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Abstract

We study the long time behavior of a McKean-Vlasov stochastic differential equation (SDE),
driven by a Poisson measure. In neuroscience, this SDE models the dynamics of the membrane
potential of a typical neuron in a large network. The model can be derived by considering a
finite network of generalized Integrate-And-Fire neurons and by taking the limit where the
number of neurons goes to infinity. Hence the McKean-Vlasov SDE is a mean-field model of
spiking neurons.

We study existence and uniqueness of the solution this McKean-Vlasov SDE and describe its
invariant probability measures. For small enough interaction parameter J, we prove unique-
ness and global stability of the invariant measure. For J arbitrary large however, the invariant
measures may not be unique. We give a sufficient condition ensuring the local stability of
such a given invariant probability measure. Our criterion involves the location of the zeros
of an explicit holomorphic function associated to the considered stationary solution. When
all the zeros have negative real part, we prove that stability holds. We then give sufficient
general conditions ensuring the existence of periodic solutions through a Hopf bifurcation:
at some critical interaction parameter Jy, the invariant probability losses its stability and
periodic solutions appear for J close to Jy. To obtain these results, we combine probabilistic
and deterministic methods. In particular, a key tool in this analysis is a nonlinear Volterra
Integral equation satisfied by the synaptic current.

Finally, we illustrate these results with examples which are tractable analytically. Addition-
ally, we give numerical methods to approximate the solution of the mean-field equation and
to predict numerically the bifurcations.

Keywords: McKean-Vlasov stochastic processes; Long time behavior; Mean-field interaction;
Volterra integral equation; Hopf bifurcation
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Résumé

Nous étudions le comportement en temps long d’une équation différentielle stochastique (EDS)
de type McKean-Vlasov, dirigée par une mesure de Poisson. En neurosciences, cette EDS
modélise la dynamique du potentiel de membrane d’un neurone typique dans un grand réseau.
Le modele peut-étre obtenu en considérant un réseau fini de neurones de type Integre-Et-Tire
généralisé et en prenant la limite ol le nombre de neurones tend vers l'infini. Cette EDS est
donc un modele champ moyen de neurones a décharge.

Nous étudions l'existence et I'unicité de la solution de cette EDS McKean-Vlasov et nous
donnons ses mesures de probabilité invariantes. Si le parameétre d’interaction J est suffisam-
ment petit, nous prouvons 'unicité et la stabilité globale de la mesure invariante. Pour un J
quelconque cependant, il peut y avoir plusieurs mesures de probabilité invariantes. Nous don-
nons une condition suffisante assurant la stabilité locale d’une telle mesure invariante. Notre
critere fait intervenir les zéros d’une fonction holomorphe associée a la solution stationnaire
considérée. Lorsque tous les zéros sont de partie réelle négative, nous prouvons la stabilité.
Nous donnons finalement des conditions générales suffisantes assurant ’existence de solutions
périodiques par le biais d’une bifurcation de Hopf : pour un certain parametre d’interaction
critique Jy, la probabilité invariante perd sa stabilité et des solutions périodiques apparaissent
pour J suffisamment proche de Jy. Pour obtenir ces résultats, nous combinons des méthodes
probabilistes et déterministes. En particulier, dans cette analyse, un outil clé est I’équation
intégrale de Volterra non linéaire satisfaite par le courant synaptique.

Enfin, nous illustrons ces résultats par des exemples que 1’on peut traiter de maniere ana-
lytique. En outre, nous donnons des méthodes numériques pour approximer la solution de
I’équation champ moyen et pour prédire numériquement les bifurcations.

Mots clefs: Processus stochastique de McKean-Vlasov; Comportement en temps long; Equa-
tion Champ moyen; Equation intégrale de Volterra; Bifurcation de Hopf
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Chapter 1

Introduction

1.1 The model

1.1.1 The particle system

We study a model of network of neurons. Let b: Ry — R and f : Ry — Ry be two deter-
ministic smooth functions. For each N € N, we consider a Piecewise-Deterministic Markov
Process (PDMP) XN = (x'N,... xVNy e RY. Forie {1,---,N}, XY models the mem-
brane potential of the neuron ¢ in the network. It emits spikes at random times. The spiking
rate of neuron ¢ at time ¢ is f (XZ’N): it only depends on the potential of neuron . When the
neuron ¢ emits a spike, say at time 7, its potential is reset (X nN + = 0) and the potential of
the other neurons (say neuron j) increases by an amount J, ., where the connection strength

i—7
JZJLJ > 0 is fixed:

vi#i, XN = X2V + g

’L—)]

The weight matriz (Ji]ij)z‘,je{l,--,N}? is assumed to be deterministic and constant in time.
Between two spikes, the potentials of each neuron evolve according to the one dimensional

ODE J
N N

@th = b(Xy).

The drift function b models the subthreshold dynamics: it describes how the membrane po-

tentials evolve between the jumps. We assume that b(0) > 0 such that the dynamics stay

on R;. The rate function f models the intensity of the jumps of the neurons.

This process is indeed a PDMP. In particular, it is a Markov process (see [Dav&d]). Equiva-
lently, the model can be described using a system of SDEs driven by Poisson measures. Let
(N*(du,dz));=1,... v be a family of N independent Poisson measures on R, x R with intensity
measure dudz. Let (X, b N)Z 1,. .~ be a family of N random variables on R, independent of
the Poisson measures. Then (X*%) is a cadlag process solution of the system of SDEs:

4 . t )
Vi=1,--- N, XZ,N _XIN +/ b(XlN du + Z ]—M/ / ]]'{z<f(Xj’N)}NJ(du’dZ)
J#i 0 JRy 7000

// X2,y N (du, dz).
Ry
(1.1)
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We plot in Figure 1.1 a typical trajectory of (XZ’N) with N = 2 neurons.

A simulation with N = 2 neurons.

I I I I I I I
=
Q
B /
(o
Q
=
05 :
L0
g
Q
g
0, |
| | | | | | |
0 05 1 15 2 25 3
t

Figure 1.1: A simulation of the particle system with N = 2 neurons, b(z) = 3/2—=x, f(z) = 22
and J?,, = J2 ,; = 0.2. When one of the neuron is spiking its potential is reset to zero and
the other one receives a kick of size 0.2.

To summarize, the model is parametrized by the rate function f, the drift function b, the
weight matrix (Ji]ij)i,je{l,u-,N}Q and the law of the initial conditions. We are interested in

the limit of large network (N — o0). We now describe the limit equation associated to (1.1).

1.1.2 The McKean-Vlasov SDE

We now assume that the initial conditions (Xé’N)iE{L...7 ~y are independent and identically
distributed (i.i.d.) with probability law v. We furthermore assume that the weights between
the neurons are all equal:

N J

Vi,jE{l,"',N}, Jzﬁj:N

The deterministic constant J > 0 models the strength of the interactions. Under these
additional assumptions, the particles are indistinguishable from one to the other and the
particle system is exchangeable: 7,5 € {1,--- , N} with ¢ < j, we have

LOXPN - X Ys0) =

1,N i—1,N 7,N i+1,N j—1,N i,N J+1,N N,N
‘C((Xt )"'7Xt 7Xt aXt 7'”5Xt )Xt aXt )"'7Xt )tZO)‘



1.1. The model

The scaling Jl]i] = % corresponds to the scaling of the law of large numbers. Note that
N
xS ]tz = 3 [E
J#i j#i

N — t LN
- NJ/O E £(X2V)du

Furthermore, for any fixed deterministic time u > 0, the process X5N jumps at time u with
probability zero. Thus, we deduce that E f(X.V) = E f(Xo™).

As the number of neurons N goes to infinity, one expects propagation of chaos to hold: as
N goes to infinity, any pair of neurons of the network (say th N and Xt2 ’N) becomes more

and more independent and each neuron (say (th’N)) converges in law to the solution of the
following McKean-Vlasov SDE:

t t t
Xt = X() + / b(Xu)du + J/ Ef(Xu)du — / / Xu—]l{zgf(Xu_)}N(dU7 dz) (1.2)
0 0 0 JR4

In this equation, N is a Poisson measure on R%r with intensity being the Lebesgue measure
dudz, the initial condition X has law v and is independent of the Poisson measure. This SDE
is nonlinear in the sense of McKean-Vlasov, because of the interaction term E f(X,) which
depends on the law of the solution X. Informally, Equation (1.2) can be understood in the
following way:

Between the jumps, (X;) solves the ODE X, = b(X;) + JE f(X;)

and (X;) jumps to zero at a rate f(X;).

Eq. (1.2) is the main object of this thesis: we study the well-posedness as well as the qualitative
properties of the solution, in particular its long time behavior. This model, described here
with a probabilistic formalism, can also be understood via the following Partial Derivative
Equation (PDE).

1.1.3 The nonlinear Fokker-Planck equation

Let v(t,dz) := L(X;) be the law of X;. It solves the following nonlinear Fokker-Planck
equation, in the sense of measures:

O (t,dx) + 0y [(b(x) + JF(t))v(t, dx)] + f(x)v(t,dx) =77 () (1.3)

v(0,dr) = L(Xy), 7(t) = A f(x)v(t,dx).

Here ¢ is the Dirac measure in 0. Note that 7(t) = E f(X;). If furthermore £(X;) has a
density for all ¢, that is £(X;) = v(t, x)dz then v(t, x) solves the following strong form of the
Fokker-Planck equation (1.3)

Ow(t,x) + 0y [(b(x) + JF(t))v(t, x)] + f(x)v(t,x) =0, (1.4)
v(0,2)dx = L(Xp), 77(t) = /R flz)v(t,x)dx,
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with the boundary condition:
YVt >0, (b(0)+ JF(t))v(t,0) =7(t). (1.5)

Many questions arising in this thesis can be formulated equivalently using the nonlinear SDE
(1.2) or using the nonlinear PDE (1.3). We shall come back in Chapter 2 (see Section 2.7)
on the derivation of the PDE (1.3) and discuss conditions such that £(X;) admits densities
solving (1.4) and (1.5).

1.1.4 Two changes of parameters

The model, described by the mean-field equation (1.2), is parametrized by the drift b, the
jump rate f, the interaction parameter J and the initial condition Xy with law v.

A change of time

Let 7 > 0. Consider (X}) a solution of (1.2) and let for all t,z > 0
Vii= Xy, b(z):=71b(z), f(x):=1f(x).
Let N := N o g~ ! be the push-forward measure of N by the function
g(t,z) == (1t,z/1).

Note that N(du, dz) is again a Poisson measure of intensity dudz. We have

Tt Tt Tt
Vi = Xo+ / b(X)du + J / E f(X,)du — / / X Lproer i,y N(du, dz)
0 0 o Jr,

t~ t _ t B
:X0+/ b(VS)ds+J/ ]Ef(Vs)ds—// Vel e vy Nids, du).
0 0 0o Jr, =

We have made the change of variables u = 7s in the first two integrals and the change of
variables (u,z) = g(s,w) in the third integral. So (V;) is a (weak) solution of (1.2) with

Vo = Xo, J =J, b, f and N. So accelerate the time by a factor 7 is equivalent to scale b and
f by 7, while keeping J fixed. We shall use this fact in Chapter 5 (see Section 5.3.4).

Reduction to J = 1.

Consider (X;) a solution of (1.2) and let for all ¢,z > 0:
X 1
J’ T
Then (V}) solves (1.2) with Vp = %, b, f and J = 1. So without loss of generality we can
reduce (1.2) to J = 1. However, we will never use this reduction in this work. We prefer to
fix b, f (and the initial condition v) and to let J varies. Indeed, J has a clear interpretation:
it models the intensity of the interactions between two neurons (see (1.1)). For instance in
Chapter 3, we study the dynamics for J small enough (b and f being fixed) and in Chapter 5,
we study the Hopf bifurcations as J varies.

V= b(x) b(Jz), and f(z):= f(Jx).
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1.2 Biological background and motivations

With 10'! neurons in the human brain, neurons are the basic unit that makes perception,
learning, feeling and behavior possible. Despite the important variability between neurons
(there are more that 10 different types of neurons), the nerve cells all share a common
structure (a soma, an axon and the synapses). Neurons “communicate” via action potentials
(or spikes). Those are highly stereotyped signals where the membrane potential of the spiking
neuron rapidly raises and falls [MIXJSSHI13, Ch. 2].

Models of a single neuron

The first mathematical description of a single neuron is the integrate-and-fire model of Lapicque
(1907). In his seminal paper [Lap07], Lapicque models the membrane potential of a neuron
by the scalar ODE 7V = —V(t) + RI, until the spiking time, which is defined by the time at
which the membrane potential V' (¢) reaches a fixed deterministic threshold. After the spike,
the membrane potential is reset to a resting value.

A more sophisticated and more precise model is later proposed by Hodgkin—Huxley [HH52].
It models jointly the membrane potential together with the voltage gated ions channels of the
neuron. Altogether the system is described by a 4D nonlinear ODE. A key feature is that the
spikes are intrinsic to the dynamics: no threshold is required. In addition to its complexity,
one drawback of Hodgkin—Huxley model is that the spikes are not well-defined: while we
observe that the Hodgkin—Huxley dynamics exhibits important variations of the membrane
potential (that we interpret as spikes) the precise timing of these action potentials in not well
defined in this continuous model. In contrary, in Integrate-and-Fire models, the spiking times
are well defined, and so it is easier to define the mean number of spikes per unit of time, which
is an important quantity when modeling network of neurons.

Spike trains (that is the times of the successive spikes) of real neurons, particularly in vivo, are
noisy. This variability cannot be correctly reproduced by the deterministic models of Lapicque
and Hodgkin—Huxley. There are two classical ways to introduce noise in the Integrate-and-fire
models. The first approach is to add a diffusion term in the dynamics (typically an additive
Brownian motion). The second approach is to abandon the notion of a fixed deterministic
threshold and to replace it with a “soft” threshold. In this case, a neuron fires with a prob-
ability which depends on its membrane potential. This is known in the physics literature as
“escape rate” models, “noisy outputs” or “generalized integrate-and-fire” model. We refer
to [Brigg; Ger9s], as well as [GKNP 14, Ch. 9] and the references therein. In [DGLP15],
the authors proposed to use Poisson measures (see (1.1)) to describe this model in rigorous
mathematical terms. Using motoneurons, in [JBHD11] the authors validated such escape rate
model with real data and suggested f(z) =~ exp(ap + a1x) for some constant ag and a; fitted
experimentally.



Chapter 1. Introduction

Neurons in a network

A spike of a neuron propagates along the axon of the neuron and reaches its synapses. This
triggers a chemical reaction that induces a communication with the post-synaptic neurons.
The mechanism is the following: vesicles, stocked in the pre-synaptic neuron, merge with
the membrane. This releases neurotransmitters which are recaptured by the post synaptic
neuron: this in turn increases the membrane potential of the post-synaptic neuron. We
refer to [MIJSSH13, Ch. 8] for more details. The jumps mechanism of (1.1), introduced in
[DGLP15], is a caricature of such chemical synapse transmissions: a spike of the pre-synaptic
neuron induces an instantaneous jump in the post-synaptic neurons.

To support our mean-field assumption, we need large enough networks of neurons, such that
the local interactions are correctly captured by the mean-field current. Moreover such network
have to be small enough such that the population is homogeneous (the neurons are similar in
shape) and such that the population is sufficiently connected. These assumptions are typically
fulfilled within cortical columns (such as for instance V1). Those are structures of a diameter
50pm to 1mm with 10% to 10° neurons. We refer to [WTGWSLMO4; SHMHSWHNOG; SDG17]
for a discussion about this scenario.

To describe the activity of a population of neurons, one often uses rate models, that describe
the mean activity of the neurons of the considered population. For instance, in the Wilson-
Cowan model [WC72] the authors consider E(t) the proportion of neurons that are firing at
time ¢ and assume that this quantity solves the following ODE:

TE(t) = —E(t) +[1 — EE)] F(JE(2)).

In this equation, &, J are constants (J models the connectivity of the population) and F' :
R — R is a nonlinear function. While being useful to make predictions, the main drawback of
these methods is that the evolution equation is a coarse grain description (mesoscopic scale),
which is not derived from the dynamics of the underlying neurons.

Interest of the model for the neuroscience

As opposed to rate models, (1.2) works simultaneously at the microscopic and at the meso-
scopic scales. Consider (X;) a solution of (1.2). On one hand, (X;) models the membrane
potential of a “typical” integrate-and-fire neuron with escape rate f, under the influence of
the other neurons through the mean-field interactions. On the other hand, E f(X}) is the
mean activity of the population. This ability to bridge the gap between these two scales is
particularly interesting in view of recent experimental advances. For instance, using micro
electrode arrays, it is possible to measure simultaneously the membrane potential of neigh-
borhood neurons [ODBBE15].

We shall see that the model can exhibit spontaneous oscillations (see Chapter 5 and 6): this
could provide a better understanding of some features of neural oscillations. For instance,
the model can help to make predictions about the frequencies of the spontaneous oscillations,
knowing the parameters of a typical neuron. Similarly the model exhibits bi-stability (see
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Chapter 6). Such feature (coexistence of two stable states) is sometime alleged to explain
the process of decision making [MKJSSH13, Appendix F.]. When bi-stability disappears, this
leads to a cusp bifurcation where some small modification of a parameter can give brutal
changes of the dynamics (see Chapter 6).

1.3 Previous works and results

Equation (1.1) and its mean-field version (1.2) is a close variant of the model introduced by
[DGLP15]. In their work, the limit equation writes

t t t
X, =X, — /\/ (X, — EXu)du—i—/ E f(X,)du —/ / X< fxo_ )y N(du, dz). (1.6)
0 0 0 JRy

Here the constant A is non-negative and the term —A(X, — E X,,) accounts for a callback to
the mean value of the membrane potential at time ¢, E X;. This callback models electrical
synapses. The only difference between (1.2) and (1.6) is this callback to the mean value.
In (1.2), we have replaced it with a deterministic drift b(X;). The authors proved existence
and uniqueness of a weak solution of the limit equation (1.6) as well as the convergence
of the corresponding particle system towards this solution (propagation of chaos), under the
additional assumption that the initial condition v is compactly supported: there exists Ag > 0
such that P(Xy € [0, Ag]) = 1.

In [FL16], the authors were able to remove this assumption of a compact support of the
initial condition. They proved path-wise uniqueness of (1.6) and study the propagation of
chaos under very few assumptions on the initial datum. They also obtained results on the
long time behavior of the solution of (1.6). They proved that (1.6) admits two invariant
measures: the Dirac mass at 0, dg and a non-trivial one. They moreover gave sufficient
conditions ensuring that the Dirac mass dy is not stable: if P(Xy = 0) < 1, then X; does
not converge in law to 0. When \ = 0, they proved that the non-trivial invariant measure is
globally attractive. Note that A = 0 corresponds to b = 0 in (1.2). To do so, they used the
strong form of the Fokker-Planck equation (1.4). They relied on the fact that the boundary
condition is constant: when b = 0, (1.5) become:
1

v(t,0) = 7

Denote by v the non-trivial invariant probability measure. They proved that
d
vt >0, $Hl/(t, ) - VOO(')‘|L1(R+) <0,

where v(t, ) denotes the density of X;. In particular, they assumed that the initial condition
X has a density which itself satisfies the boundary condition. They obtained the convergence
of v(t,-) to Vs in L' norm.

Still for the case b = 0, in [DV21] the authors gave another proof of the stability of the
non-trivial invariant probability measure. They obtained local stability results (that is they
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assume that the initial condition is close enough to the invariant probability measure) with
explicit rate of convergence. They linearized the Fokker-Planck equation (1.4) around the
invariant measure and studied the spectrum of this linear mapping. They showed a spectral
gap giving the exponential rate of convergence.

In [DV17], the authors explored numerically the behavior of the solution of (1.6) for A > 0.
They showed that periodic solutions appeared for f(z) = P with p and A large enough. They
suggested that the transition towards the oscillations occurred via a Hopf bifurcation, where
the invariant measure lost its stability.

The nonlinear Fokker-Planck equation (1.3), or its strong version (1.4), belongs to the family
of nonlinear transport equations with a boundary condition. Such PDE have been studied
in the context of population dynamics (see for instance [GM74; Priig®3; Webg5; Per(7]). In
[GMT74], the authors studied the following transport equation

Bup(t, ) + Dup(t, ) + M, P(1))p(t, 2) = 0
P(t) = /0 p(t,x)dx
o(t,0) = /0 " Bl P@)plt, )z

Here, p(t,x)dx is the proportion of the population with age x. The quantity \(z, P(t)) is
the death rate, while [ 8(x, P(t))p(t,z)dz is the birth rate. The authors characterized
the stationary solutions of this PDE and found a criterion assuring the local stability of
the stationary solutions. They derived a Volterra integral equation and used it to obtain
the stability criteria. More recently, [PPS10; PPS13; MW 18; M)W 18] have re-explored these
models for neuroscience applications (see [CCDR15; Chel7b] for a probabilistic interpretation
of some of these PDEs using Hawkes processes). In [MW 18] (see also [Gabl8]), the authors
studied such PDE in the sense of measures. In our setting, that means to use (1.3) (and not
the strong form (1.4)). They considered solutions in the space of bounded Radon measures

M'(Ry) ={g € (C(Ry))’, Supp g € Ry}

and used recent tools developed for the semigroups on this Banach space (see [MS16]). They
obtained results on the long time behavior for weak-enough interactions. To do so, they
processed by perturbing the case for which there is no interaction. Our PDE (1.4) differs
from theirs in the sense that we have a nonlinear transport term (theirs is constant and equal
to one) and our boundary condition is more complex: in particular the boundary condition
(1.5) is nonlinear with respect to the solution v(¢, dz).

A celebrated variant of (1.2) is the following “standard” integrate-and-fire model with a

fixed deterministic threshold [CCP11h; CPSS15; DIRT 15a; DIRT15b]. In this case, the limit
equation writes (see [DIRT15a])

t
0

where (W)¢>0 is a Brownian motion, M; = 2@1 Ljo,(7%), 70 = 0 and

T = inf{t > 7,1, Xy— > 1}.
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That is, the 75, are the successive spiking times, corresponding to the times where X; reaches
the value 1, which is the value of the threshold. The random variable M; is the number
of spikes of (X;) up to time t. Note that such fixed deterministic threshold corresponds
(informally) to our case to the choice f(x) = +00l[; o)(), and that between the jump, a
diffusion W; is added to the dynamics. In [CCP11b] the authors show that the limit equation
(1.7) may have blow-up, that is 4 E M, becomes infinite in finite time. This result and its
proof can easily be adapted to (1.2) in the case where f explodes at a finite location and that
b is lower bounded. Consider for instance

fz) = L, and b(z) = 1. (1.8)

11—z

However, if f is regular enough and does not grow too fast to infinity, such blow-up phenomena
disappears and the limit equation is well-posed for all times. Indeed, the blow-up appearing
in (1.7) is reminiscent of a “cascade” of spikes, which is better understood at the level of the
particle systems. Assume all the neurons have their potential close to the threshold (for all
ie{l,---,N}, XZ’N >1- % at some time t), then a spike of one of the N neurons triggers
an instantaneous spikes of all the other neurons! This translates to a blow-up at the level of
the limit equation. However, if f is regular enough, such cascade of spikes cannot happen,
thanks the Poisson structure of (1.2).

In [DO16] (see also [HKL18; HP19]), the authors studied the long time behavior of the finite
particle system (1.1). They assumed that b(x) = —ax for some constant a > 0, that f is
globally Lipschitz with f(0) = 0 and that f is differentiable at 0. When « > 0, they proved
almost sure extinction in finite time of the particle system. So (d9)®" is the unique, globally
attractive, invariant measure. For o = 0, they proved the existence of a globally attractive
non-trivial invariant probability measure. To do so, they proved that the process is Harris
recurrent, by exhibiting an explicit regeneration scheme. Finally, we mention the recent work
[LM20]. The authors consider b(x) = —ax for some constant & > 0 and f(z) = min(z, 1). So,
the result of [DO16] applies: the finite particle system extincts in finite time almost surely.
For J large enough, the authors proved that the nonlinear equation (1.2) admits a non-trivial
invariant measure, globally attractive, using a coupling argument. Moreover, they show that
in this specific situation, the finite particle system is metastable: it spends a long time close
to the solution of the nonlinear equation (1.2), before finally extincts.

1.4 Contributions

1.4.1 The Volterra integral equation: Chapter 2

The main difficulty of (1.2) (or its PDE version (1.3)) is to control the nonlinear interaction
t — JE f(X;). In particular, there is no simple autonomous equation for this quantity. To
overcome this difficulty, we introduce a “linearized” version of (1.2), for which we can derive
a closed integral equation of the jump rate.

Fix s > 0 and let a : [s,00) — R4 be a non-negative deterministic function, that we call the
external current. It replaces the interaction JEf(X,) in (1.2). We assume that a : [s,00) —
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Ry is a Borel-measurable locally integrable function (V¢ > s, fst aydu < o0). Consider the
linear non-homogeneous SDE

Vi>s, Y=Y+ /b( )du+/ aydu — // Yu—s]]'{z<f au)}N(du dz), (1.9)

where £(Ys%”) = v. Under quite general assumptions on b and f, this SDE has a path-wise
unique solution (see Lemma 2.13). We denote the jump rate of this SDE by:

Vt>s, ra(t,s) :=Ef(V5). (1.10)

Moreover, taking s = 0 and Yy" = Xo, it holds that (Y;5"):>0 is a solution to (1.2) if it
satisfies the closure condition
YVt >0, ar=Jrg(t,0). (1.11)

Conversely, any solution to (1.2) is a solution to (1.9) with a; = JE f(X3).

Consider 75" the time of the first jump of Y%V after s

¢V =t > s YA £V 2N) (1.12)

t—,s

We introduce the survival function HY(t, s) and the density of the first jump K%(¢,s) to be

d
Hy(t,s) = P(ri¥ > 1), Ki(t,s) = —ZP(r8" > 1), (1.13)

We prove in Chapter 2 that the function r}, satisfies the Volterra integral equation

t
Vt>s, ri(t,s)=Kg(t,s) +/ K% (t, u)rt (u, s)du, (1.14)

Consequently (1.11) and (1.14) give a third formulation of this mean-field model. We use this
Volterra integral equation to obtain a new proof of existence and path-wise uniqueness of the
solution of the nonlinear equation (1.2). As in [FL16], we do not require the initial condition
to be compactly supported. Moreover, we give sufficient condition ensuring that the jump
rate E f(X;) is uniformly bounded in time:

supE f(Xy) < o0
>0

1.4.2 Long time behavior for weak enough interactions: Chapter 3

Our first main result is Theorem 3.7. We study the long time behavior of the solution of the
nonlinear SDE (1.2) under the assumption that the interactions are small. We prove that
there exists a constant J* > 0, only depending on b and f, such that for all J € [0, J*], the
SDE (1.2) has a unique invariant probability measure which is globally attractive. Moreover,
the rate of convergence to this invariant measure is exponential.
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The outline of the proof is the following. We first study the case J = 0 (no interaction).
Consider a > 0 and let (Y;5") be the solution of (1.9). That is (Y;;")i>0 corresponds to a
single neuron (no interaction) subject to a constant current @ = . We prove that (Y/;") has
a unique invariant measure given by

O NN A 0 7 R VR
i) = iy g (- [ 50 et e

In this equation, the upper bound o, of the support of the invariant measure, is given by
04 = inf{z >0, b(x) + a = 0}.

Because we assume that b(0) > 0, it holds that o, € R% U{+00}. The normalization constant
v(a) > 0 is such that v3° is a probability measure. Moreover, it holds that

Va (f) = [ fl@)vg (dz) = ().
R

In other words, y(«) is the jump rate under the invariant measure v3°. For constant current
a = «, the Volterra integral equation (1.14) is of convolution type. So, techniques using
the Laplace transform are available. We prove that (Yﬁ)y) converges in law to v5° at an
exponential rate. More precisely, we prove that there exists a constant \*, > 0 (only depending
on b, f and a and explicitly determined by the Laplace transform of the survival function
H?%(t,0)) such that for all A < A%, it holds that

sup |4 (t,0) — 'y(a)|e’\t < 00.

t>0

Second, we remark that the invariant measures of (1.2) are

(v, a= Iy}

For J small enough, we prove existence and uniqueness of the invariant measure of (1.2):
there is a unique a* > 0 such that o* = Jvy(a*).

Third, we extend the convergence result to non-constant current. We consider A < \’. and
a a deterministic function such that

la; — ™| < Ce ™,
for some constant C' > 0. We then prove that
75 (t,0) = v(a*)| < D(C)e™™,

for some new constant D(C') related to C. To do so, we use a perturbation argument involving
the Volterra integral equation (1.14).

Finally a fixed point argument ends the proof: we consider J small enough such that JD(C) <
C. It follows that the Picard iterations

any1(t) == Jrg (t,0), ag:=a"
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satisfy
Vn €N, |an(t) — ai] < Ce ™.

We then let n go to infinity, and use that these Picard iterations converge to the nonlinear
current JE f(X;) to obtain

VE >0, |JEf(X))— o <Ce ™.

1.4.3 Local stability of an invariant probability measure: Chapter 4

We study the stability of the invariant measures of (1.2) for J arbitrary large. Consider v5°
an invariant probability measure of the nonlinear equation (1.2). The constant o > 0 satisfies
a = Jy(a). We give a sufficient condition ensuring the local stability of ©5°. If this criteria
of stability is met, then starting from any initial condition v close enough to the invariant
measure v5°, the law of X;, solution of (1.2), converges to v5°. The convergence holds at an
exponential rate. The criteria involves the location of the roots of an explicit holomorphic
function. Consider for all t > 0

r2(t) ==l (1,0) = E f(Y,5™)

the jump rate at time ¢ of an isolated neuron subject to a constant current a and starting at
time 0 with the initial potential x. Let:

T ey (d),

> W)= [ Sgm
YVt >0, ©O4(t) ; dz:r

We prove that for all A < A%, t = ©,(t)eM € L' (R, ). So the Laplace transform of ©,, is a
holomorphic function on {z € C, R(z) > —A%}. Theorem 4.13 states that if

sup{R(z) > —A%, JO.(z) =1} <0,
then the invariant measure v5° is locally stable. If moreover it holds that

Ve >0, f(z)+b(x)>0,

we prove in Theorem 4.14 that this last stability criteria is automatically satisfied. The proof
of Theorem 4.13 relies on the implicit function theorem. Given A € (0, \}), consider the
following weighed L>°(R.) space:

LY == {h € BRR), ||B]| < oo}, with |[A]|S° := esssup |hg|e™.
>0

Given an initial condition v, we define the following function
(v, h) = Jrain(,0) = (@ + h),

where 7%, (¢,0) := E f(Y5""") and h € L. Note that when ®(v,h) = 0, then (1.11) holds
with @ = o + h. Hence such current o + h can be used to define a solution of the nonlinear
SDE (1.2).
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By carefully inspecting the perturbation argument of Chapter 3, we can prove that the func-
tion L > h + ®(v,h) € LY is C! Fréchet differentiable in a neighborhood of h = 0. We
then apply the implicit function theorem at the point (v5°,0), for which we have

D1, 0) = Jrka —a = Jy(a) —a=0.

a )

To do so, the Fréchet derivative of ® with respect to h at the point (v5°,0) (denoted Dy, ®(v5°,0))
needs to be invertible with continuous inverse. We prove that D, ®(v3°,0) can be represented
using a convolution with respect to O, and so the invertible condition can be stated in term
of the location of the zeros of the above holomorphic function.

1.4.4 Periodic solutions via Hopf bifurcation: Chapter 5

In this chapter, we give sufficient general conditions on b, f and J to have a Hopf bifurcation:
at some critical interaction parameter Jy, an invariant probability measure of the process
become instable and periodic solutions appear for J close to Jy. Our conditions can be stated
using the same explicit holomorphic function of Chapter 4. We assume that for J = Jy, there
exists an invariant measure vgo of (1.2) (and so the constant ag > 0 satisfies ag = Joy(ao))
such that

370 >0, JoOu, (i/70) =1 with %= —1.

That is, the criterion of stability studied in Chapter 4 is violated in ag with a pair of purely
imaginary zeros +i/7p. The main result, Theorem 5.9, gives sufficient conditions ensuring
the existence of a family of periodic solutions of (1.2). Those periodic solutions are strong
solutions of the Fokker-Planck equation (1.4). The proof of the result relies on two main
arguments. First, we study an isolated neuron subject to a periodic current. That is, given a
a T-periodic non-negative continuous function, we study the long time behavior of (Y;5")i>o0,
the solution of (1.9). Because of the forcing periodic input, the law of thlo’y asymptotically
oscillates as t goes to infinity. To characterize the T-periodic limit, we introduce the following
discrete time Markov Chain. We consider (7;);>1 the times of the successive jumps of Yt%’y.
We then let
Ti
e[

be the phase of the i-th jump. Then, (¢;);>1 is a Markov Chain on [0,7]. We prove that this
Markov Chain has a unique invariant measure, denoted m,. Finally, this invariant measure
g 1s used to construct the limit periodic law of Ytl’lo’y. We then go back to the non-linear
equation (1.2). We parameterize the periodic solutions as the zeros of a non-linear function.
Two difficulties have to be managed here. First, the period T of the solution is also unknown:
we use the scaling argument described in Section 1.1.4 to only consider 27-periodic functions.
Second, the periodic solutions are a priori to be found in a infinite dimensional Banach space.
We use the Lyapunov—Schmidt method to reduce the problem to a space of dimension two.
Finally, we solve this finite dimensional problem by the mean of the implicit function theorem.
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1.4.5 Examples and numerical simulations: Chapter 6

In this last chapter, we illustrate the theoretical results with explicit examples and numerical
simulations. We first study in details the following case where

Vz >0, bx)=m—z and f(z)=2?%

for some constant m > 0. Depending on the value of m and J, the nonlinear SDE (1.2) may
have 1,2 or 3 invariant probability measures. We study analytically the case m = 0 as well as
m large. We then study the following example:

0 for0 <z <1,

Ve >0, blx)=m—2x and f(z):= {l/ﬁ for o > 1,
for some constants m > 1 and § > 0. We will see that for § small enough the model exhibits
(many) Hopf bifurcations and the spectral conditions of Chapter 5 can be analytically verified.
Finally, we describe and compare two numerical methods: a Monte Carlo Euler scheme to
simulate the particle system (1.1) and a finite volume scheme to approximate the solution of
the Fokker-Planck equation (1.3). In addition, we give an algorithm to determine numerically
the stability of the invariant probability measure of (1.2). We rely on the results of Chapter 4:
the stability is given by the location of the zeros of an explicit holomorphic functions. We
approximate those zeros by computing the eigenvalues of an explicit large matrix. This matrix
is derived from the finite volume scheme.






Chapter 2

Well-posedness of the mean-field equation

We study existence and path-wise uniqueness of the McKean-Vlasov SDE (1.2) and
describe some qualitative properties of the solution. We give sufficient conditions
ensuring that the mean number of jumps per unit of time (the jump rate) is
uniformly bounded in time and we study the regularity of the marginals of the
solution (existence of a densities). Our proof for the existence and uniqueness
is based on the Volterra integral equation (1.14) and on a fixed point argument.
Some of the material of this chapter is taken from the first part of the published
paper [C'TV20a].

2.1 Introduction

We consider the McKean-Vlasov equation (1.2)

t t t
Xy = Xo+ / b(Xu)du + J/ E f(Xu)du — / / Xufﬂ{zgf(Xu,)}N(dua dZ),
0 0 0o Jry

where the initial condition Xy is independent of the Poisson measure N, of intensity dudz. We
give conditions on b : Ry — R, f: Ry — Ry and on £(Xp), the law of the initial condition
Xp, such that this nonlinear SDE admits a path-wise unique solution.

Results on the existence of a solution to (1.2), in a slightly different context (in particular,
with b(x) = —kx for kK > 0), have been obtained in [DGLP15]. One difficulty is that the
function f is not assumed to be globally Lipschitz. In [DGLP15], the authors assumed that
the initial condition v is compactly supported. This property is preserved at any time ¢ > 0.
So, the behavior of the solution in the case of a locally Lipschitz continuous rate function
f is similar to the case with a function f globally Lipschitz continuous. When the initial
condition is not compactly supported, the situation is more delicate. In [FL16], the authors
proved existence and path-wise uniqueness of the solution to (1.2) (again in a slightly different
setting where b(z) = —kx). To do so, they first proved path-wise uniqueness of (1.2), using
an ad-hoc distance. They defined

Vr >0, H(x):= f(x)+ arctan(x)
and proved that if (X;), (X;) are two solutions of (1.2) driven by the same Poisson measure,

16
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then it holds that for all T' > 0, there exists a constant C'p such that

supE |H(X,) — H(X,)| < OrE|H(Xo) - H(Xy)|.
t<T

Moreover, they proved the tightness of the particle system (1.1) which yields existence of a
solution by considering a converging sub-sequence. This method also gives the propagation
of chaos. In this chapter, we give another proof for the existence and uniqueness of the
solution of (1.2). As in [FL16], we do not require the initial condition v to be compactly
supported nor f to be Lipschitz. To proceed, we first derive a closed equation for the jump
rate: the Volterra integral equation (1.14). We give two different derivations of this equation
(see Proposition 2.19 and Proposition 2.24). We use this equation together with a fixed point
argument to obtain the result. We find this method more robust. Indeed, it is not obvious to
adapt the proof of [F'.16] to our setting, where b is arbitrary. Moreover, we obtain a global
in time bound of the jump rate.

Remark 2.1. Note that the “global” existence/uniqueness results obtained for this model dif-
fers from those of the “standard” Integrate-and-Fire model with a fized deterministic threshold
(1.7). In [CCP11a], the authors proved that a blow-up phenomenon appears when the law of
the initial condition is close enough to the threshold ¥: at the blow-up time, the jump rate
of the solution diverges to infinity. Here, under our assumptions, the situation is completely
different: the jump rate is uniformly bounded in time (see Theorem 2.8).

2.2 Notations and main results

Let us introduce some notations and definitions. We denote by P(R) the set of probability
measures on Ry and by N(du,dz) a Poisson measure on R x R4 with intensity dudz. For
s> 0and v € P(Ry), let Y;',IS’V be a v-distributed random variable independent of N. We
consider the canonical filtration (F}'):>s associated to the Poisson measure N and to the initial
condition Y;?g”, that is the completion of

oY N([s,r] x A): s <r <t, AeB(Ry)}

5,8

Definition 2.2. Let s > 0 and a : [s,00) — Ry be a measurable locally integrable function
(Vt > s, f;audu < 00).

o A process (Y%")i>s is said to be a solution of the non-homogeneous linear equation (1.9)

with a current a if (Vi7" )izs is (F} )i=s-adapted, cadlag, a.s. vt > s, f F(Yd Ydu < oo
and (1.9) holds a.s.

o A (FP)i>0-adapted cadlag process (X¢)i>o is said to solve the nonlinear SDE (1.2) if
t — E f(X¢) is measurable locally integrable and if (Xi)i>0 is a solution of (1.9) with
s=0, Y(f(’)” = Xo and ¥Vt >0, a; = JE f(X;).

For any measurable function g, we write v(g fo v(dx) whenever this integral makes
sense.
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Assumption 2.3. We assume that b: Ry — R is a globally Lipschitz function with b(0) > 0.

Remark 2.4. The assumption b(0) > 0 ensures that the solution of (1.2) stays in Ry (and is
required if one wishes the associated particle system (1.1) to be well-defined on (R4 )N, where
N is the number of particles).

Assumption 2.5. We assume that f : R — Ry is a C' strictly increasing function with
f(0) = 0 and there exists a constant Cy such that:

2.5(a) for allz,y >0, f(z+y) < Cp(l+ f(2) + f(y))-
2.5(b) for all A >0, sup,~¢ Af'(x) — f(x) < occ.
2.5(c) for all x >0, [b(x)| < Cr(1+ f(x)) .

Remark 2.6. These assumptions ensure that f(x) > 0 for all x > 0. Using that f is non-
decreasing and 2.5(a), one has

VYA>0,3C4>0, Vz>0, f(Az)<Ca(l+ f(z)). (2.1)

Moreover, 2.5(a) also implies that f grows at most at a polynomial rate: there exists constants
Co and p > 0 such that
Ve >0, f(x) <Co(l+2P). (2.2)

Indeed, this follows from

vneN,  f2) < Cp(1+2f(2")),
and the fact that f is non-decreasing. We can choose p := 1+ logy CY.
Assumption 2.7. The law of the initial condition v € P(Ry) satisfies v(f?) < occ.

Let us give our main result.

Theorem 2.8. Let J > 0. Under Assumptions 2.3, 2.5 and 2.7, the nonlinear SDE (1.2) has
a path-wise unique solution (X¢)¢>o in the sense of Definition 2.2. Furthermore the function
t — E f(Xy) is C' and there is a finite constant ¥ > 0 (only depending on b, f and J) such
that

supE f(X;) < max(7,E f(Xo)) and limsupE f(X;) <T.

t>0 t—o00

2.3 Technical notations and lemmas

Between its random jumps, the SDE (1.9) is reduced to a non-homogeneous ODE. Let us
introduce its flow ¢ (), which by definition is the solution of

Vi Zs,  ens(@) = b)) +ar (2.3)
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Given s € R, we consider L{° ([s,00);R4) the space of non-negative and locally bounded
measurable functions on [s,00). The following standard results on the ODE (2.3) will be
useful all along:

Lemma 2.9. Let a € LS (Ry;Ry). Assume b satisfies Assumption 2.53. Then:

2.9(a) For all x > 0 and s > 0, the integral equation

t t
ot :x+/ b(gau)du—F/ aydu,

has a unique continuous in time solution, that we denote ¢ (). This is the flow
associated to the drift b and to the external current a.

2.9(b) Given a and d in LS (Ry;R.), the flow satisfies the following comparison principle:

loc

V>0, a; > dy] = Vo >y>0, Vt>5>0, of (z) > ¢l (y)].

Furthermore, denote by L the Lipschitz constant of b, we have
prs(z) — @ﬁs(x)( < llt=s) / t |y — dy|du.
2.9(c) The function (t,s) — ¢£(0) is continuous on {(t,s): 0 < s <t < oo},
We have explicit expressions for HY(t,s) and K%(t, s), defined by (1.13)
YVt >s, HA(t,s) = /OOO exp (— /t f(wg,s(x))du>y(dx). (2.4)
Kot = [ ret@en (- [ fen @) @9

Notation 2.10. Given two “kernels” « and B, it is convenient to follow the notation of
[GLS90] and define:

t
Vit >s, (axB)(ts):= / a(t,u)B(u, s)du. (2.6)
S
Notation 2.11. To shorten notations, we write for all x > 0:
Tg(t s) = Tg’”(t, s), Hg(t’ s) = ng’ Kg(tv s) = Kg,x’
where 0, is the Dirac measure in x. When x = 0, we omit the 0 and simply write rq. We use
the same conventions for H and K.
With these two notations, the Volterra equation (1.14) becomes
re =Ko+ K, xrp. (2.7)
From the definition (1.13), one can check directly the following relation

1« K% =1-H". (2.8)
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Notation 2.12. When the input current a is constant and equal to o (@ = «), (1.9) is

homogeneous and we write

vt>0, Y=Y,
a(t) = 1q(t,0),
Ko (t) = Kq(t,0),
H(t) := Hg(t,0),
wi (2) = pio(x)-

T

) :
) :
) :
) :

Note that in this homogeneous situation, the operation x corresponds to the classical convo-
lution operation. In particular this operation is commutative in the homogeneous setting and

(2.7) is a convolution Volterra equation.

2.4 Derivation of the Volterra integral equation

2.4.1 Well-posedness of the non-homogeneous linear equation (1.9)

Fix s > 0 and let @ € L3 ([s,00); R4). We consider the non-homogeneous linear SDE (1.9).

