤ N + 1 so that ∏d

j=1 pj ≤ (N + 1)d and |r~λ′(i)| ≤ 2(N + 1)d−1. Moreover,as 1 ≤ λi ≤ N + 1 and λd is known if the other λi are known, the number ofelements ~λ′ in PN+1 satis�es #PN+1 ≤ (N + 1)d−1. Thus the numerator of t1 and
u1 is O(N3d−2) and that of t2 and u2 is O(N3d−3). To end the proof of the lemma,it is then su�
ient to show that Cu = Θ(N3d−1).Let us write N + 1 = a(1 + d(d + 1))/2 + b with a and b natural integers and
b < (1 + d(d + 1)). We then sele
t hi for i = 1 to d su
h that ∑hi = a/2. Thenumber of ways of partitioning a/2 in d parts is (a/2+d−1

d−1

), and this is Θ(ad−1) =

Θ(Nd−1). To ea
h of these partitions, we asso
iate a di�erent ~λ′ in PN+1 through
λi = (d − i+ 1)a + δi=1b+ hi. For ea
h of these ~λ′, we have pj = λj − λj+1 ≥ a/2,so that ∏d

j=1 p
2
j = Θ(N2d). We may lower bound Cu by the sum over these ~λ′ of

∏d
j=1 p

2
j , so that we have proved Cu = Θ(N3d−1).

4.6 Evaluation of the 
onstant in the speed of 
on-vergen
e and �nal resultThe strategy we study is asymptoti
ally optimal up to a 
onstant, but a better 
on-stant 
an probably be obtained. Anything like c(~λ) = (
∏
pj)

α with α ≥ 1/2 shouldyield the same rate, though it would be more 
umbersome to prove. Polynomialsin the pj 
ould also bring some improvement. All the same we give in this se
tiona qui
k evaluation of the 
onstant, that may serve as a ben
hmark for more pre
isestrategies.



148 Fast estimation of unitary operationsWrite pj = (N + 1)xj. Then, re
alling our notation 4.17,
d∏

j=1

p2
j = (N + 1)2d

d∏

j=1

x2
j

r~λ′(i) = (N + 1)d−1
(
−x{i} + δi>1x{i−1} +O(N−1)

)
.Similarly, the set of allowed ~x = (x1, . . . , xn) may be des
ribed as

SN+1 =

{

~x | xj(N + 1) ∈ N;

d∑

j=1

(d− j + 1)xj = 1

}

.We may then rewrite:
u2 =

∑
~x∈SN+1

d
∑d

i=1

(
x{i} − δi>1x{i−1}

)2

d2(N + 1)2
∑

~x∈SN+1

∏d
j=1 x

2
j

+O(N−3)

t2 =

∑
~x∈SN+1

(
x{i} − δi>1x{i−1}

)2

d2(N + 1)2
∑

~x∈SN+1

∏d
j=1 x

2
j

+O(N−3).Subtra
ting, we obtain (the �rst sums being on SN+1)
u2 − t2 +O(N−3) = (4.20)
∑

~x 2d
(∑d

i=1(x{i})
2 −∑d

i=2 x{i}x{i−1}

)
− (d+ 1)(x{d})

2

n2 d2
∑

~x

∏d
j=1 x

2
j

. (4.21)Now SN+1 is the interse
tion S of the latti
e in [0, 1]d with mesh size 1/(N +1) withthe hyperplane given by the equation ∑(d − j + 1)xj = 1. Therefore the pointsof SN+1 are a regular paving of a �at (d − 1)-dimensional volume, with more andmore points (we know that #SN+1 = O(Nd−1)). Therefore both denominator andnumerator of (4.20) are Riemannian sums with respe
t to the Lebesgue measure,with a multipli
ative 
onstant that is the same for both. Therefore we have proved:Theorem 4.6.1. The estimator Û 
orresponding to (4.16) has the following risk:
RB(Û) = RP (Û) = E1

Cd

[
∆(1Cd , Û)

]
= CN−2 +O(N−3)where C is the fra
tion

∫
S 2d

(∑d
i=1(x{i})

2 −∑d
i=2 x{i}x{i−1}

)
− (d+ 1)(x{d})

2d~x

d2
∫
S
∏d

j=1 x
2
jd~x

.Up to a multipli
ative 
onstant, this risk is asymptoti
ally optimal, both for a Bayesuniform prior and for global pointwise estimation.



4.7 Con
lusion 149Numeri
al estimation, up to two digits, for the low dimensions yields:
10 for d = 2

75 for d = 3

2.7 × 102 for d = 4.

4.7 Con
lusionWe have given a strategy for estimating an unknown unitary 
hannel U ∈ SU(d),and proved that the 
onvergen
e rate of this strategy is 1/N2. We have furtherproved that this rate is optimal, even if the 
onstant may be improved.The interest of this result lies in that su
h rates are mu
h faster than the 1/Na
hieved in 
lassi
al estimation and, though they had already been obtained for
SU(2), they were never before shown to hold for general SU(d).





Chapitre 5
Clean positive operator valuedmeasures
This 
hapter is derived from the arti
le (Kahn, 2007a).Résumé : Dans un arti
le ré
ent Bus
emi et al. (2005) ont dé�ni unenotion de propreté des mesures à valeurs dans les opérateurs positifs(POVMs). Nous 
ara
térisons les POVMs propres dans une 
lasse quenous appelons quasi-qubit, 
'est-à-dire les POVMs dont les élémentssont tous de rang un ou de rang plein. Nous donnons un algorithmequi véri�e si une POVM quasi-qubit satisfait à la 
ondition de propreté.Nous dé
rivons expli
itement toutes les POVMs propres pour les qubits.Au passage, nous donnons une 
ondition su�sante pour qu'une POVMgénérale soit propre.
5.1 Introdu
tionThe laws of quantum me
hani
s impose restri
tions on what measurements 
an be
arried out on a quantum system. All the possible measurements 
an be des
ribedmathemati
ally by �positive operator-valued measures�, POVMs for short. Apartfrom measuring a state, we 
an also transform it via a quantum 
hannel. Nowsuppose we have at our disposal a POVM P and a 
hannel E . We may �rst send ourstate through E and then feed the transformed state in our measurement apparatusP. This pro
edure is a new measurement pro
edure, and 
an therefore be en
odedby a POVM Q. Now transforming the state with E 
an be seen as a kind of noise



152 Clean positive operator valued measureson the POVM P. We may then view Q as a disturbed version of P, and we say thatP is 
leaner than Q. Now, what are the maximal elements for this order relation?The order relation �
leaner than� has been introdu
ed in a re
ent arti
le of Bus
emiet al. (2005). Herein they look at whi
h POVMs 
an be obtained from another,either by pre-pro
essing (the situation we just des
ribed, where we �rst send ourstate through a 
hannel) or by 
lassi
al post-pro
essing of the data. Espe
ially, theytry to �nd whi
h POVMs are biggest for these order relations (in the former 
ase,the POVM is said to be 
lean; there is no �extrinsi
� noise). For pre-pro
essing theyget a number of partial answers. One of those is that a POVM on a d-dimensionalspa
e with n out
omes, with n ≤ d, is 
lean if and only if it is an observable. Theydo not get a 
omplete 
lassi�
ation, though.The obje
t of the present 
hapter is to 
hara
terize whi
h POVMs are 
lean in aspe
ial 
lass of measurements. Namely, we are interested in POVMs su
h that alltheir elements (see de�nition below) are either full-rank or rank-one. We 
all thesePOVMs quasi-qubit POVMs. Noti
e that all the POVMs for qubits satisfy to this
ondition.On the way we prove a su�
ient 
ondition for a POVM to be 
lean, that is usablealso for POVMs that are not quasi-qubit.It turns out that 
leanness for quasi-qubit POVMs 
an be read on the span of therank-one elements. Moreover,if a (non ne
essarily quasi-qubit) POVM is 
leanerthan a 
lean quasi-qubit POVM, the latter was in fa
t obtained by a 
hannel that isa unitary transform. In other words, for quasi-qubit POVMs, 
leanness-equivalen
eis unitary equivalen
e.We give an algorithm to 
he
k whether a quasi-qubit POVM is 
lean or not. Thisalgorithm may be the main 
ontribution of the 
hapter, as almost all the followingtheorems 
an be summed up by saying the algorithm is valid.In the end we apply these results to the qubit, for whi
h all POVMs are quasi-qubit.We are then left with a very expli
it 
hara
terization of 
lean POVMs for qubits.Se
tion 5.2 gives pre
ise de�nitions of all the obje
ts we 
ited in this introdu
tion.We de�ne the algorithm, give heuristi
ally the main ideas and de�ne the importantnotion �totally determined� (De�nition 5.3.2) in Se
tion 5.3.Se
tion 5.4 gives a su�
ient 
ondition for a POVM to be 
lean, namely that thesupports of the elements of the POVM �totally determine� the spa
e (see De�nition5.3.2). We use this 
ondition to show that when the algorithm exits with a positiveresult, the quasi-qubit POVM is really 
lean.



5.2 De�nitions and notations 153Se
tion 5.5 proves that the above su�
ient 
ondition is in fa
t ne
essary for quasi-qubit POVMs. It 
he
ks that when the algorithm exits with a negative result, thePOVM is truly not 
lean.Se
tion 5.6 gathers the results relative to quasi-qubit POVMs in Theorem 5.6.1 anddeals with the qubit 
ase in Corollary 5.6.2.Ultimately se
tion 5.7 gives a very rough idea for making expli
it more expli
it thesu�
ient 
ondition for a POVM to be 
lean we have given in se
tion 5.4.If one wishes to look for the results of this 
hapter without bothering with thete
hni
al proofs, the best would be to read the algorithm of se
tion 5.3 and thento read Theorem 5.6.1 and Corollary 5.6.2. You would also need Lemma 5.5.3 thatyou 
ould use as a de�nition of �totally determined� if you are only interested inquasi-qubit POVMs.If you also want the supplementary results that apply to other POVMs, further readDe�nitions 5.3.1 and 5.3.2, and Theorem 5.4.1.5.2 De�nitions and notationsWe 
onsider POVMs on a Hilbert spa
e H of dimension d ≥ 2. Dimension 2 is thequbit 
ase. The set {|ei〉}1≤i≤d will be an orthonormal basis of H. If V is a subspa
eof H then V⊥ is the subspa
e orthogonal to V in H. If we are given ve
tors {vi}i∈I ,we denote by Span(vi, i ∈ I) the spa
e they generate. The set of operators on H isdenoted by B(H).A POVM P (with �nite out
omes, 
ase to whi
h we restri
t) is a set {Pi}i∈I of non-negative operators on H, with I �nite, su
h that ∑i∈I Pi = 1. The Pi are 
alledPOVM elements. We write Supp(Pi) for the support of this element. This supportis de�ned by its orthogonal. The set of |φ〉 ∈ Supp(Pi)
⊥ is exa
tly the set of |φ〉su
h that 〈φ|Pi|φ〉 = 0. The rank of a POVM element is its rank as an operator. Inparti
ular, rank-one elements are of the form λi|ψi〉〈ψi| and full-rank POVMs areinvertible. Spe
ial 
ases of POVMs are rank-one POVMs, that is POVMs whoseelements are all rank-one, and full-rank POVMs, that is POVMs whose elements areall full-rank. We are espe
ially interested in a 
lass of POVMs that in
ludes both:De�nition 5.2.1. Quasi-qubits POVMsA POVM P is a quasi-qubit POVM if all its elements Pi are either full-rank orrank-one.



154 Clean positive operator valued measuresSimilarly, we shall speak of stri
t quasi-qubit POVMs for quasi-qubit POVMs whi
hare neither rank-one nor full-rank.A 
hannel E is a 
ompletely positive identity-preserving map on B(H) the set ofbounded operators on H (in this 
hapter, 
hannels are always intended as goingfrom B(H) to the same B(H)). As a remark, this implies that the subspa
e ofself-adjoint operators Bsa(H) is stable by E . We know we 
an write it using Kraus(1983) de
omposition, that is we 
an �nd a �nite number of operators Rα ∈ B(H)su
h that
E(A) =

∑

α

R∗
αARα, with

∑

α

R∗
αRα = 1. (5.1)Here the star is the adjoint.We shall write E = {Rα}α. This de
omposition is not unique.Using the 
hannel E before the measurement P is the same as using the POVM

Q = E(P) de�ned by its POVM elements Qi = E(Pi).De�nition 5.2.2. A POVM P is 
leaner than a POVM Q if and only if there existsa 
hannel E su
h that E(P) = Q. We shall also write P ≻ Q.De�nition 5.2.3. Clean POVMA POVM P is 
lean if and only if, for any Q su
h that Q ≻ P, then P ≻ Q alsoholds.We shall further say that two POVMs are 
leanness-equivalent if both Q ≻ P and
P ≻ Q hold. A spe
ial 
ase of this (but not the general 
ase, as proved in (Bus
emiet al., 2005)) is unitary equivalen
e, when there is a unitary operator U su
h thatfor any i ∈ I, we have UPiU∗ = Qi.5.3 Algorithm and Ideas5.3.1 AlgorithmWe propose the following algorithm to 
he
k whether a quasi-qubit POVM P is
lean or not.(i) We 
he
k whether P is rank-one. If it is, exit with result �P is 
lean�. Other-wise:



5.3 Algorithm and Ideas 155(ii) Write the rank-one elements Pi = λi|ψi〉〈ψi| for 1 ≤ i ≤ n. Che
k whetherthese |ψi〉 generate H. If not, exit with result �P is not 
lean�. Else:(iii) We 
an �nd a basis of H as a subset of those |ψi〉. We assume that this basis
onsists of |ψi〉 for 1 ≤ i ≤ d. We de�ne a variable C = {Vj}j∈J , 
onsistingin a 
olle
tion of subspa
es whose dire
t sum is the Hilbert spa
e H =
⊕

j Vj.We initialize C with Vi = Span(|ψi〉) for 1 ≤ i ≤ d.(iv) For i from d+ 1 to n, do:(v) Write |ψi〉 =
∑

j vj with vj ∈ Vj. Call J(i) = {j|vj 6= 0}.(vi) Update {Vj}: Suppress all Vj for j ∈ J(i). Add Vi =
⊕

j∈J(i) Vj .(vii) Che
k whether C = {H}. If so, exit with result �P is 
lean�. Otherwise:(viii) End of the �For� loop.(ix) Exit with result �P is not 
lean�.Noti
e that the algorithm terminates: every stage is �nite and we enter the loop a�nite number of times.5.3.2 Heuristi
s: what the algorithm really testsIn the Kraus de
omposition (5.1), ea
h of the terms R∗
αARα is non-negative if A isnon-negative, so that E(A) ≥ R∗

αARα for any α. Hen
e if E(Q) = P, then R∗
αQiRαmust have support in
luded in Supp(Pi) for all α and e ∈ E.The 
entral idea of the 
hapter is the following: the 
ondition Supp(R∗

αQiRα) ⊂
Supp(Pi) yields d − dim(Supp(Pi)) homogeneous linear equations on the matrixentries of Rα, where you should remember that d = dim(H). Now Rα is determinedup to a 
onstant by d2 − 1 homogeneous independent linear equations. In su
h a
ase, the additional 
ondition ∑R∗

αRα = 1 yields all Rα are proportional to thesame unitary U , so that the 
hannel E is unitary, and P ≻ Q.There is still one di�
ulty: the equations mentioned above depend not only on P,but also on Q. We would then like 
onditions on the supports of Pi su
h that thesystem of equations mentioned above is at least of rank d2−1 for all Q. We formalizethis requirement with the following de�nitions.



156 Clean positive operator valued measuresDe�nition 5.3.1. CorrespondingLet V be a Hilbert spa
e and {Fi}i∈I a 
olle
tion of subspa
es of V. Let {vi}i∈I bea 
olle
tion of ve
tors of V. This set of ve
tors 
orresponds to {Fi}i∈I if for any
i ∈ I, there is a linear transform Ri su
h that Ri(vi) 6= 0 and, for all j ∈ I, thetransform is taking vj within Fj, that is Ri(vj) ∈ Fj.In the text, we usually drop the referen
e to {Fi}i∈I and write that the {vi}i∈I are a
orresponding 
olle
tion of ve
tors.De�nition 5.3.2. Totally determinedLet V be a Hilbert spa
e and {Fi}i∈I a 
olle
tion of subspa
es of V.If for all 
orresponding 
olle
tions of ve
tors {vi}i∈I there is only one (up to a 
om-plex multipli
ative 
onstant) linear transform R su
h that R(vi) ∈ Fi for all i ∈ I,we say that V is totally determined by {Fi}i∈I , or alternatively that {Fi}i∈I totallydetermines V.If Fi is one-dimensional with support ve
tor wi, this means there is only one R su
hthat R(vi) is 
olinear to wi for all i ∈ I.What the algorithm does is 
he
king that a quasi-qubit POVM P is rank-one (stage(i)), or that P totally determines H.More pre
isely, Proposition 5.4.9 states that ea
h of the Vj belonging to C (appearingat stage (iii) and updated at stage (vi)) is totally determined by the |ψi〉 su
h that
|ψi〉 ∈ Vj . When the algorithm exits at stage (vii), then C = {H}, so H is totallydetermined. If the algorithm does not exit at stage (vii), on the other hand, then Chas at least two elements at the last stage, and ea
h |ψi〉 is in
luded in one of thosetwo elements, whi
h entails, from Lemma 5.5.3, that {Supp(Pi)} does not totallydetermine H.The equivalen
e with 
leanness for quasi-qubit POVMs is still needed to get validityof the algorithm. This equivalen
e stems from Theorem 5.4.1 and Theorem 5.5.1.The former is the su�
ient 
ondition, for any POVM, not ne
essarily quasi-qubit.We have given the intuition for this theorem at the beginning of the se
tion. Com-plementarily, Theorem 5.5.1 states that a stri
t quasi-qubit POVM is not 
lean ifits supports do not totally determine H.The proof of Theorem 5.5.1 features the last important idea of the 
hapter. A
hannel E whi
h is near enough the identity may be inverted as a positive map on
B(H), even though E−1 is not a 
hannel. Now if we denote Q = E−1(P), we have
E(Q) = P. We are then left with two questions: is Q a POVM, and 
an we �nd a
hannel F su
h that F(P) = Q?



5.4 Su�
ient 
ondition 157The main possible obsta
le to Q being a POVM is the need for ea
h of the Qi to benon-negative. Now, if E is near enough the identity, if Pi was full-rank, then Qi isstill full-rank non-negative. The remaining 
ase is Qi = E−1(Pi) = λiE−1 (|ψi〉〈ψi|).Now, we shall see that we may use the set of subspa
es C = {Vj} given by thealgorithm to build 
hannels ensuring that these Qi are still rank-one non-negativematri
es. Furthermore, these Qi will have a bigger �rst eigenvalue than Pi, so thatwe are sure Q is stri
tly 
leaner than P, as 
hannels are spe
trum-width de
reasing(see Lemma 5.5.2).We now turn to the fully rigorous treatment.5.4 Su�
ient 
onditionWe start by proving the following theorem, announ
ed in the previous se
tion.Theorem 5.4.1. If the supports {Supp(Pi)}i∈I of the elements Pi of a POVM Ptotally determine H, then P is 
lean and any 
leanness-equivalent POVM Q is infa
t unitarily equivalent to P.Proof. It is enough to prove that if Q ≻ P, then Q is unitarily equivalent to P.Let Q be a POVM and E = {Rα}α a 
hannel su
h that E(Q) = P.For all i ∈ I, we may write Qi =
∑

k µi,k|φki 〉〈φki |. Then we have
Pi =

∑

α

∑

k

µi,kR
∗
α|φki 〉〈φki |Rα.Now µi,kR

∗
α|φki 〉〈φki |Rα ≥ 0 for all k and α, and 
onsequently µi,kR∗

α|φki 〉〈φki |Rα ≤ Pi.Hen
e R∗
α|φki 〉 ∈ Supp(Pi).Moreover Pi is nonzero. So that there is at least one k(i) and one α(i) for ea
h isu
h that R∗

α|φk(i)i 〉 is nonzero. Thus {φk(i)i }i∈I 
orresponds to {Supp(Pi)}i∈I . As
{Supp(Pi)}i∈I totally determines H, there is only one R, up to a 
onstant, su
h that
R|φk(i)i 〉 ∈ Supp(Pi) for all i. So that Rα = c(α)R for all α. Sin
e ∑αR

∗
αRα = 1,there is a 
onstant su
h that λR1 is unitary, and E = {λR1}. So that P and Q areunitarily equivalent.



158 Clean positive operator valued measuresBefore proving in Theorem 5.4.9 that �when the algorithm exits at stage (vii), thenthe supports of the POVM P totally determine H�, we need a few more tools.We �rst need the notion of proje
tive frame. Indeed, in the algorithm, we are dealingwith supports of rank-one POVMs, that is essentially proje
tive lines. And we wantthem to totally determine the spa
e, that is essentially �x it. Proje
tive frames arethe most basi
 mathemati
al obje
t meeting these requirements. We rede�ne themhere, and reprove what basi
 properties we need; further information on proje
tiveframes may be found in most geometry or algebra textbooks, e.g. (Audin, 2002).De�nition 5.4.2. A proje
tive frame {vi}1≤i≤d+1 of a ve
tor spa
e V is a set of
(dim(V) + 1) ve
tors in general position, that is, su
h that any subset of dim(V)ve
tors is a basis of V.Remark 5.4.3. Equivalently we may say that {vi}1≤i≤n is a basis of V and vd+1 =∑n

i=1 civi with all ci 6= 0.Proposition 5.4.4. A proje
tive frame Ψ = {ei}1≤i≤(n+1)of V totally determines V.Proof. First we prove that if Φ = {vi}1≤i≤(n+1) is not a proje
tive frame, the setof ve
tors {vi}1≤i≤(n+1) does not 
orrespond to Ψ. Indeed, as Φ is not a proje
tiveframe, we may �nd n ve
tors, say the n �rst, su
h that ∑n
i=1 aivi = 0 with at leastone ai non-zero, say a1. Then for any R su
h that R(vi) is 
olinear to ei for all i,we still have ∑n

i=1 aiR(vi) = 0. As {ei}1≤i≤n is a basis, aiR(vi) = 0 for all i, so that
R(v1) = 0. Hen
e {vi}1≤i≤n+1 does not 
orrespond to {ei}1≤i≤n+1.Let now Φ = {vi}1≤i≤(n+1) be 
orresponding to Ψ. Notably, this implies that Φ isa proje
tive frame. Furthermore, there is a nonzero linear transform R su
h that
R(vi) is 
olinear to ei for all i. We must show that R is unique up to a 
onstant.We know that {ei}1≤i≤n and {vi}1≤i≤n are both bases of V. Hen
e there is a uniquetransfer matrix X from the latter basis to the former. Sin
e R(vi) = Diei for some
Di, we know that R is of the form DX where D is a diagonal matrix with diagonalvalues Di.We still have not used our (n + 1)th 
ondition. We are dealing with proje
tiveframes, so that en+1 =

∑n
i=1 biei and vn+1 =

∑n
i=1 civi with all bi and ci non-zero.Now R(vn+1) =

∑n
i=1 ciR(vi) =

∑n
i=1 ciDiei, so that ciDi/bi must be independenton i and D and hen
e R is �xed up to a 
omplex multipli
ative 
onstant.

We now turn to a few observations about totally determined spa
es.



5.4 Su�
ient 
ondition 159Remark 5.4.5. If {Fi}i∈I totally determines H, and if {vi}i∈I 
orresponds to {Fi},then the up to a 
onstant unique nonzero R su
h that Rvi ∈ Fi for all i ∈ I isinvertible.Proof. Let us de�ne Π(kerR)⊥ the proje
tor on the orthogonal of the kernel of Ralong its kernel, and ΠkerR the proje
tor on the kernel of R along (kerR)⊥. We have
R = RΠ(kerR)⊥ , so that RΠ(kerR)⊥vi = Rvi. Thus {Π(kerR)⊥vi}i∈I is 
orrespondingto {Fi}i∈I . On the other hand, ΠkerRΠ(kerR)⊥ = 0, so that (R+ΠkerR)(Π(kerR)⊥vi) =
R(Π(kerR)⊥vi) ∈ Fi. As {Π(kerR)⊥} is 
orresponding to {Fi}, the latter equalityimplies that R is proportional to (R + ΠkerR). This is only possible if ΠkerR = 0.Hen
e R is invertible.Remark 5.4.6. If {vl}l∈I∪J is 
orresponding to {Fl}l∈I∪J , then {vi}i∈I (resp. {vj}j∈J)is 
orresponding to {Fi}i∈I (resp. {Fj}j∈J .Proof. The set I is a subset of I ∪ J , thus, for all i ∈ I, there is an Ri su
h that
Rivi 6= 0 and Rivl ∈ Fl for all l ∈ I ∪ J . A fortiori Rivk ∈ Fk for all k ∈ I. Hen
e
{vi}i∈I is 
orresponding to {Fi}i∈I . The same proof yields the result for J .Remark 5.4.7. If {vi}i∈I is 
orresponding to {Fi}i∈I, then there exists R su
h that
Rvi ∈ Fi and Rvi 6= 0 for all i simultaneously.Proof. By the de�nition of �
orresponding to�, we have a set {Ri}i∈I of transformssu
h that Rivi 6= 0 and Rivj ∈ Fj for all j ∈ I. Now, for any set of 
oe�
ients {ai}i∈Ithe matrix R =

∑
i aiRi ful�ls Rvi ∈ Fi for all i. If we 
hoose appropriately {ai}we also have Rvi 6= 0. For example, we may write all the Rivi in the same basis,take note of all 
oordinates, and 
hoose the ai as any real numbers algebrai
allyindependent of those 
oordinates.Lemma 5.4.8. If V and W are both totally determined by sets of subspa
es {Fi}i∈Iand {Fj}j∈J and if V and W interse
t (apart from the null ve
tor), then their sum

U = V + W is totally determined by {Fl}l∈I∪J .Proof. Let {ul}l∈I∪J ve
tors of U 
orrespond to {Fl}l∈I∪J . In other words, there isan R∗ su
h that R∗ul ∈ Fl for all l ∈ I ∪ J . By Remark 5.4.7, we may assume that
R∗ul 6= 0 for all l. We must show that R∗ is unique up to a 
onstant. Noti
e thatthe restri
tion R∗ul 6= 0 does not play a role: if we �nd another R non proportionalto R∗, su
h that Rul ∈ Fl for all l, then R∗ + aR for appropriate a also ful�ls
0 6= (R∗ + aR)ul ∈ Fl for all l, and is not proportional to R∗.We need a few notations. First, we 
onsider the spa
e X = V ∩W. We also de�ne Yby V = Y⊕X and Z by W = Z⊕X . We write IV and IW for the natural in
lusions



160 Clean positive operator valued measuresof V and W in U . We also denote by ΠV for the proje
tor on V along Z, by ΠW theproje
tor on W along Y , and by ΠX the proje
tor on X along Y + Z.Please be aware that we do not de�ne ΠV and ΠW as endomorphisms of U , but asappli
ations from U to V and W, respe
tively. The 
orresponding endomorphismsare IVΠV and IWΠW .As a �rst step, we show that IVΠVR
∗ is unique up to a 
onstant.The rank of IVΠVR

∗ is at most dim(V), so we 
an fa
torize it by V: there exists twolinear appli
ations LU
V from U to V and LV

U from V to U , su
h that IVΠVR
∗LV

UL
U
V =

IVΠVR
∗.Now for all i ∈ I, we have R∗ui ∈ Fi ⊂ V, so thatR∗ui = IVΠVR

∗ui = IVΠVR
∗LV

UL
U
Vui,so that for all i ∈ I we have the in
lusion 0 6= (ΠVR

∗LV
U )(LU

Vui) ∈ Fi, where wehave used R∗ul 6= 0.. Thus {LU
Vui}i∈I is 
orresponding to {Fi}i∈I . On the otherhand, we know that {Fi}i∈I totally determine V. Hen
e there is a nonzero 
onstant

λV , and a RV depending only on {Fi}i∈I , su
h that ΠVR
∗LV

U = λVRV . Moreover,by Remark 5.4.5, RV is invertible. So that �nally IVΠVR
∗ = λVIVRVL

U
V , withimage im(λVIVRVL

U
V ) = V. Repla
ing V with W, we get similarly IWΠWR

∗ =
λWIWRWL

U
W .The last step 
onsists in proving that the two 
onstants λV and λW are proportional,independently of R∗.We noti
e that ΠX IVΠV = ΠX = ΠX IWΠW . Hen
e λVΠX IVRVL

U
V =

λWΠX IWRWL
U
W . As X ⊂ V and im(λVIVRVL

U
V ) = V, we know that

λVΠX IVRVL
U
V 6= 0. The equality λVΠX IVRVL

U
V = λWΠX IWRWL

U
W then yieldsthe proportionality of λW and λV .We 
on
lude by re
alling that V + W = U , so that knowing both IVΠVR

∗ and
IWΠWR

∗ is equivalent to knowing R∗. As our only free parameter is the multipli
a-tive 
onstant λV , we have proved uniqueness of R∗, up to a 
onstant.
Lemma 5.4.8 and Proposition 5.4.4 are the two ingredients for proving the followingproposition, 
entral for the validity of the algorithm.Proposition 5.4.9. In the algorithm, the spa
es in the set C = {Vj}j∈J are alwaystotally determined by the supports K(j) = {Span(|ψi〉) : |ψi〉 ∈ Vj} of the one-dimensional POVM elements they 
ontain.



5.4 Su�
ient 
ondition 161Proof. We prove the proposition by indu
tion on the stronger property Prop = �all Vj are totally determined by K(j), and they are spanned by ve
tors of the initialbasis, that is, they are of the form Span(|ψi〉 : i ∈ I(j)), where I(j) is a subset of
{1, . . . , d}�.Initialization: We initialize C at step (iii). At this stage Vj is de�ned for j ∈
{1, . . . , d} by Vj = Span(|ψj〉). So that on the one hand Vj is of the form Span(|ψi〉 :
i ∈ I(j)), where I(j) is a subset of {1, . . . , d}, and on the other hand Vj is totallydetermined by K(j), as it is one-dimensional and |ψj〉 is nonzero.Update: We update C at stage (vi). We must prove that Vi =

⊕
j∈J(i) Vj still ful�ls

Prop.For one thing, the spa
e Vi is a sum of spa
es of the form Span(|ψi〉 : i ∈ I(j)), where
I(j) is a subset of {1, . . . , d}, hen
e Vi is also of this form with I(i) =

⋃
j∈J(i) I(j).Now let us 
onsider the set Iint = {j : j ∈ {1 . . . d}, 〈ψi|ψj〉 6= 0}, and the spa
e

Vint = Span(|ψj〉 : j ∈ Iint). Sin
e the |ψj〉 for j ∈ Iint are part of the initialbasis {|ψj〉}1≤j≤d}, they are independent. The de�nition of Iint also ensures |ψi〉 =∑
j∈Iint

cj |ψj〉 with j nonzero, hen
e, by Remark (5.4.3), the set {|ψk〉 : k = k ∈
Iint ∪ {i}} is a proje
tive frame of Vint. So that, by Proposition 5.4.4, the spa
e Vintis totally determined by {|ψj〉}j∈Iint∪{i}. We initialize Kint = Iint ∪ {i}.Finally, by de�nition of J(i), we know that Vint ∩ Vj 6= 0 for all j ∈ J(i). Both aretotally determined, by K(j) and Kint. Hen
e by Lemma 5.4.8, Vint ∪ Vj is totallydetermined by K(j) ∪ Kint. We update Vint = Vint ∪ Vj and Kint = Kint ∪ K(j).We iterate the latter step for all j ∈ J(i) and we end up with Vint = Vi totallydetermined by ⋃j∈j(i)K(j) ∪ Iint ∪ {i} ⊂ I(i).Corollary 5.4.10. When the algorithm ends at stage (vii), the POVM P is 
lean.Proof. The algorithm ends at stage (vii) only if C = {H}. By the above proposition,this 
ondition implies that H is totally determined by {Span(|ψj〉) : |ψj〉 ∈ H}.This amounts at saying that H is totally determined by the supports of the POVMelements Pi, and we 
on
lude by Theorem 5.4.1.This se
tion aims at giving su�
ient 
onditions for a POVM to be 
lean, and atproving that one of these 
onditions is ful�lled if the algorithm exits with result �Pis 
lean�. We thus 
on
lude the se
tion with the 
ase when the algorithm exits atstage (i). In other words, we must show that a rank-one POVM is 
lean. Now, thishas already been proved as Theorem 11.2 of (Bus
emi et al., 2005):
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emi et al., 2005) If P is rank-one, then Q≻P if and onlyif P and Q are unitarily equivalent. Thus, rank-one POVMs are 
lean.For a quasi-qubit POVM P, we prove in the following se
tion that P is 
lean onlyif it ful�ls the 
onditions either of Theorem 5.4.11 or of Theorem 5.4.1.5.5 Ne
essary 
ondition for quasi-qubit POVMsThis se
tion proves that a 
lean quasi-qubit POVM either is rank-one, or the sup-ports of its elements totally determine the spa
e:Theorem 5.5.1. A non-rank-one quasi-qubit POVM where {Supp(Pi)i∈I} does notdetermine H is not 
lean.We need a few more tools to prove the theorem.To begin with, we need a way to prove in spe
i�
 situations that a POVM is not
leaner than another. Using the fa
t that 
hannels are spe
trum-width de
reasing isthe easiest method. This is Lemma 3.1 of (Bus
emi et al., 2005):Lemma 5.5.2. If the minimal (resp. maximal) eigenvalue of X is denoted λm(X)(resp. λM(X)), then λm(X) ≤ λm(E(X)) ≤ λM(E(X)) ≤ λM(X) for any 
hannel
E .This lemma implies that existen
e of Q ≻ P su
h that for some i ∈ I, either
λm(Qi) < λm(Pi) or λM(Qi) > λM(Pi) entails that Q is stri
tly 
leaner than P, sothat P is not 
lean.We now give a 
hara
terization of the fa
t that H is totally determined by {Fj}j∈Jwhen all the Fj are one-dimensional, that is of when the Fj 
an be seen as ve
tors.This 
hara
terization applies to {Supp(Pi)}i∈I for quasi-qubit POVMs, and may bemore intuitive than De�nition 5.3.2. Moreover it is more adapted to our strategy ofproof.Lemma 5.5.3. A set of ve
tors {|ψj〉}j∈J totally determine the spa
e H, if and onlyif, for any two supplementary proper subspa
es V and W, there is a j ∈ J su
h that
|ψj〉 6∈ V and |ψj〉 6∈ W.Moreover, when the algorithm exits with result �P is not 
lean�, the supports of Pdo not totally determine H.



5.5 Ne
essary 
ondition for quasi-qubit POVMs 163Proof. The proof is made of four steps:(a) For any �nite set of ve
tors {|ψj〉}j∈J , there is a POVM whose supports of therank-one elements are these ve
tors.(b) if we feed into the algorithm a non-rank-one quasi-qubit POVM whose sup-ports of rank-one elements are the |ψj〉 and if {|ψj〉} does not totally determine
H, then the algorithm exits with result �P is not 
lean�.(
) if the algorithm exits with result �P is not 
lean�, then we 
an �nd two sup-plementary proper subspa
es su
h that |ψj〉 ∈ V or |ψj〉 ∈ W for all supportsof rank-one elements.(d) �nding two supplementary proper subspa
es su
h that |ψj〉 ∈ V or |ψj〉 ∈ Wfor all j ∈ J implies that {|ψj〉}j∈J does not totally determine H.The equivalen
e in the lemma is then proved by 
ontraposition, and the last state-ment by 
ombining (
) and (d).Step (a): A valid example is given by Pj = 1

2#J
|ψj〉〈ψj | for j ∈ J and P#J+1 =

1 −∑j Pj. Indeed the latter element is positive sin
e ∑j Pj ≤ 1
2#J

#J1 = 1
2
1.Step (b): Sin
e the quasi-qubit POVM is assumed not to be rank-one, we do not exitat stage (i). The only other possible exit with result �P is 
lean� is at stage (vii).Now the proof of Corollary 5.4.10 states that the algorithm exits at stage (vii) onlyif the supports of the rank-one elements totally determine H. Hen
e, the algorithmexits with result �P is not 
lean�.Step (
): Exiting at stage (ii) means that the |ψj〉 do not generate H. Then, if

J = ∅, we may 
hoose any two supplementary proper subspa
es V and W. Anyhow
|ψj〉 ∈ V for all j ∈ J . If J 6= ∅, then V = Span(|ψi〉, i ∈ I) is a proper subspa
e of
H. Sin
e |ψj〉 ∈ V for all j ∈ J , any supplementary subspa
e W of V will turn thetri
k.If the algorithm does not exit at stage (ii), then there is a basis in
luded in {|ψj〉}j∈J .We assume that it 
orresponds to 1 ≤ j ≤ d.Sin
e the algorithm exits with result, �P is not 
lean�, it exits at stage (ix). We endthe algorithm with a 
olle
tion C = {Vk} of subspa
es su
h that⊕k Vk = H. Sin
ewe have not exited at stage (vii), we know that C 6= {H}. Hen
e C 
ounts at leasttwo non-trivial elements. We take V = V1 and W =

⊕
k 6=1 Vk.The Vk are dire
t sums of the original Vj = Span(|ψj〉) for 1 ≤ j ≤ d. Hen
e, for

1 ≤ j ≤ d, either |ψj〉 ∈ V or |ψj〉 ∈ W. On the other hand if |ψj〉 is not one of the
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tors, it was used in the �For� loop. At the end of this loop, C wasthen 
ontaining a spa
e V =
⊕

k∈J(j) Vk. And |ψj〉 was in
luded in this spa
e. This
V is then in
luded in one of the �nal Vj and a fortiori either in V or in W. We havethus proved that when the algorithm exits with a negative value we may �nd twosupplementary proper subspa
es V and W su
h that for all i ∈ I, either |ψi〉 ∈ V or
|ψi〉 ∈ W.Step (d): Sin
e 1|ψj〉 = |ψj〉 for all j, by De�nition 5.3.1 the set of ve
tors {|ψj〉}j∈Jis 
orresponding to the subspa
es {|ψj〉}j∈J . On the other hand, denoting by ΠV theproje
tion on V parallel to W, we get that ΠV |ψj〉 is 
olinear to |ψj〉 for all j ∈ J .Moreover ΠV is not proportional to 1, so that, by de�nition 5.3.2, the set of ve
tors
{|ψj〉} does not totally determine H.Finally, as explained in Se
tion 5.3, we want to build our 
leaner POVMs as E−1(P)where the 
hannel is inverted as a positive map. We need to know some 
onditionsunder whi
h a 
hannel 
an be inverted. This is the purpose of Lemma 5.5.4, forwhi
h we need the following norms.The Hilbert-S
hmidt norm on B(H) is de�ned as ‖M‖2

HS = Tr(MM∗). Notably, inany orthogonal basis,
‖M‖2

HS =
∑

1≤i,j≤d
|Mi,j|2.Moreover ‖M‖HS = ‖M∗‖HS.We also de�ne a norm on B(B(H)), spa
e to whi
h the 
hannels belong:

‖O‖1 = sup
{M |‖M‖HS=1}

‖O(M)‖HS.Lemma 5.5.4. If in the Kraus representation of a 
hannel E = {Rα} one of the Rαful�ls
‖1 −Rα‖HS ≤ ǫ,then

‖1 − E‖1 ≤ 2(1 +
√
d)ǫ+ 2ǫ2 = f(ǫ) −→

ǫ→0
0. (5.2)As a 
onsequen
e, if f(ǫ) < 1, then E is invertible (as a map on B(H)) and ‖E−1 −

1‖1 ≤ f(ǫ)/(1 − f(ǫ)). This inverse lets Bsa(H) stable.This in turn shows that for any X ∈ Bsa(H) su
h that λm(X) ≥ 0, the spe
trum ofthe image by the inverse is bounded through
λm(X) − λM(X)f(ǫ)

√
d/(1 − f(ǫ)) ≤ λm(E−1(X)). (5.3)



5.5 Ne
essary 
ondition for quasi-qubit POVMs 165So that for all X > 0, when ǫ small enough, E−1(X) ≥ 0.Remark: The bound 5.2 is probably far from sharp, but su�
ient for our needs.Proof. Without loss of generality, we assume that
‖1 − R1‖HS ≤ ǫ.We write S = R1 − 1H and O = E − 1B(H).Then

O : M 7→ S∗MS + S∗M +MS +
∑

α6=1

R∗
αMRα.And

‖O‖1 = sup
{M |‖M‖HS=1}

∥∥∥∥∥S
∗MS + S∗M +MS +

∑

α6=1

R∗
αMRα

∥∥∥∥∥
HS

≤ sup
{M |‖M‖HS=1}

‖S∗‖‖M‖‖S‖ + ‖S∗‖‖M‖

+ ‖M‖‖S‖ +
∑

α6=1

‖R∗
α‖‖M‖‖Rα‖

= ‖S‖2
HS + 2‖S‖HS +

∑

α6=1

‖Rα‖2
HS.Now, for one thing, by hypothesis, ‖S‖HS ≤ ǫ. Furthermore

∑

α6=1

‖Rα‖2
HS =

∑

α6=1

Tr(R∗
αRα) = Tr(1 −R∗

1R1) = −Tr(S∗S + S + S∗).We �nish our proof of 5.2 with the observation that −Tr(S + S∗) ≤ 2
√
d‖S‖HS =

2
√
dǫ.If ‖O‖1 < 1, we know that E = 1 + O is invertible and E−1 =

∑
n≥0(−O)n. Bytaking the norm, ‖E−1 − 1‖1 ≤

∑
n≥1 ‖O‖n1 = f(ǫ)/(1 − f(ǫ)).Channels stabilize Bsa(H); as E is furthermore invertible, equality of dimensionshows that E(Bsa(H)) = Bsa(H) and E−1(Bsa(H)) = Bsa(H).Now, X is positive, so that ‖X‖HS ≤

√
dλM(X). This implies ‖(E−1 − 1)(X)‖HS ≤√

dλM(X)f(ǫ)/(1 − f(ǫ)), and in turn E−1(X) ≥ X −
√
dλM(X)f(ǫ)/(1 − f(ǫ))1.Taking the bottom of the spe
trum ends the proof.



166 Clean positive operator valued measuresWe are now ready to prove Theorem 5.5.1.Proof of Theorem 5.5.1. We aim at exhibiting a 
hannel E and a POVM Q su
hthat E(Q) = P and Qi has a wider spe
trum than Pi for some e ∈ E. Then Lemma5.5.2 proves that Q is stri
tly 
leaner than P, and in turn that P is not 
lean.The building blo
ks are the subspa
es supplied by Lemma 5.5.3. Sin
e H is notdetermined by {Supp(Pi)}i∈I , there are two supplementary proper subspa
es V and
W su
h that ea
h rank-one element has support in
luded either in V or in W.We shall write expli
itly several matri
es in the forth
oming proof. All of them shallbe written on an orthonormal basis {ej}1≤j≤d of H, 
hosen so that
{ej}1≤j≤dim(V) is a basis of V. We shall express the matri
es as two-by-two blo
kmatri
es, the blo
ks 
orresponding to the subspa
es V and V⊥.We study separately the following 
ases:(a) All POVM elements Pi are proportional to the identity, that is Pi = µi1.(b) The POVM is not full-rank, ea
h rank-one element has support either in V orin V⊥, and all POVM elements are blo
k-diagonal in V and V⊥.(
) Ea
h rank-one element has support either in V or V⊥, and at least one POVMelement is not blo
k-diagonal.(d) At least one rank-one element has support neither in V nor in V⊥.As a sanity 
he
k, let us prove we did not forget any 
ase. Either our POVM isfull-rank, or it is not. In the latter situation, either there is a rank-one elementwhose support is not in
luded in V nor in V⊥ � and we are in 
ase (d) �, or allrank-one elements are in
luded in V or V⊥. Then either there is a POVM elementthat is not blo
k-diagonal � and we are in 
ase (
) � or all POVM elements areblo
k-diagonal � and we are in 
ase (b). On the other hand, if P is full-rank, wemay 
hoose the subspa
es V and W any way we like. Notably, if one POVM element
Pi is not proportional to the identity, so that it has non-trivial eigenspa
es, we may
hoose V su
h that Pi is not blo
k-diagonal in V and V⊥ � and we are in 
ase (
).Finally, if on the 
ontrary, all POVM elements are proportional to the identity, weare in 
ase (a).Case (a): If all POVM elements are of the form Pi = µi1, then, for any E = {Rα},we have E(Pi) =

∑
αR

∗
α(µi1)Rα = µi

∑
αR

∗
αRα = µi1 = Pi. No 
hannel 
an 
hangethe wholly uninformative measurement P.
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essary 
ondition for quasi-qubit POVMs 167On the other hand, many POVMs 
an be degraded to P. Consider for example thePOVM given by Q1 = µ1|e1〉〈e1|+
∑d

j=2 |ej〉〈ej | and Qi = µi|e1〉〈e1| for i > 1. Then
Q 6= P, so that P 6≻ Q. Yet, with Rα = |e1〉〈eα| for 1 ≤ α ≤ d, we have E(Q) = P,and Q ≻ P. Hen
e P is not 
lean.Case (b): Sin
e all rank-one elements are in
luded either in V or in V⊥, we take
W = V⊥. We further 
hoose V to be the smaller of the two subspa
es, that is
dim(V) ≤ d/2 ≤ dim(W). Then there is a matrix A : V → W su
h that AA∗ = 1V .If all rank-one elements have support in W, we further impose that at least one ofthese supports is not in
luded in the kernel of A.We then de�ne R∗

V and R∗
W as:

R∗
V(ǫ) =

[
1V ǫA
0 0

]
,

R∗
W(ǫ) =

[
0 0
0 1W

]
.Their images are respe
tively V and W.From RV(ǫ) and RW(ǫ), we de�ne the 
hannel Eǫ = {R1(ǫ), R2(ǫ), R3(ǫ)}:

R∗
1(ǫ) =

√
ǫ2

1+ǫ2
R∗

V(ǫ) +
√

1−ǫ2
1+ǫ2

R∗
W(ǫ) =





√
ǫ2

1+ǫ2
1V

√
ǫ4

1+ǫ2
A

0
√

1−ǫ2
1+ǫ2

1W



 ,

R∗
2(ǫ) =

√
ǫ2

1+ǫ2
R∗

W(ǫ) =

[
0 0

0
√

ǫ2

1+ǫ2
1W

]
,

R∗
3(ǫ) =

√
1−ǫ2
1+ǫ2

R∗
V(ǫ) −

√
ǫ2

1+ǫ2
R∗

W(ǫ) =





√
1−ǫ2
1+ǫ2

1V

√
ǫ2−ǫ4
1+ǫ2

A

0 −
√

ǫ2

1+ǫ2
1W



 .Sin
e AA∗ = 1V , we have∑αR
∗
αRα = 1, hen
e these matri
es {Rα} de�ne a genuine
hannel. A few 
al
ulations show that the e�e
t of this 
hannel is:

Eǫ :

[
B C
C∗ D

]
→
[

1
1+ǫ2

(B + ǫ(AC∗ + CA∗) + ǫ2ADA∗) 0

0 D

]
. (5.4)Now, for any w ∈ W, we have

[
−ǫAw
w

] [
−ǫAw
w

]∗
=

[
ǫ2Aww∗A∗ −ǫAww∗

−ǫww∗A∗ ww∗

]
,
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e of wj ∈ W, the matrix∑j,k

[
ǫ2Awjw

∗
kA

∗ −ǫAwjw∗
k

−ǫwjw∗
kA

∗ wjw
∗
k

] isnon-negative. As any non-negative endomorphismD ofW 
an be written∑j,k wjw
∗
kfor appropriatewj , we get that for any non-negativeD, the matrix [ ǫ2ADA∗ −ǫAD

−ǫDA∗ D

]is non-negative. Moreover applying equation (5.4) yields that its image by Eǫ is[
0 0
0 D

].Similarly, if B ∈ B(V) is non-negative, then [ (1 + ǫ2)B 0
0 0

] is non-negative andits image by Eǫ is [ B 0
0 0

].We use these observations to de�ne a map (not a 
hannel) Fǫ on the blo
k-diagonalmatri
es:
Fǫ :

[
B 0
0 D

]
→
[

(1 + ǫ2)B + ǫ2ADA∗ −ǫAD
−ǫDA∗ D

]
. (5.5)We get that Eǫ(Fǫ(M)) = M for all blo
k-diagonalM and that if furthermoreM ≥ 0then Fǫ(M) ≥ 0.We now isolate one full-rank element of P, say P1. For all i 6= 1, we de�ne Qi(ǫ) =

Fǫ(Pi). They are non-negative and ful�l Eǫ(Qi(ǫ)) = Pi. De�ne now Q1(ǫ) =
1 −∑i6=1Qi(ǫ). The 
losure relation ensures that Eǫ(Q1(ǫ)) = P1. What's more,re
alling that ∑iBi = 1V and ∑iDi = 1W , we obtain:

Q1(ǫ) =

[
1V − (1 + ǫ2)

∑
i6=1Bi − ǫ2A(

∑
i6=1Di)A

∗ ǫA
∑

i6=1Di

−ǫ∑i6=1DiA
∗ 1W −∑i6=1Di

]

=

[
(1 + ǫ2)B1 + ǫ2AD1A

∗ − 2ǫ21V ǫA(1W −D1)
ǫ(1W −D1)A

∗) D1

]

−→
ǫ→0

[
B1 0
0 D1

]

= P1.Sin
e P1 is positive, this 
onvergen
e entails the non-negativity of Q1(ǫ) for ǫ smallenough. As Q1(ǫ) has been 
hosen so that∑iQi(ǫ) = 1, we have de�ned a genuinePOVM Q(ǫ) = {Qi(ǫ)}i∈I su
h that Eǫ(Q(ǫ)) = P, hen
e Q ≻ P.We end the study of this 
ase by 
onsidering a rank-one element Pi = µi|ψi〉〈ψi|whose support is not in the kernel of A. Using formula (5.5), if |ψi〉 ∈ V, weget Tr(Qi(ǫ)) = (1 + ǫ2) Tr(Pi) > Tr(Pi), else |ψi〉 ∈ W and we get Tr(Qi(ǫ)) =
Tr(Pi) + ǫ2 Tr(A|ψi〉〈ψi|A∗) > Tr(Pi). In both 
ases, bigger tra
e implies that the
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trum of Qi(ǫ) is wider than that of Pi and Lemma 5.5.2 yields P 6≻ Q. So thatP is not 
lean.Case (
): Sin
e all rank-one elements are in
luded either in V or in V⊥, we take
W = V⊥.We now de�ne the 
hannel Eǫ through:

R1(ǫ) = ǫΠV , R2(ǫ) = ǫΠW = ǫΠV⊥, R3(ǫ) =
√

1 − ǫ21,where Π denotes here orthogonal proje
tion.For ǫ small enough, by Lemma 5.2, the 
hannel is invertible as a positive map. Wethen de�ne Qi = E−1
ǫ (Pi).Through the formula Eǫ(Qi) = Pi, we 
he
k:

If Pi =

[
B C
C∗ D

]
, then Qi(ǫ) =

[
B (1 − ǫ2)−1C

(1 − ǫ2)−1C∗ D

]
. (5.6)The �rst remark is that the 
losure relation ensures ∑Qi(ǫ) = 1.We also noti
e that, sin
e rank-one elements have support either in V or inW = V⊥,the rank-one elements are blo
k-diagonal and Qi(ǫ) = Pi .We know that at least one POVM element is not blo
k-diagonal. So that there isan i ∈ I su
h that Pi is full-rank and C is non-zero (say [C]j,k 6= 0). Then, writing

n = dim(V), there is an ǫ+ ∈ (0, 1) su
h that
[Qi(ǫ+)]j,j[Qi(ǫ+)]n+k,n+k = [B]j,j[D]k,k

< 1
1−ǫ2+

|[C]j,k|2 = [Qi(ǫ+)]j,n+k[Qi(ǫ+)]n+k,jso that we 
annot have positivity of Qi(ǫ+).We de�ne the bottom of the spe
trum of the images Qi of the full-rank elements ofP:
λm(ǫ) = inf

i|Pi full−rank
λm(Qi(ǫ)).Equation (5.6) implies that the matrix Qi(ǫ) is a 
ontinuous fun
tion of ǫ for

ǫ ∈ [0, 1). Hen
e its spe
trum is also a 
ontinuous fun
tion of ǫ. A

ordingly,the fun
tion λm(ǫ) is the minimum of a �nite number of 
ontinuous fun
tion of ǫ,therefore λm(ǫ) is 
ontinuous. Its value in 0 is the bottom of the spe
trum of thefull-rank elements of P, that is λm(0) = infi|Pi full−rank λm(Pi(ǫ)) > 0. Moreover we



170 Clean positive operator valued measureshave just proved that λm(ǫ+) < 0. Thus, by the intermediate value Theorem, thereis an ǫ+ > ǫ > 0 su
h that 0 < λm(ǫ) < λm(0).As λm(ǫ) > 0, the Qi(ǫ) = Eǫ(Pi) for Pi full-rank are non-negative, and valid POVMelements. Likewise, we already know that Qi(ǫ) = Pi is a valid POVM element if Piis rank-one. Sin
e we have also shown that∑Qi(ǫ) = 1, we have proved that Q(ǫ)is a POVM. Furthermore Eǫ(Q(ǫ)) = P, thus Q(ǫ) ≻ P.As λm(ǫ) < λm(0), there is a full-rank element Pi su
h that λm(Qi(ǫ)) < λm(Pi).Hen
e, using Lemma 5.5.2, we get P 6≻ Q(ǫ) and P is not 
lean.Hen
e λm(ǫ+) ≤ 0 < λm. By the intermediate value Theorem, we 
an �nd an
ǫ0 ∈ (0, ǫ+) su
h that λm(ǫ0) = 0. As 0 ≤ λm(ǫ0) < λm we have proved that
Q(ǫ0) ≻ P and that P is not 
lean.Case (d): As V and W are supplementary we may 
hoose a matrix
A ∈Mdim(V),d−dim(V)(C) su
h that the non-zero 
olumns of the following blo
k matrixform an orthogonal (though not orthonormal) basis of W:

R∗
W =

[
0 A
0 1

]
.We know that the image of a matrix is spanned by its 
olumns, so the image of R∗

Wis W.We then de�ne
B(ǫ) =

√

1 −
(

ǫ4

1 − ǫ2
+

ǫ2

(1 − ǫ2)2

)
AA∗. (5.7)This de�nition is valid if the matrix under the square root is positive. Now ( ǫ4

1−ǫ2 + ǫ2

(1−ǫ2)2

)is going to 0 with ǫ, so that
lim
ǫ→0

1 −
(

ǫ4

1 − ǫ2
+

ǫ2

(1 − ǫ2)2

)
AA∗ = 1.From this we 
on
lude that 1−

(
ǫ4

1−ǫ2 + ǫ2

(1−ǫ2)2

)
AA∗ is positive for ǫ small enough.A

ordingly, we 
an de�ne

R∗
V(ǫ) =

[
B(ǫ) − A

1−ǫ2
0 0

]
.Noti
e that the image of R∗

V is in
luded in V.
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essary 
ondition for quasi-qubit POVMs 171We may now de�ne our 
hannel Eǫ by
R∗

1(ǫ) = ǫR∗
V(ǫ) =

[
ǫB(ǫ) − ǫ

1−ǫ2A

0 0

] (5.8)
R∗

2(ǫ) = ǫR∗
W =

[
0 ǫA
0 ǫ1

] (5.9)
R∗

3(ǫ) =
√

1 − ǫ2 (R∗
V(ǫ) +R∗

W) =

[ √
1 − ǫ2B(ǫ) − ǫ2√

1−ǫ2A

0
√

1 − ǫ21

]
. (5.10)Noti
e that ∑3

α=1 R
∗
α(ǫ)Rα(ǫ) = 1 so that E(ǫ) is indeed a 
hannel.Moreover limǫ→0R3(ǫ) = 1H. Hen
e, for ǫ small enough, ‖R3 − 1‖HS is as small aswe want. So Lemma 5.5.4 allows us to invert the 
hannel Eǫ as a map on Bsa(H). Wede�ne Q(ǫ) by its elements Qi(ǫ) = E−1

ǫ (Pi). Let us 
he
k that for ǫ small enough,
Q(ǫ) is still a bona �de POVM.First the 
losure relation still holds, as ∑i∈I Qi =

∑
i∈I E−1(Pi) = E−1(1). Now

E(1) =
∑

αR
∗
αRα = 1 and taking the inverse E−1(1) = 1.Remains then to be shown that all Qi(ǫ) are non-negative.If Pi is full-rank, then its spe
trum is in
luded in [λm, 1], with λm > 0. If R3 is nearenough of the identity, that is, if ǫ is small enough, the inequality (5.3) then ensuresthat Qi(ǫ) is still positive.If Pi is rank-one Pi = λi|ψi〉〈ψi|, then by hypothesis |ψi〉 ∈ V or |ψi〉 ∈ W. As R3 isinvertible for ǫ small enough, we may 
onsider |φi〉 non-zero 
olinear to (R∗

3(ǫ))
−1|ψi〉.Then R∗

3(ǫ)|φi〉 is 
olinear to |ψi〉, and non-zero. Noti
e that |φi〉 depends on ǫ, evenif we drop it in the notation. Now
R3(ǫ)

∗|ϕ〉 =
√

1 − ǫ2 (R∗
V(ǫ)|ϕ〉 +R∗

W |ϕ〉)
with R∗

V(ǫ)|φ〉 ∈ V and R∗
W |ϕ〉 ∈ W.Sin
e V and W are supplementary, the latter equality implies that R∗

V(ǫ)|ϕ〉 = 0when R∗
3(ǫ)|ϕ〉 ∈ W and R∗

W(ǫ)|ϕ〉 = 0 when R∗
3(ǫ)|ϕ〉 ∈ V. De�nitions (5.8,5.9, 5.10) then yield Eǫ(|φi〉〈φi|) = R∗

W(|φi〉〈φi|)RW if |ψi〉 ∈ W and Eǫ(|φi〉〈φi|) =
R∗

V(ǫ)(|φi〉〈φi|)RV(ǫ) if |ψi〉 ∈ V. In both 
ases, the output matrix is of the form
Eǫ(|φi〉〈φi|) = Ci|ψi〉〈ψi|. So that Qi(ǫ) = (λi/Ci)|φi〉〈φi| and is non-negative.Thus, for ǫ small enough, all Qi(ǫ) are non-negative. We have proved that Q(ǫ) is aPOVM. Furthermore, sin
e Eǫ(Q(ǫ)) = P, we know Q(ǫ) ≻ P.We must still show that Q(ǫ) is stri
tly 
leaner P.



