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Abstract: This thesis contains two parts, which both concern the
study of Partial Differential Equations whose unknown takes
values into a manifold. The first part is motivated by the
mathematical study of liquid crystals. Harmonic maps are a
simplified model. First, we study the Dirichlet problem for
harmonic maps between the disc and the sphere. We answer
completely to the question of the multiplicity of solutions with
respect to the boudary datum. Then, we consider the heat flow
associated to harmonic maps between two riemannian manifolds
and we prove the existence of a global smooth solution to the
Cauchy problem for "small" initial data. Eventually, we construct
weak solutions for this flow and for the flow associated to
relaxed energies . A non-uniqueness result is also given.

The second part is devoted to the study of the Cauchy problem
for the Ishimori equations that describe the evolution of a system
of spins in ferromagnetism. We prove the existence of a global
strong solution for "small" initial data.

Key words: Harmonic maps, Heat flow for harmonic maps,
Ishimori equations.
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0. Introduction,

Cette thése est constituée de deux parties dont le point commun
est I'étude d'équations aux dérivées partielles ou l'inconnue est
assujettie a prendre ses valeurs dans une variété. La premiére partie
est motivée par [|'étude mathématique des cristaux liquides et
concerne les applications harmoniques qui sont un modéle simplifié. La
seconde partie traite des équations d'Ishimori en ferromagnétisme
classique.

| Applicati | ues.

Un cristal liquide est constitué de molécules allongées dont
I'orientation moyenne au point x peut étre représentée par un vecteur
unitaire u(x).

Ainsi une configuration du cristal contenu dans un récipient Q est modélisée
par une application

u: @->R3 ,lul=1. On lui associe une énergie libre dite d'Oseen-Franck:
= 1 N2 2 2
E(u)= Ef [K1(d|vu) + Ka(u.rotu)“+ Ks(uarotu) ]dx
Q
Une configuration physique du cristal correspond a un point critique de
cette fonctionnelle d'énergie. Dans le cas ou les trois constantes sont

égales, et si on fixe la donnée au bord, minimiser cette énergie revient a
minimiser l'intégrale de Dirichlet:

E(u) = f |vulPdx .
Q

Une application u, point critique de cette énergie est dite harmonique
et vérifie au sens faible I'équation d'Euler suivante:

-Au = u|Vu|2.



Considérons le probléme de Dirichlet suivant:

-AU = quIz
(1.1)
W =Y

ol Q ={(xy) € R2, x2+y2 =1},u: R2> RS, |u|=1 ety:3Q » S2.

Nous étudions la multiplicité des solutions de (1.1.) en fonction de la
donnée au bord y. Concernant ce probleme, H.Brézis, J.M.Coron [1] et J.Jost [2]
ont montré indépendamment que lorsque y n'est pas constante, il existe au
moins deux applications harmoniques distinctes solutions du systéme (1.1).
D'autre part, on sait que la seule application harmonique correspondant a une
donnée au bord constante est I'application constante.

Nous donnons une description compléte du nombre de solutions en
fonction de l'application y. Notons = la projection stéréographique du pdle
nord de la sphére sur le plan équatorial; noy est alors une application du bord
du disque dans le plan complexe. Notre résultat est le suivant:

Théoréme: Si noy (eie) n'est pas une fraction rationnelle, il y a une infinité
de solutions au probléme (1.1).

Si noy (/%) est une fraction rationnelle de la forme P(e!®)/Q(e'®),
ou P et Q sont deux polynémes premiers entre eux, il y a exactement n
applications harmoniques minimisantes dans leur classe d'homotopie, ou
n=Max(degP,degQ).

r le fl ié
harmoniques.
La notion d'applications harmoniques s'étend a des applications allant d'une

variété riemannienne M dans une autre variété N plongée isométriquement

dons R M. On définit I'énergie d'une telle application:
ou odu

E(u)=;- gii(x )—l ;d\ﬁ et on s'intéresse dans ce chapitre au flot L2
ox X
M

associé a cette énergie:



2% v = ol A (22,55

axi axi
1.2)

u(x,0) = ug(x)

ou A est la deuxidme forme fondamentale de N. J.Eells et H.Sampson ont
utilisé les premiers ce flot pour déformer continiment une application ug en

une application harmonique u., dans le cas ou la courbure sectionnelle de la

variété N est négative (c.f. [3]).

