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Titre : Etude théorique et numérique de problémes non linéaires au sens de McKean en finance

Résumé : Cette thése est consacrée a I’étude théorique et numérique de deux problémes non linéaires au sens de
McKean en finance. Nous abordons dans la premiére partie le probléme de calibration d’un modéle & volatilité
locale et stochastique pour tenir compte des prix d’options Européennes observés sur le marché. Ce probléme
se traduit par I’étude d’une équation différentielle stochastique (EDS) non linéaire au sens de McKean & cause
de la présence de 'espérance conditionnelle du coefficient de volatilité stochastique par rapport a la solution
de ’EDS dans le coefficient de diffusion. Nous obtenons l'existence du processus dans le cas particulier ou la
fonction de volatilité stochastique est un processus de sauts ayant un nombre fini d’états. Dans 'industrie, la
calibration est effectuée efficacement a ’aide d’une régularisation de I’espérance conditionnelle par un estimateur
a noyau de type Nadaraya-Watson, comme proposé par Guyon et Henry-Labordére dans [57]. Nous obtenons
la convergence faible a 'ordre 1 de la discrétisation en temps de 'EDS non linéaire au sens de McKean. Nous
proposons également un schéma numérique demi-pas de temps et étudions le systéme de particules associé que
nous comparons a ’algorithme proposé par [57]. Dans la deuxiéme partie de la thése, nous nous intéressons
4 un probléme de valorisation de contrat avec appels de marge, une problématique apparue avec ’application
de nouvelles régulations depuis la crise financiére de 2008. Ce probléme peut étre modélisé par une équation
différentielle stochastique rétrograde (EDSR) anticipative avec dépendance en la loi de la solution dans le
générateur. Nous montrons que cette équation est bien posée et proposons une approximation de sa solution a
l’aide d’EDSR standards linéaires lorsque la durée de liquidation de 'option en cas de défaut est petite. Enfin,
comme le calcul des solutions d’EDSR approchant la solution de 'EDSR non linéaire au sens de McKean peut
étre amélioré a l'aide de la méthode de Monte Carlo multiniveaux introduite par Giles dans [46], nous effectuons
I’analyse numérique de cette technique.

Mots-clés :  Calibration, modéle a volatilité locale et stochastique, systéme de particules en interaction, EDS
non linéaire au sens de McKean, EDSR anticipative de McKean, Monte-Carlo multiniveaux.



Title : Theoretical and numerical study of problems nonlinear in the sense of McKean in finance

Summary : This thesis is dedicated to the theoretical and numerical study of two problems which are nonlinear
in the sense of McKean in finance. In the first part, we study the calibration of a local and stochastic volatility
model taking into account the prices of European options observed in the market. This problem can be rewritten
as a stochastic differential equation (SDE) nonlinear in the sense of McKean, due to the conditional expectation
of the stochastic volatility factor computed w.r.t. the solution of the SDE in the diffusion coefficient. We obtain
existence in the particular case where the stochastic volatility factor is a jump process with a finite number of
states. In the industry, Guyon and Henry-Labordére proposed in [57] an efficient calibration procedure which
consists in approximating the conditional expectation using a kernel estimator such as the Nadaraya-Watson one.
We obtain weak convergence at order 1 for the Euler scheme discretizing in the time the SDE nonlinear in the
sense of McKean. We also introduce a numerical half-step scheme and study the the associated particle system
that we compare with the algorithm presented in [57]. In the second part of the thesis, we tackle a problem of
derivative pricing with initial margin requirements, a recent problem that appeared along with new regulation
since the 2008 financial crisis. This problem can be modelled by an anticipative backward stochastic differential
equation (BSDE) with dependence in the law of the solution in the driver. We show that the equation is well
posed and propose an approximation of its solution by standard linear BSDEs when the liquidation duration
in case of default is small. Finally, as the computation of the solutions of the linear BSDEs approximating the
solution of the BSDE nonlinear in the sense of McKean can be improved thanks to the multilevel Monte-Carlo
method introduced by Giles in [46], we perform the numerical analysis of this technique.

Keywords :  Calibration, local and stochastic volatility model, interacting particle system, SDE nonlinear
in the sense of McKean, anticipative McKean BSDE, multilevel Monte-Carlo.
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Chapitre 1

Introduction

1.1 Champ moyen et équations de McKean

La théorie de champ moyen est une approche efficace qui permet de relier deux échelles de modélisations :
une échelle microscopique décrivant le comportement de nombreuses particules en interaction et une échelle
macroscopique pour laquelle on dispose d’un modéle simplifié qui décrit la distribution statistique de ces parti-
cules. A Dorigine, les systémes de particules étaient étudiés en physique pour modéliser I’évolution temporelle
de la distribution de particules chargées dans un plasma (modéle de Vlasov) ou décrire I’évolution d’un gaz
hors équilibre (modéle de Boltzmann). Depuis, le mot particule est un terme générique qui peut désigner des
particules physiques, un neurone, un agent financier, etc.

Lorsque le nombre de particules devient trés grand, la quantité d’interactions & prendre en compte est telle
que la plupart des modélisations fines sont impossibles a simuler. Dans le cas de champs moyens, il est possible
d’obtenir une excellente approximation des interactions entre particules. Dans ce cadre, nous nous plagons dans
la limite N — oo ol la contribution de chaque particule au champ est infinitésimale. Plus précisément, la limite
de champ moyen est une limite particuliére ou les interactions entre particules sont suffisamment faibles pour
que les influences s’exergant sur une particule donnée restent finies lorsque N — oo.

Nous introduisons le modéle financier de Carmona, Fouque et Sun [26]. C’est un modéle simple qui décrit
un systéme de N banques qui empruntent ou prétent de l'argent les unes aux autres. Pour 1 < i < N, la
position de la particule i représente les fonds log-monétaires que posséde la banque i. Le systéme de particules
en interaction ci-dessous modélise I’évolution des réserves, suivant la régle selon laquelle pour 1 < j # i < N,
la banque ¢ emprunte & la banque j si la banque j est plus riche qu’elle, et préte & la banque j dans le cas
contraire :

N
) 1 ) ) ,
i, IN N i, N i .
dX," = ~ E X - X dt+dB;, 1<i<N, (1.1.1)
Jj=1
Ici (Bi)1 <<y 6st une famille de mouvements browniens unidimensionnels et indépendents. De plus, nous

supposons que les valeurs initiales (X&’N, ...7Xév ’N) sont indépendantes et identiquement distribuées (i.i.d.)

de loi pg, out pug est une mesure de probabilité sur R. Avec une heuristique de type loi des grand nombres, on
s’attend a ce que la dynamique d’une particule dans la limite N — oo suive

dX, = (E [X¢] — X) dt + dB, (1.1.2)

olt B est un mouvement Brownien unidimensionnel.

L’équation (1.1.2) est une équation différentielle stochastique (EDS) dite de McKean, a cause du coefficient
de dérive qui dépend de la loi de la solution X au travers de l'espérance E Wt] En supposant que la condition
initiale o est centrée dans cet exemple trés simple, on vérifie facilement que 'EDS (1.1.2) est bien posée et que
X est égal a la solution de 'EDS d’Ornstein-Uhlenbeck

dX; = —Xdt + dB;.

Il est possible de prouver des vitesses de convergence en loi du systéme de particules vers le processus limite
(1.1.2). Dans son cours fondateur pour le cas d’un coefficient de dérive plus général, Sznitman couple la particule
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XN avec le processus X qui est solution de (1.1.2) en remplagant le mouvement brownien B par B et

Yé = XS’N. En exploitant ce couplage, nous obtenons :

t N
i i ; —i 1 . —
XoN X = /0 ~XPN X+ Y XV -E X2] | ds.
=1

En introduisant la moyenne % Zivzl Yi, il vient pour s > 0,

n ifi(Xi,N_Xi) + ]ifiXi—E[Xﬂ du.
i=1 '

)

XV - X

S .
g/ XY - X,
0

S

Nous prenons ensuite le supremum en s € [0,t] et Pespérance de I'inégalité ci-dessus et en utilisant I’échangea-
bilité des particules, nous obtenons :

) t
Z]§2/E[sup
0 0<u<s

iN
XL _;Xu

S

+ N
. — 1 J— i
E{sup ‘X;’N—X ]ds+/E —ZXZ,—E[Xi} ds.
0<s<t 0 N3
Le dernier terme est un terme d’erreur statistique. Comme les processus X7 sont i.i.d., par 'inégalité de Cauchy-
Schwarz, il vient :

1 S 1 Var(X,)
E N;XiE[XJ <\

ou la variance est finie si la mesure yy posséde un moment d’ordre 2 fini. Par application du Lemme de Gronwall,
on conclut que :

sup VNE {sup | XN — X;@ < 00. (1.1.3)
N t<T

. y y : 1 N WwN _ 1 N % :
Par ailleurs, remarquons qu’avec I'observation > .~ X" = &% > .=, W/, nous obtenons directement que sous

I’hypothese XS’N =0pour 1 <i<N,
t .
(e_t/ esng) ,
0

et permettrait d’obtenir plus rapidement (1.1.3), mais la technique de couplage de Sznitman se transpose au
cas d’interactions non linéaires entre particules

ol N 1Y
Xf—Xt:NZB{—N
j=1

j=1

i=1

N N
, 1 A , 1 , A ,
axpN = =3 b (XN xPV )t + = >0 (XPN, xPY) dBl 1< < N,
i=1

ot les noyaux d’interaction b : R? — R et ¢ : R?> — R sont Lipschitz et bornés. Le processus limite suit alors la
dynamique :

0%, — </Rb(Xt,y) ut(dy)> dt + </Ra (Xoy) ut(dy)) 4B, (1.1.4)

ou pour ¢ > 0, uy est la loi de X;. Notons que le couplage utilisé précédemment repose sur le caractére bien
posé du processus limite (1.1.4).

Theorem (Sznitman, [93]). Il y a existence et unicité, trajectorielle et en loi pour les solutions de ’EDS (1.1.4).

La preuve repose sur un argument de linéarisation puis un argument de point fixe sur ’espace des trajectoires.
En effet, une itérée de 'opérateur ® qui & une mesure m sur C([0,7] x R) associe la loi de la solution de 'EDS

Z - ( Jc mt<dy>> it + ( R rm(dy)) aB,

est une contraction par rapport a la distance de Wasserstein sur I’ensemble des mesures de probabilité sur
C([0,T] x R).
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Theorem (Sznitman, [93]). Pour tout i > 1 et T > 0,
sup vV NE [sup XN — qu < 0. (1.1.5)
N t<T

Ces résultats d’existence, unicité et approximation particulaire ont été étendus pour des processus a sauts
par Jourdain, Méléard et Woyczynski dans [70], ou le processus ¢ — (¢, B;) est remplacé par un processus de
Lévy.

Comme conséquence du résultat de convergence (1.1.5), pour tout systéme fixé iy < ... < i, la loi de
(XN, X%N) converge étroitement vers u®* lorsque N — oo. L'indépendance a Dinstant initial des va-
riables XSI’N, ...,Xé’“’N se transmet aux instants ultérieurs et les processus XV, ... XN convergent vers
des processus indépendants. Ce phénoméne, appelé propagation du chaos, est équivalent a la convergence en
probabilité de la mesure empirique du systéme de N particules vers la loi du processus non linéaire. L’intérét
de la méthode particulaire réside dans cette convergence : il est possible d’approcher la solution d’équations de
McKean a 'aide de la mesure empirique du systéme de N particules.

Problémes singuliers

Lorsque les coefficients des modéles considérés ne satisfont plus les conditions classiques de type Lipschitz,
on parle alors de probléme de McKean singulier. Il s’agit d’exploiter la structure particuliére de chaque type
interaction pour montrer la propagation du chaos. Sans prétendre a I’exhaustivité, nous présentons quelques
problémes singuliers qui ont fait 'objet de travaux. Pour chaque exemple, les fonctions b, o, lorsqu’elles sont
présentes, sont a priori différentes.

Pour des EDS de la forme

X: = Xo —|—/0/b(u,Xu,E[go1(Xu)])du+/0 o(u, Xu, E [p2(Xy)])dW,, (1.1.6)

ou W est un mouvement Brownien d-dimensionnel, o, 2 sont des fonctions réguliéres et bornées, b est Lipschitz
en la troisiéme coordonnée mais seulement bornée en espace et ¢ est Holderien, I'existence et 'unicité trajec-
torielle d’une solution de (1.1.6) sont établis dans [28] lorsque X est de carré intégrable et o est uniformément
elliptique. La singularité vient du fait que la fonction B définie pour t > 0, x € R? et une mesure v de probabilité
sur R? par (t,xz,v) = b (t, x, f cpldu) est bornée en espace et Holder en la mesure v au sens de la distance de
Wasserstein.

Une fonction u est solution de 1’équation de Burgers avec condition initiale ug si elle vérifie

1
Opu = §8§u — udyu,
Ult=0 = U0-

Contrairement aux équations a dérivées partielles (EDP) de Fokker-Planck associées aux EDS non linéaires au
sens de McKean avec des coefficients Lipschitz ou de la forme (1.1.6), 'intéraction décrite par 1’équation de
Burgers est locale dans le terme de dérive d’une interprétation probabiliste qui serait, de fagon heuristique,

t
X, =Xy + By +/ u(s, Xs)ds,
0

ol u(s,-) est la densité de X,. Dans [93], 'auteur décrit w comme la loi du processus limite associé au systéme
de particules
, 4 1 . ,
dXj = dBj + 5 > dL)(X' - XY),
J#i

ot LY est le temps local symétrique en 0 & linstant ¢. En intégrant I'équation de Burgers en espace et en
étudiant la fonction de répartition de X; plutdt que se densité, Bossy et Talay se raménent dans [16] et [17] &
une interprétation probabiliste avec interaction globale mais ot le noyau est la fonction de Heaviside, qui est
discontinue. Dans [69], les auteurs montrent I’existence, I'unicité et la propagation du chaos pour un probléme
de McKean ou l'interaction est de plus locale en le coeflicient de diffusion

dX; = b(p(s, Xy))dt + o(p(s, Xs))dWr,
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ou p(s,-) est la densité de X.

Le modéle de Keller-Segel en dimension d, utilisé en biologie, est un systéme d’EDP qui décrit les évolutions
temporelles de la densité p; d’'une population de cellules et de la concentration ¢; d’une substance chimique
attractive :

1
Op(t,z) = §Ap(t,x) — V- (xpVo)(t,z), t > 0,2 € R?

ade(t,x) = %Ac(t,m) — Xe(t,x) 4 p(t,z), t >0,z € RY,
p(07$) = pO('x)’ C(O,J)) = Co(ﬂl‘).

Les interprétations probabilistes du modeéle de Keller-Segel font intervenir, dans le coefficient de dérive, la
convolution en espace de la densité de la solution d’'une EDS avec un noyau singulier. L’évolution temporelle
d’une cellule peut étre représentée dans le cas a = 0 et d = 2, étudié dans [62], [41] et [27], par

t
X, :X0+Bt+x/ K * fo(X,)ds (1.1.7)
0

ot K : z € R? — ﬁ et fs est la densité de X, pour s > 0. Dans le cas > 0, étudié dans [94] et

[66] pour d = 1, apparait une singularité dans le coefficient de dérive en ( IN Ko_y* fudu> (X,), ot Ki(z) =

|=|?
xe~ 2tV ((QCWQ?SC)XS/?)'

Une approche probabiliste de 'EDP de Navier-Stokes en dimension 2, proposée par [80] et [78], basée sur
I’étude du rotationnel de la solution, est trés proche du modéle de Keller-Segel ci-dessus pour a = 0, puisque
c’est PEDS (1.1.7) ou la fonction K est le noyau de Biot et Savart.

Par ailleurs d’importantes avancées ont été faites dans le cas ot des espérances conditionnelles interviennent
dans les coeflicients. Parmi les modéles d’écoulements turbulents, les solutions de I’équation de Burgers avec
viscosité et les solutions statistiques de ’EDP de Navier Stokes en dimension 2 avec condition initiale aléatoire
admettent la représentation probabiliste suivante de type McKean :

dX; = E [b(w, X1)|6]|,_y, dt + E [o(z, X,)|6]],_, AW, (1.1.8)
(Xo,0) ~ [®(a)](x)dzv(da),

ol # est une variable aléatoire indépendante du mouvement brownien W. Dans [96], les auteurs montrent que le
probléme est bien posé et proposent un systéme de particules avec des poids aléatoires pour évaluer les moments
des solutions statistiques de 'EDP de McKean-Vlasov-Fokker-Planck associée a (1.1.8). Ce résultat est étendu a
des conditions initiales plus générales dans [98], ot 'auteur propose de plus un systéme de particules a 1’aide de
régresseurs par ondelettes au lieu d’estimateurs classiques de type Nadaraya-Watson, accélérant alors le calcul
des moments.

Une autre fagon de modéliser les écoulements turbulents est donnée par les modéles Lagrangiens stochastiques
qui décrivent I’évolution temporelle de la position X et de la vitesse U des particules d’un fluide. Ces modéles
font aussi intervenir une espérance conditionnelle dans le coefficient de dérive puisqu’ils se mettent sous la forme

t
X = Xo +/ Usds,
0

t

t
U = Uy + / E [b(Us, )| Xy, ds + / o (5, X, Us)dW,,
0 0

ou b est une fonction d’intéraction bornée. Le caractére bien posé de cette solution et la propagation du chaos
du systéme de particules associé sont établis dans [15]. Ces résultats sont étendus au cas ot le processus évolue
dans un compact et est soumis & des réflections spéculaires dans [14].

Pour simuler des dynamiques moléculaires, le processus Adaptive Biasing Force (ABF) permet d’empécher le
processus X = (X!, ..., X9) de stationner dans les états métastables grace a la présence d'une force qui repousse
X de son état actuel s’il y reste trop longtemps. Sous la forme la plus simple, le processus X est solution de
I’EDS

dXy = (=VV(Xy) +E [0:V(Xy)| X} ] e1) dt + V2dWs, (1.1.9)
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ou W est un brownien d-dimensionnel, V' est une fonction de potentiel, 91V sa dérivée par rapport a la premiére
coordonnée et e; = (1,0, ...,0) est le premier vecteur de la base canonique. Cette force de répulsion est représentée
par une espérance conditionnelle dans le terme de dérive et induit une forte non linéarité en la loi de X. Dans
[75], les auteurs prouvent la convergence en temps long des solutions de (1.1.9) vers la mesure stationnaire. Plus
tard, existence et I'unicité de la solution & 'EDS (1.1.9) sont établies dans [68].

Dans cette thése nous nous intéressons a deux problémes de McKean singuliers ot apparaissent des espérances
conditionnelles. Nous considérons dans la premiére partie une EDS dont le coefficient de diffusion dépend de
I’espérance conditionnelle d’un facteur stochastique par rapport a la solution de 'EDS. Dans la deuxiéme partie,
nous étudions une EDSR dont le générateur dépend de la loi de ’évolution future de la solution conditionnelle
a la connaissance du passé.

Jeux a champ moyen

Terminons cette section avec une source de regain d’intérét pour les problémes de champ moyen. Si 'on donne
de plus a chaque banque la possibilité d’emprunter & une banque centrale, la dynamique de chaque particule
devient :

N
. 1 p X ) )
dx;iN = <N doXPN - XZ’N> dt + aldt +dBi, 1 <i < N.

i=1

La banque i peut alors décider du taux o pour minimiser la fonctionnelle
Ji(al, o) = E / Fi(Kead)dt + g, (XN |
0

- , o , . , N N2
ou Xy = Z;\Ll X7 avec par exemple les cotits f; (X, al) = i (oﬁ)2 —a (Xt - XZ’N) + 3 (Xt — XZ’N) et

) - NN
Gi (X%N) = % (XT — X%N) . Ce probléme est un jeu a champ moyen. Ces jeux ont connu un grand succés ces

derniéres années grace aux travaux de Lasry et Lions [74]. Elles constituent une adaptation de la théorie du
champ moyen, ou les particules sont remplacées par des agents qui interagissent entre eux dans des situations
stratégiques. La difficulté principale est qu'un agent doit, pour élaborer sa stratégie, prendre en compte celle des
autres agents. Dans ce cas, la nature du champ moyen est modifiée. L’information statistique recherchée n’est
plus la position ou la vitesse de chaque particule, mais la stratégie de chaque agent. Une analyse probabiliste de
ces jeux a été menée dans [25] entre autres, et conduit a ’étude de systémes couplés d’EDS Forward-Backward.

1.2 Les modéles a volatilité locale et stochastique calibrés aux prix
vanilles de marché

Dans la premiére partie de la thése, nous abordons la modélisation du cours d’un actif S par le processus d’Ito
suivant :

dSt = ’I"Stdt + O'tStth, t Z 0,

porté par le mouvement Brownien unidimensionnel W, en supposant un taux d’intérét constant » € R. Jusqu’au
début des années 2000, trois principales familles de modeéles ont été introduites dans I’industrie pour le processus
o : le modele de Black-Scholes ot o est une constante, la volatilité locale (LV) ol o est une fonction déterministe
de S, et la volatilité stochastique (SV) ot o est un processus d’Ito . Les deux premiéres familles sont complétes.
En effet comme le prix de actif est dirigé par le seul mouvement brownien W pour chaque payoff, il existe
un unique portefeuille autofinancant de réplication et donc le prix est défini comme étant la valeur au temps
t = 0 du portefeuille de réplication. Notons que dans la communauté académique, suite au travail de Gatheral,
Jaisson et Rosenbaum [44], des modéles ou la volatilité dite rugueuse est construite a partir d’'un mouvement
brownien fractionnaire ont été développés récemment.

La calibration des modéles pour tenir compte des prix du marché des options est pertinente lorsque les risques
portés par l'option exotique sont bien controlés par I’échange d’options liquides disponibles sur le marché. En
pratique, on observe sur le marché les prix de produits liquides pour un ensemble fini de paramétres. On se
restreint ici aux vanilles et donc on observe en pratique le prix des calls C(T, K) et puts P(T, K) sur un nombre
fini de maturités T et de strikes K. Si on fait 'hypothése supplémentaire que 'on a accés aux prix des vanilles
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pour tous les strikes et toutes les maturités positifs, d’aprés le résultat de [18], cette information est équivalente
a la connaissance de la loi du sous-jacent S; pour tout ¢ > 0. D’aprés Dupire, le processus

ASP" = PSPt + 0y (1, SPT)SP AW, >0,

est calibré de fagon exacte aux valeurs du marché pour le choix :

9rC(T, K) + rKdx C(T, K)
= >
7pup(T, K) \/2 K20%2.C(T, K) IR0

au sens ol

VI,K >0, Ee""(Sr — K)4] = C(T, K).

Cependant, une fois calibrés, les modéles LV ne possédent plus de flexibilité supplémentaire pour contréler par
exemple le risque de volatilité. En effet, le coefficient de diffusion du modéle de Dupire ne dépend que de la
trajectoire du mouvement Brownien W qui est la seule source d’aléa.

D’un autre c6té, les modéles a volatilité stochastique permettent de mieux gérer le risque de volatilité et de
reproduire des faits stylisés sur le comportement d’options plus complexes, mais ces modéles sont incomplets.
Dans ce cas, la volatilité est dirigée par un ou plusieurs mouvements browniens qui ne sont en général pas
parfaitement corrélés & W. Nous perdons alors la réplication exacte et I'unicité du prix. Plusieurs concepts,
comme la surréplication, ont alors été développés pour définir le prix d’options sous un modéle SV. Pour
résumer, les dynamiques des modéles SV ont un comportement spot-vol beaucoup plus riche que celui des
modéles LV. Pour calibrer les modeéles SV de fagon exacte au smile de marché et combiner les points forts des
deux modeles, un modele a volatilité locale et stochastique (LSV) a été introduit dans [76] et [89] :

dSt = TStdt + f(Y;g)O'(t, St)Stth, t 2 0. (121)

Dans ce modéle, la fonction o, déterministe en le temps et S; est multipliée par un facteur de volatilité sto-
chastique f(Y;) ot Y est un processus stochastique et f : R — R est une fonction mesurable strictement
positive.

Lorsque la fonction f et le processus Y sont connus, la procédure de calibration repose sur le résultat suivant
de Gyongy. Etant donné un processus d’Ito Z solution de

dZt = 5tdt + OltdBt7 t 2 0,

ou 3 et « sont des processus adaptés a la filtration d’un mouvement Brownien B en dimension d € N* il est
possible de construire une diffusion

dzP = b(t, ZP)dt + o(t, ZP)dB,, t > 0,

de telle sorte que pour tout t > 0, Z; et ZP aient la méme loi. Soit I la matrice identité en dimension d et A*
la transposée d’une matrice A.

Theorem (Gyongy, [58]). Siles coefficients B, o sont bornés et s’il existe une constante aine > 0 telle que presque
stirement, dt-presque partout azaf > of Iy au sens des matrices symétriques, alors il existe une solution ZP a
UEDS

dzZP =o(t, ZzP)dt + o (t, ZP)dB;, t > 0,

ot les coefficients b, o sont définis pour tout t > 0,z € R? par

oo*(t,z) = E|awaj|Z: = 2],
De plus, pour tout t >0, Z; a la méme loi que ZP.

En appliquant la Définition (1.2.2) avec le choix Z = S, défini par (1.2.1) et ZP = SP%  on obtient
formellement que pour tout ¢t > 0, .S; et StD “P ont la méme loi si presque stirement, dt-presque partout,

E [Jz(ta St)fZ(Y;SNSt:I = O—%)up(tﬂ St)
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La calibration du modéle LSV aux prix des options vanilles donnés par le marché impose donc le choix suivant
pour la fonction o :

upts
o(t,x) IDup(t; 7) ,t>0,z €R,

T VEPM)IS = 4]

et donc la dynamique suivante pour X = log(S) :

_ _ U%)up(t76Xt) fQ(E/t) Xt L
dXt_<r 2w ) Tt e

IOg(SQ) = Xo, (123)

ou X est déterministe. L’équation (1.2.3) est nonlinéaire au sens de McKean & cause de la présence de I’espé-
rance conditionnelle dans le dénominateur des coefficients de la dynamique et qui est hautement non linéaire en
la loi de (X,Y). Comme les hypothéses Lipschitz standards ne sont pas vérifiées, les résultats classiques évoqués
précédemment ne s’appliquent pas. La premiére question naturelle qui se pose concerne le caractére bien posé
de l’équation (1.2.3).

Question : A-t-on existence et unicité d’une solution de ’EDS non linéaire au sens de McKean ?

Par ailleurs, la question de la simulation est également importante d’un point de vue pratique pour valoriser
des contrats a 'aide du modéle LSV calibré. Ren Madan et Qian ont proposé une premiére approche dans [90].
Leur idée consiste dans un premier temps & résoudre numériquement I’équation de Fokker Planck associée au
couple (X,Y) avant d’utiliser un schéma d’Euler pour diffuser le processus (X,Y’) en approchant I’espérance
conditionnelle & I’aide de 'approximation de la densité de (Xy,Y;) obtenue aux instants de discrétisation tem-
porelle. Un peu plus tard, en s’inspirant du point de vue champ moyen, Guyon et Henry-Labordére ont présenté
dans [57] une méthode plus directe et intuitive en approchant l’espérance conditionnelle & l’aide d’un estimateur
a noyau de type Nadaraya-Watson dans un systéme de N particules en interaction :

=5V PN KXY - o)
E5V KXY - )

E [P (V)| X, = 2] ~

)

ou K. est une fonction de régularisation de taille de fenétre ¢ > 0. Cette procédure efficace est désormais stan-
dard dans la plupart des banques, notamment sur le marché du change. La calibration s’opére avec les données
de marché et la méthode particulaire converge sur une grande plage de paramétres, sauf quand le risque de
volatilité est poussé a I'extréme. Cela est peut étre dit a ’absence de solution pour le processus limite (1.2.3)
ou bien a l'instabilité numérique sous ces jeux de paramétres.

Question : La méthode particulaire de calibration du modéle LSV converge-t-elle 7 A quelle vitesse 7

Enfin, notons que la méthodologie de calibration introduite dans [57] se généralise dans [55] et [56] aux cas
ou la volatilité o dépend de la trajectoire passée du cours de l'actif S ou lorsque 1'on considére des options sur
indices ou devises au lieu d’options vanilles dans le cadre de modeéles multi-actifs.

Chapitre 2 : Existence d’un modéle a volatilité locale et changement de régime calibré et nouveaux
faux mouvements browniens

Les premiéres réponses a la question de I’existence du processus limite solution de 'EDS (1.2.3) ont été apportées
par Abergel et Tachet dans [1]. Les auteurs établissent l'existence locale en temps d’une solution a 1'équation
de Fokker-Planck restreinte & un compact en espace, en supposant que le facteur de volatilité stochastique est
presque constant, ce qui fait du modéle LSV calibré obtenu une perturbation du modéle de Dupire.

Une des situations les plus simples pour aborder le probléme d’existence globale pour 'EDS (1.2.3) est de
se placer d’abord dans le cas ou Y est un processus a valeurs dans l’ensemble fini de réels YV = {y1, ..., yq4}. Dans
un premier temps, en choisissant op,, = 1 et en négligeant le terme de dérive, nous nous ramenons a I’étude
de 'EDS suivante :

ix, = — 10y

E[f2(Y2)]X4]
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Xo ~ p. (1.2.4)

ou p est une mesure de probabilité sur R. Pour obtenir I'existence du processus, nous considérons les densités
(Pi)1<i<q> 0t pour 1 <i < d, p;(t,-) est la densité de X, conditionnellement a I’événement {Y; = y;} et multipliée
par a; := P(Y; = y;). En d’autres termes, p; est définie pour toute fonction mesurable bornée ¢ : R — R par

E [p(X0)1ioyy] = / o(@)pi(t,2)da.

Dans le cas ou Y est un processus constant en temps et la Condition (C') ci-dessous est satisfaite, nous établissons
I'existence d’une solution au sens des distributions au systéme de Fokker-Planck vérifié par la famille (p;); ;< :

yp; = L2 (Zﬁwkﬁ@m>dmu0ﬂxm
27\ Xl £ ()

p;(0) = a;p dans R, (1.2.5)

Condition (C). Il existe une matrice I' symétrique définie positive de taille d x d telle que pour 1 < k < d, la
matrice T'®) de taille d x d avec coefficients

p _ 20+ )
1] 2

est définie positive sur I'espace vectoriel {y = (y1,...,y4) € R%, y, = 0}.

(Tij + Trw = Ta, = Tyi), 1< 4,5 <k,

La Condition (C) assure la coercivité du systéme d’équations aux dérivées partielles (EDP) (1.2.5) et permet
d’obtenir la stabilité des estimées d’énergie sur la famille (p;),.,.,. Pour obtenir 'existence d’un processus
solution du systéme (1.2.4), nous procédons en trois étapes. o

1. Nous appliquons une méthode de Galerkine pour assurer I'existence d’une solution du systéme (1.2.5) au
sens des distributions lorsque la condition initiale Xy posséde des moments d’ordre 2.

2. Pour une loi initiale quelconque, nous procédons par régularisation pour pouvoir appliquer le résultat de
la premiére étape. En faisant tendre le paramétre de régularisation vers 0, nous extrayons une suite dont
la limite est une solution du systéme (1.2.5) au sens des distributions.

3. D’aprés le résultat de Figalli [39, Theorem 2.6], nous faisons ensuite le lien entre 'existence d’une solution
au systéme (1.2.5) et P'existence d’une solution faible & 'EDS (1.2.4).

Theorem. Si la Condition (C) est vérifie, alors il existe une solution faible ¢ ’EDS (1.2.4). De plus, pour
tout t > 0, X¢ a la méme loi que M + Wy, ou M est une variable aléatoire de loi p indépendante de W .

Remarquons que si la mesure p est le Dirac au point 0, alors le processus X est un faur mouvement Brownien,
c’est-a-dire que pour tout ¢ > 0, X; suit la loi normale centrée de variance ¢t mais X n’est pas un mouvement
Brownien.

Une fois obtenue ’existence du processus solution de 'EDS (1.2.3) lorsque Y est constant en temps, il est
possible de généraliser le résultat précédent en ajoutant une fonction de volatilité locale, un terme de dérive et en
se placant dans le cas o1 Y est un processus de sauts prenant ses valeurs dans ). Le systéme de Fokker-Planck
devient alors :

1 Fup S P 1£2(y) S0 pr 2o d
atpi = *3335 (pf (yz)pz — Oy r— =l wp | Pi | + qjiPj,
2 2?21 12 (yr)pr 22?:1 12 (yr)pw b Z Jj

ou &%up(t, x) = opup(t,e®) pour ¢ > 0,z € R. Du moment que les intensités de sauts sont bornées et que la
fonction de volatilité locale de Dupire posséde un peu de régularité et de Iellipticité, le premier terme du membre
de droite est similaire & celui que P'on retrouve dans (1.2.5) et les termes suppplémentaires qui apparaissent
ne posent pas de difficulté pour la stabilité des estimées d’énergies. Sous la Condition (C'), une méthodologie
similaire et une généralisation du résultat de Figalli permettent alors d’obtenir ’existence du processus calibré.

Jj=1

Theorem. Si la Condition (C) est vérifiée et sous les hypothéses du Théoréme 2.2.2, il existe une solution
faible & VEDS (1.2.3). De plus, pour tout t >0, X; a la méme loi que X”"P :=log (StD"p).

Remarquons que la méthodologie utilisée pour obtenir ’existence lorsque Y est un processus de sauts avec
un nombre fini d’états ne nous permet pas de traiter le cas plus utilisé dans 'industrie ot Y est un processus
d’Tto.
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Chapitre 3 : Discrétisation d’une classe de diffusions non linéaires au sens de McKean incluant
le modéle a volatilité locale et stochastique calibré

Nous répondons a la question suivante.

Question : A quelle vitesse converge le schéma d’Euler discrétisant en temps PEDS (1.2.3) dans le cadre
général ot Y est une diffusion d’ITto ?

Nous introduisons un cadre général dans lequel s’inscrit la discrétisation en temps de 'EDS (1.2.3). Pour
k > 1, nous notons Slj (R) D’espace des matrices symétriques positives de taille k£ x k. Soit dy > 1 et Z une
solution de 'EDS

dZt = b(t,Zt) dt+0(f,Zt) ch (126)
Zo o~ fiz,-
Ici B est un mouvement Brownien d; —dimensionnel, jiz, est une mesure de probabilité sur R%, b : [0, 00) x R4 —
R% et o : [0,00) x RT — Sjl (R) sont des fonctions mesurables. Soient da,q > 2, et (X,Y) une solution de
I’EDS
dX; = bx (t, X, Yy, E[(X,Ye) [Xi]) dt + ox (¢, X4, Ve, E[¢ (X4, Y7) | Xo]) dW, (1.2.7)
d)/t = by (t7Xta}/t) dt + oy (t7Xt7)/;f) thQa
(Xo,Y0) ~  po,
o by : [0,00) x R® x R%2 x R? — R%, oy : [0,00) X R xR x R? = S (R), by : [0,00) x R x R*2 — R%,
oy : [0,00) x R x R® — ST (R) et ¢ : R™ x R% — RY sont des fonctions mesurables, W' (resp. W?) est un
mouvement Brownien d;-dimensionnel (resp. de-dimensionnel), uo est une mesure de probabilité sur R x Rd2
telle que son image par les d; premiére coordonnées est égale a gz, et nous notons également ax := oxoy,

a := oo*. De fagon analogue a la projection markovienne (1.2.2), nous supposons que le couple (bx,ax) posséde
la propriété suivante : pour tout couple de variables aléatoires (A, B) a valeurs dans R% x R vérifiant

Efl¢(A4,B)|] <oo, et Vt >0, Ellbx (t,A B,E[¢(A B)[A])]] <oo, Ellax (t,A B,E[¢(A, B)[A)] < oo,
nous avons presque siirement
Vt>0, E[bx (t,A,B,E[¢ (A, B)|A])|A] =b(t,A), Elax (t,A,B,E[¢(A,B)|A])|A] =a(t,A). (1.2.8)

Il est facile dans ce cas de vérifier que le modéle LSV calibré correspond & la situation ot pour d > 2 et
(t,z,y,2) € [0,T] x R x RI™L x R,

2
bx (t’x’yvz) :r_%a'QDup (t7$) f Z(y)’ (b(l‘,y) :f2 (y)v 0x (tva:)y?Z) :5'Dup (t,],‘) f\ﬁg)

1. o .
b(t,x)=r— 39 Dup (t,x), o(t,x)=0pup(t,z),
et par exemple les fonctions by, oy sont globalement Lischitz et ne dépendent pas de X, de fagon a ce que Y
soit une diffusion bien posée. Pour un horizon fini 7' > 0, nous étudions dans un premier temps Uerreur faible
entre Zr and la composante X7, n > 1, du schéma d’Euler explicite avec pas de temps constant A = % associé
a (X,Y). Pour n € N*, ce schéma d’Euler est donné par

ngl = bX (TtaX:;?YT”tl?E I:d) (XZ,Y:Z) |X777;:|) dt +ox (TtaX:-lt?YTT:?E [d) (XZ’YTTZ) |X7":ﬂ) thl’
ay® = by (Ttv X‘Zvyﬂz) dt + oy (Tt’ XZ’Y;Z) thQ’
(XPYE) ~ o e

oupour t € [0,7T], 74 := L%J % est I'instant de discrétisation le plus proche de ¢ par valeurs inférieures. Contrai-
rement au probléme de lexistence d’une solution des EDS (1.2.3) ou (1.2.7) qui est difficile, la discrétisation en
temps & n pas égaux est bien définie dés que I'on parvient & controler les moments d’ordre 1 des coefficients de
dérive et de diffusion

bx (10, X2, Y E [d) (X2, Yr) |Xm) cox (1, X2, Y2 E [QS (X2, Y") |Xm) .

Tt T Tt Te? T Tt Tt T Tt Tt T Tt
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De plus, nous supposons que les coefficients b, o intervenant dans la diffusion de Dupire sont suffisament réguliers
pour que le processus Z soit bien défini. Dans ce cas, étant donnée une fonction test ¢ : R% — R, une technique
classique pour estimer l'erreur faible
Elp(X7)] —Ele(Z1)],

est la méthode de Talay et Tubaro [95], ou 'on considére la représentation de Feynman-Kac pour le processus
Z, définie pour t € [0,T],z € R par

u(t,z) =E[p(Zr)|Z: = a].
L’erreur faible peut alors se réécrire comme une somme téléscopique

n—1

S E [u(tk_H, XP ) — ulty, X7)
k=0

Elp(X7)] = E[p(Z7)]

11 suffit alors de contrdler chaque terme de la somme. En appliquant le lemme d’Ito au processus t — u(t, X}*)
sur chaque intervalle (¢x,tr+1), nous exploitons la condition de structure (1.2.8) pour éliminer le terme d’ordre
le plus bas. Il suffit ensuite de controler en O(#) les termes d’ordre supérieur. S’il ne semble pas raisonnable
d’obtenir un développement de 'erreur faible, le résultat ci-dessous peut étre néanmoins rapproché du résultat
original de vitesse faible de convergence de Talay et Tubaro [95].

Theorem. Sous les hypothéses du Théoréme 3.2.1, il existe une constante C' telle que

C
vn 21, |E[p(X7)] - Elp(Z7)]] < —.
Dans un contexte financier et un cadre unidimensionnel, on peut aussi s’intéresser a des payoffs moins régu-

liers comme le put et dans ce cas ’estimation de 'erreur faible est un peu dégradée, d’un facteur logarithmique.

Theorem. Sous les hypothéses du Théoréeme 3.2.2, pour tout K > 0, il existe une constante Cp telle que
n 1
v 21, [B [0 - )] ~ B [ - )| < B,
n

Pour estimer 'erreur faible dans le cas du put, 'astuce est la méme que dans le cas régulier, mais les autres
termes sont controlés différemment en utilisant des estimées de type d’Aronson pour la densité X}* ainsi que
des estimées gaussiennes pour les dérivées spatiales de u.

En D’état, les schémas d’Euler discrétisant en temps ne sont pas directement simulables, & cause de I'espé-
rance conditionnelle toujours présente. Sous ’hypothése d’ellipticité du coefficient de diffusion, nous introdui-
sons ensuite un schéma numérique demi-pas de temps qui permet d’obtenir une représentation de ’espérance
conditionnelle comme un ratio de convolutions contre la densité gaussienne sans utiliser d’approximation de
I’espérance conditionnelle par noyau. Nous introduisons ensuite une méthode de particules associée a ce schéma
demi-pas de temps en remplagant la loi du processus demi-pas de temps par la loi empirique du systéme de
particules. Enfin nous donnons des estimées de convergence forte de la méthode de particules et nous comparons
numériquement les résultats obtenus avec ceux de [57].

1.3 Correction de prix de contrats en présence d’appels de marge

Depuis la crise de 2008, ’approche de la valorisation des contrats financiers a peu a peu changé, pour prendre
en compte les nouvelles régulations. De nos jours, les banques et les institutions financiéres doivent déposer une
somme d’argent, appelée collatéral, chez une chambre de compensation (Central CounterParty, ou CCP) pour
assurer leurs positions. Tous les jours, la CCP demande & chaque membre un dépot dont la somme dépend
de son exposition au risque de ses contrats de gré a gré. En particulier, la marge initiale correspond a un
collatéral qui couvre en cas de défaut, une perte de valeur du contrat & sa liquidation. Nous étudions dans cette
partie comment les appels de marge affectent la valorisation et la couverture de contrats dans le cas particulier
rencontré en industrie financiére ou le collatéral est proportionnel a la Value-at-Risk conditionnelle (CVaR) du
prix du contrat sur une courte période de temps, typiquement de ’ordre de 10 jours.

Nous introduisons un modéle simple oil la présence d’appels de marge induit un terme non linéaire au sens
de McKean dans 'EDS rétrograde (EDSR) de valorisation et de couverture. Supposons que le prix de l'actif
risqué noté S évolue selon un mouvement Brownien géométrique

dSt = ‘U,Stdt + O'Stth,t 2 0,
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ol (i, 0) € RxRY et W est un mouvement brownien unidimensionnel. Nous considérons la situation ot un trader
souhaite vendre une option européenne de maturité T > 0 et de payoff ®(Sr) et se couvrir dynamiquement
avec les actifs risqué S et sans risque S°, ot SY = €™ pour t € [0,7] et r est un taux d’intérét sans risque.
Dans le cadre financier classique (voir par exemple [83]), en notant V la valeur du portefeuille de converture
autofinancant et 7 la somme d’argent investie dans Uactif risqué, le couple (V, ) satisfait ’équation stochastique
suivante :

ds
dVy = r(Vy — m)dt + Wt?t = rVidt + (u — r)medt + omdWy, t € [0, 7],
t

Vi = ®(Sy). (1.3.1)

L’équation (1.3.1) est une EDSR a cause de la condition terminale imposée sur V', qui de plus est linéaire
car ses coefficients sont linéaires en (V, ) (voir [72] pour un vaste apergu sur les EDSR et leurs applications en
finance).

Nous introduisons & présent un modéle simple prenant en compte les appels de marge. Cette contrainte induit
un colt supplémentaire au portefeuille autofinancant de couverture. Dans ce modéle, nous supposons que le
montant a déposer est proportionnel a la CVaR du portefeuille sur une durée A (typiquement 10 jours) au niveau
de risque « (par exemple o = 99%). Le cotit de ce dépot est fixé par un taux d’intérét R. Nous modélisons ainsi la
contribution des appels de marge par un terme supplémentaire dans la dynamique du portefeuille autofinancant

dS; o
dVy = r(Vy — m)dt + Wt?t — RCVaR%, (Vi — Vigpayar)dt, t € [0,T],
ou la CVaR d’une variable aléatoire L conditionnée & la filtration F du mouvement Brownien W est définie a
Iinstant ¢ par

L —
CVaRj, (L) = inf E (L=
x€

En réécrivant PEDSR sous forme intégrale, nous obtenons :

T T
V, = ®(St) +/ (=r(Vs — ms) — pms + RCVaR%: (Vs — Vispaar)) ds — / nsodWs, t € [0,T]. (1.3.2)
t t

Le terme de CVaR conditionnelle est non linéaire au sens de McKean et porte sur la loi de I’évolution future
du portefeuille conditionnelle a la connaissance du passé. Remarquons que dans ce modéle, (V, 7) suit une régle
endogéne de valorisation au sens ot la CVaR est calculée sur la solution V elle méme.

Chapitre 4 : Approximation numérique d’EDSR anticipatives de McKean pour la valorisation
d’options en présence d’appel de marge

Nous étudions d’abord 'EDSR anticipative nonlinéaire au sens de McKean. Nous introduisons un cadre gé-
néral incluant PEDSR (1.3.2) et nous montrons que le probléme est bien posé. Nous introduisons les espaces
classiques : pour § > 0 et d € N*, H%)T(Rd) est 'espace des processus ¢ adaptés a valeur dans R? et tels que

E [fOT eﬁt|<pt2\dt] < oo et S 1(R?) est I'espace des processus ¢ € H3 (R?) tels que E [supte[oﬂ eﬁt|<p?|} < 00.

Soit W un mouvement Brownien d-dimensionnel, F la filtration de associée & W et & une variable aléatoire
Fr-mesurable. Il s’agit de trouver le couple (Y, Z) € S%,T(R) X H&T(Rd) tel que

T T
Yi= £+ / £(5, Yo Zoy Au(Yrr) s — / Z.dW,, t € [0,T), (1.33)
t t

ot pour (y,z,A) € R x R® x R, f(-,y,2,\) est un processus adapté a valeurs dans R et pour X € S&T(R),
(Ae(Xe1))e(o,) €st un processus adapté & valeurs dans R.

Theorem. Sous les hypothéses du Théoréme 4.2.1, pour toute condition terminale de carré intégrable et Frp-
mesurable &, il existe une unique solution (Y, Z) € S§ (R) x H3 ,(R?) & 'EDSR (1.5.3).

La preuve repose sur des arguments classiques. Dans le méme esprit que [72] sur les solutions d’une EDSR,
nous calculons des estimées a priori du couple (Y, Z). Ensuite, pour 8 > 0 bien choisi, nous utilisons la méthode
de point fixe de Picard dans I'espace S3 (R) x H%’T(Rd). 11 suffit ensuite de vérifier que le terme non linéaire
au sens de McKean avec la CVaR satisfait les hypothéses du théoréme.
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Corollary. Pour toute condition terminale de carré intégrable & et Fr-mesurable, le probléme (1.3.2) d’appel
de marge basé sur la CVaR est bien posé.

A cause de la dépendance en loi, résoudre le probléme (1.3.2) numériquement semble plus difficile que
résoudre une EDSR standard & I'aide de techniques par exemple de Monte-Carlo avec régression comme dans
[51]. Lorsque la durée de liquidation A est petite, en utilisant ’approximation a 'ordre le plus faible en VA,
nous avons que

(s+A)AT (@
VS—V(S+A)ATz—/ ZodW, L 12 A AT =5 % G,
S

ol G est une gaussienne standard indépendente de Fy. En notant la constante C,, = CVaR*(G), nous obtenons
une EDSR standard non linéaire

T T
VNE :g+/ (rVSNL—|—Z§VL0_1(7“—,u)+RCa\/(s+A)/\T—s|Z§VL|ds> —/ ZNEQw,, t € [0,T),
t t

du fait de la présence de la valeur absolue dans le générateur. En interprétant cette EDSR comme une équation
paramétrisée par A et en suivant la méthodologie proposée dans [50], il est possible de linéariser "EDSR standard
non linéaire a I’aide d’un développement limité en A au voisinage de 0. Nous obtenons alors deux EDSR linéaires
aux ordres 0 et 1 respectivement

T T
VBS =¢ +/ (—rVES + 2P0~ (r — ) ds — / Z7%dW,, t € [0,T].
t t

T T
VE =¢+ / (—rvf +ZE0 7 r — p) + RCoan/(s + A) AT — s|ZsBS|) ds — / ZNEqw,, t € [0,T).
t t
Theorem. Sous les hypothéses du Théoréme 4.5.1, nous obtenons que
IVE— VIS, 4 |2h - 255 = o),
NL L2 NL L2 2
V==V ||S(2)YT+HZ -Z H]I-]I%)T:O(A )s
NLj|2 NLjj2  _ 2
IV = VNHE  + 112 - 2V, = 0@,

Ces estimations illustrent le fait qu’il y a une différence d’ordre v/A entre les EDSR satisfaites par les
valeurs respectives V et VB9 des portefeuilles avec et sans appel de marge. En revanche, les différences entre
VE VNL et V sont d’ordre supérieur, en A. Ces estimées sont généralisées dans le Théoréme 4.3.1, dans un
cadre multidimensionnel ou de plus les coefficients de dérive et de volatilité du processus S ne sont pas constants.
Chapitre 5 : Méthodes de Monte-Carlo imbriquées

Selon les estimées du chapitre précédent, les solutions VL et VNI sont de précision équivalente pour évaluer
le prix des contrats avec appels de marge. Nous nous intéressons alors au calcul de V', solution d’une EDSR
linéaire, qui semble plus simple que celui de VN%, En faisant ’hypothése simplificatrice que les opérations de
couverture sont effectuées avant T'— A, la correction induite par les appels de marge est donnée par :

VARC,E

T—A
/ emeS|du] , (1.3.4)
0

ou ZB% admet la représentation

L_tmwtzs )

285 = 050 E[er 005, = 3] = [e7r ) (@(p) - 0(50) T

Nous pouvons ainsi estimer le terme de droite de 'approximation (1.3.4) en traitant un probléme de Monte-Carlo
imbriqué qui se met sous la forme générique suivante

Elg (E[f(X,Y)|X])] =1, (1.3.5)
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ou f, g sont des fonctions mesurables et XY deux variables aléatoires indépendantes. La correction réécrit en
posant X = (U, Sy) ou U une variable aléatoire uniforme sur [0,7 — A] et Y une gaussienne centrée réduite, g
est la fonction valeur absolue et pour (u,s) € [0,7 — A] x R et y € R,

—rT

Flu,s,y) = % (q> <se(r"f)<T“>+ﬂym> - <I>(s)> .

Nous présentons deux approches pour traiter le probléme (1.3.5). Une facon naive d’estimer Vi serait d’utiliser
l’estimateur

1 M 1 N
I :7§ 72: XL Y!
M,N Mi:1g szlf( 7]) ’

ol X? et Y]l sont des tirages indépendants et de méme loi que X et Y respectivement. L’analyse de ’erreur
quadratique (RMSE) s’effectue par une décomposition biais-variance

RMSE? := E [(fMN 1)1 — (B [farn] 71)2+ L var [ 4 lg:f(Xi,Y?')
5 ) M Nj:1 J

et le controle sur 'erreur RMSE < € est garanti pour € > 0 avec une complexité O(e=3). Pour améliorer la
complexité du Monte-Carlo imbriqué, nous utilisons la technique multiniveaux introduite par Giles dans [46]
avec un estimateur antithétique. Pour un nombre de couches L € N*, un nombre de simulations extérieures

M; et de simulations intérieures n; & chaque niveau 0 < [ < L, nous introduisons ’estimateur antithétique
multiniveaux

L
L - N
Intn = Ivone + E Iy s
=1

ou M = (Mo, ceey ML)7 n = n0(20, ceey 2L),

ng

M,
~ 1 1 U Am 1 1 I Am
mmmgagmgy@ﬁn) ngqgm@@n)

1 1 u
g — D X5, Y™
1 f( mo Y ;

j=n;_1+1

et (X!, Y'J-l7m) sont des copies i.i.d. de (X,Y") pour m,l,j > 0. Pour une tolérance d’ordre € > 0 sur la RMSE,
en égalisant les contributions du biais et de la variance a l'erreur quadratique, le choix du nombre de niveaux

L est défini par le biais E [f ML L} — I tandis que la complexité est donnée par la vitesse de décroissance de

V, := M;Var (le,m), variance du résultat d’une simulation de la couche 0 <[ < L.

Theorem (Giles, [46]). Supposons qu’il existe trois constantes ¢, > 0 et a > % telles que V! < c27P! et

‘IE {fl’m} — I‘ < 27 pour tout 1 > 0. Alors la tolérance € > 0 sur la RMSE est garantie avec une complexité

0 (?) s> 1,
@ (6_2(log 6)2) si8=1,
@ (6_2_(1_5)/0‘) si B < 1.

Dans le cas ot g est de classe C? & dérivées bornées, il est possible d’obtenir (cf. [46]) Ierreur quadratique
¢ pour une complexité O(e~2). Comme dans notre cadre g est une fonction avec un nombre fini de points
singuliers, ce résultat ne s’applique pas directement, mais nous démontrons le théoréme suivant.

Theorem. Sous les hypothéses du Théoréeme 5.2.3, Uerreur RMSE est plus petite qu’une tolérance € > 0 pour
une complezité d’ordre O(e~2) .
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Ce résultat est également une conséquence du théoréme de Giles. Il suffit pour cela de vérifier la vitesse
de décroissance des termes de biais et variance en fonction des niveaux. La difficulté principale est de traiter
les points singuliers de la fonction g. L’idée est de comparer la position E[f(X,Y)|X] avec son estimateur
empirique et de partitionner 'espace des événements selon que E[f(X,Y)|X] et son estimateur se trouvent
dans un méme intervalle ot g est réguliére, que E[f(X,Y)|X] est loin de son estimateur empirique ou que
E[f(X,Y)|X] est proche d’un point de singularité. Dans le premier cas, il suffit d’appliquer un développement
de Taylor et exploiter la régularité de g. Dans le deuxiéme, il suffit d’utiliser 'inégalité de Markov. Enfin, les
hypothéses assurent que la loi de la variable aléatoire E [f(X,Y)|X] est suffisamment réguliére pour ne pas
étre trop concentrée au voisinage des points singuliers, ce qui permet de traiter le troisiéme cas. Nous vérifions
ensuite que ces hypothéses sont valides dans le cadre de V¥ pour pouvoir estimer V& a I’aide de la technique
multiniveaux. Dans notre analyse, similaire a [45], les hypothéses que nous utilisons sont moins restrictives et
plus faciles a vérifier que celles de [53] et étendent les résultats de [47].