172 Clean positive operator valued measuresBy hypothesis, there is a rank-one element Pi = λi|ψi〉〈ψi| su
h that |ψi〉 ∈ W and
|ψi〉 6∈ V⊥. As above, we write |φi〉 su
h that Qi(ǫ) = (λi/Ci)|φi〉〈φi|. We start byproving that Ci is less than one.We write |φi〉 = vi + v⊥i with vi ∈ V and v⊥i ∈ V⊥. Sin
e |ψi〉 ∈ W, we get:

Eǫ(|φi〉〈φi|) = R∗
W(|φi〉〈φi|)RW =

[
Av⊥i
v⊥i

] [
Av⊥i
v⊥i

]∗
.As the latter expression is also equal to Ci|ψi〉〈ψi|, we obtain that Ci is the squareof the norm of [ Av⊥i

v⊥i

]. Therefore Ci = ‖Av⊥i ‖2 + ‖v⊥i ‖2. Noti
e that the squarednorm of |φi〉 is 1 = ‖vi‖2 + ‖v⊥i ‖2. On the other hand, the image of |φi〉 by R∗
V(ǫ) is

0, so that B(ǫ)vi − 1/(1 − ǫ2)Av⊥i = 0. From this we get:
Av⊥i = (1 − ǫ2)B(ǫ)vi.Sin
e |ψi〉 6∈ V⊥, this equality shows that vi 6= 0. Now, as AA∗ is non-negative wesee by (5.7) that B(ǫ) ≤ 1. A fortiori, for any ǫ > 0, we have (1 − ǫ2)B(ǫ) < 1. Sothat:

‖vi‖ > ‖(1 − ǫ2)B(ǫ)vi‖ = ‖Av⊥i ‖.Thus, we �nally obtain
Ci = ‖Av⊥i ‖2 + ‖v⊥i ‖2 < ‖vi‖2 + ‖v⊥i ‖2 = 1.Hen
e the biggest eigenvalue of Qi(ǫ) = (λi/Ci)|φi〉〈φi|, that is λi/Ci, is stri
tlybigger than the biggest eigenvalue of Pi, that is λi. Lemma 5.5.2 then gives P 6≻

Q(ǫ), and 
onsequently P is not 
lean.
5.6 Summary for quasi-qubit POVMs and a spe
ial
aseWe now gather all our results spe
i�
 to quasi-qubit POVMs.Theorem 5.6.1. A quasi-qubit POVM P is 
lean if and only if it is rank-one orthe supports of its rank-one elements totally determine H. The algorithm of se
tion5.3 �gures out if this is the 
ase. Moreover if Q is 
leanness-equivalent to P, thetwo POVMs are even unitarily equivalent.
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ial 
ase 173Proof. Rank-one POVMs are known to be 
lean (Theorem 5.4.11). If the supportof the rank-one elements of P totally determine H, we also know that P is 
leanby Theorem 5.4.1. In both 
ases the theorems state that for these 
lean POVMs,
leanness-equivalen
e is the same as unitary equivalen
e.Conversely, if P is neither rank-one nor have rank-one elements that totally deter-mine H, then Theorem 5.5.1 applies and P is not 
lean.Stage (i) of the algorithm 
he
ks whether P is rank-one, in whi
h 
ase it does saythat P is 
lean. If P is not rank-one, the fa
t that it is 
lean or not depends on thesupport of its rank-one elements. The only remaining positive exit of the algorithmis at stage (vii) and Lemma 5.4.9 proves that in this 
ase the rank-one elements ofP totally determine H.Conversely, if the algorithm exits with a negative value, Lemma 5.5.3 ensures that
H is not totally determined.
To get further feeling of these 
onditions we �nish by making more expli
it the qubit
ase, where the ni
e thing is that all POVMs are quasi-qubit.Corollary 5.6.2. A POVM P for a qubit is 
lean if and only if it is rank-one orif one 
an �nd three rank-one elements whose supports are two-by-two non-
olinear(that is if they make a proje
tive frame). For these POVMs 
leanness-equivalen
e isthe same as unitary equivalen
e.Proof. A POVM P for a qubit has non-zero elements whi
h 
an be either of rankone, or of rank two, as d = 2. In the latter 
ase, they are full-rank, so we may applyTheorem 5.6.1 to P.The only question is when do the supports of the rank-one elements totally determine
H? They do by Proposition 5.4.4 if they in
lude a proje
tive frame, that is a basisand a ve
tor with all 
oe�
ients non-zero in this basis. As the spa
e is of dimension
2, this amounts to saying a basis and a ve
tor non-
olinear to any basis ve
tor, thatis three ve
tors two-by-two non-
olinear.Conversely, if we 
annot �nd a proje
tive frame, then we 
an �nd two ve
tors v and
w su
h that the support of any rank-one element is v or w, and we 
an apply Lemma5.5.3 to obtain that H is not totally determined by the supports of the rank-oneelements of P. Thus P is not 
lean.



174 Clean positive operator valued measures5.7 OutlookWe have solved the problem of 
leanness for quasi-qubit POVMs. The obvious
ontinuation would be to solve it in the general 
ase. However we do not think thatthe 
ondition of Theorem 5.4.1 is then ne
essary. Moreover it must be made expli
it.The heuristi
s in Se
tion 5.3.2 suggest that, if the support of Pi are in �generalposition� then it is su�
ient for P to be 
lean that ∑i∈I d − dim[Supp(Pi)] ≥
d2 − 1. Yet, we still need to appropriately de�ne the �general position� for generalsubspa
es.



Chapitre 6Complementary subalgebras
Ce 
hapitre dérive de l'arti
le (Kahn et Petz, 2007).Résumé : La rédu
tion d'un système quantique à un sous-système donneune information partielle sur l'état du système total. En lien ave
 ladétermination optimale de l'état de deux qubits, la question a été poséede savoir quel était le nombre maximum de rédu
tions 
omplémentairesdeux à deux. Le prin
ipal résultat de 
e 
hapitre est de montrer que 
enombre est de 4, 
'est-à-dire que si A1,A2, . . . ,Ak sont des sous-algèbresdeux à deux 
omplémentaires de M4(C), et qu'elles sont isomorphes à

M2(C), alors k ≤ 4. La preuve est basée sur la dé
omposition de Cartande SU(4). Au passage, nous apportons quelques 
ontributions sur lastru
ture des rédu
tions 
omplémentaires.6.1 Introdu
tionThere is an obvious 
orresponden
e between bases of an m-dimensional Hilbertspa
e H and maximal Abelian subalgebras of the algebra A ≡ B(H) ≃ Mm(C).Given a basis, the linear operators diagonal in this basis form a maximal Abelian(or 
ommutative) subalgebra. Conversely if |ei〉〈ei| are minimal proje
tions in amaximal Abelian subalgebra, then (|ei〉)i is a basis. From the points of view ofquantum me
hani
s, a basis 
an be regarded as a measurement. Wootters et Fields(1989) argued that two measurements 
orresponding to the bases ξ1, ξ2, . . . , ξm and
η1, η2, . . . , ηm yield the largest amount of information about the true state of thesystem in the average if

|〈ξi, ηj〉|2 =
1

m
(1 ≤ i, j ≤ m).



176 Complementary subalgebrasTwo bases satisfying this 
ondition are 
alled mutually unbiased. Mutually unbi-ased bases are interesting from many point of view, for example in quantum infor-mation theory, tomography and 
ryptography (Kraus, 1987; Bandyopadhyay et al.,2002; Kimura et al., 2006). The maximal number of su
h bases is not known forarbitrary m. Nevertheless, (m2 − 1)/(m − 1) = m + 1 is a bound being 
he
kedeasily (Parthasarathy, 2004; Pittenger et Rubin, 2004).The 
on
ept of mutually unbiased (or 
omplementary) maximal Abelian subalge-bras 
an be extended to more general subalgebras. In parti
ular, a 4-level quan-tum system 
an be regarded as the 
omposite system of two qubits, M4(C) ≃
M2(C) ⊗ M2(C). A density matrix ρ ∈ M4(C) des
ribes a state of the 
ompos-ite system and ρ determines the �marginal� or redu
ed states on both tensor fa
tors.Sin
e the de
ompositionM2(C)⊗M2(C) is not unique, there are many redu
tions todi�erent subalgebras, they provide partial quantum information about the 
ompos-ite system. It seems that the redu
tions provide the largest amount of information ifthe 
orresponding subalgebras are quasi-orthogonal or 
omplementary in a di�erentterminology. In (Petz et al., 2006) the state ρ was to be determined by its redu
-tions. 4 pairwise 
omplementary subalgebras were given expli
itly, but the questionremained open to know if 5 su
h subalgebras exist. The main result of this paper isto prove that at most 4 pairwise 
omplementary subalgebras exist.6.2 PreliminariesIn this paper an algebrai
 approa
h and language is used. A k-level quantum systemis des
ribed by operators of the algebra Mk(C) of k × k matri
es. Although theessential part of the paper fo
uses on a 4-level quantum system, 
ertain 
on
epts
an be presented slightly more generally. Let A be an algebra 
orresponding to aquantum system. The normalized tra
e τ gives the Hilbert-S
hmidt inner produ
t
〈A,B〉 := τ(B∗A) on A and we 
an speak about orthogonality with respe
t to thisinner produ
t.The proje
tions in A may be de�ned by the algebrai
 properties P = P 2 = P ∗ andthe partial ordering P ≤ Q means PQ = QP = P . We 
onsider subalgebras of
A su
h that their minimal proje
tions have the same tra
e. (A maximal Abeliansubalgebra and a subalgebra isomorphi
 to a full matrix algebra have this property.)Let A1 and A2 be two su
h subalgebras of A. Then the following 
onditions areequivalent:(i) If P ∈ A1 and Q ∈ A2 are minimal proje
tions, then TrPQ = TrP TrQ.
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eless subspa
es of A1 and A2 are orthogonal with respe
t to theHilbert-S
hmidt inner produ
t on A.The subalgebras A1 and A2 are 
alled 
omplementary (or quasi-orthogonal) ifthese 
onditions hold. This terminology was used in the maximal Abelian 
ase(A

ardi, 1984; Kraus, 1987; Ohya et Petz, D., 2004; Parthasarathy, 2004) and the
ase of non
ommutative subalgebras appeared in (Petz et al., 2006). More detailsabout 
omplementarity are presented in (Petz, 2006).Given a density matrix ρ ∈ A, its redu
tion ρ1 ∈ A1 to the subalgebra A1 ⊂ A isdetermined by the formula
Tr ρA = Tr ρ1A (A ∈ A1).In most 
ases ρ1 is given by the partial tra
e but an equivalent way is based on the
onditional expe
tation (P. Bus
h et Mittelstaedt, 1991). The orthogonal proje
tion

E : A → A1 is 
alled 
onditional expe
tation. ρ1 = E(ρ) and
E(AB) = AE(B) (A ∈ A1, B ∈ A)is an important property.The situation we are interested in is the algebra M4(C). In the paper M4(C) isregarded as a Hilbert spa
e with respe
t to the inner produ
t

〈A,B〉 =
1

4
TrA∗B = τ(A∗B). (6.1)

M4(C) has a natural orthonormal basis:
σi ⊗ σj (0 ≤ i, j ≤ 3),where σ1, σ2, σ3 are the Pauli matri
es and σ0 is the identity I:

σ0 :=

[
1 0
0 1

]
, σ1 :=

[
0 1
1 0

]
, σ2 :=

[
0 −i
i 0

]
, σ3 :=

[
1 0
0 −1

]
.

6.3 Complementary subalgebrasAny subalgebra A1 of M4(C) isomorphi
 to M2(C) 
an be written CI ⊗M2(C) insome basis, hen
e there is a unitary operatorW su
h that A1 = W (CI⊗M2(C))W ∗.



178 Complementary subalgebrasThis se
tion is organized as follows: we �rst give a 
hara
terization of the W su
hthat A1 is 
omplementary to A0 = W (CI⊗M2(C))W ∗ (Theorem 6.3.1 for a generalform and Theorem 6.3.2 for a form spe
i�
 to our problem). The se
ond stage
onsists in proving, using the form of W , that any su
h A1 has �a large 
omponent�along B = M2(C)⊗CI. Theorem 6.3.4 gives the pre
ise formulation. It entails thatno more than four 
omplementary subalgebras 
on be found (Theorem 6.3.5), whi
hwas our initial aim, and hen
e is our 
on
lusion.Although our main interest is M4(C), our �rst theorem is more general. Eij standfor the matrix units.Theorem 6.3.1. Let W =
∑n

i,j=1Eij ⊗Wij ∈ Mn(C) ⊗Mn(C) be a unitary. Thesubalgebra W (CI ⊗ Mn(C))W ∗ is 
omplementary to CI ⊗ Mn(C) if and only if
{Wij : 1 ≤ i, j ≤ n} is an orthonormal basis in Mn(C) (with respe
t to the innerprodu
t 〈A,B〉 = TrA∗B).Proof. Assume that TrB = 0. Then the 
ondition

W (I ⊗A∗)W ∗ ⊥ (I ⊗ B)is equivalently written as
TrW (I ⊗ A)W ∗(I ⊗ B) =

n∑

i,j=1

TrWijAW
∗
ijB = 0.This implies

n∑

i,j=1

TrWijAW
∗
ijB = (TrA)(TrB) . (6.2)We 
an transform this into another equivalent 
ondition in terms of the left mul-tipli
ation and right multipli
ation operators. For A,B ∈ Mn(C), the opera-tor RA is the right multipli
ation by A and LB is the left multipli
ation by B:

RA, LB : Mn(C) → Mn(C), RBX = XB, LAX = AX. Equivalently, LA|e〉〈f | =
|Ae〉〈f | and RB|e〉〈f | = |e〉〈B∗f |. From the latter de�nition one 
an dedu
e that
TrRALB = TrA TrB. Let |ei〉 be a basis. Then |ei〉〈ej| form a basis in Mn(C) and

TrRALB =
∑

ij

〈|ei〉〈ej|, RALB|ei〉〈ej|〉 =
∑

ij

〈|ei〉〈ej|, |Bei〉〈A∗ej |〉

=
∑

ij

〈ei, Bei〉〈ej, Aej〉.The equivalent form of (6.2) is the equation
n∑

i,j=1

〈Wij , RALBWij〉 = TrA TrB = TrRALB



6.3 Complementary subalgebras 179for every A,B ∈ Mn(C). Sin
e the operators RALB linearly span the spa
e of alllinear operators onMn(C), we 
an 
on
lude thatWij form an orthonormal basis.We shall 
all any unitary satisfying the 
ondition in the previous theorem a usefulunitary and we shall denote the set of all n2 × n2 useful unitaries by i(n2).We try to �nd a useful 4 × 4 unitary W , that is we require that the subalgebra
W

[
A 0
0 A

]
W ∗ (A ∈M2(C))is 
omplementary to A0 ≡ CI ⊗M2(C). We shall use the Cartan de
ompositionof W given by

W = (L1 ⊗ L2)N(L3 ⊗ L4) ,where L1, L2, L3 and L4 are 2 × 2 unitaries and
N = exp(αi σ1 ⊗ σ1) exp(βi σ2 ⊗ σ2) exp(γi σ3 ⊗ σ3) (6.3)is a 4 × 4 unitary in a spe
ial form, see equation (11) in (Zhang et al., 2003) or(D'Alessandro et Albertini, 2005). The subalgebra

W (CI ⊗M2(C))W ∗ = (L1 ⊗ L2)N(CI ⊗M2(C))N∗(L∗
1 ⊗ L∗

2)does not depend on L3 and L4, therefore we may assume that L3 = L4 = I.The orthogonality of CI ⊗M2(C) and W (CI ⊗M2(C))W ∗ does not depend on L1and L2. Therefore, the equations
TrN(I ⊗ σi)N

∗(I ⊗ σj) = 0should be satis�ed, 1 ≤ i, j ≤ 3. We know from Theorem 6.3.1 that these 
onditionsare equivalent to the property that the matrix elements of N form a basis.A simple 
omputation gives that
N =

3∑

i=0

ci σi ⊗ σi ,where
c0 = cosα cosβ cos γ + i sinα sin β sin γ ,
c1 = cosα sin β sin γ + i sinα cosβ cos γ ,
c2 = sinα cosβ sin γ + i cosα sin β cos γ ,
c3 = sinα sin β cos γ + i cosα cosβ sin γ .



180 Complementary subalgebrasTherefore, we have
N =





c0 + c3 0 0 c1 − c2
0 c0 − c3 c1 + c2 0
0 c1 + c2 c0 − c3 0

c1 − c2 0 0 c0 + c3





=





eiγ cos(α− β) 0 0 ieiγ sin(α− β)
0 e−iγ cos(α+ β) ie−iγ sin(α+ β) 0
0 ie−iγ sin(α+ β) e−iγ cos(α+ β) 0

ieiγ sin(α− β) 0 0 eiγ cos(α− β)



 . (6.4)Sin
e the 2 × 2 blo
ks form a basis (see Theorem 6.3.1), we have
(c0 + c3)(c0 − c3) + (c0 − c3)(c0 + c3) = 0 ,

(c1 − c2)(c1 + c2) + (c1 + c2)(c1 − c2) = 0 ,

|c0 + c3|2 + |c0 − c3|2 = 1 ,

|c1 + c2|2 + |c1 − c2|2 = 1 .These equations give
|c0|2 = |c1|2 = |c2|2 = |c3|2 =

1

4and we arrive at the following solution. Two of the values of cos2 α, cos2 β and cos2 γequal 1/2 and the third one may be arbitrary. Let N be the set of all matri
es su
hthat the parameters α, β and γ satisfy the above 
ondition, in other words two ofthe three values are of the form π/4 + kπ/2. (k is an integer.)The 
on
lusion of the above argument 
an be formulated as follows.Theorem 6.3.2. W ∈ M(4) if and only if W = (L1 ⊗ L2)N(L3 ⊗ L4), where Liare 2 × 2 unitaries (1 ≤ i ≤ 4) and N ∈ N .We now turn to the �se
ond stage�, that is proving that any su
h W (CI ⊗M2(C) isfar from being 
omplementary toM2(C)⊗CI. To get a quantitative result (Theorem6.3.4), re
all that we 
onsider M4(C) as a Hilbert spa
e with Hilbert-S
hmidt innerprodu
t (see (6.1)). For the proof of Theorem 6.3.4, we shall need the followingobvious lemma:Lemma 6.3.3. Let K1 and K2 be subspa
es of a Hilbert spa
e K and denote by
Pi : K → Ki the orthogonal proje
tion onto Ki (i = 1, 2). If ξ1, ξ2, . . . , ξr is anorthonormal basis in K1 and η1, η2, . . . , ηs is su
h a basis in K2, then

TrP1P2 =
∑

i,j

|〈ξi, ηj〉|2.



6.3 Complementary subalgebras 181Theorem 6.3.4. Let A0 ≡ CI ⊗M2(C) and B ≡ M2(C) ⊗ CI. Assume that thesubalgebra A1 ⊂ M2(C) ⊗ M2(C) is isomorphi
 to M2(C) and 
omplementary to
A0. If P is the orthogonal proje
tion onto the tra
eless subspa
e of A1 and Q is theorthogonal proje
tion onto the tra
eless subspa
e of B, then

TrPQ ≥ 1.Proof. There is a unitary W = (L1 ⊗ L2)N su
h that A1 = WA0W ∗, L1, L2 are
2 × 2 unitaries and N ∈ M(4). In the tra
eless subspa
e of B,

(L1σiL
∗
1) ⊗ I (1 ≤ i ≤ 3)form a basis, while

(L1 ⊗ L2)N(I ⊗ σi)N
∗(L∗

1 ⊗ L∗
2) (1 ≤ i ≤ 3)is a basis in the tra
eless part of A1. Therefore, we have to show

∑

ij

∣∣∣〈(L1⊗L2)N(I⊗σi)N∗(L∗
1⊗L∗

2), L
∗
1σjL1⊗I〉

∣∣∣
2

=
(
τ(N(I⊗σi)N∗(σj⊗I))

)2

≥ 1.In the 
omputation we 
an use the 
onditional expe
tation E : M4(C) → B. Re
allthat it is de�ned as the linear operator whi
h sends σi ⊗ σj to σi ⊗ I, for all 0 ≤
i, j ≤ 3.Two of its main properties are that it preserves τ , and that E(AB) = E(A)B when
B ∈ B. Hen
e

τ
(
N(I ⊗ σi)N

∗(σj ⊗ I)
)

= τ
(
E
(
N(I ⊗ σi)N

∗
)
(σj ⊗ I)

)
.Elementary 
omputation in the basis σi ⊗ σj gives the following formulas:

E(N(I ⊗ σ1)N
∗) = sin 2β sin 2γ (σ1 ⊗ I),

E(N(I ⊗ σ2)N
∗) = sin 2α sin 2γ (σ2 ⊗ I),

E(N(I ⊗ σ3)N
∗) = sin 2α sin 2β (σ2 ⊗ I),where α, β and γ are from (6.3) and (6.4). Therefore,

TrPQ = sin2 2β sin2 2γ + sin2 2α sin2 2γ + sin2 2α sin2 2β.Re
all that two of the parameters α, β and γ have rather 
on
rete values, hen
e oneof the three terms equals 1, and the proof is 
omplete.Our main results says that there are at most four pairwise 
omplementary subalge-bras of M4(C) if they are assumed to be isomorphi
 to M2(C). Given su
h a familyof subalgebras, we may assume that the above de�ned A0 belongs to the family.



182 Complementary subalgebrasTheorem 6.3.5. Assume that A0 ≡ CI⊗M2(C), A1, . . . , Ar are pairwise 
omple-mentary subalgebras of M4(C) and they are isomorphi
 to M2(C). Then r ≤ 3.Proof. Let Pi be the orthogonal proje
tion onto the tra
eless subspa
e of Ai from
M4(C), 1 ≤ i ≤ r. Under these 
onditions ∑i Pi ≤ I. As in Theorem 6.3.4, let
Q the orthogonal proje
tion on the tra
eless subspa
e of B ≡ M2(C) ⊗ CI. Theestimate

3 = TrQ ≥ Tr(P1 + P2 + · · · + Pr)Q =

r∑

i=1

TrPiQ ≥ ryields the proof.



Deuxième partie
Normalité Asymptotique Lo
aleQuantique





Chapitre 7
Quantum lo
al asymptoti
 normalityfor qubits
Ce 
hapitre dérive de l'arti
le (Guµ  et Kahn, 2006).Résumé : Nous 
onsidérons n qubits identiquement préparés et étu-dions les propriétés asymptotiques de l'état joint ρ⊗n. Nous montronsque pour 
haque état ρ situé dans un voisinage de rayon 1/

√
n autourd'un état �xé ρ0, l'état joint 
onverge vers un état thermique dépla
éd'un os
illateur harmonique. La signi�
ation pré
ise de 
ette 
onver-gen
e est l'existen
e de transformations physiques Tn (
anaux présrvantla tra
e) qui envoient les états des qubits près des états 
orrespondantsde l'os
illateur, uniformément sur tous les états d'un voisinage.Nous dérivons quelques 
onséquen
es de 
e résultat. Nous montrons quela mesure optimale dans le 
adre bayésien est également optimale dansune appro
he minimax. De plus, 
ette mesure 
onverge la mesure hétéro-dyne qui est la mesure jointe optimale de la position et de l'impulsiond'un os
illateur harmonique quantique. Le problème de la dis
riminationlo
ale est aussi résolu à travers la normalité asymptotique lo
ale.7.1 Introdu
tionQuantum measurement theory brings together the quantum world of wave fun
-tions and in
ompatible observables with the 
lassi
al world of random phenomenastudied in probability and statisti
s. These �elds have 
ome ever 
loser due to the
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al asymptoti
 normality for qubitste
hnologi
al advan
es making it possible to perform measurements on individualquantum systems. Indeed, the engineering of a novel quantum state is typi
allya

ompanied by a veri�
ation pro
edure through whi
h the state, or some aspe
t ofit, is re
onstru
ted from measurement data (S
hiller et al., 1996).An important example of su
h a te
hnique is that of quantum homodyne tomographyin quantum opti
s (Vogel et Risken, H., 1989). This allows the estimation witharbitrary pre
ision of the whole density matrix (D'Ariano et al., 1995; Leonhardtet al., 1995, 1996; Artiles et al., 2005) of a mono
hromati
 beam of light by repeatedlymeasuring a su�
iently large number of identi
ally prepared beams (Smithey et al.,1993; S
hiller et al., 1996; Zavatta et al., 2004).In 
ontrast to this �semi-
lassi
al� situation in whi
h one �xed measurement is per-formed repeatedly on independent systems, the state estimation problem be
omesmore �quantum� if one is allowed to 
onsider joint measurements on n identi
allyprepared systems with joint state ρ⊗n. It is known (Gill et Massar, 2000) that inthe 
ase of unknown mixed states ρ, joint measurements perform stri
tly better thanseparate measurements in the sense that the asymptoti
 
onvergen
e rate of the op-timal estimator ρ̂n to ρ goes in both 
ase as C/√n with a stri
tly smaller 
onstant
C in the 
ase of joint measurements.Let us look at this problem in more detail: we dispose of a number of n 
opies ofan unknown state ρ and the task is to estimate ρ as well as possible. The �rst stepis to spe
ify a 
ost fun
tion d(ρ̂n, ρ) whi
h quanti�es the deviation of the estimator
ρ̂n from the true state. Then one tries to devise a measurement and an estimatorwhi
h minimizes the mean 
ost or risk in statisti
s jargon:

R(ρ, ρ̂n) := 〈d(ρ̂n(X), ρ)〉 ,with the average taken over the measurement results X. Sin
e this quantity stilldepends on the unknown state one may 
hoose a Bayesian approa
h and try tooptimize the average risk with respe
t to some prior distribution π over the states
Rn,π =

∫
R(ρ, ρ̂n)π(dρ).Results of this type have been obtained in both the pure state 
ase (Jones, 1994;Massar et Popes
u, 1995; Latorre et al., 1998; Fisher et al., 2000; Hannemann et al.,2002b; Bagan et al., 2002; Emba
her et Narnhofer, 2004; Bagan et al., 2005) andthe mixed state 
ase (Cira
 et al., 1999; Vidal et al., 1999; Ma
k et al., 2000; Keylet Werner, 2001; Bagan et al., 2004
; Zy
zkowski et Sommers, 2005; Bagan et al.,2006). However most of these papers use methods of group theory that depend onthe symmetry of the prior distribution and the form of the 
ost fun
tion, and thus
annot be extended to arbitrary priors.



7.1 Introdu
tion 187In the pointwise approa
h (Hayashi, 2002a; Gill et Massar, 2000; Barndor�-Nielsenet Gill, R., 2000; Matsumoto, 2002; Barndor�-Nielsen et al., 2003; Hayashi et Mat-sumoto, 2004) one tries to minimize R(ρ, ρ̂n) for ea
h �xed ρ. We 
an argue thateven for a 
ompletely unknown state, as n be
omes large the problem 
eases to beglobal and be
omes a lo
al one as the error in estimating the state parameters is ofthe order 1√
n
. For this reason it makes sense to parametrize the state as ρ := ρ(θ)with θ belonging to some set in Rk and to repla
e the original 
ost with its quadrati
approximation at θ:

d(θ, θ̂n) = (θ − θ̂n)
TG(θ)(θ − θ̂n),where G is a k × k positive, real symmetri
 weight matrix.Although seemingly di�erent, the two approa
hes 
an be 
ompared (Gill, 2005a),and in fa
t for large n the prior distribution π of the Bayesian approa
h shouldbe
ome in
reasingly irrelevant and the optimal Bayesian estimator should be 
loseto the maximum likelihood estimator. An instan
e of this asymptoti
 equivalen
eis proven in Subse
tion 7.7.2.In this 
hapter we 
hange the perspe
tive and instead of trying to devise optimalmeasurements and estimators for a parti
ular statisti
al problem, we 
on
entrateour attention on the family of joint states ρ(θ)⊗n whi
h is the primary �
arrier�of statisti
al information about θ. As suggested by the lo
ality argument sket
hedabove, we 
onsider a neighborhood of size 1√
n
around a �xed but arbitrary parameter

θ0, whose points 
an be written as θ = θ0 +u/
√
n with u ∈ Rk the �lo
al parameter�obtained by zooming into the smaller and smaller balls by a fa
tor of √n. Veryshortly, the prin
iple of lo
al asymptoti
 normality says that for large n the lo
alfamily

ρu
n := ρ

(
θ0 + u/

√
n
)⊗n

, ‖u‖ < C,
onverges to a family of displa
ed Gaussian states φu of a of a quantum system
onsisting of a number of 
oupled quantum and 
lassi
al harmoni
 os
illators.The term lo
al asymptoti
 normality 
omes from mathemati
al statisti
s (van derVaart, 1998) where the following result holds. We are given independent variables
X1, . . . , Xn ∈ X drawn from the same probability distribution P θ0+u/

√
n over Xdepending smoothly on the unknown parameter u ∈ Rk. Then the statisti
al infor-mation 
ontained in our data is asymptoti
ally identi
al with the information 
on-tained in a single normally distributed Y ∈ Rk with mean u and varian
e I(θ0)−1,the inverse Fisher information matrix. This means that for any statisti
al problemwe 
an repla
e the original data X1, . . . , Xn ∈ X by the simpler Gaussian one Ywith the same asymptoti
 results!For the sake of 
larity let us 
onsider the 
ase of qubits with states parametrizedby their Blo
h ve
tors ρ(−→r ) = 1

2
(1 + −→r −→σ ) where −→σ = (σx, σy, σz) are the Pauli
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al asymptoti
 normality for qubitsmatri
es. De�ne now the two-dimensional family of identi
al spin states obtainedby rotating the Blo
h ve
tor −→r0 = (0, 0, 2µ− 1) around an axis in the x-y plane
ρu
n =

[
U

(
u√
n

)(
µ 0
0 1 − µ

)
U

(
u√
n

)∗]⊗n
, u ∈ R

2, (7.1)with unitary U(v) := exp(i(vxσx + vyσy)) and 1
2
< µ ≤ 1.Consider now a quantum harmoni
 os
illator with position and momentum oper-ators Q and P on L2(R) satisfying the 
ommutation relations [Q,P ] = i1. Wedenote by {|n〉, n ≥ 0} the eigenbasis of the number operator and de�ne the thermalequilibrium state

φ0 = (1 − p)
∞∑

k=0

pk|k〉〈k|,where p = 1−µ
µ
. We translate the state φ0 by using the displa
ement operators

D(z) = exp(za∗ − z̄a) with z ∈ C whi
h map the ground state |0〉 into the 
oherentstate |z〉:
φu := D(

√
2µ− 1αu)φ0D(

√
2µ− 1αu)∗, (7.2)where αu := −uy + iux.Theorem 7.1.1. Let ρu

n be the family of states (7.1) on the Hilbert spa
e (C2)
⊗n and

φu the family (7.2) of displa
ed thermal equilibrium states of a quantum os
illator.Then for ea
h n there exist quantum 
hannels (tra
e preserving CP maps)
Tn : M

((
C

2
)⊗n)→ T (L2(R)),

Sn : T (L2(R)) →M
((

C
2
)⊗n)

,
(7.3)with T (L2(R)) the tra
e-
lass operators, su
h that

lim
n→∞

sup
u∈I2

‖φu − Tn (ρu
n) ‖1 = 0,

lim
n→∞

sup
u∈I2

‖ρu
n − Sn (φu) ‖1 = 0.

(7.4)for an arbitrary bounded interval I ⊂ R.Let us make a few 
omments on the signi�
an
e of the above result.i) The �
onvergen
e� (7.4) of the qubit states holds in a strong way (uniformly in u)with dire
t statisti
al and physi
al interpretation. Indeed the 
hannels Tn and Snrepresent physi
al transformations whi
h are analogues of randomizations of 
lassi
aldata (van der Vaart, 1998). The meaning of (7.4) is that the two quantum modelsare asymptoti
ally equivalent from a statisti
al point of view.



7.1 Introdu
tion 189ii) Indeed for any measurement M on L2(R) we 
an 
onstru
t the measurement
M ◦ Tn on the spin states by �rst mapping them to the os
illator spa
e and thenperformingM . Then the optimal solution of any statisti
al problem 
on
erning thestates ρu

n 
an be obtained by solving the same problem for φu and pulling ba
kthe optimal measurement M as above. We illustrate this in Se
tion 7.7 for theestimation problem and for hypothesis testing.iii) The proposed te
hnique may be useful for appli
ations in the domain of 
oher-ent spin states (Holtz et Hanus, 1974) and squeezed spin states (Kitagawa et Ueda,1993). Indeed, it has been known sin
e Dyson (1956) that n spin-1
2
parti
les pre-pared in the spin up state | ↑〉⊗n behave asymptoti
ally as the ground state of aquantum os
illator when 
onsidering the �u
tuations of properly normalized totalspin 
omponents in the dire
tions orthogonal to z. Our Theorem extends this tospin dire
tions making an �angle� u/

√
n with the z axis, as well as to mixed states,and gives a quantitative expression to heuristi
 pi
tures 
ommon in the physi
s lit-erature (see Se
tion 7.3). We believe that a similar approa
h 
an be followed inthe 
ase of spin squeezed states and 
ontinuous time measurements with feedba
k
ontrol (Geremia et al., 2004).Next Se
tion gives an introdu
tion to the statisti
al ideas motivating our work. InSe
tion 7.3 we give a heuristi
 pi
ture of our main result based on the total spinve
tor representation of spin 
oherent states familiar in the physi
s literature.The proof of Theorem 7.1.1 extends over the Se
tions 7.4,7.5,7.6 and uses methodsof group theory and some ideas from (Hayashi et Matsumoto, 2004; Ohya et Petz,D., 2004; A

ardi et Ba
h, A., 1987, 1985).Se
tion 7.7 des
ribes a few appli
ations of our main result. In Subse
tion 7.7.2we 
ompute the lo
al asymptoti
 minimax risk for the statisti
al problem of qubitstate estimation. An estimation s
heme whi
h a
hieves this risk asymptoti
ally isoptimal in the pointwise approa
h. We show that this �gure of merit 
oin
ideswith the risk of the heterodyne measurement and that it is a
hieved by the optimalBayesian measurement for the SU(2)-invariant prior (Bagan et al., 2006; Hayashiet Matsumoto, 2004). This proves the asymptoti
 equivalen
e of the Bayesian andpointwise approa
hes.In Subse
tion 7.7.1 we 
ontinue the investigation of the optimal Bayesian measure-ment and show that it 
onverges lo
ally to the heterodyne measurement on the os-
illator, whi
h is an optimal joint measurement of position and momentum (Holevo,1982).Another appli
ation is the problem dis
riminating between two states ρ±u

n whi
hasymptoti
ally 
onverge to ea
h other at rate 1/
√
n. In this 
ase the optimal mea-
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al asymptoti
 normality for qubitssurement for the parameter u is not optimal for the testing problem, showing inparti
ular that the quantum Fisher information in general does not en
ode all sta-tisti
al information.7.2 Lo
al asymptoti
 normality in statisti
s and itsextension to quantum me
hani
sIn this Se
tion we introdu
e some statisti
al ideas whi
h provide the motivation forderiving the main result.Quantum statisti
al problems 
an be seen as a game between a statisti
ian or physi-
ist in our 
ase, and Nature. The latter tries to 
odify some information by preparinga quantum system in a state whi
h depends on some parameter u unknown to theformer. The physi
ist tries to guess the value of the parameter by devising measure-ments and estimators whi
h work well for all 
hoi
es of parameters that Nature maymake. In a Bayesian set-up Nature may build her strategy by randomly 
hoosing astate with some prior distribution. In order to solve the problem the physi
ist is al-lowed to use the laws of quantum physi
s as well as those of 
lassi
al sto
hasti
s andstatisti
al inferen
e. In parti
ular he may transform the quantum state by applyingan arbitrary quantum 
hannel T and obtain a new family T (ρu). In general su
htransformation goes with a loss of information so one should have a good reason todo it but there are non trivial situations when no su
h loss o

urs (Petz et Jen£ová,2006), that is when there exists a 
hannel S whi
h reverses the e�e
t of T restri
tedto the states of interest S(T (ρu)) = ρu. If this is the 
ase the we 
onsider the twofamilies of states ρu and T (ρu) as statisti
ally equivalent.In statisti
s su
h transformations are 
alled randomizations and a useful parti
ularexample is a statisti
, whi
h is just a fun
tion of the data whi
h we want to analyze.When this statisti
 
ontains all information about the unknown parameter we saythat it is su�
ient, be
ause knowing the value of this statisti
 alone su�
es and giventhis information, the rest of the data is useless. For example ifX1, . . .Xn ∈ {0, 1} areresults of independent 
oin tosses with a biased 
oin, then X̄ = 1
n

∑
iXi is su�
ientstatisti
 and may be used for any statisti
al de
ision without loss of e�
ien
y.Quantum randomizations through quantum 
hannels allows us to 
ompare seeminglydi�erent families of states and thus opens the possibility of solving a parti
ularproblem by 
asting it in a more familiar setting. The example of this 
hapter is thatof state estimation for n identi
al 
opies of a state whi
h 
an be 
ast asymptoti
allyinto the problem of estimating the 
enter of a quantum Gaussian whi
h has a rathersimple solution (Holevo, 1982). The term �asymptoti
ally� means that for large n
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an �nd quantum 
hannels Tn, Sn whi
h almost map the families of states intoea
h other as in equation (7.4).The se
ond main idea that we want to introdu
e is that of lo
al asymptoti
 normality.Ba
k in the 
oin toss example we have that X̄ is a good estimator of the probability µof obtaining a 1 and by the Central Limit Theorem the error X̄−µ has asymptoti
allya Gaussian distribution
√
n(X̄ − µ) ; N(0, 1/µ(1 − µ)),in parti
ular the mean error is 〈(X̄ − µ)2〉 = 1/(nµ(1 − µ)). Now, if for ea
h nthe unknown parameter µ is restri
ted to a lo
al neighborhood of a �xed µ0 of size

1/
√
n, one might expe
t an improvement in the error be
ause we know more aboutthe parameter and we 
an use that information to built better estimators. Howeverthis is not entirely true. Indeed if we write µ = µ0 + u/

√
n then the estimator ofthe lo
al parameter u is

ûn =
√
n(X̄ − µ0) ; N(u, 1/µ0(1 − µ0))whi
h says that the problem of estimating µ in the lo
al parameter model is asdi�
ult as the original problem, i.e. the varian
e of the estimator is the same.The reason for this is that the additional information about the lo
ation of theparameter is nothing new as we 
ould guess that dire
tly form the data with veryhigh probability. Thus without 
hanging the di�
ulty of the original problem we
an look at it lo
ally and then we see that it transforms into that of estimatingthe 
enter of a Gaussian with �xed varian
e N(u, 1/µ0(1− µ0)), whi
h is a 
lassi
alstatisti
al problem.In general we 
an formulate the following prin
iple: given X1, . . . , Xn ∈ X inde-pendent with distribution P θ0+u/

√
n depending smoothly on the unknown parameter

u ∈ Rk, then asymptoti
ally this model is statisti
ally equivalent (there exist ex-pli
it randomizations in both dire
tions) with that of a single draw Y ∈ R
k fromthe Gaussian distribution N(u, I(θ0)

−1) with �xed varian
e equal to the inverse ofthe Fisher information matrix (van der Vaart, 1998).In the quantum 
ase we repla
e the randomizations by quantum 
hannels and theGaussian limit model by its quantum equivalent whi
h in the simplest 
ase is afamily of displa
ed thermal states of a quantum os
illator (see Theorem 7.1.1),but in general is a Gaussian state on a number of 
oupled quantum and 
lassi
alos
illators, with 
anoni
al variables satisfying general 
ommutation relations (Petz,1990).A simple extension of Theorem 7.1.1 is obtained by adding an additional lo
al pa-rameter t ∈ R for the density matrix eigenvalues su
h that µ = µ0+t/
√
n. This leads
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 normality for qubitsto a Gaussian limit model in whi
h we are given a quantum os
illator is in state φuand additionally, a 
lassi
al Gaussian variable with distribution N(t, 1/µ0(1 − µ0)).The meaning of this quantum-
lassi
al 
oupling is the following: asymptoti
ally theproblem of estimating the eigenvalues de
ouples from that of estimating the dire
tionof the Blo
h ve
tor and be
omes a 
lassi
al statisti
al problem (identi
al with the
oin toss dis
ussed above), while that of estimating the dire
tion remains quantumand 
onverges to the estimation of a Gaussian state of a quantum os
illator. Baganet al. (2006); Hayashi et Matsumoto (2004) have also observed this de
oupling.7.3 The big ball pi
ture of 
oherent spin statesIn this se
tion we give a heuristi
 argument for why Theorem 7.1.1 holds whi
h willguide our intuition in later 
omputations.It is 
ustomary to represent the state of two dimensional quantum system by ave
tor −→r in the Blo
h sphere su
h that the 
orresponding density matrix is
ρ =

1

2
(1 + −→r −→σ ) =

1

2
(1 + rxσx + ryσy + rzσz),where σi represent the Pauli matri
es and satisfy the 
ommutation relations [σi, σj ] =

2iǫijkσk. In parti
ular if −→r = (0, 0,±1) then the state is given by the spin up | ↑〉and respe
tively spin down |↓〉 basis ve
tors of C2, and the z-
omponent of the spin
σz takes value ±1. As for the x and y spin 
omponents, ea
h one may take thevalues ±1 with equal probabilities su
h that on average 〈σx〉 = 〈σy〉 = 0 but thevarian
es are 〈σ2

x〉 = 〈σ2
y〉 = 1. Moreover σx and σy do not 
ommute and thus 
annotbe measured simultaneously.What happens with the Blo
h sphere pi
ture when we have more spins? Considerfor the beginning n identi
al spins prepared in a 
oherent spin up state |↑〉⊗n, thenwe 
an think of the whole as a single spin system and de�ne the global observables

L
(n)
i =

∑n
k=1 σ

(k)
i for i ∈ x, y, z, where σ(k)

i is the spin 
omponent in the dire
tion iof the k's spin. Intuitively, we 
an represent the joint state by a ve
tor of length npointing to the north pole of a large sphere as in Figure 7.1. However due to thequantum 
hara
ter of the spin observables, the x and y 
omponents 
annot be equalto zero and it is more instru
tive to think in terms of a ve
tor whose tip lies on asmall blob of the size of the un
ertainties in x and y, sitting on the top of the sphere.Exa
tly how large is this blob? By using the Central Limit Theorem we 
on
ludethat in the limit n→ ∞ the distribution of the ��u
tuation operator�
S(n)
x :=

1√
2n
L(n)
x =

1√
2n

n∑

k=1

σ(k)
x ,
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Figure 7.1: (Color online) Quasi
lassi
al representation of n spin up qubits
onverges to a N(0, 1/2) Gaussian, that is 〈Sx〉 = 0 and 〈S2
x〉 ≈ 1/2, and similarlyfor the 
omponent S(n)

y . The width of the blob is thus of the order √
n in both xand y dire
tions.Now, the two �u
tuations do not 
ommute with ea
h other

[S(n)
x , S(n)

y ] =
i

n
L(n)
z ≈ i1, (7.5)whi
h is the well know 
ommutation relation for 
anoni
al variables of the quantumos
illator. In fa
t the quantum extension of the Central Limit Theorem (Ohya etPetz, D., 2004) makes this more pre
ise

lim
n→∞

⊗n〈↑ |
p∏

k=1

S
(n)
ik

|↑〉⊗n = 〈Ω,
p∏

k=1

Xik Ω〉, ∀ik ∈ {x, y},where Xx := Q and Xy := P satisfy [Q,P ] = i1 and Ω is the ground state of theos
illator.The above des
ription is not new in physi
s and goes ba
k to Dyson's (1956) theory ofspin-wave intera
tion. More re
ently squeezed spin states (Kitagawa et Ueda, 1993)for whi
h the varian
es 〈S2
x〉 and 〈S2

y〉 of spin variables are di�erent have been foundto have important appli
ations various �elds su
h as magnetometry (Geremia et al.,2004), entanglement between many parti
les (Sto
kton et al., 2003) The 
onne
tionwith su
h appli
ations will be dis
ussed in more detail in Se
tion 7.7.We now rotate all spins by the same small angle for ea
h parti
le as in Figure 7.2.As we will see, it makes sense to s
ale the angle by the fa
tor 1√
n
i.e. to 
onsider

ψu
n =

[
exp

(
i√
n

(uxσx + uyσy)

)
|↑〉
]⊗n

, u ∈ R
2.
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Figure 7.2: (Color online) Rotated 
oherent state of n qubitsIndeed for su
h angles the z 
omponent of the ve
tor will 
hange by a small quantityof the order √
n ≪ n so the 
ommutation relations (7.5) remain the same, whilethe un
ertainty blob will just shift its 
enter su
h that the new averages of therenormalized spin 
omponents are 〈S(n)

x 〉 ≈ −
√

2uy and 〈S(n)
y 〉 ≈

√
2ux. All in all,the spins state 
onverges to the 
oherent state |αu〉 of the os
illator where αu =

(−uy + iux) ∈ C and in general
|α〉 := exp

(
−|α|2/2

) ∞∑

j=0

αj

√
j!
|j〉,with |j〉 representing the j's energy level.We 
onsider now the 
ase of qubits in individual mixed state µ| ↑〉〈↑ |+(1−µ)| ↓〉〈↓ |with < 1/2µ < 1. Then the �length� of Lz is n(2µ − 1) but the size of the blob isthe same (see Figure 7.3). However the 
ommutation relations of Sx and Sy do not

Figure 7.3: (Color online) Quasi
lassi
al representation of n qubit mixed statesreprodu
e those of the harmoni
 os
illator and we need to renormalize the spin as
S(n)
x :=

1√
2(2µ− 1)n

Lx, S(n)
y :=

1√
2(2µ− 1)n

Ly.
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 normality for mixed qubit states 195The limit state will be a Gaussian state of the quantum os
illator with varian
e
〈Q2〉 = 〈P 2〉 = 1

2(2µ−1)
< 1

2
, that is a thermal equilibrium state

φ0 = (1 − p)
∞∑

k=0

pk|k〉〈k|, p =
1 − µ

µ
.Finally the rotation by exp

(
i√
n
(uxσx + uyσy)

) produ
es a displa
ement of the ther-mal state su
h that 〈Q〉 = −
√

2(2µ− 1)uy and 〈P 〉 =
√

2(2µ− 1)ux.7.4 Lo
al asymptoti
 normality for mixed qubit statesWe give now a rigorous formulation of the heuristi
s presented in the previous Se
-tion. Let
ρ0 =

(
µ 0
0 1 − µ

) (7.6)be a density matrix on C2 with µ > 1/2, representing a mixture of spin up and spindown states, and for every u = (ux, uy) ∈ R2 
onsider the state
ρu = U(u) ρ0 U(u)∗where

U(u) := exp(i(uxσx + uyσy)) =

(
cos |u| −e−iϕ sin |u|
eiϕ sin |u| cos |u|

)
,with ϕ = Arg(−uy + iux). We are interested in the asymptoti
 behavior as n→ ∞of the family

Fn :=

{
ρu
n =

(
ρu/

√
n
)⊗n

,u ∈ I2

}
, (7.7)where I = [−a, a] is a �xed �nite interval.The main result is that Fn is asymptoti
ally normal, meaning that it 
onverges as

n → ∞ to a limit family Gn := {φu,u ∈ I2} of Gaussian states of a quantumos
illator with 
reation and annihilation operators satisfying [a, a∗] = 1. Let
φ0 := (1 − p)

∑

k=0

pk|k〉〈k|, (7.8)be a thermal equilibrium state with |k〉 denoting the k's energy level of the os
illatorand p = 1−µ
µ
< 1. For every u ∈ I2 de�ne

φu := D(
√

2µ− 1αu)[φ0]D(−
√

2µ− 1αu), (7.9)
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al asymptoti
 normality for qubitswhere D(z) := exp(za∗ − z∗a) is the displa
ement operator, mapping the va
uumve
tor |0〉 to the 
oherent ve
tor |z〉 and αu = (−uy + iux) .The exa
t formulation of the 
onvergen
e is given in Theorem 7.1.1. Thus the state
ρu
n of the n qubits whi
h depends on the unknown parameter u 
an be manipulatedby applying a quantum 
hannel Tn su
h that its image 
onverges to the Gaussianstate φu, uniformly in u ∈ I2. Conversely by using the 
hannel Sn, the state φu 
anbe mapped to a joint state of n qubits whi
h is 
onverges to ρu

n uniformly in u ∈ I2.By Stinespring's theorem we know that the 
hannels are of the form
T (ρ) = TrK (V ρV ∗) ,

S(φ) = TrK′ (WφW ∗) ,where the partial tra
es are taken over some an
illary Hilbert spa
es K,K′ and
V :

(
C

2
)⊗n → L2(R) ⊗K,

W : L2 (R) →
(
C

2
)⊗n ⊗K′,are isometries (V ∗V = 1 and W ∗W = 1).Our task is now to identify the isometries Vn and Wn implementing the 
hannels Tnand respe
tively Sn satisfying (7.4). The �rst step towards identifying these Vn isto use group representations methods so as to partially (blo
k) diagonalize all the

ρu
n simultaneously.7.4.1 Blo
k de
ompositionIn this Subse
tion we show that the states ρu

n have a blo
k-diagonal form given bythe de
omposition of the spa
e (C2)
⊗n into irredu
ible representations of the relevantsymmetry groups. The main point is that for large n the weights of the di�erentblo
ks 
on
entrate around the representation with total spin jn = n(µ− 1/2) .The spa
e (C2)

⊗n 
arries a unitary representation πn of the one spin symmetry group
SU(2) with πn(u) = u⊗n for any u ∈ SU(2), and a unitary representation of thesymmetri
 group S(n) given by the permutation of fa
tors

πn(τ) : v1 ⊗ · · · ⊗ vn 7→ vτ−1(1) ⊗ · · · ⊗ vτ−1(n), τ ∈ S(n).As [πn(u), πn(τ)] = 0 for all u ∈ SU(2), τ ∈ S(n) we have the de
omposition
(
C

2
)⊗n

=

n/2⊕

j=0,1/2

Hj ⊗Hj
n, (7.10)
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 normality for mixed qubit states 197where the dire
t sum runs over all positive (half)-integers j up to n/2, and forea
h �xed j, Hj
∼= C

2j+1 is a irredu
ible representation of SU(2) with total angularmomentum J2 = j(j + 1), and Hj
n
∼= Cnj is the irredu
ible representation of thesymmetri
 group S(n) with nj =
(

n
n/2−j

)
−
(

n
n/2−j−1

). In parti
ular the densitymatrix ρu
n is invariant under permutations and 
an be de
omposed as a mixture of�blo
k� density matri
es

ρu
n =

n/2⊕

j=0,1/2

pn(j)ρ
u
j,n ⊗

1

nj
, (7.11)with probability distribution pn(j) given by (Bagan et al., 2006):

pn(j) :=
nj

2µ− 1
(1 − µ)

n
2
−j µ

n
2
+j+1

(
1 − p2j+1

)
, (7.12)where p := 1−µ

µ
. A key observation is that for large n and in the relevant range of

j's, pn(j) is essentially a binomial distribution
Bn,µ(k) :=

(
n

k

)
µk (1 − µ)n−k , k = 0, . . . , n.Indeed we 
an rewrite pn(j) as

pn(j) := Bn,µ(n/2 + j) ×K(j, n, µ) (7.13)where the fa
tor K(j, n, µ) is given by
K(j, n, µ) :=

(
1 − p2j+1

) n+ (2(j − jn) + 1)/(2µ− 1)

n+ (j − jn + 1)/µand jn := n(µ − 1/2). As Bn,µ is the distribution of the sum of n independentBernoulli variables with individual distribution (1−µ, µ) over {0, 1}, we 
an use the
entral limit Theorem to 
on
lude that its mass 
on
entrates around the average µnwith a width of order √n, in other words of any 0 < ǫ < 1/2 we have
lim
n→∞

n1/2+ǫ∑

p=−n1/2+ǫ

Bn,µ(µn+ p) = 1. (7.14)Let us denote by Jn,ǫ the set of values j of the total angular momentum of n qubitswhi
h lie in the interval [jn − n1/2+ǫ, jn + n1/2+ǫ]. Then for large n, the fa
tor
K(j, n, µ) is 
lose to 1 uniformly over j ∈ Jn,ǫ and from formulas (7.13), (7.14) we
on
lude that pn(j) 
on
entrates asymptoti
ally in an interval of order n1/2+ǫ around
jn:

lim
n→∞

pn(Jn,ǫ) = 1. (7.15)This justi�es the big ball pi
ture used in the previous se
tion.



198 Quantum lo
al asymptoti
 normality for qubits7.4.2 Irredu
ible representations of SU(2)Here we remind the reader some details about the representation πj of SU(2) on
Hj . Let σx, σy, σz be the Pauli matri
es and denote πj(σl) = Jj,l for l = x, y, z thenthere exists an orthonormal basis {|j,m〉, m = −j, . . . , j} of Hj su
h that

Jj,z|j,m〉 = m|j,m〉.Moreover, with Jj,± := Jj,x ± iJj,y we have
Jj,+|j,m〉 =

√
j −m

√
j +m+ 1 |j,m+ 1〉,

Jj,−|j,m〉 =
√
j −m+ 1

√
j +m |j,m− 1〉.With these notations and p = 1−µ

µ
as before, the state ρ0

j,n 
an be written as (Hayashiet Matsumoto, 2004)
ρ0
j,n = cj(p)

j∑

m=−j
pj−m|j,m〉〈j,m|,where the normalizing fa
tor is cj(p) = (1−p)/(1−p2j+1). The rotated blo
k states
an be obtained by applying the unitary transformation

ρu
j,n = Uj(u/

√
n) ρ0

j,nUj(u/
√
n)∗,with Uj(u) = exp (i(uxJj,x + uyJj,y)). Finally, we de�ne the ve
tors

|j,w〉 := Uj(w)|j, j〉 (7.16)whi
h will be used in later 
omputations, and noti
e that their 
oordinates withrespe
t to the |j,m〉 basis are given by (Hayashi et Matsumoto, 2004):
〈j,m|j,w〉 =

√(
2j

j +m

)
ζj−m(1 − |ζ |2) j+m

2 . (7.17)where ζ = eiϕw sin |w| with ϕw = Arg(−wy + iwx).7.5 Constru
tion of the 
hannels TnFor ea
h irredu
ible representation spa
e Hj we de�ne the isometry Vj : Hj → L2(R)by
Vj : |j,m〉 7→ |j −m〉 (7.18)
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hannels Tn 199where {|n〉, n ≥ 0} represents the energy eigenbasis of the quantum os
illator witheigenfun
tions ψn(x) = Hn(x)e
−x2/2/

√√
π2nn! ∈ L2(R). Using the de
omposition(7.10) we put together the di�erent blo
ks we 
onstru
t for ea
h n ∈ N the �global�isometry

Vn :=

n/2⊕

j=0,1/2

Vj ⊗ 1 :

n/2⊕

j=0,1/2

Hj ⊗ C
nj → L2(R) ⊗Kn,where Kn :=

⊕n/2
j=0,1/2 Cnj . By tra
ing over Kn we obtain the 
hannel Tn(ρ) :=

TrKn(VnρV
∗
n ) mapping a joint state of n spins into a state of the quantum os
illator.This 
hannel satis�es the 
onvergen
e 
ondition (7.4) as shown by the estimate

‖Tn(ρu
n) − φu‖1 =

∥∥∥∥∥∥

n/2∑

j=0,1/2

pn(j)Vjρ
u
n,jV

∗
j − φu

∥∥∥∥∥∥
1

≤
n/2∑

j=0,1/2

pn(j)
∥∥Vjρu

n,jV
∗
j − φu

∥∥
1

≤ 2
∑

j /∈Jn,ǫ

pn(j) + sup
u∈I2

max
j∈Jn,ǫ

‖Vjρu
j,nV

∗
j − φu‖1,where the �rst term on the right side 
onverges to 0 by (7.15), and for the se
ond onewe apply the following Proposition 7.5.1 whi
h is the major te
hni
al 
ontributionof this 
hapter.Proposition 7.5.1. The following uniform 
onvergen
e holds

lim
n→∞

sup
u∈I2

max
j∈Jn,ǫ

‖Vjρu
j,nV

∗
j − φu‖1 = 0.where Jn,ǫ is the set de�ned above equation (7.15).The proof of the Proposition requires a few ingredients whi
h in our opinion areimportant on their own for whi
h reason we formulate them apart and refer torelevant papers for the proofs.Theorem 7.5.2. (Ohya et Petz, D., 2004) Let a, b ∈ M(Cd), satisfying Tr(a) =

Tr(b) = 0 and de�ne
L(a, b) = exp(ia) exp(ib) − exp(ia + ib) exp

(
1

2
[a, b]

)
.On (C2)

⊗n we de�ne the �u
tuation operator
Fn(a) =

1√
n

∑
ai,



200 Quantum lo
al asymptoti
 normality for qubitswhere ai = 1⊗· · ·⊗a⊗· · ·⊗1 with a a
ting on the i's position of the tensor produ
t.Noti
e that exp(iFn(a)) = exp(ia/
√
n)⊗n and √

n[Fn(a), Fn(b)] = Fn([a, b]). Then
lim
n→∞

‖L (Fn(a), Fn(b)) ‖ = 0.The 
onvergen
e is uniform over ‖a‖, ‖b‖ < C for some 
onstant C.This Theorem is a key ingredient of the quantum 
entral limit Theorem (Ohyaet Petz, D., 2004) and it is not surprising that it plays an important role in ourquantum lo
al asymptoti
 normality result whi
h is an extension of the latter. Weapply the Theorem to two unitaries of the form U(u) = exp(i(uxσx + uyσy)). Wethus get information on the e�e
t of the Uj(u) on the highest weight ve
tors |j, j〉of an irredu
ible representation.Corollary 7.5.3. For any unitary U and state τ let Ad[U ](τ) := UτU∗ and 
onsiderthe rotated states
τ(u,v, j, n) := Ad

[
Uj

(
u√
n

)
Uj

(
v√
n

)]
(|jj〉〈jj|)

τ(u + v, j, n) := Ad

[
Uj

(
u + v√

n

)]
(|jj〉〈jj|) .Then the following uniform 
onvergen
e holds

lim
n→∞

sup
u,v∈I2

sup
j∈Jn,ǫ

‖τ(u,v, j, n) − τ(u + v, j, n)‖1 = 0.Proof. First noti
e that
[uxσx + uyσy, vxσx + vyσy] = 2(uxvy − uyvx)σz.Applying Theorem 7.5.2 to U(u), we get

∥∥∥∥∥U
(

u√
n

)⊗n
U

(
v√
n

)⊗n
− U

(
u + v√

n

)⊗n
exp

(
uxvy − uyvx√

n
Fn(σz)

)∥∥∥∥∥ −−−→
n→∞

0.Now
The following Lemma is a slight strengthening of a theorem by Hayashi et Mat-sumoto (2004).
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tion of the 
hannels Tn 201Lemma 7.5.4. The uniform 
onvergen
e holds
lim
n→∞

sup
u∈I2

sup
j∈Jn,ǫ

∥∥∥∥VjUj
(

u√
n

)
|jj〉 −|

√
2µ− 1αu〉

∥∥∥ = 0,where |z〉 denotes a 
oherent state of the os
illator, and αu := (−uy+iux) . Moreoverfor any sequen
e jn → ∞ we have
lim
n→∞

∥∥Vjnρ0
jnV

∗
jn − φ0

∥∥
1

= 0. (7.19)The 
onvergen
e holds uniformly over all sequen
es jn su
h that jn/n > c for some�xed 
onstant c > 0, so in parti
ular for jn ∈ Jn,ǫ.Proof. We �rst prove the easier relation (7.19). As both density matri
es are diag-onal we get
∥∥Vjnρ0

jnV
∗
jn − φ0

∥∥
1

=
(1 − p)p2jn+1

1 − p2jn+1

2jn∑

k=0

pk −

(1 − p)

∞∑

k=2jn+1

pk ≤ p2jn+1

1 − p2jn+1
+ p2jn+1 → 0,as n→ ∞.As for the �rst relation, let us denote |u, j, n〉 := VjUj(

u√
n
)|j, j〉, then by (7.17) and(7.18) we have

〈k|u, j, n〉 =

√(
2j

k

)
(sin(|u|/√n)eiφ)k(cos(|u|/√n))2j−k.Now, the following asymptoti
 relations hold uniformly over j ∈ Jn,ǫ :

sin

( |u|√
n

)k
=

( |u|√
n

)k (
1 +O(|u|2n−1)

)
,

cos

( |u|√
n

)2j−k
= exp(−(2µ− 1)|u|2

2
)
(
1 +O(|u|2n−ǫ)

)
,

(
2j

k

)
=

((2µ− 1)n)k

k!
(1 +O(n−ǫ)),and thus the 
oe�
ients 
onverge uniformly to those of the 
orresponding 
oherentstates as n→ ∞

〈k|u, j, n〉 → exp

(
−(2µ− 1)|u|2

2

) (
eiφ|u|√2µ− 1

)k
√
k!