Lorsque la courbure sectionnelle n'est pas partout négative (par exemple
dans le cas ou N est une sphére euclidienne), le probléme de I'existence d'une
solution définie pour tout temps est plus délicat. M.Struwe et Y.Chen
([4],[5].[6]) ont récemment construit des solutions faibles et ont décrit les
singularités éventuelles. J.M.Coron, J.M.Ghidaglia [7] ainsi que Y.Chen,
W.Y.Ding ([8],[9]) ont montré qu'il existe des données initiales pour lesquelles
la solution de I'équation (1.2) explose en temps fini. Notre résultat principal
dans ce chapitre, qui se rapproche de celui de J.Jost [10] est le suivant:

Théoréme: il existe une constante € telle que si la donnée initiale ug vérifie

up: RM-N, Vugelp, etlVugl mse,alors il existe une solution réguliére

u(t) au probléme (1.2) définie pour tout temps, qui converge vers une
application constante lorsque t— +eo.

F.Bethuel, H.Brézis, et J.M.Coron ont introduit la notion d'énergie relaxée
(c.f. [11]) qui leur a permis de construire une infinité de solutions au

probléme de Dirichlet de la boule unité de R3 dans la sphére S2. Le but de ce
chapitre est de construire une solution faible pour le flot associé aux
énergies relaxées E, (Ae[0,1], A=0 correspondant a lintégrale de Dirichlet),

c'est-a-dire une application u vérifiant:

N _Au=dv
ekl yvuf

(1.3) u(x,0) = ug(x)

\u(x,t) = y(x) xeoB3



aul

ou u € H1(B3%(0,T);S2) et Ex(u(t)) + -
t

< Ea(ug), Vt20.

0

Nous utilisons pour cela une discrétisation du probléme en temps qui
revient & résoudre a chaque pas de temps nAt un probléme de minimisation.
Nous démontrons également qu'il existe une infinité de solutions de
I'équation (1.3).

| bléme de Cauct los équations d'lshimori

Les équations d'Ishimori décrivent I'évolution d'un systéme de spins
dans un milieu ferromagnétique:

Si=SA(Sxx-ESyy)+b(dxSy+0ySyx)

(2.1)

ol S est une application de R2 dans R3 vérifiant |Sl=1, b une constante de
couplage et € =t1. Ces équations sont intégrables par la méthode de diffusion
inverse (cf.[12]). Nous nous intéressons uniquement & I'équation
correspondant a e=+1, et nous montrons que le probléme de Cauchy est bien
posé lorsque les données initiales sont suffisamment petites. Pour cela,
nous utilisons la projection stéréographique de S comme nouvelle variable et
nous étudions une équation de Schrodinger non- linéaire:

{iut+uxx-uyy=F(u)+G(u)
(2.2) Ad=4i

u(x,y,0)=ug(x.y)

ol F(u)=—2U_(U3-u3) , G(U)=OxUy+dyUx , €t U = S +iS
14HuP 1483
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The Dirichlet problem for harmonic maps from the disc
into the 2-sphere

Alain Soyeur
Laboratoire d’Analyse Numérique, Université de Paris-Sud,
91405 Orsay Cedex, France

(MS received 4 January 1989)

Synopsis
We consider the Dirichlet problem for harmonic maps from the disc D? into the sphere S2, with

prescribed boundary values y: 3D*— S2, and we prove that if y is not a rational function, one can find
infinitely many nonhomotopic harmonic maps which agree with y on 3D

1. Introduction and notation

We consider maps in the class € = {u € H'(D? R%);|u| =1 a.e. and up: =y},
where D*={z€C,|z|<1}, aD*=S'={zeC,|z|=1} and yeC'(S' S? is
given with S = {u € R?| |u| =1}. € is nonempty, and we define the energy of a
map in € by:

E(u) =% Lz |Vul? dx dy. (1.1)

For convenience, a map in € will also be considered as a map from D? to
CuU {=}, the target space being endowed with the conformal metric 4(1+
|u|?)~2 dz dz, corresponding to the stereographic projection on the equator plane
from the north pole. The energy of u is then:

4 _
E(u)= foz m (lu,)? + |u:|?) dz dz. (1.2)

The map u is harmonic if and only if it is a critical point for E. The Euler
equation is:

2a
1+ a2
if u: D*— U {=} (see for example [2, 1.34]). Given two maps u and v in £, we

define the map u * v from S? to S?, gluing together u in the lower hemisphere and
v in the upper one:

—Au=ul|Vu|®* or u,;= u;,

u(z) if|z|=1,

o (1.3)
usv(z)= u(%) if |z] > 1.