Une autre fagon d’estimer V& dans le cas oil g est convexe est de 'encadrer par des bornes inférieure et
supérieure dont le calcul ne nécessite pas de Monte-Carlo imbriqué. Nous commengons par le cas ou g est de
type partie positive.

Lemma. Soit K € R et R une variable aléatoire réelle. Pour toute fonction mesurable ¢ : R — R et variable
aléatoire O,

E[(E[RIO] - K)4] >
E[(K - E[R|O])+

Y

Ainsi que les minorants dans le lemme ne dépendent plus de facon explicite de la loi conditionnelle de
R sachant O. De plus, comme une fonction ¢ : R — R convexe est différentiable en dehors d’un nombre
dénombrable de points, et sur un point de différentiabilité z, nous avons la représentation suivante :
o0 z
Vo€ R, g@) =9(2) + (e —2)+ [ - w )+ [ o) ),
z

— 00

ol la mesure p est égale a la dérivée seconde de g au sens des distributions. Nous introduisons ensuite pour
toute fonction mesurable ¢ : R — R

Jo =9 + 4 ER - )+ [ " Cp(wp(du) + / T Py (u)(du).

— 00

En s’inspirant des techniques de valorisation d’options américaines, nous obtenons la représentation suivante
permettant d’obtenir des bornes inférieure et supérieure sans Monte Carlo imbriqué.

Proposition. Soit R une variable aléatoire réelle et g : R — R convexe avec g(R) intégrable, alors

Sl:}pJgo =E[g(E[R|O])] = InfE [g(R — €)],

ot € € {O intégrable et tel que E [O|O] = 0}. L’égalité est atteinte pour ¢(O) =E[R|O] et e = R —E[R|O].

Enfin nous comparons numériquement ces deux méthodes pour 'estimation de VL.
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Chapter 2

Existence of a calibrated regime-switching
local volatility model and new fake
Brownian motions

Ce chapitre est un article écrit avec Benjamin Jourdain. Une version raccourcie a été soumise a Mathematical
Finance, sous le nom de Existence of a calibrated regime-switching local volatility model.

Abstract

By Gyongy’s theorem, a local and stochastic volatility (LSV) model is calibrated to the market prices of
all European call options with positive maturities and strikes if its local volatility function is equal to the ratio
of the Dupire local volatility function over the root conditional mean square of the stochastic volatility factor
given the spot value. This leads to a SDE nonlinear in the sense of McKean. Particle methods based on a kernel
approximation of the conditional expectation, as presented in [57], provide an efficient calibration procedure
even if some calibration errors may appear when the range of the stochastic volatility factor is very large. But so
far, no global existence result is available for the SDE nonlinear in the sense of McKean. In the particular case
where the local volatility function is equal to the inverse of the root conditional mean square of the stochastic
volatility factor multiplied by the spot value given this value and the interest rate is zero, the solution to the
SDE is a fake Brownian motion. When the stochastic volatility factor is a constant (over time) random variable
taking finitely many values and the range of its square is not too large, we prove existence to the associated
Fokker-Planck equation. Thanks to [39], we then deduce existence of a new class of fake Brownian motions. We
then extend these results to the special case of the LSV model called regime switching local volatility, where the
stochastic volatility factor is a jump process taking finitely many values and with jump intensities depending
on the spot level. Under the same condition on the range of its square, we prove existence to the associated
Fokker-Planck PDE. Finally, we deduce existence of the calibrated model by extending the results in [39].

Keywords: local and stochastic volatility models, calibration, Dupire’s local volatility, Fokker-Planck systems,
diffusions nonlinear in the sense of McKean.



CHAPTER 2. EXISTENCE OF A CALIBRATED REGIME-SWITCHING LOCAL VOLATILITY MODEL AND NEW FAKE
20 BROWNIAN MOTIONS

2.1 Introduction

The notion of fake Brownian motion was introduced by [84] to describe a martingale (X;),-, such that for any
t >0, X¢ ~ N(0,t), but the process (X;),», does not have the same distribution as the Brownian motion
(Wi),>0- [77], [61], and more recently [63] provided construction of discontinuous fake Brownian motions. The
question of the existence of continuous fake Brownian motion was positively answered by [5], using products of
Bessel processes, and [10] extended that result by exhibiting a sequence of continuous martingales with Brownian
marginals and scaling property. Oleszkiewicz gave a simpler example of a continuous fake Brownian motion,
based on the Box Muller transform. Then, [65] proved existence of a continous fake exponential Brownian motion
by mixing diffusion processes. More generally, [38] and [64] provided construction of self-similar martingales
with given marginal distributions.

One reason for raising interest in the search of processes that have marginal distributions matching given
ones comes from mathematical finance, where calibration to the market prices of European call options is a
major concern. According to [18], the knowledge of the market prices of those options for a continuum of
strikes and maturities is equivalent to the knowledge of the marginal distributions of the underlying asset under
the pricing measure. Thus, to be consistent with the market prices, a calibrated model must have marginal
distributions that coincide with those given by the market. More specifically, in this paper, we address the
question of existence of a special class of calibrated local and stochastic volatility (LSV) models.

LSV models, introduced by [76] and by [89], can be interpreted as an extension of Dupire’s local volatility
(LV) model, described in [36], to get more consistency with real markets. A typical LSV model has the dynamics

dS; =rS; + f(Yy)o(t, Sy)SdW,

for the stock under the risk-neutral probability measure, where (Y;),~, is a stochastic process which may be
correlated with (S;),, and r is the risk free rate. Meanwhile, according to [36], given the European call option

prices C(t, K) for all positive maturities ¢ and strikes K, the process (StD ) which follows the dynamics

>0

dSP =rSPdt + opuy (t,57) SPdW,

where o py,(t, K) = \/2 atc(;’(fgjﬂé?fg)(t’m is Dupire’s local volatility function, is calibrated to the European
KK ’
option prices, that is,

Vt,K >0, Ot K) =E [e*” (sP - K)*} .

T Dup (t7$)

——2ur . ensures that
E[f2(Y?)|St=x]

Under mild assumptions, Gyongy’s theorem in [58] gives that the choice o(t,z) =

for any t > 0, S; has the same law as SP. This leads to the following SDE

f()

dS; = rSidt + —————
o E[2(Y:)[5]

O Dup(t, St)StdWs,

which is nonlinear in the sense of McKean, because the diffusion term depends on the law of (S, Y;) through
the conditional expectation in the denominator. Getting existence and uniqueness to this kind of SDE is still
an open problem, although some local in time existence results have been found by [1] using a perturbative
approach. From a numerical point of view, calibration can be achieved through the resolution of the associated
Fokker-Planck PDE by [90]. Moreover, particle methods based on a kernel approximation of the conditional
expectation, as presented by [57], provide an efficient calibation procedure even if some calibration errors may
appear when the range of the stochastic volatility process (f(Y;)),~ is very large.

Recently, advances have been made for analogous models. [6] proved existence and uniqueness of stochastic
local intensity models calibrated to CDO tranche prices, where the discrete loss process makes the conditional
expectation simpler to handle. Moreover, [54] showed that in a local volatility model enhanced with jumps, the
particle method applied to a well defined nonlinear McKean SDE with a regularized volatility function gives call
prices that converge to the market prices as the regularization parameter goes to 0, for all strikes and maturities.

In this paper, we first prove existence of a simplified version of the LSV model. More precisely, we set r = %,
0pup = 1, and consider the dynamics of the asset’s log-price, where for simplicity we also neglect the drift term
as its conditional expectation given the spot is equal to 0. Moreover, let d > 2 and Y be a random variable
(constant in time) which takes values in ) := {1, ...,d}. We assume that for i € {1,...,d}, o; :=P(Y =14) > 0.
Given a positive function f on ) and a probability measure p on R, the SDE that we study is thus:
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dX; = Lth, (2.1.1)

We also suppose that X, Y and (W;);>0 are independent. Let us set \; := f2(i) > 0,i € {1,...,d} and denote
by p;(t, x) the conditional density of X; given {Y = i} multiplied by ;. It means that, for any measurable and
nonnegative function ¢,

E[¢(Xy) Liy—iy] = /qu(x)pi(t,x)dx.

The Fokker-Planck equations derived from SDE (2.1.1) form a partial differential system (PDS) that writes for
1< <d:

O = g2 Tian Xipi | in (0,T) x R (2.1.2)
) 2 TT ZleI )\lpl 1171 )
pi(0) = ajpinR, (2.1.3)

where the constant T' > 0 is the finite time horizon. We call this PDS (FBM). Let us define A, := 1I<Ili£1d)\i

and A\jq 1= 1r£1a<xd/\i. We notice that if A\jin = Amaz = A, then each p; is a solution to the heat equation with
K3

initial condition oy 1. Results proving existence and uniqueness of solutions to variational formulations of the
heat equation have already been widely developed, e.g. in [19], so we focus on the case where Apin < Amaz,
that is when the function f is not constant on ). We also notice that if we add the equalities (2.1.2) and (2.1.3)
over the index i € {1,...,d}, we obtain that Z?:l p; satisfies the heat equation with initial condition g, and it
is well known that (Zle pi> (t,x) = p* he(x), with h the heat kernel defined as h¢(x) := \/21? exp (%ﬁz) for
t > 0 and = € R. This observation can also be made formally, using Gyongy’s theorem. Indeed, as we see that

2
< 1) ) x| =1, (2.1.4)
E[f2(Y)]X4]

then if Gyongy’s theorem applies, X; has the same law as Xy + Wy, which has the density u * h;.
We introduce the following condition on the family (A;);.;~,, under which we will obtain existence to

SDE (2.1.1). We denote by (e1,...,eq) the canonical basis of R? and for z = (z1,...,24) € RY, we define
rt ={y=(y1,...,yq) € R?, Zle x;y; = 0}.

Condition (C). There exists a symmetric positive definite d x d matrix I" with real valued coefficients such
that for 1 < k < d, the d x d matrix I'®) with coefficients

X+ A

(k) _
L' = >

(Lij + T — T = Tjr), 1 <04,5 < d, (2.1.5)

is positive definite on the space eé-.
Under the Condition (C'), which ensures a coercivity property that enables to establish energy estimates,
existence to SDE (2.1.1) can be proved in three steps:

1. For p having a square integrable density on R, we define a variational formulation called V2 (1) to (FBM)
and we apply Galerkin’s method to show that Vz2(u) has a solution.

2. For p a probability measure on R, we define a weaker variational formulation called V(u). We take
advantage of the fact that if (pq, ..., pq) is a solution to V(i) then Z;j:l p; is solution to the heat equation
with initial condition p. This enables to get control of the explosion rate of the L? norm of p;,1 < i < d,
as t — 0, and we extend the results obtained in Step 1 to show existence to V(u).
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3. Thanks to the results in [39], which give equivalence between the existence of a solution to a Fokker-Planck
equation and the existence of a solution to the associated martingale problem with time marginals given by
the solution to the Fokker-Planck equation, we show that the existence result in Step 2 implies existence
of a weak solution to SDE (2.1.1). Moreover, if f is non constant on ) and if Xy = 0, that weak solution
is a continuous fake Brownian motion.

To get a more realistic financial framework, we then adapt the previous strategy to obtain existence of a class
of calibrated LSV models, where the process (5;),, describing the underlying asset follows the dynamics

()

dS; = rSidt + ——————
o E[2(Y:)[5]

O'Dup(t,St)Stth, (216)

the process (Y3),5 taking values in } and
Vi e{l, o d\{Yi}, P (Yipar = jlo (S, Ys) ,0 < 5 < 1)) = gy, (log (S)) dt,

where the functions (g;;), <itj<d 8T€ NON negative and bounded. The process (S, Y;)i>o is then a calibrated
regime switching local volatility (RSLV) model.

The chapter is organized as follows. In Section 2.2, we state the main results that give existence to SDE
(2.1.1). Section 2.3 is dedicated to the proofs of the results in Section 2.2. In Section 2.4, we state the existence
of calibrated RSLV models and we prove that result in Section 2.5. Beforehand, we introduce some additional
notation.

Notation

e For an interval I C R, we denote by L?(I) the space of measurable real valued functions defined on I

which are square integrable for the Lebesgue measure. For k > 1, and u,v € (LQ(I ))k, we use the notation
k 1
(ol = [ Y uioy@lde, [uly = (w,0)f.
Ii=1

and we define L(]) := (LQ(I))d. We also define L := L(R) and we denote by L’ its dual space.

e For m > 1, we denote by H™(I) the Sobolev space of real valued functions on I that are square integrable

together with all their distribution derivatives up to the order m. We define the space H(I) := (H'(I ))d,
endowed with the usual scalar product and norm

d 1
<u,v>d:/IZ(W(I)W(I)+3xu1:(56)3xv¢(93))d$, lulla = (u, u)g,

and we define H := H(R). We denote by H’ its dual space, and by (-, -) the duality product between H
and H'.

e For 1 < p < oo, we denote by W1P(R) the Sobolev space of functions belonging to LP(R), and that have
a first order derivative in the sense of distributions that also belongs to LP(R).

e For n > 1, O an open subset of R” and 0 < k < oo, we denote by C*(Q) the set of functions @ — R that
are continuous and have continuous derivatives up to the order k, we denote by C¥(0) the set of functions
in C*(0) that have compact support on O, and we denote by Cf(O) the set of functions in C*(O) that
are uniformly bounded on O together with their p-th order derivatives, for p < k.

e For n > 1, we denote by M,,(R) the set of n x n matrices with real-valued coefficients. We denote by
I, € M, (R) the identity matrix, and by J,, € M,,(R) the matrix where all the coefficients are equal to 1.

e For n > 1, we denote by S;"(R) (resp. S;""(R)) the set of n x n matrices in M,,(R) which are symmetric
and positive semidefinite (resp. definite). For S € S;F(R) (resp. S € S;T(R)) we denote by /S the
unique matrix in S;F(R) (resp. S;(R)) such that v/SV/S = S, and we denote by i, (S) and az(S)
respectively the smallest eigenvalue and the largest eigenvalue of S.
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e Givenn,p > 1 and A a n X p matrix, we denote its transpose by A* and we define ||A||o = max{|A;;|,1 <
i<n,1<j<p}

e For y € R, we denote its positive part by y* = max(0,y) and its negative part by y~ = min(0,y). For

k>2and x = (x1,...,71) € R*, we denote its positive part by 7+ := (asf', ...,l‘:), and its negative part

by 7 = (mf,...,x;).
e We denote by P(R) (resp. P(R x ))) the set of probability measures on R (resp. R x }).
o We define D := (R+)*\(0,...,0).

e For notational simplicity, for a function g defined on R? and ¢ € R, we may sometimes use the notation
g(t) :==g(t,).

2.2 A new class of fake Brownian motions

In this section, we give the main results concerning the SDE (1). We introduce a variational formulation to give
sense to the PDS (FBM). Let us assume that p := (p1,...,pq) is a classical solution to the PDS (FBM) such
that p takes values in D and for ¢t € (0,7, p(t,-) € H. For v := (v1,...,v4) € H and i € {1,...,d} we multiply
(2.1.2) by v; and integrate over R. Through integration by parts, we obtain that for ¢ € {1, ..., d}, the following
equality holds in the classical sense and also in the sense of distributions on (0,7):

d pi(t, )
vi(2)O0pi(t, v)dx = vi(z)pi(t, v)dr = ff/@wz . ll—/\ipi(t,x) da. (2.2.1)
/R dt Sl At @)
The term 0O, (Zzzl 11/\11” - )\lpi) rewrites
E?_lpl (Zl;ﬁi )‘lpl) (Zl;ﬁz( )pz) AiDi (Zl;ﬁj (A — )\j)pl)
Oz ﬁ)\ipi = |1+ 3 Ozpi + Z y 3 0z pj.
2=t NPt (Zzzl Alpz) J#i (21:1 Azpz)

Let us introduce the function M : D — M4(R) where for p € D, M(p) is the matrix with coefficients:

Malp) = (Zl;ﬁz’ Azpl) (Zl#i()‘i - Al)Pl>7 ica

(Zle )\lpl)Q
M;j(p) = o <Zl#j(>\l ~ )\j)pl) s 1<i#j<d,

(27:1 )\zpz)z

We also define A : D — My(R), where for p € D,

Alp) = 5 (Ia+ M(p).

. 1 i1
For 1 < i < d, we have that 50, (Zd oo

1 <i < d, the following equality holds in the sense of distributions on (0,7),

Zpi) = (A(p)Ozp);. Summing the equality (2.2.1) over the index
d
Yo € H, 5 (0.p(0)a-+ (00, A(0)2p(0)a =0,

We denote by pg the measure p multiplied by the vector (aq, ..., @4) and introduce below a weak variational
formulation for the PDS (FBM).

Find p = (p1, ..., pa) satisfying: (2.2.2)
p € Li,o((0,T); H) N Li5.((0,TT; L), (2.2.3)



CHAPTER 2. EXISTENCE OF A CALIBRATED REGIME-SWITCHING LOCAL VOLATILITY MODEL AND NEW FAKE

24 BROWNIAN MOTIONS
p takes values in D, a.e. on (0,T) x R, (2.2.4)
d . o
Yv e H, %(U’p)d + (05v, A(p)Dyp)a = 0 in the sense of distributions on (0,7, (2.2.5)
weakly-*
p(t,:) = Po (2.2.6)

where the last condition means that:

d
Yo € H, (0.p(0)a =5, Yoo / vi(@)(de).

We call V(1) the problem defined by (2.2.2)-(2.2.6). If p only satisfies (2.2.3), then the initial condition (2.2.6)
does not make sense. As we will see in the proof of Theorem 2.2.1, if p satisfies the conditions (2.2.3)-(2.2.5), then
p is a.e. equal to a function continuous from (0, 7] into L. We will always consider its continuous representative
and therefore (2.2.6) makes sense. The existence results to V(u) and to the SDE (2.1.1) are stated in the
following theorems.

Theorem 2.2.1. Under Condition (C), V(1) has a solution p € C((0,T],L) such that for almost every (t,x)
in (0, 7] x R, S0 pi(t,2) = (p* hy)(z).

Theorem 2.2.2. Under Condition (C'), SDE (2.1.1) has a weak solution, which has the same marginal law as
(Z + Wi);>q, where Z is independent from (Wi),5 and Z ~ p.

The proofs of Theorems 2.2.1 and 2.2.2 are postponed to the following section. To end this section, let us
remark that whenever the function f is not constant on Y, the solution to the SDE (2.1.1) given by Theorem
2.2.2 is a continuous fake Brownian motion.

Proposition 2.2.3. Under Condition (C), if f is not constant on Y then the solutions to SDE (2.1.1) with
initial condition p = dy are continuous fake Brownian motions.

Proof. Let X be a solution to SDE (2.1.1). The term % is bounded, so X is a continuous martingale
t

and by [58, Theorem 4.6], for ¢ € [0,7], X; has the law N(0,¢). Let us remark that a solution to SDE (2.1.1)
with the properties stated by Theorem 2.2.2 satisfies the marginal constraints without using Gyongy’s theorem.

We consider the quadratic variation (X) of X, which satisfies d(X); = %dt. If almost surely, Vt > 0,
2(Y)

(X); = t, then a.s., dt-a.e., m =l and f2(Y) is o (X;) measurable. As moreover f is positive, X; = W,
and there exists ¢ > 0 such that f2(Y’) is a measurable function of W;. As Y is independent from (W,),s,, we

have that f2(Y) is constant. Then by contraposition, if f is not constant on ), we do not have that for ¢ > 0,
(X): =t, 50 (X¢),;~ is a continuous fake Brownian motion. O

2.3 Proofs of Section 2

Condition (C), developed in Subsection 2.3.1, enables to establish a priori energy estimates of solutions to
V (1), computed in Subsection 2.3.2, where we give a stronger variational formulation to the PDS (FBM) under
the assumption that the initial distribution p has a square integrable density. Under Condition (C'), we prove
existence to that formulation. That result is extended in Subsection 2.3.3 to prove Theorem 2.2.1. In Subsection
2.3.4, we establish a link between V' (u) and the variational formulation in the sense of distributions defined in
[39], and we prove Theorem 2.2.2, thanks to [39, Theorem 2.6].

2.3.1 Condition (C)

Let us introduce the notion of uniform coercivity.

Definition 2.3.1. Given a domain D C R?, a function G : D — M4(R) is uniformly coercive on D with a
coeflicient ¢ > 0 if:
Vp € D,VE € RY, E°G(p)€ > c£*¢.
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First, let us notice that the function A is bounded.

Lemma 2.3.2. Any matriz B in the image A(D) of D by A satisfies || Bl|oo < 3 (1 + "“”)

Amin

Proof. For p € D, A(p) = 5(Ia+ M(p)). Tt is sufficient to check that ||M(p)||ec < q22=. Since for 1 <1 < d,
A >0, p; >0 and Z;i:l)\lpl > 0, we have for 1 < i # j <d,

_/\maaﬁ < _ )\Lpl Zl?’éj P <M (p) < Aipi Zl?fj /\l,Dl <1< Amag
)\mi’n o (Zl )\lpl) (Zl )\lpl) o * - (zl Alpl) (Zl Alpl) o - )\mzn ’
_>‘"W <-1< Zl;ﬁz APl Zl;«éz( M)pi < Myi(p) < )\izl;ﬁi AipL D P < Amaz
Amin (> him)? S o p) T A

O

The role of Condition (C) is to ensure the existence of a matrix I € S;(R) such that IIA4 is uniformly
coercive on D. By a slight abuse of notation, we will say that a matrix I satisfies (C) if " € S(;H' (R), and for
1 < k < d, the matrix I'®) defined by (2.1.5) is positive definite on ei-. We consider matrices with the form
Jy+ €T, where I' € ST (R) and € > 0, and we show that if T satisfies (C), then for € small enough, (Jq + €I') A
achieves the coercivity property. The intuition behind the choice of J; is the observation that if (p1, ..., pq) is a
solution to V() then Z?zl p; is a solution to the heat equation. This also translates into the algebraic property
that JgM = 0. We define 1 := (1,...,1) € R%

Proposition 2.3.3. IfI' € S (R) satisfies Condition (C), then there exists z > 0 such that
Vo € 1+,Vp € D,x*TA(p)x > za*x. (2.3.1)

Moreover, for e > 0 small enough, the function (Jg + €') A is uniformly coercive on D.

Zplkpz and remark that A(D) = [Mnin, Amaz). The
matrix A(p) rewrites as the convex combination A(p) = ZZZI w (p) Ax(p) with the weight wg(p) = E)"“)‘\’fpl of

Proof. For p € D, we introduce the notation A(p) := >, \x

the matrix Ay (p) which has non zero coefficients only on the diagonal and the k-th row, and is defined by:

(Ak(p)y; = : ( {Z_J}A? ) + 1 k}( A?;))), 1<ij<d.

We prove that for 1 < k < d, there exists z; > 0 such that

Vo € 11,Vp € D, 22" N(p)T Ag(p)x > zpa*z, (2.3.2)

and we can set z = mm 5 /\Z
k<d max

2A(P)T Ar(p) = (N (Tij = Tik))1<i jea + (M) Tik)) 1 ;<

> 0 to obtain (2.3.1). We have that

For z € 1+, we have

d
22 N(p)T A (p)z = Z Aj (Tij — i) mizmy + Z Ap) (Tir) i, (2.3.3)
4,j=1 i,j=1
= Z Aj (D5 = Tig = Tpj 4 D) 2425 (2.3.4)
ik, j Ak
i A
= Z 5 L (Dij = Tir — iy + Do) 25, (2.3.5)
ik, j Ak

where between the first and the second equality, we used the fact that Zle x; = 0 and then replaced xj by
— Z#k z;. As T®) is positive definite on eé-, there exists Zx > 0 such that

20N (p)L Ap(p)z > ékaf
itk
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By Cauchy-Schwarz inequality, 23 = (Zi#k xi)Q <(d-1) Z#k x2, 50 Z#k x? > éx*x and we can set 2y = %’“
to satisfy (2.3.2).

Now, we show that for € > 0 small enough, the function (Jy + €I') A is uniformly coercive on D. For p € D,
as A(p) = 2 (Is+ M(p)) and for 1 < j < d, as it is easy to check that Z?:l M, ;(p) = 0, we have that JyM =0
and

1
(Ja+€el') Ap) = §Jd + e'A(p).
For x € R?%, we decompose x = u + v where u € R1 and v € 1+. As Jyv = 0, we have

1 1
x* <2Jd + eFA(p)) x = u* <2Jd + eFA(p)) u+ ev* T A(p)v + eu* T A(p)v + ev* T A(p)u.

We will use Young’s inequality:

1
Vn > 0,Va,b € R, ab < na® + 4—b2.
n

For 1 <i,j < d, by Young’s inequality and Lemma 2.3.2, (I'A(p)),; = ZZ:1 CirA(P)kj < /7|00 (1 + f\‘"i),
so for a,b € R, and n > 0,

min

d )\max 2 1 2
.. > — .
('A(p)),; ab 2||F||Oo <1 + 3 ) <77a + 477b )

We obtain, for #,7 € R%, and n > 0,

d
~ % ~ ~ ~ d? Amaz s~ ok~
LA = 3 (TA), 5 = ~ Gl (14322 ) (475 + 135
ij—=1

>\min

Then for n > 0,

U*FA( )’LL > _d72||1'\|| <1 + Amam) ( U*'U + 1u*u>

p o 2 >~ /\mm K 477 ’

wWTAp)r > ——|IT|eo | 1+ v+ —utu |,
(p) Sl AL 1

and moreover,

* d2 A7nauL *
uwTA(p)u > —5||F||oo 1+ 1 u*u.

min

Using (2.3.1) and Jyu = du, we get that for n > 0,

! d & A 1 A
« 1 > e @ max _ * — 2 ma * .
) i 32) o )i )

—1
d?||0||oo (14 3maz
For 0 < ¢ < (d|1“|oo (1 + im—n) (1 + M)) , we check that

2z

-1

2 z
)\ -2 < X =: 12,
eIl (1 + 32 P10 (14 32
and with the choice n € (n1,72), we see that the function (J4 + €I') A is uniformly coercive on D. O

Corollary 2.3.4. Condition (C) is equivalent to the existence of a matriz I1 € ST (R) such that the function
ITA is uniformly coercive on D with a coefficient k € (0, M)
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Proof. If a matrix I' € S (R) satisfies (C), then by Proposition 2.3.3, for € > 0 small enough, the function
(J4 + €I') A is uniformly coercive on D. Moreover, (Jg + €') € STH(R) as J; € S (R).

Conversely, if IT € S(;H' (R) is such that the function ITA is uniformly coercive on D with a coefficient ¢ > 0,
with the same computation as (2.3.3)-(2.3.5), we have that for € 1+ and 1 < k < d,

i A -
Z B J (H” — 1L — ij + Hkk) T;T; = 2x /\(p)HAk(p).T > 2)\mch;v?,
itk j £k itk

so II satisfies (C). To conclude, it is obvious that if ITA is uniformly coercive, then ITA is uniformly coercive
with a coefficient x < W O

Making Condition (C) explicit does not seem to be an easy task in general, but we give here simpler criteriae
which are all proved in Appendix 2.B, for particular situations.

e For d = 2, Condition (C) is satisfied, for the choice T' = Is.
e For d = 3, we define

)\3 /\2 )\3 )\1 >\1 )\2
_ >9 pp= 3 s 2 AL 225
1 )\24-/\3777“2 /\1+)\3,,T3 )\24-/\17

Condition (C) is satisfied if and only if
1 " 1 n 1 - 1
\/(7“1—2)(7“2—2) \/(TQ_Q)(T?,—Q) \/(7”1—2)(7“3—2) 4,

with the convention that % = +o00.

e For d > 4, we give in Appendix 2.B a numerical procedure to check if there exists a diagonal matrix that
satisfies Condition (C).

e For d > 4, if
1
BRSNS
i#£k i#£k
then Condition (C) is satisfied, for the choice I' = I;.

2.3.2 ;1 has a square integrable density

We first suppose that the measure p has a square integrable density with respect to the Lebesgue measure. In
this case, we denote by pg, the element of L obtained by multiplication of that density by the vector (ay, ..., aq),
and we define the stronger variational formulation:

Find p = (p1, ..., pa) satisfying : (2.3.6)
p € L*([0,T); H) N L>([0,T]; L), (2.3.7)
p takes values in D, a.e. on [0,7] x R, (2.3.8)
d . e
Vv € H, g(v,p)d + (0,v, A(p)Dxp)q = 0 in the sense of distributions on (0,7, (2.3.9)
pi(O, ) = Do, ,Vi e {1, ,d} (2.3.10)

We call Vi2(u) the problem defined by (2.3.6)-(2.3.10). If p only satisfies (2.3.7), then the initial condition
(2.3.10) does not make sense. We will show that if p satisfies the conditions (2.3.7)-(2.3.9), then p is a.e. equal
to a function continuous from [0,7] into L. We consider in what follows this continuous representative and
therefore the initial condition (2.3.10) makes sense. We now present an existence result to Viz(u).
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Theorem 2.3.5. Under Condition (C), Vi2(u) has a solution p € C([0,T), L) such that for almost every (t,x)
in [0, 7] x R, 320y it @) = (o he) (@) = fg el — y)uy)dy.

To prove Theorem 2.3.5, we apply Galerkin’s procedure, as in [97, III. 1.3]. Since H is a separable Hilbert
space, there exists a sequence (wg)g>1 = ((Wk1, ..., Wka))k>1 of linearly independent elements which is total in
H. It is not at all obvious to preserve the condition that p takes values in D a.e. on [0,7] x R at the discrete
level. That is why, for ¢ > 0, we introduce for p € (R+)d the approximation M, of M defined on (R+)d by

A\ (A — A
Moalp) = ZAEE B AN oy
eV (32 \ipr)
Aipi 312N = Aj)pu

eV (X, )’

We introduce the approximation A of A defined on (R+)d by A. = %(Id + M,), and the approximate variational
formulation V,(u) defined by

M. i5(p) , 1<i#j<d

Find Pe = (Pe1, .-y De,d) satisfying : (2.3.11)
pe € L2([0,T); H) N L>=([0,T); L) (2.3.12)
d
Yv e H, &(v,ps)d + (920, Ac(p})0:pe)a = 0 in the sense of distributions on (0,7), (2.3.13)
pm-(O, ) = P0,i> Vi € {1, ,d} (2314)

For the same reasons as for the variational formulation V72(u), any solution of V. (u) has a continuous repre-
sentative in C([0,T], L), and therefore (2.3.14) makes sense.

We first prove existence to V.(u) by Galerkin’s procedure. Then we will check that a.e. on [0,7] x R, p.
takes values in (Ry)? . We will then obtain existence to V;2(u) by taking the limit ¢ — 0. In what follows,
whenever Condition (C) is satisfied, we denote by II an element of S+ (R) such that I14 is uniformly coercive

on D with a coefficient k € (0, %), and both exist by Corollary 2.3.4. Let us remark that as the function
v — I is a bijection from H to H and II is symmetric, Equality (2.3.13) is equivalent to:
d
Yv € H, %(v, Upe)g + (0xv, A (pF)Orpe)a = 0, in the sense of distributions on (0, 7). (2.3.15)

This formulation will help us take advantage of the coercivity property of the function ITA. For m € N*, we
denote by pj* the orthogonal projection of py onto the subspace of L spanned by (w1, ..., wy,). We first solve an
approximate formulation named V™ (u):

Find ¢/, ..., 9, € C*(]0,T),R), such that the function t € [0,T] — p™(t) := Doy g (t)w; satisfies:

(2.3.16)
vie{1,..,m) % (i, T (6) + (00, WAL () (1)) 22 (8) =0, (2.3.17)
p*(0) = pg"- (2.3.18)

We denote by W™ € S++(R) the non singular Gram matrix of the linearly independent family (\/ﬁwl) ,

1<i<m
with coefficients Wi(]m) = (w;, Mwy), for 1 < 4,5 < m. We introduce g{'y := (ggi, -+ 90,,) € R™, which is pg?
expressed on the basis (wy, ..., wy, ), and g™ := (ggll, ...7g??m). We define the function K7 : R™ — M,,,(R) such

that for z € R™, K™ (z) is the matrix with coefficients

m +
K7'(2)i; = | Opw;, ITA, (szwk> Ozwj |
k=1
d
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for 1 <+4,5 < m and we define the function F]* on R by:
—1
F'(z)=— (W(m)) K7'(2)z.

Solving V™ () becomes equivalent to solving the following ODE for ¢g™:

(9 () = F"(g") (2.3.19)
9 (0) = g% (2.3.20)

s

To show existence of a unique solution to (V™ (u)), for m > 1, we check that the function F™ is locally Lipschitz
and that the function A, is bounded. The proof of Lemma 2.3.6 below is postponed to Appendix 2.A.

Lemma 2.3.6. For m > 1, the function z € R™ — F™(z) is locally Lipschitz.

Lemma 2.3.7. Fore >0 and B € A, ((R ) ), [|[Blloo < 5 <1+ A"“”),

min

Proof. For e >0, Ac(0) = 114, 50 ||Ac(0)||oc = 3. For p € D and € > 0, it is clear that ||M.(p )||Oo <|IM(p)||oo <

%, where the inequality on the r.h.s comes from the proof of Lemma 2.3.2, 50 || Ac(p)]]o0 < (1 + :"n”) O

Lemma 2.3.8. For every m > 1, there exists a unique solution to (V™ (u)).

Proof. For m > 1, we use Lemma 2.3.6 and the Cauchy-Lipschitz theorem to get existence and uniqueness of a
maximal solution ¢ on the interval [0,T*) for a certain T* > 0. It is sufficient to show that T* > T, to ensure

that g™ is defined on [0,7]. As A, is uniformly bounded by % (1 + %) by Lemma 2.3.7, we have that all
the coefficients of (I/V(m))_1 K" are uniformly bounded by

m d
d A -1
L max (m) . .
V=g (1+ ) ’(W ) H ||H|\Ool<ma<xm E E /R|8Zwm|\8$wjb|dx

Ao
men i=1 a,b=1

—

For1 <i<m,

) 0 =[5 () ) asio| < 72 2,0

¥}

Summing over the index i € {1, ...,d}, we have for t € [0,T*) :

m m m t t d
WU SEIOES o) MITARCITED SRSy N S P2
i=1 i=1 i=1 =1

and by Gronwall’s lemma, for 0 < ¢ < T, (X7 [g75()]) < (27, 1g7%(0)]) exp(mat). If T < oo, the
function t — (37", [¢7%(t)[) would explode as t — T*. We conclude that T* = oo, g™ is defined on [0,7] and

Pt =Y, g7 (t)w; is the solution to V™ (). 0

Before showing the existence of a converging subsequence of (p!*), -, whose limit is a solution of V(u), we
check that ITA, is uniformly coercive on D, uniformly in € > 0. -

Lemma 2.3.9. If I1A is uniformly coercive on D with coefficient k € (O7 "”"(H)> then for e > 0, IIA, is
uniformly coercive on (R+)d with coefficient k.

Proof. For € > 0, A (0) = 11, so V¢ € R%, € T1A(0)€ = LerTle > min@exe > peve. For p e D, if € < 32, gy,
then A.(p) = A(p) and by hypothesis V¢ € R% &*TIA(p)€ > k€€ If € > >, Nipr, then for 1 < 4,5 < d,

Mc;i(p) = ( > )\lpl) M;;(p), with (% > )\lpl)2 < 1. If &' TIM(p)¢ < 0, then & IIM (p)¢ > £ IIM (p)€ and
ETA(p)€ > ETA(p)E > KE*E. I ETIM (p)€ > 0, then *TIM(p)€ > 0 and E*IIA(p)€ > € TIE > KETE, so

ITA, is uniformly coercive on (R*)d with coefficient k. O
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We now state an existence result for (V(u)).
Proposition 2.3.10. Under Condition (C), for € > 0, there exists a solution p. € C([0,T], L) to (Ve(u)).

Proof. We compute standard energy estimates of p}* for m > 1. We multiply (2.3.17) by g/";(¢) and add these
equations for ¢ = 1,...,m. This gives

‘\Fpe

+ (2 (0. 1A ()" (1)) 222 (1)) = 0. (2:3.21)

2dt d

By the uniform coercivity of the function ITA., we obtain that

g VI

= (Oup (0,14, (G2 () 0" (0) > k[0 (B3 > 0

Therefore, we get the following inequalities:

Lmin(I1) sup [ (0)[3 < sup [VIIPZ(0)[7 < VI (0)[3 < Lmae (D[P (0)|F < linaz (1) pol3, (2.3.22)
te[0,T] te[0,T
T
| oo < 5 (V) - V) < (2.3.29)
T m 2 T m 2 T m 2 E(H) mar( ) 2
lp (Ollgdt = | |p()[qdt + | |00 (t)|gdt < [polg- (2.3.24)
0 0 0 mm( ) 2k

We see that the sequence (p}),,, remains in a bounded set of L*([0,T]; H) N L>([0,T]; L), so there exists an
element p. € L?([0,T); H)NL*>([0,T]; L) and a subsequence, for notational simplicity also called (p), -, that
has the following convergence: B
p" —  pcin L*([0,T]; H) weakly
m—00

p*  —  pein L*([0,T]; L) weakly-*.

m— o0

We now show that there exists a subsequence of (p[*), -, that converges a.e. on (0,7") x R to p.. For ¢ € H,
let us define the function G.q € H’, by -

<GEQa 'U> = (azvaHAe (q+) amq)d~

for v € H. Then the equality (2.3.17) rewrites:
d
Vie{l,...,m}, pr (w;, Op*) ; + (Gep*, w;) = 0. (2.3.25)

As by Lemma 2.3.7, the matrices in A, ((R+)d) are uniformly bounded by % (1 + f\‘”‘i), we have for g € H:

d )\maw
IGeqllar = sup (8,0, A (¢F) D0q) , < — 5 (1+ 3 )||H||Oo||q||d (2.3.26)

veH,||v||g <1 min

Since the family (p™), -, is bounded in L?*([0, T, H), the family (G.p™), -, is bounded in L?([0,7], H') and
the computations in [97, (iii) p. 285| give that for any bounded open subset @ C R, modulo the extraction of
a subsequence,

Pllo = Pejo In L%([0,T), L(O)) strongly and a.e. on [0,7] x O.

We define for n > 1, O,, = (—n,n), so O,, C O,41, and Un21 0O,, = R. By diagonal extraction, we get from
(P?"),>1 @ subsequence, called ( (m)) - such that

Yn>1,p I(m) = Pdo, strongly in L*([0, T]; L(O,)), (2.3.27)

p?™ = p. ae. on [0,T] x R. (2.3.28)
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We show that p. is a solution to the variational formulation V;(u). For 1 < j < m and ¢ € C*([0,T],R) with
Y(T) = 0, we have, through integration by parts, the equality:

[ W (Eywy, TIp?™ () dt + : (00w, 1A, ( (p2) 7 (1)) D020 1)
, 0),d+ . ()

The sequence (pg(m)) converges strongly to pg in L so
m>0

) dt = (w], Hp¢(m))d ¥(0).

(w5 190 ™) (0) = (w5, Tpo)av(0).

The sequence (pf(m)) _, converges weakly to p. in L?([0,77], L) so
m>0

—/OT (w()w p?" (1)) dt — — / (t)w;, TIp (1)), dt.

For the remaining term, we have

B 0000, 1A )0 )t = I (0000514 ((57) " 0) 2,300 )
< /OT (w(t)aij,HAe(p:'(t)) (aa?pe(t) — 5Ipf(m)(t)))ddt (2.3.29)
+ /0 ' (w(t)azwj, I (AE ((p?<m>)+ (t)) - Ae(pj(t))> 8mp‘f(m)(t)>d dt| . (2.3.30)

For the term in (2.3.29), the sequence (8 pl* )>k>0 converges weakly to 9,p. in L2([0,T]; L). In addition, by
Lemma 2.3.7, A, is bounded, so the function t — 1(t) A*(p7 (t))18,w; belongs to L2([0,T]; L) and we have the
convergence

— 0.

m—r o0

[ (4005, 14.07 ) (2200 - 00 )

For the term in (2.3.30), using the Cauchy-Schwarz inequality we have that

o (W) (Ai ((p‘f("’)f (t>> - A (pi(t))) Haij7azp?(m)(t)>ddt 2
</OT P(t) (Ai ((pg><m))+ (t)) - A:@j(t))) 9, w; zdt> (/O 10,p2® (¢ )3dt>

oM | o (42 ()" ) - 220 ) 000 2

dt,
where we used the energy estimate (2.3.23) in the last inequality. The function A, is continuous on (R*)d as

d
3 o(m) $(m) + +
shown in the proof of Lemma 2.3.6, and p¢ — pe a.e. on [0,T] xR, so A, (p6 ) — Ac (pF) a.e. on

IA

IN

[0,7] x R. By Lemma 2.3.7, A, is uniformly bounded so we have through dominated convergence,

[ oo (a2 ((2) " @) - azt @) mos |

Thus we have shown that

dt — 0.
m—r 00

T

[ (smwma (6200) @) ourtow) ar o [ 00w 0 0) () . 2330
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When we gather the convergence results and use the fact that the sequence (w;) is total in H, we obtain

that . 7=t
Vv € H, — / t)v, Tp( ))ddt+/0 (() 020, A (P (1)) Dupe(t))adt = (v, Tpo)arp(0),
which rewrites:
T
Vv e H, — / U pe )ddt +/(; (w(t)azvvAe(p:_(t))azpe(t))ddt = (v>p0)dw(0)a (2332)

If moreover v belongs to C°((0,7')), we obtain that p. satisfies (2.3.13) in the distributional sense on (0,7).
For v € H, the function t — (v,p.(t))q belongs to H'((0,T)), as the functions ¢t € (0,T) — (v,pc(t))a and
€ (0,T) — (9xv, Ac(pt(t))02pe(t))a both belong to L2((0,T)). Thanks to [19, Corollary 8.10], the following
integration by parts formula also holds:
T T
Yo € H,—/ d/(t)(v,pe(t))ddtﬂL/ D(t)(02v, Ac(pd (1)) 0spe(t)) adt = (v,pe(0))av>(0). (2.3.33)
0 0

If we choose 1(0) # 0, then by comparing (2.3.33) with (2.3.32), we have that:

Vo € H, (v,p(0) —po)a = 0, (2.3.34)

and this concludes the proof for the existence of a solution to (V¢(u)). We now show that p. € C([0,T],L). The
function p. satisfies:

d
o e g v pda t (v, Ac(pF)Dupe) ; = 0,

in the distributional sense on (0,7"), with

pe € L*[0,T),H), (2.3.35)
A (pH)owpe € L2*([0,T],L). (2.3.36)
Then by [97, III. Lemma 1.2], p. is a.e. equal to a function belonging to C([0,T], L). O

Proposition 2.3.11. Under Condition (C), for e > 0, the solutions to V.(u) are non negative.

Proof. Let pe = (Pe,1;---, Pe.a) be a solution to the variational problem V(u). For z € R, let = = min(z,0).
We take p. = (p. 1, .-, P, 4) as a test function in (2.3.13). Thanks to (2.3.35)-(2.3.36), we obtain by [97, Lemma
1.2 p. 261]:

1d
2 di (pe ape)d + (axpsze(p:)axpe)d =0 (2337)

in the sense of distributions. For f € H'(R),0,f~ = l{f<0y0zf, so we have Vi € {1,...,d}, pziazp;i =0,
02 iOzpei = (azp;i)? As a consequence,

_ _ )\ipji Doz (A— )
0upey > Meij(p5)Dupe; = 0up; ’ =

7 €V (Zl Alij) Iy (Z /\zpel> R

(87«176 7A pg Tpe d */ Z 8"51761 €,1] pe Tps de = / Zarpez €,i% pe )arps dx.

7,7=1

Equality (2.3.37) simplifies into

1d d d
2dt / Z pe i “dr + /]R ZAG,M‘(P?) (3mp;i)2 dz = 0.
i—1 -

R i—

Let us show that for 1 <17 <d,

Acai(p?) (0ep2)" = ;Am"" (0.p2,)° = 0. (2.3.38)
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For 1 <i<d,
2
(Zl;ﬁi )‘lpj,z) ()\i Zl;ﬁi P:z) (Zl;ﬁi )‘lp:l)
20 (57 ot ) ey (S gt )
Y (21:1 Alpe,l) eV (2121 )‘lpe,l>
We distinguish the cases p:i > (0 and pjz = 0. In the first case, 9;p_; = 1yp, ,<0}0xPei = 0, SO (2.3.38) is true.
In the second case, let us define z := (Zl# )\lp:rl> = (27:1 )\lp:fl), and notice that ()\Z- Zlﬂp:l) > Amin 5

max

2A:(p5) =1+

Thus we obtain:

)\min 2 )\mzn
2Ac:i(pt) > 1+ ( - 1) > :

max 62 \/ 22 - >\maz

as 0 < 2v > <1, and (2 3.38) is also true.

Consequently, [, >, (p“) (t) is non increasing in time. As [ > ( 6Z) 0)dz = [ > iy (pol) dz =
0, we conclude that p. has every component non-negative. Let us remark that to obtam the non negativity of
the solutions to Vi (u), it is sufficient and easier to prove directly that Ac;; > 0 for 1 <4 < d, but Inequality
(2.3.38) will be reused for the proof of Proposition 2.5.7 below. O

Before showing the existence of a solution to V2(R), we compute the energy estimates on p..

Lemma 2.3.12. Let € > 0, and let p. be a solution to V.(u). The following energy estimates hold.

I,
sup |pe ——=1poly, 2.3.39
te[O,T]| ( )| l (H) | |d ( )
’ 50, bmaa(IT)
|Ozpe(t)|gdt < 27|p0|da (2.3.40)
0
T T T
l ) e (1T
e = [+ [0 ar < (et e G0 (23.41)
0 0 0 lmzn (H) 2:‘{
Proof. We obtain the energy estimates by taking p. as the test function in (2.3.13), and the computations are
the same as for (2.3.22)-(2.3.24). O

Proposition 2.3.13. Under Condition (C), Vi2(u) has a solution p, which satisfies the same energy estimates
as the solutions to Ve(u), and that are given by (2.3.39)-(2.3.41). Moreover, a.e. on (0,T) x R, Elepi(t, x) =
o hy(x).

Proof. For € > 0, let us now denote by p. a solution to Vi(u), which exists under Condition (C) according
to Proposition 2.3.10. The family (p).., is bounded in L*([0,T]; H) N L>([0,T]; L), as the energy estimates

(2.3.39)-(2.3.41) have bounds that do not depend on e. There exists a limit function p € L2([0,7]; H) N
L>([0,T]; L) and a subsequence (€); >, decreasing to 0, such that

pe, — pin L*([0,T]; H) weakly,
De, — pin L([0,T]; L) weakly-*,

and p also satisfies Inequalities (2.3.39)-(2.3.41), where we replace p. by p. Moreover, in the sense of [97, III,
Lemma 1.1], we check with arguments similar to (2.3.26) that the family ( Pew )k is bounded in L*([0,77], H')
>1

and by [97, III, Theorem 2.3], for any bounded open subset O C R, there is a subséquence of (pe,) )>1 converging

to p in L2([0,T7], L(O)) strongly and a.e. on [0,7] x O. Then by diagonal extraction, similarly to the proof of
Proposition 2.3.10, we can also assume that:

De, — p a.e. on [0,T] x R,

and that p is non negative as p. is non negative for ¢ > 0. For any function v € C1([0,T],R), with (T) =
and k£ > 1, we have

)

T
Vo € H, - / (£)0, Py, (£))adt + /0 (D)0, Ac i (Peyy (D)aDes iy (£))adt = (v, p0)atb(0).
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The sequence (p%(k)) converges weakly to p in L?([0,T]; H) so

k>0

T T
- / (& (00, ey, (D)adt — — / (4 (£)0, p(t)) .
0 0

k— o0

We show that p takes values in D a.e. on [0,T] x R. As for p € (R.)?, and 1 < j < d, 25:1 M. ;;(p) =0, we

have
d d d d
Z g lpe - (Zpe l> o Z <Z Me,ij(pj)) 8a:pe,j = %8I <iz_;pe,i> .

i=1 j:l i=1

Thus, in the sense of distributions on (0,7), for © € H'(R), and v := (7, ...,7) € H,

d d
d d 1
= — A + = —_ v ; — v ; .
0 dt (v7p€)d + (8$Ua e(pe )a:vpe)d dt ]Rv <i§=1 pe7z> dx + 2 /Ramvaw <i§=1 pe,z> dz

We also have for € > 0, Z?:l De,i(0,2)dz = p(dx). Then the function Z?:l De,; is a solution to the formulation
Hp2(p) defined by :

z € L2([0,T); H'(R)) N L>([0, T]; L*(R)) (2.3.42)
Yw € H'(R), % /}szdac + %/R (0zw) (0y2) dz = 0 in the sense of distributions on (0,7), (2.3.43)
2(0) = p. (2.3.44)

The problem Hy2(u) is a variational formulation to the heat PDE

1
Oz = iamz
z(0) =

and it is well known that the solution of Hp:z(u) is unique and expressed as the convolution of p with the

heat kernel h;(z) = \/L exp ( ) Consequently, for a subsequence (pe, ) k>1 such that p,, — pae. on
2 k—o0
(0, 7] x R, the sequence (z, );;, defined by z¢, = Zi:l De, i satisfies

for almost every (t,z) € (0,T] x R,Vk > 1, z, (t,x) = p* he(z) > 0,

and the value of z, (¢, x) is independent from ¢j. If we define zg = Zle pi, we have that zo(t,x) = pxhe(z) >0
a.e. on (0,7] x R. As the limit p has every component non-negative, we can thus conclude that p takes values
in D, a.e. on (0,7] x R. Then for almost every (¢,z) € [0,T] x R, there exists ko(t, ) such that Vk > ko(t, ),
D2 Aibeyy it ) = 5 3 Aipilt, 2) > egy. For k > ko(t, ), Ac, ) (Peyir (12)) = Ape,, (£, 2)), and as A is

continuous on D, we have

Ae(b(k)(p%(k)(t,x)) kjoo A(p(t,z)) a.e.. (2.3.45)
By Lemma 2.3.7, the family (A€¢(k))k>1 has bounds uniform in k. Hence
T T
[ 00020, A ey (Db Ot [ (000 AGO)Oup(0)
in the same manner as in (2.3.30). Consequently, we have that
T
Vv e H, - / t))adt +/ (1(t)0zv, A(p(t))Dup(t))adt = (v, po)at)(0). (2.3.46)
0

Similarly to the proof of Proposition 2.3.10, we prove (2.3.9) and obtain p € C([0,T], L). Finally we repeat the
same arguments as in (2.3.34) to conclude that p is a solution to Vpz (). O
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2.3.3 Proof of Theorem 2.2.1

We first introduce a lemma that will be used later in the proof.

Lemma 2.3.14. Let v > 0 and let ¢ be a non-negative function, s.t. Vt € (0,7, ftT ¢ (s)ds < %
Then fort € (0,T] fo s)ds < ‘f“

471

Proof. With monotone convergence, then using the Cauchy-Schwarz inequality, we obtain, for ¢ € (0,77:

[oome = Z [ o

k=0

(o]
Z V2 ( (55 @?(s)ds < —(*3)
— 2 (k+1) 2 (k+1)

1 t
NP RER - \ﬁ .
Z (k+ \/E 27 — 1

IN

N @

IN

O

Now let (o).~ be a sequence decreasing to 0 as k — oco. In order to rely on Theorem 2.3.5, we approximate
u by a sequence of measures y,, , weakly converging to y and that have densities in L?(R). To do so, we apply
a convolution product on p by setting pi,, = p * hff%' The measure (i, is absolutely continuous with respect
to the Lebesgue measure, with the density

_ (= ﬂu)
o () = % / (v).

With Jensen’s inequality and Fubini’s theorem, we check that p,, € L?(R). Indeed,

) (w y)2 2 1 _<17§)2 1
z)dr = % du( dr < e °k dx|d = .
[ i@ / ka e T ) s s (] ) = 57

Let us define po o, = (®iftoy; -, @illo,) € L and let us denote by py,, = (Poy,1s -+, Poy,d) @ solution to the
variational formulation Vi2(u,, ), which exists as an application of Theorem 2.3.5, and that satisfies equality
(2.3.46) with initial condition pg ., as in the proof of Proposition 2.3.13. We compute the same energy estimates

as previously. As p,, ; is non-negative for 1 <¢ < d and Z?:l Dowi = Moy * Bt ace. on (0,T) X R,

2

2 1
= xhg2 * h H < ,
L HH P e 2v/ 7t

for a.e. ton (0,7), |ps, (t)

T
o (B)2dt < dt =/ —,
| e < [ a2

Using IIp,, as a test function in (2.3.9) and the fact that IIA is uniformly coercive on D with coefficient &,

| lmaz (H)
d = Ak \/*

Let us remark that the estimates fOT |po, (t)|3dt and ftT |02D0,, (t)|2ds, for t € (0,7) have bounds that are
independent from the choice of oj. Then for a sequence (s;),~; with values in (0,7") and decreasing to 0 as
n — oo, there exists a function p defined a.e. on (0,77 x R such that for each n > 1, there exists a converging
subsequence called again p,, with the following convergences:

T
1
vt € (0,7), / 10200, (5)|2ds < %h/ﬂpgk( ) (2.3.47)
t

Po, — pin L*((0,T]; L) weakly,
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Do, — pin L*([s,,T); H) weakly,
Do, — P in L®([s,, T]; L) weakly-*.

