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Chapitre 1

Introduction

Les statistiques, étymologiquement sciences de I'Etat, peuvent étre vues comme ’art
de tirer des informations de données. Quoiqu’ils puissent prendre des formes trés var-
iées, tout probléme de statistiques peut se décomposer en trois morceaux : I’'objet
étudié, les opérations que nous pouvons effectuer, et la question mathématique pré-
cise. En d’autres termes, ce que nous avons, ce que nous pouvons faire, et ce que
nous voulons savoir.

Les statistiques quantiques différent des statistiques classiques sur le premier point,
ce que nous avons. Par ricochet, elles en différent aussi sur le second, ce que nous
pouvons faire.

En statistiques classiques, nous partons en général du résultat des mesures physiques,
qui sont modélisées par des variables aléatoires et leurs lois de probabilité correspon-
dantes. En effet, si nous pouvons mesurer les quantités A et B, nous pouvons en
théorie mesurer les deux simultanément. Les expériences mesurent souvent toutes
les quantités utiles et accessibles. En théorie, «ce que nous pouvons faire» est ap-
pliquer n’importe quelle transformation mathématique aux données, éventuellement
avec une composante aléatoire supplémentaire. En pratique, la puissance de calcul
peut étre un facteur limitant.

Dans certains cas, cependant, nous devons considérer d’ores et déja l'objet étudié,
et, choisir quelle mesure effectuer. Par exemple, si nous voulons comprendre le fonc-
tionnement, d’une boite noire, nous devons la sonder avec différentes entrées, une
nouvelle entrée a chaque fois. Cette thématique reléve des «plans d’expérience».
«Ce que nous pouvons faire» dépend largement du probléme spécifique. Dans le cas
de la boite noire, nous pouvons choisir notre entrée. La description mathématique
de ce choix peut varier d'une boite noire a une autre, cependant. Toutefois, une fois
la mesure effectuée, nous avons de nouveau des probabilités, et sommes de retour

au paragraphe précédent.
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En statistiques quantiques, le plan d’expérience est inévitable. En effet, si nous pou-
vons mesurer A ou B, les lois méme de la physique nous interdisent de mesurer
simultanément A et B, en général. Nous devons donc choisir quelle mesure nous
apporte les informations les plus utiles. Néanmoins, la mécanique quantique fournit
un cadre parallele a celui des statistiques classiques, qui nous dit exactement «ce
que nous pouvons faire». Initialement, «ce que nous avons» est un objet quantique,
modélisé par un état quantique. «Ce que nous pouvons faire» est mesurer 1’état,
et obtenir une variable aléatoire classique, ou bien plus généralement transformer
I’état quantique. Les ensembles de mesures et transformations possibles sont précisé-
ment définis mathématiquement, ce qui permet un traitement unifié de nombreuses
questions.

«Ce que nous voulons savoiry» ne différe guére en statistiques quantiques et classiques.
Le plus souvent, nous souhaitons soit résumer les informations contenues dans les
données (inférence statistique), soit infirmer une hypothése ou choisir la meilleure
hypothése dans un ensemble fini (test), soit deviner avec précision le phénomeéne qui
a généré les données (estimation). Les réponses a ces questions sont toutes décrites
par un paramétre classique. L’exception est quand nous cherchons a obtenir un objet
intrinséquement quantique, comme par exemple quand nous essayons de cloner le
plus précisément possible un état.

La Partie I de cette thése est consacrée a I’étude d’un certain nombre de systémes
particuliers. Spécifiquement, nous commencons au Chapitre 2.5.3 par un cas ot la
mesure est déja effectuée, si bien que le probléme devient classique : nous évaluons un
état de la lumiére par tomographie homodyne. Au Chapitre 3, nous nous demandons
comment décider au mieux dans lequel d’un ensemble fini d’états se trouve notre
systéme; au Chapitre 4, nous donnons une procédure d’estimation rapide (1/n)
d’une transformation unitaire boite noire. Les Chapitres 5 et 6 s’attachent davantage
a la structure générale des expériences quantiques : le premier est consacré a une
relation d’ordre sur les mesures quantiques, et le second a la recherche de sous-
systémes “aussi différents que possible d'un méme systéme quantique, dans le cas le

plus simple.

D’un autre coté, nous pouvons avoir des questions trés différentes sur un systéme
donné. Pour un tel systéme, «ce que nous avons» et «ce que nous pouvons faire»
restent fixes. Nous pouvons donc nous interroger sur ce que l'on peut dire sur le
systéme lui-méme, sans référence a une question particuliére. La théorie de la con-
vergence d’expériences en statistiques classiques nous dit avec quelle précision nous
pouvons approcher une expérience par une autre. Ainsi nous pouvons traduire toutes
les procédures pour une expérience en une procédure pour l'autre expérience. Si bien
que nous obtenons une réponse a «ce que nous voulons savoir» dans les deux expéri-
ences dés que I’on sait répondre pour 1'une d’entre elles.

La Partie 1.7, principale contribution de cette thése, généralise au monde quantique
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le cas le plus basique de convergence d’expériences, a savoir la normalité asymp-
totique locale. Nous prouvons qu’une expérience assez lisse d’états quantiques in-
dépendants identiquement distribués (i.i.d.) converge vers une expérience de décalage
gaussienne quantique. L’important est que cette expérience est trés bien connue, et
tout ce que nous savons a son sujet peut étre traduit pour la classe trés large des
expériences i.i.d lisses.

Le reste de cette introduction commence par préciser les régles des statistiques clas-

siques et quantiques, puis introduit chacun des chapitres de la thése, et les problé-
matiques correspondantes dans ’ordre donné ci-dessus.

1.1 Statistiques

Nous présentons une autre introduction aux statistiques quantiques a l'usage du
statisticien, plus condensée, en Appendice 2.A du Chapitre 2.5.3.

1.1.1 Statistiques Classiques

On pourra consulter Le Cam (1986) et van der Vaart (1998) comme références
supplémentaires, entre autres nombreux livres de statistiques. Nous résumons dans
le Tableau 1.1, page 26, les ingrédients de base des statistiques classiques. Le Tableau
1.2 adjacent donne les notions quantiques correspondantes.

Ce que nous avons

En statistiques classiques, on nous donne les données, qui peuvent étre modélisées
par une variable aléatoire X de loi p. On sait par avance que p est dans un ensemble

E ={ps,0 € O}, (1.1)
sans contrainte en général sur ’espace de paramétres ©. Les lois py sont toutes

définies sur le méme espace de probabilités (€2,.4). Cet & est appelé expérience ou
modele statistique.

Remarques :
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— Les données proviennent souvent de plusieurs mesures, générant autant de vari-
ables aléatoires X1, ..., X,,, delois py, ..., p, sur des espaces de probabilités poten-
tiellement différents. Toutefois, nous pouvons toujours considérer toutes ces don-
nées comme une seule variable aléatoire X = (X1,...,X,,),deloip=p;®- - -@p,,
et nous restons dans le cadre ci-dessus.

— Quoiqu’il n’y ait pas de contrainte sur © a ce point de la théorie, cet ensemble est
souvent soit fini soit un sous-ensemble raisonnable de R?. Le premier cas méne aux
statistiques discrétes, et a certaines familles de tests en particulier, et le second
aux statistiques paramétriques. Quand © est de dimension infinie, nous sommes
dans le complexe royaume des statistiques non paramétriques, théme privilégié de
la recherche ces derniéres années

Exemples : expérience de Bernoulli, expérience de décalage gaussienne

L’espace de probabilité non trivial le plus simple est I'espace a deux éléments {0, 1}.
Une expérience de pile ou face s’écrit

EBer = {pG = (Q, - 0)70 S [07 1]} (1'2)

Une alternative consiste a lancer la piéce n fois. Si on note X = (Xy,...,X,) le
résultat, nous obtenons cette expérience sur {0, 1}®" :

Epin = {po  {X} > 02X (1—0)" =% 9 e[0,1]}. (1.3)

Quant aux fonctions continues, ’exemple type est le gaussienne. Nous nous in-
téresserons en particulier aux expériences de décalage gaussiennes, ou la variance
de la gaussienne est fixée et ol le paramétre est la moyenne :

Egs = {N(0,T7"),0 e R?}, (1.4)

ot \ est la loi normale, et Z toute matrice définie positive fixée!.

Ce que nous pouvons faire

Une fois acquises nos données X, comment les traitons-nous ?

La procédure la plus générale consiste a tirer une nouvelle variable aléatoire Y de
loi px dépendant seulement de X, mesurable en tant que fonction de X.

'Nous utilisons cette étrange notation car cette matrice est 'inverse de la matrice d’information
de Fisher (1.13).
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Nous pouvons voir ce protocole de deux maniéres. La premiére est de considérer Y
comme la solution & «ce que nous voulons savoiry. Alors Y est un estimateur (ran-
domisé), typiquement un estimateur de 6, auquel cas nous le dénoterons également

0.

Mais nous pouvons également considérer Y comme une nouvelle variable aléatoire,
et, que nous avons transformé notre expérience. Notre nouvelle expérience est donc
constituée de Y de loi ¢ dans un ensemble {gy,0 € O} sur un espace (€, B), de
densité?

() = Tn)0)= [ px()dplX). (15)
Q
La transformation T est un noyau de Markov.

Dans le cas classique, ces deux notions sont les mémes. Toutefois, j’insiste pour les
séparer dés maintenant car elles seront différentes dans le cas quantique.

Exemples

Revenons a notre n-échantillon (1.3) de Bernoulli £g;,. Notre espace de probabilité
est {0,1}®". Nous pouvons utiliser un noyau de Markov de cet espace dans [0, n] N
qui envoie X = (Xy,...,X,) sur Y = > X,. Ici, les px sont simplement des pics
de Dirac. Nous obtenons alors une loi binomiale pour Y, c¢’est-a-dire g9 = B(n,0).
[’expérience correspondante est £ = {gp,0 € O}.

De méme, nous pourrions souhaiter construire un estimateur . Le plus évident est
de prendre X — > X;/n =Y. La loi de notre estimateur est alors la binomiale
ci-dessus, divisée par n.

Pour ce qui est de trouver un estimateur dans I'expérience (1.4) de décalage gaussi-
enne &y, la premiére idée est encore plus simple : on garde X. Le noyau de Markov
correspondant est I'identité.

Ce que nous voulons savoir

Nous souhaitons en général obtenir de l'information sur le processus sous-jacent
inconnu qui a généré nos données. En d’autres termes, nous voulons deviner le

2Nous pourrions aussi bien travailler avec des ensembles non dominés de lois, mais cela ne ferait
qu’alourdir les notations. Nous faisons donc I’hypothése que toutes les lois ont une densité, et
utilisons la méme lettre pour la loi et la densité.
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paramétre? 6.

Nous pouvons donner notre solution soit sous la forme d’un intervalle de confiance,
soit par une estimation de notre quantité, éventuellement assortie d’estimations
de la variance de cette estimation. Cette estimation correspond a la donnée d’un
estimateur 0 de 0.

Nous voulons construire un bon estimateur. Nous avons donc besoin de pouvoir
jauger les estimateurs. En théorie de la décision, nous considérons une fonction de
cotit c(@,é). C’est le cotit que l'on doit payer si notre estimateur renvoie § quand
le vrai parameétre est #. Ainsi, les fonctions de coiit sont en général nulles sur la
diagonale, et augmentent quand € et 6 s’¢loignent dans un certain sens.

Une fonction de coiit typique quand © est discret dénombrable serait ¢(6, é) =0y 4-
Quand O est un sous-ensemble ouvert de R? la fonction de cotit la plus facile a
traiter mathématiquement est le carré de la dlstance cuclidienne ¢(6, 6) = ||0 — 6],
ou plus généralement toute fonction de coit quadratique (8 —6)TG(0 — 6) pour une
matrice définie positive GG, éventuellement dépendant de 6.

Comme @ est une variable aléatoire, nous voulons minimiser 1’espérance du coiit,
appelée le risque au point 6 :

~

w(0) = [ <l0.0)da(0) (1.6)

Cependant, nous ne pouvons minimiser directement cette expression, comme la
meilleure stratégie dépend de 6, qui est inconnu. Nous devons donc trouver le moyen
de choisir un estimateur efficace pour 6 que nous risquons de rencontrer. Il y a essen-
tiellement deux approches. Les physiciens favorisent le paradigme bayésien, ot nous
admettons I'existence d’une loi a priori sur le paramétre 0. Les mathématiciens vont
en général préférer les critéres minimax, ot une stratégie est évaluée par son cas le
pire.

Critére bayésien

Nous avons considéré des données X de loi p. Jusqu'’ici, nous étions parti du principe
que notre seule information était ’expérience, I’ensemble dont nous savons qu’il
contient p.

3Plus généralement, on peut étre intéressé seulement par une fonction f de 6. Cependant,
on peut toujours utiliser (0, f(f)) comme paramétre. On choisira dés lors les fonctions de cott
introduites ci-dessous pour qu’elles ne dépendent que de f(6).
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Supposons maintenant que nous avons davantage d’informations. Plus précisément,
on nous a dit avant ’expérience que 6 est choisi au hasard suivant une loi 7. Alors,
en moyenne, le meilleur estimateur sera celui qui minimise la moyenne du risque
(1.6), c’est-a-dire :

Rull) = [ #(a0)no(d)
— /@ /Q (0, 0)dgy(0)7(d0). (1.7)

A partir du risque de Bayes d’un estimateur spécifique 6, nous pouvons écrire le
risque de Bayes associé a la loi a priori m comme l'infimum des risques sur tous les
estimateurs 0 :

R, = inf R.(6). (1.8)
0

La faiblesse de cette approche vient de ce qu’il n’y aucune raison pour avoir une
loi de probabilité a priori sur ©, mis a part la fonction de Dirac sur le vrai 6...
qui est exactement ce que nous souhaitons trouver. Nous avons donc a choisir une
loi a priori et a considérer que c’est la vraie. Le risque de 'estimateur final sera
sous-estimé, cependant.

La plus grande force des estimateurs bayésiens est qu’ils utilisent de maniére opti-
male I'information des mesures, a loi a priori donnée. La loi a priori correspond a
de l'information a priori en général fausse. De ce fait, les meilleures lois a priori
sont choisies pour minimiser I'information qu’elles contiennent*. Pour un © fini, on
choisira d’habitude I’équiprobabilité a priori sur chaque 6 possible. Sur un sous-
ensemble précompact ouvert de R? on choisira souvent la loi a priori de Jeffrey
Jeffreys (1946), proportionnelle a la racine carrée de I'information de Fisher (1.13)
donnée ci-dessous. Une analyse a 6 fixé montrent que ces estimateurs sont trés bons
en général.

Les estimateurs bayésiens peuvent étre calculés en déterminant les lois a posteriori.
Dans certains cas simples, ces calculs peuvent étre réalisés explicitement, et ’estima-
teur sera le barycentre des 6 pondérés par leurs vraisemblances. Dans les situations
plus complexes, on utilisera les chaines de Markov Monte-Carlo.

Critéres minimax

Soit qu’il est pessimiste ou mégalomane, le mathématicien part du principe qu’il
joue contre le Diable. Aussi, il veut mettre au point une stratégie efficace quel que

“Les bayésiens subjectivistes considérent les lois de probabilité comme des degrés de croyance.
Ils peuvent donc utiliser toute loi a priori basée sur les informations d’experts.
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soit le vrai f. Un estimateur 6 est donc évalué par sa valeur dans le pire des cas :

Ry (0) = sgprg(é). (1.9)

Le risque minimax est le risque du meilleur estimateur, dit estimateur minimax :

Ry = inf Ry(0) = inf sup r(0). (1.10)
0 o 0

Le défaut de cette méthode est qu’elle peut conduire a affaiblir ’estimation sur
intuitivement beaucoup de valeurs possibles de # afin d’étre efficace dans quelques
cas particuliers. Ce probléme est contourné en réclamant d’étre adaptatif, c’est-a-
dire d’étre minimax sur toute une classe de sous-ensembles de {py}. Cette derniére
technique s’utilise surtout en statistiques non paramétriques.

L’intérét de ces méthodes est qu’elle ne font aucune hypothése. Elles donnent une
efficacité dont nous savons qu’elle est atteinte, a partir du moment ou le modeéle (ou
I'expérience) lui-méme est juste.

Liens entre critéres bayésiens et minimax

Le lien principal entre ces deux critéres vient de la remarque suivante. Si une stratégie
0 est optimale au sens bayésien pour une loi a priori quelconque, et si le risque de
0 ne dépend pas de 6, alors 0 est optimale au sens minimax.

En effet, pour tout 7, le risque de Bayes est plus faible que le risque minimax :

~ ~

R, (0) < supre(0) = Ry (0), (1.11)

avec égalité si et seulement si le risque au point 6 est le méme w-presque partout.

Sous certaines conditions, ’énoncé inverse est vrai : un estimateur minimax est opti-
mal pour une loi a priori précise, celle pour laquelle le risque bayésien est maximal.
Nous discuterons de questions similaires au Chapitre 3.

Exemple

Nous calculons le risque de I'estimateur susmentionné pour la famille de décalage
gaussienne (1.4). La loi de 6 est la loi des données originales, c’est-a-dire la loi
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normale A (f,Z~'). Donc

ro(6) =By [(6 - 0)"G(6 - )|
=Tr(GZ ). (1.12)

Ce risque au point 6 ne dépend pas de 6, si bien que cette méme valeur est aussi les
risques minimax et, bayésiens pour toute loi a prior: de cet estimateur. Nous verrons
plus bas que cet estimateur est aussi minimax pour le modéle.

Le reste de cette section résume briévement les risques que l'on peut attendre dans
les cas suffisamment réguliers, pour des fonctions de cott quadratiques.

Information de Fisher

Les risques que nous donnons ci-dessus dépendent de la question (la fonction de
coit) et de Pexpérience {pg,0 € O}, mais pas d'un estimateur particulier. Nous
pouvons donc les lire directement sur l'expérience.

La notion la plus importante a cette fin est celle de matrice d’information de Fisher.
C’est une notion locale, qui peut étre interprétée comme une mesure de la vitesse a
laquelle nous pouvons distinguer py des pg.q9 environnants. La borne de Cramér-Rao
décrite dans la prochaine section explicite cette interprétation. Notons que pour ce
qui suit, il faut que le modéle soit assez régulier. Deux fois différentiable en 6 est
plus que suffisant.

L’information de Fisher au point 0 = (6,)a=1..q est donnée partons

T,5(0) = /Q aln(ggj)()) 81ngy;;)())dpe(X). (1.13)

La matrice d’information de Fisher est définie positive, et définit une métrique sur
O, qui est invariante par changement de variables lisse. Ce fait peut étre vu comme
le lien le plus basique entre statistiques et géométrie différentielle. La géométrie
différentielle peut étre utilisée pour étudier les asymptotiques d’ordre supérieur,
comme par exemple dans le livre d’Amari (1985).

En développant le logarithme des produits, nous constatons facilement qu’avoir n
échantillons de données multiplie 'information de Fisher par n, ¢’est-a-dire Z" () =
nZW () ott T est lamatrice d’information de Fisher de I'expérience £™ = {p$", 0 €

o}.
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Borne de Cramér-Rao

Nous pouvons utiliser la matrice d’information de Fisher pour trouver une borne
inférieure sur la matrice de variance des estimateurs localement non biaisés :

(L(e—aw-ﬁfa%@)zz*wy (1.14)

Cette borne tient® pour tous les estimateurs localement non biaisés é, c’est-a-dire
aussi longtemps que [ 6dgy(0) = 6 et 9/90; [ 0;dqe(6) = 4, ;.

Comme conséquence immédiate, pour une fonction de cotit quadratique (0—9)TG(0—
0) et tous les estimateurs localement non biaisés, nous obtenons cette borne inférieure
sur le risque au point 6 :

re(0) > Tr(GZ ™). (1.15)

Cette borne est asymptotiquement saturée. En effet, une expérience de n-échantillon
ressemble de plus en plus a une expérience de décalage gaussienne, pour laquelle
la borne est saturée. L’explication précise vient de la théorie de la convergence
d’expériences de Le Cam, que nous esquissons plus avant a la Section 1.7.1.

Exemples

Calculons l'information de Fisher pour l'expérience de Bernoulli, en un point 6
différent de 0 et de 1. L’expression se simplifie légérement comme nous n’avons

qu’un paramétre.
~(dIn(9)\? dIn(1 —6)\?
I(G)—G( 10 ) +<1_9)(T

L

1—0
b
01— 6)

De ceci et notre remarque précédente sur les n-échantillons, nous déduisons que
Z(0) =n/(0(1 — 0)) dans 'expérience binomiale &,.

Un calcul un peu plus pénible montrerait que la matrice d’information de Fisher
d’une expérience de décalage gaussienne est I'inverse de la variance des gaussiennes.

5Les estimateurs superefficaces tel estimateur de Stein montrent qu’on ne peut pas simplement
éliminer la condition d’étre localement non biaisé. Cependant, cette condition peut étre supprimée
au prix de modifications techniques, consistant essentiellement & considérer I'efficacité sur tout un
voisinage de 6, soit dans une approche minimax, soit bayésienne.
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D’ou notre choix de notation dans I’équation (1.4). De plus, aprés comparaison entre
la borne (1.15) et le risque (1.12) de 'estimateur consistant a prendre X lui-méme,
nous obtenons 'optimalité de ce dernier estimateur dan la classe des estimateurs
localement non biaisés.

Nous allons maintenant nous attacher a donner des équivalents de ces notions dans
le monde quantique.

1.1.2 Objets et Opérations Quantiques

Les livres de Helstrom (1976) et Holevo (1982) sont les références habituelles en
statistiques quantiques. Nous pouvons également ajouter 'article de revue plus ré-
cent de Barndorff-Nielsen et al. (2003). Comme nous I’avons déja mentionné, nous
avons résumé dans le Tableau 1.2, page 27, les ingrédients de base des statistiques
quantiques, avec le Tableau classique correspondant 1.1 en regard.

Etats, opérateurs densité

[’objet de base des statistiques quantiques est I’état. [.’état est 1’équivalent d’une
loi de probabilité.

Nous le définissons sur un espace de Hilbert H. Son expression mathématique est
donnée par l'opérateur densité.

Definition 1.1.1. Un opérateur densité p sur un espace de Hilbert H est un opéra-
teur a classe de trace doté des propriétés suivantes :

— Auto-adjonction : p est auto-adjoint.
— Positivité : p est positif.
— Normalisation : Tr(p) = 1.

Ces conditions sont les équivalentes de celles qui régissent les mesures de probabilité :
ces derniéres sont réelles (= auto-adjointes), positives et normalisées & un.

Pour les espaces de Hilbert de dimension finie, les opérateurs sont des matrices, et
les matrices densité satisfont également aux conditions ci-dessus. La variété des états
est de dimension réelle d*> — 1 si H est de dimension complexe d.



12 Introduction

Exemple : Qubits

La situation la plus élémentaire correspond a dim(H) = 2. Physiquement, ce sys-
téme pourrait étre le spin d’un électron. Ces états sont appelés états qubit, et sont
largement utilisés en information quantique.

Nous définissons les matrices de Pauli comme
0 1 0 1 1 0
Oy = [1 0] , o, = [—i O] : o, = [0 _1} . (1.16)

Comme une matrice densité est auto-adjointe, elle sera une combinaison linéaire
réelle de ces trois matrices et de I'identité 1. La positivité et la normalisation im-
posent de plus :

—

1 .
p=5(1+0-9), 9=, (1.17)
avec ¢ = (0,,0y,0,) un vecteur de matrices.

Nous voyons que nous avons déja besoin de trois parameétres réels pour décrire les
états qubit, confer le paramétre unique dont nous avons besoin pour décrire une loi
sur un espace classique a deux éléments.

Etats purs

[’ensemble des mesures de probabilité peut étre vue comme 'enveloppe convexe des
fonctions delta. De méme, les états sont ’enveloppe convexe des états purs.

Les états purs sont caractérisés par le fait d’étre des opérateurs de rang un, de valeur
propre un. Nous pouvons les écrire [1)) (1], ou |¢) est un vecteur de norme un dans
‘H. Les états purs peuvent donc étre vus comme des points de ’espace projectif
associé a H.

Ils sont extrémement importants : de nombreuses descriptions de la mécanique quan-
tique traitent uniquement les états purs. Les états généraux sont des mélanges clas-
siques d’états purs. Un état qui n’est pas pur est dit mélangeé.

Contrairement aux fonctions delta, ou il suffit de tirer une fois la variable aléatoire
pour identifier la loi inconnue, il n’existe pas de mesure permettant d’identifier sans
ambiguité n’importe quel état pur, quand bien méme nous saurions auparavant que
I’état est pur. Cette différence fondamentale avec le cas classique est une marque de
la non-commutatiivté entre les différents états. L’étude des états purs est déja un
probléme difficile.
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Pour les qubits paramétrés comme ci-dessus, les états purs correspondent a Héﬂ =1
Cette paramétrisation par une sphére, appelée sphére de Bloch, nous donne une
intuition graphique pour les problémes sur les qubits.

La dimension réelle des états purs est de 2(d — 1) si dim(H) = d.

Etats cohérents

Les qubits sont I’exemple-type des états de dimension finie. Les états cohérents®
forment ’autre famille fondamentale d’états.

Ces états vivent dans l'espace de Fock” F(C), c’est-a-dire 'espace de Hilbert de
dimension infinie /?(N). Nous notons par {|k)}ren la base canonique de /*(N). Les
physiciens appellent |k) le k-iéme état de Fock.

Les états sur l'espace de Fock sont ceux de l'oscillateur harmonique, comme par
exemple I'état de la lumiére monochromatique, i.e. ’état d’un laser. Nos sommes
donc sur le terrain de 'optique quantique. Parmi ces états, les états cohérents sont
en un sens les plus classiques : ils saturent les relations d’incertitude de Heisenberg.

Ils sont donnés par un coefficient § complexe, soit deux paramétres réels. Comme
ce sont des états purs, nous pouvons les décrire par un vecteur de F(C), plutdt que
par un opérateur®

0) = exp(—10[%/2) Z ﬂk (118)

Etats multipartites, états intriqués

Considérons deux objets quantiques p; et py sur H; et Hs. Ils peuvent étre vus
comme un seul objet quantique sur l'espace 'H = H; ® Ha, d’état p = p1 ® ps.

Tout état sur pareil espace de Hilbert produit est appelé état multipartite. Main-
tenant certains états multipartites ne peuvent pas étre écrits comme une combi-
naison convexe Y ¢;pt ® pb, avec des ¢; positifs. Nous pourrions avoir besoin de ¢;

6Plus généralement, tous les états gaussiens éventuellement compressés jouent un role majeur
en optique quantique et, comme nous allons le voir, en statistiques quantiques. Dans ’exemple,
nous nous restreignons aux états cohérents par souci de simplicité.

"Les états cohérents de dimension supérieure & deux sont des produits tensoriels d’états co-
hérents sur I'espace de Fock produit F(C%) = F(C)®4.

8Nous utiliserons la notation |#) au lieu du ket habituel |#) afin d’éviter la confusion avec les
états de Fock, en particulier quand 6 est un entier positif.
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strictement négatifs. En d’autres termes, ces états ne sont pas un mélange statistique
classique de paires d’états. Ils contiennent un couplage intrinséquement quantique.
De tels états sont appelés états intriqués.

Commencons par prouver leur existence. Nous écrivons dim H; = d; et dim Hy = d».
Donc dim’H = dids. Les états multipartites pur sont des états purs sur H, donc
constituent une variété de dimension 2(d;ds — 1). D’un autre c6té, un état pur de la
forme >~ c;pl @ ph avec les ¢; positifs impose que la somme ne contienne qu’un seul
terme, avec p; et ps tous deux purs. La dimension de la variété de ces états produit
est 2(d; + dy — 2) < 2(dydy — 1). Il y a donc de nombreux états purs intriqués.

Un exemple typique sont les états d’intrication maximale, c’est-a-dire les états de
la forme |¥) (U], avec |¥) = %Z |") ® |w‘z), ot Hy = Hs et {|W).}.est‘une base
orthonormale de H;. Comme leur nom l'indique, ces états sont aussi intriqués que
possible.

[’intrication est peut-étre la ressource la plus basique et la plus essentielle de toute
I'information quantique. Elle joue un role au ceeur de la téléportation quantique, de la
plupart des protocoles de cryptographie quantique et dans les algorithmes accélérés
des ordinateurs quantiques. La littérature qui y est consacrée est trop immense pour
étre seulement esquissée. En statistiques quantiques, les états intriqués peuvent étre
utilisés pour accélérer I'estimation de transformations quantiques

Actions sur les états

Dans le cas classique, nous avons remarqué que donner un estimateur ed 6, ou plus
généralement de n’importe quelle fonction de @, était équivalent & la transformation
de nos données initiales pour obtenir une nouvelle variable aléatoire Y de loi T'(py).

Dans le cas quantique, les deux notions sont bien distinctes. En effet, transformer
les données signifie obtenir un nouvel état quantique, c’est-a-dire un nouvel opéra-
teur sur un espace de Hilbert. Les états sont transformés quand ils sont envoyés
a travers un canal. Un estimateur d’un paramétre classique, en revanche, est une
quantité classique. Nous obtenons donc une variable aléatoire classique. Ces données
classiques sont obtenues en effectuant une mesure de 1’état.

Si nous souhaitons simplement considérer les estimateurs, pourquoi s’intéresser aux
canaux ? En effet, application de canaux successifs suivie d’'une mesure peut étre
résumée a une mesure plus complexe.

La premiére raison est que nous pourrions vouloir transformer nos états en une
nouvelle famille pour laquelle nous savons quelle mesure effectuer. En fait, tout le but
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de la normalité asymptotique locale quantique forte, dont ’étude forme I’essentiel
de cette thése, est de transformer des expériences en d’autres expériences quasi-
équivalentes, et plus simples et mieux connues.

Deuxiémement, les canaux décrivent des transformations quantiques. Nous pourrions
souhaiter étudier la transformation elle-méme, plutot que 1’état. Typiquement, cette
transformation pourrait étre générée par une force que nous voulons mesurer. Nous
nous étendrons davantage sur le sujet au Chapitre 4.

Nous appelons instrument une fonction qui retourne a la fois des données classiques
et quantiques en prenant un état quantique en entrée. Les véritables instruments
de mesure sont en fait des instruments, quand bien méme 1’état de sortie peut étre
oublié. En particulier, les mesures en temps continu sont communes en pratique.
Typiquement, nous mesurons le champ électromagnétique par son interaction avec la
matiére, comme au Chapitre 8. Ces mesures peuvent étre vues comme une suite d’in-
struments infinitésimaux. Ecrire les équations correspondantes est le but du filtrage
quantique, créé par Davies et Belavkin (Bouten et al., 2006, for an introduction).

Mesures, POV Ms

Si nous voulons effectuer de I'inférence statistique classique sur les paramétres incon-
nus, il nous faut traduire notre information quantique en information classique. A
cette fin, nous effectuons une mesure. Comme les états mélangés sont des mélanges
classiques d’états purs, nous exigeons que cette transformation soit linéaire. De plus,
la sortie doit toujours suivre une loi de probabilité classique. De ceci, nous déduisons
la forme suivante pour les mesures physiquement permises :

Definition 1.1.2. Une mesure a valeur dans les opérateurs positifs, ou POVM,
de l'acronyme anglais, sur un espace mesuré (2, A) est une ensemble {M(A)}aea
d’opérateurs bornés sur H tels que :

- M(Q) =1y4.

—~ M(A) est positif.

— Pour toute collection dénombrable (A;)ien d’A; disjoints, nous avons M(|J A;) =

22 M(A;).

On remarquera que ce sont exactement les axiomes habituels d’une mesure de prob-

abilité, a ceci prés que nous utilisons des opérateurs au lieu de nombres réels. Nous
appelons chaque M(A) un élément de POVM.

Appliquer une mesure M a un état p génére une loi P, sur (£2,.A), donnée par la
regle de Born, :

P,(A) = Tr(pM(A)). (1.19)
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Au Chapitre 5, nous examinerons une relation d’ordre spécifique sur les POV Ms.

Quelques remarques s’imposent. Tout d’abord, nous pouvons inclure tout traitement
classique des données dans la POVM. En effet, effectuer la mesure M, puis appliquer
le noyau de Markov 7' (défini par (1.5)) a la variable aléatoire de sortie est équivalent
a effectuer la mesure N sur (€, B) donnée par N(B) = [, p.(B)M(dw). Si bien
que travailler avec des POVMs est équivalent & travailler avec des estimateurs.

Deuxiémement, en général, nous ne pouvons pas mesurer simultanément M; et M,
sur (21,.41) et 9, Ay). Contrairement au cas classique, ot 1’on peut obtenir si-
multanément les résultats de ’application des noyaux T} et T5. En effet, mesurer
a la fois My et My signifie mesurer N sur () ® Q) avec N(A; x Q) = M;(4;)
et N(; x Ay) = My(Ay). Un contre-exemple simple illustrant le role de la non-
commutativité est donné par M; et M, toutes deux définies sur {0, 1}, avec

A N
Mz@)z%ﬁ ﬂ M2(1):5[_11 ‘11],

Toutes ces matrices sont de rang un. Il faut maintenant N(0,0) + N(0,1) = M;(0).
Comme tous les éléments de POVM sont positifs, nous obtenons M;(0) > N(0,0).
Comme de plus M;(0) est de rang un, nous avons N(0,0) = ¢; M;(0) pour un certain
0 < ¢ < 1. De méme N(0,0) + N(1,0) = M5(0). Si bien que N(0,0) = c3M>(0).
La seule solution est ¢; = ¢; = 0 et N(0,0) = 0. Le méme raisonnement tient pour
N(0,1), N(1,0) et N(1,1). Par ailleurs, il faut que N({0,1}?) = 1¢2. Contradiction.

Finalement, on croit que toutes ces mesures sont permises par les lois de la physique.
Mais elles peuvent étre trés dures a implémenter en pratique. En particulier si I’état
est multipartite, il peut étre raisonnable de se restreindre a des classes de mesure
plus petites. Notamment, si différentes personnes possedent différentes particules en
des lieux différents, elles ne pourront pas implémenter une mesure générale, méme
s’ils coopérent. Le mieux qu’elles puissent faire est : I'une d’elles mesure sa particule
(éventuellement avec un état quantique non trivial en sortie), donne le résultat aux
autres, qui choisissent quel mesure effectuer sur leurs particules, garde 1’état de
sortie et donnent le résultat aux autres, et on itére. De telles mesures, qui utilisent
uniquement des opérations quantiques locales et les communications classiques, sont
appelées LOCC : Local Operations, Classical Communication.

En information quantique, quand le systéme (souvent intriqué) est divisé entre
plusieurs personnes, nous nous restreignons naturellement aux opérations LOCC.
En estimation quantique avec n copies de 1’état initial, nous sommes intéressés par
ce que nous pouvons réaliser avec des mesures LOCC, beaucoup plus simples & im-
plémenter en pratique, que les mesures générales, dites collectives. Nous pouvons
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généralement améliorer la précision de la mesure par des mesures collectives, ce qui
peut paraitre surprenant pour des physiciens, puisque les n copies sont totalement
indépendantes. Dans certains cas, en particulier quand nous savons que 1’état est pur
(Matsumoto, 2002), les mesures collectives n’améliorent guére les mesures LOCC.
Cela peut surprendre les mathématiciens, comme l’espace des mesures collectives
est beaucoup plus grand que celui des mesures LOCC.

Exemple : Spin z

Considérons la mesure binaire sur les qubits donnée par

10 00

M= o =5a+e  mw=|y Y =ja-0

146-3

5~ renvoie | avec probabilité

Cette mesure appliquée a I'état p =

(M (1) = 5 (M) + 3 0 Te(oaM (1)) = 51+ 6.).

a=T,Y,z

En particulier, si 6, = 1, la sortie est toujours 1. A linverse, si §, = —1, la sortie
est toujours |. D’autre part, si 6, = 1, si bien que 6, = 0, la sortie sera ou bien T ou
bien | avec probabilité un demi, alors que I'état p est pur.

Les mesures de ce genre, ot tous les éléments de POVM sont des projecteurs, sont
aussi appelées observables. Elles générent de 'information uniquement sur la base ot
tous les éléments de POVM sont diagonaux. Accessoirement, les axiomes usuels de
la mécaniques quantiques restreignent les mesures aux observables. Nos récupérons
I’ensemble des POVMs en appliquant une observable & un état multipartite dont
notre état n’est qu'une partie; c’est le théoréme de Naimark.

Mesure hétérodyne

La mesure hétérodyne tire son nom de la technique utilisée pour I'implémenter
en laboratoire, avec des lasers déphasés. Cette POVM de sortie dans C se décrit
mathématiquement par :

M(A) = %/A|z)(z|dz, (1.20)

ou |z) est un état cohérent (1.18).
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La loi du résultat de la mesure de p a donc pour densité (z|p|z) par rapport a la
mesure de Lebesgue, au point z. En particulier, la loi du résultat de la mesure d’un
état cohérent est une gaussienne :

(dz) = 2 (=10)(6]2) = — exp(~10 — 2I?). (1.21)

1
T
Si nous considérons tous les 6 complexes, nous reconnaissons une expérience de
décalage gaussienne (1.4) sur R?.

Plus généralement, la densité de la loi du résultat de la mesure d'un état p est
appelée fonction de Husimi de 1’état :

H,(dz) = ~(=]ol2). (1.22)

1
T

Les états dont la fonction de Husimi est une gaussienne sont appelés états gaussiens.

Canaux

Nous décrivons maintenant comment obtenir un nouvel état quantique a partir d’'un
premier. Notez que 1’état original est détruit au cours du processus.

Une transformation physique d’un objet prend un état et renvoie un aure état,
éventuellement sur un espace de Hilbert différent. Elle est décrite par un canal,
I’équivalent d’un noyau de Markov.

Pour rappel, un superopérateur positif £ est une application qui associe a chaque
opérateur A positif un résultat £(A) également positif.

Definition 1.1.3. Un canal & est une application de l’ensemble T (H;) des opéra-

teurs a classe de trace, dans T (Hs), doté des propriétés suivantes :

— Linéarité : £ est linéaire.

— Positivité complete : pour tout espace auziliaire Hs, le superopérateur £ ® Id :
T(Hy @ Hsz) — T (He ® Hs) donné par (E @ Id)(p @ 0) =E(p) ® o est positif.

— Préservation de la trace : Tr(E(A)) = Tr(A).

Notez que les noyaux de Markov satisfont a ces critéres, quand on remplace les
opérateurs par des mesures’.

9Dans le cadre plus général des C*-algébres, les espaces de fonctions sont des C*-algébres
commutatives et tous les superopérateurs positifs sur ces espaces sont complétement positifs
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La nécessité de la linéarité peut étre prouvée par I'axiome d’évolution unitaire'® et
en incluant 'observateur dans le systéme.

Nous voulons que I'image d’un état soit un état, donc un opérateur positif doit étre
envoyé sur un opérateur positif. Pour comprendre d’ou vient I’exigence de positivité
compléte, considérons un état éventuellement intriqué sur H; ® Hs. Si nous trans-
formons 'état sur H;, nous transformons aussi 1’état sur H; ® Hs, par le canal
& ® Id. Donc cette derniére transformation doit aussi étre positive. D’ol la requéte
de compléte positivité.

Finalement, la sortie est un état si ’entrée est un état, et tous deux ont trace un,
donc la trace doit étre conservée.

Nous considérerons souvent des canaux du point de vue (pré)dual, ¢’est-a-dire comme
agissant sur les éléments de B(H). Nous définissons Tr(E(p)A) = Tr(p€.(A)) pour
tout état p et tout opérateur borné A. Dans ce cas, &, est aussi une application
linéaire complétement positive, mais nous devons remplacer la préservation de la
trace par la préservation de l’identité, ¢’est-a-dire £,(1) = 1.

Notations : Nous utilisons d’habitude les lettres £ ou F pour les canaux. Par abus
de notation, nous ne noterons en général pas 1’étoile pour le prédual et écrirons
également £ dans ce cas. Cependant, ces notations standard sont également les
notations standard pour les expériences; Aussi , dans les chapitres o1t nous utilisons
cette derniére notion, nous désignerons les canaux de la méme facon que les noyaux
de Markov, a savoir par 17,7, .5, S,,.

Représentation de Kraus, théoréme de Stinespring

La définition donnée ci-dessus ne permet pas une manipulation simple des canaux.
Heureusement, nous disposons de deux théorémes de représentation qui décrivent les
applications complétement positives de maniére plus pratique. Le livre de Paulsen
(1987) est une bonne référence sur ces sujets.

La représentation de Kraus (1983) est 1'outil principal quand ’espace de Hilbert est
de dimension finie.

Theorem 1.1.4. Une application complétement positive & de M(C%) dans M (C%)
peut s’écrire

£(A) =) R.AR}, (1.23)

ULa meécanique quantique affirme que I'évolution dun systéme est donnée par p(t) =
U(t)p(0)U*(t), ot U(t) est un opérateur unitaire qui peut étre calculé a partir de I'opérateur
auto-adjoint H appelé le hamiltonien. Si le hamiltonien ne dépend pas du temps, alors U (t) = e®H.
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ot a va de 1 a didy au plus, et R, € My, 4,(C). L’étoile représente l’adjonction.

De plus, le canal préserve la trace si et seulement si >, R Ry = 1ca, .

Cette décomposition n’est pas unique. Le canal dual est donné par A — > R AR,

En dimension infinie, nous utiliserons de préférence le plus puissant théoréeme de
dilatation'' de Stinespring (1955).

Theorem 1.1.5. Soit £ : B(H1) — B(H2) une application complétement positive.
Alors il existe un espace de Hilbert IC et un *homomorphisme (ou représentation)
7 B(H1) — B(Hs) tels que

E(A) =Vr(A)V™, (1.24)

ou V : K — H est un opérateur borné.
De plus, si £ préserve lidentité, alors V' est une isométrie, c¢’est-a-dire VV™* = 14.

Si de plus nous imposons que K soit la fermeture de I'espace vectoriel engendré par
m(A)V*H, alors la dilatation est unique a des transformations unitaires prés.

Instruments

Nous donnons les représentations d’instruments en dimension finie'?. Pour simplifier
davantage les notations, nous nous placerons dans le cas ol la mesure a un nombre
fini d’issues.

Definition 1.1.6. Un instrument est donné par un ensemble {N,, .} de matrices de
H1 dans Ho, tel que

SN NG Nok = 1.
w k

La mesure correspondante est donnée par

M(w) =D N} pNo,
k

1 En fait le théoréme de Stinespring a été prouvé pour toute C*-algébre unitaire. On peut prouver
qu’il implique le théoréme de représentation de Kraus, ainsi que la représentation GNS, une base
de la théorie des algebres d’opérateurs.

12En dimension infinie, il faut se placer dans le cadre des C*-algébres, et un instrument est alors
simplement un canal entre C*-algébres
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et [’état de sortie quand le résultat de la mesure est w est donné par

Zk Nw,kpN;,k
Mo = T o)

L’état de sortie vit dans Hs.

Nous avons désormais une nouvelle maniére de comprendre pourquoi nous ne pou-
vons pas mesurer deux POV Ms simultanément : aprés avoir mesuré M, I’objet quan-
tique, donc notre donnée, a en général été perturbé. En fait, si la mesure est suff-
isamment riche, I’état de sortie ne dépend que du résultat w de la mesure, et plus
du tout de I’état d’entrée.

Nous avons désormais tous les outils pour transposer les statistiques classiques au
monde quantique.

1.1.3 Statistiques quantiques

Nous travaillons d’habitude sur les états quantiques; a 1’occasion, nous voudrons
obtenir des informations sur un canal. Nous traitons les deux cas séparément.

Etats : ce que nous avons, ce que nous pouvons faire, ce que nous voulons
savoir

De maniére analogue au cas classique, nous disposons d’habitude d’un état quantique
p, que nous savons étre dans I’ensemble

E=1{ps.0 € O}. (1.25)

Nous appellerons également cet ensemble ezpérience ou modéle.

Dans I'exemple des qubits, les modéles usuels seront le modéle complet de mélange,
a trois dimensions, &, = {ps, ||0]] < 1} et le modéle & deux dimensions des états
purs &, = {py, ||0]| = 1}, ot nous avons utilisé la paramétrisation précédente (1.17)
de I'état pg. Si nous avons n copies de I’état, nous remplagons py par pj".

Un autre exemple typique est le modéle & = {pg,0 € {0:1,0,}}, ou la question
habituelle est de discriminer entre les deux 6 possibles. Nous étudions ce genre de
problémes dans la Section 1.3 et le Chapitre 3.
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Nous pouvons a priori utiliser n’importe quelle suite d’instruments sur ’état. Si nous
voulons simplement obtenir des renseignements sur 6, nous pouvons nous restreindre
aux mesures M, les POVMs. Nous associons alors a M un estimateur, disons é, dont
la loi dépend du vrai parameétre 6 de la maniére suivante :

@ (B) =Py [é € B} = Tr(pgM(B)).

Selon les circonstances, nous pourrons permettre toutes les mesures physiques, ou
nous restreindre a des ensembles plus petits, comme les mesures séparées ou les

mesures LOCC.

Enfin, ce que nous voulons savoir est la méme chose que dans le cas classique.
Nous voulons connaitre une fonction du parameétre . Nous voulons donc estimer
0, et évaluer notre estimateur § au travers d'une fonction de coiit ¢(f, ). Comme
auparavant, les fonctions de coiit les plus communes sont (1 — 59,(;),, si I’ensemble de

paramétres est fini, et les fonctions de cout quadratique (§ — 6)TG(A — ) pour une
matrice G définie positive, si le paramétre vit dans un sous-ensemble ouvert de R,
La matrice de poids GG peut dépendre de 6.

Nous pouvons & nouveau écrire le risque (1.6) d’un estimateur au point §. Comme
nous ne connaissons pas , nous pouvons utiliser soit le risque bayésien (1.7) pour
une loi a priori adaptée, soit le risque minimax (1.9), et optimiser (1.8, 1.10) sur les
estimateurs disponibles. Notons que la derniére étape dépend de I’ensemble d’esti-
mateurs que nous nous autorisons.

Information de Fisher quantique et bornes de Cramér-Rao

Nous pouvons essayer d’imiter la définition de 'information de Fisher classique et
obtenir des ornes similaires sur la variance des estimateurs. En fait, nous pouvons
construire pareil équivalent pour tout choix de dérivée logarithmique. Nous choi-
sissons la dérivée logarithmique a droite (RLD), définie pour chaque 6 et chaque
coordonnée ¢, comme la matrice A, telle que :

0
a_gz = podas (1.26)

sur le support de py.

Alors I'examen de la définition (1.13) et le rappel du fait que la régle de Born (1.19)
est ’équivalent de I’espérance classique rendent naturelle la définition suivante de la
matrice d’information de Fisher quantique :

Tas(0)= Tr(posoNs ). (1.27)
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Helstrom (1976) a prouvé que la matrice de covariance de tout estimateur localement
non biaisé 0 était plus grande que l'inverse de la matrice d’information de Fisher
quantique. De ce fait, pour toute fonction de coit quadratique (6 — é)TG(Q — é),
nous avons cette borne sur le risque (1.6) :

A~

ro(0) > Tr (Re(Gl/Qj‘l(Q)Gl/Q) + }Im(G”QJ‘l(@)Gl/Q)D. (1.28)

Remarquons que nous n’écrivons pas le membre de droite Tr(GJ ~1()), car notre
matrice d’information de Fisher est auto-adjointe, mais pas réelle.

Holevo (1982) a amélioré'® cette borne pour un paramétre de dimension p et un
systéme vivant dans un espace de Hilbert de dimension d :

ro(6) > inf Tr (Re(al/QZ()Z)Gl/Q) + \Im(Gl/QZ()Z)Gl/Q)\), (1.29)
X

ou Z; j = Tr(pgX;X;), et X = (X1,...,X,) est un vecteur de d x d matrices auto-
adjointes satisfaisant la contrainte 0/00;(Tr(pX;)) = 9, ;.

Cette borne s’applique pour tous les estimateurs localement non biaisés. Hayashi
et Matsumoto (2004) ont prouvé que cette borne était asymptotiquement saturée
pour les modéles de qubits. Comme dans le cas classique, la raison sous-jacente
est la convergence vers une expérience de décalage gaussienne quantique. Dans la
Partie II, nous construisons une théorie qui montre que toute fonction raisonnable
d’un modéle de qubits converge vers sa valeur dans une expérience de décalage
gaussienne quantique.

Cette borne a l'air horrible, mais elle est souvent calculable. Par exemple, si le
paramétre 6 est de dimension d(d — 1), il n’y a qu’un seul X admissible. C'est le
cas quand notre expérience est le modéle complet de mélange. De plus, on peut
prouver que cette borne est multipliée par n quand nous avons n échantillons. Nous
retrouvons donc la vitesse de convergence en racine carrée des modéles classiques
réguliers.

Ces bornes sont valides pour toutes les mesures permises par la physique. Si nous
nous restreignons a des classes plus petites, nous pouvons obtenir de meilleures
bornes (Nagaoka, 1991; Hayashi, 2005a; Gill et Massar, 2000).

13La matrice d’information de Fisher (1.27) est un Z(X) convenable, ce qui implique & la fois
Pexistence du membre de droite de I’équation (1.29), et que cette borne est meilleure que la borne
de Helstrom (1.28).
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Exemple : Expérience de décalage cohérente

Considérons I'expérience quantique suivante sur I’espace de Fock :
Eqgs = {10)(0],0 € C}.

Alors Yuen et Lax, M. (1973) et Holevo (1982)'* ont calculé la borne de Cramér-Rao
(1.28) et obtenu Tr(G)/2 + /det(G). Si G = 1, cela vaut 2.

Par une mesure hétérodyne (1.20), nous transformons notre expérience quantique
en une expérience de décalage gaussienne classique £, = {N(6,2-1),6 € C}. Donc,
avec G = 1, nous lisons sur notre calcul pour le cas classique (1.12) que le risque au
point 6 vaut 2.

De ce fait, la mesure hétérodyne sature la borne de Cramér-Rao pour la matrice
de poids identité. De légéres modifications de cette mesure, faisant usage d’états
dit cohérents compressés au lieu des états cohérents (1.18), atteignent 'optimalité
pour toute matrice de poids. Il faut remarquer, cependant, que contrairement au cas
quantique, la mesure optimale dépend de la matrice de poids.

Exemple 2 : Modéle complet de mélange pour les qubits

Dans le modeéle complet de mélange pour les qubits &, la borne de Cramér-Rao!®
pour la fonction de coit (§ — 6)T (6 — 0) est connue pour valoir 3 — 26|

D’autre part, nous savons aussi (Hayashi et Matsumoto, 2004, pour cette forme
précise) que, quand seules les mesures locales sont permises, cette borne devient
(24/1 —|0])*>. Nous avons ici un exemple ou l'utilisation des mesures collectives
ameéliore la vitesse d’approche, pour tout ||0]| < 1, c’est-a-dire pour tous les états
mélangés.

Canaux : Ce que nous avons, ce que nous pouvons faire

Nous avons mis au point notre cadre pour quand des états quantiques nous sont don-
nés. Dans d’autres applications, nous voulons étudier des machines qui transforment
les états quantiques. En statistiques classiques, ce probléme correspond a essayer de
comprendre ce que fait une boite noire. Mathématiquement ces machines sont des

MPour une matrice de poids G arbitraire.
5Hayashi et Matsumoto (2004) 'ont calculée pour une matrice de poids arbitraire, et montré
qu’elle pouvait étre atteinte dans tous les cas.
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canaux quantiques. Ballester (2005a) a notamment consacré sa thése a 'estimation
de canaux unitaires, correspondant a I’évolution naturelle d'un systéme quantique.
Ji et al. (2006) nous fournit une autre ressource récente.

Dans ce cas, on ne nous donne pas une «loi de probabilité quantique» p, mais plutot
un canal T : B(H;) — B(H2) dans un ensemble

5:{T9,0€@}.

Pour obtenir des informations sur 7', nous devons envoyer un état au travers, et nous
obtenons une expérience quantique plus habituelle. Néanmoins, nous avons plusieurs
méthodes a disposition. La plus évidente est d’envoyer un état bien choisi p. Nous
obtenons en sortie I’état T'(p) et nous retrouvons avec le modéle

£ = {Ty(p).0 € O}

Cependant, nous pouvons aussi utiliser un systéme auxiliaire : au lieu de sonder T,
nous sondons de maniére équivalente 7' ® Id : B(H; ® H3) — B(H2 ® Hs). Nous
envoyons un état p multipartite, intriqué et obtenons :

€2 ={(Ty® Id)(p),0 € O} .

Si nous avons le droit de sonder plusieurs fois le canal, le premier réflexe sera d’en-
voyer n copies du méme état. Nous obtenons :

& ={(To(p))*".0 € ©}.

Cependant il pourrait étre plus efficace d’envoyer un grand état intriqué p € B(H;)®".
Nous obtenons alorss I’expérience tres générale :

&= {(T)*"(p).0 € O}

p

Pour finir, on peut décider d’ajouter un systéme auxiliaire a I’entrée précédente :

£ = {((Ty)*"  1d)(p),0 € O}..

p

Toutes ces distinctions ne sont pas superflues'®. La premiére stratégie est plus sim-
ple que la seconde, mais Fujiwara (2001) a prouvé qu’envoyer la moitié d’un état
d’intrication maximale au travers d’'un canal qubit inconnu et garder I'autre moitié

16Des stratégies encore plus complexes existent, ol ’'on renvoie en entrée I’état de sortie...
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‘ Classique

Exemple classique simple

Espace de probabilité

(2, A)

{0,1}

Mesure de probabilité

Do

<%(1+9),%(1 —e))

avec —1 <6 < 1.

Mesure de Dirac

(1,0) or (0,1)

donnée par # = —1 ou 1.

Estimateur a valeurs dans [’espace

mesuré (X, A)
X:Q®Q — X

ou (22, B, ) est un espace de probabilité
avec ¢ connu.

X:i — Xi(ng)
with X; : Qs — X fori=0,1,

ou (€9, B, q) est un espace de probabilité
avec ¢ connu.

Loi de probabilité de I'estimateur

Py [X € A] = (py @ ¢)(X7'(4)).

Py [X € A] = (1 6)a(X5 " (4)

(40X ().

Noyau de Markov (donné par (1.5))

T

po — po(0)10 + pe(1)7

avec 79 et 71 des lois de probabilité sur
le méme espace.

FiG. 1.1 — Correspondances entre notions classiques et quantiques de base
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‘ Quantique

‘ Exemple quantique simple

Espace de Hilbert

H

CZ

Etat (donné par la Définition 1.1.1)

3
1
5 (1@2 —+ ; ‘9@0@>

Po
avec o; donné par (1.16) et ||0]| = 1.
Etat pur pe de rang un, équivalant a ||f#|| = 1 dans
[1) (1| la formule précédente.
avec (Y[y) = 1.

POVM (donnée par la Définition 1.1.2),
a valeur dans ’espace mesuré (X', .A)

M = {M(A)}aca

Pas de simplification

Loi de probabilité de la mesure

Py [X € A] = Tr(pgM(A)).

Pas de simplification

Canal (donné par la Définition 1.1.3)

£:T(H) — T(K).

Si dim(K) = d < oo, alors

2d
g(pe) = ZRapQRZ
a=1

avec R, € Myo(C) et > R:R, = 1c2.

F1G. 1.2 — Correspondances entre notions classiques et quantiques de base




28 Introduction

comme systéme auxiliaire permettait une estimation asymptotiquement trois fois
plus rapide que toute stratégie du premier et du troisiéme types.

De maniére encore beaucoup plus impressionnante, I'utilisation de I'intrication (qua-
trieme et cinquiéme stratégies) permet d’estimer des opérations unitaires avec une
erreur quadratique au carré en 1 /nz. Par contraste, toutes les premiéres stratégies
fourniraient n copies d’un état, et la borne de Cramér-Rao (1.29) nous assure que
la vitesse ne peut étre meilleure que 1/n.

En tout cas, choisir ce que nous permettons n’est qu’une partie du probléme. La
question la plus difficile reste de trouver quel état envoyer. ’expérience quantique
obtenue en sortie dépend beaucoup de ce choix. Quand on utilise seulement un
systéme auxiliaire, les états d’intrication maximale sont le choix naturel. Quand
nous utilisons les immenses états intriqués en entrée de la quatriéme expérience,
nous sommes guidés par la théorie des groupes.

Nous étudions la discrimination entre deux canaux de Pauli au Chapitre 3.

Au Chapitre 4, nous traitons l’estimation de canaux unitaires sur des espaces de
dimension finie, et la Section 1.4 correspondante dans lI'introduction s’étend plus
longuement sur I’histoire et les références.

1.2 Tomographie homodyne

1.2.1 Motivation

Pour pouvoir communiquer & un niveau quantique, il faut a la fois pouvoir coder
I'information dans I'état d’un systéme, transmettre ce systéme, et récupérer I’infor-
mation.

La lumiére étant trés facile a transmettre, elle est un candidat naturel & servir
de vecteur de communication. Toutefois, pour transmettre davantage d’information
quantique que la polarisation, il faut pouvoir identifier ’état d’'un mode de la lumiére.

La premiére méthode permettant de reconstituer complétement 1’état d’un oscil-
lateur harmonique est la tomographie quantique homodyne, proposée par Vogel et
Risken (1989) et implémentée par Smithey et al. (1993).

Sa relative facilité de mise en ceuvre et sa relative rapidité, dans la mesure ot de
nombreuses copies de I'état peuvent étre examinées a chaque seconde, en font un
outil de base de lI'information et de 'optique quantique actuelles. Cette technique
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peut tout d’abord étre utilisée au terme d’une expérience pour vérifier que I’état
voulu a bien été créé (par exemple par Ourjoumtsev, 2007). Elle pourra aussi servir
a certaines formes d’expériences de Bell (Daffer et Knight, 2005). Et comme évoqué
plus haut, en transmission d’information quantique. Le livre de Leonhardt (1997)
et larticle de revue de Lvovsky et Raymer (2005) détaillent davantage 'intérét de
cette méthode de mesure.

Du point de vue du mathématicien, comme l'instrument de mesure est donné, nous
récupérons un probléme de statistiques classiques. L’aspect quantique du probléme
n’est plus présent que dans la forme étrange de 'espace des paramétres. Ainsi la
tomographie homodyne peut servir d’introduction en douceur au monde des statis-
tiques quantiques. Quant aux problémes soulevés, il nous faut, aprés récupération
des données, déterminer I’état. Nous restons avec une inversion de transformée de
Radon a effectuer, d’ott le nom de tomographie. C’est un probléme inverse mal posé,
en dimension infinie, qui n’est donc pas sans poser certains défis. Mettre au point
des méthodes d’estimation plus efficaces permet aux physiciens d’acquérir moins de
données, et donc de gagner du temps ou augmenter les débits.

1.2.2 Reésultats antérieurs

Mathématiquement, nous voulons estimer un état de ’oscillateur harmonique, sur
I’espace de Fock, tel que décrit dans la sous-section 1.1.2. Nos données sont des
échantillons de loi p, sur R x [0, 7], qui sont la transformée de Radon d’une autre
représentation usuelle en optique quantique, a savoir la fonction de Wigner. On peut
notamment voir la fonction de Husimi (1.22) comme la fonction de Wigner convoluée
avec une gaussienne de variance h/2.

Les premiéres méthodes d’estimation utilisaient la fonction de Wigner comme représen-
tation de I'état. Les données étaient collectées en histogrammes et lissées, puis on
inversait la transformée de Radon. Toutefois, ce lissage introduit un biais difficile a
controler.

La premiére méthode d’estimation sans biais remonte a D’Ariano et al. (1994), qui
ont introduit les fonctions motif, des bases biduales pour les entrées matricielles de
lopérateur densité p. (D’Ariano et al., 1995) les ont ensuite généralisé pour gérer
le bruit au niveau des détecteurs. Notons que ce bruit est trés handicapant, car
extrémement lisse. Banaszek et al. (1999) ont également appliqué I'estimateur du
maximum de vraisemblance, avec une bien plus grande efficacité. Le revers de la
meédaille est le temps de calcul.

Dans chacun de ces cas, néanmoins, il faut fixer a 'avance quelles coordonnées,
typiquement celles correspondant a un petit nombre de photons, pourront ne pas
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étre nulles, sinon la variance de l'estimateur est infinie. Artiles et al. (2005) ont
toutefois pu établir la consistance de ces estimateurs utilisés avec un tamis.

Enfin, Butucea et al. (2007), ont mis au point une méthode d’estimation par noyaux
de la fonction de Wigner asymptotiquement optimale au sens L2, sur de larges classes
d’états, y compris en tenant compte du bruit de détection.

Par ailleurs, D’Ariano et al. (2004) ont utilisé la tomographie homodyne dans une
procédure de calibration d’un compteur de photons.

Mentionnons pour finir la thése de Meziani (2008), qui porte notamment sur des
procédures de test basées sur la fonction de Wigner.

1.2.3 Contributions de la thése

Je me suis attaqué au probléme évoqué, ci-dessus, a savoir que 1’on doit choisir a
quel niveau on coupe l'estimation des parameétres dans les procédures d’estimation
par fonctions motif ou maximum de vraisemblance. Il ne s’agit de rien d’autre que
d’un choix de modéle. J’ai donc appliqué les techniques de sélection de modéles et de
pénalisation a la Birgé-Massart pour créer un estimateur complétement automatique
de I’état d'un oscillateur harmonique.

Au passage, j'ai prouvé que nous récupérions une vitesse d’estimation polynomiale
bien que nous soyions en dimension infinie, du moment que nous avons une borne
sur 1’énergie.

J’ai de méme utilisé ces méthodes pour la calibration du compteur de photons telle
qu’évoquée par D’Ariano et al. (2004), que j’ai aussi interprétée comme un probléme
classique de données manquantes.

1.3 Discrimination

1.3.1 Motivation

Alice et Bertrand veulent établir et partager une clé cryptographique siire. Alice
envoie alors une suite de particules a Bertrand, ou chaque particule est soit dans
I'état |1)1) soit dans Iétat [1h5). Ces états ne sont pas orthogonaux. Pourtant Bertrand
peut mesurer chacun d’entre eux et obtenir I'un des trois résultats suivants : ’état
est [11), |19), ou «je ne connais pas I’étaty. Quand il a une réponse explicite, I’état
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est toujours correctement identifié. Quand il obtient le résultat douteux, Bertrand
téléphone simplement a Alice pour lui dire de jeter ce bit 1a. Pour une efficacité
maximale, Bertrand doit réaliser une mesure qui donne une solution explicite aussi
souvent que possible.

Or, Eve les espionne. Si elle ne veut pas étre remarquée, elle doit envoyer un état
a Bertrand, quelle que soit la conclusion de sa mesure. Contrairement a Bertrand,
elle n’a pas le droit de dire «je ne sais pas». Donc sa meilleure stratégie consiste
a réaliser la mesure qui lui donnera le plus souvent raison, méme si elle n’est pas
certaine d’avoir correctement identifié ’état. Comme les états ne sont de toute facon
pas orthogonaux, elle finira par faire une erreur et sera repérée.

Ce protocole de distribution de clé quantique a été proposé par Bennett et al. (1992).
Il contient les deux exemples les plus élémentaires de discrimination quantique. Le
cadre général est le suivant. Nous avons un objet quantique, en général un état. Nous
savons qu’il appartient & un ensemble fini. Nous devons deviner duquel il s’agit. Pour
choisir une stratégie optimale, il nous faut une fonction de coiit. Les plus naturelles
sont les deux qui apparaissent dans ’exemple ci-dessus. Le critére de Bertrand est
appelé discrimination optimale sans ambiguité, celui d’Eve discrimination avec er-
reur minimale.

Historiquement, la discrimination avec erreur minimale fut étudiée en premier, dés
Helstrom (1976). En effet, elle correspond aux tests d’hypothéses, un sujet majeur en
statistiques classiques. Ivanovic (1987) a introduit la discrimination sans ambiguité.
Contrairement a la discrimination avec erreur minimale, le probléme classique cor-
respondant est trivial. Cependant, il y a de nombreux liens avec d’autres sujets
d’information quantique, tels le clonage exact (Chefles et Barnett, 1998b) ou la
distillation d’intrication (Chefles et Barnett, 1997).

1.3.2 Reésultats antérieurs

Chefles (2000) et Bergou et al. (2004) ont récemment écrit deux articles de revue,
qui sont mes sources principales pour cette partie historique.

En premier point, remarquons que tous les travaux précédents ont été effectués dans
un cadre bayésien. On peut alors expliciter le probléme d’Eve ainsi : elle essaie de
trouver une POVM P = (P;, P») qui minimise la probabilité moyenne d’erreur, ou
de maniére équivalente qui maximise la probabilité de succeés :

Ps = Ty Tr(plpl) -+ o Tr(ngQ), (130)

ou 7 est la loi a priori et p; = [1;) ().
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Bertrand doit quant a lui maximiser la méme expression (1.30), mais avec une POVM
P = (P, P, P), et la condition supplémentaire Tr(psPy) = Tr(p1P) = 0. Ici P,
correspond & la réponse ambigiie. Avec notre définition d’un probléme statistique
en trois points (ce que nous avons, ce que nous pouvons faire, ce que nous voulons
savoir), la différence se situe sur le second point : ce que nous pouvons faire.

Commencons par suivre Helstrom (1976) sur la discrimination avec erreur minimale.
Comme P, = 1 — Py, en écrivant p; = [1)1) (Y] et |12) (2], nous obtenons

ps = w2 Tr(pz) + Tr(Pr(mip1 — map2)).

Ainsi une POVM optimale est donnée par P; la projection sur le support de la
partie positive de 7 p; — mopo. En particulier, la POVM est observable. Ceci résout
la discrimination avec erreur minimale pour deux états, méme s’ils sont mélangés
La méme stratégie fonctionnerait si nous ajoutions des poids aux différentes erreurs.

Les difficultés pour ’erreur minimale commencent quand nous avons plus de deux
états possibles, disons N. Nous pouvons écrire la probabilité de succes sur le modéle
de I’équation (1.30), c’est-a-dire >, m; Tr(P;p;). Cependant, nous ne pouvons plus
utiliser I’astuce du remplacement de P, par 1 — P, et il n’y a pas de solution générale
au probléme de maximisation. Résumons ce que nous savons, néanmoins.

Pour commencer, Eldar (2003) a montré que 'une des POVMs optimales était tou-
jours une observable, du moment que les p; sont linéairement indépendants. Via les
multiplicateurs de Lagrange, Holevo (1973) et Yuen et al. (1975b) ont donné une so-
lution implicite ; les conditions suivantes sont nécessaires et suffisantes pour qu’une
POVM soit optimale :

Py(mip; — mjp;) Py = 0,

(mrpr) P — mip; >0,

] =

k=1

pour tout 1 <17,7 < N.

Nous avons des solutions analytiques dans quelques cas particuliers (Barnett, 2001,
Yuen et al., 1975b; Andersson et al., 2002). Le plus intéressant est celui ou le prob-
léme est covariant, ¢’est-a-dire quand 7; = 1/N pour tout 7, et il y a un opérateur
unitaire V tel que V¥ = I et p; = Vi~1p; V=% Nous pouvons alors appliquer Holevo
(1982) et chercher une solution de la forme P, = VIZV ™", ou = est appelée le germe
de la POVM. Ce point de départ a permis d’abord a Ban et al. (1997) pour les
états purs, puis a Eldar et al. (2004) et Chou et Hsu (2003) pour les états mélangés
généraux, de dériver une solution. Ils ont obtenu la «mesure racine carréey, qui pour
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des états purs |1);) devient :
P, = B2 y) (i B~
with B = Z|¢z><¢z|

Quoique nous avons une solution explicite pour deux états, il est difficile de dire a
quelle vitesse nos prédictions s’améliorent qui nous avons n copies du méme état,
si bien que nous devons discriminer entre p™ et p5™. Les travaux récents se sont
concentrés sur cette vitesse, et sur quelle classe de mesures peut 'atteindre (Hayashi,
2002b; Nagaoka et Hayashi, 2007; Nussbaum et Szkola, 2006; Audenaert et al., 2007,
Kargin, 2005). Ils utilisent essentiellement des bornes de Chernoff quantiques ou le
théoréme de Sanov, c’est-a-dire la théorie des grandes déviations quantiques. Ces

résultats sont également exprimés dans le cadre minimax.

Enfin, puisque nous essayons de minimiser  une fonctionnelle
linéaire sous des contraintes linéaires, & savoir que P doit étre une POVM, la pro-
grammation linéaire semi-définie permet un traitement numeérique efficace (Jezek
et al., 2002).

Riis et Barnett (2001) ont implémenté expérimentalement la situation d’Eve, c’est-a-
dire la discrimination entre deux qubits, tandis que Clarke et al. (2001b) a réalisé la
discrimination des états trines et tétrades, i.e. trois et quatre états purs qui forment
les sommets d’un triangle et d’un tétraédre réguliers.

Revenons-en au probléme de Bertrand, la discrimination sans ambiguité de deux
états [Y) et [19). Pour la loi a priori équiprobable m; = m = 1/2, Ivanovic
(1987); Dieks (1988) et Peres (1988) ont trouvé la mesure optimale. La probabilité
correspondante d’obtenir un résultat explicite est alors appelée la limite IDP :

ps =1—[(¢1]ha)]. (1.31)

Comment arrive-t-on a ce résultat? Tout d’abord, la seule partie pertinente de
I’espace est celle générée par les deux vecteurs |1)1) et [15), et est donc de dimension
deux. Nous pouvons ainsi considérer la base biorthogonale a (11, 15), c’est-a-dire
la base non orthogonale (wy,ws) caractérisée par (w;|i;) = d;; pour 1 < 4,5 < 2.
De plus, I'élément de POVM P, doit satisfaire a Tr(Pyps) = 0, ou de maniére
équivalente, son support doit étre orthogonal & [1)9). Donc Py = ¢1|wy){w;|. De méme,
Py = co|ws)(ws|. Nous devons donc simplement trouver les ¢; et ¢ qui maximisent
(1.30) tout en gardant P, + P, < I. Alors P, = [ — P, — P,. Par symétrie, si m = 7,
nous devons avoir ¢; = ¢o. Nous prenons donc le ¢; le plus grand tel que P+ P, < I.
Les calculs ménent a (1.31).
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La discrimination sans ambiguité, contrairement & la discrimination avec erreur
minimale, se généralise assez bien a plusieurs états purs. En revanche, discriminer
méme entre deux états mélangés est difficile.

Jaeger et Shimony (1995) ont généralisé au cas m; # mo. Pour plus de deux états purs,
nous pouvons commencer notre raisonnement de la méme maniére : nous écrivons
P, = ¢j|lwi){wil|, avec {w;}i1<i<n la base biorthogonale de {;}1<;<n. Nous avons
donc & gérer uniquement N coefficients. Mais nous n’avons pas en général de solution
explicite. Les cas particuliers résolus incluent le cas covariant, ou |¢;) = Vi), et
VN =T =VV* (Chefles et Barnett, 1998a). Les principaux résultats pour plusieurs
états purs sont des bornes supérieures et inférieures sur la probabilité de succes.
Zhang et al. (2001) ont prouvé que :

ps<1- s 3 yEmI W)

1<), k<N
J#k

Remarquons que la limite IDP sature cette borne. De l'autre coté, Sun et al. (2002)

ont montré que pg était plus grande que la plus petite valeur propre de la matrice

N x N dont les éléments sont les produits scalaires (1;]¢;). Ils ont utilisé des travaux

antérieurs de Duan et Guo (1998), portant sur le clonage.

Cependant, ’essentiel de la littérature tourne autour de la discrimination de deux
états mélangés, ou davantage. Je serai bref comme je n’ai pas abordé ce cas la.
Rudolph et al. (2003) ont donné des bornes inférieures et supérieures sur la proba-
bilité de succés pg, et montré qu’elles correspondent souvent. En résultat annexe, ils
donnent une solution quand le rang des matrices densité est la dimension de ’espace
de Hilbert moins un. De plus, Raynal et al. (2003) ont montré qu’ils pouvaient ré-
duire I’étude de la discrimination a celles de deux matrices densité de méme rang sur
un espace de Hilbert de dimension deux fois ce rang. De plus, Feng et al. (2005) a
donné des bornes supérieures pour la discrimination entre N états mélangés, et Qiu
(2007) une borne inférieure. Herzog et Bergou (2005); Raynal et Liitkenhaus (2005);
Herzog (2007) ont fourni des solutions explicites dans plusieurs cas particuliers.

Comme pour la discrimination avec erreur minimale, Eldar (2003) a montré que nous
pouvions utiliser les techniques de programmation linéaire semi-définie. Qui plus est,
Huttner et al. (1996); Clarke et al. (2001a) ont implémenté expérimentalement la
situation de Bertrand, c’est-a-dire la discrimination entre deux états purs. Mohseni
et al. (2004) a également mis en pratique le cas plus compliqué de la discrimination
entre un état pur et un état mélangé.

Jusqu'’ici, nous avons uniquement évoqué la discrimination entre états. On peut
souhaiter discriminer entre d’autres objets quantiques, par exemple entre des canaux.
Nous avons un canal £ dont nous savons qu'il fait partie d’'un ensemble fini {&; }1<;<.
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Nous devons sonder la boite noire £ avec un état p. Nous obtenons £(p) en sortie, et
devons ensuite discriminer entre les états £;(p). Nous sommes de retour a la situation
précédente, a ceci prés que nous devons choisir ’état d’entrée pour obtenir les sorties
les plus faciles a distinguer. Le choix de ’entrée est le point le plus difficile, et souléve
ses propres questions, comme de déterminer si un systéme auxiliaire peut s’avérer
utile.

Childs et al. (2000b) ont été les premiers a étudier la discrimination avec erreur
minimale pour des canaux unitaires, en insistant sur les applications en informa-
tion quantique, telles I'algorithme de Grover (1996) pour les recherches en bases
de données. Sacchi (2005b) ont considéré des canaux de Pauli, comme exemple élé-
mentaire de canaux non unitaires. La discrimination sans ambiguité a été abordée
plus récemment. Wang et Ying (2006) a trouvé sous quelles conditions deux canaux
peuvent étre distingués sans ambiguité, soit avec une entrée, soit avec plusieurs.
Dans ce dernier cas, intriquer les états en entrée améliore en général les résultats.
Enfin, Chefles et al. (2007) ont rassemblé les résultats connus en discrimination
sans ambiguité, et en ont ajouté d’autres, dans un article clairement motivé par
I'informatique quantique. Davantage de travail est nécessaire sur ces questions.

Quoiqu’ils n’apparaissent pas dans cette thése, la discrimination recouvre d’autres
aspects. Une premiére classe de problémes vient de l'utilisation d’autres critéres
d’optimalité (par exemple Fiurasek et Jezek, 2003; Touzel et al., 2007; Sasaki et al.,
2002). Herzog et Bergou (2002) ont aussi exploré la discrimination entre classes
d’états, ou filtrage. Une extension a la mode est la suivante : nous avons jusqu’ici
supposé que nous pouvions utilisé n’importe quelle mesure permise par la physique.
Mais si nous partons d'un état produit, nous ne pouvons pas forcément effectuer
des mesures collectives, et devons nous restreindre aux mesures LOCC. Une ap-
plication possible est le partage du secret : trouver un état qu’Alice et Bertrand
pourront identifier s’ils coopérent, mais pas individuellement. Un tel état devrait
étre symétrique. Un point de départ pour la bibliographie est I'article de revue de
Bergou et al. (2004), et ses références, ou le travail plus contemporain d’Owari et
Hayashi (2008).

1.3.3 Contributions de la thése

Comme je I’ai déja mentionné, tous les travaux antérieurs utilisaient le cadre bayésien,
exigeant une probabilité a priori. Mon travail, réalisé en collaboration avec G.M. d’Ar-
iano et M.F. Sacchi, a consisté en I’étude du cadre minimax, particuliérement utile

s’'il n’y a pas de raison physique de choisir une loi a priori.

A partir du lien entre risques minimax et bayésiens, donné dans la Section 1.1.1,
nous avons exprimé la solution quand les états sont covariants. Cette solution est
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la méme que pour la loi a priori uniforme. Relevons une différence importante avec
le scénario bayésien : méme pour la discrimination avec erreur minimale entre deux
états, la mesure optimale n’est en général pas une observable.

Nous avons aussi prouvé qu’il y a toujours une solution minimax a la discrimination
avec erreur minimale pour tout ensemble fini d’états éventuellement mélangés p;, ol
tous les états ont la méme probabilité d’étre identifiée, autrement dit ou Tr(p; P;) ne
dépend pas de 1.

La discrimination sans ambiguité minimax se révéle plus simple que la discrimination
bayésienne pour plusieurs états purs : nous avons toujours une solution explicite. De
maniére similaire & nos explications sous I’équation (1.31), nous pouvons prouver
que les éléments de POVM doivent étre de la forme P, = ¢;|w;) (wi], ot {w;} est
une base biorthogonale & {1;}. Alors les ¢; sont tous donnés par la valeur propre la
plus basse d’une matrice dépendant des w;. Quand il y a plusieurs solutions, nous
pouvons raffiner le critére minimax pour en choisir une unique.

Nous avons également étudié la discrimination avec erreur minimale entre deux
canaux de Pauli. Quand nous pouvons utiliser un systéme auxiliaire, nous avons
montré que 'efficacité maximale était obtenue avec un état d’intrication maximale,
tout comme dans le cas bayésien. Nous avons aussi caractérisé les canaux de Pauli
pour lesquels I'usage d’un systéme auxiliaire améliore les chances de succés. Point
intéressant, si dans le cas bayésien nous pouvons toujours choisir un état propre de
I’'une des matrices de Pauli en entrée, ces choix peuvent ne pas étre optimaux au
sens minimax.

1.4 Estimation Rapide d’Opérations Unitaires

1.4.1 Motivation

[’évolution d’un systéme quantique en 1’absence de mesure est unitaire. De ce fait,
considérer cette évolution comme une boite noire a estimer signifie estimer un opéra-
teur unitaire. Cela peut nous fournir des informations sur la physique du systéme.

Il y a aussi de nombreux cas en information quantique ot nos devons estimer une
opération unitaire, le plus souvent car cela correspond a l’orientation des vecteurs
de base, c’est-a-dire la partie purement quantique d’un état.

Ces deux catégories de problémes en téte, nous pouvons donner davantage de détails
sur les diverses applications. Certaines requiérent juste I’estimation d’un paramétre :



1.4 Estimation Rapide d’Opérations Unitaires 37

Horloges quantiques L’évolution d'un systéme est donnée par U, = e, Une
horloge quantique consiste a estimer le parameétre libre ¢, c’est-a-dire le temps.
Nous devons donc réaliser de I'estimation dans une famille d’unitaires & un
paramétre (Buzek et al., 1999).