Lemma 2.13. Assume b satisfies Assumption 2.3. Let f € LS°

loc

Proof. We give a direct proof by considering the jumps of Ytas” and by solving the equation

between the jumps.

e Step 1: we assume that f is bounded. There exists a constant K < oo such that

sup f(z) < K.
x>0

In this case, the solution of (1.9) can be constructed in the following way. Define by

induction

t
= 1nf{t >s: / / :H‘{z<f(g0“ (YQZV))}N(dU,dZ) > O},
s JRy TSRS
t
Vn > 0, Tn+l = inf{t > Tyt / / ]l{ZSf(wﬁT (0))}N(du, dZ) > 0}
Tn J R4 o

Using that f < K, it follows that a.s. lim, o 7, = +00. We set

Y;it,ls’y = ¥, S(Ysa )Hte[s,m) + Z SOZT,L (0) ]lte[rn,Tn+1)a
n>0

we can directly verify that ¢ — Yﬂsl’ is almost surely a solution of (1.9).

(R+7R+) and v € P(R+)
Then the SDE (1.9) has a path-wise unique solution on [s,00) in the sense of Definition 2.2.
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Path-wise uniqueness of equation (1.9) follows immediately from Lemma 2.9(a): two
solutions have to be equal almost surely before the first jump, from which we deduce
that the two solutions have to jump at the same time. By induction on the number of
jumps, the two trajectories are almost surely equal.

e Step 2: We come back to the general case where f is not assumed to be bounded
and we adapt the strategy of [F'.16, proof of Prop. 2}(. We use Step 1 with f5(z) :=
f(min(z, K)) for some K > 0. Let us denote Y %"" the solution of (1.9) where f
has been replaced by fX. The boundedness of f¥ implies the path-wise uniqueness of
Y;aS”K We introduce (x := inf{t > s: Yﬁ;”’K > K}, it holds that Y;aS”K = th;’V’KH
for all ¢t € [s,(k] and all K € N. Moreover, (x < (x+1. We define ¢ := supy (x and
deduce the existence and uniqueness of a solution ¢ — Y, %" of (1.9) on [0, (( such that
lim sup,_,; ¥;%;"” = oo on the event {¢ < co}. But any solution of (1.9) satisfies for all
t>s, Vi7" < of(Yss") < oo as. and so it holds that ¢ = 400 a.s.

O]

Lemma 2.14. Let b, f and v satisfying Assumptions 2.3, 2.5 and 2.7. Let s > 0 and a €
L35 ([s,00);Ry).  Consider the solution (Y;}")e>s of (1.9). The functions t — E f(Y;5"),

loc

t = E (Y2, t = EfYE)0YE] and t — E f2(Y,%") are locally bounded on [s,c0).
Moreover, t — E f(Y%") =: r4(t, 5) is continuous on [s,c0).

Proof. Consider the interval [s, T for some 7" > 0. Let A := esssup;c[, ) at. Denote by L the
Lipschitz constant of b. Denote by Cr any constant only depending on b, f, A and T, that
may change from line to line. It is clear that

S,8

t t
Vte s, T]as. Y5 <YLY +/ (DY) + au]du < Y + L/ Y du +T(b(0) + A).
S S

By Gronwall’s inequality, there exists a constant C'r such that
a.s. YA < Cr(1+Y2Y)
Using (2.1), we have
as. fY") < Cr(1+ f(Y).

Because there exists a constant Cy such that f < Cf(1+ f2), we deduce that there is another
constant Cr such that

as. fAYSY) < Or(L+ (V).

Using Assumption 2.7, we deduce that ¢ s E f2 (Y%") is bounded on [s, T]. This implies that
t = Ef(Y;%") and t — f/(Y%") are also bounded on [s,T]. Assumptions 2.5(b) and 2.5(c)
give the existence of Cjy such that

Ve >0, f'(z)b(z)] < Co(l+ f2(x)),
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and so t — E f'(Y%")[b(Y")| is also bounded on [s,T]. We now apply the It6 formula (see
for instance Theorem 32 of [Pro05, Chap. II]) to Yt‘:;”. It gives for any ¢ > 0

t+e

fEL) = FVe) + FYENDBYE) + ay)du
t

t+e proo
- /t /O f(Yuajjs)]].{ng(y;i'js)}N(du, ClZ)

Taking the expectation, it follows that
t+e t+e
Ef(Yies) —BfYL) = / E /(Y ) b(Yey) + auldu — / E fA(Y,%)du,
t t

from which we deduce that ¢t — E f (Yf;”) is locally Lipschitz and consequently continuous. [

2.4.2 Study of the marginals of the solution of (1.9): first derivation

Let s > 0 and a € L3, ([s,00); Ry ) be fixed. Consider (V%");>, the path-wise unique solution

loc

of equation (1.9) driven by the current a. Following [I'LL16], we define:

Tor :=sup{u € [s,t] : Y1V # Yua_’l:s},

\S

the time of the last jump before ¢, with the convention that 7, ; = s if there is no jump during
[s,t]. It follows directly from (1.9) that:

Vt > s, as. VA =0 (V) r, —s) + 08 (0) 17, 5}
We also define:
t o)
Vit > S, Jt = / / ]l{z<f(yayv )}N(dU,dZ),
s JO hhuTs

the number of jumps between s and ¢. Because s is fixed in this analysis, we write J; (and
not Ji s) to simplify the notations.

Lemma 2.15. For allt > u > s, we have

a,v
Yus

P(J; = Ju|Fu) = Ha"* (t,u) a.s.

where HE is given by (1.13) (with v = 6).

Proof. We have {J; = J,} = {fi I ]l{zgf(yga;vs)}N(dO, dz) = 0}. Moreover, F, and o {N([u, ] x
A):0¢€[u,t],A e B(R;)} are independent. It follows from the Markov property satisfied by
(Y% )e=s that

a.s. ]P)(Jt = Ju’]:u> = g(Yu[:‘;V)

where: g(x) :=P([, J5° Liz<s(pp, (2 N(d0, dz) = 0) = Hg (t,u). O
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Lemma 2.16 (See also [I'L16], Proposition 25). Grant Assumptions 2.3, 2.5 and 2.7. Let
s >0 and a € LS ([s,00);Ry). For allt > s, the law of T4 is given by:

L(7s¢)(du) = Hg(t,8)0s(du) + 1 (u, 8)He (t, u) Lscpcrydu.

Proof. First, from Lemma 2.15, it follows that:
vy
P(rs¢ =) =P(J; =0) =E(Ha™" (t,5)) = H,(t,s).
Let now u € (s,t] and h > 0 be such that: s <u—h < u <t. We have

]P)(TS,t € (u - hau]) = P(Ju > Ju—ha Jy = Ju)
= E(H{Ju>Ju_h}P(Jt = JU|~7:U))

Yy
= E<H{Ju>Ju—h}Ha ’ (t,’U,))

Let A := esssup,¢[s4 @u- On the event {Ju > Ju—n}, the process jumps at least once on
(u— h,u] and so, by Lemma 2.9(b), we have Y,3" € [0, e un(0)] C[O, ©(0)]. Tt follows that

[P(7s € (u—hyu]) = E(Lyy,>,, 3 Ha(t u))] < s [He(t,u) — Ho(t, w)[ P(Jy > Ju—p).
z€[0,7, (0

From Lemma 2.18 below, we have

1 v
l}%&.l EP(JU > Ju—h) - Ta,(uv S)'

Using Lemma 2.9(c), z + HZ(t,u) is continuous at = 0. The continuity of h — ¢3}(0) at
h =0 yields

1
i 5 [P(70 € (u =y ul) = B(Lgg,> 5,3 Halt, w)] = 0.

Combining the two results, we obtain the stated formula:

1
lim = - _— .
éﬁ)l hP(T&t € (u—hyu)) =ri(u,s)H,(t,u)

This proves the result. ]
Lemma 2.17. Let b, f satisfying Assumptions 2.3 and 2.5. Let v € P(R4.) with v(f) < oo.

Fiz s > 0, and consider a € LS. ([s,00);Ry). We have

I . o2 Pl = S ] 109 =

Proof. 1t suffices to apply the Dominated Convergence Theorem, using in particular Assump-
tion 2.5(a). O
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Lemma 2.18 (See also ['L16], Lemma 23). For all u € (s,t] we have:

1 ,
l}%&.l EP(JU > Ju—h) - Ta,(uv S)'

Proof. Again let A := esssup,¢[; au < 00. We have:
|hrl (uy 8) — P(Jy > Jy—p)|

< ‘h’rcyl(uvs) - hT‘Z(U - ha S)’ +

it —nos) - [ f(sog,u_h<yu“;z,5>>d9]

8 hf(gpeu WY ,))do — [1 —Eexp <— /:h F (@G un (Y, ))d9>”
= A} + A+ A}

u

+|e

1
From the continuity of u + r}(u, s) (Lemma 2.14) it follows that limy o 5* = 0. Moreover,

A} =

| mromga-e [ e, >>de\

Using Lemma 2.17 (with v = L(Yua_’is) and s = u — h), we deduce that A? = o(h) as h — 0.

Finally, using that Vz > 0, |z — (1 — e™%)| < 22 we have

st <E( [0 s >>de)2.

Using the Cauchy-Schwarz inequality, we obtain
3 Y
a,v
AL<HE [ Pl s
u

Because b is Lipschitz, we can find a constant Ct“‘ such that
Vo >0, ¢f, n(x) <Cr1l+a).
So, using Assumption 2.5(a), we can find another constant C’% such that
P 5un (Y ) < Cr(L+ F2(Y ).

Because t — E f?(Y,%") is locally bounded (see Lemma 2.14), there exists a constant C; with
such that

A} < Cih2,
3
This shows that limy % = 0. Combining the three results ends the proof. O

Proposition 2.19 (See also [FL16], Theorem 12). Grant Assumptions 2.3, 2.5 and 2.7 . Let
s >0 and a € LS ([s,00);Ry). Let ;%" be the solution of equation (1.9), starting from
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L(Ys%") =v. Let ¢ : Ry — R be a measurable function such that E|¢(Y;")| < oo. It holds
that

Eo(Y%") = / (08, (0)) g () (1, 5)lu + /0 ool () HE (L syo(de).  (2.9)

s

In particular, v4(t,s) = E f(Y;%") solves the Volterra equation (2.7)

v o__ v v
To =Ko, + K, *x7g.

Proof. We have, for all t > s

E ¢(Y;€‘,J;;’V) =K (ZS(Y:;V)IL{TSJ:S} +E ¢()/t?gy)]]-{’rs,t>s}
=E ¢(¢23(Yts?§y))ﬂ{fs,t=8} +E ¢(‘P?,Ts¢ (O))ﬂ{fs,t>8}
=: A% + A?.

Using Lemma 2.15, it follows that
a a,v a a,v Ys‘,l.éy
A} = E[p(of(YE) P(J, = Jo| Fs)] = Blp(of (Y5 ) Ha™ (t,5)]
= | otet @tz sman)

Moreover, using Lemma 2.16, we have A? = f; d(o,(0))rh(u, s)Hgy(t, u)du. Taking ¢ = f we

tu

obtain the Volterra equation (2.7). O

Note that using Lemma 2.16, fst L(7st)(du) =1 gives
H;+H,*r,=1. (2.10)
We prove in the next Lemma that (2.7) admits a unique solution. Define:
A= {(t,s) € R? t > s} (2.11)

Lemma 2.20. Consider k,h € C(A;R). Let s € R, the Volterra integral equation
¢
Vit > s, x(t,s) = h(t,s) —|—/ k(t,u)x(u, s)du,

has a unique continuous solution t — x(t, s).

Proof. Fix T > s. It is enough to prove the existence and uniqueness result on [s,T]. We
consider the Banach space (C([s,T];R), || - ||co,7) and define on this space the following oper-
ator: I': x> h+k*x. Let M = Supy<[s7] [k(u)| < oo. The operator I' : C([s,T];R) —
C([s, T];R) is such that for all n € N, the iteration I'" is an affine operator with linear part
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Iy :z— k*(™) % 2. To prove that I'™ is contracting for n large enough, it is equivalent to
prove that I'j is contracting for n large enough. By induction, it is easily shown that

2o (MI(t — 5))"
Vo € C([s, T;R),¥n € N, ||IT5(2)|loos := Sl[lp]“pg(x))(uﬂ < lllloor( ! (t=s)"
ue|s,t !

Consequently for all z € C([s,T];R) and n € N, ||I'F(2)]]oo,7 < WH%HWT and so I'y
is contracting for n large enough. We deduce that the operator I'” is also contracting and has
a unique fixed point in C([s,T];R). It is also a fixed point of I'. This ends the proof. O

Corollary 2.21. Grant Assumptions 2.3, 2.5 and 2.7. Let s > 0 be fized and a € L5 ([s,00); Ry).

loc
Then equation (2.7) has a unique continuous solution t — r%(t,s) on [s,00).

Proof. By Lemma 2.20, it suffices to prove that (¢,s) — K4(t,s) and (t,s) — Kq(t,s) are
continuous from A to R, which is a consequence of the explicit expression (2.5) and the
Dominated Convergence Theorem. O

We shall need the following well-known result on Volterra equation:

Lemma 2.22. Consider k,w € C(A;R) two kernels. The Volterra equation v = w+k*x has
a unique solution given by x = w + r *x w, where r : A — R is the “resolvent” of k, i.e. the
unique solution of

r=k+kxr.

Proof. 1t is clear from the proof of Lemma 2.20 that both Volterra equations have a unique
solution. Moreover, we have: w+k* (w+rxw)=w+k*xw+ (r—k)*xw=w+r*w. By
uniqueness, we deduce that x = w + r * w. 0

Remark 2.23. In view of (1.14) (with v = 0y), T4 is the resolvent of Kq. So (1.14) and
Lemma 2.22 yields

re =Ko +1q*x K. (2.12)

2.4.3 A second derivation
We now give a second proof for (2.12). This proof is more direct and use the time of the first

jump of the process: it makes explicit the renewal structure of (1.2).

Proposition 2.24. Consider b, f and v such that Assumption 2.3, 2.5 and 2.7 hold. Let
5 >0 and a € L3, ([s,00);Ry). Consider (Y%") the solution of (1.9). Then (2.7) holds

loc
v __ 14 14
re =K, + K, *xrg,

where KX, Kq and 17, are defined by (1.13).
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2.4. Derivation of the Volterra integral equation

Pt s)

start with v at s > [t, t+dt]

KY(u,s)

a

[u, u+du]

Figure 2.1: The probability that Y.5" spikes between ¢ and t + dt is, by definition, approxi-
mately equals to r%(t, s)dt. Either such spike is the first (and so there are no spikes between
s and t), which occurs with probability K} (¢, s)dt. Either there is a first spike, say between
u and u + du for some u € (s,t). This happens with probability K% (u,s)du and the process
is reset to 0 at this time w, such that the required probability is K (u, s)rq(t,u)dudt. Inte-
grating over all u € (s,t), we find the Volterra integral equation (2.12). We refer to the proof
of Proposition 2.24 for more details.

Proof. Let t > s. We have

1
re(t,s) =E (V%) = 161%1 SP(Y"C‘?V has at least one jump between ¢ and t + §).

Let 7% be defined by (1.12), the first spiking time of Y,y after s. The law of 75"% is
K} (u,s)du. We have

ra(t,s) =Ef(VSY) =E f(Yis ) lpresy +EF(VR )1 rec(sn
The first term is equal to limgs)o $P(Y.%" has its first jump between ¢ and ¢ +6) = KZ(t, s).

Using the strong Markov property at the stopping time 75'® and exploiting the fact that
(Y.5") is reset to 0 at this time, we find that the second term is equal to

t
B S(VE o) = [ raltin) KE(u, 5)du

So, we deduce that

t
ro(t,s) = K4(t,s) +/ ra(t,u) Ky (u, s)du.

Using the notation (2.6), this is (2.12). So by Lemma 2.22 and Remark 2.23, we obtain (2.7).
It ends the proof. O
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2.5 A priori estimates on the jump rates

Lemma 2.25. Grant Assumptions 2.3, 2.5 and 2.7 . Let s > 0 and a € L§° ([s,00);Ry).

loc

Let Y&JV be the solution of equation (1.9), starting from L(Yss ) = v. Then the functions
t=E (YY), t = Ef(YE0(YS") and t — E f2(Y%") are continuous on [s,00).

Proof. The proof relies on Proposition 2.19. Consider the interval [s, T] for some fixed T >
s > 0 and let A := esssup;efsryar. Let ¢ € {f', f'b, f*}. By Lemma 2.9(c), the function
(t,u) = (g, (0))Hy(t,u)rg(u, s) is uniformly continuous on {(t,u) : s < u <t < T}.
Consequently

t
t— / (9 (0))Hy (t, u)rg (u, s)du is continuous on [s, T'.

The continuity of t — [ ¢(pf,(x))HE(t, s)v(dz) follows from the Dominated Convergence
Theorem. For instance, for ¢ = f’, there exists a constant Cr such that

Ve[ TIVE 20, Flef(e) S Crlit F(ef(@) < Cr(L+ flgh () < Cr(1+F(x).

from which the result follows easily using Assumption 2.7. Similar estimates hold for ¢(x) :=
f'(x)b(z) (using Assumption 2.5(c)) and for ¢(z) := f2(z). O

We now give a uniform in time a priori estimate of the jump rate of (1.2).

Proposition 2.26. Grant Assumptions 2.3, 2.5 and 2.7. Consider (X¢)i>0 a solution of the
nonlinear equation (1.2) in the sense of Definition 2.2. Then t — E f(X;) € C}Y(R;R) and
there is a finite constant ¥ > 0 (only depending on b, f and J) such that

supE f(X;) < max(7,E f(Xy)) and limsupE f(X;) <7.
t>0 t—o00

Moreover, ¥ can be chosen to be an increasing function of J.

Proof. By applying the same arguments as in the proof of Lemma 2.14 it is clear that the
functions

t B f(Xp),t— Ef(Xy),t— Ef2(X;) and t — E[b(Xy)|f'(Xy)

are locally bounded. Applying the It6 formula and taking expectations yields

E f(X)) = E f(Xp) + /0 E f/(X,)b(X,)du + J /0 E f/(X.) E f(X,)du — / E f2(X,)du.

" (2.13)
We deduce that ¢ — E f(X;) is continuous. Define for all ¢ > 0, a; := JE f(X;). From
Lemma 2.13, it is clear that:
a.s. Vt>0, X;= 1@"10”/,
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where (Y;O’V)tzo is the solution of (1.9) driven by a. In particular, Lemma 2.25 applies and the
functions t +— E f/(X;), t — E f2(X;) and t — E f'(X;)b(X;) are continuous. From equation
(2.13), we deduce that t — E f(X;) € C}(R,,R,) and

SEJ(X) =B f (X)) + TE f/(X) EF(X,) ~ B f(X).

We have using the Cauchy-Schwarz inequality:

L JE (X f(X) — 3 E (X)) < JE f(X)Ef(X) ~ B f(X)

= Ef(X) [JE[(X) - SEF(X) ~ L Ef(X)

<26%
where 3 1= sup,s J f'(z) — $ f(2) < oo (by Assumption 2.5(b)). We used sup,>o y(8 —
%y) < 252 to obtain the last inequality. Note that 3 is a non-decreasing function of J.
2.5(c)
2. Moreover we have, using 2.5(b) Co = sup,>¢ [/ (2)b(z)— 1 f3(z) < sup,>oCyf'(z)(1+
f2)) = 33 (x) < 0.

Combining the points 1 and 2 and gives

L g p(x) <

" [(2Co + 467) — B2 f(Xy)]. (2.14)

N | —

We define: 7 := 1/2Cy + 432 and deduce from the Lemmas 2.27 and 2.28 below that

supE f(X;) < max(7,E f(Xp)), and limsupE f(X;) <7.

t>0 t—o0

Lemma 2.27. Let xo, M € Ry. The following ODE:
R
x:§(M —z), z(0) ==z

has a unique solution given by:

M .
Me& =4 if kg < M

eIMt_;’_A
z(t)=¢ M if xo =M
Mt )
M% if xg > M |

for some constant A > 0 determined by the initial condition xg.

Proof. A direct computation show that the given formula is indeed a solution. Uniqueness of
the solution is a consequence of the following Lemma: O
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Lemma 2.28. Let y € CY(Ry;Ry) satisfying

j < §wﬂ—y) y(0) = zo.

Then it holds for allt > 0, y(t) < x(t), where x is the solution of the ODE of Lemma 2.27.

Proof. Let z(t) := y(t) — x(t). We have z(0) = 0. Assume there exists v > 0 such that
z(u) > 0. Define:
s:=sup{t € [0,u] : z(t) = 0}.

It follows from the continuity of z that z(s) = 0. Because z(u) > 0 we have 0 < s < w.
Furthermore, z is non-negative on [s, u|, so for all ¢ € [s, u] we have

1 1
ZSi(xQ—yQ):—iz-(x—l-y)S().

We used here the fact that both x and y are non-negative functions. To conclude, we get the
following contradiction:
0=2z(s) > z(u) > 0.

2.6 Existence and uniqueness: proof of Theorem 2.8

We first prove existence and uniqueness on [0, 7], for some (small) 7" > 0 to specify. We then
iterate this construction on [T, 2T, [2T,3T] and so on.

Let b, f and v satisfying Assumptions 2.3, 2.5 and 2.7. Let 7 be given by Proposition 2.26.
Let a := Jmax(7,v(f)). For A,T > 0, we consider the set

Ch:={acC(0,T;Ry), sup a; < A}.
te[0,7]

Lemma 2.29. Let A > 0 and a € C}. Consider Yo" the solution of (1.9). There exists a
constant Cy (only depending on b, f and J) such that

Yt >0, Jri(t,0) <a+ Cot(l+ A+ A?).

Proof. The function t — r%(t,0) = E f(V,%") is C! and, using similar arguments to those in
Proposition 2.26, there exists some constant Co (which may change from line to line) such
that

d a,v a,v a,V a,v
7 EfGY) = EF VDO + al —E (V)

2.5(c)

< am o s >>—;Ef2<nf’0’”>}+[AEf'<Y;3> LB F(r)

2.5(b) .
< Co+AC0+[AEf(Yt,d ) — Ezf(yto )}

< Co(1+ A+ A?).
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We used the inequality sup,sq Az — 2?/2 < A?/2. It ends the proof. O

We choose A :=a + 1 and
1

T Co(1+ A+ A2y

such that sup;c(o 1 J7q(t,0) < A. Consider the following application:

G CZ; — Cfg
a — Jri(-0). (2.15)

The space C%, equipped with the supremum norm ||a||e 1 = SUpyeo,7] lat], is complete. We
now prove that the application G is contracting. Let a,d € Cg. Given t,s € [0,T] with ¢t > s,
we denote by 7y (t,s) and rj(t, s) their corresponding jump rate. Both r and 7} satisfy the
Volterra equation (2.7). It follows that the difference Ag := 7, — r} solves

ANg=K; - Kj+ K *(ri, —ry) + (K, — Kg) *ry
=Wo+ K, * Ay

with
Wy =K, —Kg+ (K, — Kg) xry (2.16)

Consequently, A solves the following non-homogeneous Volterra equation with kernel K,
Ay =Wy + K, * Ao. (2.17)
Using Lemma 2.22 and Remark 2.23, we obtain
Ao =Wy + 1, * W. (2.18)

Lemma 2.30. There exists a constant Mf‘ only depending on T, f, b and A such that, for
all a,d € C¥

t
VO<s<t<T, Vo€ Ry, |K§—K§|(t,s)§M74(1+f2(a:))/ |y — dy|du.

Proof. Fix a and d in CZ;. The constant Mq‘i‘ may change from line to line. We have

K2 = Kil(69) = |t eno (- [ stttenaa) - stetaness (- [ it o))
é‘f(@ﬁs(w)) flod(a exp( /fwus )

D oo (- [ et D) —exp (- [ st anan)

+f<90ts

=: My + Mo.
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Assumptions 2.3 and 2.5 together with Lemma 2.9(b) give

M < |f(o(x)) = F(pfs(2))]
< Mp(1+ f(2))lpfs(2) — ¢y (2)]

t
< ML+ f(2)) / s — dilds.

—x

Furthermore, using that Va,y > 0 |e”* — e Y| < |z — y|, we have

My £ MR+ £(@) [ 17980 — F(e8 (o)l
< MA(L+ f(2))? /t /u g — dp|dOdu
<A+ (@) [ o duldu

Combining the two estimates, we get the result. O

Proof of Theorem 2.8. We first prove existence and uniqueness up to time 7. Again, we write
Mrf‘ for any constant that may depend on T', A, b, f and J and that can change from line to
line. By Assumptions 2.5 and 2.7 and Lemma 2.30 it follows that

t
Va,d € CY, vVt € [0,T), |K;—Kg|(t,0)gM;‘/ |y — dy|du.
0

§ we have

Moreover, since sup;cjo 7 74(t, 0) <

t t
(K — Kg) % rq| (£,0) = /0 (K, — Kg)(t, w)rq(u, 0)du| < M /0 a — ddu.

Let Wy be given by (2.16). We deduce that there is a constant M4 such that
t
Va,d € CL, Yt € [0,T], |Wyl(t,0) < M;‘/ |y — dy| du.
0
Using (2.18), we deduce that
t
B0(,0) Wal(t.0) + [ ra(t, )] Wol(u,0)du
0
t
SM:,’?/ lay — dy| du.
0
We have proved that there is a constant Mf‘ such that:

t
Va,d € CL,Vt € [0,T], ||Jrh(-,0) — Jr(-,0)||oos < M:,‘f‘/ lla — d||coudu.
0
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2.7. On weak and strong solutions of the Fokker-Planck equation

Using this estimate, we deduce that G has a unique fixed point a* € Cz. It is then easy
to check that (Yt%*’u)te[o7;p], driven by the current a* and with initial condition Y(fg"j = X,
defines a solution of (1.2) up to time 7". This proves existence of a strong solution to (1.2)
on [0,T]. Now, if (X;);>0 is a strong solution of (1.2) in the sense of Definition 2.2, let for all
t>0,a;:=JE f(X;). The arguments of Lemma 2.14 show that the function a is continuous.
Moreover, we have sup;~qa; < max(J7, JE f(X;)) < A and consequently a € C§. It is
clear that (X;)i>0 solves (1.9) with a; := JE f(X;) and Yj%" := X,. We deduce that a is
the unique fixed point of G: Vt € [0,T] : a; = aj. Conseqﬁently7 by Lemma 2.13, we have
a.s. ¥t € [0,T] X; = Y;5". This proves path-wise uniqueness on [0, T].

In order to extend this construction after time T', we have to check that the law of X satisfies
the same assumptions as v. Indeed, using Proposition 2.26, we have JE f(Xr) < a. Thus, we
can iterate the construction between 7" and 27, etc. This ends the proof of Theorem 2.8. [

2.7 On weak and strong solutions of the Fokker-Planck equa-
tion

We end this Chapter with a discussion on the solutions of the Fokker-Planck equations (1.3)
and (1.4). We say that (v(¢,dz))¢>0 is a solution of (1.3) if for any C' compactly supported
test function g : Ry — R, the function ¢ — fR+ g(x)v(t,dx) is differentiable with

d / ~V sV
i [, ) = /R @) IO )~ [ @) + g0 )

and for all ¢t > 0, 7V fR v(t,dx).

Remark 2.31. Consider (v(t,dz)):>0 a solution of (1.3). Let

V>0, a:= / f(x)v(t,dx).

Then for all t >0, 7 (t) = r4(t,0) (and so a; = Jrk(t,0)).

Proposition 2.32. Let b, f satisfying Assumptions 2.3 and 2.5. Let v € P(R4) satisfying
Assumption 2.7. Consider (X;) the solution of (1.2) starting from v. Let

() =Ef(X)) and a:=JEf(X).

Then v(t,dx) := L(X;) is a solution of (1.3). Assume moreover that b is C' and that the
initial condition v(0,-) has a density. Then for anyt > 0, the law of Xy has a density, denoted
v(t,x). It satisfies:

1. Forallt > 0, the function x — v(t,x) is continuous at x = 0 and the boundary condition
(1.5) holds:
™ (t)

v(t,0) = 0) T+ )
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2. Assume that © +— v(0,x) is continuous. Then for all t > 0, the following limit exists
and

lim (£, (0) + €) = v(t. £5(0) — 9
€.

= (- [ 7+ 06000 [v0.0) - 1T,

If the density of the initial condition satisfies the boundary condition (1.5), then v(t,-)
is continuous on Ry.. Otherwise, v(t,-) has a discontinuity at x = p¢(0).

3. Assume that x + v(0,x) is C}(Ry). Then the function (t,x) — v(t,x) is C* on the open
set

{(t>$) € (Rj—)27 8030(0) 7& ZC}

Furthermore (1.4) holds on this domain.

Proof. Using It6’s formula, we obtain immediately that £(X;) solves (1.3):

9 Eg(X0) = E¢/(X0) (b(X0) + J7(1)) + E (9(0) — 9(X0)) J(X0).

Assume now that v = L£(Xp) has a density. It holds that X; = Y/;”, and so by Proposi-
tion 2.19, one has

t 00
Bo(V") = | aetuO)Ha(t ) @idu+ [ o(eto(@) (0w @)
= A} + AZ.
Let ¢ > 0 be fixed. The function u — ¢, (0) is decreasing on (—oo,t] and:

et0) = ~00) + a exp ([ Vet 0)a0).

We used that a is C' and so u — ¢f,(0) is also C'. Let

oa(t) == lim ¢, (0), (2.19)

U——0o0

such that u — ¢f,(0) is a bijection from (—o00,t] to [0,04(t)). We denote by z — Bf*(x) its
inverse. The change of variable z = ¢f,(0) yields:

[ [P0 oy 7 BE(@) e
ab= [T st g e | [ @) )

Moreover, the function x — ¢@,(z) is non-decreasing and

Lot = e ([ Wictonan ).
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2.8. Discussions and perspectives

So x > pfy() is a bijection from R to [pf(0), +00). We denote by y — +{*(y) its inverse.
Then the change of variable y = 4,020(33) yields

= [ gEE O coptemen ([ vietora)) .

#0(0)

Altogether, we deduce that £(X;) has a density v(¢,z) and

v(t,2) =Ha(t, B2 (2)) D)o ( /

b/ Soa a(y 0 d9 :ll a €T
b(0) + aga(a) s (o) (¢h,52(2)(0) ) [0.620(0)) (%)

1 oot @) e ( [ el @) o)

In particular, for z = 0, we have #*(0) = ¢ and so for t > 0

™(t)
t,0) = ——"——.
v(t:0) = oy T

The end of the proof follows easily from the explicit expression of v(t,x). In particular, Point
2 follows from the fact that when x = ¢¢(0), we have Bi*(z) = 7{(z) = 0. O

2.8 Discussions and perspectives

We gave sufficient conditions ensuring existence and path-wise uniqueness of the solution of
the nonlinear SDE (1.2). To do so, we derived a closed equation for the jump rate: the
Volterra equation (1.14). Finally, in Section 2.7, we discussed the regularity of the marginals
of the solution. In our setting, the function f grows at most at a polynomial rate (see (2.2))
and b is globally Lipschitz. It would be interesting to see if the conclusion of Theorem 2.8 still
holds if f grows to infinity faster than such polynomial rate. In particular, does the jump rate
stay uniformly bounded in time for such f? In the limit scenario where f converges to infinity
at a finite point zy > 0, the same blow-up phenomena than in [CCP11b] may exist (consider
for instance b and f given by (1.8)). Assume now b is not globally Lipschitz and that the flow
converges to infinity in a finite time (consider for instance b(x) = 22). How f should behave
at infinity to compensate the explosion of the deterministic flow? The question of the right
“balance” between the drift b and the rate function f, such that (1.2) has a unique well-behave
solution, is left open. We derived an integral equation for the jump rate of the limit equation.
It would be particularly interesting to study the fluctuations of the solution of (1.1) around
its mean-field limit. Recently, in [ELL19], [HS19], [FST19] and [Chel7a] different methods
have been proposed to study similar questions. Many extensions of this work are conceivable.
One can generalize the model to multi-populations, such as a population of excitatory neurons
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and a population of inhibitory neurons. That is, consider the following McKean-Vlasov SDE
t ¢ t .
X7 =X§ +/ be (X5 )du + Jee/ E fo(X5)du + Jie/ E fi(X,,)du
0 0 0
t
— / Xﬁ_]l{zgfe(ng)}Ne(dU, dz). (2.20)
0 JRy
XZ = X(l) + / bZ(XfL)du + Jei/ Efe(Xﬁ)du + Ju/ Efz(XfL)du
0 0 0

t
[ Xty Nitdusde)
0 JrRy

In this equation, X§ (respectively X}) models the membrane potential of a typical excitatory
(respectively inhibitory) neuron. They jump to zero with rates f.(Xf) and f;(X}). The
constants Je. and Jg; are non-negative (they model excitatory synapses) while the constants
Ji; and J;. are non-positive (to account for the inhibitory synapses). The initial conditions
X§ and Xé and the Poisson measures N¢ and N’ are independent. The dynamics lives
now on R (not only R as before). A further generalization is to consider spatially structured
populations [DOR15] : in this asymptotic scenario, the number of populations goes to infinity.
The behavior of such system, including the existence of traveling waves, is completely open.
We finally mention a last extension where a diffusion is added to the dynamics:

t t t
X, = X, +/ b(X,)du + J/ E f(X,)du+ oB; — / / X< pxo 1y N(du, d2).
0 0 0 JR,

Here o > 0 and (B) is a standard Brownian motion independent of the Poisson measure N
and of the initial condition Xo. Assume f is a smooth approximation of +001l}; o)(7). Then
this last equation can be seen as a regularized version of (1.7). It would be interesting to
study the distance between this smooth regularization version and the solution of (1.7).






Chapter 3

Long time behavior with weak interactions

We study the long time behavior of the solution of the mean-field equation (1.2)
in the setting of weak enough interactions. We prove that for a J small enough,
the solution converges to the unique (in this case) invariant probability measure.
To this aim, we first replace temporary the interaction part of the equation by a
deterministic external quantity (called the external current). For constant current,
we obtain the convergence to the invariant probability measure. Using a pertur-
bation method, we extend this result to more general external currents. Finally,
we prove the result for the nonlinear McKean-Vlasov equation.

This Chapter is based on the second part of the article [C'TV20a].

3.1 Introduction
Consider (X;) the solution of the nonlinear SDE (1.2)

t t t
Xy =Xo+ / b(Xu)du + J/ E f(Xu)du — / / Xu—ﬂ{zgf(Xu,)}N(duy dZ),
0 0 0o Jry

where £(Xy) := v and where N is a Poisson measure on R, x Ry with intensity measure
dudz, independent of Xj.

Under Assumptions 2.3, 2.5 and 2.7, this SDE has a path-wise unique solution and the asso-
ciated jump rate ¢t — E f(X}) is uniformly bounded in time (see Theorem 2.8).

We study here the long time behavior of (X;), under the assumption that J is sufficiently
small (weakly connecting regime).

A possible approach is to study the nonlinear Fokker-Planck equation (1.4). Such nonlinear
transport equations with boundary conditions have been studied in the context of population
dynamics (see for instance [GM74; Priig3; Webs5; Per07]). The PDE (1.4) differs from theirs
in the sense that we have a nonlinear transport term (theirs is constant and equal to one) and
our boundary condition is more complex.

The long time behavior of the PDE (1.4) has been studied in [F.16] and in [DV21] in the
case where b = 0. In this situation, one can simplify the PDE (1.4) with a simpler boundary

38
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3.1. Introduction

condition
(t,0) !
v = —.
’ J

The authors proved that if the density of the initial condition satisfies this boundary condition
and regularity assumptions, then v(t,-) converges to the density of the invariant probability
measure as t goes to infinity. The convergence holds in L! or in stronger norms (see [DV21]).
For b # 0, the boundary condition is more delicate and their methods cannot be easily applied.

Actually the long time behavior of the solution to (1.2) may be remarkably intricate. De-
pending on the choice of f, b and J, equation (1.2) may have multiple invariant probability
measures. Even if the invariant probability measure is unique, it is not necessarily a stable
one and oscillations may appear (see Chapter 6 for explicit examples). In [DV17], the authors
have numerically illustrated this phenomenon in a setting close to ours.

Our main result describes the long time behavior of the solution to (1.2) in the weakly con-
nected regime (Theorem 3.7). If the connection strength J is small enough, we prove that
(1.2) has a unique invariant probability measure which is globally stable. We give the explicit
expression of this non-trivial invariant distribution and starting from any initial condition Xj,
we prove the convergence in law of X; to it, exponentially fast, as ¢ goes to infinity. We argue
that this result is very general: it does not depend on the explicit shape of the functions f
or b. For stronger connection strengths J, such a result cannot hold true in general as (1.2)
may have multiple invariant probability measures.

Note that we prove convergence in law, which is weaker than convergence in L' norm. On
the other hand, we require very few on the initial condition, in particular, we do not assume
the existence of a density for the initial condition in Theorem 3.7.

The proof of Theorem 3.7 is organized as follows. Given v € P(R;) and a € C(R;Ry),
consider (Ytao'/) the solution of the non-homogeneous linear equation (1.9) starting at time 0
with law v. First, we give in Proposition 3.17 the long time behavior of (Y;;") the solution
of (1.9) with a constant current (a = «). Any solution converges in law to a unique invariant
probability measure v5° (Proposition 3.9). In that case, the Volterra equation (1.14) is of con-
volution type and it is possible to study finely its solution using Laplace transform techniques.
Second, we prove, for small J, the uniqueness of a constant current o* such that

¥t >0, o = JEF(YS ).
Third, we extend the previous convergence result to non-constant currents a satisfying
lag — o < Ce™™, (3.1)
for some A\ > 0 sufficiently small. Using a perturbation method, we prove that

L
Y Ly v,
) t—o00

Fourth, in Theorem 3.7, we give the long time behavior of the solution to the nonlinear
equation (1.2) for small J. Here, we use a fixed point argument.

The layout of the chapter is as follows. Our main results are given in Section 3.2. In Sec-
tion 3.3, we characterize the invariant probability measures of (1.2). In Section 3.5 we study
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the long time behavior of the solution to (1.9) with a constant current «. In Section 3.6, we
introduce the perturbation method. Finally Section 3.7 is devoted to the proof of our main
result (Theorem 3.7).

3.2 Assumptions and main results

Recall that in between its random jumps, the SDE (1.9) is reduced to a non-homogeneous
ODE. We denote by ¢f;(z) its flow, which solves (2.3). If @ = a, we write ¢f(z) = ¢ (z).

Assumption 3.1. Assume that b: Ry — R is a Lipschitz function with b(0) > 0 and that b
s bounded from above:
AC, > 0,Vz >0, b(x) < Cp. (3.2)

Assume moreover that there is a positive constant Cy, such that for all a, d € C(R4;R,)
t
Ve 20, V2, |ef(e) - ol (@) < qa/ a — | du. (3.3)

Assumption 3.2. We assume that f : R, — Ry is a C' strictly increasing function with
f(0) =0 and there exists a constant Cy such that

3.2(a) for allz,y >0, f(z+y) < Cr(1+ f(z)+ f(y))

3.2(b) for all § >0, sup,>o{0f'(x) — f(z)} < oo.
Define () := sup,>o{0.f'(z) — 3 f*(z)} < co. We also assume that

G

22 ~o.
6—~+o00 02

3.2(c) for all x >0, |b(x)| < Cr(1+ f(x)).

Remark 3.3. Grant Assumptions 3.1 and 3.2. Then Assumptions 2.3 and 2.5 hold. So
Theorem 2.8 applies: if v € P(Ry) is such that v(f?) < oo, (1.2) has a path-wise unique
solution (Xi)i>0 and sup;>oE f(Xy) < oo. Let us detail the differences between the two
sets of assumptions. The ‘assumption b(0) > 0 ensures that oy, the Dirac measure at 0, is
not an invariant probability measure of (1.2). Assumption (3.3) is a strengthen version of
the conclusion of Lemma 2.9(b). The only difference between 3.2 and 2.5 is 3.2(b): it is a
strengthen version of 2.5(b) which is useful to obtain some global estimates on the jump rate
(see Proposition 3.40).

Notation 3.4. Denote for all o > 0 the probability measure

oo _ 1) oxp [ — T f(y) "
vo (dz) = b@) +o p< /0 b(y)+ady> Lizeio,0a))d2, (3.4)
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3.2. Assumptions and main results

where () is the normalization

(@) = [/0% b(x)l_{_aexp < /Om b(g)(zﬁady) d:v} o (3.5)

The upper bound o, of the support of vS° is given by
Oq i= tle 7 (0) € R U {+o00}. (3.6)

Remark 3.5. 1. This definition of o, is coherent with (2.19), because when a is constant
and equal to a, it holds that ¢, (0) = @i, (0).

2. For all o >0, (o) = v (f).

3. We prove in Proposition 3.9 that for any a > 0, v5° is the unique invariant probability
measure of (1.9) with a = «.

We say that v € P(R,) is an invariant probability measure of (1.2) if v(f?) < oo and if for
all t > 0, £L(X;) = v, where (X;)¢>0 is the path-wise unique solution of (1.2), starting with
law v.

Proposition 3.6. Let b and f satisfying Assumptions 3.1 and 3.2. The probability measure
v is an invariant measure of (1.2) iff

@
— = J 3.7
V() (37)
Moreover, define J,, :==sup{Jyo > 0: VJ € [0, Jo] equation (3.7) has a unique solution}, then
Jm > 0. Consequently, for all 0 < J < J,, the nonlinear process (1.2) has a unique invariant

probability measure.

We now state our main result: the convergence to the unique invariant probability measure
for weak enough interactions.

Theorem 3.7. Under Assumptions 3.1 and 3.2, there exists strictly positive constants J*
and \ (both only depending on b and f) satisfying

0<J" " <Jyn and 0<X< f(oop),

(oo and Jp, are defined in Notation 3.4 and Proposition 3.6) with the following properties. For
all J € [0,J*] and all v € P(R;) with v(f?) < oo, there exists a constant D (only depending
onb, f, J, X and v(f)) such that

V>0, |Ef(X)—v") < De ™,

Here, (X¢)e>0 is the solution of the nonlinear SDE (1.2) starting with law v and o* is the
unique solution of (3.7). Moreover, it holds that (X;) converges in law to V52 at an exponential
rate. If ¢ : R — R is a bounded Lipschitz-continuous function, it holds that

D' > 0,¥t >0, |E¢(X;) —v(p)| < D'e ™,

where the constant D' only depends on b, f, J,v,\ and ¢ through its infinite norm and its
Lipschitz constant.

Note that in Theorem 3.7, the unique invariant probability measure v3% is globally stable: for
weak enough interactions, starting from any initial condition, the solution converges to v35%.
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Examples

Given p > 1, u > 0 and k < 0, define, for all z > 0
flx):=2P, and b(x):=p— kKa.

Then (b, f) satisfies the Assumptions 3.1 and 3.2. In that case, the flow is given by

t
os(x) = ze " =9) 4 %[1 — e_“(t_s)} +/ e =g du.

1

-1 1925 B
We have for all z,y € Ry, f(z+y) < 2P~ (f(z)+ f(y)). Moreover ¢(0) = 507+ (p—1)r+1
p), so Assumption 3.2(b) holds.

(1+

Consequently, Theorem 3.7 applies. When x > 0, the invariant probability measures are
compactly supported and not necessarily unique. Consider for instance b(z) = p — z, f(x) =
x2. If ;1 is small enough, a numerical study shows that there exists 0 < a; < @ < 0o such that
the function a — % is increasing on [0, a1 ), decreasing on [ay, a2) and finally increasing on
[vg,00). Thus, if J € (%, %), the nonlinear equation (1.2) admits exactly 3 non-trivial
invariant probability measures. A numerical study shows that only two of the three are locally

stable (bi-stability).

Another interesting example is the following. Assume b(z) = 2 — 2z and f(x) = 2'°. Then,
a numerical study shows that the function o +— ﬁ is increasing on Ry and consequently
for all J > 0, (1.2) admits a unique invariant probability measure. But if J € [0.7,1.05] a
further numerical analysis shows that the law of the solution of (1.2) asymptotically oscillates,
betraying that the invariant probability measure is not locally stable. We refer to Chapter 6
for a detailed study (both numerically and theoretically) of such examples.

In particular, the assumption on the size of J cannot be removed in Theorem 3.7.