Similarly to the proof of Proposition 2.3.13, we can also suppose, modulo the extraction of a subsection that
Do, — D a.€. on [$p, T] X R.

By diagonal extraction, we obtain a subsequence, called again p,, such that

Po, — pin L*((0,T]; L) weakly,
Po = pin L,.((0,T]; H) weakly,
Do,  — pin LpS . ((0,T]; L) weakly-*,

Do, — pin (0,7T] xR.

Let us remark that p > 0 as p,, > 0 for & > 1. Moreover, for a.e. (t,x) € (0,7] X R, o, * he(x) =
Zlepgk,i(t, x) o Zlep(t,x) = po, * hi(z), so p takes values in D a.e. on (0,7] x R. Let us prove that p
—00

is a solution to V(u). For k > 0, as p,, satisfies (2.3.46) with initial condition pg ., , for ¢ € C1([0,T],R) such
that ¢(T) = 0,v € H*(R), we have that

T T
- / (4 (50 Do (5) adls + / ($(5)050, APy )Oapo)ads = (02p0,0,)ath(0).

We study the limit as k — co. First,

/ (& (5)0, Do (5))gds — / (4 (3)0,p(5)) g d,
0 0

as p,, — p in L*((0,T]; L) weakly. Since pg ., — po weakly and v € H is continuous and bounded, we have
the following convergence

d
(000 )a0(0) 5 6(0) Y0 [ ei(o(do)
=1
To show that
T T
/0 (0(5)90, A(po, )Dapoy ) g ds — /O ((5)0y 0, A(p)Byp),, ds, (2.3.48)

we check that the family (9,p,, )., and 9,p belong to a bounded subset of L'((0,7],L). More precisely, for
q € (02Poy)j>1 U {02}, using (2.3.47) we have that

lmaz (H)
ATt ’

T
ve0.7), [ o)l <
t
and by Lemma 2.3.14, we have that

lmae (1) £3
dky/T 25 — 1

t
vt e (0,7), / 10,4(s)|ads < (2.3.49)
0
We then write

< / ()90, A(Doy)9spoy — A(D)Dup)ads

/0 (4(5)020, AP )Ospor — A(p)Dup)ads

+ /0 (0(5)00, A(po, )Dapor Vads| + /O (1) v, A(p)Dyp)ads] -
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For fixed t > 0, the first term of the r.h.s. goes to 0 as k — oo with the same reasoning used to obtain (2.3.31).
Moreover,

¢ d Amaflj t
[ @00 a0 dats| < G (1432 ) ollelonola [ ouplads,  (2350)
0 min
t d )\max
[0 amamaas| < 4§ (14572 ) il [ 02rlads, (2.351)
0 min

by the Cauchy-Schwarz inequality and Lemma 2.3.7. Using (2.3.49), the Lh.s. of Inequalities (2.3.50) and
(2.3.51) can be made arbitrarily small, uniformly in k, choosing ¢ small enough, so we obtain (2.3.48). Gathering
the convergence results we get

T T
- /0 (' (8)v, p(s))ads + /O (1(8)0zv, A(p)Ozp)ads = Zaz / (2.3.52)

and this is enough to obtain (2.2.5). As it is easy to check that the function s — (v, p(s)) belongs to H'((¢,T))
for t € (0,T), similarly to (2.3.33), we also have the following integration by parts formula:

T T
vt € (OvT)v_l (w’(S)v,p(S))dder/t (10(5)0zv, A(p)Ozp)ads = (v, p(t))at(t)- (2.3.53)

The integrals on the 1.h.s converge to — fOT(w'(s)v,p(s))dds—i— fOT(w(s)awv, A(p)Ozp)ads as t — 0, as it is easy to
check by Cauchy-Schwarz inequality that the functions s — (¢¥/(s)v, p(s))q and s — (¢¥(s)0,v, A(p)dzp)a belong
to L1((0,T),R). If we choose 1)(0) # 0, we obtain that

d
lim (p(t), v)a = Z;a / vi () pu(dz), (2.3.54)

by comparing (2.3.52) with (2.3.53) and this gives existence to V(u). Moreover, we obtain, with the same
arguments as the end of Proposition 2.3.10 p € C((0,T], L), and this concludes the proof.

2.3.4 Proof of Theorem 2.2.2

The existence of a solution to the variational formulation V(1) will give the existence of a weak solution to
the original SDE (2.1.1). This essentially comes from the equivalence between existence to a Fokker-Planck
equation and existence to the corresponding martingale problem, established by [39]. To use that result, we
first give a lemma that makes V(1) compatible with the variational formulation described in [39].

Lemma 2.3.15. Let p be a solution to V(u). Then, for 1 <i <d and a.e. s € (0,T), (ZZkAf;k )\1p1> (s,-) €
H'(R) and 30, ($25252p: ) (5,) = (A(p)9,p), (5,).

Proof. Tt is sufficient to show that for 1 <1i,j < d and a.e. s € (0,T), <22 (s,:) € H'(R) and

P >k AkDk
PiPj Pi0zp; + pjOupi PiD;
Oz ( ) (s,) = B AkGzpi | (s,°),
>k Ak >k AkDk (DK Akpr) zk:
: : PiPj Pi0xp;+p;Oxpi DiPj
as we conclude by linearity. For a.e. s € (0,7T), PRy (s,-) and ( S =, )\k’pk)z >k )\k(r)wpk> (s,)

belong to L?(R), as Vi € {1,...,d}, ka/\ikpk € [0; /\im}, a.e. on (0,7) x R. Tt is sufficient to show that for K C R
compact, ¢ € C2°(R) with support included in K, and a.e. s € (0,7,

DiD; B / PiOzpj + DjOzpi PiD;
0 P( s,x)dr = — T - A Oy (s,
/ e (zmm)< ) o >< S e 5 a2 e ) (s 0)da

k

Let (p5),~; be a regularizing sequence, where p, € C2°(R), with a support included in (-2, 1), [t p, =1, and
pn > 0 for n > 1. We define p,, ;(s,") := pn * pi(s,-). Then for a.e. s € (0,T), (pn,i(s, ))nzo,l e{1,. d} are
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sequences of non negative functions in C°°(R)N H!(R) such that for 1 < i < d, the following strong convergences
hold, by [19, Theorem 4.22]:

Pni(s,5) = pi(s,-) in L*(R),

n—oo
a.’tpn,i(sa ) — arpi(sa ) in LQ(R)
n—oo
We first check that for n > 1, z € R and a.e. s € (0,7), ZZ=1 AkPn,k(s,2) > 0. Indeed, as ), p; is a solution
to the heat equation, Zlepi(s,x) = px hg(x) a.e. on (0,7) x R, we have that for z € R and a.e. s € (0,T),

22:1 AP k(8,2) > Amin Zzzlpn,k(s,x) = AminPn * it * hs(x) > 0. Then for a.e. s € (0,T), we have the
equality:

Pn,iPn,j pmiawpmj + pn,jawpn,i Pn,iPn,j
0x¢(x ( ) s, x)dxr = —/ o(x — MeOgDn i | (8, z)dx.
/ Zk /\kpn k ( K ( ) Zk )\kpn,k (Zk )\kpn,k)2 ; ( )

(2.3.55)
For a.e. s € (0,T), modulo the extraction of a subsequence (which can depend on s), we can assume that for
1<l<dandae z€K,p,(sz) = pi(s,z). As 27:1 pi(s,2) = pwx hg(x) > 0 for a.e. € R, we have

%(s x) — %(s,x) for a.e. z € K. Then,

H< PniPnj  DiDj > (5.°) < ( Pn,iPnj  PnDj > (5.°)
Zk )\kpn,lc Zk; )‘kpk ’ L2(K) o Ek Akpn,k Zk )\kpn,k ’ L2(K)
Pn,iDj DPiPj )
+ — S
(Zk Akpn,k Zk )\kpk: ( ) L2(K)

1
< e = pi) (50)le2 g

mn

i ( (ka;k;nk Z,ﬁk%))wf)

The first term of the r.h.s converges to 0 as n — oo, as p,i(s,©) — pi(s,-) in L?(R), and the second
n—oo

(s,-) — ka;kpk‘ (s,-) a.e. on K, and Vi €

LZ(K).

term also converges to 0 by dominated convergence as %
k n,R

{1, d},Vn > 1, < Be—(s, z) € [0; +—]. This ensures that
k n,k min

DPn,iPn,j DiPj
O p( 2)dr — | 0, PP (e,
/ o (Zk AkPn, k) (5, z)de n—o Jp o) (E:k Akpk) (s, 2)de

for a.e. s € (0,7). With similar arguments, we let n — oo in the r.h.s. of (2.3.55), we have the convergence of

the r.h.s. term to
PiOzpj + DjOzpi DiDj
— [ o(x) - MO | (s, 2)dx
/K 2k AkPE (O Aepr)? zk:

for a.e. s € (0,T") and this concludes the proof. O

We can now prove Theorem 2.2.2. By Lemma 2.3.15 the solution of the variational formulation V(1) satisfies

d 1
Vi {1, d} Vo € H'(R), o / opide + 5 / (05) By (%)\mi) dz = 0,
T T k

in the sense of distributions. Then through an integration by parts,

Vie{l,..,d},Vo € Cf(R),%/appidx— %/ (92,9) <§;’€p’“ )\ipi) dr = 0.

For y; € Y, [39, Theorem 2.6] gives the existence of a probability measure P¥* on the space C([0,T],R) with
canonical process (X;)o<i<r satisfying :
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Xo ~ punder PY

Vo€ CE(R),  MPY = ¢(Xy) — (Xo) - 7/ 12 () o 2ok il Xo)

>k S (yk)pr(s, X)

and for ¢ > 0, X; has the density p’(t ) under P¥. We then form the measure Q = Z _1 0 PY(dX) ® 0y, (dY)
and show that it solves the followmg martmgale problem:

ds is a martingale under PY?,

Xo ~ punder Q,
t d
Vo € C°(R MY = #(X,) — ¢(X, 1 92 H(X) Y 2 i1 Pils, Xs)
GECTR® WPV = 0X0) ~ (%)~ [ LK) B

oo $Y o ) pisX)
For ¢ € C°(R) and t > 0, M{"" is bounded as ST T (5%

o({Xu,u < s}). To obtain our result it is enough to check that for 0 < s <,

ds is a martingale under Q.

< )\ma,m_ For s > O7 we define -/—"s =

— Amin

E® MY — MEY|F, Y| =0,
For ¢ € C°(R) and g measurable and bounded on R? x Y, p>1,and 0 < 51 < ... < 5, < s,
d .
EQ [(Mt‘/’Y _ Mg’,Y)g(XSl, ...,XSP,Y)} = Zai]EJPWz [(M;byl _ M;b7yi)g(X51, ~~~3Xsp,yi):| =0,
i=1

as MPV* is a PYi-martingale for 1 < i < d. So E® {Mf’y\fs,Y] = M®Y, and M"Y is a Q-martingale. For

0 < s < T, we compute the conditional expectation E? [f?(Y)|X,]. Given a bounded measurable function g
on R,

Q T p2 _ J P [ e2/ 2 Pz S 95)
BP0 = e [Pla()] =D o[ PP,
_ 2 s, x)dx = Zz 1f(yz)p7,8$ s,2)d
= /Zf yz pz )d /;{( Zl 1p2(s x) ) sz

d d
BN = o b)) = [ @)Y pilsa)da

Thus under Q, X, has the density Z?:I p;i(s,+), which is equal to p * hs(-) by Theorem 2.2.1, so X, has the
same law as Z + W, where Z ~ p and Z is independent from (Wt)t>0. Moreover, we have the equality:

S PP y)pi(s, X)

E2 [f2(Y)|X,] =

Zl 1 Pi(s, Xs)
Therefore Q is a solution to the martingale problem:
Xo ~ punder Q,
Vo € C°(R), d(Xe) — ¢(Xo) — 7/ 3 fj(Y) ds is a martingale under Q.
E [£2(Y)|Xs]

and this ensures the existence of a weak solution to the SDE (2.1.1).

2.4 Calibrated RSLV models

We extend the results obtained in the previous sections to the case when the asset price S follows the dynamics:

(Y1)

dS; = rSidt+ ———————
' ' E[/2(V;)]S]

T Dup(t, St)SedWy,
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(log (S0),Yo) ~

where Yj is a random variables with values in ), u is a probability measure on R x ), Y is a process evolving
in Y, with

P (Yitar = jlo ((Ss,Ys),0 < s < 1)) = gy, (log(S;))dt
for j # Y;, and for 1 < i # j < d, the function q” R — R is non negative. Moreover, for 1 < ¢ < d, we define
Gii = — ;4 ¢ij- We assume that (log(So),Yp) and (Wi)i>0 are independent. In addition, we assume that

there exists ¢ > 0 such that ||g;j||cc <G for 1 <4,j < d, and that the risk free rate r is constant. We define
FDup(t, ) = 0pup(t,e”). The asset log-price X; = log S; follows the dynamics:

(1 Pm) BN
WX = < 2R X Dot Xt))d” E2 )X
(Xo,Yo) ~ W (242)

G pup(t, X¢)dWy, (2.4.1)

Formally, if we apply Gyongy’s theorem, any solution to the SDE (2.4.1) should have the same time marginals
as the solution to the Dupire SDE for the asset’s log-price:

1
2
XP o~ ux, (2.4.4)

dxP = <r (2 XD)> dt + G pup(t, XP)dW;, (2.4.3)

where px, is the law of Xj. The Fokker-Planck PDS associated with the SDE (2.4.1)-(2.4.2) writes, for 1 <i < d:

LA Z Pk 1.9 Ai Z Pk . d
opi = —0x e aDu ]p) + =0:, Stz TR 5 52 uDi | + qjipj (2.4.5)
([ 2577 ! 2 DD IS JZ: "

pi(0,)) = oy, (2.4.6)

where for 1 < i < d, p; is the conditional law of Xy given {Yy = i}, and as before, a; = P(Yp =14) > 0. We
denote by A the diagonal d x d matrix with coefficients (\;)1<i<q. We define, for p € D, R(p) := szi 1}\p’p and
for x € R, Q(x) = (¢;j(2))1<i,j<d- Moreover, we assume that the European call prices given by the market have
sufficient regularity so that the following assumption holds.

Assumption (B). The function Gpy, belongs to the space L>=([0,T], W>°(R)), and there exists a constant
g > 0 such that a.e. on [0,T] X R, 0 < Fpyp-

We will denote by @ > 0 some constant such that a.e. on [0,T] x R, 6pyp < 7. For the PDS (2.4.5)-(2.4.6),
we introduce an associated variational formulation, called Vi, (1):

Find p = (p1, ..., pa) satisfying:
p € Li,o((0,T); H) 0 Li5.((0,TT; L),
p takes values in D, a.e. on (0,7) x R,

d 1 - - - -
VU € H d (U p) (axvap)d + <6wv7 ER(p)O-Dup (UDup + 28x0Dup) AP) + (8z117 O-QDupA(p)axp)d = (Q'pr)d
d

in the sense of distributions on (0,7), and

) wea&;y-*

p(t,- Po = (Q1 i1y oy Qdfha)-

t—0+

Let us remark that if we sum the PDS (2.4.5) over the index i, as Z?Zl gji = 0 for 1 < j < d, then Z?Zl Di
satisfies the Fokker-Planck equation associated to the SDE (2.4.4):

d d d
1. -
Ot E p; = —0, ([T — ZU%W] E pi> + 2(“)390 (a,%up E pi> (2.4.7)
i=1 i=1 i=1
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d
2pil0) = px, (2.4.8)

In the same way, if p is a solution to Vg, (@), then u := Zle p; solves LV (ux,), where for v € P(R), LV (v)
is defined by:

u € Lioe((0,T); H'(R)) N L5, ((0,T); L*(R)), u >0,

d 1. _ _ 1 N
Yo € HY(R), %(v, u); — 1 (Ozv,u), + ((%11, 50Dup (G Dup + 206 Dup) u) 1 + 3 (6xv,a,2:,up3xu)l =0,

in the sense of distributions on (0,7, and

weakly-*
u(t, ) 10+

Lemma 2.4.1. Under Assumption (B), for v € P(R), the solutions of LV (v) are continuous and positive on
(0, 7] x R.

The proof of Lemma 2.4.1 is postponed to Appendix 2.C. We make here an additional assumption on the
regularity of the function G pyy.-

Assumption (H). The function ¢pyy is continuous and there exist two constants Hy > 0 and x € (0,1] such
that

Vs, t € [0,T],Vz € R, |6pup(s,x) — Gpup(t, )| < Holt — s|X.

If Gpup € L°°([0,T], WH>°(R)) and 6 py,p is continuous, then &p,, and &%up have the Lipschitz property
in the space variable, uniformly in time so that existence and trajectorial uniqueness hold for (2.4.3)-(2.4.4).
Moreover, Assumptions (H) and (B) imply that there exists Hy > 0 such that:

Vs,t € [OvT]vvxay S Ra |&DU;D(Sax) - &Dup(tvy” é I::IO (|t - S‘X + “’E - y‘) .

Moreover, for v € P(R), they are sufficient to obtain uniqueness to LV (v) and Aronson-like upper-bounds on
the solution of LV (v). The proof of Proposition 2.4.2 that follows is also postponed to Appendix 2.C.

Proposition 2.4.2. Under Assumptions (B) and (H), there exists a unique solution u to LV (ux,) and the
time marginals of the solution (XtD)te(o 7 to the SDE (2.4.3)-(2.4.4) are given by (u(t,)),co,r- Moreover,

there exists a finite constant ¢, independent from px, and such that u satisfies |[u(t)||3. < % fora.e. t € (0,T].

We give here the main results on the calibrated RSLV model, that we prove in Section 2.5.

Theorem 2.4.3. Under Condition (C), Assumptions (B) and (H), there exists a solution p € C((0,T),L) to
Vein (1) such that Z?:l p; is the unique solution to LV (ux,).

Theorem 2.4.4. Under Condition (C), Assumptions (B) and (H), there exists a weak solution to the SDE
(2.4.1)-(2.4.2). which has the same time marginals as those of the solution to the SDE (2.4.3)-(2.4.4).

2.5 Proofs of Section 4

2.5.1 Proof of Theorem 2.4.3

Similarly to the proof of Theorem 2.2.1, in Subsection 5.1.1, under the hypothesis that for 1 < i < d, u; has a
square integrable density with respect to the Lebesgue measure, we prove existence to a variational formulation
slightly stronger than Vg, (). Then, in Subsection 5.1.2, when p is a general probability measure on R x Y,
we mollify u; for 1 <7 <d, in order to use the results of Subsection 5.1.1 and obtain a solution to Vi, (u).
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Case when p has square integrable densities

In this section, the measures (1;),;-, are assumed to have square integrable densities which are also denoted
by u; for notational simplicity. We define py := (11, ..., aqpq) € L. We define the variational formulation

Vpin, L2 (1):
Find p = (p1,...,pa) satisfying : (2.5.1)
p € L3([0,T]; H) N L>=([0,T]; L) and takes values in D a.e. on (0,T) x R, (2.5.2)

d 1 - ~ - -
Vv e H, *(Uap)d -r ((%;U,p)d + (aa:v7 iR(p)UDup (UDup + 2az0Dup) AP) + (817]; U%upA(p)axp)d = (vip)d

dt d
(2.5.3)
in the sense of distributions on (0,7,

p(0,-) = po. (2.5.4)
To show existence to Vi, r2(t), we use Galerkin’s procedure, as in the proof of Theorem 2.2.1. It is not obvious
that p takes values in D a.e. on (0,7) x R at the discrete level, that is why for € > 0, we define, for p € (R+)d,

R.(p) = % and we introduce the variational formulation Vi, (1)
€ i=1 NP1
Find Pe = (Pe1, -y De,d) satisfying : (2.5.5)
pe € L*([0,T); H) N L>=([0,T]; L) (2.5.6)

d 1 _ - - -
You € H7 7(Uape)d_r (8xvape)d+ (8931]7 §Re(p2—)0-Dup (UDup + OIO-D’U,Z)) Ape) +(aw’U, U%)upAe(pj)awpe)d = (Qvape)d

dt d
(2.5.7)
in the sense of distributions on (0,7,

pe(0,+) = po. (2.5.8)

Let us remark that if p (resp. p.) satisfies (2.5.1)-(2.5.3) (resp. (2.5.5)-(2.5.7)), those conditions imply that ‘fi—f

(resp. dj;e) belongs to L2([0,T], H') in the sense of [97, ITI, Lemma 1.1], so by |97, III, Lemma 1.2], p (resp. p.)

is equal a.e. on [0, 7] to a function of C([0,T], L), so that the initial condition (2.5.4) (resp. 2.5.8) makes sense.

To take advantage of the fact that under Condition (C), there exists IT € S; " (R) and s > 0 such that I1A4

and ITA,, for € > 0, are uniformly coercive on D with the coefficient x, we introduce, for € > 0 and m > 1, the
approximate variational formulation Vi, ()

Find g{%, ..., 9{m € C°(0,T],R), such that:

the function ¢ € [0,T] — pI*(t) = Z gej(t)w; satisfies, for 1 <i <m,
j=1
m d m ~2 m\+ m
(QUw; +rld,w, pl" () = 5 (wi TP () + (ewi, o, LA () (1)) 0,22 (1))
1 . ~ ~ m
+ 5 (aatha Re ((p;n)Jr (t)> ODup (UDup + 2azo—Duzo) HApe (t))d (259)

p"(0) = pg’,
where pj* is the orthogonal projection of py in L on the space spanned by (w;)i<j<m. For z € R™ and ¢ > 0,
we define K", (¢, z) the matrix, where for 1 <4,j < m:

+
1 < N N .
K[t 2) = 5 Oz w;, Re <Z zkwk) Dup(t) (FDup(t) + 20,6 pup(t)) MAw, |
k=1
d
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K[%(t, z) the matrix where for 1 <4, j <m,

m +
Ke 2,ij (t Z) 6xwi7 &2Dup(t)HA6 (Z Zk’“’k) 8$wj 5

k=1 J
and K"y the constant matrix where for 1 <1, j < m:

Km

€34 — (Qsz + Tﬂﬁxwi, wj)d~

We then define F™,(t, ) (W >) K;nk(t 2)z, for k= 1,2, and Fy(2) := (W<m>) Kz, Finally we define

for z € R™, G[*(t,2) == —F[i(t,2) — F! Fy(t, 2) + FIy(2). The ODE for ¢ rewrites:
(9 () = GI (gl (1)
g:ﬂ(o) = 92707

where the vector g('f; is the expression of p{* on the basis (Wi)1<;<m- We prove existence and uniqueness to
Vi (u). We clearly have the following lemma.

Fin,e
Lemma 2.5.1. The functions R and R., for e > 0, are uniformly bounded. More precisely, ||RE||LOO((R+)(1) <
o IRl Lo (p) <

Lemma 2.5.2. Under Assumption (B), for m > 1, the functions K and K[y are uniformly bounded.

Ami Amin

Proof. Using Assumption (B), Lemma 2.5.1 and Lemma 2.3.7, for ¢t € [0,T], x € R, p € D, we have

1 . - - 1 _ _
Re(p)aDup(tvl’)(UDup(tva)+25'mUDup(t,fv))‘ < on 0@+ 2010:0Dupllo),

2 min

. 1 A _
1Ac(P)5Dup (@) |oo < 14 772 ) 52
2 )\mzn
This is sufficient to show that K[ and K", are uniformly bounded, as the functions (wikaijl)m i<mi<ki<d

and (83fwikaxwﬂ)1§i,j§m,1§k,l§d belong to L*(R). O

Lemma 2.5.3. Under Assumption (B), for m > 1, the functions F§ and F[% are locally Lipschitz in z,
uniformly in t € [0,T].

The proof of Lemma 2.5.3 is similar to the proof of Lemma 2.3.6 and is postponed to Appendix A.
Lemma 2.5.4. Under Assumption (B), Vii, (i) has a unique solution.

Proof. In addition to Lemma 2.5.3, F¢ 3 is clearly a Lipschitz function. Therefore the function G, is locally
Lipschitz in z uniformly in ¢. Caratheodory’s theorem (see e.g. [59, Theorems 5.2, 5.3]) gives the existence of
a unique maximal absolutely continuous solution ¢ on an interval [0,7*), with 7% > 0. In addition, as the
function (¢,2) = —W 1K 1(t,2) = W 1K 5(t,z) + W 1K, 3 is uniformly bounded on R, x R™, we conclude
as in the proof of Lemma 2.3.8, using Gronwall’s lemma, that T* = co. Consequently, ¢ is defined on [0, T,

and there exists a unique solution to Vi, (u). O

We now compute energy estimates on the solution pg* to Vg, (1), for m > 1 and € > 0. Taking p[* as a
test function in (2.5.9), we have

S VI — Qe = — (9 5, (1)) )

- <61-p2”, (;Re((pln)J“ (1) Dup (G Dup + 02G pup) TIA — TH) PZ”(t)) ]

For n > 0, by Young’s inequality we have that

1 - - -
(0us (SR V5000 (G + 20,500 TA =10 )

<C (nlazplnl Ip |d> (2.5.10)
d
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where C := d||I]|o (2;"‘“” (T + 2/||056]|00) + r). As for € > 0, ITA, is uniformly coercive with coefficient &,
and G py,p is bounded from below by o > 0, so

(0up, 5B, A (G2)F) Dupi) = we?l0up
We then choose 1) = 5502, so that Cn = §¢®. Moreover, for b := d*q||Il||c we have that

vE € R, € QIIE| < bE7€.
Gathering the previous inequalities we have that

2

2dt|\/7p€ |d (QHp;n7p2n)d S 7ﬂ0’2‘aibpe ‘d + 2|a$pe |d + 5 2 |pe |d (2511)
Consequently, we have
C? 2
VI = (04 5 ) e < < SelonntE <0,
As |p|3 < ﬁh/ﬁp’fﬁ, we also have
\/7 m 1 c? \/7 m|2 ) m|2
Integrating the inequality (2.5.12), and using the fact that
L () [P (3 < VTIP3 < L (D) P23,
we obtain the following lemma.
Lemma 2.5.5. The following energy estimates hold.
Imaz (1T 2 _c?
sup [pr()f < mee D eriom (4a5) T 2, (25.13)
te[0,T] lmin(H)
T
lmax H
/ |a$pgn(t)|§dt < e ) gtz (b3 >T|p0|§, (2.5.14)
0 a
||p || di < Tlmaa:(H) n lmaz(H) €7l7nii(n> (b+%)T|p |2 (2 5 15)
€ d = lmln(H) K,QQ Old- .

Now we can prove existence to Vi, (1)
Proposition 2.5.6. There exists a solution pe t0 (Vpin,e(1)).

Proof. Given € > 0, the family (p[*),,~, has standard energy estimates with bounds independent from m. We
also check that (2.5.9) rewrites for 1 < j <m

where for ¢ € H, Geq € H’, and
1
Yv e H, <U7 GeQ> = _T(aa;vv HQ)d + <6JJU7 (2Re (C]+) &Dup (5Dup + 281'5Dup)> HAp)

d

We see that for almost every ¢ € [0, T7,

Amaxf d Amaw —_
GOl < A (r+ 520+ 200,50yl + 5 (14522 ) 0% 4 a ) ol (25.10)

min 2 mn
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By Lemma 2.5.5 the family (p!"),,~, is bounded in L?([0,T], H) and through the equality (2.5.16) the family
(Gep™),,>1 is bounded in L*([0,77], H"). What follows is a repetition of arguments used in the proof of Propo-

sition 2.3.10. We extract a subsequence of (pI™)m,>1, also denoted by (p™),,>1 , and a function p. > 0 such that
as m — 0o,

P — pein L*([0,T); H) weakly,
pt = pe in L°([0,T]; L) weakly-*,
" — peae. on (0,7] xR

For j > 1, ¢ € CY(R), with ¢(T) = 0, and m > j, we have:

T T
| oo@umu Mo O)ade = = [0 T (1))t = 00) 3. T 0))
T
w0 (e, 0nA (620 0) 207 0)
T
5 |00 (0.0 R (007 0) 50y (5 + 000 AR (0) .

The following convergences hold, using the same arguments as in the proof of Proposition 2.3.10.

$(0)(w;, p*(0))a = 4(0)(wj, po)a,

m—o0

T T
_ / O (O, T ())adt —  — / () (w5, TTp () adl,
0 0

m—r oo

m—r oo

[ 0@ 55, O1A (6 ©) 2Ot > [ 6(0@05, 550, OHA (007 0) 2up(B)adt
0 0

We only explain how to deal with the additional terms. As p™ — p. weakly in L?([0,7T]; L), we have that:

T T
/ P (t)(QMw; + 10wy, pf" (t))adt  — / P () (QMw; + rldywy, pe(t))adt,
0 0

m— oo

As the function R. is continuous and bounded on (R+)d, and as p* — p. a.e. on (0,7] x R, we have that
m—r o0

R, (( ;”)+> e R, ((pe)+) a.e. on [0,7] x R. As the bounds (2.5.13)-(2.5.15) are independent from m, we

show, with the same arguments as for (2.3.31), that:

/ "00) (B2 B ()7 0) 7y G+ 20.50) TN ()
I (02w0;. Be ()" () GDup (GDup + 20:650.p) HAPL(D)) .

m—r o0 0

As the family (wj)j>1 is total in H, and the function v — Ilv is a bijection from H to H, we conclude that:

T T
Vo € H, / PO(Qu + rdav,pe())adt = — / () (0, pe(8))adt — $(0)(v, po)

[ 00O A (00 0) Fhup0p )t

v s /OT 0(t) (900, Be ()" (1)) 3up (GDup + 2055 00y) Ape(t))

Thus we have checked that p. satisfies (2.5.7). With the same arguments as the end of the proof of Proposition
2.3.10, we can show that for v € H, the function t — (v,pc(t))q belongs to H(0,T), and that p. satisfies the
initial condition (2.5.8), so that p. is a solution to Vg, (p). O
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We now show that the solutions of Vi, (1) are non negative.
Proposition 2.5.7. The solutions of Vrin (1) are non negative.
Proof. Let us take p_ as a test function in (2.5.7). We obtain

1d

_ (1 - - - _ . _
9 dt —pe |d ( zPe > (2Re(pj)‘7Dup (6 Dup + 2026 pup) A — TId) pe) + (al“pe 7U%upA6(pj)axpe)d = (Qp: ;pe)a

d

In the proof of Proposition 2.3.11, we have shown that A ;;(pT) (&cp;i)z e (8xp;i)2, S0

max

~ /\mzn _
(0207, 5hupAe (pF) Oupe) , > 0° TR 13-

By the Young inequality, for n > 0,

1 . . - _ 1, _
(6a:pe_a <2Re(pj)UDup (UDup + 26xUDup) A - T‘Id> p6> Z -K (nazpe |3 + E'pe |§) )
d

)""Z’ 7 (7 + 2[|020 Dup||o) + 1. We set n = QQUQ‘X%, so that

1 d — — K /\maﬂc

- 9 A
2dt|p€ |d (Qpe » De )d 0_2 )\ | |d = (Qpe » Pe ) U e ‘aﬂc Pe |d (2517)

T Anae

We also check that (Qp.,pT)q < 0. Indeed, as for i € {1,...,d}, p;ip;- =0and ¢;; > 0 for j # i,

(Qp7.p¥) d—/Zp“ Zq”pej dw-/zngp”p“dx<0

i7#]

so the r.h.s of (2.5.17) is nonpositive. Moreover, (Qp;,p; )a < dq|p |3, so we have the inequality

Loz = (dg+ B dman ) o2 <
2 qilPela—(da o2 Ao ) Peld=

g% A
can conclude that p_ = 0. O

We thus obtain that the function ¢t — exp (72 (dq + 25 A—) t) Ip- (t)|2 is non increasing. As p; (0) = 0, we

We check that if p is the limit of a sequence (pe, ),~, with pe, being a solution of Vg ¢, (1) for k > 1, then
p takes values in D. B

Lemma 2.5.8. Let (pc,),~; be a sequence such that for k > 1, pe, is a solution to Vpin e, (1), and € k—> 0.
= —00

If the sequence (pe,),~, has the limit p, in the sense:

pe, — pin L*([0,T); H) weakly,
De, — D in L([0,T); L) weakly-*,
Do, — D ae on(0,T] xR,
then under Assumptions (B) and (H), 2?21 p; is the unique solution to LV (ux,) and p takes values in D.
Proof. For k > 1, we define u,, := Z?zlpiw-, and u = Zle pi. Then u,, satisfies, for p € C2°((0,7),R) and
v e HY(R),

T T T 1
7/0 ;[;(t)(v,uek)ldtf/o z/;(t)r(@zfu,uek)ldtJr/O w(t)i 0., aDupa uek)ldt

d
Doim1 AiPey i
d
€V (Zi:l Aip%,z‘)

T
1
+ / w(t) aasva §5Dup(6-Dup + 2 (awa-Dup» uek dt,
0
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as for i € {1,...,d}, Z?Zl gi; = 0 and ijl Acij = 5. As pe, — pin L2([0,T]; H) weakly, the terms on the
r.h.s of the first line converge to

T T T 1
- / ?//(t) (Uv u)ldt - / 1/’(t)7’(ax% u)ldt + 1/’(15)5 (@cv, &QDupaxu) 1 dt
0 0 0

It is sufficient to show that the term on the r.h.s of the second line converges to

T
/ w(t) (83011, ;aDu,,wDupm(aI&Dup))u) dt.
0

1
For a.e. (t,z) € [0,T] X R, ue, (t,2) — u(t,x). Let us remark that by Proposition 2.5.7, for & > 1, p., > 0, so p

and w are nonnegative. If u(¢,z) > 0, then M(t x) = 1. Ifu(t,x) =0 i Nbg (t,xz) —
’ ’ exV () Nipey i) ’ D erV(XZ Aipeyi) RN
Zgzl Aipek,i
Gk\/(Zf:l )\ipek,'i)
study the limit, as k — oo, of

0 as < 1. Let us use the following decomposition : u., = lyys0yUe, + Liu—o0}te,- We first

d
D im1 AiPey i
d
Y (Zizl AiDey i

The function u,, converges weakly to u in L?([0,T], L?(R)). Moreover the function

d
1 ~ ~ ~ i= )\ipe N
*O'Dup(a'Dup +2 (6950'Dup)) Z _ld .
eV (Zi:l AiPey. i

T
1) = [ 00) | 570u(Eoun +20:500)

) 1{u>o}a$’l),’u,€,C dt

1

2 ) 1{u>0}3x11

converges strongly t0 26 pup(6pup + 2 (026 Dup)) 1 {u>03Owv, in L2([0,T], L?(R)). Indeed, the convergence is a.e.
and

d
1. . - i1 NiDey i
Dy + 2 (0s701y) — At e
Y (Zi:l /\ipek,i)

2
and we conclude by dominated convergence. Therefore, I1 (k) converges, as k — 0o, to

1
Luz0y0z0| < 50(0 + 2[[026]|0)|0zv] € L*([0,T], L*(R))

4 1. 5 T 1. .
/ ¢(t) (QUDup(UDup +2 (8$0Dup))a:vv7 1{u>0}u) dt = / ¢(t) (QUDup(UDup +2 (awUDup))a:vvv ’U,) dt,
0 1 0

1

because u > 0. We then study the term

d
D i1 AibPey i
d
€p V (Zizl )\ipezc,i)

1{u:0}6$v,uek dt.

T
Ig(ki) = /0 ’Qb(t) %&Dup(&Dup +2 (GI&DUP))

1

We notice that I5(k) < 15(7 +2(|0,6 ) fOT [ (2)] (|8mv|1{u:0},u5k)1, and the r.h.s. converges to 0 as k — oo,
as u,, — u weakly in L?([0,7], L). We prove that the initial condition is satisfied with the arguments at the
end of the proof of Proposition 2.3.10. So we conclude that v is, by Proposition 2.4.2, the unique solution to
LV (ux,) and by Lemma 2.4.1, u > 0 a.e. on (0,7) x R. Finally, as p is nonnegative, p takes values in D a.e.
on [0,7] x R. 0

Proposition 2.5.9. Under Assumption (B), (H) and Condition (C), there exists a solution p € C([0,T], L) to
Viin,r2 (1) such that Z?:MH is the unique solution to LV (ux,).

Proof. Tt is easy to check that the family (pc),. , satisfies uniform in € energy estimates. Using (2.5.16), we also
obtain that the family (d“) is bounded in L2 ([0, T], H'). Similarly to the proof of Proposition 2.3.13, there
e>0

dt
exists a subsequence (pe, ),~, converging to a function p > 0, with the convergences as € — 0.

pe, — pin L*([0,T]; H) weakly,
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De, — pin L([0,T]; L) weakly-*,
Pe, — Dpae on|0,7] xR,

We check that for v € H and ¢ € C1([0,T],R) with ¢(T) = 0,

T 1 5 5 B T 1 3 - N
/ (w(t)axva iRek (pek)UDup (UDup + awUDup) Apek> dt — / (w(t)awvv §R(p)UDup (UDup + awUDup) Ap) dt
0 0 d

d

The convergence is justified as p takes values in D a.e. by Lemma 2.5.8, R, (pe, ) W R(p) a.e. on [0,T] xR
—00

(with the same argument that justifies A.(p.) — A(p) a.e. in (2.3.45)), the functions R, and R have uniform
bounds by Lemma 2.5.1, and p., — p weakly in L?([0,T], H). Similarly we also obtain the convergence:

T T
/0 (w(t)azvaAek(pek)(}%)upampek)ddt4)/O (1/1(75 z U, A( )UDupazp)ddt

As p., — p weakly in L?([0,T7], L), we finally obtain the equality:

T T
/0 B()(Qu+ rdev,p(t))adt = — / (& (80, p)adt — (v, p0)ath(0)

T
[ 000, AN, 00
0
T 1
+ / (1/}(063;’0, §R(p)5'Dup (&Dup + ax&Dup) Ap> dt,
0 d

so that (2.5.3) is verified and we conclude the proof with the same arguments as in the end of the proof of

Proposition 2.3.10 to obtain existence to Vi, r2(p). By Lemma 2.5.8, Zlepi solves LV (ux,), which has a
unique solution by Proposition 2.4.2. Finally, if p is a solution to Vi, r2(1), then p is a.e. equal to a function
that belongs to C([0,T], L) and this concludes the proof. O

Case when p is a general probability measure on R x )

We now prove Theorem 2.4.3. When p is a general probability measure on R x Y, for ¢ > 0, we mollify each
ti, 1 <1 < d into measures p,; := p; * h, with square integrable densities, also denoted by p ;, and we define
Lo as the measure under which the conditional law of X given {Yy = i} is given by p,; and P (Yp = i) = ;. Let
(ok) k>0 be a decreasing sequence converging to 0 as k — co. Let us denote by p,, a solution to Vi, 12 (fe, ),

which exists by Proposition 2.5.9. Let us remark that for & > 0, Zl 1 Doy,i satisfies LV (Z —1 Qifloy, Z) We

compute energy estimates, using Proposition 2.4.2:

IN

o (1)

d
memi(t)
i=1

T
/ po (D20t < 20VT.
0

T b
Imaz (11 2 (pp 2
/ |02D6,, (8)|2ds < ﬁiezmiim)(b*afﬂ?)ﬁ (2.5.18)
t

¢
S%a

Ko A\t

where we used (2.5.14) for the last inequality. Repeating the arguments of the proof in Subsection 2.3.3, we
obtain a subsequence again called p,, , such that:

Po, — pin L*((0,T]; L) weakly,
Por = pin L ((0,T]; H) weakly,
Do, — pin LS .((0,T7; ) weakly-*
Do, — pae. on (0,T]x
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We show that p takes values in D a.e. on (0,7] x R. To do so, we show that u := Zle p; is a solution to (LV)
with initial condition px,. For 1 € C*([0,T],R), and v € H'(R), as u,, := Z?Zl Po,.i — win L2((0,T], L*(R))
weakly,

T T
f/ V() (v, up, )1dE — —/ ' () (v, u)1 dt,
0 0

T 1 T 1
/ P(t) (8931), (—T + 56,231”, + GDup (QI&DUP)> ugk) dt — / P(t) (8:”1}, (—r + 55123“1’ + G Dup (&répup)) u) dt.
0 1 0 1

2

_c?_ 1/2
Let us define 7" := Wi_l (W‘fg[)gelwm(“) (b+2m’2)T) . By Lemma 2.3.14, we have that for V¢ € (0,7") and

k> 1, [ 10up0, (5)]ads < Tt/ and [} |8,p(s)|ads < Tt/%. Then, ¥t € (0,T),

t ¢
/ |8mugk|ddt:/
0 0 |z

d
> 0o i(s)
=1

¢
ds < \/g/ |02P0, (8)|ads < Vart'/*,

L 0

and fot |0,ul, dt < V/dYt'/%. The same arguments as those leading to (2.3.48) enable to prove that:

T T
/ ¢(t) (azva 5-2Dup81u0'k) dt — / ¢(t) (81;11, 5%)71;;81“) dt.
0 0

The initial condition is treated as before. This is sufficient to prove that w solves LV (ux,) and assert that p
takes values in D by Lemma 2.4.1. For ¢ € C1([0,T],R), such that ¢)(T) = 0 and v € H, as p,, — p weakly in
L*((0,T7, L),

T

/0 (V' (8)v, Py (8))ads  — (' (s)v,p(s))ads

k—o0
T OT
| o0@upan > [ w0)@upaar
0 - Jo

We check that:

T T
A ’(/}(t) (awvv R(pak (t»&Dup (&Dup + 816-Dup) Apak (t>)d dt k—_>>oo % /0 ¢(t) (&U, R(p(t))&DuP (&D’U«P + 8$&DUP) Ap(t))d ?

which is the case as the sequence (p,, ), converges to p weakly in L?((0,T], L), R is bounded and continuous
on D, and R(p,,) — R(p) a.e. on (0,7] x R. We also check that:

T T
/ (w(s)aa;vv&QDupA(pak)ﬁxpak)ddS k_> (¢(3)8wv7&%upA(p)awp)ddSa
0

—00 0

using the same argument as for (2.3.48). Arguments similar to (2.3.54) enable to check the initial condition and
thus assert existence to Vi (pt). As any solution to Vg, (1) has a representative in C((0,T7], L), this concludes
the proof of Theorem 2.4.3.

2.5.2 Existence of a weak solution to the SDE (2.4.1)

To prove Theorem 2.4.4, we use Theorem 2.5.11 below, which is a generalization of [39, Theorem 2.6] to make
a link between the existence to a Fokker-Planck system and the existence to the corresponding martingale
problem. Theorem 2.5.11 is proved in Appendix 2.D. There exist several generalizations of [39, Theorem 2.6],
among whom we can mention [40], where the coefficients of the generator are no longer bounded but have linear
growth, and [103], where the author deals with a partial integro differential equation with a Lévy generator.
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Generalization of [39, Theorem 2.6]

Given functions (bi);<;<q,(@i)1<;j<q(¢ij)1<; j<q defined on [0,T] x R and a finite measure o on R x ), we
study the following PDS, where for 1 <4 <d:

1
Ay pti + Oy (biprs) — (aij;) Zqﬂuj = 0in (0,7) xR (2.5.19)

1i(0) = ol {i}). (2.5.20)

Definition 2.5.10. A family of vectors of Borel measures (pi1(t,), ..., tta(t, ) ;e (0,7} is a solution to the PDS
(2.5.19)-(2.5.20) if for any function ¢ defined on S such that Vi € {1,...,d}, ¢(-,7) € C°(R),

ZA§¢<$,i)Ni(t,d$) = Z/ ( V0pp(2,4) + 2az(t )02 qS(x,i)) 13 (t, dex)
d

ZZ </ g5i(t, ) (x,i)uj(t,dx)) ; (2.5.21)

=1 j=1

_|_

in the distributional sense on (0,7, and for 1 < i < d and ¢ € CZ(R), the function t — [, ¥(x)u;(t, dx) is
continuous on (0, 7] and converges to [, ¢(x)uo(dx, {i}) as t — 0.

We suppose that all the coefficients b;, a;,q;;,1 < 4,5 < d, are uniformly bounded on [0,7] x R, that the
coefficients (a;),.;~, are non negative, that the coefficients (g;;) 4 are non negative functions for i # j,
and ¢; = — Zj# g¢ij- We introduce the SDE

1<i,j<

dXt = bYt (t,Xt)dt + V ay, (t7Xt)th, (2522)

where Y; is a stochastic process with values in ), and that satisfies, for j # Y,

P (Yerar = 31 (X, Ya)osoer ) = avas (1 X0

We define F = {(X,Y),X € C([0,T],R),Y cadlag with values in Y} endowed with the Skorokhod topology.
For a probability measure m on R x ), a probability measure v on F is a martingale solution to the SDE (2.5.22)
with initial condition m if under the probability v, the canonical process (X,Y) on E satisfies (Xo,Yp) ~ m
and for any function ¢ defined on R x Y s.t. Vi € {1,...,d}, #(-,i) € CZ(R), the process

t d
¢(Xt7 1/t) - ¢(X07 1/0) - /0 (;aYs (57 Xs)azg;¢(X57 }/s) + bYS (57 Xs)ax¢(XSa Ys) + Z qul($7 Xs)¢(XSa l)) ds
=1

is a v-martingale. Now we can state the generalization of [39, Theorem 2.6], that will be used in the following
section.

Theorem 2.5.11. Let (p1(t,-), ..., pa(t,-))ic(o,r) be a solution to the PDS (2.5.19)-(2.5.20) where the initial
condition g is a probability measure on R x ). We moreover suppose that there exists B > 0, s.t. for 1 <i <d,
and t € (0,7], pi(t,R) < B. Then the SDE (2.5.22) with initial distribution po has a martingale solution v
which satisfies the following representation formula: for 1 <14 <d and ¢ € C*(R),

/w(x)ui(t,dx):/ (X)) iy, —ppdv(X,Y).
R E

Proof of Theorem 2.4.4

Let p be a solution to Vp;, (1) with the properties stated in Theorem 2.4.3. To show that (pi1 (t, z)dx, ..., pa(t, ¥)d) e 0,1)
satisfies the variational formulation in the sense of distributions (2.5.21), we check that for 1 < i < d,

52 >, pe ] 1 2 SOk y o) =2 S, e a9 =2 ~
TDupSi—epr iPi € H' (R), and 0, (o—Dup it Azpz) = Gy (ADID); + 57 NiDi 0z Dy AS Ty €
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L>([0,T], W (R)), it is sufficient to check that zd:" lpk )\lpi € HY(R) and that 9, (M&pi) =
k= D=1 AkPk

(A(p)p),, and the proof is exactly the same as the one of Lemma 2.3.15, thanks to Lemma 2.4.1 which ensures

the positivity of Z?:I p; a.e. on (0,T] x R. Then by Theorem 2.5.11, there exists a measure v under which
(Xo,Yy) ~ p and for any function ¢ defined on S s.t. Vi € {1,...,d}, ¢(-, i) € CZ(R), the function

‘1 -9 2 Z?:l Pk 2
¢(X:,Yy) — o(Xo, Yo) —/0 50Dupf (K)m(s,){s)%M(Xs,Ys)ds

t d
_ 2 Zz 1 Pk
/0 (7" 2 Dupf ( )Z )\kpk (S7XS)> Z¢ X87Y ZQYZ Xs7l)d8)

is a v-martingale. Moreover, for h: )Y — R and g : R — R continuous and bounded functions, we have that:

d
E (1%, ZE () 3y 9(X0)) = [ o) Y- Wit a)de

Taking h = 1 and h = f, we check that the time marginals of X are given by Z?:l p; and that E (f2(Ys)|XS) =

E‘Iﬁ:l Ak Pk
Zgzl Pk
obtain existence of a weak solution to the SDE (2.4.1) by [73, Theorem 2.3], and which has the same time

marginals as the solution of the SDE (2.4.4).

(s, Xs). Therefore v is a solution to the martingale problem associated to the SDE (2.4.1), and we

2.5.3 A more general fake Brownian motion

We consider the SDE: v

E[f2(Ye) | Xd]
where the process (Y;),~ takes values in J and P (Yiaqr = j| (X5, Ys),0 < s < 1) = qy;;(Xy)dt, for 1 < j < d
and j # Y;, with the functions (qij)1<i#j<d non negative and bounded, and ¢;; = — Zj# gij for 1 <13 < d. The
vector (Xo,Yp) has the probability distribution ¢z on R x S and is independent from (W), ,. The associated
Fokker-Planck PDS writes: B

d

. 1
Vi € {17 3t d}7 Opi = iaiw (5 ;\p; )‘zpz> + E qjiDj
kPE j=1

pi(0,)) = aip;,
with (@);<;<y and (@;);<;<, defined as in Section 2.4. We introduce an associated variational formulation
VJump(M)zi - o

Find p = (p1, ..., pq) satisfying:
pe Lloc(<07 T]v H) N Llo(fc((ov T]a L)7
p takes values in D, a.e. on (0,T) x R,

You € H, v p)d + (3xU,A(P)3xP)d = (Qvap)d’

d
d (
in the sense of distributions on (0,7), and

) weaﬁiy—*

or po = (Q1pi1, .oy afia)

p(ta :

With the same arguments used to prove Theorems 2.4.3 and 2.4.4, we can prove the following results. The
main difference is that Zle p is solution to the heat equation and not the Dupire PDE, but existence and
uniqueness, positivity and Aronson-like estimates of the solution hold in both cases, so it does not affect the
proof.
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Theorem 2.5.12. Under Condition (C), Vyump(p) has a solution p € C'((0,T],L). Moreover, E?lei(t,x) =
wx, * he(z) a.e. on (0,T] x R.

Theorem 2.5.13. Under Condition (C), SDE (2.5.23) has a weak solution, and its time marginals are those
of (Z + Wi)>q, where Z has the law px, and is independent from (W), .

Moreover, the solutions to SDE (2.5.23) are also continuous fake Brownian motions provided that f(Yp) can
take at least two distinct values with positive probability. Let us define YV := {i € J, P(Yp =) > 0}.

Proposition 2.5.14. Under Condition (C), if f is non constant on Y, the solutions to SDE (2.5.23) with
initial condition u = dg are continuous fake Brownian motions.

Proof. Let (X¢),~, be a solution to SDE (2.5.23), with initial condition X, = 0. The process X is a continuous
martingale, and by [58, Theorem 4.6, for ¢t > 0, X; ~ N(0,t). We consider its quadratic variation d(X), =

%dt. We reason by contraposition and first suppose that a.s., for a.e. ¢ > 0, the equality f2 (Y;) =

E [f2 () |Xt]. Then a.s., for t > 0, X; = W, and there exists a measurable function 1), such that ¥, (X;) =

f2(Y,). Fori € Y and ¢ : R — R measurable and non negative, let us fix ¢ > 0 such that those properties hold
and consider the term:

Elg(X) lpwsepavimy] = E|9(X0)E [Lyseony=il (Xodogozs Vo)
t
E {g (Xt) exp (/ Gii (8, Xs) ds) 1{y0_i}}
0

> exp (=7t E [Liyy=iyg (Wh)] = aiexp(ﬂ%}ﬂ /R 9(y)exp <_gt) w

by independence between Yy and (W;),~,. Therefore on the event {Vs € [0,t],Y; = y;}, the random variable X
belongs with positive probability to any Borel set with positive Lebesgue measure. By the equality 1 (X;) =
f?(Y;), the previous observation implies that f is constant on Y. To conclude the proof, if f is non constant
on Y, by contraposition, the function ¢ — (X): is not equal to the identity function, and (X;),. is a fake
Brownian motion. O

2.A Local Lipschitz property
2.A.1 Proof of Lemma 2.3.6

Proof. Let m > 1. Tt is sufficient to show that the function z € R™ — K™(z) is locally Lipschitz to have
z € R™ — F(z) locally Lipschitz. Let us remark that for a,b € {1,...,m}, (K.(2) — K.(%)),, only contains
integrals of type:

/ e Me,ij <Z kak> - Meﬁ'j <Z kak> dLC, 1 < i7j < d7
R k=1 k=1

where © € LY(R), as for ¢,d € {1, ...,d}, OpwacOpwpq € LY(R). For © € L'(R), 1 <4,j < d and z € R™, let us

define
m +
9i5 (%) 5:/@Me,ij (szwk> dx.
R k=1

Let C be a compact subset of R™. Let us show that the function z — g¢;;(2) is Lipschitz on C' and conclude by
linearity. For i # j, p,p € RY,

s Zl;ﬁj()‘l - )‘j)l’z+ e Zz;ﬁj()\l - /\j)ﬁf

v T v (i)’

|Meij(p™) = Meij(pF)| 5 — Aif;

IN

with
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+ +
1A1(0, )] = | As (p* . ﬁ*) Zl;ﬁj()\l = AP Zl;ﬁj()\l — APy Xlpi — il
Z (ev (Zinnf)) ¢
d—1 -
< 672|)\max_/\min|)\max||p||oo”p_p”oo
A=) (pF — gt _
Dol ) = i s QO PO ALy el — e
o (ev(Zon)) ¢

. 1
Ns(pp)l == (N A= )it 2 ’
A5, )] ZE DRl ((Ev(zl,\lpf)) (eV (M) )

1]

1. i N i
< S Su=x) ()] 2e+ > N (pl++pl+)‘ > Nlpi— )
15 ] !