Mesures de précision Plus généralement, les petites forces de forme connus et
d’intensité inconnue vont apparaitre dans l'opérateur d’évolution comme U =
e!H  Déterminer ¢ revient & déterminer la force. Un usage notable concerne
les accélérométres (Yurke, 1986).

D’autres applications exigent de déterminer tout 'opérateur :

Transmission de repéres de référence Quand Alice et Bertrand veulent com-
muniquer en échangeant des qubits, ou plus généralement des états a d di-
mensions, ils doivent se mettre d’accord sur les axes de la mesure, c’est-a-dire
le repére de référence (Holevo, 1982). Ces axes vont tourner durant la trans-
mission des particules d’Alice a Bertrand. Ce dernier doit donc estimer la
rotation des axes, soit I’évolution unitaire des objets. Remarquons néanmoins
I’existence de protocoles basés sur les représentations de groupe, ot les repéres
de référence sont superflus (Bartlett et al., 2003).

Estimation d’états d’intrication maximale Les états d’intrication maximale sont
des ressources fondamentales en téléportation quantique (Bennett et al., 1993)
ou en information quantique (Ekert, 1991). Pour atteindre & une efficacité max-
imale, néanmoins, Alice et Bob doivent savoir quel état d’intrication maximale

1

ils partagent, soit quel est 'unitaire U tel que |[¢) = 5> |i) @ U [7).

1.4.2 Reésultats antérieurs

A ma connaissance, Yurke (1986) a été le premier a remarquer qu'un parameétre d’une
évolution quantique pouvait étre estimé & un taux 1/N? (pour l'erreur au carré), ou
N est le nombre d’états qui subissent 1’évolution. C’est extrémement remarquable,
puisque les paramétres ne peuvent en général étre estimés qu’a vitesse 1/N dans les
situations classiques.

Ce genre d’estimation rapide, qui utilise I'intrication entre les états en entrée, sature
ce que les physiciens appellent la limite de Heisenberg, la limite fondamentale a la
précision des mesures quantiques. Giovannetti et al. (2004) ont récemment écrit un
article de revue de ce genre d’estimation accélérée, et font mention d’expériences. La
plupart des méthodes pratiques reposent soit sur des photons obtenus par conversion
paramétrique (e.g. Eisenberg et al., 2005), soit sur des piéges a ions (e.g Dalvit et al.,
2006) soit, sur des atomes en cavité QED (e.g. Vitali et al., 2006).

Acin et al. (2001) ont les premiers donné la forme générale de I’état d’entrée op-
timal, avec des coefficients non spécifiés dépendant de la fonction de coiit, pour
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tout probléme d’optimisation bayésienne uniforme avec une fonction de cotit SU(d)-
covariante. Quand nous avons le droit d’envoyer N particules a travers 'opérateur
unitaire, elle s’écrit, :

c(\) 0 5 5
9)= P ——= ), (1.32)

—

Xx=n \/D(A) i=

oit nous utilisons les notations du Chapitre 4 pour les représentations de groupe.
Les coefficients ¢(X) dépendent de la fonction d’optimisation, et les |¢}) forment
une base orthonormale de I’espace H*. Seules les N premiéres particules, correspon-
dant a la droite du produit tensoriel, sont envoyées a travers I’opérateur unitaire ?
Comme notre probléme initial est entiérement invariant sous l'action de SU(d), il
n’est pas surprenant que la solution le soit également. Plus tard, Chiribella et al.
(2005) ont généralisé cette équation a d’autres symétries, et spécifié les coefficients
comme coordonnées d’un vecteur propre d’'une matrice dépendant des coefficients
de Clebsch-Gordan.

Les travaux ultérieurs se sont concentrés sur SU(2). Peres et Scudo (2001) ont
été les premiers a donner une stratégie convergeant a vitesse 1/N? avec la fidélité
comme fonction d’évaluation, bien que I’état d’entrée n’ait pas été covariant. Bagan
et al. (2004a) a alors trouvé les bons coefficients dans 1'équation (1.32) et atteint
la méme vitesse, avec la constante optimale 72/N?. Puis Bagan et al. (2004b) ont
Chiribella et al. (2004) noté que 'on pouvait se passer de systéme auxiliaire. On
a alors moitié moins de particules a préparer. Ils remplacent l'intrication avec des
particules extérieures par une «auto-intricationy», basée sur le fait que la multiplicité
M(X) de la plupart des représentations irréductibles est suffisamment élevée dans
la représentation N-tensorielle.

Hayashi (2004) ont établi des résultats similaires avec des critéres minimax. En ce
qui concerne SU(d), Ballester (2005b) a juste donné une indication que cette vitesse
de 1/N? pouvait étre atteinte. Il a trouvé un état d’entrée telle que la matrice
d’information de Fisher quantique (1.27) se comporte en 1/N?. Il n’a pas trouvé de
procédure d’estimation compléte, cependant.

Notons que ces hautes vitesses ne peuvent pas étre généralisées a des canaux arbi-
traires. En effet, de nombreuses familles continues de canaux peuvent étre program-
mées par une famille continue d’états py, c’est-a-dire que nous pouvons choisir une
opération unitaire agissant sur o ® pg, et observer uniquement ’effet sur o. Alors,
estimer 6 pour les canaux revient a I’estimer pour les états pp. A cause de la borne
de Cramér-Rao classique (1.15), cette derniére estimation est toujours plus lente que
1/N (Jiet al., 2006). Fujiwara et Imai (2003) ont explicitement dérivé de taux max-
imum de 1/N pour les canaux de Pauli généralisés, et mentionnent une remarque
équivalente de Hayashi (2006).
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1.4.3 Contributions de la thése

Acin et al. (2001) et Chiribella et al. (2005) ont fourni une forme générale pour
estimer de maniére optimale une opération unitaire. Cependant, on ne peut y lire
la vitesse. Mon travail a consisté a trouver des coefficients C(X) dans l'état (1.32)
pour lesquels les calculs sont possibles, et prouver que nous atteignions encore la
vitesse 1/N?, a la fois dans les cadres bayésiens et minimax. Imai et Fujiwara (2007)
ont depuis indépendamment donné une interprétation de géométrie différentielle a
ce taux.

L’idée est la suivante : les calculs montrent que ¢(X) doit étre presque égal a c(X)’
pour Xet N correspondent & des tableaux de Young qui ne différent que d’uge boite.

Quand \; = \;y; pour un i donné, nous devons aussi prendre un petit ¢(A). Nous
choisissons alors nos coefficients proportionnels a

d

c(X) = H()\z — Xit1),

i=1

et vérifions que nous avons la bonne vitesse.

1.5 Mesures a Valeurs dans les Opérateurs Positifs
Propres

Nous avons un appareil de mesure P. Nous pourrions vouloir réutiliser ce cotiteux
appareil pour des effectuer des mesures différentes. A cette fin, nous pouvons trans-
former p avant d’utiliser notre appareil. Cette combinaison d’une transformation et
d’une mesure correspond a un nouvel instrument de mesure Q.

Ce scénario, illustré par la Figure 1.5, souléve quelques questions naturelles. Math-
ématiquement, nous partons d’'une POVM P et obtenons une nouvelle POVM
Q = &(P) par I'application préalable d’un canal £ & I'état p. Nous disons alors
que P est plus propre que Q. C’est un pré-ordre, noté P = Q. On peut se deman-
der, cependant, & P et Q fixés, s'il y a un canal £ tel que Q = £(P). A P fixe,
quelles sont les POVMs Q équivalente en propreté a P, i.e. telles qu’on ait a la
fois P = Q et Q > P 7 Néanmoins, la premiére étape pour la compréhension de
cette relation d’ordre est la connaissance de ses points maximaux : quelles sont les
POVMs propres, i.e. les POVMs P telles que Q = P implique P = Q7
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F1G. 1.3 — Nous appliquons le canal £ a p avant de le mesurer avec la POVM P.
L’opération globale, qui renvoie des données classiques ¢ a partir de 1’état p, peut
étre vue comme la mesure de p avec une POVM Q. Nous disons que P est plus

propre que Q.

1.5.1 Reésultats antérieurs

Le pré-ordre «plus propre que» a été introduit par Buscemi et al. (2005), pour
formaliser le traitement a priori des POVMs, par opposition a leur traitement a
posteriori, ¢’est-a-dire le traitement classique des données classiques de sortie.

Pour nous donner une certaine perspective, , mentionnons quelques autres ordres

habituels sur les POVMs (Heinonen, 2005) :
— Une POVM P donne plus d’information qu’une POVM Q si elle permet de dis-

tinguer toutes les paires d’états que Q permet de distinguer. Une POVM permet de
distinguer deux états si les distributions de probabilité des sorties sont différentes.
Les POVMs maximales pour dette relation sont dites infocomplétes (Prugoreveki,
1977).

— Larelation d’ordre plus faible «avoir une plus grande force de détermination d’état
que» a également les POVMs infocomplétes comme éléments maximaux. Une
POVM détermine un état si la loi de la sortie ne peut étre obtenue qu’avec cet
état en entrée (Busch et Lahti, 1989; Davies, 1970).

— Une POVM Q est une version floue (Martens et de Muynck, 1990) de P si elle
peut étre obtenue par un traitement a posteriori de la sortie de P. Les POV Ms
maximales sont alors les POVMs de rang un Buscemi et al. (2005), i.e. dont tous

les éléments sur les singletons sont de rang un au plus.
Remarquons que si Q est une version floue de P, alors P donne plus d’information

que Q. Cependant, il n'y a pas de relations entre les éléments maximaux. Remar-
quons aussi que les POVMs de rang un sont les points extrémaux de ’ensemble
convexe des POVMs. Si la fonction d’optimisation est convexe, ce qui est souvent le
cas, les solutions correspondantes sont de rang un (Helstrom, 1976).

La relation «plus propre que» se révéle assez dénuée de liens avec les relations précé-
dentes. La caractérisation de ses points maximaux est aussi un probléme difficile.
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Nous connaissons déja certains résultats partiels, néanmoins. Buscemi et al. (2005)
ont prouvé que les POVMs de rang un sont propres, de méme que les POVMs o la
valeur propre maximale de chaque élément est un. Ce dernier cas part du principe
que P doit avoir le méme nombre de valeurs possibles en sortie que Q. Si nous ad-
mettons que P puisse en avoir plus, alors ces derniéres POVMs ne sont pas propres,
a moins d’étre de rang un. En effet, aucun traitement a priori ne pourra augmenter
le nombre de valeurs possibles en sortie, tandis qu'une observable de rang un traitée
a priori peut générer toute POVM a d sorties : il suffit de mesurer Q et préparer
I’état propre ¢ comme entrée de 1’'observable.

Buscemi et al. (2005) ont également prouvé que si Q est infocompléte et P = Q,
alors P est aussi infocompléte, et qu'un effet, c¢’est-a-dire une POVM a deux sorties,
P = {P;,1 — P} est plus propre quun effet Q = {Q1,1 — @1} si et seulement
si [Am(Pr), A (P1)] D [Am(Q1), A (Q1)], ot Ay et Ay sont les plus petites et plus
grandes valeurs propres.

Le reste de leur travail s’appuie sur les notions de relations d’ordre et d’équivalence
liées.

La plus élémentaire est I’équivalence unitaire. Les POVMs P et Q sont unitairement
équivalentes si on peut obtenir Q a partir de P en utilisant un canal unitaire,
i.e. UP,U* = @Q; pour tous les éléments de POVM. Nous pouvons alors revenir a
P par application du canal unitaire inverse. Ainsi, ’équivalence unitaire implique
I’équivalence en propreté. L’inverse n’est pas vrai : prenons par exemple deux effets
en dimension trois, avec P; = |¢) (¢| = 1 — Q. Alors nous n’avons pas équivalence
unitaire, mais A\, (P1) = 0 = A\, (Q1) et Ay (P1) =1 = Ay (Q1), donc P et Q sont
équivalentes en propreté. Néanmoins les équivalences unitaires et en propreté sont les
mémes dans un certain nombre de cas particuliers : pour les POVMs infocomplétes,
pour les qubits, i.e. quand I’espace de Hilbert est de dimension 2, et pour POVMs
de rang un.

Pour donner une idée des méthodes, prouvons la derniére assertion sur les POVMs
de rang un. Nous pouvons écrire Q; = Ay (Q;) [10:) (1] avec |¢p;) normalisé. Nous
pouvons écrire Ay (Qi) = Tr(Qs [¢i) (¢i]) = Tr(BE([¢) (¢i])). Comme E([4hy) (i)
est un état, cette derniére expression vaut moins que Ay (P;) < Tr(P;). Comme les
POVMs sont normalisées, nous savons que » . Ay(Q;) = d = >, Tr(F;), ot d est
la dimension de 'espace de Hilbert. Donc Tr(P;) = Ay (Q;) = Ay (P;), si bien que
P, = My (Q;) |:) (¢;] pour un certain |¢;) de norme un. Donc E(|¢;) (¥i]) = |o:) (&il.
Donc E(Id) = >, Au(Qi)E(JWi) (i) = >, P = Id, autrement dit £ préserve a
la fois la trace et l'identité. Donc son dual aussi, qui envoie |¢;) sur [¢;). Nous
terminons la preuve en rappelant qu’il existe deux canaux envoyant un ensemble
d’états purs sur un autre, et réciproquement, si et seulement si ces deux ensembles
sont unitairement équivalents (Chefles et al., 2003).
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[L’autre relation d’ordre qu’ils utilisent est «avoir une plus grande portée», notée
P D, Q, ou la portée est I'ensemble des distributions de probabilité possibles a
obtenir en sortie, i.e. {(Tr(pP;)); : p état}. Comme nous pouvons fournir £(p) en
entrée de P et obtenir le méme résultat que si nous avions fourni p en entrée de
Q, la relation «plus propre que» est plus forte que «avoir une plus grande portée.
L’inverse n’est pas vrai. Toutefois, s’il existe une POVM infocompléte M sur le
méme espace de Hilbert, telle que P ® M D, Q ® M, alors P = Q. La présence de
M assure que ’application définie sur I’espace engendré par les éléments de POVM
{P;} par £(P;) = Q; est complétement positive, et donc peut étre étendue a tout
’espace, par le théoréme d’extension d’Arveson (1969).

Enfin, Buscemi et al. (2005) ont aussi prouvé que I’ensemble Cp g des canaux € qui
vérifient £(P) = Q est un ensemble convexe. Nous avons peu de résultats généraux
qui concernent également les POVMs non propres.

1.5.2 Contributions de la thése

Nous avons vu que nous n’avions pas, a I’heure actuelle, de caractérisation des
POVMs propres. Cette thése donne une condition suffisante, et prouve que cette
condition est aussi nécessaire pour une certaine catégorie de POVMs, qui inclut
notamment toutes les POV Ms sur les qubits. Nous avons donc caractérisé les POVMs
pour les qubits.

Nous utilisons deux idées principales. Commencons par nous donner une POVM P.
Nous voulons prouver qu’elle est propre. En d’autres termes, étant donnée Q telle
que Q = P, nous voulons prouver que l'inverse P = Q est aussi vrai. Le cas le plus
simple est celui ou P = £(Q) avec £ unitaire. Nous essayons donc de trouver une
condition sur P sous laquelle £ est unitaire pour tout Q.

Maintenant, par la représentation de Kraus (1.23), nous savons que P, = ) R:Q); R,.
Tous les éléments de la somme sont positifs, donc P; > R} (Q;R, pour tout i et a.
En particulier, le support de R} (Q;R,, doit étre inclus dans le support de P;, en tant
qu’opérateurs sur l'espace de Hilbert H. Ceci nous fournit d — dim(Supp(F;)) équa-
tions linéaires homogénes sur les éléments matriciels de R,, pour chaque vecteur
dans le support de ;. Si nous obtenons par ce biais d? — 1 équations indépendantes,
les matrices R, sont déterminées a constante prés, et la contrainte R:R, = Id
suffira & prouver que &£ est unitaire.

La difficulté dans ce scénario réside dans la dépendance de ces équations en Q.
J’introduis donc la définition suivante : un ensemble de sous-espaces de ‘H détermine
totalement H s’ils fournissent suffisamment d’équations pour tout {@;} quand ils
sont les supports des P;. Il se révéle qu'un ensemble de vecteurs {[¢;)}, soit un
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ensemble de supports de dimension un, détermine totalement H si et seulement si,
pour toute paire de sous-espaces propres supplémentaire V et W, il existe un ¢ tel

que [1;) €V et [v;) € W.

Ceci fournit une condition suffisante pour qu’une POVM soit propre, et elle peut
étre vérifiée algorithmiquement. J’ai également prouvé qu’étre de rang un ou vérifier
cette condition était nécessaire si tous les éléments de POVM sont soit de rang un,
soit de rang plein. J’appelle pareilles POVMs des POVMs quasi-qubit, comme toutes
les POVMs qubit sont quasi-qubit.

La nécessité est prouvée en considérant des canaux £ qui sont proches de I'identité,
et dont 'inverse est une application positive. On peut alors considérer Q = £71(P)
et il nous faut prouver que Q est une POVM. Un choix précis de V et W tels que
donnés dans le paragraphe précédent permet de s’en assurer.

Pour les qubits, les POVMs propres sont donc les POVMs de rang un d’une part, et
les POVMs ayant au moins trois éléments de rang un non colinéaires deux a deux.
Cette derniére condition est une traduction plus intuitive de «détermine totalement
» dans le cas des qubits.

1.6 Sous-algébres complémentaires

1.6.1 Motivation

Nous avons deux qubits intriqués. Nous les laissons évoluer comme nous le souhaitons,
puis mesurons I'un d’entre eux. Comment les laisser évoluer si nous voulons recon-
struire I’état de ces deux qubits avec aussi peu d’évolutions, et aussi efficacement
que possible ?

Formellement, ce probléme se traduit comme celui d’estimer un état sur C? @ C2.
Nous avons quinze parameétres réels a estimer. Nous avons le droit de mesurer les
états réduits sur un sous-espace de dimension 2, c’est-a-dire sur les deux premiéres
coordonnées de WC*, ot W est unitaire, correspondant a 1’évolution. Chaque W
génére un état réduit, correspondant a trois paramétres. Nous voulons utiliser aussi
peu de transformations W que nous le pouvons.

Nous avons a I’évidence besoin d’au moins cinq W différents. Nous pouvons dans
un premier temps nous demander si ce nombre est suffisant. Nous pouvons aussi
essayer de trouver un ensemble optimal de WW. Nous répondons a ces deux questions
en remarquant que connaitre un état, c’est connaitre ses valeurs moyennes sur toute
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’algebre des observables Ms(C) ® My (C). Connaitre ’état réduit sur différents sous-
espaces, c¢’est connaitre I’état original sur les sous-algébres A; = W;(My(C)® Id)W},
pour différents ;. Donc les états réduits déterminent I'état d’origine si et seulement

si les sous-algébres A; générent linéairement, en tant qu’espace vectoriel, I’algébre
initiale My(C) ® My(C).

Intuitivement, nous obtenons autant d’informations que possible si les sous-algébres
A; différent autant que possible 'une de I'autre. Mathématiquement, nous traduisons
cela en demandant que les sous-algébres soient complémentaires, c’est-a-dire que
(A; — C1) soit orthogonale a (A; — C1) pour i # j et le produit scalaire (A|B) =
Tr(A*B) sur My(C).

En résumé, nous cherchons cinq sous-algebres de M, (C) chacune isomorphe a M;(C),
et complémentaires deux a deux.

1.6.2 Reésultats antérieurs

Petz, Hangos, Szanto, et Szollési (2006) ont introduit les notions et probléme précé-
dents. Ils étaient également motivés par ’analogie avec les observables complémen-
taires, telles la position et 'impulsion. Schwinger (1960) ont peut-étre été les pre-
miers & en donner une approche rigoureuse dans les espaces de dimension finie.
Deux observables d'un espace de Hilbert de dimension d sont complémentaires si
leurs bases propres vérifient (¢|i)) = 1/d pour tout ¢ dans la premiére base et 1)
dans la seconde. Ces bases sont fréquemment utilisées en information quantique,
que ce soit pour la discrimination d’états (Ivanovic, 1981), pour le «probléme du
Méchant Roi» (Kimura et al., 2006) ou en cryptographie quantique (Bruss, 1998).
Maintenant, nous pouvons associer a une observable I'algébre commutative des élé-
ments diagonaux dans leur base propre. Deux observables sont complémentaires si
et seulement si les algébres commutatives correspondantes sont complémentaires.
L’importance des observables complémentaires peut donner quelque espoir d’utilité
pour les sous-algébres Ms(C) complémentaires.

Revenons au probléme initial. Petz et al. (2006) ont prouvé que cinq sous-algébres
suffisaient effectivement pour générer My(C) ® My(C). Ils ont exhibé quatre sous-
algébres M,(C) complémentaires. Mais ils n’ont pas pu en trouver cing. Ils ont égale-
ment considéré n qubits, avec M(C)®™ comme algébre correspondante. On a alors
besoin d’au moins (22" — 1)/3 sous-algébres isomorphes & My(C) pour générer 'al-
gebre de départ. Ils ont prouvé que, si 'on se restreignait aux sous-algébres générées
par des éléments de la forme 01 ® 09 ® - - - ® 0,,, ol chaque ¢ est une matrice de Pauli
(1.16), alors cette borne n’est pas saturée, et il nous faut au moins une sous-algébre
supplémentaire.
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Comme choisir des sous-algébres avec pareils générateurs est la maniére la plus
simple d’obtenir des sous-algébres complémentaires, ceci suggére I'impossibilité de
générer tout My(C)®™ avec des sous-algébres complémentaires isomorphes a M(C).

1.6.3 Contributions de la thése

Ce travail est commun avec Dénes Petz. Nous avons prouvé que le nombre maximal
de sous-algeébres complémentaires isomorphes a My(C) dans My(C) @ My(C) était
de quatre.

L’idée est la suivante : nous considérons une base orthonormale d’une sous-algébre
A isomorphe & M5(C) de la forme 1, Ay, Ay, A3. Comme cette base est orthonormale,
les A; sont de trace nulle. Prenons également 1, By, By, B3 comme base orthonormale
de 1 ® M;(C). Si A est complémentaire & M>(C) ® 1, alors >, ;| Tr(A;B;)| > 1.
D’autre part, pour {C;};<1¢ base orthonormale de My(C) ® M5(C), nous avons
> 1 Tr(C;B;)| = 3. Done, il y a au plus trois sous-algébres complémentaires iso-
morphes & M,(C), qui sont aussi complémentaires a My(C) ® 1.

Pour étre complet, je précise que depuis la publication de ce travail, Petz (2006) a
prouvé que I’espace orthogonal aux quatre sous-algébres, plus I'identité, était encore
une sous-algébre, mais commutative.

1.7 Normalité asymptotique locale quantique

1.7.1 Normalité asymptotique locale classique

Comme point de référence et motivation, nous passons rapidement en revue le théorie
de la distance entre expériences et de la convergence d’expériences de Le Cam (1986),
en insistant sur la normalité asymptotique locale.

Wald (1943) a été le premier a avoir I'idée d’approcher une suite d’expériences par
des expériences gaussiennes. Le Cam (1960, 1964) ont alors donné un ensemble précis
de conditions sous lesquelles ces approximations peuvent étre faites, défini une notion
de distance entre expériences, et exploré les conséquences de cette approximation.

Commencons avec deux expériences £ = {py: 0 € O} et F ={qp: 0 € O} ayant le
méme ensemble de paramétres ©. Nous pouvons définir le défaut de £ par rapport a
F a partir d’idées de théorie de la décision. Considérons des fonctions de coiit ¢(6,0")
bornées entre 0 et 1. Le défaut est défini comme I'infimum des € tels que pour toute
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semblable fonction de coiit, pour tout estimateur # dans la seconde expérience F,
il y a un estimateur #¢ dans la premiére expérience qui vérifie :

~ ~

ro(0g) < ro(0x) + € Vo € O,

ou nous avons utilisé les notations précédentes (1.6) pour le risque d’un estimateur
au point 6.

En d’autres termes, a € prés, nous pouvons faire aussi bien dans I'expérience £ que
dans 'expérience F pour toute question que I'on pourrait poser, quelle que soit la
vraie valeur du paramétre. Le défaut est noté §(E, F).

Considérons maintenant un noyau de Markov 7' (donné par I’équation (1.5)) tel que
1T (pg) — qol|; = 2¢ pour tout # € O. Cela signifie approcher les lois de F par celles
de &£. Alors pour toute fonction de coiit ¢ comme ci-dessus, et tout estimateur é;c,
nous pouvons considérer I'estimateur ég défini par I'application de éf a la variable
aléatoire de loi T'(py). Nous obtenons :

~ A~

ro(fe) — rolfr) = / (6, 0(2))T(pp) () — / (6, 0(x))gp(d)
< (sup <(6,0) / (T(po) — q0)* (o)

1 x ||T(po) — qoll, /2

<
<e

Si bien que le défaut est inférieur a €. En fait, I'inverse est aussi vrai'” Nous pouvons
trouver un noyau de Markov qui transforme tout py en ¢y a deux fois le défaut prés.
Nous pouvons donc écrire :

L.
O(E, F) = 5 infsup |[T(po) — aoll, -

Quand nous symétrisons le défaut, nous obtenons une distance, appelée distance de
Le Cam A(E,F). Nous pouvons alors considérer une suite d’expériences &, = {pn¢}
qui converge vers I'expérience limite F pour cette distance. En d’autres termes, il
y a deux familles de noyaux de Markov T,, et S, tels que ||T,,(pno) — qoll, — O et
|Pn6 — Sn(as)|l, — O uniformément en 6.

Iy

Cette convergence avec noyaux est appelée convergence forte. Il existe une autre
convergence, dite convergence faible, basée sur les rapports de vraisemblances.

I7A strictement parler, sans hypothése de domination, il faut utiliser des objets légérement plus
généraux que les noyaux de Markov, appelés transitions. Les idées restent les mémes.
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Considérons I'expérience € = {py}, sur un ensemble de paramétres fini ©. Alors les

rapports de vraisemblance sont les processus stochastiques Ag(E) = {Ziepe} )
0ce

Avec des ensembles de paramétres © infinis, nous disons que &, converge faiblement
vers F si la loi des processus Az(E,) converge faiblement en loi vers Az(F) pour
tout sous-ensemble fini Z de ©.

La convergence faible se révele équivalente a la convergence forte sur les ensembles de
parameétres finis. Donc pour les ensembles dénombrables. Avec quelques conditions de
régularité, cette équivalence peut étre étendue aux ensembles © non dénombrables.

Pourquoi tant de définitions 7 La définition basée sur les fonctions de coiit exprime
la vraie motivation : si £ converge vers F, nous pouvons asymptotiquement répon-
dre aux questions concernant &, de la méme maniére qu’a celles concernant F. La
convergence forte, avec les noyaux de Markov, donne un moyen direct de traduire les
estimateurs d'une expérience a ’autre : nous transformons la premiére expérience,
et appliquons 'estimateur de la seconde expérience. Cela nous assure d’obtenir les
mémes risques. D’un autre coté, exhiber ces noyaux de Markov pour des expériences
réelles n’est pas forcément évident. La convergence des rapports de vraisemblance,
par contre, est assez simple & établir. Et elle suffit & prouver I’existence des noyaux
de Markov. Méme si nous ne connaissons pas ces noyaux, et ne pouvons donc pas
traduire directement les méthodes d’'une expérience a ’autre, nous savons que les
risques optimaux sont les mémes pour tous les problémes, que nous soyons dans un
cadre bayésien ou minimax.

Les bénéfices pratiques de cette théorie sont au plus haut quand I'expérience limite
est simple et bien comprise. Par exemple, les données indépendantes identiquement
distribuées (i.i.d.) sont extrémement fréquentes en statistiques, et peuvent étre vues
comme des variables aléatoires de loi p;"™. Sous certaines conditions de régularité,
elles convergent vers une expérience de décalage gaussienne, qui est en effet trés bien
connue.

Theorem 1.7.1. Normalité asymptotique locale(Le Cam, 1960)
Soit © un sous-ensemble ouvert de R*. Soit
En = {pg‘i’;h/ﬁ : heRk}.

Alors si une famille {pp} est suffisamment réguliere'® autour de 0, la suite d’expéri-
ences &, converge faiblement vers une expérience de décalage gaussienne

F={N(h1,") : h € R*},

18La bonne condition est la différentiabilité en moyenne quadratique. Deux fois différentiable en
0 est plus que suffisant.
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ot J\/'(h,Ie’Ol) la loi normale sur R*, de moyenne h et matrice de covariance Igol
Uinformation de Fisher (1.13) au point 6.

Il y a deux différences avec un théoréme de la limite centrale. Tout d’abord, la
convergence vers la limite est uniforme!'? sur les ensembles qui ne croissent pas trop
vite. Deuxiémement, la matrice de covariance est la méme pour toutes les gaussiennes
de I'expérience limite. Le nom «expérience de décalage» vient de cette observation :
le paramétre est simplement la moyenne de la gaussienne.

Pourquoi est-ce appréciable? Parce que nous connaissons la réponse a la plupart
des questions statistiques habituelles pour les expériences de décalage gaussiennes.
En particulier, nous connaissons un estimateur minimax optimal pour les fonctions
de cotit quadratiques, et nous pouvons traduire cet estimateur pour les expériences
1.1.d. Cette observation constitue la maniére habituelle de prouver I'optimalité de
Iestimateur du maximum de vraisemblance dans ces conditions, par exemple. C’est
la le théoréme que nous aimerions généraliselser au cas quantique.

Le lecteur attentif aura noté que la fonction de coiit quadratique n’est pas bornée en
général, et que nous changeons I’échelle du paramétre h dans nos définitions de &,.
Le théoréme précédent est essentiellement local par nature. C’est déja suffisant pour
démontrer que les bornes de Cramér-Rao (1.15) ne peuvent pas étre meilleures que
dans l'expérience limite. Cependant, nous ne pouvons pas directement traduire la
stratégie utilisée dans I’expérience de décalage gaussienne pour I’expérience initiale.

En pratique, nous contournons ces difficultés en utilisant une stratégie en deux
temps : nous utilisons une proportion négligeable de notre n-échantillon pour ef-
fectuer une estimation préliminaire grossiére, puis utilisons ’estimateur optimal
fourni par la normalité asymptotique locale au point estimé. Nous devons pour
finir vérifier que la partie non bornée de la fonction de coiit contribue de maniére
négligeable a I'erreur globale.

Le Cam a bien davantage développé sa théorie de la convergence d’expériences, pour
d’autres conditions de régularité, ce qui fournit des approximations différentes, et
dans des cadres trés généraux, basés sur les treillis de Banach. La largeur et la
profondeur de cette théorie est suggérée par le volume de son livre de 1986.

1.7.2 Motivation

Dans une expérience physique, nous obtenons souvent en sortie n copies d’un état
préparées de la méme maniére, et voulons apprendre certaines caractéristiques de
cet état, typiquement l'identifier.

YPour que ce point ait du sens, il faut employer une version exprimant la convergence forte.
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Une normalité asymptotique locale quantique nous permettrait de répondre a toutes
ces questions sur les expériences répétées en étudiant juste une expérience, que
nous espérons plus simple. Par analogie avec le cas classique, nous nous attendons
a obtenir une expérience de décalage gaussienne quantique, qui est en effet bien
comprise.

Comme pour la convergence forte avec les noyaux de Markov, nous voudrions trouver
des canaux qui transforment approximativement les états qui nous sont donnés en
états gaussiens, et réciproquement.

Un inconvénient de cette stratégie est que 1’équivalence tient quand nous avons le
droit d’utiliser tout ce que permet la physique, c¢’est-a-dire les mesures et procédures
collectives. Celles-ci peuvent étre difficile & implémenter en pratique. De plus, nous
ne pourrons pas étudier les mesures LOCC ou séparées directement par la normalité
asymptotique locale quantique.

Un avantage d’exhiber les canaux est de permettre, pour peu que ceux-ci puissent
étre implémentés en laboratoire, d’appliquer en pratique les méthodes des expéri-
ences gaussiennes a l'expérience initiale.

1.7.3 Reésultats antérieurs et liés

Le premier pas vers des résultats similaires au cas classique en quantique remonte
a Dyson (1956), qui a remarqué que les fluctuations des composantes du spin total
orthogonales & I'axe z de n spins T purs se comportaient comme 1’état fondamental
d’un oscillateur harmonique quantique. De maniére générale, les physiciens traitent
les états spin cohérents (Holtz et Hanus, 1974) comme des gaussiennes. Kitagawa et
Ueda (1993); Geremia et al. (2004) étendent cette situation aux types d’intrication
qui ressemblent & des états compressés.

Ce genre de résultats peut étre vu comme autant de théorémes de la limite cen-
trale quantique, dont la premiére preuve rigoureuse nous vient de Cushen et Hudson
(1971). Hayashi (2003); Hayashi et Matsumoto (2004) ont prouvé une certaine régu-
larité locale de ces limites et les ont utilisé pour donner la premiére méthode d’es-
timation optimale pour des pour un qubit totalement inconnu, ou des sous-modéles
paramétriques, quand les mesures collectives sont autorisées.

Trouver et expliquer pareilles procédures optimales pour des problémes variés est une
grande motivation de la normalité asymptotique locale quantique. Le probléme de
I’estimation d’un qubit a partir de plusieurs copies a généré une immense bibliogra-
phie, comme il est élémentaire. Les études vont des mesures séparées aux mesures
adaptatives et aux mesures collectives. Les références bayésiennes pour les états purs
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comptent (Jones, 1994; Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al.,
2000; Hannemann et al., 2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004;
Bagan et al., 2005), et pour les états mélangés (Cirac et al., 1999; Vidal et al., 1999;
Mack et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004c; Zyczkowski et Som-
mers, 2005; Bagan et al., 2006). L’approche a point fixé est illustrée dans (Hayashi,
2002a; Gill et Massar, 2000; Barndorff-Nielsen et Gill, R., 2000; Matsumoto, 2002;
Barndorff-Nielsen et al., 2003; Hayashi et Matsumoto, 2004). Les principaux points
a retenir sont les suivants : pour les états purs et pas spécifiquement pour les qubits,
les mesures séparées, qui sont faciles & implémenter, sont asymptotiquement aussi
efficaces que les mesures collectives (Matsumoto, 2002) ; en revanche, pour des états
mélanges généraux, nous pouvons obtenir une réelle accélération par des mesures
collectives (Gill et Massar, 2000) ; les méthodes bayésiennes font en général usage de
la théorie des groupes, et ne sont donc valides que pour les lois a priori uniformes;
Bagan et al. (2006) donnent une mesure optimale avec la fidélité comme fonction de
cotit, et prouvent que cette méthode est aussi asymptotiquement optimale au sens
minimax.

Cependant cette derniére mesure covariante pourrait bien étre trés difficile & implé-
menter en pratique.

A un niveau plus fondamental, Petz et Jencova (2006) ont caractérisé I’ezhaustivité
quantique. Dans le monde classique, une expérience £ est exhaustive par rapport a
une autre F si son défaut 6(E€, F) est nul. Petz et Jen¢ova ont caractérisé 1'exhaus-
tivité notamment par des canaux, équivalents des noyaux de Markov, et par 'usage
de cocycles de Connes, qui peuvent étre vus comme équivalents aux rapports de
vraisemblance.

Sur la base de ce travail, Guta et Jencova (2007) ont prouvé la normalité asymp-
totique locale au sens de la convergence des cocycles de Connes, correspondant
a la normalité asymptotique locale classique faible. Pour étre précis, une expéri-
ence d’états définis sur un espace de dimension finie, dépendant de maniére lisse
du paramétre § dans un ouvert © € C¢ converge vers une expérience de décalage
gaussienne quantique® de dimension d. Cette derniére expérience est une expérience
oil I'état est gaussien®' sur I'espace de Fock F(C?), dont la fonction de Husimi (1.22)
a # pour moyenne et une matrice de covariance fixée.

Nous avons vu a la Section 1.1.3 que la mesure hétérodyne saturait la borne de
Holevo (1.29) pour les expériences de décalage gaussiennes quantiques. Cependant, il
n’y a pour I'heure aucun lien établi entre la normalité asymptotique locale quantique

20Pour étre parfaitement exact, une partie de expérience quantique peut dégénérer en expérience
de décalage gaussienne classique, ce qui correspond & déterminer des valeurs propres a vecteurs
propres fixés

21Les états gaussiens peuvent étre vus comme des mélanges gaussiens d’états cohérents.
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faible et la théorie de la décision, aussi nous ne pouvons pas immédiatement utiliser
ces bornes pour les expériences en dimension finie.

1.7.4 Contributions de la thése

Avec Madilin Gutd, j’ai établi la normalité asymptotique locale forte pour les
qubits (2006). Spécifiquement, nous avons exhibé des familles de canaux T,, et S,
de M,(C)®" dans 7 (F(C)) ® L*(R), et réciproquement, qui envoient les matrices
densité i.7.d. piﬁh/ﬁ pres du produit d'une gaussienne classique a une dimension,
correspondant aux valeurs propres, avec une gaussienne quantique & une dimen-
sion, correspondant aux vecteurs propres. La dérivation de ces canaux, qui repose
sur la théorie des groupes, est lourdement inspirée par les travaux de Hayashi et
Matsumoto (2004).

Nous avons prouvé que la convergence en norme d’opérateurs L' était uniforme
pour ||h|| < n'/4=¢. Ce grand domaine de validité nous assure de pouvoir utiliser les
stratégies en deux temps pour traduire les procédures de I’expérience limite pour
I’expérience initiale.

Nous avons explicité cette stratégie en deux temps, avec Guta et Bas Janssens
(2008), en considérant une interaction en temps continu des qubits avec le champ
électromagnétique. En utilisant les équations différentielles stochastiques quantiques
(Hudson et Parthasarathy, 1984), nous avons prouvé que I’état du champ, ou lumiére
monochromatique, était la partie quantique de T, (p®") pour des temps plus longs
que Inn.

Nous pouvons dés lors utiliser la mesure hétérodyne sur cette lumiére et obtenir une
estimation optimale de la partie quantique. La partie classique reste dans les qubits,
et peut étre récupérée via une mesure du spin total. En pratique, cela sera réalisé
par un autre couplage au champ et une mesure hétérodyne.

Cette stratégie d’estimation est asymptotiquement globalement optimale, a la fois
dans un sens minimax et bayésien pour des lois a priori covariantes, aussi longtemps
que nous sommes éloignés de I'état totalement mélangé. Nous pensons qu’elle doit
étre possible a implémenter en pratique.

Enfin Madalin Guta et moi avons généralisé cette construction des canaux aux qu-
dits, pour toute dimension (2009). La encore, le paramétre local h a le droit de
grandir comme une faible fonction puissance, permettant la traduction des résultats
de I'expérience limite pour ’expérience initiale, notamment en matiére d’estima-
tion de paramétres. Pour montrer que 'optimalité asymptotique de la méthode et
calculer les risques explicites pour des pertes localement quadratiques, nous avons
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également établi des théorémes de représentation asymptotique et asymptotique
minimax quantiques trés généraux.

1.7.5 Perspectives

Des recherches supplémentaires pourraient suivre plusieurs voies :

Equivalence entre convergences d’expériences faibles et fortes

Les expériences limite sont les mémes pour les convergences faibles et fortes.
Le fragment de la normalité asymptotique locale classique le plus important a
manquer encore a son équivalent quantique est la quasi équivalence de ces deux
notions. Comme la convergence faible est relativement plus simple & prouver,
nous en tirerions les mémes bénéfices que dans le cas classique.

Eliminer les singularités de la normalité asymptotique locale
quantique forte

Nos preuves reposent, sur les représentations de groupe. Elles introduisent une
singularité pour les valeurs propres égales, qui n’est pas importante au niveau
des algébres, utilisées pour la convergence faible. C’est pourquoi nous exigeons
pour la convergence forte que les valeurs propres soient deux a deux différentes,
bien que ce soit trés probablement un artefact de la preuve.

Obtenir une preuve de la convergence forte en utilisant uniquement les C*-
algébres semble difficile. Néanmoins, cela nous donnerait automatiquement un
équivalent de la condition classique de «différentiabilité en moyenne quadra-
tique».

Par contre, la singularité générée par les valeurs propres égales a une sig-
nification physique dans notre «implémentation pratique». Elle correspond a
I’égalité des niveaux d’énergie pour les qubits. Comme la lumiére monochroma-
tique est donnée par les transitions entre deux niveaux d’énergie, ce couplage
dégénere.

Traiter d’autres cas

D’autres directions de recherche recouvrent ’explicitation de la convergence
d’expériences pour d’autres cas, non z.2.d., tels les états spin cohérents, ou les
chaines de Markov quantiques.

Convergence d’expériences quantiques avec opérations locales

Un but plus ambitieux serait de définir une distance LOCC entre expériences,
et la convergence correspondante. En d’autres termes définir une équivalence
entre modéles quand nous n’avons le droit qu’aux méthodes LOCC, e pas
a toutes les mesures collectives. La prolifération des scénarios utilisant les
opérations LOCC, en information quantique en particulier, et le fait que ces
méthodes sont plus faciles & implémenter en pratique, feraient tout le prix de
cette théorie.
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Implémentation pratique
Pour finir sur une idée plus réalisable, il devrait étre assez simple de convertir
«l'implémentation pratique» de la normalité asymptotique locale quantique
du cas des qubits a celui des qudits.
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Chapitre 2

Model selection for quantum
homodyne tomography

Ce chapitre dérive de larticle (Kahn).

Résumé : Nous nous intéressons a un probléme de statistique non-
paramétrique issu de la physique, et plus précisément a la tomographie
quantique, c’est-a-dire la détermination de I’état quantique d’un mode de
la lumiére via une mesure homodyne. Nous appliquons plusieurs procé-
dures de sélection de modeéles : des estimateurs par projection pénalisés,
ou on peut utiliser soit des fonctions motif, soit. des ondelettes, et 1’esti-
mateur du maximum de vraisemblance pénalisé. Dans chaque cas, nous
obtenons une inégalité oracle. Nous prouvons également une vitesse de
convergence polynomiale pour ce probléme non-paramétrique, pour les
estimateurs par projection. Nous appliquons ensuite des idées a la cal-
ibration d’un photocompteur, 'appareil dénombrant le nombre de pho-
tons dans un rayon lumineux. Le probléme mathématique se réduit dans
ce cas a un probléme non-paramétrique a données manquantes. Nous
obtenons a nouveau des inégalités oracle, qui nous assurent des vitesses
de convergence d’autant meilleures que le photocompteur est bon.

2.1 Introduction

Quantum mechanics introduces intrinsic randomness in physics: the result of a mea-
surement, or any macroscopic interaction, on a physical system is not deterministic.
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Therefore, a host of statistical problems can stem from it. Some are (almost) specifi-
cally quantum, notably any question about which measurement yields the maximum
information, or whether simultaneously measuring n samples is more efficient than
measuring them sequentially (Gill, 2001). However, once we have chosen the mea-
surement we carry out on our physical system, we are left with an entirely classical
statistical problem. This chapter aims at applying model selection methods a [a
Birgé-Massart to one such instance, which is of interest both practical, as physicists
use this measurement quite often (the underlying physical system is elementary; it
is the particle with one degree of freedom), and mathematical, as it yields a non-
parametric inverse problem with uncommon features.

Moreover, as this classical problem stemming from quantum mechanics could be seen
as an easy introduction to the subject to classical statisticians, we have added more
general notions on quantum statistics at the beginning of the appendix. The inter-
ested reader can get further acquaintance with these concepts through the textbooks
by Helstrom (1976) and Holevo (1982) or the review article by Barndorff-Nielsen
et al. (2003).

More precisely, the problem we are interested in is quantum homodyne tomogra-
phy. As an aside, we apply the results we get to the calibration of a photocounter,
using a quantum tomographer as a tool. The word “Homodyne” refers to the exper-
imental technique used for this measurement, first implemented by Smithey et al.
(1993), where the state of one mode of electromagnetic radiation, that is a pulse of
laser light at a given frequency, is probed using a reference laser beam at the same
(“homo”) frequency. Respectively, “Tomography” is used because one of the physi-
cists’ favourite representations of the state, the Wigner function, can be recovered
from the data by inverting a Radon transform.

Mathematically, our data are samples from a probability distribution p, on R x [0, 7].
From this data, we want to recover the “density operator” p of the system. This is
the most common representation of the state, that is a mathematical object which
encodes all the information about the system. Perfect knowledge of the state means
knowing how the system will evolve and the probability distribution of the result
of any measurement we might carry out on the system. These laws of evolution
and measurement can be expressed naturally enough within the density operator
framework (see Appendix). The density operator is a non-negative trace-one self-
adjoint operator p on L?(R) (in our particular case). We know the linear transform
7 which takes p to p, and can make it explicit in particular bases such as the Fock
basis. We may also settle for the Wigner function W, another representation of the
state. That is a two-dimensional real function with integral one, and p,, is the Radon
transform of WW.

The first reconstruction methods used the Wigner function as an intermediate rep-
resentation: after collecting the data in histograms and smoothing, one inverted the
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Radon transform to get an estimate of . This smoothing, however, introduces
hard-to-control bias. Pattern functions (bidual bases) for the entries of the density
operator p were introduced by D’Ariano et al. (1994), yielding an unbiased estimator
of those individual entries. They were later extended to allow for low noise in the
measurement. Maximum likelihood procedures are used since the work of Banaszek
et al. (1999). For both these estimators, we need an arbitrary cut-off of the density
operator, so that the model is finite-dimensional. Artiles et al. (2005) have estab-
lished consistency of these two estimators used with a sieve. Then, a sharp adaptive
kernel estimator for the Wigner function was devised by Butucea et al. (2007), and
this even if there is noise in the measurement (see subsection 2.3.6).

In this chapter, we devise penalized estimators that fulfill oracle-type inequalities
among the L?-projections on submodels, analyze the penalized maximum likelihood
estimator and apply these estimators to the calibration of a photocounter. Hence,
we provide automatic cut-offs for the estimators formerly mentioned. We can also
cast in the L? projection framework wavelets estimators used for inverting the Radon
transform on classical probability densities, to whom the Wigner function does not
belong. We also have finer granularity for pattern functions, since we threshold them
one by one, instead of keeping a whole submatrix. We get an explicit polynomial
rate of convergence for this estimator. Notice that all our results are derived for
finite samples (all the previous works considered only the asymptotic regime). We
have mainly worked under the idealized hypothesis where there is no noise, however.

The appendix is not logically necessary for the chapter. We have inserted it for
background and as an invitation to this field. It first features a general introduction
to quantum statistics with a public of classical statisticians in mind. We then
describe what quantum homodyne tomography precisely is. This latter subsection
is largely based on the article by Butucea et al. (2007).

Section 2.2 formalizes the statistical problem at hand, with no need of the appendix,
except the equations explicitly referred to therein.

Section 2.3 aims at devising a model selection procedure to choose between L2*-
projection estimators. We first give general theorems (2.3.2 and 2.3.4) leading to
oracle-type inequalities for hard-thresholding estimators. We then apply them to
two bases. One is the Fock basis and the corresponding pattern functions physicists
have used for a while. For it we also prove a polynomial convergence rate for any
state with finite energy. The other is a wavelet basis for the Wigner function. We
finish with a short subsection describing what changes are entailed by the presence
of noise. Especially, we do not need to adapt our theorems if the noise is low enough,
as long as we change the dual basis.

Section 2.4 similarly applies a classical theorem (2.4.2) to solve the question of which
(size of) model is best to use a maximum likelihood estimator on.
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Section 2.5 switches to the determination of a kind of measurement apparatus (and
not any more on the state that is sent in) using a known state and this same
tomographer that was studied in the previous sections. The law of our samples are
then very similar and we apply the same type of techniques (penalized projection and
maximum likelihood estimators). The fact that the POVM (mathematical modelling
of a measurement) is a projective measurement (see Appendix) enables us to work
with L'-operator norm, however.

2.2 The mathematical problem

We now describe the mathematical problem at hand.

We are given n independent identically distributed random variables Y; = (X, @)
with density p, on [0, 7) x R.

This data is the result of a measurement on a physical system. Now the “state” of
a system is described by a mathematical object, and there are two favourites for

physical reasons: one is the density operator p, the other is the Wigner function
W,. We describe them below.

Therefore we are not actually interested in p,, but rather in W, or (maybe preferably)
p- The probability distribution p, of our samples can be retrieved if we know either
por W,

In other words we aim at estimating as precisely as possible p or W, from the data
{Y;}. By “ as precisely as possible”, we mean that with a suitable notion of distance,
we shall minimize E [d(p, p)]. Our choice of distance will be partly dictated by
mathematical tractability.

We now briefly explain what W, and p stand for.

The Wigner function W, : R* — R is the inverse Radon transform of p,. In fact we
would rather say that p, is the Radon transform of W,. Explicitly:

pp(x,9) = /_OO W (z cos ¢ + ysin ¢, xsin ¢ — y cos ¢)dy.

Figure 2.1 might be of some help. An important remark is that the Wigner function
is not a probability density, but only a quasi-probability density: a function with
integral 1, but that may be negative at places. However its Radon transform is a
true probability density, as it is p,.
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Figure 2.1: The value of p, at (x, ¢) is the integral of the Wigner function over the
bold line

Retrieving W, from P, then amounts to inverting the Radon transform, hence the
name of tomography: that is the same mathematical problem as with the brain
imagery technique called Positron Emission Tomography.

As for p, this is a density operator on the Hilbert space L*(R), that is a self-adjoint
positive operator with trace 1. We denote the set of such operators by S(L?(R)).
There is a linear transform T that takes p to p,. We give it explicitly using a basis
of L?(R) known as the Fock basis. This orthonormal basis, which has many nice
physical properties, is defined by:

Ve(x) = Hyp(z)e ™7 (2.1)

where Hj, is the kth Hermite polynomial normalized such that [[¢;||, = 1. The
matrix entries of p in this basis are p;, = (¢, pi). Then T can be written:

T:S(L*(R)) — LYR x[0,7])

p <pp:<a:,¢>~>Zpj,kwj<x>¢k<x>e-“j-k>¢>.

4,k=0
Notice that as we have defined precisely the set of possible p, this mapping yields
the set of possible p, and W,.

The relations between p, W, and p, are further detailed in subsection 2.A.2.

Anyhow we may now state our problem as consisting in inverting either the Radon
transform or T from empirical data.

This is a classical problem of non-parametric statistics, that we want to treat non-
asymptotically. We then take estimators based on a model, that is a subset of the
operators on L*(R), or equivalently of the two-dimensional real functions. These
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models are usually vector spaces, which may not be the domain of the object to be
estimated. To choose a candidate within a given model, there are different methods,
two of which we study, projection estimators and maximum likelihood estimators.
Once we have a candidate within each model, we then use model selection methods
to choose (almost) the best.

We first study projection estimators, for which the most convenient distance comes

from the L? norm
I7lla = /> NP = D Il
ik

where the )\; are the eigenvalues of 7, and the second equality holds for 7 written in
any orthonormal basis. Notice that there is an isometry (up to a constant) between
the space of density operators with L2-operator norm and the space of Wigner
functions with L2-Lebesgue norm, that is:

1
W= Wolg = [ [ Wola.0) = Weta) dpda = 5_l1o ~ 71

For maximum likelihood estimators, we have to make do with the weaker Hellinger
distance (see later (2.24)) on L* (IR x [0, 7]), to which p, belongs.

2.3 Projection estimators

In this section, which owes much to Massart’s book (2006), we apply penalization
procedures to projection estimators. The first subsection explains that we want to
obtain oracle-type inequalities. In the second we obtain a general inequality where
the left-hand side corresponds to an oracle inequality, and where the remainder
term in the right-hand side depends on the penalty and on the large deviations of
empirical coefficients. The two following subsections give two ways to choose the
penalty term large enough for this remainder term to be small enough. In section
2.3.3 this penalty is deterministic. We design it and prove that it is a “good choice”
by keeping Hoeffding’s inequality in mind. In section 2.3.4, the penalty is random,
and designed by taking Bernstein’s inequality into account.

We next express these theorems in terms of two specific bases. For the Fock basis,
we obtain polynomial worst-case convergence rates, using the structure of states.
For a wavelet basis, we notice we obtain a usual estimator in classical tomography.
We finish by saying what can be done if there is noise, that is (mainly) convolution of
the law of the sample by a Gaussian. We multiply the Fourier transform of the dual
basis with the inverse of the Fourier transform of the Gaussian, and as long as we
still have well-defined functions, and we can re-use our theorems without changes.
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2.3.1 Aim of model selection

Let’s assume we are given a (countable) L?-basis (e;);ez of a space in which S(L*(R))
is included (typically 7 (L?*(R)), the trace-class operators on L*(R)). We may then
try and find the coefficients of p in this basis. The natural way to do so is to
find a dual basis (f;);er such that (T(e;), f;) = d;; for all i and j. Then, if p =
> i pie; we get (p,, f;) = p; for all ©. And if the f; are well enough behaved, then
L3 ny Ji( Xk, ®1) = p; tends to p; by the law of large numbers.

Now if we took ). p;e; as an estimator of p, we would have an infinite risk as the
variance would be infinite. We must therefore restrict ourselves to models m € M,
that is Vect (e;,7 € m), where m is a finite set, and M is a set of models (we might
take M smaller than the set of all finite sets of N).

We may then write the loss as
A 2 A
pm = ol =" 10>+ i — pil?
iZm 1€Em

where the first term is a bias (modelling error) and the second term is an estimation
error. The risk would have this expression:

A~ 2 A~
E [[6m —oI?] =D o> +> B [lpi — pil’]
i¢m em
where the expectation is taken with respect to p,, since p; depends on the (X}, ®y).

If we use an arbitrary model m, we probably do not strike a good balance between
the bias term and the variance term. The whole point of penalisation is to have
a data-driven procedure to choose the “best” model. We are aiming at choosing a
model with (almost) the lowest error. We would dream of obtaining:

~ . A 2
i = arg inf {|pm —p|"

That is of course too ambitious. Instead, we shall obtain the following kind of bound,
called an oracle inequality:

£ [ {19n - ol = (€ inf, (@, +pen)) ) vo| < e (22

where d?(p,m) is the bias of the model m, C is some constant, independent of p,
pen(m) is a penalty associated to the model m (the bigger the model, the bigger the
penalty) and €, depends only on n the number of observations, and goes to 0 when
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n is going to infinity. We shall try to take the penalty of the order of the variance
of the model.

Notice that we have given in (2.2) an unusual form of oracle inequality. These
inequalities are more often written as

E [[|pn — pH2] < (legjfw (d*(p, m) —|—E[pen(m)])) + €n.
Our form implies the latter.
The strategy is the following:

First, rewrite the projection estimators as minimum contrast estimators, that is
minimizers of a function (called the empirical contrast function, and written ~,),
which is the same for all models. We also demand that, for any m, this empirical
contrast function converges to a contrast function v, the minimizer in m of which is
the projection of p on m.

Second, find a penalty function that overestimates with high enough probability
(v — V) (pm) for all m simultaneously. Use of concentration inequalities is pivotal
at this point.

Next section makes all this more explicit.

2.3.2 Risk bounds and choice of the penalty function

First we notice that the minimum of

2

V(1) = 71" = 2(7, p)
2 2
= llo=7I" = el
over a model m is attained at the projection of p on m. Moreover
1 n
Yul7) = I7)P =2 - > Tifi( Xy, Bp)
i k=1

converges in probability to v for any m (and all 7 such that ||7|| = 1 simultaneously),
as there is only a finite set of ¢ such that 7; # 0 for 7 € m.

Now the minimum of ~, over m is attained by

k=1

em
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So we have succeeded in writing projection estimators as minimum contrast estima-
tors. We then define our final estimator by:

™ = py

with
i = arg min Y.(pm) + pen,, (m)

where pen,, is a suitably chosen function depending on n, m and possibly the data.

We then get, for any m, for any 7, € m,

Y(p™) + pen,, (112) < Yu(pm) + pen,, (m) < Yo () + pen, (m). (2.3)

What’s more, for any m, for any 7,, € m,

Ya(tm) = o= Tall” = llpll* = 20 () (2.4)

with

n

vn(T) = <T7p>_ZZTifi(Xkaq)k)

i k=1

= ZTi(pi — pi) + ZW@'-

icm igm

Putting together (2.3) and (2.4), we get, for all m and 7, € m:

~

n 2 ~(mn A
P = pI” < Wit = pl* + 200 (5™ — 7n) + pen,, (m) — pen, (1i).

We then want to take penalties big enough to dominate the fluctuations v,. Some
manipulations will make this expression more tractable. First we bound v,(p™ —7,,)
by Hﬁ(”) — TmH Xn(m Um), with

Xn(m) = 51612 Un(T).
lI7lI=1
Now the triangle inequality gives ||p™ — 7,,|| < ||2™ — p|| + lp — 7|, so that:

P = ol” < llo =Tl + 2xa(m ) o — 5|

+ 2xn(mUm)||p — Tl — pen,(m) + pen,,(m).
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For all a > 0, the following holds:

20b < aa® +a b (2.5)

Using this twice, we get, for all € > 0:

—pm H (1 + ) llp — TmH + (14 €)x%(m U ) — pen,, (1) + pen,,(m).

Noticing that x,,(mUm) < x,(m) + x»(m) and putting our estimate of the error in
the left-hand side:

o= ™"~ {(l + 3) o =Tl +2pen<m>}

< (1+€)(xn () + x;(m)) — pen,, (1) — pen,, (m).

Now what we want to avoid is that our penalty is less than the fluctuations, so we
separate this event and take its expectation:

EHHEH,)_% I? —((1+ )HP—TmH - 9pen, m))}vo]

< E[{(1+e)(xn () + x5 (m)) — pen(1in) — pen(m) } v 0]

< 2E [sup{ + €)x;(m) — pen(m) } vo} .

(2.6)

Thus stated, our problem is to take a penalty large enough to make the right-hand
side negligible, that is vanishing like 1/n.

We shall use this form of y,,(m):

~ 12
Xn(m = sup E Tz Pi z E |pz_pz|
(7i)iem iEm i€Em
S =1

so that

(2.7)
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2.3.3 Deterministic penalty

First we may try to craft a deterministic penalty.

We plan to use Hoeffding’s inequality, recalling that p; is a sum of independent
variables:

Lemma 2.3.1. : Hoeffding’s inequality (1964) Let X1,..., X, be independent
random variables, such that X; takes his values in |a;, b;] almost surely for alli < n.
Then for any positive ,

P[zn: (Xi—E[Xi]>2x] < exp (_Z" (252_%)2).

i=1 i=1

We may also apply this inequality to —X; so as to get a very probable lower bound
on the sum of X;.

This is enough to prove:

Theorem 2.3.2. Let p be a density operator. Assume that each f; is bounded,
where (f;)iez is the dual basis of (e;)iez, as defined at the beginning of this section.

Let M; = sup(, g)erx o0 [i(®, @) — inf(z g)erx(on fi(T,8). Let (xi)icz be a family of
positive real numbers such that ), exp(—x;) = ¥ < co. Let

pen, (m) = ;(1—1—6) <ln(Mi)+%> ]‘i (2.8)

Then the penalized projection estimator satisfies:

€

(1+¢e)X
2+¢ '

n

2
P — pﬂ < inf (1 - E) d*(p,m) + 2 pen,,(m) + (2.9)

Remark: Here the penalty depends only on the subspace spanned by the model
m. So it is the same whether M is small or large. The best we can do is then
to take M = P(Z), that is to choose for every vector e; whether to keep the esti-
mated coordinate p; or to put it to zero. In other words we get a hard-thresholding
estimator:

P = il s
1€T

with

@ = \/(1+e) <1n(Mi)+?)ﬁ. (2.10)
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Proof. Considering (2.6), we have only to bound appropriately

E [sup ((1+ €)x5(m) — pen(m)) V0| .

m

Now, by (2.7) and (2.8), both x?(m) and pen,, are a sum of terms over m. As the
positive part of a sum is smaller than the sum of the positive parts, we obtain:

lsup{ (14 €)x;(m) — pen(m) } VO}

S om0

€Em

<E

M2

ZE (1+¢€) <%Zfi(Xk,<I>k)—p,~> —(1+6)<1n(Mi)+%) n@' V0

Each of the expectations is evaluated using the following formula, valid for any
positive function f:

E[f] = / TP 2 vldy. (2.11)

Remembering (2.10) we notice that the inequality

€) (% Zfi(Xk7 ) — /h’) —(1+e) <ln(Mi) + %) M; V0o > vy

is equivalent to

S

+y
14¢€

fil Xk, ®1) — pi

k=1

— >
n

We may then conclude, using Hoeffding’s inequality on the second line and the value
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(2.10) of a; on the fourth line:

[sup{ +e)xa(m) — pen(m)}vo]

< Z/ Zszk7‘I)k

i€l

Ly [ Qng;]\;2>)dy

oz +vy
1+e€

dy

i€
= exp

e (1 + ) M2 2n

1+e¢
= Z exp(—x;

n 4
€T

. (I+ex
a n

2.3.4 Random penalty

The most obvious way to improve on Theorem 2.3.2 is to use sharper inequalities
than Hoeffding’s. Indeed the range of f; might be much larger than its standard
deviation, so that we gain much by using Bernstein’s inequality:

Lemma 2.3.3. : Bernstein’s inequality (1964) Let Xy,..., X, be independent,
bounded, random variables. Then with

M = sup || Xill, » v=>Y E[X}

for any positive x

n

P> (X;—E[X ])>M+—x < exp(—a).

i=1

With this tool, we may devise a hard-thresholding estimator where the thresholds
are data-dependent:
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Theorem 2.3.4. Let (y;)icz be positive numbers such that ), ;e ¥ =3 < oo. Let
then

i = 2In(||fill) + v

Let the penalty be a sum of penalties over the vectors we admit in the model. That
is, for any § € (0,1), for any i € Z, define

penz=1;€<\/lféxi(1@[] F I G+ o) + ) (2.12)

and the penalty of the model m.:

pen,(m) = 3 pen,

iEm

Then there is a constant C such that:

SR [IPNCO BN | R 2 - cxy
o [(z 7 o= (g, (1+2) o 2onon) )] < €

where M, is the set of models m for which 1 € m — x; < n.

Remark: As with the deterministic penalty, we end up with a hard-thresholding
estimator. Morally, that is, forgetting all the small 4 whose origin is technical, the

threshold is
n

Proof. Once again we have to dominate the right-hand side of (2.6). We first sub-
tract and add, inside that expression, what could be seen as a target for the penalty.
Writing

M;

we have

E [sup (1 -+ 20m) — pen(im)) V0]

m

sup(1 + ¢) <Xi(m) > ;2 3) V0

em

<E +E

(Z 1;_ 6042 — pen(m )) \/0] .

em
(2.14)
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Using (2.7), we bound the first term as a sum of expectations.

1
2 2
E |sup(1+e) (Xn(m) - ; ﬁ%) \ 0]
1 T
<(1 p—— . — —a?
_( +€)ZE Pi anZ(Xk‘aq)k;) n2al \/O
em k=1
We now bound each of these expectations using (2.11).
1 T -
E R (X, @) — =2 | VO 2.15
pi—— ;f( ks Pr) 9 (2.15)

(12:
> \Jy+ | dy. (2.16)

0o 1 n
- [ v [pl-— LS pixe o)
0 "=
We change variables in the integral, choosing ¢ defined by:

o JIuE+ M
yt 5 = (2.17)

Using Bernstein’s inequality, the integrand in (2.16) is upper bounded by 2 exp(—¢).
Given the value of «; (2.13), the range of the integral is now from z; to oo. Finally,
taking the square on both sides of (2.17), then using (2.5), we get:

@ — o V20 + §< \/ﬁ) A

n? 2¢/€
2 M? M;
= - (Ui + vV QUZ\/E> d
n 2
2 11M2
< — | 2u; d
— n? ( vt 18 5) 3
Hence
“ S 1107
E|||oi—=) filXp®)| — =i VOl < / exp(— (2%‘ + 18i f) d¢
n
k=1

4 11M2
= - 20; + (14 ;) ) exp(—a).

(2.18)
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Let us now look over the second term of (2.14). We notice, through (2.12) and
(2.13), that this term is of the form:

1 Moa:\ 2 Moa:\ 2
;eZE ((ai+ Bx) —<bz~+ 396) )vol S%ZE[z(af—bﬁ)vo},

iEm
2 1 1
2 = umy— —— (P, [Pl + M=+ =) 22).
a; — b viwi = 7 (1P [f] 2+ M7 { 5+ 5 ) 7

Using again (2.11), we end up with:

with

E (Z 1;604? - peﬂ(m)> VO]
< 1;6 Z 1 i 5%/0 P [(1 —0)v; — <nP" f] + M G i %) xl) - y] w

iEm

(2.19)
We can again make use of Bernstein’s inequality:
P — " 2 4 M
P v — D f2(Xe, @) > \/2E[f]€ + 7 < exp(—f).
k=1

Noticing that f? is non-negative everywhere, so that E[f}] < E[f?]||f?|l.., and
using (2.5), we get:

1 1

P {(1 — S)os > nPy [f2] + M? (g + 5) g} < exp(—£).

Recalling (2.19), we get

/OOOP {(1 —6)v; — (mpn [f7] + M} @ + %) :c) > y} dy
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With that and (2.18), we are left with:

C . s
E {sup {(1+e)x(m) — pen(m)} v 0] < — Z e T (v + M2(1+ 2;)) + 20 Y.
m ieT
Replacing z; with its value, and overestimating v; by nM? we obtain (under the
condition that 21In M; + y; < n):

B sup {(1-+ e m) — pen(m)} vo| < ¢ (Z43),

n2
U

Remark: The logarithmic factor in the penalty (that would not be here if we
took only the variance) comes from the multitude of models allowed by a hard-
thresholding estimator. By selecting fewer models (for example the square matrices
obtained by truncating the density operator) and using a random penalty, we can
get rid of this term. However, crafting the penalty requires much more work and
more powerful inequalities (Talagrand’s). An interested reader may have a look at
the section 3.4 of the author’s master thesis (2004).

2.3.5 Applications with two bases

We now give two bases that are reasonable when applying these theorems. As can
be seen from (2.2), a good basis should approximate well any density operator (so
that the bias term gets low fast when m is big), with dual vectors having a low
variance. With the first of the two bases, we have this interesting phenomenon that
we obtain a polynomial convergence rate under the mere physical hypothesis that
the state has finite energy.

Photon basis

Here we shall take as our (e;);c7 a slight variation of the matrix entries of our density
operator with respect to the Fock basis (2.1).

More precisely, we worked in the previous subsections with real coefficients. To apply
Theorems 2.3.4 and 2.3.2, we then need to parametrize p with real coefficients. The
matrix entries are a priori complex. However, using the fact that p is self-adjoint,
we may separate the real and imaginary parts.
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We use a double index for ¢ and define the orthonormal basis, denoting by £}, the
null matrix except for a 1 in case (j, k):

L (Bt Bry)  ifj <k
ik — ﬁ(Ek,j jk) if £ <j
B, ifj = k

Then, using a tilde to distinguish it from the matrix entries, with p;, = (p, €, 1), we
have

s (Dik + k) if j <k
(ﬂk,g ipjg) if j >k
if = k.

(Vj, phr) =

§°»‘S|~%|

The associated f]k are well-known. They are a slight variation of the usual “pattern
functions” (see Appendix 2.A.2, and (2.38) therein), the behaviour of which may be
found in (Artiles et al., 2005). Notably, we know that:

N
Y Ikl < ONT. (2.20)

7,k=0

As the upper bounds on the supremum of f]k may not be sharp, the best way
to apply the above theorems (especially Theorem (2.3.2)) would probably be to
tabulate these maxima for the (4, k) we plan to use.

The interest of this basis is that it is a priori adapted to the structure of our problem:
if we have a bound on the energy (let’s say it is lower than H + 3), we get worst-
case estimates on the convergence speed with the deterministic penalty: indeed, the
energy of a state p may be written % + Zj Jpj.j» so that

H
Z Pij =< N

j>N
Moreover, by positivity of the operator,

~9 ~2 -~ o~
Pikt Pe; < PijPkk-
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If we look at the models N such that Zy = {(j,k) : j < N,k < N}, we can get:

00 N
dQ(Pa N) < Z ﬁ?,k - Z N?,k
4,k=0 4,k=0

VAN
—~
?z
<
S—

no

|
—~
NS

=X
<.
<
SN—

no

j=0 Jj=0
H
< 1-(1-=)2
< 1-(1-3)
2H
< =
- N

where we have used that the density operator has trace one.

We substitute in (2.9) and get:
E|

Now, using the bounds on infinite norms (2.20), the penalty is less than:

o™ — pHQ] < C (% + pen, (N) + %) :

N7 (V)

pen,(N) = -

Optimizing in N (N = C(Hn)¥1?), we get

E|

p = pllY] = CHTO M) ). 221

This estimate holds true for any state and is non-asymptotic. It is generally rather
pessimistic, though. For many classical states, such as squeezed states or thermal
states, p;; = Aexp(—DB/n), the same calculation yields a rate for the square of
the L2-distance as n~'In(n)® for some 3. In such a case, the penalized estimator
automatically converges at this latter rate.

Wavelets

Another try could be to use functions known for their good approximations proper-
ties. To this end we look at the Wigner function and write it in a wavelet basis.

Recall that wavelets on R are an orthonormal basis such that all functions are
scaled translations of a same function, the mother wavelet. In multiscale analysis,
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we use a countable basis ¥ : @ — 292y (27x + k), for j and k integers. Let
Vi ={v; : j <i}. Thereisa ¢, called father wavelet, such that the ¢, (x) = ¢p(z+k)
for k € Z are a basis of the vector space generated by all the wavelets of larger or
equal scale, that is Vy. We may choose them with compact support, or localized
both in frequency and position. So they harvest local information and can fetch this
whatever the regularity of the function to be approximated, as they exist at several
scales.

From a one-dimensional wavelet basis ¢, 4 : x +— 272 o(272+k), C3 and zero mean,
with a father wavelet ¢; 5, also C®, we shall make a tensor product basis on L?*(R?):
let I = (j,k,€) be indices, with j integer (scale), k = (k, k,) € Z* (position), and
€€0,1,2,3 Let

¢J)kEx§¢j,k((y)) if e=0

= gb) 4 w', y) if e=

Yite) = wﬁi(m)dﬁ(g) if =2
Yin(T)ik(y) if e=3

We may then define a multiscale analysis from the one-dimensional one (written
VIW): Vo =Vo®Vy and for all j € Z, V;1 = V; @ W, so that Wy =V, @ W, &
W; @V, ®V; @ W.

For any j, V;UU,; Wi is then an orthonormal basis of L*(R?). We hereafter choose
our models as subspaces spanned by finite subsets of the basis vectors for well-chosen

7]

It can be shown that:
1 [ A A
@ d) = g [l Wucos . using)edu
ﬂ- —0o0

fulfills this property:

[Vlqu] = <\Illuf>
Noticing that

v, @) = 27900,(2'x — ky cos ¢ — ky sin ¢, ),

we see that these functions have the same dilation properties as wavelets, and they
are “translated” in a way that depends on ¢, through sinusoids. Their normaliza-
tions, though, explode with j; this derives from inverting the Radon transform being
an ill-posed problem.

We can now apply Theorem 2.3.4. Before doing so, though, we restrict ourselves to
a finite subdomain of R?, which we denote D, and put the Wigner function to zero
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outside this domain, that we should choose big enough to ensure this does not cost
too much.

Then, M is the set of all models characterized by

m = {(ji,k,0): 2"k € D}
U{(j.k,€) : (. kye) € T, C{(j k,e) 1 e =1;2;3,j1 < j < jo, 2’k € D}}.

To have good approximating properties, we choose 27! = n¥7 and 270 = Gy The
projection estimator within a model is then:

f = ZOH‘I’I

with

1 n
[ g;’Y[(XZ,(I)Z)

Denoting B, = [[70,0,c/ ., the translation of Theorem 2.3.4 gives (notice that applying
(2.3.2) would be awkward, as the variance of 77 is like 2/ whereas its maximum is
like 227):

Theorem 2.3.5. Let y; be such that ), exp(—y;) = ¥ < oo. For example y; = j.
Let then:

rr = 2(j+In(B)) + ys.

We choose an o € (0,1) and the penalty (and restraining ourselves to the m such
that I € m — x; < n):

2
1+¢€ 2 1 .. 1 1 271 B
- 2 P, 42 —22JB2(— —) o | .
pen(m) n Z <\/1 _ O['Z‘I < [/YI] + n € 3 + a xl) + 3\/%1‘])

IeM

Then there is a constant C such that:

E H =" ( inf (1 " %) P (p.m) + 2penn(m))} v o] <@ ol

24 € meM n

(2.22)

Proof. First it’s easily checked that x; = 2In(||y|| ) + yr. Second ), exp(—j) =
C’Zj 27 exp(—j) < oo implies that y; = j does indeed the work, as there are at
most C'27 wavelets at scale j whose support meet D.
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The last term is the variance of a;, 10, corresponding to the vectors that are in every
model.:

1
-V E
n

Z thk,O] <

201 keD

Z %2‘1,1@,0]

201 keD

d
S [ el 0

2i1keD [0,

IA
Sl 3= 3+

" d
- Z / ’sz‘l,ho(x, 0) /0 pp(x — ky cos ¢ — kysin @, gb)dx?(b

201 keD

— 0122]'1
n

where we have used that for all x and k, fow pp(x — kycos ¢ — kysin ¢, gb)cfr—"ﬁ is less
than a constant about 1.086. Indeed, the translation of a Wigner function is still
the Wigner function of a state, so that we may take & = 0. Then

i d
/Opp(a:—kzcosqﬁ—kysingb,(b)?(b < sup |[¢i(2))?

©,T

and the upper bound on this supremum is due to Cramér (Erdélyi, 1953, 10.18.19).
U

Remarks: As the variance of 7; goes like 27 the threshold might be seen as C'27/2 \/%

This yields the wavelets estimator studied by Cavalier et Koo (2002), for a general
Radon transform on usual (non-negative) probability densities (i.e. not on Wigner
functions).

The role of the approximation speed is apparent in (2.22). Articles like that by
Cavalier et Koo show that this strategy is asymptotically (quasi)-optimal for ap-
proximating a function in a Besov ball. However, this is no proof of the efficiency in
our case, as the set of Wigner functions is not a Besov ball. There is still some work
in approximation theory needed there. In particular, we do not know if a statement
similar to (2.21) can be proven.

Finally, notice that we may combine projection estimators: as the contrast function
is the same for any basis we are working with, keeping the same penalizations, we
could find an estimator that is almost the best among those built with the photon
basis and those with the wavelet basis simultaneously (just add a In(2) to ). In
other words, we do not have to choose beforehand which basis we use. Moreover an
estimator allowing for the two bases would satisfy (2.21).
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2.3.6 Noisy observations

The situation we have studied was very idealized: we did not take any noise into
account. In practice, a number of photons fail to be detected. These losses may be
quantified by one single coefficient 7 between 0 (no detection) and 1 (ideal case).
We suppose it to be known.

There are several methods to recover the state from noisy observations. One con-
sists in calculating the density matrix as if there was no noise, and then apply the
Bernoulli transformation with factor n~*. We can also use modified pattern func-
tions (D’Ariano et al., 1995). Or we can approximate the Wigner function with a
kernel estimator that performs both the inverse Radon transform and the deconvo-
lution (Butucea et al., 2007). The former two methods fail if the observations are
too noisy (n < %), but the latter is asymptotically optimal for all  over wide classes
of Wigner functions.

This noise can be seen as a convolution of the result (X, ®) with a Gaussian of
variance depending on 7:

Piy.6) = (a:_.nlﬂy)2) d

1 /OO n
———— | polx,d)exp (—
w(l=m) )" L—n
or equivalently in terms of generating functions

1-n,2

/pg(l’, gb)eﬁ’aﬁdl‘ = e @ " /pp(IE,QS)eirxdl‘.

We can use the methods described above and then use the Bernoulli transform. For
free, we may also use the modified pattern functions f;{k knowing f; ;. Explicitly we
see that the dual basis of the matrix entry p;; becomes:

1 1=n,.2 ir
nwo) = o [are S [aygam e

The reason why one needs 1 > 1 is for this Fourier transform to be well defined.

And we can again apply Theorems 2.3.2 and 2.3.4 with the dual basis fj"k

Obtaining results with high noise n < % is harder. We would need to introduce
a cut-off h within the inverse Fourier transform (and therefore a bias). Using the
same h as in (Butucea et al., 2007) would ensure this bias b(p, h) is asymptotically
reasonable. We could then reuse Theorems 2.3.2 and 2.3.4 to have an “almost best”
approximation of p + b(p, h) within a set of models, for finite samples. Careful

examination would then be required to check the variance (or the penalties) go to
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0 as n and h(n) go to infinity. Moreover, we would need to translate conditions on
the Wigner function into conditions on the density operator to see whether we can
reproduce the asymptotic optimality results of Butucea et al. with model selection
in the Fock basis (or any other basis chosen and studied a priori).

2.4 Maximum likelihood estimator

Projection estimators are not devoid of defects. Notably, the variance of empirical
coefficients might be high, the convergence therefore rather slow, and the estimator
is not a true density matrix. Especially, the trace is probably not one, though this
could be fixed easily enough. We can diagonalize the estimated density matrix,
replace the negative eigenvalues with 0, and divide by the trace.

Anyhow, there are other types of estimator that automatically yield density matrices.
One such estimator is the maximum likelihood estimator, which selects the nearest
point of the empirical probability measure in a given model for the Kullback-Leibler
distance (which is not a true distance as it is not symmetric). Recall that the
Kullback-Leibler distance between two probability measures is:

K(p.q) = /ln (%) p(z)dz.

In other words, the maximum likelihood estimator is

arg min Z —Inp (X, P)

TeQ 1

where Q is any set of density operators (such that the minimum exists). This way,
it is automatically a true density operator. A practical drawback is that calculating
it is very power-consuming.

As () — — [In(p.)d,,, we have defined a minimum contrast estimator in the
sense of section 2.3.1. Much like for projection estimators, the Kullback distance
thus estimated might be overly optimistic, and all the more when Q is big. Indeed, if
Q is the set of all density operators, then there is no minimizer of the distance with
the empirical distribution; however when we take only finite-dimensional models,
such as

Q(N) = {reS(L’R)):7j,=0 forallj > Nork>N}, (2.23)

then the minimum is attained by compactness. Here the matrix entries 7; are taken
in the Fock basis (2.1).
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We then have to define a penalty for choosing (almost) the best model. To do so, we
make use of a (slightly simplified but sufficient for our needs) version of a theorem
by Massart (2006), but we need a few definitions before stating it.

First we need a distance with which to express our results, and it is not the Kullback-
Leibler, but the Hellinger distance. The Hellinger distance between two probability
densities is defined in relation with the L2-distance of the square roots of these
densities:

oo = 5 [ (F- VD (2.24)

This distance does not depend on the underlying measure. The following relations
are well-known:

1 1
ng—QH? < hz(p,q)SQHp—qu

W (p.q) < %K(p, q). (2.25)

The penalty to be defined shall depend on the size of the model, that we have to
estimate. The right tool is the metric entropy, and more precisely the metric entropy
with bracketing of the model.