.
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al asymptoti
 normality for qubitsProof of Proposition 7.5.1. The main idea is to noti
e that φ0 is a thermal equi-librium state of the os
illator and 
an be generated as a mixture of 
oherent stateswith 
entered Gaussian distribution over the displa
ements:
φ0 =

1√
2πs2

∫
e−|z|2/2s2 |z〉〈z| d2z. (7.20)The easiest way to see this is to think of the os
illator states in terms of their Wignerfun
tions. Indeed, the Wigner fun
tion of a 
oherent state is

Wz(q, p) = exp
(
−(q −

√
2Re z)2 − (p−

√
2Im z)2

)
,and thus the state given by (7.20) has Wigner fun
tion whi
h is the 
onvolutionof two 
entered Gaussians whi
h is again a 
entered Gaussian with varian
e equalto the sum of their varian
es 2s2 + 1/2 whi
h is equal to the varian
e of φ0 for

s2 := p/(2(1 − p)). Similarly,
φu =

1

2πs2

∫
e−|z−√

2µ−1αu|2/2s2 (|z〉〈z|)d2z. (7.21)Let us �rst remark that
∥∥Vjnρu

jnV
∗
jn − φu

∥∥
1
≤

∥∥ρu
jn − V ∗

jnφ
uVjn

∥∥
1
+

‖φu − Pjnφ
uPjn‖1 ,where Pjn = VjnV

∗
jn is the proje
tion onto the image of Vjn, and

lim
n→∞

sup
jn∈Jn,ǫ

sup
u∈I2

‖φu − Pjnφ
uPjn‖1 = 0,be
ause jn → ∞ uniformly and Pjn 
onverges to the identity in strong operatortopology (a tightness property). Thus it is enough to show that

lim
n→∞

sup
jn∈Jn,ǫ

sup
u∈I2

∥∥ρu
jn − V ∗

jnφ
uVjn

∥∥
1

= 0.Now
∥∥ρu

jn − V ∗
jnφ

uVjn
∥∥

1
=

∥∥∥∥Ad

[
Ujn

(
u√
n

)] (
ρ0
jn

)
− V ∗

jnφ
uVjn

∥∥∥∥
1

≤
∥∥ρ0

jn − V ∗
jnφ

0Vjn
∥∥

1
+

∥∥∥∥Ad

[
Ujn

(
u√
n

)] (
V ∗
jnφ

0Vjn
)
− V ∗

jnφ
uVjn

∥∥∥∥
1

.
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tion of the 
hannels Tn 203The �rst term on the right side of the inequality 
onverges to zero by Lemma 7.5.4,uniformly for any sequen
e (jn) su
h that jn ∈ Jn,ǫ and does not depend on u.Using (7.20) and (7.21) we bound the se
ond term by
1

s
√

2π

∫
e−|z|2/2s2‖∆(u, z, jn)‖1d

2zwhere the operator ∆(u, z, jn) is given by
∆(u, z, jn) := Ad

[
Ujn

(
u√
n

)] (
V ∗
jn|z〉〈z|Vjn

)
−

V ∗
jn

∣∣∣z +
√

2µ− 1αu

〉〈
z +

√
2µ− 1αu

∣∣∣VjnWe analyze the expression under the integral. Let z̃ ∈ R2 be su
h that αz̃ =
z/
√

2µ− 1, then
∥∥∥∥Ad

[
Ujn

(
u√
n

)] (
V ∗
jn|z〉〈z|Vjn

)
− V ∗

jn|z +
√

2µ− 1αu〉〈z +
√

2µ− 1αu|Vjn
∥∥∥∥

1

≤
∥∥∥∥Ad

[
Ujn

(
u√
n

)
Ujn

(
z̃√
n

)]
(|jnjn〉〈jnjn|) − Ad

[
Ujn

(
u + z̃√

n

)]
(|jnjn〉〈jnjn|)

∥∥∥∥
1

+

∥∥∥∥VjnAd

[
Ujn

(
z̃√
n

)]
(|jnjn〉〈jnjn|)V ∗

jn − |z〉〈z|
∥∥∥∥

1

+

∥∥∥∥VjnAd

[
Ujn

(
u + z̃√

n

)]
(|jnjn〉〈jnjn|)V ∗

jn − |z +
√

2µ− 1αu〉〈z +
√

2µ− 1αu|
∥∥∥∥

1

.By Corollary 7.5.3, the �rst term on the right side 
onverges to zero uniformly in
(u, jn) ∈ I2 × Jn,ǫ. By Lemma 7.5.4 we have that the last two terms 
onverge tozero uniformly in (u, jn) ∈ I2 × Jn,ǫ. Thus if we denote

Fn(z) := sup
jn∈Jn,ǫ

sup
u∈I2

‖∆(u, z, jn)‖1then 0 ≤ Fn(z) ≤ 2, limn→∞ Fn(z) = 0 for all z ∈ R2, and by the Lebesguedominated 
onvergen
e theorem we get
lim
n→∞

1

s
√

2π

∫
e−|z|2/2s2Fn(z)d2z = 0.This implies the statement of the Proposition 7.5.1.



204 Quantum lo
al asymptoti
 normality for qubits7.6 Constru
tion of the inverse 
hannel SnTo 
omplete our proof of asymptoti
 equivalen
e as de�ned by (7.4), we must nowexhibit the inverse 
hannel Sn whi
h maps the displa
ed thermal states φu of theos
illator into approximations of the rotated spin states. As the latter are blo
kdiagonal with weights pn(j) as de�ned in equation (7.12) , it is natural to look for
Sn of the form

Sn(φ) =

n/2⊕

j=0,1/2

pn(j)S
j
n(φ) ⊗ 1

nj
,where Sjn are 
hannels with outputs in Hj . Moreover be
ause Vj : Hj → L2(R) isan isometry we 
an 
hoose Sjn su
h that

Sjn
(
VjρV

∗
j

)
= ρ, (7.22)for all density matri
es ρ on Hj . This property does not �x the 
hannel 
ompletelybut it is su�
ient for our purposes.Theorem 7.6.1. The following holds

lim
n→∞

sup
u∈I2

‖Sn(φu) − ρu
n‖1 = 0.Proof. As both ρu

n and φu are blo
k-diagonal we may de
ompose their distan
e as
‖Sn(φu) − ρu

n‖1 =

n/2∑

j=0,1/2

pn(j)‖Sjn(φu) − ρu
j,n‖1

≤
∑

j 6∈Jn,ǫ

2pn(j) +
∑

j∈Jn,ǫ

pn(j)‖Sjn(φu) − Sjn
(
Vjρ

u
j,nV

∗
j

)
‖1

+
∑

j∈Jn,ǫ

pn(j)‖Sjn
(
Vjρ

u
j,nV

∗
j

)
− ρu

j,n‖1

≤ 2
∑

j 6∈Jn,ǫ

pn(j) +
∑

j∈Jn,ǫ

pn(j)‖φu − Vjρ
u
j,nV

∗
j ‖1,where we have used at the last line that Sjn is a 
ontra
tion and property (7.22) of

Sjn. Now the �rst sum is going to 0 by (7.15) and the se
ond sum is also uniformlygoing to 0 by use of Proposition 7.5.1.



7.7 Appli
ations 2057.7 Appli
ations7.7.1 Lo
al asymptoti
 equivalen
e of the optimal Bayesianmeasurement and the heterodyne measurementIn this subse
tion we begin a 
omparison of the pointwise (lo
al) point of view withthe global one used in the Bayesian approa
h. The result is that the optimal SU(2)
ovariant measurement (Bagan et al., 2006; Hayashi et Matsumoto, 2004) 
onvergeslo
ally to the optimal measurement for the family of displa
ed Gaussian states whi
his a heterodyne measurement (Holevo, 1982). Together with the results on theasymptoti
 lo
al minimax optimality of this measurement, this 
loses a 
ir
le ofideas relating the di�erent optimality notions and the relations between the optimalmeasurements.Let us re
all what are the ingredients of the state estimation problem in the Bayesianframework (Bagan et al., 2006). We 
hoose as 
ost fun
tion the �delity squared
F (ρ, σ)2 = Tr(

√√
ρσ

√
ρ)2 and �x a prior prior distribution π over all states in C2whi
h is invariant under the SU(2) symmetry group. Given n identi
al systems ρ⊗nwe would like to �nd a measurementMn - whose out
ome is the estimator ρ̂n - whi
hmaximizes

Rπ,n :=

∫
〈F (ρ̂n, ρ)

2〉π(dρ).By the SU(2) invarian
e of π, the optimal measurement 
an be 
hosen to be SU(2)
ovariant i.e.
UMn(dσ)U∗ = Mn(U

∗dσU),and 
an be des
ribed as follows. First we use the de
omposition (7.10) to make a�whi
h blo
k� measurement and obtain a result j and the 
onditional state ρj,n as in(7.11). This part will provide us the eigenvalues of the estimator. Next we performblo
k-wise the 
ovariant measurement Mj,n(d
−→s ) = mj,n(

−→s )d−→s with
mj,n(

−→s ) := (2j + 1)Uj(
−→s )∗|j〉〈j|Uj(−→s ) ⊗ 1jwhose result is a unit ve
tor −→s where U(−→s ) is a unitary rotating the ve
tor state

|−→s 〉 to | ↑〉. The 
omplete estimator is then ρ̂n = 1
2
(1 + 2j

n
−→s −→σ ).We pass now to the des
ription of the heterodyne measurement for the quantumharmoni
 os
illator. This measurement has out
omes u ∈ R2 and is 
ovariant withrespe
t to the translations indu
ed by the displa
ement operators D(z) su
h that

H(du) = h(u)du with
h(u) := (2µ− 1)D(−

√
2µ− 1αu)|0〉〈0|D(

√
2µ− 1αu).



206 Quantum lo
al asymptoti
 normality for qubitsUsing Theorem 7.1.1 we 
an map H into a measurement on the n-spin system asfollows: �rst we perform the whi
h blo
k step as in the 
ase of the SU(2)-
ovariantmeasurements. Then we map ρj,n into an os
illator state using the isometry Vj (see(7.18)), and subsequently we perform H . The result u will de�ne our estimator forthe lo
al state, i.e.
ρ̂n = U

(
u√
n

)(
1
2

+ j
n

0
0 1

2
− j

n

)
U

(
u√
n

)∗
. (7.23)We denote by Hn the resulting measurement with values in the states on C2.The next Theorem shows that in a lo
al neighborhood of a �xed state ρ0, the SU(2)-
ovariant measurementMn and the heterodyne type measurementHn are asymptoti-
ally equivalent in the sense that the probability distributions P (Mn, ρ) and P (Hn, ρ)are 
lose to ea
h other uniformly over all lo
al states ρ su
h that ‖ρ − ρ0‖1 ≤ C√

nfor a �xed but arbitrary 
onstant C <∞.Theorem 7.7.1. Let ρ0 be as in (7.6), and let
Bn(I) =

{
ρv/

√
n : v ∈ I2

}
, , |I| <∞be a lo
al family of states around ρ0. Then

lim
n→∞

sup
ρ∈Bn(I)

‖P (Mn, ρ) − P (Hn, ρ)‖1 = 0Proof. Note �rst that both P (Mn, ρ) and P (Hn, ρ) are distributions over the Blo
hsphere and the marginals over the length of the Blo
h ve
tors are identi
al be
auseby 
onstru
tion the �rst step of both measurements is the same. Then
‖P (Mn, ρ) − P (Hn, ρ)‖1 =
∑

j

pn(j)

∫
|Tr(ρj,n(mj,n(

−→s ) − hj,n(
−→s )))| d−→s .A

ording to (7.15) we 
an restri
t the summation to the interval Jn,ǫ around j =

n(µ − 1
2
). By Theorem 7.1.1 we 
an repla
e (whenever needed) the lo
al states

ρ
v/

√
n

j,n by their limits in the os
illator spa
e φv with an asymptoti
ally vanishingerror, uniformly over v ∈ I2.We make now the 
hange of variable −→s → u where u ∈ R2 belongs to the ball
|u| < 2

√
nπ, and is the smallest ve
tor su
h that U ( u√

n

)
= U(−→s ).The density of the SU(2) estimator with respe
t to the measure du is

mj,n(u) :=
2j + 1

n
Uj

(
u√
n

)∗
|j〉〈j|Uj

(
u√
n

)
J

(
u√
n

)
,
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ations 207where J is the determinant of a Ja
obian related with the 
hange of variables su
hthat J(0) = 1.Similarly the density of the homodyne-type estimator be
omes
hj,n(u) :=

∑

k∈N

V ∗
j h

(
u + 2k

√
nπ

u

|u|

)
Vj |Jk,n(u)|,be
ause displa
ements in the same dire
tion whi
h di�er by multiples of 2

√
nπ leadto the same unitary on the qubits. Here Jk,n(u) is again the determinant of theJa
obian of the map from the k-th ring to the disk, in parti
ular J0,n(u) = 1.The integral be
omes then

∫

|u|≤2π
√
n

∣∣∣Tr
(
ρ
v/

√
n

j,n (mj,n(u) − hj,n(u))
)∣∣∣ du.We bound this integral by the sum of two terms, the �rst one being

∫

|u|≤2π
√
n

∣∣∣Tr
(
ρ
v/

√
n

j,n (mj,n(u) − h̃j(u))
)∣∣∣ du,where h̃j(u) is just the term with k = 0 in hj,n(u). By Lemma 7.5.4, for any �xed

u we have mj,n(u) → h(u) uniformly over j ∈ Jn,ǫ. Using similar estimates as inLemma 7.5.4 it 
an be shown that the fun
tion under the integral is bounded by a�xed integrable fun
tion g(u) uniformly over v ∈ I2, and then we 
an use dominated
onvergen
e to 
on
lude that the integral 
onverges to 0 uniformly over v ∈ I2 and
j ∈ Jn,ǫ.The se
ond integral is

∫

|u|≤2π
√
n

∣∣∣Tr
(
ρ
v/

√
n

j,n (h̃j(u) − hj,n(u))
)∣∣∣ du,whi
h is smaller than ∫

|u|>2π
√
n

∣∣∣Tr
(
ρ
v/

√
n

j,n h (u)
)∣∣∣ du,whi
h 
onverges uniformly to 0. This 
an be seen by repla
ing the states with φvwhi
h are �
on�ned� to a �xed region of the size I2 in the phase spa
e, while theterms h(u) are Gaussians lo
ated at distan
e at least 2π

√
n from the origin.Putting these two estimates together we obtain the desired result.



208 Quantum lo
al asymptoti
 normality for qubitsRemark. The result in the above theorem holds more generally for all states in alo
al neighborhood of ρ0 but for the proof we need a slightly more general versionof Theorem 7.1.1 where the eigenvalues of the density matri
es are not �xed butallowed to vary in a lo
al neighborhood of (µ, 1 − µ). This result will be presentedin a future work 
on
erning the general 
ase of d-dimensional states.7.7.2 The optimal Bayes measurement is also lo
allyasymptoti
 minimaxIn this subse
tion we will introdu
e some ideas from the pointwise approa
h to stateestimation. We show that the measurement whi
h is known to be optimal for auniform prior in the Bayesian set-up, is also asymptoti
ally optimal in the pointwisesense.Using the jargon of mathemati
al statisti
s, we will 
all quantum statisti
al exper-iment (model) (Petz et Jen£ová, 2006) a family {ρθ ∈ M(Cd) : θ ∈ Θ} of densitymatri
es indexed by a parameter belonging to a set Θ. The main examples of quan-tum statisti
al experiments 
onsidered so far are that of n identi
al qubits
F :=

{
ρ⊗n : ρ ∈M(C2)

}
,the lo
al model

F I
n :=

{
ρu
n =

(
ρu/

√
n
)⊗n

,u ∈ I2

}
,and its �limit� model

GI := {φu,u ∈ I2},where I = [−a, a], and ρu
n and φu are de�ned by (7.1) and (7.2). More generallywe 
an repla
e the square I2 by an arbitrary region K in the parameter spa
e andobtain:

GK := {φu,u ∈ K ⊂ R
2}.We shall also make use of

G := {φu,u ∈ R
2}.A natural 
hoi
e of distan
e between density matri
es is the �delity square

F (ρ, σ)2 =
[
Tr (

√
ρσ

√
ρ)1/2

]2
,whi
h is lo
ally quadrati
 in �rst order approximation, i.e.

F (ρu
n, ρ

v
n)

2 ≈ 1

n
‖u− v‖2.
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ations 209As we expe
t that reasonable estimators are in a lo
al neighborhood of the truestate we will repla
e the �delity square by the lo
al distan
e
d(u, û) = ‖û − u‖2.and de�ne the risk of a measurement-estimator pair as RM(u, û) = 〈d(u, û)〉, keepingin mind the fa
tor 1/n relating the risks expressed in lo
al and global parameters.Similarly to the Bayesian approa
h, we are interested in estimators whi
h have smallrisk everywhere in the parameter spa
e and we de�ne a worst 
ase �gure of merit
alled minimax risk.De�nition 7.7.2. The minimax risk of a quantum statisti
al experiment E over theparameter spa
e Θ is de�ned as

C(E) = inf
û

sup
u∈Θ

RM (u, û). (7.24)where the in�mum is taken over all measurements and estimators (M, û).The minimax risk tells us how di�
ult is the model and thus we expe
t that if twomodels are �
lose� to ea
h other then their minimax risks are almost equal. The�statisti
al distan
e� between quantum experiments is de�ned in a natural way withdire
t physi
al interpretation and su
h a problem has been already addressed byChe�es et al. (2003) for the 
ase of a quantum statisti
al experiment 
onsisting of a�nite family of pure states.De�nition 7.7.3. Let E = {ρθ ∈ M(Cd) : θ ∈ Θ} and F = {τ θ ∈ M(Cp) : θ ∈ Θ}be two quantum statisti
al experiments (models) with the same parameter spa
e Θ.We de�ne the dis
repan
ies
δ(E ,F) = inf

T
sup
θ∈Θ

‖T (ρθ) − τ θ‖1,

δ(F , E) = inf
S

sup
θ∈Θ

‖ρθ − S(τ θ)‖1,where the in�mum is taken over all tra
e preserving 
hannels T : M(Cd) → M(Cp)and S : M(Cp) → M(Cd).With this terminology, our main result states that for any bounded interval I:
lim
n→∞

max
(
δ(F I

n,GI), δ(GI ,F I
n)
)

= 0. (7.25)As suggested above, the dis
repan
y has a dire
t statisti
al interpretation: if we wantto estimate θ in both statisti
al experiments E and F and we 
hoose a bounded lossfun
tion d(θ, θ̂) ≤ K then for any measurement and estimator θ̂ for F with risk
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 normality for qubits
RM (θ, θ̂) = 〈d(θ, θ̂)〉 we 
an �nd a measurement N on E whose risk is at most
RM (θ, θ̂) +Kδ(E ,F). Indeed if we 
hoose T su
h that the in�mum in the de�nitionof δ(E ,F) is a
hieved, we 
an map the state ρθ through the 
hannel T and thenperform M to obtain an estimator θ̃ for whi
h

RN (θ, θ̃) = 〈d(θ, θ̃)〉 =

∫

Θ

d(θ, θ̃)Tr
(
T (ρθ)M(dθ̃)

)
≤

∫

Θ

d(θ, θ̃)Tr
(
τ θM(dθ̃)

)
+ ‖d‖∞‖T (ρθ) − τ θ‖1 ≤

RM(θ, θ̂) +Kδ(E ,F).This means that asymptoti
ally the di�
ulty of estimating the parameter θ in thetwo models is the same. With the above de�nition of the minimax risk and usingthe 
onvergen
e (7.25) we obtain the following lemma.Lemma 7.7.4. Let I = [−a, a] with 0 < a <∞, then
lim
n→∞

C(F I
n) = C(GI)The minimax risk for the lo
al family F I
n is a �gure of merit for the �lo
al di�
ulty�of the global model Fn. It asymptoti
ally 
onverges to the minimax risk of a familyof thermal states. However this quantity depends on the arbitrary parameter I =

[−a, a] whi
h we would like to remove as our last step in de�ning the lo
al asymptoti
minimax risk:
Cl.a.m.(Fn : n ∈ N) := lim

a→∞
lim
n→∞

C(F I
n) = lim

a→∞
C(GI).As one might expe
t, the minimax risks for the restri
ted families of thermal stateswill 
onverge to that of the experiment with no restri
tions on the paramaters. Theproof of this fa
t is however non-trivial.Lemma 7.7.5. Let I = [−a, a], then we have

lim
a→∞

C(GI) = C(G)Moreover the heterodyne measurement saturates C(G), and thus C(G) is equal to theHolevo bound.Proof. The inequality in one dire
tion is easy. For any estimator,
supu∈I2 RM(u, û) ≤ supu∈R2 RM (u, û), so that C(GI) ≤ C(G) and the same holds forthe limit. By the same reasoning, for any K1 ⊂ K2 ⊂ R2 we have C(GK1) ≤ C(GK2).When 
al
ulating minimax bounds we are interested in the worst risk of estimatorswithin some parameter region K, and this worst risk is obviously higher than the
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ations 211Bayes risk with respe
t to the probability distribution with 
onstant density on K.We shall work on B(0, c+ b) the ball of 
enter 0 and radius (c+ b), with b > c, anddenote our measurement M with density m(û)dû. In general M need not have adensity, but this will ease notations. Then
sup

u∈B(0,c+b)

RM (u, û) ≥
∫

B(0,c+b)×R2

du dû

π(c+ b)2
‖u− û‖2 Tr (φum(û)) . (7.26)We �x the following notations

f(D) =

∫

D
dudv‖x − y‖2 Tr (φum(v)) ,

g(D) =

∫

D
dudv Tr (φum(v)) ,and de�ne the domains

D1 = {(u, û)|u ∈ B(0, c+ b), û ∈ R
2}

D2 = {(u + k,k)|u ∈ B(0, c),k ∈ B(0, b)}
D3 = {(u,u + h)|u ∈ B(0, b− c),h ∈ B(0, c)}
D4 = {(u,u + h)|u ∈ B(0, b− c),h ∈ R

2\B(0, c)}.Noti
e the following relations:
D3 ⊂ D2 ⊂ D1, D4 ⊂ D1\D2. (7.27)Then (7.26) 
an be rewritten as
sup

u∈B(0,c+b)

RM(u, û) ≥ 1

π(b+ c)2
f(D1).The following inequalities follow dire
tly from the de�nitions:

f(D2) ≤ c2g(D2) f(D3) ≤ c2g(D3)

f(D4) ≥ c2g(D4) g(D4) + g(D3) = π(b− c)2.
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al asymptoti
 normality for qubitsUsing these and (7.27), we may write:
1

π(c+ b)2
f(D1) ≥

1

π(c+ b)2
(f(D2) + f(D4))

≥ 1

π(c+ b)2

(
f(D2) + c2g(D4)

)

=
(b− c)2

(b+ c)2

(
f(D2)

g(D2)

g(D2)

π(b− c)2
+ c2 − c2

g(D3)

π(b− c)2

)

≥ (b− c)2

(b+ c)2

(
c2 +

g(D3)

π(b− c)2

(
f(D2)

g(D2)
− c2

))

≥ (b− c)2

(b+ c)2

f(D2)

g(D2)
. (7.28)We analyze now the expression f(D2)/g(D2). By using the de�nition (7.2) of thedispla
ed thermal states φu we get that Tr

[
φu+km(l)

]
= Tr

[
φkmu(l)

], where
mu(l) := D(−

√
2µ− 1αu)m(l)D(

√
2µ− 1αu).Then

g(D2) =

∫

B(0,c)×B(0,b)

dudkTr
[
φu+km(k)

]
= Tr

[
φ̃cm̃b

]
,where we have written

φ̃c =

∫

B(0,c)

φudu, m̃b =

∫

B(0,b)

mk(k)dk.Upon writing vc :=
∫
B(0,c)

‖u‖2φudu, we get similarly f(D2) = Tr [vcm̃b]. Note thatby rotational symmetry vc and φ̃c are diagonal in the number operator eigenbasis,so without restri
ting the generality we may assume that m̃b is also diagonal in thatbasis: m̃b =
∑

k pk|k〉〈k|. We have then
f(D2)

g(D2)
=

∑
k∈N

pk〈k|vc|k〉∑
k∈N

pk〈k|φ̃c|k〉
≥ inf

k∈N

〈k|vc|k〉
〈k|φ̃c|k〉

.The in�mum on the right side is a
hieved by the va
uum ve
tor. By Lemma 7.7.6,this fa
t follows from the inequality
〈k|φu1|k〉
〈k|φu2|k〉 ≥ 〈0|φu1|0〉

〈0|φu2|0〉 , ‖u1‖ ≥ ‖u2‖,whi
h 
an be 
he
ked by expli
it 
al
ulations.
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ations 213Letting now c and b go to in�nity with c = o(b) and using (7.28), we obtain that
lim
a→∞

C(Ga) ≥
∫

R2〈0|φu|0〉 ‖u‖2du∫
R2〈0|φu|0〉 du ,whi
h is exa
tly the pointwise risk of the heterodyne measurement H(du) = h(u)duwhose density is

h(u) = (2µ− 1)D(−
√

2µ− 1αu)|0〉〈0|D(−
√

2µ− 1αu).By symmetry this pointwise risk does not depend on the point, so that C(G) ≤
RH(u, û). And we have our se
ond inequality: lima→∞ C(Ga) ≥ C(G).Moreover, the heterodyne measurement is known to saturate the Holevo bound for
G = Id and the Cramér-Rao bound for lo
ally unbiased estimators (Holevo, 1982;Hayashi et Matsumoto, 2004). We 
on
lude that the lo
al minimax risk for qubitsis equal to the minimax risk for the limit Gaussian quantum experiment whi
h isa
hieved by the heterodyne measurement.Lemma 7.7.6. Let p and q be two probability densities on [0, 1] and assume that

p(x1)

p(x2)
≥ q(x1)

q(x2)
, x1 ≥ x2.Then ∫ x2p(x)dx ≥

∫
x2q(x)dx.Proof. It is enough to show that there exists a point x0 ∈ [0, 1] su
h that p(x) ≤ q(x)for x ≤ x0 and p(x) ≥ q(x) for x ≥ x0. Now, if p(x) ≤ q(x) then by using theassumption we get that p(y) ≤ q(y) for all y ≤ x. Similarly, if p(x) ≥ q(x) then

p(y) ≤ q(y) for all y ≥ x. This implies the existen
e of the 
rossing point x0.We end this se
tion with the 
on
lusion that the optimal measurement from theBayesian point of view is also asymptoti
ally optimal from the pointwise point ofview. Let us denote by (Mn, û) the measurement-estimator pair from (Bagan et al.,2006; Hayashi et Matsumoto, 2004).Proposition 7.7.7. The optimal measurement-estimator pair (Mn, û) is a lo
alasymptoti
 minimax estimation s
heme. That is
lim
n→∞

RMcov(u, û) = Cl.a.m(Fn : n ∈ N).
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al asymptoti
 normality for qubitsProof. The pointwise risk of Mcov is known to 
onverge to that of the heterodynemeasurement (Bagan et al., 2006). The rest follows from Lemma 7.7.4 and Lemma7.7.5.
7.7.3 Dis
rimination of statesAnother illustration of the lo
al asymptoti
 normality Theorem is the problem ofdis
riminating between two states ρ+ and ρ−. When the two states are �xed, thisproblem has been solved by Helstrom (1976), and if we are given n systems in state
ρ⊗n± then the probability of error 
onverge to 0 exponentially. Here we 
onsiderthe problem of distinguishing between two states ρ±n whi
h approa
h ea
h other as
n → ∞ with rate ‖ρ+

n − ρ−n ‖1 ≈ 1√
n
. In this 
ase the probability of error does notgo to 0 be
ause the problem be
omes more di�
ult as we have more systems, and
onverges to the limit problem of distinguishing between two �xed Gaussian statesof a quantum os
illator.This problem is interesting for several reasons. Firstly it shows that the 
onver-gen
e in Theorem 7.1.1 
an be used for �nding asymptoti
ally optimal pro
eduresfor various statisti
al problems su
h as that of parameter estimation and hypothe-sis testing. Se
ondly, for any �xed n the optimal dis
rimination is performed by arather 
ompli
ated joint measurement and the hope is that the asymptoti
 problemof dis
riminating between two Gaussian states may provide a more realisti
 mea-surement whi
h 
an be implemented in the lab. Thirdly, this example shows that anon-
ommuting one-parameter families of states is not �
lassi
al� as it is sometimesargued, but should be 
onsidered as a quantum �resour
e� whi
h 
annot be trans-formed into a 
lassi
al one without loss of information. More expli
itly, the optimalmeasurement for estimating the parameter is not optimal for other statisti
al prob-lems su
h as the one 
onsidered here, and thus di�erent statisti
al de
ision problemsare a

ompanied by mutually in
ompatible optimal measurements.Let is re
all the framework of quantum hypothesis testing for two states ρ±: we
onsider two-out
omes POVM's M = (M−,M+) with 0 ≤ M+ ≤ 1 and M− = 1 −

M+ su
h that the probability of error when the state is ρ− is given by Tr(M+ρ
−),andsimilarly for ρ+. As we do not know the state, we want to minimize our worst-
aseprobability error. Our �gure of merit (the lower, the better) is therefore:

R(ρ+, ρ−) = inf
M

max {Tr(ρ+M−),Tr(ρ+M−)}Now we are interested in the 
ase when ρ± = ρ±u
n as de�ned in (7.1), and in thelimit ρ± = φ±u (re
all that both ρu

n and φu depend on µ). We then have:



7.7 Appli
ations 215Theorem 7.7.8. The following limit holds
lim
n→∞

R(ρu
n, ρ

−u
n ) = R(φu, φ−u).Moreover for pure states this limit is equal to (1 − (1 − e−4|u|2)1/2

)
/2 whi
h isstri
tly smaller than 1/2 − erf(|u|) whi
h is the limit if we do not use 
olle
tivemeasurements on the qubits. Here we have used this 
onvention for the error fun
-tion: erf(x) =

∫ x
0
e−t

2
/
√
π dt.Proof. LetM be the optimal dis
rimination pro
edure φ±u. Then we use the 
hannel

Tn to send ρ±u
n to states of the os
illator and then perform the measurement M .By Theorem 7.1.1, ‖φ±u − Tn(ρ

±u
n )‖1 → 0 so that Tr (Tn(ρ

±u
n )M∓) → Tr (φ±uM∓).Thus M ◦ Tn is asymptoti
ally optimal for ρ±u

n .Now for pure states |ψ+〉 and |ψ−〉 the optimal measurement is well-known (Guµ et Kahn, 2009; Che�es, 2000). It is unique on the span of these pure states andarbitrary on the orthogonal. If we 
hoose the phase su
h that 〈ψ−|ψ+〉 > 0, then
M+ is the proje
tor on the ve
tor

|ψ+〉 + |ψ−〉
2
√

1 + 〈ψ−|ψ+〉
+

|ψ+〉 − |ψ−〉
2
√

1 − 〈ψ−|ψ+〉
,and the asso
iated risk is

1

2
(1 −

√
1 − |〈ψ+|ψ−〉|2).Now in our 
ase, in the limit experiment, φu is the 
oherent state

|ψu〉 = e−|u|2/2
∑

n

|u|n/
√
n! |n〉.So that

〈ψu|ψ−u〉 = e−|u|2
∑

n

(−|u|2)n
n!

= e−2|u|2,and R(φu, φ−u) = 1
2

(
1 −

√
1 − e−4|u|2

)
.We would like to insist here that the best measurement for dis
rimination is notmeasuring the positive part of the position observable Q (we assume by symmetrythat ±u is on the �rst 
oordinate), as one might expe
t from the analogy withthe 
lassi
al problem. Indeed if we measure Q then we obtain a 
lassi
al Gaussianvariable with density p(x) = e−(x−|u|)2/
√
π and the best guess at the sign ± has inthis 
ase the risk 1/2 − erf(|u|).
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al asymptoti
 normality for qubitsThis may be a bit surprising 
onsidering that measuring Q preserves the quantumFisher information. The 
on
lusion is simply that the quantum Fisher informationis not an exhaustive indi
ator of the statisti
al information in a family of states, asit may remain un
hanged even when there is a 
lear degradation in the inferen
epower. This example �ts in a more general framework of a theory of quantumstatisti
al experiments and quantum de
isions (Guµ ).
7.7.4 Spin squeezed states and 
ontinuous time measurementsIn an emblemati
 experiment for the �eld of quantum �ltering and 
ontrol, Geremiaet al. (2004) have shown how spin squeezed states 
an be prepared deterministi
allyby using 
ontinuous time measurements performed in the environment and real timefeedba
k on the spins. Without going in the details, the basi
 idea is to des
ribethe evolution of identi
ally prepared spins by passing �rst to the 
oherent statepi
ture. There one 
an easily solve the sto
hasti
 S
hrödinger equation des
ribingthe evolution (quantum traje
tory) of the quantum os
illator 
onditioned on the
ontinuous signal of the measurement devi
e. The solution is a Gaussian statewhose 
enter evolves sto
hasti
ally while one of the quadratures gets more andmore squeezed as one obtains more information through the measurement. Usingfeedba
k one 
an then stabilize the 
enter of the state around a �xed point.This des
ription is of 
ourse approximative and holds as long as the errors in iden-tifying the spins with Gaussian states are not signi�
ant. The framework developedin the proof of Theorem 7.1.1 
an then be used to make more pre
ise statementsabout the validity of the results, in
luding the squeezing pro
ess.Perhaps more interesting for quantum estimation, su
h measurements may be usedto perform optimal estimation of spin states. The idea would be to �rst lo
alize thestate in a small region by performing a weak measurement and then in a se
ondstage one performs a heterodyne type measurement after rotating the spins so thatthey point approximately in the z dire
tion. We believe that this type of pro
edurehas better 
han
es of being implemented in pra
ti
e 
ompared with the abstra
t
ovariant measurement of Bagan et al. (2006); Hayashi et Matsumoto (2004).



Chapitre 8
Optimal estimation of qubit stateswith 
ontinuous time measurements
Ce 
hapitre dérive de l'arti
le (Guµ  et al., 2008).Résumé : Nous proposons une stratégie adaptative, en deux temps,pour estimer l'état mélangé d'un qubit. Nous montrons l'optimalité de
ette stratégie dans un sens minimax lo
al, pour la distan
e de la tra
eainsi que pour d'autres fon
tions de 
oût quadratiques. L'optimalité min-imax lo
ale signi�e qu'étant donnés n qubits identiques, il n'existe au-
un estimateur qui fasse mieux que 
elui proposé sur un voisinage detaille n−1/2 autour d'un état quel
onque. En parti
ulier, l'estimateur estasymptotiquement optimal au sens bayésien pour une grande 
lasse dedistributions a priori.Nous proposons une implémentation physique de 
ette stratégie d'es-timation optimale, basée sur les mesures en temps 
ontinu de 
hamps
ouplés aux qubits.L'ingrédient fondamental de 
e résultat est le 
on
ept de normalité asymp-totique lo
ale (ou LAN) pour les qubits. Elle signi�e que, pour de grands

n, le modèle statistique qui dé
rit n qubits préparés de manière identiqueest lo
alement équivalent à un modèle qui dé
rit une distribution gaussi-enne 
lassique 
ouplée à un état gaussien sur un os
illateur harmoniquequantique.Le terme �lo
al� fait référen
e au voisinage qui rétré
it autour d'un état�xé ρ0. Un résultat essentiel est que le rayon de 
e voisinage peut être
hoisi aussi pro
he que l'on veut de n−1/4. Ce
i nous permet d'utiliserune pro
édure en deux temps, où nous 
ommençons par lo
aliser l'état



218 Optimal estimation of qubit states with 
ontinuous time measurementsdans un petit voisinage de rayon n1/2+ǫ, puis utilisons LAN pour e�e
tuerl'estimation optimale.8.1 Introdu
tionState estimation is a 
entral topi
 in quantum statisti
al inferen
e (Holevo, 1982;Helstrom, 1976; Barndor�-Nielsen et al., 2003; Hayashi, 2005b). In broad terms theproblem 
an be formulated as follows : given a quantum system prepared in an un-known state ρ, one would like to re
onstru
t the state by performing a measurement
M whose random result X will be used to build an estimator ρ̂(X) of ρ. The qualityof the measurement-estimator pair is given by the risk

Rρ(M, ρ̂) = E
(
d(ρ̂(X), ρ)2

)
, (8.1)where d is a distan
e on the spa
e of states, for instan
e the �delity distan
e or thetra
e norm, and the expe
tation is taken with respe
t to the probability distribution

PMρ of X, when the measured system is in state ρ. Sin
e the risk depends on theunknown state ρ, one 
onsiders a global �gure of merit by either averaging withrespe
t to a prior distribution π (Bayesian setup)
Rπ(M, ρ̂) =

∫
π(dρ)Rρ(M, ρ̂), (8.2)or by 
onsidering a maximum risk (pointwise or minimax setup)

Rmax(M, ρ̂) = sup
ρ
Rρ(M, ρ̂). (8.3)An optimal pro
edure in either setup is one whi
h a
hieves the minimum risk.Typi
ally, one measurement result does not provide enough information in orderto signi�
antly narrow down on the true state ρ. Moreover, if the measurement is�informative� then the state of the system after the measurement will 
ontain littleor no information about the initial state (Janssens, 2006) and one needs to repeatthe preparation and measurement pro
edure in order to estimate the state with thedesired a

ura
y.It is then natural to 
onsider a framework in whi
h we are given a number n ofidenti
ally prepared systems and look for estimators ρ̂n whi
h are optimal, or be-
ome optimal in the limit of large n. This problem is the quantum analogue of the
lassi
al statisti
al problem (van der Vaart, 1998) of estimating a parameter θ fromindependent identi
ally distributed random variables X1, . . . , Xn with distribution
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Pθ, and some of the methods developed in this 
hapter are inspired by the 
lassi
altheory.Various state estimation problems have been investigated in the literature and thete
hniques may be quite di�erent depending on a number of fa
tors : the dimensionof the density matrix, the number of unknown parameters, the purity of the states,and the 
omplexity of measurements over whi
h one optimizes. A short dis
ussionon these issues 
an be found in se
tion 8.2.In this 
hapter we give an asymptoti
ally optimal measurement strategy for qubitstates that is based on the te
hnique of lo
al asymptoti
 normality introdu
ed byGuµ  et Kahn (2006); Guµ  et Jen£ová (2007). The te
hnique is a quantum gener-alisation of Le Cam's (1986) 
lassi
al statisti
al result, and builds on previous workof Hayashi et Matsumoto (2004). We use an adaptive two stage pro
edure involving
ontinuous time measurements, whi
h 
ould in prin
iple be implemented in pra
ti
e.The idea of adaptive estimation methods, whi
h has a long history in 
lassi
al statis-ti
s, was introdu
ed in the quantum set-up by Barndor�-Nielsen et Gill, R. (2000),and was subsequently used by Gill et Massar (2000); Hayashi (2002a); Hayashi etMatsumoto (2005). The aim there is similar : one wants to �rst lo
alize the state andthen to perform a suitably tailored measurement whi
h performs optimally around agiven state. A di�erent adaptive te
hnique was proposed independently by Nagaoka(2005) and further developed by Fujiwara (2006).

Fig. 8.1 � After the �rst measurement stage the state ρ lies in a small ball 
enteredat ρ̃n.In the �rst stage, the spin 
omponents σx, σy and σz are measured separately ona small portion ñ ≪ n of the systems, and a rough estimator ρ̃n is 
onstru
ted.By standard statisti
al arguments (see Lemma 8.2.1) we dedu
e that with highprobability, the true state ρ lies within a ball of radius slightly larger than n−1/2, say
n−1/2+ǫ with ǫ > 0, 
entered at ρ̃n. The purpose of the �rst stage is thus to lo
alizethe state within a small neighborhood as illustrated in Figure 8.1 (up to a unitaryrotation) using the Blo
h sphere representation of qubit states.
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ontinuous time measurementsThis information is then used in the se
ond stage, whi
h is a joint measurement onthe remaining n − ñ systems. This se
ond measurement is implemented physi
allyby two 
onse
utive 
ouplings, ea
h to a bosoni
 �eld. The qubits are �rst 
oupled tothe �eld via a spontaneous emission intera
tion and a 
ontinuous time heterodynedete
tion measurement is performed in the �eld. This yields information on theeigenve
tors of ρ. Then the intera
tion is 
hanged, and a 
ontinuous time homodynedete
tion is performed in the �eld. This yields information on the eigenvalues of ρ.We prove that the se
ond stage of the measurement is asymptoti
ally optimal for allstates in a ball of radius n−1/2+η around ρ̃n. Here η 
an be 
hosen to be bigger that
ǫ > 0 implying that the two stage pro
edure as a whole is asymptoti
ally optimalfor any state as depi
ted in Figure 8.2.
Fig. 8.2 � The smaller domain is the lo
alization region of the �rst step. The se
ondstage estimator is optimal for all states in the bigger domain.The optimality of the se
ond stage relies heavily on the prin
iple of lo
al asymptoti
normality or LAN, see (van der Vaart, 1998), whi
h we will brie�y explain below,and in parti
ular on the fa
t that it holds in a ball of radius n−1/2+η around ρ̃nrather than just n−1/2 as it was the 
ase in Guµ  et Kahn's 2006 arti
le.Let ρ0 be a �xed state. We parametrize the neighboring states as ρu/

√
n, where

u = (ux, uy, uz) ∈ R3 is a 
ertain set of lo
al parameters around ρ0. Then LANentails that the joint state ρu
n := ρ⊗n

u/
√
n
of n identi
al qubits 
onverges for n → ∞to a Gaussian state of the form Nu ⊗ φu, in a sense explained in Theorem 8.3.1.By Nu we denote a 
lassi
al one-dimensional normal distribution 
entered at uz.The se
ond term φu is a Gaussian state of a harmoni
 os
illator, i.e. a displa
edthermal equilibrium state with displa
ement proportional to (ux, uy). We thus havethe 
onvergen
e

ρu
n ; Nu ⊗ φu,to a mu
h simpler family of 
lassi
al � quantum states for whi
h we know how tooptimally estimate the parameter u (Holevo, 1982; Yuen et Lax, M., 1973).The idea of approximating a sequen
e of statisti
al experiments by a Gaussian onegoes ba
k to Wald (1943), and was subsequently developed by Le Cam (1986) who
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oined the term lo
al asymptoti
 normality. In quantum statisti
s the �rst ideas inthe dire
tion of lo
al asymptoti
 normality for d-dimensional states appeared in aJapanese paper (Hayashi, 2003), as well as in Hayashi's 
onferen
es and were subse-quently developed by Hayashi et Matsumoto (2004). In Theorem 8.3.1 we strengthenthese results for the 
ase of qubits, by proving a strong version of LAN in the spiritof Le Cam's pioneering work. We then exploit this result to prove optimality of these
ond stage. A di�erent approa
h to lo
al asymptoti
 normality has been developedby Guµ  et Jen£ová (2007) to whi
h we refer for a more general exposition on thetheory of quantum statisti
al models. A short dis
ussion on the relation betweenthe two approa
hes is given in the remark following Theorem 8.3.1.From the physi
s perspe
tive, our results put on a more rigorous basis the treatmentof 
olle
tive states of many identi
al spins, the keyword here being 
oherent spinstates (Holtz et Hanus, 1974). Indeed, it has been known sin
e Dyson (1956) that
n spin-1

2
parti
les prepared in the spin up state |↑〉⊗n behave asymptoti
ally as theground state of a quantum os
illator, when 
onsidering the �u
tuations of properlynormalized total spin 
omponents in the dire
tions orthogonal to z. We extend thisto spin dire
tions making an �angle� of order n−1/2+η with the z axis, as illustratedin Figure 8.3, as well as to mixed states. We believe that a similar approa
h 
an befollowed in the 
ase of spin squeezed states and 
ontinuous time measurements withfeedba
k 
ontrol (Geremia et al., 2004).

Fig. 8.3 � Total spin representation of the state of n ≫ 1 spins : the quantum�u
tuations of the x and y spin dire
tions 
oin
ide with those of a 
oherent state ofa harmoni
 os
illator.In Theorem 8.4.1 we prove a dynami
al version of LAN. The traje
tory in timeof the joint state of the qubits together with the �eld 
onverges for large n to the
orresponding traje
tory of the joint state of the os
illator and �eld. In other words,time evolution preserves lo
al asymptoti
 normality. This insures that for large nthe state of the qubits �leaks� into a Gaussian state of the �eld, providing a 
on
reteimplementation of the 
onvergen
e to the limit Gaussian experiment.
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ontinuous time measurementsThe pun
h line of the 
hapter is Theorem 8.6.1 whi
h says that the estimator ρ̂nis optimal in lo
al minimax sense, whi
h is the modern statisti
al formulation ofoptimality in the frequentist setup (van der Vaart, 1998). Also, its asymptoti
 riskis 
al
ulated expli
itly.The 
hapter is stru
tured as follows : in se
tion 8.2, we show that the �rst stage ofthe measurement su�
iently lo
alizes the state. In se
tion 8.3, we prove that LANholds with radius of validity n−1/2+η, and we bound its rate of 
onvergen
e. se
tions8.4 and 8.5 are 
on
erned with the se
ond stage of the measurement, i.e. with the
oupling to the bosoni
 �eld and the 
ontinuous time �eld-measurements. Finally,in se
tion 8.6, asymptoti
 optimality of the estimation s
heme is proven.The te
hni
al details of the proofs are relegated to the appendi
es in order to givethe reader a more dire
t a

ess to the ideas and results.8.2 State estimationIn this se
tion we introdu
e the reader to a few general aspe
ts of quantum stateestimation after whi
h we 
on
entrate on the qubit 
ase.State estimation is a generi
 name for a variety of results whi
h may be 
lassi�eda

ording to the dimension of the parameter spa
e, the kind or family of states tobe estimated and the preferred estimation method. For an introdu
tion to quantumstatisti
al inferen
e we refer to the books by Helstrom (1976) and Holevo (1982)and the more re
ent review paper by Barndor�-Nielsen et al. (2003). The 
olle
tion(Hayashi, 2005b) is a good referen
e on quantum statisti
al problems, with manyimportant 
ontributions by the Japanese s
hool.For the purpose of this 
hapter, any quantum state representing a parti
ular prepa-ration of a quantum system, is des
ribed by a density matrix (positive selfadjointoperator of tra
e one) on the Hilbert spa
e H asso
iated to the system. The algebraof observables is B(H), and the expe
tation of an observable a ∈ B(H) with respe
tto the state ρ is Tr(ρa). A measurementM with out
omes in a measure spa
e (X ,Σ)is 
ompletely determined by a σ-additive 
olle
tion of positive selfadjoint operators
M(A) on H, where A is an event in Σ. This 
olle
tion is 
alled a positive operatorvalued measure. The distribution of the results X when the system is in state ρ isgiven by Pρ(A) = Tr(ρM(A)).We are given n systems identi
ally prepared in state ρ and we are allowed to per-form a measurement Mn whose out
ome is the estimator ρ̂n as dis
ussed in theIntrodu
tion.



8.2 State estimation 223The dimension of the density matrix may be �nite, su
h as in the 
ase of qubits or d-levels atoms, or in�nite as in the 
ase of the state of a mono
hromati
 beam of light.In the �nite or parametri
 
ase one expe
ts that the risk 
onverges to zero as n−1and the optimal measurement-estimator sequen
e (Mn, ρ̂n) a
hieves the best 
onstantin front of the n−1 fa
tor. In the non-parametri
 
ase the rates of 
onvergen
e arein general slower that n−1 be
ause one has to simultaneously estimate an in�nitenumber of matrix elements, ea
h with rate n−1. An important example of su
h anestimation te
hnique is that of quantum homodyne tomography in quantum opti
s(Vogel et Risken, H., 1989). This allows the estimation with arbitrary pre
ision(D'Ariano et al., 1995; Leonhardt et al., 1995, 1996) of the whole density matrix ofa mono
hromati
 beam of light by repeatedly measuring a su�
iently large numberof identi
ally prepared beams (Smithey et al., 1993; S
hiller et al., 1996; Zavattaet al., 2004). Artiles et al. (2005); Butu
ea et al. (2007) have shown how to formulatethe problem of estimating in�nite dimensional states without the need for 
hoosinga 
ut-o� in the dimension of the density matrix, and how to 
onstru
t optimalminimax estimators of the Wigner fun
tion for a 
lass of �smooth� states.If we have some prior knowledge about the preparation pro
edure, we may en
odethis by parametrizing the possible states as ρ = ρθ with θ ∈ Θ some unknownparameter. The problem is then to estimate θ optimally with respe
t to a distan
efun
tion on Θ.Indeed, one of the main problems in the �nite dimensional 
ase is to �nd optimalestimation pro
edures for a given family of states. It is known that if the state ρis pure or belongs to a one parameter family, then separate measurements a
hievethe optimal rate of the 
lass of joint measurements (Matsumoto, 2002). Howeverfor multi-dimensional families of mixed states this is no longer the 
ase and jointmeasurements perform stri
tly better than separate ones (Gill et Massar, 2000).In the Bayesian setup, one optimizes Rπ(Mn, ρ̂n) for some prior distribution π. Werefer to (Jones, 1994; Massar et Popes
u, 1995; Latorre et al., 1998; Fisher et al.,2000; Hannemann et al., 2002b; Bagan et al., 2002; Emba
her et Narnhofer, 2004;Bagan et al., 2005) for the pure state 
ase, and to (Cira
 et al., 1999; Vidal et al.,1999; Ma
k et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004
; Zy
zkowski etSommers, 2005; Bagan et al., 2006) for the mixed state 
ase. The methods used hereare based on group theory and 
an be applied only to invariant prior distributionsand 
ertain distan
e fun
tions. In parti
ular, the optimal 
ovariant measurement inthe 
ase of 
ompletely unknown qubit states was found by Bagan et al. (2006) andHayashi et Matsumoto (2004), but it has the drawba
k that it does not give any
lue as to how it 
an be implemented in a real experiment.In the pointwise approa
h (Hayashi, 2002a; Hayashi et Matsumoto, 2005; Gill etMassar, 2000; Barndor�-Nielsen et Gill, R., 2000; Fujiwara et Nagaoka, H., 1995;
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ontinuous time measurementsMatsumoto, 2002; Barndor�-Nielsen et al., 2003; Hayashi et Matsumoto, 2004) onetries to minimize the risk for ea
h unknown state ρ. As the optimal measurement-estimator pair 
annot depend on the state itself, one optimizes the maximum risk
Rmax(Mn, ρ̂n), (see (8.3)), or a lo
al version of this whi
h will be de�ned shortly. Theadvantage of the pointwise approa
h is that it 
an be applied to arbitrary families ofstates and a large 
lass of loss fun
tions provided that they are lo
ally quadrati
 inthe 
hosen parameters. The underlying philosophy is that as the number n of statesis su�
iently large, the problem 
eases to be global and be
omes a lo
al one as theerror in estimating the state parameters is of the order n−1/2.The Bayesian and pointwise approa
hes 
an be 
ompared (Gill, 2005a), and in fa
tfor large n the prior distribution π of the Bayesian approa
h be
omes in
reasinglyirrelevant and the optimal Bayesian estimator be
omes asymptoti
ally optimal inthe minimax sense and vi
e versa.8.2.1 Qubit state estimation : the lo
alization prin
ipleLet us now pass to the quantum statisti
al model whi
h will be the obje
t of ourinvestigations. Let ρ ∈M2(C) be an arbitrary density matrix des
ribing the state ofa qubit. Given n identi
ally prepared qubits with joint state ρ⊗n, we would like tooptimally estimate ρ based on the result of a properly 
hosen joint measurementMn.For simpli
ity of the exposition we assume that the out
ome of the measurementis an estimator ρ̂n ∈ M2(C). In pra
ti
e however, the result X may belong to a
ompli
ated measure spa
e (in our 
ase the spa
e of 
ontinuous time paths) and theestimator is a fun
tion of the �raw� data ρ̂n := ρ̂n(X). The quality of the estimatorat the state ρ is quanti�ed by the risk

Rρ(Mn, ρ̂n) := Eρ(d(ρ, ρ̂n)
2),where d is a distan
e between states. The above expe
tation is taken with respe
tto the distribution Pρ(dx) := Tr(ρM(dx)) of the measurement results, where M(dx)represents the asso
iated positive operator valued measure of the measurement M .In our exposition d will be the tra
e norm

‖ρ1 − ρ2‖1 := Tr(|ρ1 − ρ2|),but similar results 
an be obtained using the �delity distan
e. The aim is to �nd asequen
e of measurements and estimators (Mn, ρ̂n) whi
h is asymptoti
ally optimalin the lo
al minimax sense : for any given ρ0

lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nRρ(Mn, ρ̂n) ≤ lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nRρ(Nn, ρ̌n),
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e of measurement-estimator pairs (Nn, ρ̌n). The fa
tor n isinserted be
ause typi
ally Rρ(Mn, ρ̂n) is of the order 1/n and the optimization isabout obtaining the smallest 
onstant fa
tor possible. The inequality says that one
annot �nd an estimator whi
h performs better that ρ̂n over a ball of size n−1/2+ǫ
entered at ρ0, even if one has the knowledge that the state ρ belongs to that ball !Here, and elsewhere in the 
hapter ǫ will appear in di�erent 
ontexts, as a generi
stri
tly positive number and will be 
hosen to be su�
iently small for ea
h spe
i�
use. At pla
es where su
h notation may be 
onfusing we will use additional symbolsto denote small 
onstants.As set forth in the Introdu
tion, our measurement pro
edure 
onsists of two steps.The �rst one is to perform separate measurements of σx, σy and σz on a fra
tion
ñ = ñ(n) of the systems. In this way we obtain a rough estimate ρ̃n of the true state
ρ whi
h lies in a lo
al neighborhood around ρ with high probability. The se
ond stepuses the information obtained in the �rst step to perform a measurement whi
h isoptimal pre
isely for the states in this lo
al neighborhood. The se
ond step ensuresoptimality and requires more sophisti
ated te
hniques inspired by the theory of lo
alasymptoti
 normality for qubit states (Guµ  et Kahn, 2006). We begin by showingthat the �rst step amounts to the fa
t that, without loss of generality, we may assumethat the unknown state is in a lo
al neighborhood of a known state. This may servealso as an a posteriori justi�
ation of the de�nition of lo
al minimax optimality.Lemma 8.2.1. Let Mi denote the measurement of the σi spin 
omponent of a qubitwith i = x, y, z. We perform ea
h of the measurements Mi separately on ñ/3 identi-
ally prepared qubits and de�ne

ρ̃n =
1

2
(1 + r̃σ), if |r̃| ≤ 1,where r̃ = (r̃x, r̃y, r̃z) is the ve
tor average of the measured 
omponents. If |r̃| > 1then we de�ne ρ̃n as the state whi
h has the smallest tra
e distan
e to the right handside expression. Then for all ǫ ∈ [0, 2], we have

P
(
‖ρ̃n − ρ‖2

1 > 3n2ǫ−1
)
≤ 6 exp(−1

2
ñn2ǫ−1), ∀ρ.Furthermore, for any 0 < κ < ǫ/2, if ñ = n1−κ, the 
ontribution to the risk E(‖ρ̃n−

ρ‖2
1) brought by the event E = [ ‖ρ̃n − ρ‖1 >

√
3n−1/2+ǫ ] satis�es

E
(
‖ρ̃n − ρ‖2

1 χE
)
≤ 24 exp(−1

2
n2ǫ−κ) = o(1).Proof. For ea
h spin 
omponent σi we obtain i.i.d 
oin tosses Xi with distribution

P(Xi = ±1) = (1 ± ri)/2 and average ri.
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ontinuous time measurementsHoe�ding's inequality (van der Vaart et Wellner, J.A., 1996) then states that forall c > 0, we have P(|Xi − X̃|2 > c) ≤ 2 exp(−1
2
ñc). By using this inequality threetimes with c = n2ǫ−1, on
e for ea
h 
omponent, we get

P

(
3∑

1

|r̃i − ri|2 > 3n2ǫ−1

)
≤ 6 exp(−1

2
ñn2ǫ−1) ∀ρ,whi
h implies the statement for the norm distan
e sin
e ‖ρ̃n − ρ‖2

1 =
∑

i |r̃i − ri|2.The bound on 
onditional risk follows from the previous bound and the fa
t that
‖ρ− ρ̃n‖2

1 ≤ 4.
In the se
ond step of the measurement pro
edure we rotate the remaining n − ñqubits su
h that after rotation the ve
tor r̃ is parallel to the z-axis. Afterwards, we
ouple the systems to the �eld and perform 
ertain measurements in the �eld whi
hwill determine the �nal estimator ρ̂n. The details of this se
ond step are given inse
tions 8.4 and 8.5, but at this moment we 
an already prove that the e�e
t of errorsin the the �rst stage of the measurement is asymptoti
ally negligible 
ompared tothe risk of the se
ond estimator. Indeed by Lemma 8.2.1 we get that if ñ = n1−κ,then the probability that the �rst stage gives a �wrong� estimator (one whi
h liesoutside the lo
al neighborhood of the true state) is of the order exp(−1

2
n2ǫ−κ) andso is the risk 
ontribution. As the typi
al risk of estimation is of the order 1/n, wesee that the �rst step is pra
ti
ally �always� pla
ing the estimator in a neighborhoodof order n−1/2+ǫ of the true state ρ, as shown in Figure 8.2. In the next se
tion wewill show that for su
h neighborhoods, the state of the remaining n − ñ systemsbehaves asymptoti
ally as a Gaussian state. This will allow us to devise an optimalmeasurement s
heme for qubits based on the optimal measurement for Gaussianstates.

8.3 Lo
al asymptoti
 normalityThe optimality of the se
ond stage of the measurement relies on the 
on
ept oflo
al asymptoti
 normality (van der Vaart, 1998; Guµ  et Kahn, 2006). After ashort introdu
tion, we will prove that LAN holds for the qubit 
ase, with radius ofvalidity n−1/2+η for all η ∈ [0, 1/4). We will also show that its rate of 
onvergen
e is
O(n−1/4+η+ǫ) for arbitrarily small ǫ.