)\2

< 7:4(1;8 d(d — 1)[Amaz — Amin| (26 + dAmaz ([|plloo + 116]]o0)) ||ﬁ||§o”p — Plloo-

where we used the fact that Va,b € R, |a* — b*| < |a — b| and that in the last inequality, Ve, a,b > 0, ] (e V a)® —
(eVb)’ | =leVa+teVb|leVa—eVd| <|2e+a+b|la—bl. Wenow replace p by S-7-, zpwy, and j by 31, Zxwg.
As the sequence (wg),~, belongs to H, by [19, Corollary VIILS|, for k > 1 and 1 <i < d, wy; € L*(R) and

the function (z,2) € Rx C' — >} zpwy(z) € R takes values for a.e. € R in a bounded subset of R?. Then
there exists an uniform bound B < oo s.t. Vz,Z € C|

m m m m
(S Y )| ]| (S 3
k=1 k= k=1 k—1
so after integration against © € L*(R),

19:5(2) — 9i5(2)] < [|O]]L1 Bl|z = 2] o0,

and g;; is Lipschitz on C'. Exactly in the same way, we also obtain that the functions (g;;);c {1,....d}» are Lipschitz
on C, so K" is locally Lipschitz and this concludes the proof. O

< Bllz - 2|,

m m
As E kalmg Zpwy
=1 =1

oo (oo}

2.A.2 Proof of Lemma 2.5.3

Proof. Let m > 0. It is sufficient to prove that K" and K[ are locally Lipschitz in z uniformly in ¢. In the
proof of Lemma 2.3.6, we have shown that the function

m +
z€eR™ — / OA. ;j (Z zkwk> dx,
R k=1

is locally Lipschitz, uniformly for © in a bounded subset of L!(R). As the family

(UDup( )0z wikDs wﬂ)1§i,j§m71§k,l§d,t6[07T] ’

belongs to a bounded subset of L' (R), we then have that F, s is locally Lipschitz in z uniformly in ¢ . To show
the local Lipschitz property of F, 1, it is sufficient to prove that for any function © € L*(R), the function

m +
z€eR™ — / OR,. (Z zkwk> dx,
R k=1

is locally Lipschitz in z uniformly in ¢, as the functions (wjkaxwil)1<1; j<m,1<k,I<d belong to Ll(R), and G pyp
and 0,0 py, are uniformly bounded. The result is obtained since the function p — R, (p™) is locally Lipschitz
and the functions (Wki); <<y 1<i<q belong to L%(R), as in the proof of Lemma 2.3.6. O
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2.B  About Condition (C)

In Subsection 2.B.1, we give a necessary and sufficient condition for a diagonal matrix to satisfy Condition
(C). We also give a numerical procedure to check if there exists a diagonal matrix that satisfies (C'). Then, in
Subsection 2.B.2, we focus on the case d = 3, and give a simple necessary and sufficient condition for (C) to be
satisfied. When d = 3, (C) is satisfied if and only if it is satisfied by a diagonal matrix. When d > 4, we do not
know if this property still holds.

2.B.1 The diagonal case

For k > 1, § := (01,...,6x) € R¥, let us denote by Diag(d) € M, (R) the diagonal matrix with coefficients
81y ey O

Proposition 2.B.1. Ford > 2 and o := (o) satisfies Condition (C) if and only if

1<k<d. (2.B.1)

Proof. For 1 < k < d, the symmetric matrix D*) with coefficients

Dk _ A+

i 9 (Oéil{i:j} + ap — akl{i:k} — akl{j:k})

for 1 <i4,5 < d, is positive definite on eé if and only if the matrix D®) defined as D) with its k-th row and
k-th column removed, is positive definite on R¢~!. Here we only show how to deal with the case k = d, but the
same arguments can be used for the indices 1 < k < d — 1. The matrix D@ has coefficients

po _AtA

1] 2 (ail{izj} + ad) :

for 1 <4,57 <d—1. We define A := Diag ((\//\,-oz,») The matrix D@ rewrites

1§i§d71>'

~ ad
D@ — AA+ > (N + Aj))lgi,jgd—l

Ai + A
ALy + d( ) A
Vit /Aja \<ij<dt
d * *
A(Id_l—i—?(ab + ba ))A

where a = ( ;\Ti)lgigd—l and b = (\/ﬁ>1§¢gd—1' The matrix D? is positive definite if and only if the
matrix

(Id_l + % (ab* + ba*)) ,

has positive eigenvalues. The columns of the matrix ab* 4+ ba* are linear combinations of a and b. If a and
b are not colinear (resp. colinear), then the matrix ab* + ba* has eigenvalues 0 with multiplicity d — 2 and

d—1 . N> . .
Yo 1 a;b; \/El | a \/Z b2 < 0 for the eigenvector a — \/ﬁb (resp. 0 with multiplicity d — 1), and

alb + a1 a2 =1p2 5 0 for the eigenvector q 4+ Y2i=t % 2oy b Thus, D@ is definite positive if and
Zz 1 \/Zl 1 \/Z g \/; p

only if

which is equivalent to (2.B.1) for k = d. Using the same arguments on D*) for 1 < k < d — 1, we obtain
(2.B.1). O
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The choice a = (1, ...,1) € R? in Inequality (2.B.1) gives a sufficient condition for the identity matrix I, to

satisfy Condition (C).
1
max, Z Yy Z X <d+1, (2.B.2)
\ ik ik

is satisfied then Condition (C) is satisfied for the choice T' = I4. In particular, if Ay = ... = Ag, then (C) is
satisfied.

Corollary 2.B.2. If the condition

Moreover, for d = 2, Inequality (2.B.2) is always satisfied, as for k = 1,2, )‘lek =1<3.

Corollary 2.B.3. If d = 2, then Condition (C) is satisfied for the choice T = I.

From Inequality (2.B.1), we deduce a method to check numerically whether there exists a diagonal matrix
that satisfies Condition (C'). We suppose that the values of Aq,..., Ay are not equal, otherwise by Corollary

2.B.2, I, satisfies Condition (C). For z = (21,...,24) € (Rz)d, let us denote by C(z) = {z € R?|3u1, ..., pta >

O,Egzl w =1,z = 25:1 Wiz}, the strict convex envelope of z. Let a := (ai,...,aq) € (R’;)d, such that
Diag («) satisfies Condition (C). By Proposition 2.B.1, (2.B.1) holds and rewrites

d 2 d d
1 1 i Ak 1 1
— _ - = E — 1<k<d. 2.B.
(ak 2 Oli> ~ ( o ak) (i_l Aicv /\kak> T (25:3)

i=1 i=1

1 1

If we define A = Z?Zl )\i% eC ((Ai)lgigd), Al = 2?21 %ﬁ eC ((i‘)1<z‘<d)’ then Inequality

—1ay ar
(2.B.3) writes
1

i 1 ~ o o
1+d0‘7’“1 <2+)\>\+>\k/\—1> >AL 1<k <d. (2.B.4)
i=1 o k
We deduce that there exists a diagonal matrix that satisfies Condition (C) if and only if there exists (z,y) €
C (()\1, )\1—1> Jeees ()\d, /\%)) and a probability distribution (p1,...,pq) € (]Rj)d such that

d d -1
1
E \ipi = @, E —p; =y, and Vk e {l,...d}, pr > (zy—1) 2+ Ly ArY . (2.B.5)
i=1 il Ak

For (x,y) € C (()\1, %) s ey ()\d, %d)) , let us define
T —1
Moes) = y-D3 (245 +Aw)
1 T -1
Malen) = @y-D3 5 (245 )

d -1
T

and if My(z,y) < 1,
x — Ml(xay)
1 —Mo(ﬂj,y)

y— M_1(z,y)

X(.’E,y): l—Mo(l‘,y) :

, Y(z,y) =

Proposition 2.B.4. If Ay, ..., \q are not all equal, there exists a diagonal matriz that satisfies Condition (C)
if and only if there exists (x,y) € C (</\1, )\%) s e ()\d, Tld)) such that
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1
My(z,y) < 1land (X(z,v),Y(z,y)) €C (/\i, ) . (2.B.6)
Ai 1<i<d
Proof. Tt a diagonal matrix Diag(a), where a := (a,...,aq) € (R*Jr)d, satisfies Condition (C), then (2.B.4)
holds and it is easy to check that if we set p; = =2 for 1 <i < d, z = Y0, Ajp; and y = 3¢, R, the

k=1 ap,

conditions in (2.B.5) hold so the conditions in (2.B.6) are satisfied, as

(3620 =g (e (e o) ) (1)

ly, if (ri 1)
Conversely, if (x,y) € C < v \cicd
(q1,---,qa) € (R:‘)d such that X (z,y) = Zle Xigi and Y (z,y) = Z?:l )\iql and it is easy to check that if we set

—~—~

) and satisfies (2.B.6), then there exists a probability distribution

-1
pi = (1= My(z,y)) g+ (xy — 1) (2 + =+ )\iy) for 1 < i < d then the conditions in (2.B.5) are satisfied. O

Given a discretization parameter n and the vector (Ii,...,lq), which is the nondecreasing reordering of
(M, ..; Ag), the numerical procedure that follows builds a grid G that consists in (d — 1) (n — 1)* points of

C (()\1, )\1—1> s ()\d, )\%)) and returns the list V' of the points (z,y) € G satisfying (2.B.6). The border of the
convex C ((Al, %) s e (/\d, /\%Z)) has a simple shape. Indeed, it is a polygon with vertices (Zi, %) and

1<i<d
edges {(li, %) , (ZZH, l1+1)}1gigd’ where we define (ld+17 ﬁ) = (ll, %)

In Figure 1 below, we give an idea of the shape of this convex and we illustrate the output of the numerical
procedure for n =200, d =5, Ay =1, Ao = 2, A3 = 3, Ay = 5 and A5 = 10. The border of the convex envelope

C (()\1, )\%) s ()\5, %5)) is colored in red, and the points (z,y) in C (()\1, )\%) s ()\5, %5)) satisfying (2.B.6)
are colored in black. Condition (C') is thus satisfied in this situation.

12

104

0.8+

0.6 -

0.4+

0.2+

0.0
0

Figure 2.1: Condition (C) is satisfied for d =5, Ay =1, Ay =2, A3 = 3, Ay = 5 and A5 = 10, where n = 200.

The advantage of such a numerical procedure is that it operates in a bounded convex of R? with a simple
shape, instead of a bounded convex of R¢, as Inequality (2.B.1) would suggest.

2.B.2 The case d =3
In the following, we study the case d = 3. We recall that

)\3 )\2 >\3 )\1 )\1 )\2
B 2y B My AL 22 5
e W W I VLIS W Ll W W
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1. V= []
2: fori=1,...d—1do
3: for ki, =1,...,n—1do
4: xr = ll —+ (li+1 — ll)%
5: Ymin = %n;kl ﬁ%
6: Ymaz = % - :?:lldl
7 for ko =1,...,n—1do
8: Y = Ymin + (ymam - ymzn)%
-1
d
0 My = (zy = 1) iy (2+ £ + L)
10: if My < 1 then
-1
11: M, = (.’Ey - 1) Zzzl l; (2 + % + lzy)
-M
12: X = ”l”iM;
13: if [y < X <l; then
14: Jj=Sum(X >1)
. 1 X—1j
15: Zmin = 1T Tl
16: fmaz =  — ST
-1
17 Moy = (ay-1) S £ (24 £ + 1)
18: Y = yl’_]‘]/[%l
19: if zpmin <Y < Zpmas then
20: V=_(xy::V
21: end if
22: end if
23: end if
24: end for
25: end for
26: end for

27: return V

Let us first explicit the link between the values of 71, ro, 3.

Lemma 2.B.5. The values of 1,712,735 are linked by

ne{y (- - 003-0) 4 (nr+ -0 03 -9) }.

Proof. Asry = i*gﬁ-% > 2andrg = %4—% > 2, we have that i—;,f\—; € {% (7“1 —\/r? —4) '3 (7“1 + /7% —4)}

and i‘—;,i—f € { (T‘g — /73 —4) ,% (7"2 + /73 —4)}. As )‘—; = %%’ we deduce the two values that r3 can
take. O

N[

We now give the main result concerning the case d = 3.

Proposition 2.B.6. There is equivalence between:
(i) The inequality

1 1 1
\/(T1—2)(T2—2) i \/(7"2—2)(7"3—2) * \/(7“1—2)(7“3—2)

holds, with the convention % = +o00.
(ii) Condition (C) is satisfied by a diagonal matriz.
(iii) Condition (C) is satisfied.

>

(2.B.7)

A~ =

We now prove Proposition 2.B.6. To show that (i) = (i7), we first study the case where there cardinality of
{A1, A2, A3} is smaller than 3, which is equivalent to min(ry, 79, 73) = 2 and implies (2.B.7).
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Lemma 2.B.7. Ifmin (r1,re,73) = 2, then there exists a diagonal matriz that satisfies Condition (C), i.e. (i1)
holds.

1

Proof. Let ay,as,a3 > 0 and p; = ﬁ, i =1,2,3. Inequality (2.B.3) rewrites, for k =1,
artasTas
Ay A3
1+ 2py +p7 > (/\ + A) paps + P + p3-
3 2

Writing p? = (1 — pa — p3)2, and then using the fact that p; + ps + p3 = 1, we obtain that
(r1—2)

4 > paps . (2B8)
P
With similar computations for k£ = 2,3 we moreover obtain
-2 -2
4> plp:aM and 4 > p1p2 (rs ). (2.B.9)
2 p3

To prove Lemma 2.B.7, it is sufficient to exhibit a probability distribution (p1,p2,ps) € (R;L)3 such that
Inequalities (2.B.8)- (2.B.9) are satisfied. In the case where r; = ry = 2, we have that \y = Ay = A3 so r3 =2,
and the choice p1 = py = ps = % satisfies (2.B.8)-(2.B.9). In the case where r1 =2, ro > 2 and r5 > 2, we have

that it is sufficient to choose p; € (0, min (1 4 4 )) and po = p3 = 1_% to satisfy (2.B.8)-(2.B.9). O

Y ro—27 rg—2

To complete the proof of (i) = (i7), we show that in the case min (ry,73,73) > 2, if (2.B.7) holds, then
Condition (C) is satisfied by a diagonal matrix.

Lemma 2.B.8. Let us assume that min(ry,re,r3) > 2. If Inequality (2.B.7) holds, then (i) holds.
Proof. Using the proof of Lemma 2.B.7, it is easy to check that that if Inequality (2.B.7) is satisfied then

(2.B.8)-(2.B.9) are satisfied for the choice p; = = :;:§+\/T3_2 > 0, for ¢ = 1,2,3, so that the matrix
. 1 1 1 . "
Diag (p—l, ot p—s) satisfies Condition (C). O

As the relation (i¢) = (4i7) is trivial, we have obtained (i) = (ii) = (i4i). To prove (iii) = (i), by Lemma
2.B.7, it is sufficient to show that in the case min (11,72, r3) > 2, if Condition (C') is satisfied then (2.B.7) holds.
Let us remark that we can assume without loss of generality that r; < ry < 73, so in what follows we suppose
that

2<r; <rqg<rs.

. r3—2 ri—2 ro—2
The next lemma deals with the case e > e S el 8

Lemma 2.B.9. Let us assume that min(ry,re,r3) > 2. Then Inequality (2.B.7) is equivalent to

Vi —2+rs =2 >2
(7’1—2)(7"2—2)—4

{ (r1—2)(r2—2)§4} or (r1—2)(r2—2)>4andr3<16<

(2.B.10)

In particular, if moreover =2 > =2 4 1222 thon Inequality (2.B.7) holds.
p ' Tat2 = T2 1 rat2

Proof. Under the assumption that min(ry,re,73) > 2, Inequality (2.B.7) rewrites \/Ti_2 (\/ri—2 + \/ri—2) >
1 1

R e Ty it is equivalent to (2.B.10). The term :1;; + :z;; rewrites

no? mey 2/ = 2) (2= 2) (Vi =2 (2= 2) = 4) + 4 (Vi — 2+ vz = 2)°
nt2 T2 ( (7"1—2)(7”2—2)—4>2+4(\/7"1—2+\/r2—2)2

(r1 —2) (rg — 2) > 4, then :1;5 + :z;g > 1. Thus, since 1 > :;,:;7 if

T3—2 T‘1—2 7‘2—2
T3+2_7‘1+2 T2+2’

then 1/(r1 — 2) (r2 — 2) <4 and Inequality (2.B.7) holds. O




2.B. ABouT CONDITION (C) 59

Let us now suppose that Condition (C) is satisfied by a matrix T' € S+ (R). We consider, for k = 1,2, 3,
the matrices I'*) with coefficients
Ai + )\j
2

Fz('f): (Pij +Thr — T = Tyr), 1<04,5 < 3.

We define
vy 1= Tog + '35 — 23, v :=T'11 + '33 — 2I'13, v3 :=T'11 + Tag — 2T'p0.

The matrix T'® rewrites

Al'UQ A1;A2 X ’U1+’U227713 0
r® — >\1-5>\2 X U1+U22—U3 Ao 0
0 0 0

We deduce that I'® is positive definite on e3 if and only if

v1 > 0,v0 >0 (2.B.11)

2
and the determinant of the matrix (F(B))lgi,jﬁ2 is positive, which rewrites 16v,vo > (, / i—f + 4 /i—;) (v1 +vg —v3)* =
(r5 +2) (v1 + v2 — v3)® and therefore

43z

. 21)11)2 > vf + v% + vg — 2 (v1v2 + vous + v1v3) , (2.B.12)
3

With similar computations for I'™) and I'®), we obtain the additional inequalities

vs > 0, (2.B.13)
r9 — 2
_4: ol > v} + 03 + 03 — 2 (V102 + vav3 + v1v3) (2.B.14)
2
ry— 2
74r1 - 21;2113 > vf + v% + v§ — 2 (v1vg + vovs + v1v3) . (2.B.15)
1
If Condition (C) is satisfied, then there exists vy, va, v3 satisfying (2.B.11)-(2.B.15). Let us define for ¢ = 1,2, 3,
= 4:;3 € (0,4). If we assume that moreover, y3v1vy = Y1023 = Y2v1v3, that is Z—g = Z—i = Z—i, then we have
that
0> 77+ +13 — 2(m72 + 7273 + 1173) + 117273- (2.B.16)

In the case :2;3 > :z;g + :1;3, by Lemma 2.B.9, Inequality (2.B.7) holds. We show in Lemma 2.B.11 below

that under the assumption :i;g < :z;; + :1;3, Condition (C') implies Inequality (2.B.16). To conclude the

proof of (i4i) = (i) and therefore the proof of Proposition 2.B.6, we show in Lemma 2.B.10 below that (2.B.16)
implies (2.B.7).

Lemma 2.B.10. Let us assume that 2 < 11 < ro < rs, then Inequality (2.B.16) implies Inequality (2.B.7).

Proof. We see the term on the r.h.s. of Inequality (2.B.16) as a second degree polynomial in the variable
3, which has two distinct roots z_ < z4. Indeed, 71,72 € (0,4), and the discriminant of the polynomial is

Yy2 (4 —v1) (4 =) >0. Asy3 = 4:;;;, Inequality (2.B.16) is equivalent to r3 € (84t2;: , 84t2;: ), where

2
8+22i*16 Vri —244/ra —2
4—z4 (r1—2)(re —2) ¥4

By Lemma 2.B.9, we conclude that Inequality (2.B.16) implies Inequality (2.B.7). O

Lemma 2.B.11. Let us assume that 2 < ry < ro < r3, and that :g;; < :z;g + :1;3 If Condition (C) is
satisfied then Inequality (2.B.16) holds.
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Proof. Let us define the function f : (Ri)g — R by f(a1,a2,a3) = 2(a; + az + az) — 492 — 9293 _ 4193

as ay az

Reformulating Inequalities (2.B.12)-(2.B.15) with the change of variables a; = v%,i =1,2,3, we obtain that
fla1, a2, a3) > max{y1a1, y2a2, 303}
Under the assumption that 2 < r; < ry < r3, we have that 0 < v; < s <3, and let us remark that
max{yia1,y2a2, y3a3} > max{yza(1), ¥2a(2), 7143},

where (a(l), ac), a(g)) is the nondecreasing reordering of (a1, a9, as). Let R be the set of elements (a1, az,as) €
(Ri)3 such that a1 < as < a3 and

fla1, a2, a3) > max{vyias,y2a2,y3a1} (2.B.17)

If Condition (C) is satisfied then R is not empty. Let us remark first that as both sides of (2.B.17) are
homogeneous of order 1, R is stable by scaling: if (a1, as,as) € R then for ¢ > 0, (a1, Cas,as) € R. Moreover,
if we assume that there exists (a1, a2,a3) € R such that yias = v2a2 = y3a1 =: A, then we can check that

Inequality (2.B.16) is satisfied. Indeed, we have that az = %,ag = %, as = %, and
A A A
f (, —, ) > Al (2.B.18)
Y32 N

Multiplying both sides of (2.B.18) by 2*12%%, we obtain (2.B.16).

Let (q1,492,q3) € R. To prove that there exists (u1,us,us) € R, such that y3us = yous = y3u1, and conclude
with the previous argument, we construct a path included into R that goes from (q1, g2, q3) to (u1, ug, us). We
now distinguish the three cases.

Case 1: v3¢q1 < max (Y2¢2,7193) = 719s- Let us remark that if a1 < as < ag, the partial derivative 9,, f

satisfies , ,
Oy flay, az, a3) = 2255 — (,/a2 - ,/a3> > 28 <(a2> - 1) > 0. (2.B.19)
ay as az az ay

For z € {fhamin (Q2a %QB)}» f(7,q2,q3) > f(q1,42,q3). If min ((12, %%) = I-g, then for ¢ = I>¢3, we have
that

f(@1,92,93) > fla1,92,93) > 71193 = 131 > Y202. (2.B.20)
We scale (2.B.20) and define ¢ = g—i = % > 0 so that (g3 = 71 and (g3 = 3. We have that

f(Ca1,€Caz2,Ca3) > f(Caq1,Cq2,Ca3) > v371 = 722, (2.B.21)

We now increase g9 in (2.B.21). For aj,as,as > 0, such that a1 < as < ag and ag < %

2
1 1 1
aa i ) = 5 - > 0.
Qf(al az a3) a1ag (a% (a1 a3> ) =z

we have that

By hypothesis, y
, < 73 Sl nys o dsd
72 Crs—m 93— q1

so for z € [qa, 11713]’ f(€Gq1,¢2,Cq3) > f(Cq1,Cq2,Cg3) and in particular for go = 75"723, we have that

JF(Ca1,C42,Cq3) > 71¢a3 = v3¢q1 = Y2C 42,

so we obtain (2.B.16). If min (qg, %q;;) = ¢q, as the function z — f(x, e, ¢3) is nondecreasing for = € [q1, ga],
we have that

f(a2,02,03) > fa1,q2,q3) > 7143 = 1342 = 72¢e-
As the function g : R? — R defined by g(as,a3) = f(as,as,as3) satisfies 94,9 (az,a3) = 4 — 22—; > 0if as < ag,

we have that for y € [qg, 7;;13}, fy,y,q3) > f(q1,42,q3)- In particular for ¢; = ¢o = %, we have

[(q1,G2,93) > f(q1,q2,03) > 7193 = 1341 > Y22 (2.B.22)
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and (2.B.22) is treated in the same way as (2.B.20).
Case 2: y3q1 < max (Y2¢2,7193) = Y2q2. Using (2.B.19), as 0., f(x, ¢2,q3) > 0 for = € [q1, ¢2], we have that
for g1 = 2¢2 € [q1, q2],
@1, a2,43) = fla1, a2, 43) > 7202 = 341 = 11Gs-

For § = 28 =
q2

we have that

»m‘Q

f(0q1,0q2,0q3) > V372 > 11043.
As 3 — 72 < 1, we have that
1 : q
g < J23 1 273 QIQQ~ 7
01 0y — 72 92 —q1

Moreover, for 0 < a; < as < agz such that az < %,

1 11\’
Oas f(a1,a2,a3) = aras | 5 —( ———) | >0, (2.B.23)

3 ai as

so for g3 = 'zfj* we obtain

f(0q41,0q2,043) > f(04G1,0q2,0q3) > v20q2 = v304, = 71043,

and we deduce (2.B.16).
Case 3: y3¢q1 > max (y2¢2,71¢3). We show that there exists g3 > g5 such that

flar,a2,G3) > fla1,42,03) > Y301 = MG > V2o (2.B.24)
Let n = :]Li so that ng1 = 1. We have that

f(nq, 77(12777113) > y371 > max (71193, ¥27G2) -
S>> 1 and

As go < 7”; and v3 — 2 < 71, we have that

’Yz’h

1 _1m
q3§ﬁ<7 7173 . < 1%

Ny 0 g —71_(12—(]1.

Using (2.B.23), we deduce that for y € [qg, ] the function y — f(nq1,mg2,my) is non decreasing and for

gz = 73 , we obtain

f(nav,naz2,nds) = f(na1,m42,143) > Y3nq1 = 1143 = Y2142,
which is equivalent to (2.B.24) and we conclude in the same manner as for (2.B.20) in Case 1. O

2.C Additional proofs of Section 4

2.C.1 Proof of Lemma 2.4.1

Proof. Let v € P(R) and let u be a solution to LV (v). As Gpuyp € LOO([O,T] wt OO(R)) andu € L} ((0,T]; H'(R)),
we have that dt-a.e. on (0,77, (O’Dup u) (t,-) € H'(R) and 63, (t,-)dzu(t, ) = (5 u) (t, ) — (ud, 6,23up) (t,-)
in the sense of distributions on R. Then for any function ¢ defined for (¢, x) [0 T] x R by ¢(t,x) := g1(t)g2(x),
with g1 € C2°((0,T)) and g2 € C(R) , the Borel measure dm := udzdt satisfies the equality:

1. 1
/(O,T)X]R {aqu " UDup )+ O ( UD“P) O=0 + <T B ig%up — 0y <2‘7123up>> aac¢] dm = 0.

By density of the space spanned by the functions of type g1(¢)g2(x) in C°((0,T) x R) for the norm ¢ €
C((0,T) X R) = [|B]|oo + 1020 |0o + |02, D00 +10¢ || 0, the previous equality is also satisfied for any function
¢ € C*((0,T) x R). The variational formulation of the PDE (2.4.7) as defined in [13, equality 1.5] is then
satisfied. ,
We recall that hq(z) = \/% exp (—%) and it is easy to check that hy € HY(R). As (u(t), h1)1 e [ hidv >0
and as u is non negative, we obtain that for any 7 € (0,7T), [, (u(t),h1)1dt > 0, so esssup u(t,x) > 0. In
(0,7)xR
addition, with Assumption (B), the functions %&%up, 0 (%5’1237”)) and (r — %&%up — 0, (10123up)) are uniformly
bounded, and ¢* < 53, a.e. on [0,T] xR, so by [13, Corollary 3.1] we obtain that u is continuous and positive
n (0,7] x R. 0
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2.C.2 Proof of Proposition 2.4.2

Let us first remark that if the initial condition v has a density ug € L?(IR), then by energy estimates, uniqueness
holds without Assumption (H) for a slightly stronger variational formulation called LV*(ug) which is

u € L2([0,T]; H*(R)) N L>=([0,T]; L*(R)),u > 0

d 1 1 1

1 ~2 2 ~2

Ywoe H'(R), 0 = ﬁ(v,u)l - (&Ev, ( 20'Dup Oz (20Dup)> u)l + 3 (aiv,aDupawu)l ,
in the sense of distributions on (0,7"), and u(0, -) = ug.

We now prove Proposition 2.4.2.

Proof. The main ingredient to obtain uniqueness to LV (v) is [39, Proposition 4.2|. In the proof of Theorem
2.4.3, we obtained existence of a solution to LV (v). Moreover, if u is a solution to LV (v), then with the same
arguments as in the proof of Lemma 2.4.1, we show that the Borel measure udtdx solves the PDE (2.4.7) with
initial condition v in the sense of distributions, which means that for any ¢ € C2°(R), the equality

% /R s@)ult,o)de = /R Kr—;agw(t,x)> ¢’($)+%&%up(t,x)¢”(a:) ut,n)de,  (2.C.1)

holds in the sense of distributions on (0,7"), and u converges to v in duality with C°(R) as ¢ — 0. Under
Assumptions (B) and (H), by [39, Proposition 4.2], the measure udtdz is the unique solution to the PDE
(2.4.7) with initial condition v in the sense of distributions and therefore u is the unique solution to LV (v).

It is then sufficient to exhibit a solution udtdr to the PDE (2.4.7) in the distributional sense with initial
condition v and such that [u?(t,z)dz < % for a.e. ¢t € (0,7), where ( > 0 is a constant that does not
depend on v. Under Assumptions (B) and (H), the martingale problem associated to the SDE (2.4.4) is well
posed by [92, Theorems 6.1.7 and 7.2.1], and as mentioned in [82, Paragraph 4.1|, there exists two constants
¢ = ¢(o,x) and C := C(T, 0, Hp,x) such that for y € R, the solution (X}),., to the SDE (2.4.4) with
initial distribution &, has the density p¥(t,z) that satisfies V(t,z) € (0,7] x R, p¥(t,z) < Cuc(t,z,y), with
uc(t, z,y) == /55 exp ( (I;ty)Q) for t € (0,7, 2,y € R, and the function y — p¥(¢,z)dx is measurable. For
¢ € C(R), by Itd’s Lemma,

E[p(X})] = ¢@>+ZAtE[¢%xe>(r—-;a%MASHX&)-+ Lonx >aDuAslxa}d&

In the sense of distributions, we have

o' (ta)dr = [ |(r— S8hup(t.2)) @)+ 2D, (6 2)¢" (@) (1. 2)d,
i [ [[[(r=sobun)de |

and hm fR x)p¥(t, z)dz = ¢(y). We set u := [, pYv(dy) and we check that udtdz solves the PDE (2.4.7) with

1n1t1a1 condltlon v in the distributional sense. Indeed, for ¢ € C°((0,T),R), we check, using Fubini’s theorem,
that

/ / o(x)u(t,z)dzdt = /OT z[)(t)/R [(r - ;62,31”,(1?,36)) ¢ (x) + ;@%up(t,x)qb”(m)] u(t, x)dxdt,

and using Lebesgue’s theorem, that lim Jgz ¢(x)pY(t, x)dzv(dy) = [ (hm Jp O(x)p¥(t, dx) dy) = [ o(y)v(dy)
—
and we conclude that v is the unique solution to LV (v) and that moreover u coincides with the time marginals

of the solution to the SDE (2.4.4) with initial distribution v. Finally we define ¢ := 2f and for a.e. t € (0,77,

by Jensen’s inequality, [, u?(t, z)dz < [, (pY(Z, 2))? v(dy)da < Cct Iz exp( )d;v < % O
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2.D Proof of Theorem 2.5.11

Let us define S :=R x ), b := billoo, @ := i dg:= iilloo- Fi y) €S
et us define V. him max [l 33— _mmax e and g = max [l For (o)

we denote by 0, , the Dirac distribution on {(z,y)}. Lemma 2.D.1 below is a consequence of the constant
expectation of a martingale combined with Fubini’s theorem.

Lemma 2.D.1. Let {v;y}(2y)es be a measurable family of probability measures on E such that for o — a.e.
(x,vy), Vay 1 a martingale solution to the SDE (2.5.22) with initial distribution 6,,. Define the measure
wi(t,), for 1 <i<dandte (0,T] by

/ P(x)pi(t, dx) = V(X )y, —iydve o (X, Y ) po(dz, dy)
R ExS

for any function 1 € CZ(R). Then (p1(t,-), ..., pae(t,-))eeo,r) is a solution to the PDS (2.5.19)-(2.5.20).

We now prove Theorem 2.5.11.
Step 1: We first establish the result for a regularized version of the PDS (2.5.19)-(2.5.20). Let px and pr be

)-
convolution kernels defined by px (z) = pr(x) = Coe”VH*" for x € R, and where Cy = (fR2 e VIt dy )

For € > 0 and (t,z) € R?, we define the functions p% () := pr( ), p5 = Lpr(L) and p(t, x) == pG(t)p% (2).
For 1 < < d, we extend the definition of t — ;(t,-) to R, by settmg fort <0, uz( )= po( {i}) and fort > T,
wi(t, ) = pi(T,-). As a consequence, given ¢ € C’2( ) and 1 <4 < d, the extended function t — [, ¥ (x)u(t, dx)
is now continuous and bounded on R. For 1 < < d, let us also extend the definitions of the functions (a;); ;4
on R? by setting a;(t,-) = 0 if ¢ ¢ [0,7]. In the same way, we extend the functions (b;),.;, and (%ij)1<ij<a
Then the family (p1(t,-), ..., ftat(t,-))ter satisfies the equality (2.5.21) in the distributional sense on R. We
define for 1 <i < d and (t,7) € R?,

ps(t, ) i= py % p°(t, ) = /}R2 pS(t — s, @ —y)pi(s,dy)ds.

We define af = (i #‘)*p be = & “ﬂg*” G = W for 1 <i,j <d. The family (u$(t,-), ..., ug(t,)),cp i a

smooth solution of the following PDS, denoted by (PDS)., where for 1 <i < d,

8tu§+8w(b§ue)—§5§zau@ Zqﬁuz = 0

pi(0) = pixp(0,-). (2.D.1)

Without loss of generality, we suppose that for 1 <14 < d, u$ has a positive density on R2. If not, then s;(t,R)
is equal to zero for all ¢ € (0,7]. In that case, it is sufficient to consider the PDS (2.5.19)-(2.5.20) without the
state i. Under this assumption, the functions af, b5, ¢f; for 1 <4, j < d are well defined and for ¢,j € {1,...,d},
l[ag|loo < llailloos [165l[oo < [1billoo, [1q5illeo < 1|gjilloo- It is easy to check that for » € R, and k > 1, there exists

k
constants Cx j > 0 s.t. ’665,5( (x)‘ < Cx klpx ()], so as, b5, ¢5; are continuous and bounded on R?, as well as

their derivatives. Let us denote by (SDE)., the SDE

dX§ = by (t, X;)dt + e (t, X5)dWr,
where Y is a stochastic process with values in V), and that satisfies
P (Viear = 31 (X5 Y ocuer) = a1 X,

for j # Y. As the functions (a§),,<4, (b)1<i<a> (qu)lgi,jgd are continuous, Lipschitz and bounded, by [81,
Theorem 5.3] and the Kunita-Watanabe theorem, for any (x,y) € S there exists a unique martingale solution
Vpy to (SDE). with initial dlstrlbutlon 6(Iy and by [81, Proposition 5.52|, the function (z,y) — vg , is
measurable. We define v¢ := i:l Jp V6 (i * p) (0,2)dz. For t € (0,T], 1 <4 < d, we define the measure

/ ()l (¢, d) = / P(X) Ly dv (X, Y),
R E
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for ¢ € CZ(R). By Lemma 2.D.1, (fi§)1<i<a solves (PDS). with initial condition (u; * p(0,-))1<i<4. Since
(PDS). has a unique solution by Proposition 2.D.3 below, we obtain that for ¢ € (0,7], 1 <
us(t,-), and for ¢ € CZ(R),

[ va@mi(tdn) = [ 6(X1ymgdr (X,Y), (2.0.2)
R E

Step 2: Let (e,),~, be a positive sequence decreasing to 0, we check the family of measures (v*), ., has
a converging subsequence. For n > 0, as we might not have Z?Zl fR wi * p€(0,2)de = 1, we define v°» :=
VETL
S L) i pixpen (0,2)dz
family (7*),,~o- Let us denote by (X, Y ") the solution to (SDE)., where the initial law satisfies, for a non

negative and measurable function 1 on R:

, so that 7" is a probability measure. We use Aldous’ criterion to show the tightness of the

pi * p (0, x)
;'1:1 f]R Foi pen (0’ y)dy

B [0 )10 -] = [ 0(@)

for 1 <i < d. The process (X, Y ") has the law 7°». First we check that for any n > 0, there exists a constant
K, > 0 such that Vn > 0,P(sup,c(o ry [ X;"[ + V| > K;) <n. For K >0, n >0,

IN

]P’<|X |+ sup |X;" — X§"|+ sup |Yf"|>K>
t€[0,T] t€[0,7]

P ( sup (|X;" [+ Yy ]) > K)

te[0,T)

IN

]P’( sup |Y | > K/S) —l—]P’( sup | Xim — X5 > K/3> +P (X5 > K/3).
te[0,T] te[0,T]

In the second line, for the first term of the r.h.s., since Y only takes values in {1,...,d}, we have that
Vn > 0,VK > 3d, P(sup,cpo. 1) |Yy™"| > K/3) = 0. For the second term, by Markov’s inequality and Lemma
2.D.2 below, we have that for n > 0, P (SUPte[o,T] | X — X | > K/3) < 3E (supte[OT | X —X§"|) <

2 (T5+ 2\/Tal/2). For K > K := 8 (TB+ 2\/Tal/2)7 P (supte[m X — X5 | > K/3) < 1. To study the
last term, let us prove that for t € R, 1 <i < d and ¢ € C}(R),

/¢ " (t,dz) —>/¢ i (t, dz).
We study the difference:

/R () en (t, dr) — / o) i, d)

|7 = 3) (6 5 (0) s, da) = Syt da) ds

IN

|9 (¢ = 900 () = ps(t.d0) s

b | [ p -9 @402 @)~ 6(0) als, de)ds
R2

The first term of the r.h.s converges to 0 as n — oo as the function ¢ — [ ¢(x)p,(t,dx) is continuous and
bounded. For the last term, as ¢ € C’bz(R), ¢ is globally lipschitz and we observe that for x € R,

6% P (2) — o()]

IN

/R 16(5) — 6@)|0% (@ — )dy < [|¢']|oe / ly — 1% (@ — y)dy
€nCol|®'||oo (/R \erXp —\/1+y2) dy)7

so ¢ py converges uniformly to ¢ and as pu(t,R) < B for t € R, we conclude that for t € [0,T] and ¢ € {1, ..., d},

IN

e (¢, da) — /R d@)iltda)| = 0. (2.D.3)
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€n 21 1 pixp™(0,2)
In particular, as the random variable X" has the density ST T e (0.0)ds

that for 1 € CZ(R),

dz, the convergence (2.D.3) implies

d
v (X Y [ vl (i)

so there exists Ky > 0 such that P (|X{"| > K2/3) < Z. As a consequence, for K, := max (3d, K1, K») and
Vn > 0,

’ ( sup (| X" + Y] > Kn) <7
t€[0,T]

We now check that for ¢ > 0, K > 0, there exists d¢ g > 0 such that Vn > 0,

sup P (max (| X, — X, [V —Y|) > K) < ¢,
reT!

[0,T7]
0<8<6¢ )

where TO T] denotes the set of stopping times taking values in a finite subset of [0,7]. For K > 0,5 >0,n >0
and 7 € 7'0 )5 We have the following inequality,

P (max (| X s — X[ [V, =Y |) > K) <P (| Xy — X[ > K) +P (Y35 - Y[ > K) = Py + P

Using Markov’s inequality on P;, we have

1 4 RS
P < ﬁE / b;Lgn S, XE" d8+/ st S XGn dW
- T4+ 2
< HE /T b (5, X2 )d 04 (5, XEm)dW,

Y‘”

2 T : :
] =k “fo Lselr(r+o)atiy/ayin (8, X57)

P<1-P(Vse[rr+8,Y =Y73,)<1—e %

On the one hand E [

f:H ben (s, X5m)d ] [ T+6 be” ) (s, X;n)ds} < 525 by the Cauchy-Schwarz in-

2
e

equality, and on the other hand E

|:f7'+5 W (5, X5

da by Ito’s isometry. For P, we notice that

We gather the upper bounds on P; and P, and to satisfy Aldous’ criterion, it is sufficient to choose d¢ x small
enough so that

9 ~ _
20K <5<,K52 +E) +l-e TR <e

We have then shown that the family of processes (X, Y ") . is tight so the family of measures (7°"), -, is
tight. As E is Polish, by Prohorov’s theorem there exists a measure v which is a limit point of (7**), <,. Let

us remark that by (2.D.3), Z?Zl Jg wi % p (0, z)dx — 1, so v is also a limit point of (v), ... For notational
simplicity, we suppose in what follows that (v**), ., and (7**), ., converge to v as n — oo. By [37, Lemma
7.7 and Theorem 7.8|, D(v) := {t € [0, T],v ((X;-,Y;-) = (X¢,Y:)) = 1} has a complement in [0, 7] which is at
most countable. Moreover, for any k > 1, and t1, to, ..., tx € D(v), the sequence ((XEI”,YZ”) , (Xf:, YE"))H>O
converges to ((X,,Ys ), -, (X, Y, )) in distribution as n — co. Consequently, for ¢ € D(v ), 1 <i<d,and
¢ € C°(R),

n— oo

/E(b(Xt)l{yt:i}dl/en(X,Y) — ¢(Xt)1{Yt 1}dV(X Y)

Moreover, by (2.D.2) and (2.D.3) we obtain the following equahty, for t € D(v):

/ (@)t dr) = / (X)L iy dv(X,Y),
R E
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As the function ¢ — [, ¢(X;)1{y,—;3dv(X,Y) is right-continuous and the function ¢t — [, ¢(z)pi(t,dx) is
continuous, the previous equality holds for ¢ € (0,T].

Step 3: we check that v is a martingale solution of the SDE (2.5.22) with initial distribution po. We define

. 1
Lt¢(xvz) = bi(tv ) z¢(w Z) + 2az(t x)0 ‘r Z +ZQU L, $
and for n > 0,
1
Lir(z,4) := b (t,2) 009 + Sai" (¢, 2) ¢+Zq ,J)-
Let s € [0,T], p € N, 0 < 51 < ... <5, < s and let ¢1,...,¢p be bounded and continuous functions

on S, with ||¢]lcc < 1 for 1 < i < d. Since for n > 0, 7 is a martingale solution to (SDE),,, and
ven = (Z?:I Jg i % p (0, J;)da:) v, we have that for ¢ > s,

[ Joeer - s0ev - [ 1o, du}m X Yo i () 0.

=1

Let l;z Ry xR =R, a; : Ry xR =R, g; : Ry xR — R be bounded and continuous functions for 1 <4, j < d.
Let us also define

d
- ) - 1
Lt¢($,l) = bl( ) z¢+ 2(11 t :L’ Z
and for n > 0,

L (e, i) := b (t,x)&sz—k " (t, )02 ¢+Zq .3)s
where b, as" ,q;; are built analogously to b;",a;", q;>'. Then, recalling that |[¢);[|oc < 1for 1 <i <d, we get

(2.D.4)

/J¢(Xt,1’t)—¢(XsJ’s)—/ L ¢(Xu, Y du} [ ¢i(X,.. Y, )dve (X,Y)

Ll 5

t (Lfn fﬁw)gz)(xu,yu)

( aipi) *pen _ (@ipti) *p€n> 2, 0(x, 1)

IN

du} dv(X,Y)

i (u, dz)du

= 2 HZ
z i en bz 7 o ; €
i ejp (bips ):p 0w (,9)| pg™ (u, dw)du
i Hi
( %]Mzen* P (qz‘juizn* p ) ¢(x,j)‘ ™ (u, d)du
= My

<3 Z/ (/ o (=) ai(v,z) — a0, )| (b * |0%,0|(z, z)),ui(v,do:)dv> du  (2.D.5)

+Z [ (i 0= 2= o, 05 < sl ) o) 20
. Z [ ([0 0aston) = 001 0% <ol (o) au 20
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Our goal now is to let n — oo in the terms (2.D.4)-(2.D.7), and obtain that for any sq,...,sp, s,t € [0, T, such
that 0 <51 < ... <5, <5 <A,

/E {QS(XtaYt) - 9(Xs,Ys) /t Ly¢(Xu,Yu)d Mg[ (Xs;, Ys,) dv(X,Y) (2.D.8)
<3 Z/ /|a1 (u, ) — ai(u, 2)||0, 0 (x, )| i (u, de)du (2.D.9)

+Z/ /\b (u, z) — bi(u, 2)||0p0(x, )| i (u, da)du (2.D.10)

+ |qij (u, ) — Gij(u, 2)]|0:0(z, 1) | s (u, do)du (2.D.11)
;1/ / gi —q 1

Here we explain how to conclude the proof of Theorem 2.5.11, if we suppose that (2.D.8)-(2.D.11) hold. Let us

notice that the term
t p
/ [/ (Equu) (Xu,Y)d M‘[qp (X, Ys,) dv(X,Y)|,
E s i—1

is also dominated by the sum of the terms in the lines (2.D.9)-(2.D.11). By [24, Theorem 3.45|, for 1 <14 < d,
we can choose sequences of continuous functions EL k>0 (l; ) , and (qij)k>0 for 1 < j < d converging
-)dt,

respectively to a;, b;, q;; in L'([0,T] x R, n;), with n; := (¢, to finally obtain that

/| [qs(xt,n)qs(xs,m / tLuqﬁ(Xu,Yu)du} [T s (X Vo) (X, ¥) =0,

i=1

This is enough to conclude that v is a martingale solution to the SDE (2.5.22) with initial condition pg and end
the proof of Theorem 2.5.11.
In what follows, we show how to obtain (2.D.8)-(2.D.11). As the function

t p
(31,...,sk,s,t)—>/E [qﬁ(Xt,}Q)—gé(Xs,Ys)—/ iu¢(Xu,Yu)du}Hwi (X,,,Y,,)dv(X,Y),

i=1

is right-continuous, and as the terms in (2.D.9)-(2.D.11) are continuous in the variables (s, t), it is sufficient to
show that the inequality in the lines (2.D.8)-(2.D.11) holds if we moreover assume that si,...,sp,s,t € D(v).
Let us show that for s1,...,sp,s,t € D(v),

t p
/ [¢(Xt,m>¢(xs,ys> J AT du]m X, Vo) i (X,Y)
E s

i=1

t P
- / [QS(Xt, Vi) — o(Xs, Ys) — / Ly¢(Xu,Yu) du} H'L/)z si0 Ys,) dv(X,Y). (2.D.12)
E s =1
By convergence of the finite dimensional distributions of (Pen)nzo and the fact that v~ = (Z?:l Jg i % p (0, x)dm) ven
with Z?Zl Jg wi % p (0, ) dz = 1, the following convergence holds:
n oo

/ [(b(Xta}/t) ¢(X85Y le Xs”}/sb)dVET'(X Y)

=1

= [ v - S0 Y [T (X Vo) (X, 7).

i=1
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With the same argument, we have that for uw € D(v) N (s, t),
/ Lud(Xu,Yy) H@ (Xs,,Ys,)dv (X,Y) — / Lop(Xy,Yy) H% (X,,,Ys,) dv(X,Y). (2.D.13)
E =1 1=1

Then by Fubini’s theorem,

r

du

p p
/ ff" Xu7 Y H X& , Y dyen (X7 Y) _ / u¢ Xu, Y., H X81 R Y dV(X, Y)
E pale E i1

< / t / Fud(Xu, Vo) Z]‘[lwl X,,, Vi) dver (X,Y) — /E Eugb(Xu,mi];[lw( o Yo (X, Y)(2D.14)
p

/ / |LE"¢) Xu,Y) u¢)(Xu,Yu)|H‘¢Z (Xs,i,Ysinl/e"(X,Y)du (2.D.15)
1=1

The term on line (2.D.14) converges to zero as n — oo, by (2.D.13) and Lebesgue’s theorem. For the term
(2.D.15), we write

t P d t
/ / 1B 6(X, Vi)~ Eud(Xo, Ya) T 19 (Xor, Yau) v (X, V)du < 3 / / L5 0 k)~ L, k)1 o, ) drd,
s E i=1 k=1Y% R

As the terms in (EZ"(#)C, k:)) and (ﬂu(b(-, k)) are continuous and bounded, it is sufficient to show

1<k<d 1<k<d

that for 1 < k < d, 2 : R2 = R a continuous and bounded function and z5, = M

, for € > 0, the following
convergence holds:

t
/ /\zi(u,x) — 2z (u, )| uf (v, x)dedu — 0.
s JR

e—0

The previous term rewrites:

/: /R |25 (u, 2) — 25 (u, )|, (u, v)drdu = /: /R | (zepek) * p(u, ) — 2k (u, ) g (u, ) |dedu

< [ [ ([ ([ -l - i) m. ) doda. (20.16)

Let us notice that hm sup pr(t, R\(=M,M)) = lim sup ui(t,R\[-M,M])=0. Indeed, if there exists § >

—00¢eR M—ooteio, 1]
0, and a sequence (t,),>1 in the compact [0, T converging to t € [0,T] such that Yn > 1, ux (¢, R\(—n,n)) > 4,
then by continuity, ¥n > 1, ug (¢, R\(—n,n)) > §, which is impossible.
For ¢ > 0, let M > 0 be such that sup p(t, R\[-M, M]) < ¢, andlet n € (0,1) such that |z(v,y)—z(u, z)| < ¢
teR

ifv,uels—1,t+1], z,y € [-M — 1, M + 1], and max(|z — y|, |u — v|) <n. Then, as

L < Ija—yisn + 1u—v/>ny T Yja—yl<n,ju—v|<n,(@y)e[-M—1,M+1)2} T L{jz—y|<n,ju—v|<n,(,9)¢[- M—1,M+1]2}

we have that Yu € [s, ],

ot ([ ([ rite = nletoen) = stwlae) o) ao
< 22 lloe B ( /|| oo — v)d + /| e y)dz> B+ 2|2l ol < (2]l + BYC,

for e small enough. Then we obtain that the term in line (2.D.16) converges to 0 as € — 0. We now analyze the
term on the line (2.D.5). We define the function g : R — R by

o(v) = / as(0, 2) — (v, 2)]| 02, S, ) (v, ),
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and for € > 0, the function ¢¢: R — R by

4 (v) = / las (0, 2) — da(0,2)| (o * [02,0(x, 1)]) (v, d).

We study, for ¢ > 0,

/: (/]R péT(u_U)gE(U)dv) o= /St (/Rl{lu of> ey pip(u = v)g (v )dv) du
" /: (/R Lju-vizeer pr(u = v)ge(v)dv> du.

For the first term of the r.h.s., as there exists v > 0 such that sup||g¢||cc < 7 , the change of variables w :=
e>0

gives
t
/ ( RIS ARt )dv) du<5(t=3) [ Vupappr(u)du,

For the second term of the r.h.s,

/: (/R L{ju—v|<cey P (u = v)g (v )dv) du < /:: g(v) (/Sf 5 (u — v)du) dv < /f::e g°(v)dv.

We then set ¢ = and obtain:

f7

/: (/R pr(u— v)gS(v)dv) du < ~y(t—s) /R 1{|w‘>ﬁ}pT(w) + /Stifge(u)du,

where the r.h.s of the inequality converges to fstg( du as € — 0, since p§ * [02,¢| — |02,6| uniformly. A

similar argument applies to the two last terms of Inequahty (2.D.6)-(2.D.7), so that (2.D.8)-(2.D.11) holds.

Lemma 2.D.2. Let € > 0, and let (X, Y€) be the solution to (SDE).. Then,

E[ sup |Xf— Xg§|] < Tb+2vVTa'/?.
te[0,T]

Proof. For t € [0,T],

¢
| X5 — X5 < ; by« (Xs)ds| + a$e(
¢
< /|b6( \d5+sup/ \/ay (X§)
0 u<t
< Thtsup| [ o (D)
u<T [JO

Taking the supremum on ¢ € [0,7] and then the expectation, we obtain:

RS

E | sup |Xf— Xg]
t€[0,T)

< (Tb+]E {sup
u<T

1)

Finally, according to Doob’s inequality,

[V

{sup ] < 2\/?1/2

u<T
and this concludes the proof.