Definition 2.4.1. Let G a function class. Let Npo(6,G) be the smallest p such that
there are couples of functions [fL, fV] for i from 1 to p that fulfill Hsz — fiUHz <4
for every j, and for any f € G, there is an i € [1,p| such that:

R
Then Hp2(0,G) =In Np2(0,G) is called the 6-bracketing entropy of G

Remarks:

e Notice that the f¥ and f* need not be in G.

e The 2 in Hp, stands for L? distance.

Looking closely at definition 2.4.1, we see that the concept of entropy depends
only on those of positivity and norms. We may then define a similar bracketing
entropy for any space with a norm and a partial order, such as the L' §-bracketing
entropy of Q(N): we must find couples of Hermitian operators [r*, 77| such that
|77 — 7F||, < 0 and such that for any 7 € Q(N), there is an i such that 72 < 7 < 7.
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We are chiefly interested in the L? entropy of square roots of density (denoted by
Hp (6, P2)):

,P1/2<N) — {\/p_p:pp € P(N)}

Now the Theorem by Massart (2006):

Theorem 2.4.2. Let X4,...,X, be independent, identically distributed variables
with unknown density s with respect to some measure . Let (Sy)mem be an at
most countable collection of models, where for each m € M, the elements of S, are
assumed to be densities with respect to p. We consider the corresponding collection
of maximum likelihood estimators §,,. Let pen : M — R and consider the random
variable m such that:

P, [~ In(5,)] + pen(m) = n}g/fv( P, [—In(8,,)] + pen(m).

Let () mem a collection of numbers such that

Ze’mm = Y < 0.

meM

For each m, we consider a function ¢,, of R™, nondecreasing, and such that x —

%T(m) 18 nonincreasing, and:

onie) > [V mate sk

We then define each o,, as the one positive solution of
bm(0) = Vo
Then there are absolute constants k and C such that iof for all m € M,
pen(m) > k& (afﬂ + %n) ,

then

E [h*(s,5m)] < C (K(s, Sm) + pen(m) + %)

where, for every m € M, K(s,S,,) = infes, K(s,t).
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We notice that what is bounded in fine is the Hellinger distance and not the Kull-
back. Indeed our evaluation of the estimation error, which depends upon the size
of the model (its bracketing entropy), dominates the Hellinger distance but maybe
not the Kullback-Leibler distance.

In our case, we have parametrized the models m by N, through definition (2.23).

To apply Theorem 2.4.2, we need to find suitable ¢,,, and this calls for dominating
the entropy integral. We reproduce here the article by Artiles et al. (2005).

By (2.25), it is sufficient to control Hp1(d, P(N)). Moreover, the linear extension of
the morphism T sends a positive matrix to a positive function, and is contractive.
So any covering of Q(N) by d-brackets is sent upon a covering of P(N) by L!
d-brackets, that is [p}, p{'] = [Pz, p;v]. Thus

Hp1(6,P(N)) < Hp (6, Q(N)),
so that
Hpo(6,P2(N)) < CHg.1(6%, Q(N)).
Moreover:

Lemma 2.4.3.

Hpa(5,Q(N)) < CN? m%

where C is a constant not depending on 6 or N, and can be put to 1 + In(5).

Proof. Let {p; : j=1,...,¢(6, N)} a maximal set of density matrices in Q(/N) such
that for all j # k, ||p; — pxll1 > 35 Define the brackets [pk, p] as

) )
/?]L:/?j—ﬁl P?ZPJJFWL

Then |[pF —pV ||y = 6. Moreover for any p in the ball Bi(p;, 3%), as lp—p;ll1 < 551,
we have

py <p<pf
and as {p;} was a maximal set, this set of brackets cover Q(N).

So Hp (5, Q(N)) < (8, N).
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Notice that Bi(p;, 1) are disjoint and included in the shell B; (0, 1+ %) — B;(0,1—
2.), so that

A
RS

—_

+
|5
=
N————

3

< <¥) " (2.26)

concluding the demonstration.

From this, we can obtain:

Corollary 2.4.4. There is a constant C' such that:

! N
Hp,(6,P2(N)) < CN? 1n§.

Writing

o (o) = /0 V Hpale, PH(N))de

and oy (n) the only o such that

we get

on(n) < \/gN <1 +,/0VIn %) . (2.27)

Indeed
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g N
CN/ In (—Z)de
0 €

C’N% e

2
—_Zz_
= / 2 dl’
N
In =

on(o)

VAN

< (CNo (1+\/lnﬁ2>
o

where we have made use of, in each line in turn,

e Corollary 2.4.4
22
e the change of variables z = \/In(Ne2)2, with £ = —\/Nze™ >
2

z
2

e integration by parts, with x seen as a primitive and xe™ 'z as a derivative

SC2 o0 o, .
e the upper bound Ce™ 'z of fm e~**/2dz for x positive when evaluating the first
term.

We are looking for an upper bound on oy, solution of the equation

N
Vnoy = CNo <1+ ln%>.

We lower bound the second term by 0, and get

N
ON Z C—EO’m.

NG

Hence the upper bound
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We may absorb the C? in the first multiplicative constant to find (2.27). Of course we
take only the positive part of the logarithm. This will always be the case hereafter.

Applying Theorem 2.4.2 we get:

Theorem 2.4.5. Consider the collection of mazimum likelihood estimators (pn)nen,
that is for any integer N,

Py [~In(ppy] = dnf P [~In(pp)]

Let pen : N +— R, and consider a random variable N such that

P, [~ In(p;)] + pen(N) = inf (P, [~ In(p;,)] + pen(N))

Let (xn)nen a family of positive numbers such that

Ze’” = Y < o©

NeN

Then there are absolute constants k and C such that if

2

pen(N) > K(N?(H(ovm%)w“%v)

then

E[h* (D ppg)] < C(inf(E[K(p, Q(N))]+pen(N))+§)

NeN n

with K (p, Q(N)) = infrcony K (pp, pr)-

Remarks:

e When designing the penalty, what stands out in this theorem is the general
form of the penalty. Now the constant « that can be explicitly computed
would be very pessimistic. The best thing to do is therefore to keep the
general formula for the penalty and calibrate x using cross-validation, the
slope heuristic (Massart, 2006) or any other appropriate method.

e If we wanted an explicit convergence rate for a given state, as for the photon
basis in section 2.3.5, we would first need to know how the Kullback-Leibler
distance K (p, Q(IV)) is decreasing with N. One thing that is obvious, however,
is that if we add noise we convolve with the same function p, and p, for all
o in Q(N), so the Kullback-Leibler distance is decreasing with the noise, so
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convergence is faster when there is noise... The reason for this is that we are
looking at convergence in Hellinger distance, that is a distance between the
law of the result of the measurement p, and p,. This does not tell us directly
anything about what we are really interested in, that is the distance between
p and o (as operators). Indeed we may bound the L? or L! norm between
elements of Q(N) by the Hellinger distance, times something depending on
the sum of the L? or L™ norms of the f]"k And these norms are going (very
fast) to infinity when there is noise, so that low Hellinger distance gives no
indication on the operator norms.

2.5 Quantum calibration of a photocounter

This section features a scheme to calibrate an apparatus M measuring the number
of photons in a beam with the help of a photocounter.

The physical motivation is given in Appendix 2.A.3.

The first subsection states the mathematical problem. In the two others, projection
estimators and maximum likelihood estimators are respectively studied.

2.5.1 Statistical problem

The practical problem of calibration of a photocounter turns out to be mathemat-
ically speaking an entirely classical missing data problem. However, to the best
of our knowledge, it has never been studied. We now describe this missing data
problem.

We are given samples (I, X) in N x R from a probability density of the form
p(i,x) = Y brPfi(e)*. (2.28)
k=0

In this expression, the real numbers b7 satisfy b7 = 1. The ), are the Fock basis
functions given in Equation (2.1). For any k, the PF are a probability measure, that
is they are non-negative and y ;-  PF = 1.

We know the b7, and we want to retrieve the PF, which we do not know. We write

(2
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To make clearer that this is a missing data problem, we give the following way to
obtain this experiment. First we choose K € N with probability given by b7. We
forget K, which is the missing data. Our data consists in (7, X), with ¢ having law
given by PF and z with law 1, (z).

Notice that the experimentalist has some control on the b7, but usual techniques
will yield b2 proportional to £%. This means that the low k are probed faster.

We propose below two types of estimators P for P. To get results on their efficiency,
we must first find meaningful distance d(P, P). Since 3., P¥ = 1 for all k € N,
distances like d5(P,Q) = >, (P} — Qf)* are bound to yield infinite errors on our
estimators. We then must weight them, using (ay)ren of our choice. We shall use,
depending on the estimator, either d5(P, Q) = Y=, , ap(Pf — Qf)* with Y aj =1, or
di(P,Q) = 32, ax| PF — QF|, with 37, a), = 1. Then these distances are bounded by
2 on the set of all P such that {P*};cy is a probability measure for every k.

Varying the choice of a; corresponds to putting the emphasis on different k, that is
deciding which PF we demand to know with the more precision. If we take the a
decreasing, it means physically that we are more interested in the behaviour of our
photocounter for a low number of photons. This is usually the case for a physicist.
A possible choice is to take ay or a2 equal to b3.

In the next subsection, we use projection estimators, and in the following, maximum
likelihood estimators.

2.5.2 Using projection estimators

As in the tomography problem, the parameter space is contained in an infinite-
dimensional vector space, and a natural type of estimators are projections of the
empirical law on finite-dimensional subspaces. The problem we are left with is then
again finding the best subspace.

Concretely, we consider the distance d3(P, Q) = =, , aj(Pf — QF)* and write Ef =

apPF. Similarly we shall write E¥ = a; PF for our estimator. Then

dy(P,P) = Y (Ef —E}),
ik

and the law of our samples can be rewritten as

pie) = 3B ) (2.29)
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We may then consider {(b7/ay)wr1li— }r: as a basis of our functions on N x R. We
want to use the general constructions of section 2.3. We first need a dual basis
{gix}. Now, the dual basis of {¢)7} as functions on R is well-known. Those are the
“pattern functions” f ; introduced by D’Ariano et al. (1994) (see (2.38)). From this,
we deduce:

a
gip(l,z) = b_gfk,k<x)1i:l-
k

With these dual functions, we can define the minimum contrast function:

(@ = d(Q.0) —2(29’“” )(Zwk)

where the (L,, X,) are our data, that is n independent samples with law p.

Our models m € M consist in the subsets of N2 If (i,k) & m, then P¥ = 0. In a
model m, the estimator P given by minimizing the contrast function is then

;- 1 & ) Louon
Pk = —Zig’k( )for(i,k)Em

i
a
a=1 k

The penalized estimator is as always the projection estimator of the model m such
that:

A . . p(m) .
i = arg min v,(P") + pen, (m)
We also use the usual notation for the distance to a model:

dQ(Pv m) = égfndQ(Pv Q)

We then obtain from the general theorems of section 2.3:

Theorem 2.5.1. Let P be a photocounter and (ai,) and (by) with Y, ai =, bf =
1. Let (xik)arenz such that 3, e”%+ =3 < oo. We define a penalty as

- Xi ke MZk
pen,(m) = Z (1+e€) (ln(Mz,k)—l— 5 ) -
(i,k)em
with
a .
M, = bf(supfkk( T) — 1alffk,k($))-

Then the penalized estimator fulfills

<1+€)2.

n

€ 2 o . 2 2
[ < —
E {2 Edz(P, P)] W}gjfw (1 + e) d;(P,m) + 2 pen,(m) +
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Theorem 2.5.2. Let P be a photocounter and (i) and (by) with Y, ai =, bf =
1. Let (yik)(iken2 such that sz e Yim =3 < 0o0. Let then

a
Tip = 2In (b—f ”fkk”oo) + Yik-
k

For any 6 € (0,1), with

pen, (m) = Y pen{?,

(i,k)em

2
(4,k) 9
npeny, 2 1 a; 5 (1 1 ar || frrl
— = —— 2k | Pulg? — = i el IO — = T )

there is a constant C' such that:

EK2€ dg(P’p)_«Hg) inf dg(Pam)+2penn(m)))V0} < &=

+ € € ) meM, n

where M, is the set of models m for which (i, k) € m implies x; < n.

Remarks:

e As with the estimation of states with tomography in section 2.3, we choose
with high efficiency the best subspace. It should be noticed that convergence
is fast if the photocounter is good, and could be slower if it is bad. In the latter
case, we know it is bad, though. Indeed, the dependence of the convergence
rate on the photocounter P lies in the approximation properties of the models
— subspaces — m, that is on how fast d3(P, m) decrease when m gets bigger.
Now for an ideal photocounter, we need only the (i,4) to be in m. The penalty
would be as low as possible when neglecting what happens to beams with more
than a given number k of photons. For a worse photocounter, to have a good
approximation of how a k-photons beam is read, we might need many 7, and
the penalty would include all the pen®*.

e The estimator depends only weakly on (ay) (unlike the distance), which is good
news as it is somewhat arbitrary. Indeed, the empirical ]52"C does not depend
of this sequence at all, nor do the main terms in the threshold on ]52"C of both
theorems. For Theorem 2.5.1, this main term is a; '\/(1 + €) In(B; ) Bix/\/n.
Now B;, depends linearly on a;, so the only a; left in this expression is in
the logarithm which can be developed as In(B;/a;) + In(ag). In this way,
we see that we only get another term in the penalty. For Theorem 2.5.2,

the threshold is essentially a;l\/S(l + )P, [97:) ([l gikll ) A(1 = &)n); and
as g;x is proportional to ag, the situation is the same.
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e The process by which we get our data includes a tomographer and the laws
p(i, ) were given in the ideal case when there is no noise. If there is noise,
as briefly sketched in section 2.3.6, these laws are different. However we may
characterize the noise with a single 0 < n < 1. We then have for free the same
theorems for n > : we only need to replace fi; with f;! .

2.5.3 Maximum likelihood procedure

In this case, our results are easier expressed with the distance

dl(Pap) = Zak’P@'m_pik
ik

_ Z’Ef—Ef

ik

with EF = a;,PF and >~ ax = 1. We denote w; = Y, EF. Notice that >, w; = 1.

Recall that our data consists in n independent samples (L., X,) with law p given
by Eq. (2.28).

The main difficulty with applying here Theorem 2.4.2 lies in that the Kullback
distance to the models is usually infinite (if we have EF = 0 for all k for some 4, then
p(i,R) = 0 and this is generally not the case for p(i,R)). The easiest way around is
to keep independence and restrict attention to some set of 7.

Explicitly, we take an ordering on the possible results i of the photocounter (typi-
cally, if we expect that one result corresponds roughly to a given number of photons,
we can order them in increasing order. The idea is that the results that interest us
most should come first). We then choose, still beforehand, I, € N, and we restrict
our attention to the first i € [0, I,.]. We just throw away the part of the data where
the photocounter gave a result more than .. We are left with data size n, , with
law p;, on [0, I;] x R:

Plo,1:]xR

pr, = .
’ f[0,1+]x1Rp

This law is the probability measure associated to the apparatus P for which R’“ =
1

Zl§1+ wq

k
Pli<y,.
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The models m; g we work with are indexed by K € N and I < I,. They are given
by the constraints:

EF =0 ifi> 1,
ok =0 ifi >I, and k < K
ZAf:ak for k< K
i<I
B = [:’i 3 for k > K and i < I,. (2.30)

Any such element gives a probability measure on ([0, | x R). Similarly to equation
(2.29), the corresponding probability law reads p(l,z) = >, , biag EFy ()1
The fourth condition (2.30) does not increase the complexity of the model and
ensures that the Kullback distance remains finite.

We can now use an empirical maximum likelihood procedure to select within each
model an estimator. It minimizes on each m; i the contrast function

n

(@) = Z —Inq(La, Xa).

a=1

where () is an element of the model m; x and ¢ the associated probability law.

We then use Theorem 2.4.2 to select the model of which we keep the estimator,
through a penalization procedure. We obtain the following theorem.

Theorem 2.5.3. Consider the collection (PI,K)ISIJr,KGN of maximum likelihood es-
timators , defined as minimizers of

Y(Prx) = _inf ~,(P)

Pemy g
Let pen : [0,1,] x N — R be a penalty function and define (f, f() by

V(i ky) +pen(l, K) = ISIlJrI}If(GN'yn(PI,K) + pen(/, K).

Let (z1 i) be a family of numbers such that

Z e K = Y < oo.

I<I. KeN

Then there are absolute constants k and C' such that if

pen(I,K) > 5(<I+1)<K+1)1n(n1+)+3L‘I,K>’

nr, nr,
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then
E (P, Py )]

by
< sz+z 2a5, N C ”fkk” inf K(p1+,mIK)+pen([ K)+ =

i>14 keN KEN N,
where K(pr,,mrx) = infoem, o K(p1,,q), intended as the Kullback distance on
[0,1,] x R.

Remarks:

e As with projection estimators, we can expect fairly quick approximation if the
photocounter is good. Indeed, for K = I, and the ideal photocounter, the
distance K (pr,,mr, k) = 0.

e Like projection estimators, the maximum likelihood strategy can also be used

with noise. If n > %, we get the same theorem changing fj in f,?k Just

notice that the infinite norm || f; x|/~ is exploding.

e As in section 2.4, an explicit computation of x would be over-pessimistic and
it is best to estimate it with a data-driven procedure.

Proof. First we rewrite and bound the distance d; in a way that suits our purpose.
We separate the entries corresponding to measurement results bigger than 7, and
we recall at the third line that Y, EF = a;. Then

d, (P, P)
=3 |-

ik

IR WILE

>y k koi<Ii
. 1 1
E¥ 2 EF— —— FEF — 1| EF

<>ZI+; +Z ax A ; et +(Zig+wz ) !
—sz—i‘z Z>I+ ZEk—l—Z 2ak/\z Ek Elk

1>1 i<l Zl<[+ Wi i<Iy Z<I+ Wi
_QZmeZ 2a, A Y |EF — - B

Wy
i>1 i<Ii Z<I+ ¢
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Let us now work a little on the last term:

1 Q.
—FF = — 1,_dp;. (1
Zig[+wi 7 bifk,k<x> =l p1+(,37),
ok @k a5
Ei - b2 fk7k<x>1l=ldp<l7 ‘T)
k
So that
1 k ik A
ﬁEz—Ez = Jree(2)Lizyd(pr, — D)1, )
i<r, Wi
ag «
< Elfeal [ Liadipr, —51(02)
k
Summing over 7, we get:
S B < Sl [ dn - 9l0.)
P DR B

We may then bound the distance between the POVM we calibrate and our estimator
by

dl(P,P) = QZwl—i—Z (Qak/\ (Z—g ka,k|]00/d|p1+ —ﬁ|(l,l’))) .

i>Iy kEN

Finishing the proof of our theorem amounts to controlling [ d|p;, — p|(l,z). We
first apply Theorem 2.4.2 (assuming that our penalty is big enough, which we check
below). We get:

. . by
E[hz(pu,p(f’f())] < C’( inf K(p[+,m1,K)+pen(I,K)+—).

I<I,,KeN nr,

We then use the bound (2.25) of the square of the L'-distance in the Hellinger
distance, and finish with Jensen, using the concavity of both the function z — (C'Axz)
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and the square root.

E|di(P, i)

< E Z w; + Z <2ak A (CZ—% ka,kHOO/d|pI+ _ﬁ(f,f()‘(lal’)>)
i>14 keN
< S w+dE (zak A (cZ§ I il \/h2 (or. _ﬁfj()))]
>l keN
< sz+z 2a;, N C% | el o \/E [hQ <p1+_pf7k)}>>
>l keN k
< Z w; + Z 2ay, N CZ—;]: | freell o Iisnlf+ K (pr,,mix)+pen(l, K) + %

i>14 keN KeN

The only thing we still have to check is our penalty. We must dominate
Hp (5, PY2(I, M)) where

Pl/Q(I,K) = {\/a,QEmLK}.

With the same reasoning as in section 2.4, it is sufficient to dominate HB,1(52, mr ).
We then mimic lemma 2.4.3. All the elements of m; k are on the L'-sphere of radius
> wer @k of a vector space of dimension (K + 1)(/ +1). We can then associate a
maximal collection of brackets to a maximal collection (P;) of P € my x separated

by 6%/(2(K 4+ 1)(I 4+ 1)). The balls B;(P;, M) are disjoint and in the shell

2 2 . .
Bl(O, ZkSK Q. + (I(Jrléw) — Bl(O, ZICSK ajp — (I(Jrléw) And as with equatlon
(2.26), we obtain

Hp1 (6%, mix) < C(K +1)(I +1)In ((K +1)(I + 1))

52

Imitating the calculation in the proof of corollary 2.4.4, we find that the solution
or,x of the equation

AL = / © \Hpal6. PIA(ILK))
0
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admits this upper bound:

O_I,KSC\/(K+1)(I+1)(1+M>

n1+
We may absorb the latter 1 in the constant, as long as ny, > 2...

This ends the proof.

2.A Background in quantum mechanics

Subsection 2.A.1 gives parallel developments of classical statistics and quantum
statistics, so that any quantum notion is linked with a classical equivalent.

Subsection 2.A.2 describes both the experimental setup of quantum homodyne to-
mography and some basic mathematics playing a role in it. More precisely, it high-
lights several different representations of the state to be recovered (our unknown)
and the links between them.

Subsection 2.A.3 is background for section 2.5. Notably, it explains where the for-
mulas such as (2.29) come from.

2.A.1 Statistics: classical and quantum

We have here three different parts. The aim is to highlight the equivalences in
classical and quantum formalism. The first part lies then upon the classical world,
the second part recast this construction as a special case of what will be our quantum
formalism, and the third part describes these quantum statistics. Bold numbers refer
to the same number in the other sections. They might be repeated inside a section
if the same object is introduced under different forms.

In this short introduction to the subject, we shall restrict ourselves more or less to
describing what physical measurements can be done and how they can be encoded
mathematically. In other words, we characterize what information can be retrieved
from a system.
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Classical

In the classical setting of statistics, we are working with probability measures p { 1 }
on a probability space (X, A) { 2 }. For comparison, we recall that probability
measures are normalized { 3 } real { 4 } non-negative { 5 } measures. Similarly
measures are elements of M (X, A) { 6 }, the dual of L*(X,A) { 7 }.

Notice that the probability measures form a convex set, the extremal points of which
are the Dirac measures { 8 } on z for € (X, A). They may then be described by
x {9 }. If we want to draw on the analogy with physics (X, .A) may be viewed as
a phase space, and the x would be the pure states. A general probability measure
would describe a mixed state. These are systems that have a probability to be in
this or that pure state. Any mixed state (probability measure) can be decomposed
in a unique way over pure states (Dirac).

A statistical model { 10 } consists in a set of probability measures py on a probability
space (X, A) indexed by a parameter 6, for 6 € © { 11 } the parameter space. A
statistical problem consists in determining as precisely as possible, with a meaning
depending on the instance, a function of 6.

Now we must gain access at information on these 6 in some way. What we have
access at are random variables.

The aforementioned space L>(X, A) is the space of real bounded random variables
f { 12 }. By analogy with the quantum case, we call these f observables. They
correspond to the set of physical measurements that can be carried out on the
system, to what can be “observed”.

“Measuring” an observable f yields a result f(x) { 13 }, with law:

B, [f € B] = /X 1y wendp(z) for BeB{14}  (2.31)

where B is the Borelian g-algebra of R. Notice that this result is not random for a
pure state.

Notice also that the way we could see the probability measures p as elements of the
dual of L>(X, A) was by writing p(f) = [, f(x)dp(z) { 15 }.

The most general type of statistic or estimator we can extract from data, including
random strategies, is obtained by associating to each x a probability measure on an
auxiliary space (X,,.A,a) { 16 } and draw a final result according to this proba-
bility measure. This is equivalent (at the price of changing the auxiliary space) to
measuring a function f { 17 } on a space (X ® X,, A® A,) { 18 } according to a
probability measure py ® s { 19 } with s independent of 6.
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If we write (2.31) in this case, we get

Py lf € B = / / 1oy o () ds(a) for B € B
X a

If we integrate out X, this yields

Py[f € B] = /X f3(x)dpo(x) for BeB {20}

where

o fa=1{21}
e 0<fp<1{22}

e For countable disjoint B;, >, fs, = fu, 5, { 23 }.

As a remark, the result f(z) is essentially a label. We could write the same formula
for functions with values in other measure spaces (), B) than R. Just let B be the
o-algebra on this space. In this way, we retrieve in particular estimators in R<.

Another very important remark is that if we have access to two statistics f and
g, we have access to both { 24 }. Indeed suppose that f was taking its values in
(V,B) and g in (Z,C). Then take a new statistic with values in the product space
(Y ® Z,B®C), characterized by hpgc = fp * go as real functions on (X, A). We
see that the three conditions are satisfied, and that the marginals of h are f and g.

From classical to quantum

The above description was already somewhat non-conventional, with the parallel
with quantum formalism in mind. In this subsection, we take one further step, by
setting classical probability as a special case of what will be our quantum probability
theory.

To have something easy to understand, we start from a finite probability space
(X, A) ={1,...,d} { 2 }. We associate to it the Hilbert space of complex valued
functions on this space, that is H = C? { 2 }. We are here endowed with a
distinguished orthonormal basis {|e;) }1<;<q With |e;) the function whose value is one
on ¢ and zero elsewhere.

Notice by the way the notation [¢): this is a physicist’s notation for vectors, elements
of H. They call this a “ket”. The associated linear form, that is, the adjoint of the
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vector, is called a “bra” and denoted ()|. Thus (@) is the scalar product of |¢)
and [¢) (a “bracket”).

Now to the probability measure p = (p1,...,pq) { 1 } on {1,...,d}, we associate
the matrix p { 1 } diagonal in our special orthonormal basis { 6 }, with diagonal
entries (pi,...,pq). As this is a diagonal matrix in an orthonormal basis, with non-
negative elements, this is a self-adjoint { 4 } non-negative { 5 } matrix. Moreover,
as » ,pi=1{ 3 }, it has trace 1 { 3 }.

We see that the extremal points of our set are of matrices are the orthogonal pro-
jectors on the lines spanned by our special eigenvectors, that is |e;)(e;| { 8 }. They
correspond to the Dirac measures on i. We may represent any of these pure states
by the eigenvector |e;) { 9 }. We may also rewrite p = > . pile;) (e

A statistical model { 10 } consists in a set of non-negative matrices pp with trace
1, on a Hilbert space H, diagonal in the {|e;)}; basis, indexed by a parameter 6, for
0 € © { 11 } the parameter space. A statistical problem consists in determining as
precisely as possible, with a meaning depending on the instance, a function of 6.

As we have done for probability measures, we identify f € L>*({1,...,d}) { 12,7 }
with the diagonal matrix O € M(C%) { 12,7 } whose diagonal elements are the
O,; = f(i). This is still the dual of the set of matrices diagonal on our special
basis. We view the action of p by taking the trace of the product with p. That
is p(f) = Tr(pO) { 15 }. One can see that we have only rewritten the classical
formula for the expectation.

Equivalently, measuring an observable O yields as a result an eigenvalue of O { 13 }.
The law of the result is given by:

P, [0 € B] = Tr(pPo,B) for Be B {14 }

where Py p is the projection upon the space spanned by the eigenspaces of O corre-
sponding to those eigenvalues A of O such that A € B. In other words, in our case,
O =3, f(@)lei)(ei|l. Then Pop =37, ruep lei) (|- This Po g is playing the role of
1¢(@)ep in the classical setting. And we take note that Tr(pPo,5) = D ;4)ep Pi» a8
we should obtain from the classical formula.

We can encode in the same framework the general strategies for estimators, provided
that X, is also finite { 16 }. The auxiliary space is then identified to H, = Cd.
We have matrices pp @ o { 19 }, with o independent of . We are allowed to use
as observable O { 17 } any matrix diagonal in the same basis as these py ® 0. The
procedure equivalent to the partial integration on A, is then taking partial trace on

H, in Py[O € B] = Tr((py ® 0)Po ). And this yields Tr(pgM(B)) { 20 } with
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e M(R)=14 {21}
e M (B) is non-negative and diagonal in the {|e;)} basis { 22 }

e For countable disjoint B;, >, M(B;) = M (U, B;) { 23 }.

Here again, we see that if we have access to O; and O, characterized by the families
M, (B) and M5(C), we have access to both { 24 }. Our new measurement would be
characterized by N(B ® C') = M;(B)M,(C) as multiplication of matrices. Notice
that this set of matrices still satisfies the three above conditions. Especially, the
fact that they are still non-negative stems from that they are diagonal in the same
eigenbasis.

Going from classical to quantum now means throwing away our special eigenbasis
{le;)}. The immediate consequence will be that we shall deal with objects that do
not commute. And of course, we did not restrain to finite probability spaces in
the classical case. Likewise, we do not restrain to finite-dimensional Hilbert spaces
in the quantum case. We shall therefore deal with operators rather than matrices.
Keeping the finite-dimensional example firmly in mind should be a guide to the
intuition of those less proficient in operator theory.

Quantum

A quantum system is described by a density operator p { 1 } over a Hilbert space
H { 2}, that is:

Definition 2.A.1. : Density operator
A density operator, usually denoted by p, is a trace-class linear operator on a (com-
plex, separable) Hilbert space H that satisfies:

e p is self-adjoint { 4 }.

e p is non-negative (notice that this implies self-adjointness) { 5 }.

e Trp=1{3}.
If H is finite-dimensional, those are just the (self-adjoint) non-negative matrices
with trace 1.

We denote by S(H) the set of density operators on H.
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Density operators are a convex set, too. The extremal points are called “pure states”.
They are the orthogonal projectors on 1-dimensional spaces { 8 }. Thus we can
represent them by a norm 1 element of H, denoted by |¢)) { 9 }. The corresponding
density matrix is then p = |¢)(¢|. Notice that it would be more precise to speak of
|1)) as an element of the projective space PH, but we conform here to the usage of
physicists. Notice also that there are infinitely many pure states even in the finite-
dimensional case, unlike in the classical framework. Let us finally signal that the
decomposition of a mixed state on pure states is not unique. It is essentially unique
if we further impose that the pure states of the decomposition are all orthogonal,
though.

A quantum statistical model { 10 } consists in a set of density operators py on a
Hilbert space H indexed by a parameter 0, for 6 € © { 11 } the parameter space. A
statistical problem consists in determining as precisely as possible, with a meaning
depending on the instance, a function of 6.

Now the role of random variables is played by observables. Those are the elements
O {12 } of Bso(H) { 7 }, the bounded self-adjoint operators upon H. If we are
dealing with finite-dimensional H, those are the self-adjoint matrices.

As a remark, the dual of By, (H) is the set of self-adjoint trace-class operators, which
p is in. This duality is given by the formula of the expectation of measuring O on
p, also called Born’s rule:

E,[0] = Tr(pO) { 15 } (2.32)

When measuring O, the result is an element of the spectrum of O { 13 }, that is
in the finite-dimensional picture, an eigenvalue of O. The law of the result when
measuring O on p is:

P, [0 € B] = Tr(pPo.B) for BeB {14} (2.33)

where Pp p is coming from the spectral measure of O. This is an object associated
to self-adjoint operators through the spectral theorem, whose main property is that
the expectation of the law above is given by the Born’s rule for any density operator
p. We only give the derivation for finite-dimensional H. Then, as O is self-adjoint,
we can diagonalize it in an orthonormal basis, and write O = ). A\;[1);)(¢;]. Then
Pos = Y inep [¥i)(¥i]. We see that in this case the law of the measurement is
coherent with the expectation given by Born’s rule (2.32).

Generally {Pp p}p is a projector valued measure, the definition of which we give
below. To each projector valued measure corresponds an observable, and to each
observable corresponds a projector valued measure. We may then consider that this
concept is also a definition of an observable.
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Definition 2.A.2. : Projector valued measure { 12 }

A projector operator valued measure {P(B)}pep is a set of operators on H such
that:

e P(B) is an orthogonal projector.
e P(R)=1y4.
e For disjoint countable B;, Y. P(B;) = P(U, B:)-

Notice that these are the axioms of a probability measure, except that we do not
deal with real numbers but with projection operators.

Combining this definition with the definition of a density operator, we can check
that formula (2.33) yields a true probability measure. Indeed, as both p and Pp g
are non-negative, the probability of any event is non-negative. With the countable
additivity property of projector valued measure and linearity of product and trace,
we get the countable additivity of a probability measure. Finally, the probability of
the universe is Tr(pPor) = Tr(ply) = 1.

Remark: - even for a pure state, the result of the measurement is random, unless
the pure state is an eigenvector of O.

Now what is the most general estimation strategy, or measurement? The right
analogy is that of the auxiliary space. We measure observables O { 17 } on a
Hilbert space H ® H, { 18 } under the density operator pp ® o { 19 }, with
o independent of §. Now we may take partial trace in (2.33) along H,, and we
obtain equivalence of this scheme with measuring a positive operator valued measure

(POVM).
Definition 2.A.3. : Measurement (POVM) { 17 }

A measurement M on a quantum system, taking values x in a measurable space
(X, A) is specified by a positive operator valued probability measure or POVM for
short, that is a collection of self-adjoint matrices M(A) : A € A such that:

o M(X) =1, the identity matriz { 21 }

e Fach M(A) is non-negative { 22 }

e For disjoint countable A;, Y . M(A;) = M(UJA;) { 23 }.

The M(A) are called the POVM elements.
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The law of measuring M on p is given by

P, [0 € A] = Tr(pM(A)) for Ae A {20} (2.34)

With the same reasoning as for projector valued measure (which are a special case
of these POVMs), this is a genuine probability measure.

A special case of POVM is that of a POVM dominated by o-finite measure v on
(X, A), that is

M(A) = /Am(x)du(a:) forall Ae A (2.35)

where m(x) is positive for all  and [, m(x)dv(z) = 15, The POVM associated to
homodyne tomography is dominated by the Lebesgue measure.

The very important difference with the classical world is that if we can have access
to M; or Ms, in general, we cannot have access to both simultaneously { 24 }.
We cannot copy what we have done in the former paragraph, since M;(A)Ms(B) +
My (B)M;(A) might not be non-negative if M;(A) and Ms(B) do not commute.
More generally, there is usually no way to create a new POVM N with values in
(X®)Y, A®B) such that the marginals are M; and M,. Notably, two observables that
do not commute can never be measured simultaneously. As an example, consider
that M, and M, are two projector valued measures on C?, each with values in {0, 1},
corresponding to observables diagonal in different bases {eg, €1} and { fo, fi}. Then
N(0,0) should be proportional both to |eg)(eo| and | fo)(fo]. So that it is null. Same
remark for the other N(i,7). Thus N({O,1}®?) =0 # 1. So that it is null.

The truly quantum feature of quantum statistics lies in that we should decide which
measurement is to be carried out. Once we have chosen our measurement, we are
left through (2.34) with a classical statistical experiment. This is the case in this
chapter.

As a last remark on the subject, we could have developed a slightly more general for-
malism, based on C*-algebras, that would have been parallel to Le Cam formulation
of statistics. In practical applications, the formalism above is usually sufficient.

2.A.2 Quantum homodyne tomography

The system we work with is the harmonic oscillator. Both in classical or quantum
mechanics, the harmonic oscillator is a basic and pervading system. It describes,
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notably, a particle on a line, or a mode of the electromagnetic field (that is monochro-
matic light), as in our case.

The state of a quantum harmonic oscillator is described by an operator on L?(R)
(this is the Hilbert space { 1 }). There are two important observables corresponding
to the canonical coordinates of the particle. If we know the expectation of measuring
on a state p any operator in the algebra they generate, then we know p. Those
observables are P,the magnetic field, and Q, the electric field. They satisfy the
(canonical) commutation relations:

[Q,P]=QP - PQ
=11.

They are realized as:

(Q)(x) = ()

Pe)a) = 22D (2.36)

As they do not commute, they cannot be measured simultaneously. However, any
linear combination can theoretically be measured. These X, = sin(¢)Q + cos(¢)P
are called quadratures.

Using an experimental setup proposed by Vogel et Risken (1989), each of these
quadratures could be experimentally measured on a laser beam (Smithey et al.,
1993). The technique is called quantum homodyne tomography.

The optical set-up sketched in figure 2.2 consists of an additional laser of high
intensity |z| > 1 called the local oscillator, a beam splitter through which the
cavity pulse prepared in state p is mixed with the laser, and two photodetectors
each measuring one of the two beams and producing currents I; » proportional to
the number of photons. An electronic device produces the result of the measurement
by taking the difference of the two currents and rescaling it by the intensity |z|. A
simple quantum optics computation by Leonhardt (1997) shows that if the relative
phase between the laser and the cavity pulse is chosen to be ¢ then (I; — I)/|z| has
density p,(x|¢) corresponding to measuring X, .

Knowledge of P,(x|¢), the law of the result of the measurement X, on p, for all
¢, is enough to reconstruct the state p. As we have seen, the experimentalist may
choose ¢ when measuring. We assume that the measurement carried out on each of
the n systems in state p is the following: first choose ¢ uniformly at random, then
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Figure 2.2: Quantum Homodyne Tomography measurement set-up
measure X,. We get a random variable Y = (X, ®) with values in R x [0, 7) whose
density with respect to the Lebesgue measure is p,(z, ¢) = %pp(:c|<b).

Now we make explicit the links between p, p,(z,¢) and the Wigner function W,.
First we write p in a particular basis, physically very meaningful, the Fock basis,
already given in Sec. 2.2:

Yi(a) = Hy(x)e ™ ?,

where H}, is the k-th Hermite polynomial, normalized so that the L?-norm of 1, is
1. The projector on v is the pure state with precisely k& photons. We also denote
this state by the ket |k).

The matrix entries of p, in this basis are p;, = (¥, pt). We can then derive from
(2.32) and (2.36) the formula we gave in Sec. 2.2:

T:S(L*(R)) — LYR x[0,7])

p (pp RS Pj,kiﬁj(x)wk(x)@i(jk)d)) . (2.37)

J,k=0

The mapping T associating P, to p is invertible, so we may hope to find p from the
independent identically distributed results Y7, Y5, ..., Y, of the measurements of the
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n systems in state p. This implies notably that p, is another representation of the
state.

More explicitly, there are pattern functions f;; (D’Ariano et al., 1994) against which
to integrate p, to find any matrix entry of p in the Fock basis, that is:

[e's) s d¢ i
Pj,kZ/ dz 7Pp(3€7¢)fj,k(f€)€0 R9,
—00 0

These f; are bounded real functions. That inverting the Radon transform is an
ill-posed problem can be seen in the behaviour of f;; when j and £ go to infinity.

Several formulas were found for these functions (Leonhardt et al., 1995), among

which: p
fin(z) = %(Xj(x)ﬁbk(x)) (2.38)

for k > j, where x; and ¢;, are respectively the square-integrable and the unbounded
solutions of the Schrédinger equation:

Another one, maybe more practical when it comes to theoretical calculations, or
when we add noise (see section 2.3.6) is:

1l o0 22 . . .
) =[5 [ e T L

where the L;l are the Laguerre polynomials, that is the orthogonal polynomials with
respect to the measure e 2% on R¥.

Let’s now have a look at the Wigner function. This is a real function of two variables,
with integral 1, but that may be negative in places. It can be interpreted as a
generalized joint probability density of the electric and magnetic fields ¢ and p. As
both cannot be measured simultaneously, the negative patches are not nonsense.
On the other hand, any projection on a line of the Wigner function must be a true
probability density, as it is the law of X,, which is an observable. In fact, the
Wigner function may be seen as the probability density on R? resulting from (2.34)
when measuring on p a “POVM” whose elements are not non-negative, but whose
marginals on each line R are the X.

As we have already said in the introduction, p, is the Radon transform of the
Wigner function. The Wigner function can be defined by its Fourier transform.
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This definition tells how to find the Wigner function W of the state from its density
matrix p:

FoW (u,v) = Tr(pe ™Q~wF), (2.39)

On the other hand, the generating function of p,(-|¢) is
E[¢X6] = Tr(pei™e),

In other words, FoW (tcos ¢, tsing) = Flp,(-,¢)|(t). These relations are known to
imply that p, = R(WW) (Deans, 1983) where R is the Radon transform. Explicitly:

polz, ) = / W (z cos ¢+ ysin ¢, xsin ¢ — y cos ¢)dy.
The Radon transform is illustrated by Fig. 2.1, given in Sec. 2.2.

Finding the Wigner function from the data means then inverting the Radon trans-
form, hence the name of tomography: that is the same mathematical problem as
with the brain imagery technique called Positron Emission Tomography.

2.A.3 Physical origin of the photocounter calibration prob-
lem

An experiment usually ends with a measurement. We need, however, an apparatus
to measure. And we first have to know what is the meaning of the result the
apparatus is giving us: it is not at all obvious a priori that if our new thermometer
says “31° C”, the temperature cannot be “32° C”. That is why we must calibrate our
measurement apparatus. In quantum mechanics, this means associating with each
result i of our measurement the positive operator P(7), such that P is the POVM
(see definition 2.A.3) corresponding to our measurement.

D’Ariano et al. (2004) have introduced a general calibration procedure. The pro-
cedure relies on comparing with an already calibrated apparatus, using entangled
states. Let us describe this more precisely in the special case of the photocounter.

A photocounter is an apparatus that aims at counting the photons in a beam. The
ideal detector D has therefore POVM elements given by D(i) = |i)(i| in the Fock
basis. Recall we use the physicists’ notation, where |-) is a vector and (-| is the
associated linear form. Moreover |i) is the vector corresponding to the pure state
with ¢ photons, that is the function t; on L*(R), that we had defined in (2.1).

Models of the noise (non-unit efficiency and dark current) leave the POVM diagonal
in this basis. Thus, we are only interested in the diagonal elements of P; in the
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Figure 2.3: Experimental set-up to determine the POVM associated to an unknown
photocounter P. We use it to measure a known bipartite state |s), jointly with a
tomographer T. The photocounter gives a result ¢ and the tomographer a result x.
From these samples, we construct an estimator {f’z} of the self-adjoint operators
associated to the results {i} by the photocounter P.

Fock basis. To obtain those we send a twin beam state, one of the beams in the
photocounter, the other in a homodyne tomographer. We get a result I from the
photo-counter, and X from the tomographer (figure 2.3; as we are only interested
in the diagonal elements, we shall see that we do not need the phase ¢, as long as

the experimentalist chooses it randomly). We then have to process these outcomes
(1,X) to find P.

Mathematically, the twin beam is a system in a state |s) = >, bg|k) ® |k). This
notation (where we may choose the b, non-negative) means that the underlying
Hilbert space is L?*(R) ® L*(R), and that p is the pure state that projects on the
line spanned by this vector. Here again, |k) is the vector corresponding to the pure
state with k photons. Finally Y, b7 = 1, so that the vector state |s) is normalized
and the density operator is p = |s)(s|.

Now, what is the law p(i,z) of the samples we get? By (2.37) we see that the
POVM associated to the tomographer is dominated by the Lebesgue measure on
R x [0,7), as in (2.35). That is (jlt,4|k) = ¥;(2)¢r(x)e”U~"? where we have
denoted t, , the self-adjoint operator associated to the result (x,¢) for the POVM
of the tomographer. If we forget about ¢ after having chosen it randomly, we then
get (jltz|k) = ¥x(x)?*1,;-. We have now all the ingredients for calculating our law,
given the notation (k|M;|k) = MF.
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p(i,r) = Tr(p(P; @ t.))
= (s|(P; @ t,)|s)

=) brybr (k| @ (ki) (P @ 1) (ko) @ | a))

k1,k2

=) by by (e | Pl i) (R | £ | )

k1,k2

=D biPf(a)*.
k=0

(As a remark, the fourth line shows that the use of the phase would be to retrieve
the non-diagonal elements, in which we are not interested.)

We have thus recovered (2.28), and explained how we got the data with which we
want to estimate the M.






Chapitre 3

Discrimination

Ce chapitre est la fusion de (D’Ariano et al., 2005a) et (D’Ariano et al., 2005b).

Résumé : Nous dérivons la mesure optimale pour la discrimination des
états quantiques, ainsi que pour la discrimination entre des canaux de
Pauli, dans un cadre minimax. Pour les états, nous considérons a la fois
les problémes de discrimination avec erreur minimale, et de discrimi-
nation sans ambiguité. Nous présentons les relations entre les mesures
optimales résultant de ces deux critéres. Nous montrons qu’il y a des cas
ou le risque minimal ne peut étre atteint par une observable, et que ce
trait est fréquent dans I'estimation minimax.

Pour les canaux de Pauli, nous considérons uniquement le probléme de
discrimination avec erreur minimale, c’est-a-dire que nous maximisons la
plus faible des probabilités d’identifier correctement le canal. Nous trou-
vons I’état d’entrée optimal et montrons sous quelles conditions I'usage
de l'intrication améliore strictement les résultats. Enfin, nous comparons
les stratégies minimax et bayésiennes.

3.1 Introduction

The concept of distinguishability applies to quantum states (Wootters, 1981; Braun-
stein et Caves C. M., 1994) and quantum processes (Gilchrist et al., 2004; Belavkin
et al., 2005), and is strictly related to quantum nonorthogonality, a basic feature of
quantum mechanics. The problem of discriminating nonorthogonal quantum states
has been extensively addressed (Bergou et al., 2004, and references therein), also
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with experimental demonstrations. Typically, two discrimination schemes are con-
sidered: the minimal-error probability discrimination (Helstrom, 1976), where each
measurement, outcome selects one of the possible states and the error probability
is minimized, and the optimal unambiguous discrimination (Ivanovic, 1987), where
unambiguity is paid by the possibility of getting inconclusive results from the mea-
surement. The problem has been analyzed also in the presence of multiple copies
(Acin et al., 2005), and for bipartite quantum states, and global joint measurements
have been compared to LOCC measurements, i.e. local measurements with classical
communication (Walgate et al., 2000; Virmani et al., 2001; Ji et al., 2005).

The problem of discrimination can be addressed also for quantum operations (Sac-
chi, 2005a). This may be of interest in quantum error correction (Knill et al., 2002,
and references therein), since knowing which error model is the proper one influ-
ences the choice of the coding strategy as well as the error estimation employed.
Clearly, when a repeated use of the quantum operation is allowed, a full tomogra-
phy can identify it. On the other hand, a discrimination approach can be useful
when a restricted number of uses of the quantum operation is available. Differently
from the case of discrimination of unitary transformations (Childs et al., 2000b),
for quantum operations there is the possibility of improving the discrimination by
means of ancillary-assisted schemes such that quantum entanglement can be ex-
ploited (Sacchi, 2005a). Notably, entanglement can enhance the distinguishability
even for entanglement-breaking channels (Sacchi, 2005¢). The use of an arbitrary
maximally entangled state turns out to be always an optimal input when we are
asked to discriminate two quantum operations that generalize the Pauli channel in
any dimension. Moreover, in the case of Pauli channels for qubits, a simple condition
reveals if entanglement is needed to achieve the ultimate minimal error probability
(Sacchi, 2005a,b). All the previous statements refer to a Bayesian approach.

We address here the problem of optimal discrimination of quantum states, and of
two Pauli channels, in the minimax game-theoretical scenario. In this strategy no
prior probabilities are given. The relevance of this approach is both conceptual,
since for a frequentist statistician the a prior: probabilities have no meaning, and
practical, because the prior probabilities may be actually unknown, as in a non
cooperative cryptographic scenario. We shall derive the optimal measurement for
minimax state discrimination both for minimal-error and unambiguous discrimina-
tion problems. We shall also provide the relation between the optimal measurements
according to the minimax and the Bayesian strategies. We shall show that, quite
unexpectedly, there are instances in which the minimum risk can be achieved only
by non orthogonal POVM measurement, and this is a common feature of the min-
imax estimation strategy. Similarly, for channels discrimination, we shall give the
optimal input states and measurements whether or not we allow using an ancilla,
and show that in the latter case, the optimal input state might differ from the usual
Bayesian ones.
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In more detail, in Section 3.2, we pose the problem of discrimination of two quan-
tum states in the minimax scenario. Such an approach is equivalent to a minimax
problem, where one should maximise the smallest of the two probabilities of cor-
rect detection over all measurement schemes. For simplicity we will consider equal
weights (i.e. equal prices of misidentifying the states), and we will provide the op-
timal measurement for the minimax discrimination, along with the connection with
the optimal Bayesian solution. As mentioned, a striking result of this section is the
existence of couples of mixed states for which the optimal minimax measurement is
unique and non orthogonal.

In Section 3.3 we generalize the results for two-state discrimination to the case of
N > 2 states and arbitrary weights. First, we consider the simplest situation of
covariant state discrimination problem. Then, we address the problem in generality,
resorting to the related convex programming method.

In Section 3.4 we provide the solution of the minimax discrimination problem in
the scenario of unambiguous discrimination. We refine, if need be, the minimax
criterion, so that the solution becomes unique.

From Section 3.5, we turn our attention from states to Pauli channels. We first
briefly review the problem of discrimination of two Pauli channels in the Bayesian
framework, where the channels are supposed to be given with assigned a priori
probabilities. We report the result for the optimal discrimination, along with the
condition for which entanglement with an ancillary system at the input of the chan-
nel strictly enhances the distinguishability.

In Section 3.6 we study the problem of discrimination of two Pauli channels in the
minimax approach. We show that when an entangled-input strategy is adopted, the
optimal discrimination can always be achieved by sending a maximally entangled
state into the channel, as it happens in the Bayesian approach. On the contrary, the
optimal input state for a strategy where no ancillary system is used can be different
in the minimax approach with respect to the Bayesian one. In the latter the optimal
input can always be chosen as an eigenstate of one of the Pauli matrices, whereas
in the former this may not be the case.

3.2 Optimal minimax discrimination of two quan-
tum states

We are given two states p; and po, generally mixed, and we want to find the optimal
measurement to discriminate between them in a minimax strategy. The measure-
ment is described by a positive operator-valued measurement (POVM) with two
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outcomes, namely P = (P, P»), where P; for i = 1,2 are non-negative operators
satisfying P, + P, = 1.

In the usually considered Bayesian approach to the discrimination problem, the
states are given with a priori probability distribution 7 = (7, m9), respectively, and
one looks for the POVM that minimizes the average error probability

PE = 7T1TI'[p1P2] + Wsz[ngl]. (31)

The solution can then be achieved by taking the orthogonal POVM made by the
projectors on the support of the positive and negative part of the Hermitian operator
T1p1 — Tapa, and hence one has (Helstrom, 1976)

Bayes
Pl

(1 = [[mip1 — m2p2(l1) (3.2)

1
2
where || Al|; denotes the trace norm of A.

In the minimax problem, one does not have a priori probabilities. However, one

—

defines the error probability ¢;(P) = Tr[p;(I — P;)] of failing to identify p,. The
optimal minimax solution consists in finding the POVM that achieves the minimax

¢ = minmax &;(P), (3.3)

p =12

or equivalently, that maximizes the worst probability of correct detection

1 — & = max min[1 — £;(P)] = max min Tr[p; P]. (3.4)
B i=12 B i=12

The minimax and Bayesian strategies of discrimination are connected by the follow-
ing theorem.

Theorem 3.2.1. If there is an a priori probability T = (w1, 7o) for the states p; and
p2, and a measurement P that achieves the optimal Bayesian average error for 7,
with equal probabilities of correct detection, i.e.

Tr[p1 P1| = Tr[pa Ps), (3.5)

then P is also the solution of the minimazx discrimination problem.

Proof. In fact, suppose on the contrary that there exists a POVM P such that
min;_; o Tr[p; P;] > min;_ > Tr[p; B;]. Due to assumption (3.5) one has Tr[p;P;] >
Tr[p; B;] for both i = 1,2, whence

Zm Tr(p; P;) > Zm Tr(p; B;) (3.6)
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which contradicts the fact that P is optimal for a. O
The existence of an optimal P as in Theorem 3.2.1 will be shown in the following.

First, by labeling with P™ an optimal POVM for the Bayesian problem with prior
probability distribution 7 = (7,1 — 7), and defining

x(m, P) = 7 Te(p1 P1) + (1 — 7) Tr(pa Py), (3.7)
we have the lemma:

Lemma 3.2.2. The function f(m) = Tr(,olPl(W)) —Tr(,ong(W)) is monotonically non-
decreasing, with minimum value f(0) <0, and mazimum value f(1) > 0.

In facﬁ, consigler P™ and P™ for two values 7 and @ with 7 < w and define
D = P@®) — P Then

—

l (3.8)

x(m, P(w)) = x(m, ﬁ(”)) + x(m,

x(w, P™)

Now, since x(, ﬁ(”)) is the optimal probability of correct detection for prior w, and
analogously x(w, P(®)) for prior @, then y(7, D) < 0 and x(z, D) > 0, and hence

0 < x(@, D) = x(m, D) = (@ — m)[Tx(p1 D1) — Tr(p2Dy)).
It follows that Tr(p; D) > Tr(peDs), namely
Tr(p P™) = Te(py P\7) = Tr(paP™) = Tr(pa 7)) (3.9)
or, equivalently
Te(py P{™) = Tr(pa P5™)) > Te(p1 P7) — Tr(pa ™). (3.10)

Equation (3.10) states that the function f() is monotonically nondecreasing. More-
over, for 7 = 0 the POVM detects only the state py, whence Tr(pQPQ(O)) =1, and
one has f(0) = —1 + Tr[p; P\”] < 0. Similarly one can see that f(1) > 0. O

We can now prove the theorem:

Theorem 3.2.3. An optimal P as in Theorem 3.2.1 always exists.

Proof. Consider the value my of m where f(m) changes its sign from negative to
positive, and there take the left and right limits

P® = lim P™. (3.11)

7T—>7T(:)F



116 Discrimination

For f(nf) = f(x5) = 0 just define P = P,
For f(nf) > f(ng) define the POVM P

frg) PO —

L /
= m  fm)

(3.12)

In fact, one has

Te[p 1] — Tr[paPo) = [f(m5) = f(mg)] " %
{(Te[pn P = po PO () — (3.13)
Te[p P — po P77 ()} = 0,

namely Eq. (3.5) holds. O

Notice that the value 7y is generally not unique, since the function f(7) can be
locally constant. However, on the Hilbert space Supp(p;) U Supp(ps), the optimal
POVM for the minimax problem is unique, apart from the very degenerate case in
which D = myp; — (1 — my)p2 has at least two-dimensional kernel. In fact, upon
denoting by I, and K the projector on the strictly positive part and the kernel of
D, respectively, any Bayes optimal POVM writes (P, =1, + K', P, = [ — P), with
K’ < K. Since for the optimal minimax POVM we need Tr[p; P;| = Tr[pyP], one
obtains Tr[(p; + p2) K'] = 1 —Tr[(p1 + p2)IL,], which has a unique solution K’ = o« K
if K is a one-dimensional projector.

Corollary 3.2.4. There are couples of mized states for which the optimal minimax
POVM is unique and non orthogonal.

For example, consider the following states in dimension two

_[ro _ [z
pl_OoaPZ_O

Then an optimal minimax POVM is given by

= O

] . (3.14)

2 1
— |3 — |3
P = [O ol P, = 0 1l (3.15)

In fact, clearly there is an optimal POVM of the diagonal form. We need to maximize
min,— » Tr[p; P;], whence, according to Theorem 3.2.3, we need to maximize Tr[p; P |
with the constraints Tr[p; P] = Tr[po P3| and P, = I — P;. Such an optimal POVM
is unique, otherwise there would exists a convex combination myp; — (1 — 7o) pe with
kernel at least two-dimensional, which is impossible in the present example (see
comments after the proof of Theorem 3.2.3). O
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Notice that when the optimal POVM for the minimax strategy is unique and non-
orthogonal, then there is a prior probability distribution 7 for which the optimal
POVM for the Bayes problem is not unique, and the non-orthogonal POVM which
optimizes the minimax problem is also optimal for the Bayes’ one. In the example
of remark 3.2.4 the optimal POVM (3.15) is also optimal for the Bayes problem
with 7 = (%, %) as one can easily check. However, in the Bayes case one can always
choose an optimal orthogonal POVM, whereas in the minimax case you may have
to choose a non-orthogonal POVM.

Finally, notice that, unlike in the Bayesian case, the optimal POVM for the minimax
strategy may be also not extremal.

3.3 Optimal minimax discrimination
of N > 2 quantum states

We now consider the easiest case of discrimination with more than two states, namely
the discrimination among a covariant set. In a fully covariant state discrimination,
one has a set of states {p;} with p; = U;poU. Vi, for fixed py and {U;} a (projective)
unitary representation of a group. In the Bayesian case full covariance requires that
the prior probability distribution {7;} is uniform. Then, one can easily prove (see,
for example, Ref. (Holevo, 1982)) that also the optimal POVM is covariant, namely
it is of the form P, = UZ-KU;, for suitable fixed operator K > 0.

Theorem 3.3.1. For a fully covariant state discrimination problem, there is an
optimal measurement for the minimaz strateqy that is covariant, and coincides with
an optimal Bayesian measurement.

Proof. A covariant POVM {P,;} gives a probability p = Tr[p; P;] independent of
i. Moreover, there always exists an optimal Bayesian POVM that is covariant and
maximizes p, which then is also the maximum over all POVM’s of the average
probability of correct estimation Tr[p;P;] for uniform prior distribution (Holevo,
1982). Now, suppose by contradiction that there exists an optimal minimax POVM
{P/} maximizing p’ = min,; Tr[p, P/], for which p’ > p. Then, one has p < p’ <
Tr[p; P!], contradicting the assertion that an optimal Bayesian POVM maximizes
Tr[p; ;] over all POVM’s. Therefore, p = p/, and the covariant Bayesian POVM
also solves the minimax problem. [CONotice that in the covariant case
also for any optimal minimax POVM {P;} one has Tr[p; P;| independent of i, since
the average probability of correct estimation is equal to the minimum one.

As an immediate consequence of Theorem 3.3.1 we derive the case of optimal dis-
crimination of two pure states:
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Corollary 3.3.2. For two pure states the optimal POVM for the minimax discrim-
ination is orthogonal and unique (up to trivial completion of Span{|y;)}i—12 to the
full Hilbert space of the quantum system,).

Proof. Any set of two pure states {|i;)}i—12 is trivially covariant under the group
{I,U} with |¢po) = Ultpy). Then, there exists an optimal POVM for the minimax
discrimination which coincides with the optimal Bayesian POVM, which is orthog-
onal. Uniqueness of the minimax optimal POVM follows from the assertion after
Theorem 3.2.3 when restricting to the subspace spanned by the two states.

In the following we generalize Theorem 3.2.1 for two states to the case of N > 2
states and arbitrary weights. We have

Theorem 3.3.3. For any set of states {p;}o<i<y and any set of weights w;; (price
of misidentifying i with j) the solution of the minimazx problem

P i j

15 equivalent to the solution of the problem

Ry = max Rp(m), (3.17)
where Rp(7) is the Bayesian risk

Ry(7) = 2 2 T Pi]. 3.18
p() = max 3w 3y Te ) (3.18)

Proof. The minimax problem in Eq. (3.16) is equivalent to look for the minimum
of the real function § = f(P) over P, with the constraints

Zj Wy 5 TI'[pZPJ] S 5, W)
P; >0, Vj
S, P =1 (3.19)

Upon introducing the Lagrange multipliers:

i € R+, Vi
0< Z; € My(C), Vi (3.20)
Y=Y € My(C),
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M,(C) denoting the d x d matrices on the complex field, the problem is equivalent
to

= TZP]+ TV (I - P, (3.21)
where sup’ denotes the supremum over the set defined in Egs. (3.20). The problem
is convex (namely both the function ¢ and the constraints (3.19) are convex) and
meets Slater’s conditions (Boyd et Vandenberghe, 2004) (namely one can find values
of P and § such that the constraints are satisfied with strict inequalities), and hence
in Eq. (3.21) one has

inf sup I(P,0,ji,Z,Y) = max'inf (P,6,[i,2,Y). (3.22)
P A% @ZY Ps§
It follows that
Ry = max'TrY (3.23)
A
under the additional constraints
Z Hi = 1 )
> wimpi—Z; =Y =0, Vi (3.24)

The constraints can be rewritten as
i >0, Z i =1,
Y < Zwijmpz‘ ; V. (3.25)

Now, notice that for the Bayesian problem with prior 7, along the same reasoning,
one writes the equivalent problem

Rp(7) = m&x' TrY, (3.26)
with the constraint

)
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which is the same as the minimax problem, with the role of the Lagrange multipliers
{pi} now played by the prior probability distribution {;}. OClearly, a POVM
that attains Rj; in the minimax problem (3.16) actually exists, being the infimum
over a (weakly) compact set—the POVMs’ convex set—of the (weakly) continuous
function sup; > wi; Tr[p; Pj].

3.4 Optimal minimax unambiguous discrimination

In this section we consider the so-called unambiguous discrimination of states (Ivanovic,
1987), namely with no error, but possibly with an inconclusive outcome of the
measurement. We focus attention on a set of N pure states {i;};cs. In such a
case, it is possible to have unambiguous discrimination only if the states of the
set S are linearly independent, whence there exists a biorthogonal set of vectors
{lwi) }ies, with (w;|e;) = d;5, Vi, j € S. We shall conveniently restrict our attention
to Span{|i;)}ies = H (otherwise one can trivially complete the optimal POVM for
the subspace to a POVM for the full Hilbert space of the quantum system). While
in the Bayes problem the probability of inconclusive outcome is minimized, in the
minimax unambiguous discrimination we need to maximize min;(1;|P;[1;) over the
set of POVM’s with (¢;|P;|1;) = 0 for i # j € S, and the POVM element that
pertains to the inconclusive outcome will be given by Py =1 - . ¢ F;. We have
the following theorem.

Theorem 3.4.1. The optimal minimax unambiguous discrimination of N pure

states {1; }ies is achieved by the POVM

P, =k|w;) {wil, i€S,
Py =1 — Z F;, (3.29)
icS
where Kk is given by
-1 .
Kk~ = max eigenvalue of Z |w;) {wy] - (3.30)
ieS

Proof. ~ We need to maximize min;(¢;|P;|1;) over the set of POVM’s with
(il Pjli) = 0 for i # j € S, whence clearly P; = kj|w;)(w;|. Then the prob-
lem is to maximize min;cs k;. This can be obtained by taking x; = k independent
of 7+ and then maximizing x. In fact, if there is a x; > &; for some 4, j, then we can
replace k; with ;, and iteratively we get x; = x independently of 7. Finally, the
maximum k giving Pyy1 > 0 is the one given in the statement of the theorem. [

As regards the uniqueness of the optimal POVM, we can show the following.
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Theorem 3.4.2. The optimal POVM of Theorem 3.4.1 is non-unique if and only
if |wi) € Supp(Pn+1) for some i € S.

Proof. In fact, if there exists an i € S such that |w;) € Supp(Py41), this means that
there exists € > 0 such that e|w;)(w;| < Py41. Then the following is a POVM

Qj = Pj7 for j #i
Qi = P + elwi){wil, (3.31)

Qni+1 = Pny1 — elwi) (wil,

and is optimal as well. Conversely, if there exists another equivalently optimal
POVM {Q;}, then there exists an ¢ € S such that @; > P, (since both are
proportional to |w;){(w;|, and min;(¢;|Q;|1;) has to be maximized). Then |w;) €
Supp(Py+1)- .

When the optimal POVM according to Theorem 3.4.2 is not unique, one can refine
the optimality criterion in the following way. Define the set S; C S for which one
has |w;) € Supp(Pn41). Denote by B, the set of POVM’s which are equivalently
optimal to those of Theorem 3.4.1. Then define the set of POVM’s By C By which
maximizes min;es, (w;|Pi|w;). In this way one iteratively reach a unique optimal
POVM, which is just the one given in Egs. (3.29) and (3.30).

3.5 Bayesian discrimination of two Pauli channels

The problem of optimally discriminating two quantum operations & and & can
be reformulated into the problem of finding the state p in the input Hilbert space
H, such that the error probability in the discrimination of the output states &;(p)
and & (p) is minimal. The possibility of exploiting entanglement with an ancillary
system can increase the distinguishability of the output states (Sacchi, 2005a). In
this case the output states to be discriminated will be of the form (& ® Zx)p and
(€9 ® Ix)p, where the input p is generally a bipartite state of H ® I, and the
quantum operations act just on the first party whereas the identity map Zx acts on
the second.

We now make use of the expression for the Bayesian risk of discrimination between
states (3.2). Upon denoting with R’;(7) the minimal error probability when a
strategy without ancilla is adopted, one has

Ri(n) = 5 (1~ maslmes(o) - méalo)l ) - (332)
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On the other hand, by allowing the use an ancillary system, we have

RBM%:%(L}g%whﬂ&®1ﬁ—ﬁﬂ&®1ﬁm>. (3.33)
The maximum of the trace norm in Eq. (3.33) with the supremum over the dimension
of K is equivalent to the norm of complete boundedness (Paulsen, 1987) of the
map m & — m&s, and in fact for finite-dimensional Hilbert space the supremum
is achieved for dim(K) = dim(H) (Paulsen, 1987), and in the following we shall
drop the subindex /C from the identity map. Moreover, due to linearity of quantum
operations and convexity of the trace norm, the maximum in both Egs. (3.32) and
(3.33) is achieved on pure states.

Clearly, Rp(m) < R’3(m). In the case of discrimination between two unitary trans-
formations U and V' (Childs et al., 2000b), one has Rp(7) = R3(7), namely there is
no need of entanglement with an ancillary system to achieve the ultimate minimum
error probability, which is given by

Ru(r) = min = (1= VI 4mm UTVE)P)

[¥)EH 2
1
- - (1_m) , (3.34)

where D is the distance between 0 and the polygon in the complex plane whose
vertices are the eigenvalues of UTV .

In the case of discrimination of two Pauli channels for qubits, namely

3
Elp) = qVoupoa  i=1,2, (3.35)

a=0

where Zz:o q(()f) =1,00 =1, and {01,02,03} = {0,,0,,0.} denote the custom-
ary spin Pauli matrices, the minimal error probability can be achieved by using a
maximally entangled input state, and one obtains (Sacchi, 2005a)

3

Ry(n) = % (1 -y |ra|> : (3.36)

a=0
with

(1)

To = mqY — pag? = 7(¢V +¢?) — ¢, (3.37)

where we fixed the prior m = m and my = 1 — m;. For a strategy with no ancillary
assistance one has (Sacchi, 2005a)

Rly(m)==(1-0C), (3.38)

1
2
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where
C = max {|ro +r3| + |11 + 7o, [ro + 71| + [ra + 73], |10 + 72| + [r1 + 73]}, (3.39)

and the three cases inside the brackets corresponds to using an eigenstate of o,
0z, and oy, respectively, as the input state of the channel. More generally, for pure
input state p = %(I + 0 - 1), with 77 = (sin cos ¢, sin 0sin ¢, cos #), the Bayes risk
for discriminating the outputs will be (Sacchi, 2005a,b)

Rly(m, 1) =
1

5 (1 — max {\a + b, \/cos2 0(a — b)% +sin® §(c2 + d? + 2cd cos(2¢))})3740)

with a =rg+r3, b =11 +1ry, c = 19— r3, and d = r; — r5. Notice that the term
|a + b| = |27 — 1] corresponds to the trivial guessing {&; if m =7 > 1/2, & if 7 <

1/2}.
We can also rewrite Eq. (3.38) as

() = 'min3R'B(7T,Ji) : (3.41)

From Egs. (3.36-3.39) one can see that entanglement is not needed to achieve
the minimal error probability as long as C' = Z?:o |7;|, which is equivalent to the
condition IT}_yr; > 0. On the other hand, we can find instances where the channels
can be perfectly discriminated only by means of entanglement, for example in the
case of two channels of the form

Ei(p) = Gu0apoa,  Eap) =0spos (3.42)
ot

with ¢, # 0, and arbitrary a priori probability.

3.6 Minimax discrimination of Pauli channels

As in the Bayesian approach, the minimax discrimination of two channels consists
in finding the optimal input state such that the two possible output states are
discriminated with minimum risk. Again, we will consider the two cases with and
without ancilla, upon defining

Ry = 5?%}5& Ry (&1 ®I)(€), (& ®I)(C)) ,
Ry = 1;%171{1 Ru(&i(p), E(p)) (3.43)
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where Ry(p1, p2) is given in Bq. (3.17). Since for all M, p, and 7, one has

max{Tr[(&1 @ Z)(p) Mo, Tr[(E2 ® T)(p) M}
> n Tr[(&1 @ I)(p) Ma] + (1 — m) Tr[(E2 ® T) (p) Mi] (3.44)

then Ry; > Rp(m) for all 7. Analogously, R, > Rz () for all 7.

Theorems 3.2.3 and 3.3.3 can be immediately applied to state that the minimax
discrimination of two unitaries is equivalent to the Bayesian one. In fact, the optimal
input state in the Bayesian problem which achieves the minimum error probability
of Eq. (3.34) does not depend on the a priori probabilities. Therefore it is also
optimal for the minimax problem and there is no need of entanglement [and the
minimax risk Ry, will be equivalent to the Bayes risk Rz (1/2)].

Let us now consider the problem of discriminating the Pauli channels of Eq. (3.35)
in the minimax framework. In the following theorem, we show that an (arbitrary)
maximally entangled state always allows to achieve the optimal minimax discrimi-
nation as in the Bayesian problem.

Theorem 3.6.1. The minimaz risk Ry for the discrimination of two Pauli channels
can be achieved by using an arbitrary mazximally entangled input state. Moreover,
the minimax risk is then the Bayes risk for the worst a priori probability:

Ry = maxRp(r) . (3.45)

Proof. Let us discriminate between the states p; = (& ® 7)(£°), where £° is a maxi-
mally entangled state. By Theorem 3.2.1 there are a priori probabilities (,, 1 — )
whose optimal Bayes measurement fulfills

Tr[p1 Pi| = Tr[paPs) . (3.46)

Since the input state £° is always optimal in the Bayes problem we infer Rp(m,) =
Tr[p; P»], and moreover Ry (p1, p2) = Rp(m.). Now, one has also Ry = Ry (p1, p2),
since if it would not be true, then there would be an input state p and a measure-
ment M for which max{Tr[(& @ T)(p)Ms], Tr[(E; @ T)(p)M;]} < Rp(w,), and hence
T Tr[(E1RT) (p) Ma] 4+ (1 — ) Tr[(E2RT) (p) M| < Rp(m.), which is a contradiction.
Equation (3.45) simply comes from the relation Ry, > Rp(7) for all 7, along with
RM = RB(TF*). O

Notice the nice correspondence between Eqs. (3.17) and (3.45). Theorem 3.6.1
holds true also in the case of generalized Pauli channels in higher dimension, since
entangled states again achieve the optimal Bayesian discrimination, whatever the
a priori probability (Sacchi, 2005a). More generally, Eq. (3.45) will hold in the



3.6 Minimax discrimination of Pauli channels 125
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Figure 3.1: The optimal Bayes risk R g(7) in the discrimination of two Pauli channels
versus the a priori probability 7 will usually look like this. Notice that the rightmost
and leftmost segments have slope 1 and (—1), respectively. The minimal risk for the
minimax discrimination corresponds to Ry, = max, Rp(m), and is achieved at one
of the breakpoints 7(®).

discrimination of any couple of quantum operations for which the minimal Bayes
risk Rp(m) can be achieved by the same input state for any .

Now we establish some visual images on which to read the minimax risks. We must
look at the function Rp(m) given in Eq. (3.36) drawn on [0,1]. By Eq. (3.45), we
know that its maximum is Rj;. As the r, defined in (3.37) are increasing affine
functions of 7, their absolute value is a convex piecewise affine function, and hence
Rp(m) is a concave piecewise affine function (see Fig. 3.1). The four breakpoints
correspond to the four values of 7 for which each r, vanishes. We define ¢, =
q&l) + qg) as the slopes of the functions r, and 7(® = qg)/ta as the value of 7 for
which 7, = 0. We denote by 7, the point at which Rp(7) reaches its maximum
(the maximum will be attained at one of the breakpoints 7(®). We also reorder the

index « such that 70 < 71 < 7?) < 74 In this way, R(7) rewrites
] 3
Rp(r) =5 <1 - Zota|7r - w<a>|> : (3.47)

Let us now look at the discrimination strategy without any ancillary system. An-
other picture, that should be superimposed on Fig. 3.6, is the Bayes risk R';(m)
of Eq. (3.38) versus 7 for the strategy with no ancillary system. One can see that
R'g(m) is the minimum of the three piecewise affine functions R'z(m, 0,), Ri(m, 0y),
R’z(m,0,), corresponding to the Bayes risks when sending an eigenstate of the Pauli
matrices. Here again R';(7) is the minimum of concave functions, so it is concave
as well, and the maximum will be attained at a breakpoint m = 7/, (see Fig. 3.6).
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R ()

Figure 3.2: An example for the Bayes risks R';(m, 0;) with ¢ = z,y, z versus the a
priori probability 7, for discrimination without ancilla. Each of the three different
dotted lines correspond to the Bayes risk R’z (7, 0;) when sending an eigenstate of
the Pauli matrix o; through the channel. The solid line is the optimal Bayes risk
R';(m) without ancillary assistance, and corresponds at any 7 to the minimum of the
three R'z(m, 0;). The minimal risk for the minimax discrimination with no ancilla
corresponds to R, = max, R’z(7), and is achieved at one of the breakpoints of

Rlg(m).

To “read” more on these pictures, once again we prove that the optimal minimax
risk R/, for discrimination without ancilla corresponds to the optimal Bayes risk
without ancilla for the worst a priori probability =’ :

Theorem 3.6.2. The optimal minimaz discrimination with no ancilla is equivalent
to the solution of the problem

= mngjg(W) = R5(7.) . (3.48)

Proof. Notice again the similarity between equations (3.17), (3.45) and (3.48). For
any p one has

Rar(&1(p), E2(p)) = Ry > max Rip(m) - (3.49)
If we find an input state p; = 3(/ + & - i) such that
max Rig(m) = max Rlg(m,d - 1) (3.50)
from Eq. (3.17) of Theorem 3.3.3 it follows that
Ry (E1(pi), E2(pi)) = max Rg(m, 0 - 1) | (3.51)

™
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which, along with Eqs. (3.49) and (3.50), provides the proof. Moreover, p; will be
the optimal input state for the minimax discrimination without ancilla.

Now we have just to find a state such that condition (3.50) holds. We already noticed
that 7/, is a breaking point of R’;(7). Either this breakpoint is also a breakpoint
(and the maximum) of R/z(7, 0;) for some ¢ € z,y, z, or else at least two of the
R';(m,0;) are crossing in 7., one increasing and the other decreasing (Fig. 3.6). In
the first case Eq. (3.50) is immediately satisfied, and an eigenstate of o; will be
the optimal input state. In the second case, we show that when two R’5(w, 0;) are
crossing at m, we can find a state p; such that

Rip(m.,d - ii) = R(m., 01) ,

87T,R/B(7r7 - ﬁ)|7r=7r; =0, (3.52)
and therefore has the maximum at n/ by concavity. In fact, the crossing, and
therefore non-equality of the R/;(m, 0;) in a neighborhood of =/, implies that for
each of the two R/5(m, 0;), the maximum in (3.40) for 7/, is attained by the square
root term (since the term |a + b| is just a function of 7). Let us assume that the o;

that give such a crossing are o, and o,. Then looking at (3.40), we have at point 7.

lc+d| =|c—d|,
Orlc+d| Oplc —d] <0 (3.53)

(notice that all functions are linear, i.e. differentiable in 7). Indeed, the first of
Eqs. (3.53) implies that any linear combination of eigenstate of o, and o, satisfies
the first of Egs. (3.52). By taking an input state with § = 7/2 and ¢ such that

B Or|c+d|

tan® ¢ =
an” ¢ Or|c —d|

(3.54)

)
T=mh

the second equation in (3.52) is satisfied as well. Similarly, if the o; are o,, 0, one
can take the input state with ¢ = 0 or 7 and 6 such that

Or|a —b|
tan® 0 = — ————— 3.55
o aﬁ‘c+d| T=mh ( )
Finally, for o, 0, one has ¢ = £7/2 and
Orla —b|
tan’f = — — 3.56
o 8”‘6 - d‘ =, ( )

As a remark, no eigenstate of o; for i = x,y, z can be an optimal input in the minimax
sense in this situation. This is a typical result of the minimax discrimination. As in
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the case of discrimination of states, when the correspondent Bayes problem presents
a kind of degeneracy and have multiple solutions, in the minimax problem the
degeneracy is partially or totally removed. In the present situation, if we have the
maximum of R/;(7) at the crossing point of exactly two R’;(7,0;), one increasing
and the other decreasing, we find just four optimal input states: two non-orthogonal
states and their respective orthogonal states. We shall give an explicit example at
the end of the section. O

If we want to find in which case entanglement is not necessary for optimal minimax
discrimination, then we have just to characterize when R'5(7.) = Rp(m.). We
already noticed that we can choose 7, to be one of the 7@ The corresponding 7,
is zero, and hence C' = )" |r,|, namely R’z(m,) = Rp(m,). Since one has

Ryp(1.) =Ry > Ry = Rp(m.) = Rp(m.) (3.57)

we only have to check that 7, is a maximum of R (7), recalling that the function
is concave (see Fig. 3.6).

Rg(m)
R(0)

Figure 3.3: Optimal Bayes risks versus the a priori probability 7 for the discrim-
ination of the Pauli channels with parameters given in Eq. (3.64). The solid line
gives Rp(m) for an entanglement-assisted strategy; the dotted lines gives R'z() for
strategy without ancilla. The minimal risk in the optimal minimax discrimination
corresponds in both strategies to R, = max, R'z(7) = max, Rp(m) = Ry, namely
there is no need of an ancillary system.

Ultimately, we shall have to list down cases. Reading them might be clearer with
the quantities appearing in Eqs. (3.36-3.39) explicitly written as a function of 7.
The most useful segmentation of [0, 1] is based on the 7(*), that is the points where
the r, vanish, and Rp(7) breaks. Recall that r, = to(7 — (@), and r, > 0 for
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7 > 7@, As we have four a, we have five segments (they may get degenerated).
Remember that knowing C' in Eq. (3.39) and ) _ |r,| is tantamount to knowing
R’g(m) or Rp(m). Here is a list of the signs of the r, and the value of C' on each
open segment (so that all r,, # 0):

o (0,7D): 3 |ral = =", 7a = C. Notice that Rz(7) = Rp(w) and that their

common slope is 1.

(7O, 70): S Iral = ro — 1 — 73 — 5, 50 that € = o — 71— 13 — g —
2inf,—123|ral. On this segment, R’z(7) > Rp (7).

(70, 7@) 2 3 |ral = 1o + 11— 12 — 13 = C, so that Riy(w) = Rp(m).

(7@ 7@ S |ral = rotri+re—r3, so that C' = ro+7r1+re—r3—2infa—g 12 s
and R'g(m) > Rp(n).