3.3 The invariant probability measures: proof of Proposition 3.6

We now study the invariant probability measures of the nonlinear process (1.2). We follow
the strategy of [FL16]: we first study the linear process driven by a constant current « and
show that it has a unique invariant probability measure. We then use this result to study
the invariant probability measures of the nonlinear equation (1.2). Let a > 0 and (V") the
solution of the following SDE:

t t
Y;a’y = Yoay + / b(Yua’V)dU + ot — / / Yuaiy]l{z<f(ya,V)}N(du, dZ) (38)
0 0 JRy T

Remark 3.8. Eq. (3.8) is (1.9) with for allt > 0, a; = o and s = 0 (see Notations 2.12).
That is, we have ;™" = Yt%’ .
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3.3. The invariant probability measures: proof of Proposition 3.6

Recall that o4 = limy_,oo ©(0). It holds that
0q = inf{z >0, b(x) + a = 0}.

Proposition 3.9. Grant Assumptions 2.3 and 2.5. Let o such that b(0) + « > 0. Then the
SDE (3.8) has a unique invariant probability measure v3° given by (3.4):

oy A () "
v (dx) == ba) + o p( /0 b(y)—i—ozdy>]l[0’0a)( )dz,

where () is the normalizing factor given by (3.5). Moreover we have v°(f) = ~v(a) and
V2(f?) < oo,

Remark 3.10. We assume only Assumptions 2.3 and 2.5 (and not 3.1 and 3.2). A proof
of this result can be found in [FL10, Prop. 21] with b(x) := —kx and with slightly different
assumptions on f. We give here a proof based on different arguments. Note that the general
method introduced by [Cos90] to find the stationary measures of a PDMP can be applied here;
we use a method introduced in this paper to prove the uniqueness part.

Proof. We first check that v5° is indeed an invariant measure of (3.8).

Claim 1 We have v2°(f?) < oo.

First b(0) + a > 0 yields o, > 0. The function ¢t — ¢(0) is a bijection from Ry to [0,04).
Consequently, the changes of variable z = ¢(0) and y = ¢%(0) give

co( £2y _ 7 A (x) i)
00 t
=@ [ P oe (- [ seroa)ar
0 0
Using that f is continuous and strictly positive, we have

Jim f(¢7(0)) = f(o0) > 0.

So, for all A < f(04), there exists a constant C such that

t
Vt >0, exp <—/ f((pfj(()))dU) < Oye ™,
0

If 0, < 00, then f2(¢%(0)) < f2(04) < 00. If 0, = 00, using (2.2), there exists some constants
Co, p > 0 such that
F2(97(0)) < Coe™,

where L denotes the Lipschitz constant of b. Overall, we deduce that v°(f2) < oc.
Claim 2 We have: K4* (t) = v(a)H,(t).
We recall that H,(t) = H%(t,0). We have, for all ¢ > 0:

K0 = [ rer@en (— / t f(wﬁ(x))dU> m exp (— I md@/) dx(.g i
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The change of variable y = ¢ (0) yields:

/ fpf( eXP( /fsou dU>()() eXp(/ AT ))dU>dx

where t(z) is the unique ¢t > 0 such that ¢f(0) = z. We now make the change of variable
xr = ¢%(0) and obtain (using the semi-group property satisfied by ¢§(0)):

o [ sttteromes (- [ seiteron) e (- [ o)
o [ steoyes (- [ o)
=90 [(0) = Jim oxp (- [ ’ ol

Claim 2 follows from limg_,.. exp (f IS f(gog(O))du) = 0 (see the proof of Claim 1).

We now consider (Yta,ygo )t>0 the solution of equation (3.8) starting from E(YOO"V‘(’)‘o ) = v
Proposition 2.19 applies, so ra* (t) = E f(Y;*"* ) is the unique solution of the Volterra equa-
tion
rre’ = KYa 4 K, «rle
Using Claim 2 and the relation (2.8), we verify that the constant function v(«) is also solution:
K¢+ Ko +9y(a) = v(a)Hy +y(a)(1 — H,) = 7(a).
By uniqueness (Lemma 2.21), we deduce that V¢ > 0, i (t) = v(e).

Finally, let ¢ : Ry — Ry be a measurable function. Using Proposition 2.19, we have

E (V" /wtu <t—udu+/ o5 () HE (1) (dr)

@) /0 6(2(0)) Hy (u)du
+ /0% ¢(¢f () exp <— /Ot f(gag(x))du> m exp (_ /Ox b(;f)(zﬁ ady> e

The change of variables y = ¢ (0) and x = ¢ (0) yields

E (V") = 7(a) /0 662 (0)) H, ()

o [ " o (95(0))) exp (— / t f(¢3‘(s03(0)))dU> exp (— / ’ f(sOff(O))dU> a6
) [ oteioptu+ta) [ oteies (- [ rop0nas)au
=) [ ot O) Hafu)du
()
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3.3. The invariant probability measures: proof of Proposition 3.6

This proves that V¢ > 0, E(Yto“yfcio ) = v5° and consequently v5° is an invariant probability
measure of (3.8). Moreover, we have

0 =) [ e (< [y )ar =)

It remains to prove that the invariant probability measure is unique. Following [Dav&4] and
[Cos90], we define B*“(R;.) the set of bounded function A : Ry — R such that for all z € Ry,
the function ¢t — h(p$(x)) is absolutely continuous on Ri. For h € B*(R.), we define

Hh(z) == Gh(p(2))],_y-
Claim 3 Let h € B*(R.), then for all z > 0 we have

LERY)| = Lh(z) with Lh(z) := Hh(z) + (h(0) — h(z))f(2).

t=0

Let 78 = inf{t > 0: Y,*% #£ Y%} and 7 = inf{t > 7% : Y% % Y,**"} be the times of
the first and second jumps of (Yta’éz). We have

o0z o0z 0,0z o,0z
ER(Y™™) = ER(Yy" ) Licrpy + ERY ) Ligr<icrgy + ERY) Lisrgy
= A} + A? + A3
By Lemma 2.15, we have A} = h(¢%®(z))P(t < 7F) = h(p®(x))HE(t). Tt follows that
%AHt:O = Hh(z) — h(z) f(z). Moreover using that the density of 7{ is s — KZ(s) it holds
that A? = fot h(pe ((0)KZ(s)HI(t — s)ds. We deduce that %A%‘tzo = h(0)f(z). Then, us-

ing that h is bounded, we have A3 < ||h]|« fot fot KZ(u)K(s — u)duds = O(t?). This proves
Claim 3.

Let g be a bounded measurable function. We follow the method of [C0s90, proof of Th. 3(a)]
and define

v 0. M= [ atet@)ens (- [ s )a

Claim 4 The function A\, belongs to B(Ry) and satisfies HA\g(x) = f(x)\g(x) — g().
Using the semi-group property of ¢f(z) we have

i) = e ([ stesanio) [y - [ ateienes (- [ reswan)a.

This proves that A, is in B*(Ry) with $(of () = f(9f(2)Ae(#f () — 9(f () and
gives the stated formula.

Consider now v an invariant probability measure with v(f) < oco. The Markov property at

time ¢ = 0 together with Claim 3 shows that 4 EAy(Y;*")|,_, = & [P E X, (Yto"a“””)y(dx)‘ .=
- —

v(LAg). The exchange of the derivative at time ¢ = 0 and the integral on Ry is legitimate

thanks to the Dominated Convergence Theorem. Claim 4 and the fact that v is an invariant

measure then show that

d

0= %E)‘Q(Y?W) o = Ag(0)v(f) — v(9).
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The same computations can be done with g = 1, giving A1 (0)v(f) = 1. It follows that

o) =20 = [ s as)

We deduce that necessarily v = v3°. O

Remark 3.11. The formula K4 (t) = v(a)Hu(t) (proved in Claim 2) can be generalized to
non-constant currents and has a simple probabilistic interpretation. We refer to Chapter 4,
Lemma 4.50.

The next lemma characterizes the invariant probability measures of (1.2).

Lemma 3.12. Under Assumptions 3.1 and 3.2, the invariant probability measures of the

nonlinear equation (1.2) are {v° | a = Jy(a), € Ry }.

Proof. Let v be an invariant probability measure of (1.2) and £(Xy) = v. We have
vi>0, Ef(Xy)=v(f)=:p

Let o := Jp. The process (X;)i>0 solves (3.8) and v is an invariant probability measure of

equation (3.8). It implies that v = v3°. Moreover p = y(«) and so necessarily ﬁ =J.

Conversely, let a > 0 such that —f& = J. Let (Y;a’ug‘o) be the solution of (3.8) with
E(YOO"VS‘O) = v5°. We have seen that Ef(Yf"Vgo) = v(a), it follows that o = JEf(Y;a’Vg‘O).
Consequently (Y, );>¢ solves (1.2) and v$° is one of its invariant probability measure. [

The problem of finding the invariant probability measures of the mean-field equation (1.2) has
been reduced to finding the solutions of the scalar equation (3.7). When J is small enough,
we can prove that it has a unique solution, which concludes the proof of Proposition 3.6.

Lemma 3.13. Under Assumptions 3.1 and 3.2, eq. (3.7) has at least one solution o* > 0.
Moreover, there is a constant Jy > 0 such that for all J € [0, Jo] (3.7) has a unique solution.

Proof. Recall (3.5). By the changes of variable y = ¢%(0) and = = ¢(0), it holds that

syt = [Te (- tf(s&i(O))dU> it (3.10)

In particular, the function a — 7(«) is non-decreasing. Furthermore, using that b(z) < Cj,

we have
% > a/ooo exp (— /Otf((a + Cb)U)dU>dt

>_ @ /Ooe < ! /9 f(z)dz>d0
X - .
- a+Cb 0 p O[+Cb 0
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3.4. The convergence of the jump rate implies the convergence in law of the time marginals

We deduce that limg, ;o0 ay(a)™t = 400. Let U(a) := ay(a)~!. One has U(0) = 0,
limy—s 400 U(a) = +00 and U is continuous on Ry. It follows that the equation U(a) = J has
at least one solution a*. Moreover, one can show that the function U has a (right) derivative at
a=0and U'(0) = 1/4(0) > 0. Consequently, there is ap > 0 such that U is strictly increasing
on [0, apl. Using limg—s400 U(a) = +00, we can find oy such that: Va > a1, U(a)) > 1. Finally
let Jo := minge(ag,a,) U(@) > 0. Let J < Jo, it is clear that the equation U(a) = J has exactly
one solution on R, . This solution belongs to [0, ap]. O

Remark 3.14. Here, the Assumption b(0) > 0 is crucial: consider for instance b(z) = —x
and f(x) = 2%. We will see in Chapter 6, Proposition 6.1 that

. «
lim —— = +o0.
al0 y(a)

3.4 The convergence of the jump rate implies the convergence
in law of the time marginals

In this section, we prove that a good control of the jump rate t — E f(X;) is sufficient to
deduce the convergence in law of the solution of (1.2) to the invariant distribution.

Proposition 3.15. Grant Assumptions 3.1, 3.2. Let v € P(Ry) with v(f?) < oo. Let
(X¢t)e>0 be the solution of the nonlinear equation (1.2), with £L(Xo) = v. Assume that there
exist constants A\,C > 0 and o* > 0 (that may depend on b, f, v, and J) such that

Vit >0, |Ef(Xy) —~v(a")| < C’e_)‘t,

and that o* satisfies equation (3.7): 78‘;*) =J. Then

Xt i) Vgi.
Moreover, if ¢ : Ry — R is any bounded Lipschitz-continuous function, it holds that
V0 < X < min(), f(00)), 3D >0 st V>0, |E¢(X,) —v2(p)| < De N,

where the constant D only depends on b, f, J,C,v, N and ¢ through its infinite norm and its
Lipschitz constant.

We will often use the following observations.

Remark 3.16. Under Assumptions 3.1 and 3.2, it holds that:

3.16(a) for all a € C(Ry;Ry) and all v in P(Ry), it holds that

Vt>s>0, HY(ts) < Ho(t—s).
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3.16(b) Using (3.2), the flow grows at most linearly: for all o > 0, it holds that

Vi, x >0, ¢f(x) <z+ (Cp+ a)t.

3.16(c) Using that f is continuous and strictly increasing, we have

Va0, lim f(67(0) = floa) > f(o0) > 0.

Proof of Proposition 3.15. Let (X)i>0 be the solution of (1.2) and ¢ : Ry — R a bounded
Lipschitz-continuous function, with Lipschitz constant 5. Consider X' € (0, min(X, f(0y))).
We denote by D any constant only depending on b, f, J,C,v, N, ||4|| and I, which shall
change from line to line. Define for all ¢ > 0, a; := JE f(X;). It holds that (X¢)i>0 is a
solution of (1.9) with driving current a. Denote r%(t,0) = E f(X;). By Proposition 2.19, we
have

Bo(x) = [ (68 (0)) Ha ), O+ | etetoanzc.omiao).
Using Remarks 3.16(a) and 3.16(c), and X' < f(0p), we deduce that
V>0, /0 " oo () HE (1, 0)w(dr) < De "
for some constant D. Moreover, one has, using the change of variable x = ¢2 (0)
o) = [ s = [ oot O)a) Ho (1o
= [ ot ot ureau+ [ 667 O (@) He )0

The last equality is obtained with the change of variable v = t — u. The second term is
controlled by

[ ot e o < ollante) [ D e (= [ s 000

-Gty o (-, s o)

< De M,

for some constant D. We used again Remark 3.16(c). It remains to show that

At =

H,(t,u)rl(u,0) du—/ d(of W (0)H - (t, u)y(a)du
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goes to zero exponentially fast. One has

A< [ [olerlo) — et 0| Holturs a0
+ /Ot [Ha(t,u) — Ho- (t,u)] [6(¢,(0))lrg (u, 0)du
+ /Ot Hy (t,0)|¢(97,(0)] e (u, 0) — v(a™)| du
= A} + A7 + A}
Using that for all ¢ > 0, |r%(t,0) — y(a*)] < Ce ™t (X < \) and Remark 3.16(a), we obtain
A} < Cloll [ Hoft e

t
:C’|¢Hooe_/\/t/ Ho(t—u)e/\/(t_“)du
0

< [C|¢Hoo/0 Ho(u)e)‘/“du] e Nt = De M.

" belongs to L'(R, ) follows from X < f(og). By Theorem 2.8,

The fact that u — Ho(u)e?
7 (with y(a*) < 7) such that

one can find a constant

Vi>0, Ef(Xy)=rk(t,0) <.
Moreover, Assumption (3.3) and Remark 3.16(a) give
t *
Al <7ty [ 1680 = 2L Ot wi

t ot
< fl¢C'¢/ / lag — a™|dOH(t, uw)du
0 Ju

Using that f lag — a*|dO < JC ft e N0dp < IO Y , one has
FloCpdJC /
A} L Xt / A=) Ho (t — u)du

Finally, using the inequality |[e=4 — e8| < e~ ™n(4.B)| A — B| together with Remark 3.16(a)

we obtain . .
AZ < umoof/o Hy(t—u) [

We set @ := J7. From a < &, Remark 3.16(b) yields

F(28.(0)) = £(5.,(0))| dbdu.

©6.u(0) < (a+ Cp)(0 — u).
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So using Assumption 2.5(b) and (2.2), we find that there exists Cpy,p > 0 such that
F1(#5.(0)) < Co(1 + (0 —u)?).
So, using Assumption 2.3, we find that

7(e800) = Fe5.0)] < Colt+ @~ ) |

u

0

#2.u(0) = $51,(0)| dv.

Overall, we find that there exists a constant D such that
t
/

t
A? < DH¢HOO776_)‘%/ Hy(t —u) (1 + (t— u)p+2) N =) gy,
0

F(£8.,(0)) = F(¢5(0))] d6 < D (1+ (¢ — upr*2) e,

So

0

Again, the integral is finite because X' < f(0g). Combining the three estimates, we have
proved the result. O

3.5 Long time behavior with constant drift

The goal of this section is to study the rate of convergence to the invariant probability measure
when J = 0 (no interaction). We use Laplace transform techniques to characterize the
convergence. We state here the main result of the section.

Proposition 3.17. Grant Assumptions 3.1 and 3.2. Let o > 0. One can find a constant
Xs € (0, f(oa)] (only depending on b, f and «) such that for any 0 < X\ < A%, there exists a
constant D (only depending on f, b, o and \) such that for all v € P(Ry) with v(f?) < oco:

Ve>0, |EF(Y) - ()| < De / 1+ f(@))ly — v (da), (3.11)
0
Moreover, one has
(o' 74 L o0
YU — vy
t—o00

Remark 3.18. In the above result, N, is explicitly known in terms of f,b and « (see its
expression (3.14)) and is optimal (see Remark 3.27). Note also that (3.11) states explicitly
the dependence on the initial distribution v through its distance to the invariant measure v5°.

Let us first mention that it suffices to prove (3.11). Indeed, we then apply Proposition 3.15
with b(xz) = b(z) + @ and J = 0. With this choice, the process (Y;*");>¢ is the solution of
(1.2) and 0 solves (3.7). This gives the convergence in law of V" to v3°.

The proof of (3.11) is divided in two main steps. In Section 3.5.1, we first consider v = dy,
and prove that for all A < A%, the function ¢ + |r(t) — v()|e* belongs to L'(Ry). Then,
in Section 3.5.2, we extend the result to arbitrary initial condition and obtain the uniform
estimate (3.11).
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3.5. Long time behavior with constant drift

3.5.1 Convergence starting from v = ¢,
Study of the Volterra equation

In the case where a is constant and equal to «, the Volterra equation (1.14) is a linear
homogeneous convolution Volterra equation. If moreover the initial condition v is dg, the
jump rate r(t) := Ef(Yta’éO) satisfies

ro, =K, +K,*r,. (3.12)

For such equations, it is very natural to use Laplace transform techniques as convolutions
become scalar products with this transformation. Furthermore, the “kernel” K,
negative. Volterra equation with positive kernels have been studied in the context of Renewal
theory. The main reference on this question is a paper of Feller [Fel41]. We refer to [Feldl,
Th. 4] for this method. However, in our case the rate of convergence is exponential. In order
to achieve the optimal rate of convergence, we use general methods from the Volterra integral

equation theory, and especially the Whole-line Paley-Wiener Theorem.

is non-

Definition 3.19 (Laplace transform). Let g : Ry — R be a measurable function. The Laplace
transform of g is the following function

defined for all z € C for which the integral exists.

Note that the Laplace transforms of H, and K, are well defined for all z € C with R(z) >
—f(0a). This follows from VA < f(0q), supysqHa(t)eM < oco. The same holds for K,.
Integrating by parts the Laplace transform of K, shows that

V2 €C, R(z) > —f(0a) = K (2)=1-zH_(2). (3.13)
It is also useful to introduce the following Banach space

Definition 3.20. For any A € R, let L} := {h € B(R4;R) : [|h||} < oo} the space of
Borel-measurable functions from Ry to R, equipped with the norm

][} = / Ih(s)|eds.
R4

The long time behavior of r, is related to the location of the poles of 7,. Equation (3.12)
gives

11— Ka(2)

This suggests to study the location of the zeros of 1 — IA(a(z) = zH,(2).
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On the zeros of ﬁa

Along this section, we grant Assumptions 2.3 and 2.5 and consider « such that b(0) + « > 0.
Lemma 3.21. For all z € C with R(z) > 0, it holds that fIa(z) # 0.

Proof. First, K, being non-negative, we have
/\ o0 o0
|Ko(2)] < / |e_tZ]Ka(t)dt < / K, (t)dt =1 if R(z) > 0.
0 0

It yields R(z) > 0 = H,(z) # 0.

Second, H,, being a real-valued function, Hy(z) = 0 iff Hy(2) = 0, so it is sufficient to locate
the zeros of H, in the region ¥(z) > 0. Following [Fel41, proof of Th.4, (b)], if z =iy, y >0
then

iyHo(iy) = 1 — Ku(iy) = /0 h (1 — cos(yt)) K, (t)dt + i /0 h sin(yt) K, (t)dt.

Consequently, IA(a(zy) =1 for some y > 0 would imply that for Lebesgue almost every t > 0,
(1 — cos(yt))K,(t) = 0, that is, a.e. K,(t) = 0. It obviously contradicts the assumption
f(z) > 0 for x > 0. It follows that Vy > 0, H,(iy) # 0. Finally for z = 0, we have

Ho(0) = [ H,(t)dt # 0. O

Lemma 3.22. The zeros of I;Ta are isolated.

Proof. The function H, is holomorphic on R(z) > —f(0a). Thus, its zeros are isolated. [
Lemma 3.23. For all z € C with R(z) > —f(04), it holds that
_ Ga(R()

RGO

where for all x € R, ¢po(x) := ||Ky, |1 and Ko (t) = e UK (1), K(’w(t) = %Kmx(t).

[Ka(2)

Consequently, the zeros of H, are within a “cone”:

VzeC, R(2)> —f(on), Huo(z) =0 = |3(2)] < da(R(2)).

Proof. Let z =z +1iy, y > 0, > —f(0,). We have

~ 0 o] . oo —iyt
Ra(z) = /0 e K (t)dt = /0 ey o (t)dt = /0 K., (t)dt.

Yy
The last equality follows by an integration by part (recall that K, ,(0) = 0 because f(0) = 0).
It yields
= ||K¢/;y z |1
K. (2)] < ————.
[Ka(2)] < o

We deduce that for |y| > [|K}, ,|[1, we have Ko(2) # 1 and also fIa(z) # 0. O
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Consequently, from Lemmas 3.21, 3.22 and 3.23, we can define the abscissa of the “first” zero
of Hy: R
Ay, = —sup{R(z)| R(z) > —f(0a), Ha(z) =0}, (3.14)

with the convention that A} = f(o4) if the set of zeros is empty. We have proved that
0< A, < floa) < o0

The parameter \}, is key here as it gives the speed of convergence to the invariant probability
measure. It only depends on «, b and f.

Convergence with optimal rate

We use the following Whole Line Paley-Wiener Theorem, which is one of the most important
ingredients of the convolution Volterra integral equations theory.

Theorem 3.24 (Whole-line Paley-Wiener). Let k € LY(R;R). There exists a function x €
LY (R;R) satisfying the equation

if and only if

Note that here /k\(zy) is actually the Fourier transform of k evaluated at y € R.

Proof. See [GL.S90, Th. 4.3, Chap. 2|. We prove later, in details, an extension of this theorem
(see Proposition 3.38). O

Recall that the constant A, > 0 is defined by (3.14). The main result of this section is:
Proposition 3.25. Assume b and f satisfy Assumptions 2.3 and 2.5. Let o > —b(0). Define
V20, Ealt) = ralt) — v(a)

Then for all X € [0,)},), & € L.
Remark 3.26. Note that for all z € C with R(z) > 0, we have
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The right-hand side is an holomorphic function on R(z) > —\%. However, this information on
the Laplace transform of £, is in general not sufficient to deduce that £, € Li for A < A\
Consider for instance the following example, taken from [Wid/1, Ch. 2]. Let

Vt >0, x(t) = sin(e).

Its Laplace transform is given by, for all z € C with ®(z) > 0

Zf(z) = /0 et Sin(et)dt = /1 S;Iis_’li) du = COS(l) - (2 + 1)/1 C,Zj—(&—,l;) du.

The last equality is obtained by an integration by parts. Note that the integrand on the right
hand side converges absolutely on R(z) > —1 and moreover z — foo C:jj(j;) du is holomorphic
on R(z) > —1. We deduce that z — Z(z) is holomorphic on R(z) > —1. A further integration

by parts show that in fact T is entire. However, x ¢ L'(R,).

Proposition 3.25 can be deduced from general theorems of the Volterra equations theory. For
instance, one can apply [GLS90, Th. 2.4, Chap. 7]. However, this last result is written for
general measure kernels in weighted spaces and its proof is somehow difficult to follow. In our
setting, the proof given by [G'LS590] simplifies and we give it here for completeness.

Proof of Proposition 3.25. Let o_ and o4 be any real numbers such that:

A, <o_<0<oq <oo.

We first extend r,, K, and H, to the whole line by defining for all £ in R, r,(t) := r,(t)1r_ (%),
K, (t) == K,(t)lg, (t) and H,(t) := H,(t)1r (t). We have from (3.12)

VEER, 1 () = K, () + / K (t— u)r, (u)du. (3.15)
R

For any A€ R, we also define ro A (t) := e 21, (t), Kan(t) :=e 2K, (t). Note that Ko, €
L'(R) and that Vy € R, K, (iy) = Ko(o— +iy) # 1 (by definition of \%). We can apply
Theorem 3.24: there exists &, , € L'(R) such that

VtER, &no (1) =K, /KM (t —u)ao (u)du (3.16)

We define &, (t) := €7"¢a,0_ (t). We have [ |Ea(u)|e™""du < co and (3.16) reads

VtER, &a(t) = /K (t — w)éa (u)du

From (3.16), and using the continuity of K, , , one deduces that &, is continuous. Note that
the function &, is not null on R_ (see formula (3.18) just below).

We now regularize the functions {,,_ and r,,, in order to apply the Fourier inversion
formula. Let ¢ € C*°(R;R) be a non-negative function vanishing outside of [—1, 1] such that
[ =1 and let ¢, (t) = ni(nt). We define for all ¢ € R and n € N*:

&y (1) = et / Unlt — Wea(u)du  and 1, (£) = e /R Gnlt — w)ra(u)du
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From (3.15) and (3.16) we have

Eho  €LNR), &n, (iy) = |bn—o | (iy+0-),
1- K,

n 1 o (x - I/(; .

Tao, € LI(R), 718, (iy) = |Yn—=| (iy +04).
1- K,

Thanks to the regularization by 1), the functions y — 5@: (iy) and y — 7%: (iy) also belong
to L'(R). So we can use the Fourier inverse formula (see for instance [Hor90, Th. 7.1.10]) to

get
1 |~ K
n t) = — 1yt n CY/\ . _ d
o (=5 | ¢ [¢ | oy
and .
1 |~ K
n ) = — 1yt nia/\ . du.
Ta,thr( ) o /]Re [w 1- K, (Zy—‘y-0'+) Y

After the changes of variable z =iy + o_ and z = iy + o4, one has

o_+iT P 7>
n o (e’ = lim / ethn(z)Mdz

0,0 T—00 2Tt Joy _iT 1—- Koc(z)
and
. 1 U++iT t/\ f?a(z)
o (e = lim — e (2) —=——dz
O+ T—o0 271 o4 —iT 1—Ka(z)

Let I't be the closed curve in the complex plane composed of four straight lines that join the
points o_ —iT', o_ +14T, 04 + 11", and o4 — i1 in the anti-clockwise direction. It follows from
the residue theorem that

a7y Kal®) ey [ Kale) = Ka(©)
e e [ et e < om0 = 2min(e). (317

The last equality follows from

—

3.10)

ﬁ[a(O)—/OOOHa(t)dt—/oooexp (—/Otf(gpﬁ)du>dt s 7(1(1)

By Lemma 3.23, one can find a constant Tp > 0 such that for all z in the strip R(z) € [o_, 0],

we have R
[S(2)] > To = |Ka(2)] < 1/2.

Moreover, there exists a constant M,, such that for all z in the strip R(z) € [o_,04], 2 # 0
we have

_— M,,
< —.
¢n(2)‘ -z
We deduce that T R
o+l K,
lim 63t¢n(z)7,\(z) dz = 0.

T—*oo Jo_4iT 1—Kq(z)
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Therefore we can take the limit 77— oo in (3.17) and obtain for all n > 1

VELER, 1., (e =&, e (t) =(a).

o,04 a,0_

Letting n — oo (and using the continuity of r, and &, ), we find that
VtER, 7, (t) =v(a)+Ea(t). (3.18)
The proposition is proved by choosing o_ = —\. ]

Remark 3.27. The speed of convergence obtained in this result is optimal if Af, < f(oa) (i-e.
H, has at least one complex zero with R(z) > —f(04)) in the sense that

YA > AL, T —y(a) ¢ L.

Indeed, assume that X}, < f(0a) and choose o_ such that —f(o,) < o < —=\’. The previous
proof can be mimicked except that the residues of equation (3.17) now involves terms of the
order e=*at - corresponding to the roots of H, with real part equal to =L

3.5.2 Convergence from initial condition v

We now come back to the general case of any initial condition v € P(R, ) such that v(f?) < oo
and give the proof of Proposition 3.17.

Proof of Proposition 3.17. Note that we only consider here convolutions on [0, ¢], denoted by
“¢” (and no more the convolution on R). Let 7% (t) = E f(V,*") with £(Yy) = v. The function
r4 is the unique solution of the Volterra equation

v o__ v v
ro, =K, + K, *xrg.

If we choose v to be the invariant probability measure v°, we get y(a) = K& + K o * (@)
and

ra = (e) = Ky — Ki& + K, * (¢, = 7(a)).

[0}

We can solve this equation in terms of r,, the resolvent of K,. Lemma 2.22 yields
1t =) = KE = Ko e (KY — K2
= Ky = K&+ o (K — KG5) +(a) + (Ko = K2,

where 7, = £, + 7(a), see (3.18), is the solution of the Volterra equation r, = K, + K, *r,,.
Using (2.8), we have y(«) x K% = vy(a)(1 — HY) and thus
ro = (@) = K¢ = Kg& +q(a) (Hw — Hy) + &a (Ko = KG°).

«

We now denote by A any constant only depending on A, f;b and « and which may change
from line to line. It is clear that for any 0 < X\ < f(04)

HE-H0) < [ HE O - Xl < [ Hy O - ld) < A [Ty - 0| (da).
0 0 0
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Similarly, for any 0 < A < f(04),
K% — K| (1) < / " e @) HE (W) — v (de)
< [t (Co+ a0 - (i)
0
<c /0 1+ £(@) + F(Co+ ) Ho(D)ly — 12| (dr)
e M - z)) |y — v=°|(dx).
<A /0 (1+ (@) — v (dz)

We used here Assumption 3.1 and 3.2(a). Let now 0 < A < X%. Using &, € L}, it holds that

€0 5 (K% — K25 (1) < / €alt — u)|[KY — K2 |(u)du < AN /0 T F @) — v (d).

Combining the three estimates, one deduces that

() — ()] < A /O T P @) — v (d).

3.6 Long time behavior with a general drift

In this section, we generalize the results obtained in Section 3.5 to non constant currents. We
consider the process (1.9) driven by a current a. We assume that a converges exponentially
fast to a. We seek to prove that the jump rate of this process converges to v(«) and estimate
the speed of convergence. This “perturbation” analysis is useful to study the long time
behavior of the solution of the nonlinear McKean-Vlasov equation (1.2). We consider a €
C(R4+;Ry) such that

Assumption 3.28. 1. sup;sgar < @ for some constant a > 0.

2. There exist « > 0, C >0 and X € (0,min(A\}, f(00))), where o9 and N}, are defined by
(3.6) and (3.14), such that

VE>0, |ag—al < Ce M (3.19)
Note that the values of C' and A are important in this analysis. Any mention of C and A in
this section refers to these two constants.

Let r4(t,s) = Ef(Y;}"), where Y;%" is the solution of (1.9) driven by the current a and
starting at time s with law v. The goal of this section is to prove that if C' is small enough,
then there exists an explicit constant D such that

VE>s>0, |ri(ts) —~(a)| < De 79
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where v(«) is given by (3.5). Note that the exponential decay rate A is preserved. We make
efforts to keep track of the constant D and to relate it to C'. As in Section 3.5 it is useful to
split the study in two parts: the case where the initial condition is a Dirac mass at 0 and the
general case. We thus consider the unique solution r, of the following Volterra equation:

T =Kgq+ Kgxrg. (3.20)

It is also useful to introduce a Banach space adapted to this non-homogeneous setting.

3.6.1 A Banach algebra

Recall that A := {(t,s) € R%, t > s} (see (2.11)).
Definition 3.29. A function k: A — R is said to be a Volterra Kernel with weight A € Ry

if K is Borel measurable and ||k||} < oo with

6]} = esssup/ Ik(t,s)| N9 ds.
>0

Ry

We denote by V/{ the set of Volterra kernels with weight \. We also define for k € Vi:

||&]|3° := ess sup |k(t, 5)e* ™| € Ry U {+o0}.

t,s>0
Proposition 3.30. The space (V4,]|-]]}) is a Banach algebra. Furthermore, for all a,b € V3,
[la +bl[} < [lal[3][0]]5-

Proposition 3.30 is proved in [GL5S90], Theorem 2.4 and Proposition 2.7 (i) of Chapter 9.

Lemma 3.31 (Connection with the time homogeneous setting). Let g € Li. We define
Vt,s € A, §g(t,s) = g(t —s).

Then g € V) and ||g]]} = 1|g][3.

This result allows us to consider elements of L}\ as elements of V)l\. Note that the algebra
L%\ is commutative whereas V)l\ is not.

3.6.2 The perturbation method

Define K, := K, — K, and H, := H, — H,,.

Lemma 3.32. Grant Assumptions 3.1, 3.2 and 3.28. Then, there exists a continuous non-
negative and integrable function n such that for allt > s > 0, one has

’Ka(t’ 5)’ S Ce_ktn(t - S)a
|H,(t,s)| < Ce_/\tn(t —s).

The function n only depends on b, &, f and X\ (in particular it does not depend on C'). Fur-
thermore, we can choose n such that ||n||1 is a non-decreasing function of &.
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Proof. Here, to simplify the notations, we write ¢ for g (0). We have

Ralt.s) = gt (- [ t etaan) - st e (- [ t gt i)

Ralt:9) <1568 — Fet e (— [ 7o)

#1060 o (= [t ta) - e (- [ ftetan)]

=: My + M>.

So

Assumptions 3.1, 3.2 and (3.19) give

B B t
1F(ofs) — Flof )l < Crl+ fofl) |fs — ofs] < Cr(1+ f(@?_s))cgo/ |lay — aldu

e)\(tfs)
A

t
< CHCLL+ S DO [ e Mdu < CeNO 0,1+ 1)

Moreover choosing A € (X, f(0¢)) and using the fact that f(¢)) — f(00) as u — oo, one

obtains
¢ t t—s
exo (= [ fetaan) <o (= [ ) —ew (= [ i)
s S 0
< D(b, f7 )\,)e,A’(t,S)j

for some finite constant D(b, f, \'). Let A;(u) := (bf/\/)e W=NuC e CL(1+ f(#f)), we have
M; < Ce ™ MA(t —s),

and A; € LY(R,). Moreover, for A, B > 0, we have |e=4 — ¢~ B| < e=min(4.5)|4 — B|. So,

My < Jlot)enp (- a i) | [

ws) — J(@us)du

< F(GE)D(b, f, X)L+ f(p / o, — o | du.

One has

t t u t u
e _ 0% |du<C ap — a|dfdu < CC e Mdhdu < CeCe (1 g At=s)
<)0u75; SOu,s ¥ ¥ A

Consequently My < Ce M Ay(t — s) with

Axfu) 2= Db, £, X)em V(IO 1+ () S

It holds that As € L'(R,) and setting 7 := Ay + As completes the proof for K,. The same
computations give a similar result for H,,. O
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These estimates are sharp enough to give the following result:

Lemma 3.33. Grant Assumptions 3.1, 3.2 and 3.28. Let n be the function given by Lemma 3.32.
Denote by 1 the kernel 1;>5. Then
1. K4 € V) and [|K,|[} < Cllnl)-

2. Kox1€V} and ||K, 1|} < Sl
The exact same estimates holds for H, and H, * 1.

Proof. Using Lemma 3.32, we have

t t
1K |5 = sup/ |K,|(t, s)eM™ds < sup/ Ce™n(t — s)ds < Cl|n||1,
t>0 Jo t>0 Jo
proving point 1. For point 2, we have Vt > s > 0, (K, * 1)(t,s) := fst K, (t,u)du. And
Lemma 3.32 gives
Clinllx

t t
I|1K, * 1|} = sup/ |K, % 1)(t,8)eM ) ds < sup/ Ce |||, ds = .
>0 Jo >0 Jo A

O

Proposition 3.34. Grant Assumptions 3.1, 3.2. Assume a satisfies Assumption 3.28 and
that the constant C' is small enough:

8= Cllnlls (1+ A7) (1+[[&al i +7(a)) < 1. (3.21)
Define A = K, + €0 % K, —y(a)H, and let A, be the solution of the Volterra equation
A, = A+ A x A, (3.22)

Then

1. Ak € Vi with ||Ak||k < B8 and Ak 1 € Vi with ||Ax = 1]|5 < 6.
2. Ay € V) with || A} < 125 and A, x 1 € V) with ||A, + 1]} < Z5.
3. Consider r,(t,s) the jump rate associated to the current a. Then

Tg = ra—i—Ar —I—AT*TQ. (3'23)

Consequently, we have r, = y(a) + &q with
fa =Ca+Ar+ A&y +7(a) (A, 1) € Vi

Furthermore,

6l < lally + 12500+ alls + 7(a)
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Proof. By Lemma 3.33, we have ||[Ak||} < B8 < 1. Consequently equation (3.22) admits a
unique solution A, € Vi satisfying [|A,]]} < % The kernel A, x 1 satisfies the following

Volterra equation B
Arxl=(Ag 1)+ A *x (A, x1) (3.24)

with Ag 1 = (K, * 1) + &, * (Kg 1) + v(a)(H, * 1). It follows from Lemma 3.33 that
Ak x1 €V} and ||[Ag * 1|5 < B. From [|Ag||} < 1, one gets that equation (3.24) has its
solution in V} and

Arx1eVi A, e 2
*1eVy, [|Ar* H’\_l—ﬂ

It remains to check that r, given by (3.23) is indeed the solution of (3.20). We set p :=
ro + Ar + Ay %7, We thus have to check that r, = p. To this aim, we prove that p solves
(3.20). Using (3.22), one has

AK*p:AK*TQ—i—(AT—AK)—F(AT—AK)*Ta
= Avkra+ A — Ag
=p—r,— Ax,

i.e. p satisfies
p=r,+AKx+ Ax *p. (3.25)

Using Proposition 3.25 and (2.8), we have Ax = K, + 7, * K,. Eq. (3.25) gives
p— (Kg+raxKg)xp=ra+ Ky +r,*K,.
We multiply this equation by K, on the left and obtain, using that K x*r, = r xK, =r,—K,:
K oxp—roxKyxp=r,—K,+r,*K,.
The relation K, = K, — K, yields
K xp—ryxKyxp=r,xK,,

or equivalently
Agxp=K,xp—r,*xK,.

We substitute this equality in (3.25) and finally obtain
p=K,+ K, *p.

By uniqueness (Lemma 2.21 with v = dy), one deduces that p = r,. The end of the proof
follows easily. O

Remark 3.35. Let us explain how the formula (3.23) was derived. The algebra Vi does
not have any neutral element (in fact the neutral element would be a Dirac distribution) but
assume for the sake of this heuristic that I is a neutral element of the algebra (i.e. k*1I =
Ik =kVkeV}). Equation (3.20) can be rewritten as

(I —Kg)*x(I+ry) =1. (3.26)
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In particular (taking a = «), we have (I—K,)x(I+r,) = (I+ry,)*(I—K,) = I. Furthermore,
I-K,=I-K,)*(I—-(I+r,)*K,),
with Ko = K, — K, € Vi. Equation (3.26) becomes (IfKa)*(If(I+rg)*I_(a)*(I+ra) =1
We multiply by I+, on the left of each side, and we get (I —(I+r,)xK,)*(I+r,) =1+r,.
We now expand this equation - the neutral element I disappears and obtain:
To— (Kg+1y%xKg)*rg =14+ K, +7,%K,.

Using the definition of Ak we obtain r, = r,+ Ag *r, + Ag. Solving this equation in terms
of A, the resolvent of A we have vy = 1, + Ag + Ay % (1, + Ak). It gives the desired
formula.

We now come back to an arbitrary initial condition v and prove the main result of this section.

Proposition 3.36. Grant Assumptions 3.1, 3.2. Let v € P(Ry) with v(f?) < oo. Let
a € C(R;Ry), and consider (Y%")i>s the solution of (1.9) driven by a and with initial
distribution v at time s. Let r4(t,s) = E f(Y;%"). Assume a satisfies Assumption 3.28 and
that the constant C satisfies the inequality (3.21) for some B € (0,1). Then it holds that

V> s> 0, [rl(ts) —y(a)| < De M=),
with

. L8 +[6
1-p

15
MIKIIR + ()l Hg I3

Proof. The kernel r}, solves the Volterra equation r;, = K + K, *r},. By Lemma 2.22, its
solution is

Ky +r, x Kg.

?
Using Proposition 3.34, we know that r, = vy(a) + &q, with &, € V/{. Furthermore using that
v(a) * K = v(a)[1 — HY], we deduce that:

re = (@) + Kg + &a ¥ Kq = y(a) Hy.
Using that A < f(oo) (Assumption 3.28) we deduce

[HI[R = sup HA(t, ) ) < o, and  [|[KL|I = sup KL(t, )X < .
t,s t,s

)

We obtain for all t > s
t
I (t,s) — ()| <KL+ y(a) [ HANIR + ek(t_s)/ €al(t, u) Kq(u, s)du
t
< [[Kgll3 +’Y(Oé)|HZH§°+HKZH§°/ |al(t, u)er ) du

< KGR + (@ HZ IR + KR lEallh-

Using the estimate of ||£,||} given by Proposition 3.34, we deduce the result. O
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3.7. Long time behavior for small interactions: proof of Theorem 3.7

3.7 Long time behavior for small interactions: proof of Theo-
rem 3.7

3.7.1 Some uniform estimates

We now turn to the proof of Theorem 3.7. It is convenient to first extend the results obtained
in Section 3.5: we need uniform estimates in the input current a. In this section, we grant
Assumptions 3.1 and 3.2.

Lemma 3.37. Let a > 0. It holds that

inf A% > 0.
a€[0,a]

Proof. We define the function g related to the first zero of ﬁa by
Vael0,a], gla) = —sup{R(z)| Ha(z) = 0, R(z) > —f(o0)}.

By convention, g(o) = f(0q) if Hy, is not null on R(z) > — f(00). By definition of A% and by
the results of Section 3.5 we know that g(a) € (0, \}]. So, to prove the lemma, it suffices to
show the following result:

Claim The function g is lower semi-continuous, that is

Vag € [0, al, lirginfg(oz) > g(a).
a—ag

Proof of the claim. Choose o € [0,a&]. We have g(ag) > 0. Fix A € (0,g(ap)). Thanks to
Lemma 3.23, one can find R > 0, such that for all o € [0,a], for all z with R(z) € [—),0]
and (z) ¢ [—R, R|, we have ﬁa(f) # 0. Denote U = {2z € C,R(z) € [-),0],[S(2)| < R}.
By definition of g(a), we have H,, # 0 on U and the continuity of z — H,,(z) yields
inf,cp |ﬁa0(z)| > 0. Moreover, (a,z) — Hy(2) is continuous on [0,a] x U, so one can find
d > 0 such that for all o — ag| < 0, z € U, we have |Hy(z)] # 0. So g(a) > X\. We have
proved that VA € (0, g(ap)), liminf,_4, g(a) > A. It ends the proof. O

Proposition 3.38 (Whole-line Paley-Wiener, an extension). Let & > 0 and for all a € [0, @],
let ko € LY(R;R). Assume that

1. Ine LYR;R,) s.t. Va € [0,a], VO < e < 1,Vt €R, |ka(t) — kalt — €)| < en(t).

2. 30 € LY(R;Ry) s.t. YVa € [0,a], Vt € R, |ka(t)] < 6(1).

3. Yo € [0,a], Yy € R let ko (iy) = Jp € ¥ ka(t)dt. We assume that

~

inf 1 —kq(y)| > 0.
ae[ol,rozl} YER ‘ (iy) ’
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Then for all o € [0, @], there exists a function xo € L'(R;R) satisfying the equation

2o (t) = ko(t) + /R ko(t — s)xa(s)ds

and

aup. [[zall 11 < oo
a€(0,a]

Proof. We follow the proof of Theorem 4.3 in [GLS90, Chap. 2] and stress the differences.
Let ¢(t) := 15 (1 —cos(t)) be the Fejer kernel; its Fourier transform is ¢ (iy) = (1— [y Ly <13

t2

For any p > 1, set (,(t) := p((pt) and Vo € [0, @]

kP (t /Cpt—s

Claim 1 There is an integer p > 1 such that Va € [0, @], V|y| > p, we have

1P| <1/2  and kP (iy) = kal(iy).