Proposition 2.D.3. Fore > 0, (PDS). has a unique solution.
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Proof. For 0 < s <t < T, let us define (X;(s,z,y), Y:(s,z,y)) the value at ¢ of the solution to the SDE (2.5.22)
starting at s from (z,y) € S. For ¢ : S — R such that for i € {1, ...,d}, ¢(-,7) € C°(R), we define Tzp(s,x,y) =
E ¢ (Xi(s,z,y),Ye(s,2,y))], and for f:[0,¢] x S — R, such that for 1 <4 <d, f(-,-,4) € C;’Q([O,t] x R), we

define
d

Lef(s,x,i) :=b5(s,2)0x f(s,2,7) + %af(s, x)0%, f(s,2,0) + Z a;;(s,2) f(s,,5).

j=1

By [100, Theorem 5.2|, for 1 < y < d, the function (s,z) — (Tz¢) (s,z,y) belongs to Cg’z([(),t] x R), and

the function s,z,y — Tid(s,x,y) satisfies the backward Kolmogorov equation 9s (T;¢) + L€ (T;¢) = 0. Now,

let (a5(t,-), ..., ag(t, '))te(o 7] and (A3t -)s - fig(t, ) e o 71 be two solutions to (PDS), with the same initial
condition, and let us define for 1 <i < d and ¢t € (0,7}, z;(¢,-) := (¢, -) — as(¢,-). It is sufficient to prove

P d

T lz:; / (T:) (s, 2,4)z:(s,dx) = ; / [0s (T:d) (s, 2,4) + L (Ti ) (s, 2,4)] zi (s, dx) (2.D.17)

_— (2.D.18)

to obtain uniqueness. Indeed, s — Zle [ (Te9) (s,2,1)zi(s,dz) would be constant on (0,t), and moreover, for

s € (0,t),

d d d
> [ o) smiatsde) = 3 [170) (s2,0) = (726) (0.2, s, ) + Y [ (70) 0,,1)1(5.d)
=1 i=1 =1

IN

d d
2BSZ 11057 (-, -9 || oo + Z/(ﬁqb) (0, z,4)2;(s,dx),
i=1 i=1
so that

S5—

d
;/(7?@ (s,2,1)2i (s, dx) = 0,

as fi5 and fi§ satisfy the same initial conditions. Moreover, at the limit s — ¢, we obtain that

d
Z/qb(x,z‘)zi(t,dx) 0,

for any function ¢ : S — R such that for i € {1,...,d}, ¢(-,7) € C°(R). Thus, we can conclude that z;(¢,-) =0
for 1 <i<dandt € (0,T], hence the uniqueness.
We now prove equality (2.D.17) by a density argument. Let k € C2°((0,t)), and let us show that:

d

t d t
/0 —£'(s) ; / (Ti9) (s, 2,4)2;(s,dx)ds = /0 K(s) Z / [0s (Te@) (s,x,1) + L (Ti) (s, 2,9)] 2i(s, dx)ds.

i=1

For 9, ¢ two real valued functions defined on S such that for i € {1,...,d}, (-,i) € C((0,t)) and ¥(-,i) €
C2°(R), we have in the sense of distributions,

d d
3 [ets i iatsdn) = 3 [ i0wi) + L (o0) (s,2,0)] (s, do).

Let h € C*(R) be such that 0 < h < 1, h(0) = 1, and h(z) = 0 if ¢ (—1,1). For M > 0, we define
hy € C°(R) such that hy(z) = 1if ¢ € [-M,M], hy(z) =0if « ¢ [-M — 1, M + 1], hpr(z) = h(z + M)
if v € [-M —1,-M], and hp(z) = h(x — M) if x € [M, M + 1]. Let us remark that the family (haT:9) /-0
has uniform in M bounds. Let 7, > 0, and choose M such that Zle fot fR\[_MM] f5(s,dx) < mp, and

Zle fot fR\[fM’M] fi5(s,dx) < mi. For n2 > 0, there exists p € N*, a family (), of functions defined on
(0,¢)x{1,...,d}, such that for 1 <i <d,and 1 <k < p, ¥x(-,i) € C((0,t)) and a family (@k)lgkgp of functions
defined on S such that for 1 <i <d, and 1 <k < p, pi(-,7) € C(R), and moreover, > _q Vi (-, )¢k (-, i) has
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support in (0,¢) x [-M — 2; M + 2], and such that the function Y 7_, ¢¥xer — harTe¢ and its derivatives are
smaller than 7y. Using the decomposition Ti¢p = (has + 1 — har) Tioh, it is easy to check that

d »
;/o —K (s)/]R <kz_07/)ksﬁk —7?¢5> (s,2,1)z2(s, dx)ds

<Ky (m +m2),

< Ka(m+mn2),

d t D
> [ e [ (Z (hspn + L (nson)) — (01 (To) + L (m))) (5,3, 1)z4(s, dw)ds
i=170 R \k=0

where K, 7 = 1,2, are positive values that do not depend on M or p, and this concludes the proof. O






Chapter 3

Discretisation in time of a class of
mean-field diffusions including the
calibrated local and stochastic volatility
model

Ce chapitre est un travail réalisé avec Benjamin Jourdain.

Abstract

Using the technique developed by Talay and Tubaro, we show the weak convergence at order 1 for the explicit
Euler scheme with constant time step discretizing diffusions nonlinear in the sense of McKean, with coeflicients
containing conditional expectations computed with respect to the coordinates of the solution and satisfying a
structure condition. An example is given by the Local and Stochastic Volatility model calibrated to the market
prices of vanilla options. When the diffusion coefficient is uniformly elliptic, we propose a half-step scheme that
allows a representation of the conditional expectation as a ratio of convolutions against heat kernels. We then
study an interacting particles system based on the half-step scheme and under a slight Lipschitz modification
of the heat kernel, we estimate its rate of weak convergence.

Keywords: Euler schemes, diffusions nonlinear in the sense of McKean, interacting stochastic particles
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3.1 Introduction

In the field of mathematical finance, calibration of models to market prices of vanilla options is a major concern
for pricing and hedging purposes. Under the assumption that we have access to the European call prices
C (t, K) for a continuum of strikes K > 0 and maturities ¢ > 0, the Local and Stochastic Volatility model (LSV)
calibrated to the market price of European call options, as introduced by Lipton [76] and Piterbarg [89], gives
the dynamics for the log-price X of the underlying asset

f2 ()
E[f? (Y1) | Xi]

1 f ()

dX; = (r — 0%, (t, Xy) ) dt + opup (t, X;) ——mteeedW,. (3.1.1)
277w ’ E[f2 (V) 1X4]

Here, r is the interest rate, Y is a stochastic process, f : R — R is a positive function, the stochastic volatility

factor at time ¢ is f(Y;) and W is an unidimensional Brownian motion. Moreover, for (t,z) € R4 x R,

A . 2,011, Ik O,
Opup (£, ) = Gpup (t,€”), where for ¢, K > 0, dpyp (t,K) = /2 tc(tlg)agfc(’;f;g(t K)

volatility function, introduced in [36]. Due to the presence of the conditional expectation in the denominator
in the drift and the diffusion coefficients, that SDE is nonlinear in the sense of McKean. Getting existence
and uniqueness to this SDE is a challenging problem, as the conditional expectation does not satisfy Lipschitz
property w.r.t. the Wasserstein distance. In [1], the authors prove local in time existence where f is a small
perturbation of a constant thus studying a perturbation of the Dupire local volatility model, and Y an Ito
process. In the last chapter, global existence is established in the particular case where Y is a jumping process
taking a finite number of values. In the other cases, when for instance when Y is an autonomous Ito diffusion,
global existence and uniqueness remain open problems.
As we formally observe that

is the Dupire local

, 2 (%)
£ [(’D“p %) &) =

we have under mild assumptions, by Gyongy’s theorem [58, Thm. 4.6], that for ¢ > 0, X; has the same
distribution as Z;, where Z is a solution to the Dupire local volatility SDE

Xt} = Ohup (1, X1), (3.1.2)

1
dZt = <7" - ig%up (ta Zt)) dt + O Dup (t’ Zt) th

Motivated by that example, we first consider in this work the weak error between the time-discretized Fuler
scheme associated with a diffusion process X with a nonlinearity in the sense of McKean given by conditional
expectations computed w.r.t. X, and a simpler diffusion process Z. We will work under the following general
framework. Let d; > 1 and Z be a solution to the SDE

dZt = b (t, Zt) dt +o (t7 Zt) dBt, (313)
Zo o~ iz,

Here B is a d; —dimensional Brownian motion, pz, is a probability measure on R, b:[0,00) x R4 — R4 and
o:[0,00) x RN — Sjl (R) are measurable functions. Now let dg, ¢ > 2, and let (X,Y") be a solution to the SDE

dXt = bX (t7Xt7}/taE[¢ (Xt7}/t) |Xt])dt+UX (t7Xt7}/taE[¢ (Xt7}/t) |Xt])th17 (314)
Ay, = by (t,X;,Y:)dt + oy (t, X, Y;) dW2,
(Xo,Y0) ~  po,

where by : [0,00) x R¥ xR¥2 xRY — R4 gx : [0,00) x RE x R%2 x RY — S;'l (R), by : [0,00) x R4 x R%2 — Rz,
oy : [0,00) x R" x R — ST (R) and ¢ : R" x R% — R? are measurable functions, W' (resp. W?) is a
d;-dimensional (resp. dy-dimensional) Brownian motion, g is a probability measure on R% x R% such that
its image by the d; first coordinates is equal to jz,. The brownian motions W W? may be correlated. We
will work in a probability space (€2, 4,P) and we denote the augmented filtration of (W', W?2) by F. Let us
introduce the notation ax = oxo% and a := oo*. Throughout this paper, and we assume that (bx,ax)
satisfies the following property: for any random variable (A, B) with values in R% x R, such that

Efl¢ (A, B)[] <oo, and Vt >0, Eflbx (t, A, B,E[¢ (A, B) |A])[] <oo, Efllax (t,4,B,E[¢ (A, B)|A])[l] < oo,
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we have that almost surely,
Vi >0, E[bx (t,A,B,E[¢ (A, B)|A])|A] =b(t, A), Elax (t,A,B,E[¢ (A, B)|A]) |4 = a(t, A) (3.1.5)

Due to Property (3.1.2), it is easy to check that the LSV model is a particular case of Property (3.1.5). Indeed,
the LSV model corresponds to the situation where for d > 2 and (¢,z,y,2) € [0,T] X R x R4-1 x R,

2
bx (t,xz,y,z) =1 — %U%up (t,z) ! (y)7 o (z,y) = 2 (y), ox (t,2,y,2) = 0pup (t,2) f\ﬁ?

z

1
b(t,x) =r— 50%“” (t,z), o(t,z)=0pu(t, ),
and for instance the functions by, oy satisfy the Lipschitz property and do not depend on the component X,
so that Y is a well-posed autonomous Ito diffusion. Given a finite time horizon T" > 0, we will first study the
weak error between the law of Zr and the one of the component X7, n > 1, in the explicit Euler scheme with
constant time step A = L associated with (X,Y). For n € N*, this Euler scheme is given by

n

dXP = by (X" Y2 E[6(X2,Y0) [X2]) dt + ox (7, X2, Y2 E [¢ (X2, Y1) |X2]) dW;,
d)/tn = by (Ttv X77:7;,7YT7:) dt + oy (Tt7 X”T'L“Y:Z) th2’
o (3.1.6)

where for ¢t € [0,T], 7; := L%tj % is the last discretization time before t. While getting existence and uniqueness
results for the SDE (3.1.4) is a challenging problem in general, existence and uniqueness to (3.1.6) holds under
mild assumptions, as we will see in Section 3.2.2. Using the technique introduced by Talay-Tubaro [95], we
obtain that under regularity assumptions on the coefficients of the process Z and the test function, the weak
error is bounded by a term of order 1.

In Section 3.2, we show the bound of order 1 for the weak error in a regular setting and we also give the
weak error of the Euler scheme discretizing in time the LSV model when the test function is the payoff of a put.
Then under an ellipticity condition, we show in Section 3.3 that the conditional expectation can be expressed
as a ratio of convolutions w.r.t. the heat kernel. After regularization in order to obtain a Lipschitz version of
that ratio, we propose a half step scheme discretizing in time the SDE nonlinear in the sense of McKean and
we also study its weak error. Finally in order to be implemented as a simulation, we introduce an associated
particles system. We study its rate of convergence and show some numerical results.

Notation

1/2
e Ford>1and x = (21, ...,24) € R, we define |z| = (2521 x?) .

e Given a matrix A, we denote by A* its transpose and by ||A|| its operator norm. Moreover, if A is square,
Tr (A) denotes its trace.

° S; (R) is the set of symmetric positive semidefinite real d x d matrices.

e For m >0, C™ (Rd) is the space of functions ¢ : R? — R that have continuous derivatives of order up to
m.

e For m,n >0, C™" ([0,00) x R?) is the space of functions [0,00) x R 3 (¢,2) — ¢ (t,z) € R such that ¢
has m continuous derivatives w.r.t. ¢t and n continuous derivatives w.r.t. x.

e For d,q > 1, a function ¥ : [0,00) x R? — RY has polynomial growth in the space variable if there exist
constants K, p > 0 that do not depend on the time variable ¢ and such that

V(t2) € [0,00) x RY, [(t,2)| < K (1+ |o]?).

e If a function w : [0, 00) X R4 — R has continuous derivatives up to the order 4 in the spatial variable, we
denote by V,u = (d1u, ..., 0qu) its gradient vector and VZu = (81'2ju)1§i,jgd its Hessian matrix. We also
, Viy = (84- u) .
)13i,j,k§d ? IR 1< ka<d
and z* (Viu) y is the matrix (ZZJZI zkylafjklu)

use the notation Viu = (Q%ku

5 Moreover, for z,y € RY 2*V3u is
the matrix (ZZZI zkﬁfjku)

1<i,j<d 1<i,j<d’
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3.2 Euler discretization of the SDE

3.2.1 Weak error estimates

Let ¢ : RY — R be a test function. We will study the weak error |E [¢ (X2)] — E [¢ (Zr)]| under the following
assumptions.

e (A) The functions b;,0;; belong to C* ([0,T] x R™) for 1 < 4,j < dy, and their derivatives of positive
order are bounded. The function ¢ belongs to C* (]Rdl). Moreover, ¢ and its derivatives have polynomial
growth.

e (SL) There exist Kx, Ky, K, > 0 such that for any random variable (A, B) with values in R% x R% and
such that E[|¢ (A4, B) |] < oo, we have almost surely that for ¢t > 0 and (z,y, z) € R% x R9 x RY,

bx|V llox|| (A, BE[6(A, B)JA]) < Kx (1+|A|+|B|+[E[6(AB)A]),  (321)
by | VIlovl| (A, B) < Ky (1+|A|+B]),
6(AB)| < Ks(1+|Al+]B]).

e (IC) For any p > 0, [p (|z[P + [y|?) po (dw, dy) < co.

In a financial models, we typically have that d; = 1 and pg is a Dirac measure, so (IC) is satisfied. (A) is
satisfied if o p., belongs to C14 ([0,T] x R) and is bounded as well as its derivatives and ¢ is a regular payoff
function that belongs to C* (R). Moreover, if the function f2 has sublinear growth and f has a positive lower
bound f,,in, then as E [f2 (4) \B] > 2. almost surely, there exists C' > 0 such that

1 1+|B V1+|B
x|V llrxl (A B E16 (4, B)[4]) < C i+ 5o () S 2| v o 1, 4) |2

and thus (SL) is satisfied as o is bounded. We now give the main result of this section, that we prove in Section
3.2.2.

Theorem 3.2.1. Under Assumptions (A), (SL) and (IC), there exists a constant { > 0 such that

Vn =1, [Elp(X7)] —Efe (Zr)]] <

The case of put options In a financial framework, we are also interested in the weak convergence of the
Euler scheme associated with the LSV model in the case where the test function is the payoff of a vanilla option.
In this paragraph, we check that calibration is achieved for put options. We assume here that dy = ds = ¢ = 1.
Let us introduce slightly stronger assumptions.

e (A’) The functions b, o belong to the space C1:¢ ([0, 7] x R) and their derivatives are bounded.

e (B) The functions by, ox are bounded. Moreover, the functions o and ox are uniformly elliptic, that is
there exists a positive constant o such that ¢ < ox Ao.

Theorem 3.2.2. Under Assumptions (A"), (B) and (IC), there exists a constant ¢ > 0 such that,

log (n)

< ¢

Yn > 2, ’E [(K - eX%) (3.2.2)

} _E [(K—eZT)J

+

Theorem 3.2.2 is proved in Section 3.2.3. Let us remark that in [11], the authors obtain a development of the
weak error |E [p(Z})] — E [¢(Z7)]|, where Z™ is the explicit Euler scheme with constant time step A associated
with the diffusion Z even if the terminal condition ¢ is irregular.
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3.2.2 Proof of Theorem 3.2.1

Let us first establish existence and uniqueness to Equation (3.1.6). Let 0 < k < n — 1. If we have that
E[|X]A| +|Y{4]] < oo, then by the affine growth of ¢, E{|¢ (XA, YW )| < K1+ E[|X7A] + [Y4]]) < oc.
Therefore E [¢ (XA, YW ) | XjIa] is well defined and

E[[E[¢ (Xia: YA Xial [ < Ko (1+E [ XAl + YAl -

Moreover, as bx,ox satisfy (SL), we obtain that E[|X| + |Y,'|] < oo, where for u € [kA, (k+ 1) A),

Xy = Xpa+bx (kA XPn, YA E (@ (XA, Yia) [XPA]) (uw — kA)
+ ox (KA, X7, Yias B0 (Xia, Yia) IXEaD) (W = Wia)
Yo = Yia by (kA X[A Vi) (u—kA) + oy (KA, Xiia, Yia) (WE = Wia) s

Hence the existence of the Euler scheme holds by induction, as (IC) is satisfied. Moreover, trajectorial unique-
ness follows by construction. In Lemma 3.2.3 below, we show in addition that the moments of the process
(X™,Y™) are bounded, uniformly in the discretization parameter n > 1.

Lemma 3.2.3. Let p > 1 and assume that [ (|zP + |y|P) o (dz,dy) < co. Under Assumption (SL), we have
that

sup E [sup | X2P 4+ sup [V | < oo
n>1 s<T s<T

Proof. For n > 1,t € [0,T], we have

t p
3 Psup | X2 < |Xo|p+(/ \bx(%X?uva’laE[d)(Xwaf’l)|X¢J)|dU>
s<t 0
P
+ sup
s<t

)

/ ox (T X2, YT E[6 (X2, Y2 ) [X2]) dW,
0

where we used the fact that for (z,y,2) € R3, |z +y + 2P < 3P~ (2P + |y[P + |2|?). By the Burkholder-
Davis-Gundy inequality on the last term of the r.h.s., and Jensen’s inequality on the measure %1[07,5] (u)du, we
obtain

]

t
<G8t [ E[Jlox (m X2 V2 B [0 (32, 2) X2 )]

E {sup
s<t

/Sax (us X7 Y2 B [0/ (X7,, Y2 1XE]) dWs
0

Tu? ™ Tu? Tu’? ™ Tu

where the Burkholder-Davis-Gundy constant Cj, > 0 only depends on p. By Jensen’s inequality, we also obtain
that

t
<8 [ o (X, VLB [0 (X2 2) X8 ]) ]
0

t p
E l(/ |bX (Tu, X2,V E (o (X2, V) |X2])] du)
0

As (SL) is satisfied, we have that

g1=r
o 1bx (e X0 YLE [0 (XL VI IXED < 1+ X P+ [V [B [0 (X7 v X T
< Lsup X7 +sup [V +E [|o (X7, Y77 1X2 ]
s<u s<u
<

1+ sup |X{|” + sup [Y,""
s<u s<u

+ 3”_1K£E [(1 +sup | X7 !p + sup |V
s<u s<u

u

i)
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Using the same computation, we obtain that

1-p
B Nlox (X VLB [ (e ¥2) DI < L sup X2+ sup ¥l
X s<u s<u
+ 37'KIE {(1 +sup | X2 |” +sup [V |p> X;ﬂ .
s<u s<u

Similarly, we also have that

t P s P
31Pgup [YP < [Yo|” + (/ |by (Tu,Xfu,YTfiﬂdu) + sup / oy (Tu, X2, Y2)dWe|
s<t 0 s<t |JO
with
3t-r P
A |by (1, X7, Y7 < 1+SUP|Xn|p+SUP|Yn|p
Y s<u
3i-r P
— oy (7, X2,V < 1+sup| X+ sup |Y"|p
KY ) ) s<u

Using the tower property of the expectation, we obtain that for ¢ € [0, T,
t
E [sup | X + sup |YS"|p} <K+ 52/ E {sup | XP + sup |[Y)'? | du,
s<t s<t 0 s<u s<u

where the coeflicients x1 and ko do not depend on n. We conclude that the bounds given by Gronwall’s lemma
on the function ¢t — E [sup | X7+ sup [y P } are independent from n, if that function is locally integrable. A

standard localization procedure permlts to overcome this difficulty. O

Let us now define for (t,x) € [0,T] x R4, u(t,x) = E[¢(Z7)| Z; = ] and the operator £ defined for
v e C%([0,T] x R™M) by

Lv= (V)" b+ %Tr (aV20).

The regularity of the function v and the PDE that it satisfies are consequences of [43, Ch. 5, Thm. 5.5] and
[43, Ch. 5, Thm. 6.1].

Proposition 3.2.4 (Friedman). The following assertions hold under Assumption (A):
i) The functions Oyu, Vyu, V2u are continuous on [0,T] x R% and satisfy the backward Kolmogorov PDE

o+ Lu = 0onl0,T] xR, (3.2.3)
w(T,z) = ¢(x) forzeRY,

ii) The functions u and VFu,1 < k < 4 have polynomial growth in the space variable.
iii) Moreover, under Assumption (IC),

We now prove Theorem 3.2.1 using the Talay-Tubaro technique developed in [95]. By Property (iii) of
Proposition 3.2.4, and using the fact that the initial conditions X§ and Zj have the same distribution, we have
that

n—1

Elp (X7)] —Elp (Zr)] = Efu (T, X7)] = E[u (0, Z)] = E[u (T, X7)] — E[u (0, Xg)] Z &, (3.2.4)

where for 0 < k<n—-1,& =E [u (tkH,X{;H)} —-E [u (tk,XtZ)] and t; = kA. It is sufficient to prove that

the error terms & are of order nz uniformly in n and the index 0 < k < n — 1 to conclude the proof.
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Proposition 3.2.5. Under Assumptions (A), (SL) and (IC), there exists a finite constant ¢, that does not
depend on n and such that

VI<k<mn, [E[&] < %
n

What follows is dedicated to the proof of Proposition 3.2.5. For notational simplicity, we define for 0 < k <
n—1,

%o = b (0 X0 VLB [0 (XL Y0 1XL)), (325)
o = ox (b, X0V Elo (X7, Y2) X1 ]), (3.2.6)
axp = Oxuk (Ug(,k)*v (3.2.7)

and L} the operator which writes for v € C?2 ([O7 T] x Rdl),
* n 1 n
Y (t,2) € [th, 1) x R, Liw (ta) = (Vov)* (t,2) b 4 + 5T (a% 1 Vav (t,x)).

By Ito’s lemma, and using the fact that u is a solution to the PDE (3.2.3), we have that
tk+1 N tk+1
u (tk+1, X{ZH) —u(ty, X)) = / (Vo)™ (£, X]) 0% AW} + / (Opu+ LTuldt.  (3.2.8)

173 23

Lemma 3.2.6. Under Assumptions (A), (SL) and (IC), the expectation of the stochastic integral in the r.h.s.
of (3.2.8) is equal to zero.

Proof. 1t is sufficient to check that for 0 < k <mn —1,

th+1 9
/ E [|(ku)* (t, X7) 0% ]| }dt < 0. (3.2.9)

tr

2 4
We use the inequality ‘(Viu)* (t, X7 0?{&‘ <3 (’ ’U;L(kH +|Vau (t,Xt")|4> . As (SL) is satisfied, we have by
Jensen’s inequality that
[lo% k]| < Box (L4 X5 |+ VR +E [lo (X5, Y5) 11X ]) -

Moreover, as V u has polynomial growth in the space variable, we deduce by Lemma 3.2.3 that the Lh.s. in
(3.2.9) is finite and this ends the proof. O

Let us define for 0 <k <n—1, and t € [ty trr1), 60X} = Xp* — XJ0 =% (t —tg) + o , (W} = W),

Lemma 3.2.7. Under Assumption (SL), for | € N*, there exists a function n; : R% x R% x RY — R, such
that there exist K, oy > 0 satisfying

V(x,y,2) € RT x R x RY 1y (2, y, 2) < Ko (L[| + [y|* + |2|™)

and forn e N*, 0 < k<n-—1,t€ (tg, tg+1], 1 <j < di, we have almost surely

[ [0z 1xzv22

< (X2, VB [Jo (X2, V) IXR]) | (6= t)'2 (3.2.10)

e Tty

Proof. For the case [ = 1, we have that

BlOX7); 1Xa.Yar ]| < Tl (o, X3 Y0 E [0 (X0, Y0) 1XG]) (¢ = 1)
< K (L X0+ Y +E J0 (X0 Y I1XE]) (0= 1),

so we can choose 11 (2,9, 2) = Kx (1 + |z| + |y| + |z|) for (x,y,2) € R xR x R, K; = Kx and oy = 1. For
[ > 2, we have that

l
e [t 1t = v = ]| < 2 [|0xt) [ 130 =z =
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l

Expanding the term ‘(JXt”k) and using (SL), we have that

J

l

! I (& ‘
|(6x2),| SZ(Z-) (Box (1 X5+ YL+ E [I6 (X7, Y0) [1X3]) (= ) (ZIW&thi,pi) -

1=0 p=1

For i > 1, as there exists ¢; > 0 such that E [[W}! — W} 1] = ¢; (t — tk)% for 1 < p < dj, and using the
independence between W, — thk and the (X,Zf¢ , Y[:) —measurable terms, we obtain (3.2.10), with the choice
m(z,y,2) = (Kx (1+|z|+ |y + |2])" 22:0 dﬁci(i)TFTl, K; = 47'K% and oy = [, since as for i < [, we have

that ( — ;) 7 <T'7. O
We now prove Proposition 3.2.5. By Lemma 3.2.6, we have that for 0 < k <n — 1,
trt1
£ —E [ / (Ou+ LPu} (£, X7 dt] .
ty
By Proposition 3.2.4, 0;u + Lu = 0, so the error term & rewrites
tht1
& = E[/ (LZ—[,)u(t,Xt")dt]
tr
tht1
- E [/ (Vau)” (6, X7) (V% — b (t, X)) dt} (3.2.11)
tr
1 Pt 9 1
+ 1B { / Tr { (a - a (6, XP) V2 (6, X)) dt} — Bipt Lo
tr

We only show that there exists a finite constant « that does not depend on the index k& nor the discretization
parameter n such that |Eg | < % The same result on F; j; holds with similar computations. We use the
following decomposition,

Tr {(ak ), —a(t, X)) Viu(t, X))} = Tr{(a%, —a(tr X;)) Vau(t, X]")} (3.2.12)
+ Tr{(a(tr, X]') —a(t,X]") Viu(t,X}")} (3.2.13)
= Ti(t) + T2(t)

To deal with the first term in the r.h.s. of the Equality (3.2.12), we use the Taylor expansion with integral
remainder:

Viu(t, X)) = V2u(t,X2)+ (6X/) Viu(t, X)) (3.2.14)

1
+/ (1—s) (6X7%) Vau (t, X7 + s6X[") 6X,"ds. (3.2.15)
0

We replace V2u (t, X;') by each term in the r.h.s. of (3.2.14) in 7;. For the first term, taking the expectation
and using (3.1.5), we obtain that

E[Tr {(aX,. —a (t, X7,)) Viu (8, X5) ] = E [Tr {(E [a% x| X, ] = a (t, X3,)) Viu (8, X5) }] =(0. |
3.2.16
For the second term in the r.h.s. of (3.2.14), using the tower property of the expectation,

B [T { (ks — o (0 X2)) (6X75)" Viu (6, X2) }] | (3.2.17)

< B [ {] (s — 0 (1 X)) B [ 000)°| X2 j

Y| Viu (t.x5)

By Lemma 3.2.7 we have that for 1 < j < dq,

B[ x| X v

<E [ (X7 YL E [lo (X3 Y IXR])[] (2 = 1)
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Moreover, as V3u has polynomial growth, by Proposition 3.2.4 and Assumption (SL), there exists four constants

p1,p2,p3 > 1 and K > 0 such that
E [Tr {|(a% e —a (e, X7)) B[ (057)° ]

SE R (1+ X717 + |V +E [0 (0, v [1x0])7) | (= t0)

Xp V| Vi (1, X3

<E [K (1+ (X7 P+ [P + ¢ (Xgﬁ,nz)rm)} (t—tr), (3.2.18)
using Jensen’s inequality for the last inequality, as p3 > 1. Moreover, as ¢ has polynomial growth, the expec-

tation in the r.h.s of (3.2.18) is bounded uniformly in k,n by Lemma 3.2.3. For the last term in the r.h.s. of
(3.2.15), we show that there exists a constant 81 independent from k,n such that

1
‘E [Tr{(aggk (e, X7)) /0 (1— 5) (3X7%)" Vhu (6 X7 + s6X7) 5ngkds}” <Bt—ty). (3219)

Indeed, as Viu has polynomial growth by Proposition 3.2.4, there exists K > 0 and ps > 1 such that for
a,b,c,d € {1,...,d1 },

|0peau (8, X[ + 56X < K (14| X2 ™ + 10X ™)
so that

[(0x70)" Wik (6, X5, + s0X7) 00

| < & (joxpl® + X0 g + ax ")

As (SL) is satisfied, there exists g1, 2,93 > 1 and T" > 0 such that

1

‘IE [n{(agk_a(tk,xg;)) | 0= (00 T (6.3 +50X2) 6X{jkds}H
0

STE[(L+ X5 " + Y% + o (X0, i) [7)] (¢ = t),

by Lemma 3.2.7. By Lemma 3.2.3, we deduce the existence of a constant K; > 0 independent from k,n and
such that .

k+1 Kl

E t)dt|| < —.

‘ { t ) } ‘ - n?

k

We now deal with the term E [73] through the decomposition

E[T2(t)]] < [E[Tr {(a (tr, X7') = a(t, X7") Vau (t, X7 | + [E[Tr {(a (te, X7,) — a(ts, X]")) ViU(t,)ét")}] !)~

3.2.20
For the first term in the r.h.s. of (3.2.20), as o has bounded positive derivatives and therefore sublinear growth,
there exists a polynomial ()5 : R — R such that

la (t, Xi') — a(te, Xi")| < Q2 (|X]]) (£ = tr) -

As V2u also has polynomial growth, we conclude by Lemma 3.2.3 that there exists a constant 3 independent
from k,n such that
|E [Tr {(a(t, X]") — a(ts, X;")) Viu (t, X)) }]| < Ba (t —tr).

For the second term in the r.h.s. of (3.2.20), we apply the Taylor expansion on (a(tx, X{'));e(t, 1., 20d
2 n .
(vxu (tht ))te[tk,tlwrl]‘
ate, X)) —a(te X7) = (6X7%)" Vaa (tr, X])
1
+ / (1—s) (6X7%)" Vaa (tr, X[ + s6X}) 0X s, (3.2.21)
0

1
Viu(t,X{) = Viu(t,X])+ / (OX7%)" Viu (t, X" + s6X]",) ds. (3.2.22)
0



CHAPTER 3. DISCRETISATION IN TIME OF A CLASS OF MEAN-FIELD DIFFUSIONS INCLUDING THE
82 CALIBRATED LOCAL AND STOCHASTIC VOLATILITY MODEL

We replace the term a (t5, Xi*)—a (tx, X[ ) (vesp. V2u (¢, X;")) by its expression from the r.h.s. of (3.2.21) (resp.
3.2.22) in the product (a (ty, X7*) — a (tg, X;*)) V2u (t, X{"). The only term of order 1 in 6.X [, is multiplied by
a X} -measurable term. Taking the trace and then the expectation, we obtain the existence of 83 independent
from k,n such that

[ [T { (5X7%)" Vo (b, X2) V20 (1, X2) ]| < Bl = 1),

As the other terms that appear from the product (a (te, XP*) —a (tk, Xt’z)) V2u (t, X]') are of order larger than
1in 6X/;, we deduce similarly to (3.2.19) the existence of B4, independent from k,n and such that

|E [Tr {(a(tr, X{*) — a (te, X;")) Vau (t, X)) | < Ba(t — ti) - (3.2.23)

We then deduce the existence of K5, independent from k,n such that ‘IE [ftt:“ Tz (¢) dt” < % and this
concludes the proof of Proposition 3.2.5.

Comments on further expansions of the weak error. While we are able to bound the weak error by
taking advantage of the property (3.1.5), it seems difficult to obtain an expansion of the weak error, even at
order 1. This is due to the lack of a priori information on any relationship similar to (3.1.5) for products of the
coefficients of the diffusion nonlinear in the sense of McKean. To illustrate this difficulty, let us consider the
error term Fs j in the Equation (3.2.11), for 0 < k < n — 1. For notational simplicity, let us also assume that
d1 = dg =q= 1.

tht1 tet1
2By = E[/ (a(tk,X;;)—a(t,Xf))agu(t7Xf)dt}+E[/ (a%., —a(ti, X]')) O2u(t, X]") dt| .

tr ti

Let us now assume that b, o, ¢ have C*° regularity and that all their derivatives are bounded, so that u also
belongs to C'*° with bounded derivatives. Let us denote by IIj the second term in the r.h.s.. In order to replace
the term 02u (¢, X;*) by 02u (t, X7 ) in IIj, we apply Ito’s formula on §2u:

te41
I, = E/ (a},tka(tk,X&))ﬁiu(tk,X&)dt} (3.2.24)

LJ tg

(7] t
- E / (a% s, —a(tr, X1))) (/ <28zb3§u + 0200, u + Opadiu + ;83a33u) (s, X3) ds)(at%.25)
LJ tg ty

+ E /thr1 (a}ytk —a (tk,Xt’;)) (/t ( Note b(s,X;‘)) 8i’u(s,X§) ds> dt} (3.2.26)

L: tk- tk

+ 1IE: [/tk“ (a%., —a(tr, X]")) </t (a%., —a(s,XD)) Oqu (s, X]) ds> dt] (3.2.27)

2 tk tk

where the stochastic integral that appears from Ito’s formula has null expectation and where we used the fact
that 0;02u = —92Lu. The first term on the r.h.s of (3.2.24) is equal to zero due to (3.1.5). Taking advantage
of the regularity of the function u, one would iterate Ito’s formula in order to replace the position (s, X7)
by (tk,X&) whenever it appears in the expression of II;, which respectively gives at the lowest order for
(3.2.25)-(3.2.26)-(3.2.27):

tht1 ¢
E [/ A (a% .+, —a (tr, X[1)) (/ (28Ib8£u + 9260y u + Opadiu + ;8§a6§u> (tr, X3) ds) dt} ,
tr

ty
T2 ,
53 B [(@%.s, = a (b, X5,)) (W, — b (b X7,)) 07w (b0, XE) ] (3.2.28)
T2 n n 2 o4 n
E (@0, = a (b X0)) Ok (0 X)) | (3.2.29)

Due to (3.1.5), the first expectation is equal to zero. It is however more difficult to assess whether the terms

-1
T2
nY B (s, — o (0 X0) (e, — b (b X0) 0 (10, X))
k=0
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n—1

T2

ny, PO {(a?c,tk —a(ty, X1'))? 0ku (ty, X,Z;)] (3.2.30)
k=0

admit a limit when n — co. In the LSV model, a natural limit for the last term (3.2.30) would be

(IE[fQ(YO] _ 1)26§u (t, X1)

T (",
— o t, X¢)E
4/0 Dup (1 1) T 1%,

th dt,

where (X,Y) is a solution to the SDE (3.1.1), but to our knowledge, no existence result is available in this
framework so far. Thus, we are not able to obtain a limit of n (ZZ;; Hk> as m — 0o, nor an expansion of the

weak error with our methodology.

3.2.3 Proof of Theorem 3.2.2
Let us denote by o, two constants such that for (¢,z,vy,2) € [0,T] x R3,
O0<o<o(t,z)Nox (t,x,y,2) <o (t,x)Vox (t,z,y,2) <T.

We also define b := |[bx||oc V |[b|[oc- We consider in what follows the function ¢ : # € R — (K — e®), , where x
represents the log-spot. Here the terminal condition is less regular than in the framework of Theorem 3.2.1, so
Proposition 3.2.4 does not apply to give polynomial growth to the function u and its derivatives. To overcome
this difficulty, we first show the result when we regularise the payoff by convolution w.r.t. G, for € € (0,1),
where we recall G is the density of the centered normal law with variance e.

Proposition 3.2.8. Under Assumptions (A'), (B) and (IC), there exists a constant ¢ > 0 that such that
log (n)

Vn > 2,Ve € (0,1), |E[p* Ge (X})] —Elp*Ge (Z7)]] < CT. (3.2.31)

If Proposition 3.2.8 holds, in order to prove Theorem 3.2.2, it is sufficient to let € — 0 in Inequality (3.2.31).
Indeed we have that ||¢ * G¢||loc < K, and as ¢ is Lipschitz, the function ¢ * G. converges uniformly to ¢ as
e — 0, so we have that for n > 2, E[p* G. (X})] = E[p(X})] and E [p *x Ge (X7)] = Elp (X7)] as € — 0.
Finally, as the r.h.s. of Inequality (3.2.31) does not depend on €, we obtain (3.2.2) and this concludes the proof.

Estimates

We first give a Gaussian upper bound for the density of the Euler scheme, as a consequence of [58, Theorem
4.6].

Proposition 3.2.9. There exist positive constants K4, aa such that for any z,y € R and any 0 <t <T, one
has

Py (y) < KaGaui(r —y),
where p (t,y) is the density at y of the random variable X" when X' = x.

Proof. The Euler scheme X™ follows the dynamics
dX] =bx (Tt,X" Y E [(b (X” Y”) |Xm) dt+ox (Tt,X" YO E [(;5 (X" Y”) |X;ﬂ) dW.

Tt? T Te) Tt? T Tt Tt? T Tt Tt T Tt

Let us define, for t > 0 and z € R,

bty = E[ox (X2, V2B [0 (X0, ¥2) | X2])| X7 =],
An) = Blax (6X2, Y08 [0 (x0,¥7) | X2])| X7 = o).

As bx,ox are bounded and ox is uniformly elliptic, by [58, Theorem 4.6], we have that for ¢ € [0,7], X}* has
the same distribution as X;, where X is a solution to the SDE

A%, = (4, %) di -+ Va (1, %) awy,

and we have that B, & are bounded and & is elliptic. We conclude the proof by the Aronson estimates [7, Thm.
1]. O
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Let us define u, (¢,2) := E[p * G (Z7)| Z: = z], for (t,x) € [0,T] x R. We first give some rough estimates
on OFu, for k= 0,..., 4.

Lemma 3.2.10. For € > 0, the function u¢ belongs to C*¢([0,T) x R) and is the solution to the Cauchy
problem

Ot + Lu® = 0, (3.2.32)
u (T,)) = pxGe(). (3.2.33)

Moreover, there exists K. and p. such that for 0 < k <6, (t,r) € [0,T) x R, |0%uc (t,2)| < K. (1 + |z

Pe).

Proof. The coefficients b, o of the operator £ are bounded and regular, ¢ is uniformly elliptic and ¢ * G, and
its derivatives have polynomial growth, so we have by [43, Ch. 5, Thm. 6.1] that u. is the solution to the
Cauchy problem (3.2.32)-(3.2.33). Moreover by [43, Ch. 5, Thm. 5.5] and [43, Ch. 5, Thm. 6.1], u¢ belongs to
C16([0,T) x R) and its derivatives satisfy the polynonial growth property. O

We derive below uniform in ¢ estimates on 9¥u, for k = 0, ..., 4.

Proposition 3.2.11. The function 0, uc is uniformly bounded, uniformly in e € (0,1), and for 2 < k < 4, there
exists ag, Bx > 0, independent from €, such that for (t,x) € [0,T) x R,
Oku (t,2) | < — s (14 G e (= In(K)) )
(T—t) = o

To prove Proposition 3.2.11, let us successively compute the derivatives of Equations (3.2.32)-(3.2.33). We
obtain that for 1 < k < 4, and € > 0, vy = 0Fu, satisfies the Cauchy problem

g + Lyv, = foF (3.2.34)
v(T,) = (pxG)(), (3.2.35)

where the operators L1, Lo, L3, L4 are defined by

1 1

Liv = Oybv+ (b + 26xa) Oz + 5&832:1)

1., 1,
Lov = |(20.b+ 5893(1 v+ (b+ 0za) Ov + 5(183011

3., 3 1,
L3v = 30,b + iaza v+ b+ iama Ozv + §aazv

1

Lyv = (40,b+302a) v+ (b+ 20,a) O,v + §a03v,

for any function v € C%2([0,T) x R) and

fe,l = 0

7 = —9bdyut

3 = —93bouc — <3a§b+ ;32a> d2u,

ot =~k — (4331) + ;a;la) O2us — (607b + 202a) O2u’.

For 1 < k < 4, let 'y, be the fundamental solution of the operator L;. As the coefficients in £ are regular,
bounded and a is elliptic, we have that by [42, Ch. 9, Thm. 7], for 0 < ¢<2,0<t< s < T and z,y € R,

A
’agl—\k (t, T s, y>‘ < L],}’Cq/2 G(;,t) (m — y), (3236)
q,k

(s — 1)

where Ag i, Ag 1, are positive constants. Let us establish the following representation.
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Lemma 3.2.12. For 1 <k <4,e>0 and (t,x) € [0,T] x R, we have that

T
kuc (¢, ) /ak@*a )quwﬂyMyiélmf$®wﬂ%Wx&yMy (3.2.37)
= M (t,x) - S (t,z). (3.2.38)

Proof. The Cauchy problem (3.2.34)-(3.2.35) is solved for 1 < k < 4 by v = 9%u¢. Moreover, by Lemma 3.2.10,
OFu€ has polynomial growth. As by Corollary [43, Ch. 6, Cor. 4.4] there exists a unique solution to the Cauchy
problem (3.2.34)-(3.2.35) with polynomial growth, it is sufficient to check that the r.h.s. of Equality (3.2.37)
satisfies the same properties. By direct derivation under the integral sign it is easy to check that Equations
(3.2.34)-(3.2.35) are satisfied for the choice vy, = M* — S*. Let us show that M** and §* have polynomial
growth in the space variable. The function ¢ is bounded, so 9% (¢ * G.) = ¢ * 0%G. is uniformly bounded on R,

as OFG. is integrable. Therefore M is bounded uniformly on (t,z) € [0,7] x R. Moreover, as (9yu), ., .,
has polynomial growth and the derivatives of b and a are bounded, ( fe’k) has polynomial growth. Using

Inequality (3.2.36), we have that for [ € N,

1<k<4

l
/Iy\lfk (t,z;T,y)dy < / ly|' Ao, kG(s B (x—y Z( )AO WVilz|, (3.2.39)
R

l—i

l—i
s=t) * < o (L Zfor0<i< I, and C; is a universal
)\O,k )\O,k

where V; := [ |y — 2|'"7'G - (z — y)dy < C; (
A0,k

constant. It is then sufficient to integrate both sides of the Inequality (3.2.39) over the interval (¢,T) to obtain
that S* has polynomial growth in the space variable and conclude the proof. O]

We now derive estimates on the functions M** S* for 1 <k < 4 and € € (0,1), that are independent of e.

e For k = 1, we have that S&! = 0 and as the first order derivative of 9,¢ in the sense of distributions is
equal to # € R — —e" 1o <k}, we get that ||, (¢* Ge)||se < K. Therefore, using (3.2.36) for ¢ = 0, M<*
is uniformly bounded on (¢,z) € [0,T) x R and uniformly in ¢, by KAg .

e For k = 2, we have that f©? is uniformly bounded on [0,7) x R, uniformly in € and so is S%?. Moreover,
for (¢t,z) € [0,T) xR

Mﬂw@SAW%NGMWWﬂmﬂww

As 92y is equal to the function z € R — —€"lier<k} + Kom i (2) in the sense of distributions, where
O1n i 18 the Dirac measure on the point In K, we have that

Yy € R, |8§(<p>f< Ge(¥)| < K(14Ge(y —InK)). (3.2.40)

We obtain that [, KT (t,2;T,y) dy is uniformly bounded on [0,T) x R by KA 2 and

/G —InK) GT t( —y)dy < Lexp —M dy (3.2.41)
=\ 2n(T —1t) 2§O;+2 ’

as the Lh.s. of the inequality is the density at the point 2 — In (K') of a centered Gaussian variable with

variance % + ¢, hence the result for k = 2 and € € (0,1).

e For k = 3, to study M3, we use the integration by parts formula:
- [ x G Ty

Using Inequalities (3.2.36), (3.2.40) and the same arguments as in the case k = 2, there exists constants
as3.1,83,1 > 0, independent from €, such that

a1

M€,3 <
| t |—m

(1 TG ln(K))> . (3.2.42)
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To control &%, it is sufficient to bound S := Iz ftT |02uc(s,y)|Ts(t, x; s, y)dy, as the terms 92bd,u and
302b + %Bga are bounded. To do so, we use the bound on d2u¢ derived previously, and we obtain

- T 2
St,3‘ < / /ROQAO,?, (1 + G (y - 1n(K))) G i (x — y)dsdy < azAos <T +\ BT,
t 2 0,3

where we used the fact that G% (y—In(K)) </ %(T 5 fory € R and for z € R, Jp G o=t (x—y)dy = 1.
2
Combining the upper bounds on M3 and S¢3, we obtain the result for k = 3.

e For k = 4, also use the integration by parts M;A = [0%(pxGo)(y) 5‘ZF4 (t,z;T,y)dy, and with the same
arguments used to obtain Inequality (3.2.42), there exist constants ou 1,41, independent from e such
that

. @
IMEY| < T4 ! (1 + Gt (e~ ln(K))) .

Ba,1

Finally, to estimate 8?4, it is sufficient to bound Sf’4 = Jx ft O2uc(s,y)T4(t, z; s,y)dy, as the estimation

xr
of the other terms in f¢* involving 9,u¢, d2u¢ in f* can be performed as previously. As we have that

1 maX(ﬁg,)\04)
T—s — s—t — = T—s — < :
| Gree(y = ()G ot (¢ —y)dy = Gree y ot (v~ In(K)) < %( T—1

)é . (3.243)

we obtain that

3574‘ < LT%%?IR (1+GT/T;s(y—ln(K))) Gﬁ(x—y)dyg ashoa (2\F+ max(ﬁ3,/\04))

and conclude the proof, gathering the upper bounds on M* and Set.

Proof of Proposition 3.2.8
Similarly to the proof in Section 3.2.2, we have that

Elp*Ge (X7)] = Elpx Ge (Zr)] = E[u (T, X7)] = E [u® (0, X¢)] Z ks

where

th+1
& =E [u (t,m, Xg;g“) —u (i, Xg;)} —E [/ (9u + Liuc) (8, XT) dt] .

ty

and the stochastic integral j;tkk“ Oyu (t, X{*) 0% ,,dW; from Ito’s formula has zero expectation due to the fact
that ox is bounded and by Lemma 3.2.11, d,u€ is also bounded. By Lemma 3.2.10, we have that

[ 1 tht1 1
=B | [ W) o ) ae) g | [ (e - a0 020 (67 | = B B
tr 23
We only explain how to deal with the term E} , for 0 < & < n — 1, as the term Ej ; is treated similarly.
When k& = n — 1, by Proposition 3.2.11, [d2u® (t,x)’ < an (1 + G%(m — ln(K))). Moreover, as (a’}( el — a)
2 ;

is bounded uniformly in n, we obtain that for n > 2,

T
|ES_,,| < 252/T o /R a (1 +Gri(a— 1n(K))) K AGa,t(z — €)dzpuz, (d€)dt

so that with computations similar to (3.2.43), we obtain that |E§L_172| <25%aKq |14 ——r~t

z.
27 min(%,aA)T

We then study the case where k <n — 1. We decompose Ef, , in the following way,

th+1
Eio = EU (a% 1, — a (tr, X])) O2uc (t, X")dt—|—/

tr tr

tr41

(a(tr, X[") —a(t, X)) O2uc (t, X]") dt}
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trt1 tet1

ti tr

We use the Taylor expansion with integral remainder on 9%u€ (t, X[*), similarly to (3.2.14), and we replace
D2uc (t, X') by each term of the expansion in Ej 5. We first obtain that

E [(akx —a (e X3)) 0gu (6 X5) ] = E[(E [ak i X7 ] —a (b, X7))) 070" (. X3)] = 0.

Then we have that

IN

[E [(ak = a (e X7,)) 0X730pu” (6 XT))| < E[|(a% —a (b X0) B [0X7] X5, Vi) 0pu (1, X7 )]

2b5°E [|03uc (¢, X[1)|] (¢ — tw).

IN

We now bound E [|8§u5 (t, Xt’;) H uniformly in e. By Propositions 3.2.11 and 3.2.9, we have that

M

VO <k <n—2t€ [trtey1), E[]03u (6, X7)]] < —

)
where

M o= /R as (1 +Gr (o - 1n(K))) KaGoa i, (z — €)dzpz, (dE)

a3 K

\/27rmin (£aa)T(1-1)

(3.2.44)

< agKA/ (1 G, (€~ an)) 11z, (d€) < asKa +
R

B3

We then obtain that for n > 2,

3

n—2 t to— 3
Z/ IE [(a% 1 — a (e X)) 6705 (6, X7 [de <2802 L [ M < iierm
k=0 *t& 7 , ™ Jo T—t K

We study the integral remainder from the Taylor expansion replacing 9%u¢ in Ej, 5 to obtain a constant ko > 0
such that

t— 1t

<K
S 2T—t

1
'E [(a}}k —a(tg, X;")) /0 (1-29) (5ngk)2 opus (t, X7 + SOX{") ds] (3.2.45)

As ax,a are bounded, we have that

<252 sup E [(5Xffk)2 |Opuc (t, X7, + séX{jk)}} :

1
‘IE) [(ag(’k —a (tkvXt’;)) /0 (1—1s) (5X£k)2 dhu’ (t, X, + stka) ds} S

We then use the estimate on d4u€ given by Proposition 3.2.11. For s € [0, 1],

Qy
T—1

E [(5}(&)2 |Okue (1, X7 + séXka)” < E {(5)(;3,@)2 (1 + Gt (X, +s0X]} —In (K)))]3.2.46)

2
We have that E [(5Xt"k) ] < C(t — tg) for a constant C' > 0 which does not depend on €, n, as the functions

bx,ox are bounded. We now study the second term in the r.h.s. of (3.2.46). Let § € (0, min (54, 2%2)) and let
us use the inequality for x,z € R, — (x + 2)2 < 712—2 + z2. We have that

2
(X;; + 80X, —In (K))
2(T —1)

Ba
2 (T —t)

Jr=E [(5X§jk)2a%(xg; + X[ — 1n(K))] <E|(6x7)° exp | -8

Pa B

e =
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2 _
As bx,ox are bounded, we have that ‘§Xt’fk < 2" (t — tg)” + 202 (Wt — thk)Z =: AX? and as W; — W, is

independent from X7, we have that

ﬁ 5 n 2
i o~ (X ~m(x)?)

for s € [0,1]. By Proposition 3.2.9 and similarly to (3.2.44), we obtain the following bound for first term in the
r.hs. of (3.2.47),

Ba B
El\oem——mexp |~ (Xi, —In _
[ 2 (T—1) © P( 4(Tft)( t ] \/7\/7Tmm 67% T(1—l)
We now estimate the second term in the r.h.s. of (3.2.47) by
PRV
E {AX2 exp <2(T’it)AX2>} < %" exp <Bb2((tT_tkt))> [exp (ﬁ ((T t)) Q2>} (t— tk)2

+ 252 exp (5&;2((?_75’1))) E {Q2 exp <B02((tT__t];))Q2ﬂ (t—tr), (3.2.48)

Jr<E

E [AX2 exp (Q(T’it)mﬂﬂ , (3.2.47)

where Q ~ N (0,1). Ast <t,_1, we have that ?_t’; €[0,1), so exp (Bb (ZTt’“t) ) < exp (ﬂ#%) < exp (BEZT)

We now estimate the two expectations in the r.h.s. of (3.2.48), in uniformly in ¢ € [0,¢,-1]. For k = 0,2, we
have that

E{ exp <ﬁa 2(t = )Z“‘ﬂ <E|[Z"exp (87°27)]

(T—1)
< \/%/zk exp ((602 — ;) z2) dz.
As 52 < L

5, we have that E [Zk exp (BEZZQ)] < oo. This is sufficient to obtain (3.2.45). Integrating and
summing the bounds over the index 1 < k < n — 1, we obtain that

n—2 /tk+1
tr

k=0

T
< ko log(n) —.
n

1
E[(aha(tk,xg)) /0 (1— 5) (6X73)? O (1, X7 +55Xt”,k,)ds}

Gathering the previous estimates, we conclude that there exists ¢; > 0, independent from n > 2 and € € (0,1)
and such that

log (n)
Z E[ 1E,k(t)d/t:|’§<1n-
k=0 tk

The terms 75 for 0 < k < n — 2 are treated similarly to the terms 75 in the proof of Proposition 3.2.5, by
introducing the Taylor expansion at the second and the first order on respectively a and 92u€, as in (3.2.21)-
(3.2.22). As a has bounded derivatives, we obtain the following bounds on each term

E [0X}".00a (te, X[2) O2uc (t, X[2)] < b|[0zall o B [|07uc (¢, X])|] (¢ — ti)

1
E{(axgjk)2</ (1s)aga(tk,xg+saxgk)ds) 02 (t,Xg;)] i ||°°]E[(§X o) 02 (6 X1
0

1 1
E {(5}(&)23%@(@,)(;;)/ B2 (1, X + s0X[) ds} < |0sa|| E {(5le;€)2/ O3uc (t, X7 + 50Xy ) ds],
0 0

1 1
E [(5Xt’fk)3 (/0 (1-23) 8§a (tk,XZZ + séXtrfk) ds) /0 62u€ (t,XZZ + séng) ds]
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< HagaHooE n \3 ! 3, € n n
~ T (5Xt,k) o aru (t7th+85Xt,k) ds .