(7@, 1) 3, Iral = X, e = C and Rl5(7r) = Rp(r). Their common slope is
(—1).

A close look at these expressions, as we shall show in the following, proves that
R/;(7) is derivable at 7(®) unless there is 3 # a such that 7(®) = 7(®). With this in
mind, we see that 7, cannot be a maximum of 7@ unless several r, are null at the
same point (with supplementary conditions) or 7, = 7(!) and the segment (71, 7(2))
is flat. Here is the full-fledged study, using repeatedly the list above. It is complete
as any other case can be handled by symmetry (switching channels, that is mapping
mto 1—m).

o, =70 < 7 At 70 we have ro = 0 and 7, < 0 for o # 0. So that
inf, |74 = |70| on a neighborhood of 7(®. On that neighborhood, we deduce
C =~ Ta, and hence 0, R’3(7)|;_r0 = 1, so that 7(¥ is not a maximum
of Rz(m). Entanglement is then necessary for optimal discrimination.

o, =70 =70 < 7@: On (0,7) U (zW, 7?), equality Rz(7) = Rp(n)
holds. Thus, the two functions are equal on a neighborhood of m,, and since
7. is a (local) maximum of Rp(7), it is also a local maximum of R’;(7). In
this case an unentangled strategy is then as efficient as any entangled one.

o 1, =7 =70 =72 < 74 The risk R3(7) is nondecreasing on the left of
7. (slope 1), we then want it to be non-increasing on a right neighborhood of
7. Now this is part of the segment (7%, 7(3), where C' = rq + 7, +1ry — 13 —
2inf,_g127,. Recall that r, = t, (7 — 7). Since r, = 0 for a # 3 at m,, and
they are all nondecreasing, inf,—g 27, is the one with the smallest slope ¢,. It
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follows that the slope of R’;(7) on the right of m, is t3—tg—t; —ta+2inf,—g 12 ta,
and so entanglement is not needed if and only if

i <
ts+2 inf to < > ta (3.58)

a=0,1,2

o 7, =70 =71 = 73 = 763). This is the trivial case where both channels are
the same. Of course, entanglement is useless.

o 70 < 7, = 7 < 7@ In this case R'z(7) is derivable at .. Indeed, on
(7, 7@), we have C = 1o+ 7, — 19 — r3 whereas on (70, 71)), C =ry—r; —
ry — 13 — 2inf,_1 23 |74|. In a neighborhood of 7., one has inf,_; 53 [r| = 71,
as it is the only one which is 0 at 7,; hence C' = rq+r; — r9 — 3 also on a left
neighborhood of 7, and the slope of R;(7) at 7, is t3 + to — t1 — to. Since 7%
is a maximum if and only if this slope is null, we get the condition

to+t1 =ty +ts3. (3.59)

o 70 < 7, = 7 = 7@ < 70): On the left of 7,, we are on the segment
(7@ 7)) so that C = 19 — 1) — 19 — 13 — 2inf,_1 93 |7a]. On the right, we
are on the segment (72 7)) and C =1y + 1| + 1y — r3 — 2infacp 1274 In a
neighborhood of 7, the r, with the smallest absolute value will be either r;
or 7o (more precisely, the one with the smallest slope ¢,), so that we can write
in a neighborhood of 7, for both sides C' = rg — r3 + |rg — r1|. The slope of
R'5() is then t3 —to+|ta —t1| and t3 —ty — |ta — 11| on the left and on the right
of m,, respectively. Entanglement is not necessary when 7, is a maximum of
R’5(m), and hence we get the necessary and sufficient condition

lto —t3] < [t1 — o] . (3.60)

We can summarize the above discussion as follows

Theorem 3.6.3. The minimax risk without using ancilla is strictly greater than the
minimaz risk using entanglement, except in the following cases:

e the trivial situation where both channels are the same, so that w, = (@) = %
for all c.
o ifm, =70 <7 < 7
o ifm, =7 =70 =72 < 73 gnd
) . _
ty+2 inf ta < > ta (3.61)

a=0,1,2
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o if 10 <7, =7 < 7@ gnd

to+ 1, = to + 13 (3.62)

o if 70 <71, =70 =73 < 76) gnd

lto — t] < |t — ta (3.63)

e The symmetric cases (obtained by exchanging channels 1 and 2, i.e. exchang-
ing indezes 0 and 1 with 3 and 2, respectively, both in ©'® and t,.

Differently from the Bayesian result, we notice that when entanglement is not nec-
essary to achieve the optimal minimax discrimination, the optimal input state may
not be an eigenstate of the Pauli matrices. Consider, for example, the two Pauli
channels featured in Fig. 3.6 that correspond to the parameters

g = 0.3 " = 0.4 g5 =02 g5 =0.1
g =01 ¢ =03 ¢ =015 2 =045 (3.64)

We can compute 7(®) = q((f)/(qg}) + q&z)) and get 7l = (1/4,3/7,3/7,9/11). Here
7. = 3/7, and we are in the situation of Eq. (3.63), since to = (g8 + ¢©) =
(0.4,0.7,0.35,0.55). Hence, entanglement is not necessary to achieve the optimal
minimax risk, but the state to be used is not an eigenstate of the Pauli matrices. In
fact, we are in the case of the proof of Theorem 3.6.2, where R’;(7, 0,) and Rz (7, 0,)
are crossing in m,. The optimal input state for the minimax discrimination will be
given by 0 = 7/2 and ¢ as in Eq. (3.54), which gives tan®?¢ = 2/5. Then, we
have four optimal input states that lie on the equator of the Bloch sphere, with

n= (ima ima O)'






Chapitre 4

Fast estimation of unitary operations

Ce chapitre dérive de l'article (Kahn, 2007b).

Résumé : NOus donnons une procédure explicite, basée sur un état in-
triqué en entrée, pour estimer une opération U dans SU(d), dont le taux
de convergence est de 1/N? quand on envoie N particules dans ’appareil.
Nous prouvons 'optimalité de ce taux. Nous évaluons également la con-
stante C' telle que le taux asymptotique soit C/N?. Toutefois, d’autres
stratégies pourraient permettre d’obtenir une meilleure constante C'.

4.1 Introduction

The question that we are investigating in this chapter is: “What is the best way of
estimating a unitary operation U?”

By “unitary operation”, we mean a device (or a channel) that sends a density oper-
ator pg on C? to another density operator p = UpoU*, where U € SU(d), a special
unitary matrix.

We immediately stress that the solution to this estimation problem can be divided
into two parts: what is the input state, and which measurement (POVM) to apply
on the output state? Indeed, in order to estimate the channel U, we have to let it
act on a state (the input state). And once we have the output state, the problem
consists in discriminating states in the family of possible output states.

This estimation of unitary operation has been extensively studied over the last few
years.
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The first invitation was (Childs et al., 2000a), featuring numerous special cases. In
most of those, the unitary U is known to belong to some subset of SU(2).

Then Acin et al. (2001) provided the form of an optimal state to be sent in with
non-specified coefficients depending on the cost function (we give the formula of this
state in equation (4.2)). In that paper the authors consider the situation where the
unitary operation is performed independently on N systems. That study applied
to any SU(d), and any covariant loss function, in particular fidelity, in a Bayesian
framework. The proposed input state uses an ancilla, that is an auxiliary system
that is not sent through the unitary channel with Hilbert space (C?)®". The state is
prepared as a superposition of maximally entangled states, one for each irreducible
representation of SU(d) appearing in (C4)®". We emphasize that the state is an
entangled state of (C?)®" @ (C?)®V: we do not send N copies of an entangled state
through the device, but all the IV systems that are sent through the channel together
with the N particles of the ancilla are part of the same entangled state, yielding the
most general possible strategy. There was no evaluation of the rate of convergence,
though.

Subsequent works mainly focused on SU(2), as the case is simpler and yields many
applications, e.g. transmission of reference frames in quantum communication. In-
deed, the latter is equivalent to the estimation of a SU(2) operation. The first
strategy to be proved to converge (in fidelity) at 1/N? rate was not covariant (Peres,
1993). It made no use of an ancilla. Later, Bagan et al. (2004a) achieved the same
rate for a covariant measurement with an ancilla through a judicious choice of the
coefficients left free in the state proposed by Acin et al. (2001). The optimal constant
(72 /N? for the fidelity) was also computed. It was almost simultaneously noticed
(Bagan et al., 2004b; Chiribella et al., 2004) that asymptotically the ancilla is unnec-
essary. Indeed what we need is entangling different copies of the same irreducible
representation. Now each irreducible representation appears with multiplicity in
(CH®N most of them with higher multiplicity than dimension, which is the condi-
tion we need. This method was dubbed “self-entanglement”. The advantage is that
we need to prepare half the number of particles, as we do not need an ancilla. In all
these articles, the Bayesian paradigm with uniform prior was used. The same 1/N?
rate was shown to hold true in a minimax sense, in pointwise estimation (Hayashi,
2004). We stress the importance of this 1/N? rate, proving how useful entangle-
ment can be. Indeed, in classical data analysis, we cannot expect a better rate than
1/N. Similarly the 1/N bound holds for any strategy where the N particles we send
through the device are not entangled “among themselves” (that is, even if there is
an ancilla for each of these N particles).

Another popular theme has been the determination of the phase ¢ for unitaries of
the form Uy = ¢/, This very special case already has many applications, especially
in interferometry or measurement of small forces, as featured in the review article
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by Giovannetti et al. (2004) and references therein. A common feature of the most
efficient techniques is the need for entangled states of many particles, and much ex-
perimental work has aimed at generating such states. These methods essentially in-
volve either manipulation of photons obtained through parametric down-conversion
(for example (Eisenberg et al., 2005)), ions in ion traps (for example (Dalvit et al.,
2006)) or atoms in cavity QED (for example (Vitali et al., 2006)).

In recent years, there has been renewed interest in the SU(d) case. Notably, Chiri-
bella et al. (2005) takes off from (Acin et al., 2001), allowing for more general
symmetries and making explicit for natural cost functions both the free coefficients
— as the coordinates of the eigenvector of a matrix — and the POVM (see Theo-
rem 4.2.1 below). With a completely different strategy, aiming rather at pointwise
estimation (and therefore minimax theorems), an input state for U®" was found
(Ballester, 2005b,a) such that the Quantum Fisher Information matrix is scaling
like 1/N?, yielding hopes of getting as fast an estimator for SU(d). No associated
measurement was found in that paper.

Given the state of the art, a natural question is whether we can obtain, as for SU(2),
this dramatic increase in performance when using entanglement for general SU(d).
That is, do we have an estimation procedure whose rate is 1/N?, instead of 1/N?
Neither Chiribella et al. (2005), who do not study the asymptotics for SU(d), nor
Ballester (2005b), who does not give any measurement, answer this question.

In this chapter, we first prove that we cannot expect a better rate than 1/NZ.
This kind of bound based on the laws of quantum physics, without any a priori on
the experimental device, is traditionally called the Heisenberg limit of the problem.
Then we choose a completely explicit input state of the form (4.2) (as in (Acin et al.,
2001)), by specifying the coefficients. By using the associated POVM, the estimator
of a unitary quantum operation U € SU(d) converges at rate 1/N2. The constant
is not optimal, but is briefly studied at the end of the chapter. We obtain these
results with fidelity as a cost function, both in a Bayesian setting, with a uniform
prior, and in a minimax setting. Notice that we shall not need an ancilla.

The next section consists in formulating the problem and restating Theorem 2 of
(Chiribella et al., 2005) within our framework. Section 4.3 then shows that it is
impossible to converge at rate faster than O(N~2). In section 4.4, we write a general
formula for the risk of a strategy as described in Theorem 4.2.1, and in section 4.5
we specify our estimators by choosing our coefficients in (4.2). We then prove that
the risk of this estimator is O(N~2). The last section (4.6) consists in finding the
precise asymptotic speed of our procedure, that is the constant C' in CN~2. We
finish by stating in Theorem 4.6.1 the results of the chapter.
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4.2 Description of the problem

We are given an unknown unitary operation U € SU(d) and must estimate it “as
precisely as possible”. We are allowed to let it act on N particles, so that we
are discriminating between the possible U®". We shall work both with pointwise
estimation (as preferred by mathematicians) and with a Bayes uniform prior (a
favorite of physicists).

Any estimation procedure can be described as follows (see Figure 4.1): the unitary
channel U®Y acts as

U®N ®1: (Cd)®N QK — (Cd)®N ® ’C,

on the space of the N systems together with a possible ancilla. The input state
pn € M((CH®" @ K,,) is mapped into an output state on which we perform a
measurement M whose result is the estimator U € SU(d).

I

U U U U U

IR

Measurement Apparatus

!

U

Figure 4.1: Most general estimation scheme of U when n copies are available at the
same time, and using entanglement.

In order to evaluate the quality of an estimator U, we fix a cost function AU, V).
The global pointwise risk of the estimator is

A~

RP(U): sup Ey[A(U,U)).
UeSU(d)

The probability distribution of U depends on U, and we take expectation with
respect to this probability distribution.
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On the other hand, the Bayes risk with uniform prior is:
Ra(®) = [ Eo[AWO)u(0)
SU(d)

where p is the Haar measure on SU(d).

As cost function, we choose the fidelity F' (or rather 1 — F'), which for an element
of SU(d) is defined as:

R Te(U-107) |2
AW, ) =1 - I OF T(U;F v
@ O)p

=1 -

where xp is the character of the defining representation of SU(d), whose Young
tableau consists in only one box. In other words, xo(U) = Tr(U).

Before really addressing the problem, we make a few remarks on why this choice of
distance is suitable for mathematical analysis.

Firstly, this cost function is covariant, i.e. A(U,U) = A(1ga, U'U).

Secondly, a useful feature within the Bayesian framework is that A is of the form
(4.1), as required in Theorem 4.2.1. Indeed we can rewrite:

AU U) =1 = xo(U ' U)x5(U0) /.

Now the conjugate of a character is the character of the adjoint representation, the
product of two characters is again the character of a possibly reducible represen-
tation 7. This character is equal to the sum of the characters of the irreducible
representations appearing in the Clebsch-Gordan development of 7, in which all co-
efficients are non-negative. Therefore A =1 — (35 azx}) where a; > 0 and X runs
over all irreducible representations of SU(d). That is the condition (4.1) that we
shall need for applying Theorem 4.2.1, given at the end of the section.

On the other hand, the theory of pointwise estimation deals usually with the variance
of the estimated parameters when we use a smooth parameterization of SU(d). As
we want to use the Quantum Cramér-Rao Bound (4.9), we need A to be quadratic
in the parameters to the first order, and positive lower bounded for U outside a
neighborhood of U. As A is covariant, it is sufficient to check this with U = 1¢a.
Now an example of a smooth parameterization in a neighborhood of the identity is
U(0) = exp(D>_,, 0.T,) where 0 € R%~! and the T, are generators of the Lie algebra,
so that Tr(7,,) = 0. Now Trlexp(>_, 0.T0)] = d+ >, 0. Tr(T,) + O(]|0]|?), so that
the trace minus d, and consequently A, is quadratic in 6 to the first order.
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As stated at the beginning of this section, we are working with U®". The Clebsch-
Gordan decomposition of the n-th tensor product representation is

UN = P U@ 1oue
X|X|=N

acting on @X:N:N H @ CM(X), where H* = CPM is the representation space of X,
M(X) is the multiplicity of X in the n-th tensor product representation, and D(X)
the dimension of X\. We refer to CM® as the multiplicity space of X. We have
indexed the irreducible representations of SU(d) by A = (A1,..., \g), and written
IX| = S°% | \i. Notice that this labelling of irreducible representations is redundant,
but that if [X!| = |X2|, then X! and X? are equivalent (denoted X! = X2) if and only
if X = )2

The starting point of our argument will be the following reformulation of the results

of (Chiribella et al., 2005), with less generality, and without the formula for the risk
whose form is not adapted to our subsequent analysis:

Theorem 4.2.1. (Chiribella et al., 2005) Let U € SU(d) be a unitary operation to
be estimated, through its action on N particles. We may use entanglement and/or
an ancilla.

Then, for a uniform prior and any cost function of the form

(U, U) =ag— > apxt(U D), (4.1)
X

we can find as optimal input state a pure state of the form
D(X)

w= @ S uh e (42)
XR=n \/D(A) =1

with ¢(X) > 0, and the normalization condition,

> () =1 (4.3)

A

Moreover |w§> is an orthonormal basis of H* and |¢§> are orthonormal vectors of the
multiplicity space, which may be augmented by an ancilla if necessary (see remark
below on the dimensions).

The corresponding measurement is the covariant POVM with seed = = |n)(n| given
by:
D(X) B .
= P VPN 1) @), (4.4)
i=1

Xe(X)#£0



4.3 Why we cannot expect better rate than 1/N? 139

that is a POVM whose density with respect to the Haar measure is given by m(U) =

Uln){n|U* with
DY)

Un = & Dl ZUWWA

Xe(X)#£0

Remark: We use D(X) orthonormal vectors in the multiplicity space of X. This
requires M(X) > D(X). If this is not the case, we must increase the dimension of
the multiplicity space by using an ancilla in C°. Then the action of U is U®N ® 1¢s
whose Clebsch-Gordan decomposition is B3 -y U@ 1csmesy- With big enough 6,
we have 5/\/1(4) (X) Notice that an ancilla is not necessary if ¢(X) = 0 for all X
such that D(X) > M(X).

Another remark is that, as defined, our POVM is not properly normalized:
M(SU(d)) # 1, but is equal to the projection on the space spanned by the U|W).
As this is the only subspace of importance, we can complete the POVM (through
the seed, for example) ad libitum.

Our estimator U is the result of the measurement with POVM defined by (4.4) and
input state of the form (4 2), with specific ¢(A). Such an estimator is covariant,
that is py (U) = p1., (U™ 177), where py is the probability distribution of U when we

are estimating U. The cost function is also covariant, so that Ey[A(U, U )] does not
depend on U. This implies that the Bayesian risk and the pointwise risk coincide.
With the second equality true for all U € SU(d), we have:

Rp(U) = Rp(U) = Ey[A(U, U)]. (4.5)

Theorem 4.2.1 states that there exists an optimal (Bayes uniform) estimator U, of

this form (corresponding to the optimal choice of ¢(X)), so that it obeys (4.5). From
this we first prove that no estimator whatsoever can have a better rate than 1/N?.

4.3 Why we cannot expect better rate than 1/N>

For proving this result, we need the Bayesian risk for priors 7 other than the uniform
prior:

R.(U) = E.[Eu[A(U,U)]).

As U, is Bayesian optimal for the uniform prior, we only have to prove that RB(U )=
O(N~2). This is also sufficient for pointwise risk as, for any estimator U, we have
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~

Rp(U,). It is then sufficient to prove, for a 7 of our choice, that:

R.(U,) = O(N7?). (4.6)

Ryp(U) < Rp(U). Moreover, as Ey[A(U,U,)] does not depend on U, R.(U,) =
B

The idea is to find a Cramér-Rao bound that we can apply to some 7. We shall
combine the Braunstein and Caves information inequality (4.8) and the Van Trees
inequality (4.7) to obtain the desired Quantum Cramér-Rao Bound, much in the
spirit of Gill (2005b). This bound will yield an explicit rate through a result of
Ballester (2005b).

Van Trees’ inequality states that given a classical statistical model smoothly param-
eterized by § € © C R”, and a smooth prior with compact support ©y C O, then
for any estimator ¢, we have:

~ p2
EL[T(Vo(0))] 2 g

(4.7)

where 1(0) is the Fisher information matrix of the model at point 0, Z is a finite
(for reasonable 7) constant depending on 7 (quantifying in some way the prior

information), and Vp(#) € M,(R) is the mean square error (MSE) of the estimator
f at point € given by:

Vi(0)as = El(6a — 02)(05 — 05))-
This form of Van Trees inequality is obtained by setting N =1, G = C' = Id and
1 =6 1in (12) of (Gill, 2005b).

Now the Braunstein et Caves C. M. (1994) information inequality yields an upper
bound on the information matrix I,,(#) of any classical statistical model obtained
by applying the measurement M to a quantum statistical model. For any family of
quantum states parameterized by a p-dimensional parameter § € © € RP, for any
measurement M on these states, the following holds:

1u(0) < H(9), (4.8)
where H(0) is the quantum Fisher information information matrix at point 6.

Now it was proved by Ballester (2005b) that for a smooth parameterization of an
open set of SU(d), and for any input state, the quantum Fisher information of the
output states fulfils:

H(6) = O(N?).

Inserting in (4.7) together with (4.8) we get as quantum Cramér-Rao bound

B (V(0)] = 0 (37 ) (19)
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We now want to apply this bound to obtain (4.6). There are a few small technical
difficulties. First of all, we cannot use the uniform prior for 7 as SU(d) is not
homeomorphic to an open set of RP. We then have to define two neighborhoods of
the identity ©¢ C O, allowing to use the Van Trees inequality. Now our estimator U,
need not be in ©, so that we shall in fact apply Van Trees inequality to a modified
estimator U. Finally, this bound is on the variance, and we must relate it to A.

Our first task consists in restricting our attention to a neighborhood © of 1ca. It
corresponds to a neighborhood © (we use the same notation) of 0 € R? through
U = exp(d>_,0,Tn). This holds if the neighborhood is small enough, so we define
it by U € O if and only if A(1ca,U) < € for a fixed small enough e. We define O
through U € ©g for A(1ce,U) < €/3, and take a smooth fixed prior © with support
in ©g, such that Z, < oo.

Now we modify our estimator UO into an estimator U given by U= Uo for Uo €06
and U = 1ca for U, ¢ ©. Then, by the triangle inequality, for any U € g, we have
AU, U,) > A(U,U).

The fundamental point of the reasoning (used at (4.10)) is that, as A is quadratic
at the first-order, there is a positive constant ¢ such that, for any U',U? € O,
corresponding to 61, 0%, we have A(Uy,Uy) > ¢ > (0L — 62)2.

Finally we get

Re(Us) = Ex[Eu[A(U, U,)]]
> E.[Ey[AU, U))]
> cBr V4] (4.10)
= O(N7?)

We have thus proved (4.6), and hence our bound on the efficiency of any estimator.

We now write formulas for the risk of any estimator of the form given in Theorem
4.2.1.

4.4 Formulas for the risk

By (4.5), our risk Rp(U) is equal to the pointwise risk at 1ca, with which we shall

work:
G {1 - %} ) (4.11)
SU(d)
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Now we compute the probability distribution of U for a given |¥) of the form (4.2),
that is

p1,,(U) = (W|UEU| W)

C(X) > 20 X
_ HZ p@)pWZWUW

2

= > O

where we have used that the character x5 of X is the trace of U in the representation.

Then, using (4.11), recalling that py_, is a probability density for Haar measure ;1
on SU(d), and that x51X52 = Xjigs: (for the second term), we get:
2

RO =1-G [ Xé]vcu)x;@uw) du(U). (4.12)

In order to evaluate the second term, we use the following orthogonality relations
for characters:

/ ap(U)xz, (D), (U)° = 65 _s. (4.13)
SU(d)

To do so we need the Clebsch-Gordan series of X ® O:
X©O= @{1§i§d|>\¢>>\¢+1}x + €4, (4.14)

where conventionally A;.; = 0. Here we see A as a d-dimensional vector and e; as
the i-th basis vector.

We then reorganize the sum of characters as:
> e = Y D N —exx(0),
X|X|=N XX |=N+1ieS(X)
where S(X) is the set of i between 1 and d such that X' — ¢, is still a representation,

that is A} > X/, ;. We shall write #S(N) for its cardinality.

Inserting in (4.12) and remembering (4.13), we are left with

. ZX’:\X’|:N+1 | Zz‘es@) (N —e)]?

Rp(U)=1 d2

(4.15)

To go any further, we must work with specific ¢(X).
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4.5 Choice of the coefficients ¢()X) and proof of their
efficiency

We now have to choose the coefficients C(X) so that the right-hand side of (4.15) is
small.

It appears useful to introduce subsets of the set of all irreducible representations.
Let Py = {X [X| = N:Ay > --- > Ay > 0}. Obviously, if X' € Py,q, then
#S(X’) = d, and the converse is true. We can see them intuitively as points on a
(d — 1)-dimensional surface, and with this picture in mind, we shall speak of the
border of Py (when X\; = A\;y1 + 1 for some i), or of being far from the border
(without precise mathematical meaning).

We are ready to give heuristic arguments on how good coefficients should behave.

We must try to get the fraction in (4.15) close to one. Now

ZX’:IX’|=N+1 | ZieS(X’) (N —e)]?

2
< Z #S(X,) ZieS(X’) le(N —e;)]?
= g y

AN |=N+1

ZieS(X') |C(X/ ei)|?

<
s i

AN [=N+1
< eV =1

X|X|=N

The first inequality was obtained using Cauchy-Schwarz inequality for each inner
sum. There is equality if C(X/ — ¢;) does not depend on i. From this, we deduce
that for most X’ , the C(X/ — e;) must be approximately equal, especially if they are
large. The second inequality follows from #S (X’ ) < d. From this we deduce that for
X & Py1, the coefficients ¢(X — ;) must be small. Remark that about 1/N of the
X such that |X’| = N +1 are not in Py, so that if all C(X) were equal, these border
terms would cause our rate to be 1/N. The key of the third inequality is to notice
that each c()) is appearing in the sum once for each term in its Clebsch-Gordan
series (4.14), and that there are at most d terms. Please note that there are d terms
if X € Py, and if N is in Py, far from the border, then X' — e; is in Py, far from
the border.
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The conclusion of these heuristics is that we must choose coefficients “locally” ap-
proximately equal (at most 1/N variation in ratio), and that the coefficients must
go to 0 when we are approaching the border of Py .

One weight satisfying these heuristics is the following.
d
c(N) =N]]p: (4.16)
i=1

where A is a normalization constant to ensure that (4.3) is satisfied and p;, =
Ai — Air1. We shall use it below, and prove that it delivers the 1/N2 rate.

A first remark about these weights is that ¢(X) = 0 if X & Py. Now, for any X € Py,
we have D(\) > M()), so that we do not need an ancilla.

Indeed, using hook formulas (see (Schensted, 1976)), we get

M(X)/D(X) = N! H %

Now for X € Py, we know that A\; # 0. Under this constraint and »_ \; = N, the
maximum is attained by \y = N —d+ 1 and \; = 1 for ¢ # 1. We end up with
exactly 1.

We shall now use (4.16) and express the numerator of (4.15) with our choice of p;.
Notice first that if p; characterize A\’ then those which characterize X" — e, are given

by p§~i) - pj + 53‘,@'_1 — 5]'7,‘. SO

d
N7 (N = e;) =[] s + 5.0,
j=1

with
r5 (i) = _Hpj +dj>1 < H pj — H pj) :
J#i J#i—1 J#i—1
Introducing another notation will make this slightly more compact. For a vector &
with d components and £ a subset of {1,...,d}, define:

Te = H!Ej- (4.17)
J#E
Then
5V (i) = —pgiy + 0j>1 (p{ifl} - p{z,zq}) .
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Notice now that for A € Pn, there are exactly d irreducible representations appearing
in the Clebsch-Gordan decomposition of A\@ O (4.14). So that c()\)? appears exactly

d times in 3 5 -y 2ies() ¢(X —¢;)2. We may then rewrite the renormalization
constant A as

d
DV ON |

N:|X|=N+1ieS(\) J=1

Therefore, rewriting the second term in (4.15) with our values of ¢(X), we aim at
proving:

2
d .
ZX':\X/|:N+1 <ZieS(X/) Hj:l pj+rs (Z))

- =1+O0(N7?). (4.18)
d .
d EX/:\X/\:NH ZieS(X’) (Hj:l pj+ Tx/(l))

Let us expand the numerator:

Sl S I+t =G+t +t),

NN |=N+1 \ieS(N\)I=1

with

d
Co=_(#5(V) 1
S e
2 P ZzeS(X #S(A')Txf(i) H?:l Dj
Cy ’
2
25 (Zies(x/) 5% (i)>
Cy )

Similarly the denominator can be read as:

d 2
d Z Z (Hpj*FTx,(’i)) :Cu(1+ul‘|“u2)>

XN |=N+1ies(V) \J=1
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with

o= S ars [Tt

)\/
2d 5 ZZES X 75:(2) H?:l Dj
Uy = C )
Dox A e T (0)?
Uy = C .

With these notations, we aim at proving the set of estimates given in Lemma 4.5.1.
Indeed they imply:

2
d .
EX/:|X’\=N+1 (Eies(xf) Hj:l Dj+ Ty (Z))
d £ ) 2 4.19
45 51mn Liesry (TTioaps + 75 (0)) (4.19)

== 1+t2—U2+O(N73)

with (ty — uy) of order N™2. By (4.18), the risk of the estimator is then uy — t5 +
O(N73). Thus proving Lemma 4.5.1 amounts at proving 1/N? rate.

We shall make use of the notation ©(f), meaning that there are universal positive
constants m and M such that:

mf <O(f) < Mf.

Lemma 4.5.1. With the above notations,

Co=Cr=d> Y (ﬁpj>2

N X|=N41 \Jj=1
= QN34
ti=u; =O(N)
ty = O(N7?)
uy = O(N2).

Proof. We first prove the first line.

Indeed for N € Py.1, all i are in S(X'), and

d d
S 1In) =0 ¥ 1= 11
j=1

ieS(x) i=1 ieS(\) I=1
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But if N & Pny1, there is at least one p; equal to zero, so they do not contribute to

2
the sum. So that Cu = Ct = d2 ZX’:|X’\:N+1 (H;‘lzl p]) .

We have then equality of the denominators of ¢; and u;. The same argument gives
equality of the numerators. On Py1, #S(\') = d so that

> #5Mrs@[Lp =d 3 @I

ieS(X) ieS(\)
and outside Py, H?lej = 0 so that the equality still holds. Therefore t; = u;.

Now p; < N + 1 so that H;l:l p; < (N +1)%and |rs(i)] < 2(N + 1)%1. Moreover,
as 1 < \; < N +1 and \; is known if the other A, are known, the number of
elements X in Pn 1 satisfies #Pyy1 < (N + 1)1 Thus the numerator of ¢; and
uy is O(N3?72) and that of ty and uy is O(N3973). To end the proof of the lemma,
it is then sufficient to show that C, = O(N3I-1).

Let us write N + 1 = a(l + d(d + 1))/2 + b with a and b natural integers and
b< (1+d(d+1)). We then select h; for i = 1 to d such that > h; = a/2. The
number of ways of partitioning a/2 in d parts is (“/i:‘i_l), and this is O(a?!) =
O(N?1). To each of these partitions, we associate a different X in Py through
Ai = (d—i+ 1)a+ 6;=1b+ h;. For each of these X’, we have p; = \; — \j11 > a/2,
so that H;l:lp? = O(N%). We may lower bound C, by the sum over these X' of

szlpi, so that we have proved C, = O(N3I-1). O

4.6 Evaluation of the constant in the speed of con-
vergence and final result

The strategy we study is asymptotically optimal up to a constant, but a better con-
stant can probably be obtained. Anything like ¢(X) = (] p;)* with o > 1/2 should
yield the same rate, though it would be more cumbersome to prove. Polynomials
in the p; could also bring some improvement. All the same we give in this section
a quick evaluation of the constant, that may serve as a benchmark for more precise

strategies.
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Write p; = (N + 1)x;. Then, recalling our notation 4.17,

d d

[I#5 =+ 0> ]

j=1 j=1

Tx,(l') = (N + 1)d_1 (—l‘{i} + 5,‘>1ZL‘{Z;1} + O(N_l)) .
Similarly, the set of allowed Z = (x1,...,x,) may be described as

d
Sny1 = {f|xj(N+1)6N;Z(d—j+1)x]~:1}.

J=1

We may then rewrite:

i dyL Ty — 0is1T (i ’
. erzN+1 222_1 (2 7 21}) Lo
d*(N +1) ZfESN+1 Hj:l F
2
o ZfESN+1 (l‘{z} - 5i>1x{i_1})
2= d
d2<N + 1)2 ZfESN.H szl xJQ
Subtracting, we obtain (the first sums being on Sy 1)
Uy —ty + O(N?) = (4.20)
d d
2 52d (Ei:l(x{i})z —2ims x{i}ﬂf{H}) = (d+ 1)(za)?
n*d*y . H?ﬂ x? .

+ O(N73).

(4.21)

Now Sy is the intersection S of the lattice in [0, 1]¢ with mesh size 1/(N + 1) with
the hyperplane given by the equation ) (d — j 4+ 1)x; = 1. Therefore the points
of Syy1 are a regular paving of a flat (d — 1)-dimensional volume, with more and
more points (we know that #Sy,1 = O(N91)). Therefore both denominator and
numerator of (4.20) are Riemannian sums with respect to the Lebesgue measure,
with a multiplicative constant that is the same for both. Therefore we have proved:

Theorem 4.6.1. The estimator U corresponding to (4.16) has the following risk:
Rp(U) = Rp(U) = Ey_, [A(Lcd, U)] — ON2 4+ O(N?
where C' is the fraction
Js2d (Ele(x{i})z X x{i}ﬂf{H}) = (d+ 1)(zqy)?d7
& [ T]0, 22d7 '

Up to a multiplicative constant, this risk is asymptotically optimal, both for a Bayes
uniform prior and for global pointwise estimation.
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Numerical estimation, up to two digits, for the low dimensions yields:

10 ford =2
75 for d = 3
2.7 x 10% for d = 4.

4.7 Conclusion

We have given a strategy for estimating an unknown unitary channel U € SU(d),
and proved that the convergence rate of this strategy is 1/N2. We have further
proved that this rate is optimal, even if the constant may be improved.

The interest of this result lies in that such rates are much faster than the 1/N
achieved in classical estimation and, though they had already been obtained for
SU(2), they were never before shown to hold for general SU(d).






Chapitre 5

Clean positive operator valued
measures

This chapter is derived from the article (Kahn, 2007a).

Résumé : Dans un article récent Buscemi et al. (2005) ont défini une
notion de propreté des mesures a valeurs dans les opérateurs positifs
(POVMs). Nous caractérisons les POVMs propres dans une classe que
nous appelons quasi-qubit, c’est-a-dire les POVMs dont les éléments
sont tous de rang un ou de rang plein. Nous donnons un algorithme
qui vérifie si une POVM quasi-qubit satisfait a la condition de propreté.
Nous décrivons explicitement toutes les POVMs propres pour les qubits.
Au passage, nous donnons une condition suffisante pour qu'une POVM
générale soit propre.

5.1 Introduction

The laws of quantum mechanics impose restrictions on what measurements can be
carried out on a quantum system. All the possible measurements can be described
mathematically by “positive operator-valued measures”, POVMs for short. Apart
from measuring a state, we can also transform it via a quantum channel. Now
suppose we have at our disposal a POVM P and a channel £. We may first send our
state through £ and then feed the transformed state in our measurement apparatus
P. This procedure is a new measurement procedure, and can therefore be encoded
by a POVM Q. Now transforming the state with £ can be seen as a kind of noise
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on the POVM P. We may then view Q as a disturbed version of P, and we say that
P is cleaner than Q. Now, what are the maximal elements for this order relation?

The order relation “cleaner than” has been introduced in a recent article of Buscemi
et al. (2005). Herein they look at which POVMs can be obtained from another,
either by pre-processing (the situation we just described, where we first send our
state through a channel) or by classical post-processing of the data. Especially, they
try to find which POVMs are biggest for these order relations (in the former case,
the POVM is said to be clean; there is no “extrinsic” noise). For pre-processing they
get a number of partial answers. One of those is that a POVM on a d-dimensional
space with n outcomes, with n < d, is clean if and only if it is an observable. They
do not get a complete classification, though.

The object of the present chapter is to characterize which POVMs are clean in a
special class of measurements. Namely, we are interested in POVMs such that all
their elements (see definition below) are either full-rank or rank-one. We call these
POVMs quasi-qubit POVMs. Notice that all the POVMs for qubits satisfy to this
condition.

On the way we prove a sufficient condition for a POVM to be clean, that is usable
also for POVMs that are not quasi-qubit.

It turns out that cleanness for quasi-qubit POVMs can be read on the span of the
rank-one elements. Moreover,if a (non necessarily quasi-qubit) POVM is cleaner
than a clean quasi-qubit POV M, the latter was in fact obtained by a channel that is
a unitary transform. In other words, for quasi-qubit POV Ms, cleanness-equivalence
is unitary equivalence.

We give an algorithm to check whether a quasi-qubit POVM is clean or not. This
algorithm may be the main contribution of the chapter, as almost all the following
theorems can be summed up by saying the algorithm is valid.

In the end we apply these results to the qubit, for which all POVMs are quasi-qubit.
We are then left with a very explicit characterization of clean POVMs for qubits.

Section 5.2 gives precise definitions of all the objects we cited in this introduction.

We define the algorithm, give heuristically the main ideas and define the important
notion “totally determined” (Definition 5.3.2) in Section 5.3.

Section 5.4 gives a sufficient condition for a POVM to be clean, namely that the
supports of the elements of the POVM “totally determine” the space (see Definition
5.3.2). We use this condition to show that when the algorithm exits with a positive
result, the quasi-qubit POVM is really clean.
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Section 5.5 proves that the above sufficient condition is in fact necessary for quasi-
qubit POVMs. It checks that when the algorithm exits with a negative result, the
POVM is truly not clean.

Section 5.6 gathers the results relative to quasi-qubit POVMs in Theorem 5.6.1 and
deals with the qubit case in Corollary 5.6.2.

Ultimately section 5.7 gives a very rough idea for making explicit more explicit the
sufficient condition for a POVM to be clean we have given in section 5.4.

If one wishes to look for the results of this chapter without bothering with the
technical proofs, the best would be to read the algorithm of section 5.3 and then
to read Theorem 5.6.1 and Corollary 5.6.2. You would also need Lemma 5.5.3 that
you could use as a definition of “totally determined” if you are only interested in
quasi-qubit POV Ms.

If you also want the supplementary results that apply to other POV Ms, further read
Definitions 5.3.1 and 5.3.2, and Theorem 5.4.1.

5.2 Definitions and notations

We consider POV Ms on a Hilbert space ‘H of dimension d > 2. Dimension 2 is the
qubit case. The set {|e;) }1<i<q Will be an orthonormal basis of H. If V is a subspace
of H then V* is the subspace orthogonal to V in H. If we are given vectors {v; }icr,
we denote by Span(v;,i € I) the space they generate. The set of operators on H is
denoted by B(H).

A POVM P (with finite outcomes, case to which we restrict) is a set {P; };e; of non-
negative operators on ‘H, with I finite, such that ) .., P, = 1. The P; are called
POVM elements. We write Supp(P;) for the support of this element. This support
is defined by its orthogonal. The set of |¢) € Supp(F;)* is exactly the set of |¢)
such that (¢|P;|¢) = 0. The rank of a POVM element is its rank as an operator. In
particular, rank-one elements are of the form \;|¢;)(¢;| and full-rank POVMs are
invertible. Special cases of POVMs are rank-one POVMs, that is POVMs whose
elements are all rank-one, and full-rank POV Ms, that is POVMs whose elements are

all full-rank. We are especially interested in a class of POVMs that includes both:
Definition 5.2.1. Quasi-qubits POV Ms

A POVM P is a quasi-qubit POVM if all its elements P; are either full-rank or
rank-one.
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Similarly, we shall speak of strict quasi-qubit POVMs for quasi-qubit POVMs which
are neither rank-one nor full-rank.

A channel € is a completely positive identity-preserving map on B(H) the set of
bounded operators on H (in this chapter, channels are always intended as going
from B(H) to the same B(H)). As a remark, this implies that the subspace of
self-adjoint operators B, (H) is stable by £. We know we can write it using Kraus
(1983) decomposition, that is we can find a finite number of operators R, € B(H)
such that

E(A)=) RiAR,, with Y RiR,=1. (5.1)

Here the star is the adjoint.
We shall write £ = {R,}+. This decomposition is not unique.

Using the channel £ before the measurement P is the same as using the POVM
Q = &(P) defined by its POVM elements @Q; = £(P;).

Definition 5.2.2. A POVM P is cleaner than a POVM Q if and only if there exists
a channel € such that £(P) = Q. We shall also write P > Q.

Definition 5.2.3. Clean POVM

A POVM P is clean if and only if, for any Q such that Q = P, then P = Q also
holds.

We shall further say that two POVMs are cleanness-equivalent if both Q > P and
P > Q hold. A special case of this (but not the general case, as proved in (Buscemi
et al., 2005)) is unitary equivalence, when there is a unitary operator U such that
for any ¢ € I, we have UP,U* = Q);.

5.3  Algorithm and Ideas

5.3.1 Algorithm

We propose the following algorithm to check whether a quasi-qubit POVM P is
clean or not.

(i) We check whether P is rank-one. If it is, exit with result “P is clean”. Other-
wise:
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(ii)) Write the rank-one elements P; = \;|1;)(¢;| for 1 < i < n. Check whether
these [1;) generate H. If not, exit with result “P is not clean”. Else:

(iii) We can find a basis of H as a subset of those |1/;). We assume that this basis
consists of |¢;) for 1 < i < d. We define a variable C' = {V;},c;, consisting
in a collection of subspaces whose direct sum is the Hilbert space H = @ i Vi
We initialize C' with V; = Span(|¢;)) for 1 <i < d.

(iv) For ¢ from d+ 1 to n, do:

(v) Write [¢;) = >, v; with v; € Vj. Call J(i) = {j[v; # 0}

(vi) Update {V;}: Suppress all V; for j € J(i). Add V; = D, V-

(vii) Check whether C' = {H}. If so, exit with result “P is clean”. Otherwise:
(viii) End of the “For” loop.

(ix) Exit with result “P is not clean”.

Notice that the algorithm terminates: every stage is finite and we enter the loop a
finite number of times.

5.3.2 Heuristics: what the algorithm really tests

In the Kraus decomposition (5.1), each of the terms R AR, is non-negative if A is
non-negative, so that £(A) > R: AR, for any . Hence if £(Q) = P, then R:Q;R,,
must have support included in Supp(P;) for all & and e € E.

The central idea of the chapter is the following: the condition Supp(R:Q;R.) C
Supp(P;) yields d — dim(Supp(P;)) homogeneous linear equations on the matrix
entries of R,, where you should remember that d = dim(H). Now R,, is determined
up to a constant by d? — 1 homogeneous independent linear equations. In such a
case, the additional condition »_ RYR, = 1 yields all R, are proportional to the
same unitary U, so that the channel £ is unitary, and P > Q.

There is still one difficulty: the equations mentioned above depend not only on P,
but also on Q. We would then like conditions on the supports of P; such that the
system of equations mentioned above is at least of rank d?—1 for all Q. We formalize
this requirement with the following definitions.
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Definition 5.3.1. Corresponding

Let V be a Hilbert space and {F;}icr a collection of subspaces of V. Let {v;}ier be
a collection of vectors of V. This set of vectors corresponds to {F;}icr if for any
i € I, there is a linear transform R; such that R;(v;) # 0 and, for all j € I, the
transform is taking v; within Fj, that is R;(v;) € Fj.

In the text, we usually drop the reference to {F;}ier and write that the {v;}icr are a
corresponding collection of vectors.

Definition 5.3.2. Totally determined
Let V be a Hilbert space and {F;}icr a collection of subspaces of V.

If for all corresponding collections of vectors {v; }ier there is only one (up to a com-
plex multiplicative constant) linear transform R such that R(v;) € F; for all i € I,
we say that V is totally determined by {F;}icr, or alternatively that {F;}ic; totally
determines V.

If F; is one-dimensional with support vector w;, this means there is only one R such
that R(v;) is colinear to w; for all i € 1.

What the algorithm does is checking that a quasi-qubit POVM P is rank-one (stage
(i)), or that P totally determines H.

More precisely, Proposition 5.4.9 states that each of the V; belonging to C' (appearing
at stage (iii) and updated at stage (vi)) is totally determined by the |¢);) such that
|¢;) € V;. When the algorithm exits at stage (vii), then C' = {H}, so H is totally
determined. If the algorithm does not exit at stage (vii), on the other hand, then C
has at least two elements at the last stage, and each |¢;) is included in one of those
two elements, which entails, from Lemma 5.5.3, that {Supp(P;)} does not totally
determine H.

The equivalence with cleanness for quasi-qubit POV Ms is still needed to get validity
of the algorithm. This equivalence stems from Theorem 5.4.1 and Theorem 5.5.1.
The former is the sufficient condition, for any POVM, not necessarily quasi-qubit.
We have given the intuition for this theorem at the beginning of the section. Com-
plementarily, Theorem 5.5.1 states that a strict quasi-qubit POVM is not clean if
its supports do not totally determine H.

The proof of Theorem 5.5.1 features the last important idea of the chapter. A
channel £ which is near enough the identity may be inverted as a positive map on
B(H), even though £7! is not a channel. Now if we denote Q = £7!(P), we have
£(Q) = P. We are then left with two questions: is Q a POVM, and can we find a
channel F such that F(P) = Q?
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The main possible obstacle to Q being a POVM is the need for each of the @); to be
non-negative. Now, if £ is near enough the identity, if P; was full-rank, then @); is
still full-rank non-negative. The remaining case is Q; = E71(P;) = NE (Jbi) (Wi])-
Now, we shall see that we may use the set of subspaces C' = {V;} given by the
algorithm to build channels ensuring that these @); are still rank-one non-negative
matrices. Furthermore, these (); will have a bigger first eigenvalue than P;, so that
we are sure Q is strictly cleaner than P, as channels are spectrum-width decreasing
(see Lemma 5.5.2).

We now turn to the fully rigorous treatment.

5.4 Sufficient condition

We start by proving the following theorem, announced in the previous section.

Theorem 5.4.1. If the supports {Supp(P;)}ier of the elements P; of a POVM P
totally determine H, then P is clean and any cleanness-equivalent POVM Q s in
fact unitarily equivalent to P.

Proof. 1t is enough to prove that if Q > P, then Q is unitarily equivalent to P.
Let Q be a POVM and £ = {R,}, a channel such that £(Q) = P.

For all i € I, we may write Q; = >, pix|¢F)(#F|. Then we have
P = Z Z 115 R5107) (67| Ra-
a k

Now p; 1 R:|0F) (¢F| Ry > 0 for all k and «, and consequently p; . R |¢F) (¢F| Ry < P
Hence R |¢F) € Supp(P;).

Moreover P; is nonzero. So that there is at least one k(i) and one a(i) for each i
such that RZ|¢f(i)) is nonzero. Thus {(bf(i)}iel corresponds to {Supp(FP;)}ier. As
{Supp(F;) }ics totally determines H, there is only one R, up to a constant, such that
R|¢>f(i)) € Supp(FP;) for all i. So that R, = c(a)R for all a. Since ) R R, = 1,
there is a constant such that AR; is unitary, and € = {\R;}. So that P and Q are
unitarily equivalent.

O
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Before proving in Theorem 5.4.9 that “when the algorithm exits at stage (vii), then
the supports of the POVM P totally determine H”, we need a few more tools.

We first need the notion of projective frame. Indeed, in the algorithm, we are dealing
with supports of rank-one POV Ms, that is essentially projective lines. And we want
them to totally determine the space, that is essentially fix it. Projective frames are
the most basic mathematical object meeting these requirements. We redefine them
here, and reprove what basic properties we need; further information on projective
frames may be found in most geometry or algebra textbooks, e.g. (Audin, 2002).

Definition 5.4.2. A projective frame {v; }1<i<qar1 of a vector space V is a set of
(dim(V) + 1) wvectors in general position, that is, such that any subset of dim()V)
vectors is a basis of V.

Remark 5.4.3. Equivalently we may say that {vi}i1<i<n is a basis of V and vgy, =
Z?:l civ; with all ¢; # 0.

Proposition 5.4.4. A projective frame VU = {e;}1<i<(ni1)0f V totally determines V.

Proof. First we prove that if ® = {v;}1<;<(n41) is not a projective frame, the set
of vectors {v; }1<i<(nt1) does not correspond to V. Indeed, as ® is not a projective
frame, we may find n vectors, say the n first, such that Y "  a;v; = 0 with at least
one a; non-zero, say a;. Then for any R such that R(v;) is colinear to e; for all i,
we still have " | a;R(v;) = 0. As {e;}1<i<n is a basis, a;R(v;) = 0 for all ¢, so that
R(v1) = 0. Hence {v; }1<i<nt1 does not correspond to {e; }1<i<ni1-

Let now ® = {v;}1<;<(n41) be corresponding to W. Notably, this implies that ® is
a projective frame. Furthermore, there is a nonzero linear transform R such that
R(v;) is colinear to e; for all . We must show that R is unique up to a constant.

We know that {e;}1<;<, and {v;}1<;<, are both bases of V. Hence there is a unique
transfer matrix X from the latter basis to the former. Since R(v;) = D;e; for some
D;, we know that R is of the form DX where D is a diagonal matrix with diagonal
values D;.

We still have not used our (n + 1)th condition. We are dealing with projective
frames, so that e,41 = > be; and v, = Y ., ¢;v; with all b; and ¢; non-zero.
Now R(Un41) = Yy ciR(v;) = >0 ciDse;, so that ¢;D;/b; must be independent
on ¢ and D and hence R is fixed up to a complex multiplicative constant.

0

We now turn to a few observations about totally determined spaces.
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Remark 5.4.5. If {F;}ics totally determines H, and if {v;}ics corresponds to {F;},
then the up to a constant unique nonzero R such that Rv; € F; for all v € I 1is
invertible.

Proof. Let us define Il gyr the projector on the orthogonal of the kernel of R
along its kernel, and Iy, p the projector on the kernel of R along (ker R)*. We have
R = RH(ker R)L, SO that RH(kerR)Lvi = RUZ‘. Thus {H(kerR)lvi}iEI is corresponding
to {E}ZEI On the other hand, errRH(kerR)i = 0, so that (R+errR) (H(kerR)lvi) =
R(ILjer 2 vi) € Fio As {Iljger gy } is corresponding to {F;}, the latter equality
implies that R is proportional to (R + Iy ). This is only possible if Iy, g = 0.
Hence R is invertible. O

Remark 5.4.6. If {v;}1c1uy is corresponding to { Fi}ierug, then {v;}ier (resp. {vj}ier)
is corresponding to {F;}ier (resp. {F}}jes-

Proof. The set I is a subset of I U J, thus, for all ¢ € I, there is an R; such that
Ryv; #0 and Ryu; € Fyforalll € TU J. A fortiori R;v, € Fy for all k£ € I. Hence
{vi}ier is corresponding to {F;}ic;. The same proof yields the result for J. O

Remark 5.4.7. If {v;}icr is corresponding to {F;}icr, then there exists R such that
Ruv; € F; and Rv; # 0 for all i simultaneously.

Proof. By the definition of “corresponding to”, we have a set {R;};c; of transforms
such that R;v; # 0 and R;v; € Fjforall j € I. Now, for any set of coefficients {a; };cs
the matrix R = ). a;R; fulfils Rv; € F; for all i. If we choose appropriately {a;}
we also have Ruv; # 0. For example, we may write all the R;v; in the same basis,
take note of all coordinates, and choose the a; as any real numbers algebraically
independent of those coordinates. O

Lemma 5.4.8. IfV and W are both totally determined by sets of subspaces {F;}icr
and {F;};ey and if V and W intersect (apart from the null vector), then their sum
U=V +W is totally determined by {F}1e10-

Proof. Let {u;}1e5u5 vectors of U correspond to {F}ieruy. In other words, there is
an R* such that R*u; € F; for all [ € I UJ. By Remark 5.4.7, we may assume that
R*u; # 0 for all [. We must show that R* is unique up to a constant. Notice that
the restriction R*u; # 0 does not play a role: if we find another R non proportional
to R*, such that Ru; € F; for all [, then R* 4+ aR for appropriate a also fulfils
0 # (R* + aR)u; € F, for all [, and is not proportional to R*.

We need a few notations. First, we consider the space X = VNW. We also define )
by V=Y®X and Z by W = ZdX. We write I, and I,y for the natural inclusions
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of V and W in U. We also denote by II,, for the projector on V along Z, by Il the
projector on W along ), and by Ily the projector on X along Y + Z.

Please be aware that we do not define II), and Il as endomorphisms of ¢/, but as
applications from U to V and W, respectively. The corresponding endomorphisms
are [VHV and [WHW

As a first step, we show that I,II,, R* is unique up to a constant.

The rank of Iy,I1y, R* is at most dim()), so we can factorize it by V: there exists two
linear applications LY from U to V and L}, from V to U, such that IyIT, R* L} [ =
I, R*.

Now for alli € I, we have R*u; € F; C V, so that R*u; = [)ITy R*u; = IyI1y R* L), Lu;,
so that for all i € I we have the inclusion 0 # (IIyR*L)))(LYu;) € F;, where we
have used R*u; # 0.. Thus {L&u;}icr is corresponding to {F;}ic;. On the other
hand, we know that {F;},c; totally determine V. Hence there is a nonzero constant
Ay, and a Ry depending only on {F,},cs, such that I1,R*L}; = A\yRy. Moreover,
by Remark 5.4.5, Ry is invertible. So that finally IyITyR* = AIyRyLY, with
image im(A\yIyRyLY) = V. Replacing V with W, we get similarly LyIlyR* =
My Ry LY.

The last step consists in proving that the two constants Ay, and \yy are proportional,
independently of R*.

We notice that Hxlyny = HX = Hxly\/HW Hence )\VH_;;(IVRVLZ{;[ =
My Rw LY,  As X C V and im(ApIyRyLY¥) = V, we know that
)\VH;\{[VR];LZ]/;{ §£ 0. The equality )\VH/\/IvRvLZ{/{ = )\Wn;\gwawL% then ylelds
the proportionality of Ay, and Ay.

We conclude by recalling that V + W = U, so that knowing both I,II,, R* and
Lylly R* is equivalent to knowing R*. As our only free parameter is the multiplica-
tive constant Ay, we have proved uniqueness of R*, up to a constant.

O

Lemma 5.4.8 and Proposition 5.4.4 are the two ingredients for proving the following
proposition, central for the validity of the algorithm.

Proposition 5.4.9. In the algorithm, the spaces in the set C' = {V};e; are always
totally determined by the supports K(j) = {Span(|v;)) : |v) € V;} of the one-
dimensional POVM elements they contain.
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Proof. We prove the proposition by induction on the stronger property Prop =
all V; are totally determined by K (j), and they are spanned by vectors of the initial
basis, that is, they are of the form Span(|v¢;) : ¢ € I(j)), where I(j) is a subset of

a,....dy.

Initialization: We initialize C' at step (iii). At this stage V; is defined for j €
{1,...,d} by V; = Span(]¢;)). So that on the one hand V; is of the form Span(]t;) :
i € 1(j)), where I(j) is a subset of {1,...,d}, and on the other hand V; is totally
determined by K (j), as it is one-dimensional and |¢);) is nonzero.

Update: We update C' at stage (vi). We must prove that V; = @jej(i) V; still fulfils
Prop.

For one thing, the space V; is a sum of spaces of the form Span(|;) : ¢ € I(j)), where
I(j) is a subset of {1,...,d}, hence V; is also of this form with I(z) = ;¢ L(J)-

Now let us consider the set [;,, = {j:j € {1l...d}, (¥i]¢;) # 0}, and the space
Vine = Span(|e);) : j € ILy). Since the |¢);) for j € I, are part of the initial
basis {|1;) }1<j<a}, they are independent. The definition of I;,, also ensures |i);) =
> jer,, Gil¥j) with j nonzero, hence, by Remark (5.4.3), the set {|¢x) : k = k €
I;iny U{i}} is a projective frame of Vj,;. So that, by Proposition 5.4.4, the space Vj,;
is totally determined by {|1;)}jer..uiy- We initialize Ky = iy U {3}

Finally, by definition of J(i), we know that V;,, NV, # 0 for all j € J(i). Both are
totally determined, by K(j) and Kj,;. Hence by Lemma 5.4.8, Vj,; UV is totally
determined by K(j) U K. We update Vi = Vipy UV, and Ky = K U K(5).
We iterate the latter step for all j € J(i) and we end up with V,, = V; totally
determined by ;¢ K(5) U Line U {i} C 1(i).

0

Corollary 5.4.10. When the algorithm ends at stage (vii), the POVM P is clean.

Proof. The algorithm ends at stage (vii) only if C' = {H}. By the above proposition,
this condition implies that H is totally determined by {Span(|y;)) : |¢;) € H}.
This amounts at saying that H is totally determined by the supports of the POVM
elements P;, and we conclude by Theorem 5.4.1. U

This section aims at giving sufficient conditions for a POVM to be clean, and at
proving that one of these conditions is fulfilled if the algorithm exits with result “P
is clean”. We thus conclude the section with the case when the algorithm exits at
stage (i). In other words, we must show that a rank-one POVM is clean. Now, this
has already been proved as Theorem 11.2 of (Buscemi et al., 2005):
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Theorem 5.4.11. (Buscemi et al., 2005) If P is rank-one, then Q=P if and only
if P oand Q are unitarily equivalent. Thus, rank-one POVMs are clean.

For a quasi-qubit POVM P, we prove in the following section that P is clean only
if it fulfils the conditions either of Theorem 5.4.11 or of Theorem 5.4.1.

5.5 Necessary condition for quasi-qubit POVMs

This section proves that a clean quasi-qubit POVM either is rank-one, or the sup-
ports of its elements totally determine the space:

Theorem 5.5.1. A non-rank-one quasi-qubit POVM where {Supp(P;),cr} does not
determine 'H is not clean.

We need a few more tools to prove the theorem.

To begin with, we need a way to prove in specific situations that a POVM is not
cleaner than another. Using the fact that channels are spectrum-width decreasing is
the easiest method. This is Lemma 3.1 of (Buscemi et al., 2005):

Lemma 5.5.2. If the minimal (resp. maximal) eigenvalue of X is denoted \,,(X)
(resp. A (X)), then A\p(X) < Nn(E(X)) < Au(E(X)) < Au(X) for any channel
E.

This lemma implies that existence of Q = P such that for some ¢ € I, either
Am(Qi) < An(PB;) or Ay(Qi) > Ay(F;) entails that Q is strictly cleaner than P, so
that P is not clean.

We now give a characterization of the fact that H is totally determined by {Fj};c;
when all the F}; are one-dimensional, that is of when the F can be seen as vectors.
This characterization applies to {Supp(F;) }ier for quasi-qubit POVMs, and may be
more intuitive than Definition 5.3.2. Moreover it is more adapted to our strategy of
proof.

Lemma 5.5.3. A set of vectors {|1;) },es totally determine the space H, if and only
if, for any two supplementary proper subspaces V and VW, there is a j € J such that

[05) €V and [tb;) ¢ W.

Moreover, when the algorithm exits with result “P is not clean”, the supports of P
do not totally determine H.
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Proof. The proof is made of four steps:

(a) For any finite set of vectors {|1;)};es, there is a POVM whose supports of the
rank-one elements are these vectors.

(b) if we feed into the algorithm a non-rank-one quasi-qubit POVM whose sup-
ports of rank-one elements are the |¢;) and if {|/;) } does not totally determine
‘H, then the algorithm exits with result “P is not clean”.

(c) if the algorithm exits with result “P is not clean”, then we can find two sup-
plementary proper subspaces such that |¢;) € V or [¢;) € W for all supports
of rank-one elements.

(d) finding two supplementary proper subspaces such that |¢;) € V or ;) € W
for all j € J implies that {[¢;)};cs does not totally determine H.

The equivalence in the lemma is then proved by contraposition, and the last state-
ment by combining (c) and (d).

Step (a): A valid example is given by P; = %%ij)(@/)ﬂ for j € J and Py =
1—>_; P;. Indeed the latter element is positive since ), P; < 2#%#J1 =11
Step (b): Since the quasi-qubit POVM is assumed not to be rank-one, we do not exit
at stage (i). The only other possible exit with result “P is clean” is at stage (vii).
Now the proof of Corollary 5.4.10 states that the algorithm exits at stage (vii) only
if the supports of the rank-one elements totally determine H. Hence, the algorithm
exits with result “P is not clean”.

Step (c): Exiting at stage (ii) means that the |¢);) do not generate H. Then, if
J = @, we may choose any two supplementary proper subspaces )V and YW. Anyhow
|;) € Viforall j € J. If J # &, then V = Span(|¢;),i € I) is a proper subspace of
H. Since [¢;) € V for all j € J, any supplementary subspace W of V will turn the
trick.

If the algorithm does not exit at stage (ii), then there is a basis included in {|¢;) }je.
We assume that it corresponds to 1 < 7 < d.

Since the algorithm exits with result, “P is not clean”, it exits at stage (ix). We end
the algorithm with a collection C' = {V};} of subspaces such that €, Vi, = H. Since
we have not exited at stage (vii), we know that C' # {H}. Hence C counts at least
two non-trivial elements. We take V = Vi and W = @,_, Vi.

The Vj, are direct sums of the original V; = Span(|t;)) for 1 < j < d. Hence, for
1 <j <d, either |[¢;) € V or [¢;) € W. On the other hand if |¢;) is not one of the
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original basis vectors, it was used in the “For” loop. At the end of this loop, C' was
then containing a space V = €, ;) V- And [¢;) was included in this space. This
V' is then included in one of the final V; and a fortiori either in V or in WW. We have
thus proved that when the algorithm exits with a negative value we may find two
supplementary proper subspaces V and W such that for all i € I, either |¢;) € V or
|i) € W.

Step (d): Since 1|1;) = [¢);) for all j, by Definition 5.3.1 the set of vectors {|¢;)}jes
is corresponding to the subspaces {|1;)}c;. On the other hand, denoting by II,, the
projection on V parallel to W, we get that IIy;|¢);) is colinear to |¢);) for all j € J.
Moreover Il is not proportional to 1, so that, by definition 5.3.2, the set of vectors
{I1;)} does not totally determine H.

O

Finally, as explained in Section 5.3, we want to build our cleaner POVMs as £~1(P)
where the channel is inverted as a positive map. We need to know some conditions
under which a channel can be inverted. This is the purpose of Lemma 5.5.4, for
which we need the following norms.

The Hilbert-Schmidt norm on B(H) is defined as | M||%¢ = Tr(MM*). Notably, in
any orthogonal basis,

IMIGs = > Mgl

1<i,j<d

Moreover | M||gs = ||M*|| gs-

We also define a norm on B(B(H)), space to which the channels belong:

0= sup  [|O(M)][ns.
{M[|M||ps=1}
Lemma 5.5.4. If in the Kraus representation of a channel € = {R,} one of the R,
fulfils
|1 = Rallgs <,
then
11— &|l1 <201 + Vd)e + 262 = f(e) — 0. (5.2)

e—0

As a consequence, if f(€) < 1, then & is invertible (as a map on B(H)) and ||E! —
1|1 < f(e)/(1 = f(e€)). This inverse lets Byo(H) stable.

This in turn shows that for any X € Bg,(H) such that A\, (X) > 0, the spectrum of
the image by the inverse is bounded through

Am(X) = M (X) f(OVA/ (1= f(€)) < Aml€7H(X). (5:3)
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So that for all X > 0, when € small enough, E~*(X) > 0.
Remark: The bound 5.2 is probably far from sharp, but sufficient for our needs.

Proof. Without loss of generality, we assume that

11— Ri|lgs < e

We write S = R1 - 17-[ and O =¢& — 18(7‘[)-

Then
O: M S*MS+SM+MS+Y R,MR,.
a#l

And

1O = sup

S*MS+S*M+MS+» R.MR,
(M 115=1)

a#l
< sup [[STIMIIS -+ 1S M)

{M[IM|[rs=1}

HS

+IMIISH + YIRS INIMI Rall
a#l

= ISl +20Sllus + Y [1RallZs:
a#l

Now, for one thing, by hypothesis, ||S||zs < €. Furthermore
D IRallfs = > Tr(RiRe) = Tr(1— RiRy) = — Tr(S*S + 5 + S7).
a#l a#l
We finish our proof of 5.2 with the observation that — Tr(S + S*) < 2v/d||S||xs =

2\/36.

If |Ofl; < 1, we know that £ = 1 4 O is invertible and £~' = 37 _(=O)". By
taking the norm, €1 — 1], < 32, O = F(e)/(1 - F(0)).

Channels stabilize By, (H); as & is furthermore invertible, equality of dimension
shows that £(Bs,(H)) = Bso(H) and E7H(Bsu(H)) = Beu(H).

Now, X is positive, so that | X||gzg < VdAy(X). This implies ||(E~" = 1)(X)||us <

Vi (X)f(e)/(1 = f(€)), and in turn E71(X) > X — VdAu(X)f(e)/(1 = f(e))1.

Taking the bottom of the spectrum ends the proof.

O



166 Clean positive operator valued measures

We are now ready to prove Theorem 5.5.1.

Proof of Theorem 5.5.1. We aim at exhibiting a channel £ and a POVM Q such
that £(Q) = P and @; has a wider spectrum than P; for some e € E. Then Lemma
5.5.2 proves that Q is strictly cleaner than P, and in turn that P is not clean.

The building blocks are the subspaces supplied by Lemma 5.5.3. Since H is not
determined by {Supp(F;)}cs, there are two supplementary proper subspaces VV and
W such that each rank-one element has support included either in V or in W.

We shall write explicitly several matrices in the forthcoming proof. All of them shall
be written on an orthonormal basis {e;}1<j<4 of H, chosen so that
{ej}1<j<dim(v) is a basis of V. We shall express the matrices as two-by-two block
matrices, the blocks corresponding to the subspaces V and V*.

We study separately the following cases:

(a) All POVM elements P; are proportional to the identity, that is P; = p;1.

(b) The POVM is not full-rank, each rank-one element has support either in V or
in V*, and all POVM elements are block-diagonal in V and V*.

(c) Each rank-one element has support either in V or V*, and at least one POVM
element is not block-diagonal.

(d) At least one rank-one element has support neither in V nor in V*.

As a sanity check, let us prove we did not forget any case. Either our POVM is
full-rank, or it is not. In the latter situation, either there is a rank-one element
whose support is not included in V nor in V*+ — and we are in case (d) -, or all
rank-one elements are included in V or V*+. Then either there is a POVM element
that is not block-diagonal — and we are in case (¢) — or all POVM elements are
block-diagonal — and we are in case (b). On the other hand, if P is full-rank, we
may choose the subspaces V and VW any way we like. Notably, if one POVM element
P; is not proportional to the identity, so that it has non-trivial eigenspaces, we may
choose V such that P; is not block-diagonal in V and V* — and we are in case (c).
Finally, if on the contrary, all POVM elements are proportional to the identity, we
are in case (a).

Case (a): If all POVM elements are of the form P; = p;1, then, for any €& = {R,},
we have £(P) = > R:(11)Ra = iy, Ry Ro = p1;1 = P;. No channel can change
the wholly uninformative measurement P.



5.5 Necessary condition for quasi-qubit POVMs 167

On the other hand, many POVMs can be degraded to P. Consider for example the
POVM given by Q1 = p1]e1){e1] +Z?:2 le;)(e;j| and Q; = p;le1)(er| for i > 1. Then
Q # P, so that P ¥ Q. Yet, with R, = |e1)(e.| for 1 < a < d, we have £(Q) = P,
and Q > P. Hence P is not clean.

Case (b): Since all rank-one elements are included either in V or in V*, we take
W = V. We further choose V to be the smaller of the two subspaces, that is
dim(V) < d/2 < dim(W). Then there is a matrix A : V — W such that AA* = 1,,.
If all rank-one elements have support in W, we further impose that at least one of
these supports is not included in the kernel of A.

We then define R}, and Ry, as:

w0 = [
wo- o]

Their images are respectively )V and W.

From Ry(e) and Ry (€), we define the channel & = {R;(¢), Ra(€), R3(€)}:

%1)} ‘ <A

. 1+e€ 1+€

Ri(e) = 1+e2 Ry(e) + 1+52 s Riy(e) = - 1—; ’
| O \/1+62 1W

Ry(e) = B ) - 0‘ % ]
1+e2

o1 ‘ el A
. 1 E2 v 2
Ri(e) = 1+€ Rv( €) — 1+6 s Ryy(e) = J;) ‘ \/1+ |
| N\ et

Since AA* = 1y, we have ) | R’ R, = 1, hence these matrices { R, } define a genuine
channel. A few calculations show that the effect of this channel is:

. B|C]_| i (B+ e(AC* + CA*) + ADAY) | 0 (5.4)
Lot b 0 |D | '

Now, for any w € W, we have

*

w w —ecww* A* ww

[ —cAw } [ —cAw T B [ e Aww* A* | —e Aww* }
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2 * Ak *
. e Aw;wiA* | —eAw;w; | .
so that for any sequence of w; € W, the matrix 3, { jwpA” | 4k } is

—ew,;wpA* w;wWy,
non-negative. As any non-negative endomorphism D of VW can be written ) ok Wi
2ADA* | —eAD
for appropriate w;, we get that for any non-negative D, the matrix 6_6 DA ED

is non-negative. Moreover applying equation (5.4) yields that its image by &, is
00
0 .

Similarly, if B € B(V) is non-negative, then

its image by & is [%’&] )

We use these observations to define a map (not a channel) F, on the block-diagonal
matrices:

2
{a +0€ )B } 8 is non-negative and

(5.5)

£ [B\ 0 ] . { (14 €)B+ 2ADA* | —eAD ]

0D —eDA* 2

We get that E.(F.(M)) = M for all block-diagonal M and that if furthermore M > 0
then F.(M) > 0.

We now isolate one full-rank element of P, say P;. For all i # 1, we define Q;(¢) =
F.(P;). They are non-negative and fulfil £.(Q;(¢)) = P;. Define now Qi(e) =
1 — >, Qi(e). The closure relation ensures that £(Q1(e)) = P1. What’s more,
recalling that >, B; = 1y, and ), D; = 1,y, we obtain:

Oi(e) = l 1y, — (1+ 62) Zi;ﬂ B; — 62A<Ei#1 D)A* | €A Ei# D, ]
s —€ Zi;ﬁl D;A* ‘ 1y — Zi;ﬂ D;
B { (1+€*)By + 2AD A" — 261y, | eA(Lyy — Dy) ]
N e(lw — D1)A") | D,
= 5]
e—0 0 | Dy
= P.

Since P; is positive, this convergence entails the non-negativity of Q;(¢€) for € small
enough. As ()1(€) has been chosen so that > . Q;(e) = 1, we have defined a genuine
POVM Q(e) = {Q;(€) }ier such that E(Q(e)) = P, hence Q = P.

We end the study of this case by considering a rank-one element P; = p;|¢;) (]
whose support is not in the kernel of A. Using formula (5.5), if |¢;) € V, we
get Tr(Qi(e)) = (1 + ) Tr(P) > Tr(P), else |¢;) € W and we get Tr(Q;(e)) =
Tr(P;) + € Tr(Al;) (] A*) > Tr(P;). In both cases, bigger trace implies that the
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spectrum of @;(€) is wider than that of P; and Lemma 5.5.2 yields P 3 Q. So that
P is not clean.

Case (c): Since all rank-one elements are included either in V or in V*, we take
w =yt

We now define the channel & through:
Ri(e) = elly, Ry(e) = ellyy = €ellyr, Rs(e) = V1 — €1,
where II denotes here orthogonal projection.

For e small enough, by Lemma 5.2, the channel is invertible as a positive map. We
then define Q; = E71(P)).

€

Through the formula &.(Q;) = P;, we check:

B |C B (1-—e)"1C
If P= [ﬁ’?] , then Q;(e) = A=y icr | i) : (5.6)

The first remark is that the closure relation ensures Y Q;(¢) = 1.

We also notice that, since rank-one elements have support either in V or in W = V*,
the rank-one elements are block-diagonal and Q;(¢) = P; .

We know that at least one POVM element is not block-diagonal. So that there is
an ¢ € I such that P; is full-rank and C' is non-zero (say [C];x # 0). Then, writing
n = dim(V), there is an e, € (0,1) such that

[Qi(e)]i4[Qi(e)nrmmtr = [Bl;[D].k
< 1,163|[C]j,k|2 = [Qi(e)]jnt 1 Qi€ ) |ntr.j

so that we cannot have positivity of Q;(e; ).

We define the bottom of the spectrum of the images @); of the full-rank elements of
P:
Am(€) = inf A\, (Qi(e)).

i|P; full—rank

Equation (5.6) implies that the matrix Q;(¢) is a continuous function of € for
e € [0,1). Hence its spectrum is also a continuous function of e. Accordingly,
the function A,,(¢) is the minimum of a finite number of continuous function of ¢,
therefore A,,(¢) is continuous. Its value in 0 is the bottom of the spectrum of the
full-rank elements of P, that is A,,,(0) = inf;|p, fui—rank Am(Pi(€)) > 0. Moreover we
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have just proved that A,,(e;) < 0. Thus, by the intermediate value Theorem, there
is an €, > e > 0 such that 0 < A\,,(e) < A\, (0).

As A\ (€) > 0, the Q;(e) = E(F;) for P; full-rank are non-negative, and valid POVM
elements. Likewise, we already know that Q;(¢) = P; is a valid POVM element if P,
is rank-one. Since we have also shown that Y Q;(¢) = 1, we have proved that Q(e)
is a POVM. Furthermore £.(Q(¢)) = P, thus Q(e) > P.

As \p(€) < An(0), there is a full-rank element P; such that A, (Qi(€)) < A\n(F;).
Hence, using Lemma 5.5.2, we get P 3 Q(¢) and P is not clean.

Hence A\, (er) < 0 < A,. By the intermediate value Theorem, we can find an
€0 € (0,e1) such that A\,(e) = 0. As 0 < A (e) < A, we have proved that
Q(eo) > P and that P is not clean.

Case (d):  As V and W are supplementary we may choose a matrix
A € Mgim(v),d—dim(v)(C) such that the non-zero columns of the following block matrix
form an orthogonal (though not orthonormal) basis of W:

s-[3f4]

We know that the image of a matrix is spanned by its columns, so the image of Ry},
is W.

We then define

lﬂd::¢1—<1512+<yf§y)AAf (5.7)

This definition is valid if the matrix under the square root is positive. Now (% + ﬁ)

is going to 0 with ¢, so that

4 2
1m1—( € 4_° )AM:L

—0 1—€¢  (1—¢€2)?

From this we conclude that 1 — (1i—4€2 + ﬁ) AA* is positive for € small enough.

Accordingly, we can define

mo - [ 2],

Notice that the image of Ry, is included in V.
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We may now define our channel &, by

(5.8)

R3(0) _ R}, s (59)

Ri(e) =V1—€e(Ry(e) + Ryy) = V1 —ng(e) } \_/i/f—ii;ll ] . (5.10)

Ri(e) 0 - T

Notice that 32°_| R’ (€)Ra(¢) = 1 so that &(e) is indeed a channel.

Moreover lim._,o R3(€) = 14. Hence, for € small enough, ||Rs — 1||gs is as small as
we want. So Lemma 5.5.4 allows us to invert the channel &, as a map on By, (H). We
define Q(e) by its elements Q;(e) = E-'(P;). Let us check that for € small enough,
Q(e) is still a bona fide POVM.

First the closure relation still holds, as >, Q; = >_..; £ '(P) = £7'(1). Now
E(1)=>", R:R, =1 and taking the inverse £ (1) =1

Remains then to be shown that all Q;(¢) are non-negative.

If P, is full-rank, then its spectrum is included in [\, 1], with A,, > 0. If Rj is near
enough of the identity, that is, if € is small enough, the inequality (5.3) then ensures
that Q;(e) is still positive.

If P; is rank-one P; = \;|¢;) (1], then by hypothesis |¢;) € V or 1)) € W. As Rj is
invertible for € small enough, we may consider |¢;) non-zero colinear to (Rj(¢)) ™" |¢;).
Then Rj;(€)|¢;) is colinear to |¢);), and non-zero. Notice that |¢;) depends on ¢, even
if we drop it in the notation. Now

Ry(e)*|p) = V1—¢€ (B (e)le) + Riyle))
with R} (€)|¢) € V and Rj,|p) € W.

Since V and W are supplementary, the latter equality implies that R3,(e)|p) = 0
when Ri(e)|l¢) € W and Rj,(e)l¢) = 0 when Ri(e)|p) € V. Definitions (5.8,
5.9, 5.10) then yield E(|¢:)(ds]) = Ry (|d:) (d]) Bw if [¢0;) € W and Ec(|¢i) (di]) =
Ry, (e) (i) (#i]) Ry (e) if 1) € V. In both cases, the output matrix is of the form

E(16:)(&1]) = Cilts) (- So that Qu(e) = (A/C,)|:) (¢x] and is non-negative.

Thus, for € small enough, all Q;(¢) are non-negative. We have proved that Q(e) is a
POVM. Furthermore, since £.(Q(€)) = P, we know Q(e) > P.

We must still show that Q(e) is strictly cleaner P.
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By hypothesis, there is a rank-one element P; = \;|¢;) (1| such that [¢;) € W and
[4;) & V. As above, we write |¢;) such that Q;(e) = (A\;/C;)|¢:)(ps]. We start by
proving that C; is less than one.

We write |¢;) = v; + vi- with v; € V and vi* € V*. Since [1);) € W, we get:

U; U;

. Avt | [ Avt 17
Exontod) = Biy(a) ol = || |45
As the latter expression is also equal to C;|v;) (15|, we obtain that C; is the square

Avt
of the norm of { ;ﬁ } . Therefore C; = || Avi||? + ||vit]|?. Notice that the squared

norm of |¢;) is 1 = ||v;||* + ||vi||>. On the other hand, the image of |¢;) by R} (e) is
0, so that B(e)v; — 1/(1 — €2)Avi- = 0. From this we get:

Avit = (1 — &) B(e)v;.

Since |¢;) € V1, this equality shows that v; # 0. Now, as AA* is non-negative we
see by (5.7) that B(e) < 1. A fortiori, for any € > 0, we have (1 — ¢*)B(e) < 1. So
that:

loill > (1 =€) B(e)wil| = || Av;-|].

Thus, we finally obtain

Ci = [ Avi |I* + o II” < floall* + [lo7 |I* = 1.

Hence the biggest eigenvalue of Q;(¢) = (A\;/C;)|p:){¢:|, that is X\;/C;, is strictly
bigger than the biggest eigenvalue of P, that is ;. Lemma 5.5.2 then gives P
Q(¢), and consequently P is not clean.

O

5.6 Summary for quasi-qubit POVMs and a special
case

We now gather all our results specific to quasi-qubit POV Ms.

Theorem 5.6.1. A quasi-qubit POVM P is clean if and only if it is rank-one or
the supports of its rank-one elements totally determine H. The algorithm of section
5.3 figures out if this is the case. Moreover if Q is cleanness-equivalent to P, the
two POVMs are even unitarily equivalent.
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Proof. Rank-one POVMs are known to be clean (Theorem 5.4.11). If the support
of the rank-one elements of P totally determine H, we also know that P is clean
by Theorem 5.4.1. In both cases the theorems state that for these clean POVMs,
cleanness-equivalence is the same as unitary equivalence.