Proof of the claim. Tt is clear that with this choice of ¢, V|y| > p, k&P (iy) = ka(iy). Moreover,
using [p (p(s)ds = 1, we find

el = [ ' [ a6 halt = ) (5)ds|
/g /\k t—f)\dtdu

We used the Tonelli-Fubini Theorem (everything is non-negative). Let R > 0 such that
1
fR\[—R,R] C(u)du < S It follows that

[|ESOP | < 1/4+/ / |ka (2 alt — —)\dtdu

<vas [0 (] rpm<t>dt) du

RQ
<1/4+ ?HnHLl-

The claim is proved by choosing an integer p > 4R?||n|| 1.

Using the same idea, we define 3(t) := 4¢(2t) — ((t) = L5 (cost — cos 2t). Note that V|y| < 1,

mt2

we have E(zy) = 1. Then for all 6 > 0, we set 55(t) := §F(dt) and

Yo ER,VE> 0, KWS(p) :—/R(ﬁg(t—s) B5(£))e™ =) ko (5)ds.
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Claim 2 Given € > 0, one can find a constant ¢ > 0 such that: Vyy € R,Va € [0, @],
~ ~ s, €
Yy — ool <6, kaliy) = kalige) + K&(iy)  and [k < o

Proof of the claim. By definition of kzo’é, it holds that

~

Wy e R, kO (iy) = Bs(iy — v0)) (Raliy) — Falivo)).

Moreover, Eg(z’y) = 1 if |y| < § and consequently the first point of the claim is satisfied.
Furthermore,

0,0 s _5s) — 5
[ eswiar < [ 1kao)l [ 13t~ 69 - 5o
g/Ro(s)/R5(t—5s)—ﬁ(t)|dtds.

The right hand side does not depend on yp nor o and goes to zero as § goes to zero. This
proves the second point of the claim.

Let p > 1 be given by Claim 1. It follows from Claim 1 that Va € [0, &], the equation
220 = halt) + [ 20~ 5)o2(ds)
R

has a unique solution x3° € L!(R) with ||z2°]|z1 < 2||0||11. Moreover, we have

~

_ oo ka(iy)
Va € [0,a],VY]y| > p, z2°(>iy) = ——=——.
0.a],¥ly i) = T
Similarly, we define € := inf,c(o 5] yer |1 — ko(iy)| > 0 and apply the second claim. Given
Yo € R and a € [0,a], let AY = #(y) We have 1 — Ea(zy) =1- /k\:a(iyo) - k:gf”a(z'y) =
—Ra(Y0
(1 — ALK (iy))). So,
kal(i AR kq (i
My —wol <5, e )

1 — ka(iy) 1— Agokgéoﬁ(iy)
Using ||A% k(|11 < 1/2, we can define the solution of

¥ (t) = A%k, (t) + / AWEYO (+ — 5)z0 (s)ds
R

and we find 5
[z [ < EHH”LL

Consequently, for all y with |y — yo| < 6 we have

~

290 (4 — ko‘(iy)
g (iy) R (i)
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Furthermore, still following [G1.590], one can find an integer m > 0 such that: Vo € [0, a],
Vj € Z,|j| < mp, there exists a function 2™ e L'(R) with Harja/mHU < 2/|6|| 1 such that

~

. il ka(iy)
Viy —j/m| <1/m, x‘&/ W) = ——=—"—.
y—i/ml <1/ i) = 5
We define 1;(t) = Le~9t™((t/m). We have ||1);||1 = 1. Its Fourier transform is given by
~ o J0 if ly —j/m|>1/m
vy(iy) = { 1—ml|y—j/m| otherwise.

We set
) = Y /R byt — 5)(@d!™ — 2 (s)ds + 22(8).

l7|<mp

It is clear that z, € L'(R) and that

2
sup ||zallr < mp <H9||L1 + 2||9HL1> +2[[0]| 11 < 0.
a€gl0,a] €

With this choice of ¢, Vy € R, Z4(iy) = lf%(ié/i)y) and by uniqueness of the Fourier transform,

we conclude that z,, is the solution of

o (t) = ka(t) + /Rka(t — $)xo(s)ds.

It ends the proof. O

As a consequence of the previous result, we have

Corollary 3.39. Leta > 0, define \* = inf,e(g 5] Ay (A" > 0 by Lemma 3.57). Let 0 < XA < A*
and consider r,, the solution of the Volterra equation r, = K, + K, *r,. Let £ :=rq — ().
We have

sup |[[€al < oo
a€l0,a]

Proof. Recall (see proof of Proposition 3.25) that &,(t) = e &, _\(t) and so [|&]]k =
|€a,—x||1. We now prove that Proposition 3.38 applies to £, . Indeed, it solves

faa(t) = Ko (1) + /R Ky At~ $)aa(3),

with K, ,(t) :== eAtKa(t)]l{tZO}. It remains to show that K, , fulfills the assumptions of
Proposition 3.38.

1. We use supyeio o) Kalt) < F(9(0))Ho(t) and supaeio m [95(0) — ¢ (0)] < e(Cy + ).



67

3.7. Long time behavior for small interactions: proof of Theorem 3.7

2. For all t > 0 and « € [0, @], we have

Ko A1) < 0(t) = X f(CF) Hy () 1z, (1) € L'(R).

«

3. We have I?a:(zy) = Ko(—=A+iy). We conclude by Lemmas 3.37 and 3.23.

O]

Finally, we give a uniform in time bound of the jump rate of (1.9), using similar arguments
that in Proposition 2.26. It is here that we require Assumption 3.2(b) to hold.

Proposition 3.40. Grant Assumptions 3.1 and 3.2 and let J > 0 be fixed. Given any k > 0,
there is a constant & > k (only depending on b, f, J and k) such that for all v € P(R,) with
v(f?) < oo and all s > 0, it holds that

Va € C([s,);R4), {supat < a and Jv(f) < o‘z} = sup Jrg(t,s) < a.
t>s t>s

Moreover, & can be chosen to be an increasing function of J and k.

Proof. Assume sup, ¢ a; < & for some @ > 0 that we specify later. Applying the It6 formula
and taking expectations yields

t t
vt>s, EfE) =Ef(YS) + / E f/(Y3) bV + au)du — / E f2(Y2)du.

s

Lemma 2.25 implies that ¢ — E f(Y,%") is C' and
d v v v v
V> s, BV =EF VL) +a) - E VLY.

Using (3.2), the Cauchy-Schwarz inequality gives

d 1

a,V — a,V 1 a,V a,V
qEroe < flavalprom) - JEreE - JE )
1 a,V
< S[20(a + Gy — B F(v3"))
where in the last line, we used Assumption 3.2(b). Setting M (&) := v/2¢(a + Cp) and using

Lemmas 2.27 and 2.28 we conclude that
v(f) < M(a) = [Vt >s Ef(Y,%") < M(a)].

To complete the proof, we need to check that for any x > 0, any J > 0, there is a constant
a > k such that JM (&) < a. This follows easily from Assumption 3.2(b), which gives

elim Jé@b(@) =0.

It is clear that @(J) can be chosen to be a non-decreasing function of J and . This ends the
proof. O
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3.7.2 Proof of Theorem 3.7

We are now in position to prove Theorem 3.7.

e Step 1 Recall that equation (2.14) gives

iEf(Xt) <

- [F(J)* — B2 (X)),

1
2
where (X¢);>0 is the solution of the nonlinear equation (1.2) and the function J — 7(J)

is non-decreasing. Using Proposition 3.40 with x := J7(J) + 1, there is a non-decreasing
function J — a(J) such that:

VJ,s >0, Ya € C([s,00);Ry), [supa; < a(J) and Jv(f) < a(J)] = supJra(t,s) < a(J).

t>s t>s
Moreover, it holds that VJ > 0, J7(J) < a(J).
e Step 2 Let J,,, > 0 be given by Proposition 3.6. Define

A= inf x.
acl0atzn))

Lemma 3.37 gives A* > 0. We now fix A such that 0 < A < \*.
e Step 3

— Using Corollary 3.39, we know that the solution of the Volterra equation r, =
K, + Ky %71, is 1, = () + & with &, € L} and that:

£°(J) = sup |l€al} < oo
a€gl0,a(J)]

It is clear that J — £°°(J) is non-decreasing (as J — a(J) is non-decreasing).

— One can find a function £ : Ry x Ry — R4, non-decreasing with respect to its
two parameters, such that for all @ € C(Ry;R;) we have:

supa; < a = ||Kg|I¥ < k*(v(f),a) < oo.
>0

Moreover, one can find a constant h*° (only depending on A, b and f) such that
for all @ € C(R4+; Ry ), we have

[ Hgl[X < h™.

These two points follow from A < f(og), Assumption 3.1 and Remark 3.16(a).

— The function 75 of Lemma 3.32 satisfies
lInall1 < oo, @+ ||nall1 is non-decreasing,

and consequently the function J — [|na()||1 is non-decreasing.
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— Finally the normalization v is a non-decreasing function of « (see (3.10)) and it
follows that
Va e [0,a(])], ~y(a) <~(a())).

e Step 4 Let v be a probability measure such that v(f) < 7(J,,) + 1. Recall that for all

J € (0,J), the equation ay~!(a) = J has a unique solution o*(.J) € [0, &(J)]. We
now apply Proposition 3.36 with 5 = 1/2. Define:

1
C(J) = 2|[na(n 1 (1 + A™D (14 &) +~(a(J)))

D(J) :==2(1 +~(a(J)) + £2() k= (#(Jn) + 1,a(J)) +y(a(J))h™.

From Step 3, it is clear that the functions J — ﬁ and J — D(J) are non-decreasing.
Consequently, we can find a constant J* € (0, J,,) such that

JD(J)
(/)

Proposition 3.36 tells us that for every 0 < J < J* given any a € C(Ry;R;) with
sup;> a¢ < @(J) and such that

v.J € 0,7, <1.

Q

Vt>0, |a;—a*(J)| <C(J)e ™M,

it holds
VE>0, [Jri(t,0) —a*(J)| < JD(J)e M < C(J)e M.

Step 5 Let now J € (0,J*] be fixed (the case J = 0 is already treated by Propo-
sition 3.17). We assume the initial condition v of (1.2) satisfies Jv(f) < @(J) and
that v(f) < 7(Jm) + 1 (we shall come back to the general case in Step 6). We define
recursively a” € C(Ry;Ry) by

Vvt >0, a®(t):=a*(J) and VYn>0, a"T(t):=Jr.(t,0). (3.27)
From Step 4 and by induction, it holds that:
Vo >0, ¥t >0, |a"(t) —a*(J)] <C(J)e M.

We deduce that

Vvt >0, [Ef(Xt) =y ()] <|Ef(Xe) —rgn(t,0)] + % |a" () — a*(J)]
1 n C(J) —At
< j|JIEf(Xt) —a" (1) +——e A,

The Picard iteration studied in Section 2.6 shows that
Vt>0, lim |[JE f(X;)—a"(t)] =0.
n—oo
We have proved that

ng)e—)\t_

Vvt >0, |Ef(X:)—~(a" ()<
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e Step 6 We now prove that there exists s > 0 such that E f(X,) < min(@7 7(Jm)+1).
By Step 1, we have limsupE f(X;) < 7(J). Since 7(J) < @(J)/J and since 7(J) <
7 (Jm), the conclusion follows. Consequently, Step 5 can be applied to the process

(Xt)e>s starting with v = £(Xj). This proves the convergence of the jump rate.

The convergence of the law of X} to the invariant measure then follows from Proposition 3.15.
This ends the proof of Theorem 3.7.

Remark 3.41. There is some freedom in the above construction of the constants A\ and J*.
We can choose any X in [0,\*) and the value of J* depends both on A and on a parameter
B € (0,1), here chosen to be equal to 1/2 (see Step 4). We may optimize this construction to
get either J* or X\ as large as possible.

3.8 Discussions and perspectives

Studying the long time behavior of a McKean-Vlasov SDE is generally a difficult task. One
can study it by considering the long time behavior of the finite particle system (1.1) and then
apply the propagation of chaos to extend the results to the McKean-Vlasov equation (1.2).
This strategy has been developed in [Ver06; BGM10] for diffusive problems. The long time
behavior of the particle system (1.1) has been studied in [DO16; HKL18] (again in a slightly
different setting but the methods could be adapted to our case): the authors proved that the
particle system is Harris-ergodic and consequently converges weakly to its unique invariant
probability measure. However, transferring the long time behavior of the particle system
to the McKean-Vlasov equation is possible if the propagation of chaos holds uniformly in
time. In [DGLP15; FL16], the propagation of chaos is only proved on compact time interval
[0,7] and their estimates diverge as T' goes to infinity. A natural (and difficult) question
is the following: in the case of small enough interaction parameters J, is uniform in time
propagation of chaos holds?

Coupling methods are also used to study the long time behavior of SDEs. In [BCGMZ13],
the authors have studied the TCP (a linear PDMP) which is close to (1.2). The size of the
jumps is —x/2 in the TCP and —x in our setting, = being the position of the process just
before the jump. The main difference is the nonlinearity: we failed to adapt their methods
when the interactions are non-zero (J > 0). Recently, in [LM20], the authors were able to
implement such coupling argument on the nonlinear SDE (1.2). It would be interesting to see
if this argument could be adapted in the setting of weak-enough interactions.

Butkovsky studied in [Butl4] the long time behavior of some McKean-Vlasov diffusion SDE
of the form:

t
V>0, X, = Xo+ / b(Xa) + ebo(Xus pr)] du + Wi, jiw = £(Xa),  (3.28)
0

where (Wy)i>0 is a Brownian motion. Here the drift terms b; and by are assumed to be
globally Lipschitz and by is assumed uniformly bounded with respect to its two parameters.
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The author proved that if the parameter € is small enough, (3.28) has a unique invariant
probability measure which is globally stable. The case ¢ > 0 (and small) is treated as a
perturbation of the case ¢ = 0 using a Girsanov transform. It could be interesting to see how
this method could be adapted to SDE driven by Poisson measures, but we did not pursue this
path.

Of course, the main question is: what happens when the interactions J are not small? We
answer partially this question in the following Chapter, by describing the long time behavior
of the solution of (1.2) assuming one starts with an initial condition v close to a given invariant
measure of (1.2).






Chapter 4

Local stability of the stationary solutions

Consider an invariant probability measure of the McKean-Vlasov equation (1.2).
We give a sufficient condition to ensure the local stability of this invariant measure.
Our criteria involves the location of the zeros of an explicit holomorphic function
associated to the considered invariant probability measure. We prove that when
all the complex zeros have negative real part, local stability holds. The material
of this Chapter is available as a preprint [Cor20].

4.1 Introduction

Consider (X/) the solution of the McKean-Vlasov SDE (1.2)

t t t
X;:X5+/ b(X{j)dquJ/ Ef(xg)du—/ / XU Lpocpixe yN(du,d2),
0 0 0 JRy

where L(X{§) = v.

Understanding the long time behavior of the solution of (1.2) for an arbitrary interaction
parameter J is a difficult open question. We are interested here in the following sub-problem:
given an invariant probability measure of (1.2), at which condition this invariant measure
is locally stable? That is, if we start from an initial condition v “close” to the invariant
probability measure vy, does the solution of (1.2) converge to vs? We assume that the
initial condition v belongs to

M(fH = {v e P(Ry), A f2(z)v(dz) < 400}, (4.1)

and we equip M(f?) with the following weighted total variation distance
Vi € M), dg) = [ 1+ @]l = o). (42)
+

By Proposition 3.9, the invariant measures of (1.2) belongs to M(f?). Consider (X;>):>0
the solution of (1.2) starting from an invariant measure v,. Then, the mean-field interaction
a = JE f(X/>) is constant. We denote by v° the invariant measure corresponding to a
current o > 0. Our main result, Theorem 4.13, gives a sufficient condition for v2° to be locally

73
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stable. Our condition involves the location of the roots of an explicit holomorphic function
associated to v5°. When all the roots of this function have negative real part, we prove that
the invariant measure is locally stable, in a precise sense. Furthermore, in Theorem 4.14, we
prove that this last criteria is satisfied if
inf f(z)+¥(z)>0. (4.3)

reR
To be more precise, we only need a local version of (4.3): in the above inequality, we can
replace R4 by the support of the invariant measure. We significantly generalize the result of
[F'L16] and [DV21], valid only for b = 0. This local approach is a first step to study the static
and dynamic bifurcations of (1.2), such as the Hopf bifurcations, leading to periodic solutions
(see Chapter 5). We now detail the main arguments leading to the proof of Theorem 4.13.
Perturbation of constant currents. Let us recall some results from Chapters 2 and 3.
Given a non-negative bounded measurable “external current” a € L*(Ry;R,), we consider
thg’” the solution of the linear non-homogeneous SDE (1.9) starting with law v at time s and
driven by the current a. Let 74 (t,s) := E f(Y;,") be the associated spiking rate. We recall
that it solves the Volterra integral equation (1.14) and that Y/3" is a solution of (1.2) if and
only if (1.11) holds, that is

Vt >0, ar=Jri(t,0).

In Section 3.5, we studied the long time behavior of (Y;"), the solution of (1.9) when a is
constant: a; = o > 0. We proved that Y;%’” converges in law to its invariant probability mea-
sure v5°, where v5° has the explicit expression (3.4). The convergence holds at an exponential
rate. More precisely, denote by B(Ry;R) the Borel-measurable functions from R4 to R and
define for any A > 0 the Banach space

L :={h € BR;R), ||| < oo}, with [|]|S := esssup |he|e. (4.4)
>0

Let v(a) = v5°(f) be the mean number of jumps per unit of time under this invariant

measure. We can find a constant A}, > 0 (defined by (3.14)) such that for all A € (0, \}) and
all v € M(f?):
ra(t,0) —y(a) € LY.

Then, in Section 3.6, we extended this result to non constant current of the form
ay = o+ ht7

where h belongs to L3°, A < A;. More specifically, we proved that there exists § > 0 such
that for all h € L° with ||h||{° < 6 and all v € M(f?), one has

Tatn(t,0) —v(a) € LY.
The implicit function theorem. We apply the implicit function theorem to the function
(v, h) = Jrgp(,0) — (@ + h),
which maps M(f?) x L to L3°. Obviously one has

B2, 0) = 0.

a
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By inspecting carefully the perturbative argument of Section 3.6, one can prove that the
function h — ®(v, h) is Fréchet differentiable on the Banach space L$°. We then compute
Dy ®(ve°,0), the Fréchet derivative of ® at the point (v5°,0). The key point is that D, ®(v3°,0)
is a convolution

Vee LSS, [Dp®(ve,0) -] (t) = —c(t) + J/O Oq(t — u)c(u)du.

Here, the function ©, : R, — R has a simple expression in terms of the invariant measure
v (see (4.8)). In order to proceed, we use the following ruse: given h € LS, we extend it to

R by setting h; = 0 for £ € R_. It then holds that

0
H L (t,0) = y(a) / H  (t,u)du.
—00

This formula, proved in Lemma 4.50, has a simple probabilistic interpretation which relies
both on the fact that v2° is the invariant measure of (Y,5;”) and on the fact that the process is
reset to 0 just after a jump. The advantage of this repfesentation is to eliminate the specific
shape of the invariant measure v;°. We then study the inversibility of this linear mapping:
it gives a criteria of stability in term of the location of the zeros of the holomorpic function
discussed above. It is worth noting that the implicit function theorem provides an explicit
Newton’s type approximation scheme, which differs from the “standard” Picard iteration
scheme (3.27) we used in Chapters 2 and 3. Remark 4.35 emphasis the difference between
the two schemes. We prove that this Newton scheme converges to some h(v) € L§°, provided
that v is sufficiently close to v5°. This limit h(v) satisfies

®(v,h(v)) =0,

and so a + h(v) solves (1.11). This proves that the nonlinear interactions JE f(X}) of (1.2)
converge to the constant current o at an exponential rate, provided that the law of the initial
condition X is sufficiently close to v5°: it gives the stability of v5°.

The layout of this chapter is as follows. Our main results are given in Section 4.2. In Sec-
tion 4.3, we give different interpretations of the result: we study the Fokker-Planck equation
(1.3), linearized around the invariant measure v5°. Additionally, we give connections with
the L-derivative and the Linear Functional Derivative. This section can be read indepen-
dently. In Section 4.4, we introduce a functional analysis framework and give estimates on
the kernels (1.13). Section 4.5 is devoted to the proof of Proposition 4.12, which shows the
well-posedness of our stability criteria. Finally, Sections 4.6 and 4.7 are devoted to the proofs
of our main results (Theorem 4.14 and 4.13).

4.2 Notations and results

We assume that:

Assumption 4.1. The drift b: Ry — R is C?, with b(0) > 0 and

sup |0/ (z)] + [ ()] < co.
x>0
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Assumption 4.2. The function f : Ry — Ry is C2?, strictly increasing, with f(0) = 0,

SUPg>1 |sz/(%)| < oo and there exists a constant Cy such that

4-2(a) for all x,y =0, f(zy) < Cr(1+ f(2))(1 + f(y))-
4.2(b) for all A >0, sup,~q Af'(z) — f(x) < oo.
4.2(c) for allx >0, |b(x)] < Cr(1+ f(x)).

Remark 4.3. If a non-decreasing function f satisfies Assumption 4.2(a), there exists another
constant Cy such that for all

Yo,y >0, flz+y) <Cr(l+ fz) + fy))-

So under Assumptions 4.1 and 4.2, the Assumptions 2.3 and 2.5 hold. In particular, Theo-
rem 2.8, Proposition 3.9 as well as Proposition 3.25 apply, and the constant X},, defined by
(3.14) s strictly positive.

Remark 4.4. Let by > 0, by € R and p > 1. Then the following functions b and f satisfy
Assumptions 4.1 and 4.2:

Vx>0, b(x)=0bo+bix, and f(z)=2"

In particular b does not need to be bounded and one may have b(0) = 0.

Consider an invariant measure vy, of (1.2). If (X;>) starts from the law vno, its jumps rate
t— E f(X/*>) is constant. Define

a:=JE f(X/>).
We say that v, is non-trivial if & > 0. For such «, define
0o :=inf{x > 0:b(z) + a =0}, with inf = occ.
Because b(0) +« > 0, one has 0, € R U{+o00}. Mimicking the proof of Lemma 3.12, we find

Proposition 4.5. Let f and b such that Assumptions 4.1 and 4.2 hold. The non-trivial
invariant measures of (1.2) are {v3° | a € (0,00), a0 = Jy(«)}, where v3° is given by (3.4)

so(gyy e M@ [T ) e
i) = ot (- [ ) e o)

and y(«) is the normalizing factor, given by (3.5).

Note that in Lemma 3.12, it is assumed that b(0) > 0, and so dy, the Dirac measure at 0, is
not an invariant probability measure. Here, one may have b(0) = 0 and if it is the case, dy is
the trivial invariant probability measure of (1.2).

In this work, we focus on the stability of the non-trivial invariant measures, which have the
above explicit expression. For o > 0, we define J(«) to be the corresponding interaction
parameter:

J(a) == —. (4.5)
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Assumption 4.6. The constant o > 0 satisfies one of the following non-degeneracy condition.:

0o <00 and b(o,) <0 (4.6)
or 0 =00 and ir>1% b(x) + a > 0. (4.7)

If o0, < 0o we have a technical restriction on the size of the support of the initial datum:
Definition 4.7. Define

Go :=1nf{z >0y | b(z) + @ =0}, with inf( =+o0,

So :=A{[0,8], 0o < B <Ga},
with the convention that S := {R4} when o, = +00.

Remark 4.8. Note that due to (4.6), if 0o < 00 one has 0o, < 04 (and 6o = +00 if
0o = +00). In particular, for all oo < x < G4, it holds that b(x) + « < 0. Any S € S, s
invariant by the dynamics in the following sense: given A > 0 we can find 6 > 0 small enough
such that for all h € L§® with ||h||S° < § one has

zeS = |vtzs VI es|

We exploit this property in Section 4.7.5.

Given S € S,, we denote by Ms(f?) the set of probability measure with support included in
S and such that [g f?(z)u(dx) < co. We equip Mg(f?) with the distance (4.2).

Definition 4.9. Let A > 0. An invariant measure vy of (1.2) is said to be locally exponen-
tially stable with rate A if for oll S € S, and all € > 0, there exists p > 0 such that

Vv e Mg(f?), dv,v) <p = sup|J(@)E f(X}) —aleM <€,
t>0

where (X}) is the solution of (1.2) starting with law v.

Remark 4.10. Once it is known that the current J(a)E f(X}) converges to the constant
a at an exponential rate, it holds that (X}) converges in law to vy at an exponential rate.
Indeed, it is straightforward to adapt the proof of Proposition 3.15 to our Assumptions 4.1,
4.2 and 4.6.

Definition 4.11. Given a > 0, let v° be the corresponding invariant measure and define

VE>0, Ont):= /0 h [jmrz(t)] v (dz). (4.8)

Proposition 4.12. Under Assumptions 4.1, 4.2 and 4.0, it holds that for all A € (0,\}),
the function t — eMO4(t) belongs to L*(R,.).

The proof is given in Section 4.5. We can thus consider (:)a(z), the Laplace transform of ©,,
defined for all z € C with R(z) > —A%.
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Theorem 4.13. Consider a non-trivial invariant measure v° of (1.2), for some o > 0.
Grant Assumptions 4.1, 4.2 and 4.6. Define the “abscissa” of the first zero of J(a)Oq — 1 to
be:

Moo= - swp {R() | J(@)Balz) = 1.
2€C,R(z)>—A},

It holds that N, € [—o0, A}]. Assume that
AL > 0. (4.9)

Then for all X € (0, L), v5° is locally exponentially stable with rate A, in the sense of Defini-
tion 4.9. That is, for all S € S, and all € > 0, there exists p > 0 such that

Ve Ms(f?), dw.v) <p = sup|J(a) EF(X}) —ale™ < e,
t>0

where (XY) is the solution of (1.2) starting with initial law v.

The proof is given in Section 4.7. We now give a sufficient condition for (4.9) to hold, namely

inf f(z)+b'(x) > 0. (4.10)
z€[0,04)

Theorem 4.14. Consider f and b satisfying Assumptions 4.1 and 4.2.

1. Let o« > 0 such that Assumption 4.6 holds. Assume furthermore that the condition
(4.10) is satisfied. Then the non-trivial invariant measure vS° is locally exponentially
stable, in the sense of Definition 4.9.

2. Assume that infy>o f(z) + b/ () > 0. Then for all J > 0 the nonlinear equation (1.2)
has exactly one non-trivial invariant measure (which is locally exponentially stable).

The proof is given in Section 4.6.

Remark 4.15. This result generalizes the case b = 0, which is well-known. When b = 0,
(1.2) has two invariant measures: a trivial one (dy, the Dirac mass at zero) and a non-
trivial one. The trivial invariant measure ¢y is known to be unstable, whereas the non-trivial
invariant measure is stable (see [I'L16], Proposition 11 and [DV21]). Given the assumptions
of Theorem 4.1/, the question of the global convergence to the unique invariant measure is
left open. The situation where

Vo >0, f(z)+b(z)=0

s an interesting limit case for which the invariant probability measure is the uniform distri-
bution on [0, 04].
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4.3 Interpretations of the result

4.3.1 The linearized Fokker-Planck equation near the equilibrium

The objective of this section is to provide a heuristic view point about the stability criteria
(4.9) through a linearized analysis of the PDE (1.3). Let g € C!(R4;R) be a compactly
supported test function. The It6’s formula applied to (1.2) gives

%Eg(Xt) Eg'(X) [b(Xe) + J (@) E f(Xy)] + E[g(0) — g(Xe)] f(X0). (4.11)

In other words, if v(t,dz) is the law of Xy, it solves the Fokker-Planck PDE (1.3). Consider
now an invariant measure vo° of (1.2), for some a > 0. Using that (v3°, f) = v(«), one has

O [(b() + a)vg’] + f(2)vg” (x) = v(@)do(dx).
Define ¢(t,dz) := v(t,dz) — v°(z)dz, it solves

Orp(t, d) + 02 [(b(x) + @) o(t, dx)] + f(2)¢(t, dx)
+J(a)(d(t), ) (t, dx) + J(a)(d(t), [)Ieva® (dx) = (§(1), f)do(dz).

We used again the notation
/ f(@)o(t,dr).

The term J(a){(o(t), f)Oz¢(t,dx) is of second order in ¢. By neglecting it, we obtain the
linearized Fokker-Planck equation

0y9(t, dz) + 0 [(b(x) + a)d(t, dx)] + J(a)(d(t), [)Oevs (dx) + f(2)P(t, da) = (¢(t),f>5o((dx)-)
4.12
This equation can be written

orp = L3¢ + Ba,
with
Lo¢ = =0, [(b+ )] — fo+ (8, f)do,
Bad = —J(a){(¢, [)Ourg’

First note that the operator B,¢ is defined such that for any test function g € C'(R,), it
holds that

(Bag, g) := J(a) (¢, /){ve’. d)-
In particular, the operator 0,v5° is defined such that
(0ev5°,9) = — (v, d)- (4.13)

Second, remark that L7, is the generator of the process corresponding to an isolated neuron
subject to a constant current equal to a.. Let (T ())s>0 be the Markov semi-group generated
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by L. Using the Duhamel’s principle (see for instance [[EN00, Chapter III, Corollary 1.7)),
the solution of the linearized equation (4.12) satisfies

0(0) = To(t)o0) = 7(0) [ (0(5). 1) Tlt = 0,022

Integrating f against this equation, one obtains a closed integral equation for (¢(t), f)

(0(1), f) = (Ta(t)9(0), f) = J(@) /Ot ((s), FI(Talt = 8)02vg", fds.

Claim: One has for all t > 0, —(Tx ()00, ) = O4(t).
Proof of the claim: Let (Y,"") be the solution of the SDE (1.9), with constant current « and
starting with law §, at t = 0. For all v, it holds that

Tl d) = [ T (V) (dr)

0

—/ re(t)v(dx)
0

= (v, r,(1)).

We shall see that for a fixed value of ¢, the function = + 7%(t) is C! (see the proof of
Proposition 4.12). Using (4.13) (with g(x) = r%(t)), we finally have

Tat0 ) == [ Jraene(o)

and the claim follows.

Consequently, (¢(t), f) solves the convolution Volterra equation

(o(t), f) = /OOO ra(H)o(0)(dr) + J(Oé)/o Oa(t — 5)(d(s), f)ds. (4.14)

Claim: For all A € (0, \%), the function ¢ — e [ rZ(t)$(0)(dz) belongs to L'(R;).

Proof of the claim: Because rZ(t) is the jump rate of an isolated neuron subject to a constant
current «, one has limyoo 7% (t) = v(a) = v3°(f) exponentially fast. More precisely, define

Ealt) = ra(t) —v(a),

Proposition 3.17 yields
VAE(0,A), eMEx(t) € LM(R.).

Recall that ¢(0) is the difference of two probability measures so [ v(a)¢(0)(dz) = 0. So for
all A € (0,)%),

ts e /O T (06(0)(da) = M /0 T E(00(0)(dr) € L (R.).
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Consequently, e’ (¢(t), f) solves a Volterra integral equation where both the “forcing term”
t = eM [rz(t)¢(0)(dr) and the “kernel” ¢ — J(a)e*O4(t) belongs to L'(Ry). The con-
dition for eM(¢(t), f) to belongs to L' (R, ) is exactly (4.9) [see CG1.S90, Chapter 2]. If (4.9)
holds then

YA e (0,)), t— e (o(t), f) € LYR,).

This gives the linear stability of the invariant measure v5°. From this point of view, Theo-
rem 4.13 is a Principle of Linearized Stability: it legitimates the linearization of the Fokker-
Planck equation above, in the sense that stability of the linearized equation implies stability
of the nonlinear Fokker-Planck equation.

4.3.2 Connection with the L-derivative and the Linear Functional Deriva-
tive

Let P2(R) be the space of probability measures on R having a second moment. Consider a
function P2(R) 5 p+— u(p) € R that we seek to differentiate with respect to u. We first review
briefly two notions of differentiability of functions of probability measures: the L-derivative
and the Linear Functional Derivative. We follow the presentation of [CD18].

The L-derivative

Consider L?(Q, F,P;R) a Hilbert space defined over some probability space (£, F,P) and
define the lifted function o

VZ € LX(Q, F,P;R), (Z):=u(L(Z)).

Because L2(€), F,P;R) is a Banach space, we can define the Fréchet derivative of @. This
Fréchet derivative serves as the definition of the L-derivative.

Definition 4.16. A function u : P2(R) — R is said to be L-differentiable at py € P2(R)
if there exists a random wvariable Zy € L*(Q, F,P;R) with L£(Zy) = po and such that @ is
Fréchet-differentiable at Z.

If @ is Fréchet-differentiable at Zy, let Du(Zp) its derivative, it can see it as an element of
L?(Q, F,P;R) (that is, we identify L?(Q, F,P;R) and its dual). Let p, go in Po(R). We then

have
u(p) = u(po) +E DiZ0)(Z — Zo) + o VE(Z = Zo)?)

as /E(Z — Zy)? goes to zero, provided that £(Z) = p and L(Zy) = po. A key result of the
theory is that the element Dwu(Zy) can be represented by a deterministic measurable function,
denoted d,u(po)(-) : R — R, such that

P(dw) — a.s., Du(Zp)(w) = Opu(po)(Zo(w)).

So we have
u() = u(po) + E 8,(10) (Z0)(Z — Zo) + o(VE(Z = Z)?) (4.15)
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as \/E(Z — Zy)? goes to zero, provided that £(Z) = p and L(Zy) = po. The function
Ouu(po)(+) is the L-derivative of u at p9. Of course, much work is needed to prove that this
function exists and does not depend on the specific choice of the L2(Q2, F,P;R) space. We
refer to [CD18, Ch. 5.2] for the complete construction of this object.

The Linear Functional Derivative

We quote [CD18, Ch. 5.4]:

Definition 4.17. A function u : Po(R) — R is said to have a Linear Functional Derivative
if there exists a function

1) 0

% . Py(R) x R 5 (m, z) %(m)(m) c R,
continuous (for the product topology, the space Pa(R) being equipped with the 2-Wasserstein
distance, denoted W), such that, for any bounded subset K C P2(R), the function x
%(m)(x) s at most of quadratic growth in x uniformly in m for m € K, and such that for

all mym’ € P2(R), it holds that

1 ou

u(m') — u(m) = /0 A %(tm/ + (1 = t)ym)(z)(m' — m)(dz)dt.

Under some regularity conditions on g—#L (see [CD18, Prop. 5.44 and Prop. 5.48]), it holds

that
_ ou

u(m') —u(m) =

= (m)(@)[m’ — m](dz) + o(Wa(m',m)),
R

as Wa(m/,m) goes to zero. Furthermore, the function w is L-differentiable with:

That is, the L-derivative is the gradient of the Linear Functional Derivative.

The interpretation

Let t > 0 be fixed, define
u 2 Po(R) 5 v J(a) E f(XY),

where (X/) is the solution of the nonlinear equation (1.2), starting at time 0 with law v. We
compute the Linear Functional Derivative and the L-derivative of u; at v5°, assuming these
two objects exist. Consider Q, : Ry — R the resolvent of J(a)0O,, that is the solution of the
Volterra integral equation

W0, Qu(t) = J(0)Ou(t) + J(a) / Ot — 1) (1) (4.16)
0
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Using Lemma 2.22, we can solve (4.14) in terms of Qq:
0.5 = [ rawoo@ + [ it — ) | o0 o)
That is, we have (consider ¢(0) = v — 1)
up(v) — ur (V) =~ /R+ J(a) |:T‘£(t) + /Ot Qu(t — u)ri(u)du] (v —v°)(dx).

In other words, it holds that

%(Vgo)(fﬂ) = J(a)rg(t) + (Qa = J(a)rg) (¢)
and so p p
Opui (V) () = J(a)@rg(t) + <Qa * J(oz)dxri> (t).

In particular, consider Zy a random variable with £(Zp) = v3° and let Z = Zj + ¢, for some
deterministic € > 0. Let v3° := L(Z) = L(Zy + €). Eq. (4.15) gives:

ut(Vae) — ut(Ve ) = € E 0 ui (V") (Zo) + O(e) -

Furthermore we have:

BO,u)(Z0) = [ [0 rze) + (9 T() 1r2 ) (0] vistan)
— J(@)84(t) + J(@) (u * O0) (1)
“I9 0 0.

To summarize, it holds that

(@) EF(XT) ~ a
el0 €

= Qu(b), (4.17)

where v3°% = L(Zy + €) is the invariant measure translated by e. Now, if 15° is locally stable,
(4.17) suggests that €, goes to zero exponentially fast: there exists some A > 0 such that

sup |Qq ()] < oo,
>0

So, its Laplace transform is well-defined on R(z) > —A: z — Qa (z) is holomorphic and so has
no poles on R(z) > —A. Note that (4.16) yields

J()Oa(2)

Vz e C,R(2) > =N, Quz) = FETATNRE

So, the poles of Q) are exactly the zeros of 1 —.J(a)O,. Overall, (4.17) gives another explana-
tion of the criteria (4.9), i.e. local stability occurs when all the complex zeros of 1 — J(«)O,
have negative real parts.
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4.4 Preliminaries

4.4.1 Notations

Given t > s > 0 and a € L*(R4;Ry), we consider opf (x) the solution of (2.3). Recall
that we have explicit expressions of HY and K7 (see (2.4) and (2.5)). As before, to shorten
notations, we write: 7,(t,s) := rd(t,s), K,(t,s) := K2(t,s), Hy(t,s) := HO(t,s). When
the current a is constant and equals to «, (1.9) is homogeneous and we write for all ¢t > 0:

VT =YET ra(t) =rg(t0), KY(t) = K (£,0),  Hy(t) = Hg(t,0),  ¢f(x) = pfo(x).

a

[13%

Recall that in that case, the operation “x”, defined by (2.6), corresponds to the classical
convolution. Finally given two real numbers A and B we denote by A A B the minimum
between A and B and by AV B the maximum.

4.4.2 The Banach algebra

One key ingredient of the proof of Theorem 4.13 is the choice of adapted Banach spaces. In
addition to (4.4) we make use of L} and Vi, respectively given by Definitions 3.20 and 3.29.
That is, given A := {(¢,5) € R?, t > s} (see (2.11)) and A > 0,

t
Vii={k € B(A;R), ||x|[} < oo}, with ||&|]} := sup/ Ik(t,s)| M) ds.
>0 Jo
LY = {h € BR;R), ||h|]5 < oo}, with ||} ::/ |heleMdt.
0

Recall that for any a,b € V3, axb € Vi with ||a*b|[} < |la|[} - ||b||5. Moreover, note that if
a € V3 and b € L then a xb € LY° with ||+ b||° < ||al|} - [|6]|3°. Finally, if ¢ € L}, then
A3 (t,s) + c(t — s) belongs to Vi and the norms coincide. This allows us to see an element
of L} as an element of V}. Recall that the algebra L} is commutative (for the convolution ‘*’
operator) whereas V/{ is not.

For any h € L§° and p > 0, we denote by BS°(h, p) the open ball
BE(h,p) = {c € L, lle— BT < p}. (4.18)
Lemma 4.18. The following functions

VixVi = W VI LY — LY
(a,b) — axb, (a,b) — axb

are Ct, with differential given by

(hyk)— axk+ h=xb.
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Proof. One has (a+h)* (b+k) =a*xb+ a*k+ h*b+ hx*k and moreover
17+ KX < [RIAEIL = o((IRlX + 1K) -

The second result is proved similarly. O

One denotes by B}(0,1) the following open ball of V;
B3(0,1) := {r € Vy, [Is][} < 1}.
Lemma 4.19. The function

R: Bi(0,1) — Vi
K Zn21ﬁ(*)"

is C1 and for all c € V}

D.R(k)-c=c+ R(k)*c+cx R(k) + R(k) * cx R(k).

Proof. First, note that the series converges normally. So R is well defined. Note that the
result is easily proved when xk = 0, for which D, R(0) - ¢ = ¢. Second, remark that R(x) is the
resolvent of k, that is, it solves the Volterra equation

R(k) =k + Kk * R(K). (4.19)
Moreover, x and R(k) always commute: x * R(x) = R(k) * k. Using (4.19), we have

R(k+c¢)=(k+c¢)+ (k+c¢)* R(k +¢)
=(k+ct+cxR(k+c)+r*R(k+c).

So, using Lemma 2.22, we find that

Rk+c)=(k+ct+cxR(k+c)+R(k)*(k+c+cxR(k+c))
= R(k)+c+ R(k) *xc+ (c+ R(k) xc) x R(k + ¢).

Let A; := ¢+ R(k) * c. We have shown that R(k + c) solves the Volterra integral equation
R(k+c¢)=R(k)+ Ac+ Acx R(k + ¢).
Assume that ||c[[} is small enough, such that A. € B}(0,1). We find, using Lemma 2.22 that

R(k +¢) = R(k) + Ac + R(Ac) * (R(k) + Ac)
R(K) + Ac+ Ac* (R(K) + Ac) + O(HACHD
— R(s) +c+ R(x) % ¢+ cx R(s) + R(x) % ¢ R(s) + o(lel]}).

We used that R(c) = ¢+ 0(c) as ||c||} goes to zero. This ends the proof. O
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4.4.3 Results on the deterministic flow

Lemma 4.20 (Differentiability of the flow). Let b € C*(R;R) such that sup,cp |V (z)] +
b/ (x)| < +o00. Let x € R, s >0, A > 0. Consider o >0 and h € LY.

4.20(a) The equation
t
Vit > s, got:a:—F/ [b(u) + o + hy] du

has a unique continuous solution on [s,+00). We denote it by <pa+h(:1:). Moreover
setting L := sup g |V ()|, one has

t
Vh,h € L, Vt > s, ‘gwh ) — T (a )‘ g/ LD Ry — hyldu.  (4.20)
4.20(b) The function x goo‘+h( ) is Ct(R;R). Let Uﬁjh( )= dig0a+h(x), one has

t
U (z) = exp ( / W (ot (a ))d9>. (4.21)
When h = 0, the above formula simplifies to

blio(@)) +a

> = 4.22
Ut,s(x) b(.’E)+Oé ( )
4.20(c) The function LS® > h g0a+h( ) €R is Ct and for all c € LS,
t t
Dy () e 1= / e exp < / V(g th(a ))d@) du. (4.23)

Moreover setting L := sup,ep |V (2)| and M := sup g [V (x)| one has for all h,h €
LS, for allz € R and for allt > s

M

~ 2
575 ||IB = Bl[Fe ek )]

(4.24)

Pt (w) = i) = Dugi (@) - (h— h)| <

The proof of this lemma is postponed in Section 4.8.

Remark 4.21. If in addition to the assumptions of the lemma, we have almost everywhere
b(0) + a+ h > 0, then the flow stays on Ry, i.e.

YVt > s, Vo >0, cpf;"h( ) >0.

Lemma 4.22 (Asymptotic of the flow when o, < 00). Grant Assumption j.1. Let o > 0,
assume that o, < 0o and that (4.6) holds. Define £y, := —V'(04) (lo > 0 by (4.6)). Consider
SeS,.
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4.22(a) There exists a constant C' (only depending on b, a and S) such that for all z € S,

< Ce tat,

vi (@)

o d
67(2) = 0l +| ¢

Moreover, there ezists a constant ¢ (only depending on b and «) such that
e d —Lat
670) — oal + | ZE(0)] 2 et

4.22(b) Let p € (0,4y). There exists constants 0,,C,, > 0 (only depending on b, o, p and
S) such that for all h € LiY with ||h|[5° < 6, one has

Vo €S, Vt> s, |opt(x) — of (@) < Cullhl[Te (4.25)
oM (x) — 00| < Cue™i79), (4.26)

Let X\ > . For all h, hEL , one has for allx € S andt > s
h h b
@) = @) < Gy [ [ = hldu (127)
and

e () — piih (@) — Dt (@) - (h—h)| < C, [Hh Rl @)

Again, the proof of this lemma is postponed in Section 4.8.

4.4.4 Estimates on the kernels H and K

Lemma 4.23. Grant Assumptions 4.1 and 4.2. Let o,0 > 0. Let A > 0 and h € LS such
that ||k||® < 6 and such that for almost allt > 0, b(0) + hy + o > 0. One has:

4.23(a) For all x >0
b(O) +a+9d eL(t—S)

Vt > s, (pfjh()_ T+ 17

4.23(b) There exists a constant C' only depending on f, b and a and § such that

Vo> 0,9t 25, f(eii (@) < C(L+ f(a))ert ).