By Propositions 3.2.9 and 3.2.11, E Uague (t, X{;) H is bounded uniformly in €,¢, k and n > 2 and there exists
IT; > 0 independent of €, t, k, and n > 2, such that

E[(6X70)" 02u (1 X7)] < T (t 1)

Moreover, with the same technique used to control J;}, we obtain the existence of II, and II3 independent of
€,t, k such that

t— 1k
T—1

(t—tr)
N

as t < t,_1. Therefore, after integration, we obtain (s > 0, independent from n and e such that
n—2
k=0
so there exists (3 > 0 such that 22;02 |Ef ol < Cg%, for n > 2. This is sufficient to obtain that there exists
¢ > 0 such that

b

1
E [(5X{fk)2 /0 A2uc (t, X + s6X[1) ds} <Tl,
3
2

1
E [(5X{fk)3/o Pous (t, X7 +35X2k)ds} <1l < T (t — tw),

tht1
[ mwa] <&

tr n

n—1
log (n)
1 >2 E B, < .
VEG(O, )7vnf ’ k:O| k,2|7c n

This concludes the proof of Proposition 3.2.8.

3.3 The interacting particles system

3.3.1 Half-step scheme and representation of the conditional expectation
In this section we assume that oy is uniformly elliptic, which means that there exists ¢ > 0 such that

(ax —c*Iy,) € S;[l (R). Let us introduce the half-step algorithm. Let (Zé, Z;+l
2

2 .
)kzo’ (Zk)kzo be two families
of i.i.d. random variables with (Zé, Zi) ~ Nag, (0,I24,) and (Z3) ~ Ny, (0, I4,) where for m > 1, Ny, (0, I,,) is
2
the standard centered Gaussian law in dimension m. The half-step algorithm is initialized with (XO, Y0> ~ Lo,

independent of (Z,i7 Z; 41 )k , (Z,%) and evolves inductively according to
2/ k>0

k>0
5 5 ~ 1

Xi, = XL WA+ (a%.,, —c*1a,)* VAZL,

N _ N 1

xp., = th+%+g\/ﬁzk+%,

Vi, = Vb (b X0 YE) Aoy (e X0,V ) VAZE, (3.3.1)

where we define forn > 1and 0 < k < n — 1, B}tk = bx (tk7X£;ﬁZaE [(25 (X&J%z) |Xﬁ]> and a% ; =

As (71,2}

X +l7Z,§ and (X&,Y,ﬁ) are independent, the conditional law of the term
L :

1
(%4, —0°14,)* VAZ, +g\/ZZ,§+%,

ity

(3.3.1) and the explicit Euler scheme (3.1.6) are equivalent in the sense that the vectors (X7 ,Y;"

tr?

w.r.t. (X 7 Y[;) is the normal centered distribution with variance matrix Ad?{)tk, so the half step scheme

)O§k§n and
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()A([L , f’[lj) i have the same law. Splitting the Euler scheme defined in Section 3.2 and using the ellipticity
0<k<n
of ox, the half-step algorithm helps us obtain a representation of the conditional expectation as a ratio of
_lz?

convolutions. For p > 0 and d € N*, let us define G, 4 : x € R? — (e 2;d , the density of a centered gaussian
2mp)2

variable with variance p in dimension d.

Proposition 3.3.1. Let (£,Z,v) be a random variable with values in R4 x R4 x R%. Let us assume that
Z ~ Ny, (0,14,) and is independent of (£,7). Let a > 0 and let us define x := £+ aZ. The following assertions
hold:

(i) for any measurable and bounded function ¢ : R" x R% — R, we have that

Bl (6] = [, [0 G, (- 9) o

Ré1
(ii) Let (é, :y) be a copy of (&,7) independent of x. For 1 : R" x R% — R a measurable function such that
¥ (x,7y) is integrable, we have almost surely that

E [w (x:7) Gaz.a, (X - 5) ‘ X} |
Jown (-

Proof. Let 1) : R% x R% — R be a measurable and bounded function. As Z is independent of (¢,7), we have
by Fubini’s theorem

E v (x,7)Ix] =

Y (E+2,7)Gaza, (2) dz} =FE { Y (z,7) Gaza, (x — &) da

EpOe ] =E[(§+aZ,v)]=E { -

Ré1
where we made the change of variable z := £ + z, and this proves (7).
By (i), we have that x has the density w.r.t. the Lebesgue measure p (z) = E [Ga2 4, (x — £)] for z € R4,
For ' : R — R measurable and bounded, we have that
E [0 069) Gaza, (x =€) |¥] L0 (067) Gazay (x =€)
E T (x) . = E
26 (- o

= /Rd1 I'(z)E [w (,9) Gz 4, (a: - é)] dx

= /Rdl E I (2) % (2,7) Gaz,gy (x — )] dz =E [ (x) ¥ (x,7)],

where we used the independence between (é , i) and x for the second equality and (i) for the last one, and this

concludes the proof. [

By Proposition 3.3.1, setting £ = )A(ZZ L Z=Z' ,a=0cVAand x= )A([;, let us denote by p’% (tx,x) the
-1 ;

_ 1
k=3

density of X{; at the point 2 € R%. The following result holds.
Lemma 3.3.2. For k > 1, let (f(tr; . ,f’[g) be a copy of (X[; 1,?{;) and independent of ka Xt’; ad-
-2 -2

mits the density p'y (tg,xz) = E |:GO—2A7d1 (x — Xti, w.r.t. the Lebesgue measure. Moreover, the following

[N

representation holds
E {¢ (X2 V) Goona, (ch - X{;_l) ’ ch}
2

E [Gamm <X’g; - Xy )‘X{;]
-2

E [é (XZ;Y;Z) (3.3.2)

L] =

In the following section, we replace the joint law of (Xt" Yt’;) that is involved in (3.3.2) by its empirical law,

E?
in the context of a particles system, as the schemes 3.1.6 and 3.3.1 are not directly implementable. Beforehand,
let us slightly modifiy the Gaussian kernel in (3.3.2), so that the ratio in the r.h.s. satisfies the Lipschitz property
w.r.t. Xi.
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3.3.2 Lipschitz modification and weak error

We modify the heat kernel, so that the ratio in the r.h.s. of (3.3.2) becomes a Lipschitz function of )A(Zl,
under some regularity condition on the function ¢ that will be discussed in the following subsection. For
a>0,p€(0,1) and d € N* let us define,

(;Pﬂta ==Of+—(;%d.

Lemma 3.3.3. Let a >0 and p € (0,1), then ||G,q — Gp.d,allec < a and there exists a constant K, that only
depends on d and such that

K
IVaGraall, < 4o

0o =  df1
2

Proof. Tt is sufficient to prove the second inequality. We have that for x € R?,

]

1
VaGpaal@)l < “2Gpal@) < 2% o —ar sup {ly|Gra(y)},

1
P (2mp) = yeR
using the change of variable y = % and we conclude the proof with the choice Ky = ()% sup{|y|G11(v)}.
2m) 2 yeR
O
Let us introduce additional assumptions on the coefficients b,bx, 0, 0x.
Assumption (B’). There exist constants L, > 0 such that for t >0, and (z,y, 21, 22) € R% x R¥2 x (Rq)2 ,
|bX (t7x7y7 Zl) —bx (t,l‘,y, 22)| \ ||aX (tvxaya Zl) —ax (t,l?, Y, ZQ)H < L|Z1 - 22|7

|bX (ﬁa$>y721)| \ |b(t,l‘>| < Ry 1+ |.’17|2

Moreover, ﬁze coefficients ox, o are bounded and there exists ¢ > 0 such that ox > o. Finally, ¢ is bounded by
a constant ¢ > 0.

Assumption (IC’). There exists a constant Ao > 0 such that E [e’\[)'XOq < 00.

We define the modified half step scheme. It is initialized with (Xg, Y¢) ~ po, independent of (Z,i, Z;Jrl) ,
2

k>0
(Z,%) k>0 and evolves inductively according to
1
X?Hl = X, +byx A+ (a}’tk — Ugfdl) 2 \/EZé,
2
n o n 1

Xy, = th% + Jo\/EZk+%7
Yr. o= Y& 4by (4 XPLYR) Aoy (4, X7, Y1) VAZE, (3.3.3)

where o9 € (0,0), forn > 1,0 <k <n-—1,b% ; =bx (tr, X7, Y1 By (X7)), a ) = ax (te, X7, Y7 By (X7)),
and for o > 0,

E [¢ (X2 Y1) Gozaa (X - X) ‘ X}

E. (X)) = , (3.3.4)

with (X?k . ,?&) a copy of (X?k . ,Y{Z), independent of X7 .
‘T2 T2

Under Assumptions (B) and (IC’), the existence of the process (X", Y™) is given by the boundedness of

the coeflicient ox, the sublinear growth of bx and arguments similar to those used in the beginning of Section

3.2.2. Moreover, adapting the proofs of Lemmas 3.2.3 and 3.2.7, the two following results hold.

Lemma 3.3.4. Under Assumptions (B) and (IC"), for any p > 0, the moments of X}, and Y{. at order p are
bounded uniformly inn € N* and 0 < k <n — 1.
Let us denote X7

tr41

fX?k by Dy for 0 <k <n-—1.



CHAPTER 3. DISCRETISATION IN TIME OF A CLASS OF MEAN-FIELD DIFFUSIONS INCLUDING THE
92 CALIBRATED LOCAL AND STOCHASTIC VOLATILITY MODEL

Lemma 3.3.5. For | € N*, there exists a positive fonction n; : R“ — R with polynomial growth such that for
neN, 0<k<n—-1,1<j<d;, we have almost surely
l n n
[E (D) X7, Vi ]

tr?

< (XP) Az, (3.3.5)

Proposition 3.3.6. Under Assumptions (A),(B),(IC"), there exist two constants ¢,q > 0 such that
V> 2, [Elp(X2)] —E[p (Zr)]] < ¢ (A+ %+ b+ hllog(h)|™ + h| log(R)] "+
n22, [Elp(X7)] -Elp(Zr)]] < C(A+ 5 +h+ hllog(h)|* + hllog(h)] ,

for all h > 0.
The proof of Proposition 3.3.6 relies on the two following lemmas, that we prove in the end of this section.

Lemma 3.3.7. Under Assumptions (B’) and (IC"), we have that

)\xn
sup E {e | ‘kl] < 00,
n>1,0<k<n

for A < %6_(512"_&2%).

Lemma 3.3.8. Let Z be a random variable with values in R? and assume that there exists X > 0 such that
E [eMZ‘] < 00. If Z has a density p w.r.t. the Lebesque measure, then we have the inequality

k12% oms 21log(h) ) "+
h k Fp(z)1 de < h | ——E |eM?]
> 0.5k €N, [ (ol 0@ oy cny o < <Ak )+ e (5 ,

where T is the Gamma function defined by I'(a) = fooo z%le=%dx for a > 0.

We now prove Proposition 3.3.6. Let us use the Talay-Tubaro technique and write
Ele (X3)] =Bl (Zr)] = > &,

where for 0 < k <n-—-1, ¢ =E [u (thrl,X?Hl)} —E [u (tk,X?k)], where we recall that the function wu is
defined by u(t,z) = E[p(Z7)|Z; = 2] for (¢t,2) € [0,T] x R%. By Proposition 3.2.4, we obtain that u belongs
to C%4([0,T] x R) and write
w (e, X3 ) = (b X3,) = A (e, X3) + (Vou)” (8, X5,) DR
1

where the remainder term Ry is given by
1
R =A? / (1—s)07u (ty + sA, X} + sD}) ds (3.3.7)
0
1
+ ZA/ (1—5) 0y (Vou)" (tr + sA, X} + sD}) Dids (3.3.8)
0
1
+/ (1—s)(Dp)" (Vau (ty + sA, X7+ sD}) — Vau (t, X7 )) Dyds (3.3.9)
0

By Proposition 3.2.4,
* n n 1 n n
—0pu (b, X1) = (Vou)™ (e, X7 ) b (te, X1) + 5T (a (te, X7) Viu (te, X)) -

Moreover, conditioning w.r.t. (X7, Y7 ), we have that E [(V,u)" (t, X ) D] = AE [(Vzu)* (tr, X7) b’;{’k}

and

E[(D})" V3u (14, X)) D] = A%E (b 1) V2u (t0, X7,) Bk i + AE [Tr (ak,, V2u (8, X7,))]
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We can now rewrite
n n\\* n A n n n »)
& = AE | (b — b (e, X7,)) " Vo (4, X5,) | + TE[Tr (aky, — a (0, X)) V3u (1, X7, )] + R, (33.10)
where for 0 <k <n-—1,
Ri = A%E [(b%,1) " V2u (ty, XJ,) bk o] +E[Ry].
We only show how to deal with the second term in (3.3.10). The first term is treated in the same way. We will

study Ry, in the following Lemma. As we have that a.s.,

a (tk,X?k) =E [aX (tk,Xn

tr

let us replace a by that representation in (3.3.10) in order to take advantage of the Lipschitz property given by
Assumption (B), and study

E[Tr (a%, —a (e X3)) Viu (e X5)] = B [Tr (%, — ax (0 X3, Y5 B [6 (X5 YE) X)) Vau (0 X)) -

By Assumption (B) and the fact that V2u has polynomial growth in the space variable, there exist K,p > 0
such that

UE ['I‘I‘ (a}lf,tk —ax (tk’X?wY;lk’E [¢ (X?k’Y;;) |X:Lk])) Viu (tk’X?k)} |

< KE[[By (X7) —E [0 (X0, Y5) XL ] (1+ X3 [7)] -

Let us introduce the notation dE; = Eg (X?k) -E [¢ (X?w
parameter to be fixed later and consider the event

Ap = {E [GUSA (ngl — xgk) |ng] > h}.

By Proposition 3.3.1 and the definition (3.3.4),

Y{Z)|Xﬁk] for0 <k <n-1. Let h > 0bea

< 26%,

25 n el n
[0Ex|1ga,y < 7 ‘E [(GUSA,dl,a - GagA,dl) (th - th_%) ‘ th}

where we used Lemma 3.3.3 in the last inequality and the fact that the function ¢ is bounded. Hence the
existence of K > 0 such that

|E [Tr ((a% ., —ax (tr, X2, Y7 E[o (X7, Y1) [XP])) Vau (8, X72)) 14, ]| < K% (3.3.11)

—(rr+2F2)

Moreover, by Lemma 3.3.7, let 0 < A < )‘706 and let us define

XD
sup E {e | ‘kq =:1.
n>1,0<k<n

We use the fact that [§E;| < 2¢ and apply Lemma 3.3.8 to obtain that on A¢, asx € R - E [GUSA <x - X?k,l )]

2

is the density of the variable X}' by Proposition 3.3.1,

E[[Bx (X5) —E [0 (X5, Y7) XE][ (14X [7) 1ag] < 20E [(1+ X [7) 1ag]

< 26h <<1 + p;ip) 0+ 1‘27(:;) <i| log(h)|>dl (dll + dl%p (i log(h)|)p>> . (3.3.12)

Dealing in the same way with the first term in (3.3.10), we have the existence of ¢, q > 0 such that

B [(b s — b (1, X5)) " Vot (b, X5)] |+ B [T (ar, — a (8, X5)) V3 (8, X1, |

< ¢ (5 +h+ llog()| + hllog(h)[+)
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From Lemma 3.3.9 below, we obtain that ZZ;; ”f%k‘ = O (A) and we conclude that

n—1

S I€] ST(A+ 2+ h+ bl log(h)|™ + hllog()|"* ).
k=0

where II is a constant that does not depend of A.

Lemma 3.3.9. Under Assumptions (A) and (IC), there exists I' > 0 such that
VO<k<n-—1, |Ry <TA%

Proof. As b, bx have sublinear growth and VZu has polynomial growth in the variable x, by Lemma 3.3.4, there
exists I'y such that forn >0and 0 <k <n-—1,

B [(b%s)" V2u (6, X2, ) b ]| < T
Tt is then sufficient to show that E [Ry] < I';A? where I’y does not depend on k,n. In the following of the proof,

the constants K, p could vary at each different argument, but are always assumed to be independent of n and
k. Given the regularity of u and the coefficients b, o, we have that by Proposition 3.2.4,

1 1
Ofu= 0 Lu = Ob*Vyu+ 5 Tr (0:aV2u) + b* 0,V u + 5T (a0, V2u),
where 9;V,u = V,Lu, 9;V2u = V2Lu, and those derivatives have polynomial growth in the space variable.

This is sufficient to obtain that the expectation of the term in (3.3.7) is bounded by IT; A? for a constant IT; > 0,
as there exist K,p > 0 such that

E [|07u (t + s, X, +sDp) [ <E[K (1+ X}, [+ [Di[)]

and the r.h.s. is uniformly bounded in n,k by Lemmas 3.3.4 and 3.3.5. For the term in (3.3.8), we use the
Taylor expansion at order one:

1
0:Vau (tk + A, X7+ sDz) = 0;Vzu (tk + sA, X?k) + s/ 8,5V92L,u (tk +sA, X7+ usDZ) D7 du.
0

By independence of Wy, | — Wy, with (X?k,Yfk ), conditioning w.r.t. (X?MYZC ) and using the sublinearity of
b by Assumption (B), we have that

IE [A(D})* 9, Vau (t + sA, X7 )]| < A2E [ 1+ X2 210, V,u (t + sA, X71) |} :

and the expectation in the r.h.s. is bounded uniformly. Moreover, using the polynomial growth of 9;V2u, we
check by Lemmas 3.3.4 and 3.3.5 that there exists K > 0 such that

1 1
‘IE [A/ (1—5) s/ (DY) 0. V2u (ty + sA, X7 + usDR) nguds] < KA%
0 0

Therefore we obtain that the expectation of the term in (3.3.8) is bounded by IIsA? for a constant I, > 0. Fi-
nally, for the term in (3.3.9), let us apply the Taylor expansion at first order on u € (0,1) — VZu (tk +ul, X} + uDZ)
For s € (0,1),

1
Vau (te + sA, X} + sD}) — Vau (ty, X7) :sA/ O V2u (ty + usA, X} + usD}) du
0
1
+ sD} / Viu (te +usA, X} + usD}) du.
0
Similarly to the computations of the previous terms, there exists II3 > 0 such that

1 1
E HA/ (1—25s) s/ (DY) 0, Vau (te + usA, X7, + usD}) D duds
0 0

:| < H3A27
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and using the Taylor expansion on s € (0,1) — V3u (t + uA, X7 + usD}), we also obtain II; > 0 such that

1 1
E H(DZ)?’/ (1—1s) s/ Viu (te + usA, X} +usD}) duds
0 0

:| < H4A27

and this concludes the proof. O

We now give the proofs of Lemmas 3.3.7 and 3.3.8 to conclude this section.

Proof of Lemma 3.3.7

Proof. To estimate the exponential moments of [X} | for 0 < k < n, it is sufficient to estimate the exponential

moments of /1 + [X} 2. Using the fact that /1 +2 <1+ Z for > 0, and Assumption (B’), let us notice
that

(b},k) X3, b .7
1+ X3 1+ X3 2

A2
< (/14 X7 2 <1+m+n22). (3.3.13)

Let us consider the process Z defined on [0,T] by Zy = \/1 + |Xo|? and by

2

\/1 + X7+ by A2 = \/1 X142

T A2 —(k+1)
7y = \/1 +IXP 4 b A+ (a,)F(WE— W2 (1 + KA + /<;22> ,
for t € (tx,tr+1] and 0 < k < n — 1. Notice that for 0 < k < mn,

A2\
Ztk\/1+|x?k|2<1+mA+n22) :

Using the fact that A = % and for x > 0, log(1 4+ ) < x, we have that for 0 < k < n,
2\ F 2\ " 2 A2 212
(1 + kA + 52A2> < <1 + kA + K2A2> — enlog(l+rA+r*5r) < e T = er.

X5 | <\ 1+IXE? <erZ,. (3.3.14)

Let us define for 0 <i<n-—-1, Z;,, = . ltim Zy;. The jumps of the process Z only occur at the discretization
- .

i 2

We then obtain that for 0 < k£ < n,

times (tx),<j<,_1, and by Inequality (3.3.13), they are nonpositive. Therefore we have that for 1 <k < n,
0<Z, <Zo+ Z (Ziior — Ziit) - (3.3.15)
Let z € R% and let us define for z € R% | R_(z) = \/1 + |z + x|2. Moreover, for 0 <i <n —1,
t7;+1 2A2 _(’L+1) h 1 1 1
Lt — Ziv = / (1 +rA+ K 2) ViRxp o al(ak ;)2 (W, —Wy))(ak ;)2 dW,

tq

tit1 2\ —(+1) X
+5 / (1 + KA + /82) Tr (anxyingX? +ona((@% )z (W) — W;))) dt.
) b, : i

i

As a’y ; is bounded and the derivatives V R, V2R, are bounded, uniformly in z,2 € R% | we have that

1 1 2\ —(i+1) 1
@)V By g A (@ )0V = W) (14 ka5 ) | < dlaxl IVl (3310)
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< d|lax]|oo| VARl

2y —(i+1)
|Tr (atk T2y v s ) 07 = w0) (14084625 )

Using Inequality (3.3.15), we have that
2 d? 2
0= Zy, <v1+|Xol? + Sllax|lool[VaRlloT
k—1 ti+1 AQ 7(1+1) i B
w3 (1 + A+ n22) ViR oy a((@% ) W = W) (ak ) 2aw!.
Using (3.3.14) and the Cauchy-Schwarz inequality, we obtain that for 0 < k < n,
E {e“‘x?kl] < E [e“eTka]

d2
< exp (ueT2|aX|oo||ViR||ooT> E [exp (Z/wT\/ 1+ |X0\2>} (3.3.17)

1
2

[N

k—1 tig1 AQ _(’L+1) 1 1
x E |exp | 2uer Z/ (1 + kA + /{22> VZRXZ"‘b},iA((a&,i)g (th _ Wti))(a}7i)§dwt1
i=0 7t
(3.3.18)

Using Inequality (3.3.16), the integrand of the stochastic integral in (3.3.18) is uniformly bounded so we have
that

[ A2\ (D) 1 ) 3
E |exp | 2per Z/t (1 + KA+ :‘€22) ViRxp vby al(ak;)? (Wi = Wi))(ak )2 dWy
i=0 7t
1 2
< exp (T (perdlax L 1V.R1.) )
Finally, we have that E [62“” v IHXO'Q] < oo for 2uer < Ag and this concludes the proof. O

Proof of Lemma 3.3.8

Proof. If h > 1, as 1,)<ny < hezl®l for z € RY,
k _ k Mel 7. _ k37| K128 1 \z)
[ el 0@ prende = b [ faltp(@)ed e = 8 [| 23] < h=rm [eV).

as for z > 0, zF < k;\—%keéz, and E [eMZq < 0o0. Now, let us assume that h < 1. For z € R? such that
|x] > #g(h), we have that exp (—%|z|) < h. We then write

k _ k k
/le |z|"p(2) L p@)<nydr = /Rd || p(x)l{p(m)gh,\z|z _21§g(h>}d:c + /Rd |z|"p (z) Loy <hjal< —21(;\g(h,)}dx.
For the first term of the r.h.s.,

K _ Fp(z)ed 7= 3]
/Rd 2P ) < o =210y A2 = 2 [e["p(z)e= He™> o) <h ol =21z, 4

IA

hE [|Z|’€e%|zq < h%kE {e’\lz‘] .

For the second term of the r.h.s, we have that

21t (210g(h))k+d

k k _
/Rd ‘Z| p(x)l{p(z)gh,\m‘g—21c>>\g(h)}d$ S h R |-T| 1{‘z|§—21§g(h)}dl’ = h(k n d) I‘(%) b\

where we integrated the function z € R? — |x|¥ over the d-dimensional ball with radius M in R? to obtain
the equality. This concludes the proof. O
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3.3.3 Interacting particles system and rough error bounds
In this section, we moreover assume Lipschitz regularity on the functions ¢, ¢, bx,ax,by,ay.
Assumption (Lipf). There exist constants Ly and L, such that
Var,xp € RM Jp(21) — p(w2)| < Lg|z1 — 2|,
Vi, € RY Vy1,y2 € R |o(21,51) — ¢(w2,y2)| < Lo (|21 — 22| + |31 — 12]).
Moreover, |¢| is bounded by ¢.

Assumption (Lipc). There exists a constant L. such that for all t > 0 and (21,91, 21), (T2, Y2, 22) € RN x
R% x RY,

x(l, X1,¥Y1,21) — 0x(1, T2, Y2, 22 ax\t,T1,Y1,21) — ax\l,T2,Y2,22)| = Lc(|T1 — X2 Y1 — Y2 Z1 — 22{),
|bx (t ) —bx(t )V lax(t ) (t ) < Le(] |+ | |+ )
by (t,z1,y1) — by (t, 22, y2)| V |ay (t, 21, y1) — ay (¢, 22, 92)| < Le(|v1 — 22| + [y1 — 2l)-

Let N € N* be the number of particles and let the function FV be defined for z, z1,...,x, € R® and
Y1, .. yn € R% by

N
% Zj:l ¢ (2, 9;) Gozndya (2 — )
N .
¥ 21 Gozads o (2 — 7))

Using the fact that ¢ is Lipschitz and bounded, G, 4, . > o and its Lipschitz constant is given by Lemma 3.3.3,
it is easy to check the following properties.

FN (Z7x17 vy Ty Y1 7yn) =

Lemma 3.3.10. For z,x1,...,0p, 2,2 € R" and y1,...,yn, 7 € R%, we have that
|FN (Zy 1y ooy Ty Y1y wos Yn ) — FN (B, 20,5 ooy Ty Y1y s yn)| < Kzlz —Z%|

- Kx .
’FN (va17"'7$n7y17 ayn) - FN (Zaa:ny'"vx?uyla "'ayn)| < Wkﬁl - 'T"y

‘FN (Z7$1»~-~7$n7y17~-7yn) - FN (Z,"El, "'7xnagay2“~ayn)‘ = N |y1 - y|
where Kz = | Ly + 7$+ , Kx = %, and Ky = Li“)i and the constant K, s introduced
OL(G'(Q)A)T a(o‘%A)T (27r00A)2

m Lemma 3.5.5.

Remark. Let us remark that replacing the reqularizing function G, 4.« by the Lipschitz modification

Gypal@) if |7 < /2Bplog(3),

G =
prd (%)d/zpﬂ /2 otherwise,

for B> 0, it is possible to lower the exponent on A in the denominator of Kz, but it does not improve the
exponent of A in the denominators of Kx or Ky .

We introduce a particle system associated to the modified half-step scheme (3.3.3). Let ((Zi’l, Z;i 1 Z,zl) >
k20/1<i<n

be an i.i.d. family with the same law as (Zk, Zl+ 1, Z,%) . Let (XE’N, Yé’N) be i.i.d. random variables
1<i<N
with the same law as (Xo,Y() and which are 1ndependent of (Z; ‘ Zl€ L Zil> . The dynamics is
+3 k>0,1<i<N
given by
1
N N N N 2 2 1,
Xpt = XY eeyita (axy - odla)” VAZY,
N N
X?kil = Xn N Jr 00\/7Zk+ 1s
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YN = YN by (0 X YY) Aoy (6, XY YRRV VAZYL (33.19)

tht1
Here, forn > 1,0<k<n—1, N >1,1<i<Nanda >0, b =bx (6 X5, YN EY (X)),
ali = ax (1, X5, YN BN (X)) and

N n,i,N n,i, N n,1,N n,N,N n,1,N n,N,N
EY (x3Y) = FN<X XN XN Ny )

_17 1
2 2

Given a test function ¢ : R® — R, we are interested in the mean square error

N 2
MSE(y) ( Z (XN - [(ZT)]>

For 1 <i < N, let X;’i be constructed according to the modified half-step scheme (3.3.3) and driven by the

variables (Z Li gl

KL Z2 ’)k> . The error MSE(p) can be separated into three terms using
>0

N

N 2 9 N | 1 )
(NZ X - “ZT”> 33@2 () **Zw ) +3<]1VZ¢<X?’>E{¢<X;’ >}>

<Nl
+3(E [p(X:")] - E WT)]) =3+ &+ &),
The term &5 is a statistical error term and the term &3 is the weak error between Zr and the Euler scheme

(3.3.3). To estimate MSE(yp), it is thus sufficient to estimate E [£1], E [€s] and £3. By Proposition 3.3.6 from
the analysis in the previous section, there exist two constants (1, q > 0, independent of n such that for all h > 0,

2
€5 < i (A+ 3 +h+hllog(h)|™ + hlog(h)|"" )",
Moreover, as X;Z and X;’j are independent for 1 < ¢ # j < N, we have that

Var(p(X3') _® X
N ST N

E[&] =

By Assumption (Lipf), ¢ has sublinear growth so by Lemma 3.3.4 there exists ( > 0 such that supE [@2 (X?l)] <

¢2 and therefore E [£9] < % The term &; is the propagation of chaos error term. By Assumption (Lipf),

1 N ) ) 2 12 N ' L
(2 (o) () ||« 5 5o ]
i=1 P

Theorem 3.3.11. Under Assumptions (Lipf), (Lipc), (IC’) and (B), there exists a constant K > 0 independent
of A, N and such that

n,i, N St
’YT -Y

1 X , 2
N 2E UXS‘J“N -X7| +
i=1

Proof. To simplify notations, let us drop the index n denoting the total number of time steps. We have that

2 1 _x
< —eazadifl,
- N

. n—1 ) 2 n—1 2
E UX;N - X“Tﬂ <2E ||} (b;;N - B;) Al | +2E |3 (\/ak — 620y — \/a;; - U%Id1> VAZY
k=0 k=0

(3.3.20)
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To deal with the first term in the r.h.s., we use that

1 2

0 (b;;N - B;) A

n

n—1 ] i 2
E <TAY E {b;’N -b, } . (3.3.21)

>
Il

By Assumption (Lipc),

?|

We then study the difference

iN 3t
b;" — by

e (ki) e ()]

2 N —i|2
]g:sLiE sz ~X |+

iIWN
iV -Y

, N2
B (xiY) - B (%)
3 1 N 1 N 2
iN lN N,N ~ 1N N,N - - - < <
<2 ‘FN (th X XN Y Y ) — Fy (metk_%,...,th_%,Ytk7...7Ytk>
2
! =1 N —1 —N 1
+2 ‘FN (th,xtk%,...,xtk%,Ytk, ...,Ytk> _E, (th)
< 2T + 275

For the term 77, by Assumption (Lipf) and using Lemma 3.3.10, we have that

2 2

N N
N ? N 1 N 7
Jj=1 j=1
i,N z N N i N BV
< 3KZ|X _th‘2+3KXNZ tk _X'tk|2 +3K}2/NZ|Ytk _Ytk|2
j=1 Jj=1

Moreover, let us introduce the notation for 1 < j < N,

¥j = Garadia (Xik —Xik%> —E [GQA,dl,a (Xik - th,%)’ﬂk] ’

)

Xi = ¢ (th7Ytk:) GU?A ,di,a (th - Xi

f—

) =5 [0 (% o) Gmaan (K, )50,

1

2

where (th,%’Ytk) is a copy of (Xikl,Yik), independent of Xlk As o < G, 4,0 and ¢ is bounded, we
2

obtain that

E

2 9 , | 2y P
] < azNzE ¢ ij + ZXJ
j=1 j=1

—i =1 =N =l —N —i
‘FN (th,xt i ,...,th%,Ytk,...,YtJ _E, (th)

k

[N

By conditional independence w.r.t. Xik, we have that that E[¢;,¢;,] = 0 and E [x;, x;,] =0 for 1 < j; # ja <
N. As moreover, G 40 < @+ (27TQA)7%, we obtain that

2

al N
S| | - ez o (wrerony ) [ | = 3R 0] 20BN (s oy #)'
j=1

j=1

and we conclude that

2

E T3] < 169

S Va2 (a+(27rgA)_d71)2.



CHAPTER 3. DISCRETISATION IN TIME OF A CLASS OF MEAN-FIELD DIFFUSIONS INCLUDING THE
100 CALIBRATED LOCAL AND STOCHASTIC VOLATILITY MODEL

The second term in (3.3.20) is treated in the same way as the first term. Indeed, for 0 < k; < ko < n, as Zj, is

independent of
i, N 2 =i 2 1, o, N 2 =i 2
(<\/ak1 — UOIdl — \/akl — U()Idl) Zk1 s \/ak2 — JOIdl — \/ak2 — UOId1>

we obtain that

n—1 2 n—1 2
E> <\/a;;N — 021y, — \/5;; - J(Q)Idl) VAZY' | =TAY R ‘ <\/a;;N — 021y, — \/5;; —~ 0(2)](11) zy"
k=0 k=0
T n_l A 2
LT, -
— 2 _ 2 k k )
4(¢? — o3) 0
and afc’ — @&, satisfies the same Lipschitz property as bfc’N — B;. Let us introduce the notation

X 1 Y IN =i )2 Y 1 Y iN ot \2
1T, :NZE{(XQ _th) ]:Hk :NZE[<Yt;“ _Ytk> ]’
i=1 i=1

for 0 < k < n. So far, we have obtained the existence of a constant C' > 0 independent of A and N such that

n—1 n—1 —- 2 2
16¢ —d
X X Y
I, <C ;0 A(l+ K% + K1y +C ;0 Al + K91 + Caz <a + (2ma?A) "2 ) , (3.3.22)
Moreover, by Assumption (Lipc), we also have that

n—1

My <2L2)  (IY +11Y). (3.3.23)
k=0

Then summing Inequalities (3.3.22) and (3.3.23), we conclude the proof by the discrete version of Gronwall’s
Lemma. O

By Theorem 3.3.11, the error MSE(y) can be estimated by

3
G2 3 ook (3.3.24)

2
MSE(¢) <3G (A + % + h + h|log(h)|** + h| log(h)|q+d1) +32 4

2

Remark. Let us set h ~ AV, a ~ AYT" where v, € (0,1). Given a tolerance €2 > 0 on the error, it is

sufficient to choose A and N such that
ATV AT log(A)|q+d1 =€ N= efZem,

to ensure that MSE(p) = O(€?).

3.3.4 Numerical results

In this section, we take di = dy = 1. We consider the LSV model in the Black-Scholes setting: opy, = 1,7 =
0,7 =1,Sy = 1. Moreover, by = 1,0y =1 and for y € R, f(y) = 1 + min(1,3?).

Weak error check. To investigate numerically the dependence of the weak error on the number of time steps,
we use a scheme called kernel approximation (KA) scheme which is close to the one proposed by Guyon and
Henry-Labordére. More precisely, it is initialized for 1 < ¢ < N with X(;“’N = yg”’N = 0 and evolves according
to
N Vi, N Vi, N VN 1,
XpoN =N 4 BV A+ AV VAZY

VAN = 4+ A+ VEZE,
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55(‘)(;;,;1\/) bl

] ) . yri N
where forn >1,0<k<n-1,1<i<N, B;L(”l;N:—% A}”,;N: J;EV(:’V(H)N) and
(A G

N n,j,IN n,i, N n,7,IN
Zj:l f2(ytkj )Ge(th B thj )
N n,i,N n,j,IN
Zj:l Ge(th - thj )

N 4N
gk (‘Xt’rzl ) = ’

with € > 0 a fixed regularization parameter and G, is the gaussian density with variance e. As a large number
of terms in the approximation S,iv (X;:Z’N) of the conditional expectation are negligible, we accelerate the

computation by sorting the particle system at each time step and fix a threshold n = 1073, so that the terms
GS(XJL’“N — X[;’J’N) in the numerator and denominator of &Y (X,;';’Z’N> are neglected whenever G. (Xt:i"’N —

X{;’j ’N) < n. For a large number of particles NV = 10000 and a small regularization parameter ¢ = 0.01, we give

results for the put price estimated by + Zf;l (K - CXYT‘W’N) at each of the M = 1000 independent Monte-
+

Carlo runs. We set K = 0.8,1,2, that is when the option is respectively out-of-the-money, at-the-money and

in-the-money. According to the numerical results, the weak error behaves as O(-) where n is the number of

time steps.

e Strike K = 0.8

’ Time steps \ Estimated weak error \ 95% Confidence interval \ nx Estimated weak error ‘

n=>, -0.001843 [-0.002001, -0.001686 | -0.009217
n =10 -0.000944 [-0.001100, -0.000787] -0.009438
n=15 -0.000589 [-0.000751, -0.000426] -0.008830
n =20 -0.000476 [-0.000632, -0.000320] -0.009524
n =25 -0.000328 [-0.000488, -0.000169] -0.008212
e Strike K =1
’ Time steps | Estimated weak error \ 95% Confidence interval \ nx Estimated weak error
n=>5 -0.002195 [-0.002396, -0.001995] -0.010977
n =10 -0.001121 [-0.001323, -0.000920] -0.011214
n=15 -0.000693 [-0.000903, -0.000484] -0.010400
n =20 -0.000580 [-0.000784, -0.000377] -0.011608
n =25 -0.000405 [-0.000610, -0.000199] -0.010116
e Strike K =2
’ Time steps | Estimated weak error \ 95% Confidence interval \ nx Estimated weak error
n=>, -0.001290 [-0.001659, -0.000920] -0.006448
n =10 -0.000529 [-0.000907, -0.000151] -0.005291
n=15 -0.000149 [-0.000546, 0.000249] -0.002230
n =20 -0.000154 [-0.000536, 0.000227] -0.003089
n =25 0.000007 [-0.000382, 0.000396] 0.000174
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Abstract

We introduce a new class of anticipative backward stochastic differential equations with a dependence of
McKean type on the law of the solution, that we name MKABSDE. We provide existence and uniqueness results
in a general framework with relaxed regularity assumptions on the parameters. We show that such stochastic
equations arise within the modern paradigm of derivative pricing where a central counterparty (CCP) demands
each member to deposit variation and initial margins to cover their exposure. In the case when the initial
margin is proportional to the Conditional Value-at-Risk (CVaR) of the contract price, we apply our general
result to obtain existence and uniqueness of the price as a solution of a MKABSDE. We also provide several
linear and non-linear approximations, which we solve using different numerical methods.

Keywords: non-linear pricing, CVaR initial margins, anticipative BSDE, weak non-linearity.
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4.1 Initial margin and McKean Anticipative BSDE (MKABSDE)

4.1.1 Financial context and motivation

The paradigm of linear risk-neutral pricing of financial contracts has changed in the last few years, influenced
by the regulators. Nowadays, banks and financial institutions have to post collateral to a central counterparty
(CCP, also called clearing house) in order to secure their positions. Everyday, the CCP asks each member to
post a certain amount according to the exposure of their Over-the-Counter (OTC) contracts. The variation
and initial margin deposits correspond to collaterals in order to cover respectively a new contract at inception
and the daily change in its market value on the one hand, and the possible mark-to-market loss during the
liquidation period in case of default on the other hand (see, for example, [12] for details). In this work we
focus only on the initial margin requirement (IM for short), and we investigate how it affects the valuation and
hedging of the contract. As stated in [12, p.11 3(d)], “IM protects the transacting parties from the potential
future exposure that could arise from future changes in the mark-to-market value of the contract during the time
it takes to close out and replace the position in the event that one or more counterparties default. The amount
of initial margin reflects the size of the potential future exposure. It depends on a variety of factors, [...] the
expected duration of the contract closeout and replacement period, and can change over time.” In this work, we
will consider IM deposits that are proportional to the Conditional Value-at-Risk (CVaR) of the contract price
over a future period of length A (typically A = 1 week or 10 days, standing for the closeout and replacement
period). We focus on CVaR rather than Value-at-Risk (VaR) due to its pertinent properties; it is indeed well
established that CVaR is a coherent risk measure whereas VaR is not [8].

We make some distinctions in our analysis according to the way the contract price is computed in the
presence of IM. While [12] refers to a mark-to-market value of the contract that can be seen as an exogenous
value, we investigate the case where this value is endogenous and is given by the value of the hedging portfolio
including the additional IM costs. By doing so, we introduce a new non-linear pricing rule, that is: the value
of the hedging portfolio V; together with its hedging component 7; solve a stochastic equation including a term
depending on the law of the solution (due to the CVaR). We justify that this problem can be seen as a new type
of anticipative Backward Stochastic Differential Equation (BSDE) with McKean interaction [79]. From now
on, we refer to this kind of equation as MKABSDE, standing for McKean Anticipative BSDE; the subsection
4.1.2 gives a toy example of such a model. In Section 4.2, we derive stability estimates for these MKABSDEs,
under general Lipschitz conditions, and prove existence and uniqueness results. In Section 4.3, we verify that
these results can be applied to a general complete Itd6 market [71], accounting for IM requirements. Then, we
derive some approximations based on classical non-linear BSDEs whose purpose is to quantify the impact of
choosing the reference price for IM as exogenous or endogenous, and to compare with the case without IM.
Essentially, in Theorem 4.3.1 we prove that the hedging portfolio with exogenous or endogenous reference price
for IM coincide up to order 2 in A when A is small (which is compatible with A equal to few days). Section
4.4 is devoted to numerical experiments: we solve the different approximating BSDEs using finite difference
methods in dimension 1, and nested Monte Carlo and regression Monte Carlo methods in higher dimensions.

4.1.2 An example of anticipative BSDE with dependence in law

We start with a simple financial example with IM requirements, in the case of a single tradable asset. A more
general version with a multidimensional Ité6 market will be studied in Section 4.3. Let us assume that the price
of a tradable asset, denoted S, evolves accordingly to a geometric Brownian motion

dSt == /,LStdt + O'Stth, (411)

where (,0) € R x RT and W is an one-dimensional Brownian motion.

In the classical financial setting (see, for example, [83]), consider the situation where a trader wants to sell
a European option with maturity 7' > 0 and payoff ® (St), and to hedge it dynamically with risky and riskless
assets S and SY, where S? = ¢ for t € [0, 7] and r is a risk-free interest rate. We denote by (V, ), the value
of the self-financing portfolio and 7 the amount of money invested in the risky asset, respectively. In order to
ensure the replication of the payoff at maturity, the couple (V, 7) should solve the following stochastic equation

ds
av, :r(‘/t—ﬂt)dt—FWt?ttv t €[0,T], (4.1.2)
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Eq (4.1.2) is a BSDE since the terminal condition of V' is imposed. Because all the coefficients are linear in V'
and 7, (4.1.2) is a linear BSDE (see [72] for a broad overview on BSDEs and their applications in finance).

Accounting for IM requirement will introduce an additional cost in the above self-financing dynamics. We
assume that the required deposit is proportional to the CVaR of the portfolio over A days (typically A = 10
days) at the risk-level a (typically o = 99%). The funding cost for this deposit is determined by an interest
rate R.! Therefore, the IM cost can be modelled as an additional term in the dynamics of the self-financing
portfolio as

s,
dV; = (r (V; = m) — R CVaR%, (V; — Viza)) dt + m?‘f, (4.1.3)
t

where the CVaR of a random variable L, conditional on the underlying sigma-field F; at time ¢, is defined by
(see [91])

« . (L_:L')+
CVaR% (L) = inf E | ———
aR7, (L) ;relR [ 1-a i

]-'t} . (4.1.4)
Since Vi 4 A may be meaningless as ¢ gets close to 7', in (4.1.3) one should consider V{;4a)a7 instead. Rewriting
(4.1.3) in integral form together with the replication constraint, we obtain a BSDE

T T
Vi = ®(S7) —l—/ (—r (Vs = ms) — pms + R CVaR%, (VS — V(5+A)AT)) ds — / msodWs, t € [0,T]. (4.1.5)
¢ ¢

The conditional CVaR term is anticipative and non-linear in the sense of McKean [79], for it involves the law
of future variations of the portfolio conditional to the knowledge of the past. This is an example of McKean
Anticipative BSDE, which we study in broader generality in Section 4.2.

Coming back to the financial setting, (V,7) stands for a valuation rule which treats the IM adjustment as
endogenous (in the sense that CVaR is computed on V itself). One could alternatively consider that CVaR is
related to an exogenous valuation (the so-called mark-to-market), for instance the one due to (4.1.2) (assuming
that (4.1.2) models the market evolution of the option price). Later in Section 4.3, we give quantitative
error bounds between these different valuation rules. Without advocating one with respect to the other, we
rather compare their values and estimate (theoretically and numerically) how well one of their output prices
approximates the others. As a consequence, these results may serve as a support for banks and regulators for
improving risk management and margin requirement rules.

4.1.3 Literature review on anticipative BSDEs and comparison with our contri-
bution

BSDEs were introduced by Pardoux and Peng [85]. Since then, the theoretical properties of BSDEs with different
generators and terminal conditions have been extensively studied. The link between Markovian BSDEs and
partial differential equations (PDEs) was studied in [86]. Under some smoothness assumptions, [86] established
that the solution of the Markovian BSDE corresponds to the solution of a semi-linear parabolic PDE. In
addition, several applications in finance have been proposed, in particular by El Karoui and co-authors [72] who
considered the application to European option pricing in the constrained case. In fact, [72] showed that, under
some constraints on the hedging strategy, the price of a contingent claim is given by the solution of a non-linear
convex BSDE.

Recently, a new class of BSDEs called anticipated BSDEs (ABSDEs for short) was introduced by Peng and
Yang [88]. The main feature of this class is that the generator includes not only the value of the solution at
the present, but also at a future date. As in the classical theory of BSDEs, there exists a duality between
these ABSDEs and stochastic differential delay equations. In [88] the existence, uniqueness and a comparison
theorem for the solution is provided under a kind of Lipschitz condition which depends on the conditional
expectation. One can also find more general formulations of ABSDE in Cheredito and Nam [29]. As in the case
of classical BSDEs, the question of weakening the Lipschitz condition considered in [88] has been tackled by
Yang and Elliott [99], who extended the existence theorem for ABSDEs from Lipschitz to continuous coefficients,
and proved that the comparison theorem for anticipated BSDEs still holds. They also established a minimal
solution.

IThis interest rate corresponds to the difference of a funding rate minus the interest rate paid by the CCP for the deposit,
typically R ~ 3%
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At the same time, Buckdahn and Imkeller [22] introduced the so-called time-delayed BSDEs (see also Delong
and Imkeller [31, 32]). As opposed to the ABSDEs of [88], in this case the generator depends on the values
of the solution at the present and at past dates, weighted with a time delay function. Assuming that the
generator satisfies a certain kind of Lipschitz assumption depending on a probability measure, Delong and
Imkeller [32] proved the existence and uniqueness of a solution for a sufficiently small time horizon or for a
sufficiently small Lipschitz constant of the generator. These authors also showed that, when the generator
is independent of y and for a small delay, existence and uniqueness hold for an arbitrary Lipschitz constant.
Later, Delong and Imkeller [33] provided an application of time-delayed BSDEs to problems of pricing and
hedging, and portfolio management. This work focuses on participating contracts and variable annuities, which
are worldwide life insurance products with capital protections, and on claims based on the performance of an
underlying investment portfolio.

More recently, Crépey et al. [30] have worked in a setting which is close to the problem we tackle here,
introducing an application of ABSDEs to the problem of computing different types of valuation adjustments
(XVAs) for derivative prices, related to funding (X=F), capital (X=K) and credit risk (X=C). In particular,
they focus on the case where the initial margins of an OTC contract can be funded directly with the economic
capital of the bank involved in the trade, giving rise to different terms in the price evolution equation. The
connection of economic capital and funding valuation adjustment leads to an ABSDE, whose anticipated part
consists of a conditional risk measure of the martingale increment of the solution over a future time period.
These authors have showed that the system of ABSDEs formed by the FVA and the KVA processes is well-
posed. Mathematically, the existence and uniqueness of the solution to the system is established through the
convergence of Picard iterations.

Inspired by the dynamics of the self-financial portfolio in 4.1.5, we consider a new type of ABSDEs (the
McKean ABSDEs) where the generator depends on the value of the solution, but also on the law of the whole
trajectory between the present and a future date, possibly up to maturity. We state a priori estimates on the
differences between the solutions of two such MKABSDESs. Based on these estimates, we derive existence and
uniqueness of the solution to a MKABSDE via a fixed-point theorem.

4.2 A general McKean Anticipative BSDE

In order to give meaning to (4.1.5) and to more general (multidimensional) cases such as eq (4.3.2) below, we
now introduce a general mathematical setup for studying existence and uniqueness of solutions.

4.2.1 Notation

Let T > 0 be the finite time horizon and let (2, F,P) be a probability space equipped with a d-dimensional
Brownian motion, where d > 1. We denote (F¢)c[o,7] the filtration generated by W, completed with the P-null
sets of F. Let t € [0,T],8 > 0 and m € N*. We will make use of the following notations:

e For any a = (a1,...,am) € R™, |a] = /> 1", a?.

e Given a process (xs)se[o,T]’ we set xp7 1= (ms)se[t’T].

L2 (R™) = {Rm—valued Fr-measurable random variables £ such that E [|£ |2] < oo} .

H%T (R™) = {Rm—valued and F-adapted stochastic processes ¢ such that E [fOT eﬁt|¢t|2dt} < oo} . For

m T
2] S H%,T (R ), we define ||SDHH§T = \/E |:f0 eBt|S0t‘2dti| .

we define H('OHS%T = \/E [Supte[o,T] eﬁﬂ%‘ﬂ'

Note that H3  (R™) = H » (R™) and S3  (R™) = S§ 1 (R™), for any 3 > 0. The additional degree of freedom
given by the parameter /3 in the definition of the space norm will be useful when deriving a priori estimates (see
Lemma 4.2.2).

S/%,T (R™) = {Continuous processes ¢ € H%’T (R™) such that E [supte[oﬂ eﬁt|<pt|2] < oo} .Fory € S?T (R™),
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4.2.2 Main result

Our aim is to find a pair of processes (Y, Z) € S(%,T (R) x H(Z),T (Rd) satisfying

T T
Y, =€+ f(s,Ys,Zs,As()g:T))ds—/ Z.dW,,  te[0,T), (4.2.1)
t t

for a certain mapping A+(+) to be defined below. We call Equation (4.2.1) McKean Anticipative BSDE (MKAB-
SDE) with parameters (f,A,&). In order to obtain existence and uniqueness of solutions, we require that the
mappings f and A satisfy some suitable Lipschitz properties (specified below), and that the terminal condition
¢ be square integrable.

Assumption (S). For anyy,z, A € RxRIxR, f(-,y,2, ) is a F-adapted stochastic process with values in R and
there exists a constant Cy > 0 such that almost surely, for all (s,y1,21, A1), (8,92, 22, X2) € [0,T] x R x R? x R,

|f($,y1,Zl,A1) - f(3a92a227>\2)‘ S Cf (lyl - y2| + |Z1 - Z2| + ‘Al - AQD .
T 2
Moreover, E [fo |f (5,0,0,0)] ds} < 0.

Assumption (A). For any X € S§ 1 (R), (A, (Xe:1))1ej0,7) defines a stochastic process that belongs to HG 7(R).
There exist a constant Cn > 0 and a family of measures (l/t)te[o 7] On R such that for every t € [0,T], v¢ has
support included in [t,T), v ([t,T]) = 1, and for any y',y* € S&T (R), we have

At (yir) — At (yir)| < CAE At ®dP ae. .

T
| w7
t

Moreover, there exists a constant k > 0 such that for every > 0 and every continuous path x : [0,T] = R,

/ / |zu|vs (du)ds < K sup e[z

te[0,T]

We will say that a function f (resp. a mapping 1~\) satisfies Assumption (5) (resp. (A4)) if that assumption holds
for the choice f = f (resp. A = A). We can now give the main result of this section.

Theorem 4.2.1. Under Assumptions (S) and (A), for any terminal condition ¢ € L3 (R) the BSDE (4.2.1)
has a unique solution (Y, Z) € S§ 1 (R) x Hf 1 (R%).

4.2.3 Proof of Theorem 4.2.1

The proof uses classical arguments. We first establish a priori estimates in the same spirit as in [72] on the
solutions to the BSDE. Then for a suitable constant 5 > 0, we use Picard’s fixed point method in the space
S%.7 (R) x HZ 1 (R?) to obtain existence and uniqueness of a solution to Equation (4.2.1).

Lemma 4.2.2. Let (Y',Z'),(Y? 2?) € S§ 1 (R) x Hj 1 (R?) be solutions to MKABSDE (4.2.1) associated
respectively to the parameters (fl,A1,§1) and (f2,A2,§2). We assume that f' satisfies Assumption (S) and
that A satisfies Assumption (A). Let us define §Y :=Y' —Y?2 67 := Z' — 72, §¢ := &' — €2, Finally, let us
define for s € [0,T],

52fs = fl (57Ys27 Z‘za A2 (Y€2T)) - f2 (5’ Y327 Z327A2 (Y92T)) ) and 52AS = Ai (YGQT) - A% (YszT) .

Then there ezists a constant C > 0 such that for p > 0, we have for B large enough
1
I6¥18; , < © (7B (06P) + 2 (Iaf g , + Colltatlis ) ).