Conversely, if P is neither rank-one nor have rank-one elements that totally deter-
mine H, then Theorem 5.5.1 applies and P is not clean.

Stage (i) of the algorithm checks whether P is rank-one, in which case it does say
that P is clean. If P is not rank-one, the fact that it is clean or not depends on the
support of its rank-one elements. The only remaining positive exit of the algorithm
is at stage (vii) and Lemma 5.4.9 proves that in this case the rank-one elements of
P totally determine H.

Conversely, if the algorithm exits with a negative value, Lemma 5.5.3 ensures that
‘H is not totally determined.

0

To get further feeling of these conditions we finish by making more explicit the qubit
case, where the nice thing is that all POVMs are quasi-qubit.

Corollary 5.6.2. A POVM P for a qubit is clean if and only if it is rank-one or
if one can find three rank-one elements whose supports are two-by-two non-colinear
(that is if they make a projective frame). For these POVMs cleanness-equivalence is
the same as unitary equivalence.

Proof. A POVM P for a qubit has non-zero elements which can be either of rank
one, or of rank two, as d = 2. In the latter case, they are full-rank, so we may apply
Theorem 5.6.1 to P.

The only question is when do the supports of the rank-one elements totally determine
‘H? They do by Proposition 5.4.4 if they include a projective frame, that is a basis
and a vector with all coefficients non-zero in this basis. As the space is of dimension
2, this amounts to saying a basis and a vector non-colinear to any basis vector, that
is three vectors two-by-two non-colinear.

Conversely, if we cannot find a projective frame, then we can find two vectors v and
w such that the support of any rank-one element is v or w, and we can apply Lemma
5.5.3 to obtain that H is not totally determined by the supports of the rank-one
elements of P. Thus P is not clean.

O
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5.7 Outlook

We have solved the problem of cleanness for quasi-qubit POVMs. The obvious
continuation would be to solve it in the general case. However we do not think that
the condition of Theorem 5.4.1 is then necessary. Moreover it must be made explicit.

The heuristics in Section 5.3.2 suggest that, if the support of P, are in “general
position” then it is sufficient for P to be clean that ) ., d — dim[Supp(F;)] >
d* — 1. Yet, we still need to appropriately define the “general position” for general
subspaces.



Chapitre 6

Complementary subalgebras

Ce chapitre dérive de larticle (Kahn et Petz, 2007).

Résumé : La réduction d'un systéme quantique & un sous-systéme donne
une information partielle sur 1'état du systéme total. En lien avec la
détermination optimale de I’état de deux qubits, la question a été posée
de savoir quel était le nombre maximum de réductions complémentaires
deux a deux. Le principal résultat de ce chapitre est de montrer que ce
nombre est de 4, c’est-a-dire que si A, A2, ..., A* sont des sous-algébres
deux & deux complémentaires de M,(C), et qu’elles sont isomorphes a
M,(C), alors k < 4. La preuve est basée sur la décomposition de Cartan
de SU(4). Au passage, nous apportons quelques contributions sur la
structure des réductions complémentaires.

6.1 Introduction

There is an obvious correspondence between bases of an m-dimensional Hilbert
space ‘H and maximal Abelian subalgebras of the algebra A = B(H) ~ M,,(C).
Given a basis, the linear operators diagonal in this basis form a maximal Abelian
(or commutative) subalgebra. Conversely if |e;)(e;| are minimal projections in a
maximal Abelian subalgebra, then (|e;)); is a basis. From the points of view of
quantum mechanics, a basis can be regarded as a measurement. Wootters et Fields
(1989) argued that two measurements corresponding to the bases {1, &, ..., &, and
M1, M2, - - -, Nm yield the largest amount of information about the true state of the
system in the average if

== (1<ij<m)
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Two bases satisfying this condition are called mutually unbiased. Mutually unbi-
ased bases are interesting from many point of view, for example in quantum infor-
mation theory, tomography and cryptography (Kraus, 1987; Bandyopadhyay et al.,
2002; Kimura et al., 2006). The maximal number of such bases is not known for
arbitrary m. Nevertheless, (m? —1)/(m — 1) = m + 1 is a bound being checked
easily (Parthasarathy, 2004; Pittenger et Rubin, 2004).

The concept of mutually unbiased (or complementary) maximal Abelian subalge-
bras can be extended to more general subalgebras. In particular, a 4-level quan-
tum system can be regarded as the composite system of two qubits, M,(C) ~
M5(C) @ My(C). A density matrix p € M,(C) describes a state of the compos-
ite system and p determines the “marginal” or reduced states on both tensor factors.
Since the decomposition My (C)® M, (C) is not unique, there are many reductions to
different subalgebras, they provide partial quantum information about the compos-
ite system. It seems that the reductions provide the largest amount of information if
the corresponding subalgebras are quasi-orthogonal or complementary in a different
terminology. In (Petz et al., 2006) the state p was to be determined by its reduc-
tions. 4 pairwise complementary subalgebras were given explicitly, but the question
remained open to know if 5 such subalgebras exist. The main result of this paper is
to prove that at most 4 pairwise complementary subalgebras exist.

6.2 Preliminaries

In this paper an algebraic approach and language is used. A k-level quantum system
is described by operators of the algebra M (C) of k x k matrices. Although the
essential part of the paper focuses on a 4-level quantum system, certain concepts
can be presented slightly more generally. Let A be an algebra corresponding to a
quantum system. The normalized trace 7 gives the Hilbert-Schmidt inner product
(A,B) :=71(B*A) on A and we can speak about orthogonality with respect to this
inner product.

The projections in A may be defined by the algebraic properties P = P2 = P* and
the partial ordering P < () means P(Q) = QP = P. We consider subalgebras of
A such that their minimal projections have the same trace. (A maximal Abelian
subalgebra and a subalgebra isomorphic to a full matrix algebra have this property.)
Let A' and A? be two such subalgebras of A. Then the following conditions are
equivalent:

(i) If P € A' and Q € A? are minimal projections, then Tr PQ = Tr P Tr Q.



6.3 Complementary subalgebras 177

(ii) The traceless subspaces of A' and A? are orthogonal with respect to the
Hilbert-Schmidt inner product on A.

The subalgebras A! and A? are called complementary (or quasi-orthogonal) if
these conditions hold. This terminology was used in the maximal Abelian case
(Accardi, 1984; Kraus, 1987; Ohya et Petz, D., 2004; Parthasarathy, 2004) and the
case of noncommutative subalgebras appeared in (Petz et al., 2006). More details
about complementarity are presented in (Petz, 2006).

Given a density matrix p € A, its reduction p; € A; to the subalgebra A; C A is
determined by the formula

TrpA =Trp A (Ae Ay).

In most cases p; is given by the partial trace but an equivalent way is based on the
conditional expectation (P. Busch et Mittelstaedt, 1991). The orthogonal projection
E : A— A, is called conditional expectation. p; = E(p) and

E(AB) = AE(B) (Ae A, Be A)
is an important property.

The situation we are interested in is the algebra M,(C). In the paper M,;(C) is
regarded as a Hilbert space with respect to the inner product

(A, B) = iTr A*B = 7(A°B). (6.1)
M,(C) has a natural orthonormal basis:
0i®aj (Og’l,jg?)),

where o1, 09, 03 are the Pauli matrices and oy is the identity I:

110 101 10 = 110
op = 0 1 , 01 = 101" 09 1= i 0 y 03 = 0 —1 .

6.3 Complementary subalgebras

Any subalgebra A" of M,(C) isomorphic to M5(C) can be written CI ® M(C) in
some basis, hence there is a unitary operator W such that A' = W (CI® M,(C))W*.
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This section is organized as follows: we first give a characterization of the W such
that A' is complementary to A’ = W(CI @ M, (C))W* (Theorem 6.3.1 for a general
form and Theorem 6.3.2 for a form specific to our problem). The second stage
consists in proving, using the form of W, that any such A' has “a large component”
along B = M(C) @ CI. Theorem 6.3.4 gives the precise formulation. It entails that
no more than four complementary subalgebras con be found (Theorem 6.3.5), which
was our initial aim, and hence is our conclusion.

Although our main interest is M4(C), our first theorem is more general. E;; stand
for the matrix units.

Theorem 6.3.1. Let W = Y1 Eij; @ Wy; € M,(C) @ M,(C) be a unitary. The
subalgebra W (CI @ M, (C))W* is complementary to CI @ M,(C) if and only if

{Wi; : 1 < 4,5 <n} is an orthonormal basis in M,(C) (with respect to the inner
product (A, By = Tr A*B).

Proof. Assume that Tr B = 0. Then the condition
WA YW* L (I® B)

is equivalently written as

TcW({I ® AAW*(I ® B) Z Tr Wy AW;:B = 0.

i,7=1
This implies
> TrWi; AW B = (Tr A)(Tr B). (6.2)

ij=1
We can transform this into another equivalent condition in terms of the left mul-
tiplication and right multiplication operators. For A, B € M,(C), the opera-
tor R4 is the right multiplication by A and Lp is the left multiplication by B:
Ra,Lp : M,(C) — M,(C), RgX = XB, LpX = AX. Equivalently, Lle)(f| =
|Ae)(f| and Rgle)(f| = |e)(B*f|. From the latter definition one can deduce that
TrRyLp = Tr A Tr B. Let |e;) be a basis. Then |e;)(e;| form a basis in M, (C) and

TrRalp = Z<|ei><ej|>RALB|ei><ej|>:Z<|ei><ej|>|Bei><A*ej|>

— Z(ei, Be;)(ej, Ae;).

ij

The equivalent form of (6.2) is the equation

> (Wi, RaLpWy) =Tr A Tt B = Tr RaLp

ij=1
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for every A, B € M,(C). Since the operators R4Lpg linearly span the space of all
linear operators on M, (C), we can conclude that W;; form an orthonormal basis. [

We shall call any unitary satisfying the condition in the previous theorem a useful
unitary and we shall denote the set of all n? x n? useful unitaries by i(n?).

We try to find a useful 4 x 4 unitary W, that is we require that the subalgebra

W[é Z]W* (A € My(C))

is complementary to A° = CI ® M,(C). We shall use the Cartan decomposition
of W given by
W = (Ll ® LQ)N<L3 ® L4) 5

where L1, Lo, L3 and L, are 2 X 2 unitaries and
N = exp(aio; ® 1) exp(fBios ® 02) exp(yios ® 03) (6.3)

is a 4 x 4 unitary in a special form, see equation (11) in (Zhang et al., 2003) or
(D’Alessandro et Albertini, 2005). The subalgebra

W(CI ® My(C))W* = (L1 ® Ly)N(CI ® My(C))N* (L] ® L3)
does not depend on L3 and L4, therefore we may assume that L3 = Ly = 1.

The orthogonality of CI ® M,(C) and W (CI ® My(C))W* does not depend on L,
and L,. Therefore, the equations

TtN{I ®o;) N (I®0o;)=0

should be satisfied, 1 < 7,5 < 3. We know from Theorem 6.3.1 that these conditions
are equivalent to the property that the matrix elements of N form a basis.

A simple computation gives that

3
N = E Cio; Q oy,
i=0
where

co = cosa cosFcosy+isina sin siny,
c1 cos a sin Fsin~y 4+ isin« cos 3 cos~y,
Co sin v cos Fsin~y +icosa sin 3 cos~y,
c3 = sina sinfcosy+icosa cos/3 siny.
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Therefore, we have

i Co + C3 0 0 C1 — Gy
N = 0 Co—C3 (1 + o 0
0 Cc1+Cy Co—C3 0
| 1 —C2 0 0 Co + C3
[ e cos(a — f3) 0 0 ie" sin(a — 3)
B 0 eV cos(a+ f) ie 7 sin(a+ ) 0 (6.4)
B 0 iesin(a+ ) e cos(a+ B) 0 CT
| ie" sin(a — ) 0 0 e cos(a — f3)

Since the 2 x 2 blocks form a basis (see Theorem 6.3.1), we have

Y

(co+c3)(co — c3) + (co — c3)(co + c3) =

0

(c1 —e)(ar+ ) + (a1 +e2)(c1 —2) =0,
|C() —|—03|2 + ‘Co — 03|2 = 1,
|01 +CQ|2 + |Cl — CQ|2 =1.

These equations give

1
|Co|2 = |01|2 = |C2|2 = |'33|2 =

4

and we arrive at the following solution. Two of the values of cos? a, cos? 3 and cos? v
equal 1/2 and the third one may be arbitrary. Let A/ be the set of all matrices such
that the parameters «, § and ~ satisfy the above condition, in other words two of
the three values are of the form 7/4 4+ kn/2. (k is an integer.)

The conclusion of the above argument can be formulated as follows.

Theorem 6.3.2. W € M(4) if and only if W = (L1 ® Lo)N (L3 ® Ly), where L;
are 2 x 2 unitaries (1 <i<4) and N € N.

We now turn to the “second stage”, that is proving that any such W (CI ® M,(C) is
far from being complementary to My (C)®CI. To get a quantitative result (Theorem
6.3.4), recall that we consider My(C) as a Hilbert space with Hilbert-Schmidt inner
product (see (6.1)). For the proof of Theorem 6.3.4, we shall need the following
obvious lemma:

Lemma 6.3.3. Let Ky and Ky be subspaces of a Hilbert space K and denote by
P, : K — K, the orthogonal projection onto IC; (i = 1,2). If &,&, ..., & is an
orthonormal basis in Ky and ny,ns, ..., ns s such a basis in ICy, then

TrPPy =) (&)l
ij
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O

Theorem 6.3.4. Let A° = CI @ My(C) and B = M»(C) @ CI. Assume that the
subalgebra A' C My(C) @ My(C) is isomorphic to My(C) and complementary to
AY. If P is the orthogonal projection onto the traceless subspace of A* and Q is the
orthogonal projection onto the traceless subspace of B, then

TrPQ > 1.

Proof. There is a unitary W = (L; ® Ly)N such that A' = WAW*, L, L, are
2 x 2 unitaries and N € M(4). In the traceless subspace of B,
(Lio;L}) @ 1 (1<i<3)
form a basis, while
(L1 @ L)) NI ® o) N (Lt ® Ly)  (1<i<3)

is a basis in the traceless part of A'. Therefore, we have to show

2
S| L) NUIee) N (Lo Ly), Lis LieT)

ij

= (T(z\f(z'@mi)J\f*(o—j®1’)))2 > 1.

In the computation we can use the conditional expectation £ : M,(C) — B. Recall
that it is defined as the linear operator which sends o; ® o; to 0; ® I, for all 0 <
i,j < 3.

Two of its main properties are that it preserves 7, and that E(AB) = E(A)B when
B € B. Hence

T<N([ ® 0))N*(0; @ 1)) —7 <E (N([ ® ai)N*> (0;® 1)) .

Elementary computation in the basis o; ® o, gives the following formulas:

E(N(I®o,)N*) = sin2f sin2y(o; ® 1),
E(N(I ® 0)N*) = sin2a sin2y(oy ® 1),
E(N(I ® o3)N*) = sin2a sin2f (o, ® I),

where «, 5 and « are from (6.3) and (6.4). Therefore,
Tr PQ = sin® 20 sin? 2y + sin? 2« sin® 2y + sin? 2a sin? 243.

Recall that two of the parameters «, 3 and v have rather concrete values, hence one
of the three terms equals 1, and the proof is complete. O

Our main results says that there are at most four pairwise complementary subalge-
bras of M,(C) if they are assumed to be isomorphic to M5(C). Given such a family
of subalgebras, we may assume that the above defined A° belongs to the family.
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Theorem 6.3.5. Assume that A° = CI® My(C), A', ..., A" are pairwise comple-
mentary subalgebras of My(C) and they are isomorphic to My(C). Then r < 3.

Proof. Let P; be the orthogonal projection onto the traceless subspace of A’ from
My(C), 1 <7 < r. Under these conditions ) . P; < I. As in Theorem 6.3.4, let
Q the orthogonal projection on the traceless subspace of B = M,(C) ® CI. The
estimate :
3=TrQ>Tr(P;+Py+---+P)Q=> TrP.Q>r
i=1

yields the proof. O
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Chapitre 7

Quantum local asymptotic normality
for qubits

Ce chapitre dérive de larticle (Guta et Kahn, 2006).

Résumé : Nous considérons n qubits identiquement préparés et étu-
dions les propriétés asymptotiques de I’état joint p®". Nous montrons
que pour chaque état p situé dans un voisinage de rayon 1/y/n autour
d'un état fixé p°, I'état joint converge vers un état thermique déplaceé
d’un oscillateur harmonique. La signification précise de cette conver-
gence est l'existence de transformations physiques 7, (canaux présrvant
la trace) qui envoient les états des qubits prés des états correspondants
de D'oscillateur, uniformément sur tous les états d’un voisinage.

Nous dérivons quelques conséquences de ce résultat. Nous montrons que
la mesure optimale dans le cadre bayésien est également optimale dans
une approche minimax. De plus, cette mesure converge la mesure hétéro-
dyne qui est la mesure jointe optimale de la position et de I'impulsion
d’un oscillateur harmonique quantique. Le probléme de la discrimination
locale est aussi résolu a travers la normalité asymptotique locale.

7.1 Introduction

Quantum measurement theory brings together the quantum world of wave func-
tions and incompatible observables with the classical world of random phenomena
studied in probability and statistics. These fields have come ever closer due to the
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technological advances making it possible to perform measurements on individual
quantum systems. Indeed, the engineering of a novel quantum state is typically
accompanied by a verification procedure through which the state, or some aspect of
it, is reconstructed from measurement data (Schiller et al., 1996).

An important example of such a technique is that of quantum homodyne tomography
in quantum optics (Vogel et Risken, H., 1989). This allows the estimation with
arbitrary precision of the whole density matrix (D’Ariano et al., 1995; Leonhardt
et al., 1995, 1996; Artiles et al., 2005) of a monochromatic beam of light by repeatedly
measuring a sufficiently large number of identically prepared beams (Smithey et al.,
1993; Schiller et al., 1996; Zavatta et al., 2004).

In contrast to this “semi-classical” situation in which one fixed measurement is per-
formed repeatedly on independent systems, the state estimation problem becomes
more “quantum” if one is allowed to consider joint measurements on n identically
prepared systems with joint state p®". It is known (Gill et Massar, 2000) that in
the case of unknown mized states p, joint measurements perform strictly better than
separate measurements in the sense that the asymptotic convergence rate of the op-
timal estimator p, to p goes in both case as C'/y/n with a strictly smaller constant
C in the case of joint measurements.

Let us look at this problem in more detail: we dispose of a number of n copies of
an unknown state p and the task is to estimate p as well as possible. The first step
is to specify a cost function d(p,, p) which quantifies the deviation of the estimator
pn from the true state. Then one tries to devise a measurement and an estimator
which minimizes the mean cost or risk in statistics jargon:

R(p, pn) := (d(pn(X), p)) ,

with the average taken over the measurement results X. Since this quantity still
depends on the unknown state one may choose a Bayesian approach and try to
optimize the average risk with respect to some prior distribution 7 over the states

Rox = [ Rlp. po)eldp).

Results of this type have been obtained in both the pure state case (Jones, 1994;
Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al., 2000; Hannemann et al.,
2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004; Bagan et al., 2005) and
the mixed state case (Cirac et al., 1999; Vidal et al., 1999; Mack et al., 2000; Keyl
et Werner, 2001; Bagan et al., 2004c; Zyczkowski et Sommers, 2005; Bagan et al.,
2006). However most of these papers use methods of group theory that depend on
the symmetry of the prior distribution and the form of the cost function, and thus
cannot, be extended to arbitrary priors.
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In the pointwise approach (Hayashi, 2002a; Gill et Massar, 2000; Barndorff-Nielsen
et Gill, R., 2000; Matsumoto, 2002; Barndorff-Nielsen et al., 2003; Hayashi et Mat-
sumoto, 2004) one tries to minimize R(p, p,) for each fixed p. We can argue that
even for a completely unknown state, as n becomes large the problem ceases to be
global and becomes a local one as the error in estimating the state parameters is of
the order ﬁ For this reason it makes sense to parametrize the state as p := p(0)

with 6 belonging to some set in R* and to replace the original cost with its quadratic
approximation at 0:

d(0,0,) = (0 — 0,)"G(6)(0 —6,),

where G is a k X k positive, real symmetric weight matrix.

Although seemingly different, the two approaches can be compared (Gill, 2005a),
and in fact for large n the prior distribution 7 of the Bayesian approach should
become increasingly irrelevant and the optimal Bayesian estimator should be close
to the maximum likelihood estimator. An instance of this asymptotic equivalence
is proven in Subsection 7.7.2.

In this chapter we change the perspective and instead of trying to devise optimal
measurements and estimators for a particular statistical problem, we concentrate
our attention on the family of joint states p(6)®" which is the primary “carrier”
of statistical information about 6. As suggested by the locality argument sketched
above, we consider a neighborhood of size % around a fixed but arbitrary parameter
0o, whose points can be written as 6 = 6y +u/y/n with u € R* the “local parameter”
obtained by zooming into the smaller and smaller balls by a factor of /n. Very
shortly, the principle of local asymptotic normality says that for large n the local
family
ph=p (0 +u/vn)™",  luf <C,

converges to a family of displaced Gaussian states ¢" of a of a quantum system
consisting of a number of coupled quantum and classical harmonic oscillators.

The term local asymptotic normality comes from mathematical statistics (van der
Vaart, 1998) where the following result holds. We are given independent variables
X1,...,X, € X drawn from the same probability distribution P%T%/vV" over X
depending smoothly on the unknown parameter u € R¥. Then the statistical infor-
mation contained in our data is asymptotically identical with the information con-
tained in a single normally distributed Y € R* with mean u and variance I(6,)~1,
the inverse Fisher information matrix. This means that for any statistical problem
we can replace the original data Xq,...,X,, € X by the simpler Gaussian one Y
with the same asymptotic results!

For the sake of clarity let us consider the case of qubits with states parametrized

by their Bloch vectors p(77) = (1 + 77 ¢) where & = (0,,0,,0.) are the Pauli



188 Quantum local asymptotic normality for qubits

matrices. Define now the two-dimensional family of identical spin states obtained
by rotating the Bloch vector 75 = (0,0, 2 — 1) around an axis in the x-y plane

e T ICR IS

with unitary U(v) := exp(i(v,0, + v,0,)) and 3 < p < 1.

Consider now a quantum harmonic oscillator with position and momentum oper-
ators @ and P on L*(R) satisfying the commutation relations [Q, P] = il. We
denote by {|n),n > 0} the eigenbasis of the number operator and define the thermal
equilibrium state

¢° = (1—p) Y _p"k) (K],

where p = 1_7“ We translate the state ¢° by using the displacement operators
D(z) = exp(za* — za) with z € C which map the ground state |0) into the coherent
state |z):

0" = D(\/2i — 1aw)¢° D(/20 — 1o, (7.2)
where vy 1= —u, + iu,.

Theorem 7.1.1. Let p® be the family of states (7.1) on the Hilbert space (C*)®" and
¢" the family (7.2) of displaced thermal equilibrium states of a quantum oscillator.
Then for each n there exist quantum channels (trace preserving CP maps)

T,: M ((c?)®") ~ T(IA(R)),

on (7.3)
St T(LAR) — M ((€)™"),
with T (L*(R)) the trace-class operators, such that
Jim sup [|¢% — T, (o) [l = 0,
uel (74)

lim sup [|p2 — S, (¢") ||+ = 0.

N0 uerz

for an arbitrary bounded interval I C R.

Let us make a few comments on the significance of the above result.

i) The “convergence” (7.4) of the qubit states holds in a strong way (uniformly in u)
with direct statistical and physical interpretation. Indeed the channels 7}, and S,
represent physical transformations which are analogues of randomizations of classical
data (van der Vaart, 1998). The meaning of (7.4) is that the two quantum models
are asymptotically equivalent from a statistical point of view.
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ii) Indeed for any measurement M on L?*(R) we can construct the measurement
M o T, on the spin states by first mapping them to the oscillator space and then
performing M. Then the optimal solution of any statistical problem concerning the
states p can be obtained by solving the same problem for ¢" and pulling back
the optimal measurement M as above. We illustrate this in Section 7.7 for the
estimation problem and for hypothesis testing.

iii) The proposed technique may be useful for applications in the domain of coher-
ent spin states (Holtz et Hanus, 1974) and squeezed spin states (Kitagawa et Ueda,
1993). Indeed, it has been known since Dyson (1956) that n spin—% particles pre-
pared in the spin up state | 1)®" behave asymptotically as the ground state of a
quantum oscillator when considering the fluctuations of properly normalized total
spin components in the directions orthogonal to z. Our Theorem extends this to
spin directions making an “angle” u//n with the z axis, as well as to mixed states,
and gives a quantitative expression to heuristic pictures common in the physics lit-
erature (see Section 7.3). We believe that a similar approach can be followed in
the case of spin squeezed states and continuous time measurements with feedback

control (Geremia et al., 2004).

Next Section gives an introduction to the statistical ideas motivating our work. In
Section 7.3 we give a heuristic picture of our main result based on the total spin
vector representation of spin coherent states familiar in the physics literature.

The proof of Theorem 7.1.1 extends over the Sections 7.4,7.5,7.6 and uses methods
of group theory and some ideas from (Hayashi et Matsumoto, 2004; Ohya et Petz,
D., 2004; Accardi et Bach, A., 1987, 1985).

Section 7.7 describes a few applications of our main result. In Subsection 7.7.2
we compute the local asymptotic minimax risk for the statistical problem of qubit
state estimation. An estimation scheme which achieves this risk asymptotically is
optimal in the pointwise approach. We show that this figure of merit coincides
with the risk of the heterodyne measurement and that it is achieved by the optimal
Bayesian measurement for the SU(2)-invariant prior (Bagan et al., 2006; Hayashi
et Matsumoto, 2004). This proves the asymptotic equivalence of the Bayesian and
pointwise approaches.

In Subsection 7.7.1 we continue the investigation of the optimal Bayesian measure-
ment and show that it converges locally to the heterodyne measurement on the os-
cillator, which is an optimal joint measurement of position and momentum (Holevo,
1982).

Another application is the problem discriminating between two states p= which
asymptotically converge to each other at rate 1/y/n. In this case the optimal mea-
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surement for the parameter u is not optimal for the testing problem, showing in
particular that the quantum Fisher information in general does not encode all sta-
tistical information.

7.2 Local asymptotic normality in statistics and its
extension to quantum mechanics

In this Section we introduce some statistical ideas which provide the motivation for
deriving the main result.

Quantum statistical problems can be seen as a game between a statistician or physi-
cist in our case, and Nature. The latter tries to codify some information by preparing
a quantum system in a state which depends on some parameter u unknown to the
former. The physicist tries to guess the value of the parameter by devising measure-
ments and estimators which work well for all choices of parameters that Nature may
make. In a Bayesian set-up Nature may build her strategy by randomly choosing a
state with some prior distribution. In order to solve the problem the physicist is al-
lowed to use the laws of quantum physics as well as those of classical stochastics and
statistical inference. In particular he may transform the quantum state by applying
an arbitrary quantum channel 7" and obtain a new family 7'(p"). In general such
transformation goes with a loss of information so one should have a good reason to
do it but there are non trivial situations when no such loss occurs (Petz et Jencova,
2006), that is when there exists a channel S which reverses the effect of T" restricted
to the states of interest S(7'(p")) = p". If this is the case the we consider the two
families of states p" and T'(p") as statistically equivalent.

In statistics such transformations are called randomizations and a useful particular
example is a statistic, which is just a function of the data which we want to analyze.
When this statistic contains all information about the unknown parameter we say
that it is sufficient, because knowing the value of this statistic alone suffices and given
this information, the rest of the data is useless. For example if X7,...X,, € {0, 1} are
results of independent coin tosses with a biased coin, then X = % >, X is sufficient
statistic and may be used for any statistical decision without loss of efficiency.

Quantum randomizations through quantum channels allows us to compare seemingly
different families of states and thus opens the possibility of solving a particular
problem by casting it in a more familiar setting. The example of this chapter is that
of state estimation for n identical copies of a state which can be cast asymptotically
into the problem of estimating the center of a quantum Gaussian which has a rather
simple solution (Holevo, 1982). The term “asymptotically” means that for large n
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we can find quantum channels T,,,.S,, which almost map the families of states into
each other as in equation (7.4).

The second main idea that we want to introduce is that of local asymptotic normality.
Back in the coin toss example we have that X is a good estimator of the probability
of obtaining a 1 and by the Central Limit Theorem the error X —u has asymptotically
a Gaussian distribution

V(X — ) ~ N(0,1/p(1 — 1)),

in particular the mean error is (X — u)?) = 1/(nu(1 — p)). Now, if for each n
the unknown parameter p is restricted to a local neighborhood of a fixed pg of size
1/4/n, one might expect an improvement in the error because we know more about
the parameter and we can use that information to built better estimators. However
this is not entirely true. Indeed if we write u = pg + u/y/n then the estimator of
the local parameter w is

U = /(X — p1o) ~ N(u,1/p0(1 — po))

which says that the problem of estimating g in the local parameter model is as
difficult as the original problem, i.e. the variance of the estimator is the same.
The reason for this is that the additional information about the location of the
parameter is nothing new as we could guess that directly form the data with very
high probability. Thus without changing the difficulty of the original problem we
can look at it locally and then we see that it transforms into that of estimating
the center of a Gaussian with fixed variance N (u, 1/10(1 — o)), which is a classical
statistical problem.

In general we can formulate the following principle: given Xi,..., X, € X inde-
pendent with distribution P%*%/v" depending smoothly on the unknown parameter
u € R*  then asymptotically this model is statistically equivalent (there exist ex-
plicit randomizations in both directions) with that of a single draw ¥ € R* from
the Gaussian distribution N(u, I(6y)~!) with fixed variance equal to the inverse of
the Fisher information matrix (van der Vaart, 1998).

In the quantum case we replace the randomizations by quantum channels and the
Gaussian limit model by its quantum equivalent which in the simplest case is a
family of displaced thermal states of a quantum oscillator (see Theorem 7.1.1),
but in general is a Gaussian state on a number of coupled quantum and classical
oscillators, with canonical variables satisfying general commutation relations (Petz,
1990).

A simple extension of Theorem 7.1.1 is obtained by adding an additional local pa-
rameter ¢ € R for the density matrix eigenvalues such that ;1 = po—+t/+/n. This leads
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to a Gaussian limit model in which we are given a quantum oscillator is in state ¢"
and additionally, a classical Gaussian variable with distribution N (¢, 1/uo(1 — p))-
The meaning of this quantum-classical coupling is the following: asymptotically the
problem of estimating the eigenvalues decouples from that of estimating the direction
of the Bloch vector and becomes a classical statistical problem (identical with the
coin toss discussed above), while that of estimating the direction remains quantum
and converges to the estimation of a Gaussian state of a quantum oscillator. Bagan
et al. (2006); Hayashi et Matsumoto (2004) have also observed this decoupling,.

7.3 The big ball picture of coherent spin states

In this section we give a heuristic argument for why Theorem 7.1.1 holds which will
guide our intuition in later computations.

It is customary to represent the state of two dimensional quantum system by a
vector 7 in the Bloch sphere such that the corresponding density matrix is

p= 5(1 +770) = %(1 +ry0, + 1Yoy +1,0,),
where o; represent the Pauli matrices and satisfy the commutation relations [o;, 0;] =
2i€;jxo%. In particular if 7 = (0,0,£1) then the state is given by the spin up | T)
and respectively spin down | |) basis vectors of C?, and the z-component of the spin
o, takes value +1. As for the x and y spin components, each one may take the
values +1 with equal probabilities such that on average (o,) = (o,) = 0 but the
variances are (07) = (0;) = 1. Moreover o, and o, do not commute and thus cannot
be measured simultaneously.

What happens with the Bloch sphere picture when we have more spins? Consider
for the beginning n identical spins prepared in a coherent spin up state | 1)®", then
we can think of the whole as a single spin system and define the global observables
LE") => cri(k) for i € z,vy, z, where cri(k) is the spin component in the direction ¢
of the k’s spin. Intuitively, we can represent the joint state by a vector of length n
pointing to the north pole of a large sphere as in Figure 7.1. However due to the
quantum character of the spin observables, the x and y components cannot be equal
to zero and it is more instructive to think in terms of a vector whose tip lies on a
small blob of the size of the uncertainties in x and y, sitting on the top of the sphere.
Exactly how large is this blob? By using the Central Limit Theorem we conclude
that in the limit n — oo the distribution of the “fluctuation operator”

g .— 1
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Figure 7.1: (Color online) Quasiclassical representation of n spin up qubits

converges to a N(0,1/2) Gaussian, that is (S,) = 0 and (S?) ~ 1/2, and similarly
for the component Sé"). The width of the blob is thus of the order y/n in both x
and y directions.

Now, the two fluctuations do not commute with each other

SM sm] = Zrm 41 75
(S, 5] = LI~ i1, (75)
which is the well know commutation relation for canonical variables of the quantum
oscillator. In fact the quantum extension of the Central Limit Theorem (Ohya et
Petz, D., 2004) makes this more precise

P

lim ®™(7 | HS () = (€, HXik Q), Vir € {z,y},

k=1

where X, := @ and X, := P satisfy [Q, P] = i1 and Q is the ground state of the
oscillator.

The above description is not new in physics and goes back to Dyson’s (1956) theory of
spin-wave interaction. More recently squeezed spin states (Kitagawa et Ueda, 1993)
for which the variances (S7) and (S;) of spin variables are different have been found
to have important applications various fields such as magnetometry (Geremia et al.,
2004), entanglement between many particles (Stockton et al., 2003) The connection
with such applications will be discussed in more detail in Section 7.7.

We now rotate all spins by the same small angle for each particle as in Figure 7.2.
As we will see, it makes sense to scale the angle by the factor ﬁ i.e. to consider

. on
VY = [eXp (%(uag% + uyoy)) IT)] , u € R%
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Figure 7.2: (Color online) Rotated coherent state of n qubits

Indeed for such angles the z component of the vector will change by a small quantity
of the order \/n < n so the commutation relations (7.5) remain the same, while
the uncertainty blob will just shift 1ts center such that the new averages of the
renormalized spin components are (SI") ~ —/2u, and (S5™Y ~ V2u,. All in all,
the spins state converges to the coherent state |ay) of the oscillator where o, =
(—uy + iu,) € C and in general

= o
) == exp (=[al*2) ) —=
ZO 7l
with |7) representing the j’s energy level.

We consider now the case of qubits in individual mixed state u| 1)(7 [+ (1—pu)| |){] |
with < 1/2u < 1. Then the “length” of L. is n(2u — 1) but the size of the blob is
the same (see Figure 7.3). However the commutation relations of S, and S, do not

Figure 7.3: (Color online) Quasiclassical representation of n qubit mixed states

reproduce those of the harmonic oscillator and we need to renormalize the spin as

1 1
e L —

22p — 1)n Y 2(2p — 1)n



7.4 Local asymptotic normality for mixed qubit states 195

The limit state will be a Gaussian state of the quantum oscillator with variance

(Q?) = (P?) = 55,—3y < 3, that is a thermal equilibrium state

o0 1_
o0 =1-p) Y plRK,  p=—"
k=0 ,LL

Finally the rotation by exp (ﬁ(uma:r + uyay)> produces a displacement of the ther-
mal state such that (Q) = —v/2(2u — 1)u, and (P) = /221 — 1)u,.

7.4 Local asymptotic normality for mixed qubit states

We give now a rigorous formulation of the heuristics presented in the previous Sec-

tion. Let
o_ [ M 0

be a density matrix on C* with y > 1/2, representing a mixture of spin up and spin
down states, and for every u = (u,,u,) € R? consider the state

Pt =U(u) p° U(u)*

where

U(u) := exp(i(uy0, + uyoy)) = (

coslul  —e ¥ sin|[u]
' sin |ul cos |ul ’

with ¢ = Arg(—u, + iu,). We are interested in the asymptotic behavior as n — oo
of the family

®n
Fn = {Pz = (pu/\/ﬁ> ,uc 12} ) (77)
where I = [—a, a] is a fixed finite interval.

The main result is that F,, is asymptotically normal, meaning that it converges as
n — oo to a limit family G, := {¢",u € I*} of Gaussian states of a quantum
oscillator with creation and annihilation operators satisfying [a, a*] = 1. Let

¢° = (1—p) > _prIk) (K, (7.8)

be a thermal equilibrium state with |k) denoting the k’s energy level of the oscillator
and p = 177“ < 1. For every u € I? define

¢" = D(v/21 — 1aw)[¢°] D(—v/ 20 — Law), (7.9)
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where D(z) := exp(za* — z*a) is the displacement operator, mapping the vacuum
vector |0) to the coherent vector |z) and oy, = (—u, + fu,) -

The exact formulation of the convergence is given in Theorem 7.1.1. Thus the state
pyn of the n qubits which depends on the unknown parameter u can be manipulated
by applying a quantum channel T}, such that its image converges to the Gaussian
state ¢%, uniformly in u € I2. Conversely by using the channel S, the state ¢" can
be mapped to a joint state of n qubits which is converges to p2 uniformly in u € I2.
By Stinespring’s theorem we know that the channels are of the form

T(p) = Tre (VpV™),
S(¢) = Trr (WoW™)

where the partial traces are taken over some ancillary Hilbert spaces K, K’ and
V. (C2)®n — L*(R)® K,
W L*(R) — (C*)" @ K,
are isometries (V*V =1 and W*W = 1).
Our task is now to identify the isometries V,, and W,, implementing the channels T,
and respectively S, satisfying (7.4). The first step towards identifying these V, is

to use group representations methods so as to partially (block) diagonalize all the
Py simultaneously.

7.4.1 Block decomposition

In this Subsection we show that the states p): have a block-diagonal form given by
the decomposition of the space ((32)®" into irreducible representations of the relevant
symmetry groups. The main point is that for large n the weights of the different
blocks concentrate around the representation with total spin j, = n(u —1/2) .

The space (C2)®" carries a unitary representation m, of the one spin symmetry group
SU(2) with m,(u) = u®" for any v € SU(2), and a unitary representation of the
symmetric group S(n) given by the permutation of factors

Tn(T) 101 @ -+ - @ Up = Vym1(1) @ -+ + @ V=1, T € S(n).

As [m,(u), m,(7)] = 0 for all uw € SU(2),7 € S(n) we have the decomposition

n/2
()" = P H;oH, (7.10)

§=0,1/2
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where the direct sum runs over all positive (half)-integers j up to n/2, and for
each fixed j, H; = C*™! is a irreducible representation of SU(2) with total angular
momentum J? = j(j + 1), and H? = C™ is the irreducible representation of the
symmetric group S(n) with n; = (n/g_j) — (n/ij_l). In particular the density
matrix pp is invariant under permutations and can be decomposed as a mixture of
“block” density matrices

n/2
, 1
m= D plef,®—. (7.11)
j=0,1/2 J

with probability distribution p,(j) given by (Bagan et al., 2006):

i le n__;
n = 1— )27’
Pa(J) 2u—1< w2 p

%+j+1 (1 o p2j+1) ’ (712)

where p := 177“ A key observation is that for large n and in the relevant range of
J’s, pn(Jj) is essentially a binomial distribution

n e
Bw@V:CJM@—M)ka k=0,...,n.
Indeed we can rewrite p,(j) as

Pn(3) 7= Bnu(n/2 +7) x K(j,n, 1) (7.13)
where the factor K(j,n, p) is given by
n+ (20 —Jn) +1/Cp—1)
n_'_(j_jn_'_l)/lu
and j, = n(up — 1/2). As B, , is the distribution of the sum of n independent
Bernoulli variables with individual distribution (1 — p, ) over {0, 1}, we can use the

central limit Theorem to conclude that its mass concentrates around the average un
with a width of order \/n, in other words of any 0 < ¢ < 1/2 we have

K(jn,p) = (1—p¥*)

nl/2+e
lim > Buu(un+p)=1. (7.14)
n—oo p:7n1/2+6

Let us denote by 7, . the set of values j of the total angular momentum of n qubits
which lie in the interval [, — n'/2%¢ j, + n'/?2*<]. Then for large n, the factor
K(j,n, ) is close to 1 uniformly over j € 7, and from formulas (7.13), (7.14) we

conclude that p,(j) concentrates asymptotically in an interval of order n'/?¢ around
In'
lim p,(Jn.e) = 1. (7.15)

This justifies the big ball picture used in the previous section.
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7.4.2 Irreducible representations of SU(2)

Here we remind the reader some details about the representation m; of SU(2) on
H;. Let 0,,0,,0, be the Pauli matrices and denote 7;(0;) = J;; for | = z,y, z then
there exists an orthonormal basis {|j,m),m = —j,...,j} of H; such that

Jj,z‘jv m> = m‘jv m>

Moreover, with J; + := J; , & iJ;, we have

Jj,Jr‘jv m> = \/.7 - m\/j +m+1 |.77m+ 1>7
Ji_|j,m) = /3 —m+1/j+mlj,m—1).

With these notations and p = 1%‘ as before, the state ,0?7,1 can be written as (Hayashi
et Matsumoto, 2004)

J
P =1ci(p) Y PG m) (G, ml,

m=—j

where the normalizing factor is ¢;(p) = (1 —p)/(1 —p#*t). The rotated block states
can be obtained by applying the unitary transformation

Pin = Ui(a/v/n) pj, Uj(u/v/n)",
with U;(u) = exp (i(uyJ;» + uyJj,)). Finally, we define the vectors
17, w) = U(w)lj, 7) (7.16)

which will be used in later computations, and notice that their coordinates with
respect to the |7, m) basis are given by (Hayashi et Matsumoto, 2004):

2j

Gonliow) = (7 Yo -1y (7.7

where ¢ = e sin |w| with ¢, = Arg(—w, + iw,).

7.5 Construction of the channels 7,

For each irreducible representation space H; we define the isometry V; : H; — L*(R)
by
Vi lgym) =17 —m) (7.18)
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where {|n),n > 0} represents the energy eigenbasis of the quantum oscillator with
eigenfunctions ,(z) = H,(z)e *"/2/y/\/n2"n! € L*(R). Using the decomposition
(7.10) we put together the different blocks we construct for each n € N the “global”
isometry

n/2 n/2
V, = @ V,®1l: @ H; @ CY — L*(R) ® K,
j=0,1/2 j=0,1/2

where C,, = @;ﬁ] 12 C". By tracing over K,, we obtain the channel T,(p) :=
Tri, (Va,pV,F) mapping a joint state of n spins into a state of the quantum oscillator.

This channel satisfies the convergence condition (7.4) as shown by the estimate

n/2
1T (o) = 6%l = || D pali)Vipn, Vi — 0"
§=0,1/2 1
n/2
< > D Vien, vy — ¢,
§=0,1/2
<2 > palj) + sup max [[V;pl, V" — 6",
j¢\7n76 UEI2 ]ejn,e

where the first term on the right side converges to 0 by (7.15), and for the second one
we apply the following Proposition 7.5.1 which is the major technical contribution
of this chapter.

Proposition 7.5.1. The following uniform convergence holds

lim sup max ||V;pl, Vi —¢"|1 = 0.

n—00 yer2 J€ETne

where Ty, is the set defined above equation (7.15).

The proof of the Proposition requires a few ingredients which in our opinion are
important on their own for which reason we formulate them apart and refer to
relevant papers for the proofs.

Theorem 7.5.2. (Ohya et Petz, D., 2004) Let a,b € M(C?), satisfying Tr(a) =
Tr(b) = 0 and define
: : . 1
L(a,b) = exp(ia) exp(ib) — exp(ia + ib) exp (i[a, b]) :

On (CH®" we define the fluctuation operator

F.(a) = % Z a;,
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where a; = 1®---®a®---®1 with a acting on the i’s position of the tensor product.
Notice that exp(iF,(a)) = exp(ia//n)®" and \/n[F,(a), F,(b)] = F,([a,b]). Then

lim ||L (F,(a), F,(b)) | = 0.

n—00

The convergence is uniform over ||al|, ||b]| < C' for some constant C'.

This Theorem is a key ingredient of the quantum central limit Theorem (Ohya
et Petz, D., 2004) and it is not surprising that it plays an important role in our
quantum local asymptotic normality result which is an extension of the latter. We
apply the Theorem to two unitaries of the form U(u) = exp(i(uy0, + uy0,)). We
thus get information on the effect of the U;(u) on the highest weight vectors |j, j)
of an irreducible representation.

Corollary 7.5.3. For any unitary U and state 7 let Ad[U|(7) := UtU* and consider
the rotated states

r(uv,jn) = Ad {Uj (%) U, (%)](Uﬁ@ﬂ)
u+v

rwtvin) = adlu ()] Wi,

Then the following uniform convergence holds

lim sup sup [|7(u,v,j,n) —7(u+v,j,n)| =0
N0 u,vel? jETn,e

Proof. First notice that

[Up00 + Uyoy, V0, + Vy0y] = 2(Upvy — Uy, )0
Applying Theorem 7.5.2 to U(u), we get

() 1) () e ()

Now

— 0.
n—00

0

The following Lemma is a slight strengthening of a theorem by Hayashi et Mat-
sumoto (2004).
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Lemma 7.5.4. The uniform convergence holds
u ..
ViUj <ﬁ) 197) —=1v2p — low)

where |z) denotes a coherent state of the oscillator, and oy := (—u,+iu,) . Moreover
for any sequence 3, — oo we have

lim ||V}, 00 Vi —¢°||, = 0. (7.19)

n—oo

lim sup sup
n—00 u612 jej’n,e

I

The convergence holds uniformly over all sequences j, such that j,/n > c for some
fized constant ¢ > 0, so in particular for j, € Jp..

Proof. We first prove the easier relation (7.19). As both density matrices are diag-
onal we get

pPintl 2jn
H p.]n n —¢° H1 zjn+1 Zp
2jn+1 ]
Z s ST 1 pin+l +p7 T =0,

k=2jn+1

as n — oQ.

As for the first relation, let us denote [u, j,n) := V;U;(7=)1J,j), then by (7.17) and
(7.18) we have

(i gom) = o (%) in(ol Ve os(ful /)

Now, the following asymptotic relations hold uniformly over j € 7, :

i () (Y 1 oty
cos <|—;ﬁ|)2jk = eXp(—w_—;”u'z) (1+O(Jul*n™)),

() =0 o),

and thus the coefficients converge uniformly to those of the corresponding coherent
states as n — oo

2= 1l (#ulvZr=1)"

<k|uajan> — €xXp (_ 9 \/E
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O

Proof of Proposition 7.5.1. The main idea is to notice that ¢° is a thermal equi-
librium state of the oscillator and can be generated as a mixture of coherent states
with centered Gaussian distribution over the displacements:

#° = —121*/25% | 2\ (2] dPz. (7.20)

e

The easiest way to see this is to think of the oscillator states in terms of their Wigner
functions. Indeed, the Wigner function of a coherent state is

W,(q,p) = exp (—(q —V2Rez)’ — (p — V2Im Z)2> ,

and thus the state given by (7.20) has Wigner function which is the convolution
of two centered Gaussians which is again a centered Gaussian with variance equal
to the sum of their variances 2s® + 1/2 which is equal to the variance of ¢° for

s?:=p/(2(1 — p)). Similarly,
1

2752

o =

/ e lamvV2—Teal 1257 (12Y (7)) @7 (7.21)
Let us first remark that

IViud5 Vi =", < {5, = Vid" Vil +
H(bu - Pjn(bupjn”l )

where P, =V, V* is the projection onto the image of Vj;,, and

lim sup sup [[¢" — P;,¢"P;.[|, =0,

n—oo anJn,e ucl?

because j, — oo uniformly and P;, converges to the identity in strong operator
topology (a tightness property). Thus it is enough to show that

lim sup supHp] — Vi oV H1:0

n—eo Jn€In,e uel?

Now
u * u

Ad _an (ﬁ) (h5,) = Vi, 0"V,

12, = ViV ||, +

ol
Ad |U;, (%) (V2 Vi) = V3™V,

<
1

1
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The first term on the right side of the inequality converges to zero by Lemma 7.5.4,
uniformly for any sequence (j,) such that j, € J,. and does not depend on u.
Using (7.20) and (7.21) we bound the second term by

1

s\ 2w

/ 717125 A, 2, j,) |1 d%2

where the operator A(u,z, j,,) is given by

Aw,z,j,) = Ad [an (%)] (V: |2)(]V;,) —
v

In

Vi

n

z + Zu—lau><z+ 20— lay

We analyze the expression under the integral. Let Zz € R? be such that a; =

z/+/2p1 — 1, then

d[an(%)} Vi) = Vilz + /20 — Log)(z + —lay|Vi || <
1

1| (%) an( )} (i} il — A [0, (“Tf)]wmnjn\)
viud [0, (22) | Qi ;= et | +
V3.4 [, (2] Ui Gl Vi — o+ VB0 = Taub(a + /2~ T

By Corollary 7.5.3, the first term on the right side converges to zero uniformly in
(u,jn) € I* X Jpe. By Lemma 7.5.4 we have that the last two terms converge to
zero uniformly in (u, j,) € I? X J,, .. Thus if we denote

+
1

S

1

Fn(z) ‘= Sup sup ||A(uazajn)||1
anJn,e uecrl?

then 0 < F,(z) < 2, lim, .o F,(z) = 0 for all z € R?, and by the Lebesgue
dominated convergence theorem we get

1
lim —/e|z|2/252Fn(z)dQZ = 0.

n—00 g4/ 27

This implies the statement of the Proposition 7.5.1.
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7.6 Construction of the inverse channel S,

To complete our proof of asymptotic equivalence as defined by (7.4), we must now
exhibit the inverse channel S,, which maps the displaced thermal states ¢" of the
oscillator into approximations of the rotated spin states. As the latter are block
diagonal with weights p,(j) as defined in equation (7.12) , it is natural to look for
S,, of the form

nf2
5.0)= @ p()SAO) @
§=0,1/2 J

where S7 are channels with outputs in H;. Moreover because V; : H; — L*(R) is
an isometry we can choose SJ such that

Sy (VieVy') = p. (7.22)

for all density matrices p on H;. This property does not fix the channel completely
but it is sufficient for our purposes.

Theorem 7.6.1. The following holds

lim sup [|Sn(¢") — pil|l; = 0.

N0 e

Proof. As both p!* and ¢" are block-diagonal we may decompose their distance as

n/2
19(6") = phlli = > Pa(D)IS4S™) = palls
]:071/2
< > 2a0) + Y paISI@Y) =S5 (Viek Vi) Ih
JETn e JETn e
+ Z pn ||S] ]p]nv*) _pjnH
jeJne
<2 pali)+ Y pali)$™ = Viek Vil
JETne JE€Tn e

where we have used at the last line that S7 is a contraction and property (7.22) of
S7. Now the first sum is going to 0 by (7.15) and the second sum is also uniformly
going to 0 by use of Proposition 7.5.1.

O
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7.7 Applications

7.7.1 Local asymptotic equivalence of the optimal Bayesian
measurement and the heterodyne measurement

In this subsection we begin a comparison of the pointwise (local) point of view with
the global one used in the Bayesian approach. The result is that the optimal SU(2)
covariant measurement (Bagan et al., 2006; Hayashi et Matsumoto, 2004) converges
locally to the optimal measurement for the family of displaced Gaussian states which
is a heterodyne measurement (Holevo, 1982). Together with the results on the
asymptotic local minimax optimality of this measurement, this closes a circle of
ideas relating the different optimality notions and the relations between the optimal
measurements.

Let us recall what are the ingredients of the state estimation problem in the Bayesian
framework (Bagan et al., 2006). We choose as cost function the fidelity squared
F(p,0)* = Tr(y/\/po+/p)* and fix a prior prior distribution 7 over all states in C?
which is invariant under the SU(2) symmetry group. Given n identical systems p®"
we would like to find a measurement M,, - whose outcome is the estimator p,, - which
maximizes

Ren = [ (F (e p)rldp)

By the SU(2) invariance of 7, the optimal measurement can be chosen to be SU(2)
covariant i.e.

UM, (do)U* = M, (U*dolU),

and can be described as follows. First we use the decomposition (7.10) to make a
“which block” measurement and obtain a result j and the conditional state p;, as in
(7.11). This part will provide us the eigenvalues of the estimator. Next we perform
block-wise the covariant measurement M;,,(ds’) = m;,(s)ds with

mn(F) = (2] + DU;(3) 1) IV (F) @ 1,

whose result is a unit vector 5 where U(5) is a unitary rotating the vector state

5") to | 1). The complete estimator is then p, = $(1 + 275 7).

We pass now to the description of the heterodyne measurement for the quantum
harmonic oscillator. This measurement has outcomes u € R? and is covariant with
respect to the translations induced by the displacement operators D(z) such that
H(du) = h(u)du with

h(u) == (2p — 1)D(—=+/2p — 1ay)]0) (0| D(\/2p — 1avy,).
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Using Theorem 7.1.1 we can map H into a measurement on the n-spin system as
follows: first we perform the which block step as in the case of the SU(2)-covariant
measurements. Then we map p;,, into an oscillator state using the isometry V; (see
(7.18)), and subsequently we perform H. The result u will define our estimator for
the local state, i.e.

RIS

We denote by H,, the resulting measurement with values in the states on C2.

The next Theorem shows that in a local neighborhood of a fixed state p°, the SU(2)-
covariant measurement M, and the heterodyne type measurement H, are asymptoti-

cally equivalent in the sense that the probability distributions P(M,,, p) and P(H,, p)
are close to each other uniformly over all local states p such that ||p — p°||; < %
for a fixed but arbitrary constant C' < oco.

Theorem 7.7.1. Let p° be as in (7.6), and let
[LAI)::{pVAﬂizvezlz}, 1| < oo
be a local family of states around p°. Then
lim = sup ||P(My, p) = P(Hy, p)|1 =0

00 e B, (1)

Proof. Note first that both P(M,, p) and P(H,, p) are distributions over the Bloch
sphere and the marginals over the length of the Bloch vectors are identical because
by construction the first step of both measurements is the same. Then

1P ) = P ), =
S 0n) [ 11501305 = Byl DI

According to (7.15) we can restrict the summation to the interval 7, . around j =

n(p — 3). By Theorem 7.1.1 we can replace (whenever needed) the local states

pﬂl\/ﬁ by their limits in the oscillator space ¢V with an asymptotically vanishing
error, uniformly over v € I2.

We make now the change of variable § — u where u € R? belongs to the ball
H

lu| < 2y/nm, and is the smallest vector such that U (%) =U(s).

The density of the SU(2) estimator with respect to the measure du is

miatw) o= 2 (L) g (D) 1 (35),
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where J is the determinant of a Jacobian related with the change of variables such
that J(0) = 1.

Similarly the density of the homodyne-type estimator becomes

hjm(w) ==Y _Vi'h (u + 2k\/ﬁwi) V; | Jem(u)],

= [ul

because displacements in the same direction which differ by multiples of 2/nm lead
to the same unitary on the qubits. Here J,(u) is again the determinant of the
Jacobian of the map from the k-th ring to the disk, in particular Jy,(u) = 1.

The integral becomes then

o

We bound this integral by the sum of two terms, the first one being

o

where h;(u) is just the term with & = 0 in h;,(u). By Lemma 7.5.4, for any fixed
u we have m;,(u) — h(u) uniformly over j € 7, .. Using similar estimates as in
Lemma 7.5.4 it can be shown that the function under the integral is bounded by a
fixed integrable function g(u) uniformly over v € I?, and then we can use dominated
convergence to conclude that the integral converges to 0 uniformly over v € I? and

j € jms-

T (3 (mj () = g (W) )| du

Tr (p;.g@mj,n(u) - ﬁj<u))) ] du,

The second integral is

/luszwﬁ

which is smaller than

T (3" (hs (W) = hyn(w))) | i,

Tr <p}'£‘/ﬁh (u)) ‘ du,
[u|>27/n
which converges uniformly to 0. This can be seen by replacing the states with ¢
which are “confined” to a fixed region of the size I? in the phase space, while the
terms h(u) are Gaussians located at distance at least 2w/n from the origin.

Putting these two estimates together we obtain the desired result.
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Remark. The result in the above theorem holds more generally for all states in a
local neighborhood of p° but for the proof we need a slightly more general version
of Theorem 7.1.1 where the eigenvalues of the density matrices are not fixed but
allowed to vary in a local neighborhood of (u,1 — p). This result will be presented
in a future work concerning the general case of d-dimensional states.

7.7.2 The optimal Bayes measurement is also locally
asymptotic minimax

In this subsection we will introduce some ideas from the pointwise approach to state
estimation. We show that the measurement which is known to be optimal for a
uniform prior in the Bayesian set-up, is also asymptotically optimal in the pointwise
sense.

Using the jargon of mathematical statistics, we will call quantum statistical exper-
iment (model) (Petz et Jencova, 2006) a family {p’ € M(C?) : § € O} of density
matrices indexed by a parameter belonging to a set ©. The main examples of quan-
tum statistical experiments considered so far are that of n identical qubits

Fi={p"":pe M(C},

the local model
Xn
sl = ()" we p
and its “limit” model
G' = {¢",u e I*},

where [ = [—a,a], and p2 and ¢" are defined by (7.1) and (7.2). More generally
we can replace the square I2 by an arbitrary region K in the parameter space and
obtain:

GK = {¢",uec K C R?}.

We shall also make use of
G = {¢",uc R’}
A natural choice of distance between density matrices is the fidelity square
1/2]?
Flp,0)* = |Tr (oo vp)'"”| .

which is locally quadratic in first order approximation, i.e.

v 1
Plpt, ) = = viP,
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As we expect that reasonable estimators are in a local neighborhood of the true
state we will replace the fidelity square by the local distance

d(u, ) = [[a - ulf”.

and define the risk of a measurement-estimator pair as Ry, (u, ) = (d(u, 1)), keeping
in mind the factor 1/n relating the risks expressed in local and global parameters.

Similarly to the Bayesian approach, we are interested in estimators which have small
risk everywhere in the parameter space and we define a worst case figure of merit
called minimax risk.

Definition 7.7.2. The minimaz risk of a quantum statistical experiment £ over the
parameter space © is defined as

C(€) = inf sup Rys(u, 0). (7.24)

u ueo

where the infimum is taken over all measurements and estimators (M, Q).

The minimax risk tells us how difficult is the model and thus we expect that if two
models are “close” to each other then their minimax risks are almost equal. The
“statistical distance” between quantum experiments is defined in a natural way with
direct physical interpretation and such a problem has been already addressed by
Chefles et al. (2003) for the case of a quantum statistical experiment consisting of a
finite family of pure states.

Definition 7.7.3. Let £ = {0’ € M(C?) : 0 € ©} and F = {7’ € M(CP) : 0 € ©}
be two quantum statistical experiments (models) with the same parameter space ©.
We define the discrepancies

d(€,F) = inf sup ||T(,09) — 7'9||1,
T gco

§(F, &) = infsup||p’ — S(%)]|1,
5 peo

where the infimum is taken over all trace preserving channels T : M(C?) — M(CP)
and S : M(CP) — M(C?%).

With this terminology, our main result states that for any bounded interval I:

lim max (§(F.,G"),0(G", F.)) = 0. (7.25)
n—oo
As suggested above, the discrepancy has a direct statistical interpretation: if we want
to estimate # in both statistical experiments £ and F and we choose a bounded loss
function d(6,0) < K then for any measurement and estimator 6 for F with risk
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Ry (0,0) = (d(6,0)) we can find a measurement N on £ whose risk is at most
Ry (0.0) + K6(E, F). Indeed if we choose T such that the infimum in the definition
of §(&,F) is achieved, we can map the state p’ through the channel 7" and then
perform M to obtain an estimator 6 for which

Ry (0,6) = (d(0,0)) = /@ d(6,6)Tr (T(pG)M(dé)) <

| 0.0y (21(d0)) + T 6") = 11 <
Ru(0,0) + K§(E, F).

This means that asymptotically the difficulty of estimating the parameter 6 in the
two models is the same. With the above definition of the minimax risk and using
the convergence (7.25) we obtain the following lemma.

Lemma 7.7.4. Let [ = [—a,a] with 0 < a < 0o, then

lim C(F1) = C(G")

n—0o0

The minimax risk for the local family F! is a figure of merit for the “local difficulty”
of the global model F,,. Tt asymptotically converges to the minimax risk of a family
of thermal states. However this quantity depends on the arbitrary parameter I =
[—a, a] which we would like to remove as our last step in defining the local asymptotic
minimax risk:
Cram.(Fn:n €N):= lim lim C(FL) = lim C(G").
a—0o0 N—00 a—0o0

As one might expect, the minimax risks for the restricted families of thermal states
will converge to that of the experiment with no restrictions on the paramaters. The
proof of this fact is however non-trivial.

Lemma 7.7.5. Let I = [—a,al, then we have

lim C(G') = C(G)
Moreover the heterodyne measurement saturates C(G), and thus C(G) is equal to the
Holevo bound.

Proof. The inequality in one direction is easy. For any estimator,
SUPyer2 Rar(u, 1) < supyege Rar(u, @), so that C(G') < C(G) and the same holds for
the limit. By the same reasoning, for any K; C K, C R? we have C(G¥1) < C(GK2).

When calculating minimax bounds we are interested in the worst risk of estimators
within some parameter region K, and this worst risk is obviously higher than the
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Bayes risk with respect to the probability distribution with constant density on K.
We shall work on B(0, ¢ + b) the ball of center 0 and radius (¢ + b), with b > ¢, and
denote our measurement M with density m(u)da. In general M need not have a
density, but this will ease notations. Then

sup  Rar(u, ) >
ueB(0,c+d)

duda " )
———sllu—ua"Tr(¢%m(u)). (7.26
/B(O,C+b)><R2 7T(c+b)2|| I ( (). ( )

We fix the following notations

F(D) = /D dudvx — |2 Tr (¢*m(v))
o) = [ dudv Tr (g"m(v),

and define the domains

{(u,@)|u € B(0,c+b),a € R*}
{(u+k,k)|lue B(0,c),k € B(0,b)}
{(u,u+h)jue B(0,b—c¢),h € B(0,c)}
{(w,u+h)ju € B(0,b—c),h € R*\B(0,c)}.

D,
D,
Dj
Dy

Notice the following relations:

D3y C Dy C D17 D, C Dl\DQ. (727)

Then (7.26) can be rewritten as

f(Dy).

1
sup Ry(u,0) > ——
ueB(0,c+b) (u,8) m(b+c)?

The following inequalities follow directly from the definitions:

f(D2) < ?g(Ds) f(D3) < g(Ds)
f(Dy) > *g(Dy) 9(Dy) + g(D3) = (b — ¢)*.
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Using these and (7.27), we may write:

e (P 2 = (F(2) + £(D)
> s (1(D2)+ (D)
i ; (chgi A Z_Dgc)>2>
> o (7wt Uiy <))
> 5o oo (r28

We analyze now the expression f(Ds)/g(Ds). By using the definition (7.2) of the
displaced thermal states ¢" we get that Tr [¢*™*m(1)] = Tr [¢*my(1)], where

mu(l) := D(—/2p — lay)m() D(\/ 21 — la,).

Then
g(DQ) = / dudk Tr [gb“’Lkm(k)} =Tr [chmb] )
B(0,¢) x B(0,b)

where we have written

be = / odu, iy = / my (k) dk.
B(O,C) B(Ovb)

Upon writing ve 1= [, [[ull?¢"du, we get similarly f(Ds) = Tr [veri]. Note that

by rotational symmetry v. and ¢. are diagonal in the number operator eigenbasis,
so without restricting the generality we may assume that m, is also diagonal in that
basis: my, = >, pr|k)(k|. We have then

f(Ds) _ ZkeNpk‘<k|zi6|k> > inf <k|1~)6|k5>
g(Dz) Engpk<k‘¢c‘k> - keN <k‘¢c‘k>

The infimum on the right side is achieved by the vacuum vector. By Lemma 7.7.6,
this fact follows from the inequality

(klo™ k) _ {0]¢™|0)
(klgu2|k) — (0[¢"2]0)”

which can be checked by explicit calculations.

[ = [Jusf,
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Letting now ¢ and b go to infinity with ¢ = o(b) and using (7.28), we obtain that

: Jz2(0]¢"]0) [Jul[*du
1 c(g,) > 7
lim C(Ga) > 060 du

which is exactly the pointwise risk of the heterodyne measurement H(du) = h(u)du
whose density is

h(w) = (24 — 1)D(—/2 — 1a)|0) (0] D(— /2 — Tawy).

By symmetry this pointwise risk does not depend on the point, so that C'(G) <
Ry (u, ). And we have our second inequality: lim, .., C(G,) > C(G).

Moreover, the heterodyne measurement is known to saturate the Holevo bound for
G = Id and the Cramér-Rao bound for locally unbiased estimators (Holevo, 1982;
Hayashi et Matsumoto, 2004). We conclude that the local minimax risk for qubits
is equal to the minimax risk for the limit Gaussian quantum experiment which is
achieved by the heterodyne measurement.

O

Lemma 7.7.6. Let p and q be two probability densities on [0,1] and assume that

T > To.
Then [ z*p(x)dx > [ z?q(z)dx.

Proof. Tt is enough to show that there exists a point 2y € [0, 1] such that p(x) < ¢(x)
for x < xy and p(x) > ¢(x) for x > xy. Now, if p(xz) < ¢(z) then by using the
assumption we get that p(y) < ¢(y) for all y < z. Similarly, if p(x) > ¢(x) then
p(y) < q(y) for all y > x. This implies the existence of the crossing point .

O

We end this section with the conclusion that the optimal measurement from the
Bayesian point of view is also asymptotically optimal from the pointwise point of
view. Let us denote by (M,,,01) the measurement-estimator pair from (Bagan et al.,
2006; Hayashi et Matsumoto, 2004).

Proposition 7.7.7. The optimal measurement-estimator pair (M,,a) is a local
asymptotic minimaz estimation scheme. That is

lim Ry, (u,0) = Clam(F, :n €N).

n—00
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Proof. The pointwise risk of M,,, is known to converge to that of the heterodyne
measurement (Bagan et al., 2006). The rest follows from Lemma 7.7.4 and Lemma
7.7.5.

0

7.7.3 Discrimination of states

Another illustration of the local asymptotic normality Theorem is the problem of
discriminating between two states p™ and p~. When the two states are fixed, this
problem has been solved by Helstrom (1976), and if we are given n systems in state
p%" then the probability of error converge to 0 exponentially. Here we consider
the problem of distinguishing between two states p which approach each other as
n — oo with rate ||p} — p, || =~ ﬁ In this case the probability of error does not
go to 0 because the problem becomes more difficult as we have more systems, and
converges to the limit problem of distinguishing between two fixed Gaussian states

of a quantum oscillator.

This problem is interesting for several reasons. Firstly it shows that the conver-
gence in Theorem 7.1.1 can be used for finding asymptotically optimal procedures
for various statistical problems such as that of parameter estimation and hypothe-
sis testing. Secondly, for any fixed n the optimal discrimination is performed by a
rather complicated joint measurement and the hope is that the asymptotic problem
of discriminating between two (Gaussian states may provide a more realistic mea-
surement which can be implemented in the lab. Thirdly, this example shows that a
non-commuting one-parameter families of states is not “classical” as it is sometimes
argued, but should be considered as a quantum “resource” which cannot be trans-
formed into a classical one without loss of information. More explicitly, the optimal
measurement for estimating the parameter is not optimal for other statistical prob-
lems such as the one considered here, and thus different statistical decision problems
are accompanied by mutually incompatible optimal measurements.

Let is recall the framework of quantum hypothesis testing for two states p™: we
consider two-outcomes POVM’s M = (M_, M) with 0 < M, <land M_ =1 —
M such that the probability of error when the state is p~ is given by Tr(M,p~),and
similarly for p*. As we do not know the state, we want to minimize our worst-case
probability error. Our figure of merit (the lower, the better) is therefore:

R(p*,p~) = inf max {Tr(p, M), Tr(p M)}

Now we are interested in the case when p* = p*" as defined in (7.1), and in the
limit p+ = ¢ (recall that both p% and ¢" depend on u). We then have:
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Theorem 7.7.8. The following limit holds

lim R(py, p,") = R(¢", ¢7").
Moreover for pure states this limit is equal to <1 —(1- 6’4M2)1/2) /2 which is
strictly smaller than 1/2 — erf(M) which is the limit if we do not use collective
measurements on the qubits. Here we have used this convention for the error func-

tion: erf(x) = [ e /\/mdt.

Proof. Let M be the optimal discrimination procedure ¢**. Then we use the channel
T,, to send p" to states of the oscillator and then perform the measurement M.
By Theorem 7.1.1, ||¢** — T,,(pE*)||; — 0 so that Tr (T,,(p*)Mz) — Tr (¢T*M=).
Thus M o T,, is asymptotically optimal for pu.

Now for pure states i)y) and p_) the optimal measurement is well-known (Guta
et Kahn, 2009; Chefles, 2000). It is unique on the span of these pure states and
arbitrary on the orthogonal. If we choose the phase such that (_|¢,) > 0, then
M, is the projector on the vector

o) ) k) — )
20T+ (0 [vy)  2¢/1— (W [dy)

and the associated risk is

1
g1- V1= lv=)[?).
Now in our case, in the limit experiment, ¢" is the coherent state

[ = 2yl Val |n).

So that

(ultp—u) = e Z (_Iql:ﬁ = ¢ 2P,

and R(¢%, ¢%) = (1 - m) .

We would like to insist here that the best measurement for discrimination is not
measuring the positive part of the position observable Q (we assume by symmetry
that 4+u is on the first coordinate), as one might expect from the analogy with
the classical problem. Indeed if we measure ) then we obtain a classical Gaussian
variable with density p(z) = e~@~M°/, /7 and the best guess at the sign + has in
this case the risk 1/2 — er f(ju).
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This may be a bit surprising considering that measuring () preserves the quantum
Fisher information. The conclusion is simply that the quantum Fisher information
is not an exhaustive indicator of the statistical information in a family of states, as
it may remain unchanged even when there is a clear degradation in the inference
power. This example fits in a more general framework of a theory of quantum
statistical experiments and quantum decisions (Guta).

O

7.7.4 Spin squeezed states and continuous time measurements

In an emblematic experiment for the field of quantum filtering and control, Geremia
et al. (2004) have shown how spin squeezed states can be prepared deterministically
by using continuous time measurements performed in the environment and real time
feedback on the spins. Without going in the details, the basic idea is to describe
the evolution of identically prepared spins by passing first to the coherent state
picture. There one can easily solve the stochastic Schrodinger equation describing
the evolution (quantum trajectory) of the quantum oscillator conditioned on the
continuous signal of the measurement device. The solution is a Gaussian state
whose center evolves stochastically while one of the quadratures gets more and
more squeezed as one obtains more information through the measurement. Using
feedback one can then stabilize the center of the state around a fixed point.

This description is of course approximative and holds as long as the errors in iden-
tifying the spins with Gaussian states are not significant. The framework developed
in the proof of Theorem 7.1.1 can then be used to make more precise statements
about the validity of the results, including the squeezing process.

Perhaps more interesting for quantum estimation, such measurements may be used
to perform optimal estimation of spin states. The idea would be to first localize the
state in a small region by performing a weak measurement and then in a second
stage one performs a heterodyne type measurement after rotating the spins so that
they point approximately in the z direction. We believe that this type of procedure
has better chances of being implemented in practice compared with the abstract
covariant measurement of Bagan et al. (2006); Hayashi et Matsumoto (2004).



Chapitre 8

Optimal estimation of qubit states
with continuous time measurements

Ce chapitre dérive de Particle (Guta et al., 2008).

Résumé : Nous proposons une stratégie adaptative, en deux temps,
pour estimer 1’état mélangé d’un qubit. Nous montrons I'optimalité de
cette stratégie dans un sens minimax local, pour la distance de la trace
ainsi que pour d’autres fonctions de cott quadratiques. L’optimalité min-
imax locale signifie qu’étant donnés n qubits identiques, il n’existe au-
cun estimateur qui fasse mieux que celui proposé sur un voisinage de
taille n=1/2 autour d’un état quelconque. En particulier, Pestimateur est
asymptotiquement optimal au sens bayésien pour une grande classe de
distributions a priori.

Nous proposons une implémentation physique de cette stratégie d’es-
timation optimale, basée sur les mesures en temps continu de champs
couplés aux qubits.

L’ingrédient fondamental de ce résultat est le concept de normalité asymp-
totique locale (ou LAN) pour les qubits. Elle signifie que, pour de grands
n, le modéle statistique qui décrit n qubits préparés de maniére identique
est localement équivalent & un modéle qui décrit une distribution gaussi-
enne classique couplée a un état gaussien sur un oscillateur harmonique
quantique.

Le terme «local» fait référence au voisinage qui rétrécit autour d’un état
fixé po. Un résultat essentiel est que le rayon de ce voisinage peut étre
choisi aussi proche que Ion veut de n='/4. Ceci nous permet d’utiliser
une procédure en deux temps, ol nous commencons par localiser ’état
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dans un petit voisinage de rayon n'/?¢, puis utilisons LAN pour effectuer
I’estimation optimale.

8.1 Introduction

State estimation is a central topic in quantum statistical inference (Holevo, 1982;
Helstrom, 1976; Barndorff-Nielsen et al., 2003; Hayashi, 2005b). In broad terms the
problem can be formulated as follows : given a quantum system prepared in an un-
known state p, one would like to reconstruct the state by performing a measurement
M whose random result X will be used to build an estimator 5(X) of p. The quality
of the measurement-estimator pair is given by the risk

R,(M, p) = E (d(p(X), p)*) (8.1)

where d is a distance on the space of states, for instance the fidelity distance or the
trace norm, and the expectation is taken with respect to the probability distribution
IP’ﬂ” of X, when the measured system is in state p. Since the risk depends on the
unknown state p, one considers a global figure of merit by either averaging with
respect to a prior distribution 7 (Bayesian setup)

R(.9) = [ wldp)R(M. ), (5.2)
or by considering a maximum risk (pointwise or minimax setup)

Riax(M, p) = sup R,(M, p). (8.3)
p

An optimal procedure in either setup is one which achieves the minimum risk.

Typically, one measurement result does not provide enough information in order
to significantly narrow down on the true state p. Moreover, if the measurement is
“informative” then the state of the system after the measurement will contain little
or no information about the initial state (Janssens, 2006) and one needs to repeat
the preparation and measurement procedure in order to estimate the state with the
desired accuracy.

It is then natural to consider a framework in which we are given a number n of
identically prepared systems and look for estimators p, which are optimal, or be-
come optimal in the limit of large n. This problem is the quantum analogue of the
classical statistical problem (van der Vaart, 1998) of estimating a parameter 6 from
independent identically distributed random variables X1, ..., X,, with distribution
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Py, and some of the methods developed in this chapter are inspired by the classical
theory.

Various state estimation problems have been investigated in the literature and the
techniques may be quite different depending on a number of factors : the dimension
of the density matrix, the number of unknown parameters, the purity of the states,
and the complexity of measurements over which one optimizes. A short discussion
on these issues can be found in section 8.2.

In this chapter we give an asymptotically optimal measurement strategy for qubit
states that is based on the technique of local asymptotic normality introduced by
Gutd et Kahn (2006); Guta et Jencova (2007). The technique is a quantum gener-
alisation of Le Cam’s (1986) classical statistical result, and builds on previous work
of Hayashi et Matsumoto (2004). We use an adaptive two stage procedure involving
continuous time measurements, which could in principle be implemented in practice.
The idea of adaptive estimation methods, which has a long history in classical statis-
tics, was introduced in the quantum set-up by Barndorff-Nielsen et Gill, R. (2000),
and was subsequently used by Gill et Massar (2000); Hayashi (2002a); Hayashi et
Matsumoto (2005). The aim there is similar : one wants to first localize the state and
then to perform a suitably tailored measurement which performs optimally around a
given state. A different adaptive technique was proposed independently by Nagaoka
(2005) and further developed by Fujiwara (2006).

F1G. 8.1 — After the first measurement stage the state p lies in a small ball centered
at py,.

In the first stage, the spin components o, o, and o, are measured separately on
a small portion n < n of the systems, and a rough estimator p, is constructed.
By standard statistical arguments (see Lemma 8.2.1) we deduce that with high
probability, the true state p lies within a ball of radius slightly larger than n~'/2, say
n~12+¢ with € > 0, centered at j,. The purpose of the first stage is thus to localize
the state within a small neighborhood as illustrated in Figure 8.1 (up to a unitary
rotation) using the Bloch sphere representation of qubit states.
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This information is then used in the second stage, which is a joint measurement on
the remaining n — n systems. This second measurement is implemented physically
by two consecutive couplings, each to a bosonic field. The qubits are first coupled to
the field via a spontaneous emission interaction and a continuous time heterodyne
detection measurement is performed in the field. This yields information on the
eigenvectors of p. Then the interaction is changed, and a continuous time homodyne
detection is performed in the field. This yields information on the eigenvalues of p.

We prove that the second stage of the measurement is asymptotically optimal for all
states in a ball of radius n~'/?*" around p,. Here 1 can be chosen to be bigger that
e > 0 implying that the two stage procedure as a whole is asymptotically optimal
for any state as depicted in Figure 8.2.

F1G. 8.2 — The smaller domain is the localization region of the first step. The second
stage estimator is optimal for all states in the bigger domain.

The optimality of the second stage relies heavily on the principle of local asymptotic
normality or LAN, see (van der Vaart, 1998), which we will briefly explain below,
and in particular on the fact that it holds in a ball of radius n~'/**" around p,
rather than just n='/? as it was the case in Guti et Kahn’s 2006 article.

Let py be a fixed state. We parametrize the neighboring states as py/m, where
u = (ugz,uy,u,) € R® is a certain set of local parameters around py. Then LAN
entails that the joint state p& := pf” n of n identical qubits converges for n — oo
to a Gaussian state of the form N" ® ¢", in a sense explained in Theorem 8.3.1.
By N" we denote a classical one-dimensional normal distribution centered at wu,.
The second term ¢" is a Gaussian state of a harmonic oscillator, i.e. a displaced
thermal equilibrium state with displacement proportional to (u,u,). We thus have
the convergence
pn ~ NU @ oY,

to a much simpler family of classical — quantum states for which we know how to
optimally estimate the parameter u (Holevo, 1982; Yuen et Lax, M., 1973).

The idea of approximating a sequence of statistical experiments by a Gaussian one
goes back to Wald (1943), and was subsequently developed by Le Cam (1986) who
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coined the term local asymptotic normality. In quantum statistics the first ideas in
the direction of local asymptotic normality for d-dimensional states appeared in a
Japanese paper (Hayashi, 2003), as well as in Hayashi’s conferences and were subse-
quently developed by Hayashi et Matsumoto (2004). In Theorem 8.3.1 we strengthen
these results for the case of qubits, by proving a strong version of LAN in the spirit
of Le Cam’s pioneering work. We then exploit this result to prove optimality of the
second stage. A different approach to local asymptotic normality has been developed
by Guta et Jencova (2007) to which we refer for a more general exposition on the
theory of quantum statistical models. A short discussion on the relation between
the two approaches is given in the remark following Theorem 8.3.1.