8.3 Lo
al asymptoti
 normality 2278.3.1 Introdu
tion to LAN and some de�nitionsLet ρ0 be a �xed state, whi
h by rotational symmetry 
an be 
hosen of the form
ρ0 =

(
µ 0
0 1 − µ

)
, (8.4)for a given 1

2
< µ < 1. We parametrize the neighboring states as ρu/

√
n where u =

(ux, uy, uz) ∈ R3 su
h that the �rst two 
omponents a

ount for unitary rotationsaround ρ0, while the third one des
ribes the 
hange in eigenvalues
ρv := U (v)

(
µ+ vz 0

0 1 − µ− vz

)
U (v)∗ , (8.5)with unitary U(v) := exp(i(vxσx+vyσy)). The �lo
al parameter� u should be thoughtof, as having a bounded range in R3 or may even �grow slowly� as ‖u‖ ≤ nη.Then, for large n, the joint state ρu

n := ρ⊗n
u/

√
n
of n identi
al qubits approa
hes aGaussian state of the form Nu ⊗ φu with the parameter u appearing solely in theaverage of the two Gaussians. By Nu we denote a 
lassi
al one-dimensional normaldistribution 
entered at uz whi
h relays information about the eigenvalues of ρu/

√
n.The se
ond term φu is a Gaussian state of a harmoni
 os
illator whi
h is a displa
edthermal equilibrium state with displa
ement proportional to (ux, uy). It 
ontainsinformation on the eigenve
tors of ρu/

√
n. We thus have the 
onvergen
e

ρu
n ; Nu ⊗ φu,to a mu
h simpler family of 
lassi
al - quantum states for whi
h we know howto optimally estimate the parameter u. The asymptoti
 splitting into a 
lassi
alestimation problem for eigenvalues and a quantum one for the eigenbasis has beenalso noti
ed by Bagan et al. (2006) and by Hayashi et Matsumoto (2004), the latter
oming pretty 
lose to our formulation of lo
al asymptoti
 normality.The pre
ise meaning of the 
onvergen
e is given in Theorem 8.3.1 below. In short,there exist quantum 
hannels Tn whi
h map the states ρ⊗n

u/
√
n
into Nu ⊗ φu withvanishing error in tra
e norm distan
e, and uniformly over the lo
al parameters u.From the statisti
al point of view the 
onvergen
e implies that a statisti
al de
isionproblem 
on
erning the model ρu

n 
an be mapped into a similar problem for themodel Nu ⊗ φu su
h that the optimal solution for the latter 
an be translatedinto an asymptoti
ally optimal solution for the former. In our 
ase the problem ofestimating the state ρ turns into that of estimating the lo
al parameter u around the�rst stage estimator ρ̃n playing the role of ρ0. For the family of displa
ed Gaussianstates it is well known that the optimal estimation of the displa
ement is a
hievedby the heterodyne dete
tion (Holevo, 1982; Yuen et Lax, M., 1973), while for the
lassi
al part it su�
ient to take the observation as best estimator. Hen
e the se
ondstep will give an optimal estimator û of u and an optimal estimator of the initialstate ρ̂n := ρû/
√
n. The pre
ise result is formulated in Theorem 8.6.1
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ontinuous time measurements8.3.2 Convergen
e to the Gaussian modelWe des
ribe the state Nu ⊗ φu in more detail. Nu is simply the 
lassi
al Gaussiandistribution
Nu := N(uz, µ(1 − µ)), (8.6)with mean uz and varian
e µ(1 − µ).The state φu is a density matrix on H = F(C), the representation spa
e of theharmoni
 os
illator. In general, for any Hilbert spa
e h, the Fo
k spa
e over h isde�ned as

F(h) :=
∞⊕

n=0

h ⊗s · · · ⊗s h, (8.7)with ⊗s denoting the symmetri
 tensor produ
t. Thus F(C) is the simplest exampleof a Fo
k spa
e. Let
φ := (1 − p)

∑

k=0

pk|k〉〈k|, (8.8)be a thermal equilibrium state with |k〉 denoting the k-th energy level of the os
illatorand p = 1−µ
µ
< 1. For every α ∈ C de�ne the displa
ed thermal state

φ(α) := D(α)φD(−α),where D(α) := exp(αa∗ − ᾱa) is the displa
ement operator, mapping the va
uumve
tor |0〉 to the 
oherent ve
tor
|α〉 = exp(−α2/2)

∞∑

k=0

αk√
k!
|k〉.Here a∗ and a are the 
reation and annihilation operators on F(C), satisfying

[a, a∗] = 1. The family φu of states in whi
h we are interested is given by
φu := φ(

√
2µ− 1αu), u ∈ R

3, (8.9)with αu := −uy + iux. Note that φu does not depend on uz.We 
laim that the �statisti
al information� 
ontained in the joint state of n qubits
ρu
n := ρ⊗n

u/
√
n
, (8.10)is asymptoti
ally identi
al to that 
ontained in the 
ouple (Nu, φu). More pre
isely :Theorem 8.3.1. Let ρu

n be the family of states (8.5) on the Hilbert spa
e (C2)
⊗n, let

Nu be the family (8.6) of Gaussian distributions, and let φu be the family (8.9) of
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al asymptoti
 normality 229displa
ed thermal equilibrium states of a quantum os
illator. Then for ea
h n thereexist quantum 
hannels (tra
e preserving CP maps)
Tn : T ((C2)⊗n) → L1(R) ⊗ T (F(C)),

Sn : L1(R) ⊗ T (F(C)) → T ((C2)⊗n)with T (H) the tra
e-
lass operators on H, su
h that, for any 0 ≤ η < 1/4 and any
ǫ > 0,

sup
‖u‖≤nη

‖Nu ⊗ φu − Tn (ρu
n) ‖1 = O(n−1/4+η+ǫ), (8.11)

sup
‖u‖≤nη

‖ρu
n − Sn (Nu ⊗ φu) ‖1 = O(n−1/4+η+ǫ). (8.12)Moreover, for ea
h ǫ2 > 0 there exists a fun
tion f(n) of order O(n−1/4+η+ǫ) su
hthat the above 
onvergen
e rates are bounded by f(n), with f independent of ρ0 aslong as |1

2
− µ| > ǫ2.Remark. Note that the equations (8.11) and (8.12) imply that the expressionson the left side 
onverge to zero as n → ∞. Following the 
lassi
al terminologyof Le Cam (1986), we will 
all this type of result strong 
onvergen
e of quantumstatisti
al models (experiments). Another lo
al asymptoti
 normality result has beenderived by Guµ  et Jen£ová (2007) based on a di�erent 
on
ept of 
onvergen
e,whi
h is an extension of the weak 
onvergen
e of 
lassi
al (
ommutative) statisti
alexperiments. In the 
lassi
al set-up it is known that strong 
onvergen
e implies weak
onvergen
e for arbitrary statisti
al models, and the two are equivalent for statisti
almodels 
onsisting of a �nite number of distributions.These two approa
hes to lo
al asymptoti
 normality in quantum statisti
s are basedon 
ompletely di�erent methods and the results are 
omplementary in the sense thatthe weak 
onvergen
e of Guµ  et Jen£ová (2007) holds for the larger 
lass of �nitedimensional states while the strong 
onvergen
e has more dire
t 
onsequen
es as itis shown in this 
hapter for the 
ase of qubits. Both results are part of a larger e�ortto develop a general theory of lo
al asymptoti
 normality in quantum statisti
s.Several extensions are in order : from qubits to arbitrary �nite dimensional systems(strong 
onvergen
e), from �nite dimensional to 
ontinuous variables systems, fromidenti
al system to 
orrelated ones, and asymptoti
 normality in 
ontinuous timedynami
al set-up.Finally, let us note that the development of a general theory of 
onvergen
e ofquantum statisti
al models will set a framework for dealing with other importantstatisti
al de
ision problems su
h as quantum 
loning (Werner, 1998) and quantumampli�
ation (Caves, 1982), whi
h do not ne
essarily involve measurements.
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ontinuous time measurementsRemark. The 
onstru
tion of the 
hannels Tn, Sn in the 
ase of �xed eigenvalues
(uz = 0) is given in Theorem 1.1 of Guµ  et Kahn (2006). It is also shown that asimilar result holds uniformly over ‖u‖ < C for any �xed �nite 
onstant C. Guµ et Jen£ová (2007) have shown that weak 
onvergen
e also holds in the general 
ase,with unknown eigenvalues. A 
lassi
al 
omponent then appears in the limit sta-tisti
al experiment. In the above result we extend the domain of validity of theseTheorems from �lo
al� parameters ‖u‖ < C to �slowly growing� lo
al neighborhoods
‖u‖ ≤ nη with η < 1/4. Although this may be seen as merely a te
hni
al improve-ment, it is in fa
t essential in order to insure that the result of the �rst step of theestimation will, with high probability, fall inside a neighborhood ‖u‖ ≤ nη for whi
hlo
al asymptoti
 normality still holds (see Figure 8.2).Proof. Following (Guµ  et Kahn, 2006) we will �rst indi
ate how the 
hannels Tnare 
onstru
ted. The te
hni
al details of the proof 
an be found in Appendix 8.A.The spa
e (C2)

⊗n 
arries two unitary representations. The representation πn of
SU(2) is given by πn(u) = u⊗n for any u ∈ SU(2), and the representation π̃n ofthe symmetri
 group S(n) is given by the permutation of fa
tors

π̃n(τ) : v1 ⊗ · · · ⊗ vn 7→ vτ−1(1) ⊗ · · · ⊗ vτ−1(n), τ ∈ S(n).As [πn(u), π̃n(τ)] = 0 for all u ∈ SU(2), τ ∈ S(n), we have the de
omposition
(
C

2
)⊗n

=

n/2⊕

j=0,1/2

Hj ⊗Hj
n. (8.13)The dire
t sum runs over all positive (half)-integers j up to n/2. For ea
h �xed j,

Hj
∼= C2j+1 is an irredu
ible representation Uj of SU(2) with total angular momen-tum J2 = j(j + 1), and Hj

n
∼= Cnj is the irredu
ible representation of the symmetri
group S(n) with nj =

(
n

n/2−j
)
−
(

n
n/2−j−1

). The density matrix ρu
n is invariant underpermutations and 
an be de
omposed as a mixture of �blo
k� density matri
es

ρu
n =

n/2⊕

j=0,1/2

pn,u(j) ρu
j,n ⊗

1

nj
. (8.14)The probability distribution pn,u(j) is given by (Bagan et al., 2006) :

pn,u(j) :=
nj

2µu − 1
(1 − µu)

n
2
−j µ

n
2
+j+1

u

(
1 − p2j+1

u

)
, (8.15)with µu := µ+ uz/

√
n, pu := 1−µu

µu
. We 
an rewrite pn,u(j) as

pn,u(j) := Bn,µu
(n/2 + j) ×K(j, n, µ,u), (8.16)
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al asymptoti
 normality 231where
Bn,ν(k) :=

(
n

k

)
νk (1 − ν)n−k , k = 0, . . . , nis a binomial distribution, and the fa
tor K(j, n, µ,u) is given by

K(j, n, µ,u) :=
(
1 − p2j+1

u

) n+ (2(j − jn −
√
nuz) + 1)/(2µu − 1)

n+ (j − jn −
√
nuz + 1)/µu

,for jn := n(µ− 1/2).Now K(j, n, µ,u) = 1 + O(n−1/2+ǫ) on the relevant values of j, i.e. the ones inan interval of order n1/2+ǫ around jn, as long as µu is bounded away from 1/2,whi
h is automati
ally so for big n. As Bn,µu
(k) is the distribution of a sum of i.i.d.Bernoulli random variables, we 
an now use standard lo
al asymptoti
 normalityresults (van der Vaart, 1998) to 
on
lude that if j is distributed a

ording to pn,u,then the 
entered and res
aled variable

gn :=
j√
n
−√

n(µ− 1/2),
onverges in distribution to a normalNu, after an additional randomization has beenperformed. The latter is ne
essary in order to �smooth� the dis
rete distribution intoa distribution whi
h is 
ontinuous with respe
t to the Lebesgue measure, and will
onvergen
e to the Gaussian distribution in total variation norm.The measurement �whi
h blo
k�, 
orresponding to the de
omposition (8.14), pro-vides us with a result j and a posterior state ρu
j,n. The fun
tion gn = gn(j) (with anadditional randomization) is the 
lassi
al part of the 
hannel Tn. The randomiza-tion 
onsists of �smoothening� with a Gaussian kernel of mean gn(j) and varian
e

1/(2
√
n), i.e. with τn,j := (n1/4/

√
π) exp (−√

n(x− gn(j))
2).Note that this measurement is not disturbing the state ρu
n in the sense that theaverage state after the measurement is the same as before.The quantum part of Tn is the same as in (Guµ  et Kahn, 2006) and 
onsists ofembedding ea
h blo
k state ρu

j,n into the state spa
e of the os
illator by means of anisometry Vj : Hj → F(C),
Vj : |j,m〉 7→ |j −m〉,where {|j,m〉 : m = −j, . . . , j} is the eigenbasis of the total spin 
omponent Lz :=∑

i σ
(i)
z , 
f. equation (5.1) of (Guµ  et Kahn, 2006). Then the a
tion of the 
hannel

Tn is
Tn :

⊕

j

pn,u(j)ρu
j,n ⊗

1

nj
7→
∑

j

pn,u(j) τn,j ⊗ Vjρ
u
j,nV

∗
j .
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ontinuous time measurementsThe inverse 
hannel Sn performs the inverse operation with respe
t to Tn. First theos
illator state is �
ut-o�� to the dimension of an irredu
ible representation andthen a blo
k obtained in this way is pla
ed into the de
omposition (8.13) (withan additional normalization from the remaining in�nite dimensional blo
k whi
h isnegligible for the states in whi
h we are interested).The rest of the proof is given in Appendix 8.A.
8.4 Time evolution of the intera
ting systemIn the previous se
tion, we have investigated the asymptoti
 equivalen
e betweenthe states ρu

n and Nu ⊗ φu by means of the 
hannel Tn. We now seek to implementthis in a physi
al situation. The Nu-part will follow in se
tion 8.5.2, the φu-part willbe treated in this se
tion.We 
ouple the n qubits to a Bosoni
 �eld ; this is the physi
al implementation ofLAN. Subsequently, we perform a measurement in the �eld whi
h will provide theinformation about the state of the qubits ; this is the utilization of LAN in order tosolve the asymptoti
 state estimation problem.In this se
tion we will limit ourselves to analyzing the joint evolution of the qubitsand �eld. The measurement on the �eld is des
ribed in se
tion 8.5.8.4.1 Quantum sto
hasti
 di�erential equationsIn the weak 
oupling limit (Gardiner et Zoller, 2004) the joint evolution of thequbits and �eld 
an be des
ribed mathemati
ally by quantum sto
hasti
 di�erentialequations (QSDE) (Hudson et Parthasarathy, 1984). The basi
 notions here are theFo
k spa
e, the 
reation and annihilation operators and the quantum sto
hasti
di�erential equation of the unitary evolution. The Hilbert spa
e of the �eld is theFo
k spa
e F(L2(R)) as de�ned in (8.7). An important linearly 
omplete set in
F(L2(R)) is that of the exponential ve
tors

e(f) :=

∞⊕

n=0

1√
n!
f⊗n :=

∞⊕

n=0

1√
n!
|f〉n, f ∈ L2(R), (8.17)with inner produ
t 〈e(f), e(g)〉 = exp(〈f, g〉). The normalized exponential states

|f〉 := e−〈f,f〉/2e(f) are 
alled 
oherent states. The va
uum ve
tor is |Ω〉 := e(0) and



8.4 Time evolution of the intera
ting system 233we will denote the 
orresponding density matrix |Ω〉〈Ω| by Φ. The quantum noisesare des
ribed by the 
reation and annihilation martingale operators A∗
t := a∗(χ[0,t])and At := a(χ[0,t]) respe
tively, where χ[0,t] is the indi
ator fun
tion for [0, t] and

a(f) : e(g) 7→ 〈f, g〉e(g).The in
rements dAt := a(χ[0,t+dt])−a(χ[0,t]) and dA∗
t play the role of non-
ommutingintegrators in quantum sto
hasti
 di�erential equations, in the same way as the one
an integrate against the Brownian motion in 
lassi
al sto
hasti
 
al
ulus.We now 
onsider the joint unitary evolution for qubits and �eld de�ned by thequantum sto
hasti
 di�erential equation (Hudson et Parthasarathy, 1984; Boutenet al., 2004) :

dUn(t) = (andA
∗
t − a∗ndAt −

1

2
a∗nandt)Un(t),where Un(t) is a unitary operator on (C2)⊗n ⊗ F(L2(R)), and

an :=
1√
2jn

n∑

k=1

σ
(k)
+ , σ

(k)
+ := 1⊗· · ·⊗ (σx + iσy)/2⊗· · ·⊗1, jn := (µ− 1/2)n.As we will see later, the �
oupling fa
tor� 1/

√
jn of the order n−1/2, is ne
essaryin order to obtain 
onvergen
e to the unitary evolution of the quantum harmoni
os
illator and the �eld.We remind the reader that the n-qubit spa
e 
an be de
omposed into irredu
iblerepresentations as in (8.13), and the intera
tion between the qubits and �eld respe
tsthis de
omposition

Un(t) =

n/2⊕

j=0,1/2

Uj,n(t) ⊗ 1,where 1 is the identity operator on the multipli
ity spa
e Hj
n, and

Uj,n(t) : Hj ⊗ F(L2(R)) → Hj ⊗F(L2(R)),is the restri
ted 
o
y
le
dUj,n(t) = (ajdA

∗
t − a∗jdAt −

1

2
a∗jajdt)Uj,n(t), (8.18)with aj a
ting on the basis |j,m〉 of Hj as

aj |j,m〉 =
√
j −m

√
(j +m+ 1)/2jn |j,m+ 1〉,

a∗j |j,m〉 =
√
j −m+ 1

√
j +m/2jn |j,m− 1〉.



234 Optimal estimation of qubit states with 
ontinuous time measurementsRemark. We point out that the lowering operator for Lz a
ts as 
reator for our
ut-o� os
illator sin
e the highest ve
tor |j, j〉 
orresponds by Vj to the va
uum ofthe os
illator. This 
hoi
e does not have any physi
al meaning but is only relatedwith our 
onvention µ > 1/2. Had we 
hosen µ < 1/2, then the raising operator onthe qubits would 
orrespond to 
reation operator on the os
illator.By (8.14) the initial state ρ⊗n de
omposes in the same way as the unitary 
o
y
le,and thus the whole evolution de
ouples into separate �blo
ks� for ea
h value of j.We do not have expli
it solutions to these equations but based on the 
on
lusionsdrawn from LAN we expe
t that as n→ ∞, the solutions will be well approximatedby similar ones for a 
oupling between an os
illator and the �eld, at least for thestates in whi
h we are interested. As a warm up exer
ise we will start with thissimpler limit 
ase where the states 
an be 
al
ulated expli
itly.8.4.2 Solving the QSDE for the os
illatorLet a∗ and a be the 
reation and annihilation operators of a quantum os
illatora
ting on F(C). We 
ouple the os
illator with the Bosoni
 �eld and the joint unitaryevolution is des
ribed by the family of unitary operators U(t) satisfying the quantumsto
hasti
 di�erential equation
dU(t) = (adA∗

t − a∗dAt −
1

2
a∗adt)U(t).We 
hoose the initial (un-normalized) state ψ(0) := e(z) ⊗ |Ω〉, where z is any
omplex number, and we shall �nd the expli
it form of the ve
tor state of thesystem and �eld at time t : ψ(t) := U(t)ψ(0).We make the following ansatz : ψ(t) = e(αt) ⊗ e(ft), where ft(s) := f(s)χ[0,t](s) forsome f ∈ L2(R). For ea
h β ∈ C, g ∈ L2(R), de�ne I(t) := 〈e(β) ⊗ e(g), ψ(t)〉. Wethen have I(t) = exp(β̄α(t) + 〈g, ft〉), so that it satis�es

dI(t) =
(
β̄ d
dt
α(t) + ḡ(t)f(t)

)
I(t)dt . (8.19)We now 
al
ulate d

dt
I(t) with the help of the QSDE. Sin
e Ate(f) = 〈χ[0,t], f〉e(f),we have, for 
ontinuous g, dAte(g) = g(t)e(g)dt. However, sin
e Ase(ft) is 
onstantfor s ≥ t, we have dAte(ft) = 0. Thus

dI(t) = 〈e(β) ⊗ e(g), (adA∗
t − a∗dAt − 1

2
a∗adt)ψ(t)〉 = (ḡ(t)α(t) − 1

2
β̄α(t))I(t)dt .(8.20)Equating (8.19) with (8.20) for all t, β and 
ontinuous g, we �nd f(s) = α(s),

d
dt
α(t) = −1

2
α(t). Thus α(t) = α(0)e−

1
2
t, ft(s) = α(0)χ[0,t](s)e

− 1
2
s with α(0) = z.
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ting system 235In 
on
lusion ψ(t) = e(ze−
1
2
t) ⊗ e(ze−

1
2
sχ[0,t](s)). For later use we denote the nor-malized solution by ψz(t) := U(t)|z〉 ⊗ |Ω〉 = e−|z|2/2U(t)e(z) ⊗ |Ω〉.8.4.3 QSDE for large spinWe 
onsider now the unitary evolution for qubits and �eld :

dUn(t) = (andA
∗
t − a∗ndAt −

1

2
a∗nandt)Un(t).It is no longer possible to obtain an expli
it expression for the joint ve
tor state

ψn(t) at time t. However we will show that for the states in whi
h we are interested,a satisfa
tory expli
it approximate solution exists.The tri
k works for an arbitrary family of unitary solutions of a quantum sto
hasti
di�erential equation dU(t) = GdtU(t), and the general idea is the following : if ψ(t) isthe true state ψ(t) = U(t)ψ and ξ(t) is a ve
tor des
ribing an approximate evolution(ψ(0) = ξ(0)) then with U t
t+dt := U(t+ dt)U(t)−1 we get

ψ(t+ dt) − ξ(t+ dt) = ψ(t+ dt) − U t
t+dtξ(t) + U t

t+dtξ(t)

−ξ(t) + ξ(t) − ξ(t+ dt)

= U t
t+dt [ψ(t) − ξ(t)] + [U(t+ dt) − U(t)]U(t)−1ξ(t)

+[ξ(t) − ξ(t+ dt)]

= U t
t+dt [ψ(t) − ξ(t)] +Gdtξ(t) − dξ(t).By taking norms we get

d‖ψ(t) − ξ(t)‖ ≤ ‖Gdtξ(t) − dξ(t)‖. (8.21)The idea is now to devise a family ξ(t) su
h that the right side is as small as possible.We apply this te
hnique blo
k-wise, that is to ea
h unitary Uj,n(t) a
ting on Hj ⊗
F(L2(R)) (see equation (8.18)) for a �typi
al� j ∈ Jn (see equation (8.39)). Bymeans of the isometry Vj we 
an embed the spa
e Hj into the �rst 2j + 1 levelsof the os
illator and for simpli
ity we will keep the same notions as before for theoperators a
ting on F(C). As initial states for the qubits we 
hoose the blo
k states
ρu
j,n.Theorem 8.4.1. Let ρu

j,n(t) = Uj,n(t)
[
ρu
j,n ⊗ Φ

]
U∗
j,n(t) be the j-th blo
k of the stateof qubits and �eld at time t. Let φu(t) := U(t) [φu ⊗ Φ] U(t)∗ be the joint state ofthe os
illator and �eld at time t. For any η < 1/6, for any ǫ > 0,

sup
j∈Jn

sup
‖u‖≤nη

sup
t

‖ρu
j,n(t) − φu(t)‖1 = O(n−1/4+η+ǫ, n−1/2+3η+ǫ). (8.22)



236 Optimal estimation of qubit states with 
ontinuous time measurementsProof. From the proof of the lo
al asymptoti
 normality Theorem 8.3.1 we knowthat the initial states of the two unitary evolutions are asymptoti
ally 
lose to ea
hother
sup
j∈Jn

sup
‖u‖≤nη

‖ρu
j,n − φu‖1 = O(n−1/4+η+ǫ). (8.23)The proof 
onsists of two estimation steps. In the �rst one, we will devise anotherinitial state ρ̃u

j,n whi
h is an approximation of φu and thus also of ρu
j,n :

sup
j∈Jn

sup
‖u‖≤nη

‖ρ̃u
j,n − φu‖1 = O(e−n

ǫ

). (8.24)In the se
ond estimate we show that the evolved states ρ̃u
j,n(t) and φu(t) are asymp-toti
ally 
lose to ea
h other

sup
j∈Jn

sup
‖u‖≤nη

sup
t

‖ρ̃u
j,n(t) − φu(t)‖1 = O(n−1/4+η+ǫ, n−1/2+3η+ǫ). (8.25)This estimate is important be
ause, the two traje
tories are driven by di�erentHamiltonians, and in prin
iple there is no reason why they should stay 
lose to ea
hother.From (8.23), (8.24) and (8.25), and using triangle inequality we get

sup
j∈Jn

sup
‖u‖≤nη

sup
t

‖ρu
j,n(t) − φu(t)‖1 = O(n−1/4+η+ǫ, n−1/2+3η+ǫ).The following diagram illustrates the above estimates. The upper line 
on
erns thetime evolution of the blo
k state ρu

j,n and the �eld. The lower line des
ribes the timeevolution of the os
illator and the �eld. The estimates show that the diagram is�asymptoti
ally 
ommutative� for large n.
S(Hj)

Idj⊗Φ−−−→ S(Hj ⊗ F)
Uj,n(t)−−−−→ S(Hj ⊗F)

Vj ·V ∗
j

y
y

y

S(F(C))
Id⊗Φ−−−→ S(F(C) ⊗F)

U(t)−−−→ S(F(C) ⊗ F)For the rest of the proof, we refer to Appendix 8.B.We have shown how the mathemati
al statement of LAN (the joint state of qubits
onverges to a Gaussian state of a quantum os
illator plus a 
lassi
al Gaussianrandom variable) 
an in fa
t be physi
ally implemented by 
oupling the spins to theenvironment and letting them �leak� into the �eld. In the next se
tion, we will usethis for the spe
i�
 purpose of estimating u by performing a measurement in the�eld.



8.5 The se
ond stage measurement 2378.5 The se
ond stage measurementWe now des
ribe the se
ond stage of our measurement pro
edure. Re
all that in the�rst stage a relatively small part ñ = n1−κ, 1 > κ > 0, of the qubits is measuredand a rough estimator ρ̃n is obtained. The purpose of this estimator is to lo
alizethe state within a small neighborhood su
h that the ma
hinery of lo
al asymptoti
normality of Theorem 8.3.1 
an be applied.In Theorem 8.4.1 the lo
al asymptoti
 normality was extended to the level of timeevolution of the qubits intera
ting with a bosoni
 �eld. We have proven that at time
t the joint state of the qubits and �eld is

ρu
n(t) :=

n/2⊕

j=0,1/2

pn,u(j)
1

2πs2

∫

C

dz e−|z−√
2µ−1αu|2/2s2 exp(−|z|2) ×

|e(ze−t/2)j〉〈e(ze−t/2)j | ⊗ |e(ze−u/2χ[0,t](u))〉〈e(ze−u/2χ[0,t](u))|
+O(nη−1/4+ǫ, n3η−1/2+ǫ),for ‖u‖ ≤ nη. The index j serves to remind the reader that the �rst exponentialstates live in di�erent 
opies F(C)j of the os
illator spa
e, 
orresponding to Hj viathe isometry Vj. We will 
ontinue to identify Hj with its image in F(C)j.We 
an now approximate the above state by its limit for large t, sin
e

exp(−|z|2)〈e(ze−t/2)j | j, j〉〈e(ze−u/2χ[0,t](u)) | e(ze−u/2)〉 = exp(−|z|2e−t). (8.26)As we are always working with ‖u‖ ≤ nη, the only relevant z are bounded by nη+δfor small δ. (The remainder of the Gaussian integral has an exponentially de
reasingnorm, as dis
ussed before). Thus, for large enough time (i.e. for t ≥ ln(n)), we 
anwrite ρu
n(t) = ρu

n(∞) +O(nη−1/4+ǫ, n3η−1/2+ǫ) with
ρu
n(∞) :=

n/2⊕

j=0,1/2

pn,u(j)|j, j〉〈j, j|⊗
[

1

2πs2

∫

C

dz e−|z−√
2µ−1αu|2/2s2 |e(ze−u/2)〉〈e(ze−u/2)| exp(−|z|2)

]
. (8.27)Thus, the �eld is approximately in the state φu depending on (ux, uy), whi
h is
arried by the mode (u 7→ e−u/2χ[0,∞)(u)) ∈ L2(R) denoted for simpli
ity by e−u/2.The atoms end up in a mixture of |j, j〉 states with 
oe�
ients pn,u(j), whi
h dependonly on uz, and are well approximated by the Gaussian random variableNu as shown
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ontinuous time measurementsin Theorem 8.3.1. Moreover sin
e there is no 
orrelation between atoms and �eld, thestatisti
al problem de
ouples into one 
on
erning the estimation of the displa
ementin a family of Gaussian states φu, and one for estimating the 
enter of Nu.For the former problem, the optimal estimation pro
edure is known to be the hetero-dyne measurement (Holevo, 1982; Yuen et Lax, M., 1973) ; for the latter, we performa �whi
h blo
k� measurement. These measurements are des
ribed in the next twosubse
tions.8.5.1 The heterodyne measurementA heterodyne measurement is a �joint measurement� of the quadratures Q :=
(a + a∗)/

√
2 and P := −i(a − a∗)/

√
2 of a quantum harmoni
 os
illator whi
hin our 
ase represents a mode of light. Sin
e the two operators do not 
ommute, thepri
e to pay is the addition of some �noise� whi
h will allow for an approximate mea-surement of both operators. The light beam passes through a beamsplitter having ava
uum mode as the se
ond input, and then one performs a homodyne (quadrature)measurement on ea
h of the two emerging beams. If Qv and Pv are the va
uumquadratures then we measure the following output quadratures Q1 := (Q+Qv)/

√
2and P2 := (P − Pv)/

√
2, with [Q1,P2] = 0. Sin
e the two input beams are inde-pendent, the distribution of √2Q1 is the 
onvolution between the distribution of Qand the distribution of Qv, and similarly for √2P2.In our 
ase we are interested in the mode e−u/2 whi
h is in the state φu, up to a fa
torof order O(nη−1/4+ǫ, n3η−1/2+ǫ). From (8.9) we obtain that thedistribution of Q is N(

√
2(2µ− 1)ux, 1/(2(2µ − 1))), that of P is

N(
√

2(2µ− 1)uy, 1/(2(2µ− 1))), and the joint distribution of the res
aled output
(
(Q + Qv)/

√
2(2µ− 1) , (P − Pv)/

√
2(2µ− 1)

)
,is

N(ux, µ/(2(2µ− 1)2)) ×N(uy, µ/(2(2µ− 1)2)). (8.28)We will denote by (ũx, ũy) the result of the heterodyne measurement res
aled by thefa
tor √2µ− 1 su
h that with good approximation (ũx, ũy) has the above distribu-tion and is an unbiased estimators of the parameters (ux, uy).Sin
e we know in advan
e that the parameters (ux, uy) must be within the radiusof validity of LAN we modify the estimators (ũx, ũy) to a

ount for this informationand obtain the �nal estimator (ûx, ûy) :
ûi =

{
ũi if |ũi| ≤ 3nη

0 if |ũi| > 3nη
(8.29)
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ond stage measurement 239Noti
e that if the true state ρ is in the radius of validity of LAN around ρ̃, then
‖u‖ ≤ nη, so that |ûi− ui| ≤ |ũi− ui|. We shall use this when proving optimality ofthe estimator.8.5.2 Energy measurementHaving seen the φu-part, we now move to the Nu-part of the equivalen
e between
ρu
n and Nu⊗φu. This too is a 
oupling to a bosoni
 �eld, albeit a di�erent 
oupling.We also des
ribe the measurement in the �eld whi
h will provide the informationon the qubit states.The �nal state of the previous measurement, restri
ted to the atoms alone (withoutthe �eld), is obtained by a partial tra
e of equation (8.27) (for large time) over the�eld

τu
n =

n/2∑

j=0,1/2

pn,u(j)|j, j〉〈j, j| +O(nη−1/4+ǫ, n3η−1/2+ǫ) .We will take this as the initial state of the se
ond measurement, whi
h will determine j.A dire
t 
oupling to the J2 does not appear to be physi
ally available, but a 
ouplingto the energyJz is realizable. This su�
es, be
ause the above state satis�es j = m(up to order O(nη−1/4+ǫ, n3η−1/2+ǫ)). We 
ouple the atoms to a new �eld (in theva
uum state |Ω〉) by means of the intera
tion
dUt = {Jz(dA∗

t − dAt) − 1
2
J2
z dt}Ut ,with Jz := 1√

n

∑n
k=1 σz . Sin
e this QSDE is `essentially 
ommutative', i.e. driven bya single 
lassi
al noise Bt = (A∗

t −At)/i, the solution is easily seen to be
Ut = exp(Jz ⊗ (A∗

t −At)) .Indeed, we have df(Bt) = f ′(Bt)dBt +
1
2
f ′′(Bt)dt by the 
lassi
al It� rule, so that

d exp(iJz ⊗ Bt) = {iJzdBt − 1
2
J2
zdt} exp(iJz ⊗Bt) .For an initial state |j,m〉 ⊗ |Ω〉, this evolution gives rise to the �nal state

Ut|j,m〉 ⊗ Ω = |j,m〉 ⊗ exp((m/
√
n)(A∗

t −At))Ω

= |j,m〉 ⊗ |(m/√n)χ[0,t]〉,where |f〉 ∈ F(L2(R)) denotes the normalized ve
tor exp(−〈f, f〉/2)e(f). Applyingthis to the states |j, j〉〈j, j| in τu
n yields

Ut τ
u
n ⊗ ΦU∗

t =

n/2∑

j=0,1/2

pn,u(j)|j, j〉〈j, j| ⊗ |j/√nχ[0,t]〉〈j/
√
nχ[0,t]|

+O(nη−1/4+ǫ, n3η−1/2+ǫ) .
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ontinuous time measurementsThe �nal state of the �eld results from a partial tra
e over the atoms ; it is given by
n/2∑

j=0,1/2

pn,u(j) |(j/√n)χ[0,t]〉〈(j/
√
n)χ[0,t]| +O(nη−1/4+ǫ, n3η−1/2+ǫ) . (8.30)We now perform a homodyne measurement on the �eld, whi
h amounts to a dire
tmeasurement of (At + A∗

t )/2t. In the state |(j/√nχ[0,t]〉, this yields the value of jwith 
ertainty for large time (i.e. t≫ √
n). Indeed, for this state, E((At+A∗

t )/2t) =
j/
√
n, whereas Var(At +A∗

t )/2t) = 1/(4t). Thus the probability distribution pn,u isreprodu
ed up to order O(nη−1/4+ǫ, n3η−1/2+ǫ) in L1-distan
e.The following is a reminder from the proof of Theorem 8.3.1. If we start with jdistributed a

ording to pn(j) and we smoothen j√
n
−√

n(µ− 1/2) with a Gaussiankernel, then we obtain a random variable gn whi
h is 
ontinuously distributed on
R and 
onverges in distribution to N(uz, µ(1 − µ)), the error term being of order
O(nη−1/2) + O(nǫ−1/2). For j distributed a

ording to the a
tual distribution, asmeasured by the homodyne dete
tion experiment, we 
an therefore state that gn isdistributed a

ording to

N(uz, µ(1 − µ)) +O(nη−1/4+ǫ, n3η−1/2+ǫ) +O(nη−1/2) +O(nǫ−1/2). (8.31)As in the 
ase of (ûx, ûy), we take into a

ount the range of validity of LAN byde�ning the �nal estimator
ûz =

{
gn if |gn| ≤ 3nη

0 if |gn| > 3nη . (8.32)Similarly, we note that if the true state ρ is in the radius of validity of LAN around
ρ̃, then ‖u‖ ≤ nη, so that |ûz − uz| ≤ |ũz − uz|.8.6 Asymptoti
 optimality of the estimatorIn order to estimate the qubit state, we have proposed a strategy 
onsisting of thefollowing steps. First, we use ñ := n1−κ 
opies of the state ρ to get a rough estimate
ρ̃n. Then we 
ouple the remaining qubits with a �eld, and perform a heterodyne mea-surement. Finally, we 
ouple to a di�erent �eld, followed by homodyne measurement.From the measurement out
omes, we 
onstru
t an estimator ρ̂n := ρûn/

√
n.This strategy is asymptoti
ally optimal in a global sense : for any true state ρ even ifwe knew beforehand that the true state ρ is in a small ball around a known state ρ0,it would be impossible to devise an estimator that 
ould do better asymptoti
ally,than our estimator ρ̂n on a small ball around ρ. More pre
isely :



8.6 Asymptoti
 optimality of the estimator 241Theorem 8.6.1. Let ρ̂n be the estimator de�ned above. For any qubit state ρ0 dif-ferent from the totally mixed state, for any sequen
e of estimators ˆ̺n, the followinglo
al asymptoti
 minimax result holds for any 0 < ǫ < 1/12 :
lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nR(ρ, ρ̂n) ≤ lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nR(ρ, ˆ̺n). (8.33)Let (µ0, 1 − µ0) be the eigenvalues of ρ0 with µ0 > 1/2. Then the lo
al asymptoti
minimax risk is
lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nR(ρ, ρ̂n) = Rminimax(µ0) = 8µ0 − 4µ2
0. (8.34)Démonstration. We write the risk as the sum of two terms 
orresponding to theevents E and Ec that ρ̃n is inside or outside the ball of radius n−1/2+ǫ around ρ.Re
all that LAN is valid inside the ball. Thus

R(ρ, ρ̂n) = E(‖ρ− ρ̂n‖2
1 χEc) + E(‖ρ− ρ̂n‖2

1 χE),where the expe
tation 
omes from ρ̂n being random. The distribution of the result
ρ̂n of our measurement pro
edure applied to the true unknown state ρ depends on
ρ. We bound the �rst part by R1 and the se
ond part by R2 as shown below.
R1 equals P(Ec) times the maximum error, whi
h is 4 sin
e for any pair of densitymatri
es ρ and σ, we have ‖ρ− σ‖2

1 ≤ 4. Thus
R1 = 4P(‖ρ− ρ̃n‖1 ≥ n−1/2+ǫ).A

ording to Lemma 8.2.1 this probability goes to zero exponentially fast, thereforethe 
ontribution brought by this term 
an be negle
ted.We 
an now assume that ρ̃n is in the range of validity of lo
al asymptoti
 normalityand we 
an write ρ⊗n = ρu
n with u the lo
al parameter around ρ̃n. We get thefollowing inequalities for the se
ond term in the risk.

E(‖ρ− ρ̂n‖2
1 χE) ≤ E

[
‖ρ̂n − ρ‖2

1

∣∣∣ ‖ρ̃n − ρ‖1 ≤ n−1/2+ǫ
]

≤ sup
‖ρ−ρ0‖<n−1/2+ǫ

E

[
‖ρ̂n − ρ‖2

1

∣∣∣ ρ̃n = ρ0

]

≤ sup
‖ρ−ρ0‖<n−1/2+ǫ

Eρun(∞)

[
‖ρ̂n − ρ‖2

1

∣∣∣ ρ̃n = ρ0

]

+ sup
‖ρ−ρ0‖<n−1/2+ǫ

‖ρu
n(t) − ρu

n(∞)‖1 sup
ûn

‖ρ̂n − ρ‖2
1

≤ sup
‖ρ−ρ0‖<n−1/2+ǫ

Eρun(∞)

[
‖ρ̂n − ρ‖2

1

∣∣∣ ρ̃n = ρ0

]

+ cn−1+2η sup
‖ρ−ρ0‖<n−1/2+ǫ

‖ρu
n(t) − ρu

n(∞)‖1 = R2. (8.35)



242 Optimal estimation of qubit states with 
ontinuous time measurementsThe �rst two inequalities are trivial. In the third inequality we 
hange the expe
ta-tion from the one with respe
t to the probability distribution of our data Pρun(t) tothe probability distribution Pρun(∞). In doing so, an additional term ‖Pρun(t)−Pρun(∞)‖1appears whi
h is bounded from above by ‖ρu
n(t)−ρu

n(∞)‖1. In the last inequality we
an bound ‖ρ̂n− ρ‖2
1 by cn−1+2η for some 
onstant c. Indeed from de�nitions (8.29)and (8.32) we know that ‖ρ̂n − ρ0‖1 ≤ c′n−1/2+η and additionally we are under theassumption ‖ρ− ρ0‖1 ≤ n−1/2+ǫ with ǫ < η.For the following, re
all that all our LAN estimates are valid uniformly around anystate ρ0 = ρ̃ as long as µ − 1/2 ≥ ǫ2 > 0. As we are working with ρ di�erentfrom the totally mixed state and ‖ρ − ρ̃‖ ≤ n−1/2+ǫ, we know that for big enough

n, µ̃ − 1/2 ≥ ǫ2 for any possible ρ̃. We 
an then apply the uniform results of theprevious se
tions.The se
ond term in R2 is O(n−5/4+3η+δ, n−3/2+5η+δ) where δ > 0 
an be 
hosenarbitrarily small. Indeed in the end of se
tion 8.4 we have proven that after time
t ≥ lnn, the following holds : ‖ρu

n(t) − ρu
n(∞)‖1 = O(n−1/4+η+δ, n−1/2+3η+δ). The
ontribution to nR(ρ, ρ̂n) brought by this term will not 
ount in the limit, as longas η and ǫ are 
hose su
h that 1/12 > η > ǫ.We now deal with the �rst term in R2. We write ρ in lo
al parametrization around

ρ0 = ρ̃ as ρun/
√
n. We have

‖ρ̂n − ρ‖2
1 = ‖ρu/

√
n − ρûn/

√
n‖2

1

= 4
(uz − ûz)

2 + (2µ− 1)2((ux − ûx)
2 + (uy − ûy)

2)

n
+O(‖u− ûn‖3n−3/2). (8.36)The remainder term O(‖u− ûn‖3n−3/2) is negligible. It is O(n3η−3/2) whi
h does not
ontribute to nR(ρ, ρ̂n) for η < 1/6. This is be
ause on the one hand we have askedfor ‖ρ̃n − ρ‖ < n−1/2+ǫ, and on the other hand, we have bounded our estimator ûnby using (8.29) and (8.32).We now evaluate Eρun(∞) [d(u, ûn)

2] with the notation
d(u,v)2 := 4

[
(uz − vz)

2 + (2µ− 1)2((ux − vx)
2 + (uy − vy)

2)
]
. (8.37)Note that the risk of ûn is smaller than that of ũn (see dis
ussion below (8.29)and (8.32)). Under the law Pρun(∞) the estimator ũn has a Gaussian distribution asshown in (8.28) and (8.31) with �xed and known varian
e and unknown expe
tation.In statisti
s this type of model is known as a Gaussian shift experiment (van derVaart, 1998). Using (8.28) and (8.31), we get Eρun(∞) [(uz − ûz)

2] ≤ µ(1 − µ) and
Eρun(∞) [(ui − ûi)

2] ≤ µ/(2(2µ−1)2) for i = x, y. Substituting these bounds in (8.36),we obtain (8.34).



8.6 Asymptoti
 optimality of the estimator 243We will now show that the sequen
e ρ̂n is optimal in the lo
al minimax sense : forany ρ0 and any other sequen
e of estimators ˆ̺n we have
R0 = lim sup

n→∞
sup

‖ρ−ρ0‖1≤n−1/2+ǫ

nR(ρ, ˆ̺n) ≥ 8µ0 − 4µ2
0.We will �rst prove that the right hand side is the minimax risk Rminimax(µ0) for thefamily of states Nu ⊗ φu whi
h is the limit of the lo
al families ρu
n of qubit states
entered around ρ0. We then extend the result to our sequen
e of quantum statisti
almodels ρu

n.The minimax optimality for Nu ⊗ φu 
an be 
he
ked separately for the 
lassi
aland the quantum part of the experiment. For the quantum part φu, the optimalmeasurement is known to be the heterodyne measurement. A proof of this fa
t
an be found in Lemma 7.4 of (Guµ  et Kahn, 2006). For the 
lassi
al part, whi
h
orresponds to the measurement of Lz, the optimal estimator is simply the randomvariable X ∼ Nu itself (van der Vaart, 1998).We now end the proof by using the other dire
tion of LAN. Suppose that there existsa better sequen
e of estimators ˆ̺n su
h that
R0 < Rminimax(µ0) = 8µ0 − 4µ2

0.We will show that this leads to an estimator û of u for the family Nu ⊗ φu whosemaximum risk is smaller than the minimax risk Rminimax(µ0), whi
h is impossible.By means of a beamsplitter one 
an divide the state φu into two independent Gaus-sian modes, using a thermal state φ := φ0 as the se
ond input. If r and t are there�e
tivity and respe
tive transmitivity of the beamsplitter (r2 + t2 = 1), then thetransmitted beam has state φu
tr = φtu and the re�e
ted one φu

ref = φru. By perform-ing a heterodyne measurement on the latter, and observing the 
lassi
al part Nu,we 
an lo
alize u within a big ball around the result ũ with high probability, in thespirit of Lemma 8.2.1. More pre
isely, for any small ǫ̃ > 0 we 
an �nd a > 0 bigenough su
h that the risk 
ontribution from unlikely ũ's is small
E(‖u − ũ‖2χ‖u−ũ‖>a) < ǫ̃.Summarizing the lo
alization step, we may assume that the parameter u satis�es

‖u‖ < a with an ǫ̃ loss of risk, where a = a(r, ǫ̃).Now let n be large enough su
h that nǫ > a, then the parameter u falls within thedomain of 
onvergen
e of the inverse map Sn of Theorem 8.3.1 and by (8.12) (with
ǫ repla
ing η and δ repla
ing ǫ) we have

‖ρtun − S(N tu ⊗ φtu)‖1 ≤ Cn−1/4+ǫ+δ,
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ontinuous time measurementsfor some 
onstant C.Next we perform the measurement leading to the estimator ˆ̺n and equivalently toan estimator ûn of u. Without loss of risk we 
an implement the 
ondition ‖u‖ < ainto the estimator ûn in a similar fashion as in (8.29) and (8.32). The risk of thisestimation pro
edure for φu is then bounded from above by the sum of three terms :the risk nRρ(ˆ̺n)/t
2 
oming from the qubit estimation, the error 
ontribution fromthe map Sn whi
h is a2n−1/4+ǫ+δ, and the lo
alization risk 
ontribution ǫ̃. Thisrisk bound uses the same te
hnique as the third inequality of (8.35). The se
ond
ontribution 
an be made arbitrarily small by 
hoosing n large enough, for ǫ < 1/4.From our assumption we have R0 < Rminimax(µ0) and we 
an 
hoose t 
lose toone su
h that R0/t
2 < Rminimax(µ0) and further 
hoose ǫ̃ su
h that R0/t

2 + ǫ̃ <
Rminimax(µ0).In 
on
lusion, we get that the risk for estimating u is asymptoti
ally smaller thatthe risk of the heterodyne measurement 
ombined with observing the 
lassi
al partwhi
h is known to be minimax (Guµ  et Kahn, 2006). Hen
e no su
h sequen
e ˆ̺nexists, and ρ̂n is optimal.
Remark. In Theorem 8.33, we have used the risk fun
tion R(ρ, ρ̂) = E(d2(ρ, ρ̂)),with d the L1-distan
e d(ρ, ρ̂) = ‖ρ− ρ̂‖1. However, the obtained results 
an easilybe adapted to any distan
e measure d2(ρû, ρu) whi
h is lo
ally quadrati
 in û − u,i.e.

d2(ρû, ρu) =
∑

α,β=x,y,z

γαβ(uα − ûα)(uβ − ûβ) +O(‖u− û‖3) .For instan
e, one may 
hoose d2(ρ̂, ρ) = 1 − F 2(ρ̂, ρ) with the �delity F (ρ̂, ρ) :=

Tr(
√√

ρ̂ρ
√
ρ̂). For non-pure states, this is easily seen to be lo
ally quadrati
 with

γ =




(2µ0 − 1)2 0 0

0 (2µ0 − 1)2 0
0 0 1

1−(2µ0−1)2



 .For the 
orresponding risk fun
tion RF (ρ, ρ̂n) := E(1 − F 2(ρ, ρ̂n)), this yields
lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nRF (ρ, ρ̂n) = µ0 + 1/4 , (8.38)with the same asymptoti
ally optimal ρ̂. The asymptoti
 rate RF ∼ 4µ0+1
4n

was foundearlier by Bagan et al. (2006), using di�erent methods.



8.7 Con
lusions 2458.7 Con
lusionsIn this 
hapter, we have shown two properties of quantum lo
al asymptoti
 normality(LAN) for qubits. First of all, we have seen that its radius of validity is arbitrarily
lose to n−1/4 rather than n−1/2. And se
ondly, we have seen how LAN 
an beimplemented physi
ally, in a quantum opti
al setup.We use these properties to 
onstru
t an asymptoti
ally optimal estimator ρ̂n of thequbit state ρ, provided that we are given n identi
al 
opies of ρ. Compared with otheroptimal estimation methods (Bagan et al., 2006; Hayashi et Matsumoto, 2004), ourmeasurement te
hnique makes a signi�
ant step in the dire
tion of an experimentalimplementation.The 
onstru
tion and optimality of ρ̂n are shown in three steps.I In the preliminary stage, we perform measurements of σx, σy and σz on a fra
tion
ñ = n1−κ of the n atoms. As shown in se
tion 8.2, this yields a rough estimate ρ̃nwhi
h lies within a distan
e n−1/2+ǫ of the true state ρ with high probability.II In se
tion 8.3, it is shown that lo
al asymptoti
 normality holds within a ballof radius n−1/2+η around ρ (η > ǫ). This means that lo
ally, for n → ∞, allstatisti
al problems 
on
erning the n identi
ally prepared qubits are equivalentto statisti
al problems 
on
erning a Gaussian distribution Nu and its quantumanalogue, a displa
ed thermal state φu of the harmoni
 os
illator.Together, I and II imply that the prin
iple of LAN has been extended to a globalsetting. It 
an now be used for a wide range of asymptoti
 statisti
al problems,in
luding the global problem of state estimation. Note that this hinges on the rathersubtle extension of the range of validity of LAN to neighborhoods of radius largerthan n−1/2.III LAN provides an abstra
t equivalen
e between the n-qubit states ρ⊗n

u/
√
n
on theone hand, and on the other hand the Gaussian states Nu⊗φu. In se
tions 8.4 and8.5 it is shown that this abstra
t equivalen
e 
an be implemented physi
ally bytwo 
onse
utive 
ouplings to the ele
tromagneti
 �eld. For the parti
ular problemof state estimation, homodyne and heterodyne dete
tion on the ele
tromagneti
�eld then yield the data from whi
h the optimal estimator ρ̂n is 
omputed.Finally, in se
tion 8.6, it is shown that the estimator ρ̂n, 
onstru
ted above, is optimalin a lo
al minimax sense. Lo
al here means that optimality holds in a ball of radiusslightly bigger than n−1/2 around any state ρ0 ex
ept the tra
ial state. That is, evenif we had known beforehand that the true state lies within this ball around ρ0, wewould not have been able to 
onstru
t a better estimator than ρ̂n, whi
h is of 
ourseindependent of ρ0.For this asymptoti
ally optimal estimator, we have shown that the risk R 
onverges
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ontinuous time measurementsto zero at rate R(ρ, ρ̂n) ∼ 8µ0−4µ2
0

n
, with µ0 > 1/2 an eigenvalue of ρ. More pre
isely,we have

lim sup
n→∞

sup
‖ρ−ρ0‖1≤n−1/2+ǫ

nR(ρ, ρ̂n) = 8µ0 − 4µ2
0.The risk is de�ned as R(ρ, ρ̂) = E(d2(ρ, ρ̂)), where we have 
hosen d(ρ̂, ρ) to bethe L1-distan
e ‖ρ̂ − ρ‖1 := Tr(|ρ̂ − ρ|). This seems to be a rather natural 
hoi
ebe
ause of its dire
t physi
al signi�
an
e as the worst 
ase di�eren
e between theprobabilities indu
ed by ρ̂ and ρ on a single event.Even still, we emphasize that the same pro
edure 
an be applied to a wide range ofother risk fun
tions. Due to the lo
al nature of the estimator ρ̂n for large n, its rateof 
onvergen
e in a risk R is only sensitive to the lowest order Taylor expansion of

R in lo
al parameters û−u. The pro
edure 
an therefore easily be adapted to otherrisk fun
tions, provided that the distan
e measure d2(ρû, ρu) is lo
ally quadrati
 in
û − u.Remark. The totally mixed state (µ = 1/2) is a singular point in the parameterspa
e, and Theorem 8.3.1 does not apply in this 
ase. The e�e
t of the singularity isthat the family of states (8.9) 
ollapses to a single degenerate state of in�nite tem-perature. However this phenomenon is only due to our parti
ular parametrisation,whi
h was 
hosen for its 
onvenien
e in des
ribing the lo
al neighborhoods aroundarbitrary states, with the ex
eption of the totally mixed state. Had we 
hosen a dif-ferent parametrisation, e.g. in terms of the Blo
h ve
tor, we would have found thatlo
al asymptoti
 normality holds for the totally mixed state as well, but the limit ex-periment is di�erent : it 
onsists of a three dimensional 
lassi
al Gaussian shift, ea
hindependent 
omponent 
orresponding to the lo
al 
hange in the Blo
h ve
tor alongthe three possible dire
tions. Mathemati
ally, the optimal measurement strategy inthis 
ase is just to observe the 
lassi
al variables. However this strategy 
annot beimplemented by 
oupling with the �eld sin
e this 
oupling be
omes singular (seeequation (8.18)).These issues be
ome more important for higher dimensional systems where the eigen-values may exhibit more 
ompli
ated multipli
ities, and will be dealt with in that
ontext.8.A Appendix : Proof of Theorem 8.3.1Here we give the te
hni
al details of the proof of lo
al asymptoti
 normality with�slowly growing� lo
al neighborhoods ‖u‖ ≤ nη, with η < 1/4. We start with themap Tn.



8.A Appendix : Proof of Theorem 8.3.1 2478.A.1 Proof of Theorem 8.3.1 ; the map TnLet us de�ne, for 0 < ǫ < (1/4 − η) the interval
Jn =

{
j : (µ− 1/2)n− n1/2+ǫ ≤ j ≤ (µ− 1/2)n+ n1/2+ǫ

}
. (8.39)Noti
e that j ∈ Jn satis�es 2j ≥ ǫ2n for all µ − 1/2 ≥ ǫ2 and n big enough,independently of µ.Then Jn 
ontains the relevant values of j, uniformly for µ− 1/2 ≥ ǫ2 :

lim
n→∞

pn,u(Jn) = 1 − O(n−1/2+ǫ). (8.40)This is a 
onsequen
e of Hoe�ding's inequality applied to the binomial distribution,and re
alling that pn,u(j) = B(n/2 + j)(1 +O(n−1/2+ǫ)) for j ∈ Jn.We upper-bound ‖Tn(ρu
n) −Nu ⊗ φu‖ by the sum

3
∑

j 6∈Jn

pun,j +

∥∥∥∥∥N
u −

∑

j∈Jn

pn,u(j)τn,j

∥∥∥∥∥
1

+ sup
j∈Jn

‖Vjρu
j,nV

∗
j − φu‖1. (8.41)The �rst two terms are �
lassi
al� and 
onverge to zero uniformly over ‖u‖ ≤ nη : forthe �rst term, this is (8.40), while the se
ond term 
onverges uniformly on µ−1/2 ≥

ǫ2 at rate nη−1/2 (Guµ  et Kahn, 2009). The third term 
an be analyzed as inProposition 5.1 of (Guµ  et Kahn, 2006) :
∥∥Vjρu

n,jV
∗
j − φu

∥∥
1

≤
∥∥ρu

n,j − V ∗
j φ

uVj
∥∥

1
+ ‖φu − Pjφ

uPj‖1 , (8.42)where Pj := VjV
∗
j is the proje
tion onto the image of Vj . We will show that bothterms on the right side go to zero uniformly at rate n−1/4+η+ǫ over j ∈ Jn and

‖u‖ ≤ nη. The tri
k is to note that displa
ed thermal equilibrium states are Gaussianmixtures of 
oherent states
φu =

1√
2πs2

∫
e−|z−√

2µ−1αu|2/2s2 (|z〉〈z|)d2z, (8.43)where s2 := (1 − µ)/(4µ− 2).The se
ond term on the left side of (8.42) is bounded from above by
1√
2πs2

∫
e−|z−√

2µ−1αu|2/2s2‖|z〉〈z| − Pj|z〉〈z|Pj‖1 d
2z,



248 Optimal estimation of qubit states with 
ontinuous time measurementswhi
h after some simple 
omputations 
an be redu
ed (up to a 
onstant) to
∫
e−|z|2/2s2‖P⊥

j |z +
√

2µ− 1αu〉‖ d2z. (8.44)We now split the integral. The �rst part is integrating over |z| ≥ nη+δ with 0 < δ <

1/4−η/2. The integral is dominated by the Gaussian and its value isO(e−n
2(η+δ)/(2s2)).The other part is bounded by the supremum over |z| ≤ 2nη+δ (as ‖u‖ ≤ nη) of

‖P⊥
j |z〉‖. Now ‖P⊥

j |z〉‖ ≤ |z|j/√j! = O(e−n(1/2−η−2δ)) uniformly on j ∈ Jn, for any
µ− 1/2 ≥ ǫ2 sin
e then 2j ≥ ǫ2n.The same type of estimates apply to the �rst term

∥∥ρu
n,j − V ∗

j φ
uVj
∥∥

1
=

∥∥∥∥Ad

[
Uj

(
u√
n

)] (
ρ0
n,j

)
− V ∗

j φ
uVj

∥∥∥∥
1

≤
∥∥ρ0

n,j − V ∗
j φ

0Vj
∥∥

1
+

∥∥∥∥Ad

[
Uj

(
u√
n

)] (
V ∗
j φ

0Vj
)
− V ∗

j φ
uVj

∥∥∥∥
1

. (8.45)The �rst term on the right side does not depend on u. From the proof of Lemma5.4 of (Guµ  et Kahn, 2006), we know that
∥∥ρ0

n,j − V ∗
j φ

0Vj
∥∥

1
≤
(

p2j+1

1 − p2j+1
+ p2j+1

)with p = (1 − µ)/µ. Now the left side is of the order p2j+1 whi
h 
onverges expo-nentially fast to zero uniformly on µ− 1/2 ≥ ǫ2 and j ∈ Jn.The se
ond term of (8.45) 
an be bounded again by a Gaussian integral
1√
2πs2

∫
e−|z|2/2s2‖∆(u, z, j)‖1d

2z, (8.46)where the operator ∆(u, z, j) is given by
∆(u, z, j) := Ad

[
Uj
(
u/

√
n
)] (

V ∗
j |z〉〈z|Vj

)
−V ∗

j |z+
√

2µ− 1αu〉〈z+
√

2µ− 1αu| Vj.Again, we split the integral along ‖z‖ ≥ nη+δ. The outer part 
onverges to zerofaster than any power of n, as we have already seen. The inner integral, on the otherhand, 
an be bounded uniformly over ‖u‖ ≤ nη, µ − 1/2 ≥ ǫ2 and j ∈ Jn by thesupremum of ‖∆(u, z, j)‖1 over |z| ≤ 2nη+δ, µ− 1/2 ≥ ǫ2, j ∈ Jn and ‖u‖ ≤ nη.Let z̃ ∈ R2 be su
h that αz̃ = z/
√

2µ− 1, and denote ψ(n, j,v) = VjUj(v/
√
n)|j, j〉.Then, up to a √

2 fa
tor, ‖∆(u, z, j)‖1 is bounded from above by the
‖ψ(n, j, z̃) − |z〉‖ +∥∥∥ψ(n, j,u + z̃) − |z +

√
2µ− 1αu〉

∥∥∥+
∥∥∥∥Uj

(
u√
n

)
Uj

(
z̃√
n

)
|jj〉 − Uj

(
u + z̃√

n

)
|jj〉

∥∥∥∥ . (8.47)



8.A Appendix : Proof of Theorem 8.3.1 249This is obtained by adding and subtra
ting |ψ(n, j, z̃)〉〈ψ(n, j, z̃)| and |ψ(n, j,u +
z̃)〉〈ψ(n, j,u + z̃)| and using the fa
t that ‖|ψ〉〈ψ| − |φ〉〈φ|‖1 =

√
2‖ψ − φ‖ fornormalized ve
tors ψ, φ.The two �rst terms are similar, we want to dominate them uniformly : we repla
e

u + z̃ by z̃ with |z| ≤ 2nη+δ. We then write :
‖ψ(n, j, z̃) − |z〉‖2 =

∞∑

k=0

|〈k|ψ(n, j, z̃)〉 − 〈k|z〉|2

≤
r−1∑

k=0

|〈k|ψ(n, j, z̃)〉 − 〈k|z〉|2 + 2

∞∑

k=r

(
|〈k|ψ(n, j, z̃)〉|2 + |〈k|z〉|2

)
. (8.48)If z = |z|eiθ then we have (Hayashi et Matsumoto, 2004)

〈k|ψ(n, j, z̃)〉 =

√(
2j

k

)(
sin(|z|/√n)eiθ

)k (
cos(|z|√n)

)2j−k
,

〈k|z〉 = exp

(
−(2µ− 1)|z|2

2

) (
eiθ|z|√2µ− 1

)k
√
k!

.In (8.48) we 
hoose r = n2η+ǫ3 with ǫ3 satisfying the 
onditions 2δ + 2η + ǫ <
2η + ǫ3 + ǫ < 1/2 and η + ǫ3 < 1/4. Then the tail sums are of the order

∞∑

k=r

|〈k|z〉|2 ≤ |z|2r
r!

≤ (2n(η+δ))2n2η+ǫ3

(n2η+ǫ3)!
= o

(
exp(−n2η+ǫ3)

)
,

∞∑

k=r

|〈k|ψ(n, j, z̃)〉|2 ≤
j∑

k=r

( |z|2
n

)k
(2j)!

(2j − k)!k!
≤ n

|z|2r
r!

= o
(
exp(−n2η+ǫ3)

)
.For the �nite sums we use the following estimates whi
h are uniform over all |z| ≤

2nη+δ, k ≤ r, j ∈ Jn :
√(

2j

k

)
=

((2µ− 1)n)k/2√
k!