1
2 BT A 2 ! 2
12|, <C (e E [|6¢]°] + 2 (HangH;T +Cy ||52A||H§,T)> :
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Proof. The proof is based on similar arguments used in [72]. Let us use the decomposition:
|1 (s, Y, 20, A (Yair)) = f2(s, Y2, Z2, A (Yi))]
<Y 2o A (Yar) — 1 (s, Y2 Z2 A2 (Vi)
(s, Y2 ZE A (Yig)) — (s, Y2 Z2, A (Yi))]
< Cp (|6Ys] + 10Zs| + AL (Yiig) — AZ(Yir)]) + 1021l
< Cpr (10Ys] + [0 Zs] + [A5 (Vi) — Ay(Yir)| + [02A5]) + [02fs -

By It6’s lemma on the process t — €¢|§Y;|?, where 8 > 0, and using the previous inequality, we have that

T T
eﬁt\51@|2+ﬁ/ eﬁs|5Y;\2ds—|—/ P46 Z,|%ds
t t
T T
=T |5¢% + 2/ P 5Y, (f1 (s, Y ZL AL (Vi) — £2(s, Y2, Z2 A2(Y2))) ds — 2/ P25V, 6 Z,dW,
t t
T
< ePT|o¢)? +2 / P1Ys| (Cpr (8Ys] + [6Z6] + [AL(YViir) = Ay(Yp)| + [82A4]) + |62 fs]) ds
t
T
-2 / P4 5Y, 6 Z AW, (4.2.2)
t
Applying Young’s inequality with A,y # 0, we have

200 (Crr(10Z| + 1A (Yair) = As(Yap)| + [6204]) + 162])
C

C 1
< SE0Z,P + N CploYs? + S5 IANYir) = AN(Y2r)P + X Cpa oY,
C 1
+ AL+ OISV + 16 f P + oY
C C
< (12 + O +200) ) IOY.? + <5102, + =L IAN(Ydy) — ALY
Cn 1
+ 7f2|62A5‘2 + =102 f5 .
1 7
Then plug this bound into (4.2.2) to get
T T
eBt|5Yt\2+ﬂ/ 665|5Y;|2ds+/ R YARGE
t t

T T
Cp
< PT|5¢)? + (,f +Cp(2+ 4+ 2)\2)) / %6, |2ds + Tf;/ 4162, |2ds
t t

CflTlel 12 V|2 CflTﬁs 2 1Tﬁs 2
+ N2 e ‘AS(YG:T) - AS(YGZT)| ds + o e ‘52A9| ds + ) € |52f€| ds
A2, we gt K= Jt
T
—2 / P 8Y,0Z, AW, (4.2.3)
t
Choosing \? > Cy and
B> 2+ Cp (24 2 +2)2), (4.2.4)

we get from (4.2.3) that

T 2 Cn [T
E / e 0Z.[ds| < B |eMTIog + S / AL (Vi) — Al S%T>|2ds]
t f1 t
22 Cp [T 4 ) [P )
* )\Q—CflE 112 /t 7|02 dsJFE/t e”?10a fs|"ds | .
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Here we have used that the stochastic integral in (4.2.3) is a true martingale, by invoking §Y € Sg)T (R),
YAS H&T (R%), the computations like in (4.2.7) and a localization procedure. From (4.2.3) we also have that

C T
E | sup e’!|6Y;|* + (1— J;)/ 416 Z,|%ds
te[0,7T] A 0
Cp [T Cp [T I
Bl + S5 [ el - a0+ T8 [ emnas o [ et s
0 0 0

T
+2 sup / eP*8Y, 6 Z,dW,
tel0,T] |/t

] . (4.2.5)

As A! satisfies Assumption (A), the Jensen inequality yields that

[T T T
B[ el - alvpPas| <cze | [ e | |5Yu2us<du>ds]
0 0 s
< kCAE | sup e”'0Y;|?] . (4.2.6)
t€[0,T]

By the Burkholder-Davis-Gundy inequality, there exists a positive constant C; such that

[ T
< O.E </ 625‘9|(5Y'S|2|6Z5|2d8>
0

/2 ; o 1/2
<CE ( sup eﬂs|6YS|2> </ eﬁs|6ZS|2ds> . (4.2.7)
0

1/2
E

T
sup ‘/ P45V, 6 Z AW,
telo, 7] ' Jt

s€[0,T]

Therefore, by Young’s inequality with « > 0, we have

T T
C
2E | sup / P8V, 0 Z AW || < —QI]E sup e/3t|5Y;g|2 +~2C1E / eﬁs|6Zs|2ds
tefo,T] [/t Y t€[0,T 0
2 )\2 C T
< %]E sup e’t0Y;)? —1—’};&1%3 66T|5§|2+—f;/ P26, A2 ds
Y t€[0,T A _Cf1 K= Jy
+ L Te35|5 f |2ds+@ Teﬁs\Al(Yl ) — ALY Pds (4.2.8)
MQ \ 2Js 22 \ s\1s:T s\1s:T . I
Combining Inequalities (4.2.5)—(4.2.8) leads to
Cl KZCflC/Q\ KCflClc'/Q\’}/Q Cfl T
1-= - - E Ak 1- E/ 3|62,
( 42 22 N COp tes[l(l)%]e |0Y7] +( 12 ) ; e’?|6Z;|°ds

2 2
Yy Cl)\ BT 9 1
< (Hm) (E[e 1061°] + 5 E

Let us define the continuous function I' by

T T
cfl/ eBS\(szAS\?dH/ e58|52f5|2dsD.
0 0

Cl kC 102 kC 10102’}/2
F(’%)‘):l_ig_ fQA_ fQ_ A
Y A A Cfl

for any ¥ > 0 and any A > 0 with A2 > Cji. Observe that if we set v(\) = VA with A > 0, we have
lHm)y 00 T(y(A), A) = 1, so there exist A,~ large enough such that T'(y, A) > 0. For such a choice of v and A, we
then obtain the announced result with the constant

C:

min (F(% A),1— %) .

Recall that § is large enough according to A (see inequality (4.2.4)). O
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Proof of Theorem 4.2.1. We use the previous apriori estimates in the case where (Y'!, Z1) and (Y2, Z2) solve
respectively the BSDEs

T T
Viegr [ hULVEA Uk ds— [ Zaw,
t

t

T T
V=g [ S URVIA ) ds— [ Zaw.

t t
Here, (U, V1),(U?,V?) € S§(R) x H ;- (R?) are given processes. Therefore f, (U},V!, Ay (ULy)) and
fs (U2, V2, A, (UZy)) define processes in Hj  (R) owing to the Assumptions (S) and (A). Therefore, the
existence and uniqueness of (Y1, Z!) and (Y2, Z?) in S?)’T (R) x Hp (R?) as solutions of standard BSDEs is
automatic (see [72, Theorem 2.1, Proposition 2.2]).

In addition, the process Y1 — Y2 is then solution to the BSDE Y,! — Y2 = ftT da fsds — ftT (ZL - 72) aw,

where the driver 0y fs = fs (UL, VL, A (ULy)) — fs (U2, VZE Ay (U2;)) does not depend on Y;' nor Y2. Using
Lemma 4.2.2 for Cy = 0 and p > 0, we have that for 5§ > 0 large enough,

C
16Y 1[5 + 11021l < EH(SQJEH]%I;T'

Moreover,

102/ Ilkz . = E

T
/ eﬁs‘fs (Usl’ VslvAS (Usl:T)) - fs (U37 Vs2’AS (Usz)) |2d3]
0

< 3C3E

T
/ 5 (|5UL2 + [6Vi]? + [As (ULy) = A (U21) 1?) dS] :
0
As we have that [[6U|[Z, < T|\5UH§2 ; and
2 r 38,7
< C3E

< IQCA||(5U||S2

| [ @) - a0 P

We obtain that

/ / 16U, |?vs (du) ds
2

3CC
1Y IEs , + 10211, < — 5+ L((kC3+T) 18Uls3., + 1V IIZ ) -

We now choose u? > 300;(,%012\ + T+ 1), and obtain that for § large enough, the mapping ¢ : (U, V) — (Y, Z)

is a contraction in the space S3 ,.(R) x H3 (R?). Hence, we get existence and uniqueness of a solution to the
BSDE (4.2.1). O

4.3 The Case of CVaR initial margins

In this section, we apply the previous results on MKABSDE to equation (4.1.5) and to its generalizations (with
respect to the dimension of S, the underlying dynamic model and the terminal condition) that will be defined
below. Beyond usual existence and uniqueness results, our aim is to analyse related approximations, obtained
when CVaR is evaluated using Gaussian expansions (justified as A — 0, see Theorem 4.3.1).

4.3.1 A well posed problem

Let us consider a general Itd6 market with d tradable assets [71, Chapter 1]. The riskless asset S° (money

account) follows the dynamics ds—sé) = rydt, and we have d risky assets (S LI Sd) following

d
= pidt + Y ofdW/, Sj=sy €R, 1<i<d. (4.3.1)
j=1

dsi
St
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The processes r, i := (’ui)1<i<d ,O = (aij)Ki j<a ATC F-adapted stochastic processes with values respectively

in R,R?%, and the set of matrices of size d x d. Moreover, we assume that dt ® dP a.e., the matrix o; is
invertible and the processes r and o1 (1 — r1) are uniformly bounded, where we define the column vector

1:=(,.., 1)T € R%. For a path-dependent payoff ¢ paid at maturity 7', the dynamics of the hedging portfolio
(V, ) with CVaR initial margin requirement (over a period A > 0) is given by

T T
V, =6+ / (—TSVS + 75 (rs1 — ps) + R CVaR% (VS — V(erA)AT)) ds — / me0sdWs.
t t

Here 7 is a row vector whose ith coordinate consists of the amount invested in ith asset. The derivation is
analogous to that of Section 4.1.2. This equation rewrites, with the variables (V, Z = 7o),

T T
W=£+/ @um+zﬂju;—ug+Rcwm%UQ—WMMM»@—/)&&u. (4.3.2)
t t

Existence and uniqueness of a solution to the above MKABSDE are consequences of Theorem 4.2.1.

Corollary 4.3.1. For any square integrable terminal condition &, the CVaR initial margin problem (4.3.2) is
well posed with a unique solution (V, Z) € S5 (R) x H%,T(Rd) for any B > 0.

Proof. The driver of the BSDE has the form
ft,v,2,N) = —rw+zo; (il — )+ X, t>0, v, \€R, z € RY,

and we also introduce the functional

+
(Xt - X(t+A)/\T - 3?)
11—«

At (Xt:T) =R CVaRO]‘_-t (Xt - X(t-‘rA)/\T) =R llé#R]E l +x | ft] 5 te [0771}7 X € Sg,T(R)

Since r and o~! (i —r1) are uniformly bounded, f clearly satisfies Assumption (S). We now check that A

satisfies Assumption (A4). For X € S§ ;(R) and = € R, we have

* (Xt — X(t4a)ar
l-«a

(Xt - X(t+A)/\T - 95)
11—«

+x

E[X: = X@apr| Fi] < nf B

E}SE[ VWEy (4.3.3)

where for the left hand side (1.h.s.) we use the fact that as a € (0,1), for z,z € R, % +x > z, and for

the right hand side (r.h.s.), we upper bound the infimum with the value taken at x = 0. As it is easy to check
that both the Lh.s. and the r.h.s. of (4.3.3) belong to Hg,T’ we conclude that A; (X) € HS,T(R). Now, let
X1 X2e€ Sg,T. Then, we have that

th - Xt2 - (X(1t+A)/\T - X(2t+A)/\T

A (X1) — Ay (X?)| < RE )|E

l1—«

<72RE
T 1l-«

T
/ X! — X2, (ds) | ft] ,
t

where for the first inequality, we use the fact that |infyep g (z) — infrer g%(2)| < sup,er |9'(x) — g2(z)| for
any functions g',g? : R — R and the 1-Lipschitz property of the positive part function, and for the second

inequality, v,(ds) := 26,(ds) + 30¢4a)a7(ds), where for u > 0, 6, is the Dirac measure on {u}. Moreover, for

5 >0,
T T 1 T
/Oeﬂs/ ‘Xi‘ys(du)zi/o (12 + [ X apar

so Assumption (S) holds with x = 1 and C = 22 . We finally apply Theorem 4.2.1 to complete the proof. [J

e

) dt < sup €°* |Xt1| ,
t€[0,T]
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4.3.2 Approximation by standard BSDEs when A <« 1

The numerical solution of (4.3.2) is challenging in full generality. In fact, it is a priori more difficult than solving
a standard BSDE, for which we can employ, for example, regression Monte-Carlo methods (see e.g. [51] and
references therein). In this work, we take advantage of the fact that A is small (recall A = one week or 10 days)
in order to provide handier approximations of (V, Z), given in terms of standard non-linear or linear BSDEs.
Below we define these different BSDEs and provide the error estimates of such approximations.

At the lowest order in the parameter v/A, for s € [0, 7], formally we have that, conditionally to F;,

(s+A)AT ()
‘/s_‘/(erA)/\T"N-‘_/ Zuqu:_‘Zs|v(8+A)/\T_SXG7

where we freeze the process Z at current time s and G @ N (0,1) is independent from F,. This is an
approximation of CVaR using the “Delta” of the portfolio (see [48, Section 2|). Plugging this approximation
into (4.3.2), and defining

e—a:2/2

Co = CVaR" (N (0,1)) = Ve

7 (4.3.4)
z=N~"1(a)

we obtain a standard non-linear BSDE

T T
VtNL:gJF/ (—TSVSNL+Z§La;1(r51—us)+ROa (s+A)/\T—s|Z;VL|) ds—/ ZNEAW .
t t
(4.3.5)

Seeing VN as a function of the small parameter A appearing in the driver, and making an expansion at the
orders 0 and 1 w.r.t. v/A by following the expansion procedure in [50], we obtain two linear BSDEs, respectively

(VBS ZBS) and (VE, Z1) where

T T
VBS = ¢ +/ (=rsVES + ZB50 71 (rs1 — ) ds —/ zBsaw,, (4.3.6)
t

t
T T
VE=¢ +/ (—rsvf + ZEo 7 (151 — ps) + RCon/(s + A) AT — s\zfs|) ds — / zlaw,.  (4.3.7)
t t

Let us comment on these different models.

e The simplest equation is (VBS, ZB%), corresponding to the usual linear valuation rule [72, Theorem
1.1] without IM requirement. When the model is a one-dimensional geometric Brownian motion and
& = (St — K)4, the solution is given by the usual Black-Scholes formula.

e The second simplest equation is (V*, Z%) where the IM cost is computed using the “Delta” of an exogenous
reference price given by the simplest pricing rule (V29 ZB%) without IM. This is still a linear BSDE but
its simulation is not simple though, since one needs to know Z2% to simulate (VZ, ZL). We use a nested
Monte-Carlo procedure in our experiments.

e The third equation is (VN ZVL) where the IM cost is computed using the “Delta” of the endogenous
price (VNL ZNLY jtself.

Existence and uniqueness of a solution to the BSDEs (4.3.5), (4.3.6) and (4.3.7) are direct consequences of
[85], as the respective drivers satisfy standard Lipschitz properties and the processes r» and o~!(rl — u) are
bounded.

Proposition 4.3.1. The standard BSDEs (4.3.5), (4.3.6) and (4.3.7) have a unique solution in the Ls-space
ngT X Hg,T, and their norms are uniformly bounded in A < T.

The main result of this part is the following theorem.

Theorem 4.3.1. Define the Ly time-regularity index of ZNT by

1 T  ,(t+A)AT )
ENE(A) = ~E / / |ZNE = ZNF|" dsdt | . (4.3.8)
0 t
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We always have supya<r ENE(A) < 400. Moreover, there exist constants Ky, Ko, K3 > 0, independent from
A, such that B

IVE—VESIE  +1127 = Z2%°|lg < KA, (4.3.9)
IVAE =V 12V = ZHE, | < Kad?, (1.3.10)
WV =VNHE +11Z = ZVH | < Kad (A+EVE(). (13.11)
In addition, we have
ENE(A) =0(A), (4.3.12)

and thus ||V — VNL||§3 T [|Z — ZNLH]%% L O(A?) provided that the additional sufficient conditions below are
fulfilled: ’ ’

(i) the terminal condition is a Lipschitz functional of S, that is, £ = ®(So.7) for some functional ® satisfying

|@(z0.7) — ®(x0.7)| < Co sup |z — 3],
te[0,T)

for any continuous paths x,z' : [0,T] — R%;
(i) the coefficients r,o, u are constant.

Let us remark that the results from [102] used in the proof of estimate (4.3.12) and consequently the estimate
(4.3.12) itself should also hold under (i) and the following more general assumptions:

(iii) the processes 7,0, i are Markovian, i.e. r, = #(t,S;), o = 6"(t,S;) and pi = fi*(t, S;) for some deter-
ministic functions 7, i*, 5%

iv) the functions x — ji(z)x;, x — 6% (x)x; are globally Lipschitz in (¢,z) € [0,T] x R?, for any 1 <1, < d;
i he f i 1" 7 lobally Lipsch t 0,7] x R?, f 1< <d
(v) the functions # and 6~ (#1 — i) are globally Lipschitz in (,x) € [0,7] x R%.
As mentioned above, we may expect that ENL(A) = O(A) also under (i)-(iii)-(iv)-(v), so that (V,Z) and
(VNL ZNL) are very close to each other. These approximation results illustrate that there is a significative

difference (at the order of v/A) between valuation with or without initial margin cost (see (4.3.9)); however,
the other valuation rules yield comparable values as soon as A < 1 (see (4.3.10)-(4.3.11)).

4.3.3 Proof of Theorem 4.3.1

> Estimate on ENT(A). We start with a deterministic inequality. For any positive function ¥ and any 8 > 0,

we have
T (t+A)AT T
/ Pt (/ \I/Sds> dt < A/ eP* W ds. (4.3.13)
0 t 0

Indeed the left hand side of (4.3.13) can be written as

T T T T
/ / "W 1 sc i ayardsdt = / U, (/ eﬂt1t<3<(t+A)ATdt> ds, (4.3.14)
o Jo 0 0

which readily gives the announced result. Using (a + b)? < 2a? + 2b2 and (4.3.13) with 3 = 0 gives

T ,rA+A)AT
/ / (|1ZNE? 4+ | ZNE12)dsdt | < 4E
0 t

2
NLA) < ZF
EVEA) < X

T
/ ]ZtNL\th] : (4.3.15)
0

which is uniformly bounded in A (Proposition 4.3.1).
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We now derive finer estimates that reveal the Ly time-regularity of ZVE under the extra assumptions (i)-(ii).
In this Markovian setting, we know that ZVZ has a cadlag version (see [102, Remark (ii) after Lemma 2.5]).
Then, introduce the equidistant times ¢t; = A for 0 < i < n:= L%J and ¢, 11 = T. We claim that

2d5} . (4.3.16)

bit1

NL - s NL _ »NL|?2 NL _ NL
ENHA)<4) E |20 =21+ |\ 2N - 7
i=0 ¢

i

With this result at hand, the estimate (4.3.12) directly follows from an application of [102, Theorem 3.1]. To
get (4.3.16), set ¢~ (s) and ¢t (s) for the grid times before and after s. Then, we write

i+1 i+1

T ,{t+A)AT n tit1  p(E+A)AT
/ / |Z;VL—ZtNL|2dsdtg22/ / (|ZNF — ZNE 12 4| ZNE — ZNE |1 2)dsdt
0 Jt i—o Jti t

T (t+A)AT T
gz/ / (|Z;VL—ZNL )|2+|Z;VL—Z§+L(S)|2) dsdt+2A/ ZNE — ZNE, P
0 t 0

e~ (s et (t

T T
<4A (/ 1z =z, Pt +/ |ZNL — ng(t)ﬁdt)
0 0

where we have used (4.3.13) with 5 = 0. The inequality (4.3.16) readily follows.
> Proof of (4.3.9). This error estimate is related to the difference of two linear BSDEs. The drivers of VB9
and VI are respectively f2% (s,y,2,\) = —r.y + 2071 (rs1 — ), and

FE (8,9, 2,0) = —rgy + 2071 (11 — ps) + RO/ (s + A) AT — 5| 255,

for s € [0,7], v, A € R and z € R?, hence

(fL — fBS) (8,9,2,\) = RCo\/(s + A)ANT — 5|Zfs|.

By Lemma 4.2.2, we obtain that for © > 0, 5 large enough and K; = % (RC,)? ||ZB*(’V||]H%‘T7
WVEVES|E, | ZE - 2P|, < (WVE-VESIE 42— 275, < KiA.

We are done with (4.3.9).
> Proof of (4.3.10). Then, as £ € L?, as the processes r,0 =1 (i — 71) are bounded and as the non-linear term

t,2€[0,T] x R = RCa\/(t+ A) AT — t2]

is Lipschitz in the variable z, uniformly in time, we obtain Inequality (4.3.10) as an application of [50, Theorem
2.4], for which assumptions H.1 — H.3 are satisfied.

> Proof of (4.3.11). Using computations similar to those in the proof of Lemma 4.2.2, we obtain existence of
a constant C' > 0 such that for 4 > 0 and S large enough,

2

C

_{/NLj2 7 NL|2 o
V=Vl H1Z2-27 1, < 5

(-+A)AT
CVaRg (VNF -V, ) - CVaRg | - / ZNEAW,

2
HB,T

As the CVaR function is subadditive [91], we have that given A, B two random variables, and ¢ € [0,T],
CVaR%, (A) < CVaR%, (B) + CVaR%, (A — B). Inverting the roles of A and B, we obtain that

0 <| CVaR%, (4) — CVaR%, (B)] < max( CVaRy, (A— B), CVaRy, (B — A))

1 + + E[|A - B[ | %]

< — — — — -t —ii-Y

= 1—04(E{(A B) ‘ft}JFE[(B A) |FtD l-a
where for the last inequality, we have used that for U € {A — B,B — A}, inf,crE [(Ul__za)+ +z|F| <

E [% | ]-'t] We then have that

1
| CVaR%, (A) - CVaRg, (B)|” < WE (A—B)*| ft] .
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Setting, for t € [0,T], A; = — t(H_A)AT ZNEAW, and By = VNE — VéVJrLA)AT and using the previous inequality,
we obtain that
NL NL c g NL AT oL i
t
IV =VVHE 122y < - | [ (Vi [ 2w
p? (1 —a) 0 ¢

We use the following decomposition,

(t+A)AT (t+A)AT
VNE = Viliayar + / ZNtaw, = / (—rSVSNL + 2P0 (1l — i) + RACa/ (s + A) AT — s|Z;VL|) ds
t t
(t+A)
— / (ZNF = ZNEY AW, = T () — o (2),
t

NLj2 NLj2 2 2 o s ~
so that ||V =V ||§%T +|1Z-Z HH?},T < w [fo Pt (TI3(t) + 1I3(t)) dt} . By Jensen’s inequality and
the inequality (4.3.13), we get

T T (t+A)AT ) 2
E / I (t)dt| < 3AE / ef“/ ((—rsVSNL) + (2N (1 = ) + (RACLVA|ZYE) )dsdf
0 0 t

<382 (Jrf + 1071 (11 - pl% + (RCa)* ) E

T
/0 PUVNER 4 |ZV )t |

By invoking the uniform estimate of Proposition 4.3.1, we finally obtain that E U Pt (10, (1))* dt] < K A2

for some K. Moreover, using Ito’s isometry, we have that

T
/ SIS () dt
0

Gathering all the previous arguments leads to the (4.3.11). The proof of Theorem 4.3.1 is completed. O

E =K

T (t+A)AT 9
/ Pt / |ZNT — ZNE|Tdsdt| < ePTAENE(A).
0 t

4.4 Numerical Examples

In the absence of numerical methods to estimate the solution of the McKean Anticipative BSDE (4.3.2) in full
generality, we rather solve numerically the BSDE approximations (4.3.5) or (4.3.7) as discussed in Section 4.3.2.
For this purpose, when the dimension d is greater than one, we use the Stratified Regression Multistep-forward
Dynamical Programming (SRMDP) scheme developed in [49]. In our numerical tests in this section, we set the
coefficients of the model (4.3.1) to be constant (multi-dimensional geometric Brownian motion) and we take
u' = r. Observe that setting R = 0 reduces the original BSDE to the linear equation (4.3.6). This will serve us
as a benchmark value in order to measure the impact of Initial Margins (IM).

4.4.1 Finite difference method for (V1 ZN1) in dimension 1

In order to check the validity of our results, we first obtain a benchmark when d = 1 by solving the semi-linear
parabolic PDE related to the BSDE (4.3.5) when £ = ®(St), see [87]. By an application of It6’s lemma, the
semi-linear PDE is given by

ov

— 1 252£+ S8 +CuR \/(t—f—A)/\T—tSa—V -rV =0, (t,9)€l0,T)xR" (4.4.1)
ar T277 sz a5 T ette as| " T % : : -
S) =

V(T,5)=®(5), SeR", (4.4.2)
and (VNL ZNE) = (V (¢, St), 55 V.(t,S¢)oS;).

Remark 4.4.1. If ®(S) = maX(S K,0) or max(K — S,0) for some K > 0, i.e., either a call or a put option
payoff, we expect the gmdzent to have a constant sign. In such a case, the PDE (4.4.1)=(4.4.2) becomes
linear and in fact has an e:rplzczt solution, given by a Black-Scholes formula with time-dependent continuous

dividend yield d(t) = —CoRo+/(t + A) AT —t sign(2%).
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We use a classical finite difference methods to solve (4.4.1)-(4.4.2) (see, for example, [3]). First, we perform
a change of variable, x = InS, so that the PDE can be rewritten in the following form for the function
v(t,x) ==V (t,e*):

o 1 ,0% 1 5\ 0v JITAAT 1 ov B
54-50' @+(T—§U)%+CQRU (t—‘rA)/\T—t% —7"’1)—07 (t,.f)E[O,T)XR, (443)
o(T,z) = ®(e”), x€R. (4.4.4)

We denote the finite difference domain by D = [0, T] X [Zmin, Tmax] With —00 < Zmin < Zmax < 00. The domain
D is approximated with a uniform mesh D = {(t”,a:,») :n=0,1,...,N,i =0, 1,...,M}7 where t" := nAt
and x; := Ty + tAx. Here, for N time intervals, At = T/N and Az = (Tmax — Tmin)/M for M spatial steps.
Furthermore, we denote v(t",z;) = v}. Next, consider the following finite difference derivative approximations
under the well-known w-scheme, i.e., we replace v}* by wv+(1 —w)v"“, where w € [0, 1] is a constant parameter,

i

such that
+1 +1
@(tn w‘)z,U;FH_,Uin @(t xA)%wvﬁ»l*v;n +(1_w) Zrl —1);1
ot " At o9 Az Ax ’
+1 +1 +1
672“(,5 ;) ~ wvzn+1 — 208 ity . )”?H — 207 ol
9z2> ! (Ax)? (Az)?

The choice w = 0.5 corresponds to Crank-Nicolson method. We also “linearize” the non-linear term by treating
v Ov

(™ . e t'rH—l 3.

&T( i) Bx( i)

The substitution of finite difference derivative approximations in (4.4.3)-(4.4.4) along with the “linearization”

step, leads to the following tridiagonal linear system at each time step n = N —1,...,0 which can be solved by
Thomas algorithm [101]: Av™ = " *1, with nonzero coefficients of the tridiagonal matrix A = (a; ;) given by

~
~

it as explicit, i.e., at any time t,, we take

apo =1, ap,1 =0, ayv-1 =0, amm =1,
ai; =14 20w+ kw + pw, Giip1 = —0w — Kw, ai—1,;,=—0w, i=1,...,M—1,

and the time dependent vector b” ! as:

B = ot = e = 01— W)+ (1 - 20(1 - ) — K(1— ) — p(1 — )l

1—
+ (0(1 —w) + k(1L —w))ol + Bt — o, i=1,..., M —1,

K2

where v ™!, v ! are given by the boundary conditions and the remaining constants are defined as below

o2 At (r— lo?)At CoRoA/(tn + D) AT — 1,
= — = = A n— .
2082 " Ag 0 PTTAL S Az

The ith coordinate of vector v™ is the approximation of the value v(t", z;).

We set the model parameters as T = 1, o = 0.25, r = 0.02, « = 0.99 and A = 0.02 (1 week) and consider
three different options — call, put and butterfly, for different strikes. We set R = 0.02 when accounting for
IM and R = 0 otherwise. The finite difference space domain is taken as [In(107%),In(4K)] while for SRMDP
algorithm we take [—5,5] to be the space domain. Furthermore, for finite difference scheme, N = 10% and
M = 10°. For LPO version of SRMDP algorithm, the number of hypercubes are 2800, the number of time steps
are 50 and the number of simulations per hypercube are 2500. In Figure 4.1 and Table 4.1, we present the results
for implied volatilities, prices and deltas of several call options including not only at the money strike but also
in and out of the money strikes. First, we compute the values using the classical Black-Scholes formula (B-S
R = 0) in order to allow the reader to assess the impact of taking into account IM. Next, we solve the non-linear
BSDE using the three discussed method:; the exact Black-Scholes formula where IM is considered as a time
dependent dividend yield (BS R = 0.02) (see Remark 4.4.1), the finite difference method (FD) and SRMDP
algorithm. For the last method, we compute 95% confidence intervals for price and delta of the options. We
also present the results of several put options in Figure 4.2 and Table 4.2. In any case, we observe that the IM
has a significant impact on the Implied Volatility of option prices (about 20-30 bps for usual prices). Finally,
we consider butterfly options with payoff function

O(Sr) = (St — (K —2))" —2(Sr — K)" + (S — (K +2))*.
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This derivative product involves three options with different strikes, the investor buys a call option with low
strike price K — 2, buys a call option with high strike price K + 2 and sells two call options with strike price
K. Note that the sign of the first derivative of option price (delta) of a butterfly option varies with the value
of the underlying asset, therefore explicit Black-Scholes formula is not available when IM is also taken into
consideration (R = 0.02). The results are presented in Figure 4.3 and Table 4.3. In all the three cases, we
observe that SRMDP algorithm provides good accuracy when compared to the true values and finite difference
estimates.
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0256 - 7T B-S R =10.02 | 0.8
A A FD
$ SRMDP 0.75
0.255 | N i
\k\'éﬁ 0.7
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K

Figure 4.1: Implied volatility and delta for call options with spot value Sy = 20 and different strikes K

B-SR=0 B-S R =0.02 FD SRMDP
95% CI 95% CI

K | B-S(0,50) A(0,S0) B-S(0,S0) A(0,S0) V(0,5) WVV(0,S0) ViVE(S) Z5 T (S0)/(0S0)
17 3.9534 0.8037 3.9835 0.8073 3.9844 0.8072 [3.9575,3.9897]  [0.7641,0.8347]
18 3.2795 0.7345 3.3071 0.7383 3.3082 0.7382 [3.2833,3.3161]  [0.6986,0.7598]
19 2.6863 0.6592 2.7111 0.6631 2.7123 0.6630 [2.6797,2.7134]  [0.6350,0.6871]
20 2.1741 0.5812 2.1959 0.5852 2.1973 0.5852 [2.1730,2.2012]  [0.5656,0.6207]
21 1.7398 0.5039 1.7587 0.5079 1.7601 0.5078 [1.7338,1.7601]  [0.4920,0.5292]
22 1.3777 0.4301 1.3939 0.4338 1.3953 0.4338 [1.3734,1.3975]  [0.4218,0.4571]
23 1.0805 0.3617 1.0941 0.3651 1.0954 0.3652 [1.0752,1.0946]  [0.3503,0.3750]

Table 4.1: Price and delta for call options with spot value Sy = 20 and different strikes K.

4.4.2 Variance reduction for solving (VNI ZNE) using (VB9 ZB%)

In order to asses the impact of using R > 0 on the solution of the BSDE (4.3.5), in the case of European call and
put options in one dimension, it is better to solve the BSDE difference (V;P¥, ZP¥) =
which has a reduced variance in the algorithm. Note that for a call option

(r+

T-—1

BS
Zt

= O'St@(dl),

dy =

ln(St/K) +

%02)(T—t)

g

)

(VNL VBS ZNL ZBS)
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Figure 4.2: Implied volatility and delta for put options with spot value Sy = 20 and different strikes K.

B-SR=0 B-S R=10.02 FD SRMDP
95% CI 95% CI
K | B-S(0,50) A(0,S0) B-5(0,S0) A(0,50) V(0,5) VV(0,So) VVE(So) Z&E(So)/(0S0)
17 0.6168 —0.1963 0.6241 —0.1980 0.6249 —0.1981 [0.6229,0.6328] [—0.2071, —0.1908]
18 0.9231 —0.2655 0.9331 —0.2675 0.9340 —0.2676 0.9289, 0.9426 —0.2827, —0.2592
19 1.3101 —0.3408 1.3229 —0.3429 1.3239 —0.3430 1.3186, 1.3350 —0.3585, —0.3303
20 1.7781 —0.4188 1.7938 —0.4209 1.7949 —0.4209 [1.7869,1.8077] [—0.4383, —0.4046]
21 2.3240 —0.4961 2.3426 —0.4981 2.3438 —0.4981 2.3350, 2.3557 —0.5262, —0.4888
22 2.9421 —0.5699 2.9635 —0.5718 2.9646 —0.5717 2.9615,2.9871 —0.6128, —0.5641
23 3.6251 —0.6383 3.6490 —0.6400 3.6501 —0.6398 [3.6436,3.6695]  [—0.6529, —0.5906]
Table 4.2: Price and delta for put options with spot value Sy = 20 and different strikes K.
where @ is the standard Gaussian cumulative distribution function. Therefore |ZNE| = |ZPF + 0.8,®(dy)|.

Then, the BSDE for the difference (V,P¥', ZP¥) in the case of a call option? is given by:

T T
VPE =0+ / (—rVSDF + CoR\/ (s + A) AT — s|ZPF + USS(P(dl)|) ds — / zZPFaws.
t t

In Table 4.4, the BSDE (V,PF, ZPF) is solved for several call and put options using the SRMDP algorithm.
Besides, exact solutions (ES) are computed through the difference between Black-Scholes formula where IM’s
contribution is considered as a time-dependent dividend yield and the classical Black-Scholes formula with
R=0.

Once again these tests allow us to demonstrate that SRMDP algorithm provides accurate results in one
dimension.

4.4.3 Nested Monte Carlo for computing (V% Z) in dimension 1

As discussed in Section 4.3.2, we can further approximate the solution of non-linear BSDE

VL with a linear

BSDE V£ with portfolio weight Z = ZB%. In this case, we have an explicit stochastic representation for ZP%

2For a put option an analogous BSDE can be written taking into account that ZBS = oS¢(®(d1) — 1).
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Figure 4.3: Price and delta for butterfly options with spot value Sy = 20 and different strikes K.

BSR=0 FD SRMDP
95% CI 95% CI

K | B-S(0,50) A(0,S0) V(0,8) VV(0,S) ViVE(So) Z5E(S0)/(0S0)
11 0.0407 —0.0178  0.0415 —0.0181  [0.0410,0.0426] [—0.0189, —0.0162
14 0.1720 —0.0457  0.1742 —0.0461  [0.1732,0.1769] [—0.0479, —0.0421
17 0.3012 —0.0359  0.3036 —0.0359  [0.3027,0.3072] [—0.0406, —0.0336
20 0.3090 0.0021  0.3112 0.0021  [0.3098,0.3144] [—0.0001, 0.0079
23 0.2265 0.0265  0.2284 0.0265  [0.2261,0.2300] [ 0.0248, 0.0304
26 0.1334 0.0286  0.1349 0.0287  [0.1333,0.1366] [ 0.0263, 0.0305
29 0.0679 0.0205  0.0689 0.0207  [0.0674,0.0699] [ 0.0190, 0.0224

Table 4.3: Price and delta for butterfly options with spot value Sy = 20 and different strikes K.

ES:BSR=002-BSR=0 SRMDP
95% CI 95% CI

B-S(0, So) A(0, So) VPF (So) ZPF (S0)/(0S0)
Call, K =17 | 0.0302 0.0036 [0.0302,0.0304] [ 0.0033, 0.0037]
Call, K =20 | 0.0218 0.0040 [0.0218,0.0219] | 0.0038, 0.0042]
Call, K =23 | 0.0136 0.0035 [0.0136,0.0137] [ 0.0033, 0.0036]
Put, K = 17 | 0.0074 —0.0017 [0.0074,0.0075]  [—0.0020, —0.0016]
Put, K =20 | 0.0157 —0.0021 [0.0157,0.0158]  [—0.0023, —0.0019]
Put, K =23 | 0.0239 ~0.0016 [0.0239,0.0240]  [—0.0018, —0.0015]

given as follows

Table 4.4: SRMDP algorithm for BSDE (V;P¥, ZPF).
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where V;23(s) := E[e " (T~ ®(S7)|S; = s]. Then, we use the likelihood ratio method of Broadie and Glasserman
[21] to find out the derivative and get
0

ZB5(s) = aE[e_’"(T_t)q)(XTﬂSt =s|(os)"' =E {e‘r(T_t)@(ST)

Wr — W,

-1 (0s)

5 =3 (09"

Wr — W,

= |:6—T(T—t) ((I)(ST) — (I)(St)) ﬂ

Sy = s] . (4.4.5)
Therefore, in linear BSDE V¥ with portfolio weight Z5%, we have

T
) [e—rch (St) + / T (RCa|ZfS| (st AVAT — s) ds]
0

—E |77 (S7) + TeV (RCWZES VU + M) AT =T,

where U is a uniformly distributed independent random variable on [0, 7] and ZBS is given as in (4.4.5). By
once again using the likelihood ratio method, we get the following formula

Zk=E [e—"Tcp (St) % +Te Y (Rca|255|\/(U +A)AT — U) W{ﬂ .

We solve the linear BSDE V! by taking advantage of finite difference method and Nested Monte Carlo
algorithm (Nested MC) for different payoffs (calls, puts and butterfly options) where we use the same model
parameters as earlier. In Nested Monte Carlo algorithm, we estimate Z2% as in (4.4.5) using 100 independent
inner sample paths for each outer Monte Carlo sample path. The results are presented in Table 4.5. We observe
that as the Nested Monte Carlo algorithm results are accurate in one dimension, the algorithm provides an
alternative to compute the estimates for (V% ZF) in higher dimensions.

FD Nested MC
95% CI 95% CI

‘/Y(O7 So) VV(O,SQ) VOL(S()) Z&(So)/(()’So)

Call, K =17 3.9843 0.8072 3.9796, 3.9856 0.8059, 0.8082

Call, K =20 2.1971 0.5852 2.1931,2.1979 0.5843,0.5862

Call, K =23 1.0953 0.3653 [1.0924,1.0958] [0.3644,0.3659]
Put, K =17 0.6249 —0.1981 0.6233,0.6249 —0.1983, —0.1977
Put, K =20 1.7950 —0.4209 1.7937,1.7966 —0.4216, —0.4205
Put, K =23 3.6502 —0.6398 [3.6468,3.6511] [—0.6407, —0.6393]
Butterfly, K = 11 | 0.0414  —0.0181  [0.0412,0.0415] [—0.0181, —0.0180]

Butterfly, K = 20 0.3112 0.0021 [0.3112,0.3119] [0.0021,0.0022]

Butterfly, K =29 | 0.0689 0.0206 [0.0686, 0.0690] [0.0206, 0.0207]

Table 4.5: Nested MC algorithm for BSDE (V,£, ZL).

4.4.4 Basket options in higher dimensions

In this section we solve the non-linear BSDE in high dimensions using SRMDP algorithm. In this setting,
traditional full grid methods like finite difference are not able to tackle the problem for dimension greater than
3.

We consider call option on a basket of d assets where the asset process is modelled by multi-dimensional
geometric Brownian motion with constant correlation p;; = p = 0.75 for ¢ # j and constant volatility oy = 0.25.
The full-rank volatility matrix ¢ in model (4.3.1) is then given by

oo’ =X where ¥ = (3y),; ;4 With 3y = 0gp,i # j and £ = a3

1 ,
Then, Ay := (((UlSé)T, . (O'ng')T)T> where o° is the ith row of 0. The payoff is given by

+
B(Sk,...,8%) = (ZpiS% —K) :
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The option expiration is set to T = 1 year and the interest rate r = 0.02. We suppose that weights p; = % for
all 3. The strike price K equals 20 and the initial values of the assets Sy = (S§,...,S¢) are specified in Table
4.6. The rest of the model parameters are the same as earlier. In this table, we present prices and deltas for
different basket options with several underlyings. In the first column, classical crude Monte Carlo values are
shown (MC R = 0, IM was not considered). In the second column SRMDP values are displayed taking into

account IM.

MC (R = 0) SRMDP (R = 0.02)
95% CI 95% CI 95% CI 95% CI
So VPS5 (So) Z§$5(So) Ao Vo' = (So) 73" (S0) Ao
(18,20) [1.5102,1.5113] [-0.0685, —0.0682] [1.5015,1.5468] [—0.0772, —0.0649]
[046237, 0.6245 [0.62977 0.6556]
(18,20, 22) [2.0067,2.0081] [-0.4676, —0.4671] [1.9915,2.0447] [-0.4756, —0.4641]

0.3813,0.3817
[0.7435,0.7443

0.3873,0.4167]
[0.7725,0.7882]

(16,18, 20, 22)

[1.4470, 1.4481]

[—0.6589, —0.6582
0.1062, 0.1064
0.4334,0.4338
0.6093,0.6100

[1.4677,1.5090]

[—0.6689, —0.6182]
[0.0962,0.1374]
[0.4234,0.4628]
[0.5943,0.6310]

(16,18, 20, 22, 24)

[1.9672,1.9676]

[—1.0467, —1.0455
[—0.0855, —0.0852
[0.3342, 0.3347
[0.5655,0.5662
[0.7039, 0.7047

[1.9928, 2.0692]

[—1.0767, —1.0242]
[—0.1155, —0.0752]
[0.3042, 0.3467]
[0.5355, 0.5762]
[0.6839,0.7167]

Table 4.6: Prices and deltas for the basket call option.






Chapter 5

Nested Monte Carlo

Ce chapitre est un travail réalisé avec Florian Bourgey, Stefano De Marco et Emmanuel Gobet.

Abstract

Using the MLMC method, we improve the computational cost of estimating nested expectations involving
functions possibly possessing a finite number of singular points. Alternatively, we also approximate these
nested expectations using upper and lower bounds, similarly to American option pricing methods. We apply
these techniques on option pricing under initial margin requirements and illustrate numerically the efficiency.

Keywords: Nested Monte-Carlo, Multilevel Monte-Carlo, Initial margin.
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5.1 Introduction

The paradigm of linear risk-neutral pricing of financial contracts has changed in the last few years, influenced
by the regulators. Nowadays, banks and financial institutions have to post collateral to a central counterparty
(CCP, also called clearing house) in order to secure their positions. Everyday, the CCP asks each member to
post a certain amount according to the exposure of their Over-the-Counter (OTC) contracts becoming "the
buyer of every seller and the seller of every buyer". In this setting, the CCP will ask for Initial Margin deposit
which corresponds to collateral whose aim is to cover potential mark-to-market losses during the liquidation
period in case of default one of the members. In [4], the authors consider a model for Initial Margin computation
where the risk measure is endogeneous w.r.t. the portfolio loss and its law, over a period A. As the period A
is small (typically one week), an expansion of that corrected price at the first order can be interpreted as the
price of option with collateralization w.r.t. an exogenous risk measure. More precisely, they solve the linear
BSDE for the couple (V,F, ZL) :

T T
VtL:§+/ (—TSVSL+ZSLJS_1(7‘51—us)—&-RC’Q\/(S—&-A)/\T—3|ZES’) ds—/ zEkaw,,
t t

where the price V¥ corresponds to the price of a self-financing portfolio and Z¥ the quantity invested in the risky
asset (delta). Furthermore, the second term of the integral corresponds to the Initial Margin additional cost that
is computed using the delta of an exogenous model (here Black-Scholes model). More precisely, (V,2°, ZP9) is
the solution of the following BSDE:

T T
VBS = ¢ +/ (=1 VES + ZB% 7 (rgl — ) ds — / ZB%aws.
t t

The price V¥ can be seen as a nested expectation. To compute it efficiently, we tackle the generic problem of
estimating the expectation
I'=E[g(E[f(X,Y)[X])],

using the multilevel Monte-Carlo (MLMC) method, introduced by Giles in [46]. Here, X,Y are two independent
random variables with values in R% and the functions f : R* x R — R and ¢ : R — R are measurable.

The efficiency of the MLMC technique is determined through the classical bias-variance decomposition: the
number of levels is given by the biais between the estimator and the expected value and the complexity is given
by the variance of one outer simulation at each level. In the literature, efforts have been made to compute I in
the case where ¢ is a step function. This problem is important whenever it comes to compute the probability of
a large loss for a financial portfolio. Let us define for n > 1, the natural estimator E ,(X) = LS (X Y)
where (Y;)1<i<n areii.d. samplings of Y and independent of X. To our knowledge, in early papers dealing with
this problem using the Monte-Carlo method to approximate the inner and outer expectations, such as [20] or
[53], the authors assume that for n > 1, the couple (E[f(X,Y)|X], vi(Es.(X) — E[f(X,Y)|X])) has a density
w.r.t . the Lebesgue measure which admits moments of order 4 as well as for its partial derivatives w.r.t. the
first coordinate up to the order 2, uniformly in n. Although the authors achieve to obtain expansions of the
bias at order 1, one can easily check that in the case where Y is a discrete random variable where P(Y = 1) =
p=1-PY = —1) with p > 0.5, X is gaussian and f(X,Y) = XY, we have that E[f(X,Y)|X] = (2p - 1)X,
Ef1(X) —E[f(X,Y)|X] = (Y — 2p+ 1)X and the couple ((2p — 1)X, (Y — 2p + 1)X) does not have a density
w.r.t. the Lesbesgue measure. Moreover, even under existence of the joint density, the control over the moments
of the density of the joint law unifom in n does not seem easy to verify either.

For other functions g, in [23], the authors consider the problem of estimating E[g(E(Z1|Z2))] in the case
where ¢ is piecewise linear and Z; is a Bernoulli random variable with random parameter Z5 € [0, 1], and in
[46], the author considers the case where g is twice differentiable, thus allowing a more general setting for X.
In both papers, the tolerance €2 on the mean square error (MSE) is achieved with complexity O(e~2) using an
antithetic estimator.

In our setting, the function g would be typically the absolute value. As this function does not belong to
C? but is still more regular than the step function, it will be sufficient for us to only study the regularity of
the law of E[f(X,Y)|X] at the neighbourhood of the singularities of ¢ instead of considering the joint law of
E[f(X,Y)|X] and its estimator. The arguments used in this work are close to those in [45], where g is a step
function and the authors assume that at the neighbourhood of 0, the singular point of the Heaviside function,
—EIXY)IX]__ hag a bounded density. Our work also extends the results obtained in [47].

V/ Var(f(X,Y)|X)

the random variable
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In Section 5.2, we study the generic problem of estimating I. We show, by adapting arguments from [46], that
using the MLMC method, the tolerance €2 on the MSE can be achieved with complexity O(e~2), even if the test
function g does not belong to C?, provided that the probability that the conditional expectation E [f (X,Y)|X]
is close to the singular points of g is controled polynomially. In Section 5.2.2, following the philosophy of
American options we introduce an algorithm computing lower and upper bounds using non nested Monte Carlo
simulations. In Section 5.3.1 we show that the problem of computing V'’ fits the framework of our generic
problem and apply the MLMC method on it. We then numerically compare the results obtained using the two
methods.

Notations

e For a random variable A and p > 0 such that E [|A|P] < oo, we define ||Al|, :=E [\A|p]% . This is a norm
for p > 1.

e Forz € RY, By (z) :=E[f (z,Y))].
e Fora>0,T>0,K>0,r>0,vt€[0,7),Vs >0

log Iia oo (EKta
A(t)::U<T\/K7_t), B(t)::log(Tlit). (5.1.1)

Remark 5.1.1. Notice that A (t) > B (t) since KQKijaQ >1.

log () + (r+ %) (T~ 1)

dy (t,T,5,K) := e . do(t,T,8,K)=dy (t,T,s,K)—oVT —t. (5.1.2)
dp:xeR-N(@x—B(@)+N(@x+ A(t) — 2N (z). (5.1.3)
Hy:weR— e e A0r | =255 Bz _ o (5.1.4)

5.2 Theoretical methodology

5.2.1 Multilevel Monte-Carlo
Let us consider two independent families of random variables (X},) Lmen- and (le’m) e The terms inside
’ 7,l,meN*

each family are i.i.d. and have the same distribution as X and Y respectively. For L € N*, M = (M, ..., M),
n = (ng,...,ng) € (N*)X*! we consider the antithetic multilevel estimator of I,

M,

) 1 . Lo 1 & .
I%,anM Zf(XSNYjO’) P TOIRY nl;f(anan’)

o S () o (G S (ki)

In what follows, we will set n; = ng2!, for 0 < I < L. The MSE of the approximation of I by IMel is given by
the classical bias-variance decomposition,

. 2 2
MSE := E [(Iﬁﬁ, 1) } — (B[R] 1)+ var (i44).
Assumption 1. Let us assume that g is continuous and that there exists a (finite) subdivision of the real line

—00 =: 09 < 01 < ... < Vg < Vgt := 00, such that on each of the 0 + 1 intervals (0;,0;41), for 0 < i <0, g
belongs to C1, g’ is bounded and is uniformly Holder with exponent n € (0,1].



128 CHAPTER 5. NESTED MONTE CARLO

Assumption 2. There exists p > 2 such that E[|f (X,Y)|P] < co.

Assumption 3. There exist constants v, K, > 0 such that
Vz>0, P ( min |E; (X)—d;| < z> < K,z2".
1<i<o

Under Assumption 1, 2 and 3, Propositions 5.2.1 and 5.2.2 below help us study respectively the bias and
variance terms. Their proof will be given in the following subsections.

Proposition 5.2.1. Under Assumption 1, 2 and 3, there exists a positive constant k such that

K

p ¥ (1+ S50 An) |

w1 [E o | 3500y | e (B0 || <

=1
Let us also define, for 1 <[ < L,

1 X 1 1 il
XY)| -= X.,Y;
1 Z f( i) 29 1 Z f( 7)

Jj=1 J=nj_1+1

1 & 1
Vi Var (g | =30 F(X7) | - 50
j=1

Proposition 5.2.2. Under Assumption 1, 2 and 3, there exists a positive constant &, independent of 1 <1 < L
and n; € N*, such that

—(1+ =22 An)
= (=)
Vi < kn, .

Theorem 5.2.3. Under Assumptions 1, 2 and 3, given a tolerance on the error € > 0, the bound MSE = O(€?)
(P=2)v \n

is achieved with a computational complexity O (6_2) with the choice M; = MO2_(1+4<P+V>A7)I, My = O(e7?),

ny =no2, ng =0(1), L = [1 log (22 )w, where o = % (1+ =Dy /\n).

a nge? pt+v

Proof. We first analyze the bias term. We have that E |:IA1]\\;{II/1:| =E {g (% Zyil f (X, Yj)ﬂ By Proposition
5.2.1, there exists x independent of n and such that

N 1 &
E[RiE—1][= [ |o | =D r v || —1| < 5 = engaok
=1 L

Moreover, by Proposition 5.2.2, we have that for 1 <[ < L,

Vi < fing 277,

where 8 = (1 + gz;f% A 77). Finally, as the computational cost C; for one sampling in the layer 0 < [ < L
1

is bounded by 27!, where v = 1, we apply [46, Theorem 1|. It is easy to check that o > 5 min (3,v) and

that for any p > 2, 8 > ~, hence the complexity. Concerning the optimal outer layers, by [46, Section 1.3
— (B4
2

we choose L = élog(ni’zz )—‘ so that & < % Moreover, it is sufficient to choose M; = M2 with
0~ L
’Bzﬂ =1+ ffg;fl’; A % and My = O(e~?) to conclude the proof.

O

5.2.2 Non nested upper and lower bounds

Following the philosophy of American option pricing, another way of estimating nested expectations is to ap-
proach its value through lower and upper bounds which are computed using non nested Monte Carlo algorithms.

Lemma 5.2.4. Let K € R and R a real integrable random variable. For any measurable function ¢ : R — R
and random variable O, we have that

]E[(R — K)]-cp((’J)ZK] = Cga(K)
E[(K = R)1y0)<k] =: Pp(K).
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Proof. Let ¢ : R — R be a measurable function and O a random variable. As we have that
E[(R — K)1,(0)>k] = E[(E[R|O] = K)1y0)> K]
and (E[R|O] — K) 1 = (E[R|O] — K)1gr|0)>K, We obtain that
E[(E[R|O] = K)+] = E[(R — K)1,(0)>k] = E[(E[R|O] = K)(1gr|0)> Kk — 1p(0)>K)]-

and we obtain the first inequality as the term inside the expectation in the r.h.s. is nonnegative. The second
inequality is obtained with similar arguments. O

Given a convex function g : R — R, g is differentiable except on a countable set of points. On a differentia-
bility point z € R of g, we have that

z

Vo €R, gx) = g(2) +¢'(=)(x — ) + / " (@ — 0 u(du) + / (u— 2)* (), (5.2.1)

— 00

where p(dz) corresponds to the second derivative of g in the sense of distributions. Let us define for any
measurable function ¢ : R — R,

z

15 = 9(2) +d ER] - 2) + [ Cotutan) + [ Patunau) (5.2.2)

— 00

Proposition 5.2.5. Let R be a real integrable random wvariable and g : R — R a convex function such that
g(R) is integrable. The following equality holds

Sup Jo = E[g(E[R[|O])] = nf E[g(R — ¢)], (5.2.3)

where € € {0 integrable and such that E[®|O] = 0}. The equality is reached for ¢(O) = E[R|O] and € =
R —E[R|O].