In these inequalities, L is the Lipschitz constant of b and p > 0 is given by (2.2).
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Proof. The first point is easily proved using that for all z > 0, |b(x)| < b(0) + Lx and
Gronwall’s Lemma. To prove the second point, we denote by C any constant only depending
on b, f and a and that may change from line to line. Using that f is non-decreasing, we have

Fleif(@) < f((@+ B)e" ™)) By 4.23(a) with 8 := (b(0) + a +6)/L.
4.2(a)

< Cl+fle+/L+ f )
(2.2) L)
< ClL+ fla+ B9,
Rk. 4.3
< ClLA f(a)]ert ),
O
Lemma 4.24. Let b: Ry — R satisfying Assumption 4.1. Let o > 0. Consider 6, A > 0 and
o € (0,04). There ezists a constant T > 0 (only depending on b,a, \,d and o) such that

LY, essinf hy > — ' inf inf P (2) > o0
(he S, ess%rzloht_ (b(0) + o), |||} <(5> = inf EIZIOT%’S () >0
t>s+

Proof. Because @f:h( ) > <pa+h(0), it suffices to prove the result for z = 0. Because b is

continuous and because o < 04, one has k := inf, ¢, b() + a > 0. There exists Ty such
that for all t > Ty, one has |hy| < de= M < fem Mo < k/2 and so

Vit > Ty, Vo € [0,0], b(z)+ o+ h > K/2.
So, it suffices to choose T := Ty + 2?‘7 to end the proof. O

Lemma 4.25. Grant Assumptions 4.1 and 4.2. Let o, 6 > 0. Let A € (0, f(04)). There is
a constant C > 0 (only depending on b, f, o and \) such that for all h € LS° with ||h|| < 6
satisfying inf;>o hy > —(b(0) + «), one has

Ve e Ry, Vt > s, H§+h(t, 5) < CeMNt=s)
and

Vo€ Ry, VE s, Kip(ts) < O(L+ f(x))e ),

Proof. Define for t > s:
Galt) = MIHT (1, 5).

By Lemma 4.24, there exists a constant 7' (only depending on b, f, o, A and 0) such that for
all t,s with t —s > T and for all h € L$® with ||h||3® < §, one has

inf f(ef"(x) = A

It follows that for all ¢t > s, fst f(@gth(@))du > (t — s — T)A, and so

Go(t) = N3 exp( / f( cpffs‘h > < et =: Ag.
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This proves the first inequality. Moreover, define for ¢ > s and = > 0:
Fy(t) = KL (1 s) = AT HE (1 5),

which satisfies for all t > s, F,(t) = —%Gx(t). By the first point, to prove the second
inequality, it suffices to show that F is upper bounded by C(1 + f(x)) for some constant C.
We have

Eu(t) = {£ (e (@) |blei (@) +a+ b

SN @) = PR @) | NI BT ()
By Assumption 4.2(b), one has

sup F'@b(y) + a+ 8] +2X0f(y) — f2(y) < oo

Hence, there exists a constant A; (only depending on b, f, a, A and §) such that for all > 0,
for all h € LY with [|h|[3° < 4,
sup  F(t) < Ai.
t>s, x>0

We conclude using the Landau inequality: let n := 2;‘%0. Consider t,s with t > s+ 7. By

the Mean value theorem, there exists ¢ € [t — 7, t] such that

Gt =) = Gult)

Fa(Q) = ”

So |F.(¢)] < 277@. We deduce that

¢ 24
Fut) = Fu(O) + /C FL08 < 220+ ain = 2/2304,

Finally, using Lemma 4.23(b), there exists a constant C' (only depending on b, f, o, ¢ and n)
such that
Vo >0,  sup  fefi™(@) < C(1+ f()).

s>0
s<t<s+n

Altogether, this proves the result. O

4.5 Proof of Proposition 4.12

Define for all ¢ > 0
O d
U, (t) = —/ —H; (t)vs (x)dx. (4.29)
0

de ¢

Lemma 4.26. Grant Assumptions 4.1 and 4.2. Let o > 0 be such that Assumption 4.6 holds.
Then for all X € (0, f(0q)), the function ¥, belongs to L} N L. Moreover, W, (0) = 0.
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Proof. First note that for all z > 0, one has HX(0) = 1 and so %Hi(O) =0 and ¥,(0) =0.
Claim: one has for all ¢,z > 0:

oty =z ) 1)

Proof of the claim. From

20 —esp (- [ t i),

we deduce by the dominated convergence theorem that for any fixed ¢ > 0, the function
x> HZ(t) is C! with
d .Z’ x

By Lemma 4.20, one has
4y MeS@) +o

dx ™" b(x) + «
So,
t 1/, « d « _f((pa(:l/‘))—f(x)
| e et = LD,

This ends the proof of the claim.
Note that the integrand of (4.29) has a constant sign (because f is increasing). Plugging the
explicit expression of v3° (equation (3.4)), we find

e o e (- e

B f (et u(0)) — feu(0))
) [~ exp< / Feia(o)an ) oD I 1,

To obtain the last equality we made first the change of variable z = ¢ (0) and then y = g (0).
Hence, we find:

£) = (a) /0 " Ha(t +w)? (w??&(;;()o)_) ffff(o)) du. (4.30)

We now distinguish between the two cases o, < 0o and o, = o0.
Case 0, = c0. Denote by L the Lipschitz constant of b, one has using Lemma 4.23(b)

V>0, f(gf(0) < CePt.
Hence, (4.7) gives the existence of a constant C' such that

Fpia(0)) — flea(0) _
b(p(0)) +
Let A > 0 and € > 0. By Lemma 4.25 (with f(o,) = 00), there is another constant C, such
that

< Cf(pih(0) < Cert i),

Ha(t + U) < Ceef(/\JreerL)(tJru)’
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and so W (t) < Cee~ (A9 This proves that ¥, € LiN LY for all A > 0.
Case 0, < 00. Let £, := —/(0,). Assumption 4.6 yields £, > 0. Let X € (0, f(0.)). By
Lemma 4.22; there is a constant C' > 0 (that may change from line to line) such that

Yuz 0, BE(0) +a = g(0) > Oe et
Using moreover that
() , Ass. 4.2(b) Lem 4.29 »
S u(0)) = f 3 (0)) = F@do < C+f(oa)) [¢fa(0) — ¢35 (0)] Ce™",

©%(0)
we deduce that there exists another constant C such that

f(2u(0)) — f(#u(0)
b(#5(0)) +

Let € € (0, f(0a) — A). By Lemma 4.25 there exists a constant C, such that

<C.

Vi, Vu, Ha(t+u) < C.e~ Ao (t+u)
Finally, we have U, (t) < C'ee—(A+e)t’ hence ¥, (t) € Li N LY as required. This ends the
proof. -

Similarly to (4.29), define

VE>0, Ea(t) = /O% %K‘T() (1) d. (4.31)

Lemma 4.27. Grant Assumptions /.1 and 4.2. Let o > 0 be such that Assumption 4.6 holds.
Then for all X € (0, f(04)), the function Z, belongs to L} N L. Moreover one has

Zalt) = 2 Valb). (4.32)

Proof. The proof is similar to the one of the previous lemma. We find

o [ e O IO,

)+
* o M O) o
@) [ Hat ) (e 0) R

Using similar arguments, for all X € (0, f(04)), = belongs to L} N L. Finally, using that

forallz >0

K3(t) = — 5 HE(),

eq. (4.32) follows. O

We now give a proof of Proposition 4.12.
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Proof of Proposition 4.12. First, by (2.12), we have for all z >0
re =K +rqx K.
This proves that = +— rZ(t) is C' and

@TQ = %Ka +’I"a * |:dea:| .

Integrating this equality with respect to v3°(dx), we find that
On =2 + 7o *Zq.

Consider A € (0, ). Proposition 3.25 gives

€o =710 — () € L.

We have
904 :Ea+7(a) *Ea'i‘éa*Eou

and because

we deduce that
O =Eq +7(a)Vy + &4 * Eq.

Hence ©, € L%\, which ends the proof.

Remark 4.28. Using (4.33), we have, for any z € C with R(z) >0

— = ( M USING T = *T
— ZEAO‘ 2) (using IA(a(z) =1- Zﬁa(z))
= (Eo‘(z) using ¥, (0) = 0).

7. (using Wo(0) = 0)

(4.33)

(4.34)

The left hand side and the right hand side being two holomorphic functions on R(z) > —\%,

~

the equality is valid on R(z) > —AN% and so the equation J(a)Oqy(2) =1 is equivalent to

J()Uqa(z) — Ha(z) = 0.

(4.35)

In this new formulation of (4.9), the stability is given by the location of the roots of a holo-

morphic function which is explicitly known in term of f,b and .
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4.6 Proof of Theorem 4.14

Assume that
liminf f(z) +'(z) > 0. (4.36)

ztoq

Under (4.36), we can integrate by parts ¥, and Z,:

Lemma 4.29. Consider f and b satisfying Assumptions 4.1 and 4.2. Let o > 0 be such that
Assumption 4.6 is satisfied. Assume furthermore that (4.36) holds. Then:

1. The following limit exists and is finite

v (00) 1= xlg'n v () < oo.

2. Define C, 1= b(0)+au°°(0a) and

v(a) "o

Ya(t)i= ColtZ2(0)+ [ Halt+0) [F(200) + V(o50))] 5 b n. (437)
It holds that for allt >0
()
\I]a(t) - b(O) +a [Ha(t) - Ta(t)] . (438)
3. Define Ay(t) := —jtTa(t). One has for all t >0

Aalt) = CalZr(0)+ [ Kt 00 [F(200) 4 V(00 -, (139

Moreover, for all t > 0
=) = D (A1) - Ka(t)]. (4.40)

b(0) +

Remark 4.30 (A probabilistic interpretation of Cy, and A,). Recall that by Lemma 4.26:
U, (0) =0. Using (4.32), we find Z,(t) = %\Ila(t) whence [§° Zq(t) = 0. So (4.40) yields

/OOO Aalt)dt = 1.

Assume now that (4.10) holds, such that for all t > 0, Ay(t) > 0. We deduce that Ay(t) is
a probability density function. The interpretation is the following. Consider 11 the first jump
time of a Poisson process with time-dependent intensity u — f(p%(0)) + b'(¢2(0)). The law
of T is

£(m)(du) = ocB(ry = 00) + (f + ¥)(2(0)) exp (— [+ b’><¢3<0>>d9) du.
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Consider then 1o the first jump time of a second Poisson process with time-dependent intensity
f(f ., (0)). The law of T is given by

L(r2)(dt) = P(11 = o0) K5 (t)+/ooo EZHO0)(f +1)(#3(0)) exp ( /Ou (f + b')(sOS‘(O))d9> du.

In view of (4.21) and (4.22), (4.39) can be rewritten:
Ralt) = CakZ2 (1 / KEO@S + )0 (- [ (74 ¥)(5(0)a8 )

Using that 1 = [;° L(72)(dt) = [° Aa(t)dt, we deduce that
Co =P(11 = )
and so A, (t) is the density of To:
L(19)(dt) = Ay (t)dt.
Proof of Lemma 4.29. To prove Point 1, we use the explicit formula of the invariant measure
(3.4). When o, = 400, we have v3°(04) = 0. The result follows from inf, >0 b(z) +« > 0 and

from liminf, , f(z) > 0 (in particular there is no need of (4.36) when o, = 00). Assume
now o, < 0o. Define for all z € [0, 0,)

We claim that:

lim () = —— 219 o <— /0% Ga(y)dy> < 00

10 b’(aa)aa

Indeed
b(x)+a=—b(04)(0q —2) + Olog —x)° asx — 04, T < 0a,

SO

as T — Oy, T < Og.

V2°(z) = b(;;‘jza exp (_ /0”” Ga(y)dy> exp (_ /Oa: Uadg y)

_ [ ()(0‘)) + (9(1)] exp (— /Ox Ga(y)dy> ““0_ T as 75 04 7 <00

Oa o

(
_ [_b/(a(a))% +o() | exp <— O% Ga(y)dy> as T = 0a, T < Ta.

Note that when f(o4) + V'(04) > 0, we have _l{’(( )) > 1 and so limg_,,, Go(x) = oo and
v(0q) = 0. When f(04) + b (04) = 0, we have —Jea) — 1 and so lim, s, Go(x) < 00,

o b (o)
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which proves that G, (z) is integrable between 0 and o,,.
To prove Point 2, we integrate by parts the right-hand side of (4.29). By Point 1, one has

Walt) = 5 Ha(t) — CaliZo (0] + [ HE) 1 @)

Differentiating (3.4) with respect to z, one gets for all x € [0,0,)

Ao @ V@[ W)
i = g en (< [ itan)

We now make the change of variables y = % (0) and x = ¢%(0) and obtain

0at) = 5 (ta(0) — Catize (0] (@) [ g0 D LI D g (1),

Using that g (t)Ho(u) = Hy(t + u) we obtain the stated formula. Recall now that

—_

Ea(t) = L, (t) so to prove Point 3, it suffices to differentiate Point 2 with respect to t. [

Proof of Theorem 4.14, first point. It suffices to verify that under the additional Assump-
tion (4.10), the criteria of stability (4.9) holds. Consider A, and Y, given by (4.39) and
(4.37). By Lemma 4.26 and 4.27, it holds that ¥,,Z, € L N L}, for all A < f(A\%). The
same holds for H, and K,. From (4.38) and (4.40), we deduce that for all A < f(A}),

Ao, Yo € L N LY. In view of
= / Ao (v)dv
t

an integration by parts of the Laplace transform of A,(t) shows that for all z € C with
R(2) > — f(0a) ) )
Ao(2) =1 =20, (2).

Here we used the fact that [;~ Aq(v)dv = 1. Similarly we have

~

Ko(z) =1 — zHu ().

From (4.40), it holds that for all z € C with R(z) > —f(0q4)

S () = 2 [Ha(2) = Ta(2)]

s~ (@) Ha(z) = Tal2)
@a(z) - 0) NN ﬁa(z) :

We deduce that the equation J(a)Oq(z) = 1 on R(z) > — A% is equivalent to

b(0)Ho(2) + aYy(z) = 0.
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Note that z = 0 is not a solution because
b(0)Hq(0) + oY (0) = b(0) / Hy(t)dt + o / Yo (t)dt > 0.
0 0

Hence, to check that (4.9) holds, it suffices to find X, > 0 such that the equation
b(0)Kqa(2) + aho(z) = b(0) + (4.41)

has no solution on %(z) > —\/, z # 0 (we have to eliminate z = 0 which is solution of (4.41)).
First, equation (4.41) has no solution for R(z) > 0 because:

R(z) >0 = [b(0)Ks(2) + aha(2)] < b(0)|Ka(2)| + a|Aa(2)| < b(0) + ov.

Now if z = 4w with w > 0 it holds that
R [b(O)(l — Ka(iw) + a1 - Ka(iw))] - /0 1 = cos(wt)](b(0) Ku(t) + aha(t))dt.

Because for t € Ry, 1 — cos(wt) > 0, the right hand side is null only if almost everywhere
b(0) K4 (t) + aAa(t) = 0.

This leads to a contradiction because for all t > 0, K,(t) > 0 and A,(t) > 0. Following
the argument of Lemma 3.23, the solutions of (4.41) are within a cone and are isolated. We
deduce that

N, = —sup{R(z) | z € C*, R(z) > —\}

(e %]

equation (4.41) holds}

is strictly positive. This ends the proof of the first point. O

Proof of Theorem 4.1/, second point. Assume that inf,>¢ f(z) + V/(x) > 0. By Proposi-
tion 4.5, to show uniqueness of the non-trivial invariant measure, it suffices to prove that
the continuous function « ﬁ is strictly increasing on R* . Note that by (4.21) and (4.22),
we have

YVt >0, [b(ef(0)) 4+ o] exp (—/0 b’(npﬂ(O))du) =b(0) + a.

We deduce that for all & > 0
«  (3.10) / &
— =" H,(t)dt
¥(a) 0 Q
o

- o [ ston + e (- | t V(0 ) a0

0
(%

~ o [ eton + e (- | e V)0

The changes of variable 6 = ¢$(0) and x = ¢ (0) shows that

@ ") Ta [ e (‘ A (£<Z>b,+) . d9> o
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Note that the function o — b(ojﬁ is non-decreasing and « — o, is strictly increasing.

Moreover, because f + b > 0, for all fixed x, the function

v (- [ U0,

is non-decreasing. It ends the proof. O

4.7 Proof of Theorem 4.13

4.7.1 Structure of the proof

Let o > 0. We recall that J(«) := ﬁ > 0. Let v3° be the corresponding invariant measure.
Define:
Vv € M(f%),YVh e LY, ®(v,h) = J(a)rlp — (a+h). (4.42)

Proposition 4.31. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such
that Assumption 4.6 holds. Let X}, > 0 be given by (3.14). Then for all A € (0,\}), there
exists a constant 6 > 0 (only depending on b, f,« and \) such that

Vv e M(f%),Vh € B(0,8), ®(v,h)c LY.

Such result was proved in Chapter 3 (see Proposition 3.36), with slightly different assumptions.
We recall the main steps and adapt the proof to our assumptions in Section 4.7.2.

Proposition 4.32. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such
that Assumption 4.6 holds. Let A € (0,\)) and S € Sy. There ezists § > 0 (only depending
on b, f,a,\ and S) such that

1. The function ® : Mg(f?) x BS°(0,8) — L§° is continuous.

2. For a fited v € Mg(f?), the function ®(v,-) is Fréchet differentiable at h € B5°(0,0).
We denote by Dp®(v, h) € L(LS®, L) its derivative.

3. The function (v, h) — Dp®(v, h) is continuous.
The proof is given in Section 4.7.3. We are looking for the zeros of ®: if ®(v, h) = 0, then
a :=a+ h solves (1.11) and X} = Y;§” solves (1.2). So
ar = a+hy = J(a)Ef(XY),

and
he = J(@)Ef(X/) —a € LY.

The strategy is thus to apply the implicit function theorem. We have ®(v2°,0) = 0. Consider
the differential of ® with respect to the external current h at the point (v,h) = (v3°,0):

Dpd(v,0): L — LY
¢ —c+J(a)Dprie e
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Proposition 4.33. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such
that Assumption 4.6 holds. Let X}, > 0 be given by Proposition 4.31. Then it holds that

Vee LY, Dp®(ws,0) -c=—c+ J(a)Oy *c,

where the function O, : Ry — R is given by (4.8).

We prove this proposition in Section 4.7.4.

Proposition 4.34. Consider b and f satisfying Assumptions 4.1 and 4.2. Let a > 0 be such
that Assumption 4.6 holds. Assume moreover that (4.9) holds. Let ), be the resolvent of
J(@)Oa, that is the solution of (4.16). Then for all N € (0,),), Qo belongs to L}, and the
linear operator Dy ®(vg°,0) € L(LSY; LSY) is invertible, with inverse given by

[Dp@(v2,0) 7 LY — LY

c = —c—Qyxc (4.43)

Proof. First, by Lemma 2.20 eq. (4.16) has a unique solution. So ,(t) is well-defined on R .
We extend O, and {2, to R by setting

VEER, Ou(t) :=0a(t)g, (t) and Qa(t) = Qu(t)1g, (t).

Let X € (0,)\,). From (4.16), it holds that for all ¢ € R,

Qo ()" = J(2)Oa(t)e" + / J(@)Oa (t — u)eN 0, (u)eN du.
R

We apply the Whole-line Paley-Wiener theorem (Theorem 3.24) with k(t) := O, (t)e . Tt
holds that for all y € R

~ S . , R N <AL
k(iy) = J(a)/ e WX (H)dt = J(a)Ou(iy — N) # 1.
0

So Q4 (t)eNt € L'(R). That is Q, € L},. Consider now ¢ € LS. The eq. Dp®(1v3°,0)-d = ¢
writes

d=—c+ J(a)By * d.

Solving this using the resolvent €, (see Lemma 2.22), we find
d=—c— Q4 *c.

By Lemma 4.18, it holds that d € LS?. Moreover if d = 0, then ¢ = 0. Overall ®(v3°,0) is
invertible, with inverse given by (4.43). This ends the proof. O

Consequently, if (4.9) holds, we can define the following iteration scheme:

ho:=0, hpy1 =h, —[Dp®w,0)] " ®(v, hy). (4.44)
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Equivalently, setting a,, := h, + a one has
ap41 =« + hn+1
=a+h, — (-2, hy) — Qa * (v, hy))
= J(a)rg, +Qax (J(a)rg, —an),
and so
ap:=a, api1=J()ry + Qo (J(a)rg, — an). (4.45)
Remark 4.35. This scheme is actually a refinement of the “standard” Picard scheme (3.27):

v
an’

ant+1 = J(a)r ap = a.

This Picard scheme may not converge if J(«) is not small enough. Note that (4.44) is an
approximation of the Newton scheme, which would be:

ho:=0, hyi1:=h, —[DR®(v,hy)] " (v, hy).
We prefer to use (4.44) for simplicity (by doing so we lost in the speed of convergence of the

scheme, but it does not matter here).

We now prove that the scheme (4.44) converges to some h(v) € LS with ®(v, h(v)) = 0. This
gives the proof of Theorem 4.13.
Proof of Theorem 4.13. Let 0 < X < \,,. We have h,+1 = T, (h,,), with:

T,: LY — L
h — h—[Ddw>,0)]" d(v,h)

Claim. Let ¢ > 0 be fixed. We can find small enough p,p’ > 0 with p’ < € such that
d(v,v3®) < p implies

T, (B3 (0,p") € B (0, p').

Indeed we have
DyT,(h) = I — [Dp®(1°,0)] ' Dyp® (v, h),

which is close to zero because (v, h) — D, ®(v, h) is continuous at (v5°,0). It follows that for
p and p’ small enough, we have

Vv € Mg(f?),Yh € LS, d(v,v°) < p and [|h||3Y < o/ = |||DLT,(R)]|| < % (4.46)
Without loss of generality, such p’ can be chosen smaller that e. Moreover, for p small enough
T O115 < NP2, 0I5 |0, 0)[15 < 4.

It follows that if d(v,v5°) < p and ||h||3Y < p/, then

T (M <IIT.(h) = T, 0)II5 + [T (0)II57
<slpllS + %

1

2
/

p

VAN
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We use that B$S(0,p') > h — T,(h) is 3-Lipschitz (as a consequence of (4.46)). It follows

that T, has a unique fixed point h(r) € LS such that ||h(v)||3 < p’ < e. Moreover we have
Jim_[[hy, — h(v)[[57 = 0.

This fixed point satisfies [D,®(v5°,0)]~1-®(v, h(v)) = 0. So Proposition 4.34 yields ®(v, h(v)) =

0. Consequently we have
J(@)E f(X)) =a+ h(v).

We deduce that v5° is exponentially stable, in the sense of Definition 4.9.

Remark 4.36. This construction follows precisely the standard proof of the implicit function
theorem. At any step n, the Picard iteration h,11 = T,(hy,) is continuous in v. We know
in this case that the fizved point h(v) is itself continuous in v because by (4.46), the Lipschitz
constant of T, is uniformly bounded in v.

4.7.2 Proof of Proposition 4.31

We follow the proof of Proposition 3.36 and stress the differences, due to our different as-
sumptions. For instance, in Proposition 3.36, we assumed b to be bounded and assume the
uniform in time control (3.3) of the deterministic flow. Such assumption is replaced here by
Assumption 4.6.

Given a, A > 0 and h € L§® we write:

h— Hj:=H,,,—H

«

h— Kp =K, ,— K

«

(4.47)

Lemma 4.37. Consider f and b satisfying Assumptions 4.1, 4.2. Let o > 0 be such that
Assumption 4.6 holds. Let A € (0, f(0n)). There exists a constant § > 0 and a function
n € L' NL>®(Ry,Ry) such that for all (t,s) € A and h € LY with ||h||3° < 6, it holds

[Hi|(t5) < |[h][en(t - s),
[KRI(t,5) < [[R][SSe™n(t — 5).
In particular, }__[,‘i‘ x1 € V/{ and

: . R[]
LERIN < RISl [[HE Iy < =37

The same inequalities holds for Kﬁ‘

Remark 4.38. The constant 6 and the function n only depend on o, b, f and X. This result
is a generalization of Lemma 3.32, (with a = a+ h). Among the differences, we now assume
that the perturbation h is small (||| < 6).
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Proof. We prove only the result for Hf. Using the inequality |[e=* — =8| < e=4"B|A — B,
valid for all A, B > 0, we have

) < e (= [ 5000 A e onan) [t o) - 1o 0] do

Let A € (0, f(0qa)). We distinguish the cases 0, = 400 and o, < occ.
Case 0, = o0. We choose

11,
§:= 3 Lljr;%b(:z:) +a} > 0.

Let h € LS, with ||h||S® < §. For all u € [s,t], it holds that

N et () ) Ass. 4.2(b) N "
Feat™0) — fleh,(0)] = F@do] < Cfleat™0)ves (0)) (€5 1™(0) — @5 (0] .
(0)
Pe,s

So, using that § < o, Lemma 4.23 yields the existence of a constant C' such that

| F(£52R(0)) = F(02.(0))] < CerHe=) |gaih(0) — 2, (0)]

Moreover, by Lemma 4.20 we have

u h 0
A0 = e < [ e nglas < I ot
S

We deduce that there exists another constant C such that

/

To conclude, note that

FEEEM(0)) = F(5.(0)| du < ClRI[Fe @ HIE) = O e Vel DEA-S),

d a+h é

a+h 575—8‘
andso¢+(0)2 (2).
that

we can find a constant C' (only depending on b, §, @ and \) such

exp( / f @Zih /\f(‘Pu s(0 ))du> < Cef((pH)LH\H)(t,s)’

and the result follows.
Case 0, < 00. Define p1 := A A £, /2. By Lemma 4.22, there exists constants § > 0 and C},
such that for all h € L with [|h|[;7 < § one has

i T(0) — oa| < Cpue™ 7, (4.48)

and

t
G (0) — g2 (0)] < C / haldu. (4.49)

Let h € LS with [[h[[3° < 0. Because u < A, one has h € Li?. Let € := (f(0a) — A)/2. By
(4.48) and by continuity of f at 0., there exists another constant C,, such that

|Hi (t,5)| < Ce”OFal= 8>/

pat(0) = ¢, (0)| du.
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Moreover by (4.49) one has
t
/

Altogether there exists another constant C), such that

t ru
P0) ~ 0] du < G [ [ Iholasi

t — )2
< 00 ,—At /\(t—s)< )
< GylInfge e

(R (t5)] < ColhlIee M (t — 5)%e 7).
This ends the proof. .

Proposition 4.39. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such
that Assumption 4.6 holds. Let A € (0, ). There exists a constant 6 > 0 (only depending on
b, f,a and \) such that for any h € L3° with ||h||3° < §:

1. The following function V' belongs to V/{ :
V&= K+ &+ K — y()HY € V5. (4.50)
2. Let Qf, be the solution of the Volterra equation
Qp = Vi + Vi = Qh, (4.51)
It holds that Qf, € Vi.

3. The function
a+h(t, ) == Tatn(t, s) —v(a)

satisfies Eq1p € Vi. Moreover one has the explicit decomposition

ga—i—h = ga + Q% + Q%, * ga + V(Q)(Q% * 1)' (4'52)

Proof. This is Proposition 3.34 with a := a + h, Ag := Vi and A, := Q},. Note that § has
to be chosen smaller than the § of Lemma 4.37 and such that

1
[l (L +AH (A +[[Eall} + (@)’

where 7 is given in Lemma 4.37. O

o< aN

Finally, we consider a general initial condition v € M(f?).

Proposition 4.40. Consider b and f satisfying Assumptions 4.1 and 4.2. Let a > 0 be
such that Assumption 4.6 holds. Let A € (0,\%). Consider 6 > 0 be given by the previous
proposition. For all h € L such that ||h||3° < & and for all v € M(f?) define:

Earn(t) = 1o (t) —v(@).

It holds that &, ,, € LS. Moreover, we have the explicit decomposition

ath = Kopn = (@) Hy i p + &avh * Koy (4.53)
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Again, this is Proposition 3.36 with a := a + h. In particular, (4.53) yields
®(v,h) = J()&,p, —h € LY,
which ends the proof of Proposition 4.31.

4.7.3 Regularity of ®: Proof of Proposition 4.32
Continuity of v — ®(v,h).

Proposition 4.41. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such
that Assumption 4.6 holds. Let X\ € (0,)}) and fix h € LY such that ||h||S° < 0, where 6 is
given by Proposition 4.31. The function

M) 3 v d(v,h) € LY

15 continuous.

Proof. Let a := a+ h. Fix u,v € M(f?). Solving the Volterra equation (2.7) in term of its
resolvent rq gives
re = Kg +1q x K.

It follows that
re —rh =Kl — KE +rqx (Ky — KE).

Using that rq = (@) + &, where &, € V3, we have
Ta —Ta = Kgq — K§ + () * (Kg — K§) + a * (Kgq — K§).

Moreover the identity
1«K,=1—-H,,

yields
Ta —Ta =Ko — Kg —v(a)(Hg — Hg) + 8o * (Kg — K§).

To conclude we use:
Claim: There exists a constant C' > 0 only depending on b, f, o, A and ¢ such that

|Hg — H|(t) + | Kg — K&|(t) < Ce (v, ).
Proof of the Claim. By Lemma 4.25, there is a constant C' > 0 such that for all z > 0 and

t>0
HE(t) < Ce ™™ and K2(t) <C+ f(z))e .
So
(HE — H\(t) = ' | Hzwtan) - [ Hzoun)| < [T 2O - @) < Ce V),
0 0 0
Similarly,

Ky~ KE|(1) < / K20l — ul(dz) < Ced(v, ).
0

This ends the proof. O
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Differentiability of h — ®(v, h).

Lemma 4.42. Consider b and [ satisfying Assumptions 4.1 and 4.2. Consider a > 0 and
A€ (0,f(0a)). Let x>0 and t > s be fived. The function LY > h — HZ ,(t,s) € R is C*
and

Vee LY, [DuHZ,p -] (ts) = —HZ (ks / P (@) [Drgst™@) ¢ du. (45)
Similarly LY 5 h — K%, (t,s) € R is C* and

d [DyHZ p -] (t,5). (4.55)

Vee LY, [DpKZ,,-c|l=-— 7

Proof. The result follows from Lemma 4.20(c), from the fact that f is C! and from the explicit
expressions of H and K. It suffices to apply the chain rule for Fréchet derivatives. O

Lemma 4.43. Consider b and f satisfying Assumptions 4.1 and 4.2. Let a > 0 such that
Assumption 4.6 holds. Let A € (0, f(0,)) and S € Sy. There exists § > 0 and a function
n € L'NL>® (R, ,Ry) (both only depending on'b, f, a, X and S) such that for all v € Mgs(f?),
for all h,h € LY with [|h||3° < & and ||h — h|| < §/2, one has

[e%

Vo S\t >s, |HT ;(ts)~HE p(t,s) — DyHZ b(ts) - (h— h)‘
= Ble™] (14 (@) e Xt —s), (456)

where Dy HY_,, is given by (4.54). A similar result holds for K,

Proof. Let h,h € L such that ||h[|3® < & and ||k — h||® < §/2, where § will be specified
later. Fix t > s. We use the following inequality, valid for every A, B € R:
le B —et+(B-Ae | <(B-A)? (et +eb), (4.57)
with
A= [ rtanie md Bi= [ e

The Taylor formula gives for all u > s

PR @) =@ (@) + £ (@3 @) [oath (@) - gt @)]
atP (@)

Fs a+th _ "
+f gy @) 0 e

u,s

= [ @) + (@) [Dapt (@) - (R — )

+ [t (@) [eath (@) - pit™(@) - Dueii™(@) - (- h)]

ot ( )
n / U ot @) — o) (v)do.

@

u,s
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So

with:

sou S a+h "
St 5) / / e (@) — ) (w)dvdu
Note that e™4 = HZ . (t,s) and e 5 = H§+Fb(t’ s). We deduce from (4.57) that

H2+ﬁ(t’s) — Hg p(t,s) — DhHE (2, ) - (h—h)| <

(B— AP +e ) +eMealt,s)| + e et s).
We denote by C' any constant that may depend on b, f, A\, and S and may change from line
to line. We distinguish the case o, = oo and g, < 0.

Case o, = 0c0. Let § := %infwzo b(z) + a. First, using Assumption 4.2(b) and Lemma 4.23,
there exists a constant C' such that

Yz > 0,Yu > s,

Fgath@)| < o+ fayertem.

So

le1(t, )| < C[L + f(a)]er =) /t Poth (@) — gt (@) — D) - (B — )| du

S

(4.24)
< C[l-i-f( )]eth s) |:Hh hHoo —As 6 L(tfs).

By Lemma 4.25, for all # > 0 we can find a constant C' (that also depends on ) such that

Vt > s, supHy,,(t,s) < Ce” 0(t=s),
x>0

which implies that there exists C' such that
e er(t, )] < O [lIR— hlF] [+ )OI,

Secondly, we have for all v € [cp?:h( )s cpfjh( )],

(4.2)
()] < CL+ f(v) < C(1+ f(x))e"2),

and so using (4.20) we deduce that

A‘62(t s)‘ <C Hh h||00 —As [ +f( )] (A+1)(t— ).
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Finally we have by (4.20)

|IB—A| < C(14f(z))elrt= 5>/

Pt (@) — gt (@) du < CO+ (@) [|Ih = hlIe] eHrri=s),
So there exists another constant C' such that
(B— AP (A +¢P) < 0 [llh— Rl ] 14 flaye OF00),

This ends to proof.
Case 0, < 00. Define i := AA 4, /2. By Lemma 4.22; the exists a constant 6 > 0 and C' such
that for all h € L® with ||h[|;° < 0 one has

Vo € S,Vt > s, ]cpa+h( ) — 04| < Cem =),
Using (4.28), there exists C' such that
. 2
e1(t,8)] < C(t = 5) [|Ih = hlle™

Using (4.27), we deduce that the same inequality is satisfied by |ea(t,s)|. Moreover, let
€ € (A, f(oa)), there exists a constant C' (that also depends on €) such that

Ve e SVt >s, Hyp(t,s)+H, ;(t,s) < Ce~ Ao (t=s)
Finally, by (4.27)
(B~ 47 < O[[lh— hle™] (1 -7
Combining the estimates, the result follows. O

Lemma 4.44. Consider b and f satisfying Assumptions 4.1 and 4.2. Let a > 0 such that
Assumption 4.6 holds. Let X\ € (0, f(0q)) and S € So. There exists 6 > 0 and a function
ne€ L*N L®(R4,Ry) (both only depending on b, f, a, A and S) such that for all h,c € LY
with ||k|[3° < §

Vo € SVt >s, |[DhHZ p -] (t,s)] <1+ f(x)) [I!d\i"e‘ﬂ e A=) (p ),
Moreover, for all h,h,c € L with ||h|| V ||h|| < & and for all x € S

[DRHE - ) (t5) = [DRHE g el (t9)] < (1+ £2(@) [lell5F 1R — RlISe ] e XD e—s).
Similar inequalities holds for D, K7,

Proof. Let § > 0 be given by Lemma 4.43. We denote by C any constant only depending on
b, f,a, A and S. We start with the first inequality. Let ¢ € L§°.
Case 0, = co. We have, using Assumption 4.2(b) and (4.23)

[ e [Pt o aul <o+ sanen e [ [Maes ( [ vt s

< C(L+ f(@)) |lleflge™ ] i)
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So there exists a constant C such that
[[DLHE, 1 -] (t,8)] < O+ f(@))||e||ee P,

Case 0, < 00. The proof is similar. We use that exp ( f9 b ¢3§h( ))dv) is bounded (because
b'(0q) <0).
We now prove the second inequality. The triangular inequality yields

’ [DhH§+B~c] (t,s) — [DhHZ p - ] (¢, s)‘

< ’H§+ﬁ(t= s) — Hon(t,s) / f( ¢3J§h gofjﬁh( ) - c]du

FHL) [ [5G - e >>\ [Dugy () - c]du
FHE () [ | P )| [Dai ) e~ Dagit(a) -] du
=: A1 + As + As.

Case 0, = +o0. First one has

/ Pt [Dagtthe) o] aul < 0+ e [

C(1+ f(x)) [||c||§oe—ks} SLp+D)(t=s)

Moreover, following the same arguments of Lemma 4.37, for all § > 0 there exists a constant
C (also depending on 6) such that

Dhcpa+h( ) - c‘du

Ve 2 0,vt > s, \H§+ﬁ(t, s) = Hopn(t, s)] < C(L+ (@) [|Ih = hl[Fes| e,

We deduce that A; satisfies the inequality stated in the lemma. For Ao, we have using
Assumption 4.2
a+h a+h

(@) = F(eai™(@)| < O+ f@)el=) |paih(@) - piih(a)

< C(1+ f(@)) [[Ih = Bl[Fe]| D),

So, A, also satisfied the stated inequality. Finally, for Az, we have

Ay < HE,p(t5) C(1+ f(x))elrt- 8>/

s

o ([ gt has) - exp ([ Wt as

Using the inequality e — e®| < |A — B|(e? 4 ¢?)) one obtains

e [ veta o) —exo [ v i )| < Cet [ it - i@
(

Dagt(a) - ¢ = Dt (@) - o] du.
Moreover by (4.23) one has

du

t
’Dh¢a+h( ) DhQOOH_h )C)S/ ’Cu’

4.20) -
< CeQL(tfs) | ‘h o h| |§\o€7)\s
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So :
Dagi (@) - e = Dyoit (@) - o < C [JlelllIh = hljFe] 2207,

We deduce that As also satisfies the inequality stated in the lemma. This ends the proof.
Case g, < 0co. The proof is similar using, as before, the estimates of Lemma 4.22. O

Lemma 4.45. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 be such that
Assumption 4.6 holds. Let A € (0, f(0n)) and S € S,. There exists 6 > 0 (only depending
onb, f, a, X\ and S) such that for all v € Mg(f?), the following functions are Fréchet
differentiable

BX(0,6) — L B(0,6) — LY

h — [t~ HY ,(t,0)], h — [t~ KY,,(t0)].

Moreover, the functions Mg(f?) x B°(0,8) > (v,h) — DpHY ), € L(LY, L) and (v,h) —
DypK,, ., are continuous.

Proof. Lemma 4.43 (with s = 0) proves the result for v = d,. By integrating the inequality
(4.56) with respect to v, the result is extended to any v € Mg(f?). The continuity of
(v,h) — DyHY_, follows from the second estimate of Lemma 4.44. The proof for K7, is
similar. O

Similarly we have

Lemma 4.46. Consider b and f satisfying Assumptions 4.1 and 4.2. Let a > 0 such that
Assumption 4.6 holds. Let X € (0, f(0,)). There exists § > 0 (only depending on b, f, o and
M) such that the following functions are C:

B(0,0) — Yy B(0,0) — Wy
h — [(ts)— H, ,(t )], h — [(ts)— K, ,(t, s)]
and
BrO8) - v Br6) - VI
h — [(t,s)— (H*1)(t,s)], h — [(t,s)— (Kg=1)(t,s)].

Proof. The proof for the first two functions follows immediately from Lemma 4.43. We prove
the result for HY x 1 (recall that HY is defined by (4.47)). Note that Lemma 4.18 cannot
be applied because 1 ¢ V/{. Nevertheless, by Lemma 4.43, there exists § > 0 and n €
L' N L®(Ry, Ry ) such that for all h,h € L with ||h||$° < § and ||h — || < §/2 one has,
for all t > u:

~ ~ 2
H g (t0) = Hasn(t,w) = DiHoin(tw) - (h—h)| < [l = Bl[Fe] et — u).

07
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Let t > s. We integrate this inequality with respect to u on [s,t] obtain
(5 #1) (t.9) — (g #1) (19) ~ (DaHoen - (b~ ) #1) (1.9)
- 2 t
< (IR = hi] e [ e - uydu
S

~ 2
< [l = RIE] e .

So,
_ _ - - 2
g 1~ A 1~ (DyHon - (= )« 1) |15 < [~ h%] ”’27A|1.
This proves that h — H 5 is Fréchet differentiable. The continuity of the derivative follows
from Lemma 4.44: it suffices to similarly integrate the estimates for u between s and t. [

Lemma 4.47. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 such that
Assumption 4.6 holds. There exists § > 0, only depending on b, f, a and A, such that the
following function is C!

B3(0,0)
h

v
ga—&-h ‘=Tat+h — 7(04)'

>

_>
H

Proof. The proof relies on formula (4.52). First, one proves that the function h — V2 is C!
from B$°(0,0) to V5. This follows from its explicit expression (4.50):

Vi = Kpy + & * Ky — (o) Hy,

We use here Lemma 4.46. Now, it is clear from Lemma 4.37 that for all h € L$° with
||R||3° < 6 one has

IV l5 < lmll* 1+ 11€allx + ()] [AlIR < 1.

Using Lemma 4.19 we deduce that the function
h = R(Vy') = Qp
is C1. It remains to check that b — Q% * 1 is also C'. From (4.51), we have
Qpx1 =V« 14+ Qp + (Vi x1),
and so using Lemma 4.18, it suffices to show that
his V&1 = (Kp*1)+ &+ (K + 1) — y(a)(Hp % 1)

is C'. This is a consequence of Lemma 4.46. Finally, (4.52) ends the proof. O

To end the proof of Proposition 4.32, it remains to show that:
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Lemma 4.48. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 such that
Assumption 4.6 holds. Let \ € (0, f(0q)) and S € S,. There exists § > 0 small enough (9
only depending on b, f, a, A\ and S) such that for all v € Mg(f?), the following function is
Fréchet differentiable
B{(0,6) — LY
B o

with a differential at point h given by, for all c € L§°:
D€l yn-¢=DnKl p-c=y(Q)DyHY p-c+Eavn* [DnKY g, - €] +[Dpéatn - | K iy (4.58)
Moreover, the function

Ms(f?) x BR(0,8) —  L(LY,LY)
(Vvh) = th(l;Jrh

1S continuous.

Proof. Recall (4.53)
Sorn = Kopn —v(@)Ho p + Satn * Ko yp
Using Lemmas 4.18, 4.45 and 4.47, we deduce that h — &/, is Fréchet differentiable, with a

derivative given by (4.58). The continuity of (v, h) +— Dy¢} ., then follows by Lemmas 4.45
and 4.47. 0

4.7.4 Proof of Proposition 4.33

In this section we grant Assumptions 4.1 and 4.2 and consider o > 0 such that Assumption 4.7
holds. We fix A € (0,\}) and S € S,. By Proposition 4.32, there exists 6 > 0 (only depending
on b, f, &, A and S) such that for all h € L, with ||h[|{® < §, the jump rate starting from
v € Mg(f?) satisfies
Torh = V(@) + &0 ihs

for some function b — &2, € C*(B3(0,6), LY°). We write voo := 13 to simplify the notation.
The aim of this section is to compute explicitly Dp&4>, the Fréchet derivative of h +— fc'fj_’h
at h = 0. We have

roth = Kn + Kasn ¥ 1o h:
In particular, using that v(«) = r%>, taking h = 0 gives

V() = K5 + K, v(a).
So we deduce that 7, (t) solves

En = Galh) + Koy g * &5 (4.59)

with
Galh) = (K5, — K2°) + (Kain — Ka) +1(a). (4.60)
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Definition 4.49. Given s € Ry and h € L*(Ry), we denote by h, the function
vVt € R, h[s} (t) = htﬂ{tzs}-

Lemma 4.50. Consider b and f such that Assumptions 4.1 and 4.2 hold. Let o > 0 and
h € L*(R}) with ||h||cc < a. For allt > s > 0 we have

H %yt s) = y(a) / Hohy (8, u)du.

Similarly, we have

K2n(t:9) =2(0) [ Kang(tu)du

Proof. First note that the second equality is obtained by taking the derivative of the first
equality with respect to t. To prove the first equality, we show that:
Claim: for all T > 0,

HY, (1, 5) = 7(a) / Hon () + HeS, (4.=T).