(1 +O(n−1/2+ǫ+2η+ǫ3)),

(sin(|z|/√n))k = (|z|/√n)k(1 +O(n4η+ǫ3+2δ−1)),

(cos(|z|/√n))2j−k = exp

(
−(2µ− 1)|z|2

2

)
(1 +O(n2η−1/2+ǫ+2δ)),where we have used on the last line that (1 + x/n)n = exp(x)(1 + O(n−1/2x)) for

x ≤ n1/2−ǫ4 (
f. (Guµ  et Kahn, 2009)). This is enough to show that the �nitesum 
onverges uniformly to zero at rate O(n2η−1/2+ǫ+ǫ3) (the worst if ǫ3 is smallenough) and thus the �rst se
ond terms in (8.47) as the square root of this, that is
O(nη−1/4+ǫ/2+ǫ3/2).
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ontinuous time measurementsNoti
e that the errors terms depend on µ only through j, and that 2j ≥ ǫn for
µ− 1/2 ≥ ǫ2. Hen
e they are uniform in µ.We pass now to the third term of (8.47). By dire
t 
omputation it 
an be shownthat if we 
onsider two general elements exp(iX1) and exp(iX2) of SU(2) with Xiselfadjoint elements of M(C2) then

exp(−i(X1 +X2)) exp(iX1) exp(iX2) exp([X1, X2]/2) = 1 +O(Xi1Xi2Xi3), (8.49)where the O(·) 
ontains only third order terms in X1, X2. If X1, X2 are in the linearspan of σx and σy then all third order monomials are su
h linear 
ombinations aswell.In parti
ular we get that for z,u ≤ nη+ǫ3 :
U(β) := U

(
−u + v√

n

)
U

(
u√
n

)
U

(
v√
n

)
exp(i(uxvy − uyvx)σz/n)

=

[
1 +O(n−2+4η+4ǫ3) O(n−3/2+3η+3ǫ3)
O(n−3/2+3η+3ǫ3) 1 +O(n−2+4η+4ǫ3)

]
. (8.50)Finally,using the fa
t that |j, j〉 is an eigenve
tor of Lz, the third term in (8.47) 
anbe written as

‖|j, j〉〈j, j| − Uj(β)|j, j〉〈j, j|Uj(β)∗‖and both states are pure, so it su�
es to show that the s
alar produ
t 
onvergesto to one uniformly. Using (8.50) and the expression of 〈j|Uj(β)|j〉 (Hayashi etMatsumoto, 2004) we get, as j ≤ n,
〈j, j|Uj(β)|j, j〉 = [U(β)1,1]

j = 1 +O(n−1+4η+4ǫ3),whi
h implies that the third term in (8.47) is of order O(n−1+4η+4ǫ3). By 
hoosing ǫ3and ǫ small enough, we obtain that all terms used in bounding (8.46) are uniformly
O(n−1/4+η+ǫ) for any ǫ > 0.This ends the proof of 
onvergen
e (8.11) from the n qubit state to the os
illator.8.A.2 Proof of Theorem 8.3.1 ; the map SnThe opposite dire
tion (8.12) does not require mu
h additional estimation, so willonly give an outline of the argument.Given the state Nu ⊗ φu, we would like to map it into ρu

n or 
lose to this state, bymeans of a 
ompletely positive map Sn.



8.A Appendix : Proof of Theorem 8.3.1 251Let X be the 
lassi
al random variable with probability distribution Nu. With Xwe generate a random j ∈ Z as follows
j(X) = [

√
nX + n(µ− 1/2)].This 
hoi
e is evident from the s
aling properties of the probability distribution punwhi
h we want to re
onstru
t. Let qun be the probability distribution of j(X). By
lassi
al lo
al asymptoti
 normality results we have the 
onvergen
e

sup
‖u‖≤nη

‖qun − pun‖1 = O(nη−1/2). (8.51)Now, if the integer j is in the interval Jn then we prepare the n qubits in blo
kdiagonal state with the only non-zero blo
k 
orresponding to the j'th irredu
iblerepresentation of SU(2) :
τu
n,j :=

(
V ∗
j φ

uVj + Tr(P⊥
j φ

u)1
)
⊗ 1

nj
.The transformation φu 7→ τu

n,j is tra
e preserving and 
ompletely positive (Guµ  etKahn, 2006).If j /∈ Jn then we may prepare the qubits in an arbitrary state whi
h we also denoteby τu
n,j . The total 
hannel Sn then a
ts as follows

Sn : Nu ⊗ φu 7→ τu
n :=

n/2⊕

j=0,1/2

qun,jτ
u
n,j .We estimate the error ‖ρu

n − τu
n ‖1 as

‖ρu
n − τu

n ‖1 ≤ ‖qun − pun‖1 + 2Ppun(j /∈ Jn) + sup
j∈Jn

‖τu
n,j − ρu

n,j‖1The �rst term on the r.h.s. is O(nη−1/2) (see (8.51)), the se
ond term is O(nǫ−1/2)(see (8.40)). As for the third term, we use the triangle inequality to write, for j ∈ Jn,
‖τu
n,j − ρu

n,j‖1 ≤ ‖τu
n,j − V ∗

j φ
uV ∗

j ‖1 + ‖V ∗
j φ

uV ∗
j − ρu

n,j‖1 .The �rst term is O(e−n(1/2−η−2δ)), a

ording to the dis
ussion following equation(8.44). The se
ond term on the right is O(n−1/4+η+ǫ) a

ording to equations (8.45)through (8.50).Summarizing, we have ‖Sn(Nu ⊗ φu) − ρu
n‖1 = O(n−1/4+η+ǫ), whi
h establishes theproof in the inverse dire
tion.



252 Optimal estimation of qubit states with 
ontinuous time measurements8.B Appendix : Proof of Theorem 8.4.1First estimate. We build up the state ρ̃u
j,n by taking linear 
ombinations of numberstates |m〉 to obtain an approximate 
oherent state |z〉, and �nally mixing su
hstates with a Gaussian distribution to get an approximate displa
ed thermal state.Consider the approximate 
oherent ve
tor Pm̃|z〉, for some �xed z ∈ C and m̃ = nγ ,with γ to be �xed later. De�ne the normalized ve
tor

|ψnz,j〉 :=
1

‖Pm̃|z〉‖
m̃∑

m=0

|z|m√
m!

|m〉, (8.52)We mix the above states to obtain
ρ̃u
j,n :=

1√
2πs2

∫
e−|z−√

2µ−1αu|2/2s2 (|ψnz,j〉〈ψnz,j|
)
d2z.Re
all that s2 = (1 − µ)(4µ− 2), and

φu =
1√
2πs2

∫
e−|z−√

2µ−1αu|2/2s2 (|z〉〈z|) d2z.From the de�nition of |ψnz,j〉 we have
‖|ψnz,j〉 − |z〉‖ ≤

√
2
|z|m̃√
m̃!

∧ 2, (8.53)whi
h implies
‖ρ̃u

j,n − φu‖1 ≤
√

2√
πs2

∫
e−|z|2/2s2

( |z +
√

2µ− 1αu|m̃√
m̃!

∧
√

2

)
d2z = O(e−n

2(η+ǫ)

),for any ǫ > 0, for any γ ≥ 2(η + ǫ). Indeed we 
an split the integral into two parts.The integral over the domain |z| ≥ nη+ǫ is dominated by the Gaussian fa
tor and is
O(e−n

2(η+ǫ)
). The integral over the disk |z| ≤ nη+ǫ is bounded by supremum of (8.53)sin
e the Gaussian integrates to one, and is O(e−(γ/2−η−ǫ)nγ

). In the last step we useStirling's formula to obtain log
[
(nη+ǫ)n

γ
/
√
nγ !
]
≈ (η + ǫ − γ/2)nγ log n. Note thatthe estimate is uniform with respe
t to µ− 1/2 > ǫ2 for any �xed ǫ2 > 0.Se
ond estimate. We now 
ompare the evolved qubits state ρ̃u

j,n(t) and the evolvedos
illator state φu(t). Let |ψnm,j(t)〉 = Uj,n(t) |m〉 ⊗ |Ω〉 be the joint state at time twhen the initial state of the system is |m〉 
orresponding to |j, j−m〉 in the Lz basisnotation. We 
hoose the following approximation of |ψnm,j(t)〉
|ξnm,j(t)〉 :=

m∑

i=0

cn(m, i)αi(t)|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉i, (8.54)



8.B Appendix : Proof of Theorem 8.4.1 253where αi(t) = exp((−m + i)t/2), cn(m, i) := cn(m, i − 1)
√

2j−m+i
2jn

√
m−i+1

i
with

cn(m, 0) := 1, and |f〉n := f⊗n as de�ned in (8.17). In parti
ular for µ − 1/2 > ǫ2and j ∈ Jn we have cn(m, i) ≤√(mi )(1 + 2
ǫ2
n−1/2+ǫ)i.We apply now the estimate (8.21). By dire
t 
omputations we get

d|ξnm,j(t)〉 = −1

2

m∑

i=0

cn(m, i)αi(t)(m− i)|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉idt

+

m∑

i=1

cn(m, i)αi−1(t)|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉i−1 ⊗s |χ[t,t+dt]〉,(8.55)where
f⊗i ⊗s g :=

i+1∑

k=1

f ⊗ f ⊗ · · · ⊗ g ⊗ · · · ⊗ f.From the quantum sto
hasti
 di�erential equation we get
Gdt |ξnm,j(t)〉 =

− 1

2

m∑

i=0

cn(m, i)αi(t)(m− i)
2j −m+ i+ 1

2jn
|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉idt

+
m∑

i=0

cn(m, i)αi(t)

√
(m− i)(2j −m+ i+ 1)

2jn(i+ 1)
|m− i− 1〉⊗

|e−1/2uχ[0,t](u)〉i ⊗s |χ[t,t+dt]〉. (8.56)In the se
ond term of the right side of (8.56) we 
an repla
e cn(m, i)√ (m−i)(2j−m+i+1)
2jn(i+1)by cn(m, i + 1) and thus we obtain the same sum as in the se
ond term of the leftside of (8.55). Thus

Gdt|ξnm,j(t)〉 − d|ξnm,j(t)〉 =

1

2

m−1∑

i=0

cn(m, i)αi(t)(m− i)
2(jn − j) +m− i− 1

2jn
|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉i dt.Then using cn(m, i) ≤√(mi )(1 + (2/ǫ2)n−1/2+ǫ)i we get that ‖Gdtξ

n
m,j(t)− dξnm,j(t)‖is bounded from above by

1

2

[
m−1∑

i=0

(
m

i

)
((1 + n−1/2+ǫ)(1 − e−t))i

e(m−i)t

(
(2(jn − j) +m− i− 1)(m− i)

2jn

)2
]1/2

dt.
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ontinuous time measurementsWe have
(2(jn − j) +m− i− 1)(m− i)

2jn
= O(m(n−1/2+ǫ + n−1m))Inside the sum we re
ognize the binomial terms with the m'th term missing. Thusthe sum is

(
1 + n−1/2+ǫ − e−tn−1/2+ǫ

)m −
(
(1 − e−t)(1 + n−1/2+ǫ)

)m

≤ (1 + n−1/2+ǫ)m(1 − (1 − e−t)m) ≤ (1 + n−1/2+ǫ)mme−t.Then there exists a 
onstant C (independent of µ if µ− 1/2 ≥ ǫ2) su
h that
‖Gdtξ

n
m,j(t) − dξnm,j(t)‖ ≤ C

2
e−t/2m3/2(n−1/2+ǫ +mn−1)

(
1 +

2

ǫ2
n−1/2+ǫ

)m/2By integrating over t we �nally obtain
‖ψnm,j(t) − ξnm,j(t)‖ ≤ Cm3/2(n−1/2+ǫ +mn−1)

(
1 +

2

ǫ2
n−1/2+ǫ

)m/2
. (8.57)Note that under the assumption γ < 1/3− 2ǫ/3, the right side 
onverges to zero atrate n3γ/2−1/2+ǫ for all m ≤ m̃ = nγ . Summarizing, the assumptions whi
h we havemade so far over γ are

2η + 2ǫ < γ < 1/3 − 2ǫ/3.Now 
onsider the ve
tor |ψnz,j〉 as de�ned in (8.52) and let us denote |ψnz,j(t)〉 =
Uj,n(t)|ψnz,j〉 ⊗ |Ω〉. Then based on (8.54) we 
hoose the approximate solution

|ξnz,j(t)〉 = e−|z|2/2
m̃∑

m=0

|z|m√
m!

m∑

i=0

cn(m, i)αi(t)|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉i.Note that the ve
tors |ψnk,j(t)〉 and |ξnk,j(t)〉 live in the �k-parti
le� subspa
e of Hj ⊗
F(L2(R)) and thus are orthogonal to all ve
tors |ψnp,j(t)〉 and |ξnp,j(t)〉 with p 6= k.By (8.57), the error is

‖ψnz,j(t) − ξnz,j(t)‖

≤ Ce−|z|2/2

(
m̃∑

m=0

|z|2m
m!

m3(n−1/2+ǫ +mn−1)2

(
1 +

2

ǫ2
n−1/2+ǫ

)m)1/2

+
|z|2m̃
m̃!

≤ Cm̃3/2(n−1/2+ǫ + m̃n−1)

(
1 +

2

ǫ2
n−1/2+ǫ

)m̃/2
+

|z|2m̃
m̃!

. (8.58)



8.B Appendix : Proof of Theorem 8.4.1 255We now 
ompare the approximate solution ξnz,j(t) with the �limit� solution ψz(t) forthe os
illator 
oupled with the �eld as des
ribed in se
tion 8.4.2. We 
an write
ψz(t) = e−|z|2/2

∞∑

m=0

|z|m√
m!

m∑

i=0

√(
m

i

)
e−(m−i)t/2|m− i〉 ⊗ |e−1/2uχ[0,t](u)〉i.Then

‖ξnz,j(t) − ψz(t)‖2 =

e−|z|2
m̃∑

m=0

|z|2m
m!

m∑

i=0

e−(m−i)t

∣∣∣∣∣cn(m, i) −
√(

m

i

)∣∣∣∣∣

2

(1 − e−t)i + e−|z|2
∞∑

m=m̃

|z|2m
m!

.Now
∣∣∣∣∣cn(m, i) −

√(
m

i

)∣∣∣∣∣

2

≤
∣∣∣∣cn(m, i)

2 −
(
m

i

)∣∣∣∣

≤
(
m

i

) ∣∣∣∣∣1 −
i∏

p=1

(
1 +

2(j − jn) −m+ p

2jn

)∣∣∣∣∣

≤ C2

(
m

i

)
mn−1/2+ǫ,where C2 does not depend on µ as long as µ− 1/2 ≥ ǫ2 (re
all that the dependen
ein µ is hidden in jn = (2µ− 1)n). Thus

‖ξnz,j(t) − ψz(t)‖2 ≤ C2n
−1/2+ǫe−|z|2

m̃∑

m=0

m|z|2m
m!

+
|z|2m̃
m̃!

≤ C2n
−1/2+ǫ|z|2 +

|z|2m̃
m̃!

.(8.59)From (8.58) and (8.59) we get
‖ψnz,j(t) − ψz(t)‖ ≤ 2 ∧

[
Cm̃3/2(n−1/2+ǫ + m̃n−1)

(
1 +

2

ǫ2
n−1/2+ǫ

)m̃/2

+
|z|2m̃
m̃!

+

[
C2n

−1/2+ǫ|z|2 +
|z|2m̃
m̃!

]1/2
]

:= E(m̃, n, z)We now integrate the 
oherent states over the displa
ements z as we did in the 
aseof lo
al asymptoti
 normality in order to obtain the thermal states in whi
h we areinterested
ρ̃u
j,n :=

1√
2πs2

∫
e−|z−√

2µ−1αu|2/2s2 (|ψnz,j〉〈ψnz,j |
)
d2z.
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ontinuous time measurementsWe de�ne the evolved states
ρ̃u
j,n(t) := Uj,n(t)ρ̃

u
j,nUj,n(t)

∗, and φu(t) := U(t)φuU(t)∗,Then
sup
j∈Jn

sup
‖u‖≤nη

‖ρ̃u
j,n(t) − φu(t)‖1 ≤ sup

‖u‖≤nη

1√
πs2

∫
e−|z−√

2µ−1αu|2/2s2E(m̃, n, z) d2z.Here again we 
ut the integral in two parts. On |z| ≥ nη+ǫ, the Gaussian domi-nates, and this outer part is less than e−nη+ǫ. Now the inner part is dominated by
sup|z|≤nη+ǫ E(m̃, n, z). Now we want m̃ to be not too big for (8.58) to be small, onthe other hand, we want z2m̃/m̃! to go to zero. A 
hoi
e whi
h satis�es the 
onditionis γ = 2η + 3ǫ. By renaming ǫ we then get

E(m̃, n, z) = O(nη−1/4+ǫ, n3η−1/2+ǫ),for any small enough ǫ > 0. Hen
e we obtain (8.22).



Chapitre 9
Quantum lo
al asymptoti
 normalityfor d-dimensional states
Ce 
hapitre dérive de l'arti
le (Guµ  et Kahn, 2009).Résumé : Nous étendons la normalité asymptotique lo
ale quantiqueforte à tous les systèmes de dimension �nie. Comme au Chapitre 7,nous 
onsidérons les états de la forme ρ⊗n

θ/
√
n
, et exigeons que ρ0 aitdes valeurs propres di�érentes deux à deux. Nous 
onstruisons ensuitedes 
anaux depuis et vers la famille limite. Cette famille limite est unproduit d'une expérien
e de dé
alage gaussienne 
lassique et d'une ex-périen
e de dé
alage gaussienne quantique, les états de 
ette dernièreétant plus pré
isément le produit d'états thermiques dépla
és dont latemperature ne dépend pas du paramètre θ. De plus, nous autorisonsl'espa
e de paramètres à 
roître, et obtenons des vitesses de 
onvergen
epolynomiales.La preuve exige un travail très te
hnique sur les tableaux de Young, etutilise un résultat intermédiaire intéressant en lui-même : la base généréepar les tableaux de Young semi-standards d'une représentation de SU(d)est �presque� orthonormale.En appli
ation, nous mentionnons une méthode d'estimation asympto-tiquement optimale. Nous établissons au 
ours de la preuve un théorèmede représentation asymptotique quantique et un théorème minimax asymp-totique quantique.



258 Quantum lo
al asymptoti
 normality for d-dimensional states9.1 Introdu
tionQuantum statisti
s deals with problems of statisti
al inferen
e arising in quantumme
hani
s. The �rst signi�
ant results in this area appeared in the seventies andta
kled issues su
h as quantum Cramér-Rao bounds for unbiased estimators, op-timal estimation for families of states possessing a group symmetry, estimation ofGaussian states, optimal dis
rimination between non-
ommuting states. It is im-possible to list all 
ontributions but the following referen
es may give the �avourof these developments (Helstrom, 1969; Yuen et Lax, M., 1973; Yuen et al., 1975a;Belavkin, 1975, 1976; Holevo, 1982). The more re
ent theoreti
al advan
es (Hayashi,2005b, 2006; Paris et �ehá£ek, 2004; Barndor�-Nielsen et al., 2003; Artiles, L et al.,2005; Audenaert et al.) are 
losely related to the rapid development of quantuminformation and quantum engineering, and are often a

ompanied by pra
ti
al im-plementations (Armen et al., 2002; Hannemann et al., 2002a; Smith et al., 2006;S
hiller et al., 1996).An important topi
 in quantum statisti
s is that of optimal estimation of an un-known state using the results of measurements performed on n identi
ally preparedquantum systems (Massar et Popes
u, 1995; Cira
 et al., 1999; Vidal et al., 1999;Gill et Massar, 2000; Keyl et Werner, 2001; Bagan et al., 2002; Hayashi et Mat-sumoto, 2004, 2005; Bagan et al., 2006; Gill, 2005a). In the 
ase of two dimensionalsystems, or qubits, the problem has been solved expli
itly in the Bayesian set-up, inthe parti
ular 
ase of an invariant prior and �gure of merit based on the �delity dis-tan
e between states (Bagan et al., 2006). However the method used there does notwork for more general priors, loss fun
tions, or higher dimensions. In the pointwiseapproa
h, Hayashi et Matsumoto (2004) have shown that the Holevo (1982) boundfor the varian
e of lo
ally unbiased estimators 
an be a
hieved asymptoti
ally, andprovided a sequen
e of measurements with this property. Their results, building onearlier work (Hayashi, 2003; Hayashi), indi
ate for the �rst time the emergen
e of aGaussian limit in the problem of optimal state estimation for qubits. The extensionto d-dimensional 
ase is analysed by Matsumoto.We (Guµ  et Kahn, 2006; Guµ  et al., 2008) performed a detailed analysis of thisphenomenon (again for qubits), and showed that we deal with the quantum gener-alization of an important 
on
ept in mathemati
al statisti
s 
alled lo
al asymptoti
normality. As a 
orollary, we devised a two steps adaptive measurement strategy forstate estimation whi
h is asymptoti
ally optimal for a large 
lass of loss fun
tionsand priors, and 
ould be pra
ti
ally implemented using 
ontinuous-time measure-ments. In `
lassi
al statisti
s', the idea of approximating a sequen
e of statisti
almodels by a family of Gaussian distributions was �rst formulated by Wald (1950),and was fully developed by Le Cam (1986) who 
oined the term �lo
al asymptoti
normality�. Among the many appli
ations we mention its role in asymptoti
 opti-



9.1 Introdu
tion 259mality theory and in proving the asymptoti
 normality of 
ertain estimators su
h asthe maximum likelihood estimator. The aim of this 
hapter is to extend our previousresults (Guµ  et Kahn, 2006; Guµ  et al., 2008) to systems of arbitrary dimension
d < ∞, and solve the open problem of optimal state estimation for d-dimensionalquantum systems.Before stating the main result of the 
hapter we shall explain brie�y the meaningof lo
al asymptoti
 normality for two dimensional systems (Guµ  et Kahn, 2006;Guµ  et al., 2008). We are given n qubits identi
ally prepared in an unknownstate ρ. Asymptoti
 normality means that for large n we 
an en
ode the statisti
alinformation 
ontained in the state ρ⊗n into a Gaussian model 
onsisting of a 
lassi
alrandom variable with distribution N(u, I−1), and a quantum harmoni
 os
illatorprepared in a (Gaussian) displa
ed thermal state φζ . The term lo
al refers to how ρis related to the parameters θ = (u, ζ), as explained below.For a more pre
ise formulation let us parametrise the qubit states by their Blo
hve
tors ρ(−→r ) = 1

2
(1 + −→r −→σ ) where −→σ = (σx, σy, σz) are the Pauli matri
es. Theneighbourhood of the state ρ0 with −→r0 = (0, 0, 2µ− 1) and 1/2 < µ < 1, is a three-dimensional ball parametrised by the deviation u ∈ R of diagonal elements and

ζ ∈ C of the o�-diagonal ones
ρθ =

(
µ+ u ζ∗

ζ 1 − µ− u

)
, θ = (u, ζ) ∈ R × C.Note that ρ0 is to be 
onsidered �xed and known but otherwise arbitrary, and 
anbe taken to be diagonal without any loss of generality. Consider now n identi
allyprepared qubits whose individual states are in a neighbourhood of ρ0 of size 1/

√
n,so that their joint state is ρnθ :=

[
ρθ/√n

]⊗n for some unknown θ. We would like tounderstand the stru
ture of the family (statisti
al experiment)
Qn := {ρnθ : ‖θ‖ ≤ C}, (9.1)as a whole, more pre
isely what is its asymptoti
 behavior as n→ ∞ ?For this we 
onsider a quantum harmoni
 os
illator with position and momentumoperators satisfying the 
ommutation relations [Q,P] = i1. We denote by {|k〉, k ≥

0} the eigenbasis of the number operator and de�ne the thermal equilibrium state
φ = (1 − e−β)

∞∑

k=0

e−kβ|k〉〈k|, e−β =
1 − µ

µ
,whi
h has 
entered Gaussian distributions for both Q and P with varian
e 1/(4µ−

2) > 1/2. We de�ne a family of displa
ed thermal equilibrium states
φζ := Dζ(φ) := W (ζ/

√
2µ− 1)φW (ζ/

√
2µ− 1)∗, (9.2)
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al asymptoti
 normality for d-dimensional stateswhere W (ζ) := exp(ζa∗ − ζa) is the unitary displa
ement operator with ζ ∈ C.Additionally we 
onsider a 
lassi
al Gaussian shift model 
onsisting of the familyof normal distributions N(u, µ(1 − µ)) with unknown 
enter u and �xed knownvarian
e. The 
lassi
al-quantum statisti
al experiment to whi
h we alluded aboveis de�ned by the family of densities
R := {φθ := N (u, µ(1− µ)) ⊗ φζ : ‖θ‖ ≤ C} (9.3)where the unknown parameters θ = (u, ζ) ∈ R × C are the same as those of Qn.Theorem 9.1.1. (Guµ  et Kahn, 2006; Guµ  et al., 2008) Let Qn be the quantumstatisti
al experiment (9.1) and let R be the 
lassi
al-quantum experiment (9.3).Then for ea
h n there exist quantum 
hannels (normalized 
ompletely positive maps)
Tn : M

(
(C2)⊗n

)
→ L1(R) ⊗ T (L2(R)),

Sn : L1(R) ⊗ T (L2(R)) →M
(
(C2)⊗n

)
,with T (L2(R)) the tra
e-
lass operators, su
h that

lim
n→∞

sup
‖θ‖≤C

‖φθ − Tn (ρnθ ) ‖1 = 0,

lim
n→∞

sup
‖θ‖≤C

‖ρnθ − Sn (φθ) ‖1 = 0,for an arbitrary 
onstant C > 0. The norm on tra
e 
lass operators is ‖τ‖1 :=
Tr(|τ |).The theorem shows that from a statisti
al point of view the joint qubits states areasymptoti
ally indistinguishable from the limit Gaussian system. At the �rst sightone might obje
t that the lo
al nature of the result prevents us from drawing any
on
lusions for the original model of a 
ompletely unknown state ρ. However thisis not a limitation, but re�e
ts the 
orre
t normalisation of the parameters with
n → ∞. Indeed as n grows we have more information about the state whi
h 
anbe pinned down to a region of size slightly larger that 1/

√
n by performing roughmeasurements on a small proportion of the systems. After this `lo
alisation' step,we 
an use more sophisti
ated te
hniques to better estimate the state within thelo
al neighbourhood of the �rst step estimator, and it is here where we use the lo
alasymptoti
 normality result. Indeed, sin
e lo
ally the states are uniformly 
lose todispla
ed Gaussian states we 
an pull ba
k the optimal (heterodyne) measurementfor estimating the latter to get an asymptoti
ally optimal measurement for theformer. Based on this insight we have proposed a realisti
 measurement set-up forthis purpose using an atom-�eld intera
tion and 
ontinuous measurements in the�eld (Guµ  et al., 2008).
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tion 261This 
hapter deals with the extension of the previous result to d-dimensional sys-tems. Like in the two-dimensional 
ase we parametrise the neighbourhood of a �xed(diagonal) state ρ0 by a ve
tor ~u ∈ Rd−1 of diagonal parameters and d(d − 1)/2
omplex parameters ~ζ = (ζj,k : j < k), one for ea
h o�-diagonal matrix element (
f.(9.15) and (9.17)). We 
onsider the same 1/
√
n−s
aling and look at the family

Qn =
{[
ρθ/√n

]⊗n
: θ = (~u, ~ζ) ∈ Θn ⊂ R

d−1 ⊗ C
d(d−1)/2

}
,where Θn is a ball of lo
al parameters whose size is allowed to grow slowly with n.As in the 2-dimensional 
ase, the limit model is the produ
t of a 
lassi
al statisti
almodel depending on the parameters ~u and a quantum model depending on ~ζ . More-over the quantum part splits into a tensor produ
t of displa
ed thermal states ofquantum os
illators, one for ea
h o�-diagonal matrix element ζj,k with j < k. Thus

φθ = N (~u, I−1
ρ0 ) ⊗

⊗

j<k

φ
ζj,k

j,k , θ = (~u, ~ζ).Here, Iρ0 is the Fisher information matrix of the multinomial model with param-eters (µ1, . . . , µd) des
ribed in Example 9.3.1, and φ
ζj,k

j,k is the displa
ed thermalequilibrium state de�ned in (9.2) with inverse temperature β = ln(µj/µk).Theorem 9.4.3 is the main result of the 
hapter and shows the 
onvergen
e of Qn tothe Gaussian model
Rn =

{
φθ : θ ∈ Θn ⊂ R

d−1 ⊗ C
d(d−1)/2

}
,in the spirit of Theorem 9.1.1. On the te
hni
al side, the uniform 
onvergen
e holdsover lo
al neighbourhoods Θn whi
h are allowed to grow with n rather that being�xed balls. This is essential for 
onstru
ting the two stage optimal measurement:�rst lo
alise within a neighbourhood Θn, and then apply the optimal Gaussianmeasurement. The details of this 
onstru
tion are similar to the two dimensional
ase and are given in se
tion 9.4.5.Despite the similarity to the two dimensional 
ase, the proof of the d-dimensionalresult has additional features whi
h may be responsible for the fa
t that the optimalestimation problem has remained unsolved until now. The proof is based on thefollowing observations:

• the n systems spa
e (Cd)⊗n de
omposes into a dire
t sum of irredu
ible rep-resentations of SU(d), ea
h representation being labelled by a Young diagram
λ (
f. Theorem 9.4.1);
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• the joint state ρ⊗n

θ/
√
n
has the blo
k diagonal form (9.21), the blo
k weights

λ→ pθ,nλ depend only on the diagonal parameters ~u and are 
losely related tothe multinomial distribution of Example 9.3.1. This 
lassi
al statisti
al model
onverges to the (d− 1)-dimensional Gaussian shift model N(~u, I−1
ρ0 );

• there exists an isometry Vλ mapping basis ve
tors |m, λ〉 of the irredu
iblerepresentation Hλ almost into number ve
tors |m〉 of the multimode Fo
kspa
e, where m = {mj,k : j < k} is the 
olle
tion of eigenvalues of the numberoperators for all os
illators.
• given a typi
al λ, the 
onditional blo
k-state ρθ,nλ 
an be mapped with Vλ intoa multimode state whi
h is 
lose (in tra
e norm) to the Gaussian produ
tstate ⊗j<kφ

ζj,k

j,k . This 
an be done uniformly over the typi
al diagrams whosenormalised shapes have 1/
√
n �u
tuations around (µ1, µ2, . . . , µd), and overparameters θ ∈ Θn.The �rst item is the well known Weyl duality whi
h is extensively used in quantumstatisti
s for i.i.d. states. The probability distribution of the se
ond point hasalso been analysed the 
ontext of large deviations (Keyl et Werner, 2001) for theestimation of the state eigenvalues. The third point shows that the basis |m, λ〉 isalmost orthogonal for indi
es m whi
h are not too big. This basis is obtained byproje
ting tensors of the form fa := fa(1)⊗· · ·⊗fa(n) onto a subspa
e of (Cd)⊗n whi
his isomorphi
 to Hλ (
f. Theorem 9.5.2). Let us pla
e the indi
es {a(i) : i = 1 . . . n}in the boxes of the diagram λ along rows, starting from the left end of the �rst row,to obtain a tableau ta. It turns out that we only need to 
onsider fa for whi
h ta is asemistandard tableau (nonde
reasing along rows, in
reasing along 
olumns). Thenthe label m := {mi,j : j > i} is the 
olle
tion of integers mi,j equal to the numberof j′s on the row i, and is in one to one 
orresponden
e with a. The following is anexample of su
h semistandard tableau

tm =
1 1 1 1 1 1 1 1 2 2 2 3 3
2 2 2 2 2 3
3 3 3

, with m1,2 = 3, m1,3 = 2, m2,3 = 1.The relatively large number of i's in the row i is intentional, sin
e it turns out thatthe `relevant' ve
tors, i.e. those 
arrying the states ρθ,nλ , have indi
es mi,j small
ompared with the length of the rows (λi ≈ nµi for typi
al representations λ).More pre
isely, in se
tion 9.7.3 we prove the following quasi-orthogonality resultwhi
h allows us to 
arry the blo
k states over to the os
illator spa
e: if m 6= l and
|l| ≤ |m| ≤ nη then

|〈m, λ|l, λ〉| = O(n(9η−2)|m−l|/12) −−−→
n→∞

0 for η < 2/9.



9.1 Introdu
tion 263The proof of the fourth point involves a detailed analysis of the state ρθ,nλ throughits 
oe�
ients in the basis |m, λ〉 of Hλ. When θ = 0 the state is diagonal and its
oe�
ients approa
h uniformly those of the multidimensional thermal state φ~0 =
⊗j<kφj,k as shown in Lemma 9.6.3. The next step is to apply SU(d) rotationsand obtain the states ρθ,nλ . In Lemmas 9.6.4 and 9.6.5 it is shown that the unitaryoperations Ad[Uλ(ζ/

√
n)] a
t on ρ0,n

λ in the same way as the displa
ement operator
D
~ζ a
ts on the thermal state φ~0. A remarkable fa
t is that in the limit the di�erento�-diagonal parameters `separate' into a produ
t of shift experiments for quantumos
illators, one for ea
h o�-diagonal index (j < k). This 
ould be guessed fromthe Quantum Central Limit Theorem 9.4.6 whi
h is related to the restri
tion of ourresult to θ = 0.Due to the apparent intri
a
y of the main result, the 
hapter is organised a

ordingto the `onion peeling' prin
iple. We start in se
tion 9.2 with general 
lassi
al statis-ti
al notions whi
h motivate our investigation in quantum statisti
s. In parti
ularwe explain the relevan
e of the Le Cam distan
e between statisti
al models as a sta-tisti
ally meaningful way to des
ribe 
onvergen
e. Se
tion 9.3 presents the 
lassi
alversion of lo
al asymptoti
 normality with the multinomial model as example.In se
tion 9.4 we introdu
e the quantum statisti
al model 
onsisting of n identi
alquantum systems with joint state ρθ,n des
ribed by diagonal and rotation param-eters. We also introdu
e the multimode Gaussian states appearing in the limit.With this we 
an formulate the main result, Theorem 9.4.3. With the theorem,we immediately make expli
it a two stage adaptive measurement strategy whi
h isasymptoti
ally optimal for both Bayesian and pointwise viewpoints, and for a largerange of `distan
es' on the state spa
e, in 9.4.4 and below.In se
tion 9.5 we introdu
e the basis |m, λ〉 and the isometry Vλ allowing us to de�nethe 
hannels Tn and Sn 
onne
ting the two statisti
al models.In se
tion 9.6 we break the proof of the main theorem into manageable lemmas,essentially by using triangle inequalities. Ea
h lemma deals with a di�erent aspe
tof the 
onvergen
e and has an interest in its own.Finally, the te
hni
al proofs are 
olle
ted in se
tion 9.7. Notably, subse
tion 9.7.2and Lemma 9.7.11 
ontain the 
ombinatorial substan
e of the 
hapter. Moreover, inthe 
ourse of proving Theorem 9.4.4, subse
tion 9.7.1 
ontains important equivalentsof the 
lassi
al asymptoti
 representation and asymptoti
 minimax theorems.Our investigation relies on the theory of representations of SU(d). We refer tothe books by Fulton (1997); Goodman R. et Walla
h N.R. (1998); Fulton et Harris(1991) for proofs of standard results and more details.Throughout, we will use the following symbols: ϕ, ψ for states, φ, ρ for density
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al asymptoti
 normality for d-dimensional statesmatri
es, T, S,M for 
hannels (randomisations), E ,P,Q for statisti
al models, θ, ζ, ufor parameters, α, β, γ, δ, ǫ for positive 
onstants, λ for Young diagrams.9.2 Classi
al and quantum statisti
al experimentsIn this se
tion we introdu
e some basi
 notions from 
lassi
al statisti
s with the aimof de�ning the Le Cam distan
e between statisti
al models and lo
al asymptoti
normality. In parallel, we shall de�ne the quantum analogues and point out theirrelevan
e in quantum statisti
s. The reader may �nd the 
on
eptual frameworkhelpful in understanding the quantum version of the result, but otherwise the se
tion
an be skipped at the �rst reading.Let X be a random variable with values in the measure spa
e (X ,ΣX ), and let usassume that its probability distribution P belongs to some family {Pθ : θ ∈ Θ}where the parameter θ is unknown. Statisti
al inferen
e deals with the question ofhow to use the available data X in order to draw 
on
lusions about some propertyof θ. We shall 
all the family
E := {Pθ : θ ∈ Θ}, (9.4)a statisti
al experiment or statisti
al model over (X ,ΣX ) (Le Cam, 1986).In quantum statisti
s the data is repla
ed by a quantum system prepared in a state

ϕ whi
h belongs to a family {ϕθ : θ ∈ Θ} of states over an algebra of observables.In order to make a statisti
al inferen
e about θ one �rst has to measure the system,and then apply statisti
al te
hniques to draw 
on
lusions from the data 
onsistingof the measurement out
omes. An important di�eren
e with the 
lassi
al 
ase isthat the experimenter has the possibility to 
hoose the measurement set-up M , andea
h set-up will lead to a di�erent 
lassi
al model {P (M)
θ : θ ∈ Θ}, where P (M)

θ isthe distribution of out
omes when performing the measurement M on the systemprepared in state ϕθ.The guiding idea of this 
hapter is to investigate the stru
ture of the family ofquantum states
Q := {ϕθ : θ ∈ Θ},whi
h will be 
alled a quantum statisti
al experiment. We shall show that in animportant asymptoti
 set-up, namely that of a large number of identi
ally preparedsystems, the joint state 
an be approximated by a multidimensional quantum Gaus-sian state, for all possible preparations of the individual systems. This will bring adrasti
 simpli�
ation in the problem of optimal estimation for d-dimensional quan-tum systems, whi
h 
an then be solved in the asymptoti
 framework, in se
tion9.4.5.



9.2 Classi
al and quantum statisti
al experiments 2659.2.1 Classi
al and quantum randomisationsAny statisti
al de
ision (e.g. estimator, test) 
an be seen as data pro
essing using aMarkov kernel. Suppose we are given a random variable X taking values in (X ,ΣX )and we want to produ
e a `de
ision' y ∈ Y based on the data X. The spa
e Ymay be for example the parameter spa
e Θ in the 
ase of estimation, or just theset {0, 1} in the 
ase of testing between two hypotheses. For every value x ∈ X we
hoose y randomly with probability distribution given by Kx(dy). Assuming that
K : X × ΣY → [0, 1] is measurable with respe
t to x for all �xed A ∈ ΣY , we
an regard K as a map from probability distributions over (X ,ΣX ) to probabilitydistributions over (Y ,ΣY) with

K(P )(A) =

∫
Kx(A)P (dx), A ∈ ΣY . (9.5)A statisti
 S : X → Y is a parti
ular example of su
h a pro
edure, where Kx issimply the delta measure at S(x).Besides statisti
al de
isions, there is another important reason why one would like toapply su
h treatment to the data, namely to summarize it in a more 
onvenient andinformative way for future purposes as illustrated in the following simple example.Consider n independent identi
ally distributed random variables X1, . . . , Xn withvalues in {0, 1} and distribution Pθ := (1−θ, θ) with θ ∈ Θ := (0, 1). The asso
iatedstatisti
al experiment is

En := {P n
θ : θ ∈ Θ}.It is easy to see that X̄n = 1

n

∑n
i=1Xi is an unbiased estimator of θ and moreoverit is a su�
ient statisti
 for En, i.e. the 
onditional distribution P n

θ (·|X̄n = x̄)does not depend on θ! In other words the dependen
e on θ of the total sample
(X1, X2, . . . , Xn) is 
ompletely 
aptured by the statisti
 X̄n whi
h 
an be used assu
h for any statisti
al de
ision problem 
on
erning En. If we denote by P̄ n

θ thedistribution of X̄n then the experiment
Ēn = {P̄ n

θ : θ ∈ Θ},is statisti
ally equivalent to En. To 
onvin
e ourselves that X̄n does 
ontain thesame statisti
al information as (X1, . . . , Xn), we show that we 
an obtain the latterfrom the former by means of a randomised statisti
. Indeed for every �xed value x̄of X̄n there exists a measurable fun
tion
fx̄ : [0, 1] → {0, 1}n,su
h that the distribution of fx̄(U) is P n

θ (·|X̄n = x̄). In other words
λ(f−1

x̄ (x1, . . . , xn)) = P n
θ (x1, . . . , xn|X̄n = x̄),
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al asymptoti
 normality for d-dimensional stateswhere λ is the Lebesgue measure on [0, 1]. Then F (X̄n, U) := fX̄n
(U), has distri-bution P n

θ . To summarize, statisti
s, randomised statisti
s and Markov kernels, areways to transform the available data for a spe
i�
 purpose. The Markov kernel Kde�ned in (9.5) maps the experiment E of equation (9.4) into the experiment
F := {Qθ : θ ∈ Θ},over (Y ,ΣY) with Qθ = K(Pθ). For mathemati
al 
onvenien
e it is useful to repre-sent su
h transformations in terms of linear maps between linear spa
es.De�nition 9.2.1. A positive linear map

T∗ : L1(X ,ΣX , P ) → L1(Y ,ΣY , Q)is 
alled a sto
hasti
 operator or transition if ‖T∗(g)‖1 = ‖g‖1 for every g ∈ L1
+(X ).De�nition 9.2.2. A positive linear map

T : L∞(Y ,ΣY , Q) → L∞(X ,ΣX , P )is 
alled a Markov operator if T1 = 1, and if for any fn ↓ 0 in L∞(Y) we have
Tfn ↓ 0.A pair (T∗, T ) as above is 
alled a dual pair if

∫
fT (g)dP =

∫
T∗(f)gdQ,for all f ∈ L1(X ,ΣX , P ) and g ∈ L∞(Y ,ΣY , Q). It is a theorem that for anysto
hasti
 operator T∗ there exists a unique dual Markov operator T and vi
e versa.What is the relation between Markov operators and Markov kernels ? Roughlyspeaking, any Markov kernel de�nes a Markov operator when we restri
t to familiesof dominated probability measures. Let us assume that all distributions Pθ of theexperiment E de�ned in (9.4) are absolutely 
ontinuous with respe
t to a �xedprobability distribution P , su
h that there exist densities pθ := dPθ/dP : X → R+.Su
h an experiment is 
alled dominated and in 
on
rete situations this 
ondition isusually satis�ed. Let Kx(dy) be a Markov kernel (9.5) su
h that Qθ = K(Pθ), thenwe de�ne asso
iated Markov operator (T (f))(x) :=

∫
f(y)kx(dy) and have

Qθ = Pθ ◦ T, ∀θ. (9.6)When the probability distributions of two experiments are related to ea
h otheras in (9.6), we say that F is a randomisation of E . From the duality between T
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al and quantum statisti
al experiments 267and T∗ we obtain an equivalent 
hara
terization in terms of the sto
hasti
 operator
T∗ : L1(X ,ΣX , P ) → L1(Y ,ΣY , Q) su
h that

T∗(dPθ/dP ) = dQθ/dQ, ∀θ .The 
on
ept of randomisation is weaker than that of Markov kernel transforma-tion, but under the additional 
ondition that (Y ,ΣY) is lo
ally 
ompa
t spa
e with
ountable base and Borel σ-�eld, it 
an be shown that any randomisation 
an beimplemented by a Markov kernel (Strasser, 1985).What is the analogue of randomisations in the quantum 
ase ? In the languageof operator algebras L∞(X ,ΣX , P ) is a 
ommutative von Neumann algebra and
L1(X ,ΣX , P ) is the spa
e of (densities of) normal linear fun
tionals on it. Thesto
hasti
 operator T∗ is the 
lassi
al version of quantum 
hannel, i.e. a 
ompletelypositive normalized (tra
e-preserving) map

T∗ : A∗ → B∗where A∗,B∗ are the spa
es of normal states on the von Neumann algebra A andrespe
tively B. Any normal state ϕ on A has a density ρ with respe
t to the tra
esu
h that ϕ(A) = Tr(ρA) for all A ∈ A. The dual of T∗ is
T : B → A,whi
h is a unital 
ompletely positive map and has the property that T∗(ϕ)(b) =

ϕ(T (b)) for all b ∈ B and ϕ ∈ A∗. We interpret su
h quantum 
hannels as possiblephysi
al transformations from input to output states.A parti
ular 
lass of 
hannels is that of measurements. In this 
ase the input is thestate of a quantum system des
ribed by an algebraA, and the output is a probabilitydistribution over the spa
e of out
omes (X ,ΣX ). Any measurement is des
ribed bya positive linear map
M : L∞(X ,ΣX , P ) → A,whi
h is 
ompletely spe
i�ed by the image of 
hara
teristi
 fun
tions of measurablesets, also 
alled positive operator valued measure (POVM). This map M : ΣX → Ahas following properties1. Positive: M(A) ≥ 0, ∀A ∈ ΣX ;2. Countably additive: ∑∞
i=1M(Ai) = M(∪iAi), Ai ∩Aj = ∅, i 6= j;3. Normalized: M(X ) = 1.
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al asymptoti
 normality for d-dimensional statesThe 
orresponding 
hannel a
ting on states is a positive mapM∗ : A∗ → L1(X ,ΣX , P )given by
M∗(ϕ)(A) = ϕ(M(A)) = Tr(ρM(A)),where ρ is the density matrix of ϕ. By applying the 
hannel M to the quantumstatisti
al experiment 
onsisting of the family of states Q = {ϕθ : θ ∈ Θ} on A weobtain a 
lassi
al statisti
al experiment

QM := {M∗(ϕθ) : θ ∈ Θ},over the out
omes spa
e (X ,ΣX ).As in the 
lassi
al 
ase, quantum 
hannels 
an be seen as ways to 
ompare quan-tum experiments. The �rst steps in this dire
tion were made by Petz (1986); Petzet Jen£ová (2006); Ohya et Petz, D. (2004) who developed the theory of quan-tum su�
ien
y dealing with the problem of 
hara
terizing when a sub-algebra ofobservables 
ontains the same statisti
al information about a family of states, asthe original algebra. More generally, two experiments Q := {A, ϕθ : θ ∈ Θ} and
R := {B, ψθ : θ ∈ Θ} are 
alled statisti
ally equivalent if there exist 
hannels
T : A → B and S : B → A su
h that

ψθ ◦ T = ϕθ and ϕθ ◦ S = ψθ ∀θ.As 
onsequen
e, for any measurement M : L∞(X ,ΣX , P ) → A there exists a mea-surement T ◦M : L∞(X ,ΣX , P ) → B su
h that the resulting 
lassi
al experiments
oin
ide QM = RT◦M . Thus for any statisti
al problem, and any pro
edure 
on-
erning the experiment Q there exists a pro
edure for R with the same risk (averageerror), and vi
e versa.9.2.2 The Le Cam distan
e and its statisti
al meaningWe have seen that two experiments are statisti
ally equivalent when they 
an betransformed into ea
h other be means of quantum 
hannels. When this 
annot bedone exa
tly, we would like to have a measure of how 
lose the two experimentsare when we allow any 
hannel transformation. We de�ne the de�
ien
y of R withrespe
t to Q as
δ(R,Q) = inf

T
sup
θ

‖ϕθ − ψθ ◦ T‖ (9.7)where the in�mum is taken over all 
hannels T : A → B. The norm distan
e betweentwo states on A is de�ned as
‖ϕ1 − ϕ2‖ := sup{|ϕ1(a) − ϕ2(a)| : a ∈ A, ‖a‖ ≤ 1},
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al and quantum statisti
al experiments 269and for A = B(H) it is equal to ‖ρ1 − ρ2‖1 := Tr(|ρ1 − ρ2|), where ρi is the densitymatrix of the state ϕi. When δ(R,Q) = 0 we say that R is more informative than
Q. Note that δ(R,Q) is not symmetri
 but satis�es a triangle inequality of the form
δ(R,Q) + δ(Q, T ) ≥ δ(R, T ). By symmetrizing we obtain a proper distan
e overthe spa
e of equivalen
e 
lasses of experiments, 
alled Le Cam's distan
e (Le Cam,1986)

∆(Q,R) := max (δ(Q,R) , δ(R,Q)) . (9.8)What is the statisti
al meaning of the Le Cam distan
e ? We shall show that if
δ(R,Q) ≤ ǫ then for any statisti
al de
ision problem with loss fun
tion between
0 and 1, any measurement pro
edure for Q 
an be mat
hed by a measurementpro
edure for R whose risk will be at most ǫ larger than the previous one.A de
ision problem is spe
i�ed by a de
ision spa
e (X ,ΣX ) and a loss fun
tion
Wθ : X → [0, 1] for ea
h θ ∈ Θ. We are given a quantum system prepared inthe state ϕθ ∈ A∗ with unknown parameter θ ∈ Θ and would like to perform ameasurement with out
omes in X su
h that the expe
ted value of the loss fun
tion
Wθ is small. Let

M : L∞(X ,ΣX , P ) → A,be su
h a measurement, and P (M)
θ = ϕθ ◦M , then the risk at θ is

R(M, θ) :=

∫

X
Wθ(x)P

(M)
θ (dx).Sin
e the point θ is unknown one would like to obtain a small risk over all possiblerealizations

Rmax(M) = sup
θ∈Θ

R(M, θ).The minimax risk is then
Rminmax := inf

M
Rmax(M). (9.9)In the Bayesian framework one 
onsiders a prior distribution π over Θ and thenaverages the risk with respe
t to π

Rπ(M) =

∫

Θ

R(M, θ)π(dθ).The optimal risk in this 
ase is Rπ := infM Rπ(M).Coming ba
k to the experiments Q and R we shall 
ompare their a
hievable risks fora given de
ision problem as above. Consider the measurement N : L∞(X ,ΣX , P ) →
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B given by N = T ◦M where T : A → B is the 
hannel whi
h a
hieves the in�mumin (9.7). Then

R(N, θ) =

∫

X
Wθ(x)P

(N)
θ (dx) = ψθ(T ◦M(Wθ))

≤ ‖ψθ ◦ T − ϕθ‖ + ϕθ(M(Wθ)) ≤ δ(R,Q) +R(M, θ),where we have used the fa
t that 0 ≤Wθ ≤ 1.Lemma 9.2.3. For every a
hievable risk R(M, θ) for Q there exists a measurement
N : L∞(X ,ΣX , P ) → B for R su
h that

R(N, θ) ≤ R(M, θ) + δ(R,Q).In 
onsequen
e
Rminmax(R) ≤ Rminmax(Q) + δ(R,Q).9.3 Lo
al asymptoti
 normality in statisti
sIn this se
tion we des
ribe the notion of lo
al asymptoti
 normality and its signif-i
an
e in statisti
s (Le Cam, 1986; Torgersen, 1991; Strasser, 1985; van der Vaart,1998). Suppose that we observe X1, . . . , Xn where Xi take values in a measurablespa
e (X ,ΣX ) and are are independent, identi
ally distributed with distribution Pθindexed by a parameter θ belonging to an open subset Θ ⊂ Rm. The full sampleis a single observation from the produ
t P n

θ of n 
opies of Pθ on the sample spa
e
(Ωn,Σn). Lo
al asymptoti
 normality means that for large n su
h statisti
al exper-iments 
an be approximated by Gaussian experiments after a suitable reparametri-sation. Let θ0 be a �xed point and de�ne a lo
al parameter u =

√
n(θ − θ0) 
har-a
terizing points in a small neighbourhood of θ0, and rewrite P n

θ as P n
θ0+u/

√
n
seenas a distribution depending on the parameter u. Lo
al asymptoti
 normality meansthat for large n the experiments

{
P n
θ0+u/

√
n : u ∈ R

m
}

and
{
N(u, I−1

θ0
) : u ∈ R

m
}
,have the same statisti
al properties when the models θ 7→ Pθ are su�
iently `smooth'.The point of this result is that while the original experiment may be di�
ult to anal-yse, the limit one is a tra
table Gaussian shift experiment in whi
h we observe asingle sample from the normal distribution with unknown mean u and �xed varian
ematrix I−1

θ0
. Here

[Iθ0 ]ij = Eθ0 [ℓθ0,iℓθ0,j] ,is the Fisher information matrix at θ0, with ℓθ,i := ∂ log pθ/∂θi the s
ore fun
tionand pθ is the density of Pθ with respe
t to a referen
e probability distribution P .



9.3 Lo
al asymptoti
 normality in statisti
s 271There exist two formulations of the result depending on the notion of 
onvergen
ewhi
h one uses. In this 
hapter we only dis
uss the strong version based on 
onver-gen
e with respe
t to the Le Cam distan
e, and we refer to the book by (van derVaart, 1998) for another formulation using the so 
alled weak 
onvergen
e (
onver-gen
e in distribution of �nite dimensional marginals of the likelihood ratio pro
ess),and to (Guµ  et Jen£ová, 2007) for its generalization to quantum statisti
al experi-ments.Before formulating the theorem, we explain what su�
iently smooth means. Theleast restri
tive 
ondition is that pθ is di�erentiable in quadrati
 mean, i.e. thereexists a measurable fun
tion ℓθ : X → R su
h that as u→ 0
∫ [

p
1/2
θ+u − p

1/2
θ − utℓθp

1/2
θ

]2
dP → 0.Note that ℓθ must still be interpreted as s
ore fun
tion sin
e under some regularity
onditions we have ∂p1/2

θ /∂θi = 1
2
(∂ log pθ/∂θi)p

1/2
θ .Theorem 9.3.1. Let E := {Pθ : θ ∈ Θ} be a statisti
al experiment with Θ ⊂ Rdand Pθ ≪ P su
h that the map θ → pθ is di�erentiable in quadrati
 mean. De�ne

En = {P n
θ0+u/

√
n : ‖u‖ ≤ C}, F = {N(u, I−1

θ0
) : ‖u‖ ≤ C},with Iθ0 the Fisher information matrix of E at point θ0, and C a positive 
onstant.Then ∆(En,F) → 0. In other words, there exist sequen
es of randomisations Tn and

Sn su
h that:
lim
n→∞

sup
‖u‖≤C

∥∥∥Tn(P n
θ0+u/

√
n) −N(u, I−1

θ0
)
∥∥∥ = 0,

lim
n→∞

sup
‖u‖≤C

∥∥∥P n
θ0+u/

√
n − Sn(N(u, I−1

θ0
))
∥∥∥ = 0.Remark 9.3.2. Note that the statement of the Theorem is not of Central Limittype whi
h typi
ally involves 
onvergen
e in distribution to a Gaussian distributionat a single point θ0. Lo
al asymptoti
 normality states that the 
onvergen
e isuniform around the point θ0, and moreover the varian
e of the limit Gaussian is�xed whereas the varian
e obtained from the Central Limit Theorem depends onthe point θ. Additionally, the randomisation transforming the data (X1, . . . , Xn)into the Gaussian variable is the same for all θ = θ0 + u/

√
n and thus does notrequire a priori the knowledge of θ.Remark 9.3.3. Lo
al asymptoti
 normality is the basis of many important resultsin asymptoti
 optimality theory and explains the asymptoti
 normality of 
ertainestimators su
h as the maximum likelihood estimator. The quantum version intro-du
ed in the next se
tion plays a similar role for the 
ase of quantum statisti
almodel. An asymptoti
ally optimal estimation strategy based on lo
al asymptoti
normality was derived by Guµ  et al. (2008) for two-dimensional systems.
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al asymptoti
 normality for d-dimensional statesRemark 9.3.4. Let us de�ne the real Hilbert spa
e L2(θ0) = (Rm, (·, ·)θ0) withinner produ
t
(u, v)θ0 = utIθ0v.By multiplying with Iθ0 we see that limit experiment 
an be equivalently 
hosen tobe N(Iθ0u, Iθ0). The 
hara
teristi
 fun
tion of X ∼ N(Iθ0u, Iθ0) is

Fu(w) := Eθ0 [exp(iwtX)] = exp

(
−1

2
‖w‖2

θ0 + i(w, u)θ0

)
. (9.10)A similar expression will be en
ountered in se
tion 9.4 for the 
ase of quantumGaussian shift experiment.Example 9.3.1. Let Pµ = (µ1, . . . , µd) be a probability distribution with unknownparameters (µ1, . . . , µd−1) ∈ R

d−1
+ satisfying µi > 0 and ∑i≤d−1 µi < 1. The Fisherinformation at a point µ is

I(µ)ij =

d−1∑

k=1

µk(δikµ
−1
i · δjkµ−1

j ) + (1 −
d−1∑

l=1

µl)
−1 = δijµ

−1
i + (1 −

d−1∑

l=1

µl)
−1, (9.11)and its inverse is

V (µ)ij := [I(µ)−1]ij = δijµi − µiµj . (9.12)Thus the limit experiment in this 
ase is F := (N(u, V (µ)) : u ∈ Rd−1, ‖u‖ ≤ C).This experiment will appear again in Theorem 9.4.3, as the 
lassi
al part of the limitGaussian shift experiment.9.4 Lo
al asymptoti
 normality in quantum statis-ti
sIn this se
tion we present the main result of the 
hapter. Lo
al asymptoti
 normalityfor d-dimensional quantum systems means roughly the following: the sequen
e Qn ofexperiments 
onsisting of joint states ρ⊗n of n identi
al quantum systems preparedindependently in the same state ρ, 
onverges to a limit experiment R whi
h is aquantum-
lassi
al Gaussian model involving displa
ed thermal equilibrium states of
d(d−1)/2 os
illators and a (d−1)-dimensional 
lassi
al Gaussian shift model. As inthe 
lassi
al 
ase, the result has a lo
al nature re�e
ting the 1/

√
n rate of 
onvergen
eof state estimation. A neighbourhood of a �xed diagonal state ρ0 = Diag(µ1, . . . , µd)is parametrised by (
hanges in the) diagonal parameters ~u ∈ Rd−1 and o�-diagonalparameters ~ζ ∈ Cd(d−1)/2. The latter 
an be implemented by small unitary rotations.The limit Gaussian model has a 
lassi
al part N(~u, V (µ)) with �xed known varian
e
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V (µ), and a quantum part⊗j<kφ

ζj,k

j,k with ea
h φζj,k

j,k being a thermal equilibrium statewith βj,k = ln(µj/µk), displa
ed in phase spa
e by an amount proportional to ζj,k.The reason for 
hoosing the above parametrisation is twofold. Firstly, it unveils theimportant separation between '
lassi
al' and 'quantum' parameters, and the furtherseparation among the di�erent o�-diagonal parameters. Se
ondly, it is very 
onve-nient for the proof. However as we shall see in se
tion 9.4.6, the limit experiment
an be formulated in a `
oordinate-free' way in terms of quasifree states on a CCR-algebra. Although it is not needed in the main theorem, we in
lude this formulationlinking our result to the Quantum Central Limit Theorem. We stress again thatlo
al asymptoti
 normality is not a 
onsequen
e of the Central Limit Theorem, in-deed the latter is not even an ingredient in the proof but gives an indi
ation as towhat is the limit state when all parameters are zero.
9.4.1 The n-tuple of d-dimensional systemsAs explained in se
tion 9.3 for the 
lassi
al 
ase, our theory will be lo
al in nature,so we shall be interested in a (shrinking) neighbourhood of an arbitrary but �xedfaithful state

ρ0 =





µ1 0 . . . 0

0 µ2
. . . ...... . . . . . . 0

0 . . . 0 µd



 with µ1 > µ2 > · · · > µd > 0, (9.13)whi
h for te
hni
al reasons is 
hosen to have di�erent eigenvalues. A su�
ientlysmall neighbourhood of ρ0 in the state spa
e 
an be parametrised by θ := (~u, ~ζ) asfollows
ρ̃′θ :=





µ1 + u1 ζ∗1,2 . . . ζ∗1,d

ζ1,2 µ2 + u2
. . . ...... . . . . . . ζ∗d−1,d

ζ1,d . . . ζd−1,d µd −
∑d−1

i=1 ui




, ui ∈ R, ζj,k ∈ C. (9.14)

Indeed, note that if θ is small enough then ρ̃θ is a density matrix.Later on, be
ause of the limit experiments, the following normalisation will be easier,
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al asymptoti
 normality for d-dimensional statesand that's the one we shall use throughout the 
hapter:
ρ̃θ :=





µ1 + u1 ζ∗1,2
√
µ1 − µ2 . . . ζ∗1,d

√
µ1 − µd

ζ1,2
√
µ1 − µ2 µ2 + u2

. . . ...... . . . . . . ζd−1,d

√
µd−1 − µd

ζ1,d
√
µ1 − µd . . . ζd−1,d

√
µd−1 − µd µd −

∑d−1
i=1 ui



 .(9.15)Let δ := inf1≤i≤d µi−µi+1, with µd+1 = 0, be the separation between the eigenvalues.In the �rst order in θ/√δ, the family ρ̃θ is obtained by �rst perturbing the diagonalelements of ρ0 with ~u and then performing a small unitary transformation with
U(~ζ) := exp

[
i

(
∑

1≤j<k≤d

Re(ζj,k)Tj,k + Im(ζj,k)Tk,j√
µj − µk

)] (9.16)where Tj,k are generators of the Lie algebra of SU(d) de�ned in (9.84). The ad-vantage of the latter parametrisation is that we 
an fully exploit the ma
hinery ofirredu
ible group representations. For this reason, in all subsequent 
omputationswe shall work with the `unitary' family
ρθ := U(~ζ)





µ1 + u1 0 . . . 0

0 µ2 + u2
. . . ...... . . . . . . 0

0 . . . 0 µd −
∑d−1

i=1 ui



U
∗(~ζ), ui ∈ R, ζj,k ∈ C.(9.17)but we keep in mind the relationship with (9.15).As in the 
lassi
al 
ase, the parameter θ will be s
aled by the fa
tor 1/

√
n meaningthat we zoom in around ρ0 with the rate equal to the typi
al estimation rate basedon n samples. Let ρθ,n := ρ⊗n

θ/
√
n
and let Qn be the sequen
e of statisti
al experiments

Qn :=
{
ρθ,n : θ ∈ Θn

}
, (9.18)
onsisting of n systems, ea
h one prepared in a state ρθ/√n situated in a lo
al neigh-bourhood of ρ0. The lo
al parameter θ = (−→u ,−→ζ ) belongs to a neighbourhood Θn ofthe origin of Rd−1 × Cd(d−1)/2 whi
h is allowed to grow slowly with n in a way thatwill be made pre
ise later.One of the prin
ipal tools in our result is the representation theory of the spe
ialunitary group SU(d). Due to la
k of spa
e we shall not in
lude any proofs andrefer to the books by Fulton (1997); Goodman R. et Walla
h N.R. (1998); Fultonet Harris (1991) for details. In parti
ular we shall be working with the well known
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s 275tensor representation whi
h will be analysed in in
reasing depth a
ross the followingse
tions.The spa
e (Cd)⊗n 
arries two 
ommuting group representations: that of SU(d) givenby
πn(U) : f1 ⊗ · · · ⊗ fn 7→ Uf1 ⊗ · · · ⊗ Ufn, U ∈ SU(d), (9.19)and that of the permutation group S(n) given by
π̃d(τ) : f1 ⊗ · · · ⊗ fn 7→ fτ−1(1) ⊗ · · · ⊗ fτ−1(n), τ ∈ S(n). (9.20)Sin
e the two group representations 
ommute with ea
h other, the representationspa
e de
omposes into a dire
t sum of tensor produ
ts of irredu
ible representations.It turns out that the irredu
ible representations of SU(d) and S(n) are indexed byYoung diagrams with d rows for the former and n boxes for the latter. A Youngdiagram is de�ned by a tuple of ordered integers λ = (λ1 ≥ λ2 · · · ≥ λk) with λithe number of boxes on row i (see Figure 9.1). As we shall see later this pi
torial

Figure 9.1: Young diagram with λ = (5, 3, 3, 2).representation will be very useful in understanding the stru
ture of the irredu
iblerepresentations (Hλ, πλ) of SU(d).The following theorem 
alled S
hur-Weyl duality shows that the only tensor produ
tsappearing in the above mentioned dire
t sum are those of irredu
ible representationsindexed by the same λ, and in parti
ular the algebras generated by πn(u) andrespe
tively π̃d(τ) are ea
h other's 
ommutant!Theorem 9.4.1. Let πn and π̃d be the representations of SU(d) and respe
tively
S(n) on (Cd)⊗n. Then the representation spa
e de
omposes into a dire
t sum oftensor produ
ts of irredu
ible representations of SU(d) and S(n) indexed by Youngdiagrams with d lines and n boxes:

(Cd)⊗n ∼=
⊕

λ

Hλ ⊗Kλ,

πn ≡
⊕

λ

πλ ⊗ 1Kλ
,

π̃d ≡
⊕

λ

1Hλ
⊗ π̃λ.
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al asymptoti
 normality for d-dimensional statesIn parti
ular ρθ,n = ρ⊗n
θ/

√
n
and π̃d(τ) 
ommute for all τ . Hen
e we have the blo
kdiagonal form for the joint states
ρθ,n =

⊕

λ

pθ,nλ ρθ,nλ ⊗ 1Kλ

Mn(λ)
, (9.21)whereMn(λ) is the dimension of Kλ, pθ,nλ is a probability distribution over the Youngdiagrams, and ρθ,nλ is a density matrix on Hλ. >From (9.17) and the S
hur-Weylduality, we get the expression of the blo
k states

ρθ,nλ = Uλ(~ζ/
√
n) ρu,0,nλ Uλ(~ζ/

√
n)∗. (9.22)We interpret the de
omposition (9.21) as follows: by doing a `whi
h blo
k' mea-surement we obtain information about θ through the probability density pθ,nλ . Infa
t it is easy to see that pθ,nλ does not depend on ~ζ , so it only gives informationabout the diagonal parameters ~u. Later on we shall see that the model pθ,n has thesame limit as the 
lassi
al multinomial model des
ribed in Example 9.3.1. On
e thisinformation has been obtained, one still possesses a 
onditional quantum state ρθ,nλ .It turns out that this state 
arries information about the rotation parameters ~ζ, andwe shall show that the statisti
al model des
ribed by the 
onditional state 
onvergesto a `purely quantum' Gaussian shift experiment.9.4.2 Displa
ed thermal equilibrium states of a harmoni
 os-
illatorThe ground state of a quantum harmoni
 os
illator or the laser state of a mono
hro-mati
 light pulse are well known examples of quantum Gaussian states. Both phys-i
al systems are des
ribed by the same algebra of observables generated by the
anoni
al `position' and `momentum' observables Q and P satisfying the Heisen-berg 
ommutation relation

QP− PQ = i1. (9.23)These observables 
an be represented on the Hilbert spa
e L2(R) as
(Qf)(x) = xf(x), (Pf)(x) = −i df

dx
(x), f ∈ L2(R). (9.24)The spa
e L2(R) has a spe
ial orthonormal basis {|0〉 , |1〉 , . . .} with the ve
tor |m〉given by

Hm(x)e−x
2/2/(

√
π2mm!)1/2,



9.4 Lo
al asymptoti
 normality in quantum statisti
s 277where Hm are the Hermite polynomials (Erdélyi, 1953). These are the eigenve
torsof the number operator N := 1
2
(Q2 + P2 − 1) 
ounting the number of `ex
itations'of the os
illator or the number of photons in the 
ase of the light beam, su
h that

N |m〉 = m |m〉.The 
reation and annihilation operators
a∗ = (Q − iP)/

√
2, a = (Q + iP)/

√
2,satisfy [a, a∗] = 1 and a
t as `ladder' operators on the number basis:

a |m〉 =
√
m |m− 1〉 , a∗ |m〉 =

√
m+ 1 |m+ 1〉 .In parti
ular the following identity holds: N = a∗a.It 
an be easily 
he
ked that both Q and P have Gaussian distribution with respe
tto the va
uum state |0〉. In fa
t they are `jointly Gaussian'

〈0| exp(iuQ + ivP)| |0〉 = exp

(
−1

4
(u2 + v2)

)
.We shall often use the 
omplex form of the unitary Weyl operators

W (z) := exp(za∗ − z̄a) = exp(ip0Q − iq0P), z = (q0 + ip0)/
√

2 ∈ C,whi
h satisfy the Weyl relations
W (z)∗W (z′)W (z) = exp (2iIm(z̄′z))W (z′).The 
oherent (ve
tor) states |z〉 are obtained by displa
ing the va
uum state withWeyl operators

|z〉 := W (z) |0〉 = exp(−|z|2/2)

∞∑

m=0

zm√
m!

|m〉 . (9.25)They are Gaussian states with the same varian
e as the va
uum, and means 〈z|Q |z〉 =√
2Re(z) and 〈z|P |z〉 =

√
2Im(z):

〈z|W (z′) |z〉 = exp

(
−1

2
|z − z′|2 + 2iIm(z̄′z)

)
.Besides, 
oherent states, an important role in our dis
ussion will be played by thethermal equilibrium states. For every β > 0 we de�ne the Gaussian state

ϕβ(W (z)) = exp

(
− |z|2

2 tanh(β/2)

)
. (9.26)
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al asymptoti
 normality for d-dimensional statesIts density matrix 
onsisting of a mixture of k-photon states with geometri
al weights
φβ = (1 − e−β)

∞∑

k=0

e−kβ |k〉 〈k| . (9.27)and 
an also be obtained by 'smearing' the 
oherent states with a Gaussian kernel:
φβ =

eβ − 1

π

∫

C

exp
(
−(eβ − 1)|z|2

)
|z〉 〈z| dz. (9.28)The thermal equilibrium states 
an be shifted in `phase spa
e' by means of displa
e-ment operations Dz whi
h a
t by adjoining with unitaries W (z), i.e.