Proof. To obtain the equality on the Lh.s. of (5.2.3), it is sufficient to replace z by E[R|O] in (5.2.1) and conclude
by Lemma 5.2.4 and Fubini’s theorem. We now prove the equality in the r.h.s. of (5.2.3). For e integrable
and such that E[e|O] = 0, we have by the tower property of the expectation and by Jensen’s inequality that
Elg(R—¢)] > E[g([E[R —€]O])] = E[g(E[R|O])]. This concludes the proof as it is easy to check that the equality
is reached for e = R — E[R|O]. O

Estimators

Using Proposition 5.2.5, we can derive estimators giving upper and lower bounds to the computation of
Elg(E[f(X,Y)|X])], which corresponds to the previous paragraph with the particular choice R = f(X,Y)
and O = X. Let (p;)i>1 a basis of L?(X), let (g;);>1 a basis of L?(Y). For k > 1 let Lx j = span((pi)1<i<k)
and Ly = span((¢;)1<i<k). Given k, N € N*, we solve the following minimization problem

2

N k
* * . 1 v\ v
(I, lp) = argmin — Y | £(X3,Y5) = > Lip;(Xy) | (5.2.4)
lh,oslyeR N 4 /
R i=1 j=1
2

| XN o k ) ) )
ur @ = argmin — X;,Y) — UapPa (X 3) — Elg (Y ) 5.2.5
(uap)1<a,b<k uabene%ga,bgkl\f; f( ) a21 vPa(Xi)(qp(Yi) — Elgn(Y3)]) (5.2.5)

where for 1 <4 < N, each (XZ, f’l) is a independent copy of (X,Y). We then define:

k
Pi(X) =D Lps(X). (5.2.6)

k
=Y ubppa(X)(@(Y) — Elg(Y))]). (5.2.7)
1

a,b=
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Let us notice that the coefficients (I7,...,l5) and (u},)1<qp<k are random, as functions of the sampling
(f(i, fﬁ»)lgigk. As the coefficients [* and u* are independent of (X,Y’), and X and Y are independent, it is easy
to check that E[ef|X] = 0 and that we moreover have the following result, using the same arguments as in the
proof of Proposition 5.2.5.

Lemma 5.2.6. The following inequality holds

ElJg;] < E[g(E[f(X,Y)|X])] < E[g(f(X,Y) — €;)].

5.2.3 Proof of Proposition 5.2.1
Let us define for € R? and n > 1, 0B, (z) = E}., (z) — Ef (x). We first control the moments of § E,, (X).

Lemma 5.2.7. Let us assume that there exists p > 2, such that E[|f (X,Y)|"] < co. Then we have that

Vn > 1, vq € (0,p], [[6E, (X)[|, <

E\Q

where Cp, > 0 is a constant, independent of n.

Proof. By Jensen’s inequality, we have that for ¢ € (0,p], ||[0E, (X)|lq < ||[0En (X)||p- It is then sufficient to
deal with the case ¢ = p. Let us define for j > 1, Z; = f(X,Y;) — Ef(X) and for n > 1, S, = Y. | Z;.
Conditionally to X, S is a martingale, as the variables Y;, for j > 1, are i.i.d. and independent from X. By
Burkholder’s inequality [60, Theorem 2.10], there exists a constant ¢, which only depends on p and such that

a.s.,
p/2

E[1Sa7|X] < ¢pE X | < e PE (1207 1X],

222

where in the last inequality we used the fact that as & > 1, |37, Zi2|p/2 < nE 1Y |ZifP. Moreover, as
1
6B, (X) = 22, we obtain that for C), = ¢} || Z1]|,,

E[lS,Pl?  C
||5En(x>|\p:i”n” <G

B

O

We will also use the following Taylor expansion with integral remainder. Let us introduce the generalized
derivative of g which is equal to 0 on the set {d1,...,dg} and to ¢’ elsewhere. By a slight abuse of notation, we
will also denote this function by ¢'.

Lemma 5.2.8. Under Assumption 1, for any x ¢ {91, ...,09} and any y € R, we have

9(y) —g(x) =g'(@)(y —2) + (y — @) /0 [9'(x + Ay — 2)) — g'(x)]dA, (5.2.8)

Moreover, for x,y € R and 0 < k < 6 such that x,y € (0k,0x+1), we have that

9(y) — g(2) — ¢'(z)(y — z)| < 1[9};7 ly — x|+ (5.2.9)

g’ (21) =g (z2)|

n —
where [g ]77 - maXOSkSB Supzl,ZQE(Dk,Dk_‘,l),Zl?éZQ ‘Zl 22‘

Proof. Without loss of generality, let us assume that & < y and let us denote the finite set (eq,...ep) =
[z,y] N {01,...,0¢}, ordered in ascending order. With a slight abuse of notation, let us also denote ey =
T,epr1 = y. As g is continuous on R and moreover C' on each interval (e;, eH_l) for 1 <4 < k, we have that
g(eir1) —gle) = fe;“ '(s)ds, so that summing over the index 4, we have g(y) = [V g'(s)ds. We then
obtain (5.2.8) with the change of variable x + A(y — ) = s. To obtain (5.2.9), it is sufﬁment to use (5.2.8) and
the Holder property of ¢’ on the interval (0, 0541)- O
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We now prove Proposition 5.2.1. By Lemma 5.2.8, using (5.2.8), we have that

9 (B1.0 (X)) =0 (B (X)) = 05, (X) [ (g (B3 () + 2B, (X)) = (B (X))
+0E, (X)d (Ef (X)) =To+T1.

Let us notice that by Assumption 3, the variable ¢’ (E; (X)) is a.s. well defined. Using the tower property of
the conditional expectation, we have that

E[T] =E[6E, (X) g (Ef (X)) =0,
as we have that E {EAfn(X)’ X] — E;(X)=0as. and ¢ is bounded.

We now control the term E[T3]. Let us define & = 1 minj<;zj<¢ (|0; — 9;|) and introduce a parameter

z € (0, h) to be fixed later. We consider the following partition:
M = {minigj<9 [Ep(X) -] < 2}, Q2 = QI N{|0EL(X)[ >z}, Q3 =Q7N{|0E,(X)] < z}.
We study the quantities E [Tolq,],E[Ta1lq,] and E[Tz1q,]. For the first term, as ¢’ is bounded, we have that
for q,¢* > 1 such that % + q% =1, and ¢* < p, by Holder’s inequality,
ETola,]] < 2l E(6F(X)] 10,] < 2 ¢ ll P (20)% [6Eu(X),. (5.2.10)

By Assumption 3, we have that P (Qq) < K, 2". Moreover, to deal with the ¢* norm in (5.2.10) where ¢* < p,
we have by Lemma 5.2.7 that

L.,C
E(Talo,)] <2l K 2F 2

< B0

Noticing that 1q, for any r € [1,p — 1],

E[Tlo,) < 2100 ”°°E[\5E( x)H] =2 ”9 oo 155, ()71t < 219 s Cp!

r+1 ” r+1 )
2™n

where we applied Lemma 5.2.7 in the last inequality with r+1 < p. In the space Qg3, both Ef (X) and EAf,n(X)
belong to the same interval among ((9;,0;+1))o<i<¢. Using the Holder property of the function ¢’, we obtain
for the last term

E D lo,]] = \E [<6En ) [ (o (B (X) + ME, (X))~ g (2) 193@] ‘

Cltn

< /W (087 (0)* 1o, | < o'l

where we used Lemma 5.2.7 in the last inequality. The biais is now bounded by a function of z, as
- e I9'll s Cp c,tn
& |9 (Brn (X0) = (B ()] < 201l K25 2 4 275 2t 4[]y

FAN () n-z

The minimum of the r.h.s. corresponds to the minimum of the function
zER—=U(2):= qugn_% F AT

1
where for r,q > 1, Ty =2||¢'|| . K Cp, Ar =219 || C;‘H.

As z < h A 29, we have that the minimum is achieved for n large enough and then z = (ATT;]) e e

TV

rq+v

under the constraints + + - =1,r+1<p, weset ¢g= -2, r = p— 1, and obtain

In order to maximize =

2
that for n > h72(1+7uq) (%) =: N,

K1
p3(+ &)

B [g (Brn (X)) = 9 (B; (X))]| <

—rq
for k1 =T, (V”Frq) i + A, (%) T [g’]nC’H". Moreover let ko be a uniform bound on the bias for

@1y
1 <n < N. We conclude the proof by choosing kK = k1 + k2N 2 3(1+ @00 )
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5.2.4 Proof of Proposition 5.2.2

For notational simplicity, let us define the following estimators

Iy =30 X)), Ze= 0 L F(XY), Z2=55% = L F(XY)),

so that V; rewrites V; = Var (g (Z) — %g (21) — %g (22)) Let us also define,

021 =21 —E;(X), 0Zo=2y—Ey(X), 6Z=2L(621+06Z) =27~ E;(X).

Let us recall that b = 2 minj<;2j<¢ (|9; — 9;|) and introduce again the parameter z € (0, h). We use introduce
a partition which is similar to the one used in the proof of Proposition 5.2.1:

Q= {1r<nj1£19|Ef(X)—Dj|<z}=§21,

6= (52 52 >

0y = Q5N { X( ; )gz}
)

. 2
We have that V; < E [(g (Z) — % ( ) % ( ) ] We use the Taylor expansion at the first order to

‘521
92,

N[—=

control the terms E |:(g (Z) -
(5.2.8),

g (Zl) -39 (Zz)) 1], for i = 1,2. For A € {Z,Z1, Z»}, we have that by

g (A) = g(By (X)) + 521/01 g (Ef (X) + /\5A> dA

We then obtain

<g (2) - %g () - %g (22))2 < % (521/0 (o (Br (%) + 502) — g/ (B; (X) + 202, ) d)\>

2

2

so that for i = 1,2,

E

(1(2) - () - 0 2)) 10| < iz ()10

In the space (2, by Holder’s inequality, for ¢, ¢* > 1 such that % + q% =1, q,2¢" < p and Lemma 5.2.7,

’ [@1)21@1} < HaZl\I%q*P(fh)% < Co ks,

max(|521|,|622|)r

E {(521)2 102] < Z—lrlE {max (‘521 ;

A o o 2 ~
To control the term E {(g (Z) — %g (Zl) — %g (Zg)) 1@3], we use the fact that in the space 3, the values

In the space (2, as we have that lg, < for any r € (0, p — 2], we obtain that

<— T+2.

r+2 CH‘?
s

71, Zy, Z and Ej (X) belong to the same interval, where the inequality (5.2.9) holds. Therefore, by (5.2.9),

o(2) - q0() 50 () < %55 ((62) "+ 5 (02) " (02) ).
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Finally, using the fact that (a + b+ ¢)? < 3(a? + b? + ¢?) for a,b,c € R,

(g (2) — %g (21) - %g (ZQ>>2 1Q31 Sﬁ[gﬁ(}z(un) <n11+’7 ™ 27;“7>

1 -1

14n
SO e (S
(L+n)? =7\

as n; = 2n;_1. Gathering the previous results, we obtain that

E

N1 a1 o
Vi<E|(g (Z) - 59 (Z1) - 59 (Zz)
2 2
r 1+n

c2 1, 2% Crt? n 2

<8l |2 LK 2 8l gt + S 2 g (O
ny 2" n e (I4+n)2 "7\ n

and we conclude in the same way we did in the proof of Proposition 5.2.1, setting r =p — 2,q = #/31.

5.2.5 An alternative set of hypotheses

We could relax the assumption on the regularity of g, to obtain the following result which may present interest
in its own, but as we can check that the density of E¢(X) in the context of the computation of V¥ is not
bounded, so one could not apply [9, Thm. 2.4 (i)].

Theorem 5.2.9. Let us assume that g admits a derivative g’ in the sense of distributions which has bounded
variation. Let us assume that Ey(X) has a bounded density xg w.r.t. the Lebesque measure and that there
exists p > 3 such that E[|f(X,Y)|P] < co. The tolerance €2 > 0 on the MSE can be achieved with complezity
O(e™2).

The proof is a direct adaptation of the one of Theorem 5.2.3 using the two propositions below. Having the
density of E;(X) bounded permits to relax the regularity hypothesis on the function ¢’, by applying [9, Thm.
2.4 (1)].

Proposition 5.2.10. Under the assumptions in Theorem 5.2.9, there exists a constant k > 0 such that

8o (Br (X)) — 0 (B (0)]| <

5.
nl_m

Proof. We use the Taylor expansion with integral remainder:
1
9 (Brn (X)) = g (Ey (X)) = 6B, (X)/ g (Ef (X) + ASE, (X)) dA
0

=0E, (X) g’ (Ef (X)) +6E (X) /01 (9" (By (X) + X0E, (X)) — ¢ (Ey (X))) dA
=17 +T5.
Using the tower property of the conditional expectation, we have that
E[T] =E[¢' (Ef (X)) 0E, (X)] =0,
as we have that E[JE,, (X)| X] = 0 a.s.. We now apply Holder’s inequality on E [T5]. Let ¢, ¢* € [1, p] such that
% + q% = 1. We obtain that,

|E [To]| S/O 16En (X)llg- (9" (B (X) + A En (X)) — g (Ef (X))l dA-

By Lemma 5.2.7, we have that ||[0E, (X)|| . < i

¢+ < - For the second term, we have by [9, Thm. 2.4 (i)] that for
0<A<l,andr<p

1

g llrv lIxellss™ 10En (X

lg' (Ef (X) + ME, (X)) — g’ (Ey (X)), < 3"
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We then maximize the ratio q(++1) with the choice ¢ = p% and r = p to obtain that:
R K
[E [g (B (X)) =9 (Br ()] | £ =,
nt TP
for k= 34 4(|¢/||7v X&)l C,e and this concludes the proof. O

Proposition 5.2.11. Under the assumptions of Theorem 5.2.9, there exists a constant K, independent of
1 <1< L and n; € N*, such that

K
14222
n p+1

Proof. We consider the antithetic estimator defined in 5.2.1 and keep the notation of Proposition 5.2.2. For
A e {Z,,Zy, 7}, we have the Taylor decomposition

o) = o(B5 (X)) + 54 (B, (X)) + (54) | (o (7(3) +364) =g/ (B (X)) .

As 67 = % (521 + 522), we have that

(g(Z) - %(g(Zl) +9(22))>2 <3 <6Z /01 (9’(Ef(X) +AZ) — g'(Ef(X))) dA)z
+ Z (621 /01 (g'(Ef(X) +A6Z1) — 9’(Ef(X))) d/\>2

+ Z (522 /01 (g'(Ef(X) +A\0Z5) — g/(Ef(X))) dA) . (5.2.11)

Taking the expectation of the first term in the r.h.s. and using the Holder inequality for 2¢* < p and ¢ > 1 so
that % + q% = 1, we obtain that

E (52 /0 ! (9’(Ef(X) Y AZ) — ¢ (B (X))> dA) T

(/01 (/(Bs(X) +262) - g/ (Ey (X)) dA) zq] " [627] &

<E

By Lemma 5.2.7, the second term in the r.h.s. is bounded by %’ Moreover, by Jensen’s inequality and [9,
Thm. 2.4 (i)],

5 [( [ (o) +202) - g5y 000 0 ] <[

_p_ P
< 3|9 |17 x5 182115

(515500 + 22 - o 07 ]

With similar computations on the two other terms in the r.h.s. of (5.2.11), we conclude the proof using Lemma
p/2
p/2—1 a

5.2.7 for the choice ¢ = which optimizes the ratio

P
q(p+1)°

5.3 Application on the computation of V%

5.3.1 Application on V},

In the following, we work in a probability space (€2, .4,P) and consider the filtration F of the market defined as
the augmented filtration of W i.e F; = F}V := 0 (W, 0 < s < t, Np) where NVp denotes the family of P—negligible
sets of A. In this section, we consider a concrete case of IM computation where Theorem 5.2.3 applies. More
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precisely, let us consider a Black & Scholes model for which the dynamics of one single tradable asset (S¢),~,
is given by : B

S, = SpeTm T g S g, (5.3.1)

with 7 > 0 a constant interest rate and o > 0 the volatility. In [4], the IM is computed w.r.t. the CVaR of the
future evolution of the value of the portoflio over a small duration A > 0, and an approximation of correction
induced by the IM is given by the following quantity:

E

T
/ et (Rca 1ZP5| \/(t+ A) AT — t) dt] ,
0

where T is the option’s maturity, A is the period over which the CVaR is computed, R the funding cost interest
m2

rate, C, := CVaR* (N (0,1)) = and ZPB5 := 289 (¢, 5;) where 2B (t, s) is defined, for a
z=N—1(z)

e 2
(1—a)V2r
payoff function @, as :

OE [eT=D9 (S1)| S; = 5]
Os

Wr — W,

B9 (t,s) =05 T3

=E [e_T(T_t) (® (S7) — @ (Sy))

S, = s] . (532)

Assuming that every hedging operation is performed before T':= T — A, we will consider the modified but
simpler quantity:

I = RCoVAE /T e " (|259)) dt} =E[e"Y|259]], (5.3.3)
0

where we have assumed for notational simplicity in the last equality that VARC,T = 1 and defined U ~

U {O,T} €L (ZtBS)ogtgf'

Proposition 5.3.1. Assume that we have one single tradable asset (St),~ following (5.3.1). LetY ~ N (0,1) L
Z~N(0,1)LU~U [O,T} and consider the function g : x € R — |z|. Then X := (U, Soe("_g)U"“"/UZ) 1Y

and
I'=E[g(Ey(X))]=E[E[f(X,Y)[X]],

where f is defined as :

o) ),

Fi((ts),y) e ([O,T} X(O,oo)) xR e — (5.3.4)
Proof. We rewrite I, using the fact that Sy and Wp — W, are independent:
1 T
I= f/ E[le " ZP%|] dt
T Jo
1 [T . -2 Wy — W,
- — - (r=% ) (T=t)+o(Wr—Wy) ) _ T e
T/O IEHIE [e <<I> (Ste > ) @(s)) — St] ]dt.
Now, since Y L Z LU and Wr — W, £ VT —t xY, we obtain that
. ((I) (SUG(T_§)(T_U)+U\/T_UY) ) (SU)) Y
I=E|[E |e" U, Su ||| =ElgE[f(U,Sv),Y)|U,Su])]l,

JT-U

using the definitions of f, g. O
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5.3.2 Call and put options

The premium at time 0 < ¢ < T of a call or put option of maturity 7" > 0 and strike K > 0 is defined as :
vric (t8) =B [T (57)| 7], (5.3.5)

where &' := (z — K), for a call option and ®**! (z) := (K — x)_for a put option. From now on, we will
use the notation v (,5) := vr i (£, S¢) for an option of maturity 7> 0 and K > 0 and use the notation vy g
when T # T and K # K. What’s more, we write explicitely if the option is either a call or put. Further, when
considering the model in (5.3.1), the delta of a call option is positive i.e :

call
A (S)) = ‘%T(t’m) =N (dy (t,T,S;, K))) >0, (5.3.6)
=S}
while for a put option, the delta is negative i.e :
put t
Af“t (St) == aUTE’x) =-N(-d (t,T, 5, K))) < 0. (5.3.7)
.7)=St

Taking advantage of these properties, the function g, which is the absolute function here, induces no nonlinearity
and we can even obtain closed formulas for the quantity I.

Proposition 5.3.2. Denote [°! := E HEJ%“” (X)H and IP"t := E HE?M (X)H the quantity I associated to
each option defined in (5.3.3) then :
190 = Soo N (di (0,7, S0, K)),  IP"" = —SooN (—dy (0,T, So, K)) . (5.3.8)

Proof. We first prove the Proposition for a call option. Using the fact that (e‘”vm” (t, St))
and taking the derivative w.r.t Sp in e "0 (¢, 5;) = E [e’rTUC“” (T, ST)’ .7—}] yields:

0<t<T 152 martingale

oS, / 08
—rt pcall (g T2t _ g | e T (peall S, T F .
€ t ( t) 350 € ( ) ( T) 350 t
This proves that e "tA¢ (Sy) §§;’ is a martingale closed by the terminal value e~"7 (@cll)’ (ST)%% (the
argument holds even in a model more general than in the Black & Scholes model). Now since S; is linear in
So (see (5.3.1)), we have gg; = g—; and therefore (e*”StAga”(St))OStST = (eirtZtBS/U)ogtgi“ is a martingale.
Going back to I¢ as the delta is positive, we have that:
1 T
Jeatt — ?/ E[e 2P| dt = 0SoN (d1 (0,T, So, K)).
0

Similarly, for a put option, using that —ZF% = ¢S\ (—d; (0,T, Sy, K)) and that the delta is negative, we
prove the expression for IP%¢, O

5.3.3 The butterfly case

In the following section, we deal with a non-trivial case for which Theorem 5.2.3 applies. More precisely, we
focus on a butterfly option whose delta, as a function of the spot value, changes its sign. Let us recall that the
butterfly payoff, price and delta are respectively defined as:

O (x):=(r—(K+a), +(x—(K—-a), —2x(x-K)_, (5.3.9)
v Ka (t, St) 1= U%‘T%Jra (t,S:) + v%(fy{_a (t,5:) —2 % U%a% (t,S%), (5.3.10)

A (S)) == %‘;(t’x) =N (dy (t,T,S, K +a)) + N (di (t, T, Ss, K —a)) — 2 x N (d1 (t,T, Sy, K)).
=S5,

(5.3.11)
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for a given strike K > 0 and parameter a > 0.

The aim of this section will be to check Assumptions 1, 2, and 3 for such an option. As the sign of the
delta is not constant (see Figure 5.1), and the absolute value function has a singular point in 0, we study more
precisely the values of the delta around 0 to check that Assumption 3 is verified.

------- butterfly ---=- call put

1.00 [ —
0.75 ‘
0.50
0.25

0.00] —mmstiemne”

AS)

-0.25

—0.50

—0.75

-1.00

0 25 50 75 100 125 150 175 200

Figure 5.1: Delta for a call, put and butterfly option w.r.t spot S

Choosing the following parameters Sy = K = 100,a = K ,T=1,A=+,r=0.1,0 = 0.3, we plot in Figure
5.1 the delta of a call, put and butterfly optlon and observe that Whlle the call and put have a constant sign,
the butterfly’s sign changes.

Theorem 5.3.3. Assumptions 1, 2, 8 hold true in the butterfly case. Therefore, Theorem 5.2.3 applies.

The proof of Theorem relies on the following technical results.

Technical results

Remark 5.3.4. Notice that we can rewrite the butterfly delta as (see (5.1.3)) :

A; (St) =0t (dy (¢, T, 5, K)). (5.3.12)
Proposition 5.3.5. For every t € [O,T} ,

1. The function Hy defined in (5.1.4) has exactly two zeros denoted « (t), B (t) s.tt — a(t) andt — B (t) €
C>®([0,T)) and o (t) <0 < B (t).
2. The gamma function Ty : z € (0,00) — A} () has two zeroes denoted é (t), 3 (t) defined as :

G (t) = Ko OVT = (r+o)(T-t) Bt) = Keoﬁ(t)\/T—t—(H_g)(T—t) (5.3.13)

stt—al(t) andt — B (t) € C®([0,T)).
3. The delta x € (0,00) — A, () is increasing for x € (0, (t))U (~( ), oo) decreasing for x € (d (t) ,3(t))
and has a unique zero denoted v (t). Furthermore, t — v (t) € C* ([0,T)) and we have the control:

vte[0,T), af(t) < Ko ()@= Dyt <B). (5.3.14)

Proof. Let us justify 1. For notational simplicity, we omit the dependence of t in A and B. Taking the derivative
of H; yields:

A2

2
H!(z) = —Ae~ e A% 4 Be~ 7 B,
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og( A
Now Hj () =0 <=z = x¢ (t) := 155_? —12(A-B), H)(z) > 0 for z > 20 (t) and H, (z) < 0 for z < x¢ (t).

Using that H; (z) i Too H; is decreasing on (—oo, ¢ (t)) and increasing on (zg (t), +00). Further, let
T—>ITO0

us show that:

Alog(%) B Blog(%) B
Hy(mg () =e 4775~ 4 P75 772 —2<0
ylog(y og(y)

Let us define y := 4 > 1 so that H; (zo(t)) = e (e_ ol 72> = ¢ % (h(y) —2). Since
e < 1, it is now sufficient to prove that

Yy>1, h(y) <2.

. ylog(s _ 1+ 14 : : . _ log(s

Set g (y) := yfg;”) so that h(y) = eylffzy) = —- A direct computation yields ¢’ (y) = (1i(yy))"’ (1iy) and
B (y)=e9W (1 -1+y)d (y) = %);)_M < 0 for y > 1. Hence h is continuous and decreasing on (1, c0),

thus strictly upper bounded by h (1) = 2, which is the announced claim.
Using now the intermediate value theorem, there exist two unique roots c (t), 8 (¢t) € R to H;. To summarize,
we have :

a(t) <z (t) <B(t),  Hi(a(t))=H(B(t)=0.

A2 B2

Using also that H; (0) = e~ 2 + e~z — 2 < 0, we finally get:
a(t)y <0< B(t). (5.3.15)

Let us now prove that « € C* ([0, 7)) (similar arguments can be used for 3). Note that H which is C* can be
defined for negative t as well, say on (—,T) with > 0 and we keep writing H for this extended defintion. The
roots « and f are also well defined on (—n,T). Now let ¢; € (—n,T) and using Vt € (—n,T), o (t) # a(t),
we have:

oOH 2 (t1)2
H(t,a(t)) =0, o (t,a (b)) = —A (1) e "3 e Aalt) L B (1) e 237 Blat) £ g,

Using the implicit function theorem (see Thereom 10.2.2 in [34]), there exist neighborhoods U;, and Uy ) of
ty and « (t1), a function x : Uy, — Uy(s,) of class C* s.t.:

vt e utu H (ta X (t)) =0, x (t) € ua(tl)

Hence a(t;) = x(t1) and « is C* on t;. Thus « is C™ for every t; € (—n,T) hence « € C*® ((—n,T)) and
consequently a € C* ([0,T)).
We now justify 2. Let us denote d; (¢, x) instead of d; (¢, T, z, K) and notice that V¢ € [0,T), x € (0,00) —
log( &)+ r+ﬁ (T—t)
i (1) = ) (,(fT_i)

is increasing and:

o2
y=di (t,r) =z = Ke’ T_ty_(H_T)(T_t). (5.3.16)

Moreover, taking the derivative of §; yields:

1 > A()2 B(1)2 1 2
5/ = e 2 |e T2 e*A(t)y +e 2 6B(t)y o 2) _ ! .
== ( e FHL)

Using 1 in the current Proposition, we have that the function §; has two unique zeros « (t), 5 (¢). Thus from

(5.3.16) the function I'; has two unique zeros & (t), 3(t) defined as :

o2 ~ o2
G (1) = KeVToW=(r+5)T=0 g1y geoVT=080=(r+5) (1)
Also still from 1, ¢t — & (t) and ¢t — S (t) € C*° ([0, T))) which proves the announced claim for 2.
Finally, we justify 3. The function y — d; (y) is increasing on (—oo,« (t)) U (8 (t),00) and decreasing on
(a(t), B (t)) since Hy is positive on (—oo,a (t)) U (8 (t),00), negative on (« (t), S (t)) and has two unique zeros

a(t), B (t). Using that * — d; (¢, z) is an increasing function and by Remark 5.3.4, we conclude that z — Ay (x)
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is increasing on (0, & (t))U (B (t) ,oo) and decreasing on (07 t),B (t)) Noticing that, ¥t € [0,T"), A () —7 0
r—r

and A, (z) P 0, by the intermediate value theorem, there exists a unique function ¢ € [0,T) — v (t) s.t.:
Tr—r+00
vte[0,T), a(t)<y(t) <), A(v(t)=0.

Also, using the fact that 6, (0) = A, <K r+g) @) ) - N(B(@{) >0, zeR— N(z)is a
non-decreasing function and (5.1.1), we obtain:
. —(r+ﬁ)(T—t)
vVt e [0,T), a(t) < Ke 2 < (t).

Finally, let us prove that : ¢ — ~(¢t) € C*([0,T)) using the implicit function theorem as for 1. More
precisely, note that A which is C*° can be defined for negative t as well, say on (—n,T) with n > 0 and we keep
writing A for this extended defintion. Also, denote A (¢, z) for A; (x) and let t; € (—n, T). Noticing that:

Ve 0LT), v (£ E (W) £ AW, Aty () =0, (0,7 (1) £0,

we use the implicit function theorem and get that there exist neighborhoods U;, and U,y of t1 and v (1), a
function x : Uy, — Uy, of class C™ s.t :

VtEUtU A(t,x(t)) =0, X(t) Gu,y(tl).

Hence v (t1) = x (t1) and v is C* on t;. Thus v is C*™ on every t; € (—n,T) hence v € C* ((—n,T)) and
consequently v € C* ([0, T)). O

Remark 5.3.6. Let us consider a geometric butterfly option defined as the purchase of two calls with strike
Ke™® and Ke® (a > 0) and the sale of two puts with strike K. In other words, K is the geometric mean of
Ke™® and Ke® while for a plain butterfly option, they are the arithmetic mean of K. Then, we can obtain an
explicit formula for the delta’s zero (keeping on with the notation A;) :

AT, K, a) = N <d1 (t, 1,5, K) + A (t)) TN <d1 (t,T,S;, K) — B (t)) N (dy (1, T, S, K)).

A =-B(t)= —2—,  y(t) = ke (FF)T0,

a2 a2
a(t) = () (e%zww — Ve o — 1)
~ D,2 a2
B(t)=7(t) | e22T=0 + \ema=n —1

Yet, such options do not reflect the reality of the markets as plain butterfly options have arithmetic strikes for
which we do not have closed formulas.

(T—t)o?

(T—t)o?
a

Proposition 5.3.7. For everyt € [0, T, denote V (t) a neighborhood of v (t) defined as V) (t) := (7 (t) — € (), (t) + € (t))
where € (t) 1= (W(t)g&(t)) A (ﬁ(t);’(t)) and x; the density function of the distribution Ay (St). Then, x; is uni-
formly bounded on W (t) := A, (V (¢)) i.e :

Yye W(t), x:(y) <C(t) <oo,

where C € L1 ({O,TD .
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Keeping on with the

140
Proof. By Proposition 5.3.5, s € V (t) — Ay (s) is decreasing and takes its values in W (t) hence we can define

)

notation p; used in Lemma (5.3.9), the density x; on W (¢) is defined as:
pe (5)

A; ! the inverse function of A; and A; is a C'- diffeomorphism from V() to W ()
Xt (y)

Ve e [0,T), Vy e W (t),
7d1<f,2,s>2
|Hy (dy (,5))]-

AL ()] = = T=ivor

where:
Using Proposition 5.3.5 and the fact that s — d(t,s) is increasing on (0,00), we have for t € [0,7] that
where Zg (t) =

A(t))

IOg( B(t)

the function s — H(dy(t,s)) is increasing on (& (t), o (t)) and decreasing on (g (t), S ()
= I0TB0 1 (A(t)— B(t)) (see (5.3.5)).

and g (t)
is increasing on (0, Ke—(T‘F%)(T—t))

Keamxo(t)—(r+ & )(T )
Now if Z¢ (t) € V (¢) then:
Vs € V (1), |Hi(di(t,8))| > [He (di (8, () +€ (@) A [He (do (8,7 () —€e(#)))]
_dy(¢,9)?

_dy () —e(t)?
2 .

i (b (®)+e()?
2

which holds also if Z¢ (¢) ¢ V (¢). Further, using that s € (0,00) — ¢

2
and decreasing on (Ke*(”%)(T’t), oo), we have:
_dy(t,9)?
2 > e

VseV(t),e
[He (dy (8,7 (8) + € (8)| A [He (da (E,7 (E) — €(2)))]

o d1<t,w<t2>—e<t)>2
(7 (£) + € (1) oVTV2r

Consequently, for every s € V (t),
_dy (ty () +e(t)?
2

=C(1),

L
(7 (1) + e (1) VT <o

AL (s)] =
Using Lemma 5.3.9, we finally obtain the following upper bound for x;, Yy € W (¢):
277‘ t
; )
[He (dy (8,7 (8) + € (8)| A [He (dy (2, (2) — €(2)))]

_dy(ty () —e(1)?
2

X (y) < (b (D +e()?
e 2
where C € C° ({O,TD since v, e, H € C° ([O,TD by Proposition 5.3.5. Also, notice that
min |Hy (dy (7 (t) = €(8)))| A [He (dy (7 (8) + €(t)))] > 0.

tef0,7)
Indeed, suppose min [0.7] (|Hy (dy (¢,7(t) + €(t)))]) = 0 then since H is continuous and by the extreme value

te[0,T
theorem, there exists to € [OT} st [Hy, (dy (to, 7 (fo) + € (t0)))] = 0 or [Hy, (d (fo,7 (to) — € (to)))] = 0, which
is impossible as G(tp) and B(to) are the only two zeros of the function Hy,(dy(to,.)) by Proposition 5.3.5.

Now, for T' < T, we obtain:
/ Xt (¥) Lyewydt < / C(t)dt < oo,
0 0
using that C € C° ([O,T]) and C (¢) o % et ({O,TD where
(0/(0) + @) VT o
+€(0)))| A [Ho (d1 (0,7 (0) — €(0)))]

|Ho (d1 (0,7 (0)

_d1(0,7(0)—€(0))?
2

_ d1(0,7(0)+€(0))2
2

C =
Soe



5.3. APPLICATION ON THE COMPUTATION OF VI 141

Proposition 5.3.8. Let V be a normal r.v with mean . € R and finite variance o2 then there exist zo > 0,p > 0
s.t:

V0 < z < z, PN (V) <z) <2

Proof. For every z > 0,

g

PV (V) < 2) :N(N_l (z)_“),

and consequently for 0 < 0 < ¢’ < 0o , using (5.3.19):

N (N*lt(j)—u>  exp <_é (Wf) 1

N; (N;;z)) 00 o (_; (Nl/u))?) 1 - 5t

~ Zexp (—1 (U — TN (z) — H) (U RV (z) — H)) :
2—0 o’ 2 oo’ o oo’ o

N N—lt(yz)fu
Then using ¢/ > o > 0 and N ! (2) — —o0, we have : T 0. Thus, there exists A\g > 0 s.t
z—0 N(fw) z—0
for every 0 < z < Ap:
—1(,) _ ~1
N(N (2) u) <N<N ,(Z)>~
o o

_ _ 2
Now, let p > 0 and notice that for z < 27%, N (Ngil,(z)) < 2P = (NUI,(Z)) > (N_l (z:’)))2 and recall (see
[35]):

1 1
NV (z))2 .~ log (27Tz2> — log (log (W>> o~ ~2log (2).
1

N2
1 ( o’ -~ e
(o,)Q, we have that WTE? L p(o’)2 > 1 and there exists A\; s.t for every
2

N@Y) > (./\/_1 (zp))Q. Finally, choosing zg := Ag A )\1/\27%, we prove the announced

o’ -

Choosing p s.t. 0 < p <

0<z</\1,onehas(
claim. O

Lemma 5.3.9. Fort € (0,T)], denote s € (0,00) — p; (s) the density function of S; fort >0 defined in (5.3.1).
Then

_ (log(s) — (log(Sq) +nt))? (o)t

- e 202t o -r -
vVt € (0,T],Vs € (0,00, py () := < po(t ;=76L1([O7T}). 5.3.17
Proof. For t € (0,T], let us take the derivative of p; i.e :
/ . e [ Qost)=Cog(Sorue) _ 4]
Vs € (0,00),p; () = .
( ) Py ( ) O'\/E\/% 82

Now, p(s) =0 <= s =s0(t) := Soe(“f‘ﬁ)t, P (s) > 01if s < sp(t) and p, (s) < 01if s > so (¢). Hence
s — p¢ (8) is increasing on (0, s¢ (¢)) and decreasing on (s (t) ,00). Finally :

2 )2 ( )
e 202¢ e
p t o— p t’ S — ~ [ 0 T )
0 ( ) ( 0) Soe( ) O\/%\/ 27 SOO \/;5\/ 27‘ 0 SOU\/ 27( \/{E ( :|)
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Proof of Theorem 5.3.3

We start with Assumption 1, we have g () = |z| and ¢’ (z) = sgn (z) hence Assumption 1 holds true with n =1
and g has only one singular point, at 0.

We now check Assumption 2. First recall that if log (S) ~ N (1,0%), 1 € R,o > 0 and Y ~ N (0,1) then
(see [67]):

7120'2 2 !
Vn € N*,E[S"] = ™2 E[Y?] = (27:3' . E[y*t] =o. (5.3.18)
From the definition of f (see (5.3.4)), one can notice that : \;% < :/LT < o0 where U ~ U [O T} Conse-

quently, we only focus on:

s[((o () o)) ] = & [ B[ (0 (5) - #50) v) ]

where p == r — %2,5} = SpetT=D+oVT=tY 'y N (0,1),U ~ U [O,T}. Further, for every x > 0,® (z) < z

hence :
E [((@ (SU) ) (SU)) y)j <21 /TE [S}Yﬂ i+ = /TIE: [Siy] dt
T Jo T Jo
By independence of S; and Y, we have first that :

7 7
/ E[Y*E[S}]dt =3 / gi1oB(S0) +ut T gy < oo,
0 0

also by Cauchy-Schwarz’s inequality, equations (5.3.18) and observing that log <§t) ~ N (log (So) + pT,0*T):

T B . T <11
/ E[siv']at<E[v?]? / E(Sp]" a
0 0
< Tetog(So) +uT)+165°T [YS]% < 00,

which proves the announced claim.
Finally let us deal with Assumption 3. From (5.3.3), we have that |E; (X)| = eV Sy |Ay (Sy)| and since

U~U {O,T], one has that e~V > e~T and it is sufficient to study
P(Su|Av (Su)| < 2).
Moreover, we have that:
P (S |Ay (Sv)| < 2) <P (Su < vz) + P (|Av (Sv)l < V=)
1 (T v
< ?/ / pi (s)dsdt + P (|Ay (Sv)| < Vz) .
0o Jo

By Lemma 5.3.9, we have that

. / / P dsdt<\f SO;J:@

26 o 7T‘)T

S Vs
Further, defining S; (t) := (0, & (¢)),S2 (t) := (d t),B (t)) , Sz (t) = (B (t) ,oo) one has :

P (‘AU (SU)| < \/2) =P (AU (SU) < \/E7 Sves (U)) +P (‘AU (SU)| < \/E, Su €8, (U))
P (7AU (SU) < \/g, Sy € Ss (U)) =:p1+p2+ p3.
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Let us first start with pe. Let us notice that: py = 4 fo (|A¢ (Se)| < /2,5t € So (t))dt. Also choosing

z < ten[lolr:lf] {—At (M) WAV (M>} = 2z, we have for every t € [QT} ,St €V (t) C Sz (t) and using

Proposition 5.3.7:

p2 = 1~/T]P’(|At (S)| < V2,51 € S (t)) dt

gf/ / dydt<<;/f0(t)dt>\/§

We now focus on p;. We recall that for ¢ € [O, T}, Ay (St) = 0t (dy (t,S;)) and moreover by [52], we have that:

exp (—7)
~ = . 5.3.1
N@) o (5.3.19)
Hence, we have:
N-Bw) _ @(-"5) A
N(y+ A(t)) y—=—o0 exp (_ (y+é(t>>2> y— B(t)

< exp (; (A(t)+ B(1) 29— B (1) +A<t>>) o,

y——o00 y——00

and similarly:
NG (A
N+ A) v+ 2
Finally, 6, (y) ~ N (y+ A(t)) and as A, B are uniformly bounded for ¢ € [0, T], we deduce the existence of
Y——00
01 <0 s.t.:

2y+A (t))) y—> 0.

Vel Vy<O, by) > gN y+AD) > N (),
and d; (U, SU) <0 <= 0<dy (dl (U, SU)) = Ay (SU) < oy (91) Now choosing;:
Vz < y/z1:= min & (61) <y (61) < 6v (a(U)),

te[0,T]

we have for every 0 < z < z1, p1 <P (N (dy (U, Sy)) < 24/z). Further, noticing that dy (U, Sy)|U ~ N (uU,U?J)
where:

' log(#)+TT+02(T/2—T)< '_log(%)+(r+02/2)T—J2U<7. log (52) + (r+0%/2) T
M= O'\/T HU = U/iT—U M o /7T 7 )
0< = v < 0f = z <
oy = T—U o 1= T_7 00,

we obtain:

P (N (dy (U, Sp)) < 2v/z) =P (N (v + ouN) < 2y/2,N > 0) +P (N (uy +ouN) < 2¢/z,N < 0)
<P(N(w—07N) <2yz,N>0)+P (N (g+osN) <2yz, N <0)
< 2P (N (g+o07N) <2Vz),

with N ~ A (0,1) L U and N £_N. Hence, from Proposition 5.3.8 there exist zg > 0,p > 0 s.t.:

VO < z2<z9Aze, pp<2°F1z%,
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Finally, let us consider p3. Let us notice that for every z € R, N (z) + N (—x) = 1, getting that:
=01 (y) =N (—y = A1) + N (=y + B(t)) =2V (-y).

Moreovre, we observe that :

N(y—AW) _ !
N(—y+B(1) voie exp (2 (A(t)+B(t) (—2y— A(t)+ B (t))> m 0,
N (=y)

exp (;B () (~2y + B (t))) ]

N (—y+ B(t)) T ytoo

Then as for py, there exists —f3 < 0 s.t Vy > 65, —d,(y) > 3N (—y+ B(t)) > +N (—y) > 0 and we thus
choose:

VZ < /73 = min_ —6; (03) < —6y (63) < —ou (B (U)).

te[0,7)
Then, for every z < z3 we obtain that has:
p3 =P (—5U (d1 (U, Sy)) < Vz,Su € S5 (U)) <P (N(—d1 (U, Sp)) < 2\/5)
=P (N (—pv —ouN) <2v2) =P (N (—pv + ouN) < 2V/z),

and we conclude like p; using now puy < . Finally, choosing z < z := % we obtain that :

(02—7)f 2 p

SKuz,

g o2\ T =
with K, = 2 <j° UL e(fsog)ﬂif + 2ﬂ+1> >0and v:=1(1Ap) >0

5.3.4 Algorithms and numerical results

In the following section, we test numerically the antithetic multilevel Monte-Carlo (MLMC) method exposed
in the previous section and we compare the obtained results with a naive nested Monte-Carlo (NMC) method
and a standard multilevel Monte-Carlo (MLMC2). More precisely, we focus on the plain butterfly option with
payoff defined in (5.3.9) and compare all three methods. In our numerical tests, we will make use of both closed
formulas for 7°® and IP** defined in (5.3.8) as benchmark values for our methods. Unfortunately, we do not
possess any analogous formula for the quantity I°“*¢"fW associated to the plain butterfly option. However, we
can partly overcome this issue using a brute force Monte Carlo method on the butterfly’s delta since we have
an explicit expression for E; (X).

Estimators

We define the NMC estimator fM,N by:
1 & 1 &
Iy N = Wi mz::lg N ; f (Xm, ij) ) (5.3.20)

where M, N € N*. One can also consider both the antithetic MLMC estimator IAIQ,[/“;; defined in Section 5.2.1
and the non-antithetic MLMC2 estimator IAI{%LDQ defined by:

1 no 0. 1 M; 1 ng )
1]\%%12 M ZQ %;f(X%,Yj m) +;7lmz::1 g nljz_;f<X1lejm)

ny—1

l l,m
ni—1 Z f (Xn,“}/] )

j=1
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In order to estimate the RMSE := vV MSE, we use once again a MC simulation with typically n,.,mse = 50
simulations and consider the estimator :

RMSE :=

(fj - 1)2, (5.3.21)

nrmse .
=1
where (I)1<j<npasp are independent copies of NMC, MLMC or MLMC2 estimators.

Remark 5.3.10. The optimal parameters obtained in Theorem 5.2.3 depend on some parameters v, 7, p, o, 3,7.
Here, we have that p = co,n = 1. Moreover, as by the end of the proof of Theorem 5.3.3, we only have existence
of v > 0, we make the arbitrary choice v = % That gives: a = %(1 +UrAlLl) = %, Y+B8=1+%= % and we

have:
3
. —log (né1 e)
M; = My27 8!, My = O(e %), ny =no2',ng=0(1),L = | ——~| . (5.3.22)

log (2%)

Optimal choice of layers and complexity

Recall also that for € > 0, if we want to achieve MSE"®*'* .— E [(IM,N 71)2} = O (€?), we choose:
M=0 (6_2) and N =0 (6_1) and the computation cost is COST"** .= M x N = O (6_3).
Finally to achieve MSEM2 .= E [(—71\]\//11512 - I) 2} =0 (62) for the MLMC2 estimator, we choose 7, = 792!, M; =

My27' My = O (_10g(5)€*2) L = [%&06)—‘ and the computational cost is COSTML? = ZZL:() M, =

Myrig (I: + 1) =0 ((log (e))? 6_2) (see [46, Theorem 1 and Section3| with v = ).

Parameters :
We fix the following parameters Sy = K = 100,a = %,T = 1,r = 0.1,0 = 0.3. We obtain using (5.3.8) :
Tcau = 20.567, Iy = 9.432 and by a brute force Monte Carlo Iyyster iy = 11.964.

Graphs of log(RMSE) w.r.t log(¢) and log(COST)

Let us first plot the graph of log (RMSE) w.r.t log(¢) in order to retrieve the complexity of O (¢) for the
RMSE. More precisely, for a fixed threshold € > 0, we set the parameters M, N,M, n, L, 1\71, n, L as detailed
above. The log-log plot of RMSE w.r.t € should therefore show a slope of approximately 1. We choose a range
of 10 values of € from 1072® and 10~! and compute the RMSE associated to each method.

—%-- NestedMC --+-- ML antithetic slope=1.0 =+ NestedMC -—+-- ML antithetic slope=1.0
ML non-antithetic ML non-antithetic
2
1
1
0
0
m gt
0 W
g 1 g
) T 2
o o
-2 =3
-3 -4
-4 -5
=5.5 =5.0 =45 -4.0 =3.5 -3.0 =25 =5.5 =5.0 -4.5 —-4.0 =35 -3.0 =2.5
log(e) log(e)

Figure 5.2: log (RMSE) w.r.t log (¢) for a call (left) and put option (right).

As expected, we observe in Figures (5.2) and (5.3) a slope of approximately one for each method. In all
figures, the NMC method seems to be better than both MLMC methods as its RMSE is always lower. However,
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log(RMSE)
L

-2

-3

-4

—b

ML non-antithetic

-- ML antithetic—— slope=1.0

Figure 5.3: log (RMSE) w.r.t log (¢) for the butterfly option

one needs to keep in mind that as we have fixed a ¢ > 0 and chosen the associated parameters, we did not
consider the computational cost which is always higher in the NMC method compares to MLMC methods.

We now show the plot of log (RMSE) w.r.t log (COST) in order to compare each method and see which one
works best. More precisely, for a fixed COST we choose the optimal parameters using a grid-search algorithm
on the choice of (M, N) for NMC, (My,no, L) for MLMC and (]\;[0771})7 E) for MLMC2. We take a range of 5

values for COST from 5 x 10° to 5 x 107, 5 value for M from 10% to 10°, 5 values for My, My from 103 to 10°
and L, L € {3,4,5,6}. We compute the corresponding parameters N, ng, 73y using that:

N

log(RMSE)

~ COST

(1-271/8)COST

-1.5

I
N
o

I
N
w

M

COST

)= —— 5.3.23
(1 —2-(E+D/8) My’ 1o (L + 1)My ( )

- NestedMC --+-- ML non-antithetic -~+-- ML antithetic

.
N

13

Figure 5.4: log (RMSE) w.r.t log (COST) for the butterfly option

As expected, we see that the MLMC (antithetic) gives the best results as it returns the smallest RMSE
for a fixed COST while the NMC gives the highest RMSE. We have chosen here to only plot the butterfly
case since for both the call and put options, the optimal parameters returned (e.g 1 inner simulation for the
NMC after a Gridsearch algorithm) are those of a Monte Carlo simulation as in that case, the absolute function

induces no nonlinearity.
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COST | NMC | (M,N) | MLMC | (Mo,no,L) | MLMC2 (Mo,ﬁo,i)

500 x 10° | 0.289 | (1000,500) | 0.104 | (75250,1,5) 0.285 | (1000,125,3)
12875 x 10° | 0.0566 | (25750,500) | 0.0422 | (75250,35,5) | 0.0573 | (50500,42,5)
25250 x 103 | 0.0480 | (25750,980) | 0.0333 | (100000,52,5) | 0.0436 | (50500,83,5)
37625 x 10° | 0.0404 | (50500, 745) | 0.0319 | (100000,77,5) | 0.0333 | (75250,83,5)
50000 x 107 | 0.0384 | (75250,644) | 0.0300 | (100000, 118,5) | 0.0331 | (75250, 132,3)

Table 5.1: COST/RMSE/Optimal parameters

Non-nested biased lower and upper estimators

Following ideas in Section 5.2.2, we choose for the basis of X € R? the tensor product of a Chebychev and
Hermite polynomial basis i.e for ky > 0,kz > 0, Lx x := Lu g, ® Lz, where:

kX = kU X kz,LkaU (= Span (T() (U) ,T1 (U) 5 ...,TkU (U)) 7LZJ€Z (= Span (HO (Z) ,H1 (Z) y ...,sz (Z)) s
with the polynomials defined as:
Ho(X)=1,H,(X)=X, Vi>1,H (X)=XH;(X)—iH;_1(X).
To(X)=1,T, (X)=X, Vi>1Ty (X)=2XT(X)=Ti_, (X).

Then, we solve the following least-squares problem associated:

2

(o) = argmin N Z f(X3, i) = > lanTa(Ui) Hy (Zz) : (5.3.24)

lab €R,0<a<ky ,0<b<kz 0<a<ky,0<b<kyz

For €, we keep the same basis for X i.e Lx 4y = Ly,d, ® Lz,4,,duv > 0,dz > 0 and choose for Y : Ly g4, =
span (Ho (Y),H1 (Y), ..., Hay (Y)),dy > 0 . Taking advantage of the fact that E[H; (V)] = 1g—0y (see [2,
22.2.15 p.775 |), we now solve the following least-squares problem :

(ulp.) = argmin — Z X }7 Z uabcTa(Ui)Hb (Z) H, (Y’z)
uabceRpSaSkU70§bSkZ;0<CSkY i=1 0<a<ky,0<b<kz,0<c<ky
(5.3.25)
To calibrate our estimators, we generate N = 10° independent copies (Xl,ffz) <N0f (X,Y) in order to
1<i<

solve both (5.3.24) and (5.3.25) and get ¢}, (X) and €} (see (5.2.6) and (5.2.7)). From here, we generate another
set of N = 10% independent copies of (X,Y) and proceed with the Monte Carlo simulations associated to both
estimators.

Impact and optimal choice of the polynomial degrees

Once the choice of the basis is fixed, one needs to find the optimal degrees choice for (ky kz) and (dy, dz, dy).
To do so, we proceed with a grid-search algorithm i.e we choose a range of k4, = 8 for the lower bound,
dmaz = 8 degrees for the upper bound and choose the optimal degrees for which the estimate is the closest to
1.

For the call option, it seems that the lower bound degree has no impact on the value estimated since the delta
is positive. Concerning the upper bound degree, the optimal is for diy = 3,dz = 6,dy = 6. For the butterfly
option, the optimal lower bound degrees are ky = 4, kz = 4 while for the upper bound dy = 3,dz = 6,dy = 7.
We see that the higher k£ or d, the better the approximation up to a certain degree for which we start overfitting
the data.
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=
&
>
Q

Lower CI (du,dz,dy) | Upper CI

20,511 | [20.437, 20.584] (1,1,1) | 22.760 | [22.698 , 22.822]
20.52 | [20.447, 20.593] 22.420 | [22.393 , 22.447]
20.548 | [20.475, 20.621 21.092 | [21.071, 21.113]
20.518 | [20.445, 20.591 20.934 | [20.913 , 20.955]
20.523 | [20.450, 20.596] 20.879 | [20.856 , 20.901]
20.532 | [20.459, 20.605] 20.851 | [20.821, 20.881]
20.511 | [20.438, 20.584] 21.154 | [21.011, 21.296]
20.618 | [20.544, 20.691] 21.95 [21.441, 22.459]
20.507 | [20.434, 20.58] 20.81 | [20.787, 20.834]
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Table 5.2: Lower and upper estimators for a call option and different degrees

(kU, kz) Lower CI (dU, dz, dy) Upper CI
(1,1) | 11.781 | [11.728, 11.834] (1,1,1) | 16.053 | [16.015, 16.091]
(2,2) | 11.155 | [11.102, 11.209)] (2,2,2) | 16.146 | [16.119, 16.172]
(3,3) | 11.846 | [11.792, 11.899] (3,3,3) | 14.583 | [14.559, 14.607]
(4,4) | 11.743 | [11.69, 11.796] (4,4,4) 13.811 | [13.789, 13.832]
(5,5) | 11.835 | [11.781, 11.888] (5,5,5) | 13.178 | [13.144, 13.211]
(6,6) | 11.821 | [11.768, 11.874] (6,6,6) | 12.948 | [12.883, 13.013]
(7,7) | 12.006 | [11.953, 12.059] (7,7,7) | 12.887 | [12.781, 12.993]
(8,8) | 11.957 | [11.904 , 12.01 | (8,8,8) | 13.165 | [12.95, 13.379]
(9,9) [ 11.915 | [ 11.904 , 12.01 | (3,6,7) 12.702 | [12.678, 12.727]

Table 5.3: Lower and upper estimators for a butterfly option and different degrees
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