1. . . h S| oo
Proof of the claim. We rely on a probabilistic argument. Consider (YuairT[ P Jue[~T, the

solution of (1.9) Starting with law v at time —7" and driven by then current hfy. At time

a+h L
s, one has Y, _ e Voo & Vel So

hig,Voo .
H % (t,s) = ]P)(Y,?[_JFT P> qoes not jump between s and t).

Let 7 be the time of the last jump before s:

a+h[s Voo

Ti=sup{-T<u<s|Y, 7 #YaJrh]yoo

2

with the convention that 7 = —T if there is no jump between —T and s. We have

Voo a+hig), Voo
HY 3y (ts) = B[RV
(0)

5097‘ Voo
=B [H 50 (49 s my| + I, (8 -T).

does not jump between s and ¢ | T)}

For u € [T, s|, the jump rate E f(Y, Yyt 6]’V°°)

using Lemma 2.16, the law of 7 is

is constant and equal to y(a) = veo(f). So,

L(7)(du) = y(a)Ha (s, u) L _r g (u)du + Hy> (s, =T)o_7(du).

Consequently, using h((u) = 0 for u < s we have

Hz(t,s) = vy(« / HSD“‘ )Ha(s,u)du—l—Hg‘j‘r’h (t,-T).

/ Hfr;b )Ha+h[s](s,u)du+Hg’°jh[ (t,=T).
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Finally, for all u < s < ¢t and h € L®(R) with ||h||sc < a one has (by the Markov property
at time s)

el
H, (tu) = H (s, ) H U Ot 5).

at+h
Using this identity with h = h(y), the claim follows. It suffices then to let 7" goes to infinity
to obtain the stated formula, using that

lim sup HZ:fh (t,—T) < limsup H;>*(s,—T) = 0.
T—00 [s] T—o0

Similarly to the definition of G, (eq. (4.60)), let:

La(h) = (HyTp — Hy™) + (Hayn — Hao) xy(a).

Lemma 4.51. Consider b and f satisfying Assumptions 4.1 and 4.2. Let o > 0 such that
Assumption 4.6 holds. Let A € (0, f(04)). There exists 6 > 0 (only depending on b, f, o and
A) such that the functions h — Lo(h) and h — Gu(h) are CY(BS°(0,6), LS°). Moreover one
has

t
La(h)(t) = ~14 (@) [ Hosn(t.u)du
and .
Gal)(®) = =(0) +7(0) [ Kan(tu)du
Finally it holds that for all c € L°

[DGa(R) ] (1) =~ [DuLa(h) ] (1)

Remark 4.52. In these formulas, the perturbation h is extended to R by setting hy := 0 for
t < 0. In other words, we have h = hy.

Proof. By Lemmas 4.45 and 4.46, the functions G4 (h) and L, (h) are C'. Moreover we have
using Lemma 4.50 with s = 0:

HY (8) + (Hosn *7(@)) () = 7(a) / Hoon(t, u)du

Setting h = 0 in this equality, one obtains for all ¢ > 0

H>=(t) + (Hq *v(a / H,(t —u)d / H,( =1.
This proves the first identity. The second identity is proved similarly. Finally note that
d
V>0, La(R)(t) = ~Ga(h)(0),

and so the equality on the Fréchet derivatives follows. O
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Lemma 4.53. Let A € (0, f(0a)). The derivative of h — Go(h) at h =0 is, for all c € L°:

[DrGo(0) - c(t) =Eq xc(t) = /0 Eq(t — u)eydu,

where the function Z, is given (4.31).

Proof. Here, h is null so we are in the time homogeneous setting and so 7 (0) = ¢ (0),
etc. By Lemma 4.51 and eq. (4.54), one has for all c € LS,

DhLa(0)-€l(t) =7(e) | (DuHa-dl(t,)ds
— (@) [ Halt=5) [ £ 0)) [Dhgt o(0) ] duds

= —ste) [ tate=) [ i) [ oo ( [V o) dvauas.

To obtain the last equality we use (4.23) with h = 0. So, by Fubini:

DuLa(Ol0) = (@) [ a | : Hatt =) [ o) e ([ ¥t )av )auas] an

Using

exp ([t sopan) = exo ([ e ) - FETEE

we deduce that
e “ o () — F(gg(0)
/0 F(e L (0)) exp ( /9 b(sov_sm))dv)du— T

By the change of variable s = 8 — v one gets

(t—0)40(0)) = F(5(0))
b(5(0)) +

[DhLa(O).c](t):—v(oz)/_ co [/(]mﬂa((t—e)ﬂ)m dv| do

= —(T, xc)(t).

where W, (t) is given by (4.30). We use here that ¢y = 0 for all § < 0. Finally, we deduce
from Lemma 4.51 and from ¥, (0) = 0 that

[DrGa(0) - (1) = —%[DhLa(O) ~J(t) = Ea * (1),

with p va g
(1) = —— W, (1) = ZKE() > (2)da.
(1) = =g ¥al) = [ LRI @)

This ends the proof. O

We now give the proof of Proposition 4.33.



Chapter 4. Local stability of the stationary solutions 114

Proof of Proposition 4.33. We compute the Fréchet derivative of (4.59) at h = 0 and obtain
for all ¢ € L§°:
Dpére-c=Eqxc+ Ky * (Dp€r> - ).

We used here £~ = 0. We apply now Lemma 2.22 and obtain
Dpél= -c=Eq*c+1q % Eq *C.

To conclude, it suffices to note that =, + rq * 24 = ©4 (see (4.33)). O

4.8 Proof of Lemmas 4.20 and 4.22

Proof of Lemma 4.20

Proof. Our assumptions are very close to the classical setting, except we only assume that
h € L5°. The drift b is assumed to be globally Lipschitz continuous. Thus, a classical
fixed point argument on the space C([s,T];R) applies. For T' > s, we introduce the function
F:C([s,T|;R) — C([s,T];R) defined by

Fon()(t) =z + / b(tbu)du + / (o + hy)du.

The Banach space C([s,T];R) is equipped with the infinite norm on [s,7]. The function
(z,h,¥) +— Fop() is C1. Moreover, for n large enough, the n-fold iteration of Fjy, is
contracting, with a constant of contraction independent of x and h. We deduce that F,p,
has a unique fixed point <p°‘+h( ) and that the function (z, k) — @?jh( ) is Ct. We refer to
[Hal69, Th. 3.3] for more details. The estimate (4.20) is obtained using Gronwall’s Lemma.
The functlon U CH'h( )= dmcpfjh( ) solves the linear variational equation

d (0% (e% (6%
LU (@) = Y (e @)U (2),

with Uso‘jh(x) = 1. The explicit solution of this ODE is given by (4.21). When h = 0, note
that ¢ — b(¢f(z)) + « satisfies the same ODE, and so (4.22) follows by uniqueness.

Similarly, Dhg0°‘+h (x) - ¢ solves the linear variational equation

Vs o [Dethe) o = Ve @) [Duethe) ] va @6

dt
Dyt (@) - e =0,
whose explicit solution is given by (4.23). We now prove that (4.24) holds. Let
V> s, = o) — i M@) - Dagii (@) - (B - h).
One has

= b7t (@) + b — b)) — he — [V (653" (@) Dg (@) - (h— B) + By — ht}
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So
=V (i T (@))ye + €alt, 5),
with )
(’D?:h( ) 1" a+h
Qb= [ W) @) - udu
e (@)

By (4.21) one has
t
el < / e, (u, 5)|du.

Using that M := sup,cp |0”(z)| < oo, one has

lex(t,8)] < *Isﬂ‘”h( ) — M)

Moreover (4.20) yields
L(t—s)

iR (@) — i @)] < 1R = hllRe ™ —,

and so finally

5 [ = hijgeesete=0)

Proof of Lemma 4.22

Proof. We only prove the second point. We start with (4.25). Recall that £, := —b'(c4) > 0.

Given p € (0,4,), consider h € L7° and fix s > 0 and z € S. For all ¢t > s, set y(t) =

apto‘jh( ) — ¢ts(x). It solves for all t > s

(1) = b(wis(x) +y(t) = b(#fs(2)) + he
=Vl (2)y(t) + he + ex(t, (1)),

with e, (¢, y(t)) := :;t S(( )Hy(t) V" (u)(¢fs(x) +y(t) — w)du. So
t t
o) = [ Ut@hadu+ [ Vg @)eslu.yla))du
Let M := sup,>q [b”(z)|. One has |e,(t,y(t))| < &y*(t). Eq. (4.21) yields

vt = e ([ i)
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Let 0 := (£o —1)/2. It follows by Point 1 that there exists a constant C), such that [Ug, (x)[ <
C“ef(,u‘+9)(t7u)' SO

t M t
ly(t)| < C, / e~ D= du + 20“ / e~ (w2 () du.
Note that

t t
Cp/ e—(u+9)(t—u)|hu|duSCMHthoe—(u—&-G)t/ P du

2C _
< T“||h||ffe mt,

Consider the deterministic time
to :=inf{t > s: MC,|y(t)| > 6}.
For all ¢ € [s, o] one has

2 0 [
)] < ZEIIRlEe o+ 5 [ e 0yl
We now use a Gronwall Lemma for Volterra integral equation (see [GLS90, Th. 8.2 p. 257])
with the kernel k(t) = %e_(’”e)t. The solution of the Volterra equation p = k + k % p is

p(t) = gef(u+9/2)t. SO

2C _ t o
o) < 2GR e+ [ ate = e

t
LZMHhHEO [6_“t + g/ e_(‘”“e/z)(t_“)e_““du} )
AC,,
< 200 e,

Consequently if

92
hi|P <6, =—=
one has tp = 400, which ends the proof. Formula (4.26) then follows by (4.25) and by Point
1. We now prove (4.27). Using that ¢, > 0, we deduce the existence of x > 0 such that

Ve eRy, |z—04 <k = b(z)<0.

By Point 1, there exists tp such that for all x € S and for all t > tg, |pf(x) — 0] < K/2.
Moreover, by (4.25), there exists ¢ such that for all h € L3 with ||h|[}7 < 6,

Vo € S, Vt > 1y, |g0?fjh(az) —¢is(T)] < K/2.

Let t* = max(to,t;) and given h,h € Lie, let z(t) == @gjﬁ(:z:) - cpgjh(m) For all t > s+ t*,
one has

a+ﬁ
Pt,s

Z(t) = iLt - ht +/ +!h b'(u)du < Vlt — ht‘

a
Sot,s
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The same holds for —2(t), and so

t
Vi > s+t |z(t)] < |z(s+t7)] —i—/ |y, — hy|du.
s+t*

To conclude, it suffices to use (4.20): for all ¢ > s one has
t ~
2] < e [~ hudu,

and so for ¢t = s +t*:

s+t*
(s + £%)] < 2" / [
S

We deduce that for all ¢t > s
. Lot
i) — @) < e [~ hulda

which ends the proof. Finally, we mimic the proof of (4.24) to obtain (4.28), using (4.27). O

4.9 Discussions and perspectives

We studied the local stability of the invariant measures of (1.2). To do so, one method is to
use the Fokker-Planck equation (1.4). A difficulty with these nonlinear transport equations is
that the nonlinear flow (that is the family of functions v — Ty(v) := L(X}), where L(X{§) = v
and t > 0) is usually not differentiable with respect to the initial condition (see [DV21]). So,
techniques for nonlinear semi-group theory are difficult to apply. A second difficulty with (1.4)
is the boundary condition (1.5), which is nonlinear with respect to the solution. To overcome
these problems, we used the Volterra integral equation (1.14). By defining appropriate Banach
spaces, we reduced the problem of the local stability of an invariant measure to the application
of the implicit function theorem. We emphasis that our criteria involving (4.8) is not specific to
(1.2) and to the Volterra equation (1.14). Consider for instance the following McKean-Vlasov
diffusion in R%:

dX; = b(Xy)dt + E f(Xy)dt + dWr, (4.62)

starting from some v € P(RY). Here f,b € C(R% RY) are some continuous functions and (W;)
is a standard Brownian motion in R%. Given o € R?, consider the following linear SDE

AY = b(Y,T)dt + adt + dW, (4.63)

starting at time 0 from the deterministic point 2 € R%. Assume that b and f are such (4.62)
has a unique path-wise solution. Assume furthermore that (4.63) has a unique invariant
measure, denoted v5° and that v5° is globally attractive:

L

— V5.
t—o00

v e RY,  L(Y,™M)
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Define v(a) := v2°(f). Assume that for some o € R v(a) = «, such that v2° is an invariant
measure of (4.62). Define for all z € R?

ra(t) = Ef(Y™),

and let O, be (compare with (4.8))

VE >0, ©O4(t) = VrE(t) vy (dx).
R4
Here, VrZ(t) is the Jacobian matrix of the function = — 7% (¢). In particular ©,(¢) is a d x d
matrix. Let I; be the d x d identity matrix. We claim that the invariant measure v5° of (4.63)
is locally stable if the complex roots of the equation

det (@a(z) - Id> =0

are all located on the left-half plane, “det” denoting the determinant of the d x d matrix. It
would be interesting to prove rigorously such result, possibly using the connection with the
L-derivative described in Section 4.3.2. Such tools are for instance used in [AD20] to obtain
global in time estimates for nonlinear diffusions. Finally, it would be interesting to study
more complex interactions. Consider for instance the McKean-Vlasov SDE

X =b(Xdt+ [ FX gyt + Wi, = £(X0),
R

where f : R? x R? — R?. What stability criteria can be written in this case? What is the
nature of the spectrum? We suspect that the spectrum is not necessarily discrete as before.

The particular case where the interaction is symmetric (that is f(z,y) = f(z — y) for some
function f : RY — RY) has been intensively studied, see for instance [BRTVIS8; BRVIS; HT12;
Tugl3; Tugld].

Going back to (1.2), we mention few extensions of this work. First, assume b(0) = 0, such
that the Dirac measure Jp is an invariant probability measure of (1.2). We claim that Jy is
locally stable if:

b'(0) + Jf'(0) < 0. (4.64)

This can be seen by adapting slightly the proof of Theorem 4.13. Let J > 0 be fixed. Similarly
to (4.42), define
Yv € M(f?),Yh € LY, ®(v,h):= Jry — h. (4.65)

We have for all ¢ € LS, Dp®(09,0) - ¢ = JDyro - ¢ — c. The Volterra equation (1.14) gives
rh = Kp + Kp, xrp,

and so, using that Ky = 0 (because f(0) = b(0) = 0), we have
Dyrg-c= DpKy - c.

Using the explicit expression of Kp, given by (2.5) and (4.21), we find that

(DKo - ] (t) = f'(0)Dngf - ¢ = (O * O)(t),
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with
VE>0, Og(t) := f(0)” Ot

So, the equation J(:)B(z) = 1 has a unique solution given by z = Jf/(0) — v/(0), which is
located on the left half-plane if and only (4.64) holds. Of course, the study of the stability of
do is much simpler than the study of the stability of the non-trivial invariant measures. More
direct methods are available to do so: we refer to [RT16, Prop. 8] and to [LM20, Prop. 3.2]
for probabilistic proofs in a slightly different framework. Finally, we mention an extension
of this work to excitatory and inhibitory neurons. Consider the McKean-Vlasov SDE (2.20).
Assume that the functions b.,b; : R — R are globally Lipschitz and f., f; : R — R4 are null
on R_. Because X§, X, N. and N; are all independent, it holds that for all ¢, X{ and X}
are independent. In particular, the invariant measures of (2.20) are of the form p ® v, where
W, v are two probability measures on R. We say that such an invariant probability measure is
non-trivial if

v(fe) >0 and pu(f;) > 0.

Otherwise, at least one of the two neurons never spikes under p ® v (and so we can study
separately the spiking neuron). Given a > —b.(0) and § > —b;(0), define for all z € R:

00,e . 76(04) ! fe(y) e . .
Vg (ﬁ) = m exXp (—/0 mdy ]]'{IEE[0,0'E)}’ Oy = lnf{a: 2 O7 be(.ﬁU) +a= O}
and
00, vi(a) ( / "fi) ) i
vy (x) i= ————=exp|— | ———=dy |1icio0in, 05 :=inf{x >0,b;(x)+ B =0}.
5 (@) bi@) + B P\, bily) B Y ) Heehap)y 9B { (z) + 8 =0}
In these equations, v.(«) and 7;(3) are the normalizing factors. We furthermore assume that
inf be(x) > be d inf b;(x) > b;(0). 4.
nf be(z) > be(0) and  inf bi(x) > bi(0) (4.66)

Under this additional assumption, the non-trivial invariant measures of (2.20) are vg *© ®1/g°’i,

where «, 8 € R solves the following nonlinear 2D system

{a = Jeeve(a) + Jicvi(B), > —be(0)
5 - ei’)’e(a) + Jn’Yz(B% /3 > _bz((])

We define ©,(t) and ©}(t) similarly to (4.8). Consider v5”° ® I/;o’i a non-trivial invariant
measure of (2.20). This invariant probability measure is locally stable if all the complex roots

of

)

o ( —1+Jee05(2)  Jie©)(2) )
Ji©i(2)  —1+ Ji0%(2)

are located on the left half-plane, “det” denoting the determinant of the 2x2 matrix. A further
study of such excitatory/inhibitory mean-field model (both theoretically and numerically)
would be interesting. The case where (4.66) is not satisfied is particularly intriguing. For
instance, if b.(x) = b;(x) = 1 + x, a fraction of the mass of an invariant measure is possibly
located on R_. Because f., f; are null on R_, this fraction of neurons does not spike anymore.
This fraction might depends on the initial condition, making the analysis more challenging.
Finally, in the next Chapter, we study situations where (4.9) is broken for some interaction
parameter J. We shall see that this typically leads to periodic solutions through an Hopf
bifurcation.






Chapter 5

Periodic solutions via Hopf bifurcations

We give sufficient conditions such that the McKean-Vlasov equation (1.2) admits
periodic solutions, through a Hopf bifurcation. Our spectral conditions involve
the location of the roots of the explicit holomorphic function described in Chap-
ter 4. The proof relies on two main ingredients. First, we introduce a discrete
time Markov Chain modeling the phases of the successive spikes of a neuron. The
invariant measure of this Markov Chain is related to the shape of the periodic so-
lutions. Secondly, we use the Lyapunov-Schmidt method to obtain self-consistent
oscillations. The material of this Chapter is available as a preprint [C'TV20b].

5.1 Introduction
Consider the McKean-Vlasov SDE (1.2)

t t t
X =Xo+ / b(Xu)du + J/ E f(Xu)du — / / Xu—ﬂ{zgf(Xu,)}N(duy dZ).
0 0 0o Jry

We recall that N(du,dz) is a Poisson measure on R? with intensity the Lebesgue measure
dudz, and is independent of the initial condition Xy of law v. As before, the deterministic
constant J is non-negative. We assume that the functions f : R — Ry and b : Ry — R
satisfy Assumptions 4.1 and 4.2. Furthermore, we assume that the law of the initial condition
belongs to

M(f?) = {v e P(R,), A fA(z)v(dr) < 0o}

Under these assumptions, (1.2) has a unique path-wise solution (see Theorem 2.8). We study
the existence of periodic solution of (1.2), that is:

Definition 5.1. A family of probability measures (v(t))e(o,r) s said to be a T-periodic solu-
tion of (1.2) if
1. v(0) € M(f?).

2. For allt € [0,T], v(t) = L(X¢) where (X¢)ejo, s the solution of (1.2) starting from
Xo ~ v(0).

121
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3. It holds that v(T) = v(0).

In this case, we can obviously extend (v(t)) for t € R by periodicity. Considering now the
solution (X3)¢>o of (1.2) defined for ¢ > 0, it remains true that v(¢) = £(X;) for any ¢ > 0.
Moreover, we can also consider the solution of (1.2) defined on [ty, +00) for any ¢y € R with
initial condition £(X3,) = v(to).

Equivalently, such (v(t))sc[o,7] is a periodic solution of the Fokker-Planck PDE (1.3). We give
sufficient conditions for the existence of a Hopf bifurcation around an invariant probability
measure of (1.2).

Similarly, given @ : R — R a continuous and T-periodic function, we say that (v(t)).cjo,n
is a T-periodic solution of the non-homogeneous linear equation (1.9) if for all ¢ € [0, 77, it
holds that v(t) = E(Y;flo’y(o)), where Yﬁj'/(o) is the solution of (1.9) starting at time 0 with law
v(0).

There is a qualitative difference between the particle systems, solution of (1.1), and the
solution of the limit equation (1.2): for a fixed value of N, the particle system is Harris
ergodic (see [DO16], where this result is proved under stronger assumptions on b and f) and
so it admits a unique, globally attractive, invariant measure. In particular, there are no stable
oscillations when the number of particles is finite. For the limit equation however, the long
time behavior is richer: for fixed values of the parameters there can be multiple invariant
measures (see Chapter 6) and, as shown here, there can exist periodic solutions. One example
is the following: comsider for all z > 0, f(z) = z'°, b(z) = 2 — 2. Numerically, we find a
Hopf bifurcation for J = 0.71. The periodic solution for J = 0.8 is reported Figure 5.1. We
refer to Chapter 6, Section 6.4.3 for detailed analysis of this example.

In [LM20], the authors study a “metastable” behavior of the particle system. They give
examples of drifts b and rate functions f where the particle system follows the long time
behavior of the mean-field model for an exponential large time, before finally converging to
its (unique) invariant probability measure.

In [DV17], numerical evidences are given for the existence of a Hopf bifurcation in a close
setting: the dynamics between the jumps is (as in [DGLP15]) given by

Xi=—(Xi —EX;) + JE f(X0).

In particular the potentials of each neuron are attracted to their common mean. This last
phenomenon models the behavior of “electrical synapses”, while JE f(X;) models the chem-
ical synapses. Oscillations with both electrical and chemical synapses is also studied in a
different model in [PDRDM19]. In this work, the mean-field equation is a 2D-ODE and so
the analysis of the Hopf bifurcation is standard. Finally, oscillations with multi-populations,
in particular with both excitatory and inhibitory neurons have been extensively studied in
neuroscience. For instance in [D117], it is shown that multi-populations of mean-field Hawkes
processes can oscillate. Again, the dynamics is reduced to a finite dimension ODE.

It is well-known that the long time behavior of McKean-Vlasov SDEs can be significantly
different from markovian SDEs. In [Sch&5b] and [Sch&85a], the author give simple examples of
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such nonlinear SDEs which oscillate. Again, in these examples, the dynamic can be reduced
to an ordinary differential equation. To go beyond ODEs, the framework of Delay differential
equation is often used: see for instance [Stag87] for the study of Hopf bifurcations for such
equations, based on the Lyapunov-Schmidt method. In [[LP20a; LP20b] the authors study
periodic solutions of a McKean-Vlasov SDE using a slow-fast approach. Another approach is
to use the center manifold theory to reduce infinite dimensional problem to manifold of finite
dimension: we refer to [HI11] (see also [GPPP12] for an application to some McKean-Vlasov
SDE). Finally, in [Kicl2] an abstract framework is presented to study Hopf bifurcations for
some classes of regular PDEs. Even though our proof is not based on the PDE (1.3), we
follow the methodology of [I<ic12] to obtain our main result.

Jump rate Raster plot of the first 500 neurons
T T T T T T
6 : 500 - :
400 :
4 : ;
= é 300 + G :
= =
= 9200 - i :
2+ N i 4
J 100F ) :
0r . 0r e
1 1 1 1 1
0 5 10 15 20
t t

Figure 5.1: Consider the following example where for all z > 0, f(z) = 2!, b(z) = 2 — 22
and J = 0.8. Using a Monte-Carlo method, we simulate the particle system with N = 8 - 10°
neurons, starting at ¢ = 0 with i.i.d. uniformly distributed random variables on [0, 1]. “Stable”
oscillations appear. (a) Empirical mean number of spikes per unit of time. (b) Each red cross
corresponds to a spike of one of the first 500 neurons (spike raster plot). See Chapter 6,
Section 6.4.3 for a detailed analysis of this example.

Recall that by Proposition 4.5 the (non-trivial) invariant measures of (1.2) are {v3° | a >
0, « = Jy(a)}, where for all & > 0, v3° is given by (3.4). The constant y(«) satisfies
vX(f) =7v(a). For all @ > 0, let J(a) be defined by (4.5):

«

Let v3° be an invariant measure of (1.2). Consider ©,(t) defined by (4.8):
>~ d
> = —rZ o0 .
W>0, O.(t) /0 [ dxra(t)] V2 (dz)

We recall that 7% (t) =E f (Kt%’é””), where }Q%’a“” is the solution of (1.9) driven by the constant
current o and starting at time 0 with law J,. By Theorem 4.13, the invariant measure v5° is
locally stable if the complex zeros of the equation

J(2)Bu(2) = 1
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have negative real part.

Under Assumptions 4.1 and 4.2, the function a ~ J(a) is C? on R* . Assume J is small
enough such that for some a > 0 one has J(a)||04]]1 < 1, and so v3° is locally stable. There
are two “canonical” ways to break (4.9) at some bifurcation point ag: either there exists some
70 > 0 such that J(ao)@ao(i%) =1 or J(g)Oay(0) = 1. The first case is the subject of this
chapter: we give explicit sufficient conditions to have a Hopf bifurcation.

In the second case, the following lemma shows that J'(ag) = 0. So, at least in the non-
degenerate case where J”(ag) # 0, the function @ — J(«) is not strictly monotonic in
the neighborhoods of «ag: this is a static bifurcation which typically leads to bistability (or
multistability, etc.).

Lemma 5.2. Under Assumptions 4.1 and 4.2, it holds that for all a > 0,
_ 1= J(2)8a(0)

J(«
e
Proof. First, recall that J(«) = F(ay- So it suffices to show that v (@) = ©4(0). By (3.10),
one has y(a)™! = fIa(O). So we have to prove that
d = @a(o)
dea(O) - — 5
« ()]

It holds that . (5(0)
d - b(¢f(0)) + «
0= [ oyt

So, using Fubini, we have

L Halt) = ~Ha(t) [ T 200

_ L) Plea(0) + o
= Ha(t)/o/e e dudf

0)) +
— /Ot f<(pt:((gg)((;))fip§(0))d9'
Consider ¥,, defined by (4.29). We have
%ﬁa(o) = /OOO %Ha(t)dt
o0 t (o (0)) — £l
L [ e

T o e O) — S O) o i
== [ ] el 0 R e b (wing Fub

and the change of variables u =t — 0).
W (0)
ya)
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To obtain the last line, we used (4.30). Using Remark 4.28 (with z = 0), we have ©,(0) =

;‘:Eg; = 7(a)¥4(0) and so %f[a(O) =— [(j(aa(ﬁé as required. This ends the proof. O

The chapter is structured as follows: in Section 5.2, we state the spectral assumptions and
the main result, Theorem 5.9. We give a layout of its proof at the end of Section 5.2. In
Section 5.3, we give the proof of Theorem 5.9.

5.2 Assumptions and main result

Consider v, an invariant measure of (1.2), for some ag > 0. The interaction parameter is
J = J(ap). We assume that the stability criterion (4.9) is not satisfied for ay:

Assumption 5.3. Assume that there exist ag > 0 and 19 > 0 such that
~ . d ~ .
J(0)Oay(%) =1 and £®a0(%0) # 0.

Assumption 5.4 (Non-resonance condition). Assume that for all n € Z\{—1,1},

J(0)®a(2) # 1.

Remark 5.5 (Local uniqueness of the invariant measure in the neighborhood of ag). Under
Assumption 5.4, we have in particular J(ao) «(0) # 1 and so, by Lemma 5.2

J' () # 0.

Fiz J in the neighborhood of J(ap). Recall that the values of a such that vy° is an invariant
measure of (1.2) are precisely the solutions of J(a) = J. So, in the neighborhood of a = «p,
the invariant measure of (1.2) is (locally) unique.

Lemma 5.6. Under Assumptign 5.3, there exist 1o, 00 > 0 and a function 3¢ € C'((ag —
10, @0 +10); C) with 30(c0) = = such that for all z € C with |z — | < g9 and for all o >0
with | — ap| < Mo we have

J(0)Bu(2) =1 <= 2z = 3y(a). (5.1)

Proof. Application of the implicit function theorem to (o, z) — J(a)(:)a(z) —1. O

Assumption 5.7. Assume that o — 39(a) crosses the imaginary part with non-vanishing

speed, that is
d

do
Remark 5.8. Using (5.1), Assumption 5.7 is equivalent to

& (10,
J(a0) 4-Oa

R34(ao) #0,  where  3((a) = —30(a).

%

= 0.
o(7) 7

R
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Our main result is the following.

Theorem 5.9. Consider b, f satisfying Assumptions 4.1 and 4.2. Let ag, 79 > 0 be such that
4.6, 5.3 and 5.4 and 5.7 hold. Then, there exists a family of 2mT,-periodic solutions of (1.2),
parametrized by v € (—vg,vg), for some vg > 0. More precisely, there exists a continuous
curve {(vy(+), w, T), v € (—vo,v0)} such that

1. For all v € (—vo,v0), (Vu(t))ter s a 2mT,-periodic solution of (1.2) with J = J(ay).

2. The curve passes through (V32,ap,70) at v = 0. In particular we have for all t € R,

ap?
vo(t) = vge.

3. The “periodic current” a,, defined by

t— ay(t) := J(aw) (2)vy(t, dx), (5.2)
R+
18 continuous and 27wT,-periodic. Moreover, its mean over one period s u,:

1 27Ty
/ ay(u)du = ay,.
0

27Ty,

4. Furthermore, v is the amplitude of the first harmonic of a,, that is for all v € (—vg, vo)

1

27T,

1

27Ty

27Ty 27Ty
/ ay(u) cos(u/my)du =v  and / ay(u) sin(u/7,)du = 0.
0 0

Every other periodic solution in a neighborhood of vg; is obtained from a phase-shift of one
such v,. More precisely, there exist small enough constants €y,e1 > 0 (only depending on
b, f,ap and 19) such that if (v(t))ier is any 2nwT-periodic solution of (1.2) for some value of
J > 0 such that

T — 10| <€ and sup
te(0,277]

J (x)v(t,dz) — ap
Ry

< €1,

then there exists a shift 0 € [0,277) and v € (—vp,vg) such that J = J(ow) and
VteR, v(t)=uwv,(t+0).

Remark 5.10. Given the “periodic current” a, defined by (5.2), the shape of the solution is
known explicitly: for all v € (—vg,vp), it holds that

Vy = ﬂav)
where Vg, , defined by (5.22) below, is known explicitly in terms of b, f and a,.

Notation 5.11. ForT > 0, we denote by C’% the space of continuous and T-periodic functions
from R to R and by C’%O the subspace of centered functions

T
CY = {h e, / h(t)dt = 0}.
0
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We now give an outline of the proof of Theorem 5.9. The proof is divided in two main parts.

The first part is devoted to the study of an isolated neuron subject to a periodic external
current. That is, given 7 > 0 and a € CY__, we study the jump rate of an isolated neuron
driven by a. We give in Section 5.3.1 estimates on the kernels K, and H,. We want to
characterize the “asymptotic” jump rate of a neuron driven by this external periodic current.
That is, informally

VteR, palt) = keNlirl?ﬁoo rq(t, —2mkT).

In order to characterize such limit pg, we introduce in Section 5.3.2 a discrete-time Markov
Chain corresponding to the phases of the successive spikes of the neuron driven by a. We prove
that this Markov Chain has a unique invariant measure, which is proportional to pg. This
serves as a definition of p,. Given this periodic jump rate p, € C3__, we give in Section 5.3.3
an explicit description of the associated time-periodic probability densities, that we denote
(Za(t))ie(0,27r)- Consequently, to find a 27x7-periodic solution of (1.2), it is equivalent to find
a € C9_, such that

a=Jpg. (5.3)

One classical difficulty with Hopf bifurcation is that the period 277 itself is unknown: 7 varies
when the interaction parameter J varies. To address this problem, we make in Section 5.3.4
a change of time to only consider 27-periodic functions. We define

vd € C3.,Y7 >0, par =T (p7;, @), with Vt>0, T(d)(t) := d(rt). (5.4)

We shall see that this change of time has a simple probabilistic interpretation by scaling b, f
and d appropriately. In Section 5.3.5, we prove that the function C3_ xR% > (d,7) — pq,r €
C9_is C2-Fréchet differentiable. Furthermore, if the mean over one period of d is a, that is if
d = «a+ h for some h € Cg;ro, we prove that the mean number of spikes over one period only

depends on «a, namely
1 2

| panr(wdu = (). (5.5)
0

In the second part of the proof, we find self-consistent periodic solutions using the Lyapunov-
Schmidt method. We introduce in Section 5.3.6 the following functional

COO X RE X RY 3 (h,a,7) = G(h,a,7) := (a + h) — J(Q) pathr-

Using (5.5), this functional takes values in Cg;ro. The roots of GG, described by Proposition 5.27,
match with the periodic solutions of (1.2). For instance if G(h, a, 7) = 0, we set a := T-(a+h)
which solves (5.3) with J = J(a) and so it can be used to define a periodic solution of (1.2).
Conversely, to any periodic solution of (1.2), we can associate a root of G. So Theorem 5.9
is equivalent to Proposition 5.27. Sections 5.3.7, 5.3.8, 5.3.9 and 5.3.10 are then devoted to
the proof of Proposition 5.27. In Section 5.3.7, we prove that the linear operator D, G(0, a, 7)
can be written using a convolution involving O, given by (4.8). We then follow the method
of [Kiel2, Ch. L8]. In Section 5.3.8, we study the range and the kernel of D;G(0, o, 79): we
prove that under the spectral Assumptions 5.3 and 5.4, D, G(0, ag, 79) is a Fredholm operator
of index zero, with a kernel of dimension two. The problem of finding the roots of G is a priori
of infinite dimension (h belongs to Cg;ro). In Section 5.3.9 we apply the Lyapunov-Schmidt
method to obtain an equivalent problem of dimension two. Finally in Section 5.3.10 we study
the reduced 2D-problem.
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5.3 Proof of Theorem 5.9

5.3.1 Preliminaries

Let T>0,s€Rand a € C’% such that

inf a; > —b(0). 5.6
o o (0) (5.6)

For z > 0, we consider ¢ () the solution of the ODE (2.3).

d

%(pgs (.%')

05 ()

b(pis(z)) + ar

x.

By Assumption 4.1, this ODE has a unique solution. Recall moreover that the kernels H (¢, s)
and KY(t,s), defined by (1.13), have the explicit expressions (2.4) and (2.5):

) = [ e (-] t et )v(de),
Kits) = [ stetianes (- t et ) ) v(da).

Ry
The function s — ¢f(0) belongs to C'((—o0,#]; Ry ) and

2780 = - 0O+ aex [ (g, 0)0). 5.7)

In particular, under the assumption (5.6), s +— ¢f(0) is strictly decreasing on (—o0, ], for all
t. Let 04(t) be given by (2.19), that is:

oa(t) i= lim ¢%,(0) € RS U {+o0}. (5.8)

S§—>—00
Given d € C% and n > 0, we define the following open balls of CY.:

B;‘?F(d) ={aeC%, sup |a;—di <n}. (5.9)
te[0,7

Lemma 5.12. Let T > 0 and b : Ry — R such that Assumption 4.1 holds. Let oy > 0
satisfying Assumption 4.6. There exists ng > 0 such that for all a € B%;(ao), it holds that

1. If 04, = 00, then for allt € [0,T], oq4(t) = +o0.

2. If 04y < 00, then the function t — oq4(t) belongs to C% and

inf inf oq(t) > 0.

aGB%“O (ap) t€[0,T7]
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Proof. Assume first that o,, = 0o, and let 7y := %inngo b(x) + ag, which is strictly positive
by assumption. Then it holds that

.. Mo
finf b > =
%gogo (@) +ar > 2’

and so -
gogs(O) > E(t —5). (5.10)

Letting s tend to —oo, we deduce that o4 (t) = +00.
Assume now that o,, < co. Using (4.6), we can apply the implicit function theorem to the
function

(z,€) — b(x) +ap + €

at the point (04,,0). We deduce that there exists a constant €; > 0 and a function € — G4+,
which belongs to C'([0, €1];R% ) and such that

Ve € [0,€e1], b(Fag+e) +ao+e=0.

In addition, we have o4, = Gq4,. By definition, o4y := inf{z > 0| b(z) + ap + ¢ = 0} and
SO Oapte < Gagte- We have b/ (04,) < 0. Because b is C!, we can find 0 < ep < ¢; and by > 0
such that

Ve € [0, €0], Vi € [Oagtes Tagte], b(u) < —by.

So
0= b(Gag+e) + a0 + € = b(Gagte) — b(Tagte) = / V(w)du < —by(Gag+e = Tagte)-
Oag+te
We deduce that for all € € [0, €g], Gagte = Tagte- We choose 1 := . Let a € C9 such that
SUpyeo,r) lat — ao| < mo. By Gronwall’s inequality, we have
V> s, 07a(0) < 9 T(0) < Oapeo-

t,s

In particular o4(t) < co. We prove that this function is right-continuous in ¢t. We fix t > s
and € € [0, €], we have

e (0) = 92,(0) = 62 (92,(0)) — 92, (0)
t+e t+e
— [ bt ondut [ audn
t t

S0 if Ag := SUDLe (0,00 1] |b(x)| < 0o, we deduce that

|Pies(0) = 15 (0)] < (Ao + [[alloo)e. (5.11)

Letting s tend to —oo we deduce that ¢ — 04(t) is right-continuous. Left-continuity is proved
similarly. Using ¢f, 1, 7(0) = ¢f,(0), we deduce that ¢ — oq(t) is T-periodic. Finally,
because s — ¢f(0) is strictly decreasing, and takes value 0 when s = ¢, we deduce that
oa(t) > 0. More precisely, let

mp:=— min V().
x€[0,0a0+50}



Chapter 5. Periodic solutions via Hopf bifurcations 130

It holds that my > 0. Moreover, using (5.7), we deduce that

d
%SOZS(O) < _(b(O) + g — WO)e_mO(t_s),

and so
1— efmo(tfs)

Vs <t @ (0) 2 (b(0) + o ) - ——. (512)

It ends the proof. O

Inspecting the proof of Lemma 5.12, we deduce that

Lemma 5.13. Grant Assumptions 4.1 and 4.2. Let ag > 0 such that Assumption 4.6 holds.
There exist Ao,m0,S0 > 0 (only depending on oy and b) such that for oll T > 0, for all
ac B;Z];)(ozo), it holds that

Vi s, t—s>s0 = ¢i's(0) > Ao.
Moreover, if 04, = 00, Ag can be chosen arbitrarily large. Finally, it holds that

sup  sup  sup [Ha(t,s) + Kq(t,s)] e/ Q09 < o0,
T>0 aGB%(aO) t>s

Proof. Case 04, < 0o: the lower bound of the flow follows from (5.12). The bounds on H and
K then follow directly from their explicit expressions (2.4) and (2.5) and the upper bound
f(@?,s(o)) < f(0a0+60)'

Case 04, = co: the lower bound of the flow is a consequence of (5.10). Similarly, the bound
on H follows from (2.4). Using (2.2) and the global Lipschitz property of b (say with constant
L), there exists a constant C' such that

Fef,(0)) < Cetli=s),
The bound on K follows. O

5.3.2 Study of the non-homogeneous linear equation

In this section, we study the asymptotic jump rate of an “isolated” neuron driven by a periodic
continuous function. Grant Assumptions 4.1, 4.2 and let « > 0 such that Assumption 4.6
holds. Let Ag,no > 0 be given by Lemma 5.13 and 7" > 0. Consider a € BT:]F0 (o) and let ry,
be the solution of the Volterra equation r, = K, + K, *r,. We consider the following limit

YVt €[0,T], palt) = kggloo ra(t, —kT).

The goal of this section is to show that pq is well defined and to study some of its properties.
First, (1.14) and (2.10) write

t
VieR, rq(t,—kT)=K,(t,—kT) + K, (t,s)ry(s,—kT)ds,
—kT
t
1=H,(t,—kT) + H,(t,s)rq(s, —kT)ds.
—kT
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Letting &k — oo, we find that pg has to solve

VteR, palt / K, (t,s)pa(s)ds. (5.13)

1:/ H,(t,s)pa(s)ds. (5.14)

Note that if pg is a solution of (5.13), then it automatically holds that the function ¢ —
ffoo H,(t,s)pa(s)ds is constant (its derivative is null). In Lemma 5.15 below, we prove that
the solutions of eq. (5.13) form a linear space of dimension 1. Consequently (5.13) together
with (5.14) have a unique solution: this will serve as the definition of pg.

A probabilistic interpretation of (5.13) and (5.14)
Let = be a T-periodic solution of (5.13). We have for all ¢ € [0, 7]

T
:/ K, (t,s)x(s)ds, (recall Kq4(t,s) =0 for s> t)

:Z/ K, (t, 8)2(s)ds

kT

/ K, (t,u — kT)x(u)du (by the change of variable u = s + kT).
k>0

Define for all t,s € [0, T]
K3 (ts) =Y K,(t,s — kT).
k>0

Note that by Lemma 5.13 we have normal convergence:
Vi, s €[0,T], Kqlt,s—kT) < Ce fOOFT

for some constant C' only depending on b, f, ag, 1o, Ao and T'. We deduce that x solves
T
x(t) :/ KI(t,5)x(s)ds. (5.15)
0
Using that a is T-periodic, we have

Vi>s, Kot+T,s+T)=Kqalt,s). (5.16)

Moreover, K, is a probability density so
o0
Vs € R, / Kq(t,s)dt = 1. (5.17)
S
From (5.16) and (5.17), we deduce that

T
Vs € [0,T), / KLt s)dt =1. (5.18)
0
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In view of (5.18), KX (-,s) can be seen as the transition probability kernel of a Markov
Chain acting on the continuous space [0,7]. The interpretation of this Markov Chain is the
following. Let (Y;”%)¢>0 be the solution of (1.9), starting at time 0 with law v and driven by
the T-periodic current a. Define (7;);>1 the times of the successive jumps of (Y;*");>o. Let
¢; €10,T) and A; € N be defined by:

-
¢i =T — L%J T, 7ip1— 7= AT + div1 — & (5.19)

That is, ¢; is the phase of the i-ith jump, while A; is the number of “revolutions” between
T;—1 and 7;:

A; = #{k eN, kT e [Ti—laTi)}-

In other words, if one considers that a period is a “lap”, A; is the number of times we cross
the start line of the lap between two spikes.

Then, (¢;, A;)i>0 is Markov, with a transition probability given by
VA € B([O,T]), Vn € N, P(¢i+1 €A, Ai—H = n|¢l) = / Ka(t + nT, (f)i)dt
A

In particular, (¢;);>0 is Markov, with a transition probability given by K. With
some slight abuse of notations, we also write K| g for the linear operator which maps y €
LY([0,T)) to

KI'ty):=t— /OT KI(t,s)y(s)ds € L*([0,T7). (5.20)

Lemma 5.14. Let a € CY. The linear operator KX : L'([0,T]) — L'([0,T]) is a compact
operator. Moreover, if y € L'([0,T]), then KX (y) € CY.

Proof. First, the function [0,7)? > (t,s) — KZI(t,s) is (uniformly) continuous. Let ¢ > 0,
there exists n > 0 such that
it —t'|4+|s—s|<n = |KL(t,s)— KL(t' ¢)| <e

It follows that
T T T T
|Kq(y)(t) — Kg (y)(t)] < /O |Kq (t,5) — Kq (t,9)] [y(s)| ds < ellyll1,

and so the function K (y) is continuous. Note that
Vs € [07T]7 KZ;(T, 8) = KE(O,S),

and so K1 (y) is T-periodic. This shows that K (y) € C%. To prove that K. is a compact
operator, we use the Weierstrass approximation Theorem: there exists a sequence of poly-
nomial functions (¢,s) = P,(t, s) such that sup; ;c(o7) |Pa(t,s) — KL (t,s)| —n 0 as n — oo.
For each n € N, the linear operator L'([0,T]) > y v Py(y) :=t fOT P, (t,s)y(s)ds is of
finite-rank. Moreover, the sequence P, converges to K. for the norm operator, and so K. is
a compact operator (as the limit of finite-rank operators, see [Brell, Ch. 6]). O
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Lemma 5.15. Let a € C%. The Markov Chain (¢;)i>0 with transition probability kernel KT
has a unique invariant probability measure wq € C%. Consequently, the solutions of (5.13) in
C% span a vector space of dimension 1.