From the physics perspective, our results put on a more rigorous basis the treatment
of collective states of many identical spins, the keyword here being coherent spin
states (Holtz et Hanus, 1974). Indeed, it has been known since Dyson (1956) that
n spin—% particles prepared in the spin up state |1)®" behave asymptotically as the
ground state of a quantum oscillator, when considering the fluctuations of properly
normalized total spin components in the directions orthogonal to z. We extend this
to spin directions making an “angle” of order n~/?*" with the z axis, as illustrated
in Figure 8.3, as well as to mixed states. We believe that a similar approach can be

followed in the case of spin squeezed states and continuous time measurements with
feedback control (Geremia et al., 2004).

FiG. 8.3 — Total spin representation of the state of n > 1 spins : the quantum
fluctuations of the  and y spin directions coincide with those of a coherent state of
a harmonic oscillator.

In Theorem 8.4.1 we prove a dynamical version of LAN. The trajectory in time
of the joint state of the qubits together with the field converges for large n to the
corresponding trajectory of the joint state of the oscillator and field. In other words,
time evolution preserves local asymptotic normality. This insures that for large n
the state of the qubits “leaks” into a Gaussian state of the field, providing a concrete
implementation of the convergence to the limit Gaussian experiment.
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The punch line of the chapter is Theorem 8.6.1 which says that the estimator p,
is optimal in local minimax sense, which is the modern statistical formulation of
optimality in the frequentist setup (van der Vaart, 1998). Also, its asymptotic risk
is calculated explicitly.

The chapter is structured as follows : in section 8.2, we show that the first stage of
the measurement sufficiently localizes the state. In section 8.3, we prove that LAN
holds with radius of validity n~'/?*", and we bound its rate of convergence. sections
8.4 and 8.5 are concerned with the second stage of the measurement, i.e. with the
coupling to the bosonic field and the continuous time field-measurements. Finally,
in section 8.6, asymptotic optimality of the estimation scheme is proven.

The technical details of the proofs are relegated to the appendices in order to give
the reader a more direct access to the ideas and results.

8.2 State estimation

In this section we introduce the reader to a few general aspects of quantum state
estimation after which we concentrate on the qubit case.

State estimation is a generic name for a variety of results which may be classified
according to the dimension of the parameter space, the kind or family of states to
be estimated and the preferred estimation method. For an introduction to quantum
statistical inference we refer to the books by Helstrom (1976) and Holevo (1982)
and the more recent review paper by Barndorff-Nielsen et al. (2003). The collection
(Hayashi, 2005b) is a good reference on quantum statistical problems, with many
important contributions by the Japanese school.

For the purpose of this chapter, any quantum state representing a particular prepa-
ration of a quantum system, is described by a density matrix (positive selfadjoint
operator of trace one) on the Hilbert space H associated to the system. The algebra
of observables is B(H), and the expectation of an observable a € B(H) with respect
to the state p is Tr(pa). A measurement M with outcomes in a measure space (X', X)
is completely determined by a o-additive collection of positive selfadjoint operators
M (A) on H, where A is an event in X. This collection is called a positive operator
valued measure. The distribution of the results X when the system is in state p is
given by P,(A) = Tr(pM(A)).

We are given n systems identically prepared in state p and we are allowed to per-
form a measurement M, whose outcome is the estimator p, as discussed in the
Introduction.
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The dimension of the density matrix may be finite, such as in the case of qubits or d-
levels atoms, or infinite as in the case of the state of a monochromatic beam of light.
In the finite or parametric case one expects that the risk converges to zero as n=!
and the optimal measurement-estimator sequence (M, p,,) achieves the best constant
in front of the n=! factor. In the non-parametric case the rates of convergence are
in general slower that n~! because one has to simultaneously estimate an infinite
number of matrix elements, each with rate n='. An important example of such an
estimation technique is that of quantum homodyne tomography in quantum optics
(Vogel et Risken, H., 1989). This allows the estimation with arbitrary precision
(D’Ariano et al., 1995; Leonhardt et al., 1995, 1996) of the whole density matrix of
a monochromatic beam of light by repeatedly measuring a sufficiently large number
of identically prepared beams (Smithey et al., 1993; Schiller et al., 1996; Zavatta
et al., 2004). Artiles et al. (2005); Butucea et al. (2007) have shown how to formulate
the problem of estimating infinite dimensional states without the need for choosing
a cut-off in the dimension of the density matrix, and how to construct optimal
minimax estimators of the Wigner function for a class of “smooth” states.

If we have some prior knowledge about the preparation procedure, we may encode
this by parametrizing the possible states as p = py with § € © some unknown
parameter. The problem is then to estimate 6 optimally with respect to a distance
function on ©.

Indeed, one of the main problems in the finite dimensional case is to find optimal
estimation procedures for a given family of states. It is known that if the state p
is pure or belongs to a one parameter family, then separate measurements achieve
the optimal rate of the class of joint measurements (Matsumoto, 2002). However
for multi-dimensional families of mixed states this is no longer the case and joint
measurements perform strictly better than separate ones (Gill et Massar, 2000).

In the Bayesian setup, one optimizes R, (M,, p,) for some prior distribution 7. We
refer to (Jones, 1994; Massar et Popescu, 1995; Latorre et al., 1998; Fisher et al.,
2000; Hannemann et al., 2002b; Bagan et al., 2002; Embacher et Narnhofer, 2004;
Bagan et al., 2005) for the pure state case, and to (Cirac et al., 1999; Vidal et al.,
1999; Mack et al., 2000; Keyl et Werner, 2001; Bagan et al., 2004c; Zyczkowski et
Sommers, 2005; Bagan et al., 2006) for the mixed state case. The methods used here
are based on group theory and can be applied only to invariant prior distributions
and certain distance functions. In particular, the optimal covariant measurement in
the case of completely unknown qubit states was found by Bagan et al. (2006) and
Hayashi et Matsumoto (2004), but it has the drawback that it does not give any
clue as to how it can be implemented in a real experiment.

In the pointwise approach (Hayashi, 2002a; Hayashi et Matsumoto, 2005; Gill et
Massar, 2000; Barndorff-Nielsen et Gill, R., 2000; Fujiwara et Nagaoka, H., 1995;
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Matsumoto, 2002; Barndorff-Nielsen et al., 2003; Hayashi et Matsumoto, 2004) one
tries to minimize the risk for each unknown state p. As the optimal measurement-
estimator pair cannot depend on the state itself, one optimizes the maximum risk
Ruax (M, pr), (see (8.3)), or a local version of this which will be defined shortly. The
advantage of the pointwise approach is that it can be applied to arbitrary families of
states and a large class of loss functions provided that they are locally quadratic in
the chosen parameters. The underlying philosophy is that as the number n of states
is sufficiently large, the problem ceases to be global and becomes a local one as the
error in estimating the state parameters is of the order n~1/2.

The Bayesian and pointwise approaches can be compared (Gill, 2005a), and in fact
for large n the prior distribution 7 of the Bayesian approach becomes increasingly
irrelevant and the optimal Bayesian estimator becomes asymptotically optimal in
the minimax sense and vice versa.

8.2.1 Qubit state estimation : the localization principle

Let us now pass to the quantum statistical model which will be the object of our
investigations. Let p € My(C) be an arbitrary density matrix describing the state of
a qubit. Given n identically prepared qubits with joint state p®™, we would like to
optimally estimate p based on the result of a properly chosen joint measurement M,,.
For simplicity of the exposition we assume that the outcome of the measurement
is an estimator p, € My(C). In practice however, the result X may belong to a
complicated measure space (in our case the space of continuous time paths) and the
estimator is a function of the “raw” data p, := p,(X). The quality of the estimator
at the state p is quantified by the risk

Rp(Mna pn) = Ep<d(/)v ﬁn)2>v

where d is a distance between states. The above expectation is taken with respect
to the distribution P,(dz) := Tr(pM (dz)) of the measurement results, where M (dx)
represents the associated positive operator valued measure of the measurement M.
In our exposition d will be the trace norm

o1 — pall := Tr(|pr — p2l),

but similar results can be obtained using the fidelity distance. The aim is to find a
sequence of measurements and estimators (M, p,) which is asymptotically optimal
in the local minimaz sense : for any given p,

lim sup sup nR,(M,, p,) < limsup sup nR,(Ny, pn),

n=00  lp—polli<nt/2Ee n=00  |[lp—pollr<nTt/2He
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for any other sequence of measurement-estimator pairs (N, p,). The factor n is
inserted because typically R,(M,, p,) is of the order 1/n and the optimization is
about obtaining the smallest constant factor possible. The inequality says that one
cannot find an estimator which performs better that p, over a ball of size n~/2*¢
centered at pg, even if one has the knowledge that the state p belongs to that ball!

Here, and elsewhere in the chapter ¢ will appear in different contexts, as a generic
strictly positive number and will be chosen to be sufficiently small for each specific
use. At places where such notation may be confusing we will use additional symbols
to denote small constants.

As set forth in the Introduction, our measurement procedure consists of two steps.
The first one is to perform separate measurements of o,, o, and o, on a fraction
n = n(n) of the systems. In this way we obtain a rough estimate f,, of the true state
p which lies in a local neighborhood around p with high probability. The second step
uses the information obtained in the first step to perform a measurement which is
optimal precisely for the states in this local neighborhood. The second step ensures
optimality and requires more sophisticated techniques inspired by the theory of local
asymptotic normality for qubit states (Gutd et Kahn, 2006). We begin by showing
that the first step amounts to the fact that, without loss of generality, we may assume
that the unknown state is in a local neighborhood of a known state. This may serve
also as an a posteriori justification of the definition of local minimax optimality.

Lemma 8.2.1. Let M; denote the measurement of the o; spin component of a qubit
with i = x,y, z. We perform each of the measurements M; separately on n/3 identi-
cally prepared qubits and define

1
po=3(ti0), i <L,
where T = (7, Ty, T,) is the vector average of the measured components. If |F| > 1
then we define p,, as the state which has the smallest trace distance to the right hand
side expression. Then for all € € [0,2], we have

P ([lpn — pllf > 3n*7') < Gexp(—gan*~1),  Vp

Furthermore, for any 0 < k < €/2, if i = n'~"*, the contribution to the risk E(||p, —
pl1?) brought by the event E = [||pn — plli > V/3n~1/?+] satisfies

E (150 — plli xp) < 24exp(—in*7") = o(1).

Proof. For each spin component o; we obtain i.i.d coin tosses X; with distribution
P(X; = £1) = (1 £1;)/2 and average 7;.
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Hoeffding’s inequality (van der Vaart et Wellner, J.A., 1996) then states that for
all ¢ > 0, we have P(|X; — X|* > ¢) < 2exp(—2i7c). By using this inequality three
times with ¢ = n?*~1, once for each component, we get

3
P <Z |7 — 73] > 3n26_1> < Gexp(—Lan®*l)  vp,

1

which implies the statement for the norm distance since || p, — pl|? = >, |7 — ri|%
The bound on conditional risk follows from the previous bound and the fact that

lp = pallf < 4.
U

In the second step of the measurement procedure we rotate the remaining n — n
qubits such that after rotation the vector 7 is parallel to the z-axis. Afterwards, we
couple the systems to the field and perform certain measurements in the field which
will determine the final estimator p,. The details of this second step are given in
sections 8.4 and 8.5, but at this moment we can already prove that the effect of errors
in the the first stage of the measurement is asymptotically negligible compared to
the risk of the second estimator. Indeed by Lemma 8.2.1 we get that if n = n'™*,
then the probability that the first stage gives a “wrong” estimator (one which lies
outside the local neighborhood of the true state) is of the order exp(—in*~*) and
so is the risk contribution. As the typical risk of estimation is of the order 1/n, we
see that the first step is practically “always” placing the estimator in a neighborhood
of order n=1/2*¢ of the true state p, as shown in Figure 8.2. In the next section we
will show that for such neighborhoods, the state of the remaining n — n systems
behaves asymptotically as a Gaussian state. This will allow us to devise an optimal
measurement, scheme for qubits based on the optimal measurement for Gaussian
states.

8.3 Local asymptotic normality

The optimality of the second stage of the measurement relies on the concept of
local asymptotic normality (van der Vaart, 1998; Guta et Kahn, 2006). After a
short introduction, we will prove that LAN holds for the qubit case, with radius of
validity n=1/2+7 for all n € [0,1/4). We will also show that its rate of convergence is
O(n=1/41+€) for arbitrarily small e.
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8.3.1 Introduction to LAN and some definitions

Let po be a fixed state, which by rotational symmetry can be chosen of the form

m=(4 12, ) (8.4

for a given % < p < 1. We parametrize the neighboring states as p,, /» where u =
(tg, Uy, u,) € R? such that the first two components account for unitary rotations
around pg, while the third one describes the change in eigenvalues

v (M) e 55

with unitary U(v) := exp(i(v,0,+vy0,)). The “local parameter” u should be thought
of, as having a bounded range in R? or may even “grow slowly” as ||Ju|| < n".

Then, for large n, the joint state pp := pf? n of n identical qubits approaches a

Gaussian state of the form N" ® ¢" with the parameter u appearing solely in the
average of the two Gaussians. By N" we denote a classical one-dimensional normal
distribution centered at u, which relays information about the eigenvalues of py;, /-
The second term ¢" is a Gaussian state of a harmonic oscillator which is a displaced
thermal equilibrium state with displacement proportional to (u,,u,). It contains
information on the eigenvectors of p,, 5. We thus have the convergence

P~ NY @ 9%,
to a much simpler family of classical - quantum states for which we know how
to optimally estimate the parameter u. The asymptotic splitting into a classical
estimation problem for eigenvalues and a quantum one for the eigenbasis has been

also noticed by Bagan et al. (2006) and by Hayashi et Matsumoto (2004), the latter
coming pretty close to our formulation of local asymptotic normality.

The precise meaning of the convergence is given in Theorem 8.3.1 below. In short,
there exist quantum channels 7, which map the states pf? n into N" ® ¢" with
vanishing error in trace norm distance, and uniformly over the local parameters u.
From the statistical point of view the convergence implies that a statistical decision
problem concerning the model p! can be mapped into a similar problem for the
model N" ® ¢" such that the optimal solution for the latter can be translated
into an asymptotically optimal solution for the former. In our case the problem of
estimating the state p turns into that of estimating the local parameter u around the
first stage estimator p,, playing the role of py. For the family of displaced Gaussian
states it is well known that the optimal estimation of the displacement is achieved
by the heterodyne detection (Holevo, 1982; Yuen et Lax, M., 1973), while for the
classical part it sufficient to take the observation as best estimator. Hence the second
step will give an optimal estimator 1 of u and an optimal estimator of the initial
state p,, := pg/,m- The precise result is formulated in Theorem 8.6.1
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8.3.2 Convergence to the Gaussian model

We describe the state N" ® ¢" in more detail. N*" is simply the classical Gaussian
distribution
N™ = N(uz, p(1 = p)), (8.6)

with mean w, and variance p(1 — p).

The state ¢" is a density matrix on H = F(C), the representation space of the
harmonic oscillator. In general, for any Hilbert space bh, the Fock space over b is
defined as

=Pye. @0, (8.7)
n=0
with ®; denoting the symmetric tensor product. Thus F(C) is the simplest example

of a Fock space. Let
=(1-p)> pFlk) (K|, (8.8)
k=0

be a thermal equilibrium state with |k) denoting the k-th energy level of the oscillator
and p = 1_7“ < 1. For every a € C define the displaced thermal state

¢(a) := D(@) ¢ D(—a),

where D(a) := exp(aa* — @a) is the displacement operator, mapping the vacuum
vector |0) to the coherent vector

la) = exp(—a?/2) 3 oz_
p(— kz\/—

Here a* and a are the creation and annihilation operators on F(C), satisfying
[a,a*] = 1. The family ¢" of states in which we are interested is given by

" = d(/ 21 — L), ucR? (8.9)
with oy := —u, +iu,. Note that ¢" does not depend on u,.

We claim that the “statistical information” contained in the joint state of n qubits

P = Py s (8.10)

is asymptotically identical to that contained in the couple (N", ¢"). More precisely :

Theorem 8.3.1. Let p be the family of states (8.5) on the Hilbert space (C*)®", let
N™ be the family (8.6) of Gaussian distributions, and let ¢" be the family (8.9) of



8.3 Local asymptotic normality 229

displaced thermal equilibrium states of a quantum oscillator. Then for each n there
exist quantum channels (trace preserving CP maps)

T, : T((C*®*") — LYR) ® T (F(C)),
S, : Ll(R) ®RT(F(C)) — T((C2)®")

with T (H) the trace-class operators on H, such that, for any 0 < n < 1/4 and any
e >0,

p NS 9 =T () | = O ), (8.11)
ul|<nn
Sl = S (N @ %) [ = O™ /447) (8.12)
u||<nn

Moreover, for each e, > 0 there exists a function f(n) of order O(n=Y/4"+¢) such
that the above convergence rates are bounded by f(n), with f independent of p° as
long as |5 — p| > €.

Remark. Note that the equations (8.11) and (8.12) imply that the expressions
on the left side converge to zero as n — oo. Following the classical terminology
of Le Cam (1986), we will call this type of result strong convergence of quantum
statistical models (experiments). Another local asymptotic normality result has been
derived by Gutad et Jencova (2007) based on a different concept of convergence,
which is an extension of the weak convergence of classical (commutative) statistical
experiments. In the classical set-up it is known that strong convergence implies weak
convergence for arbitrary statistical models, and the two are equivalent for statistical
models consisting of a finite number of distributions.

These two approaches to local asymptotic normality in quantum statistics are based
on completely different methods and the results are complementary in the sense that
the weak convergence of Guta et Jencova (2007) holds for the larger class of finite
dimensional states while the strong convergence has more direct consequences as it
is shown in this chapter for the case of qubits. Both results are part of a larger effort
to develop a general theory of local asymptotic normality in quantum statistics.
Several extensions are in order : from qubits to arbitrary finite dimensional systems
(strong convergence), from finite dimensional to continuous variables systems, from
identical system to correlated ones, and asymptotic normality in continuous time
dynamical set-up.

Finally, let us note that the development of a general theory of convergence of
quantum statistical models will set a framework for dealing with other important
statistical decision problems such as quantum cloning (Werner, 1998) and quantum
amplification (Caves, 1982), which do not necessarily involve measurements.
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Remark. The construction of the channels 7,, S, in the case of fixed eigenvalues
(u, = 0) is given in Theorem 1.1 of Gutd et Kahn (2006). It is also shown that a
similar result holds uniformly over ||u|| < C for any fixed finite constant C. Guta
et Jenc¢ova (2007) have shown that weak convergence also holds in the general case,
with unknown eigenvalues. A classical component then appears in the limit sta-
tistical experiment. In the above result we extend the domain of validity of these
Theorems from “local” parameters ||u|| < C to “slowly growing” local neighborhoods
|lul] < n" with n < 1/4. Although this may be seen as merely a technical improve-
ment, it is in fact essential in order to insure that the result of the first step of the
estimation will, with high probability, fall inside a neighborhood ||u|| < n” for which
local asymptotic normality still holds (see Figure 8.2).

Proof. Following (Guta et Kahn, 2006) we will first indicate how the channels T,
are constructed. The technical details of the proof can be found in Appendix 8.A.

The space ((32)®n carries two unitary representations. The representation m, of
SU(2) is given by m,(u) = u®" for any v € SU(2), and the representation , of
the symmetric group S(n) is given by the permutation of factors

Tn(T) 101 @+ @ Uy = Vrm11) ® + -+ @ Vr—1(n), T € S(n).
As [m,(u), T, (7)] = 0 for all uw € SU(2),7 € S(n), we have the decomposition
n/2
()" = P H;oH. (8.13)
j=0,1/2
The direct sum runs over all positive (half)-integers j up to n/2. For each fixed j,
H; = C**! is an irreducible representation U; of SU(2) with total angular momen-

tum J? = j(j + 1), and H? = C" is the irreducible representation of the symmetric

group S(n) with n; = (n/gfj) — (n/zﬁjq)' The density matrix p¥ is invariant under

permutations and can be decomposed as a mixture of “block” density matrices

n/2

u 1
=P D) P © - (8.14)
j=0,1/2

The probability distribution p, 4(j) is given by (Bagan et al., 2006) :

. j n_; D44l ;
Prald) 1= =g (L= ) Tps T (L=t (8.15)
u

with g := p+ u./v/n, pu = % We can rewrite p, 4(j) as

pn,u(j) = Bn,,uu(n/Q_'_j) X K(janulu7u>7 (816)
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where

By, (k) = (Z) VR — )", k=0,...,n

is a binomial distribution, and the factor K(j,n, u,u) is given by

) 1t (20— = ) + 1) G~ )

K(4 = (1 —p¥+t
(G, n, pa) = (1= p M+ (G — jn — Vs + 1)/ 11

u )

for j, :=n(pu—1/2).

Now K(j,n,u,u) = 1+ O(n~?*) on the relevant values of j, i.e. the ones in
an interval of order n'/?*¢ around j,, as long as pi, is bounded away from 1/2,
which is automatically so for big n. As B, . (k) is the distribution of a sum of i.i.d.
Bernoulli random variables, we can now use standard local asymptotic normality
results (van der Vaart, 1998) to conclude that if j is distributed according to p;, u,
then the centered and rescaled variable

J
== —vn(u—1/2),
converges in distribution to a normal N, after an additional randomization has been
performed. The latter is necessary in order to “smooth” the discrete distribution into
a distribution which is continuous with respect to the Lebesgue measure, and will
convergence to the Gaussian distribution in total variation norm.

The measurement “which block”, corresponding to the decomposition (8.14), pro-
vides us with a result j and a posterior state p}, . The function g, = g,(j) (with an
additional randomization) is the classical part of the channel T,. The randomiza-
tion consists of "smoothening” with a Gaussian kernel of mean g,(j) and variance

1/(2y/n), i.e. with 7, ; == (n¥4//7) exp (—v/n(x — g.(5))?).

Note that this measurement is not disturbing the state p) in the sense that the
average state after the measurement is the same as before.

The quantum part of T, is the same as in (Gutd et Kahn, 2006) and consists of
embedding each block state p¥, into the state space of the oscillator by means of an
isometry V; : H; — F(C),

Vi iljm) =[5 —m),

where {|j,m) :m = —j,..., 7} is the eigenbasis of the total spin component L, :=
> o, cf. equation (5.1) of (Guta et Kahn, 2006). Then the action of the channel
T, is

. 1 . .
To: D pan(i)efn ® — = D punli) s @ Vel V-
j J j
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The inverse channel S,, performs the inverse operation with respect to 7T,,. First the
oscillator state is “cut-off” to the dimension of an irreducible representation and
then a block obtained in this way is placed into the decomposition (8.13) (with
an additional normalization from the remaining infinite dimensional block which is
negligible for the states in which we are interested).

The rest of the proof is given in Appendix 8.A.

8.4 Time evolution of the interacting system

In the previous section, we have investigated the asymptotic equivalence between
the states pi' and N" @ ¢" by means of the channel 7},. We now seek to implement
this in a physical situation. The N"-part will follow in section 8.5.2, the ¢"-part will
be treated in this section.

We couple the n qubits to a Bosonic field ; this is the physical implementation of
LAN. Subsequently, we perform a measurement in the field which will provide the
information about the state of the qubits; this is the utilization of LAN in order to
solve the asymptotic state estimation problem.

In this section we will limit ourselves to analyzing the joint evolution of the qubits
and field. The measurement on the field is described in section 8.5.

8.4.1 Quantum stochastic differential equations

In the weak coupling limit (Gardiner et Zoller, 2004) the joint evolution of the
qubits and field can be described mathematically by quantum stochastic differential
equations (QSDE) (Hudson et Parthasarathy, 1984). The basic notions here are the
Fock space, the creation and annihilation operators and the quantum stochastic
differential equation of the unitary evolution. The Hilbert space of the field is the
Fock space F(L*(R)) as defined in (8.7). An important linearly complete set in
F(L*(R)) is that of the exponential vectors

@ f®"‘ @ \/—|f fe’(R), (8.17)

with inner product (e(f),e(g)) = exp((f,g)). The normalized exponential states
|f) := e~ 1)/2e(f) are called coherent states. The vacuum vector is |Q2) := e(0) and



8.4 Time evolution of the interacting system 233

we will denote the corresponding density matrix |Q2)(€2| by ®. The quantum noises
are described by the creation and annihilation martingale operators A} := a*(x[0)
and A := a(xo,) respectively, where xjo4 is the indicator function for [0,¢] and

a(f) :e(g) — (f,9)e(g).

The increments dA; := a(X[o+aq) — @(X[o,q) and dA; play the role of non-commuting
integrators in quantum stochastic differential equations, in the same way as the one
can integrate against the Brownian motion in classical stochastic calculus.

We now consider the joint unitary evolution for qubits and field defined by the
quantum stochastic differential equation (Hudson et Parthasarathy, 1984; Bouten
et al., 2004) :

1
dU,(t) = (a,dA} — a}dA; — ia;andt)Un(t),
where U, (t) is a unitary operator on (C?)*" @ F(L*(R)), and

RN (k) (k) » ;
n = s = 1 PN - 2 . e e 1’ n = —_ 1 2 .
a NeTh kEZI lopt ot R ®(0,+10y)/20 - ® J (u—1/2)n

As we will see later, the “coupling factor” 1/4/7, of the order n~'/2, is necessary

in order to obtain convergence to the unitary evolution of the quantum harmonic
oscillator and the field.

We remind the reader that the n-qubit space can be decomposed into irreducible
representations as in (8.13), and the interaction between the qubits and field respects

this decomposition
n/2

Ut)= @ Uity @1,

j=0,1/2

where 1 is the identity operator on the multiplicity space H/, and
Ujn(t) : H; © F(LA(R)) — H; © F(L*(R)),
is the restricted cocycle
1
dULn(t) = ((l]dA: - a;dAt - aa’;ajdt)Uj,n(t)? (818)

with a; acting on the basis |j, m) of H; as

aj|j,m) = /5 —m\/(j+m+1)/2j, |j,m + 1),
arlj,m) = \j —m+1/j+m/2, |j,m —1).
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Remark. We point out that the lowering operator for L. acts as creator for our
cut-off oscillator since the highest vector |j, j) corresponds by V; to the vacuum of
the oscillator. This choice does not have any physical meaning but is only related
with our convention p > 1/2. Had we chosen p < 1/2, then the raising operator on
the qubits would correspond to creation operator on the oscillator.

By (8.14) the initial state p®* decomposes in the same way as the unitary cocycle,
and thus the whole evolution decouples into separate “blocks” for each value of j.
We do not have explicit solutions to these equations but based on the conclusions
drawn from LAN we expect that as n — oo, the solutions will be well approximated
by similar ones for a coupling between an oscillator and the field, at least for the
states in which we are interested. As a warm up exercise we will start with this
simpler limit case where the states can be calculated explicitly.

8.4.2 Solving the QSDE for the oscillator

Let a* and a be the creation and annihilation operators of a quantum oscillator
acting on F(C). We couple the oscillator with the Bosonic field and the joint unitary
evolution is described by the family of unitary operators U (t) satisfying the quantum
stochastic differential equation

dU(t) = (adA; — a*dA; — %a*adt)U(t).

We choose the initial (un-normalized) state ¥(0) := e(z) ® |Q), where z is any
complex number, and we shall find the explicit form of the vector state of the
system and field at time ¢ : ¢(t) := U(t)1(0).

We make the following ansatz : 1 (t) = e(a;) ® e(f;), where f;(s) :== f(5)x0,4(s) for
some f € L*(R). For each 3 € C, g € L*(R), define I(t) := (e(3) @ e(g), ¥ (t)). Wi
then have I(t) = exp(Ba(t) + (g, f,)), so that it satisfies

dI(t) = (BLat)+g(t)f(t)) I(t)dt. (8.19)

We now calculate £1(t) with the help of the QSDE. Since Awe(f) = (x4, f)e(f),
we have, for continuous g, dA;e(g) = g(t)e(g)dt. However, since Age(f;) is constant
for s > t, we have dA;e(f;) = 0. Thus

dI(t) = (e(B) @ e(g), (adA} — a*dA; — 5a”adt)p(t)) = (§(t)a(t) — 38a(t))I(t)dt .
(8.20)

Equating (8.19) with (8.20) for all t (3 and continuous g, we find f(s) = a(s),
La(t) = ~Sa(t). Thus a(t) = a(0)e 4, f(s) = a(0)xioq(s)e* with a(0) = 2.
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In conclusion ¥(t) = e(ze 2") ® e(ze ™2 *X[0,4(s)). For later use we denote the nor-
malized solution by ,(t) := U(t)|z) ® |Q) = e "*2U(t)e(z) @ |Q).

8.4.3 QSDE for large spin

We consider now the unitary evolution for qubits and field :
1
dU,(t) = (a,dA] — a’dA; — aa;andt)Un(t).

It is no longer possible to obtain an explicit expression for the joint vector state
¥ (t) at time t. However we will show that for the states in which we are interested,
a satisfactory explicit approzimate solution exists.

The trick works for an arbitrary family of unitary solutions of a quantum stochastic
differential equation dU(t) = G4U(t), and the general idea is the following : if ¥(t) is

the true state ¢ (t) = U(t)y and &(t) is a vector describing an approximate evolution
(¢(0) = £(0)) then with U}, ,, := U(t + dt)U(t)"! we get
P(t+dt) —&(t+dt) = Yt +dt) — Upg8(t) + Uy (t)
() + €() — £(t + )

= Uiya [0(8) —E@] + [U(t +dt) = UDIU(1)'E()
[6( ) — &(t + dt)]
= Ulra [0(t) = §(0)] + Ga(t) — d&(t).

By taking norms we get

dl[(t) = @) < |Gas (t) — ds ()] (8.21)

The idea is now to devise a family £(¢) such that the right side is as small as possible.

We apply this technique block-wise, that is to each unitary U;,(t) acting on H; ®
F(L*(R)) (see equation (8.18)) for a “typical” j € J, (see equation (8.39)). By
means of the isometry V; we can embed the space H; into the first 25 + 1 levels
of the oscillator and for simplicity we will keep the same notions as before for the
operators acting on F(C). As initial states for the qubits we choose the block states

Pin:

Theorem 8.4.1. Let p?, (t) = U;,(t) [p, ® @] U7, (t) be the j-th block of the state
of qubits and field at time t. Let ¢“(t) := U(t) [¢p" @ ®] U(t)* be the joint state of
the oscillator and field at time t. For anyn < 1/6, for any € > 0,

sup supsup | (1) = 67(8) |y = Ofn M4 24, (8.22)
JEIn |lul|<nn
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Proof. From the proof of the local asymptotic normality Theorem 8.3.1 we know
that the initial states of the two unitary evolutions are asymptotically close to each
other

sup sup ||p, — ¢"[1 = O(n~/4HFe), (8.23)

JEITn ||lu||<nn

The proof consists of two estimation steps. In the first one, we will devise another
initial state p, which is an approximation of ¢" and thus also of p¥,, :

sup sup [, — 9"l = O(e™™). (8.24)
JEIn |Ju||<nn
In the second estimate we show that the evolved states p¥, (¢) and ¢"(¢) are asymp-
totically close to each other
sup supsup |7, (1) — 6°(O)s = O(n~ /e, V2 nke, (8.25)
JETn |luf|<nn
This estimate is important because, the two trajectories are driven by different

Hamiltonians, and in principle there is no reason why they should stay close to each
other.

From (8.23), (8.24) and (8.25), and using triangle inequality we get

sup sup sup [5,(t) — ¢%()llx = O(n~Y/imre =t /2H80te),

JETn ||lu||<nn

The following diagram illustrates the above estimates. The upper line concerns the
time evolution of the block state pi,, and the field. The lower line describes the time
evolution of the oscillator and the field. The estimates show that the diagram is
“asymptotically commutative” for large n.

Id;®® Ujn(t)
_—

S(H) —2 S(H;®F) S(H; ® F)

o l l

S(F@)) X sre)erF) L S(FE) e F)

For the rest of the proof, we refer to Appendix 8.B.
O

We have shown how the mathematical statement of LAN (the joint state of qubits
converges to a (Gaussian state of a quantum oscillator plus a classical Gaussian
random variable) can in fact be physically implemented by coupling the spins to the
environment and letting them “leak” into the field. In the next section, we will use
this for the specific purpose of estimating u by performing a measurement in the
field.
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8.5 The second stage measurement

We now describe the second stage of our measurement procedure. Recall that in the
first stage a relatively small part 7 = n'=", 1 > k > 0, of the qubits is measured
and a rough estimator p, is obtained. The purpose of this estimator is to localize
the state within a small neighborhood such that the machinery of local asymptotic
normality of Theorem 8.3.1 can be applied.

In Theorem 8.4.1 the local asymptotic normality was extended to the level of time
evolution of the qubits interacting with a bosonic field. We have proven that at time
t the joint state of the qubits and field is

n/2

At = D puul gmz/ da e VAT oxp(—[af) x
j=0,1/2 €
le(ze™/2);) {e(ze )] © le(ze™ 20 (1)) (e(ze ™ X0 n(w))]

+O(nn71/4+e’ 3n— 1/2+e)7

for |[u]| < n". The index j serves to remind the reader that the first exponential
states live in different copies F(C); of the oscillator space, corresponding to H; via
the isometry V;. We will continue to identify H; with its image in F(C);.

We can now approximate the above state by its limit for large ¢, since

exp(—z[*) (e(ze™"?);] j, j) (e(ze " xo.0(u)) | e(ze /%)) = exp(—|z|’e ™).  (8.26)

As we are always working with ||u|| < n”, the only relevant z are bounded by n"*+?
for small §. (The remainder of the Gaussian integral has an exponentially decreasing
norm, as discussed before). Thus, for large enough time (i.e. for ¢ > In(n)), we can
write pU(t) = p¥(00) + O(nn~1/4+e p31=1/2+¢) with

n/2

D puuli)li i) dl®

§=0,1/2

1
[ / dz e VPVl 25% o (507 2)) (e (7 ?) | exp(—2)) | . (8.27)
C

2752

Thus, the field is approximately in the state ¢" depending on (u,,w,), which is
carried by the mode (u — e=%/%x|g 0)(u)) € L*(R) denoted for simplicity by e~*/2.
The atoms end up in a mixture of |j, j) states with coefficients p,, ,(j), which depend
only on u_, and are well approximated by the Gaussian random variable N" as shown
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in Theorem 8.3.1. Moreover since there is no correlation between atoms and field, the
statistical problem decouples into one concerning the estimation of the displacement
in a family of Gaussian states ¢, and one for estimating the center of N".

For the former problem, the optimal estimation procedure is known to be the hetero-
dyne measurement (Holevo, 1982; Yuen et Lax, M., 1973) ; for the latter, we perform
a “which block” measurement. These measurements are described in the next two
subsections.

8.5.1 The heterodyne measurement

A heterodyne measurement is a “joint measurement” of the quadratures Q :=
(a +a*)/v2 and P := —i(a — a*)/V/2 of a quantum harmonic oscillator which
in our case represents a mode of light. Since the two operators do not commute, the
price to pay is the addition of some “noise” which will allow for an approximate mea-
surement of both operators. The light beam passes through a beamsplitter having a
vacuum mode as the second input, and then one performs a homodyne (quadrature)
measurement on each of the two emerging beams. If Q, and P, are the vacuum
quadratures then we measure the following output quadratures Q; := (Q+Q,)/v2
and Py := (P — P,)/V/2, with [Q;,P5] = 0. Since the two input beams are inde-
pendent, the distribution of v/2Q is the convolution between the distribution of Q
and the distribution of Q,, and similarly for v/2P5.

In our case we are interested in the mode e~*/2 which is in the state ¢, up to a factor
of order O(n7V4te p31=1/2+¢) " From  (8.9) we obtain that the

distribution of Q is N(y/2(2pu — 1)u,,1/(2(20 — 1))), that of P s
N(v/2(2p — 1)uy, 1/(2(2pe — 1))), and the joint distribution of the rescaled output

((@+Qu)/V2@e—1), (P—P)/V202u— 1)),
is
Nt 11/ (2200 — 1)) x Ny 1/ (2(201 — 1)2)). (8.28)
We will denote by (i, @,) the result of the heterodyne measurement rescaled by the

factor v/2p¢ — 1 such that with good approximation (4, @,) has the above distribu-
tion and is an unbiased estimators of the parameters (u,, u,).

Since we know in advance that the parameters (u,,w,) must be within the radius
of validity of LAN we modify the estimators (i, @,) to account for this information
and obtain the final estimator (4, u,) :

(8.29)

[ @ if|a) <3
TV 0 i || > 3n
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Notice that if the true state p is in the radius of validity of LAN around p, then
|lul| < n", so that |u; —w;| < |t; —u;|. We shall use this when proving optimality of
the estimator.

8.5.2 Energy measurement

Having seen the ¢"-part, we now move to the N"-part of the equivalence between
poand N" ® ¢". This too is a coupling to a bosonic field, albeit a different coupling.
We also describe the measurement in the field which will provide the information
on the qubit states.

The final state of the previous measurement, restricted to the atoms alone (without
the field), is obtained by a partial trace of equation (8.27) (for large time) over the
field

n/2

= Y pawi)l ) G gl + O e
j=0,1/2
We will take this as the initial state of the second measurement, which will determine j.

A direct coupling to the J? does not appear to be physically available, but a coupling
to the energyJ, is realizable. This suffices, because the above state satisfies j = m
(up to order O(n"~1/4+e p31=1/24€)) We couple the atoms to a new field (in the
vacuum state |2)) by means of the interaction
with J, := ﬁ > p_, 0. Since this QSDE is ‘essentially commutative’, i.e. driven by
a single classical noise B; = (A} — A;)/i, the solution is easily seen to be
U =exp(J. ® (A — Ap)) .

Indeed, we have df (B;) = f'(By)dB, + 1 f"(B;)dt by the classical [t6 rule, so that

dexp(iJ, ® By) = {iJ.dB;, — 3J2dt} exp(iJ, ® By) .
For an initial state |7, m) ® |€2), this evolution gives rise to the final state

Uljymy© Q@ = |j,m) @ exp((m/v/n) (4] — 4))9

= j.m) @ [(m/vn)xp.4),

where |f) € F(L*(R)) denotes the normalized vector exp(—(f, f)/2)e(f). Applying
this to the states |7, 7)(j, j| in 7 yields

n/2

Ut @ U = Z PG5, )5, 51 @ |j/\/ﬁX[0,t}><j/\/ﬁX[0,t]\

j=0,1/2

+ O(nn71/4+e’ n3n71/2+e) )
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The final state of the field results from a partial trace over the atoms; it is given by

n/2

Y P 1G/VR)x10a) (/) x10.] + O/ Fe nPr=125e). (8.30)

j=0,1/2

We now perform a homodyne measurement on the field, which amounts to a direct
measurement, of (A, + A})/2t. In the state |(j/v/nxjo,q), this yields the value of j
with certainty for large time (i.e. t > /n). Indeed, for this state, E((A; + A})/2t) =
j/v/n, whereas Var(A; + Ay)/2t) = 1/(4t). Thus the probability distribution p,, , is
reproduced up to order O(n7=1/4+e p3n=1/2+¢) in [ distance.

The following is a reminder from the proof of Theorem 8.3.1. If we start with j
distributed according to p,(j) and we smoothen ﬁ —v/n(p—1/2) with a Gaussian
kernel, then we obtain a random variable g, which is continuously distributed on
R and converges in distribution to N(u,, (1 — p)), the error term being of order
O(n"Y2) + O(n"Y2). For j distributed according to the actual distribution, as
measured by the homodyne detection experiment, we can therefore state that g, is
distributed according to

N (g, p(1— 1)) + O(n1= Y4 p3n=1/2%e) L O(n"=1/2) 4 O(n"1/?). (8.31)

As in the case of (u,,4,), we take into account the range of validity of LAN by
defining the final estimator

. g if |g,| < 3n"
U= { 0 if |gn| > 3n". (8.32)

Similarly, we note that if the true state p is in the radius of validity of LAN around
p, then |[u|| < n", so that |a, — u,| < |u, — u,].

8.6 Asymptotic optimality of the estimator

In order to estimate the qubit state, we have proposed a strategy consisting of the
following steps. First, we use 7 := n!™* copies of the state p to get a rough estimate
pn- Then we couple the remaining qubits with a field, and perform a heterodyne mea-
surement. Finally, we couple to a different field, followed by homodyne measurement.
From the measurement outcomes, we construct an estimator p, := pg, //n-

This strategy is asymptotically optimal in a global sense : for any true state p even if
we knew beforehand that the true state p is in a small ball around a known state py,
it would be impossible to devise an estimator that could do better asymptotically,
than our estimator p,, on a small ball around p. More precisely :
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Theorem 8.6.1. Let p,, be the estimator defined above. For any qubit state po dif-
ferent from the totally mized state, for any sequence of estimators 0,, the following
local asymptotic minimazx result holds for any 0 < e < 1/12 :
lim sup sup nR(p, pr) < limsup sup nR(p, 0n). (8.33)
n—00 ||p—po|l <n—1/2+e n—00  ||p—poll1 <n—1/2+e
Let (10,1 — po) be the eigenvalues of py with py > 1/2. Then the local asymptotic
minimaz risk s

lim sup sup NR(p, pn) = Ruminimax(fto) = Stto — 4413 (8.34)

n—00  |[p—po |1 <n=t/2te

Démonstration. We write the risk as the sum of two terms corresponding to the
events £/ and E° that p, is inside or outside the ball of radius n~/2*¢ around p.
Recall that LAN is valid inside the ball. Thus

R(p, pn) = E(llp = pull x¢) + Ellp — pulli X&),

where the expectation comes from p, being random. The distribution of the result
prn of our measurement procedure applied to the true unknown state p depends on
p. We bound the first part by R; and the second part by Ry as shown below.

Ry equals P(E€) times the maximum error, which is 4 since for any pair of density
matrices p and o, we have ||p — o||? < 4. Thus

Ry = 4P(|lp — pully = n~/2).

According to Lemma 8.2.1 this probability goes to zero exponentially fast, therefore
the contribution brought by this term can be neglected.

We can now assume that p, is in the range of validity of local asymptotic normality
and we can write p®" = p* with u the local parameter around p,. We get the
following inequalities for the second term in the risk.

E(lp = pull? xe) E [0 = ol | 10— plly < nt/2+ |

< s Elpe—pl?

llo=pol|<n=t/2+e

ﬁn = pO}

< s Epeo |10 =l | =)
llo—pol|<n=1/2+e

+ s o) = g0l sup llgn — ol
llo—poll<n=1/2+e ap

< sw B [0 =l | 6= )
llo—pol|<n—1/2+e
T sup ()~ pi(o) i = Rae (839)

llp—poll<n—1/2+¢

+cn
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The first two inequalities are trivial. In the third inequality we change the expecta-
tion from the one with respect to the probability distribution of our data IP,u() to
the probability distribution P u (). In doing so, an additional term ||Pyu() —Pu(s0)|1
appears which is bounded from above by ||p2(t) — p2(c0)||1. In the last inequality we
can bound ||p, — pl|? by cn™1™7 for some constant c. Indeed from definitions (8.29)
and (8.32) we know that ||p, — poll1 < ¢n~Y/2™ and additionally we are under the
assumption |p — polli < n~V* € with € < 7.

For the following, recall that all our LAN estimates are valid uniformly around any
state p° = p as long as u — 1/2 > €3 > 0. As we are working with p different
from the totally mixed state and ||p — p|| < n™'/2%¢, we know that for big enough
n, i —1/2 > ey for any possible p. We can then apply the uniform results of the
previous sections.

The second term in Ry is O(n=5/4F31+0 n=3/24m+9) where § > 0 can be chosen
arbitrarily small. Indeed in the end of section 8.4 we have proven that after time
t > Inn, the following holds : ||p%(t) — p¥(co)|l1 = O(n~Y/4+m#0 n=1/2+31+0)  The
contribution to nR(p, p,) brought by this term will not count in the limit, as long
as 1 and € are chose such that 1/12 > n > e.

We now deal with the first term in Ry. We write p in local parametrization around
po = p as Py, /m- We have

16n = Pl = | puyvi — Pansyallt
(u, — ﬁ2)2 + (2u — 1)2((1% - ﬂm)2 + (uy - ZALy)2)
n
+ O(|Ju = 0, |*n=3/?). (8.36)

=4

The remainder term O(|Ju— 1, |*n=%/2) is negligible. It is O(n*"~3/2) which does not
contribute to nR(p, p,) for n < 1/6. This is because on the one hand we have asked
for ||, — pll < n~1/2*¢, and on the other hand, we have bounded our estimator 1,
by using (8.29) and (8.32).

We now evaluate E,u (o) [d(u, 01,)?] with the notation
d(u,v)? =4 [(u. — 0:)" + 2p — 1)*((ue — v)* + (uy — vy)?)] . (8.37)

Note that the risk of @, is smaller than that of @, (see discussion below (8.29)
and (8.32)). Under the law P,u() the estimator @, has a Gaussian distribution as
shown in (8.28) and (8.31) with fixed and known variance and unknown expectation.
In statistics this type of model is known as a Gaussian shift experiment (van der
Vaart, 1998). Using (8.28) and (8.31), we get E,u(o) [(u: — @2)?] < p(1 — p) and
Epu(ooy [(u; — ;)% < pu/(2(2p0—1)?) for i = x,y. Substituting these bounds in (8.36),
we obtain (8.34).
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We will now show that the sequence p, is optimal in the local minimax sense : for
any po and any other sequence of estimators 0, we have

Ro=limsup  sup  nR(p,0n) > 80 — 4415,

n—00 |[|p—po1<n=1/2te

We will first prove that the right hand side is the minimax risk Rpinimax (o) for the
family of states N" @ ¢" which is the limit of the local families p? of qubit states
centered around py. We then extend the result to our sequence of quantum statistical
models p}.

The minimax optimality for N" ® ¢" can be checked separately for the classical
and the quantum part of the experiment. For the quantum part ¢", the optimal
measurement, is known to be the heterodyne measurement. A proof of this fact
can be found in Lemma 7.4 of (Gutd et Kahn, 2006). For the classical part, which
corresponds to the measurement of L., the optimal estimator is simply the random
variable X ~ N" itself (van der Vaart, 1998).

We now end the proof by using the other direction of LAN. Suppose that there exists
a better sequence of estimators 0,, such that

RO < Rminimax(,uo) - 8,“0 — 4/,63

We will show that this leads to an estimator @ of u for the family N" ® ¢" whose
maximum risk is smaller than the minimax risk Ryinimax(fto), which is impossible.

By means of a beamsplitter one can divide the state ¢" into two independent Gaus-
sian modes, using a thermal state ¢ := ¢° as the second input. If r and ¢ are the
reflectivity and respective transmitivity of the beamsplitter (r? 4+ t> = 1), then the
transmitted beam has state ¢}L. = ¢™ and the reflected one Orey = ¢™. By perform-
ing a heterodyne measurement on the latter, and observing the classical part N",
we can localize u within a big ball around the result u with high probability, in the
spirit of Lemma 8.2.1. More precisely, for any small € > 0 we can find a > 0 big
enough such that the risk contribution from unlikely @’s is small

E(flu — a|*Xju-af>a) < &.

Summarizing the localization step, we may assume that the parameter u satisfies
|lu|| < @ with an € loss of risk, where a = a(r, €).

Now let n be large enough such that n® > a, then the parameter u falls within the
domain of convergence of the inverse map S,, of Theorem 8.3.1 and by (8.12) (with
e replacing 1 and § replacing €) we have

I = SN & 6| < A+,
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for some constant C.

Next we perform the measurement leading to the estimator 0, and equivalently to
an estimator , of u. Without loss of risk we can implement the condition ||ul| < a
into the estimator w, in a similar fashion as in (8.29) and (8.32). The risk of this
estimation procedure for ¢" is then bounded from above by the sum of three terms :
the risk nR,(0,)/t* coming from the qubit estimation, the error contribution from
the map S, which is a?n=1/*t<*9 and the localization risk contribution €. This
risk bound uses the same technique as the third inequality of (8.35). The second
contribution can be made arbitrarily small by choosing n large enough, for e < 1/4.
From our assumption we have Ry < Ryinimaz(fto) and we can choose t close to
one such that Ry/t* < Rpinimaz(it0) and further choose € such that Ry/t* + ¢ <

Rminimam (NO) .

In conclusion, we get that the risk for estimating u is asymptotically smaller that
the risk of the heterodyne measurement combined with observing the classical part
which is known to be minimax (Gutd et Kahn, 2006). Hence no such sequence g,
exists, and p,, is optimal.

O

Remark. In Theorem 8.33, we have used the risk function R(p, p) = E(d*(p, p)),
with d the Li-distance d(p, p) = ||p — p||:. However, the obtained results can easily
be adapted to any distance measure d?(pg, pu) which is locally quadratic in G — u,
Le.

P(paspa) = D Taplua —ta)(us — @) + O(|lu — al|*).

a7B:I7y7Z

For instance, one may choose d?(p,p) = 1 — F?(p,p) with the fidelity F(p,p) :=
Tr(\/+v/ppv/p). For non-pure states, this is easily seen to be locally quadratic with

(2,&0 — 1)2 0 0
1
0 0 @017

For the corresponding risk function Rx(p, p,) := E(1 — F?(p, p,,)), this yields

lim sup sup nRr(p, pn) = po +1/4, (8.38)

n—00  |p—poll1<n—1/2+¢

with the same asymptotically optimal p. The asymptotic rate Ry ~ é%“ was found

earlier by Bagan et al. (2006), using different methods.
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8.7 Conclusions

In this chapter, we have shown two properties of quantum local asymptotic normality
(LAN) for qubits. First of all, we have seen that its radius of validity is arbitrarily
close to n~'/* rather than n~/2. And secondly, we have seen how LAN can be
implemented physically, in a quantum optical setup.

We use these properties to construct an asymptotically optimal estimator p, of the
qubit state p, provided that we are given n identical copies of p. Compared with other
optimal estimation methods (Bagan et al., 2006; Hayashi et Matsumoto, 2004), our
measurement technique makes a significant step in the direction of an experimental
implementation.

The construction and optimality of p, are shown in three steps.

I In the preliminary stage, we perform measurements of o,, o, and o, on a fraction
n = n'~" of the n atoms. As shown in section 8.2, this yields a rough estimate p,
which lies within a distance n='/>*¢ of the true state p with high probability.

IT In section 8.3, it is shown that local asymptotic normality holds within a ball
of radius n~Y/2*" around p (n > ¢€). This means that locally, for n — oo, all
statistical problems concerning the n identically prepared qubits are equivalent
to statistical problems concerning a Gaussian distribution N" and its quantum
analogue, a displaced thermal state ¢" of the harmonic oscillator.

Together, T and IT imply that the principle of LAN has been extended to a global

setting. It can now be used for a wide range of asymptotic statistical problems,

including the global problem of state estimation. Note that this hinges on the rather
subtle extension of the range of validity of LAN to neighborhoods of radius larger
than n=1/2.

ITT LAN provides an abstract equivalence between the n-qubit states pf? m on the
one hand, and on the other hand the Gaussian states N" ® ¢". In sections 8.4 and
8.5 it is shown that this abstract equivalence can be implemented physically by
two consecutive couplings to the electromagnetic field. For the particular problem
of state estimation, homodyne and heterodyne detection on the electromagnetic
field then yield the data from which the optimal estimator p, is computed.

Finally, in section 8.6, it is shown that the estimator p,,, constructed above, is optimal
in a local minimax sense. Local here means that optimality holds in a ball of radius
slightly bigger than n~'/2 around any state py except the tracial state. That is, even
if we had known beforehand that the true state lies within this ball around pg, we
would not have been able to construct a better estimator than p,,, which is of course
independent of py.

For this asymptotically optimal estimator, we have shown that the risk R converges
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to zero at rate R(p, pn) ~ %, with po > 1/2 an eigenvalue of p. More precisely,
we have
lim sup sup nR(p, pn) = St — 4pig.
=00 |lp—po|1<n—1/2+e

The risk is defined as R(p,p) = E(d*(p,p)), where we have chosen d(p,p) to be
the L,-distance ||p — p||1 := Tr(|p — p|). This seems to be a rather natural choice
because of its direct physical significance as the worst case difference between the
probabilities induced by p and p on a single event.

Even still, we emphasize that the same procedure can be applied to a wide range of
other risk functions. Due to the local nature of the estimator p, for large n, its rate
of convergence in a risk R is only sensitive to the lowest order Taylor expansion of
R in local parameters 1 —u. The procedure can therefore easily be adapted to other
risk functions, provided that the distance measure d?(pg, pu) is locally quadratic in
a—u.

Remark. The totally mixed state (u = 1/2) is a singular point in the parameter
space, and Theorem 8.3.1 does not apply in this case. The effect of the singularity is
that the family of states (8.9) collapses to a single degenerate state of infinite tem-
perature. However this phenomenon is only due to our particular parametrisation,
which was chosen for its convenience in describing the local neighborhoods around
arbitrary states, with the exception of the totally mixed state. Had we chosen a dif-
ferent parametrisation, e.g. in terms of the Bloch vector, we would have found that
local asymptotic normality holds for the totally mixed state as well, but the limit ex-
periment is different : it consists of a three dimensional classical Gaussian shift, each
independent component corresponding to the local change in the Bloch vector along
the three possible directions. Mathematically, the optimal measurement strategy in
this case is just to observe the classical variables. However this strategy cannot be
implemented by coupling with the field since this coupling becomes singular (see
equation (8.18)).

These issues become more important for higher dimensional systems where the eigen-
values may exhibit more complicated multiplicities, and will be dealt with in that
context.

8.A Appendix : Proof of Theorem 8.3.1

Here we give the technical details of the proof of local asymptotic normality with
“slowly growing” local neighborhoods |[u|| < n”, with n < 1/4. We start with the
map 71,.
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8.A.1 Proof of Theorem 8.3.1; the map T,

Let us define, for 0 < e < (1/4 —n) the interval

={j: (p—1/2)n n1/2+6gjg(,u—l/2)n+n1/2+e}. (8.39)
Notice that j € [, satisfies 2j > en for all p — 1/2 > € and n big enough,
independently of .
Then J,, contains the relevant values of j, uniformly for u —1/2 > €, :

lim pou(J) =1 — O(n~1/2+). (8.40)

This is a consequence of Hoeffding’s inequality applied to the binomial distribution,
and recalling that p, w(j) = B(n/2 + j)(1 + O(n=Y/?%9)) for j € J,.

We upper-bound ||7,,(p%) — N" @ ¢"|| by the sum

3ZPZ,J+ anu Tn]
1

s Vil V=0 (841)

The first two terms are “classical” and converge to zero uniformly over ||u|| < n” : for
the first term, this is (8.40), while the second term converges uniformly on p—1/2 >
€y at rate n7/2 (Gutd et Kahn, 2009). The third term can be analyzed as in
Proposition 5.1 of (Guta et Kahn, 2006) :

Vi Vi = o"ll, < llon; = Vio"Vill, + 119" — Bio Pyl (8:42)

where P; := V;V" is the projection onto the image of V;. We will show that both
terms on the right side go to zero uniformly at rate n~'/*t7¢ over j € 7, and
|lu|| < n”. The trick is to note that displaced thermal equilibrium states are Gaussian
mixtures of coherent states

¢" =

o [T () ) (8.43)

where s? := (1 — p)/(4p — 2).

The second term on the left side of (8.42) is bounded from above by

1 —|z— T2 /252
,—271'82 /e |z—v2p—Tau|?/2 |||z><z| _Pj|Z><Z|Pj||1d2Z,




248 Optimal estimation of qubit states with continuous time measurements

which after some simple computations can be reduced (up to a constant) to

/Qlﬁﬂfuaﬂz+\mﬂ—¢agufz (8.44)

We now split the integral. The first part is integrating over |z| > n*° with 0 < § <
1/4—n/2. The integral is dominated by the Gaussian and its value is O (e """ /(2s%)),
The other part is bounded by the supremum over |z| < 2n"*? (as |Jul| < n") of
|1P;z) . Now || Pi|z)|| < |z} /\/3! = O(e~m(1/2=n=29)) uniformly on j € J,, for any
i —1/2 > € since then 25 > eyn.

The same type of estimates apply to the first term

o, - viowl, = [aa o (35)] 2.) - vier,

* u * * Ju
It = vyl +[aa [ (25)] 0reom) - viem,
The first term on the right side does not depend on u. From the proof of Lemma
5.4 of (Guta et Kahn, 2006), we know that

<
1

(8.45)

1

0 * 10 ! 2j+1
ks = Vi o™il < \ 7= +p

with p = (1 — p)/p. Now the left side is of the order p**! which converges expo-
nentially fast to zero uniformly on 1 — 1/2 > €5 and j € J,.

The second term of (8.45) can be bounded again by a Gaussian integral

1 2 2 .
,/—QWSQ/QZ 2oAw 2, 5)1d%, (8.46)

where the operator A(u,z, j) is given by
A(u,z,j) = Ad [Uj (u/\/ﬁ)} (Vj*|z><z|V]) =V z4+/2p — o) (z+/2p — 1ay| V.

Again, we split the integral along ||z|| > n"™. The outer part converges to zero
faster than any power of n, as we have already seen. The inner integral, on the other
hand, can be bounded uniformly over ||u|| < n", u—1/2 > ¢ and j € J, by the
supremum of [|A(u,z,j)||; over |z| < 20", u—1/2> €, j € J, and |jul| < n".

Let z € R? be such that a; = z/v/2u — 1, and denote ¢ (n, j, v) = V;U;(v//n)|j, j)-
Then, up to a v/2 factor, |A(u, z,7)||; is bounded from above by the

[4(n,4,2) = |2} +

H@Z)(n,j,qu Z) — |z+ /20 — lay)

b (am o] e

+
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This is obtained by adding and subtracting |¢(n, j,2)){¥(n, j,z)| and |¢(n, j,u +
z)){(¥(n, j,u + z)| and using the fact that [||¥)(v] — [6)(s[l = V2[lv — o] for

normalized vectors 1, ¢.

The two first terms are similar, we want to dominate them uniformly : we replace
u+ z by z with |z| < 2n7°. We then write :

l(n, j,2) — |2)|* = Z (kv (n, j,2)) — (k|z)|*

—_

<

(K[ (n, 7, 2)) — (K|2) |2+QZ (Kl (n, 5,2))1” + | (k|z)|*) . (8.48)

0

TT

If z = |z|e? then we have (Hayashi et Matsumoto, 2004)

(o 2) = (213) (sinlal/v)e”)" (cos(|alvm) ™"

_ (2 — D)z (¢*]zlv2Zu—1)"
(k|]z) = exp (— 5 ) i :

In (8.48) we choose r = n*'™ with €3 satisfying the conditions 2 + 2n + ¢ <
2n+ €3+ €< 1/2 and n+ €3 < 1/4. Then the tail sums are of the order

- |z|2r (2n(nto))2nrres )
Z [(Klz)[* < 7! = (n2ntes)! -0 (exp(—n2”+ 3)) 3
k=r

© 2 251 2r
Z‘ kWJ n ], ‘2 < Z <|Z| ) 2)(_]]1>!k! < n|Z|' (eXp( 2n+63)).

For the finite sums we use the following estimates which are uniform over all |z| <
Mk <r, jeT,:

: — 1)p)k/2
(213) ((2u \/]%) ) (1jLO<Tf1/2JreJr217qLes))7

(sin(|z]/v/n))* = (|z|/vn)* (1 + O(n"rr=¥271)),

} 21— 1)|z|?
(os(ll /v -+ = exp (D) (14 oguirzeess,
where we have used on the last line that (1 + z/n)" = exp(z)(1 + O(n~'/%x)) for
r < nt/?74 (cf. (Gutd et Kahn, 2009)). This is enough to show that the finite
sum converges uniformly to zero at rate O(n?7-1/2¥<+e) (the worst if ez is small

enough) and thus the first second terms in (8.47) as the square root of this, that is
O(nn—1/4+e/2+e3/2>_
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Notice that the errors terms depend on g only through j, and that 25 > en for
i —1/2 > €y. Hence they are uniform in pu.

We pass now to the third term of (8.47). By direct computation it can be shown
that if we consider two general elements exp(iX;) and exp(iXs) of SU(2) with X;
selfadjoint elements of M(C?) then

exp(—i(X; + X3)) exp(iX7) exp(iXs) exp([ X1, X3]/2) =1+ O(X;, X, Xi,), (8.49)

where the O(+) contains only third order terms in X7, Xs. If X7, X5 are in the linear
span of o, and o, then all third order monomials are such linear combinations as
well.

In particular we get that for z,u < n*< :

Ug) = U (—“—jﬁv) U (%) U (%) exp(i(ttvy, — ty02)0 /1)

|:1 _'_O<n—2+47]+453) O(n—3/2+3n+3e3) :|

O<n—3/2+3n+353) 1+O(n—2+4n+4e3) (8.50)

Finally,using the fact that |7, j) is an eigenvector of L, the third term in (8.47) can
be written as

117,503, 31 = U; (B)1d, 3) 4, 51U;(8) 7|
and both states are pure, so it suffices to show that the scalar product converges

to to one uniformly. Using (8.50) and the expression of (j|U;(3)|7) (Hayashi et
Matsumoto, 2004) we get, as j < n,

(G 3lU;(B)]5.5) = [U(B)1a) = 1+ O(n~ 141,

which implies that the third term in (8.47) is of order O(n~'T7t4%) By choosing €3
and e small enough, we obtain that all terms used in bounding (8.46) are uniformly
O(n=Y/4+1+¢) for any € > 0.

This ends the proof of convergence (8.11) from the n qubit state to the oscillator.

8.A.2 Proof of Theorem 8.3.1; the map S,

The opposite direction (8.12) does not require much additional estimation, so will
only give an outline of the argument.

Given the state N* @ ¢", we would like to map it into p}; or close to this state, by
means of a completely positive map S,,.
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Let X be the classical random variable with probability distribution N". With X
we generate a random j € Z as follows

J(X) = [VnX +n(p—1/2)].

This choice is evident from the scaling properties of the probability distribution p):
which we want to reconstruct. Let ¢ be the probability distribution of j(X). By
classical local asymptotic normality results we have the convergence

sup gy — pitll = O(n"12). (8.51)

[[ul|<nn

Now, if the integer j is in the interval [, then we prepare the n qubits in block
diagonal state with the only non-zero block corresponding to the j’th irreducible
representation of SU(2) :

1
o= (Vio"V; + Te(Pg™)1) ® —.

ng T
n
J

The transformation ¢* — 7., is trace preserving and completely positive (Guta et

J
Kahn, 2006).

If j ¢ J, then we may prepare the qubits in an arbitrary state which we also denote
by 7}';. The total channel S,, then acts as follows

n/2

S N @ = 1= P a7

j=0,1/2

We estimate the error ||p2 — 7%, as

o =7l < llaw = pall+ 2Ppa (G & Tn) + sup |75 = o3 5l

JEIn

The first term on the r.h.s. is O(n""'/2) (see (8.51)), the second term is O(n"/2)
(see (8.40)). As for the third term, we use the triangle inequality to write, for j € 7,

7o = pngll < Nty = ViUVl + Vo™V — py il -

The first term is O(e "(1/271=29)) " according to the discussion following equation
(8.44). The second term on the right is O(n~/4*"%¢) according to equations (8.45)
through (8.50).

Summarizing, we have ||S,(N" ® ¢*) — p2||; = O(n~1/4t7+¢) which establishes the
proof in the inverse direction.

O
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8.B Appendix : Proof of Theorem 8.4.1

First estimate. We build up the state p, by taking linear combinations of number
states |m) to obtain an approximate coherent state |z), and finally mixing such
states with a Gaussian distribution to get an approximate displaced thermal state.
Consider the approximate coherent vector Pg|z), for some fixed z € C and m = n”,
with v to be fixed later. Define the normalized vector

n | |m
Vi) = HP\ ‘Z . (8.52)

We mix the above states to obtain

. —|z— V2ip—Tow|? /252 n n 2
p]n . '—271-52 (|wz,j>< z,]|) d’z.

Recall that s* = (1 — u)(4u —2), and

¢" =

—|z—v/2u—Tay|?/2s? (|Z><Z|) dQZ.

e

From the definition of |} ;) we have

llvz,) - Il < VB A (559

which implies

2 20 — Lo |™ e
R B (L !
’ Vs? vm!
for any € > 0, for any v > 2(n + €). Indeed we can split the integral into two parts.
The integral over the domain |z| > n" is dominated by the Gaussian factor and is
O(e=""""?). The integral over the disk |z| < n"* is bounded by supremum of (8.53)
since the Gaussian integrates to one, and is O(e~(/271=9"") In the last step we use
Stirling’s formula to obtain log |(n")"" /v/n!| ~ (n+ € — v/2)n7 logn. Note that

the estimate is uniform with respect to u — 1/2 > €, for any fixed e > 0.

Second estimate. We now compare the evolved qubits state p},(¢) and the evolved
oscillator state ¢*(t). Let [¢y, ;(t)) = Ujn(t) |m) ® [Q) be the joint state at time ¢
when the initial state of the system is |m) corresponding to |j, j —m) in the L, basis
notation. We choose the following approximation of |7, (%))

m

6n () =) ea(m, D)ag(t)m — i) @ |e™ /> X0, (u)), (8.54)

=0
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where «;(t) = exp((—m + i)t/2), c,(m,i) = c,(m,i — 1)\/2j;;:+i\/m_;+1 with

cn(m,0) := 1, and | f), := f®" as defined in (8.17). In particular for p —1/2 > €
and j € J, we have ¢, (m,i) < \/(T)(l + %n—1/2+s)z‘_

We apply now the estimate (8.21). By direct computations we get

n 1 . . NS
dl&, (1) = 3 > ealm, d)au(t)(m — i)lm — i) @ |e™ /> X0 (u))idt
=0
+ D ealm, i)y (t)|m — 1) @ e X0 (1)) i1 s [X[t.t4a )8-55)
=1
where

i+1

[ Rg=) fOfR®ge-®f
k=1

From the quantum stochastic differential equation we get

Ga ‘fgz,j(t» =

1 — , 2fj—m+i+1 , 1o
- 5 Z Cn<m7 Z)al(t)<m - Z) 2] ‘m - Z) ® |€ 1/2 X[O7t]<u)>ldt
i=0 "
- . (m—i)(2j —m+i+1) .
(t —1—1
+ ;Cn(maz)al( )\/ 2]n<Z + 1) |m G >®

|6_1/2uX[0,t} (u))i ®s | X[t,t+a1)- (8.56)

In the second term of the right side of (8.56) we can replace ¢, (m, i)\/(m_iggij£;ﬁTi+l)

by ¢,(m,i+ 1) and thus we obtain the same sum as in the second term of the left
side of (8.55). Thus

Gdt|£gb,j(t)> - d‘frﬁ](t» =

20 —J)+m—i—1

2 lm —1) ® |e’1/2“)<[07ﬂ (u)); dt.

' cn(m, i), (t)(m — 1)

Then using ¢, (m, i) < \/(T) (1+ (2/e)n=1/2+<)i we get that ||Gal, ;(t) —d&p, ()]
is bounded from above by

1/2

% lmz—:l (T) (1+ nlﬁn:_)gtl — et ((Q(jn —Jj)+tm - i—1)(m— i))2] di.

i=0 2Jn
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We have

(20n —g) +m—i—1)(m

—i) —1/2+e -1
- — O(m(n /2 4+ ')

Inside the sum we recognize the binomial terms with the m’th term missing. Thus
the sum is

(14 n V2 — et V2™ (1 — e ) (1 +n 2"
< (1 +n71/2+e)m(1 o (1 o eft)m) < (1 +n71/2+e)mm67t'

Then there exists a constant C' (independent of p if 4 — 1/2 > €;) such that

G (0) = dei (0] < G m 225 ) (14 i)
9 9. 62
By integrating over ¢ we finally obtain
92 m/2
[67,(0) = €501 < O o) (14 2 ) T (s

Note that under the assumption v < 1/3 — 2¢/3, the right side converges to zero at
rate n3/2-1/2%¢ for all m < m = n”. Summarizing, the assumptions which we have
made so far over ~ are

2n+2e <y <1/3 —2¢/3.

Now consider the vector [¢7 ;) as defined in (8.52) and let us denote |1 (t)) =
Ujn(t)1by ;) @ [82). Then based on (8.54) we choose the approximate solution

|€n /i

Note that the vectors |y} (t)) and [§F ;(2)) live in the “k-particle” subspace of H; ®
F(L*(R)) and thus are orthogonal to all vectors [¢7 (t)) and |£)(t)) with p # k.
By (8.57), the error is

142,38 = &)l

i m\ /2
2
—|z[2/2 |z[*" - 1/2+e —1y2 —1/2+e
< E i +mn~") (1 + 62n ) )

m=0

Z (m, i) (t)|m — i) @ e~y 0. (u))s

‘Z‘Zm

m!

(8.58)
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We now compare the approximate solution & ;(¢) with the “limit” solution 1, (t) for
the oscillator coupled with the field as described in section 8.4.2. We can write

wz@) — e*\Z\2/2 Z |Z| Z ( ) —(m—i t/2|m > ® |€71/2uX[0,t}<u)>i-
Then
1655() — ()] =

. 2
—|z|? Z ‘Z‘_m Z ef(mfz)t cn(m, Z) . (m) (1 —e t +e |z|? Z |Z| )
m! 1 m!
m=0 =0 m=m

< ()]i-I(2=me)

< G (m) mn~ /2,

1

where Cy does not depend on p as long as y — 1/2 > ey (recall that the dependence
in g is hidden in j, = (2u — 1)n). Thus

6250 — )P < Con 2o S T T e LT
7.3 g = —~ ml ml = ml
(8.59)

From (8.58) and (8.59) we get
)2
2
n(t) — u(t)]| < 2A [CRPE TV pn ) (14 S YA
z,]
2 62

21m 2m 7 1/2
| I2| +[02n_1/2+5|z|2+\z\ } ]

m! m!
= E(m,n,z)
We now integrate the coherent states over the displacements z as we did in the case

of local asymptotic normality in order to obtain the thermal states in which we are
interested

. z—/2u—1ay 252 n n 2
pjn : —82 ~lz= V2 Taul?/ (|,I7Z)Z7j>< z,j|) d’z.
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We define the evolved states

P (1) = Ujn(®)p2,Uin(®)*,  and  ¢"(t) = U(t)e"U(t)",

Then
1
sup sup |78, (0) = 00l < sup I [ eV B, )
JETn |Jul|<nn lul|<nn V782

Here again we cut the integral in two parts. On |z| > n7"¢ the Gaussian domi-
nates, and this outer part is less than e=""". Now the inner part is dominated by
SUP | <pnte £(,n,2). Now we want 1 to be not too big for (8.58) to be small, on
the other hand, we want z*™ /m/! to go to zero. A choice which satisfies the condition
is v = 21 + 3e. By renaming ¢ we then get

E(ﬁl, n, Z) = O<n77*1/4+67 n3n71/2+6)’

for any small enough € > 0. Hence we obtain (8.22).



Chapitre 9

Quantum local asymptotic normality
for d-dimensional states

Ce chapitre dérive de larticle (Guta et Kahn, 2009).

Résumé : Nous étendons la normalité asymptotique locale quantique
forte a tous les systémes de dimension finie. Comme au Chapitre 7,
nous considérons les états de la forme '0?/71/5’ et exigeons que pg ait
des valeurs propres différentes deux a deux. Nous construisons ensuite
des canaux depuis et vers la famille limite. Cette famille limite est un
produit d’une expérience de décalage gaussienne classique et d’une ex-
périence de décalage gaussienne quantique, les états de cette derniére
étant plus précisément le produit d’états thermiques déplacés dont la
temperature ne dépend pas du paramétre 6. De plus, nous autorisons
I’espace de parameétres a croitre, et obtenons des vitesses de convergence
polynomiales.

La preuve exige un travail trés technique sur les tableaux de Young, et
utilise un résultat intermédiaire intéressant en lui-méme : la base générée
par les tableaux de Young semi-standards d’une représentation de SU(d)
est «presque» orthonormale.

En application, nous mentionnons une méthode d’estimation asympto-
tiquement optimale. Nous établissons au cours de la preuve un théoréme
de représentation asymptotique quantique et un théoréme minimax asymp-
totique quantique.



258 Quantum local asymptotic normality for d-dimensional states

9.1 Introduction

Quantum statistics deals with problems of statistical inference arising in quantum
mechanics. The first significant results in this area appeared in the seventies and
tackled issues such as quantum Cramér-Rao bounds for unbiased estimators, op-
timal estimation for families of states possessing a group symmetry, estimation of
Gaussian states, optimal discrimination between non-commuting states. It is im-
possible to list all contributions but the following references may give the flavour
of these developments (Helstrom, 1969; Yuen et Lax, M., 1973; Yuen et al., 1975a;
Belavkin, 1975, 1976; Holevo, 1982). The more recent theoretical advances (Hayashi,
2005b, 2006; Paris et f{ehééek, 2004; Barndorff-Nielsen et al., 2003; Artiles, LL et al.,
2005; Audenaert et al.) are closely related to the rapid development of quantum
information and quantum engineering, and are often accompanied by practical im-
plementations (Armen et al., 2002; Hannemann et al., 2002a; Smith et al., 2006;
Schiller et al., 1996).

An important topic in quantum statistics is that of optimal estimation of an un-
known state using the results of measurements performed on n identically prepared
quantum systems (Massar et Popescu, 1995; Cirac et al., 1999; Vidal et al., 1999;
Gill et Massar, 2000; Keyl et Werner, 2001; Bagan et al., 2002; Hayashi et Mat-
sumoto, 2004, 2005; Bagan et al., 2006; Gill, 2005a). In the case of two dimensional
systems, or qubits, the problem has been solved explicitly in the Bayesian set-up, in
the particular case of an invariant prior and figure of merit based on the fidelity dis-
tance between states (Bagan et al., 2006). However the method used there does not
work for more general priors, loss functions, or higher dimensions. In the pointwise
approach, Hayashi et Matsumoto (2004) have shown that the Holevo (1982) bound
for the variance of locally unbiased estimators can be achieved asymptotically, and
provided a sequence of measurements with this property. Their results, building on
earlier work (Hayashi, 2003; Hayashi), indicate for the first time the emergence of a
Gaussian limit in the problem of optimal state estimation for qubits. The extension
to d-dimensional case is analysed by Matsumoto.

We (Gutad et Kahn, 2006; Guta et al., 2008) performed a detailed analysis of this
phenomenon (again for qubits), and showed that we deal with the quantum gener-
alization of an important concept in mathematical statistics called local asymptotic
normality. As a corollary, we devised a two steps adaptive measurement strategy for
state estimation which is asymptotically optimal for a large class of loss functions
and priors, and could be practically implemented using continuous-time measure-
ments. In ‘classical statistics’, the idea of approximating a sequence of statistical
models by a family of Gaussian distributions was first formulated by Wald (1950),
and was fully developed by Le Cam (1986) who coined the term “local asymptotic
normality”. Among the many applications we mention its role in asymptotic opti-
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mality theory and in proving the asymptotic normality of certain estimators such as
the maximum likelihood estimator. The aim of this chapter is to extend our previous
results (Guta et Kahn, 2006; Guta et al., 2008) to systems of arbitrary dimension
d < oo, and solve the open problem of optimal state estimation for d-dimensional
quantum systems.

Before stating the main result of the chapter we shall explain briefly the meaning
of local asymptotic normality for two dimensional systems (Gutd et Kahn, 2006;
Gutd et al., 2008). We are given n qubits identically prepared in an unknown
state p. Asymptotic normality means that for large n we can encode the statistical
information contained in the state p®" into a Gaussian model consisting of a classical
random variable with distribution N(u,77!), and a quantum harmonic oscillator
prepared in a (Gaussian) displaced thermal state ¢.. The term local refers to how p
is related to the parameters 6 = (u, (), as explained below.

For a more precise formulation let us parametrise the qubit states by their Bloch
vectors p(7') = $(1+ 70’) where o = (0,,0,,0.) are the Pauli matrices. The
neighbourhood of the state py with 75 = (0,0,2u — 1) and 1/2 < p < 1, is a three-
dimensional ball parametrised by the deviation u € R of diagonal elements and

¢ € C of the off-diagonal ones

pg:<ﬁ“g“ 1—S—u)’ 6= (u,¢) €R x C.

Note that pg is to be considered fixed and known but otherwise arbitrary, and can
be taken to be diagonal without any loss of generality. Consider now n identically
prepared qubits whose individual states are in a neighbourhood of py of size 1/+/n,

so that their joint state is pj = [pg/\/ﬁ} “" for some unknown 6. We would like to
understand the structure of the family (statistical experiment)
Q. == {pj : 4]l <. (9.1)

as a whole, more precisely what is its asymptotic behavior as n — oo 7

For this we consider a quantum harmonic oscillator with position and momentum
operators satisfying the commutation relations [Q, P] = ¢1. We denote by {|k), k >
0} the eigenbasis of the number operator and define the thermal equilibrium state

o0

p=(1—c)S e, =
k=0 'LL

which has centered Gaussian distributions for both Q and P with variance 1/(4p —
2) > 1/2. We define a family of displaced thermal equilibrium states

¢ = DX(9) = W(C/ /21— 1) oW (C/\/20— 1), (9.2)
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where W (() := exp(Ca* — Ca) is the unitary displacement operator with { € C.
Additionally we consider a classical Gaussian shift model consisting of the family
of normal distributions N (u, (1 — p)) with unknown center u and fixed known
variance. The classical-quantum statistical experiment to which we alluded above
is defined by the family of densities

R:={¢" == N(u,u(1l - p) ® ¢* : [|0] < C} (9-3)

where the unknown parameters 6 = (u,() € R x C are the same as those of Q,,.

Theorem 9.1.1. (Guta et Kahn, 2006; Guta et al., 2008) Let Q,, be the quantum
statistical experiment (9.1) and let R be the classical-quantum experiment (9.3).
Then for each n there exist quantum channels (normalized completely positive maps)

T, = M((C*®") = L'(R) ® T(L*(R)),
Sn o LNR) @ T(L*(R)) — M ((C*)®"),

with T (L*(R)) the trace-class operators, such that

lim sup ||¢g — 1) (py) |1 = 0,

el e<c

lim sup |lpg — Sn(¢9) |1 =0,

e e<c

for an arbitrary constant C' > 0. The norm on trace class operators is ||T]|1 =

Tr(|7)).