Dz(·) := Ad[W (z)](·) = W (z)∗ ·W (z).The result is a Gaussian state ϕzβ with the same varian
e as ϕβ and the same meansas |z〉〈z|:
ϕzβ(W (z′)) := exp

(
− |z|2

2 tanh(β/2)
+ 2iIm(z̄′z)

)
, φzβ := Dz(φβ) := W (z)∗φβW (z).(9.29)9.4.3 The multimode Fo
k spa
e and the limit Gaussian shiftexperimentWe now 
onsider d(d − 1)/2 
ommuting harmoni
 os
illators, with a joint state
onsisting of independent Gaussian states. Let us de�ne the multimode Fo
k spa
e

F :=
⊗

1≤j<k≤d
L2(R),in whi
h we identify the number basis

|m〉 =
⊗

j<k

|mj,k〉 , m = {mj,k ∈ N : j < k} . (9.30)For ea
h of the os
illators we de�ne the thermal equilibrium state
φj,k := φβj,k

, βj,k = ln(µj/µk), (9.31)where {µ1, . . . , µd} are the eigenvalues of the density matrix ρ0 (
f. (9.13)). We nowuse the Weyl operators to displa
e these states by an amount proportional to theo�-diagonal elements ζj,k of ρθ (
f. (9.15) and (9.17))
φ
ζj,k

j,k := W (ζj,k)
∗ φj,kW (ζj,k) .
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s 279Next we de�ne the joint state ϕ~ζ of the os
illators with density matrix
φ
~ζ =

⊗

j<k

φ
ζj,k

j,k ∈ T1(F), (9.32)where T1(F) is the spa
e of tra
e-
lass operators on F .The states φ~ζ form the quantum part of the limit Gaussian experiment. The 
lassi
alpart is identi
al to the (d − 1)-dimensional Gaussian shift model N(~u, V (µ)) ofExample 9.3.1, where µ = {µ1, . . . , µd}.De�nition 9.4.2. On the algebra L∞(Rd−1)⊗B(F) we de�ne normal state ϕθ withdensity
φθ := N (~u, V (µ)) ⊗ φ

~ζ ∈ L1(Rd−1) ⊗ T1(F), (9.33)where N (~u, V (µ)) is the Gaussian density of Example 9.3.1. The quantum-
lassi
alGaussian experiment R is de�ned by
R = {φθ : θ = (~u, ~ζ) ∈ R

d−1 × C
d(d−1)/2}.9.4.4 The main theoremWe are now ready to formulate the main result of the 
hapter. In view of subsequentappli
ation to optimal state estimation, it is essential to 
onsider (slowly) growingdomains of the lo
al parameters. For given β, γ > 0 we de�ne

Θn,β,γ =
{

(~ζ, ~u) : ‖~ζ‖∞ ≤ nβ , ‖~u‖∞ ≤ nγ
}
.Re
all that δ is the separation between the eigenvalues of ρ0 given by equation (9.13).Though we use parametrisation (9.17) for density matri
es ρθ, re
all that in the �rstorder this is approximated by ρ̃θ de�ned in (9.15). In fa
t it 
an be shown that thesame theorem holds for the latter parametrisation.Theorem 9.4.3. Let δ > 0, let β < 1/9 and γ < 1/4. Let the quantum experiments

Qn =
{
ρθ,n : θ ∈ Θn,β,γ

}
, Rn =

{
φθ : θ ∈ Θn,β,γ

}
,where ρθ,n = ρ⊗n

θ/
√
n
is the state on M

(
(Cd)⊗n

) given by equation (9.17), and φθ isgiven by (9.33).Then, there exist 
hannels (
ompletely positive, normalised maps)
Tn : M(Cd)⊗n → L1(Rd−1) ⊗ T1(F) (9.34)
Sn : L1(Rd−1) ⊗ T1(F) →M(Cd)⊗n (9.35)
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al asymptoti
 normality for d-dimensional stateswith T1(F) is the spa
e of tra
e-
lass operators on F , su
h that
sup

θ∈Θn,β,γ

∥∥φθ − Tn(ρ
θ,n)
∥∥

1
= O(n−κ), (9.36)

sup
θ∈Θn,β,γ

∥∥Sn(φθ) − ρθ,n
∥∥

1
= O(n−κ), (9.37)where κ > 0 depends only on δ, β and γ. It is de
reasing in ea
h of them. Inparti
ular we have

lim
n→∞

∆(Qn,Rn) = 0,where ∆(·, ·) is the Le Cam distan
e de�ned in (9.8).In other words, we get polynomial speed of 
onvergen
e of the approximation, whi
his enough to build two-step evaluation strategies, as shown in the next subse
tion.The main steps of the proof are given in a sequen
e of Lemmas in se
tion 9.6assembled into Theorem 9.6.7. The bound (9.37) follows easily from (9.36) as shownin se
tion 9.6.2.9.4.5 Appli
ation: Asymptoti
ally optimal estimation pro
e-dureThis theorem allows us to pull ba
k what we know from Gaussian shift experimentsto i.i.d. experiments1. A �rst appli
ation is devising an optimal estimation pro
edurein the latter 
ase.We shall work with well-behaved loss fun
tions l(ρ, ρ̂), the typi
al example beingthe squared L2 operator norm lρ(ρ̂) = ‖ρ− ρ̂‖2
2. Usual squared distan
es will alsosatisfy the 
onditions. The requirements are the following:

• Boundedness: l(ρ, ρ̂) is bounded, by L.
• Lower semi
ontinuity: l(ρ, ρ̂) is lower semi
ontinuous as a two-variable fun
-tion.
• Estimation-fostering: l ≥ 0 and is zero if and only if ρ = ρ̂.
• Lo
al quadrati
ity: If we use parametrisation (9.17) around any ρ0 with posi-tive distin
t eigenvalues, and viewing θ as a d2-dimensional real ve
tor through1The 
onverse, too, but that's less often useful.



9.4 Lo
al asymptoti
 normality in quantum statisti
s 281separating the real and imaginary parts of ~ζ, we have the approximation2
lρθ

(ρθ+h) = h∗Gρ0h+O(‖h‖3 , ‖θ‖3), (9.38)where Gρ0 is a positive de�nite d2-dimensional matrix possibly depending on
ρ0.We shall work with i.i.d. experiments, that is with ρ⊗n. To take the s
ale intoa

ount, we shall res
ale the risk, so that the risk of an estimator Mn in the n-sample experiment, with values in the states on C

d, would have risk at point ρ givenby:
R(Mn, ρ) = n

∫

T +
1 (Cd)

l(ρ, ρ̂)PMn

ρ⊗n(dρ̂),where PMn

ρ⊗n is the law of the result of the measurement Mn on ρ⊗n. An estimator of
θ in some parametrisation 
an naturally be seen as an estimator of ρ.We then de�ne the minimax risk on a subset Θ of the states as

Rn
minimax(Θ) = inf

Mn

sup
ρ∈Θ

R(Mn, ρ).We may now state:Theorem 9.4.4. Let ǫ > 0. For any measurement pro
eduresMn on the experiments
Qn =

{
ρθ,n : θ ∈ Θn,ǫ,ǫ

}
,the asymptoti
 maximum risk for a well-behaved loss fun
tion is at least the sameas the minimax risk in the limit experiment

R =
{
φθ : θ ∈ R

d2
} (9.39)with loss fun
tion r(θ, θ̂) = (θ − θ̂)∗Gρ0(θ − θ̂). That is:

lim inf
n

Rn
minimax(Θn,ǫ,ǫ) ≤ inf

M
sup
θ
R(M,φθ) := Rminimax (9.40)There are measurement sequen
es that saturate this bound. Moreover, we do notneed to know ρ0 beforehand, that is, we do not need to know that ρ is in the small2As a remark, we 
an allow bigger remainder terms ‖h‖2+ǫ, by taking a smaller neighbourhoodaround ρ in the proof below. If the remainder term is too big, though, the �rst term in the risk(9.81) will get too big.
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al asymptoti
 normality for d-dimensional statesball around ρ0 permitted by Θn,ǫ,ǫ. We may sear
h among all states on Cd withoutany loss in performan
e, asymptoti
ally3.This bound is the Holevo (1982) bound. Sin
e its expression is very 
ompli
ated,we do not reprodu
e it here, and instead give it in the spe
ial 
ase when G is blo
k-diagonal in the 
lassi
al and ea
h of the one-dimensional quantum Gaussian shiftexperiments parts:
θ∗Gθ =

d−1∑

i=1

u∗Gcu+
∑

1≤j<k≤d
ζ∗jkGjkζjk (9.41)for a nonnegative (d − 1)-dimensional matrix Gc and nonnegative two-dimensional

Gjk, the ζjk being seen as two-dimensional real ve
tors. In that 
ase,
Rminimax = Tr[VµGc] +

∑

1≤j<k≤d

1

4

µj + µk
µj − µk

Tr(Gjk) +
1

2

√
detGjk.If ζ∗jkGjkζjk = αjk|ζjk|2 for all j and k, this further simpli�es as:

Rminimax = Tr[VµGc] +
∑

1≤j<k≤d

αjkµj
µj − µk

.We shall postpone almost all the proof to Se
tion 9.7.1, and 
on
entrate on makingexpli
it the asymptoti
ally optimal measurements.The fa
t that is the minimax risk in the limit experiment is indeed a lower boundon the minimax risk of the �nite-dimensional experiments is almost dire
tly impliedby the very general asymptoti
 minimax theorem 9.7.74. We �ll in some details inSe
tion 9.7.1.We thus only have to �nd measurement pro
edures that asymptoti
ally attain theminimax risk of the limit experiment Rminimax.We �rst use any rough pro
edure on ñ = n1−ǫ 
opies of ρ, and get an estimate ρ̃.We may then parametrise the states around ρ̃, that is use ρ̃ = ρ0 as in equation(9.13), and ρθ and ρθ,n−ñ de�ned a

ordingly. QLAN then yields a 
hannel Tn−ñ toapproximately map the remaining states ρ⊗n−ñ to a Gaussian state. We now applyon Tn−ñ(ρ⊗n−ñ) an optimal measurement for the limit experiment (9.39). This yieldsa result θ̃.3We give a global measurement strategy below.4In the 
ourse of proving this theorem, I also establish other important results su
h as anasymptoti
 representation theorem.
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s 283If θ̃ is more than 3Γnǫ, where Γ is the ratio of the extreme eigenvalues of Gρ, weestimate that we were outside the validity domain of QLAN. In other words, we hadtaken β = γ = ǫ for a small ǫ > 0 in Theorem 9.4.3. We then take θ̂ = 0. Else wetake θ̂ = θ̃.Our �nal estimator ρ̂ will be the state 
orresponding to φθ̂ in the limit experiment,that is ρ̂ = ρθ̂/
√
n−ñ in the parametrisation around ρ̃.The risk of this pro
edure may be divided in �ve parts. The �rst is what happensin the event that the rough estimation is really very bad, so that ρ is not in thevalidity domain of QLAN around ρ̃. The se
ond is approximating the loss fun
tion

rn by the quadrati
 r. The third 
omes from QLAN, that is from the fa
t Tn(ρθ,⊗n)is not exa
tly φθ in general. The fourth 
omes from modifying the optimal limitestimator. All these will be shown to be negligible in the proof se
tion. The �nalterm is the risk of the minimax estimator in the limit experiment, that is Rminimax.Let us now �nd an optimal measurement in the limit experiment. By the quantumHunt-Stein theorem 9.7.9, we know that there is a minimax equivariant measurementfor the a
tion by translation of Rd(d+1)/2 on the 
ombined 
lassi
al-quantum model.Su
h an equivariant measurement has 
onstant bias, so we may subtra
t it if nonzero,and get better L2 risk. Hen
e the measurement is unbiased.Now, the optimal lo
ally unbiased measurement is known (Holevo, 1982) to be akind of heterodyne measurement. Its exa
t des
ription for a general weight matrix
G is hard to give, so we shall make it expli
it only in the simpler 
ase when thematrix is of the form 9.41.An optimal equivariant estimator of a produ
t experiment for a blo
k-diagonalweight matrix is the produ
t of the 
orresponding estimators. Indeed, the mea-surement for one of the subexperiments when the others are seen as an an
illa muststill be equivariant, so its 
ontribution 
annot be better then that of the best equiv-ariant estimator for that subexperiment.So that the minimax risk is the sum of the minimax risk in the 
lassi
al experimentand in ea
h of the one-dimensional quantum Gaussian shift experiments.For the 
lassi
al experiment {N (~u, Vµ), ~u ∈ Rd−1

}, the best unbiased estimator isknown (van der Vaart, 1998, for example) to be the random variable itself, with law
N (~u, Vµ). So that the minimax risk on the 
lassi
al experiment is Tr[VµGc].For a one-dimensional quantum Gaussian shift experiment {φζβ} with quadrati
 lossfun
tion, the best unbiased estimator is known to be a squeezed heterodyne measure-ment. Hayashi et Matsumoto (2004) give it a 
lear expression. The 
orrespondingrisk is 1

4

µj+µk

µj−µk
Tr(Gjk) + 1

2

√
detGjk. In the frequent 
ase when Gjk = αjkId, this
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al asymptoti
 normality for d-dimensional statesexpression redu
es to αjkµj

µj−µk
, and the measurement to the usual heterodyne measure-ment.Remark 9.4.5. • Most usual quadrati
 loss fun
tions are produ
ts of the form9.41. Notably, we dedu
e from that for res
aled L2 operator loss, that is∥∥∥θ − θ̂

∥∥∥
2

2
with our parametrisation, the asymptoti
 minimax risk is 1−∑d

j=1 µ
2
i+∑

1≤j≤d−1(d− j)µj.
• We may also use as loss fun
tion n ‖ρn − ρ̂n‖2

1. The 
orresponding weightmatrix G is only easy in two dimensions, and we �nd again 8µ1 − 4µ2
1, as inChapter 8.

• We may use the square of the Bures distan
e, that is quadrati
 to the �rst order.Hübner (1992) has given a lo
al development d2
B(ρ0, ρ0+dρ) = 1

2

∑
1≤i,j≤d

|dρij |2
µi+µj

.So that we get an asymptoti
 minimax risk of d− 1 +
∑

j<k
µj

µj+µk
.Another remark is that sin
e there are many dimensions, we 
an get se
ond orderimprovement by using a Stein (1956) estimator to shrink the equivariant estimator.9.4.6 The relation between LAN and CLTOne way to think of lo
al asymptoti
 normality is the following: we would liketo understand the asymptoti
 behaviour of the 
olle
tive (�u
tuation) observables(9.44) with respe
t to a whole neighbourhood of the state ρ, how the limit distribution
hanges as we 
hange the referen
e state ρ⊗n.The quantum Central Limit Theorem des
ribes the asymptoti
 behaviour of thesame observables with respe
t to a �xed state, and is one of the ingredients in theproof of a di�erent version of LAN based on weak 
onvergen
e (Guµ  et Jen£ová,2007). However, in the 
ase of strong 
onvergen
e, whi
h is the obje
t of this 
hapter,CLT does not play any role sin
e we are interested in 
onvergen
e in norm ratherthan in distribution, and uniformly over a range of parameters.The purpose of the se
tion is to derive a `
oordinate free' version of the limit Gaus-sian experiment using the Central Limit Theorem and the notion of symmetri
logarithmi
 derivative. The reader interested in the proof of main theorem may skipthe following pages and 
ontinue with se
tion 9.5.Quantum Central Limit TheoremLet ρ be the density matrix of a �xed faithful state on M(Cd). To ρ we asso
iatean algebra of 
anoni
al 
ommutation relations 
arrying a Gaussian state ϕ. The
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al asymptoti
 normality in quantum statisti
s 285Quantum Central Limit Theorem (Petz, 1990) says that ϕ is the limit distributionof 
ertain multi-parti
le observables with respe
t to of produ
t states ρ⊗n.Let
(A,B)ρ := Tr(ρA ◦B), where A ◦B :=

AB +BA

2
,be a positive inner produ
t on the real linear spa
e of selfadjoint operatorsM(Cd)sa.We de�ne the Hilbert spa
e with inner produ
t (·, ·)ρ.

L2(ρ) = {A ∈M(Cd)sa : Tr(Aρ) = 0}.Let σ be the symple
ti
 form on L2(ρ)

σ(A,B) =
i

2
Tr(ρ [A,B]).The C∗-algebra of 
anoni
al 
ommutation relations CCR(L2(ρ), σ) is generated bythe Weyl operators W (A) satisfying the relations

W (A)∗ = W (−A), W (A)W (B) = W (A+B) exp(−iσ(A,B)), A,B ∈ L2(ρ).On CCR(L2(ρ), σ) we de�ne the Gaussian (quasifree) state
ϕ(W (A)) := exp

(
−1

2
‖A‖2

ρ

)
, ‖A‖2

ρ = (A,A)ρ. (9.42)The state ϕ is regular, i.e. there exists a representation (π,H) of the algebra
CCR(L2(ρ), σ) su
h that the one parameter family t 7→ π(W (tA)) is weakly 
on-tinuous and ϕ is extends to a normal state on the von Neumann algebra generatedby π(CCR(L2(ρ), σ)). This means that there exist selfadjoint '�eld operators' B(A)su
h that π(W (tA)) = exp(itB(A)), and there exists a density matrix φπ ∈ T1(H)su
h that

ϕ(W (A)) = Tr (exp(iB(A))φπ) , A ∈ L2(ρ).The representation (π,H) 
an be obtained through the GNS 
onstru
tion, or by`diagonalising' the CCR algebra as we shall see in a moment. From (9.42) we dedu
ethat the distribution of B(A) with respe
t to ϕ is a 
entred normal distribution withvarian
e ‖A‖2
ρ. From the Weyl relations it follows that the �elds satisfy the following
anoni
al 
ommutation relations

[B(A), B(C)] = 2iσ(A,C)1, A, C ∈ L2(ρ).Consider now the tensor produ
t ⊗n
k=1M(Cd) whi
h is generated by elements ofthe form

A(k) = 1 ⊗ · · · ⊗A⊗ · · · ⊗ 1, (9.43)



286 Quantum lo
al asymptoti
 normality for d-dimensional stateswith A a
ting on the k-th position of the Hilbert spa
e tensor produ
t (Cd
)⊗n. Weare interested in the asymptoti
s as n→ ∞ of the joint distribution under the state

ρ⊗n, of `�u
tuation' elements of the form
Fn(A) :=

1√
n

n∑

k=1

A(k). (9.44)Theorem 9.4.6. [Quantum CLT℄ Let A1, . . . , As ∈ L2(ρ). Then the followingholds
lim
n→∞

Tr

(
ρ⊗n

(
s∏

l=1

Fn(Al)

))
= ϕ

(
s∏

l=1

(B(Al))

)
,

lim
n→∞

Tr

(
ρ⊗n

(
s∏

l=1

exp(iFn(Al))

))
= ϕ

(
s∏

l=1

W (Al)

)
.Although the algebra CCR(L2(ρ), σ) may look rather abstra
t, its stru
ture 
anbe easily understood by `diagonalising' it. Let us assume that ρ is a diagonal ma-trix ρ0 = Diag(µ1, . . . , µd). The Hilbert spa
e L2(ρ0) de
omposes as dire
t sum oforthogonal subspa
es Hρ0 ⊕H⊥

ρ0 where
Hρ0 := Lin{A : [A, ρ0] = 0,Tr(Aρ0) = 0}, and H⊥

ρ0
= Lin{Tj,k, j 6= k}, (9.45)with Tj,k the generators of the su(d) algebra de�ned in (9.84).The elements W (A) with A ∈ Hρ0 generate the 
enter of the algebra whi
h isisomorphi
 to the algebra of bounded 
ontinuous fun
tions Cb(Rd−1). Expli
itly, weidentify the 
oordinates in Rd−1 with the basis {di = −µ1+Ei,i : i = 1, . . . d− 1} of

Hρ0 , (see (9.84) for the de�nition of Ei,i). Then the 
ovarian
e matrix for the basisve
tors is
(di, dj)ρ0 = Tr(ρ0didj) = δi,jµi − µiµj = [V (µ)]i,j,where Vµ is the 
ovarian
e matrix (9.12).Moreover

tj,k := Tj,k/
√

2(µj − µk), j 6= k, (9.46)form an orthogonal and symple
ti
 basis of H⊥
ρ0 , i.e.

σ(tj,k, tk,j) = −1/2, j < k, and σ(tj,k, tl,m) = 0 for {j, k} 6= {l,m}.whi
h means that {tj,k, tk,j} generate isomorphi
 algebras of quantum harmoni
os
illator whi
h we denote by CCR(C). From
‖tj,k‖2

ρ0
= Tr(ρ0t

2
j,k) =

µj + µk
2(µj − µk)
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 normality in quantum statisti
s 287and (9.26) we 
on
lude that ea
h of the os
illators is prepared independently in thethermal equilibrium state ϕj,k = ϕβj,k
with βj,k = ln(µj/µk).Based on the dis
ussion of se
tions 9.4.2 and 9.4.3 we 
an 
hoose H := L2(Rd−1) ⊗

F and de�ne the regular representation π of CCR(L2(ρ0), σ) on this spa
e in astraightforward way and its von Neumann 
ompletion is L∞(Rd−1) ⊗ B(F). Thestate ϕ de
omposes as
ϕ ∼= N(0, Vµ) ⊗

⊗

j<k

ϕj,k. (9.47)whi
h is pre
isely the state ϕθ for θ = (~u, ~ζ) = (~0,~0), de�ned in (9.33).The quantum Gaussian shift experiment through Fisher informationWe 
omplete the family of states ϕθ of the experiment R by shifting ϕ0 with thehelp of symmetri
 logarithmi
 derivatives. As in the 
lassi
al 
ase, this will be afamily of Gaussian states with the same 
ovarian
e, and mean proportional to thelo
al parameter θ. The 
ovarian
e is related to the Fisher information matrix asdes
ribed in Remark 9.3.4. Thus we shall start by de�ning the quantum analoguesof the s
ore fun
tions and the Fisher information matrix for the full quantum model
ρθ.Let us de�ne the symmetri
 logarithmi
 derivatives (Helstrom, 1976; Holevo, 1982)as the solutions in L2(ρ0) of

L(re)
j,k ◦ ρ0 =

∂ρθ
∂Reζj,k

∣∣∣∣
θ=0

, L(im)
j,k ◦ ρ0 =

∂ρθ
∂ Imζj,k

∣∣∣∣
θ=0

, ℓi ◦ ρ0 =
∂ρθ
∂ui

∣∣∣∣
θ=0

,Then with Tj,k, Ei,i de�ned in (9.84)
L(re)
j,k = Tk,j/(µj + µk), L(im)

j,k = Tj,k/(µj + µk), ℓi = Ei,i/µi − Ed,d/µd,and the quantum Fisher information matrix 
onsists of a `
lassi
al blo
k' that 
oin-
ides with that of the 
lassi
al multinomial model in (9.11)
[Iρ0 ]ij := (ℓi, ℓj)ρ0 = [I(µ)]ij, 1 ≤ i, j ≤ d− 1,and a `purely quantum' blo
k given by the diagonal matrix

Hρ0 = Diag
(
‖L(re)

j,k ‖2
ρ0
, ‖L(im)

k,j ‖2
ρ0

: j < k
)

= Diag
(
(µj + µk)

−1, (µj + µk)
−1 : j < k

)
.Lemma 9.4.7. Let

L(θ) :=
∑

j<k

(
Re(ζj,k)L(re)

j,k + Im(ζj,k)L(im)
j,k

)
+
∑

i

uiℓi, θ = (~u, ~ζ).
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al asymptoti
 normality for d-dimensional statesConsider the representation (π,H) of CCR(L2(ρ0), σ) and the normal state ϕ on
L∞(Rd−1) ⊗ B(F) as de�ned in the previous se
tion (
f. 9.47). Let ϕ̃θ be the statede�ned by

ϕθ(W (A)) := exp

(
−1

2
‖A,A‖ρ0 + i(A,L(θ))ρ0

)
, A ∈ L2(ρ0). (9.48)Then ϕ̃θ is normal with respe
t to the representation (π,H) and 
oin
ides with ϕθ(
f. (9.33)).Remark 9.4.8. The expression (9.48) is 
learly the quantum analogue of the 
hara
-teristi
 fun
tion of the 
lassi
al Gaussian shift experiment (9.10). Note in parti
ularthat the distribution of B(A) with respe
t to ϕθ is the normal with varian
e ‖A‖2

ρ0
entred at (A,L(θ))ρ0.Proof. From (9.45) - (9.48), and by expressing A in the symple
ti
 basis (9.46)
A =

∑

j<k

(uj,ktj,k + vj,ktk,j) +
∑

i

wiℓi,we get
‖A‖2

ρ0
= wTIρ0w +

∑

j<k

(u2
j,k + v2

j,k)
µj + µk

2(µj − µk)
, (9.49)

(A,L(θ))ρ0 = wTIρ0u+
∑

j<k

uj,kRe(ζj,k) + vj,kIm(ζj,k)√
2(µj − µk)

, (9.50)whi
h implies that the following de
omposition holds
ϕθ ∼= N(Iρ0u, Iρ0) ⊗

⊗

j<k

ϕ
ζj,k

j,k := N(Iρ0u, Iρ0) ⊗ ϕ
~ζ (9.51)where we have used the following expression for the displa
ed thermal equilibriumstates ϕζj,k

j,k = ϕzβ de�ned in (9.29), with β = lnµj/µk, z = ζj,k

ϕ
ζj,k

j,k

(
ei(uQ+vP)

)
= exp

(

−(u2 + v2)
µj + µk

4(µj − µk)
+ i

uRe(ζj,k) + vIm(ζj,k)√
2(µj − µk)

)

. (9.52)
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it form of the 
hannels and �rst steps ofthe proof9.5.1 Se
ond look at the irredu
ible representations of SU(d)Before explaining the steps involved in the proof, let us take a 
loser look at theblo
k states (9.22). Re
all that we have the de
omposition of Theorem 9.4.1 overYoung diagrams with n boxes and
ρθ,n =

⊕

λ

ρθ,nλ ⊗ 1Kλ

Mn(λ)
.Let {f1, . . . , fd} be the eigenve
tors of ρ0, i.e. the standard basis ve
tors of Cd. Thenthe eigenve
tors of ρ⊗n0 = ρ0,n are tensor produ
ts

fa := fa(1) ⊗ fa(2) ⊗ · · · ⊗ fa(n),and the eigenvalues∏k λa(k) do not depend on the order of the ve
tors in the produ
t.Proje
ting onto a 
opy of Hλ.Our aim is to `proje
t' to an irredu
ible representation Hλ and obtain an expli
itexpression for the eigenve
tors of the blo
k 
omponents ρθ,nλ . Su
h a proje
tion isnot unique, in fa
t for any rank one operator |v〉〈u| ∈ B(Kλ) with 〈u|v〉 = 1 we 
ande�ne a (not ne
essarily orthogonal) proje
tion y = y2 on a 
opy of Hλ

yλ(u, v) := 1Hλ
⊗ |v〉〈u| : (Cd)⊗n → Hλ ⊗ |v〉.However the a
tion of yλ(u, v) on basis ve
tors fa depends on a parti
ular identi�-
ation between (Cd)⊗n and the dire
t sum in Theorem 9.4.1. Therefore we need adire
t way of de�ning su
h a proje
tion and the key observation is that yλ(u, v) isa minimal proje
tion in the algebra Alg(π̃d(τ) : τ ∈ S(n)), i.e. it 
annot be de
om-posed into a sum of non-zero proje
tions, and vi
e-versa any minimal proje
tion isof this form. The following re
ipe (given without proof) shows how to 
onstru
tminimal proje
tions in the S(n) group algebra. We re
all that the group ∗-algebra

A(S(n)) is the linear spa
e spanned by the group elements endowed with a produ
tstemming from the group produ
t, that is
a =

∑

τ∈S(n)

a(τ)τ, b =
∑

̺∈S(n)

b(̺)̺



290 Quantum lo
al asymptoti
 normality for d-dimensional statesimplies
ab =

∑

τ,̺∈S(n)

a(τ)b(̺)τ̺ =
∑

σ∈S(n)




∑

s∈S(n)

a(σs−1)b(s)



 σ,and with adjoint a∗ =
∑

τ∈S(n) a(τ)τ
−1.Let λ be a Young diagram with n boxes 
onsider the (standard) Young tableau t inwhi
h the boxes are �lled with the numbers {1, . . . , n} in in
reasing order from leftto right along rows, starting with the top row and ending with the bottom row, asshown in the left-side tableau of Figure 9.2.

1 3 4 6
2 5
7

1 1 2 2 3
2 3 3
3Figure 9.2: Left: a standard Young tableaux. Right: a semi-standard Young tableaufor d = 3De�ne the group algebra elements

Pλ =
∑

σ∈Rλ

σ, Qλ =
∑

τ∈Cλ

sgn(τ)τ,where Rλ is the S(n)-subgroup of permutation leaving the rows of t invariant, and
Cλ is the subgroup of permutations leaving the 
olumns of t invariant. Note that Pλand Qλ are self-adjoint elements of the S(n) group algebra satisfying

PλPλ = |Rλ|Pλ = (

d∏

i=1

λi!)Pλ, QλQλ = |C(λ)|Qλ = (

d∏

i=1

iλi−λi+1)Qλ. (9.53)The Young symmetriser is de�ned as
Yλ := QλPλ.Theorem 9.5.1. Up to a s
alar normalising fa
tor, the Young symmetriser Yλ isminimal proje
tion in A(S(n)) and yλ := qλpλ = π̃d(Qλ)π̃d(Pλ) proje
ts onto a 
opyof Hλ ⊂ (Cd)⊗n.The a
tion of the Young symmetriser yλ on basis ve
tors fa ∈ (Cd)⊗n follows easilyfrom the de�nition of Yλ. For ea
h fa we �ll the boxes of λ with the indi
es a(k)going along rows from left to right, starting with the top row and �nishing with thebottom one. For example, if λ = and fa = f2 ⊗ f2 ⊗ f1 ⊗ f2 ⊗ f1 then ta = 2 2 1

2 1 .
S(n) has an obvious a
tion on the set of tableaux by permuting the 
ontent of the
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h are numbered from 1 to n in the standard way as in Figure 9.2. Thea
tion of the Young symmetriser yλ = qλpλ on fa is dedu
ed from the a
tion on thetableau ta : one �rst symmetrises with respe
t to 
omponents whi
h are in the samerow, and then antisymmetrises with respe
t to 
omponents in the same 
olumn. Forexample if λ = then
yλ(f2 ⊗ f1 ⊗ f3) = f2 ⊗ f1 ⊗ f3 + f1 ⊗ f2 ⊗ f3 − f3 ⊗ f1 ⊗ f2 − f3 ⊗ f2 ⊗ f1.Finding a basis in HλBy the previous Theorem the ve
tors yλfa spanHλ, but are not linearly independent.We show now how to sele
t a basis ( subset of linearly independent ve
tors spanning

Hλ). A semistandard Young tableau is a diagram �lled with numbers in {1, . . . , d}su
h that the entries are non-de
reasing along rows from left to right and in
reasingalong 
olumns from top to bottom, as in the right-side of Figure 9.2.Theorem 9.5.2. The ve
tors yλfa for whi
h ta is a semistandard Young tableauform a (non-orthogonal) basis of the irredu
ible representation (πλ,Hλ).Sin
e the values in the rows are nonde
reasing, there is a one-to-one 
orresponden
ebetween Young tableaux ta and ve
tors m = (mi,j)1≤i<j≤d where mi,j is the numberof j's appearing in line i of the Young tableau ta. Note that we need only 
onsider
mi,j for j > i, as there is no j in line i if j < i (the 
olumns are in
reasing), andthe number of i in line i is λi −∑d

j=i+1mi,j. For example, if ta =
1 1 2 3 3
2 3
3

then
m = {m1,2 = 1, m1,3 = 2, m2,3 = 1}.By a slight abuse of notation we shall denote the 
orresponding ve
tors by yλfm andthe normalised ve
tors

|m, λ〉 := N (m, λ)yλfm, (9.54)where N (m, λ) = 1/‖yλfm‖ . This 
onstant is in general not easy to 
ompute butwe shall des
ribe its asymptoti
 properties in se
tion 9.7.4.Using (9.53) we have
〈yλfa|yλfb〉 = 〈qλpλfa|qλpλfb〉 = 〈pλfa|q2

λpλfb〉 = (

d∏

i=1

iλi−λi+1)〈pλfa|yλfb〉. (9.55)In order to get further simpli�
ations, we examine some spe
ial ve
tor states, thatwe shall 
all by analogy with the Fo
k spa
es �nite-dimensional 
oherent states.The �rst is the spe
ial ve
tor |0, λ〉, the highest weight ve
tor of the representation
(πλ,Hλ), whi
h later on will play the role of the �nite-dimensional va
uum. This
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tor, as we have seen, 
orresponds to the semi-standard Young tableau where allthe entries in row i are i. An immediate 
onsequen
e is that
pλ|f0〉 = (

d∏

i=1

λi!)|f0〉. (9.56)Moreover 〈f0|qλf0〉 = 1 sin
e any 
olumn permutation produ
es a ve
tor orthogonalto f0. Thus the normalised ve
tor is:
|0, λ〉 =

1
∏d

i=1 λi!
√
iλi−λi+1

yλ|f0〉. (9.57)The �nite-dimensional 
oherent states are de�ned as πλ(U)|0λ〉 for U ∈ SU(d).From [pλ, πλ(U)] = 0 and (9.56), we get pλπλ(U)|0λ〉 = (
∏d

i=1 λi!)U |0λ〉, thus
〈yλfm|πλ(U)|0, λ〉 =

√√√√
d∏

i=1

iλi−λi+1〈pλfm|qλπλ(U)f0〉 (9.58)The latter expression holds for any linear 
ombination of fm on the left-hand side,in parti
ular πλ(V )f0 for another unitary operator V . In Lemma 9.7.11, we shallexamine asymptoti
s of (9.58) for spe
i�
 sequen
es of unitaries U when n → ∞.One of the main tools will be formula (9.88).The following expressions of the dimensions of Kλ and Hλ are given without proof.Let gl,m be the hook length of the box (l,m), de�ned as one plus the number of boxesunder plus the number of boxes to the right. For example the diagram (5, 3, 3) hasthe hook lengths : 7 6 5 2 1
4 3 2
3 2 1

.The dimension Mn(λ) of Kλ is
M(~λ) =

n!∏
l=1...d
m=1...λl

gl,m
,and 
an be rewritten in the following form whi
h is more adapted to our needs:

M(~λ) =

(
n

λ1, . . . , λd

) ∏

l=1...d
k=l+1...d

λl − λk + k − l

λl + k − l
. (9.59)
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D(λ) =

∏

i=1...d
j=1...λi

j + d− i

gi,j
.

To summarise, we have de�ned a non-orthonormal basis {|m, λ〉} of Hλ su
h that
|m, λ〉 are eigenve
tors of ρ~0,~u,n for all λ, with eigenvalues:

〈m, λ|ρ~0,~u,n|m, λ〉 =
d∏

i=1

(µ~u,ni )λi

d∏

j=i+1

(
µ~u,nj

µ~u,ni

)mi,j

, (9.60)where µ~u,ni = µi + ui/
√
n for 1 ≤ i ≤ (d− 1) and µ~u,nd = µd − (

∑
i ui)/

√
n.The next step is to take into a

ount the a
tion of the unitary U(~ζ). We de�ne theautomorphism

∆
~ζ,n : M((Cd)⊗n) →M((Cd)⊗n),by

τ 7→ ∆
~ζ,n(τ) = Ad[U(~ζ, n)](τ) := U(~ζ/

√
n)⊗n τ U∗(~ζ/

√
n)⊗n. (9.61)Then we have ρ~ζ,~u,n = ∆

~ζ,n(ρ
~0,~u,n). By Theorem 9.4.1 and using the de
omposition(9.21), we get the blo
kwise a
tion on irredu
ible 
omponents

∆
~ζ,n(ρ⊗n) =

⊕

λ

∆
~ζ,n
λ (ρλ) ⊗ 1Kλ

,where ∆
~ζ,n
λ = Ad[Uλ(~ζ, n)]. In parti
ular we have

ρ
~ζ,~u,n
λ = ∆

~ζ,n
λ (ρ

~0,~u,n
λ ). (9.62)With these notations, we 
an set about building the 
hannels Tn.9.5.2 Des
ription of TnWe look for 
hannels

Tn : M((Cd)⊗n) → L1(Rd−1) ⊗ T1(F)of the form:
Tn : ρθ,n 7−→

∑

λ

pθ,nλ τnλ ⊗
(
Vλρ

θ,n
λ V ∗

λ

)
. (9.63)
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al asymptoti
 normality for d-dimensional statesHere, Vλ is an isometry from Hλ to F , i.e. V ∗
λ Vλ = 1Hλ

. On the 
lassi
al side, τnλ isa probability law on R
d−1. We may view τn as a Markov kernel (9.5) from the setof diagrams λ to Rd−1.The 
hannel Tn 
an be des
ribed by the following sequen
e of operations. We �rstperforms a `whi
h blo
k' measurement over the irredu
ible representations and geta result λ. Then, on the one hand, we apply a 
lassi
al randomisation to λ, andon the other hand we apply a 
hannel depending on our result λ to the 
onditionalstate ρλ.The underlying ideas are the following.1). The probability distribution pθ,nλ is essentially a multinomial depending only on ~u,as it 
an be dedu
ed from (9.60) and (9.59). As we have seen in Example 9.3.1, this
onverges (in Le Cam sense) to a 
lassi
al Gaussian shift experiment. Here, in orderto obtain the strong norm 
onvergen
e we need to smooth the dis
rete distributioninto a 
ontinuous one with respe
t to the Lebesgue measure. We 
hoose a parti
ularsmoothing distribution that will ensure the uniform L1 
onvergen
e to the Gaussianmodel (Lemma 9.6.1).De�nition 9.5.3. Let τnλ be the probability density on Rd−1 de�ned for all λ su
hthat ∑λi = n, by:
τnλ (dx) = τnλ (x)dx = dxn(d−1)/2χ(Aλ,n), (9.64)where Aλ,n = {x ∈ Rd−1 : |n1/2xi + nµi − λi| ≤ 1/2, 1 ≤ i ≤ d − 1}. We furtherdenote

bθ,nλ = pθ,nλ τnλ ,depending on θ only through ~u.2). For the quantum part, we map the `�nite-dimensional va
uum' |0, λ〉 to the Fo
kspa
e va
uum |0〉, and the basis ve
tors |m, λ〉 of Hλ `near' the basis ve
tors |m〉 ofthe Fo
k spa
e F (
f. de�nitions (9.54) and respe
tively (9.30)). Here we need tota
kle the problem that {|m, λ〉} is not an orthonormal basis but only be
omes soasymptoti
ally. The following lemma provides the isometry Vλ appearing in (9.63).Lemma 9.5.4. Let η < 2/9. Suppose that λi−λi+1 ≥ δn for all 1 ≤ i ≤ d, with the
onvention λd+1 = 0. Then for n > n0(η, δ, d) there exists an isometry Vλ : Hλ → Fsu
h that, V |0, λ〉 = |0〉 and for 0 < |m| ≤ nη,
〈m|Vλ =

1√
1 + (C̃n)(9η−2)/12/δ1/3

〈m, λ|where C̃ = C̃(η, d) is a 
onstant. More pre
isely, n0 
an be taken of the form
(C(d)/δ2)1/(1−3η).
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tion 9.7.3. The main tool is Lemma 9.7.13.For Young diagrams whi
h do not satisfy the assumption of the previous Lemma,the isometry Vλ 
an be de�ned arbitrarily. The reason is that those blo
ks havevanishing 
olle
tive weight and 
an be negle
ted altogether (
f. Lemma 9.6.2).From this operational des
ription we 
on
lude that Tn is a proper 
hannel sin
e τn isa Markov kernel and Vλ is an isometry. We then want to prove that Tλ(ρ~0,~u,nλ ) is 
loseto φ0 and that the �nite-dimensional operations ∆
~ζ,n
λ have almost the same a
tionas the displa
ement operators Dζ of the Fo
k spa
e, 
f. (9.29). Finite-dimensional
oherent states and formula 9.28 will be the stepping stone to those results.9.6 Main steps of the proof9.6.1 Why Tn does the workWe shall break (9.36) in small manageable pie
es. The result and brief explanatoryremarks, repeating those in the derivation, are given from (9.67) on.We introdu
e �rst a few shorthand notations: the restri
tion of Tn to the blo
k λ is

Tλ : ρθ,nλ 7→ Vλρ
θ,n
λ V ∗

λ ,so that
Tn : ρθ,n 7→

∑

λ

pθ,nλ τnλ ⊗ Tλ(ρ
θ,n
λ ) =

∑

λ

bθ,nλ ⊗ φθ,nλ .We also de�ne T ∗
λ : φ 7→ V ∗

λ φVλ. and note that T ∗
λTλ = IdHλ

.We expand (9.63) as
Tn(ρ

θ,n) =
∑

λ

bθ,nλ ⊗ φθ,nλ

= N (~u, Vµ) ⊗ φ
~ζ −

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)
⊗ φ

~ζ −
∑

λ

bθ,nλ ⊗
(
φ
~ζ − φθ,nλ

)
.Proving (9.36) then amounts to proving

sup
θ∈Ωn,ǫ

∥∥∥∥∥

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)
⊗ φ

~ζ +
∑

λ

bθ,nλ ⊗
(
φ
~ζ − φθ,nλ

)∥∥∥∥∥
1

≤ Cn−ǫ/δ.
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al asymptoti
 normality for d-dimensional statesWe now use the triangle inequality to upper bound this norm by a sum of �elemen-tary� terms to be treated separately in the following se
tions.
∥∥∥∥∥

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)
⊗ φ

~ζ +
∑

λ

bθ,nλ ⊗
(
φ
~ζ − φθ,nλ

)∥∥∥∥∥
1

≤
∥∥∥∥∥

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)
⊗ φ

~ζ

∥∥∥∥∥
1

+
∑

λ

∥∥∥bθ,nλ ⊗
(
φ
~ζ − φθ,nλ

)∥∥∥
1
≤

∥∥∥φ~ζ
∥∥∥

1

∥∥∥∥∥

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)∥∥∥∥∥
1

+
∑

λ

∥∥∥bθ,nλ
∥∥∥

1

∥∥∥
(
φ
~ζ − φθ,nλ

)∥∥∥
1
.

Sin
e ‖φ~ζ‖1 = ‖N (~u, Vµ)‖1 = ‖φθ,nλ ‖ = 1, we have ∥∥∥(φ~ζ − φθ,nλ

)∥∥∥
1
≤ 2. Similarly

∑
λ ‖bθ,nλ ‖1 = 1 be
ause ‖bθ,nλ ‖1 = pθ,nλ . We split the sum over λ in two parts, one forwhi
h it is expe
ted that ∥∥∥(φ~ζ − φθ,nλ

)∥∥∥
1
is small, and the other on whi
h the sumof all ‖bθ,nλ ‖1 is small. Spe
i�
ally, de�ne the set of typi
al Young diagrams

Λn,α := {λ : |λi − nµi| ≤ nα, 1 ≤ i ≤ d}, for α > 1/2, (9.65)then
∥∥∥Tn(ρθ,n) −N (~u, Vµ) ⊗ φ

~ζ
∥∥∥ ≤

∥∥∥∥∥N (~u, Vµ) −
∑

λ

bθ,nλ

∥∥∥∥∥
1

+ sup
λ∈Λn,α

∥∥∥φ~ζ − φθ,nλ

∥∥∥
1
+ 2

∑

λ6∈Λn,α

‖bθ,nλ ‖1. (9.66)
The �rst term 
orresponds to the 
onvergen
e of the 
lassi
al experiment in theLe Cam sense. If the se
ond term is small, then on Λn,α, the (purely quantum)family ρθ,nλ is near the family φ~ζ . The last term is small due to the 
on
entrationof pθ,nλ around the representations withshape λi = nµi. In other words, the onlyrepresentations that matter are those in Λn,α.The hardest term to dominate (noti
e that the two others are 
lassi
al) is the se
ond.
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h tra
table fragments.
∥∥∥φ~ζ − φθ,nλ

∥∥∥
1

=
∥∥∥φ~ζ − Tλ(ρ

θ,n
λ )
∥∥∥

1

=
∥∥∥D~ζ(φ

~0) − [Tλ∆
~ζ,n
λ T ∗

λ ](Tλ(ρ
~0,~u,n
λ ))

∥∥∥
1

=
∥∥∥D~ζ(φ

~0) −D
~ζ(Tλ(ρ

~0,~u,n
λ )) +D

~ζ(Tλ(ρ
~0,~u,n
λ )) − [Tλ∆

~ζ,n
λ T ∗

λ ](Tλ(ρ
~0,~u,n
λ ))

∥∥∥
1

≤
∥∥∥D~ζ(φ

~0) −D
~ζ(Tλ(ρ

~0,~u,n
λ ))

∥∥∥
1
+
∥∥∥[D~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](Tλ(ρ
~0,~u,n
λ ) − φ

~0)
∥∥∥

1

+
∥∥∥[D~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](φ
~0)
∥∥∥

1

≤ 3
∥∥∥Tλ(ρ

~0,~u,n
λ ) − φ

~0
∥∥∥

1
+
∥∥∥[D~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](φ
~0)
∥∥∥

1where in the last inequality we have used the fa
t that the displa
ement operatorsare isometries.Note that the �rst term does not depend on ~ζ and the se
ond term is small if thedispla
ement operators ∆
~ζ,n
λ and D~ζ have `similar a
tion' on an appropriate domain.Using the integral formula (9.28) for gaussian states φβ and the fa
t that φ~0, is atensor produ
t of su
h states (
f. (9.51)) we bound the se
ond term by

∥∥∥[D~ζ − Tλ∆
~ζ,n
λ T ∗

λ ](φ
~0)
∥∥∥

1
≤
∫

Cd(d−1)/2

f(~z)
∥∥∥[D~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](|~z〉 〈~z|)
∥∥∥

1
d~zwhere

f(~z) =
∏

i<j

µi − µj
πµj

exp

(
−µi − µj

µj
|zi,j|2

)
.and |~z〉 〈~z| = D~z(|0〉 〈0|) is the multimode 
oherent state, so

[D
~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](|~z〉 〈~z|) = [D
~ζD~z − Tλ∆

~ζ,n
λ T ∗

λD
~z](|0〉 〈0|).Now, f is a probability density, and the norm in the integrand is dominated by two.By splitting the integral we obtain

∥∥∥[D~ζ − Tλ∆
~ζ,n
λ T ∗

λ ](φ
~0)
∥∥∥

1
≤ 2

∫

‖~z‖>nβ

f(~z)d~z+ sup
‖~z‖≤nβ

∥∥∥[D~ζD~z − Tλ∆
~ζ,n
λ T ∗

λD
~z](|0〉 〈0|)

∥∥∥
1
.By adding and subtra
ting additional terms

D
~ζD~z − Tλ∆

~ζ,n
λ T ∗

λD
~z =D

~ζ+~z − Tλ∆
~ζ+~z,n
λ T ∗

λ

+ Tλ∆
~ζ+~z,n
λ T ∗

λ − Tλ∆
~ζ,n
λ ∆~z,n

λ T ∗
λ

+ Tλ∆
~ζ,n
λ ∆~z,n

λ T ∗
λ − Tλ∆

~ζ,n
λ T ∗

λD
~z.
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e that
∥∥∥[D~ζ − Tλ∆

~ζ,n
λ T ∗

λ ](|~z〉 〈~z|)
∥∥∥

1
≤
∥∥∥[D~ζ+~z − Tλ∆

~ζ+~z,n
λ T ∗

λ ](|0〉 〈0|)
∥∥∥

1

+
∥∥∥[∆

~ζ+~z,n
λ − ∆

~ζ,n
λ ∆~z,n

λ ](|0, λ〉〈0, λ|)
∥∥∥

1

+
∥∥∥[∆~z,n

λ T ∗
λ − T ∗

λD
~z](|0〉 〈0|)

∥∥∥
1where the last two terms on the right side have been simpli�ed using properties of

Tλ, T
∗
λ ,∆

~ζ,n
λ . Noti
e that the �rst and third norms are essentially the same and thethree terms are small if the a
tion of ∆

~ζ
λ is mapped into that of the displa
ementoperators D~ζ.Putting all this together, our `expanded' form for (9.36) is

sup
θ∈Ωn,β,γ

∥∥∥Tn(ρθ,n) − φ
~ζ ⊗N (~u, Vµ)

∥∥∥ (9.67)
≤ sup

θ∈Ωn,β,γ

∥∥∥∥∥

(
N (~u, Vµ) −

∑

λ

bθ,nλ

)∥∥∥∥∥
1

(9.68)
+ 2 sup

θ∈Ωn,β,γ

∑

λ6∈Λn,α

‖bθ,nλ ‖1 (9.69)
+ 3 sup

θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥φ~0 − Tλ(ρ
~0,~u,n
λ )

∥∥∥
1

(9.70)
+ sup

‖~z‖≤nβ

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥[D~ζ+~z − Tλ∆
~ζ+~z,n
λ T ∗

λ ](|0〉 〈0|)
∥∥∥

1
(9.71)

+ sup
‖~z‖≤nβ

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥[D~z − Tλ∆
~z,n
λ T ∗

λ ](|0〉 〈0|)
∥∥∥

1
(9.72)

+ sup
‖~z‖≤nβ

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥[∆
~ζ+~z,n
λ − ∆

~ζ,n
λ ∆~z,n

λ ](|0, λ〉 〈0, λ|)
∥∥∥

1
(9.73)

+ 2

∫

‖~z‖≥nβ

f(~z)d~z. (9.74)The last Gaussian tail term is less than C exp(−δn2β) where C depends only onthe dimension d. Under the hypothesis n2β > 2/δ, this 
an be bounded again by
O(n−2β).The following lemmas provide upper bounds for ea
h of the terms. Before ea
hlemma we remind the reader what is the signi�
an
e of the bound. The proofs aregathered in se
tion 9.7.The 
lassi
al part of the 
hannel is a Markov kernel τ (see de�nition 9.5.3) mappingthe `whi
h blo
k' distribution pθ,nλ into the density bθ,nλ on Rd−1 whi
h is approa
hes



9.6 Main steps of the proof 299uniformly the gaussian shift experiment (9.68). Re
all that bθ,nλ depends only on ~uand not on ~ζ, so that we have the same parameter set for the two 
lassi
al experi-ments.Lemma 9.6.1. With the above de�nitions, for any ǫ, we have
sup

θ∈Ωn,β,γ

∥∥∥∥∥N (~u, Vµ) −
∑

λ

bθ,nλ

∥∥∥∥∥
1

= O
(
n−1/4+ǫ/δ, n−1/2+γ/δ

)
.The next lemma deals with (9.69) by showing 
on
entration around Young diagrams

λ in the `typi
al subset' (9.65). This allows we to restri
t to this set of diagrams infurther estimates.Lemma 9.6.2. Let α− γ − 1/2 > 0. Then, with the above de�nitions we have
sup

θ∈Ωn,β,γ

∑

λ6∈Λn,α

‖bθ,nλ ‖1 = O
(
nd

2

exp(−n2α−1/2)
)
,with the O(·) term 
onverging to zero.The term (9.70) shows that when the rotation parameter is zero, the blo
k states

ρ
~0,~u,n
λ are essentially thermal equilibrium states, as one would expe
t from the quan-tum Central Limit Theorem 9.4.6. However the 
onvergen
e here is in norm ratherthan in distribution, and uniform over the various parameters.Lemma 9.6.3. Let 0 < η < 2/9. With the above de�nitions, we have

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥φ~0 − Tλ(ρ
~0,~u,n
λ )

∥∥∥
1

= O(n−1/2+γ+η/δ, n(9η−2)/24/δ1/6, exp(−δnη)).The terms (9.71) and (9.72) show that the `�nite dimensional 
oherent states' ob-tained by performing small rotations on the `�nite-dimensional va
uum' are uni-formly 
lose to their in�nite dimensional 
ounterparts, thus justifying the 
oherentstate terminology.Lemma 9.6.4. Let ǫ > 0 be su
h that 2β + ǫ ≤ η < 2/9.Then,
sup

‖~z‖≤nβ

sup
‖~ξ‖≤n−1/2+2β/δ

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥[D~ζ+~z − Tλ∆
~ζ+~z,~ξ,n
λ T ∗

λ ](|0〉 〈0|)
∥∥∥

1
= R(n)with

R(n)2 = O
(
n(9η−2)/12δ−1/3, n−1+2β+ηδ−1, n−1/2+3β+2ǫδ−3/2, n−1+α+2βδ−1,

n−1+α+ηδ−1, n−1+3ηδ−1, n−β) (9.75)
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 normality for d-dimensional statesFor estimating the terms (9.71, 9.72), the 
ase when ~ξ = ~0 is su�
ient. This moregeneral form is useful for the proof of Lemma 9.6.5. The unitary operation is de�nedas ∆
~ζ,ξ,n
λ := Ad[Uλ(~ζ, ξ, n)] with U(~ζ, ξ, n)) the general SU(d) element of (9.83).Finally (9.73) shows that the `�nite-dimensional' displa
ement operators multiplyas the 
orresponding displa
ement operators when a
ting on the va
uum.Lemma 9.6.5. With the above de�nitions, under the same hypotheses as in Lemma9.6.4, we have

sup
‖~z‖≤nβ

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

∥∥∥[∆
~ζ+~z,n
λ − ∆

~ζ,n
λ ∆~z,n

λ ](|0, λ〉〈0, λ|)
∥∥∥

1
= R(n)with R(n) given by equation (9.75).>From the last three lemmas, together with the bound on the remainder integral(9.74) we obtain the following lemma whi
h 
an be plugged into the bound (9.66):Lemma 9.6.6. With the above notations under the same hypotheses as in Lemma9.6.4, we have

sup
θ∈Ωn,β,γ

sup
λ∈Λn,α

‖φ~ζ − φθ,nλ ‖ = R(n) +O(n−1/2+γ+η/δ)with R(n) given by equation (9.75).Gathering all these results and using the inequalities α − γ − 1/2 > 0, 2β + ǫ ≤
η < 2/9 we get the following relations between the error terms: n−1/2+β+η/2/δ1/2 =
o(n−1/2+3η/2/δ1/2) and n−1/2+α/2+β/δ1/2 = o(n−1/2+α/2+η/2/δ1/2).This yields the next theorem whi
h provides the bound (9.36).Theorem 9.6.7. For any δ > 0, 0 < γ < 1/4, ǫ > 0, 1/2 + γ < α < 1, η < 2/9,
0 < β < (η − ǫ)/2, the sequen
e of 
hannels Tn satis�es

sup
θ∈Ωn,β,γ

∥∥Tn(ρθ,n) − φ
∥∥

1
= O(n−1/4+3β/2+ǫδ−3/2 + n−1/2+α/2+η/2δ−1/2+

n−1/2+3η/2δ−1/2 + n−β/2 + n−1/2+γ+η/δ + n(9η−2)/24/δ1/6 + exp(−δnη)) (9.76)For any given 0 < δ < 1, β < 1/9 and γ < 1/4, we 
an 
hoose α, η, ǫ satisfying theabove 
onditions, su
h that the right side is of order O(n−κ), with κ > 0 dependingon β, γ, δ.