Proof. The proof follows directly from the Krein—Rutman Theorem, which is a generalization
of the Perron-Frobenius Theorem for compact operators. We give the proof for the sake of
completeness, and because some of its elements will be reused later. Let (K1) : L>([0,T]) —
L>([0,T]) be the dual operator of K. We have:

T
wo € L°((0, T7), (Kg)’(v):tH/O KT (s, t)o(s)ds.

From (5.18), we deduce that 1 is an eigenvalue of (K1) (its associated eigenvector is 1,
the constant function equal to 1). By the Fredholm alternative [Brell, Th. 6.6] , we have
dim N(I — KI') = dim N(I — (KL)") and so there exists 7 € L([0, T]) such that:

T =Kg(m), |Inll = 1.

We now prove that m can be chosen positive. Let & := inf; sejo. 7 K¢ (¢,5). The kernel K is
positive and continuous on [0,T]? so § > 0. We write 7, for the positive part of = and m_
for its negative part and define 8 := min(||m¢||1,||7—||1). We have KI(ry)(t) > 68T and
KI(r_)(t) > 63T. Consequently
1 Kq ()]l =[[Kq (m4) — Kq (m-)]1

<||Kg (m4) = 0BT\ + || Kq (w-) = 65T s

<|[|r[lx —208T.
But the identity K. () = m implies that 3 = 0 and so either 7, or 7_ is null. So 7 has a
constant sign and may be chosen positive. Note moreover that

T T
m(t) = /0 KI(t, s)m(s)ds > 5/0 m(s)ds > 0.

Finally, if m; and w2 are two non-negative solutions of (5.15) with ||mi||i = ||m|1 = 1,
then 73 := 7 — w2 also solves (5.15) and has a constant sign. Consequently, ||ms||1 =
l||m1]]1 — ||m2]li] = O and we deduce that w3 = 0, proving that the space of solutions in

LY([0,T]) of (5.15) is of dimension 1. Finally Lemma 5.14 gives the continuity of 7 and
m(T) = m(0). Consequently 7 can be extended to C% and solves (5.13). This ends the
proof. O

We define for all # € R the following shift operator

Sp C% — C’%
x = (x(t+0));.

Corollary 5.16. Given a € C%, eq. (5.13) and (5.14) have a unique solution p, € CH.
Moreover, it holds that for all 6 € R,

PSy(a) = S0(Pa)- (5.21)
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Proof. By Lemma 5.15, the solution pg of eq. (5.13) and (5.14) is

Ta
Pa = —»
Ca

where g is the invariant measure (on [0,7]) of the Markov Chain with transition probability
kernel K" and ¢, is given by

t
Cq 1= / Hy(t, s)ma(s)ds.
—00
Note that cq is constant in time. Define for all ¢, s € [0, T:

HI'(t,s) : ZH

k>0

We have ¢, = HL (74). Moreover, we have

Vi, s,0 € R, @Sg(a)(o) = (P?+9,s+9(0)7

because both sides satisfy the same ODE with the same initial condition at t = s. We deduce
from (2.4) and (2.5) that

HSg(a)(t) S) = Ha(t +6,s+ 9), KSg(a)(t’ 8) = Ka(t + 60,5+ 9)

So Sp(pa) solves (5.13) and (5.14), where the kernels are replaced by Kg,(q) and Hg, ). By
uniqueness it follows that pg,q) = S¢(pa)- O

Remark 5.17. Using that fo Ta(s)ds = 1, we find that the average number of spikes over
one period [0,T] is given by

17 1

il ds — ——

- /0 pals)ds = —

The probabilistic interpretation of cq s the following: remembering the Markov chain defined
by (5.19), we have
P(Aiy1 > kl¢i) = Ha((k +1)T, ¢5),

and so, if L(¢i) = Ta, we deduce that

EAi1 =EE(Ai|¢) =E | > P(Aip1 > kl¢i) | = He (Ta) = ca.
k>0

In other words, cq is the expected number of “revolutions” between two successive spikes,
assuming the phase of each spike follows its invariant measure mq. We shall see in Proposi-
tion 5.26 that cq only depends on the mean of a. Furthermore, it holds that fora = a >0

ca=HIQ/T) = / H,(t)dt = ()

and so for all t, po(t) = v(a).
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5.3.3 Shape of the solutions

Let a € C such that (5.6) holds. Let oq(t) be defined by (5.8), such that s — ¢ (0) is a
bijection from (—o0,t] to [0, 04(t)). We denote by x +— S(x) its inverse. Note that ¢ — o4(t)
is T-periodic and

ViR e € [0,0a(t)), () = BH2) + T.

Using that ¢,(0) = 0, we have 8*(0) = t.
Notation 5.18. Given a € CY, we define for all t € R

a(q t
s e (— [ <o>>d9> lomaip(@),  (5.22)

()

Ug(t,x) :=

where pq is the unique solution of the eq. (5.13) and (5.14).

By the change of variables u = {*(z), one obtains that for any non-negative measurable test
function g

/ " (@)t )z = / 92 (0))pa () Ha(t, w)du. (5.23)
0

—00
Note moreover that when a is constant and equal to o > 0 (@ = «), (5.22) matches with the
definition of the invariant measure v3° given by (3.4):

VieR, o4(t) =0, and p,(t) =v.

[e7

The main result of this section is

Proposition 5.19. Let a € CY such that inf,cg a; > —b(0). It holds that (Ua(t,-)): is the
unique T-periodic solution of (1.9).

Proof. Existence. We first prove that U4 (t, ) is indeed a T-periodic solution. We follow the
same strategy as in Proposition 3.9. First note that, by (5.23), one has

/00 f(@)Dg(t, x)dx = / Ko(t,u)pa(u)du = pg(t).
0 —00

Consider the solution (Yt%’lja(o)) of (1.9) starting with law 74(0) at time s = 0 and let
(0 a (0

re ¥ (6,0) = E £ 5. ~

Claim: It holds that for all ¢ > 0, r2*(*(¢,0) = pa(t).

Proof of the Claim. Recall that TZ“(O) (t,0) is the unique solution of the Volterra equation
ree O 0) = K2t (t,0) + Ko rie@(t,0).

So, to prove the claim is suffices to show that pg also solves this equation. For all u <0 <'t,

one has a0
K32 (£,0)Hg (0,u) = Kq(t, u).
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Consequently, we deduce from (5.23) that

) 0
K00 = [ Kalt-u)pa(urin

So
= t U w)du = 7a(0) t U u)du
palt) = [ Faltwpa(du = K50 (0.0)+ [ Kaolt.w)pa(uu

and the conclusion follows. O

Finally, using Proposition 2.19 and the claim, we deduce that for any non-negative measurable
function ¢

Eg(v%"®) = /0 08 (0)) Ha(t, 1) pa (1) dus + /0 " (8 () HE (£, 0) 70 (0, 2)d.

By (5.23) (with ¢t = 0 and g(z) = g(¢fo(z))Hg(t,0)), the second term is equal to

0
/ 9(92(0)) Ha(t, u) pa (1) du,

—0o0

and so
¢

a, Vg a .23 oe ~
w20, By ") = [ et Halt wpaudn "2 [T @t
0

—00

This ends the proof of the existence.

Uniqueness. Consider (v(t));c[o,7) & T-periodic solution of (1.9) and define p(t) = E f(Yt%’V(O)).

The function p is T-periodic. Moreover, it holds that for all k > 0, p(t) = E f (Y;i’yk(qq)) and so
(1.14) and (2.10) yields
t
plt) = Ko (6. —KT) + | Ka(t,u)p(u)du

—kT
t

1=HY (t,—kT) + Hg(t,u)p(u)du.
—kT
Letting k& go to infinity, we deduce that p solves (5.13) and (5.14). By uniqueness, we deduce
that for all ¢, p(t) = pa(t) (and so p is continuous). Finally define 7; the time of the last spike
of Y;_’Vk(g) before ¢ (with the convention that 7w = —kT" if there is no spike between —k7T" and
t). The law of 7 is

L(r)(du) = 5_pr(du) HL O (t, —kT) + pa(u) Ha(t, u)du.
Consequently, for any non-negative test function g

,v(0 (0
Eg(Y) = Eg(V, " 1r—_ir) + E (o, (0) Ly,e iy
t

- / " g () HE (1, —KT)(0) (dx) + / (84 (0))par (1) Ha (£, ).
0 —kT
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Using that Eg(Ya V(O)) = Eg(}/'t%’y(o)) and letting again k to infinity we deduce that

Eg(v%s' ) = / 9(8(0)) pa (1) Ha(t, w)du.

—00

So for all ¢, v(t) = Ug(t). O

5.3.4 Reduction to 2m-periodic functions

Convention: For now on, we prefer to work with the reduced period T, such that
T=:2n7, 1>0.
Consider d € CY__ and let @ be the 27-periodic function defined by:
VteR, a(t):=d(rt).

We define
VteR, par(t):= pa(rt),

where pg is the unique solution of (5.13) and (5.14) (with kernels K, and H;). Because pq is
2n7-periodic, pq - is 2m-periodic. Note that when a = « is constant we have

Vr > 0,Vt R, par(t) =7(a). (5.24)

To better understand how p, » depends on 7, consider (v i ) the solution of (1.9), starting
with law v and driven by d. Note that for all ¢ > s

Tt Tt
YT“S YT‘?S”TS / bYudTVS du+/ d du—/ A ) it s {TZ<Tf(YdV ) N(du, dz)
+

Yg’;s /Tb(YT‘fLVTS)du+/ Taudu—// Y.;iim {Z<Tf(Ydu )}~(du,dz).

Here, N := N o g~ ! is the push-forward measure of N by the function

g(t,z) = (1t,z/T).

Note that N(du,dz) is again a Poisson measure of intensity dudz, and so (Yg:is) is a (weak)
solution of (1.9) for f := 7f, b := 7b and @ := 7a. So, in particular (taking v = &), if we
define:
d
dt

Host9) = o (= [ itz

—ppy (0) = 7b(7(0)) + Ta(t); @27 (0) =0,

Kar(t:9)i= /T O exp - | t PI(EE O ). (5.25)

we have
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Lemma 5.20. Let 7 >0 and a € C9_. Set, for allt € R, d(t) := a(%). Then it holds that

Vt>s, Hqr(t,s)=Hg(rt,7s) and Kqgr(t,s)=T1Kg(Tt,T5).
In view of this result, we deduce that pq . solves

t t
pan(l) = / Kar(t5)par(s)ds, 1=7 / Har (1, 5)par (s)ds, (5.26)

—0o0

or equivalently, setting

Vt,s €[0,2n], KZT(ts):= ZKGT s—2rk) and HZ(ts):= ZH“T s — 2rk),
k>0 k>0
(5.27)
one has, using the same operator notation as in (5.20)

= K2 (par)s 1= THZ(par)-

Note that p. - and p. are linked by (5.4). Consequently eq. (5.26) define a unique 27-periodic
continuous function -
pa = 19, (5.28)

Ca,r

where 7 ; is the unique invariant measure of the Markov Chain with transition probability
kernel Kg’ 2” and cq ; is the constant given by

Car = TH27r " (Ta,r)-

5.3.5 Regularity of p

The goal of this section is to study the regularity of ps , with respect to a and 7. For 79 > 0,
recall that B%(’)T is the open ball of C9_ defined by (5.9). The main result of this section is

Proposition 5.21. Grant Assumptions 4.1, 4.2 and let og > 0 such that Assumption 4.6
holds. Let 79 > 0. There exists €y,n9 > 0 small enough (only depending on b, f, ag and 79)
such that the function

B2 (ag) x (10 — €0, 70 + €0) — C9,
(a,7) — par

is C2 Fréchet differentiable.

The proof of Proposition 5.21 relies on (5.28) and on Lemma 5.24 below, which states that
the function (a,T) + 74+ is C2. Recall Notation 5.11

2
C’g;ro ={ue€ C§ﬂ|/ u(s)ds = 0}.
0
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Let a € B%;r and 7 > 0. Because fo% Tra,r(W)du = 1, the space C9_ can be decomposed in the
following way

CY. = Span(mg ) @ C’g;ro.
We denote by K?JT’ cy the restriction of K?IWT to CY_ (recall that the linear operator h —
K3™ h it defined for all h € L'([0,2x])). Similarly, we denote by I ’CQW the identity operator

on CY . Given a linear operator L, we denote by N(L) its kernel (null-space) and by R(L)
its range.

Lemma 5.22. Grant Assumptions 4.1 and 4.2, let ag > 0 such that Assumption 4.6 holds
and let a € B?](’)r(ao), where ng > 0 is given by Lemma 5.13. It holds that

N(Ilgg — K27

"oy ) =Span(mar) and  R(Iley — KT

0,0
,T‘ng) = C’27r .

Proof. We proved in Lemma 5.15 that N(I — K27) = Span(ma,-). It remains to show that

R(Iley — K2

77‘ Cgﬂ) = Cg;ro. By the Fredholm alternative, we have

R(I - K%)= N(I - (K2%)")™,
where (K27)" € L (L>([0,27]); L>([0,27])) is the dual operator of
K2" e L (L'([0,2x]); L'([0,2x])). In the proof of Lemma 5.15, it is shown that
1e N(I - (ngl;_)/)’

where 1 denotes the constant function equal to 1 on [0, 27]. The Fredholm alternative [Brell,
Th. 6.6] yields
dim N(I — (KZ2%)') = dim N(I — K7) = 1.

So
N(I — (K27)') = Span(1).

It follows that
2m
R(I — K?IZTT) = Span(1)* = {u € LY([0, 27r])]/ u(s)ds = 0}.
0

Finally, using that for h € L'([0,27]), one has K27 h € C3,, one obtains the result for the
restrictions to C3 . O

: 0,0 0,0 . . . . .
As a consequence, the linear operator I — K ,21“T : Oy — Oy is invertible, with a continuous
inverse.

Lemma 5.23. Grant Assumptions 4.1, 4.2 and let ag > 0 such that Assumption 4.6 holds.
Let 19 > 0. There exists 1y, €9 > 0 small enough (only depending on b, f, ap and 79) such
that the following function is C*> Fréchet differentiable

B%r(ao) X (10 — €0,70 + €0) — E(C’SW,CSW)
(a,7) — HZT.

The same result holds for KLQJT
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Proof. We only prove the result for H, the proof for K being similar. Let ¢y > 0 be chosen
arbitrary such that ¢y < 9.
Step 1. We introduce relevant Banach spaces: E denotes the set of continuous functions

= C([0,27]%R),  equipped with ||w||g := sup |w(t, s)]
t,s

Ey:={weE, Vs €|0,2n], w(2m,s) =w(0,s)}, equipped with |||
We define the following application @,
EO - E(C27r7 ng)

w — P(w):= h»—>(2ﬂwt,shsd5) .
(w)i= [0 (7wt omGeras)
Note that ® is linear and continuous, so in particular C2. So, to prove the result, it suffices

to show that )
Bng(ao) X (7'0 — €0,T0 + 60) — FEy

(av T) = (ngz—(t’ S))t,SG[O,ZTK‘]Q
is C?, where H2™ (t, s) is explicitly given by the series (5.27).
Step 2. Let k € N be fixed. We prove that the function
B?Ig(ao) x (10 — €, 70 +€) — E
(a,7) = (Har(t,s —2mk)); sef0,20)2
is C2. To proceed, we use the explicit expression of Hg (¢, s), given by (5.25). Note that we
have first to show that the function (a,7) — ¢y (0) € R is C2. This follows (see [FFles0, Th.

3.10.2]) from the fact that b: Ry — R is C? and so the solution of the ODE (5.25) is C? with
respect to @ and 7. Moreover, we have for all h € CY |

Dag® (0) - h = / tTh(u)eXp< / b/(%s(()))de)du.

A similar expression holds for dr o p 7(0). Using that f is C2, we deduce that the function
(a,7) = (Har(t,s = 27k)); sef0,2q)2 € E

is C?> Furthermore, we have for instance

DaHa,7—<t7 3) ) h = _HG,T(t7 S)/ f ((Pu s( )) [Da‘Pg,’z ' h] du

So, proceeding as in the proof of Lemma 5.13, we deduce the existence of g, \g, Ag > 0 (only
depending on b, f, ag, To and ) such that for all h € C9_and for all T € (19 — €9, To + €0), it
holds that
sup sup  |DgHg - (t,s — 27k) - h| < Ag||h||cce™ 2 0.
t,5€[0,27]>  a€BZT (o)
Similar estimates hold for the second derivative with respect to a and for the first and second

derivative with respect to 7.
Step 3. We have

sup sup sup |DoHg r(t,s — 27k) - h| < ZAoe—zwk,\o < oo,
k>0 ts€[0.2m]2  a€B3r(a0) heCy,,||hllo<1 =
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Using [Car67, Th. 3.6.1], we deduce that a — (H2%(t,s));s € E is Fréchet differentiable,
with for all h € C9_

DoHZ(t,5)-h =Y DgHa(t,s — 27k) - h.
k>0

Note that this last series converges again normally, and so a — (H2™ (t, )) ts
C!. Applying again [Car67, Th. 3.6.1], we prove similarly that a . (H? T(t
C?. The same arguments show that 7 — (H2" (t, 8))t,se[0,2x)2 18 C2.

Step 4. It remains to prove that (a, 1) — (Hg’;(t, $))t,scf0,2n)2 € Eo is C? (we have proved the
result for F, not Ey, in the previous step). Let t,s € [0, 27| be fixed, define

cl0,27)? 1s in fact

))t s€[0,27]2 is

weE, E(w):=uwt,s)eR.
The application £! is linear and continuous. Moreover, we have seen that H € Fy, so
Vs €[0,2n], EF(HZY) =ENHT).
Differentiating with respect to a, we deduce that for all h € CY_,
Vs € [0,2n], EF(DHZT - h) = EQ(DgHZ™ - h),

and so DgH, 37; € L(CY_, Ep). The same results holds for the second derivative with respect
to a and the two derivatives with respect to 7. This ends the proof. O

Lemma 5.24. Grant Assumptions 4.1, 4.2 and let cg > 0 such that Assumption 4.6 holds.
Let 79 > 0. There are €y,nm9 > 0 small enough (only depending on b, f, ag and 19) such that
the function
B?,g(ao) X (7'() — €9, T0 + 60) — Cgﬂ.
(a,7) — Tar

is C? Fréchet differentiable.

Remark 5.25. Recall that mq 7 is the unique invariant measure of the Markov Chain having
Kg”T has kernel transition probability. So, we study the smoothness of the invariant measure
with respect to the parameters (a,T), knowing the smoothness of the transition probability
kernel (a,T) — Kg’; We refer to [GMS6] for such sensibility result in the setting of finite
discrete-time Markov Chains. Our approach is different and based on the implicit function
theorem. In this proof, we consider independent functions a and h (that is we do not have
a=ap+h)

Proof. Let ag and 19 be fixed. Let g, €g > 0 be given by Lemma 5.23. Consider the following
C2-Fréchet differentiable function:

F: CS;FO X B%g(ao) X (T[) — €9, 70 + 60)

(h,a,T)

- oYY
= (agp+h)— K27r " (g + h).
It holds that F(0, g, 70) = 0. Moreover

DpF(0,00,70) = I — K™ e £(CYY,C90),

«Q,T0 21
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which is invertible with continuous inverse by Lemma 5.22. So the implicit function theorem
applies: there exists (VQQ;O, V), Vi) open neighborhoods of (0, ag, 79) in C’g;ro x C9. x R% and

a C%-Fréchet differentiable function U : V@2 x V,, — VQ(;;O such that
Vh,a,7 € Vol x Vi x Vs, F(h,a,7) =0 <= h=U(a,r).

By uniqueness of the invariant measure of the Markov chain with transition kernel K 2?;, we
deduce that
Ta,r = o+ Ula,7),

which is a C2-Fréchet differentiable function of (a, 7). O

Ky

—2T where the constant cq4 ; is given by
Ca,r )

Proof of Proposition 5.21. Recall that pq , =

Car = THZ“T (Ta,r)-

1

Furthermore, it holds that Mag,ro = % and pog,r, = V(o) (see (5.24)). So cayry = 3ta0) > O-
Hence for €, 19 small enough, it holds that

VaeB%g(ao),VTG (To—eo,T()—l—E()), Ca,r > 0.
So, using Lemmas 5.23 and 5.24, it holds that ¢ and p are C?, which ends the proof. O

As a first application of this result, we prove that the mean number of spikes of a neuron
driven by a periodic input only depends on the mean of the input current.

Proposition 5.26. Grant Assumptions 4.1, 4.2 and let ag > 0 such that Assumption 4.6
holds. Let 19 > 0 and consider ng be given by Proposition 5.21. Let h € Cg;ro such that
ap+h € B%gr(ag). It holds that

1
21y (o)

Cag+h,70 = Cag,70 =

We denote by cq, this last quantity. In particular, the mean number of spikes per period

1 2

o J, Poothm (u)du = ~(ao)

only depends on ag (which is the mean of the external current (ao + h(t))tc(0,24])-

Proof. Let a € B%g(ao). We prove that
0,0
Vhe C%. Dacar - h=0.
We have cq 7, = T0H2" (Taq,). Differentiating with respect to a, one gets

Qa,To

Dacar, - h =19 [DGHQW ’ h] (Tam) + 7'0H2Tr Dqama,r, - .

a,To a,To
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Recall that mq -, = K 2m Ta,ry SO

a,T)
DaTaryh=[DaK}% - h| Taz + K25 [DaTar, - h] .
Using Lemma 5.22, one has
-1
DaTam -h=[I—-KJ | [DaKZT, - h] Taz- (5.29)

Define on Cg;ro the linear operator

2 t
Vhe CI0 1% (h)(t) := / 1> h(s)ds = / h(s)ds.
0 0
We have
1% Kgr =1—Hgn, (5.30)
so on C’g;ro,
HIT =17 [I-KI. . (5.31)
So

H27r [I—KQW ]71 — ]]_27r.

a,To a,To

Consequently, we have

DaCary - h =10 [DaHZ™ - h] (Ta,ry) + 101°" [DoK2T - h] Tan

a,To a,To

Differentiating (5.31), one has
DoH - h=—1°" [DaKZT - bl ,

a,To a,To

and so for all h € C°, Dgcary - h = 0. Then for all h € C3? such that ag+ h € B2 (),
one has

1
Cag+h,m0 — Cag,m0 = / [Daca0+th,70 : h] dt = 0.
0

Finally we have may -, = 5= and, by (5.24), pag,ro = V(cp). By definition (5.28), we have

Caprro = 2270 Tt ends the proof. O

Pag,mg

5.3.6 Strategy to handle the nonlinear equation (1.2)

Grant Assumptions 4.1, 4.2 and let ap > 0 such that Assumption 4.6 holds. Let 79 > 0 be
given by Assumption 5.3. For 79, ¢g > 0, define G : B%g(()d(]) N Cg;ro X (oo — Mo, g + 1) X (10 —
€0, 70 + €0) — Cg;ro such that

G(h,a,7) = (a+ h) — J()pathr- (5.32)

Using Propositions 5.21 and 5.26, we choose 1, € small enough such that G is C?-Fréchet
differentiable and indeed takes values in C’g;ro. For any constant a, 7 > 0, we have, by (5.24),
pa,r = 7(a). Recalling that J(a)y(a) = a, we have

V(a, 7) € (g — Mo, o +mo) X (10 — €0, 70 + €0), G(0,c,7) =0. (5.33)

Those are the trivial roots of G. To construct the periodic solutions to (1.2), we find the
non-trivial roots of G. In fact, Theorem 5.9 is deduced from the following proposition.
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Proposition 5.27. Consider b, f and ag, 79 > 0 such that Assumptions 4.1, 4.2, 4.6, 5.3, 5.4
and 5.7 hold. Let G be defined by (5.32). There exists X x Vo, x Vz, an open neighborhood
of (0, ap, 10) in (Cg;ro, || [loo) X RE x R%L such that:

1. There exists a continuous curve {(hy, oy, 7), v € (—vo,v0)} of real 2m-periodic solutions
of (5.3) passing through (0, g, m0) at v =0 and such that for all v € (—vp,vg)
(hyy oy, 7)) € X X Voo x Viy  and G (hy, i, 1) = 0.
Moreover, it holds that

1 2w 1 2m
Yo € (—vo, vo), o / hy(t) cos(t)dt =v  and Py hy(t) sin(t)dt = 0.
0 0

In particular, h, Z 0 for v # 0.
2. For all (h,a,7) € X X Vo X Vo, with h # 0, it holds that
G(h,a,7) =0 < [Fv € (—vg,v0),30 € [0,27), (h,a,7) = (Sp(hy), @y, Tv)] -
We here prove that our main result is a consequence of this proposition.
Proof that Proposition 5.27 implies Theorem 5.9. Let (hy, aw, Ty) be the continuous curve given
by Proposition 5.27. Define a,
Vit eR, ay(t) = ay+ hy(t/7y).
The function a, is 277,-periodic and continuous. From G(hy, oy, 7,) = 0, we deduce that

a, = J(ay)pa,-

Consider g, defined by (5.22). By Proposition 5.19, (74, (t)) is a 2w7,-periodic solution of
(1.2) and (7q, , aw, Tv) satisfies all the properties stated in Theorem 5.9: this gives the existence
part of the proof. We now prove uniqueness.

Let €9 > 0 small enough such that (79 —€g, 70 +€0) C V5, V5, being given by Proposition 5.27.
Let J,7 > 0 be fixed, consider v(t) a 2r7-periodic solution of (1.2) such that

J ()v(t,dx) — ap| < €1,
Ry

|7 — 70| <€ and  sup
t€[0,27T)

for some constant €; > 0 to be specified later. Define a

VieR, a(t):=J f(z)v(t,dz).
Ry
The function a is 2w7-periodic. Let (X;):>0 be the solution of the nonlinear equation (1.2),
starting with the initial condition v(0) € M(f?). Under Assumptions 4.1 and 4.2, Theorem 2.8

applies and so the function ¢ — E f(X;) is continuous. So a € C3__. We write

a(t) =: o+ h(t/7),
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for some constant a and some h € C’g;ro. Because v(t) is a periodic solution of (1.2), it holds
that
a = Jpa,

or equivalently,
a+h=Jpaihr (5.34)

We have by assumption

1 2 1 2m
oo — ag| = ’%/0 J . f(z)v(Tu, dx)du — 271/0 J(ayp) . f(z)voe (dr)du| < €.

Recall that g satisfies Assumption 4.6. By Lemma 5.12 and using the continuity of &', we

can assume that € is small enough such that Assumption 4.6 is also satisfied by «. Let 1y be

given by Proposition 5.21 (1 only depends on b, f, ap and 7). Provided that ¢; < 79, we can
apply Proposition 5.26 at (a, 7). It holds that

1 2

% 0 Po+h,t (u)du = 7(05)’

S0
a = Jy(a).

This proves that J = J(«). So (5.34) implies that G(h,«,7) = 0. By the uniqueness part of
Proposition 5.27, there exists § € [0,27) and v € (—wp, vp) such that

Vi, h(t)=hy(t+0), a=a, T=m,.

Tv

So, we deduce that a(t) = o, + hy (ﬂ) and J = J(ay). This ends the proof. O

It remains to prove Proposition 5.27.

5.3.7 Linearization of G.

Define:
VtER, Onr(t) = 7104(Tt) >0, (5.35)

where O, is given by (4.8). The main result of this section is the following.

Proposition 5.28. Let h € Cg;ro. It holds that

[DrG(0,ce,7) - h] (t) = h(t) — J () /R Ou,r(t — s)h(s)ds.

The proof of this proposition relies on Lemmas 5.29 and 5.30 below. Let h € C’g;ro, it holds
that

DyG(0,a,7) - h=h— J(&)Dgpa,r - h.



Chapter 5. Periodic solutions via Hopf bifurcations 146

By eq. (5.28) and Proposition 5.26, one has

1
Dapa,r ~h= 7Da7ra,7— < h.

(e}

To compute Dgmq - - h, we use (5.29) with a = o
DaTar-h=(1—KZ") " [DaKZ - h] (). (5.36)

The next lemma is devoted to the computation of (I — K27)~'. Consider t — ro(t) the
solution of the convolution Volterra integral equation (1.14) (with v = ¢y and a = «). That
is, 74 solves 1o = Ko+ Ko #74. By Proposition 3.25 there exists a function &, € L!'(R,) such
that for all ¢ > 0,

ra(t) = 7(@) + &a(t)-
Define for all t > 0, rq (t) := Tro(7t). It solves

Ta;r = Kar + Koy *Tar, (5.37)
where K, - is given by (5.25). Similarly, let &, ;(t) := 7€, (7t). We have

Tar(t) = 7y(a) + €a (t).

Recall that by definition, we have

27
Kﬁf;(h)(t):/o K27 (t,s) ds_/ Ko (t — s)h(s)ds.

It holds that

Lemma 5.29. The inverse of the linear operator I — KC%TT : C’g;ro — Cg;ro s given by I + 7“37"7
where for all h € C3Y and t € [0, 27]

ra(h) == 7y(@)L(h) + &7 (h),
L'(h)(t) := /th( ds—— 2”/ u)duds,

2 (h)(t) = / Earr(t — )h(s)ds.

Proof. Note that I'(h) is the only primitive of A which belongs to C’g;ro. Moreover, because
t e &ar(t) € LY(R4), we have for h € Cg;roz

/%/ Sa,r(t = 8)h(s)dsdl = /ZW/ Ea.r (Wh(t — u)dudt = /Ooo OQW&M( )h(t — w)dtdu = 0.

So, fifrT(h) € C’g;ro and ri’fT is well-defined. To conclude, we have to show that on C’g;ro

27 2T 27 2T 27 27
Ka,T or - Ta,*r o Kom— - TCV,T - Ka,'r'

o, T
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Note that for all ¢t € [0, 27],

&0 ~ B2 () (0)] = K25 (h)(0).
Because I'(h), H2™.(h) € C’QO;TO, we deduce that
P(K25(h)) = T(h) — HE

a,T"

Moreover, we have (using that &, -, Ko+ € L'(Ry))
53&;([(2” / Ea,r( / Ko (s —u)h(u)duds

_ / b /u Cor(t — 8)Kar (s — u)dsdu

t
= /_ h(u)(Ear * Kar)(t — u)du.

Using (5.30) and (5.37), we deduce the identity

Ka,q— * ga,ﬂ- = £Q,T * Ka,T = fa,T - Kom— + T’Y(Q)HOL,T‘ (538)
So
e (K37 (h)) = €7 (h) — KT (h) + my(a) HET ().
Altogether,
2”T(K2’T (h)) = 137 (h) = K% (h).
We now prove that K27 (r27 (h)) = 27 (h) — K27T " (h). Using (5.38), we have K27 (¢27 (h)) =
o (K37 (h)). Moreover, because K (1) , we have

K2 (T / Ko (t / Sh(u)duds— 1 / " / ) h(u)duds
[ /h du]_ / H, . (t ds—/%/ h(u)duds

=T (h)(t) — Hi%(h)(t) = DK% (h

It ends the proof. O

So for all a,, 7 € (ag — Mo, o + 1m0) X (70 — €0, 70 + €0) and h € C’g;ro, it holds that

(5.36)

1
Dqmor-h

o, T

Dapar-h= (I +72%) [DaK3T - h] (v(a)). (5.39)

Define for all t > 0, Z, +(t) := TE4(7t) and denote by Z27_ the linear operator

t
Vh € CS_, vt € [0, 27, Eg:;(h)(t) = / Ea,r(t —u)h(u)du.

—00
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Lemma 5.30. For all h € C9_ we have [Dang; -h] (v(a)) = EX_(h).

- “a,T

Proof. Given h € C9_, we have

(DK% - 1] (v(a))(t) = 7(a) / DaKoar - h] (8, 5)ds

So we have to prove that

t t

[Do Ko r-hl](t,s)ds = / Ea.r(t —s)h(s)ds.

— 00

VheCl, (@) /

—0o0
When 7 = 1, this computation is done in Lemma 4.53. It is first proved that
t
~(a) / (Do H, - h] (£, 5)ds — — / U, (1 — s)h(s)ds,
o R

where W, (t) is given by (4.30). This computation relies on the explicit expression satisfied by
[DgH,, - h] (t,s), namely

(DaHa - ] (£, 5) = Ha(t — 5) / Flee( / h(0) exp < /eub’(gog_s(O))dv)dOdu.

Using Fubini’s Theorem and the identity
b Y f(pt5(0)) — fpp_4(0))
[ e ([T vier o) au = SEGEL

lead to the convolution between ¥, and h. We refer to Lemma 4.53 for more details. Then
one uses that

t t
/ [Da K, - h](t,s)ds = f% /_Oo [DgH, - b (t,s)ds

— 00

and that Z,(t) = dt\IJ (t) to obtain the stated identity with 7 = 1. The result for 7 # 1 can

be deduced from the case 7 = 1. Indeed, given a > 0 and h € CJ_, define f=7f, b:=1b,
& :=rta, and h = Th. By applying the result for 7 := 1, b, f a and h, we obtain exactly the
stated equality. O

Proof of Proposition 5.28. We use Lemma 5.30 together with (5.39). For all h € Cg;ro, one
obtains
Dapes - = Z20 (h) + 125 (220 (1).

o, T a,7\—a,T
The definition of 7“27r yields

rar(Ear(h) = Ty (@)D (E37(h)) + &7 (BT (1)

Let Wy () := Wo(rt), such that £, ,(t) = Zq,,(t). From the identity
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we find that

F(Egj}(h))(t) = / \I’a,‘r(t - u)h(u)du = / (1 * Eav"')(t o u)h(u)du

— 00 —00

So

[Dapa,r-h](t) = / Ea,r(t —uw)h(u)du + 7y(a) / (1% Eq,7)(t —u)h(u)du

—00

= )
+ /_ far(t —u) /_ Ear(u— 0)h(0)dOdu.

Fubini’s Theorem yields

/_ Ear(t — 1) / " 2 (u— 0)h(0)d0du — / (€ar * Zor)(t — B)1(6)dO.

—0o0 —00

Finally, we have

Ear +7Y(@)(1%Ea7) + o * Bar = Za,r +Tayr ¥ Za,r  (because ro r = 7y(a) + €0 r)

(423) @a,Ta

[Dapa,r-h](t) = /_ Oq,r(t — u)h(u)du.

It ends the proof. O

5.3.8 The linearization of G at (0, ap, ) is a Fredholm operator

For notational convenience we now write
B(] = DhG(0,0éo,T()).
Proposition 5.31. We have N(By) = R(Q), R(Bo) = N(Q), where Q is the following

projector on C’g;ro :

2m 2m
Vz € Cg;ro, Q(2)(t) == [217T/0 z(s)e_isds} el + [217T/0 z(s)ewds] e, (5.40)

Remark 5.32. In particular, By € ,C(CS;TO,CQO;TO) 18 a Fredholm operator of index 0, with

Proof. First, let h € N(Bp). One has for all t € R

h(t) = J(ap) /R O (t — 5)h(s)ds.
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Consider for all n € Z )
- 1 ™

hy = — h(s)e "™ds
2T 0

the n-th Fourier coefficient of h. We have

~ ~

Yn € Z, hy=J(0)Ougr(in)hy.
Assumption 5.4 ensures that

Vn e Z\{-1,1}, J()Oaq,x(in) # 1,

and so .
vn e Z\{-1,1}, h, =0.

We deduce that h € R(Q). Conversely, if h € R(Q), there exists ¢ € C such that
h(t) = ce™ 4 ce™
and so

J(ao)/ Ono,ro(t — $)h(s)ds = ceitJ(ag)/ @ao,.ro(s)e_isds—{—Ee_itJ(ao)/ O (8)e™ds
R R R

= ce™ J(a0)Buaq.mo (i) + G~ T (010)Orag g (—1)
= h(t).

We used here that J(ao)@ao,m (1) = J(ao)(:)aom(—i) = 1 (Assumption 5.3). This proves that
N(By) = R(Q). Consider now k € R(By), there exists h € C3_ such that By(h) = k. We
have for all t € R

h(t) — J(ap) /R Ougr (t — 5)h(s)ds = k(t).

~

Using that J(ag)Oay,7 (i) = 1, we deduce that

1 2 1

k(s)e " ds = [QW /0 y h(s)e‘isds} (1= J(a6)Bug.n (i) = 0.

2 Jo
Similarly, 5- 027T k(s)e**ds = 0 and so k € N(Q). It remains to show that N(Q) C R(By).

Consider h € N(Q) and let
- 1 [27 .
ni=— h(s)e ""%ds
27T 0

be its n-th Fourier coefficient. We have h; = h_; = 0. Define

Vn € Z\{—1,1}, ¢, := J(QO)QOj(\),TO(Z’I’L? |
1 — J(a0)Oag,m (in)

The function h is continuous, and so h belongs to L?([0,27]). We deduce that

> |l < o0

n€Z\{—1,1}
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Moreover, because O, € L'(R,), the Riemann-Lebesgue lemma yields the existence of a
constant C' such that for n € Z,

In| >1 = |e,| <

In|’
We deduce that

Z [nenhn|? < .
n€Z\{~1,1}

Consequently, defining
VteR, w(t):= Z enhne™,
nezZ\{~1,1}

it holds that w € H!([0,27]), and so w is continuous (see for instance [Brell, Th. 8.2]).
Finally, let k := h 4+ w. It holds that k € CY_ and the n-th Fourier coefficient of k is equals

to 1—J(ao)%na0,fo(in)' We deduce that By(k) = h. This ends the proof. O

5.3.9 The Lyapunov-Schmidt reduction method

The problem of finding the roots of G defined by (5.32) is an infinite dimensional problem.
We use the method of Lyapunov-Schmidt to obtain an equivalent problem of finite-dimension
- here of dimension 2. The equation G = 0 is equivalent to

QG(Qh + (I — Q)h,a,7) = 0
(I - Q)G(Qh + (I - Q)hv «, T) =0,

where the projector @ is defined by (5.40). Define the following function W:

W U; x Wy x Vao X Vq—o — R(Bo)
(wow,a,7) = (1= Q)G(v+w,a,7),

where Uy x Wa are open neighborhood of (0,0) in N(By) x R(By).

We have W (0,0, ag,79) = 0 and D,,W(0,0,a9,70) = (I — Q)DrG(0,,70) = (I — Q)By €
L(R(By), R(Byp)) which is bijective with continuous inverse. The implicit function theorem
applies: there exists a C! function v : N(Bp) x Vg, X Vi, = R(By) such that

W(v,w,a,7) =0 for (v,w,a,7) € Uy x Wy x Vo, x Vy is equivalent to

w = (v, a,T).

Again, the neighborhoods Us, W, V7, V,, may be shrunk in this construction. We deduce
that

G(h,a,7) =0 for (h,a,7) € X X V,, x V, is equivalent to (5.41)
QG(Qh +¢(Qh,a,7),a,7) = 0. (5.42)
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Note that for all § € R, we have for all 7 > 0 and @ € CJ_, PSy(a),r = S6(pa,r). It follows that
G(Sgp(h),a,7) = Sp(G(h, cr, T)).

Moreover, it is clear that the projection Q commutes with Sy (for all § € R, SpQ = QSp) and
by the local uniqueness of the implicit function theorem, we deduce that

1/](89(1})7 «, T) = S@(¢(U, «, T))
Using that any element Qh € N(By) can be written
Qh =t — ce' + ée " := cey + ceg

for some ¢ € C and using the definition of @, we deduce that (5.41) is equivalent to the
complex equation:

~

O(c,a,7) =0 for (c,a,7) € Vo X Vuy X V5, where

1 2w

A

(e, 0,7 = G(ceo + ey + (ceq + Ceo, a, 7), @, 7)ee M dt

2 Jo

and Vj is an open neighborhood of 0 in C. We have moreover
Vo € R, @(ceig, a,T) = eie(i(c, a,T),

and so (5.41) is equivalent to

O (v, a,7) =0 for v € (—vp, o).
Note that ®(—v, a,7) = —@)(v, a,7) and in particular

A

Va,7 € Voy x Vo,  @(0,,7) = 0.

This is coherent with (5.33). In order to eliminate these trivial solutions, following [IKic12],
we set for v € (—vg, vp) \ {0}:

- )
O(v,,T) = (v, @, 7)

v
1
:/ D, ®(0v, o, 7)d0.
0

To summarize, we have proved that

Lemma 5.33. There exists vog > 0 and open neighborhoods X x Vo, X Vi, of (0,9, 70) in
Cg;ro x R x R% such that the problem

G(h,a,7) =0 for (h,a,7) € X x Vo, x Vo, with h # 0

s equivalent to

O(v,a,7) =0 for (v,a,7) € (—v0,v0) X Voo X Vp.

The next section is devoted to the study of this reduced problem.
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5.3.10 Study of the reduced 2D-problem

We denote by cos the cosinus function, such that veg 4+ véy = 2v cos.

Lemma 5.34. We have:

1. ‘1)(0, Qp, 7'0) =0.
2. DTCE(O,Oéo,To) = % 027r [D,%TG(O,aO,TO) . 2C08]t€_itdt.

3. Da®(0, 00,m0) = o [T [D},G(0, a0, 70) - 2 cos], e~ dt.

Proof. We have (0, ag, 70) = Dy ®(0, g, 79) and
. 1 [27 .
Dy®(0,00,70) = 5~ | DaG(0,0,70) - [2c08+Dy(0, 9, 70) - 2 cos], e "dt.
T Jo
Moreover, it holds that [see Kic12, Coroll. 1.2.4]
Dy(0, g, 7o) - cos =0

and cos € N(D,G(0, ap, 1)), so fi)(O, ap,79) = 0. To prove the second point (the third point
is proved similarly), we have D,®(0, g, 70) = D2 ®(0, g, 79). Moreover,

2

A~ 1 '
Dr®(v, o, 7) “or DG (2v cos +4)(2r cos, o, T), o, T)e~ dt
0
1 2m ‘
+o- [DnG (27 cos +1)(2v cos, a, T), o, T) - Drap(2v cos, a, )], e~ dt.
T Jo

So
R 1 [27 )
D12)7<I>(0, g, 7o) = 277/ [D,QLTG(O, ap,70) * (2cos +Dy1h(0, g, 0) - 2COS)]t e Udt
0
1 27 )
+ o [DhG(O, a0, 70) - D% (0, ap, 70) - 2 COS]t e dt
™ Jo
1 27 )
+ o D,%hG(O, a0,70) - [2cos +Dy1(0, ag, 7o) - 2 cos, Db (0, ag, T0)]ce Y dt.
™ Jo

Note that for all v, 7 in the neighborhood of «q, 7, one has

1/}(07 Q, T) = 07

so D;14(0, ap, 79) = 0. Consequently the third term is null. Recall now that By := D, G(0, o, 70)
and by Proposition 5.31, it holds that QBy = 0. So the second term is also null. Finally,
using again that D,¥(0, ag, 7o) - cos = 0 we obtain the stated formula. O
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By Proposition 5.28, we have for all h € C’g;ro
DyG(0,0,7) - h=h — J()Oq,r * h,

where the function ©, ; is given by eq. (5.35). It follows that

D?_G(0, ag, 7o) - 2cos = —2J(a0)aa (Oqg.r * cOS)|
T

T=T0"’

and so we have

D-®(0, a9, 70) = —J(ag) = Ony (i)

9
or T=T0 .

Similarly,

Dab(0,00,7) = 5 - (@) (0)

Lemma 5.35. Write J(ao)%@ao(i) =: x0 + iyo. It holds that

70

a=ap

1. DT&)(O,Ozo,To) = (ixg — yo)/Tg.

2. Do®(0, ap,70) = 35(ao)(zo + o), where 35(ag) is defined in Lemma 5.6.

Proof. From O, ;(t) = 70,(7t), we have

9
or

0

On,r(t) = L [104(7t) + 7o (7t)],  with TI,(t) := ta

Ou(t).

So

@)
2
3 e
+

|

2
3 e

a/-\
CoRI
Moreover, an integration by parts shows that

o (z) = /0 eZttgt@a(t)dt

Choosing z = i ends the proof of the first point. Define now

~

Az, a) = J(a)B4(2) — 1.
By the definition of 3¢(a) (see Lemma 5.6), we have
Va € Vo, A(30(e),a) =0.