The theorem shows that from a statistical point of view the joint qubits states are
asymptotically indistinguishable from the limit Gaussian system. At the first sight
one might object that the local nature of the result prevents us from drawing any
conclusions for the original model of a completely unknown state p. However this
is not a limitation, but reflects the correct normalisation of the parameters with
n — oo. Indeed as n grows we have more information about the state which can
be pinned down to a region of size slightly larger that 1/y/n by performing rough
measurements on a small proportion of the systems. After this ‘localisation’ step,
we can use more sophisticated techniques to better estimate the state within the
local neighbourhood of the first step estimator, and it is here where we use the local
asymptotic normality result. Indeed, since locally the states are uniformly close to
displaced Gaussian states we can pull back the optimal (heterodyne) measurement
for estimating the latter to get an asymptotically optimal measurement for the
former. Based on this insight we have proposed a realistic measurement set-up for
this purpose using an atom-field interaction and continuous measurements in the

field (Gutd et al., 2008).
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This chapter deals with the extension of the previous result to d-dimensional sys-
tems. Like in the two-dimensional case we parametrise the neighbourhood of a fixed
(diagonal) state py by a vector @ € R4 of diagonal parameters and d(d — 1)/2
complex parameters 5 = ((jx : J < k), one for each off-diagonal matrix element (cf.
(9.15) and (9.17)). We consider the same 1/+/n—scaling and look at the family

—

Qn = {[pa/ﬁ} 0= (4,{) €0, cRg Cd<d—1>/2} :
where ©,, is a ball of local parameters whose size is allowed to grow slowly with n.

As in the 2-dimensional case, the limit model is the product of a classical statistical
model depending on the parameters « and a quantum model depending on 5 More-
over the quantum part splits into a tensor product of displaced thermal states of
quantum oscillators, one for each off-diagonal matrix element (;; with 5 < k. Thus

o' =N(@, ;) o Raorr,  0=(iC).

Jj<k

Here, I, is the Fisher information matrix of the multinomial model with param-
eters (u1,...,1q) described in Example 9.3.1, and gbgj,f is the displaced thermal

equilibrium state defined in (9.2) with inverse temperature 5 = In(gu; /).

Theorem 9.4.3 is the main result of the chapter and shows the convergence of Q,, to
the Gaussian model

R,=1{¢":0€0, c R gClD2],

in the spirit of Theorem 9.1.1. On the technical side, the uniform convergence holds
over local neighbourhoods ©,, which are allowed to grow with n rather that being
fixed balls. This is essential for constructing the two stage optimal measurement:
first localise within a neighbourhood ©,,, and then apply the optimal Gaussian
measurement. The details of this construction are similar to the two dimensional
case and are given in section 9.4.5.

Despite the similarity to the two dimensional case, the proof of the d-dimensional
result has additional features which may be responsible for the fact that the optimal
estimation problem has remained unsolved until now. The proof is based on the
following observations:

e the n systems space (C?)®" decomposes into a direct sum of irreducible rep-
resentations of SU(d), each representation being labelled by a Young diagram
A (cf. Theorem 9.4.1);
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e the joint state p;@/% has the block diagonal form (9.21), the block weights

A — pi’" depend only on the diagonal parameters @ and are closely related to
the multinomial distribution of Example 9.3.1. This classical statistical model
converges to the (d — 1)-dimensional Gaussian shift model N (i, I;');

e there exists an isometry V), mapping basis vectors |m, A) of the irreducible
representation H, almost into number vectors |m) of the multimode Fock
space, where m = {m;; : j < k} is the collection of eigenvalues of the number
operators for all oscillators.

e given a typical A, the conditional block-state pi’" can be mapped with V) into
a multimode state which is close (in trace norm) to the Gaussian product
state ®j<k¢§f,’f. This can be done uniformly over the typical diagrams whose
normalised shapes have 1/y/n fluctuations around (pq, pi9, . .., iq), and over
parameters 6 € O,,.

The first item is the well known Weyl duality which is extensively used in quantum
statistics for i.i.d. states. The probability distribution of the second point has
also been analysed the context of large deviations (Keyl et Werner, 2001) for the
estimation of the state eigenvalues. The third point shows that the basis |m, \) is
almost orthogonal for indices m which are not too big. This basis is obtained by
projecting tensors of the form f, := fo1)®- +® fun) onto a subspace of (C*)®" which
is isomorphic to H, (cf. Theorem 9.5.2). Let us place the indices {a(i) : i =1...n}
in the boxes of the diagram X along rows, starting from the left end of the first row,
to obtain a tableau t,. It turns out that we only need to consider f, for which ¢, is a
semistandard tableau (nondecreasing along rows, increasing along columns). Then
the label m := {m, ; : j > i} is the collection of integers m; ; equal to the number
of j's on the row i, and is in one to one correspondence with a. The following is an
example of such semistandard tableau

1[1f1]a]1]1]1]1]2][2]2]3]3]
tm =1[2]2/2/2/2]3 , with mys =3,m3=2,mg3 =1
3|3[3

The relatively large number of i’s in the row ¢ is intentional, since it turns out that
the ‘relevant’ vectors, i.e. those carrying the states pi’", have indices m; ; small
compared with the length of the rows (\; &~ nu; for typical representations \).
More precisely, in section 9.7.3 we prove the following quasi-orthogonality result
which allows us to carry the block states over to the oscillator space: if m # 1 and
1| < |m| < n” then

[(m, M|, \)| = O(n®n=2m=1/12y 0 for p < 2/9.

n—00
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The proof of the fourth point involves a detailed analysis of the state pi’" through
its coefficients in the basis |m, \) of H,. When 6 = 0 the state is diagonal and its
coefficients approach uniformly those of the multidimensional thermal state gba =
®;<kP;r as shown in Lemma 9.6.3. The next step is to apply SU(d) rotations
and obtain the states pi’". In Lemmas 9.6.4 and 9.6.5 it is shown that the unitary
operations Ad[Uy(¢/+/n)] act on p)™ in the same way as the displacement operator
D¢ acts on the thermal state ¢6_ A remarkable fact is that in the limit the different
off-diagonal parameters ‘separate’ into a product of shift experiments for quantum
oscillators, one for each off-diagonal index (j < k). This could be guessed from
the Quantum Central Limit Theorem 9.4.6 which is related to the restriction of our
result to 6 = 0.

Due to the apparent intricacy of the main result, the chapter is organised according
to the ‘onion peeling’ principle. We start in section 9.2 with general classical statis-
tical notions which motivate our investigation in quantum statistics. In particular
we explain the relevance of the Le Cam distance between statistical models as a sta-
tistically meaningful way to describe convergence. Section 9.3 presents the classical
version of local asymptotic normality with the multinomial model as example.

In section 9.4 we introduce the quantum statistical model consisting of n identical
quantum systems with joint state p?™ described by diagonal and rotation param-
eters. We also introduce the multimode Gaussian states appearing in the limit.
With this we can formulate the main result, Theorem 9.4.3. With the theorem,
we immediately make explicit a two stage adaptive measurement strategy which is
asymptotically optimal for both Bayesian and pointwise viewpoints, and for a large
range of ‘distances’ on the state space, in 9.4.4 and below.

In section 9.5 we introduce the basis |[m, \) and the isometry V) allowing us to define
the channels 7}, and .S,, connecting the two statistical models.

In section 9.6 we break the proof of the main theorem into manageable lemmas,
essentially by using triangle inequalities. Each lemma deals with a different aspect
of the convergence and has an interest in its own.

Finally, the technical proofs are collected in section 9.7. Notably, subsection 9.7.2
and Lemma 9.7.11 contain the combinatorial substance of the chapter. Moreover, in
the course of proving Theorem 9.4.4, subsection 9.7.1 contains important equivalents
of the classical asymptotic representation and asymptotic minimax theorems.

Our investigation relies on the theory of representations of SU(d). We refer to
the books by Fulton (1997); Goodman R. et Wallach N.R. (1998); Fulton et Harris
(1991) for proofs of standard results and more details.

Throughout, we will use the following symbols: ¢, for states, ¢,p for density
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matrices, T, S, M for channels (randomisations), £, P, Q for statistical models, 0, (, u
for parameters, «, 3,7, d, € for positive constants, A for Young diagrams.

9.2 Classical and quantum statistical experiments

In this section we introduce some basic notions from classical statistics with the aim
of defining the Le Cam distance between statistical models and local asymptotic
normality. In parallel, we shall define the quantum analogues and point out their
relevance in quantum statistics. The reader may find the conceptual framework
helpful in understanding the quantum version of the result, but otherwise the section
can be skipped at the first reading.

Let X be a random variable with values in the measure space (X, Xy), and let us
assume that its probability distribution P belongs to some family {F; : 0 € ©}
where the parameter ¢ is unknown. Statistical inference deals with the question of
how to use the available data X in order to draw conclusions about some property
of #. We shall call the family

E:={P:0€0} (9.4)
a statistical experiment or statistical model over (X, Xy) (Le Cam, 1986).

In quantum statistics the data is replaced by a quantum system prepared in a state
¢ which belongs to a family {¢g : 0 € ©} of states over an algebra of observables.
In order to make a statistical inference about # one first has to measure the system,
and then apply statistical techniques to draw conclusions from the data consisting
of the measurement outcomes. An important difference with the classical case is
that the experimenter has the possibility to choose the measurement set-up M, and
each set-up will lead to a different classical model {PH(M) : 0 € ©}, where PH(M) is
the distribution of outcomes when performing the measurement M on the system
prepared in state (y.

The guiding idea of this chapter is to investigate the structure of the family of
quantum states

Q:={ypy:0 €0}

which will be called a quantum statistical experiment. We shall show that in an
important asymptotic set-up, namely that of a large number of identically prepared
systems, the joint state can be approximated by a multidimensional quantum Gaus-
sian state, for all possible preparations of the individual systems. This will bring a
drastic simplification in the problem of optimal estimation for d-dimensional quan-
tum systems, which can then be solved in the asymptotic framework, in section
9.4.5.
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9.2.1 Classical and quantum randomisations

Any statistical decision (e.g. estimator, test) can be seen as data processing using a
Markov kernel. Suppose we are given a random variable X taking values in (X', Xy)
and we want to produce a ‘decision’ y € ) based on the data X. The space )
may be for example the parameter space © in the case of estimation, or just the
set {0,1} in the case of testing between two hypotheses. For every value x € X’ we
choose y randomly with probability distribution given by K,(dy). Assuming that
K : X x ¥y — [0,1] is measurable with respect to = for all fixed A € Xy, we
can regard K as a map from probability distributions over (X, Y¥y) to probability
distributions over (Y, ¥y) with

K(P)(A) = / K, (A)P(dx), A€y (9.5)

A statistic S : X — ) is a particular example of such a procedure, where K, is
simply the delta measure at S(x).

Besides statistical decisions, there is another important reason why one would like to
apply such treatment to the data, namely to summarize it in a more convenient and
informative way for future purposes as illustrated in the following simple example.
Consider n independent identically distributed random variables X, ..., X, with
values in {0, 1} and distribution Py := (1—6,60) with § € © := (0, 1). The associated
statistical experiment is

Eni={P):0 €O}

It is easy to see that X, = %22;1 X, is an unbiased estimator of # and moreover
it is a sufficient statistic for &,, i.e. the conditional distribution Pj'(-|X,, = 7)
does not depend on #! In other words the dependence on 6 of the total sample
(X1, Xs,...,X,) is completely captured by the statistic X,, which can be used as
such for any statistical decision problem concerning &,. If we denote by P the
distribution of X,, then the experiment

E,=1{P):0¢c0l,

is statistically equivalent to &,. To convince ourselves that X, does contain the
same statistical information as (X7, ..., X,,), we show that we can obtain the latter
from the former by means of a randomised statistic. Indeed for every fixed value x
of X,, there exists a measurable function

f:f : [07 1] - {07 1}n7
such that the distribution of fz(U) is Pp(-|X,, = 7). In other words

Moy, ) = P (xy, .. 20| X = 2),
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where A is the Lebesgue measure on [0,1]. Then F(X,,U) := fx, (U), has distri-
bution Fj'. To summarize, statistics, randomised statistics and Markov kernels, are
ways to transform the available data for a specific purpose. The Markov kernel K
defined in (9.5) maps the experiment £ of equation (9.4) into the experiment

F:={Qy: 0 € 0},

over (), Yy) with Qg = K(Fp). For mathematical convenience it is useful to repre-
sent such transformations in terms of linear maps between linear spaces.

Definition 9.2.1. A positive linear map
T,: LNX, Y%, P) — L' (Y, %y, Q)

is called a stochastic operator or transition if | T.(g)|l1 = |lgll1 for every g € LY (X).

Definition 9.2.2. A positive linear map
T:L>*Y,%y,Q) — L¥(X, Xy, P)

is called a Markov operator if T1 = 1, and if for any f, | 0 in L*>°(Y) we have
Tf, 10.

A pair (T, T) as above is called a dual pair if

[ ir@ir = [ T.(ngaQ

for all f € LY(X,3x,P) and g € L®(Y,%y,Q). It is a theorem that for any
stochastic operator T, there exists a unique dual Markov operator 7" and vice versa.

What is the relation between Markov operators and Markov kernels 7 Roughly
speaking, any Markov kernel defines a Markov operator when we restrict to families
of dominated probability measures. Let us assume that all distributions P of the
experiment £ defined in (9.4) are absolutely continuous with respect to a fixed
probability distribution P, such that there exist densities py := dFPy/dP : X — R,.
Such an experiment is called dominated and in concrete situations this condition is
usually satisfied. Let K,(dy) be a Markov kernel (9.5) such that Qy = K(Fp), then
we define associated Markov operator (T'(f))(z) := [ f(y)k.(dy) and have

Qo =FyoT, V0. (9.6)

When the probability distributions of two experiments are related to each other
as in (9.6), we say that F is a randomisation of £. From the duality between T
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and T, we obtain an equivalent characterization in terms of the stochastic operator
T, : LY(X, Sy, P) — LYY,Xy, Q) such that

T.(dPy/dP) = dQy/dQ, V0.

The concept of randomisation is weaker than that of Markov kernel transforma-
tion, but under the additional condition that (), ¥y) is locally compact space with
countable base and Borel o-field, it can be shown that any randomisation can be
implemented by a Markov kernel (Strasser, 1985).

What is the analogue of randomisations in the quantum case ? In the language
of operator algebras L>®(X, Xy, P) is a commutative von Neumann algebra and
LY(X,Xx, P) is the space of (densities of) normal linear functionals on it. The
stochastic operator T} is the classical version of quantum channel, i.e. a completely
positive normalized (trace-preserving) map

T*A*_>B*

where A,, B, are the spaces of normal states on the von Neumann algebra A and
respectively B. Any normal state ¢ on A has a density p with respect to the trace
such that ¢(A) = Tr(pA) for all A € A. The dual of T is

T:B— A,

which is a unital completely positive map and has the property that T.(p)(b) =
o(T'(b)) for all b € B and ¢ € A,.. We interpret such quantum channels as possible
physical transformations from input to output states.

A particular class of channels is that of measurements. In this case the input is the
state of a quantum system described by an algebra A, and the output is a probability
distribution over the space of outcomes (X, Xy). Any measurement is described by
a positive linear map

M : L*(X, 3y, P) — A,
which is completely specified by the image of characteristic functions of measurable
sets, also called positive operator valued measure (POVM). This map M : ¥y — A
has following properties
1. Positive: M(A) > 0, VAeXy;
2. Countably additive: Y °, M(A;) = M(U;4;), A;NA;=0,i#j;

3. Normalized: M(X) = 1.
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The corresponding channel acting on states is a positive map M, : A, — LY(X, 3y, P)
given by
M. (¢)(A) = o(M(A)) = Tr(pM(A)),

where p is the density matrix of ¢. By applying the channel M to the quantum
statistical experiment consisting of the family of states Q = {pp : 0 € O} on A we
obtain a classical statistical experiment

Qun = {M.(pg) : 0 € O},
over the outcomes space (X, ¥xy).

As in the classical case, quantum channels can be seen as ways to compare quan-
tum experiments. The first steps in this direction were made by Petz (1986); Petz
et Jencova (2006); Ohya et Petz, D. (2004) who developed the theory of quan-
tum sufficiency dealing with the problem of characterizing when a sub-algebra of
observables contains the same statistical information about a family of states, as
the original algebra. More generally, two experiments Q := {A, ¢y : 0 € ©} and
R = {B,y : 0 € O} are called statistically equivalent if there exist channels
T:A— Band S: B — A such that

YgoT = g and wp oS =1y vo.

As consequence, for any measurement M : L>°(X, Xy, P) — A there exists a mea-
surement 7o M : L>®°(X, Xy, P) — B such that the resulting classical experiments
coincide Qp; = Ryopn. Thus for any statistical problem, and any procedure con-
cerning the experiment Q there exists a procedure for R with the same risk (average
error), and vice versa.

9.2.2 The Le Cam distance and its statistical meaning

We have seen that two experiments are statistically equivalent when they can be
transformed into each other be means of quantum channels. When this cannot be
done exactly, we would like to have a measure of how close the two experiments
are when we allow any channel transformation. We define the deficiency of R with
respect to Q as

§(R, Q) Zigfsgpﬂw — g o T (9.7)

where the infimum is taken over all channels 7' : A — B. The norm distance between
two states on A is defined as

l1 = sl == sup{|e1(a) = wa(a)] : a € A, la] <1},
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and for A = B(H) it is equal to ||p1 — pal|1 := Tr(|p1 — pa|), where p; is the density
matrix of the state ¢;. When §(R, Q) = 0 we say that R is more informative than
Q. Note that §(R, Q) is not symmetric but satisfies a triangle inequality of the form
0(R,Q) +6(Q,7T) > d(R,T). By symmetrizing we obtain a proper distance over
the space of equivalence classes of experiments, called Le Cam’s distance (Le Cam,
1986)

A(Q,R) :=max (§(Q,R), 6(R,Q)) . (9.8)

What is the statistical meaning of the Le Cam distance 7 We shall show that if
0(R, Q) < € then for any statistical decision problem with loss function between
0 and 1, any measurement procedure for Q can be matched by a measurement
procedure for R whose risk will be at most € larger than the previous one.

A decision problem is specified by a decision space (X,YXy) and a loss function
Wy : X — [0,1] for each § € ©. We are given a quantum system prepared in
the state ¢y € A, with unknown parameter § € © and would like to perform a
measurement with outcomes in X such that the expected value of the loss function
Wy is small. Let

M : L™(X,3x, P) — A,

be such a measurement, and PG(M) = g o M, then the risk at 0 is

mmm:/Wm@¢Wm¢

Since the point # is unknown one would like to obtain a small risk over all possible
realizations
Ripaa(M) = sup R(M, 6).
C)
The minimaz risk is then

Roinmaz = 1Arbf Ripaz(M). (9.9)

In the Bayesian framework one considers a prior distribution 7 over © and then
averages the risk with respect to m

&m@:Lmeﬂm.

The optimal risk in this case is R, := infy R.(M).

Coming back to the experiments Q and R we shall compare their achievable risks for
a given decision problem as above. Consider the measurement N : L*(X, Xy, P) —
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B given by N =T o M where T': A — B is the channel which achieves the infimum
in (9.7). Then

R(N.6) = /X Wa(e) P (dx) = (T o M(Wy))
< g o T — | + @o(M(Wy)) < 6(R, Q) + R(M,0),

where we have used the fact that 0 < Wy < 1.

Lemma 9.2.3. For every achievable risk R(M,0) for Q there exists a measurement
N : L®(X,Xx, P) — B for R such that

R(N,0) < R(M,8) + 5(R, Q).

In consequence
Rminmam (R) S Rmznmam(g) + 5(R7 Q)

9.3 Local asymptotic normality in statistics

In this section we describe the notion of local asymptotic normality and its signif-
icance in statistics (Le Cam, 1986; Torgersen, 1991; Strasser, 1985; van der Vaart,
1998). Suppose that we observe Xi, ..., X, where X; take values in a measurable
space (X, Xy) and are are independent, identically distributed with distribution Py
indexed by a parameter 6 belonging to an open subset © C R"™. The full sample
is a single observation from the product P;' of n copies of F on the sample space
(Q",¥"). Local asymptotic normality means that for large n such statistical exper-
iments can be approximated by Gaussian experiments after a suitable reparametri-
sation. Let y be a fixed point and define a local parameter v = \/n(6 — 6y) char-
acterizing points in a small neighbourhood of 6j, and rewrite P;' as Py . Jm Seen
as a distribution depending on the parameter u. Local asymptotic normality means
that for large n the experiments
{Picupmive R} and (N L") ueR"},

have the same statistical properties when the models 6 — Py are sufficiently ‘smooth’.
The point of this result is that while the original experiment may be difficult to anal-
yse, the limit one is a tractable Gaussian shift experiment in which we observe a
single sample from the normal distribution with unknown mean u and fixed variance
matrix 19_01. Here

[Lo,];; = Eoy [o0.,il00,5] »

is the Fisher information matrix at 6y, with fp; := 0logpy/00; the score function
and py is the density of Py with respect to a reference probability distribution P.
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There exist two formulations of the result depending on the notion of convergence
which one uses. In this chapter we only discuss the strong version based on conver-
gence with respect to the Le Cam distance, and we refer to the book by (van der
Vaart, 1998) for another formulation using the so called weak convergence (conver-
gence in distribution of finite dimensional marginals of the likelihood ratio process),
and to (Guta et Jencova, 2007) for its generalization to quantum statistical experi-
ments.

Before formulating the theorem, we explain what sufficiently smooth means. The
least restrictive condition is that pg is differentiable in quadratic mean, i.e. there
exists a measurable function ¢y : X — R such that as u — 0

2
/ [péfu — pé/g — utfgpé/z] dP — 0.
Note that £y must still be interpreted as score function since under some regularity
conditions we have 8pé/2/60,~ = 1(0log pg/@@i)pép.
Theorem 9.3.1. Let £ := {Py : 0 € ©} be a statistical experiment with © C R?
and Py < P such that the map 6 — py is differentiable in quadratic mean. Define
En=APpsuyym lull <CY, F={N(u, 1) : [lull < C},

with Iy, the Fisher information matriz of £ at point 0y, and C a positive constant.
Then A(E,,F) — 0. In other words, there ezist sequences of randomisations T,, and
S,, such that:

lim sup ) Tn(ng)+u/\/g) — N(u,I(,_Ol)H =0,

" ull<C

tim sup 2705 = Sa(V (1) =0
Remark 9.3.2. Note that the statement of the Theorem is not of Central Limit
type which typically involves convergence in distribution to a Gaussian distribution
at a single point 6y. Local asymptotic normality states that the convergence is
uniform around the point 6y, and moreover the variance of the limit Gaussian is
fixed whereas the variance obtained from the Central Limit Theorem depends on
the point #. Additionally, the randomisation transforming the data (Xi,..., X))
into the Gaussian variable is the same for all § = 6y + u/y/n and thus does not
require a priori the knowledge of 6.

Remark 9.3.3. Local asymptotic normality is the basis of many important results
in asymptotic optimality theory and explains the asymptotic normality of certain
estimators such as the maximum likelihood estimator. The quantum version intro-
duced in the next section plays a similar role for the case of quantum statistical
model. An asymptotically optimal estimation strategy based on local asymptotic
normality was derived by Guta et al. (2008) for two-dimensional systems.
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Remark 9.3.4. Let us define the real Hilbert space L*(6p) = (R™,(-,+)g,) with
inner product
(u,v)g, = u'Ip,v.

By multiplying with Iy, we see that limit experiment can be equivalently chosen to
be N (g u, Iy,). The characteristic function of X ~ N(Ig,u, Iy,) is

F,(w) := Eg,[exp(iw' X )] = exp (—%HwHZO +i(w, u)go) : (9.10)

A similar expression will be encountered in section 9.4 for the case of quantum
Gaussian shift experiment.

Example 9.3.1. Let P, = (u1,...,pq) be a probability distribution with unknown
parameters (piy, . .., ptg_1) € R satisfying p; > 0 and > ica1 Mi < 1. The Fisher
information at a point u s

d—1 d—1 d—1
I(p)ij = > gl "+ Sy )+ (1= )™ =G+ (1= > )™, (9.11)
k=1 =1 =1

and its inverse is
V(i)ij == [T() " ij = Gijpni — prag- (9.12)
Thus the limit experiment in this case is F := (N(u,V(p)) : u € R |u| < ).

This experiment will appear again in Theorem 9.4.3, as the classical part of the limit
Gaussian shift experiment.

9.4 Local asymptotic normality in quantum statis-
tics

In this section we present the main result of the chapter. Local asymptotic normality
for d-dimensional quantum systems means roughly the following: the sequence Q,, of
experiments consisting of joint states p®™ of n identical quantum systems prepared
independently in the same state p, converges to a limit experiment R which is a
quantum-classical Gaussian model involving displaced thermal equilibrium states of
d(d—1)/2 oscillators and a (d— 1)-dimensional classical Gaussian shift model. As in
the classical case, the result has a local nature reflecting the 1/,/n rate of convergence
of state estimation. A neighbourhood of a fixed diagonal state py = Diag(pu1, . . ., tq)
is parametrised by (changes in the) diagonal parameters @ € R4"! and off-diagonal
parameters ( € C%4=1/2, The latter can be implemented by small unitary rotations.
The limit Gaussian model has a classical part N(u, V(u)) with fixed known variance
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V(u), and a quantum part ®;, Ej,’: with each (b?’}f being a thermal equilibrium state
with 3;r = In(p;/pu), displaced in phase space by an amount proportional to (.

The reason for choosing the above parametrisation is twofold. Firstly, it unveils the
important separation between ’classical’ and 'quantum’ parameters, and the further
separation among the different off-diagonal parameters. Secondly, it is very conve-
nient for the proof. However as we shall see in section 9.4.6, the limit experiment
can be formulated in a ‘coordinate-free’ way in terms of quasifree states on a CCR-
algebra. Although it is not needed in the main theorem, we include this formulation
linking our result to the Quantum Central Limit Theorem. We stress again that
local asymptotic normality is not a consequence of the Central Limit Theorem, in-
deed the latter is not even an ingredient in the proof but gives an indication as to
what is the limit state when all parameters are zero.

9.4.1 The n-tuple of d-dimensional systems

As explained in section 9.3 for the classical case, our theory will be local in nature,
so we shall be interested in a (shrinking) neighbourhood of an arbitrary but fixed
faithful state

po = 0 H2 . : Wlth,U1>,U2>>:ud>07 (913)
0 ... 0 g

which for technical reasons is chosen to have different eigenvalues. A sufficiently

—

small neighbourhood of py in the state space can be parametrised by 6 := (4, () as
follows

prtur (o e Cla
Py = C1_,2 112 .+ Us *' . w€eR, (reC.  (9.14)
: o d-1d
C1,d s Camtd Hd— D U

Indeed, note that if 6 is small enough then gy is a density matrix.

Later on, because of the limit experiments, the following normalisation will be easier,
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and that’s the one we shall use throughout the chapter:

prtur GVl — e e CLavHt — Ha
N STV 1) M2 + Uz :

Po =

: g Cd—l,d\/,udgl — Hd
Crav i — Hd e Ca—1,d\/Hd—1 — d Ha — Zi;ll Ui
(9.15)

Let ¢ := inf1<;<q pti — ftiy1, With pgr1 = 0, be the separation between the eigenvalues.
In the first order in 6/+/4, the family py is obtained by first perturbing the diagonal
elements of py with «# and then performing a small unitary transformation with

. . Re(Cjr) Tk + (G p)Th 5
U = ex
o= p[l <1§jz<;§d VI HE )

where T, are generators of the Lie algebra of SU(d) defined in (9.84). The ad-
vantage of the latter parametrisation is that we can fully exploit the machinery of
irreducible group representations. For this reason, in all subsequent computations
we shall work with the ‘unitary’ family

(9.16)

/,61—|—U1 0 0
p=U@Q) | L e 0 U*(Q),  weR, Gy eC.
0 0 ,ud—Zf;llui

(9.17)
but we keep in mind the relationship with (9.15).

As in the classical case, the parameter 6 will be scaled by the factor 1/y/n meaning
that we zoom in around py with the rate equal to the typical estimation rate based
on n samples. Let p?" := '0?/71/5 and let Q,, be the sequence of statistical experiments

Q,:={p"":0€06,}, (9.18)

consisting of n systems, each one prepared in a state py,, 5 situated in a local neigh-

bourhood of py. The local parameter § = (, Z)) belongs to a neighbourhood ©,, of
the origin of R%! x CH4=1/2 which is allowed to grow slowly with n in a way that
will be made precise later.

One of the principal tools in our result is the representation theory of the special
unitary group SU(d). Due to lack of space we shall not include any proofs and

refer to the books by Fulton (1997); Goodman R. et Wallach N.R. (1998); Fulton
et Harris (1991) for details. In particular we shall be working with the well known
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tensor representation which will be analysed in increasing depth across the following
sections.

The space (C4)®" carries two commuting group representations: that of SU(d) given
by
TU): i@ - @f—mUfi®---QUf,, U e SU(d), (9.19)

and that of the permutation group S(n) given by
Ta(T) L@@ fa fr10) @ @ frim, 7€ S(n). (9.20)

Since the two group representations commute with each other, the representation
space decomposes into a direct sum of tensor products of irreducible representations.
It turns out that the irreducible representations of SU(d) and S(n) are indexed by
Young diagrams with d rows for the former and n boxes for the latter. A Young
diagram is defined by a tuple of ordered integers A = (A\; > Ag--+ > Ag) with )
the number of boxes on row i (see Figure 9.1). As we shall see later this pictorial

Figure 9.1: Young diagram with A\ = (5,3, 3,2).

representation will be very useful in understanding the structure of the irreducible
representations (Hy, my) of SU(d).

The following theorem called Schur- Weyl duality shows that the only tensor products
appearing in the above mentioned direct sum are those of irreducible representations
indexed by the same A, and in particular the algebras generated by m,(u) and
respectively 74(7) are each other’s commutant!

Theorem 9.4.1. Let w, and 7y be the representations of SU(d) and respectively
S(n) on (CH®". Then the representation space decomposes into a direct sum of
tensor products of irreducible representations of SU(d) and S(n) indexed by Young
diagrams with d lines and n boxes:

(CHer = @HA ® Kx,
A

EBWA ® 1k,
A

7~Td = @1H>\®ﬁ'>\.
A

T,
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In particular p" = p?}i/ﬁ and 74(7) commute for all 7. Hence we have the block
diagonal form for the joint states
0.n on On

1,
= 9.21
P - p)\ p)\ ® Mn()\)a ( )

where M, () is the dimension of /Cj, p?\’" is a probability distribution over the Young
diagrams, and pi’" is a density matrix on H,. >From (9.17) and the Schur-Weyl

duality, we get the expression of the block states

A = UA(C/V/m) 020" UN(C/ V). (9.22)

We interpret the decomposition (9.21) as follows: by doing a ‘which block’ mea-
surement we obtain information about 6 through the probability density pi’". In
fact it is easy to see that pi’" does not depend on 5, so it only gives information
about the diagonal parameters . Later on we shall see that the model p’™ has the
same limit as the classical multinomial model described in Example 9.3.1. Once this
information has been obtained, one still possesses a conditional quantum state pi’".
It turns out that this state carries information about the rotation parameters 5, and
we shall show that the statistical model described by the conditional state converges
to a ‘purely quantum’ Gaussian shift experiment.

9.4.2 Displaced thermal equilibrium states of a harmonic os-
cillator

The ground state of a quantum harmonic oscillator or the laser state of a monochro-
matic light pulse are well known examples of quantum Gaussian states. Both phys-
ical systems are described by the same algebra of observables generated by the
canonical ‘position’ and ‘momentum’ observables Q and P satisfying the Heisen-
berg commutation relation

QP — PQ = il. (9.23)

These observables can be represented on the Hilbert space L?*(R) as

Q)@ =af(@).  PHE@)=—im@), [elX®.  (924)

The space L?(R) has a special orthonormal basis {|0),]1),...} with the vector |m)
given by
H,(z)e 2 ) (/72 m) Y2,
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where H,, are the Hermite polynomials (Erdélyi, 1953). These are the eigenvectors
of the number operator N := 1(Q? + P? — 1) counting the number of ‘excitations’
of the oscillator or the number of photons in the case of the light beam, such that
N |m) = m|m).

The creation and annihilation operators
a" = (Q-iP)/V2, a=(Q+iP)/V2,
satisfy [a,a*] = 1 and act as ‘ladder’ operators on the number basis:
alm) = vmlm—1),  a'lm)=vm+1|m+1).
In particular the following identity holds: N = a*a.

It can be easily checked that both Q and P have Gaussian distribution with respect
to the vacuum state |0). In fact they are ‘jointly Gaussian’

1
(0] exp(1uQ + ivP)| |0) = exp <_Z<UQ + v2)) :
We shall often use the complex form of the unitary Weyl operators
W(z) := exp(za® — za) = exp(ipoQ — iqoP), z=(qo +1ipo)/V2 € C,
which satisfy the Weyl relations
W)W ("W (z) = exp (2iIm(Z'z)) W(Z').

The coherent (vector) states |z) are obtained by displacing the vacuum state with
Weyl operators

|2) == W(2) 0) = exp(—|2[*/2)

m=0

Zm

Vm!

They are Gaussian states with the same variance as the vacuum, and means (z| Q |z) =

V2Re(z) and (z| P |z) = v/2Im(2):

Im) . (9.25)

(2| W () |2) = exp (—%p — P+ QiIm(z'z)) .

Besides, coherent states, an important role in our discussion will be played by the
thermal equilibrium states. For every # > 0 we define the Gaussian state

©p(W(2)) = exp (_ﬁtﬁﬂ)) : (9.26)
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Its density matrix consisting of a mixture of k-photon states with geometrical weights

o0

b5 =(1—e )3 e k) (k. (9.27)

k=0
and can also be obtained by ’smearing’ the coherent states with a Gaussian kernel:

ed —1

™

tp = /(Cexp (=(e” = 1)|2*) |2) (2] d=. (9.28)

The thermal equilibrium states can be shifted in ‘phase space’ by means of displace-
ment operations D* which act by adjoining with unitaries W (z2), i.e.

D*() = AW (2)]() = W(2)" - W(2).

The result is a Gaussian state 3 with the same variance as pz and the same means
as |z)(z]:

|2

e3(W(2')) := exp (—m + 2iIm(Z’z)) , @5 1= D*(p) := W(2)"psW(2).
(9.29)

9.4.3 The multimode Fock space and the limit Gaussian shift
experiment

We now consider d(d — 1)/2 commuting harmonic oscillators, with a joint state
consisting of independent Gaussian states. Let us define the multimode Fock space

Fi= Q LR),
1<j<k<d

in which we identify the number basis

m) =) mju), m={m eN:j<k}. (9.30)

i<k
For each of the oscillators we define the thermal equilibrium state
<Z5j,k = ¢ﬁj,k, 5j,k = ln(ﬂj/ﬂk)a (9-31)

where {1, ..., g} are the eigenvalues of the density matrix py (cf. (9.13)). We now
use the Weyl operators to displace these states by an amount proportional to the
off-diagonal elements (;; of p’ (cf. (9.15) and (9.17))

¢§f/;k =W A(Ga)" G W (Gi) -
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Next we define the joint state <p5 of the oscillators with density matrix

=X o3 € T(F (9.32)

i<k

where 77 (F) is the space of trace-class operators on F.

The states gbf form the quantum part of the limit Gaussian experiment. The classical
part is identical to the (d — 1)-dimensional Gaussian shift model N(u,V(u)) of
Example 9.3.1, where p = {py, ..., pa}-

Definition 9.4.2. On the algebra L>®°(R4Y) @ B(F) we define normal state @° with
density

¢ = N(@,V(p) ® ¢ € LNR) @ T, (F), (9.33)

where N (4, V() is the Gaussian density of Example 9.3.1. The quantum-classical
Gaussian experiment R is defined by

—

R={¢":0=(i,¢) e R x CND2}

9.4.4 The main theorem

We are now ready to formulate the main result of the chapter. In view of subsequent
application to optimal state estimation, it is essential to consider (slowly) growing
domains of the local parameters. For given 3,~ > 0 we define

Oy = {(C 1) 5 [l < 0?1l <7}

Recall that 0 is the separation between the eigenvalues of py given by equation (9.13).
Though we use parametrisation (9.17) for density matrices pg, recall that in the first
order this is approximated by py defined in (9.15). In fact it can be shown that the
same theorem holds for the latter parametrisation.

Theorem 9.4.3. Let 6 > 0, let § < 1/9 and v < 1/4. Let the quantum experiments

Q, = {pem 10 € @n,ﬁ;y} ) R, = {(be S @n,ﬁ,v} )

where p?" = p(?/’i/ﬁ is the state on M ((C1)®") given by equation (9.17), and ¢° is
given by (9.33).

Then, there exist channels (completely positive, normalised maps)

T, : M(CH®" - L'R"™) @ T, (F) (9.34)
S, : LYR™) @ T,(F) — M(CH>" (9.35)
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with T (F) is the space of trace-class operators on F, such that

5 [6° = T(p"™)], = O(n™), (9.36)
,Sup [5u(¢”) = p""||, = O(n™"), (9.37)

where Kk > 0 depends only on 0, B and ~. It is decreasing in each of them. In
particular we have

lim A(Q,,R,) =0,

n—00

where A(-,-) is the Le Cam distance defined in (9.8).

In other words, we get polynomial speed of convergence of the approximation, which
is enough to build two-step evaluation strategies, as shown in the next subsection.
The main steps of the proof are given in a sequence of Lemmas in section 9.6
assembled into Theorem 9.6.7. The bound (9.37) follows easily from (9.36) as shown
in section 9.6.2.

9.4.5 Application: Asymptotically optimal estimation proce-
dure

This theorem allows us to pull back what we know from Gaussian shift experiments
to i.i.d. experiments'. A first application is devising an optimal estimation procedure
in the latter case.

We shall work with well-behaved loss functions [(p, p), the typical example being
the squared L? operator norm 1,(5) = ||p — p||5. Usual squared distances will also
satisfy the conditions. The requirements are the following:

Boundedness: [(p, p) is bounded, by L.

e Lower semicontinuity: [(p, p) is lower semicontinuous as a two-variable func-
tion.

Estimation-fostering: [ > 0 and is zero if and only if p = p.

Local quadraticity: If we use parametrisation (9.17) around any poy with posi-
tive distinct eigenvalues, and viewing 6 as a d?-dimensional real vector through

IThe converse, too, but that’s less often useful.
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separating the real and imaginary parts of 5, we have the approximation?
Lo (pon) = I Gooh + O([[RI1, 16]%), (9.38)

where G, is a positive definite d?-dimensional matrix possibly depending on
Po-

We shall work with i.i.d. experiments, that is with p®". To take the scale into
account, we shall rescale the risk, so that the risk of an estimator M, in the n-

sample experiment, with values in the states on C?, would have risk at point p given
by:

ROMyp)=n [ ilp.p)PYa(ad),
7,7 (C9)

where ij‘éz is the law of the result of the measurement M, on p®". An estimator of

f in some parametrisation can naturally be seen as an estimator of p.
We then define the minimax risk on a subset © of the states as

" (©) = inf sup R(M,, p).

minimaz
My pEO

We may now state:

Theorem 9.4.4. Let e > 0. For any measurement procedures M,, on the experiments

Qn = {Pe’n NS @n,s,e} )

the asymptotic maximum risk for a well-behaved loss function is at least the same
as the minimazx risk in the limit experiment

R = {¢9 0 R‘F} (9.39)
with loss function r(0,0) = (0 — é)*GpO(Q —0). That is:

minimazx
n

lim inf R" (On.c) < infsup R(M, ¢") := Roninimaz (9.40)
0

There are measurement sequences that saturate this bound. Moreover, we do not
need to know py beforehand, that is, we do not need to know that p is in the small

2As a remark, we can allow bigger remainder terms ||h]°*¢, by taking a smaller neighbourhood

around p in the proof below. If the remainder term is too big, though, the first term in the risk
(9.81) will get too big.
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ball around py permitted by ©,... We may search among all states on C? without
any loss in performance, asymptotically®.

This bound is the Holevo (1982) bound. Since its expression is very complicated,
we do not reproduce it here, and instead give it in the special case when G is block-
diagonal in the classical and each of the one-dimensional quantum Gaussian shift
experiments parts:

d—1
0°GO = uwGau+ Y (G (9.41)
=1

1<j<k<d

for a nonnegative (d — 1)-dimensional matriz G. and nonnegative two-dimensional
Gk, the (i being seen as two-dimensional real vectors. In that case,

1 s 1
Rminimaa: = Tr[VMGc] + Z _M Tr(G]k) +5 V det ij'
1§j<k§d4ﬂj—ﬂk 2

If CGrCin = ayi|Grl® for all § and k, this further simplifies as:

Rminimax - Tr[VuGc] + Z M
1<j<k<d Hj — Kk

We shall postpone almost all the proof to Section 9.7.1, and concentrate on making
explicit the asymptotically optimal measurements.

The fact that is the minimax risk in the limit experiment is indeed a lower bound
on the minimax risk of the finite-dimensional experiments is almost directly implied
by the very general asymptotic minimax theorem 9.7.7%. We fill in some details in
Section 9.7.1.

We thus only have to find measurement procedures that asymptotically attain the
minimax risk of the limit experiment R,.;nimaz-

We first use any rough procedure on 7 = n'~¢ copies of p, and get an estimate p.

We may then parametrise the states around p, that is use p = py as in equation
(9.13), and py and p?"~" defined accordingly. QLAN then yields a channel T}, 5 to
approximately map the remaining states p"~" to a Gaussian state. We now apply
on T,,_7(p®"~™) an optimal measurement for the limit experiment (9.39). This yields

a result 6.

3We give a global measurement strategy below.
4In the course of proving this theorem, I also establish other important results such as an
asymptotic representation theorem.
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If 6 is more than 3I'n, where I is the ratio of the extreme eigenvalues of G,, we
estimate that we were outside the validity domain of QLAN. In other words, we had
taken J = v = € for a small € > 0 in Theorem 9.4.3. We then take § = 0. Else we
take 6 = 6.

Our final estimator p will be the state corresponding to qbé in the limit experiment,
that is p = p V"™ in the parametrisation around p.

The risk of this procedure may be divided in five parts. The first is what happens
in the event that the rough estimation is really very bad, so that p is not in the
validity domain of QLAN around p. The second is approximating the loss function
7, by the quadratic 7. The third comes from QLAN, that is from the fact T}, (p?®")
is not exactly ¢? in general. The fourth comes from modifying the optimal limit
estimator. All these will be shown to be negligible in the proof section. The final
term is the risk of the minimax estimator in the limit experiment, that is R,inimaz-

Let us now find an optimal measurement in the limit experiment. By the quantum
Hunt-Stein theorem 9.7.9, we know that there is a minimax equivariant measurement
for the action by translation of R*?+1)/2 on the combined classical-quantum model.
Such an equivariant measurement has constant bias, so we may subtract it if nonzero,
and get better L? risk. Hence the measurement is unbiased.

Now, the optimal locally unbiased measurement is known (Holevo, 1982) to be a
kind of heterodyne measurement. Its exact description for a general weight matrix
G is hard to give, so we shall make it explicit only in the simpler case when the
matrix is of the form 9.41.

An optimal equivariant estimator of a product experiment for a block-diagonal
weight matrix is the product of the corresponding estimators. Indeed, the mea-
surement for one of the subexperiments when the others are seen as an ancilla must
still be equivariant, so its contribution cannot be better then that of the best equiv-
ariant estimator for that subexperiment.

So that the minimax risk is the sum of the minimax risk in the classical experiment
and in each of the one-dimensional quantum Gaussian shift experiments.

For the classical experiment, {N (4, V,),u e Rdil}, the best unbiased estimator is
known (van der Vaart, 1998, for example) to be the random variable itself, with law
N (i@, V,). So that the minimax risk on the classical experiment is Tr[V,G,].

For a one-dimensional quantum Gaussian shift experiment {q&g} with quadratic loss

function, the best unbiased estimator is known to be a squeezed heterodyne measure-
ment. Hayashi et Matsumoto (2004) give it a clear expression. The corresponding
risk is 1% Tr(Gj) + 21/det Gj.. In the frequent case when G, = aj,ld, this

4
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expression reduces to %, and the measurement to the usual heterodyne measure-
J

ment.

Remark 9.4.5. o Most usual quadratic loss functions are products of the form

9.41. Notably, we deduce from that for rescaled L? operator loss, that is
112

HH — 0” with our parametrisation, the asymptotic minimax risk is 1—2?21 i+
2

Zlgjgdq(d — 7)1y

o We may also use as loss function n|p, —ﬁan. The corresponding weight
matriz G is only easy in two dimensions, and we find again 8u1 — 4u3, as in

Chapter 8.
o We may use the square of the Bures distance, that is quadratic to the first order.
2
Hiibner (1992) has given a local development d%(po, po+dp) = 3 > i<ij<d LZT;L .

So that we get an asymptotic minimax risk of d — 1 + Zj<k #
Another remark is that since there are many dimensions, we can get second order

improvement by using a Stein (1956) estimator to shrink the equivariant estimator.

9.4.6 The relation between LAN and CLT

One way to think of local asymptotic normality is the following: we would like
to understand the asymptotic behaviour of the collective (fluctuation) observables
(9.44) with respect to a whole neighbourhood of the state p, how the limit distribution
changes as we change the reference state p®™.

The quantum Central Limit Theorem describes the asymptotic behaviour of the
same observables with respect to a fized state, and is one of the ingredients in the
proof of a different version of LAN based on weak convergence (Gutd et Jencova,
2007). However, in the case of strong convergence, which is the object of this chapter,
CLT does not play any role since we are interested in convergence in norm rather
than in distribution, and uniformly over a range of parameters.

The purpose of the section is to derive a ‘coordinate free’ version of the limit Gaus-
sian experiment using the Central Limit Theorem and the notion of symmetric
logarithmic derivative. The reader interested in the proof of main theorem may skip
the following pages and continue with section 9.5.

Quantum Central Limit Theorem

Let p be the density matrix of a fixed faithful state on M(C?). To p we associate
an algebra of canonical commutation relations carrying a Gaussian state ¢. The
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Quantum Central Limit Theorem (Petz, 1990) says that ¢ is the limit distribution
of certain multi-particle observables with respect to of product states p®".

Let
AB+ BA
(A, B), :=Tr(pAoB), where Ao B := %,

be a positive inner product on the real linear space of selfadjoint operators M(C?),,.
We define the Hilbert space with inner product (-, -),.

L%(p) = {A € M(C%),, : Tr(Ap) = 0}.

Let o be the symplectic form on L?(p)
o(A,B) = %Tr(p A, B)).

The C*-algebra of canonical commutation relations CC'R(L?(p), o) is generated by
the Weyl operators W (A) satisfying the relations

W(A)" = W(-A), W (AW (B) = W(A+ B)exp(—ic(A, B)), A,B ¢ L*p).

On CCR(L?(p), o) we define the Gaussian (quasifree) state

P = e (<5IAI2) AR = (4.4), (9.42)

The state ¢ is regular, i.e. there exists a representation (m,H) of the algebra
CCR(L?(p), o) such that the one parameter family ¢ — m(W (tA)) is weakly con-
tinuous and ¢ is extends to a normal state on the von Neumann algebra generated
by 7(CCR(L*(p),0)). This means that there exist selfadjoint 'field operators’ B(A)
such that (W (tA)) = exp(itB(A)), and there exists a density matrix ¢, € 7;(H)
such that

P(W(A)) = Tr (exp(iB(A))os), A€ LA(p).

The representation (m,H) can be obtained through the GNS construction, or by
‘diagonalising’ the CCR algebra as we shall see in a moment. From (9.42) we deduce
that the distribution of B(A) with respect to ¢ is a centred normal distribution with
variance || A[|2. From the Weyl relations it follows that the fields satisfy the following
canonical commutation relations

[B(A), B(O)] = 2i0(A,C)1,  A,C € L*(p).

Consider now the tensor product @ _, M(C?) which is generated by elements of
the form

A(k):1®...®A®...®1’ (9.43)
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with A acting on the k-th position of the Hilbert space tensor product (Cd)®n. We
are interested in the asymptotics as n — oo of the joint distribution under the state
p®", of “fluctuation’ elements of the form

F,(A) = % zn: AW (9.44)
k=1

Theorem 9.4.6. [Quantum CLT] Let Ay,..., A, € L*(p). Then the following
holds

nILnQO Tr <p®" (H Fn(Al)>> = (H (B(Al))> )

lim Tr <p®" (H eXp(iFn(Az))>> = (H W(Az)> :

Although the algebra CCR(L*(p), o) may look rather abstract, its structure can
be easily understood by ‘diagonalising’ it. Let us assume that p is a diagonal ma-
trix po = Diag(ji1,. .., 1q). The Hilbert space L?*(py) decomposes as direct sum of
orthogonal subspaces H,, © Hjo where

H,, := Lin{A : [A, po] =0, Tr(Apy) = 0}, and H;) = Lin{T},j # k}, (9.45)
with T} the generators of the su(d) algebra defined in (9.84).

The elements W(A) with A € H,, generate the center of the algebra which is
isomorphic to the algebra of bounded continuous functions Cy,(R?~1). Explicitly, we
identify the coordinates in R4~ with the basis {d; = —pl+E;; :i=1,...d—1} of
H,,, (see (9.84) for the definition of E; ;). Then the covariance matrix for the basis
vectors is

(di, d;)p, = Tr(podid;) = 6; i — papr; = [V ()]s g,

where V), is the covariance matrix (9.12).

Moreover
te =Tju/\ 2015 — 1), T #Kk, (9.46)

form an orthogonal and symplectic basis of Hjo, ie.

0<tj,k7tk,j) = _1/27 j < k7 and U(tj,k7tl,m) =0 for {.]7 k} % {l7m}

which means that {t;,t;;} generate isomorphic algebras of quantum harmonic
oscillator which we denote by CCR(C). From

P+ H

till? = Tr(pt?,) = L%
ltiell, = Trpotha) = 502t
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and (9.26) we conclude that each of the oscillators is prepared independently in the
thermal equilibrium state ¢; = g, with 3, = In(s;/ ).

Based on the discussion of sections 9.4.2 and 9.4.3 we can choose H := L*(R4™1) ®
F and define the regular representation © of CCR(L?(py),o) on this space in a
straightforward way and its von Neumann completion is L>(R?!) @ B(F). The
state ¢ decomposes as

0= N(0,V,) @ X) ej- (9.47)

i<k

—

which is precisely the state ¢? for § = (i, ¢) = (0,0), defined in (9.33).

The quantum Gaussian shift experiment through Fisher information

We complete the family of states ¢ of the experiment R by shifting ¢" with the
help of symmetric logarithmic derivatives. As in the classical case, this will be a
family of Gaussian states with the same covariance, and mean proportional to the
local parameter 6. The covariance is related to the Fisher information matrix as
described in Remark 9.3.4. Thus we shall start by defining the quantum analogues
of the score functions and the Fisher information matrix for the full quantum model

Po-

Let us define the symmetric logarithmic derivatives (Helstrom, 1976; Holevo, 1982)
as the solutions in L?(pg) of

Ipy
Ouifg_o’

Ipe
8II11<’]'7]€ 9—0 ’

_ Ipy
8Re§j,k =0

Ly o p LY opo= iopo =

Then with T}, E;; defined in (9.84)

[’5{:) = T3/ (15 + i), [’%1) =T/ (i + p), Ui = Eii/ i — Eqaf jta,

and the quantum Fisher information matrix consists of a ‘classical block’ that coin-
cides with that of the classical multinomial model in (9.11)

Upolii = (lis ) po = [T(W)ijs 1<, 5 <d—1,
and a ‘purely quantum’ block given by the diagonal matrix
H,, = Diag (L5 12, 1160513, < 5 < k) = Diag (s + o) ™" (g + )™ 5 < k).
Lemma 9.4.7. Let

£o):=3" <Re((’]k)£(re Im(G) L ) +Zu G, 0= (a0

i<k
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Consider the representation (w, H) of CCR(L*(po), o) and the normal state @ on
L® (R4 @ B(F) as defined in the previous section (cf. 9.47). Let @’ be the state
defined by

V) =exp (<3 1A Al + A LE) ) A D). 049

Then ¢° is normal with respect to the representation (m, H) and coincides with ¢’

(cf. (9.33)).

Remark 9.4.8. The expression (9.48) is clearly the quantum analogue of the charac-
teristic function of the classical Gaussian shift experiment (9.10). Note in particular
that the distribution of B(A) with respect to oy is the normal with variance [|A|?,
centred at (A, L(0)),,

Proof. From (9.45) - (9.48), and by expressing A in the symplectic basis (9.46)

A= Zujkt]k_'_vjktkj +Zwl i

i<k
we get
Myt
A2 = ool + + vl (9.49)
(A, L(O)p = u+Z . J%] L (9.50)
j<k l’L] Mk

which implies that the following decomposition holds

¢ 2 N(Lyu, Iy) © R &5 = N(Lpyu, L) ® ¢ (9.51)

i<k

where We have used the following expression for the displaced thermal equilibrium
states go i = defined in (9.29), with 8 = In u;/pk, 2 = Gk

Cik (L i(uQ+uP) — ex (2 2\ My + Mk ,UR€<C]',]€) + UIm(Cj,k) 9.52
S (evenm) ep<<“*”>«w—uw R LI ) 052)

O
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9.5 Explicit form of the channels and first steps of
the proof

9.5.1 Second look at the irreducible representations of SU(d)

Before explaining the steps involved in the proof, let us take a closer look at the
block states (9.22). Recall that we have the decomposition of Theorem 9.4.1 over
Young diagrams with n boxes and

1x,
Ma(X)

=Pt e
A

Let {f1,..., fa} be the eigenvectors of py, i.e. the standard basis vectors of C?. Then
the eigenvectors of pi™ = p%" are tensor products

Ja = fa) @ fa2) @+ @ fam)s

and the eigenvalues [ [, Ay) do not depend on the order of the vectors in the product.

Projecting onto a copy of H,.

Our aim is to ‘project’ to an irreducible representation H, and obtain an explicit
expression for the eigenvectors of the block components pi’". Such a projection is
not unique, in fact for any rank one operator |v)(u| € B(KC,) with (u]v) = 1 we can
define a (not necessarily orthogonal) projection y = y? on a copy of H,

ya(u,v) 1= 1pg, @ [)(u] : (C)®" = Hy @ v).

However the action of y,(u,v) on basis vectors f, depends on a particular identifi-
cation between (C%)®" and the direct sum in Theorem 9.4.1. Therefore we need a
direct way of defining such a projection and the key observation is that y(u,v) is
a minimal projection in the algebra Alg(7wy(7) : 7 € S(n)), i.e. it cannot be decom-
posed into a sum of non-zero projections, and vice-versa any minimal projection is
of this form. The following recipe (given without proof) shows how to construct
minimal projections in the S(n) group algebra. We recall that the group *-algebra
A(S(n)) is the linear space spanned by the group elements endowed with a product
stemming from the group product, that is

a= Z a(t)r, b= Z b(o)o

reS(n) 0€S(n)
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implies
ab= > a(mblre= > | D alos(s) | o,
T,0€S5(n) ceS(n) \seS(n)
and with adjoint a* =7 g, a(m)77".
Let A be a Young diagram with n boxes consider the (standard) Young tableau ¢ in
which the boxes are filled with the numbers {1,...,n} in increasing order from left

to right along rows, starting with the top row and ending with the bottom row, as
shown in the left-side tableau of Figure 9.2.

1[3/4]6] 1[1]2]2]3]
215 2313
L7 13

Figure 9.2: Left: a standard Young tableaux. Right: a semi-standard Young tableau
ford=3

Define the group algebra elements

Py=> 0, Q=) sen(r)r,

TgER T7EC)

where R is the S(n)-subgroup of permutation leaving the rows of ¢ invariant, and
C, is the subgroup of permutations leaving the columns of ¢ invariant. Note that P\
and @, are self-adjoint elements of the S(n) group algebra satisfying

d

d
PPy = [RalPy = (JTAOP, @Qa = 1CVIQx = (J#)Qx (9.53)
i=1

i=1

The Young symmetriser is defined as

Y)\ = Q)\P)\.

Theorem 9.5.1. Up to a scalar normalising factor, the Young symmetriser Yy is
minimal projection in A(S(n)) and yy = qpr = Ta(Qx)Ta(Py) projects onto a copy
of Hy C (C4)=n,

The action of the Young symmetriser y, on basis vectors f, € (C%)®" follows easily
from the definition of Y). For each f, we fill the boxes of A with the indices a(k)
going along rows from left to right, starting with the top row and finishing with the
bottom one. For example, if A\ = - and fu = /o® fo® f1 ® fo® f1 then t, = ZE.
S(n) has an obvious action on the set of tableaux by permuting the content of the
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boxes which are numbered from 1 to n in the standard way as in Figure 9.2. The
action of the Young symmetriser y, = ¢\p) on f, is deduced from the action on the
tableau ¢, : one first symmetrises with respect to components which are in the same
row, and then antisymmetrises with respect to components in the same column. For
example if A = Bj then

NHRARS) =LA+ ARLR-RARfr— 381 fi.

Finding a basis in H)

By the previous Theorem the vectors y, fa span Hy, but are not linearly independent.
We show now how to select a basis ( subset of linearly independent vectors spanning
Hy). A semistandard Young tableau is a diagram filled with numbers in {1,...,d}
such that the entries are non-decreasing along rows from left to right and increasing
along columns from top to bottom, as in the right-side of Figure 9.2.

Theorem 9.5.2. The vectors yyfa for which ty is a semistandard Young tableau
form a (non-orthogonal) basis of the irreducible representation (my, Hy).

Since the values in the rows are nondecreasing, there is a one-to-one correspondence
between Young tableaux ¢, and vectors m = (m; ;)1<i<j<q¢ Where m; ; is the number
of 7’s appearing in line 7 of the Young tableau t,. Note that we need only consider
m; j for j > i, as there is no j in line ¢ if j < ¢ (the columns are increasing), and

. . .. . 1[2[3[3]
the number of ¢ in line 7 is \; — Z;l:iﬂmi,j. For example, if t, = [2[3 then

[es]o]=

m = {ng = 1,77’?,173 = 2,77’?,273 = 1}

By a slight abuse of notation we shall denote the corresponding vectors by v, fm and

the normalised vectors
jm, A) := N (m, \)yxfm, (9.54)

where AV'(m, \) = 1/||yxfml|| - This constant is in general not easy to compute but
we shall describe its asymptotic properties in section 9.7.4.

Using (9.53) we have

d
(Wnfalyrfo) = (@apafalaapafo) = (oafaldoafo) = (T ) (pafalyste). (9.55)
i=1

In order to get further simplifications, we examine some special vector states, that
we shall call by analogy with the Fock spaces finite-dimensional coherent states.

The first is the special vector |0, \), the highest weight vector of the representation
(mx, Ha), which later on will play the role of the finite-dimensional vacuum. This
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vector, as we have seen, corresponds to the semi-standard Young tableau where all
the entries in row i are 7. An immediate consequence is that

palfo) = (H Ail)|fo)- (9.56)

Moreover (fo|gxfo) = 1 since any column permutation produces a vector orthogonal
to fo. Thus the normalised vector is:

10,\) = ). (9.57)

1
[ v

The finite-dimensional coherent states are defined as m,(U)|0,) for U € SU(d).
From [py, 7 (U)] = 0 and (9.56), we get pama(U)]0,) = ([T, Ai)U|0,), thus

d

[T pafmlaxm(U) fo) (9.58)

i=1

(Urfm| A (U)]0, A) =

The latter expression holds for any linear combination of fy, on the left-hand side,
in particular m\(V) fo for another unitary operator V. In Lemma 9.7.11, we shall
examine asymptotics of (9.58) for specific sequences of unitaries U when n — oo.
One of the main tools will be formula (9.88).

The following expressions of the dimensions of K, and H, are given without proof.

Let g;,, be the hook length of the box (I, m), defined as one plus the number of boxes

under plus the number of boxes to the right. For example the diagram (5, 3, 3) has

7]6]5]2[1
the hook lengths : [4[3]2 ‘ ‘.
3]2]1

The dimension M, () of I, is

n!

)
I=1..d g1,
Hm:l)\l m

M) =

and can be rewritten in the following form which is more adapted to our needs:

™ n )\l—)\k+k’—l
M(A) = (Al,...,Ad) II 5= (9.59)

I=1...d
k=Il+1...d
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The dimension D(\) of H, is:

To summarise, we have defined a non-orthonormal basis {|m, \)} of H, such that
|m, \) are eigenvectors of p*@" for all )\, with eigenvalues:

d d wyn\ Mg
o = TTo 11 (%) 90

where p"" = ;4 u;/+/n for 1 <i < (d—1) and p2" = pg — (3, w;)/v/7.

—

The next step is to take into account the action of the unitary U(¢). We define the
automorphism

—

AS™: M((CH®") — M((CHE™),
by } , .
T AY(r) = Ad[U(C,n)](7) := U(/Vn) " T U*(C/v/n)®™. (9.61)

Then we have pS%" = ASn(p0@n) By Theorem 9.4.1 and using the decomposition
(9.21), we get the blockwise action on irreducible components

ACn n @AC p}\ ® ]—ICM

where Ag’" = Ad[U,(C,n)]. In particular we have

—

g5 = ASn (. (9.62)

With these notations, we can set about building the channels 7,.

9.5.2 Description of T,

We look for channels
T, : M((CH*") — L'(R™") ®@ Ty(F)

of the form:
T, : p" s Zpinrf @ (Vi 13) (9.63)
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Here, V) is an isometry from H) to F, i.e. VVy = 14,. On the classical side, 73 is
a probability law on R9"1. We may view 7" as a Markov kernel (9.5) from the set
of diagrams \ to R4,

The channel T}, can be described by the following sequence of operations. We first
performs a ‘which block’ measurement over the irreducible representations and get
a result A. Then, on the one hand, we apply a classical randomisation to A, and
on the other hand we apply a channel depending on our result A\ to the conditional
state py.

The underlying ideas are the following.

1). The probability distribution pi’" is essentially a multinomial depending only on 1,
as it can be deduced from (9.60) and (9.59). As we have seen in Example 9.3.1, this
converges (in Le Cam sense) to a classical Gaussian shift experiment. Here, in order
to obtain the strong norm convergence we need to smooth the discrete distribution
into a continuous one with respect to the Lebesgue measure. We choose a particular
smoothing distribution that will ensure the uniform L' convergence to the Gaussian
model (Lemma 9.6.1).

Definition 9.5.3. Let 70 be the probability density on R4 defined for all X such
that > N\ =n, by:

(dx) = 7(x)de = den' TV 2y (Ay,), (9.64)

where Ay, = {x € R 020 +npy — N| < 1/2,1 < i <d—1}. We further
denote

0.n 0n _n
by =Py T,

depending on 0 only through .

2). For the quantum part, we map the ‘finite-dimensional vacuum’ |0, \) to the Fock
space vacuum |0), and the basis vectors |[m, \) of H, ‘near’ the basis vectors jm) of
the Fock space F (cf. definitions (9.54) and respectively (9.30)). Here we need to
tackle the problem that {|m, A\)} is not an orthonormal basis but only becomes so
asymptotically. The following lemma provides the isometry V) appearing in (9.63).

Lemma 9.5.4. Let n < 2/9. Suppose that \; — \iy1 > on for all 1 < i < d, with the
convention N\gr1 = 0. Then for n > ng(n,d,d) there exists an isometry Vy : Hy — F
such that, V0, \) = |0) and for 0 < jm| < n",

1

(m| V)\ == —
\/1 + (Cn)(9n72)/12/51/3

(m, A

where C = C’(n,d) is a constant. More precisely, ng can be taken of the form

(C(d)/a2)! /13,
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Proof. See section 9.7.3. The main tool is Lemma 9.7.13.

O

For Young diagrams which do not satisfy the assumption of the previous Lemma,
the isometry V) can be defined arbitrarily. The reason is that those blocks have
vanishing collective weight and can be neglected altogether (cf. Lemma 9.6.2).

From this operational description we conclude that T, is a proper channel since 7" is
a Markov kernel and Vj, is an isometry. We then want to prove that T (p)™") is close

to ¢° and that the finite-dimensional operations Af\’" have almost the same action
as the displacement operators D¢ of the Fock space, cf. (9.29). Finite-dimensional
coherent states and formula 9.28 will be the stepping stone to those results.

9.6 Main steps of the proof

9.6.1 Why T,, does the work

We shall break (9.36) in small manageable pieces. The result and brief explanatory
remarks, repeating those in the derivation, are given from (9.67) on.

We introduce first a few shorthand notations: the restriction of 7,, to the block A is
Ty p3" = Vapi Vi,
so that
e SR S TR = K 0
A A
We also define 7% : ¢ — Vy'¢V)\. and note that TYT\ = Idy, .

We expand (9.63) as

Tu(p™) =) " @ e}
A
= N V,) @ o - (N (@ Vi) = bi’") @6t -3 0w (¢ - of").
A A
Proving (9.36) then amounts to proving

(N@’ ORDY bim) o+ Y " e (o - ")
A

A

sup < Cn~°.

0€Qn

1
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We now use the triangle inequality to upper bound this norm by a sum of “elemen-
tary” terms to be treated separately in the following sections.

(N(ﬁaVu)—Zbi’")®¢5 +Zb§’”®<¢5 _ gvn)

(MW Zb“)w FEle (-],

A (earo-)| el Jo-a)
1 A

wwwmwa@WMZW¢u—lmmmH@f¢ﬂ
S ||59 |l = 1 because ||bi’"||1 = pA . We split the sum over X in two parts, one for
which it is expected that H ((]55 — ¢§’n>

. .

) < 2. Similarly
1

’ is small, and the other on which the sum
1

of all [|65™||1 is small. Specifically, define the set of typical Young diagrams

Ao = {N [N — | <n® 1 <i <d}, for a > 1/2, (9.65)
then
| 7o) = M@ V) @ o <
HN Zb“ + s Hq% 2 S e (9.66)
A n,o

The first term corresponds to the convergence of the classical experiment in the
Le Cam sense. If the second term is small, then on A, ,, the (purely quantum)

family pi’" is near the family <;55. The last term is small due to the concentration

of py 1 around the representations withshape \; = ny;. In other words, the only
representations that matter are those in A, 4.

The hardest term to dominate (notice that the two others are classical) is the second.
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We transform it until we reach tractable fragments.

o€ = o8| = [} - Tneet
=[P4 - mas TIm A
= |[pe) - D <Tx<ﬂ°“">>+D<<TA<p3“">>—[Tfo’"T*KTxpﬁﬂ’"» \
< ||DS(6%) — DE(Ty (o0 H +H AT (T3 (55 — ¢0)

+H[D<—TAA§’"TA 1(¢%) H1

< 3|| (™) - &)

- AP T |

where in the last inequality we have used the fact that the displacement operators
are isometries.

Note that the first term does not depend on 5 and the second term is small if the
displacement operators Af\’" and D¢ have ‘similar action’ on an appropriate domain.

Using the integral formula (9.28) for gaussian states ¢g and the fact that o0, is a
tensor product of such states (cf. (9.51)) we bound the second term by

1 /(Cd(d 1)/2 f(g)

|1pf = mag i)

’ -

(D€ = AT T3N(12) (21) || a2

where
fi = 1 fi = p
=11~ ]exp( j|21‘2)-
i<i Mg M
and |Z) (Z] = D?(|0) (0]) is the multimode coherent state, so

(D€ — TWAST3)(12) (21) = [DDF — ThAS" T3 D((0) (0)).

Now, f is a probability density, and the norm in the integrand is dominated by two.
By splitting the integral we obtain

| (D¢ = magr i) DD~ TAS" T3 D (0) (o)) -

< 2/ f(Z)dz+ sup
! [I2]>nf?

12l <nf

By adding and subtracting additional terms

DEDF — AT DF =DE+ — 1y AT
+ ATy — VA AL TS
+ ThAS AT — TNAS™ T D?.
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we deduce that

|ip¢ = magrmz ()

’1 < H[D5+5— T)\A§+Z’”T;](|O> <0|)H1
+[1agEm - agraimio v AN
+[iazTs - 720700} o)

where the last two terms on the right side have been simplified using properties of
1\, 1%, Ag’". Notice that the first and third norms are essentially the same and the
three terms are small if the action of Ag is mapped into that of the displacement
operators D

Putting all this together, our ‘expanded’ form for (9.36) is

sup [T — 6 @ N (@, V)| (9.67)

GEQnﬁﬁ

< sup ||| N(E V) =) 0y" (9.68)
eeﬂn’ﬁ’,‘{ \ 1

+2 sup > Y7L (9.69)
HEQn#g’,Y >\¢An,a

+3 sup sup ’gbG—T,\(pi’ﬁ’") (9.70)
GGQR,QW AEAn,a 1

+osup sup sup ||[DSFF — AT (|0) (oDH (9.71)
IIEHSnﬁ geﬂn,ﬁ,'y AeAn,a 1

+ sup sup sup |[[DF — ThAT"TY](]0) <O|)H (9.72)
121 <nf 0€Qn5,7 AEAna 1

+osup sup sup ||[AST - AGPAT (|0, A) <O,>\\)H (9.73)
2] <n® 0€Q 5.y AEAn A 1

+2 / F(2)dz. (9.74)

[

The last Gaussian tail term is less than Cexp(—dn??) where C' depends only on
the dimension d. Under the hypothesis n?® > 2/, this can be bounded again by
O(n=29).

The following lemmas provide upper bounds for each of the terms. Before each
lemma we remind the reader what is the significance of the bound. The proofs are
gathered in section 9.7.

The classical part of the channel is a Markov kernel 7 (see definition 9.5.3) mapping
the ‘which block’ distribution pi’" into the density bi’" on R%! which is approaches
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uniformly the gaussian shift, experiment (9.68). Recall that 7" depends only on @

and not on (, so that we have the same parameter set for the two classical experi-
ments.

Lemma 9.6.1. With the above definitions, for any €, we have

sup
0 5.~

N, V) = > "
A

= O (n~ V¥ /5,012 /5) .
1

The next lemma deals with (9.69) by showing concentration around Young diagrams
A in the ‘typical subset’ (9.65). This allows we to restrict to this set of diagrams in
further estimates.

Lemma 9.6.2. Let o« — v —1/2 > 0. Then, with the above definitions we have

sup 37 13" = O (n exp(—n*/2)

0€Qy, 5,4 AZA o

with the O(-) term converging to zero.

The term (9.70) shows that when the rotation parameter is zero, the block states

p?\’ﬁ’" are essentially thermal equilibrium states, as one would expect from the quan-

tum Central Limit Theorem 9.4.6. However the convergence here is in norm rather
than in distribution, and uniform over the various parameters.

Lemma 9.6.3. Let 0 < n < 2/9. With the above definitions, we have

0 0,i@,n
s [ 1
eeﬂn,ﬁ,y AEAn, o

_ —1/2+7+1 (97—2)/24 / 51/6 S
X O(n /6, n /0% exp(—dnT)).

The terms (9.71) and (9.72) show that the ‘finite dimensional coherent states’ ob-
tained by performing small rotations on the ‘finite-dimensional vacuum’ are uni-
formly close to their infinite dimensional counterparts, thus justifying the coherent
state terminology.

Lemma 9.6.4. Let € > 0 be such that 20 + € <n < 2/9.

Then,

sup sup sup  sup H (DS — ThVASTH4 T (] 0) (0|)H R(n)

IZI<nf | E|<n—1/2+28 /5 0€Qn. 5.y AEAR,a 1
with
R(n)2 =0 (n(9n—2)/125—1/3’ n—1+zﬁ+n5—1’ n—1/2+36+255—3/2’ n_”o‘“ﬁé—l,

poitetngt g tEng=l n=8Y(9.75)
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For estimating the terms (9.71, 9.72), the case when E: 0 is sufficient. This more
general form is useful for the proof of Lemma 9.6.5. The unitary operation is defined

as A" = Ad[UA(C, €,n)] with U(C,€,n)) the general SU(d) element of (9.83).

Finally (9.73) shows that the ‘finite-dimensional’ displacement operators multiply
as the corresponding displacement operators when acting on the vacuum.

Lemma 9.6.5. With the above definitions, under the same hypotheses as in Lemma
9.6.4, we have

sup sup sup
|21 <nP 0€Qn 5,y AEAR,a

AT = AF"AT(0, 1) (0, = R(n)
with R(n) given by equation (9.75).
>From the last three lemmas, together with the bound on the remainder integral

(9.74) we obtain the following lemma which can be plugged into the bound (9.66):

Lemma 9.6.6. With the above notations under the same hypotheses as in Lemma
9.6.4, we have

sup  sup [|¢¢ — @37 = R(n) + O(n~ /2747 /5)

06 54 ANeAn.a

with R(n) given by equation (9.75).

Gathering all these results and using the inequalities a — vy — 1/2 > 0, 20 + ¢ <

n < 2/9 we get the following relations between the error terms: n~1/2+6+1/2 /§1/2
o(n_1/2+3’7/2/51/2) and n—1/2+a/2+5/51/2 — 0(n‘1/2+a/2+’7/2/51/2).

This yields the next theorem which provides the bound (9.36).

Theorem 9.6.7. For any d >0, 0 <y <1/4,e>0,1/24+yv<a<1,n<2/9,
0 < B < (n—e¢€)/2, the sequence of channels T,, satisfies

S [ Ta(pP7) = 0, = O(n /R 302 gt eel2in/ 251 2y
n,B,y

nV/2H80/25-1/2 4 =B/2 | n—1/2+v+n/5 + n(9n—2)/24/51/6 + exp(—on"))  (9.76)

For any given 0 < 6 < 1, f < 1/9 and v < 1/4, we can choose a,n, € satisfying the
above conditions, such that the right side is of order O(n™"), with k > 0 depending

on 3,7,0.
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9.6.2 Definition of S, and proof of its efficiency

The channel S, is essentially the inverse of T, and as we shall see, (9.37) can be
deduced from (9.36).

On the classical side we need a Markov kernel completing the equivalence between
the family py"" and N (@, V),). Let o™ be defined by

o" iz e RS 6y, (9.77)

where ), is the Young diagram such that Zf N =n, and [n'2z; +np — N < 1/2,
for 2 < < d. No such diagram exists, we set A\, to any admissible value, for example
(n,0,...,0). Notice that with (9.64), 6" o 7" 0 0™ = ¢™. Moreover any probability
on the A such that Zcf \; = n is in the image of 0™, so that o™ o 77(p?") = p?.

Lemma 9.6.8. With the above definitions, for any €, we have

sup Ho‘n./\/’('l_[, VM) _ pﬁ,nHl =0 (n—1/2+5/5’ n_1/4+,y/5) .

llal|<n

Proof. See end of section 9.7.6.

O

The channel S, is given by the following sequence of operations acting on the two
spaces of the product L'(R?!) @ 7;(F). Given a sample from the probability dis-
tribution N(u,V,), we use the Markov kernel ¢" to produce a Young diagram .
Conditional on A we send the quantum part through the channel

. R 1k,
S)\ . gb — S)\(gb) ® Mn()\)

with )
Sy = Tio+ (1 —Tr(T3(9)))|0, A){0, Al.

The second term is rather arbitrary and ensures that S, is trace preserving map.
What is important is that for any density operator py on the block A, the operator
Sy reverts the action of T):

S\T(pa) = TiTh(oa) + (1= TR(TLT (02)))]0, A)(0, A
=prt (1 - TI‘(pA))‘O, )‘> <07 )“
= Px-

Now
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and with the notation 0" N7 := [¢"N (@, V,))](\) and ¢¥™ := min(c"NT, pi™) we
have

S (65 @ N (@,V,,)) — o
(TR C n n i uny o C u,n a,n n 1 A
= D {500 =)+ 0" = )56 — 05" = A" ©

Taking L' norms, and using that all ¢’s and p’s have trace 1 and that channels (such
as S)) are trace preserving, we get the bound:

sn<¢5 SN (@) - pgv" 1

S)\ (bc O_N)z\l‘ -
<2 Z gy" + sup HS’\ — " "N(@,V,) — ™",
AZAna A€Ana
<2 ) "+ sup |[6f = Th(p}") "N, V) = ™", -
PN A€An.a

Now the first term is smaller than the remainder term of the gaussian outside a ball
whose radius is n®*. Hence this term is going to zero faster than any polynomial,
independently on ¢ and « for ||@|| < n?. The second term is treated in Lemma 9.6.6
(recalling that ¢5" = Tx(p7")), and the third term is treated in Lemma 9.6.8.

This ends the proof of (9.37).

9.7 Technical proofs

9.7.1 Proof of Theorem 9.4.4

General needed theorems

We shall work in the algebraic setting of quantum mechanics. The main inspiration
here is van der Vaart, for providing classical analogues, and Paulsen (1987) for
technical results on C*-algebras.

A general quantum-classical system can be characterized by a unital C*-algebra A,
the algebra of observables. States are then positive norm-one functionals. They live
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in the topological dual space A*, that is notably a Banach space. General channels
are identity-preserving completely positive maps from A to another algebra A,.

This setting is slightly more general than the one in Section 9.2.1, since the bidual
of a C* algebra is a von Neumann algebra.

In this setting, we may define measurements with values in a Polish space (D, ) in
the following way, that reduces to the usual definition if A = B(H), and to Markov
kernels in the classical case, where the algebra consists in continuous bounded func-
tions A = Cy(X):

Definition 9.7.1. A measurement from A on (D, B) is a set {M(B)} g5 of ele-
ments in A**, such that:

e VM (B) is non-negative for all B.
o M(D) is the identity, that is M(D)¢ = ¢(1.4) for all p € A*.

o For all pairwise disjoint {B;}, ., we have Y M(B;) = M(|J B;).

The measurement M acts on ¢ € A* by yielding a probability measure on D defined
through:

M(B) = M(B)¢ for all B € B. (9.78)

As a technical tool, we shall also consider generalized measurements, that correspond
to generalized procedures in classical Le Cam theory. A generalized measurement
M on a Polish space is an identity-preserving completely positive map from C,(DD)
to A. Alternatively, in the dual picture, it is a positive map from A* to Cy(D)* such
that Mo(1p) = ¢(14) for all ¢. The latter condition will be called trace-preserving.

The reason why we consider generalized measurements is that we get compactness.

Lemma 9.7.2. Every net {M,} ., of generalized measurements admits a converg-
ing subnet { My} 5, with limit M, such that for any ¢ € A" and every f € Cy(D),
we have:

Mad(f) —> Mo()

Moreover, M is a generalized measurement.

Proof. This lemma essentially amounts to applying the following remark, a refor-
mulation of Lemmas 7.1 and 7.2 in the book by Paulsen (1987).
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Lemma 9.7.3. For any two Banach spaces X and Y, with Y* the dual of Y, the set
of linear operators L(X,Y™) is compact for the bounded weak topology. A bounded
net {L,} converges to L in bounded weak topology if and only if

La(2)(y) — L(x)(y), VeeX yeY

We take as X the space A* and as Y the bounded continuous functions Cy(D). All
generalized measurements have norm one, so the net is bounded. We therefore have
a limit M in L(A*, Cy(D))* satisfying the pointwise convergence.