9.6 Main steps of the proof 3019.6.2 De�nition of Sn and proof of its e�
ien
yThe 
hannel Sn is essentially the inverse of Tn and as we shall see, (9.37) 
an bededu
ed from (9.36).On the 
lassi
al side we need a Markov kernel 
ompleting the equivalen
e betweenthe family p~u,nλ and N (~u, Vµ). Let σn be de�ned by
σn : x ∈ R

d−1 7→ δλx (9.77)where λx is the Young diagram su
h that∑d
1 λi = n, and |n1/2xi + nµi − λi| < 1/2,for 2 ≤ i ≤ d. No su
h diagram exists, we set λx to any admissible value, for example

(n, 0, . . . , 0). Noti
e that with (9.64), σn ◦ τn ◦ σn = σn. Moreover any probabilityon the λ su
h that ∑d
1 λi = n is in the image of σn, so that σn ◦ τn(pθ,n) = pθ,n.Lemma 9.6.8. With the above de�nitions, for any ǫ, we have

sup
‖~u‖≤nγ

∥∥σnN (~u, Vµ) − p~u,n
∥∥

1
= O

(
n−1/2+ǫ/δ, n−1/4+γ/δ

)
.Proof. See end of se
tion 9.7.6.The 
hannel Sn is given by the following sequen
e of operations a
ting on the twospa
es of the produ
t L1(Rd−1) ⊗ T1(F). Given a sample from the probability dis-tribution N(~u, Vµ), we use the Markov kernel σn to produ
e a Young diagram λ.Conditional on λ we send the quantum part through the 
hannel

Sλ : φ 7→ S̃λ(φ) ⊗ 1Kλ

Mn(λ)with
S̃λ : φ 7→ T ∗

λφ+ (1 − Tr(T ∗
λ (φ)))|0, λ〉〈0, λ|.The se
ond term is rather arbitrary and ensures that S̃λ is tra
e preserving map.What is important is that for any density operator ρλ on the blo
k λ, the operator

S̃λ reverts the a
tion of Tλ:
S̃λTλ(ρλ) = T ∗

λTλ(ρλ) + (1 − Tr(T ∗
λTλ(ρλ)))|0, λ〉〈0, λ|

= ρλ + (1 − Tr(ρλ))|0, λ〉〈0, λ|
= ρλ.Now

Sn(N (~u, Vµ) ⊗ φ
~ζ) =

⊕

λ

[σnN (~u, Vµ)](λ)S̃λ(φ
~ζ) ⊗ 1Kλ

Mn(λ)
.
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 normality for d-dimensional statesand with the notation σnN ~u
λ := [σnN (~u, Vµ))](λ) and q~u,nλ := min(σnN ~u

λ , p
~u,n
λ ) wehave

Sn(φ
~ζ ⊗N (~u, Vµ)) − ρθ,n

=
⊕

λ

{
q~u,nλ (S̃λ(φ

~ζ) − ρθ,nλ ) + (σnN ~u
λ − q~u,nλ )S̃λ(φ

~ζ) − (p~u,nλ − q~u,nλ )ρθ,nλ

}
⊗ 1Kλ

Mn(λ)
.Taking L1 norms, and using that all φ's and ρ's have tra
e 1 and that 
hannels (su
has S̃λ) are tra
e preserving, we get the bound:

∥∥∥Sn(φ
~ζ ⊗N (~u, Vµ)) − ρθ,n

∥∥∥
1

≤
∑

λ

∥∥∥q~u,nλ (S̃λ(φ
~ζ) − ρθ,nλ )

∥∥∥
1
+
∑

λ

∣∣∣σN ~u
λ − p~u,nλ

∣∣∣

≤ 2
∑

λ6∈Λn,α

q~u,nλ + sup
λ∈Λn,α

∥∥∥S̃λ(φ
~ζ) − ρθ,nλ

∥∥∥
1
+
∥∥σnN (~u, Vµ) − p~u,n

∥∥
1

≤ 2
∑

λ6∈Λn,α

q~u,nλ + sup
λ∈Λn,α

∥∥∥φ~ζ − Tλ(ρ
θ,n
λ )
∥∥∥

1
+
∥∥σnN (~u, Vµ) − p~u,n

∥∥
1
.Now the �rst term is smaller than the remainder term of the gaussian outside a ballwhose radius is nα. Hen
e this term is going to zero faster than any polynomial,independently on δ and ~u for ‖~u‖ ≤ nγ . The se
ond term is treated in Lemma 9.6.6(re
alling that φθ,nλ = Tλ(ρ

θ,n
λ )), and the third term is treated in Lemma 9.6.8.This ends the proof of (9.37).

9.7 Te
hni
al proofs9.7.1 Proof of Theorem 9.4.4General needed theoremsWe shall work in the algebrai
 setting of quantum me
hani
s. The main inspirationhere is van der Vaart, for providing 
lassi
al analogues, and Paulsen (1987) forte
hni
al results on C∗-algebras.A general quantum-
lassi
al system 
an be 
hara
terized by a unital C∗-algebra A,the algebra of observables. States are then positive norm-one fun
tionals. They live
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al proofs 303in the topologi
al dual spa
e A∗, that is notably a Bana
h spa
e. General 
hannelsare identity-preserving 
ompletely positive maps from A to another algebra A2.This setting is slightly more general than the one in Se
tion 9.2.1, sin
e the bidualof a C∗ algebra is a von Neumann algebra.In this setting, we may de�ne measurements with values in a Polish spa
e (D,B) inthe following way, that redu
es to the usual de�nition if A = B(H), and to Markovkernels in the 
lassi
al 
ase, where the algebra 
onsists in 
ontinuous bounded fun
-tions A = Cb(X ):De�nition 9.7.1. A measurement from A on (D,B) is a set {M(B)}B∈B of ele-ments in A∗∗, su
h that:
• M(B) is non-negative for all B.
• M(D) is the identity, that is M(D)φ = φ(1A) for all φ ∈ A∗.
• For all pairwise disjoint {Bi}i∈N

, we have ∑M(Bi) = M(
⋃
Bi).The measurement M a
ts on φ ∈ A∗ by yielding a probability measure on D de�nedthrough:

Mφ(B) = M(B)φ for all B ∈ B. (9.78)As a te
hni
al tool, we shall also 
onsider generalized measurements, that 
orrespondto generalized pro
edures in 
lassi
al Le Cam theory. A generalized measurement
M on a Polish spa
e is an identity-preserving 
ompletely positive map from Cb(D)to A. Alternatively, in the dual pi
ture, it is a positive map from A∗ to Cb(D)∗ su
hthat Mφ(1D) = φ(1A) for all φ. The latter 
ondition will be 
alled tra
e-preserving.The reason why we 
onsider generalized measurements is that we get 
ompa
tness.Lemma 9.7.2. Every net {Mα}α∈A1

of generalized measurements admits a 
onverg-ing subnet {Mα}α∈A2
with limit M , su
h that for any φ ∈ A∗ and every f ∈ Cb(D),we have:

Mαφ(f) −→
A2

Mφ(f).Moreover, M is a generalized measurement.Proof. This lemma essentially amounts to applying the following remark, a refor-mulation of Lemmas 7.1 and 7.2 in the book by Paulsen (1987).
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al asymptoti
 normality for d-dimensional statesLemma 9.7.3. For any two Bana
h spa
es X and Y , with Y ∗ the dual of Y , the setof linear operators L(X, Y ∗) is 
ompa
t for the bounded weak topology. A boundednet {Lα} 
onverges to L in bounded weak topology if and only if
Lα(x)(y) → L(x)(y), ∀x ∈ X, y ∈ Y.We take as X the spa
e A∗ and as Y the bounded 
ontinuous fun
tions Cb(D). Allgeneralized measurements have norm one, so the net is bounded. We therefore havea limit M in L(A∗, Cb(D))∗ satisfying the pointwise 
onvergen
e.We still need to establish positivity and preservation of tra
e. Sin
e they are satis�edby all Mα, both follow immediately from the pointwise 
onvergen
e.Any Polish spa
e admits a Polish 
ompa
ti�
ation D. Now, any 
ontinuous boundedfun
tion on D 
an be restri
ted to a 
ontinuous bounded fun
tion on D. The restri
-tion is linear positive and unit-preserving, so that any generalized measurement Mon D yields a generalized measurement M

D
on D. By 
ompa
tness, Cb(D) = Cc(D)the 
ontinuous fun
tions with 
ompa
t support. So that, by the Riesz representa-tion theorem, M

D
φ 
an be seen as a Radon signed measure on D, positive if φ ispositive, and with the same norm as φ. In parti
ular, if φ is a state, then M

D
φ is aRadon probability measure.Hen
e, for any Borelian B, and any φ, we may de�ne M

D
(B)φ = M

D
φ(1B). This

M
D
(B) is 
learly linear, bounded, and non-negative. Moreover, sin
e M

D
φ is a bona�de measure, we have the σ-additivity. Finally M

D
(D)φ = φ(1A) by de�nition. Sothat M

D
is always a bona �de measurement on D, satisfying De�nition 9.7.1.We may now de�ne M

D|D the restri
tion of M
D
to D, by M

D|Dφ = M
D
φ|D, that isrestri
ting the output Radon measures to D.We 
an now 
hara
terise when M is a measurement satisfying De�nition 9.7.1. Theobstru
tion is having mass at in�nity, or equivalently being additive but not σ-additive.Lemma 9.7.4. With the above de�nitions, the following statements are equivalent:(i) The generalized measurement M is a measurement.(ii) For all φ ∈ A∗, the result Mφ is a signed Radon measure.(iii) M

D|D = M .(iv) There is no mass at in�nity, that is M
D
(D\D) = 0.
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al proofs 305Proof.
(i) ⇒ (ii): Immediate 
onsequen
e of De�nition 9.7.1.
(ii) ⇒ (iii): Sin
eMφ is a Radon measure, we may de�neM(B) as we have de�ned
M

D
(B). We immediately get M = M

D|D.
(iii) ⇒ (iv): For any φ, for any f ∈ Cc(D), we know that
M

D
(D)φ(f) = M

D|Dφ(f|D) = Mφ(f|D) = M
D
φ(f) = M

D
(D)φ(f) +M

D
(D\D)φ(f).So that M

D
(D\D) = 0.

(iv) ⇒ (i): Sin
e M
D
(D) = M

D
(D) − M

D
(D\D), taking M ′(B) = M

D
(B) for all

B ∈ B de�nes a measurement. We must prove it is the original measurement.Equality on positive φ su�
es, sin
e any 
ontinuous linear fun
tional may be de-
omposed in positive and negative parts. Now M ′φ(f) = Mφ(f) for all f = g|D, g ∈
Cc(D). Let us 
onsider f ∈ Cb(D). Sin
e it is a lower semi
ontinuous fun
tion on adense subspa
e of D, it 
an be extended to a lower semi
ontinuous fun
tion on D.Ditto upper semi
ontinuous. So that there are sequen
es of fun
tions g−n and g+

n in
Cc(D) su
h that

• g−n is non-de
reasing and g+
n non-in
reasing in n.

• g−n is bounded from below by infD f and g+
n is bounded from above by supD f .

• g−n and g+
n 
onverge pointwise to f on D.We write f−

n and f+
n for the restri
tions to D. Sin
e Mφ is nonnegative, we have

lim
n
Mφ(f−

n ) ≤Mφ(f) ≤ lim
n
Mφ(f+

n ).By monotone 
onvergen
e for Radon measures, we also have
lim
n
M ′φ(f−

n ) = M ′φ(f) = lim
n
M ′φ(f+

n ).Sin
e M ′φ(f−
n ) = Mφ(f), we have Mφ(f) = M ′φ(f) for all f ∈ Cb(D).For any experiment E =

{
φθ, θ ∈ Θ

}, for any �nite subset I of Θ, we write E I forthe restri
ted experiment {φθ, θ ∈ I
}.
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 normality for d-dimensional statesTheorem 9.7.5 (Asymptoti
 representation theorem). Let us 
onsider a net ofexperiments Eα =
{
φθα, θ ∈ Θ

}, and an experiment E =
{
φθ ∈ A∗, θ ∈ Θ

}, su
hthat for any �nite subset I of the parameters set Θ, the de�
ien
y of the restri
tedexperiment E I goes to zero, that is δ(E I , E Iα) −→
α

0.Suppose that we have generalized measurementsMα to a Borel de
ision spa
e (D,B),su
h that for any θ ∈ Θ, the results 
onverge:
Mαφ

θ
α = Qθ ∈ Cb(D)∗.Then there is a generalized measurement M on A∗ su
h that Mφθ = Qθ for all θ.Moreover, if all Qθ are Radon measures, then we may take M as a measurement,in the sense of De�nition 9.7.1.Proof. By de�nition of the de�
ien
y, sin
e δ(E I , E Iα) −→

α
0, there are 
hannels SIαsu
h that supθ∈I

∥∥SIα(φθ) − φθα
∥∥ −→

α
0 for all �nite I.We may then 
onsider the generalized measurements on A∗ de�ned by P I

α = Mα◦SIα.For ea
h I, we thus obtain a have a net of generalized measurements {P I
α

}
α
indexedby α. By Lemma 9.7.2, it admits a 
onverging subsequen
e to a generalized mea-surement P I . We order the �nite subsets by I ≤ J if I ⊂ J , and thus obtain a net ofmeasurements {P I

}
I
, so that it also has a 
onverging subsequen
e to a generalizedmeasurement M .Now, for any θ, for any f ∈ Cb(d), we have:
Mφθ(f) = lim

I
P I
αφ

θ(f)

= lim
I

lim
α
P I
αφ

θ(f)

= lim
I

lim
α
M I

αφ
θ
α(f) + ǫ(α, I, θ, f)

= Qθ(f),where we have used
|ǫ(α, I, θ, f)| =

∣∣M I
α[S

I
α(φ

θ) − φθα](f)
∣∣

≤
∥∥M I

α

∥∥ ‖f‖
∥∥SIα(φθ) − φθα

∥∥

−→
α

0,sin
e the �rst two norms are 
onstant and the third vanishes.
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e Mφθ = Qθ and we have established our main statement.Suppose now that all Qθ are Radon measures. Let us 
onsider a Polish 
ompa
ti-�
ation D of our Polish spa
e D, and de�ne M
D
from M as we have above, that isrestri
tingMφ to Cc(D) ⊂ Cb(D). ThenM

D
is a true measurement and Qθ

D
M

D
φθ is aRadon measure for all θ. Now, for any f ∈ Cc(D), we have Qθ

D
(f) = Qθ(f|D) = Qθ(f)where Qθ is de�ned as the Radon measure su
h that Qθ

|D = Qθ and Qθ(D\D) = 0.By uniqueness in the Riesz representation theorem, we obtain Qθ
D

= Qθ.Hen
e, M
D
(D\D)φθ = 0 for all θ ∈ Θ, and we may modifyM

D
by 
hoosing any point

d ∈ D, and de�ne
M ′(D\D) = 0 (9.79)
M ′(B) = M(B) +M(D\D) for all B ∈ B with d ∈ B,
M ′(B) = M(B) for all B ∈ B with d 6∈ B.Then M ′ restri
ted to D is still a true measurement M ′

|D, and M ′
|Dφ

θ = Mφθ = Qθfor all θ ∈ Θ.We shall use this representation theorem to prove a minimax theorem.We 
onsider loss fun
tions as sets of fun
tions lθ : D → [0,∞] for all θ ∈ Θ. Weshall always require that all lθ be lower semi
ontinuous.A loss fun
tion is said to be sub
ompa
t if, for all θ, the sets {y : lθ(y) ≤ c} areeither null, 
ompa
t or the whole de
ision spa
e D, for all c.De�nition 9.7.6. Let l be a loss fun
tion and an experiment E =
{
φθ, θ ∈ Θ

} . Wede�ne the risk of a generalized measurement M at point θ as
Rθ(M) = sup

f∈Cb(D)
f≤lθ

Mφθ(f),and 
onsequently the (maximum) risk of M as
Rmax(M) = sup

θ
Rθ(M).This de�nition agrees with the usual de�nition of the risk 9.9 for M a true mea-surement if lθ is equal to the supremum of the smaller bounded fun
tions, that is,if it is lower semi
ontinuous. In general, it is a lower bound to ∫

D
lθMφθ(db) if it isde�ned.
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 minimax theorem). Consider a sequen
e of experi-ments En and an experiment E , su
h that E In 
onverges to E I for all �nite subset
I ∈ Θ.Then, for any sequen
e of generalized measurements Mn, the supremum of the limitrisks of the experiments is more than the minimax risk of the limit experiment:

sup
I

lim inf
n

sup
θ∈I

Rθ(Mn) ≥ inf
M

sup
θ∈Θ

Rθ(M), (9.80)where the se
ond in�mum is over all generalized measurements. This in�mum is aa
hieved.Moreover, if the loss fun
tion is sub
ompa
t, the in�mum on the right-hand side isa
hieved for a true measurement.Proof. Let us de�ne by indu
tion nI as the smallest n ∈ N su
h that supθ∈I Rθ(MnI
) <

lim infn supθ∈I Rθ(MnI
) + 1/#I, and nI ≥ nJ for all J ⊂ I. Then {nI : I ⊂ Θ} is asubnet su
h that

sup
I

lim inf
n

sup
θ∈I

Rθ(Mn) = lim
I

sup
θ∈I

Rθ(MnI
).Sin
e the �nite experiments E In 
onverge to E I , there are 
hannels SIn su
h that∥∥SIn(φθ) − φθn

∥∥ −→
n

0 for all θ ∈ I.We may then build generalized measurements P I = M I
nI

◦ SInI
. Using Lemma 9.7.2,this net admits a 
onverging subsequen
e to a generalized measurement M .We may then write:

Rθ(M) = sup
f∈Cb(D)
f≤lθ

Mφθ(f)

= sup
f∈Cb(D)
f≤lθ

lim
I
P Iφθ(f)

= sup
f∈Cb(D)
f≤lθ

lim
I
MnI

φθnI
(f) +MnI

[SIn(φ
θ) − φθnI

](f)

= sup
f∈Cb(D)
f≤lθ

lim
I
MnI

φθnI
(f)

≤ lim
I

sup
f∈Cb(D)
f≤lθ

MnI
φθnI

(f)

≤ lim
I

sup
θ∈I

Rθ(MnI
).
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al proofs 309We have thus proved our main statement.The se
ond statement is a mere appli
ation of the following 
omplete 
lass theorem.Theorem 9.7.8 (Complete 
lass theorem). If the loss fun
tion is sub
ompa
t, thenthe true measurements are a 
omplete 
lass, that is, for any generalized measurement
N , there is a true measurement N su
h that Rθ(N) ≤ Rθ(M) for all θ ∈ Θ.Proof. Let us 
onsider a Polish 
ompa
ti�
ation D of D. Then, lθ admits a maximallower semi
ontinuous extension to D, given by

lθ(y) = sup
f∈Cc(D)
f|D≤lθ

f(y).Sin
e lθ is sub
ompa
t, we know that lθ(y) ≥ lθ(x) for all y ∈ D\D and x ∈ D.Sin
e f ∈ Cc(D) ⇒ f|D ∈ Cb(D), we have, with the former notation N
D
for the
orresponding restri
tion of N :

Rθ(N) = sup
f≤lθ

f∈Cb(D)

Nφθ(f)

≥ sup
f≤lθ

f|D∈Cc(D)

N
D
φθ(f)

= N
D
φθ(lθ),where we view N

D
φθ as a Radon measure on the last line, and use the monotone
onvergen
e theorem.We know that N

D
is a true measurement on D. Let us now 
onsider a modi�
ation

M
D
ofN

D
, de�ned like equation (9.79). That is, we transfer the mass on D\D to somepoint in x ∈ D. Sin
e lθ(x) ≤ lθ(y) for any y ∈ D\D, we get N

D
φθ(lθ) ≤M

D
φθ(lθ).NowM

D|D=̂M is a true measurement on D, andMφθ is a Radon probability measurefor all θ.As a 
onsequen
e, we may use the monotone 
onvergen
e theorem to get to these
ond line, and the fa
t that M(D\D) = 0 to get to the third line, of the following
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al
ulation:
Rθ(M) = sup

f≤lθ
f∈Cb(D)

Mφθ(f)

= sup
f≤lθ

f|D∈Cc(D)

Mφθ(f|D)

= sup
f≤lθ

f|D∈Cc(D)

M
D
φθ(f)

= M
D
φθ(lθ)

≤ N
D
φθ(lθ)

≤ Rθ(N).This ends the proof.We shall now prove a quantum Hunt-Stein theorem. The �rst version of this theo-rem, for 
ompa
t groups in the density operator setting, is due to Holevo (1982). Aversion for non-
ompa
t groups was proved by Ozawa (1980). Sin
e Ozawa usuallyworks with 
onvex stru
tures, his theorem is probably even more general than whatI need. However, I 
ould not �nd the arti
le, so I give my own proof below. Theproof is an adaptation of the arguments by van der Vaart, with some inspirationfrom an arti
le by Bondar et Milnes (1981).We say that a group a
ts on a de
ision problem (E ,D, l) if:
• G a
ts on A∗ and the restri
tion of the a
tion to E is a bije
tion, so that Θ is
G-homogeneous. We write gφ for the a
tion of g on φ ∈ A∗, and gθ, for thaton θ ∈ Θ, hen
e gφθ = φgθ.

• G a
ts on Cb(D). We write gf for the a
tion of g on f ∈ Cb(D).
• Both former a
tions are (weakly) 
ontinuous on bounded balls.
• The (nonnegative lower semi
ontinuous) loss fun
tion is G-superequivariant,that is, for all θ ∈ Θ, for all g ∈ G, for all nonnegative f ∈ Cb(D) su
h that
f ≤ lθ, we have gf ≤ lgθ.In parti
ular, if D is G-homogeneous, there is a natural a
tion gf(x) = f(g−1x) for

f ∈ Cb(D) and x ∈ D, and any equivariant loss fun
tions given by lθ(x) = lgθ(g
−1x)is notably superequivariant.
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al proofs 311We may then de�ne a 
ontravariant a
tion of G on generalized measurements by:
SgMφ(f) = M(gφ)(gf).That is, Sg1g2 = Sg2Sg1.We shall 
all a generalized measurement equivariant if SgM = M .Sin
e G a
ts 
ontinuously on states and bounded 
ontinuous fun
tions, SgM ispointwise 
ontinuous, both in M and G.A group G is said to have the �xed-point property if every representation g 7→ Tg of

G, with Tg(x) separately 
ontinuous in g and x, in a group of a�ne transformationsof a 
ompa
t 
onvex subset of a lo
ally 
onvex topologi
al ve
tor spa
e has a �xedpoint. Ri
kert (1967) has proved that this is equivalent to G satisfying Stein's
ondition, that is there is a �nite 
hain of 
losed subgroups
G = Gm ⊃ Gm−1 ⊃ · · · ⊃ G0 = esu
h that ea
h subgroup is a normal subgroup of the previous one and ea
h Gi/Gi−1is either 
ompa
t or 
ommutative. Commutative groups obviously satisfy Stein's
ondition.Theorem 9.7.9 (Quantum Hunt-Stein). Suppose a group G with the �xed-pointproperty a
ts on a de
ision problem (E ,D, l). Consider a G-invariant fun
tion R :

Θ → R+. Suppose there is a generalized measurement P with lower risk fun
tion
Rθ(P ) ≤ R(θ) for all θ.Then there is an equivariant measurement M su
h that Rθ(M) ≤ R(θ) for all θ.Moreover, if l is sub
ompa
t, if G is a
ting on Cb(D) through an a
tion on D, if D islo
ally 
ompa
t and there is a true equivariant measurement, then M may be 
hosenas a true measurement.Corollary 9.7.10. In the setting of the previous theorem, the minimax risk is at-tained by an equivariant generalized measurement, and by an equivariant true mea-surement with the same 
onditions as above.Proof of the 
orollary By the same arguments as in the asymptoti
 minimax theo-rem, the minimax risk is a
hieved by a generalized measurement. We then merelytake R(θ) = Rminimax. A 
onstant is obviously G-invariant.Let us now prove the quantum Hunt-Stein theorem.
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onsider K the subset of generalized measurements M satisfying
Rθ(M) ≤ R(θ) for all θ.This is a 
losed set for pointwise 
onvergen
e, hen
e 
ompa
t. It is non-void, sin
e
P ∈ K. Moreover, for any M , we have Rθ(M) ≤ Rθ(SgM) by G-superequivarian
eof l. Hen
e K is stable under Sg.Sin
e G has the �xed-point property, it admits a �xed point M in K. This M isthe equivariant generalized measurement we were looking for.If furthermore G was a
ting on Cb(D) through an a
tion on D and (D,B) is lo
ally
ompa
t, it admits a one-point (Alexandrov) 
ompa
ti�
ation (D, B). We mayextend 
ontinuously the group a
tion on D by g(∞) = ∞. We 
onsiderMD indu
edby the equivariant M above. It is a true measurement on D, 
hara
terized by
{M

D
(B)}B∈B.If there is also an equivariant true measurement N on Cb(D), 
hara
terized by

{N(B)}B∈B, we may de�ne the equivariant true measurement Mt through:
Mt(B) = M

D
(B) +M

D
(∞)N(B) for all B ∈ B.This is well-de�ned sin
e the bidual of a C∗-algebra is still an algebra � even a VonNeumann algebra.Moreover, sin
e l is sub
ompa
t,

Rθ(Mt) = Mtφ
θ(lθ)

= Mφθ +M
D
(∞)φθ

(
Nφθ(lθ) − lθ(∞)

)

≤ Rθ(M)

≤ R(θ).

Missing parts in the proof of Theorem 9.4.4Let us start with proving that the minimax risk in the limit experiment is a lowerbound. We 
an almost use the asymptoti
 minimax theorem. Indeed, the risk ona �nite subexperiment I is smaller than the risk on the whole parameter spa
e,so equation (9.7.7) appears stronger than (9.40). Noti
e that sin
e the parameterspa
es Θn,ǫ,ǫ are in
reasing to in�nity, the set I is a subset of the parameters for nbig enough, so that bound (9.7.7) has a meaning.
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annot apply immediately the theorem: the risk fun
tion is not thesame in the di�erent experiments. The theorem would hold if we used the lossfun
tion r in all experiments.Let us prove that the limit of the minimax experiments is the same when using r inall experiments, or rn = nl(ρ, ρ̂) as is the 
ase here.By abuse of notation, we shall write ρ ∈ Qn when ρ⊗n ∈ Qn.For any δ > 0 by lo
al quadrati
ity, there is a two-variable open neighbourhood Vδof (ρ0, ρ0) in whi
h (1 − δ)r ≤ rn ≤ (1 − δ)r. We 
hoose Vδ = V 1
δ ⊗ V 2

δ in produ
tform. Let us now 
onsider a 
losed neighbourhood F of ρ0 in
luded in V 1
δ . Then

F ⊗ T +
1 (Cd)\V 2

δ is 
ompa
t. Sin
e l is lower semi
ontinuous, it attains a minimum
m on this 
ompa
t. Sin
e l is estimation-fostering and there is no diagonal elementin K, the minimum m is positive. For n big enough, the states of the experiment
Qn, that satisfy ‖ρ0 − ρ‖ ≤ n−1/2+ǫ, are in
luded in F . So that for all element
ρ ∈ Qn, for any estimate ρ̂, either rn(ρ, ρ̂) ≥ m, or (ρ, ρ̂) is in Vδ. If n is smallenough, there will be points ρ̂ in V 2

δ su
h that rn(ρ, ρ̂) < m for all ρ ∈ Qn. Sothat an optimal measurement will always give an answer in V 2
δ . But in that 
ase

rn ≥ (1 − δ)r. So that the asymptoti
 minimax risk with loss fun
tion r 
annot beworse than (1 − δ)−1 the asymptoti
 minimax risk with loss fun
tion rn. Sin
e thisis true for any δ, we have proved bound (9.40).As a remark, lo
al quadrati
ity and shrinking set Qn imply that we may repla
e Gρ0with Gρ in the 
ost fun
tions up to negligible variations of the same order as r withrespe
t to rn, whi
h we shall do when pra
ti
al.We now prove that the strategy suggested in Se
tion 9.4.5 has asymptoti
 risk
Rminimax.Let us start with using shorter notations. Most depend silently on the true state ρ.We write E for the event that ‖ρ̃− ρ‖ ≤ n−1/2+ǫ, and Ec for its 
omplementary. On
E, if n is big enough with respe
t to the eigenvalues separation δ, there is a smallest
θ su
h that ρ⊗n−ñ = ρθ,n−ñ when ρ0 = ρ̃. We write θ for it. We use this de�nitionso as to have the same s
ale as ñ as de�ned in Se
tion 9.4.5. We write rn for theloss fun
tion at ρ in the n-sample experiment, that is rn(ρ̂) = nl(ρ, ρ̂). We write rfor the loss fun
tion at θ in the limit experiment, that is r(θ̂) = (θ − θ̂)∗Gρ(θ − θ̂).We write En for the expe
tation with respe
t to the result of our measurementpro
edure, we write E∞ for the expe
tation with respe
t to the measurement weapply on Tn−ñ(ρ⊗n−ñ), with output θ̂, but applied to φθ instead. We write E

m
∞ for theexpe
tation of the same measurement applied on φθ, but without the modi�
ation

θ̂ = 0 if θ̃ is too big, that is we always keep θ̃. That measurement is nothing elsethan the optimal measurement in the limit experiment.
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 normality for d-dimensional statesWith those notations, he minimax risk Rminimax is Em
∞[r] and the risk of our mea-surement at ρ is En [rn]. Let us develop the latter, making appear the �ve parts wehad spoken about in Se
tion 9.4.5.

En [rn] = En [rnχEc] + En [(rn − r)χE ] + (En − E∞)[rχE ] + (E∞ − E
m
∞)[rχE] + E

m
∞ [rχE ] .(9.81)For bounding the �rst term, we need to show that Ec is a rare event. We give anexample of rough measurement that turns the tri
k.Let us de�ne, with |ψi〉 any orthonormal basis of Cd, and Eij = |ψi〉 〈ψj |:

Mj =
1

d
Ejj ∀ 1 ≤ k ≤ d,

Mjk =
1

2d
(Ejj + Ekk + Ejk + Ekj) ∀ 1 ≤ j < k ≤ d,

Mkj =
1

2d
(Ejj + Ekk + iEjk − iEkj) ∀ 1 ≤ j < k ≤ d,

Mr =

d∑

j=1

[
d− 1

2d
Ejj −

1

2d

d∑

k=j+1

(1 + i)Ejk − (1 − i)Ekj

]

.We denote by X ñ
j , X

ñ
jk, X

ñ
kj, X

ñ
r the laws of the number of times we get result j, jk, kjor r when measuring when measuring ñ 
opies of ρ. The laws of these randomvariables are binomials:

X ñ
j = B

(
ñ,
ρjj
ñ

)
,

X ñ
jk = B

(
ñ,

2Reρjk + ρkk + ρjj
ñ

)
,

X ñ
kj = B

(
ñ,

2Reρkj + ρkk + ρjj
ñ

)
.We then use the following estimates for the matrix entries of ρ̃:

ρ̃jj =
d

ñ
X ñ
j ,

Reρ̃jk =
d

ñ
X ñ
jk −

d

2ñ
(X ñ

j +X ñ
k ),

Imρ̃jk = −Imρ̃kj j < k

=
d

ñ
X ñ
kj −

d

2ñ
(X ñ

j +X ñ
k ),
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h of the matrix entries,for any ǫ ≥ 0, we get:
P
[
‖ρ̃− ρ‖2 ≥ 4d4ñ2ǫ−1

]
≤ 2d2 exp(−2ñ2ǫ). (9.82)As a remark, if ρ̃ is not a genuine density matrix, we may proje
t ρ̃ on the set ofdensity matri
es, to get a new ρ̃. Sin
e the true ρ naturally belongs to the set ofdensity matri
es, we merely have to double ‖ρ̃− ρ‖ for bound (9.82) to remain true.So that

En [rnχEc ] ≤ sup
ρ,ρ̂∈T +

1 (Cd)

rn(ρ̂)P
[
‖ρ− ρ̃‖n−1/2+ǫ

]

= O(n exp(−n2ǫ)).The se
ond term of the risk (9.81) is bounded thanks to the lo
al quadrati
ity ofthe loss fun
tion l, after noti
ing that ‖ρ− ρ̃‖ ≤ n1/2+ǫ on E, and that anyhow
‖ρ̂− ρ̃‖ ≤ 3Γn1/2+ǫ, where Γ is the ratio of the extreme eigenvalues of Gρ:

En [(rn − r)χE ] ≤ sup
‖ρ−ρ̃‖≤n1/2+ǫ

‖ρ̂−ρ̃‖≤3Γn1/2+ǫ

(r − rn)(ρ̂)

= O(n(n−1/2 + ǫ)3) = O(n−1/2+3ǫ).The third term in (9.81) is bounded by noti
ing that we integrate the same fun
tionwith respe
t to two probability laws that are very 
lose in L1 norm. In fa
t, that'sthere that we use Theorem 9.4.3:
(En − E∞)[rχE] ≤ sup

‖ρ−ρ̃‖≤n1/2+ǫ

‖ρ̂−ρ̃‖≤3Γn1/2+ǫ

Tn−ñ(ρ
⊗n−ñ)r(ρ̂)

= O(n−κn2ǫ).Sin
e κ depends negatively on ǫ, this exponent is negative on for ǫ small enough.The fourth term is negative. Indeed, the di�eren
e between E∞ and Em
∞ is that themass outside a ball B(0, 3Γnǫ) in E

m
∞ is displa
ed to 0 in E∞. Now, sin
e we areon E, we know that θ ∈ B(0, nǫ). Hen
e r(0) is smaller than r(θ̃) for all θ̃ outside

B(0, 3Γnǫ). So that:
(E∞ − E

m
∞)[rχE] ≤ 0We end the proof with:

E
m
∞ [rχE ] ≤ E

m
∞ [r]

= Rminimax
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al toolsHere we 
ontinue the analysis of the SU(d) irredu
ible representations (πλ,Hλ)started in se
tion 9.5.1. The purpose of this se
tion is to provide good estimatesof quantities of the type 〈m, λ | πλ(U) | l, λ〉 whi
h will be needed in the proofs ofLemmas 9.7.13 and 9.6.4.We shall use the following form of a general SU(d) element and the shorthandnotations
U(~ζ, ~ξ) := exp

[
i

(
d−1∑

i=1

ξiHi +
∑

1≤j<k≤d

Re(ζj,k)Tj,k + Im(ζj,k)Tk,j√
µj − µk

)]
,

U(~ζ, ~ξ, n) := U(~ζ/
√
n, ~ξ/

√
n), U(~ζ) := U(~ζ,~0), U(~ζ, n) := U(~ζ/

√
n),(9.83)where Hi and Ti,j are the generators of SU(d) de�ned by

Hj = Ej,j −Ej+1,j+1 for j ≤ d− 1;

Tj,k = iEj,k − iEk,j for 1 ≤ j < k ≤ d;

Tk,j = Ej,k + Ek,j for1 ≤ j < k ≤ d. (9.84)with Ei,j the matrix with entry (i, j) equal to 1, and all others equal to 0.We �rst introdu
e some new notations and remind the reader about the alreadyexisting ones.1) We write l(c) for the length of the 
olumn c in the Young diagram λ. There arethen λi − λi+1 
olumns su
h that l(c) = i. An alternative de�nition is l(c) = inf{i :
λi ≥ c}.2) Re
all that we denote by fa the basis ve
tors fa(1) ⊗ · · · ⊗ fa(n), and to ea
hve
tor we asso
iate a Young tableau ta where the indi
es a(i) �ll the boxes of adiagram λ in a parti
ular way. We denote by tca the 
olumn c of ta, i.e. the fun
tion
tca : {1, . . . , l(c)} → {1, . . . , d} that asso
iates to the row number r the value of theentry of that Young tableau in 
olumn c, row r. For example, if ta = 2 2 1

2 1 we getthe values:
t1a(1) = 2, t1a(2) = 2, t2a(1) = 2, t2a(2) = 1, t3a(1) = 1.We shall often be interested in the image tca({1, . . . , l(c)}) as unordered set, or 
om-pare tca to Idc, the identity fun
tion on the integers {1, . . . , l(c)}.3) Re
all also that Hλ is spanned by the ve
tors yλfa for whi
h ta is a semistandardYoung tableau, and yλ = qλpλ is the Young symmetriser (
f. Theorem 9.5.2). If
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ta is semistandard then we 
an use the alternative notation fm for fa sin
e a is inone-to-one 
orresponden
e with m = {mi,j : 1 ≤ i < j ≤ d}, where mi,j is thenumber of j's in the row i of ta. The normalised ve
tors are

|m, λ〉 := yλfm/‖yλfm‖.4) Let Oλ(m) be the orbit of fm under the subgroup Rλ of row permutations. This
onsists of ve
tors fb whi
h have exa
tly mi,j boxes with j in row i, and the rest are
i. In parti
ular, row i has no entries smaller than i. Sin
e the a
tion of permutationsis transitive, we have

pλfm =
∑

σ∈Rλ

fa◦σ =
∑

fb∈Oλ(m)

#Rλ

#Oλ(m)
fb. (9.85)5) Sin
e we antisymmetrize with qλ, we are only interested in the ta (not ne
essar-ily semistandard) whi
h do not have two equal entries in the same 
olumn. Su
htableaux ta (or ve
tors fa) shall be 
alled admissible and their set is denoted V.6) For any fa ∈ Oλ(m) we de�ne

Γ(fa) := |m| − #{1 ≤ c ≤ λ1 : tca 6= Idc},and denote by VΓ(m) the set of ve
tors fa ∈ Oλ(m)
⋂V with Γ(fa) = Γ. Then wehave

Oλ(m)
⋂

V =
⋃

Γ∈N

VΓ(m).Note that Γ(fa) ≥ 0 and is zero if and only if ea
h 
olumn tca is either Idc or of theform tca(r) = jδr=i + rδr 6=i for some i ≤ l(c) < j. A tca of this form will be 
alled an
(i, j)-substitution.The following `algorithm' shows how to build all the possible fa ∈ VΓ(m), thusenabling us to estimate the size of VΓ(m).AlgorithmLet (m, λ) be �xed but otherwise arbitrary. In order to generate a parti
ular admis-sible fa ∈ Oλ(m) we need to sele
t the mi,j boxes on row i whi
h are �lled with j,for all i < j. The rest of the boxes are �lled automati
ally with i's. The 
onstraintis that no 
olumn should have two boxes �lled with the same number.Generating a diagram 
an be des
ribed intuitively as follows. We start with the`va
uum' ve
tor (tableau) f0 := fm=0 (row i is �lled ex
lusively with i's), and with
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ks 
ontaining mi,j identi
al bri
ks labelled (i, j), for ea
h pair i < j.To 
hange the 
ontent of a box from i into j we pla
e an (i, j)-bri
k in that box.This pro
edure is repeated until all bri
ks have been used, ea
h box being modi�edat most on
e.At this stage ea
h 
olumn c may 
ontain several bri
ks pla
ed in the appropriateboxes, so that its 
on�guration is uniquely de�ned by the set of bri
ks κ whi
h shallbe 
alled a 
olumn-modi�er. For example if κ = {(i, j), (f, l)} then the 
olumn hasentries
tca(k) =






j if k = i;
l if k = f ;
k otherwise.Note that a 
olumn-modi�er is not an arbitrary 
olle
tion of bri
ks but one that
an be used to produ
e a 
olumn with di�erent entries. In the previous example,if i < f this means either (j 6= f and j, l > l(c)) or (j = f and l > l(c)). Theelementary one-bri
k 
olumn-modi�er denoted κ(i, j) 
an only be used in a 
olumnwith i ≤ l(c) < j, otherwise the entry j would appear twi
e.Now, sin
e the length of a 
olumn is at most d and all entries must be di�erent, thereare less than d! di�erent types of 
olumn-modi�ers. Another important remark isthat a 
olumn-modi�er always in
reases the value of the modi�ed 
ells, so that inthis 
ase tca({1, . . . , l(c)}) 6= {1, . . . , l(c)}.Alternatively to the above s
enario where the bri
ks are inserted sequentially, we
an �rst 
luster them into |m| − Γ 
olumn-modi�ers, and then apply ea
h 
olumn-modi�er to a parti
ular 
olumn. A given 
olle
tion of 
olumn-modi�ers is uniquelydetermined by {mκ : κ} where mκ is the multipli
ity of κ. This pro
edure is detailedin the following 3 stages:I. Choose Γ bri
ks among our |m|. As we have d(d−1)/2 di�erent types of bri
ks(re
all that i > j), and we do not distinguish between identi
al bri
ks, thereare at most [d(d− 1)/2]Γ possibilities. For Γ = 0, we have only one 
hoi
e.II. Consider the remaining bri
ks as a set of elementary 
olumn-modi�ers. Start-ing from these, we sequentially add ea
h of the Γ bri
ks sele
ted in the �rststage, to one of these elementary 
olumn-modi�ers to form non-elementaryones. At ea
h step we have at most d! di�erent types of 
olumn modi�ers towhi
h we 
an atta
h the new bri
k. Note that we do not distinguish between
olumn modi�ers of the same type, but rather 
onsider them as an unorderedset. Hen
e, we have less that (d!)Γ possibilities. If Γ = 0 there is only onepossibility.Note that at the end of stage II at least max{0, |m| − 2Γ} of the 
olumn-modi�ers are elementary, and that mκ(i,j) ≤ mi,j.
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hni
al proofs 319III. Apply the 
olumn-modi�ers to the 
olumns of f0, so that no two modi�ers areapplied to the same 
olumn and the resulting fa ∈ Oλ(m) is admissible. By
onstru
tion Γ(fa) = Γ and all admissible tableaux 
an be generated in thisway.For 
ounting the number of possibilities for the third stage we apply the 
olumnmodi�ers sequentially, but sin
e some of them may be identi
al we need to divideby the 
ombinatorial fa
tor ∏κmκ!, where mκ is the number of 
olumn modi�ers oftype κ.We distinguish between elementary 
olumn modi�ers of type κ(i, j) and 
ompositeones. There are less than n possibilities of inserting a 
omposite 
olumn-modi�er κ.An elementary one of type κ(i, j) 
an only be inserted in a 
olumn with at least irows, and sin
e the resulting ve
tor has to be admissible, the 
olumn 
annot 
ontainanother j, so its length is smaller than j. There are λi − λj su
h 
olumns. Hen
ethe number of possibilities at stage three of the algorithm is upper bounded by
∏

κ 6=κ(i,j)

nmκ

mκ!
·
∏

i<j

(λi − λj)
mκ(i,j)

mκ(i,j)!
. (9.86)When Γ = 0, for ea
h elementary 
olumn modi�er κ(i, j) the number of available
olumns is at least (λi − λj − |m|)+ := max{0, λi − λj − |m|}. Thus we have thefollowing lower bound

∏

i<j

(λi − λj − |m|)mi,j

+

mi,j!
. (9.87)Noti
e that the upper bound (9.86) depends on the set of multipli
ities {mκ}.We now return to our list of notations and de�nitions.7) To ea
h 
olumn of ta we asso
iated a 
olumn modi�er whi
h 
ompletely deter-mines its 
ontent. If ma

κ is the number of 
olumns with 
olumn-modifer κ, we 
olle
tall multipli
ities in E := {ma
κ : κ}. In parti
ular Γ is a fun
tion of E

Γ(fa) = |m| −
∑

κ

ma
κ.Ve
tors for whi
h Γ(fa) = 0 have the same multipli
ity set E0 where mκ(i,j) = mi,jfor all i < j and the other mκ = 0. Similarly to VΓ(m), we denote by VE(m) theset of tableaux in Oλ(m)

⋂V with E(fa) = E, in parti
ular
VΓ(m) =

⋃

E:Γ(E)=Γ

VE(m)
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al asymptoti
 normality for d-dimensional states8) To ea
h 
olumn c of ta we asso
iate two disjoint sets: the addedentries {tca(1), . . . , tca(l(c))} \ {1, . . . , l(c)} and the deleted entries
{1, . . . , l(c)} \ {tca(1), . . . , tca(l(c))}. This data is pla
ed into a single set by at-ta
hing a ± sign to ea
h entry, indi
ating if it is added or deleted. It is easyto verify that if ta is admissible, the set of added and deleted entries is uniquelydetermined by the 
olumn-modifer κ asso
iated to c, and hen
e shall be denotedby S(κ). For example S(κ(i, j)) = {(i,−), (j,+)} and for κ = {(i, j), (j, k)} wehave S(κ) = {(i,−), (k,+)}. We de�ne the multipli
ities ma

S =
∑

κ:S(κ)=Sm
a
κ and

F (fa) := {ma
S : S} . To summarise, we have de�ned the maps

fa 7−→ E(fa) 7−→ F (fa).We now state our estimates. The �rst point of the following lemma is an exa
tformula serving as the main tool to prove some of the bounds below.Lemma 9.7.11.1. For any unitary operator U ∈M(Cd), for any basis ve
tors fa and fb, we have
〈fa|qλU⊗nfb〉 =

∏

1≤c≤λ1

det(U tca,t
c
b), (9.88)where U tca,t

c
b is the l(c) × l(c) minor of U given by [U tca,t

c
b ]i,j = Utca(i),tc

b
(j).Under the assumptions

|m| ≤ nη, (9.89)
λ ∈ Λn,α,

inf
i
|µi − µi+1| ≥ δ,

µd ≥ δ,

‖~ζ‖1 ≤ Cnβ , β ≤ 1/2,

‖~ξ‖1 ≤ n−1/2+2β/δ,

n >

(
2

δ

)1/(1−α)

.we have the following estimates with remainder terms uniform in the eigenvalues
µ•:2. The number of admissible fa ∈ Oλ(m) with Γ(fa) = 0 is

#V0(m) =
∏

j>i

(λi − λj)
mi,j

mi,j !
(1 +O(n−1+2η/δ)). (9.90)
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al proofs 3213. Let E := {mκ : κ} with Γ(E) = Γ. The number of admissible fa ∈ Oλ(m)with E(fa) = E is bounded by:
#VE(m) ≤ n−Γ+

P

i<j(mi,j−mκ(i,j))
∏

j>i

(λi − λj)
mκ(i,j)

mκ(i,j)!
. (9.91)4. The number of admissible fa ∈ Oλ(m) with Γ(fa) = Γ is bounded by:

#VΓ(m) ≤ CΓn−Γδ−2Γ|m|2Γ
∏

j>i

(λi − λj)
mi,j

mi,j !
, (9.92)for a 
onstant C = C(d).5. Let fa ∈ VΓa

(l), and 
onsider VΓb
(m) ⊂ Oλ(m) for some �xed Γb. Then:

∣∣∣∣∣∣

〈
fa

∣∣∣∣∣qλ
∑

fb∈VΓb(m)

fb

〉∣∣∣∣∣∣
≤
{

0 if Γb 6= |m| − |l| + Γa

(C|m|)Γb otherwise , (9.93)with C = C(d).6. If fa ∈ V0(m), then
〈

fa

∣∣∣∣∣qλ
∑

fb∈Oλ(m)

fb

〉

= 1. (9.94)7. If fa ∈ V0(m) so that its set of elementary 
olumn-modi�ers is E0 = {mκ(i,j) =
mi,j}, then

〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 = exp

(
iφ− ‖~ζ‖2

2

2

)
∏

i<j

(
ζi,j√

n
√
µi − µj

)mi,j

r(n),(9.95)with the phase and error fa
tor
φ =

√
n

d−1∑

i=1

(µi − µi+1)ξi,

r(n) = 1 +O
(
n−1+2β+ηδ−1, n−1/2+2βδ−1, n−1+2β+αδ−1

)
.8. If fa ∈ VE(m), so that its set of 
olumn-modi�ers is E = {mκ : κ} and

Γ(E) = Γ, then
∣∣∣〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉

∣∣∣

≤ exp

(
−‖~ζ‖2

2

2

)(
C‖~ζ‖√
nδ

)−Γ+
P

i<j(mi,j−mκ(i,j))∏

i<j

(
ζi,j√

n
√
µi − µj

)mκ(i,j)

r(n)(9.96)with C = C(d) a 
onstant and r(n) as in point 7 above.
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 normality for d-dimensional states9. Under the further hypotheses that ‖~z‖ ≤ nβ, mi,j ≤ 2|ζi,j + zi,j|nβ+ǫ for some
ǫ > 0, we have:

〈
∑

fa∈Oλ(m)

fa

∣∣∣∣∣qλU(~ζ + ~z, ~ξ, n)f0

〉

= exp

(

iφ− ‖~ζ + ~z‖2
2

2

)
∏

i<j

(
(ζi,j + zi,j)(

√
n
√
µi − µj)

)mi,j

mi,j!
r(n), (9.97)with

r(n) = 1+O
(
n−1+2β+ηδ−1, n−1+2β+αδ−1, n−1+2ηδ−1, n−1+α+ηδ−1, δ−3/2n−1/2+3β+2ǫ

)
.10. Under the further hypotheses that |l| ≤ |m| and n1−3η > 2C/δ2, where C =

C(d),
∣∣∣∣∣∣

〈
∑

fa∈Oλ(l)

fa

∣∣∣∣∣qλ
∑

fb∈Oλ(m)

fb

〉∣∣∣∣∣∣
≤ (C|m|)|m|−|l|

∏

i<j

(λi − λj)
li,j

li,j!

(
C|l|2|m|
nδ2

)Γa
min(l,m)(9.98)with

Γamin(l,m) ≥
(
|l −m| + 3|l| − 3|m|

)
+

6
. (9.99)11. We have

〈
∑

fa∈Oλ(m)

fa

∣∣∣∣∣qλ
∑

fb∈Oλ(m)

fb

〉
=
∏

i<j

(λi − λj)
mi,j

mi,j !

(
1 +O(n3η−1/δ)

)
. (9.100)

Proof.Proof of (9.88). We �rst express 〈fa|U⊗nfb〉 as a produ
t of matrix entries of U :
〈fa|U⊗nfb〉 =

∏

1≤c≤λ1

∏

1≤r≤l(c)
〈ftca(r)|Uftc

b
(r)〉

=
∏

1≤c≤λ1

∏

1≤r≤l(c)
Utca(r),tc

b
(r).
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hni
al proofs 323Sin
e the subgroup of 
olumn permutations Cλ is the produ
t of the permutationgroups of ea
h 
olumn, ea
h σ ∈ Cλ is σ = s1 . . . sλ1 with sc a permutation of 
olumn
c whi
h transforms tcb(r) into tcb(sc(r)). Then

〈fa|qλU⊗nfb〉 = 〈fa|U⊗nqλfb〉 =
∑

σ∈Cλ

ǫ(σ)
∏

1≤c≤λ1

∏

1≤r≤l(c)
Utca(r),tc

b
(sc(r))

=
∏

1≤c≤λ1

∑

sc∈Sc

ǫ(sc)
∏

1≤r≤l(c)
Utca(r),tc

b
(sc(r))

=
∏

1≤c≤λ1

det(U tca,t
c
b).Proof of (9.90). The number of admissible fa su
h that Γ(fa) = 0 is given by theprodu
ts of the possibilities at ea
h stage of the algorithm. For the �rst two stages,there is exa
tly one possibility when Γ = 0. Hen
e #V0 is the number of possibilitiesat the third stage. Here the upper bound (9.86) reads as∏j>i(λi−λj)mi,j/mi,j!. Onthe other hand, we may use (9.87) as a lower bound, re
alling that λi − λj ≥ δn/2and |m| ≤ nη (
f. (9.89)). This yields the result (9.90).Proof of (9.91). The number of fa in VE is given by the third stage of the algorithm(the two �rst stages yield a parti
ular E). We then obtain (9.91) by applying (9.86)and negle
ting the mκ! fa
tors, while noti
ing that ∑κmκ = |m| − Γ.Proof of (9.92). The set VΓ is the union of all VE with Γ(E) = Γ. Now the �rst twostages of the algorithm imply that there are at most CΓ di�erent E with the latterproperty, with C = C(d).Now we use (9.91) to upper-bound VE as follows. Sin
e ∑mκ(i,j) ≥ |m| − 2Γ,we may write ∏κmκ(i,j)! ≥

∏
i<jmi,j! supi<jm

−2Γ
i,j . Moreover λi − λj ≥ δn/2. Byputting together we obtain

#VE ≤ n−Γδ−2Γ|m|2Γ
∏

j>i

(λi − λj)
mi,j

mi,j!
, ∀E with Γ(E) = Γ.Multiplying by the number of possible E yields the result.Proof of (9.93). We are applying (9.88) with U = 1. Sin
e both fa and fb areprodu
t of basis ve
tors, the s
alar produ
t 〈fa | qλfb〉 is equal to −1 or 1 if

tca([1, l(c)]) = tcb([1, l(c)]) for all 
olumns, and 0 otherwise. Here we denote by
tca([1, l(c)]) the set of entries {tca(1), . . . , tca(l(c))}.
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al asymptoti
 normality for d-dimensional statesNow, sin
e a modi�ed 
olumn 
annot satisfy tca([1, l(c)]) = [1, l(c)] (and the samefor b), the ve
tors fa and fb are orthogonal unless they have the same number ofmodi�ed 
olumns. Finally, that number is |l| − Γa for fa and |m| − Γb for fb. Thisyields the �rst line of (9.93).We now 
on
entrate on the 
ase when Γb = |m| − |l| + Γa. Sin
e |〈fa | qλfb〉| ≤ 1,we 
an bound the sum of s
alar produ
ts by the number of non-zero inner produ
ts.The question is how many diagrams fb have the same 
ontent (seen as an unorderedset) in ea
h 
olumn as fa: tca([1, l(c)]) = tcb([1, l(c)]), or equivalently S(κca) = S(κcb).For building the relevant fb, we 
an follow the algorithm with the further 
onditionthat, at stage three, all the 
olumn-modi�ers are applied in su
h a way that theunordered 
olumn 
ontent is identi
al to that of fa.The �rst two stages of the algorithm are the same so they yield a CΓb fa
tor. Wenow have a 
olle
tion {mκ} of 
olumn modi�ers whi
h have to be pla
ed so thatthey mat
h the 
olumn 
ontent of fa. For ea
h S we identify the 
olumn modi�ers
κ1, . . . , κr(S) su
h that S(κi) = S for all 1 ≤ i ≤ r(S). The total number of su
hobje
ts is mS :=

∑
i≤r(S)mκi

and the number of ways in whi
h they 
an be insertedto produ
e distin
t diagrams is
(

mS

mκ1 . . .mκr(S)

)
.Re
all that the number of elementary 
olumn-modi�ers∑i<jmκ(i,j) is at least |m|−

2Γb. Moreover, ea
h elementary 
olumn-modi�er κ(i, j) 
orresponds to a di�erent
S(κ(i, j)) = {(i,−), (j,+)}. Thus

|m| − 2Γb ≤
∑

i<j

mκ(i,j) ≤
∑

S

max
κ:S(κ)=S

mκ.Sin
e ∑

S

mS =
∑

κ

mκ = |m| − Γb,we obtain ∑

S

(
mS − max

κ:S(κ)=S
mκ

)
≤ Γb.This implies

∏

S

(
mS

mκ1 . . . mκr(S)

)
≤ |m|Γb

.Multiplying by the CΓb of the �rst stages, we get (9.93).
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hni
al proofs 325Proof of (9.94). As shown above the only non-zero 
ontributions 
ome from fb ∈
V0 ⊂ Oλ(m).Sin
e Γb = 0, the 
onstant from the two �rst stages of the algorithm is 1,mS = mi,j =
mκ(i,j) for all S 
orresponding to an elementary 
olumn-modi�er, and 0 otherwise.So the 
ombinatorial fa
tor is again one: we do not have any 
hoi
e in our pla
ementof 
olumn-modi�ers. In other words, the only fb su
h that 〈fa | qλfb〉 6= 0 is fa.Finally, 〈fa | qλfa〉 = 1.Proof of (9.95). From (9.88) we dedu
e

〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 =
∏

1≤c≤λ1

det(U tca,Id
c

), U = U(~ζ, ~ξ, n).We shall use the Taylor expansion of the unitary U(~ζ, ~ξ, n) to estimate the abovedeterminants.Entry-wise, for all 1 ≤ i ≤ d on the �rst line, and all 1 ≤ i < j ≤ d on the se
ondand third lines:
Ui,i(~ζ, ~ξ, n) = 1 + i

ξiδi6=d − ξi−1δi6=1√
n

− 1

2n

∑

j 6=i

|ζi,j|2
|µi − µj |

+O(‖~ζ‖3n−3/2δ−3/2, ‖~ζ‖‖~ξ‖n−1δ−1/2, ‖~ξ‖2n−1);

Ui,j(~ζ, ~ξ, n) = − 1√
n

ζ∗i,j√
µi − µj

+O(‖~ζ‖2n−1δ−1, ‖~ζ‖‖~ξ‖n−1δ−1/2);

Uj,i(~ζ, ~ξ, n) =
1√
n

ζi,j√
µi − µj

+O(‖~ζ‖2n−1δ−1, ‖~ζ‖‖~ξ‖n−1δ−1/2).If ~ζ = O(nβ), ‖~ξ‖ ≤ n−1/2+2β/δ, and β < 1/2, the remainder terms areO(n−3/2+3βδ−3/2)for the �rst line and O(n−1+2βδ−1) for the last two lines.Therefore, when our parameters are in this range, we 
an give pre
ise enough evalua-tions of the determinants. The idea is to �nd the dominating terms in the expansionof the determinant
detA =

∑

σ

∏

i

ǫ(σ)Ai,σ(i).Note that we 
an use the above Taylor expansions inside the determinant sin
e thenumber of terms in the produ
t is at most d.Sin
e fa ∈ V0, all tca are either Idc, or an (i, j)-substitution. If tca = Idc, the summandswith more than two non-diagonal terms are of the same order as the remainder term,
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al asymptoti
 normality for d-dimensional statesso that only the identity and the transpositions 
ount in∑σ

∏
iAi,σ(i). Let l = l(c),then

υ(l) := det(U Idc,Idc

(~ζ, ~ξ, n)) = 1 + i
ξl√
n
− 1

2n

∑

1≤i≤l
l+1≤j≤d

|ζi,j|2
µi − µj

+O(n−3/2+3βδ−3/2).Note that for l = d, we get the usual determinant of U(~ζ, ~ξ, n) whi
h is 1.Consider now the 
ase tca 6= Idc. Sin
e tca(r) ≥ r for all r, there exists a whole 
olumnof U tca,Id
c whose entries are smaller in modulus than O(‖~ζ‖/

√
nδ) = O(n−1/2+βδ−1).In parti
ular if tca is an (i, j)-substitution, then the only summand that is of thisorder 
omes from the identity. So that

υ(i, j) := det(U tca,Id
c

(~ζ, ~ξ, n)) =
ζi,j√

n
√
µi − µj

+O(n−1+2βδ−1). (9.101)Note that this approximation does not depend on l(c), but only on i and j.We now put together the estimated determinants in the produ
t (9.88). For ea
h
i < j there are mi,j 
olumns of the type (i, j)-substitution. Out of the λl − λl+1
olumns of length l = l(c) there are λl−λl+1−Rl of the type Idc, with 0 ≤ Rl ≤ |m|.Hen
e:

〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 =
d∏

l=1

(υ(l)))λl−λl+1
∏

1≤i<j≤d
(υ(i, j))mi,j

d∏

l=1

(υ(l))−Rl. (9.102)Now υ(l) = 1 + O(n−1+2βδ−1) and Rl ≤ |m| ≤ nη, so the last produ
t is 1 +
O(n−1+2β+ηδ−1). Similarly, sin
e λ ∈ Λn,α we have λl−λl+1 = n(µl−µl+1)+O(nα),and we 
an use Lemma 9.7.12 given at the end of this se
tion to estimate the �rstprodu
t as follows

d∏

l=1

υ(l)λl−λl+1 =
d∏

l=1

exp



iφl −
1

2

∑

1≤i≤l
l+1≤j≤d

|ζi,j|2
µl − µl+1

µi − µj



 r(n)

= exp

(
iφ− ‖~ζ‖2

2

2

)
r(n),with

r̃(n) = 1 +O(n−1+α+2βδ−1, n−1/2+2βδ−1),

φl = δl 6=d
√
n(µl − µl+1)ξl,

φ =
√
n
d−1∑

l=1

(µl − µl+1)ξl.
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hni
al proofs 327We now turn our attention to the middle produ
t on the right side of (9.102)
υ(i, j)mi,j =

(
ζi,j√

n
√
µi − µj

)mi,j (
1 +O

(
n−1+2β+ηδ−1

))
,where we have used that |m| ≤ nη.Inserting into (9.102) yields (9.95).Note that 〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 = 0 if there exist i < j su
h that ζi,j = 0 and

mi,j 6= 0 .Proof of (9.96). We may write, mu
h like in (9.102),
〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 =

d∏

l=1

(υ(l)))λl−λl+1
∏

κ

(υ(κ))mκ

d∏

l=1

(υ(l))−Rlwhere 0 ≤ Rl ≤ |m|−Γ and υ(κ) is the determinant of the minor of U 
orrespondingto having applied the 
olumn-modi�er κ. We 
an further split the 
olumn-modifersinto elementary ones κ(i, j) and non-elementary ones κ′.Then 〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉 
an be written as
d∏

l=1

(υ(l)))λl−λl+1
∏

i<j

(υ(i, j))mκ(i,j)

d∏

l=1

(υ(l))−Rl

∏

κ′

(υ(κ′))
mκ′ .The �rst three produ
ts on the right side 
an be treated as above. For the fourthprodu
t we give a rough upper bound based on the following observation. If theentries in the 
olumn have been modi�ed in an admissible way, then tca(i) = j > l(c)for some i, so that |υ(κ)| ≤ C‖~ζ‖/

√
nδ for any κ, with some 
onstant C = C(d).Thus by using the previous point

∣∣∣〈fa|qλU(~ζ, ~ξ, n)⊗nf0〉
∣∣∣ ≤

exp

(

−‖~ζ‖2
2

2

)(
C‖~ζ‖√
nδ

)P

κ′ mκ′ ∏

i<j

( |ζi,j|√
n
√
µi − µj

)mκ(i,j)

r(n).(9.103)We obtain (9.96) by noting that the number of non-elementary modi�ers is
∑

κ′

mκ′ = −Γ +
∑

i<j

(mi,j −mκ(i,j)).
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al asymptoti
 normality for d-dimensional statesProof of (9.97). Note that only admissible ve
tors in Oλ(m) 
an bring non-zero
ontributions. We shall split the sum into sub-sums using Oλ(m)
⋂V =

⋃
E VE(m),and 
ompare ea
h sub-sum against the ben
hmark V0 = VE0.From the bounds on ~ζ and ~z we obtain ‖~ζ + ~z‖ = O(nβ), so we 
an apply theprevious points with ~ζ + ~z instead of ~ζ.Using (9.90) and (9.95) and re
alling that λ ∈ Λn,α, we get:

〈
∑

fa∈V0

fa

∣∣∣∣∣qλU(~ζ + ~z, ~ξ, n)⊗nf0

〉

= exp

(
iφ− ‖~ζ + ~z‖2

2

2

)
∏

i<j

(
(ζi,j + zi,j)

√
n
√
µi − µj

)mi,j

mi,j!
r(n)with error fa
tor

r(n) = 1 +O
(
n−1+2β+ηδ−1, n−1/2+2βδ−1, n−1+2β+αδ−1, n−1+2ηδ−1, n−1+α+ηδ−1

)
.For E 6= E0 we 
ombine (9.96) and (9.91) to obtain

∣∣∣∣∣∣

〈
∑

fa∈VE

fa

∣∣∣∣∣qλU(~ζ + ~z, ~ξ, n)f0

〉∣∣∣∣∣∣
·

∣∣∣∣∣∣

〈
∑

fa∈V0

fa

∣∣∣∣∣qλU(~ζ + ~z, ~ξ, n)f0

〉∣∣∣∣∣∣

−1

≤ n−Γ
∏

i<j

(
λi − λj
n

)mκ(i,j)−mi,j mi,j !

mκ(i,j)!