We differentiate with respect to o and obtain

2 A(30(0), 0)3)(0) + ~- Al3(a), 0) = 0.
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Evaluating this expression at o = ag gives

2 (100

which concludes the proof. O

(%) = =34 (o) (w0 + iyo),

a=aq

Lemma 5.36. There exists vg > 0, Vi, X Vi, an open neighborhood of (oo, o) in (R%)? and
two functions v — T, ay € CH((—vo,v0)) such that for all (v,a,T) € (—vp,v) X Vay X Vi, we
have

O(v,a,7) =0 <= 7T=7, and a = .

Proof. We decompose ® into real part and imaginary part (without changing the notations),
such that now

D 2 (—vg,v0) X Vg X Viy — RZ.
We have ®(0, ag, 79) = 0 and

The determinant of this matrix is %(20‘0)(;83 + 92) and this quantity is non-null by Assump-

7o
tions 5.3 and 5.7. Consequently, the implicit function theorem applies and gives the result. [

The proof of Proposition 5.27 then follows immediately from this result and Lemma 5.33.
This ends the proof of Theorem 5.9.

5.4 Conclusion and perspectives

We study the existence of periodic solutions through Hopf bifurcations. Our main assumptions
are of spectral type. We assume that the complex zeros of z — J(a)O4(2) — 1 “crosses” the
purely imaginary axis at some “bifurcation point” ag. At this point, the invariant measure vy,
losses its stability and we give sufficient condition ensuring the existence of periodic solutions,
for a in the neighborhood of ay. We study in Chapter 6 an example of functions b and f for
which all the spectral assumptions can be analytically verified (see Section 6.2). It would be
particularly interesting to study the stability of the periodic solutions. That is, if (v/(t))¢eo,7)
is a periodic solution of (1.2), at which condition this orbit is locally attractive? In Chapter 4,
we have seen that stability of an invariant probability measure is given by the location of the
roots of an explicit holomorphic function. It would be interesting to study the existence of a
similar criteria, giving the stability of such periodic orbit. Another development would be to
reduce the dynamics, near an invariant probability measure, to a finite dimensional manifold
by applying idea from the center manifold theory (see [HI11]).






Chapter 6

Explicit examples and numerical methods

We study analytically and numerically several examples of functions b and f which
exhibit either multi-stability or oscillations. In particular, we give an explicit ex-
ample where all the spectral assumptions of Chapter 5 can be analytically veri-
fied. In addition, we describe and compare two numerical methods to simulate the
mean-field equation: an Euler scheme to approximate the particle system (1.1) and
a finite volume method to approximate the solution of the Fokker-Planck equa-
tion (1.3). Finally we give an algorithm to determine numerically if an invariant
measure of (1.2) is locally stable and to numerically predict the Hopf bifurcations.

6.1 Explicit examples with bistability

We give explicit examples of drift b and rate function f such that the nonlinear equation (1.2)
admits multiple invariant measures. Given m > 0, we choose:

Ve >0, bz):=m-z and f(z):=z>

We denote by dp the Dirac measure at 0 and for all & > 0, let v5° be given by (3.4):
. L () Ty

We used that with this choice of b, we have 0, = m + a. We first study analytically the case
m = 0.

6.1.1 Case m =0.

The following proposition gives the number of invariant measures of the nonlinear equa-
tion (1.2) when m = 0. This result was conjectured in [RT'16, Section 7.2.3].

Proposition 6.1. Let f(x) = 2% and b(z) = —x. There exists c. > 0 such that the function

o ﬁ is decreasing on (0, | and increasing on [aw,00). Moreover, one has

. . o
lim —— = 400, and lim —— = +o0.
a0 ()

157
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Variations of J(a).

—  J(a)
m (o, J(ax
.l (0. (@)
o<
=
30 )
<
~
2.5 N
2’\ I | I I I
0 1 2 3 4 5

Figure 6.1: Plot of the function a — J(a) = %, for b(z) = —z and f(z) = 2. We proved
in Proposition 6.1 that this function is decreasing on (0, cy] and increasing on [ax, 00).

Let J, := We deduce that

O
Y(ax)®
1. For J €[0,J,), do is the unique invariant measure of (1.2).

2. For J € (Ji,0), (1.2) has three invariant measures: {do, vg;, Vagt- With a1 < ax < ag.

a1

3. For J = Ji, (1.2) has two invariant measures: dg and vg’

Proof. The graph of the function o — ﬁ is plotted Figure 6.1. Define

Ve 0,1), w(z):=z+22/2+log(l—x)= Z—
k>3
and .
Va>0, V(a):= a/ (1+ x)e“gw(x)dx. (6.1)
0
Claim It holds that for all o > 0
Q 1
—— =~ +V(w), 6.2
V@) (6.2

Proof. First note that with b(z) = —x we have p® = a(1 — e~ t). So, (3.5) yields

e 1 T 2
e a/ exp </ Y dy> dx
V(@) 0 ¥—x 0 a—y

1 1 v ( Ozu)Q ) )
=« 1 exp | — du |dv  with the changes of variables x = av and y = au.
o +t—V 0

1—u

Using that ——*— =1+ u — —— we deduce that

1
1
Ckza/w%mw'
v(a) 0o 1—wv



159 6.1. Explicit examples with bistability

We have for all z € (0,1)

d
_7€a2w(x) _ a2ea2w(:v) |:

dz 1—x_(1+x)]’

and so

a?w(x) ! 2 ! a?w(x) 2 ! a?w(x)
1= [—e } =« e dr — « (1+2z)e dx.
0 0

0 1—x
We deduce the claim. Define for all = € [0,1)

rk

kE+5

Alz) = _4;”3(”5) —(1+2)= % + 422y
k>0

Claim It holds that .
V() = / A(m)eo‘zw(x)dx.
0

In particular V is strictly increasing on R..
Proof. We have

1 1
V/(O[) :A (1+$)€a2w(2)d$+2a2/0 (1+x)w($)€a2w(x)dx

a (1t )
+ z)w(z
1 0(z) = ——F——.
Vz € (O’ )7 (I’) w’(:c)
We have ;”,((‘fg)) =— (172);”(2) and so 0(z) = — 1;§2w(x). In particular, 6 can be extended to a

C([0,1]) function with #(0) = (1) = 0. So

2

1 1
2042/ (1 + g;)w(x)eoﬂw(x)dx — 2(12/ e(x)wl(x)ea w(:c)dx
0 0
1
= _2/ Hl(x)eazw(x)dm.
0

Moreover, we have 0'(z) = Zw(z) + (1 + ) and so (14 x) — 26/(z) = A(z). This ends the
proof of the Claim.
For all o > 1, we have

1 1
Vi(e) > / @ @) g > 6104/ (14 2)e® @) dy = iV(a).
0 0

« 6

W =

Consequently, we have Va > 1, V(a) > V(1)a!/. Using (6.2), we deduce that

. (07 . «
lim —— = 400, and lim —— =400
ol (a) a4 3(a)

It remains to study the variations of o +— ﬁ Using (6.2), we have

d a oV ()-1 W(?) -1

doy(a) a? z

o



Chapter 6. FExplicit examples and numerical methods 160

1
Q) = a/ A(z)ev(®)
0

Claim The function W is increasing on R .

Proof. Let D(x) := %&SZE). We have

with

/A awxdw—k/ D(z)aw'( aw(x)dx

- / [A(z) — D'(x)]e™ @ da.

To conclude it suffices to show that for all z € [0,1), A(z) — D'(x) > 0, which follows from
the explicit formula satisfied by A and D. To end the proof it remains to show that

Claim: lim,_,o, W(a) = +o0.

This follows from W(a?) = a?V'(a) > o2& V(1)al/S. O

6.1.2 Case m >0

When m > 0, the Dirac measure dy is not anymore an invariant probability measure of (1.2):
in that case all the invariant probability measures have the form v5°, for some o > 0 satisfying
a = Jvy(a). Consider V the function given by (6.1). Recall that V is strictly increasing. The
following Proposition shows uniqueness of the invariant probability for m large enough.

Proposition 6.2. Let b(z) = m —x and f(x) = 2. Assume m > 0 is large enough such that
mV (m) > 1. Then, the function o — ﬁ is strictly increasing on Ry and

. «
lim —— = oo.

a—ro0 ()

So, for all J >0, (1.2) has exactly one invariant measure.

Proof. We have, using the first Claim of the proof of Proposition 6.1:

a m+ao
B dy |dx
() /0 mta—z. / m+a—

== [ : —l—V(m—i—a)]

m+a |m+a«
So
d « :(m—a)+m(m+a)V(m+a)+ e Viim + a).
do y(«@) (m+ «a)3 m+ «

The second term is non-negative because V' is increasing. Assume mV(m) > 1. We have
V(m+ «a) > V(m) and so the first term is also non-negative. It ends the proof. Numerically,
the equation mV (m) =1 yields m ~ 0.92. O
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For m small enough however, we find numerically that the situation is similar to the case
m = 0 studied in Proposition 6.1. Depending on the value of J, there is 1,2 or 3 invariant
probability measures. Consider for instance m = 0.1. We observe numerically that there exists
0 < al < o2 such that the function o — % is non—decreasing on [0, al], non—increasing on

and J2

[al, @?] and finally non-decreasing on [a?, c0). Let J! : We have (see

Figure 6.2(a)):

7( 3y (a2)

1. For J < J2, there is a unique invariant measure, locally stable.

2. For J € (J2%,J}), there are three invariant measures: v2°,v3°

a1 o
az < ag. We find numerically that vgS and vg; are locally stable, while v57

and vg; for some a1 <
is not.

3. For J > J!, there is one invariant measure, locally stable.

4. Finally, for the edge cases J € {J}, J?}, there are two invariant measures.

We report in the plane (m,.J) the number of invariant measures (see Figure 6.2(b)). For
m large enough, Proposition 6.2 ensures that for all J > 0, there is exactly one invariant
measure. We find that the transition occurs for m$™" ~ 0.18, through a cusp bifurcation.

Invariant measures and their stability for m = 0.1 Number of invariant measures in the plane (m, J)

T T
3 | -
r 2.6 B
24 B
ol 20 )
< 3 invariant 1 invariant
l S~ 220 measures measure
3
~ 1h § 9| |
ol i L8\ 1 invariant measure )
| | | | | | | | | |
0 2 4 6 8 10 0 5.102 0.1 0.15
@ m
(a) (b)

Figure 6.2: Let b(z) = m—x and f(x) = 2. (a) For m = 0.1, we report the graph of a oy
1

The function is non-decreasing on [0, a!], non-increasing on [a}, 2] and finally non-decreasing

on [a2,00). Let J! = ,Y(Oi) and J2 := 7?0423)’
(al,J!) and (a2, J2). The stability of the invariant measures is determined using the algorithm
described in Section 6.4. (b) For each point (m,J) of the plane, we compute the number of
invariant measures of (1.2). We find a cusp bifurcation at (mg"F, Ji™P) ~ (0.18,1.73). In
particular, for m > m$ ™" there is always one unique invariant probablhty measure. The two

figures are computed using the Julia package BifurcationKit.jl [Vel20].

The coordinates of the two black squares are
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6.2 An explicit example with a Hopf bifurcation

We now give a simple example of functions f and b such that Hopf bifurcations occurs and
such that the spectral assumptions of Theorem 5.9 can be analytically verified. Our minimal
example satisfies all the assumptions of Theorem 5.9, except Assumption 4.2, because the
function f we consider is not continuous. Indeed, to simplify the computation, we consider
the step function

Ve e Ry, f(z):= (6.3)

0 for0 <z <1,
1/p for x >1,

where § > 0 is a (small) parameter of the model.

6.2.1 Some generalities when f is a step function

We shall specify later the exact shape of b, for now we only assume that

inf b(x) > 0.
:Jcér[%),l] (iL')

This ensures in particular that the Dirac mass at 0 is not an invariant measure. We now
consider some fixed constant o > 0. Let, for all z € [0, 1]
to(x) :=inf{t > 0, ¢f(z) = 1},

the time required for the deterministic flow to hit 1, starting from z. A simple computation

shows that .
dy
(@)= | ——.
() /x b(y) +a

Let HZ(t) be defined by (1.13) (with v = J,, @ = a and s = 0). Using the explicit shape of
f, we find for all z € [0, 1],

1 for 0 <t < tf(z),
Hi(t) =4 i@
e B for t > t*(x).
Moreover,
Vo> 1, Hi(t)=e '’ (6:4)
Altogether,
' R 1— e2ta(0)  o=2t5(0)
Vz € C with R(z) > —1/8, Ha(z) = p; Tt

Note that in particular (using that 1/v(a) = fla(O))

1/y(@) = 16(0) + 5.
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So

o [t dy
s0)=05= | Tragya ted

is a strictly increasing function of a: for a fixed value of J > 0, there is a unique o > 0
solution of @ = J7y(a) and the corresponding v3° is the unique invariant measure of (1.2).
Let 04 = limy_,o0 ¢§*(0). This invariant measure is given by

b&()o_‘ga for x € [0,1),
vl (x) = b(’;yg()?a exp <_% flx %) for z € [1,04),
0 otherwise.

Moreover, for z € [0,1] and ¢ > t}(x),
d ] 7t—t%(z)
e
S H ()=
W =507,

So the Laplace transform of %Hg(t) is, for all z € C with R(z) > -1/

(3] d eft:;(:p)z 1
vz €[0,1 —_HE(t)dt = — .
v e0,1], /0 e L HADd = —

Consider ¥, given by (4.29). For all z € C with ®(z) > -1/

J()Wy(z :—/ / et HIMM/(M

—t% (z)z

1 Jrﬁz/o (b(z) + «)?

dz.

Indeed, using (6.4), it holds that %H Z(t) = 0 for z > 1. Finally, the change of variable

z=¢y(0), uel0,t,(0)),

such that %, (z) = ¢ (0) — u, shows that

~ O[e_th(O) t5.(0) eu?
V() =2 " g
J(@¥a(2) = 575 /0 b (0) +a

So by Remark 4.28, the (local) stability of the invariant measure v5° is given by the location
of the roots of the following holomorphic function, defined for all ®(z) > —1/8:

= N —zt%,(0)  pt(0) euz 1 — e—?tal0) Be—th(O)
T(@)¥a(z) = Halz) = 1+ Bz / b(¢%(0)) + « z 1482
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6.2.2 A linear drift b.

We now specify the shape of b. We choose:
Ve >0, b(x)=m—uz,

for some parameter m > 1, such that b(x) + o = 0, — z, with 0, = m + a. We then have

©%(0) = 04(1 —e™™) and so
o
*(0)=1 = .
0 =tog (7

Finally
/ta(O) Uz d— 1/ta(0) gy ie(erl)ta(O) — 1’
0 b(@g(O))‘i‘a Oa Jo Oq z+1
SO
~ ~ [6% etZ(O) - e_thz(O) 1 — e_ZtZ(O) e_ZtZ(O)
J(@)Uqo(2) — Ho(2) = — - _8 :
oo (L+B2)(z+1) z 1+ 8z
Consequently, we have to study the complex solutions of
1_< m+a )_(Z-‘rl) 1_( mta >—z B( mta >—z
§R(Z) > —ﬂil [0 m+a—1 _ m+4a—1 _ m+a—1 _
" m+a—-1 (1+82)(z+1) z 1+ Bz

(6.5)
Remark 6.3. In fact this analysis can be easily extended to any linear drift
b(x) = k(m — x),

with k,m € R. Indeed, adapting slightly the proof of Theorem /.14, when xk < 0 it holds that
f+bV >0 and so the unique non trivial invariant measure is locally stable: there is no Hopf
bifurcation. If on the other hand k > 0, by setting

~ ~ o ~ >
k=1, a=—, m=m [=kp,
K

we can eastly reduce the problem to k = 1.

We now make the following change of variable

m+ o «
=1 _ =
w Og<m—|—a—1) and 9 e
with w > 0 et § € (0,1). That is, we have
d 1-9
a=——7 m Ao (6.6)
With this change of variable, (6.5) becomes
1 1— —w(z+1) 1 — ¢~ w? —wz
R(z) > —5L, ¢ _lme® e (6.7)

1+82 1+2 z  1+8z
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Assume now that

B+w—08(1—-e%)#0, (6.8)
such that z = 0 is not a solution of the equation. Multiplying by (1 4+ 3z)z on both side, we
finally find that we have to study the zeros of

R(z) > —p7L U(p,o,w,z) =0,
with

U(B,8,w,2) = 5;?(1 — ) 4 emr (1 4 B2). (6.9)

6.2.3 On the roots of U

An explicit parametrization of the purely imaginary roots

We now describe all the imaginary roots of U. If z = iy, y > 0, the equation U(f,d,w,z) =0

yields
cos(wy) + sin(wy)y(1 —de ™) = 1-— By? (6.10)
—sin(wy) + cos(wy)y(l —de™) = y(l1+ 5 —9). '
For w > 0 et y > 0 fixed, (6.10) admits a unique solution in (3, ¢), given by
14 e¥)(1 —cos(wy)) — (e — 1)y sin(wy
y?ew — y? cos(wy) — ysin(wy)
0 e“(1+y*)(1 — cos(wy))
5w(y) =5 2 : .
y*e¥ — y? cos(wy) — ysin(wy)
Proposition 6.4. The parametric curve (B%(y), 6% (y))y=o0 admits ezactly two multiple points
given by
2
d .
0.0) and (0,1 2)

Apart from those two points, the curve does not intersect itself.

Proof. Squaring the two equations of (6.10) and summing the result, one gets
1+ 321 —de™)? = (1 - By*)? + y*(1 + B —8)?%,

that is

(1—0e )2 =-28+F%2+(1+8-0)> (6.12)
Note that if 8 # 0, for fixed values of 9, 3, there is a unique y satisfying this equation. This
proves that all the multiple points are located on the axis f = 0. When § = 0, the equation
becomes

(1—=de)?=(1-9)%,

whose solutions are 5

T ltew
Those are indeed multiple points. For (0,0) for instance, it suffices to consider y = 22—’“, k € N*.
This ends the proof. O

0=0 and ¢
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Parametric plot in (8,0) Parametric plot in (83, J)

2.00 T 11 7 100F ! ‘ ‘ : -

1501 | 0.80 | 7
0.60 4

o3 1.00 |- B ~

0.40 h

0.50 |- b
0.20 B

0.00 |- 8 0.00 T e me il

| | | | | |
—0.10 -0.05 0.00 0.05 0.10 0.15 0.20 0.00 0_62 0,b4 O_bﬁ 0_68 0.10
ey B
(a) (b)

Figure 6.3: Description of the purely imaginary roots of U. (a) The parametric curve
(B%(y), 6% (y)), plotted with w = 1 and y € [0,15.57]. Each point of the curve corresponds
to a purely imaginary roots of U. (b) Purely imaginary solutions of U plotted in the plane
(B8, J), the value of m being fixed (m = 3/2).

6.2.4 Construction of the bifurcation point satisfying all the spectral as-
sumptions.

Let wy > 0 being fixed, chosen arbitrarily. Let yo := 25(1 — ) with ¢y > 0 (small) to be

wo wo
chosen later. Let 8o := 82, (y0) and do := 63, (yo). We have
Bo = €p + (’)(e%) as eg — 0.

and

wo ) 2
dy = — )<1+(7r)>63+0(63) as eg — 0.
w

We then have from (6.9)

ou
@(,80, do,u)o,iy()) = —Wy — (1 + 2iﬂ')€0 + 0(6%) as €y — 0.

This quantity is non-null provided that ¢y is sufficiently small. The implicit function theorem
applies and gives the existence of a C! function

(ﬂ7 (S,W) — ZO(B,é,OJ),
defined in the neighborhood of (g, dy, wo) and such that
U(ﬁ,é,w,ZO(ﬁ,(S,W)) = 07 with ZO(/BOad(]va) :Z?JO

Furthermore, one has

oU ; — e T+ 1w
S+ (Bo, dg, wo, . 1 “o 2
95 (Bo, do,wo,iy0) (6.9) 9 € wo +0O(ep) ase —0

(Bo,do,wo) = — :
9Y (B0, do, wo, iyo) wo  (2m)% + wd

9
95"
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and

U Wo. i X
U By, dy, wo, ) 2
a5 (Bo, do,wo, iyo) (6.9)  2im +O(eg) as ey — 0.

0
%Zo(/@mdo,wo) =-

%%(BO? dO,WO,iyO) wo
We finally set
do 1- dO
Oéoziew()_l, mo.:1+€w0_1,
and
mo + «
= 1
Jo(a) := z0(Bo, o fa 18 (mo e 1)),
such that
d 1—e 0 271+ dwy mgy — 1
el -9
daBO(aO) i wo  (2m)2 +wd (mo — 1 — ap)?
21 1
+ + O(eg) ase — 0.

wo (mo — 1+ ag)(mo + ao)
The second term on the right hand side is purely imaginary. So

1—e 0 (27)2 mo — 1
wo  (2m)% 4+ wd (mo — 1 — ag)?

d
%@30(0&0) = + O(ey) as e — 0.

This quantity is strictly positive provided that €y is small enough. By choosing the parameters
of the model to be 8 = By and m = myg, the Assumptions 5.3, 5.4 and 5.7 are satisfied at the
point o = «g. In particular, Assumption 5.4 follows from Proposition 6.4.

6.3 Numerical methods

6.3.1 Monte Carlo simulation of the particle system

We first give a straightforward Monte Carlo Euler scheme with constant time step Ay > 0
to simulate the solution of the particle system (1.1). We consider N > 1 particles and we
compute their membrane potentials (X%N)ie{l’...,N} at the discrete times {nA;, n > 0}.
Consider (Uﬁ)nzl,ie{h“, ~} a sequence of i.i.d. random variables uniformly distributed on
[0, 1], independent of the initial conditions (Xé’N)ie{L.,_ N} Givenn > 1 and (Xrifﬂ)z’e{l,--- NYs
the update rules are

N
Step 1. Sy == Lirri < pxY )

n—1
n—1

Step 2. X5 = X0N + Ap(XGN) + 430, 0.

Step 3. XN .= XN (1 — s5M).
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A variant is the following: replace Step 2. with
. A
KN = XN ap(x) + 2 tz FxN

Both schemes give similar results for N large enough. This method is easily implemented on
GPU. Using a simple Julia implementation, we can simulate up to N = 10? particles.

6.3.2 Simulation of the nonlinear Fokker-Planck equation

We give an explicit finite volume scheme to compute the solution of (1.3).The method is
adapted from the (implicit) 2D scheme given in [ACV19]. We work on the compact domain
[0, vmax]: we discretize it using a regular grid with N, subdivisions. That is, given N, € N*,
let A, = ”}1\}% such that

i . ; Ay Ay .
[0, Vmax] U Q" with Q' :=[v; — — Vi + 7] and wv; = - + A1 —1). (6.13)

We denote by A; the time step of the scheme. Let t,, := nA; and consider v(t,) the solution
of (1.3) at time ¢,. For i € {1,---,N,}, we compute the finite volume approximations

Up = (V%)ie{l,---,Nv} of l/(tn), that is
A 1 n
vy, ~ —(v(t"), La:).

v

We split the PDE (1.3) by writing
aty(t) = ‘C:ransport(yu)) + ‘Cjkump(y(t)%
with

:ransport(y) = _al‘ [(b + J<V7 f>) V]
'Cjkump(y) = —fv+ (v, f)do

Discretization of the transport operator

Consider a measure p and write ' := A%}(,u, 1qi). Hence,

Ny

(, f) = D> Foj). (6.14)

j=1
To discretize the transport operator, we use the following explicit upwind scheme (see [C1R52]):
1 1, a
K< Eansport(:u% ﬂﬂ’) ~ _K (FZJrl/Q(M) - F 1/2(,11,)) ) (615)
v

v
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with:
FY2(u) = N2 () = 0,

Vi+1/2(,u,) ,Ui7 if Vi+1/2(,u) >0

Vie{l,--- ,N,—1}, F*Y2() =< .
{ J () VAHY2(4) i+t otherwise

N,
) A “ )
i+1/2 . . v .
and  VHY2(p) = b(u; + 7) + AUJ]E:1 fvj)p’.

So the vector V(u) is a spatial discretization of b+ J(u, f). We used (6.14) to approximate
the interactions part J(u, f). Note moreover that

Ny

> (FH2 () = P2 ()) = FN2(0) - FU2(0) = 0,
j=1

so the scheme preserves the mass.

Discretization of the jump operator

To discretize the jump operator, consider a measure ;(0) and write again 1*(0) := Aiv (1(0), Loyi).
The PDE
atu(t) = 'C;ump(u(t))
translates to the following system of ODEs:
Nl(t) = _f(vi)ﬂi(t)7 Vie {27 e >Nv}
() = 3000 Foui(t),  fori= 1.
We solve explicitly this system and find:
:ul(t) = :ui(o)eif(vi)ta Vi € {27 e 7N®}
P (8) = i (0) + SN i (0)(1 — eI, for i = 1.

Note that this scheme preserves the mass and the positivity:

Ny Ny
VE>0, > p(t)=> p0) and Vie{l,--- N}, [@(0)=0] = [u(t)>0].
=1 =1

Update rules

Overall, the update rules are the following. Given v, = (V%)i€{17...7 N,} an approximation of
the solution of (1.3) at time t,, we set for all 4 € {1,--- , N, }:

N .Y i+1/2 i—1/2
H = vh = 3 (F20m) = 7 P20)).

e A e (2,0 N}
)

A .
" {ﬂnﬂ + Zév:l}Q %H(l — e fW)Av)  for ¢ =1.
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That is, we first apply the transport operator, and then the jump operator.

Remark 6.5. Let S4(t) be a semi-group with generator A. The semi-group Saip(t) with
generator A+ B is obtained by the following Dyson-Phillips series (see [EN00, Th. 1.10])

Sars(t) = Z Sit (),
n=0

with S, (t) = Sa(t) and Sgig(t) = fg Sa(t —s)BS}, g(s)ds. We only keep the first two
terms of the series and use the following approximation, valid for A small enough

Ag
SA+B(At) ~ SA(At) + SA(At — S)BSA(S)dS ~ SA(At) + SA(At)AtBSA(O)
0

= Sa(At) (I + A¢B),

using that S4o(0) = I, I denoting the identity operator. Our updates rules are finding by
choosing A to be the jump operator and B to be the transport operator.

Adaptive time steps

An important refinement of this method is to use adaptive time steps. The length of the
time step is chosen such that the Courant—Friedrichs—Lewy stability condition holds, namely:

VnmaxAn
4Av L S Cmax S 1. (616)
with

Ve = max  [VI2(,).
i€{1,-- Ny}

That is, we chose the n-th step size to be

n CraxAy
At - }/max °

The parameter Cyax < 1 is the Courant number of the scheme.

6.3.3 Comparison of the two schemes

We compare numerically the order of convergence in time and space of the two schemes. To
do so, we choose b(z) = 1 — z, f(z) = 2, J = 1/2 and the law of the initial condition Xj
is the uniform probability measure on [0,3/2]. Using both schemes, we then estimate the
value of E f(Xp) with T'= 2. We compare the results to a reference value. In Figure 6.4, we
plotted few approximations of the jump rate ¢ — E f(X;) using the two schemes with different
parameters.

€1 o(N2), while the time

complexity of the Monte Carlo Euler scheme is O(]X—f). To fairly compare the two schemes,

The time complexity of the finite volume scheme is O(ZX—’;)
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given 6 > 0 (small), we choose the parameters N,(J) (for the finite volume scheme) and
N(8),A¢(0) (for the Monte Carlo Euler scheme) such that

1
WHON

v

O~

and
_A(9)

N2
With this choice, the computation time of the two schemes is, in both cases, of order O(1/4).
For the finite volume scheme, we choose

o=

)

~—

For the Monte Carlo Euler scheme, we choose
Ay(6) =63, and  N(6) = |67%/3].

We compute the reference value E f(X7) ~ 0.62427. To do so, we used the finite volume
scheme with N, = 40000. We report, for different values of §, the errors of the two schemes
with respect to this reference value. We find that the error of the Monte Carlo Euler scheme
is proportional to §/3 (see Figure 6.6), while the error of the finite volume scheme has an
error proportional to §/2 (see Figure 6.5). This suggests that the two schemes are not
asymptotically of the same order. To estimate E f(X7) with an accuracy of €, the Monte
Carlo Euler scheme needs a computation time of order O(e~3) while the finite volume scheme
only needs a computation time of order O(e~2).

Comparaison of the Monte Carlo Euler scheme and the Finite Volume method

0.75 —— Monte Carlo, N =103 ||
—— Monte Carlo, N = 10*

Q —— Monte Carlo, N = 10°
= 07 NN e Finite volume, N, = 4000 | |
=
[}
=
= 0.65 7
o,
g
=
e
0.6 - 7

Figure 6.4: We compare the Monte Carlo Euler scheme, described in Section 6.3.1, to the finite
volume scheme of Section 6.3.2. We choose f(z) = 2%,b(z) = 1 —x and J = 0.5 and simulate
up to T' = 2. The initial condition is the uniform probability measure on [0,3/2]. For the
Monte Carlo Euler scheme, we choose a time step of A; := 107* and the number of particles
N € {103,104,105}. For the Volume finite method, we choose Ci.x := 0.5, N, = 4000,
Umax = 3.0.
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The error of the finite volume scheme scales as V9. The computation time scale as 1/4.

T T = ‘ ‘ ‘ ‘ ‘
L ] L]
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(a) (b)

Figure 6.5: For 100 values of § randomly chosen in [107,1072], let N,(8) := [1/+/5]. This
parameter is used to compute an approximation of E f(X7) using the finite volume scheme.

We report the normalized error Ei;(gé) as a function of §. This suggests that the error rate of
the scheme is of order v/8, while the computation time is of order 1/§. Parameters f(z) = z2,

b(z) =1—x, Cpax = 0.1, J = 0.5, vpax = 3.0.
6.4 Numerical stability of an invariant probability measure.

Given some interaction parameter Jo > 0, consider vgo an invariant measure of (1.2). The
constant «g > 0 satisfies ag = Jyy(ap). We have seen in Chapter 4 that the (local) stability
of vgo can be determined by inspecting the location of the roots of the holomorphic function

z = JO@ao (z) — 1, where O,,(t) is given by (4.8). By Theorem 4.13, local stability holds
when all the roots have negative real parts. The goal of this Section is to provide an effective
algorithm to compute these roots, in order to decide numerically if v57 is locally stable or not.

The idea is the compute numerically the eigenvalues and the eigenvectors of the generator of
the linearized Fokker-Planck equation. The nonlinear Fokker-Planck equation (1.3) writes

v = F(v),
with
F(v) = =0y [(b+ Jo(v, ))V] = fv + (v, f)do.

We have F(v5:) = 0 and so for ¢ = v — 157, the linearized Fokker-Planck equation informally

writes

¢=D,F(v2)- ¢

UL £ (6) + Bay (0).

We study the eigenvalues and the associated eigenvectors of L}, (¢) and of D, F(vg°).
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The error of the Monte Carlo scheme scales as §'/3. The computation time of MC scales as 1/5
T T ‘ ‘ ‘ ‘ ‘ ‘
1 - —
. .o”
@ (1]
0.5 £ 200) . ® .
L]
= 0 5 o .
=2 E LR
= : .
g2—05¢ g 100} o |
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O .
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~15} | of e*° 1
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0 J 1075
(a) (b)

Figure 6.6: For 5000 values of § randomly chosen in [1079,1071], we let N(§) := 62/3 and
Ay(8) := 6'/3. Those parameters are used to compute an approximation of E f(X7), using
the Monte Carlo Euler scheme described in Section 6.3.1. We report the normalized error
E;f};f ) as a function of §. This suggests that the error rate of the scheme is of order §'/3, while
the computation time is in 1/5. Parameters: f(z) =22, b(x) =1—x2,J =0.5,T = 2.

Claim 6.6. Let zg be an eigenvalue of the linear operator L}, , with R(z0) > —f(0a,). Then,

it holds that Ky (20) = 1. Conversely, if Kay(20) = 1, then zo is an eigenvalue of Ly, and
an associated eigenvector is

v (da) = b()+a0 (/f W )waao)(x). (6.17)

Remark 6.7. In particular, 0 is an eigenvalue of L7, ~and vg; is the associated eigenvector.

Recall that for z # 0, IA(QO (z)=1 1) ﬁao(z) = 0. So the other eigenvalues of L}, (¢) are

the zeros of I;Ta. Therefore, to compute the complex zeros of PAIQ, it suffices the compute the
eigenvalues (of a discrete approrimation) of Ly,

Proof. Using that v is the invariant probability measure, we have L7 v5o = 0, and so 0

is an eigenvalue. Consider now zg # 0 another eigenvalue and let ¢(0) be the associated
eigenvector. Consider ¢(t) defined by

(t) = e*'(0). (6.18)

Using that £}, #(0) = 204(0), we deduce that ¢(t) solves

O(t) = L5, 0(t).

Note that the semi-group associated to L, preserves the mass, so

Ry

(t)(dx) = ™' A $(0)(dx) = A ¢(0)(dx).
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Because zg # 0, it necessarily holds that

¢(0)(dz) = 0.

R4

Let rg(()o) (t) = (p(t), f). It solves the Volterra integral equation (1.14):

t
réO ) = K$O(t) + /0 Koo (t — w)r?0 (u)du.

@0
Taking the Laplace transform and using (6.18), one has
(0(0), ) = (2 = 20) K& (2) + (#(0), ) Koo (2).

Moreover, we necessarily have (¢(0), f) # 0, otherwise #(0) = 0. One deduces that IA(QO(ZO) =
1. Reciprocally, if I?ao(zg) = 1 with 29 # 0, one can check that v, given by (6.17), is an
eigenvector of L}, associated to zo. In particular the changes of variable y = ¢°(0) and
z = ¢;°(0) in (6.17) yields

i (o) = / e (— / tf(cpffo(O))du)dt A ()= 0.

Define

We have similarly:

Claim 6.8. The linear operator D, F'(v5) has 0 as eigenvalue, with an associated eigenvector
given by
i
—K
da

vy’

a=ag

Consider zg € C*, with R(z0) > —\},, another eigenvalue. Then it holds that JO@QO(ZO) =1.

Proof. First, we have for all « > 0, F(k(a)ry®) = 0. We differentiate with respect to « this
equality and find:
d

DVF(VOO) : %/‘i

«aQ

=0.

a=agp

(@)vg

This shows that 0 is an eigenvalue. Second, the nonlinear Fokker-Planck equation conserves
the mass. So for all v
F(v)(dz) = 0.
R4

Z/OO

Differentiating at v = vg;

with respect to v, we have for ¢ = v — v3°

/ [D,F() - 6] (dx) = 0.
Ry
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In other words, D, F'(vg7) is also mass conservative. Consider zg € C* with R(zp) > —\} an
eigenvalue of D, F(130), associated to the eigenvector ¢(0). Then ¢(t) := e®'¢(0) solves

¢(t) = Dy F(vg;) - (1)
Because D, F'(vg) preserves the mass and because zg # 0, one deduces that
o #(0)(dx) = 0.
Moreover, we have .
| @) £ o

Indeed, proceed by contradiction, if (¢(0), f) = 0, we have B,,¢(0) = 0 and so zp is an
eigenvalue of L7, -

Dy F(vge)¢(0) = L5,¢(0) = 200(0).

But we have seen that 0 is the only eigenvalue of L}, satisfying R(z) > —A; . We now use
(4.14). One has

o0, 1) = [ 72,000+ [ Ouli = ) (6(0). 1)
We take the Laplace transform and obtain for all z € C with R(z) > R(z0):
L= Gag(2) 4 B (2).
with o o
Goo(2) = ﬁ /0 /O e~ (£)$(0) (da) dt.

We deduce that Joéao (z0) = 1. This ends the proof. O

To approximate numerically the eigenvalues of D,F(v5), we approximate D,F(vgo) by a

matrix of size N, X N,, using the Finite Volume method described in Section 6.3.2.

Discretization of the transport operator

Given a measure v and i € {1,---, N, }, we set v! := A%J(,u, 1g:i), where A,,Q; are given by
(6.13).

Consider g : Ry — R. We approximate the transport operator —d,(gv) using the same
upwind-scheme than in (6.15). Because here —0;(gv) is a linear operator, this approximation
can be written as product between a matrix of size N, x N, and the vector (17);eq1,... n,}:

1

A (O (o@w), Lo} ~ [ L - ()]

i
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Here, L35S is the following tridiagonal matrix:

9]
1 _
trans .~ +1/2 1/2
L™ = —% (M2 = 1,2 (6.19)
where the matrices ]\/.I'[Jgr]l/2 and ]\/.I'[Jgr]l/2 are given by, for all 4,5 € {1,--- , N, }:

g(v;+1/2), if j=1i, i < N, and g(v; +1/2) > 0
(M[;]lm), =1 g(vi+1/2), ifj=i+1andg(v;+1/2)<0
Z?]
0, otherwise.

and

gvi—1/2), ifj=i¢—1and g(v; —1/2) >0
(M[;]lﬂ) ={g(i—1/2), ifj=i, i>1andg(v; —1/2)<0
i,

0, otherwise.

Discretization of L7,

Recall that £}, v = —0.[(b+ ao)v] — fv + (v, f)do. We approximate the transport part
—0; [(b+ ap)v] using the matrix Lfgf(fo] (given by (6.19) with ¢ = b+ ap). The jump part

—fv + (v, f)do is approximated by the following matrix L/"™P  defined by:
—f(v;) ifi=jandi>1
Vi j e {1, No}, (L"™P);; =< f(v;) ifi=1andj>1 (6.20)
0 otherwise.
Overall, L7, is approximated by the matrix Lfgj‘rrso] 4+ [jump,

Discretization of D, F(v27)

Recall that D,F(vge) = L}, + Bay. It remains to explain how to approximate Bu,¢ =

—Jo{®, f)Ovg,. First, to approximate J,v5, we compute the eigenvectors/eigenvalues of

the matrix Lfgirifo] + [JUmP. This matrix has 0 as eigenvalue. Let VSE’N’” be the associated
eigenvector, normalized such that

Ny

Yova) =1

j=1

Hence vg, " is an approximation of the invariant measure Vao. We then approximate 9,v5;

by the vector
Ltrans 00,Ny

0] Yeo
where Lfﬁ"“s is given by (6.19) with g = 1. Finally, we approximate the operator B,, by the
matrix B,,, given by

Vij € {L- NoYs (Bag)ig = —Jof () L™ vis™] 0. (6.21)
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6.4.1 Overall algorithm

We summarize the algorithm to compute the zeros of z — f]ao (z) and z — J(ao)@ao(z) -1

Input: b, f and ag > 0.
Discretization parameters: N, € N* and vyax > 0 (see (6.13)).

Step 1. Compute the matrix Ly, := L‘f;i‘;f‘o} + L' using (6.19) and (6.20).
oo

Step 2. Compute the eigenvalues, eigenvectors of L,,. Let VaO’N” be the eigenvector associ-
ated to the eigenvalue 0. Normalize it such that

N
S v () = 1.
j=1

Return the other eigenvalues, which are approximations of the zeros of z — I;Tao(z).
Step 3. Compute Jy by

Qo
Ny No ("
Zj:l fvj)vag ™ (7)
Step 4. Compute the matrix B,, using (6.21). Compute the eigenvalues of Lo, + Ba,,
remove the value 0. Return the other eigenvalues, which are approximations of the zeros of

~

z = J()Oq(2) — 1.

Jo =

6.4.2 Numerical validation of the algorithm

We validate numerically the algorithm using the analytical example of Section 6.2.

We choose f to be the step function given by (6.3) (with 8 = 5y to be specify) and b(z) =
mo — . Let wp := 1 and yo := 2w(1 — 0.1). We choose:
Bo == By (wo),  do = 2, (y0),
where the functions 87, and 63 are given by (6.11). We then define o and mg using (6.6):
do 1 —dy

ao::@wo_l’ and mo::l—i—ewo_l.

~

With this choice of parameters, the zeros of z — J()BOq,(z) — 1 are given by the solutions
of (6.7). Moreover, it holds that the pair of imaginary numbers +iyy are solutions. We report
in Figure 6.7 a computation of these zeros using the algorithm of Section 6.4.1 and compare
the results to the “ground-truth” given by (6.7). We choose vmax = 2 and NV, € {4000, 8000}.
We find a good match between the ground-truth and the zero computed with the algorithm
of Section 6.4.2 (see Figure 6.7).

6.4.3 A complete illustration

We finally illustrate the algorithm with a numerical analysis of the following example:

Ve >0, f(z):=2" bx):=2-2a.
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Estimation of the zeros of z — J(ag)(:)ao(z) —1.

20 T T T
— —RG(z) =0 ||
15L —QG(2) =0 4
X N, = 4000
R + Ny =8000 ] |
10 F -
—
5 ——— % —
] 0
—5F — i
————
10 L =
——————=¢
_15E i
—
——
_20 | | | | | | | |
-1 —-0.8 -0.6 -0.4 —0.2 0 0.2 0.4 0.6 0.8
R

Figure 6.7: Estimations of the zeros of z — J (ao)@ao (z) — 1 using the algorithm described
in Section 6.4.2. The exact setting is described Section 6.4.2. We used vpmax = 2 and N, €
{4000,8000}. Let G(z) be the function defined by (6.7). The zeros of G match with the
zeros of z — J()Oaq(2) — 1. The blue curve corresponds to the solution of the equation
RG(z) = 0, while the red curve corresponds to SG(z) = 0. Hence, the points where the
two curves intersect are the “true” zeros of G. With our choice of parameters, it holds that
+i27(1 — 0.1) & £i5.655 are a pair of zeros of G. With N, = 8000, the algorithm computes
the pair of zeros —0.004 4 i5.653. Overall the error is or order 4 - 1073.

We have seen in Figure 5.1 a simulation with J = 0.8 featuring stable oscillations. We now
give the bifurcation diagram. First we find numerically that the function o — J(«) := ﬁ is
strictly increasing. So, for all J, (1.2) has a unique invariant measure. We compute its stability
using the algorithm of Section 6.4.1. We find two Hopf bifurcations: one for J = 0.71 and the
other for J ~ 1.06 (see Figure 6.8(a)). Overall the invariant probability measure is stable if
J < 0.71 or J > 1.06, and unstable for J € [0.71,1.06]. For J € [0.71,1.06], we compute the
stable periodic orbits and report the period 7" as a function of J (see Figure 6.8(b)) and the
following minimum and maximum

in JE f(X E f(X
tg[l(}’r%}J f(X¢) and trer[l&}(]J f(Xe)

as a function of J (see Figure 6.8(a), purple curves). Finally, we plot the periodic orbit for
J = 0.72 (Figure 6.8(c)) and J = 0.80 (Figure 6.8(d)).
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Bifurcation diagram The period of the periodic orbits
5 T T T T = T T T T
— stable =Hopf bifurcation points
------ unstable
41 ___ stable periodic } Ly N
orbits
;‘.: 3 H Hopf bif. 4 &~
n . =
= points Rl 0sl |
= g
~ 2 a A~
1 [ -
0.6 - :
0 1 1 1 1 1 1 1 - 1 1 1 1
05 06 07 08 09 1 1.1 0.7 0.8 0.9 1
J J
(a) (b)
2.0 2.00 2.0 2.00
1.75 1.75
15 1.50 1.5 1.50
1.25 1.25
x 1.0 1.00 x 1.0 .
0.75 X
0.5 0.50 0.5 X
0.25 X
0'8.00 0.25 0.50 0.75 1.00 0.00 O'8.00 0.25 . . . :
T T
(c) (d)

Figure 6.8: (a) Bifurcation diagram for f(x) = z!° and b(x) = 2 — 2z. The black curve is
computed using the algorithm described in Section 6.4.1, with N, = 1000 and vpax = 2. We
find that the unique invariant measure is unstable for J € [0.71,1.06]: for this example, (1.2)
exhibits two Hopf bifurcations, the first one at J ~ 0.71 and the second one at J = 1.06.
For J € [0.71,1.06], we compute the stable periodic orbit and report the minimum and the
maximum value of t — JE f(X;) over a period (the two purple curves), as well as the period
of the solution as a function of J (see (b)). (c) We plot the periodic orbit for J = 0.72, that is
close to the first Hopf bifurcation. Note that the solution is close to the invariant probability
measure. (d) For J = 0.8 however, the periodic orbit is far from the invariant probability
measure.
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