We still need to establish positivity and preservation of trace. Since they are satisfied
by all M,, both follow immediately from the pointwise convergence. O

Any Polish space admits a Polish compactification D. Now, any continuous bounded
function on D can be restricted to a continuous bounded function on ID. The restric-
tion is linear positive and unit-preserving, so that any generalized measurement M
on D yields a generalized measurement Mg on D. By compactness, Cy,(D) = C.(D)
the continuous functions with compact support. So that, by the Riesz representa-
tion theorem, My can be seen as a Radon signed measure on D, positive if ¢ is
positive, and with the same norm as ¢. In particular, if ¢ is a state, then Mg¢ is a
Radon probability measure.

Hence, for any Borelian B, and any ¢, we may define Mp(B)¢p = Mpo(1g). This
Mg (B) is clearly linear, bounded, and non-negative. Moreover, since Mg¢ is a bona
fide measure, we have the o-additivity. Finally Mg(D)¢ = ¢(14) by definition. So
that Mg is always a bona fide measurement on D, satisfying Definition 9.7.1.

We may now define Mgy, the restriction of Mg to D, by Mpp¢ = Mp¢p, that is
restricting the output Radon measures to D.

We can now characterise when M is a measurement satisfying Definition 9.7.1. The
obstruction is having mass at infinity, or equivalently being additive but not o-
additive.

Lemma 9.7.4. With the above definitions, the following statements are equivalent:

(i) The generalized measurement M is a measurement.
(ii) For all ¢ € A*, the result Mo is a signed Radon measure.
(i) Mgy, = M.

(iv) There is no mass at infinity, that is Mz(D\D) = 0.
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Proof.
(1) = (4i): Immediate consequence of Definition 9.7.1.

i1) = (4i7): Since M ¢ is a Radon measure, we may define M (B) as we have defined
Mg (B). We immediately get M = Mgy,

(iii) = (iv): For any ¢, for any f € C.(D), we know that
Mz(D)o(f) = Mepd(fip) = Mo(fip) = Mzo(f) = Mg(D)¢(f) + Mp(D\D)o(f).
So that Mz(D\D) = 0.

(iv) = (i): Since Mz(D) = Mgz(D) — Mz(D\D), taking M'(B) = Mz(B) for all
B € B defines a measurement. We must prove it is the original measurement.

Equality on positive ¢ suffices, since any continuous linear functional may be de-
composed in positive and negative parts. Now M'¢(f) = Mo¢(f) for all f = gp,g €

C.(D). Let us consider f € Cyp(ID). Since it is a lower semicontinuous function on a
dense subspace of D, it can be extended to a lower semicontinuous function on .
Ditto upper semicontinuous. So that there are sequences of functions g, and g, in

C.(D) such that

e g, is non-decreasing and ¢ non-increasing in n.
e g, is bounded from below by infp f and ¢, is bounded from above by supy, f.

e g, and g converge pointwise to f on D.

We write f and f;I for the restrictions to D. Since M¢ is nonnegative, we have
lim Me(f, ) < Mo(f) < lim M(f,]).

By monotone convergence for Radon measures, we also have
lim M'6(f;) = M'6(f) = lim M'6(£).

Since M'¢(f,7) = Mo(f), we have Mo(f) = M'¢(f) for all f € Cp(D).

For any experiment £ = {gf)(’, 0 € O}, for any finite subset I of O, we write £’ for
the restricted experiment {gbe, el
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Theorem 9.7.5 (Asymptotic representation theorem). Let us consider a net of
experiments E, = {¢g,9 € @}, and an experiment £ = {¢9 e A" 0 € @}, such
that for any finite subset I of the parameters set ©, the deficiency of the restricted
experiment E1 goes to zero, that is 5(E!, EL) — 0.

Suppose that we have generalized measurements M, to a Borel decision space (D, B),
such that for any 6 € ©, the results converge:

M,¢? = Q° € Cy(D)*.

Then there is a generalized measurement M on A* such that M¢? = QY for all 0.

Moreover, if all Q° are Radon measures, then we may take M as a measurement,
in the sense of Definition 9.7.1.

Proof. By definition of the deficiency, since 6(£7,EL) — 0, there are channels SZ
such that supge; ||SL(¢%) — ¢%|| — 0 for all finite 1.

We may then consider the generalized measurements on A* defined by P! = M, 05!,

For each I, we thus obtain a have a net of generalized measurements {Pé}a indexed
by a. By Lemma 9.7.2, it admits a converging subsequence to a generalized mea-
surement P’. We order the finite subsets by I < J if I C .J, and thus obtain a net of
measurements {Pl } » S0 that it also has a converging subsequence to a generalized
measurement M.

Now, for any 6, for any f € Cy(d), we have:
Me?(f) = lim PL?(f)
= limlim P,¢"(f)
~ tim lim M!60(f) + e(a. 1,6, f)
= Q"(f),
where we have used

(e, 1,0, )] = [M[S5(6") = a)(f)]
< [[ M| 11 Sa(e”) = 0|

— 0,
(e}

since the first two norms are constant and the third vanishes.
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Hence M¢’ = Q% and we have established our main statement.

Suppose now that all Q? are Radon measures. Let us consider a Polish compacti-
fication D of our Polish space D, and define Mg from M as we have above, that is
restricting M¢ to C(D) C Cy(D). Then Mg is a true measurement and Q4 Mg’ is a

Radon measure for all §. Now, for any f € C.(ID), we have Q%(f) = Q(fin) = Q°(f)
where Q7 is defined as the Radon measure such that @‘D = @’ and Q(D\D) = 0.

By uniqueness in the Riesz representation theorem, we obtain Q% =Q".

Hence, M5(D\D)¢’ = 0 for all § € ©, and we may modify Mz by choosing any point
d € D, and define

M'(D\D) = 0 (9.79)
M'(B) = M(B) + M(D\D) for all B € B with d € B,
M'(B) = M(B) for all B € B with d ¢ B.

Then M’ restricted to D is still a true measurement M"D, and M|’Dgz$9 = M¢® = Q°

for all 8 € ©. O

We shall use this representation theorem to prove a minimax theorem.

We consider loss functions as sets of functions lp : D — [0,00] for all # € ©. We
shall always require that all [y be lower semicontinuous.

A loss function is said to be subcompact if, for all 0, the sets {y: ly(y) < ¢} are
either null, compact or the whole decision space D, for all c.

Definition 9.7.6. Let [ be a loss function and an experiment & = {¢9, 0e @} . We
define the risk of a generalized measurement M at point 6 as

Ro(M) = sup M¢’(f),
feCy (D)
f<lg

and consequently the (maximum) risk of M as

Ripae (M) = sup Ry(M).
0

This definition agrees with the usual definition of the risk 9.9 for M a true mea-
surement if ly is equal to the supremum of the smaller bounded functions, that is,
if it is lower semicontinuous. In general, it is a lower bound to [ lyM¢?(db) if it is
defined.
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Theorem 9.7.7 (Asymptotic minimax theorem). Consider a sequence of experi-
ments €, and an experiment £, such that E. converges to E1 for all finite subset

Ie€o.

Then, for any sequence of generalized measurements M,,, the supremum of the limit
risks of the experiments is more than the minimaz risk of the limit experiment:

sup lim inf sup Ry(M,,) > inf sup Ry(M), (9.80)
I no gel M peo

where the second infimum is over all generalized measurements. This infimum is a
achieved.

Moreover, if the loss function is subcompact, the infimum on the right-hand side is
achieved for a true measurement.

Proof. Let us define by induction n; as the smallest n € N such that supy; Ro(M,,) <
liminf, supye; Ro(M,,) + 1/#1, and n; > ny for all J C I. Then {n;: I C ©} is a
subnet such that

sup lim inf sup Ry(M,,) = limsup Ry(M,, ).
I nogel I ger

Since the finite experiments £/ converge to £!, there are channels S! such that
|SZ(¢%) — ¢%|| — 0 for all 6 € I.

We may then build generalized measurements P! = M oS! . Using Lemma 9.7.2,
this net admits a converging subsequence to a generalized measurement M.

We may then write:

Ry(M) = sup M¢’(f)
feCy(D)
f<lg
= sup lim P'¢%(f)
fecym) 1
f<lg

= sup li}’n Mm(bil(f) + M, [STIL(¢9) - (bf”](f)
5

= sup limM,, ¢} (f)

fec, ) 1

f<lg
<lim sup M, ¢, (f)

I tec,(D)

f<lo

< limsup Ry(M,,).

I ger
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We have thus proved our main statement.

The second statement is a mere application of the following complete class theorem.
O

Theorem 9.7.8 (Complete class theorem). If the loss function is subcompact, then
the true measurements are a complete class, that is, for any generalized measurement
N, there is a true measurement N such that Ry(N) < Ry(M) for all 6 € ©.

Proof. Let us consider a Polish compactification D of D. Then, Iy admits a maximal
lower semicontinuous extension to D, given by

lo(y) = sup f(y).

fec.(D)
fip<lo

Since Iy is subcompact, we know that ly(y) > lg(z) for all y € D\DD and = € D.

Since f € C.(D) = fp € Cy(D), we have, with the former notation Ng for the
corresponding restriction of N:

Ry(N)= sup N¢’(f)
f<lg
feCy(D)

> sup  Nyo'(f)
I<lg
f\Decc(D)

= Ngo’ (ly),

where we view N5¢? as a Radon measure on the last line, and use the monotone
convergence theorem.

We know that N is a true measurement on D. Let us now consider a modification
Mg of Ny, defined like equation (9.79). That is, we transfer the mass on D\ID to some
point in z € D. Since lp(x) < ly(y) for any y € D\D, we get N5’ (ly) < M5e(lg).

Now Mpp=M is a true measurement on D, and M ¢’ is a Radon probability measure
for all 6.

As a consequence, we may use the monotone convergence theorem to get to the
second line, and the fact that M(D\ID) = 0 to get to the third line, of the following
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calculation:

This ends the proof. O

We shall now prove a quantum Hunt-Stein theorem. The first version of this theo-
rem, for compact groups in the density operator setting, is due to Holevo (1982). A
version for non-compact groups was proved by Ozawa (1980). Since Ozawa usually
works with convex structures, his theorem is probably even more general than what
I need. However, I could not find the article, so I give my own proof below. The
proof is an adaptation of the arguments by van der Vaart, with some inspiration
from an article by Bondar et Milnes (1981).

We say that a group acts on a decision problem (£,D,1) if:

G acts on A* and the restriction of the action to £ is a bijection, so that © is
G-homogeneous. We write g¢ for the action of g on ¢ € A*, and ¢, for that
on f € O, hence g¢? = ¢9°.

G acts on Cy(D). We write gf for the action of g on f € Cy(D).

Both former actions are (weakly) continuous on bounded balls.

The (nonnegative lower semicontinuous) loss function is G-superequivariant,
that is, for all € ©, for all g € G, for all nonnegative f € Cy(ID) such that
f <lp, we have gf < lg.

In particular, if D is G-homogeneous, there is a natural action ¢gf(z) = f(g 'x) for
f € Cy(D) and z € D, and any equivariant loss functions given by ly(z) = l,9(g 'x)
is notably superequivariant.
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We may then define a contravariant action of G' on generalized measurements by:

SgMo(f) = M(g¢)(9.f)-
That is, Sg g, = Sg,5g,-
We shall call a generalized measurement equivariant if SgM = M.

Since G acts continuously on states and bounded continuous functions, S,M is
pointwise continuous, both in M and G.

A group G is said to have the fized-point property if every representation g — T, of
G, with T,(x) separately continuous in ¢ and z, in a group of affine transformations
of a compact convex subset of a locally convex topological vector space has a fixed
point. Rickert (1967) has proved that this is equivalent to G satisfying Stein’s
condition, that is there is a finite chain of closed subgroups

G=G,D2G,.1D---DGy=e

such that each subgroup is a normal subgroup of the previous one and each G;/G;_;
is either compact or commutative. Commutative groups obviously satisfy Stein’s
condition.

Theorem 9.7.9 (Quantum Hunt-Stein). Suppose a group G with the fized-point
property acts on a decision problem (£,D,1). Consider a G-invariant function R :
O — RT. Suppose there is a generalized measurement P with lower risk function

Ry(P) < R(0) for all 6.
Then there is an equivariant measurement M such that Ry(M) < R(0) for all 6.

Moreover, if | is subcompact, if G is acting on Cy(D) through an action on' D, if D is
locally compact and there is a true equivariant measurement, then M may be chosen
as a true measurement.

Corollary 9.7.10. In the setting of the previous theorem, the minimax risk is at-
tained by an equivariant generalized measurement, and by an equivariant true mea-
surement with the same conditions as above.

Proof of the corollary By the same arguments as in the asymptotic minimax theo-
rem, the minimax risk is achieved by a generalized measurement. We then merely
take R(0) = Rinimaz- A constant is obviously G-invariant.

Let us now prove the quantum Hunt-Stein theorem.
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Proof. Let us consider K the subset of generalized measurements M satisfying
Ro(M) < R(0) for all 6.

This is a closed set for pointwise convergence, hence compact. It is non-void, since
P € K. Moreover, for any M, we have Ry(M) < Ry(S,M) by G-superequivariance
of [. Hence K is stable under S,.

Since G has the fixed-point property, it admits a fixed point M in K. This M is
the equivariant generalized measurement we were looking for.

If furthermore G was acting on Cy(D) through an action on D and (D, B) is locally
compact, it admits a one-point (Alexandrov) compactification (D, B). We may
extend continuously the group action on D by g(oo) = co. We consider MD induced
by the equivariant M above. It is a true measurement on D, characterized by

{M5(B)} gep-

If there is also an equivariant true measurement N on C,(D), characterized by
{N(B)} geg» we may define the equivariant true measurement M, through:

My(B) = My(B) 4 Mg(c0)N(B) for all B € B.

This is well-defined since the bidual of a C*-algebra is still an algebra — even a Von
Neumann algebra.

Moreover, since [ is subcompact,

Ro(M;) = M8 (ly)
= M@’ + Mp(c0)¢” (N¢’(lg) — lg(c0))
< Ro(M)
< R(H).

Missing parts in the proof of Theorem 9.4.4

Let us start with proving that the minimax risk in the limit experiment is a lower
bound. We can almost use the asymptotic minimax theorem. Indeed, the risk on
a finite subexperiment [ is smaller than the risk on the whole parameter space,
so equation (9.7.7) appears stronger than (9.40). Notice that since the parameter
spaces O, .. are increasing to infinity, the set I is a subset of the parameters for n
big enough, so that bound (9.7.7) has a meaning.
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However, we cannot apply immediately the theorem: the risk function is not the
same in the different experiments. The theorem would hold if we used the loss
function r in all experiments.

Let us prove that the limit of the minimax experiments is the same when using r in
all experiments, or r, = nl(p, p) as is the case here.

By abuse of notation, we shall write p € Q,, when p®" € Q,,.

For any 0 > 0 by local quadraticity, there is a two-variable open neighbourhood Vj
of (po, po) in which (1 —d)r < r, < (1 —0)r. We choose V5 = V3! @ Vi in product
form. Let us now consider a closed neighbourhood F of py included in V. Then
F ® 7,7 (C%)\V{ is compact. Since [ is lower semicontinuous, it attains a minimum
m on this compact. Since [ is estimation-fostering and there is no diagonal element
in K, the minimum m is positive. For n big enough, the states of the experiment
Q,., that satisfy [|pg — p|| < n~Y/?*¢ are included in F. So that for all element
p € Q,, for any estimate p, either r,(p, p) > m, or (p,p) is in Vs. If n is small
enough, there will be points p in Vi such that r,(p,p) < m for all p € Q,. So
that an optimal measurement will always give an answer in V. But in that case
rn > (1 —9)r. So that the asymptotic minimax risk with loss function r cannot be
worse than (1 — d)~! the asymptotic minimax risk with loss function r,. Since this
is true for any J, we have proved bound (9.40).

As a remark, local quadraticity and shrinking set Q,, imply that we may replace G,
with G, in the cost functions up to negligible variations of the same order as r with
respect to r,, which we shall do when practical.

We now prove that the strategy suggested in Section 9.4.5 has asymptotic risk

Rminimax .

Let us start with using shorter notations. Most depend silently on the true state p.
We write E for the event that || — p|| < n~'/?%¢, and E* for its complementary. On
E. if n is big enough with respect to the eigenvalues separation 9, there is a smallest
0 such that p®"~" = p"=" when py = p. We write 6 for it. We use this definition
so as to have the same scale as n as defined in Section 9.4.5. We write r,, for the
loss function at p in the n-sample experiment, that is r,(p) = nl(p, p). We write r
for the loss function at @ in the limit experiment, that is r(8) = (6 — )*G,(0 — 6).
We write E, for the expectation with respect to the result of our measurement
procedure, we write ., for the expectation with respect to the measurement we
apply on T;,_x(p®"~™), with output 0, but applied to ¢’ instead. We write E™ for the
expectation of the same measurement applied on ¢?, but without the modification
6 =0 if 6 is too big, that is we always keep §. That measurement is nothing else
than the optimal measurement in the limit experiment.
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With those notations, he minimax risk Ryinimas 18 EZ [r] and the risk of our mea-
surement at p is E, [r,]. Let us develop the latter, making appear the five parts we
had spoken about in Section 9.4.5.

En [rn] = En [raXee] + B [(rn — 7)XE] + (En — Eoo)[rxe] + (Boo — EX)[rxe] + EX [rxs] -
(9.81)

For bounding the first term, we need to show that E° is a rare event. We give an
example of rough measurement that turns the trick.

Let us define, with |¢;) any orthonormal basis of C¢, and E;; = |4;) (1;]:

1
Mj:EEjj V1<k<d,

1 .
Mjk:ﬁ(E"+Ekk+Ejk+Ekj) V1<j<k<d,
Mkj (E +Ekk+ZEk—ZEk]) v1§j</€§d,

1 ) )
Eij = 55 Z (L4 i) Ej — (1 — i) Eg;

k=j+1

iy
=3 |5

We denote by X" X]"k, X,?J, X7 the laws of the number of times we get result j, jk, kj
or r when measurmg when measuring n copies of p. The laws of these random

variables are binomials:

X7 =B (n,%),
n
n
X]?] _ B (ﬁ’ epkj +ﬁlpkﬁk‘ + p]]) )

We then use the following estimates for the matrix entries of p:

4,
Pjj = 5va
~ d n n n
d n d n n
= =Xy — %(Xj + Xy,
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Through repeated use of Hoeffding’s inequality (9.117) on each of the matrix entries,
for any € > 0, we get:

P[llp— pl” > 4d*a> 1] < 2d® exp(—27i*). (9.82)

As a remark, if p is not a genuine density matrix, we may project p on the set of
density matrices, to get a new p. Since the true p naturally belongs to the set of
density matrices, we merely have to double ||p — p|| for bound (9.82) to remain true.

So that

E, [raxpe) < sup (AP [|lp — plln~"/*]
pHET; (C)

= O(nexp(—n*)).

The second term of the risk (9.81) is bounded thanks to the local quadraticity of
the loss function [, after noticing that ||p — p|| < n'/?*¢ on E, and that anyhow
15 — Al < 3Tnt/2+¢, where T is the ratio of the extreme eigenvalues of G

E, [(Tn - T)XE] < sup (T - rn)(fa)
l|o—pl|<nt/2te
[|p—p||<3Tn!/2+e

= O(n(n*1/2 + 6)3) _ O(n71/2+36).

The third term in (9.81) is bounded by noticing that we integrate the same function
with respect to two probability laws that are very close in L' norm. In fact, that’s
there that we use Theorem 9.4.3:

(En —Eoo)lrxel < sup  T_a(p®"")r(p)
llo—pl|<nt/2te
[|p—pll<3Tnt/2+e

= O(n "n*).

Since k depends negatively on €, this exponent is negative on for € small enough.

The fourth term is negative. Indeed, the difference between E., and E7 is that the
mass outside a ball B(0,3I'n®) in E7 is displaced to 0 in E,,. Now, since we are
on E, we know that 6 € B(0,n¢). Hence r(0) is smaller than () for all § outside
B(0,3I'n). So that:

(Boo —E)[rxe] <0

We end the proof with:
E% [rxe] < EQ[r]

Rminimam
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9.7.2 Combinatorial and representation theoretical tools

Here we continue the analysis of the SU(d) irreducible representations (my,H,)
started in section 9.5.1. The purpose of this section is to provide good estimates
of quantities of the type (m, A | m\(U) | 1, A) which will be needed in the proofs of
Lemmas 9.7.13 and 9.6.4.

We shall use the following form of a general SU(d) element and the shorthand
notations

U(C€) - exp[ (ZSZHJF Z Re((jx)T; k—i—Im(C]k)Tk])

1<j<k<d K Fok
UG En) = UC/Vn€/vn), UQ)=U0), Un)=U/Vn983)
where H; and T; ; are the generators of SU(d) defined by

)

H] = E]J - Ej+17j+1 fOI‘j S d— 1,

er,k = iEj,k — iEk:,j for 1 <j<k<d;
Toy = B+ By forl<j<k<d (9.84)

with E; ; the matrix with entry (4, j) equal to 1, and all others equal to 0.

We first introduce some new notations and remind the reader about the already
existing ones.

1) We write [(c) for the length of the column ¢ in the Young diagram A. There are
then \; — ;41 columns such that [(c) = 4. An alternative definition is I(c) = inf{i :
)\i Z C}.

2) Recall that we denote by f, the basis vectors fy1) ® -+ ® fom), and to each
vector we associate a Young tableau ¢, where the indices a( ) fill the boxes of a
diagram A in a particular way. We denote by ¢ the column c of ¢,, i.e. the function
ts:A{1,...,l(c)} — {1,...,d} that associates to the row number r the value of the
entry of that Young tableau in column ¢, row r. For example, if t, = we get
the values:

n =2 @=-2  20=2  £2@-1 £1)-1
We shall often be interested in the image t5({1,...,/(c)}) as unordered set, or com-
pare tS to Id°, the identity function on the integers {1,...,1(c)}.

3) Recall also that H, is spanned by the vectors y, fa for which ¢, is a semistandard
Young tableau, and y, = ¢\p» is the Young symmetriser (cf. Theorem 9.5.2). If
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ta is semistandard then we can use the alternative notation fy, for f, since a is in
one-to-one correspondence with m = {m,; : 1 < i < j < d}, where m,; is the
number of j’s in the row 7 of t,. The normalised vectors are

m, A) = yafm/ [y fmll-

4) Let Oy(m) be the orbit of f, under the subgroup R, of row permutations. This
consists of vectors fy, which have exactly m; ; boxes with j in row ¢, and the rest are
7. In particular, row ¢ has no entries smaller than 7. Since the action of permutations
is transitive, we have

p)\fm = Z faoa = Z #%IR(?II)]% (985)

aERA So€O0x (m)

5) Since we antisymmetrize with ¢y, we are only interested in the ¢, (not necessar-
ily semistandard) which do not have two equal entries in the same column. Such
tableaux ¢, (or vectors f,) shall be called admissible and their set is denoted V.

6) For any f, € O\(m) we define
D(fu) = Jm] — #{1 < e < Ay £ 15 £ 1%,

and denote by V' (m) the set of vectors fo € Ox(m)(V with I'(f,) = . Then we

have
Ox(m)(\V = V' (m).
reN
Note that I'(fa) > 0 and is zero if and only if each column ¢ is either Id° or of the
form t5(r) = jo,—; + 16, for some i <lI(c) < j. A tg of this form will be called an
(1, j)-substitution.

The following ‘algorithm’ shows how to build all the possible f, € V'(m), thus
enabling us to estimate the size of V' (m).

Algorithm

Let (m, A) be fixed but otherwise arbitrary. In order to generate a particular admis-
sible fa € Ox(m) we need to select the m,; ; boxes on row ¢ which are filled with j,
for all © < j. The rest of the boxes are filled automatically with i’s. The constraint
is that no column should have two boxes filled with the same number.

Generating a diagram can be described intuitively as follows. We start with the
‘vacuum’ vector (tableau) fo := fm—o (row i is filled exclusively with i’s), and with
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a set of |m| bricks containing m; ; identical bricks labelled (i, j), for each pair ¢ < j.
To change the content of a box from ¢ into j we place an (i, j)-brick in that box.
This procedure is repeated until all bricks have been used, each box being modified
at most once.

At this stage each column ¢ may contain several bricks placed in the appropriate
boxes, so that its configuration is uniquely defined by the set of bricks x which shall
be called a column-modifier. For example if k = {(,7), (f,1)} then the column has
entries
j if k=1
to(k) =< 1 ifk=Ff;
k otherwise.

Note that a column-modifier is not an arbitrary collection of bricks but one that
can be used to produce a column with different entries. In the previous example,
if i < f this means either (j # f and j,l > I(c)) or (j = f and [ > I(c)). The
elementary one-brick column-modifier denoted x(, j) can only be used in a column
with ¢ < [(c) < j, otherwise the entry j would appear twice.

Now, since the length of a column is at most d and all entries must be different, there
are less than d! different types of column-modifiers. Another important remark is
that a column-modifier always increases the value of the modified cells, so that in

this case tS({1,...,l(c)}) # {1,...,l(c)}.

Alternatively to the above scenario where the bricks are inserted sequentially, we
can first cluster them into |[m| — I" column-modifiers, and then apply each column-
modifier to a particular column. A given collection of column-modifiers is uniquely
determined by {m, : k} where m, is the multiplicity of x. This procedure is detailed
in the following 3 stages:

I. Choose I bricks among our |m|. As we have d(d—1)/2 different types of bricks
(recall that ¢ > j), and we do not distinguish between identical bricks, there
are at most [d(d — 1)/2]" possibilities. For I' = 0, we have only one choice.

IT. Consider the remaining bricks as a set of elementary column-modifiers. Start-
ing from these, we sequentially add each of the I' bricks selected in the first
stage, to one of these elementary column-modifiers to form non-elementary
ones. At each step we have at most d! different types of column modifiers to
which we can attach the new brick. Note that we do not distinguish between
column modifiers of the same type, but rather consider them as an unordered
set. Hence, we have less that (d!)' possibilities. If I' = 0 there is only one
possibility.

Note that at the end of stage II at least max{0, |/m| — 2I'} of the column-
modifiers are elementary, and that m, ) < m; ;.
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ITT. Apply the column-modifiers to the columns of fy, so that no two modifiers are
applied to the same column and the resulting f, € O,(m) is admissible. By
construction I'(f,) = I' and all admissible tableaux can be generated in this
way.

For counting the number of possibilities for the third stage we apply the column
modifiers sequentially, but since some of them may be identical we need to divide
by the combinatorial factor []_m,!, where m, is the number of column modifiers of

type k.

We distinguish between elementary column modifiers of type (i, j) and composite
ones. There are less than n possibilities of inserting a composite column-modifier .
An elementary one of type (i, j) can only be inserted in a column with at least i
rows, and since the resulting vector has to be admissible, the column cannot contain
another j, so its length is smaller than j. There are A\; — A; such columns. Hence
the number of possibilities at stage three of the algorithm is upper bounded by

n'me

111 (i — Aj)mlw’j). (9.86)

wEnig) i< D)

When I' = 0, for each elementary column modifier (i, j) the number of available
columns is at least (A\; — A\; — |m|); := max{0,\; — A; — |m|}. Thus we have the
following lower bound

)\i — XA — m g
L m; ;!
1<J

Notice that the upper bound (9.86) depends on the set of multiplicities {m,}.
We now return to our list of notations and definitions.

7) To each column of ¢, we associated a column modifier which completely deter-
mines its content. If m2 is the number of columns with column-modifer s, we collect
all multiplicities in £ := {m? : x}. In particular I" is a function of £

[(fa) = m[ = m2.

Vectors for which I'(fa) = 0 have the same multiplicity set E° where my; ;) = m
for all i < j and the other m, = 0. Similarly to V' (m), we denote by V¥(m) the
set of tableaux in Oy(m) (VY with E(f.) = E, in particular

Vim)= [J V¥(m)

E:T(E)=T
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8) To each column ¢ of t, we associate two disjoint sets: the added
entries  {tS(1),...,t5(l(c))} \ A{1,...,l(c)} and the deleted entries
{1,...,l(c)} \ {ts(1),...,t5(l(c))}. This data is placed into a single set by at-
taching a 4+ sign to each entry, indicating if it is added or deleted. It is easy
to verify that if ¢, is admissible, the set of added and deleted entries is uniquely
determined by the column-modifer k associated to ¢, and hence shall be denoted
by S(k). For example S(k(i,j)) = {(¢,—),(j,+)} and for k = {(i,7), (j,k)} we
have S(x) = {(i,—), (k,+)}. We define the multiplicities m§ = >~ _q)_gm? and
F(fa) :={m%: S} . To summarise, we have defined the maps

far— E(fa) — F(fa).

We now state our estimates. The first point of the following lemma is an exact
formula serving as the main tool to prove some of the bounds below.

Lemma 9.7.11.

1. For any unitary operator U € M(C?), for any basis vectors fa and fy, we have
(faaaU®" fo) = ] det(U'=%), (9.88)
1<e<)\y

where U'a"% is the 1(c) x I(c) minor of U given by [U'%]; ; = Uy i) ()

Under the assumptions
lm| < n" (9.89)
A€ Ao,
irl.lf i — pigr| > 6,
pa = 0,
I <cn®,  B<1/2
1]l < Y2420,

9\ 1/(1-0)
> | = .
" (5)

we have the following estimates with remainder terms uniform in the eigenvalues
He !

2. The number of admissible fo € Ox(m) with I'(fa) =0 is

#)°(m) = H %(1 +O(n~1121/6)). (9.90)
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3. Let E = {m, : k} with T'(E) = T'. The number of admissible fo € Ox(m)
with E(fa) = E is bounded by:
;)T

N e (N — A
#VE( ) F+ZZ<]( i,j k(i) H - ' (991)
o e
4. The number of admissible fa € Ox(m) with I'(fa) =T is bounded by:
A
#V'(m) < CTnTom QF\m|2FH—') : (9.92)

7> Z’j

for a constant C' = C(d).
5. Let fo € V'(1), and consider V"' (m) C O(m) for some fized T°. Then:

< 5 fb> _{( 0 T Am =T

C|ml) otherwise
b
FoeV’(

with C' = C(d).
6. If fa € V°(m), then

<fa ax

7. If fa € V(m) so that its set of elementary column-modifiers is E° = {my j =
m; i}, then

> fb> = 1. (9.94)

Jb€Ox(m)

(falrnU(C, €)% fo) = exp (ﬂb — H§H2> g <\/ﬁ§;—\/%,u])mj r(n),

(9.95)

with the phase and error factor

gb \/_Z ILLZ+1 527
( ) =1+ O ( 71+2B+n5 l,n’l/”wé’l,n*1+2ﬁ+°‘5*1) .

8. If fa € VE(m), so that its set of column-modifiers is E = {m, : rk} and
I'(E) =T, then

(falrU(C, €)% fo)
| |

> 20\ T2 (Mg =i ) .
_lISlE ( cli<] ’ (L)m““’”
Sexp( : ) (vn5> N\ 7e=s) %

1<)

with C' = C(d) a constant and r(n) as in point 7 above.
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9. Under the further hypotheses that ||Z]| < n®, m;; < 2|(;; + 2|0t for some
€ > 0, we have:

< > fanU(5+5,5n)fo>
fa€Ox(m)
= exp (ﬂb ”C+ Hz)l:[ (Gig + 2i5) ﬁ;\/.,uz /”LJ)) N r(n), (9.97)

with

T(TL) =140 (n71+25+n571’ n71+26+a571’ n71+2n571’ n71+a+n571’ 573/2n71/2+36+2e) )

10. Under the further hypotheses that 1| < |m| and n'=3" > 2C/§%, where C' =
C(d),

<Zfa

min (L)
S )| <m0 (<L)

fa€Ox(1) fbEON(m) 1<j
(9.98)
with
I —m|+ 3|l — 3m
P () > U 6' |~ Slml), (9.99)
11. We have
aldx b — . ' . .
fa€Ox(m) fb€OA(m) 1<j Y
Proof.

Proof of (9.88). We first express (fa|U®" f,,) as a product of matrix entries of U:

(U fo) = T TI (famlUfge)

1<e< 1<r<i(c)

= 11 1II Uswese:

1<e<A1 1<r<I(c)
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Since the subgroup of column permutations C, is the product of the permutation
groups of each column, each 0 € Cy is 0 = s7...5), with s. a permutation of column
¢ which transforms ¢{ (r) into t{ (s.(r)). Then

ol U fo) = (falUarfo) = D _e0) T  TI Vs

oeCy 1<e<A1 1<r<l(c)

= II >. o) TI Ussomiecseorn
1<c<)\1 8cESe 1<r<I(c)

= J[ det(w%).

1<e<y

Proof of (9.90). The number of admissible f, such that T'(fa) = 0 is given by the
products of the possibilities at each stage of the algorithm. For the first two stages,
there is exactly one possibility when I" = 0. Hence #)V° is the number of possibilities
at the third stage. Here the upper bound (9.86) reads as [];.;(Ai —A;)™ /m; ;I. On
the other hand, we may use (9.87) as a lower bound, recalling that \; — \; > on/2
and |m| < n” (cf. (9.89)). This yields the result (9.90).

Proof of (9.91). The number of f, in V¥ is given by the third stage of the algorithm
(the two first stages yield a particular F'). We then obtain (9.91) by applying (9.86)
and neglecting the m,! factors, while noticing that > _m, = |m| —T.

Proof of (9.92). The set V' is the union of all V¥ with I'(E) = I". Now the first two
stages of the algorithm imply that there are at most C' different E with the latter
property, with C' = C(d).

Now we use (9.91) to upper-bound V¥ as follows. Since Y my; ;) > |jm| — 2T,

we may write [ [, muq ) > Hiq m; ;!sup; m;fr. Moreover \; — \; > én/2. By
putting together we obtain

#VF < p T2 m|?" H (Ai = )™

m .

S —,  VEwith T(E) =T.

J>i b
Multiplying by the number of possible E yields the result.

Proof of (9.93). We are applying (9.88) with U = 1. Since both f, and f, are
product of basis vectors, the scalar product (fa | ¢\fp) is equal to —1 or 1 if
tS([1,1(c)])) = t5([1,1(c)]) for all columns, and 0 otherwise. Here we denote by
tS([1,1(c)]) the set of entries {t5(1),...,t5(l(c))}.
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Now, since a modified column cannot satisfy t$([1,1(c)]) = [1,1(¢)] (and the same
for b), the vectors f, and fi, are orthogonal unless they have the same number of
modified columns. Finally, that number is |1 — T'® for f, and |m|— I'® for f,. This
yields the first line of (9.93).

We now concentrate on the case when I'* = |m| — [1| + T'%. Since |(fa | ¢ fo)| < 1,
we can bound the sum of scalar products by the number of non-zero inner products.
The question is how many diagrams f, have the same content (seen as an unordered
set) in each column as fa: t5([1,1(c)]) = t5([1,1(c)]), or equivalently S(kS) = S(k,).

For building the relevant fi,, we can follow the algorithm with the further condition
that, at stage three, all the column-modifiers are applied in such a way that the
unordered column content is identical to that of f,.

The first two stages of the algorithm are the same so they yield a C™" factor. We
now have a collection {m,} of column modifiers which have to be placed so that
they match the column content of f,. For each S we identify the column modifiers
Ki,. .., Kps) such that S(k;) = S for all 1 <4 < r(S). The total number of such
objects is mg = Zigr(S) m,,, and the number of ways in which they can be inserted

to produce distinct diagrams is
ms
Mgy - Mg ’

Recall that the number of elementary column-modifiers » ;. m,( ;) is at least [m[—
2I'*. Moreover, each elementary column-modifier (7, j) corresponds to a different

S(k(i, 7)) = {(i, =), (4, +)}. Thus

m|— 2I'" < Myfii) < max M.
| | o ; (i-7) ; Kk:S(k)=S

D ms = my=|m| - T
S K

Since

we obtain

Z (ms — max m,.i) < T
k:S(k)=S

s
This implies

H( " )smﬁ
Mgy - Mg, ()

S

Multiplying by the CT" of the first stages, we get (9.93).



9.7 Technical proofs 325

Proof of (9.94). As shown above the only non-zero contributions come from f;, €

W (’))\(m)

Since I'* = 0, the constant from the two first stages of the algorithm is 1, mg = m; ; =
M) for all S corresponding to an elementary column-modifier, and 0 otherwise.
So the combinatorial factor is again one: we do not have any choice in our placement
of column-modifiers. In other words, the only fi, such that (fa | ¢\ fb) # 0 is fa.

Finally, (fa | arfa) = 1.

Proof of (9.95). From (9.88) we deduce

(U En)* fo) = [ det(Us'®), U =U((.€n).

1<e<\

—

We shall use the Taylor expansion of the unitary U(f, £,n) to estimate the above
determinants.

Entry-wise, for all 1 <4 < d on the first line, and all 1 <7 < j < d on the second
and third lines:

ndiind éz(sl;ﬁd é-z 151751 ‘Cl ]‘2
Uii(G,&n) = 141 -

0(||C||3n‘3/25‘3/2, IC] ||€||n‘15‘1/2, 1€1Pn";

- = 1 Gy

- _ = ; 12, =1 s=1 1| FIINElgn—15—1/2Y.
. L Gy B leml §FNE L
UG En) = ——— 59 L o(|¢2a s, | E €162,

NN

It { = O(n?), ||€]| < n= Y228 /5 and 3 < 1/2, the remainder terms are O (n=3/2t305-3/2)
for the first line and O(n=1+29571) for the last two lines.

Therefore, when our parameters are in this range, we can give precise enough evalua-
tions of the determinants. The idea is to find the dominating terms in the expansion

of the determinant
EED )| CUX

Note that we can use the above Taylor expansions inside the determinant since the
number of terms in the product is at most d.

Since f, € V0, all ¢¢ are either Id°, or an (4, j)-substitution. If t& = 1d°, the summands
with more than two non-diagonal terms are of the same order as the remainder term,
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so that only the identity and the transpositions count in > [, A; ). Let [ = I(c),
then

B & 1 |GisI? 32438 5-3/2
o(l) == det (UMY (C € n)) =1 +i—== — — Z =l O TI,
Vvno 2n <z P My
I+1<j<d

Note that for [ = d, we get the usual determinant of U(C, £, n) which is 1.

Consider now the case t& # 1d°. Since t$(r) > r for all r, there exists a whole column
of U1 whose entries are smaller in modulus than O(||C]|/v/nd) = O(n~Y/28571).
In particular if ¢S is an (i, j)-substitution, then the only summand that is of this
order comes from the identity. So that

(i, j) == det(U°(, € n)) = \/ECT\/%M +O(n 1), (9.101)
i J

Note that this approximation does not depend on [(c), but only on ¢ and j.
We now put together the estimated determinants in the product (9.88). For each

i < j there are m;; columns of the type (i, j)-substitution. Out of the \; — A4
columns of length I = [(c) there are \;— A1 — R; of the type I1d°, with 0 < R; < |m].

Hence:

(falpn U Em)® fo) = [T wON ™ T (wl)™ [y~ (9.102)

=1 1<i<j<d =1

Now v(l) = 14+ O(n~*2%§71) and R, < |m| < n", so the last product is 1 +
O(n=1*28+15-1) Similarly, since A € A,, , we have A\; — N1 = n(p; — 1) + O (n®),
and we can use Lemma 9.7.12 given at the end of this section to estimate the first
product as follows

d d

_ . 1 i — i1
v(l)’\l A1 — exp | ig; — = |§Z|27 r(n)
I+1<j<d
=112
oo
with
r(n) = 1+O(n‘”““ﬁé_l,n_1/2+255_1),

o = OaV/n(pu — pus1)é,
d-1

¢ = \/EZ(/M—/MH)&
-1
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We now turn our attention to the middle product on the right side of (9.102)
U(i,j)mi’j — ( CZ,] )mi’j (1 + O (n_1+2ﬁ+7]5—1)) ,
Vi = 1
where we have used that lm| < n”.

Inserting into (9.102) yields (9.95).

Note that (fa|aU(C,E n)®"fo) = 0 if there exist i < j such that G,; = 0 and

m;,; 7£ 0.
Proof of (9.96). We may write, much like in (9.102),

(falaU(CEm)™ fo) = T (@) [T (w(w)™ T (w(0) "

=1 K =1

where 0 < R; < |m|—TI" and v(k) is the determinant of the minor of U corresponding
to having applied the column-modifier k. We can further split the column-modifers
into elementary ones (i, j) and non-elementary ones x'.

Then (falgxU(C, €. 1) fo) can be written as

[T @™ I i i)™ [T I (o)™

=1 1<j K/

The first three products on the right side can be treated as above. For the fourth
product we give a rough upper bound based on the following observation. If the
entries in the column have been modified in an admissible way, then t5 (i) = j > l(c)

for some i, so that |v(k)| < C||C]|/v/nd for any k, with some constant C' = C(d).

Thus by using the previous point

<fa|q)\U(57 ga n)®nf0>

4 a Z H ! P
X _”C”% CIcy™ " (%)mm,ﬁ
€xXp ( 2 ) ( /n5> H \/ﬁm T(ﬁl.)].()?))

i<j

<

We obtain (9.96) by noting that the number of non-elementary modifiers is

Z my = —I' + Z(mi,j — Mi(if))-

1<j
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Proof of (9.97). Note that only admissible vectors in O,(m) can bring non-zero
contributions. We shall split the sum into sub-sums using O\(m) NV = J V¥(m),
and compare each sub-sum against the benchmark V° = VE?

From the bounds on ¢ and Z we obtain ||{ + Z]| = O(n?), so we can apply the
previous points with ( + 2" instead of (.

Using (9.90) and (9.95) and recalling that A € A, ,, we get:

< > falaUC+ z,én>®"fo>
fa€VV
P22 4 )"
= exp <Z¢ S —;ZH2> E (G + Zm);{f;/! fii — 1) r(n)

with error factor

T‘(TL) =14 19) (n—1+25+n5—1’ n—l/2+2ﬁ5—1’ n—1+2ﬁ+a5—1’ n—1+2n5—1’ n—l—i—a—i—né‘—l) ]

For E # E° we combine (9.96) and (9.91) to obtain

< DPAUU S in>f0> : <Z fa

faeVE faEVO

— -I
<ot [ (R e (I
- n MiGig)' \ Von

i<j
H ( 5n|§27j n ZZ7]| )ﬂ’m(i,j)_mi,j T(ﬂ)
i<j 1€+ zl[v/ny/mi = 1

Mo (i,g) ~ Mg
< O(n—F(1/2+B)>5—F/2 H <|Ci,j + Zi gV — Mj)

-1

C]/\U(5+ 5>€”)f0>

i<j:m; ;70 ml,]HC + ZH

< o) ((25—3/2n—1/2+36+25)1“)

)

with O(+) uniform in I". In the second inequality we used

i i)t < mis? Y gy = mig) 2 =20, A€ Ang
i<j
and in the third inequality we used

mi; < 2|Gij + 25077 m, ;¢ + 2|
i.j
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Furthermore, for a given T', there are at most C' different F such that T'(E) =T,
corresponding to the possible choices in the first two stages of the algorithm, where
C = C(d). Hence, if n is large enough, so that 2C9~3/2n=1/2+30+2¢ < 1 we have:

< Z fa QAU(5+Z=én)fO>:Z< Z Ja
f

qAU<5+z,5n>fo>

fa€Oy(m) r A%
s 2 ol o ) "
_ <1 + 0(5*3/2n*1/2+35+26)) exp [ i6 — 1€ + =I3 11 ((C+ 2)ii (Vv — 1)) r(n)
2 i<i mm!

~exp (w IS+ zn%> [ (€ Dstavm=m)™

2 m; ;!
i<j “J
where the sum over I' was bounded using a geometric series and

7’2(77,) —140 (n71+26+775*1’ n*l‘i’a‘i’ﬁéflj n71+2n571’ n71+a+n571’ 573/2n71/2+36+2e) )

This is exactly (9.97).

Proof of (9.98). We choose I'* and '’ satisfying the condition I'* — I'* = |m| — [
under which the inner products in (9.93) are non-zero. By multiplying (9.92) and
(9.93), we see that:

<Zfa

Ja€VI(1)

S WAV 2\ I
> fb> < (Clml)" T lﬁ]) ((;;'5”) (9.101)

N - 1,7
beVFb 1<)

m C1*m
— (C|m])™- mH ( |Tl(5|2 |)

1<j

It remains to sum up the upper bounds over all relevant pairs (I'*,I'?). If n'=%7 >
2C/4?, the dominating term in the sum of bounds is that corresponding to the
smallest possible I'*. The question is, what is the smallest possible value of I'®
leading to non-zero inner products?

A necessary condition for f, not to be orthogonal to fi, is that for each set S of
b

suppressed and added values, the two vectors have the same multiplicities m% = mg.
The following argument provides a lower bound for I'(fa) + I'(fp). The idea is to
count the minimum number of ‘horizontal box shuffling’ operations necessary in
order to transform a Young tableau t,, € O,(m) into the tableau ¢,. Since jm| < n”
and A\; > dn + O(n®), the tableau t, can be chosen to have at most one modified
box per column (thus I'(fa) = 0), and such that each of the modified columns of ¢,
are also modified in t,,. We also choose ¢}, in a similar fashion.



330 Quantum local asymptotic normality for d-dimensional states

Now at each step we horizontally move one elementary column modifier (i, j) of t.
(or ty) into an already modified column, with the aim of constructing t, (or ty,).

Each such operation increases I'(fa) + F(fb/) by one. On the other hand the op-
eration has the following effect on the m% (or m%): the multiplicities my; G}
and mg, decrease by one, and mgy s -),,+)} increases by one. Here Sy is the
signature of the column to which the box (i,j) is moved. Hence the distance
dos |m& —mY | decreases by at most three. Since initially this quantity was equal to
> icjllij—mijl, we need at least >, . |l; ; —m; ;| /3 such operations before reaching
our goal m% = m%. This means that T'(f,) + ['(fp) > |1 — m|/3.

Together with I'® — '* = |m| — |1, this result yields ['* > (|l — m| + 3|1| — 3|ml]|)/6.
Moreover I'* is non-negative.

Replacing in the above equation yields (9.98).

Proof of (9.100). Since 1 = m, equations (9.90) and (9.94) prove that the bound
(9.104) is saturated when I'* = 0, up to the error factor (1 + O(n~'"27/§)). Hence
the remainder term due to the other I' consist in a geometric series with factor

(CA?Q\ ) O(n 1— 3n/52)

The only part of the proof we have still postponed is the following technical lemma:

Lemma 9.7.12. If 2, = O(n'/?7), then

(1 + %)n = exp(x,)(1 +O0(n™)).

Proof. For simplicity we shall ignore the dependence on n and write x = z,,.
For any y such that |y| <1, for any n € N | we have the Taylor expansion:
= /n
14+y)" = k,
=30 ())s

Now (n — k)f/k! < (7) < nF/k! for n > k. If k < n'/2792) then (n — k)*
nk(1+ 0(n~9)). If k > n'/27</2 then n*/k! = O(n(Y/2+</2k) So that if y = a:/n =
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O(n12)
nl/2—c/2 o
(I+z/n)" = (14 0(n")) T Y. OmEE(g /)t
k=0 pspl/2-e/2
SO esp(r) - Y (OO b k1) (/)
k>nl/2—¢/2
= (1+0(n™)) exp(x) + O(e™""%)
= (1+0(n")) exp(x),
as exp(x) > Cexp(—n'/27)) for some constant C' > 0. O

9.7.3 Proof of Lemma 9.5.4 and non-orthogonality issues

Lemma 9.7.13. Let (m, \) and (1, \) be semistandard Young tableauz with diagram

A and define |m| =37, my; and [l —ml| =37, |l ; —myl.
If
D mig = ) mii Y g = )l
i j<i j>i j<i
for some 1 <1i <d, then
(m, A|1,\) = 0.

Otherwise, we derive an upper bound under the following conditions. We assume
that \j — X\iy1 > on for all1 <i < d—1 and \g > dn, for some § > 0. Furthermore
we assume 1| < |m| < n" for somen < 1/3 and that Cn®*'~1 /5% < 1 where C = C(d)
1S a constant.

Then:

[(m, AL, \)| < (C'n)—n(\m\—ll\w (C/n)(9n—2)\m—l\/l2 §(m[=[1))/2—~[m~1|/3 (14+0(n=131/4)).

(9.105)
where C" = C'(d,n) and the constant in the remainder term depends only on d. The
right side is of order less than n®"=2m=U/12 and converges to zero for n < 2/9 when
n — oo.

Proof. We know that |m,\) is a linear combination of n-tensor product vectors
in which the basis vector f; appears exactly \; — Zpi mij + ZKi m;,; times. As
two tensor basis vectors are orthogonal if they do not have the same number of
fi in the decomposition, we get that (m,A[L,\) = 0 if Ej>i m; ;i + EKZ. mj; #
Dol T2l for any 1 <4 < d.
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In the general case,

(m, AL \) = D> fnlspr ) . (9.106)
VAP fanln0x ) (@xpr filaxpa fi)

We use the fact that g is a projection, up to a constant factor (cf. (9.53),(9.55)),
and erase the ¢, at the left of each scalar product, and we decompose py fm and p, fi
on orbits as in (9.85). Since the multiplicity of the elements in the orbits are the
same in numerator and denominator, we end up with:

<Efa€oA fa|(J>\ Efbe(%\(] fb>

<Zfae(’),\(m) falax Zfa/eOA(m) Jar ><ZfbeOA(l) folax Zfb/eOA(l) for)
(9.107)

(m, \[L, \) =

We use (9.100) for the denominator:

<Z A fa><sz

>, fb/>

faEO)\(m) f /GO)\(m beO)\ fb/GO)\(
N — ;) maitliz)/2
[ s 0w o),
1<i<j<d M50 big:

and the numerator is bounded as in (9.98). Then, under the assumption |m| > [l
we have

Misk (1 1 (O@¥11/8))

l; ;!

3 Tmin
m LAY < ()i (S0 ) T g e

i<j
where I, = ((|1 = m| + 31| — 3|m])/6) A 0.
The factorials can be bounded as
11 ”;_J" < || —tis)e /2 (et /4
i<j ’

Since |m| < n" and Cn®"1/§? < 1, we have

ClmfP\ ™ _ (Gt (1ol smye
2n - 02 ’

Since \; — A; > nd we have

H (A — )\j)(li,j_mi,j)/Q < (né)M=mD/

1<i<j<d
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The constant C' = C(d) can be replaced by another constant C’ = C’(d, n) such that
all powers of n appear in the form (C'n)?. Putting the bounds together we get

[(m, AL )| < 5(Im|—\ll)/2—|m—1|/3(gfn)—n(\m\—Il\)/4(C/n)(9n—2)\m—l\/12(1 +O(n~1*31/4))

O

A consequence of this lemma is the following.

Corollary 9.7.14. Let n < 2/9 and let (m, \) be such that |m| < n". Assume as
in Lemma 9.7.13 that \; — X\jy1 > 6n for all 1 <i < d—1 and \y > én, for some
§ >0, and that Cn®1=1/§? < 1 where C' = C(d) is a constant.

Then there ezists a constant C" = C"(d,n) such that

D [{m AL )| < (Cn) o226, (9.108)

[j<n
1#m

Proof. Recall that the bound (9.105) is given for |m| > [l|. If on the contrary
[I| > |m|, we must change all the |m — 1] into |1 — m|, so that these terms are
always positive. Now, they are always in exponents of values less than one. We
shall therefore neglect all those terms.

Hence the expression on the left side of (9.108) is bounded from above by

2 Z N(k) [(Cln)(9n72)/125,1/3] k

k>1
where N (k) is the number of I’s for which |m — 1| = &.

Since there are d(d — 1)/2 pairs 1 < i < j < d, there are at most (k 4 1)4d-1/2
different choices for the values {|l;; — m; | : i < j} satisfying > |l; ; — m, ;| = k.
Moreover, there are 24?~1/2 gign choices which fix 1 = {l;;} completely. Thus
N(k) < (2(k+41))1d=D/2 < ¢* for some constant ¢ which can be incorporated in the
geometric series starting at £ = 1, hence the desired estimate.

O
We use this quasi-orthogonality to build an isometry V) : ‘H, — F which maps

the relevant finite-dimensional vectors |m, A) ‘close’ to their Fock counterparts |m).
This is the aim of Lemma 9.5.4.
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Lemma 9.7.15. Let A be a contraction (i.e. A*A < 1) from a finite space H to an
infinite space K. Then there is an R : H — K such that A + R is an isometry and
Range(A) L Range(R).

As a consequence, for any unit vector f, we have |Rf||*> =1 — ||Af|*.

Proof. As K is infinite-dimensional, we may consider a subspace H’ of K, orthogonal
to Range(A), and the same dimension as H, so that we can find an isomorphism [

from H to H'. We then take R = [\/1 — A*A.
]

Proof of Lemma 9.5.4. Let Ay : H) — f be defined by

Ay = \/1+ C’n)(gn D72 3173 Z 1) (L A|.

[1]<nn

Then,

. 1
AZ Ay = (G 57 > LA LA

1] <nn
< Iy,

where the last inequality follows from Corollary 9.7.14 and the following argu-
ment. It is enough to show that all eigenvalues of A5A, are smaller than 1. Let
> Cm [m, A) be an eigenvector of A5 A, and a the corresponding eigenvalue. Then
by the linear independence of |[m, \) we get that for each 1

1
(L Alm, \) ¢y = aqy.
(9n—2)/12 /51/3 Z ’ m
1+ (Cn)On=2/12 /§1/ len
If 1y is an index for which |¢| is maximum, then by taking absolute values on both
sides we obtain

1
@< 1+ (Cn)®—2/12 /5173 Z [(L, Alm, )| < 1.

[m|<n"

Now we may apply Lemma 9.7.15, and find an R, such that A, 4+ R, is an isometry,
and Range(R,) L Range(A), so that (m| Ry = 0. We define V) := A, + R). Then

(m|Vy = (m|(A\+ R))
= (m| A\

1
= m| Y (1) (LA
\/1 Cn (9n— 2/12/51/3 iz
1
- \/1 (Cn) (97—2) /12/51/3 {m, Al




9.7 Technical proofs 335

O

Recall By Lemma 9.7.13 we have (m, A\|l, \) = 0 if m; # [; for some i, where m;
in the total number of ¢ in m (cf. (9.125)). In particular, |0, \) is orthogonal on
all other basis vectors. This means that we can choose the isometry V) to satisfy
V3|0, A) =|0), and such that the relation above holds for all 0 < |m| < n".

9.7.4 Proof of Lemma 9.6.4 on mapping rotations into dis-
placements

We first recall a few definitions and notations. We denote by D? the displacement
operation (super-operator) acting on observables in the multimode Fock space F as

DAW () = AdW(2)] (W () = ONW(z ), §,7€ i
The operation acts as displacement on coherent states, in particular
DEFE(j0)(0]) = ¢+ 2)(C + 2],

Similarly, on the finite dimensional space (Cd)®n we have the action (cf. (9.83))

- =

ASE™(A) = Ad[U(C, € ))(A) == U((/Vn, €/ vm)®" AU/, €)™,
whose restriction to the block A is Ag’g’" = Ad[U\(C, €. n)).
The isometric embedding 75(-) := V) - V¥ and its ‘adjoint’ 75(-) := V)" - V, satisfy
TATHET(10) (0]) = VAIC + 2 € X+ 2 E AV
where [C+Z,€,\) == Ur(C+Z,€,n) |0, \) are the ‘finite dimensional coherent states’,

According to Lemma 9.5.4, the coordinates of V,\\5+ Z, 5 A) in the Fock basis are
described by:

(mAJUN(C+ 2,€,n)[0, \) (1 + O(nl=2/12671/3)) if |m]| < n7;

something not important if |m| > n".

(m|V3|C+ 2,6, \) = {
(9.109)

Using the relation |[[f)(f] — [f)(f'lli = 24/1 = [(f[f"}|?, which holds for unital
vectors f, f’, the statement of the lemma is equivalent to

sup  sup sup sup 1 — [(Z+ CIWA|C+ Z,€, )\>‘ = R(n)?, (9.110)

[21<nf Ceo,, 5 ||€]|<n—1/2+28/5 ACAn.a
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with R(n) the original remainder term.

We shall prove formula (9.110) by decomposing these vectors in the Fock basis, that
is

(C+ ZVAIC+ 2,60 = Y (C+ Zim) (m|VA|C + £, A). (9.111)

m

The estimates are based on the following observations.

1) The coherent states have significant coefficients (¢ + Zjm) only for ‘small’ m’s,
i.e. those in the set

M= {m:m;; <|(C+ 2,2, i<j} (9.112)
In particular, since 203 + ¢ < n we have M C {m : |m| < n"}.

2) The coefficients (m|V,|C + 2, €, \) are uniformly close to exp(i¢)(C + ZJm) where
¢ is a fixed real phase, in particular uniformly over m € M.

3) If am and by, are the two sets of coefficients, such that > |am[* = > [bm|* = 1,

then
1= mbm| 1= tmbm|+| Y tmbm| <2 <1— > ambm> . (9.113)
m meM m¢M meM
The precise statement in point 1) is
>+ Zm) P < d*n P, (9.114)

m¢M

Indeed, the inner products can be written as a product over the (i, j) oscillators and
we have the bound
. k. .
D HCHZm)P <Y exp(—wiy) T (S 24l

mg¢M i<j k>x; jne

Each of the terms in the sum is a tail of Poisson distribution and is bounded by
n=" if z; ; > 1 and by n? if z;; < 1.

We turn now to point 2). From the third line of (9.109) we get

> o B (yxfmlyAU(5+ 5aén)|f0> (9n—2)/12 5—1/3
WU L& n)|0,\) = 14+ 0(n"" )
ol ROC+ 26 m)j0, 4 \/<?/>\f0|y)\f0>\/<?/>\fm|y>\fm>( How )

_ (prfmlrU(C+ 2. n)fo) 1+ O(nOn-2/125-1/3
V(P2 flirpa fn) ( " )
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where we have used (9.55) and (9.58).

We recall that O, (m) is the orbit in (C%)®" of f,, under R, and that we have the
decomposition

pA.fm = Z # )

fa€Ox\(m
Then, by employing formulas (9.97) and (9.100) we can write

Zfaeok(m)<fa|Q>\U(C +7Z § n)f0>(
V2 o Falarfo)

<m|V>\U)\(5+ f )|O )\> 1+ O(n(9n—2)/125—1/3)

(9.115)

6~ |IC+213 /21—[ iy (n(ﬂ‘ _uj))mi,j/z
o Z ().
\/7 Ai = A

i<j

The corresponding remainder term is
7,<n) — 14+ O(n(9n*2)/125*1/37 n—1+26+n5—1’ n71/2+3ﬁ+265—3/2’

—l+a+285—1  —ldatns—1 —1+43ns—1
n o ,n K R ) )

and the phase is:

Qb \/_ Z MH—l

n(Mi—Mj)>mi’j/2 _

Since A € A, , and the eigenvalues are separated by 6 we have ( S =
i A

1+ O(n*'/§) and the error can be absorbed in r(n).

In conclusion, for m satisfying (9.112), we have:

(m[AU(+ 2,€,n)]0,A) = exp(io) (m|¢ + 2)r(n).
Inserting this result into (9.111), and using (9.113) and (9.114), we get

1 —

RO 2Emon] = 0(1rin), 3 fmiC 3 ) - o)

m¢M
with
Ro(n) =0 (n(gnfz)/12571/3’ n—1+2ﬁ+n5—1’ n*1/2+36+26573/27 n71+a+2ﬁ571’
n—l—i—a—l—né—l’ n—1+3n5—1’ n—ﬁ) )

Through expression (9.110), noticing that Ry(n) = R(n)?, we see that we have
proved the lemma.

O
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9.7.5 Proof of Lemma 9.6.2 on typical Young diagrams

Recall that the state p?" := p?}i/ﬁ has the decomposition over ‘blocks’ A given by

9.21). The probab1l1ty distribution over Young diagrams 5’&"” depends only on the
g g p)\
(]iagonal |)aran|eters u and is given l)y

. d d Mﬁ,n Mi,j
Cvﬁyn_ A ﬁvn >\’L j
i =ad e 1] (T )

me i=1 j=it1

with

A n li[ ML N =M+ k=)
"\ Ay A AN +d—1)! '

The above formula can be understood as follows. By invariance under rotations
we can take 5 = 0 and the state is diagonal in the standard basis basis (Cd)®n
formed by the vector f,. Each eigenprojector carries a weight Hle(uﬁ’”)mi where
m; is the multiplicity of the vector f; in the tensor product f,. Thus, we only
need to add all multiplicities over vectors that are ‘inside’ the block A. Since the
irreducible representation has basis f,, labelled by semistandard Young tableaux,

we get a factor
d d d L mi,;
o - Tloe 11 (%)

a,n
i=1 i=1 j=it1 \ M

=1

The additional factor ¢ is the dimension of Ky, on which the state is proportional
to the identity.

Recall that " = j1; + u;//n for 1 < i < (d—1) and p" = pg — (3, us)/v/n. I
§ > 2dn®~' > 2dn 712 then pi"/p" < 1 for all ||i]| < n?. Moreover m;; < n for
all (i,7), so the total number of m’s is smaller than n®*. Thus

ST (%) <

m i<j i

On the other hand m = 0 is always in the set of possible m, so that

S <“) T

u,n
m i<j \Hi

One can easily verify that

d ,\Z!HZ:l+1(,\l—)\k+k—l) - 1

1> :
- (AN +d—1) ~ (n+d)®

=1
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The remaining factor is the multinomial law. We now show that this is the domi-

nating part. Let us write (Y7,...,Yy) for the multinomial random variable. Then
we have
in 2.1'2
PlY: —np;™| > x] <2exp | —— | . (9.116)
n

Indeed #each Y; is a sum of indepenflent Bernoulli variables X7, ..., X, with P(X; =
1) = p" and P(X} = 0) = 1 — p;", and by Hoeffding’s inequality (van der Vaart
et Wellner, J.A., 1996)

2

Pl| Y~ Xi —E[Xy]| > 2] < 2exp (—2%) . (9.117)

By definition, for any A ¢ A, , there exists an i such that |\; — ny;| > n®, which
implies [\; —nui™| > n® —dn? /2. With n®7~1/2 > 2d, the upper bound is simply
n®/2 and we have

d
ST =P E Aa) < 0D PY; — 0l > 0o /2)

AEAn,« 1=1
< 2dn™ exp(—n?>*"1/2).

9.7.6 Proof of Lemma 9.6.1 and Lemma 9.6.8

We shall use multinomials as an intermediate step. Recalling that bi’" = p?\’"TQ, we
can write:

N<ﬁ7 Vﬂ) - Z biﬂl S Hpem/ - M:}T,n a,mn
A

1

|N(ﬁ, Vi) =) M. LN (9.118)
A 1
where MZM ion is the d-multinomial with coefficients ,u?"
1o d

For background, what we really prove in this lemma is the equivalence of the fol-
lowing classical experiments, together with an explicit rate:

Po = {p™", @] < n"}

.....
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Remember that p?™ = p®". We shall usually shorthand M™¥ M"u —_—

Hp' e d
We first bound the first term in (9.118), planning to obtain:

—1/24~ a—1
<ol 5+ L (9.119)
1

sup
llal|<n

To show this, we rewrite:

-------

.......

Lemma 9.6.2 and (9.116) imply that for all ||| < n?, and n > (4/8)"2",
DI M e () < O expl(—(Can™ 1)),
AZA e

with C} and Cy depending only on the dimension. We end the proof of (9.119) by
recalling that

e (1

=1 me 1<j

Now, for all ||| < n"Y and all A € A, ,, the right hand side without the multinomial

is
ﬁ ﬁ nuznibzlﬁk0+7g Z H (MJ 1/2+'y)) "

=1 k=l+1 me i<j

On A, ,, for n > (4/5)ﬁ, the cube [0, n!/2]44=1/2 C X, 5o that

<SIT (% +our)

me i<j

Mi,j

(M —1/2+y))nt/?
) )
1- % + O(n=1/%+)

1<j

< H u] + O 1/2+7).

1<j
mZ’J
) -1

Putting together yields

< NI, o +k—
e = S T

=1 me 1<j

n—1/2+'y + na—l

J

<C
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We have thus proved (9.119).

We now turn our attention to the second term of (9.118). Our main tool hereon will
be KMT Theorem:

Theorem 9.7.16. (Komlds et al., 1975; Bretagnolle et Massart, 1989) Let X; for

i € N be independent uniform random variables on [0,1]. Let F be the repartition

function of this law (that is, the function x — x on [0,1]), let F,, be the n-th empirical
1

repartition function F,(t) = + >°" | 0x,<; and let oy, be the corresponding empirical

process o, (t) = /n (F,(t) — F(t)).

Let B be a brownian bridge, that is a Gaussian stochastic process such that for
0<t<u<l1, we have E[B(t)] =0 and E[B(t)B(u)] = t(1 — u).

Then we may construct these processes on the same probability space such that:

P | sup vnla,(t) — B(t)] > x+clnn| < K exp(—A\z) (9.120)
te[0,1]

for all n and x, where ¢, K and X are absolute positive constants.

We shall take z = c¢Inn below.

Now notice that the distribution of the vector )
n[Fn ("), Fu(ps™ + py"™) — Fu(puy™), .., Fu(1) — Fo(1 — py™)] is that of the multi-
nomial with parameters n and p%". Now if we substract to this the vector nyu and

divide by n='/2, as we do in our transforms 7 and o™, we obtain
= an(ﬁﬂ?% . Uy
a, a,n + any a, a,n :
(12 N1- ) (11™) I : . (9.121)
: Ud—1
a,n d
an(1) — an(l = pg™) 20U

The last part of the effect of 7, is keeping all the components of this vector but the
first, and smear out with a (—n'/?/2,n/2/2)41 box so that instead of a collection
of peaks we have a histogram without holes between the bars.

Let us also define the Gaussian vector

d—2
B =[B(uy™), B(ps™ 4+ pi™) — B(p™"), ..., B(L = puy™) = B(Y>  pi™)]

=1
+ [Ul, c. ,ud,l].
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Its law is N (i, V,a.x), as can be easily shown with the formulas E[B(t)] = 0 and
E[B(t)B(u)] = ¢(1 — u). Recall that V,a. is given by formula (9.12), with p®"
instead of .

To make use of Theorem 9.7.16, we must still smear out our functions. We are

d—1
writing U" for the uniform probability on [L\/%), %] and shall convolve. We

choose later the precise f(n).

Then let us write an expression where all the terms of the proof of Lemma 9.6.1
appear:

< |V (2, V) — B, (9.122)
+ HBﬁ,n o Bﬁ,n *UnHl

.....

Let us study the first term. We have already seen that H/\/’(ﬁ, V) — Bﬁ’”Hl =
|V (@, V,,) = N (@, V,yim) HlHence we must bound the distance between two Gaussians

with the same mean and different variances. Since p"™" = p;+u;n~"2 and ||, < n?,
we have

1V = Visorllt < D | Vadha = Vs
k,l
< 20 w2} fuln ™D |+ 3l
1<i,j<d—1 i j i
< 4n~1? Z i
< 4n71/2,

On the other hand we can bound from above the smallest eigenvalue of V,,. Indeed,

for all 1 S k S (d—l), we have [Vﬂ]kvk_zlik[vﬂ]kvl = Mk(l_zldzg ,ul) = Ugit1 Z 5/d
Hence V,, > (6/d)1.

So that (1 — Cn=Y/277/6) V,, < Ve < (14 Cn='2%7/6) V,, where C depends only
on the dimension d. We end the computation of the bound for the first term of
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(9.122) with:

——$TV# x eféxT(V#ﬁ,n)ilx
\N(d,V,) — i) |1 = / - dx
M 27‘(‘ d—1 det(V ) \/(271’)65—1 det(VHﬁ’n)

Ty-1
eXp T 3(+0n 1/2+w/5)>
/ V@r(1 = Cn 72 /8))% T det(V,)
zTV,
exp (—m>
~/@r(1+ Cn 1P 5)) 1 det(V,)
1+ Cn~ V275 1 —Cn~ Y2475
T 1—Cn'2M5 1+ Cn 2 s
< Con™ 2176,

where C; still depends only on the dimension, as long as Cn~Y/2+7 < §/2.

The second term of (9.122) corresponds to convolving Gaussians with sharper and
sharper functions. Now, we may upper bound || f x g||; by Rsup, ||V f(x)| for g a
probability density supported on the ball of radius R. So that

N (O

where C' depends only on the dimension, and where we have used n7~1/2 < §/2.

The third term is the one where we use KMT theorem. Indeed, for all u, for
any positive x that, for all z, for all @ € =, 5, using as an intermediate step the
probability space (£2,.A, ¢) on which «,, and B are built, we may write
HBﬁ,n * Un . TnMnﬁyn - Un
p p

1 d

< [ IB¥ (@)% U™ = M (@) % U"[ly dg(w)
Q o d

r+clnn
<P |sup |a,(t)— B(t)| > ——| +
[@mﬂ () - Bl > ]

swp U Uyl
Rd—l

1
lylloo < 2eten

f(n) —f?n; clnn>d1

< Kexp(—Az) + (1 -

We now tackle the last term of (9.122). We break it in two parts, the first being the
large deviations, and the second coming explicitly from the convolution. For any e,
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"M% an.x U —7"M".

|

Ky sy 231 7~~~7ﬂg’n 1
TnMZ’E,n Mﬂ’,n ('r)
<2 M,  a.(A)+ sup L ord -1
MAZ 1 bt ||| <ne ™M . (Y)
/e lz—ylloo <f(n) /v ot
Now, the second term can be upper bounded by
d Mnﬂyn ﬁ,n(A17"'7)\j""7>\d)

L+ fn sup Ly —1
D B e Ve OO Vs O

B ety
Alﬂ?’n 1
Ajpy™

d

<(L+f(n)) sup
j=2 )‘eAn,l/2+e

< (L+ f(n))Cn~ V245,

where we have recalled the assumption n7~1/2 < §/2, and where C' is a constant
depending only on the dimension d.

Putting the four losses together and specifying f(n) = nt4 and x = n, we end up
with
O(My, Go) < O~/ 4 n71/247) /5

for n=1/2#7 > (§/2 and C depending only on the dimension d and the universal
constants ¢, K, A from Theorem 9.7.16.

Adding the part (9.119), and noticing that « — 1 > € — 1/2 for small enough ¢, ends
the proof of Lemma 9.6.1.

From here, proving Lemma 9.6.8 (that is the inverse direction) is easy enough.

Indeed, remembering that o"7"p?" = p?" and that o™ is a contraction, we get

"N (if, V) — p&in

1 1

. .

So that we have the same speed and conditions as those of Lemma 9.6.1.
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9.7.7 Proof of Lemma 9.6.3 on convergence to the thermal
equilibrium state

We recall that the state ¢ on CCR(L?*(p), o) was defined in (9.47) and is the product
of a classical Gaussian distribution and d(d — 1)/2 Gaussian states ¢; ; of quantum
harmonic oscillators, one for each pair 7 < j. ¢;; are thermal equilibrium states

with inverse temperature 5 = In(p;/p;) (cf. (9.28)). The joint state ¢ = Qic; i
is then displaced to obtain qb@? but Lemma 9.6.3 is only concerned with gbG.

It is well known that thermal equilibrium states are diagonal in the number basis
and in our case

RN S | e ) Rt (9.123)

mend@-v/2 i<j M Hi

As shown in (9.60), a similar formula holds for the finite dimensional block states
0,@,n
P

d ayn\ Mg
<m,A|p2ﬂvn|m,A>=cm("gn) | (9:121)

where C7 is a normalisation constant, ™" = p; + u;/y/n for 1 < i < (d — 1) and
g™ = pa — (320, i) /v/n.

However there is a caveat: although |m,\) are eigenvectors of pg’ﬁ’", they are not
orthogonal to each other so we cannot directly use |m, \) (m, \| as eigenprojectors
in the spectral decomposition. However, Lemma 9.5.4 gives us an estimate of the
error that we incur by doing just that.

0,u,n

Note first that the eigenvalues of p,™" are labelled by the total multiplicities m; of
the index ¢ in the semistandard Young tableaux :

m; ‘= )\Z — me -+ ij,i- (9125)

j>t j<u

By Lemma 9.7.13 we have that (m, A|l,\) = 0 if |[m| # [1]. This allows us to split
H, into a direct sum of orthogonal subspaces

Hy,y := Lin{|m, \) : [m| < n"}, and Hin = Lin{|1, A) : |1] > n"}.
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and similarly for the Fock space F = F, 69.7-"#. Note the hidden dependence on n in

the definition of the subspaces. Asymptotically, the state pi’ﬁ’" and gb6 concentrate on
the ‘low excitations’ spaces H) , and F, with corresponding orthogonal projections
Py, and P,, respectively. More precisely,

I3 (687") = 6711 = ITA(PryR ™ Prg) = Pyt Pyl + TP, o3 ™" Pi,) = P é P
< AT Pl Pry) — PPy + 21 PP (9.126)
From the definition 9.32 of ¢9 and that of thermal states (9.27) we see that the

second term on the right side of order max;y(u/1;)"" = O(exp(—dn")). For the
rest of the proof we shall deal with the first term on the right side.

Let us denote by H({m;}) = Lin{|l : \),l; = m;} be the eigenspace of pO“” and
P({m;}) the corresponding eigenprojection . Then

A5 = 0 Y [0y P

{m;} =1

As in Lemma 9.5.4 we have that for jm| < n”

P({m;}) = 1+Cn(9’712 )/125-1/3 Z lm, \) (m, A\| + E({m;})

m:{m;}

where the sum runs over those m with total multiplicities {m;}. The (positive)
reminder has trace norm

Te(B({m:})) = O(n®"2/25=1%) - dim(H({m,})).
By summing over all {m;} satisfying |m| < n" we get
1 ~0 un s mi—N\;
11 Cnln-2)/125-1/3PA +CX ZH E({mi}),

{m;} i=1

P)\np unP)\n

where ﬁg’ﬁ’" is the approximate state

pln = C“ZH i Z lm, \) (m, A| .

{m;} i=1 m:{m;}

The error term has trace norm of the order

d
O(n(9n72)/12571/3) . C;\l’ Z H(uf,n)ml—)\ldlmo_l({mz})) _ O(771(97772)/12571/3)7

{mi} i=1
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where we have used the normalisation of the block state po wn,

In conclusion

1Prnp N ™" Py — 27|l = O(nO1=2/125-1/%), (9.127)

The next step is to show that the block states ﬁg’ﬁ’” are mapped by T close to
P,¢"P,. Using (9.60), we can write

n) - (%

me 1<j

) 7y (Jm, ) (m, ). (9.128)

If n* ! <§/2 and « > 1/2 > n, we know that all m such that |m| < n” ‘it into’ \.

Since pi™ = p; + O(n~/27), when |m| < n?,

<M§n> - <&> (L4 O g)), (9.129)

Hi
) -

If 2dn"~'/? < §/2 then the second part is less than n?’ (1 —3/2)"" which is negligible
compared to the other error terms. Hence:

= S II(2) e ows)

|m|<n77 1<)

= H(“ ) " (14 O )

meNd(d-1)/2 i<

For the normalisation constant we can write:

ey () s T(%

|m|<nn i<j meX:m|>nn i<j

_ Hi g4 O(n= ¥ /8Y). (9.130)

Z<_]

We then recall that for unit vectors, we have |||f)(f] — | ([l = 2+/1 = [{f]f)|?
So that, using Lemma 9.5.4, we get that for [m| < n”

175, A) {m, AJ)—m) (m [y = [[Va|m, A) (m, AV3 —|m) (ml[|; = O(n®=2/2/51/6).
(9.131)
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Putting the estimates (9.129), (9.130), (9.131) back into formula (9.128), we obtain
Ta(py™™), so that

B = 0TI (M) bt 4 02000 o225,
n|<nn <] Hi Hi
(9.132)
Comparing with (9.123), and using (9.126) and (9.127) we get the desired result.

O

9.7.8 Proof of Lemma 9.6.5 on local linearity of SU(d)

The key is to notice that, as we are dealing with a group, there is a r such that
UH(¢+2,0,n)U(C0,n)U(2,0,n) = U(=C=2,0,0)U(C,0,0)U(2,0,n) = U7, 5,n),

and similarly for the operation A. We shall prove below that under the condition
that both ¢ and Z are smaller than n®, then 7| + [|5] = O(n=/2%%%/§). Let us call
this the domination hypothesis for further reference.

Now, as the actions are unitary, we may rewrite the norm in Lemma as 9.6.5:
A= [[1ag = A5 a0, 1) 0, D)

= [arE P agE - agraiigo. o) |

= ||l = A7 (jo, 3 (0. A |

E
As T is an isometry, we may also let it act the left and 75 on the right and get:

A= 7310, 3) (0, \l) = AL T3 (/0) (0))

’ 1

< 110) (0] — 17 (71l + ||I7) (71 = AT T3 (10) (o) | + 17510, 2) (0, A = [0) (0] 1.

By the domination hypothesis, the norm of 7 is smaller than n~/2*20/§, hence
(110) =1 — O(n="47/8%). Using ||| £) (| = [f)(f'[ll. = 23/1 = [(f[f')|* we get that
the first term on the right side of the inequality is O(n~'/2%2%/§). Notice that this
is dominated by R(n) given in equation (9.75) since n > 20.

For the second term, we apply Lemma 9.6.4, with 22 = 0. By the domination
hypothesis, ||5]| < n~/2*2%/§, so we may apply Lemma 9.6.4, and the remainder is
given by R(n) in equation (9.75).
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The last term is O(n(®1=2/24 /§1/6) as shown in (9.131) which is dominated by R(n).

We finish the proof of the lemma, and simultaneously that of Theorem 9.4.3, by
proving the domination hypothesis. Recall that an arbitrary element in SU(d) can
be written in the exponential form

d—1
T; I T
s —on (St ¥ Mt i)

i—1 1<j<k<d Hi = Hk

9

where (7,5) € CU4=D/2 x R4 and T;;, H; are the generators of SU(d) defined in
(9.84). A special case of this is U( 7) := U(7,0). In general, the map (7, 5) — U(7, 5)
is not injective but becomes so if we restrict to a small enough neighbourhood C of
the origin (0,0) € C#4=1/2 x R4=1. On this neighbourhood it makes sense to define
the inverse as a sort of ‘logarithm’

log U(7, ) := (7, ),
which is a C*° function.

By continuity of the product, if 7,3 € C4d=1/2 are small enough, then U(—7 —
YU@)U(y) € €. Since ISl + I121l/v/n < n?712/5, we can apply this to ¥
(/g = Z/n for n > (C’/é)l/2 5 with the constant C' depending only on the

dimension, and get

(7/v/n, 5/v/m) = 1V, 2/v/m) = log [U(=((+ 2) VmU (VU (E/ Vi)

Since f is a C'*™ function we can expand in Taylor series and it is easy to show that
f£(0,0) = (0,0), the first order partial derivatives are zero as well, and the second
order derivatives are uniformly bounded in a neighbourhood of the origin. Thus we
get

- ﬁO( HZi,jHQ HQJHQ ) _ O(nil/ﬂw/é).
n(p — )" n(ps = 1)
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