(
‖~ζ + ~z‖√

δn

)−Γ

·

∏

i<j

( √
δn|ζi,j + zi,j|

‖~ζ + z‖√n√µi − µj

)mκ(i,j)−mi,j

r(n)

≤ O(n−Γ(1/2+β))δ−Γ/2
∏

i<j:mi,j 6=0

(
|ζi,j + zi,j|

√
µi − µj

mi,j‖~ζ + ~z‖

)mκ(i,j)−mi,j

≤ O
(
(2δ−3/2n−1/2+3β+2ǫ)Γ

)
,with O(·) uniform in Γ. In the se
ond inequality we used

mi,j!/mκ(i,j)! ≤ m
mi,j−mκ(i,j)

i,j ,
∑

i<j

(mκ(i,j) −mi,j) ≥ −2Γ, λ ∈ Λn,αand in the third inequality we used
mi,j ≤ 2|ζi,j + zi,j|nβ+ǫ,

|ζi,j + zi,j |
√
µi − µj

mi,j‖~ζ + ~z‖
≤ 1.
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al proofs 329Furthermore, for a given Γ, there are at most CΓ di�erent E su
h that Γ(E) = Γ,
orresponding to the possible 
hoi
es in the �rst two stages of the algorithm, where
C = C(d). Hen
e, if n is large enough, so that 2Cδ−3/2n−1/2+3β+2ǫ < 1, we have:
〈

∑

fa∈Oλ(m)

fa

∣∣∣∣∣qλU(~ζ + z, ~ξ, n)f0

〉

=
∑

Γ

〈
∑

fa∈VΓ

fa

∣∣∣∣∣qλU(~ζ + z, ~ξ, n)f0

〉

=
(
1 + O(δ−3/2n−1/2+3β+2ǫ)

)
exp

(

iφ − ‖~ζ + z‖2
2

2

)
∏

i<j

(
(~ζ + z)i,j(

√
n
√

µi − µj)
)mi,j

mi,j!
r(n)

= exp

(
iφ − ‖~ζ + z‖2

2

2

)
∏

i<j

(
(~ζ + z)i,j(

√
n
√

µi − µj)
)mi,j

mi,j!
r2(n)where the sum over Γ was bounded using a geometri
 series and

r2(n) = 1 +O
(
n−1+2β+ηδ−1, n−1+α+βδ−1, n−1+2ηδ−1, n−1+α+ηδ−1, δ−3/2n−1/2+3β+2ǫ

)
.This is exa
tly (9.97).Proof of (9.98). We 
hoose Γa and Γb satisfying the 
ondition Γb − Γa = |m| − |l|under whi
h the inner produ
ts in (9.93) are non-zero. By multiplying (9.92) and(9.93), we see that:

∣∣∣∣∣∣

〈
∑

fa∈VΓa(l)

fa

∣∣∣∣∣qλ
∑

fb∈VΓb(m)

fb

〉∣∣∣∣∣∣
≤ (C|m|)Γb

∏

i<j

(λi − λj)
li,j

li,j!

(
C|l|2
nδ2

)Γa (9.104)
= (C|m|)|m|−|l|

∏

i<j

(λi − λj)
li,j

li,j!

(
C|l|2|m|
nδ2

)Γa

.It remains to sum up the upper bounds over all relevant pairs (Γa,Γb). If n1−3η >
2C/δ2, the dominating term in the sum of bounds is that 
orresponding to thesmallest possible Γa. The question is, what is the smallest possible value of Γaleading to non-zero inner produ
ts?A ne
essary 
ondition for fa not to be orthogonal to fb is that for ea
h set S ofsuppressed and added values, the two ve
tors have the same multipli
itiesma

S = mb
S.The following argument provides a lower bound for Γ(fa) + Γ(fb). The idea is to
ount the minimum number of `horizontal box shu�ing' operations ne
essary inorder to transform a Young tableau ta′ ∈ Oλ(m) into the tableau ta. Sin
e |m| ≤ nηand λd ≥ δn + O(nα), the tableau ta′ 
an be 
hosen to have at most one modi�edbox per 
olumn (thus Γ(fa′) = 0), and su
h that ea
h of the modi�ed 
olumns of taare also modi�ed in ta′. We also 
hoose tb′ in a similar fashion.
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al asymptoti
 normality for d-dimensional statesNow at ea
h step we horizontally move one elementary 
olumn modi�er κ(i, j) of ta′(or tb′) into an already modi�ed 
olumn, with the aim of 
onstru
ting ta (or tb).Ea
h su
h operation in
reases Γ(fa′) + Γ(fb′) by one. On the other hand the op-eration has the following e�e
t on the ma′
S (or mb′

S ): the multipli
ities m{(i,−),(j,+)}and mS0 de
rease by one, and mS0+{(i,−),(j,+)} in
reases by one. Here S0 is thesignature of the 
olumn to whi
h the box (i, j) is moved. Hen
e the distan
e∑
S |ma′

S −mb′
S | de
reases by at most three. Sin
e initially this quantity was equal to∑

i<j |li,j−mi,j |, we need at least∑i<j |li,j−mi,j |/3 su
h operations before rea
hingour goal ma
S = mb

S. This means that Γ(fa) + Γ(fb) ≥ |l − m|/3.Together with Γb − Γa = |m| − |l|, this result yields Γa ≥ (|l −m| + 3|l| − 3|m|)/6.Moreover Γa is non-negative.Repla
ing in the above equation yields (9.98).Proof of (9.100). Sin
e l = m, equations (9.90) and (9.94) prove that the bound(9.104) is saturated when Γa = 0, up to the error fa
tor (1 +O(n−1+2η/δ)). Hen
ethe remainder term due to the other Γ 
onsist in a geometri
 series with fa
tor(
C|m|3
nδ2

)
= O(n1−3η/δ2).

The only part of the proof we have still postponed is the following te
hni
al lemma:Lemma 9.7.12. If xn = O(n1/2−ǫ), then
(
1 +

xn
n

)n
= exp(xn)(1 +O(n−ǫ)).Proof. For simpli
ity we shall ignore the dependen
e on n and write x = xn.For any y su
h that |y| ≤ 1, for any n ∈ N , we have the Taylor expansion:

(1 + y)n =

∞∑

k=1

(
n

k

)
yk.Now (n − k)k/k! ≤

(
n
k

)
≤ nk/k! for n ≥ k. If k ≤ n1/2−ǫ/2, then (n − k)k =

nk(1 + O(n−ǫ)). If k ≥ n1/2−ǫ/2, then nk/k! = O(n(1/2+ǫ/2)k). So that if y = x/n =
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O(n−1/2−ǫ),

(1 + x/n)n = (1 +O(n−ǫ))

n1/2−ǫ/2∑

k=0

xk

k!
+

∑

k>n1/2−ǫ/2

O(n(1/2+ǫ/2)k(x/n)k

= (1 +O(n−ǫ)) exp(x) +
∑

k>n1/2−ǫ/2

(O(n(1/2+ǫ/2)k − nk/k!)(x/n)k

= (1 +O(n−ǫ)) exp(x) +O(e−n
1/2−ǫ/2

)

= (1 +O(n−ǫ)) exp(x),as exp(x) ≥ C exp(−n1/2−ǫ)) for some 
onstant C > 0.9.7.3 Proof of Lemma 9.5.4 and non-orthogonality issuesLemma 9.7.13. Let (m, λ) and (l, λ) be semistandard Young tableaux with diagram
λ and de�ne |m| :=

∑
i<jmij and |l − m| :=

∑
i<j |li,j −mij |.If ∑

j>i

mi,j −
∑

j<i

mj,i 6=
∑

j>i

li,j −
∑

j<i

lj,ifor some 1 ≤ i ≤ d, then
〈m, λ|l, λ〉 = 0.Otherwise, we derive an upper bound under the following 
onditions. We assumethat λi− λi+1 > δn for all 1 ≤ i ≤ d− 1 and λd > δn, for some δ > 0. Furthermorewe assume |l| ≤ |m| ≤ nη for some η < 1/3 and that Cn3η−1/δ2 < 1 where C = C(d)is a 
onstant.Then:

|〈m, λ|l, λ〉| ≤ (C ′n)−η(|m|−|l|)/4 (C ′n)(9η−2)|m−l|/12 δ(|m|−|l|)/2−|m−l|/3 (1+O(n−1+3η/δ)).(9.105)where C ′ = C ′(d, η) and the 
onstant in the remainder term depends only on d. Theright side is of order less than n(9η−2)|m−l|/12 and 
onverges to zero for η < 2/9 when
n→ ∞.Proof. We know that |m, λ〉 is a linear 
ombination of n-tensor produ
t ve
torsin whi
h the basis ve
tor fi appears exa
tly λi −∑j>imi,j +

∑
j<imj,i times. Astwo tensor basis ve
tors are orthogonal if they do not have the same number of

fi in the de
omposition, we get that 〈m, λ|l, λ〉 = 0 if ∑j>imi,j +
∑

j<imj,i 6=∑
j>i li,j +

∑
j<i lj,i for any 1 ≤ i ≤ d.
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al asymptoti
 normality for d-dimensional statesIn the general 
ase,
〈m, λ|l, λ〉 =

〈qλpλfm|qλpλfl〉√
〈qλpλfm|qλpλfm〉〈qλpλfl|qλpλfl〉

. (9.106)We use the fa
t that qλ is a proje
tion, up to a 
onstant fa
tor (
f. (9.53),(9.55)),and erase the qλ at the left of ea
h s
alar produ
t, and we de
ompose pλfm and pλflon orbits as in (9.85). Sin
e the multipli
ity of the elements in the orbits are thesame in numerator and denominator, we end up with:
〈m, λ|l, λ〉 =

〈∑fa∈Oλ(m) fa|qλ
∑

fb∈Oλ(l) fb〉
〈∑fa∈Oλ(m) fa|qλ

∑
f
a′∈Oλ(m) fa′〉〈∑fb∈Oλ(l) fb|qλ

∑
f
b′∈Oλ(l) fb′〉(9.107)We use (9.100) for the denominator:

〈
∑

fa∈Oλ(m)

fa

∣∣∣∣∣qλ
∑

f
a′∈Oλ(m)

fa′

〉〈
∑

fb∈Oλ(l)

fb

∣∣∣∣∣qλ
∑

f
b′∈Oλ(l)

fb′

〉

=
∏

1≤i<j≤d

(λi − λj)
(mi,j+li,j)/2

√
mi,j ! li,j!

(1 +O(n3η−1/δ))),and the numerator is bounded as in (9.98). Then, under the assumption |m| ≥ |l|we have
|〈m, λ|l, λ〉| ≤ (C|m|)|m|−|l|

(
C|m|3
δ2n

)Γmin

·
∏

i<j

(λi−λj)
(li,j−mi,j)/2

√
mi,j!

li,j!
·
(
1 +

(
O(n3η−1/δ)

))
,where Γmin = ((|l − m| + 3|l| − 3|m|)/6) ∧ 0.The fa
torials 
an be bounded as

∏

i<j

√
mi,j!

li,j!
≤ |m|

P

(mi,j−li,j)+/2 = |m|(|m−l|+|m|−|l|)/4.Sin
e |m| ≤ nη and Cn3η−1/δ2 < 1, we have
(
C|m|3
δ2n

)Γmin

≤
(
Cn3η−1

δ2

)(|l−m|+3|l|−3|m|)/6
.Sin
e λi − λj > nδ we have

∏

1≤i<j≤d
(λi − λj)

(li,j−mi,j)/2 ≤ (nδ)(|l|−|m|)/2.
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al proofs 333The 
onstant C = C(d) 
an be repla
ed by another 
onstant C ′ = C ′(d, η) su
h thatall powers of n appear in the form (C ′n)γ. Putting the bounds together we get
|〈m, λ|l, λ〉| ≤ δ(|m|−|l|)/2−|m−l|/3(C ′n)−η(|m|−|l|)/4(C ′n)(9η−2)|m−l|/12(1 +O(n−1+3η/δ))

A 
onsequen
e of this lemma is the following.Corollary 9.7.14. Let η < 2/9 and let (m, λ) be su
h that |m| ≤ nη. Assume asin Lemma 9.7.13 that λi − λi+1 > δn for all 1 ≤ i ≤ d − 1 and λd > δn, for some
δ > 0, and that Cn3η−1/δ2 < 1 where C = C(d) is a 
onstant.Then there exists a 
onstant C ′′ = C ′′(d, η) su
h that

∑

|l|≤nη

l 6=m

|〈m, λ|l, λ〉| ≤ (C ′′n)(9η−2)/12δ−1/3. (9.108)
Proof. Re
all that the bound (9.105) is given for |m| ≥ |l|. If on the 
ontrary
|l| > |m|, we must 
hange all the |m − l| into |l − m|, so that these terms arealways positive. Now, they are always in exponents of values less than one. Weshall therefore negle
t all those terms.Hen
e the expression on the left side of (9.108) is bounded from above by

2
∑

k≥1

N(k)
[
(C ′n)(9η−2)/12δ−1/3

]kwhere N(k) is the number of l's for whi
h |m− l| = k.Sin
e there are d(d − 1)/2 pairs 1 ≤ i < j ≤ d, there are at most (k + 1)d(d−1)/2di�erent 
hoi
es for the values {|li,j − mi,j| : i < j} satisfying ∑ |li,j − mi,j | = k.Moreover, there are 2d(d−1)/2 sign 
hoi
es whi
h �x l = {li,j} 
ompletely. Thus
N(k) ≤ (2(k+1))d(d−1)/2 ≤ ck for some 
onstant c whi
h 
an be in
orporated in thegeometri
 series starting at k = 1, hen
e the desired estimate.
We use this quasi-orthogonality to build an isometry Vλ : Hλ → F whi
h mapsthe relevant �nite-dimensional ve
tors |m, λ〉 `
lose' to their Fo
k 
ounterparts |m〉.This is the aim of Lemma 9.5.4.
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al asymptoti
 normality for d-dimensional statesLemma 9.7.15. Let A be a 
ontra
tion (i.e. A∗A ≤ 1) from a �nite spa
e H to anin�nite spa
e K. Then there is an R : H → K su
h that A + R is an isometry and
Range(A) ⊥ Range(R).As a 
onsequen
e, for any unit ve
tor f , we have ‖Rf‖2 = 1 − ‖Af‖2.Proof. As K is in�nite-dimensional, we may 
onsider a subspa
e H′ of K, orthogonalto Range(A), and the same dimension as H, so that we 
an �nd an isomorphism Ifrom H to H′. We then take R = I

√
1 − A∗A.Proof of Lemma 9.5.4. Let Aλ : Hλ → F be de�ned by

Aλ :=
1√

1 + (Cn)(9η−2)/12/δ1/3

∑

|l|≤nη

|l〉 〈l, λ| .Then,
A∗
λAλ =

1

1 + (Cn)(9η−2)/12/δ1/3

∑

|l|≤nη

|l, λ〉 〈l, λ|

≤ 1Hλ
.where the last inequality follows from Corollary 9.7.14 and the following argu-ment. It is enough to show that all eigenvalues of A∗

λAλ are smaller than 1. Let∑
m cm |m, λ〉 be an eigenve
tor of A∗

λAλ, and a the 
orresponding eigenvalue. Thenby the linear independen
e of |m, λ〉 we get that for ea
h l

1

1 + (Cn)(9η−2)/12/δ1/3

∑

|m|≤nη

〈l, λ|m, λ〉 cm = acl.If l0 is an index for whi
h |cl| is maximum, then by taking absolute values on bothsides we obtain
a ≤ 1

1 + (Cn)(9η−2)/12/δ1/3

∑

|m|≤nη

|〈l, λ|m, λ〉| ≤ 1.Now we may apply Lemma 9.7.15, and �nd an Rλ su
h that Aλ+Rλ is an isometry,and Range(Rλ) ⊥ Range(A), so that 〈m|Rλ = 0. We de�ne Vλ := Aλ +Rλ. Then
〈m|Vλ = 〈m| (Aλ +Rλ)

= 〈m|Aλ
=

1√
1 + (Cn)(9η−2)/12/δ1/3

〈m|
∑

|l|≤nη

|l〉 〈l, λ|

=
1√

1 + (Cn)(9η−2)/12/δ1/3
〈m, λ| .
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al proofs 335Re
all By Lemma 9.7.13 we have 〈m, λ|l, λ〉 = 0 if mi 6= li for some i, where miin the total number of i in m (
f. (9.125)). In parti
ular, |0, λ〉 is orthogonal onall other basis ve
tors. This means that we 
an 
hoose the isometry Vλ to satisfy
Vλ|0, λ〉 = |0〉, and su
h that the relation above holds for all 0 < |m| ≤ nη.9.7.4 Proof of Lemma 9.6.4 on mapping rotations into dis-pla
ementsWe �rst re
all a few de�nitions and notations. We denote by D~z the displa
ementoperation (super-operator) a
ting on observables in the multimode Fo
k spa
e F as

D~z(W (~y)) := Ad[W (~z)] (W (~y)) = e2iσ(~y,~z)W (~z + ~y), ~y, ~z ∈ C
d(d−1)/2.The operation a
ts as displa
ement on 
oherent states, in parti
ular

D
~ζ+~z(|0〉〈0|) = |~ζ + ~z〉〈~ζ + ~z|.Similarly, on the �nite dimensional spa
e (Cd

)⊗n we have the a
tion (
f. (9.83))
∆
~ζ,~ξ,n(A) = Ad[U(~ζ, ~ξ, n)](A) := U(~ζ/

√
n, ~ξ/

√
n)⊗nAU∗(~ζ/

√
n, ~ξ/

√
n)⊗n,whose restri
tion to the blo
k λ is ∆

~ζ,~ξ,n
λ = Ad[Uλ(~ζ, ~ξ, n)].The isometri
 embedding Tλ(·) := Vλ · V ∗

λ and its `adjoint' T ∗
λ (·) := V ∗

λ · Vλ satisfy
Tλ∆

~ζ+~z,~ξ,n
λ T ∗

λ (|0〉 〈0|) = Vλ|~ζ + ~z, ~ξ, λ〉〈~ζ + ~z, ~ξ, λ|V ∗
λwhere |~ζ+~z, ~ξ, λ〉 := Uλ(~ζ+~z, ~ξ, n) |0, λ〉 are the `�nite dimensional 
oherent states'.A

ording to Lemma 9.5.4, the 
oordinates of Vλ|~ζ + ~z, ~ξ, λ〉 in the Fo
k basis aredes
ribed by:

〈m|Vλ|~ζ + ~z, ~ξ, λ〉 =

{
〈m, λ|Uλ(~ζ + ~z, ~ξ, n)|0, λ〉(1 +O(n(9η−2)/12δ−1/3)) if |m| ≤ nη;something not important if |m| > nη. (9.109)Using the relation ‖|f〉〈f | − |f ′〉〈f ′|‖1 = 2

√
1 − |〈f |f ′〉|2, whi
h holds for unitalve
tors f, f ′, the statement of the lemma is equivalent to

sup
‖~z‖≤nβ

sup
~ζ∈Θn,β

sup
‖~ξ‖≤n−1/2+2β/δ

sup
λ∈Λn,α

1 −
∣∣∣〈~z + ~ζ|Vλ|~ζ + ~z, ~ξ, λ〉

∣∣∣ = R(n)2, (9.110)
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al asymptoti
 normality for d-dimensional stateswith R(n) the original remainder term.We shall prove formula (9.110) by de
omposing these ve
tors in the Fo
k basis, thatis
〈~ζ + ~z|Vλ|~ζ + ~z, ~ξ, λ〉 =

∑

m

〈~ζ + ~z|m〉〈m|Vλ|~ζ + ~z, ~ξ, λ〉. (9.111)The estimates are based on the following observations.1) The 
oherent states have signi�
ant 
oe�
ients 〈~ζ + ~z|m〉 only for `small' m's,i.e. those in the set
M := {m : mi,j ≤ |(~ζ + ~z)i,j |2nǫ, i < j}. (9.112)In parti
ular, sin
e 2β + ǫ < η we have M ⊂ {m : |m| ≤ nη}.2) The 
oe�
ients 〈m|Vλ|~ζ + ~z, ~ξ, λ〉 are uniformly 
lose to exp(iφ)〈~ζ + ~z|m〉 where

φ is a �xed real phase, in parti
ular uniformly over m ∈ M.3) If am and bm are the two sets of 
oe�
ients, su
h that∑m |am|2 =
∑

m |bm|2 = 1,then
1−

∣∣∣∣∣
∑

m

ambm

∣∣∣∣∣ ≤ 1−
∣∣∣∣∣
∑

m∈M
ambm

∣∣∣∣∣+

∣∣∣∣∣
∑

m/∈M
ambm

∣∣∣∣∣ ≤ 2

(
1 −

∣∣∣∣∣
∑

m∈M
ambm

∣∣∣∣∣

)
. (9.113)The pre
ise statement in point 1) is

∑

m 6∈M
|〈~ζ + ~z|m〉|2 ≤ d2n−β . (9.114)Indeed, the inner produ
ts 
an be written as a produ
t over the (i, j) os
illators andwe have the bound

∑

m 6∈M
|〈~ζ + ~z|m〉|2 ≤

∑

i<j

exp(−xi,j)
∑

k>xi,jnǫ

xkij
k!
, xi,j = |(~ζ + ~z)i,j|2.Ea
h of the terms in the sum is a tail of Poisson distribution and is bounded by

n−ǫnβ if xi,j ≥ 1 and by n−β if xi,j < 1.We turn now to point 2). From the third line of (9.109) we get
〈m|VλUλ(~ζ + ~z, ~ξ, n)|0, λ〉 =

〈yλfm|yλU(~ζ + ~z, ~ξ, n)|f0〉√
〈yλf0|yλf0〉

√
〈yλfm|yλfm〉

(1 +O(n(9η−2)/12δ−1/3))

=
〈pλfm|qλU(~ζ + ~z, ~ξ, n)f0〉√

〈pλfm|qλpλfm〉
(1 +O(n(9η−2)/12δ−1/3))



9.7 Te
hni
al proofs 337where we have used (9.55) and (9.58).We re
all that Oλ(m) is the orbit in (Cd)⊗n of fm under Rλ and that we have thede
omposition
pλfm =

∑

fa∈Oλ(m)

#Rλ

#Oλ(m)
fa.Then, by employing formulas (9.97) and (9.100), we 
an write

〈m|VλUλ(~ζ + ~z, ~ξ, n)|0, λ〉 =

∑
fa∈Oλ(m)〈fa|qλU(~ζ + ~z, ~ξ, n)f0〉√∑

fa,fb∈Oλ(m)〈fa|qλfb〉
(1 +O(n(9η−2)/12δ−1/3)(9.115)

= eiφ−‖~ζ+~z‖2
2/2
∏

i≤j

(~ζ + ~z)
mi,j

i,j√
mi,j!

(
n(µi − µj)

λi − λj

)mi,j/2

r(n).The 
orresponding remainder term is
r(n) = 1 +O

(
n(9η−2)/12δ−1/3, n−1+2β+ηδ−1, n−1/2+3β+2ǫδ−3/2,

n−1+α+2βδ−1, n−1+α+ηδ−1, n−1+3ηδ−1
)and the phase is:

φ =
√
n

d−1∑

i=1

(µi − µi+1)ξi.Sin
e λ ∈ Λn,α and the eigenvalues are separated by δ we have (n(µi−µj)

λi−λj

)mi,j/2

=

1 +O(nα−1+η/δ) and the error 
an be absorbed in r(n).In 
on
lusion, for m satisfying (9.112), we have:
〈m|VλU(~ζ + ~z, ~ξ, n)|0, λ〉 = exp(iφ)〈m|~ζ + ~z〉r(n).Inserting this result into (9.111), and using (9.113) and (9.114), we get

1 −
∣∣∣〈~z + ~ζ|VλU(~ζ + ~z, ~ξ, n)|0, λ〉

∣∣∣ = O

(

1 − r(n),
∑

m 6∈M
|〈m|~ζ + ~z〉|2

)

= R2(n),with
R2(n) = O

(
n(9η−2)/12δ−1/3, n−1+2β+ηδ−1, n−1/2+3β+2ǫδ−3/2, n−1+α+2βδ−1,

n−1+α+ηδ−1, n−1+3ηδ−1, n−β) .Through expression (9.110), noti
ing that R2(n) = R(n)2, we see that we haveproved the lemma.
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al asymptoti
 normality for d-dimensional states9.7.5 Proof of Lemma 9.6.2 on typi
al Young diagramsRe
all that the state ρθ,n := ρ⊗n
θ/

√
n
has the de
omposition over `blo
ks' λ given by(9.21). The probability distribution over Young diagrams p~ζ,~u,nλ depends only on thediagonal parameters ~u and is given by

p
~ζ,~u,n
λ = cλn

∑

m∈λ

d∏

i=1

(µ~u,ni )λi

d∏

j=i+1

(
µ~u,nj

µ~u,ni

)mi,j

,with
cλn =

(
n

λ1, λ2, . . . , λd

) d∏

l=1

λl!
∏d

k=l+1(λl − λk + k − l)

(λl + d− l)!
.The above formula 
an be understood as follows. By invarian
e under rotationswe 
an take ~ζ = 0 and the state is diagonal in the standard basis basis (Cd

)⊗nformed by the ve
tor fa. Ea
h eigenproje
tor 
arries a weight ∏d
i=1(µ

~u,n)mi where
mi is the multipli
ity of the ve
tor fi in the tensor produ
t fa. Thus, we onlyneed to add all multipli
ities over ve
tors that are `inside' the blo
k λ. Sin
e theirredu
ible representation has basis fm labelled by semistandard Young tableaux,we get a fa
tor

d∏

i=1

(µ~u,ni )mi =
d∏

i=1

(µ~u,ni )λi

d∏

j=i+1

(
µ~u,nj

µ~u,ni

)mi,j

.The additional fa
tor cλn is the dimension of Kλ, on whi
h the state is proportionalto the identity.Re
all that µ~u,ni = µi + ui/
√
n for 1 ≤ i ≤ (d − 1) and µ~u,nd = µd − (

∑
i ui)/

√
n. If

δ ≥ 2dnα−1 ≥ 2dnγ−1/2 then µ~u,nj /µ~u,ni ≤ 1 for all ‖~u‖ ≤ nγ . Moreover mi,j ≤ n forall (i, j), so the total number of m's is smaller than nd2 . Thus
∑

m

∏

i<j

(µ~u,n)λi

(
µ~u,nj

µ~u,ni

)mi,j

≤ nd
2

.On the other hand m = 0 is always in the set of possible m, so that
∑

m

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

≥ 1.One 
an easily verify that
1 ≥

d∏

l=1

λl!
∏d

k=l+1(λl − λk + k − l)

(λl + d− l)!
≥ 1

(n + d)d2
.
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al proofs 339The remaining fa
tor is the multinomial law. We now show that this is the domi-nating part. Let us write (Y1, . . . , Yd) for the multinomial random variable. Thenwe have
P[|Yi − nµ~u,ni | ≥ x] ≤ 2 exp

(
−2x2

n

)
. (9.116)Indeed ea
h Yi is a sum of independent Bernoulli variables X1, . . . , Xn with P(Xk =

1) = µ~u,ni and P(Xk = 0) = 1 − µ~u,ni , and by Hoe�ding's inequality (van der Vaartet Wellner, J.A., 1996)
P[|

n∑

k=1

Xk − E[Xk]| ≥ x] ≤ 2 exp

(
−2x2

n

)
. (9.117)By de�nition, for any λ /∈ Λn,α there exists an i su
h that |λi − nµi| ≥ nα, whi
himplies |λi−nµ~u,ni | ≥ nα−dnγ+1/2. With nα−γ−1/2 > 2d, the upper bound is simply

nα/2 and we have
∑

λ/∈Λn,α

‖bθ,nλ ‖1 = P[λ 6∈ Λn,α] ≤ nd
2

d∑

i=1

P[|Yi − nµ~u,ni | ≥ nα/2]

≤ 2dnd
2

exp(−n2α−1/2).

9.7.6 Proof of Lemma 9.6.1 and Lemma 9.6.8We shall use multinomials as an intermediate step. Re
alling that bθ,nλ = pθ,nλ τnλ , we
an write:
∥∥∥∥∥N (~u, Vµ) −

∑

λ

bθ,nλ

∥∥∥∥∥
1

≤
∥∥∥pθ,n −Mn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1
+

∥∥∥∥∥N (~u, Vµ) −
∑

λ

Mn

µ~u,n
1 ,...,µ~u,n

d

(λ)τnλ

∥∥∥∥∥
1

, (9.118)where Mn

µ~u,n
1 ,...,µ~u,n

d

is the d-multinomial with 
oe�
ients µ~u,ni .For ba
kground, what we really prove in this lemma is the equivalen
e of the fol-lowing 
lassi
al experiments, together with an expli
it rate:
Pn =

{
p~u,n, ‖~u‖ ≤ nγ

}

Mn =
{
Mn

µ~u,n
1 ,...,µ~u,n

d

, ‖~u‖ ≤ nγ
}

Gn = {N (~u, Vµ), ‖~u‖ ≤ nγ} .
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al asymptoti
 normality for d-dimensional statesRemember that pθ,n = p~u,n. We shall usually shorthand Mn,~u = Mn

µ~u,n
1 ,...,µ~u,n

d

.We �rst bound the �rst term in (9.118), planning to obtain:
sup

‖~u‖≤nγ

∥∥∥p~u,n −Mn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1
≤ C

n−1/2+γ + nα−1

δ
. (9.119)To show this, we rewrite:

∥∥∥p~u,n −Mn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1

=
∑

|λ|=n
|p~u,nλ −Mn

µ~u,n
1 ,...,µ~u,n

d

(λ)|

≤
∑

λ∈Λn,α

|p~u,nλ −Mn

µ~u,n
1 ,...,µ~u,n

d

(λ)|

+
∑

λ6∈Λn,α

p~u,nλ +Mn

µ~u,n
1 ,...,µ~u,n

d

(λ).Lemma 9.6.2 and (9.116) imply that for all ‖~u‖ ≤ nγ , and n > (4/δ)
1−α

? ,
∑

λ6∈Λn,α

p~u,nλ +Mn

µ~u,n
1 ,...,µ~u,n

d

(λ) ≤ C1 exp(−(C2n
2α−1)),with C1 and C2 depending only on the dimension. We end the proof of (9.119) byre
alling that

p~u,nλ =

d∏

l=1

λl!
∏d

k=l+1 λl − λk + k − l

(λl + d− l)!

∑

m∈λ

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

Mn

µ~u,n
1 ,...,µ~u,n

d

(λ).Now, for all ‖~u‖ ≤ nγ and all λ ∈ Λn,α, the right hand side without the multinomialis
d∏

l=1

d∏

k=l+1

nµl − nµk +O(nα)

nµl +O(nα)

∑

m∈λ

∏

i<j

(
µj
µi

+O(n−1/2+γ)

)mi,j

.On Λn,α, for n > (4/δ)
1

1−α , the 
ube [0, n1/2]d(d−1)/2 ⊂ λ, so that
∏

i<j

1 − (
µj

µi
+O(n−1/2+γ))n

1/2

1 − µj

µi
+O(n−1/2+γ)

≤
∑

m∈λ

∏

i<j

(
µj
µi

+O(n−1/2+γ)

)mi,j

≤
∏

i<j

1

1 − µj

µi
+O(n−1/2+γ)

.Putting together yields
∣∣∣∣∣

d∏

l=1

λl!
∏d

k=l+1 λl − λk + k − l

(λl + d− l)!

∑

m∈λ

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

− 1

∣∣∣∣∣ ≤ C
n−1/2+γ + nα−1

δ
.



9.7 Te
hni
al proofs 341We have thus proved (9.119).We now turn our attention to the se
ond term of (9.118). Our main tool hereon willbe KMT Theorem:Theorem 9.7.16. (Komlós et al., 1975; Bretagnolle et Massart, 1989) Let Xi for
i ∈ N be independent uniform random variables on [0, 1]. Let F be the repartitionfun
tion of this law (that is, the fun
tion x 7→ x on [0, 1]), let Fn be the n-th empiri
alrepartition fun
tion Fn(t) = 1

n

∑n
i=1 δXi≤t and let αn be the 
orresponding empiri
alpro
ess αn(t) =

√
n (Fn(t) − F (t)).Let B be a brownian bridge, that is a Gaussian sto
hasti
 pro
ess su
h that for

0 ≤ t ≤ u ≤ 1, we have E[B(t)] = 0 and E[B(t)B(u)] = t(1 − u).Then we may 
onstru
t these pro
esses on the same probability spa
e su
h that:
P

[
sup
t∈[0,1]

√
n |αn(t) −B(t)| > x+ c lnn

]
≤ K exp(−λx) (9.120)for all n and x, where c, K and λ are absolute positive 
onstants.We shall take x = c lnn below.Now noti
e that the distribution of the ve
tor

n[Fn(µ
~u,n
1 ), Fn(µ

~u,n
2 + µ~u,n1 ) − Fn(µ

~u,n
1 ), . . . , Fn(1) − Fn(1 − µ~u,nd )] is that of the multi-nomial with parameters n and µ~u,n. Now if we substra
t to this the ve
tor nµ anddivide by n−1/2, as we do in our transforms τn and σn, we obtain





αn(µ
~u,n
1 )

αn(µ
~u,n
2 + µ~u,n1 ) − αn(µ

~u,n
1 )...

αn(1) − αn(1 − µ~u,nd )




+





u1...
ud−1

−∑d
2 ui




. (9.121)

The last part of the e�e
t of τn is keeping all the 
omponents of this ve
tor but the�rst, and smear out with a (−n1/2/2, n1/2/2)d−1 box so that instead of a 
olle
tionof peaks we have a histogram without holes between the bars.Let us also de�ne the Gaussian ve
tor
B~u,n=̂[B(µ~u,n1 ), B(µ~u,n2 + µ~u,n1 ) −B(µ~u,n1 ), . . . , B(1 − µ~u,nd ) − B(

d−2∑

i=1

µ~u,ni )]

+ [u1, . . . , ud−1].
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al asymptoti
 normality for d-dimensional statesIts law is N (~u, Vµ~u,n), as 
an be easily shown with the formulas E[B(t)] = 0 and
E[B(t)B(u)] = t(1 − u). Re
all that Vµ~u,n is given by formula (9.12), with µ~u,ninstead of µ.To make use of Theorem 9.7.16, we must still smear out our fun
tions. We arewriting Un for the uniform probability on [f(n)√

n
, f(n)√

n

]d−1 and shall 
onvolve. We
hoose later the pre
ise f(n).Then let us write an expression where all the terms of the proof of Lemma 9.6.1appear:
∥∥∥N (~u, Vµ) − τnMn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1
≤
∥∥N (~u, Vµ) −B~u,n

∥∥
1

(9.122)
+
∥∥B~u,n − B~u,n ⋆ Un

∥∥
1

+
∥∥∥B~u,n ⋆ Un − τnMn

µ~u,n
1 ,...,µ~u,n

d

⋆ Un
∥∥∥

1

+
∥∥∥τnMn

µ~u,n
1 ,...,µ~u,n

d

⋆ Un − τnMn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1
.Let us study the �rst term. We have already seen that ∥∥N (~u, Vµ) −B~u,n
∥∥

1
=∥∥N (~u, Vµ) −N (~u, Vµ~u,n)

∥∥
1
Hen
e we must bound the distan
e between two Gaussianswith the same mean and di�erent varian
es. Sin
e µ~u,ni = µi+uin

−1/2 and ‖~u‖1 ≤ nγ ,we have
‖Vµ − Vµ~u,n‖1 ≤

∑

k,l

∣∣∣[Vµ]k,l − [Vµ~u,n ]k,l

∣∣∣

≤
∑

1≤i,j≤d−1

|uiuj|n−1 + 2 ∗
∑

i

|ui|n−1/2
∣∣
∑

j

µj
∣∣+
∑

i

|ui|n−1/2

≤ 4n−1/2
∑

i

|ui|

≤ 4nγ−1/2.On the other hand we 
an bound from above the smallest eigenvalue of Vµ. Indeed,for all 1 ≤ k ≤ (d−1), we have [Vµ]k,k−
∑

l 6=k[Vµ]k,l = µk(1−
∑d

l=2 µl) = µkµ1 ≥ δ/d.Hen
e Vµ ≥ (δ/d)1.So that (1 − Cn−1/2+γ/δ
)
Vµ ≤ Vµ~u,n ≤

(
1 + Cn−1/2+γ/δ

)
Vµ, where C depends onlyon the dimension d. We end the 
omputation of the bound for the �rst term of
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al proofs 343(9.122) with:
‖N (~u, Vµ) −N (~u, Vµ~u,n)‖1 =

∫
∣∣∣∣∣∣

e−
1
2
x⊤V −1

µ x

√
(2π)d−1 det(Vµ)

− e−
1
2
x⊤(V

µ~u,n )−1x

√
(2π)d−1 det(V ~u,n

µ )

∣∣∣∣∣∣
dx

≤
∫ exp

(
− x⊤V −1

µ x

2(1+Cn−1/2+γ/δ)

)

√
(2π(1 − Cn−1/2+γ/δ))d−1 det(Vµ)

−
exp

(
− x⊤V −1

µ x

2(1−Cn−1/2+γ/δ)

)

√
(2π(1 + Cn−1/2+γ/δ))d−1 det(Vµ)

=
1 + Cn−1/2+γ/δ

1 − Cn−1/2+γ/δ
− 1 − Cn−1/2+γ/δ

1 + Cn−1/2+γ/δ

≤ C2n
−1/2+γ/δ,where C2 still depends only on the dimension, as long as Cn−1/2+γ < δ/2.The se
ond term of (9.122) 
orresponds to 
onvolving Gaussians with sharper andsharper fun
tions. Now, we may upper bound ‖f ⋆ g‖1 by R supx ‖∇f(x)‖ for g aprobability density supported on the ball of radius R. So that

∥∥B~u,n − B~u,n ⋆ Un
∥∥

1
≤ Cf(n)

δ
√
n
,where C depends only on the dimension, and where we have used nγ−1/2 ≤ δ/2.The third term is the one where we use KMT theorem. Indeed, for all ~u, forany positive x that, for all x, for all ~u ∈ Ξn,β, using as an intermediate step theprobability spa
e (Ω,A, q) on whi
h αn and B are built, we may write

∥∥∥B~u,n ⋆ Un − τnMn

µ~u,n
1 ,...,µ~u,n

d

⋆ Un
∥∥∥

1

≤
∫

Ω

‖B~u,n(ω) ⋆ Un − τnM
n

µ~u,n
1 ,...,µ~u,n

d

(ω) ⋆ Un‖1 dq(ω)

≤ P

[
sup
t∈[0,1]

|αn(t) − B(t)| > x+ c lnn√
n

]
+

sup
‖y‖∞≤x+c ln n√

n

∫

Rd−1

|Un(z) − Un(z + y)|dz

≤ K exp(−λx) +

(
1 − f(n) − x− c lnn

f(n)

)d−1We now ta
kle the last term of (9.122). We break it in two parts, the �rst being thelarge deviations, and the se
ond 
oming expli
itly from the 
onvolution. For any ǫ,
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∥∥∥τnMn

µ~u,n
1 ,...,µ~u,n

d

⋆ Un − τnMn

µ~u,n
1 ,...,µ~u,n

d

∥∥∥
1

≤ 2




∑

λ6∈Λn,1/2+ǫ

Mn

µ~u,n
1 ,...,µ~u,n

d

(λ) + sup
‖x‖≤nǫ

‖x−y‖∞≤f(n)/
√
n

∣∣∣∣∣∣

τnMn

µ~u,n
1 ,...,µ~u,n

d

(x)

τnMn

µ~u,n
1 ,...,µ~u,n

d

(y)
− 1

∣∣∣∣∣∣



Now, the se
ond term 
an be upper bounded by
(1 + f(n))

d∑

j=2

sup
λ∈Λn,1/2+ǫ

∣∣∣∣∣∣

Mn

µ~u,n
1 ,...,µ~u,n

d

(λ1, . . . , λj, . . . , λd)

Mn

µ~u,n
1 ,...,µ~u,n

d

(λ1 + 1, . . . , λj − 1, . . . , λd)
− 1

∣∣∣∣∣∣

≤ (1 + f(n))
d∑

j=2

sup
λ∈Λn,1/2+ǫ

∣∣∣∣∣
λ1µ

~u,n
j

λjµ
~u,n
1

− 1

∣∣∣∣∣

≤ (1 + f(n))Cn−1/2+ǫ/δ,where we have re
alled the assumption nγ−1/2 ≤ δ/2, and where C is a 
onstantdepending only on the dimension d.Putting the four losses together and spe
ifying f(n) = n1/4 and x = nǫ, we end upwith
δ(Mn,Gn) ≤ C(n−1/4+ǫ + n−1/2+γ)/δfor n−1/2+γ > Cδ/2 and C depending only on the dimension d and the universal
onstants c,K, λ from Theorem 9.7.16.Adding the part (9.119), and noti
ing that α− 1 > ǫ− 1/2 for small enough ǫ, endsthe proof of Lemma 9.6.1.From here, proving Lemma 9.6.8 (that is the inverse dire
tion) is easy enough.Indeed, remembering that σnτnpθ,n = pθ,n and that σn is a 
ontra
tion, we get

∥∥∥σnN (~u, Vµ) − p
~ζ,~u,n

∥∥∥
1

=
∥∥∥σnN (~u, Vµ) − σnτnp

~ζ,~u,n
∥∥∥

1

≤
∥∥∥N (~u, Vµ) − τnp

~ζ,~u,n
∥∥∥

1
.So that we have the same speed and 
onditions as those of Lemma 9.6.1.



9.7 Te
hni
al proofs 3459.7.7 Proof of Lemma 9.6.3 on 
onvergen
e to the thermalequilibrium stateWe re
all that the state φ on CCR(L2(ρ), σ) was de�ned in (9.47) and is the produ
tof a 
lassi
al Gaussian distribution and d(d− 1)/2 Gaussian states φi,j of quantumharmoni
 os
illators, one for ea
h pair i < j. φi,j are thermal equilibrium stateswith inverse temperature β = ln(µi/µj) (
f. (9.28)). The joint state φ~0 :=
⊗

i<j φi,jis then displa
ed to obtain φ~ζ but Lemma 9.6.3 is only 
on
erned with φ~0.It is well known that thermal equilibrium states are diagonal in the number basisand in our 
ase
φ
~0 =

∑

m∈Nd(d−1)/2

∏

i<j

µi − µj
µi

(
µj
µi

)mi,j

|m〉〈m|. (9.123)As shown in (9.60), a similar formula holds for the �nite dimensional blo
k states
ρ
~0,~u,n
λ :

〈m, λ|ρ~0,~u,nλ |m, λ〉 = C~u
λ

d∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

, (9.124)where C~u
λ is a normalisation 
onstant, µ~u,ni = µi + ui/

√
n for 1 ≤ i ≤ (d − 1) and

µ~u,nd = µd − (
∑

i ui)/
√
n.However there is a 
aveat: although |m, λ〉 are eigenve
tors of ρ~0,~u,nλ , they are notorthogonal to ea
h other so we 
annot dire
tly use |m, λ〉 〈m, λ| as eigenproje
torsin the spe
tral de
omposition. However, Lemma 9.5.4 gives us an estimate of theerror that we in
ur by doing just that.Note �rst that the eigenvalues of ρ~0,~u,nλ are labelled by the total multipli
ities mi ofthe index i in the semistandard Young tableaux :

mi := λi −
∑

j>i

mi,j +
∑

j<i

mj,i. (9.125)By Lemma 9.7.13 we have that 〈m, λ|l, λ〉 = 0 if |m| 6= |l|. This allows us to split
Hλ into a dire
t sum of orthogonal subspa
es

Hλ,η := Lin{|m, λ〉 : |m| ≤ nη}, and H⊥
λ,η := Lin{|l, λ〉 : |l| > nη}.
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al asymptoti
 normality for d-dimensional statesand similarly for the Fo
k spa
e F = Fη⊕F⊥
η . Note the hidden dependen
e on n inthe de�nition of the subspa
es. Asymptoti
ally, the state ρ~0,~u,nλ and φ~0 
on
entrate onthe `low ex
itations' spa
es Hλ,η and Fη with 
orresponding orthogonal proje
tions

Pλ,η and Pη, respe
tively. More pre
isely,
‖Tλ(ρ~0,~u,nλ ) − φ

~0‖1 = ‖Tλ(Pλ,ηρ~0,~u,nλ Pλ,η) − Pηφ
~0Pη‖1 + ‖Tλ(P⊥

λ,ηρ
~0,~u,n
λ P⊥

λ,η) − P⊥
η φ

~0P⊥
η ‖1

≤ 2‖Tλ(Pλ,ηρ~0,~u,nλ Pλ,η) − Pηφ
~0Pη‖1 + 2‖P⊥

η φ
~0P⊥

η ‖1. (9.126)From the de�nition 9.32 of φ~0 and that of thermal states (9.27) we see that these
ond term on the right side of order maxj<k(µk/µj)
nη

= O(exp(−δnη)). For therest of the proof we shall deal with the �rst term on the right side.Let us denote by H({mi}) = Lin{|l : λ〉, li = mi} be the eigenspa
e of ρ~0,~u,nλ and
P ({mi}) the 
orresponding eigenproje
tion . Then

ρ
~0,~u,n
λ = C~u

λ

∑

{mi}

d∏

i=1

(µ~u,ni )mi−λiP ({mi}).As in Lemma 9.5.4 we have that for |m| ≤ nη

P ({mi}) =
1

1 + Cn(9η−2)/12δ−1/3

∑

m:{mi}
|m, λ〉 〈m, λ| + E({mi})where the sum runs over those m with total multipli
ities {mi}. The (positive)reminder has tra
e norm

Tr(E({mi})) = O(n(9η−2)/12δ−1/3) · dim(H({mi})).By summing over all {mi} satisfying |m| ≤ nη we get
Pλ,ηρ

~0,~u,n
λ Pλ,η =

1

1 + Cn(9η−2)/12δ−1/3
ρ̃
~0,~u,n
λ + C~u

λ

∑

{mi}

d∏

i=1

(µ~u,ni )mi−λiE({mi}),where ρ̃~0,~u,nλ is the approximate state
ρ̃
~0,~u,n
λ := C~u

λ

∑

{mi}

d∏

i=1

(µ~u,ni )mi−λi

∑

m:{mi}
|m, λ〉 〈m, λ| .The error term has tra
e norm of the order

O(n(9η−2)/12δ−1/3) · C~u
λ

∑

{mi}

d∏

i=1

(µ~u,ni )mi−λidim(H({mi})) = O(n(9η−2)/12δ−1/3),
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al proofs 347where we have used the normalisation of the blo
k state ρ~0,~u,nλ .In 
on
lusion
‖Pλ,ηρ~0,~u,nλ Pλ,η − ρ̃

~0,~u,n
λ ‖1 = O(n(9η−2)/12δ−1/3). (9.127)The next step is to show that the blo
k states ρ̃~0,~u,nλ are mapped by Tλ 
lose to

Pηφ
~0Pη. Using (9.60), we 
an write

Tλ(ρ̃
~0,~u,n
λ ) = C~u

λ

∑

m∈λ

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

Tλ(|m, λ〉〈m, λ|). (9.128)If nα−1 ≤ δ/2 and α > 1/2 > η, we know that all m su
h that |m| ≤ nη `�t into' λ.Sin
e µ~u,ni = µi +O(n−1/2+γ), when |m| ≤ nη,
(
µ~u,nj

µ~u,ni

)mi,j

=

(
µj
µi

)mi,j

(1 + O(n−1/2+γ+η/δ)). (9.129)For the normalisation 
onstant we 
an write:
(C~u

λ)
−1 =

∑

|m|≤nη

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

+
∑

m∈λ:|m|≥nη

∏

i<j

(
µ~u,nj

µ~u,ni

)mi,j

.If 2dnγ−1/2 < δ/2 then the se
ond part is less than nd2(1− δ/2)n
η whi
h is negligible
ompared to the other error terms. Hen
e:

(C~u
λ)

−1 =
∑

|m|≤nη

∏

i<j

(
µj
µi

)mi,j

(1 +O(n−1/2+γ+η/δ))

=
∑

m∈Nd(d−1)/2

∏

i<j

(
µj
µi

)mi,j

(1 +O(n−1/2+γ+η/δ)

=
∏

i<j

µi
µi − µj

(1 +O(n−1/2+γ+η/δ)). (9.130)We then re
all that for unit ve
tors, we have ‖|f〉〈f | − |f ′〉〈f ′|‖1 = 2
√

1 − |〈f |f ′〉|2.So that, using Lemma 9.5.4, we get that for |m| ≤ nη

‖Tλ(|m, λ〉〈m, λ|)−|m〉〈m|‖1 = ‖Vλ|m, λ〉〈m, λ|V ∗
λ−|m〉〈m|‖1 = O(n(9η−2)/24/δ1/6).(9.131)
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al asymptoti
 normality for d-dimensional statesPutting the estimates (9.129), (9.130), (9.131) ba
k into formula (9.128), we obtain
Tλ(ρ̃

~0,~u,n
λ ), so that

Tλ(ρ̃
~0,~u,n
λ ) =

∑

|m|≤nη

∏

i<j

µi − µj
µi

(
µj
µi

)mi,j

|m〉〈m| +O(n−1/2+γ+η/δ, n(9η−2)/24/δ1/6).(9.132)Comparing with (9.123), and using (9.126) and (9.127) we get the desired result.
9.7.8 Proof of Lemma 9.6.5 on lo
al linearity of SU(d)The key is to noti
e that, as we are dealing with a group, there is a r su
h that
U−1(~ζ+~z,~0, n)U(~ζ,~0, n)U(~z,~0, n) = U(−~ζ−~z,~0, n)U(~ζ,~0, n)U(~z,~0, n) = U(~r, ~s, n),and similarly for the operation ∆. We shall prove below that under the 
onditionthat both ~ζ and ~z are smaller than nβ, then ‖~r‖+ ‖~s‖ = O(n−1/2+2β/δ). Let us 
allthis the domination hypothesis for further referen
e.Now, as the a
tions are unitary, we may rewrite the norm in Lemma as 9.6.5:

A =
∥∥∥[∆

~ζ+~z,n
λ − ∆

~ζ,n
λ ∆~z,n

λ ](|0, λ〉〈0, λ|)
∥∥∥

1

=
∥∥∥∆−(~ζ+~z),n

λ [∆
~ζ+~z,n
λ − ∆

~ζ,n
λ ∆~z,n

λ ](|0, λ〉〈0, λ|)
∥∥∥

1

=
∥∥∥[Id − ∆~r,~s,n

λ ](|0, λ〉〈0, λ|)
∥∥∥

1
.As Tλ is an isometry, we may also let it a
t the left and T ∗

λ on the right and get:
A =

∥∥∥Tλ(|0, λ〉 〈0, λ|) − Tλ∆
~r,~s,n
λ T ∗

λ (|0〉 〈0|)
∥∥∥

1

≤ ‖|0〉 〈0| − |~r〉 〈~r|‖1 +
∥∥∥|~r〉 〈~r| − Tλ∆

~r,~s,n
λ T ∗

λ (|0〉 〈0|)
∥∥∥

1
+ ‖Tλ(|0, λ〉 〈0, λ|) − |0〉 〈0| ‖1.By the domination hypothesis, the norm of ~r is smaller than n−1/2+2β/δ, hen
e

〈~r|0〉 = 1 − O(n−1+4β/δ2). Using ‖|f〉〈f | − |f ′〉〈f ′|‖1 = 2
√

1 − |〈f |f ′〉|2 we get thatthe �rst term on the right side of the inequality is O(n−1/2+2β/δ). Noti
e that thisis dominated by R(n) given in equation (9.75) sin
e η > 2β.For the se
ond term, we apply Lemma 9.6.4, with ~z = 0. By the dominationhypothesis, ‖~s‖ ≤ n−1/2+2β/δ, so we may apply Lemma 9.6.4, and the remainder isgiven by R(n) in equation (9.75).
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al proofs 349The last term is O(n(9η−2)/24/δ1/6) as shown in (9.131) whi
h is dominated by R(n).We �nish the proof of the lemma, and simultaneously that of Theorem 9.4.3, byproving the domination hypothesis. Re
all that an arbitrary element in SU(d) 
anbe written in the exponential form
U(~r, ~s) := exp

[

i

(
d−1∑

i=1

siHi +
∑

1≤j<k≤d

Re(rj,k)Tj,k + Im(rj,k)Tk,j√
µj − µk

)]

,where (~r, ~s) ∈ Cd(d−1)/2 × Rd−1, and Ti,j , Hi are the generators of SU(d) de�ned in(9.84). A spe
ial 
ase of this is U(~r) := U(~r,~0). In general, the map (~r, ~s) 7→ U(~r, ~s)is not inje
tive but be
omes so if we restri
t to a small enough neighbourhood C ofthe origin (0, 0) ∈ Cd(d−1)/2 ×Rd−1. On this neighbourhood it makes sense to de�nethe inverse as a sort of `logarithm'
logU(~r, ~s) := (~r, ~s),whi
h is a C∞ fun
tion.By 
ontinuity of the produ
t, if ~x, ~y ∈ Cd(d−1)/2 are small enough, then U(−~x −

~y)U(~x)U(~y) ∈ C. Sin
e ‖~ζ‖ + ‖~z‖/√n ≤ nβ−1/2/δ, we 
an apply this to ~x =
~ζ/
√
n, ~y = ~z/

√
n for n > (C/δ)

1
1/2−β with the 
onstant C depending only on thedimension, and get

(~r/
√
n,~s/

√
n) = f(~ζ/

√
n, ~z/

√
n) := log

[
U(−(~ζ + ~z)/

√
n)U(~ζ/

√
n)U(~z/

√
n)
]
.Sin
e f is a C∞ fun
tion we 
an expand in Taylor series and it is easy to show that

f(~0,~0) = (~0,~0), the �rst order partial derivatives are zero as well, and the se
ondorder derivatives are uniformly bounded in a neighbourhood of the origin. Thus weget
~r =

√
nO

( ‖zi,j‖2

n(µi − µj)
,

‖ζi,j‖2

n(µi − µj)

)
= O(n−1/2+2β/δ).
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