It is easy to see that

%LIlezdxdy = E(u) + E(v).
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The degree of the map u * v is given by Q(u) — Q(v), where

0@ =72 [ uluAu) dx dy (1.4)

if u: D*— S? (see [1)]), or

1 1 —
Q)= [ o () d (1.5)

if u:D*—>CU{=}. Let u be a minimiser of the energy in & and define
& ={uee; Q(u) — Q(u)=k}. As a consequence of the density theorem of (6],
the &.s are the connected components of £. Define also $, = Inf { E(u); u € &,}.
We say that u is a minimising harmonic map, if « is in & and E(u) = $,. H.
Brezis and J. M. Coron (1] and J. Jost [2] have shown that if y is not constant,
there exist at least two minimising harmonic maps « and @ with |Q(u) — Q(a)| = 1.
The main difficulty in proving that #, is achieved by u in g, is that & is not
closed under weak H' convergence. Using similar ingredients as in [1, 3, 4], and
suggestions of C. Taubes and K. Uhlenbeck, we prove the following result.

THEOREM 1.1. Assume that y(e‘®): 3D>— C U {=} is not a rational function of
€. Then one can find infinitely many non-homotopic minimising harmonic maps
in €.

2. Proof of Theorem 1.1

LemMA 2.1. If two maps u, and u, in € N C’(D? CU {=}) are such that u,(z)
and u,(z) are meromorphic on D?, then y(e‘®) is a rational function in e‘®.

Proof. The map u,*u, is a meromorphic function from (CU {®})\S;, to
CU {=} and continuous on S'. By Morera’s theorem, it is a meromorphic
function from S? to S? and hence a rational function. Since y agrees with u, * u, at
{lz]| =1}, it is also a rational function. O

We then deduce the following alternative, if y is not a rational function:
either

for all u € C'(D?; CU {=}) there exists b € D? such that u;(b) #0, (2.1)
or
for all u € C'(D?, CU {=}) there exists b € D? such that u (b) #0. (2.2)
In what follows, we assume that (2.1) holds. Case (2.2) is similar.
Lemma 2.2. If E(u,) = 3, for some u, in &, then
HK<I +4an(l—k) fork<l. {2.3)

Proof. The idea is to modify u on a small disc to make it cover S one more
time. We first show that #,., <, +4x. By Morrey’s regularity theorem [5],
since u is a minimiser, it is C* in D2 Moreover, one can find b in D? such that
u;(b) #0. Without loss of generality, assume that b =0 and u(b) =0. Taylor’s
formula gives: u(z) =az + bz + g(z), with g(z) = O(|z|?). Let n be in C*(D?, R),
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0=n=1, n=0 on a neighbourhood of {|z|]=¢}, n=1 on a neighbourhood of
{Iz| Z2¢} and |Vn| =ce~". Define then

az + €’bz ™! if |z| =,
az +bz +n(z)g(z) if|z]|>e.

ue(2)={

u, is continuous and Q(u) — Q(u.)=1. So, u, is in &.,,. Now, compute the
energy of u,:

E(u.)= E(“) - E|z|<£(u) + E|z|<€(aZ + bezz")
| + E.5:1s2:(az + bZ + n(2)g(2)) — E.5252:(az + bZ + g(2)).

Here, E  means that the integral must be taken on the specified domain.
Since the map az + be’z ™! is conformal, its energy and the area of its range on
$? are equal. Hence, E, s.(az + be*z"') = 4. Since

u(0)| =161 %0,  4(ju-|*+ |ul)(1 + |u) 7?2 6

for some positive 6 and |z| small enough, E ;. .(u) =4xSe”. Using (1.2) we find
that the difference of the last two terms is less than

e 19(n =19l 1V(2az + 262 + (n - V) d2 &z
eS3|z|=2e

sc[  (Vnllgl+nl VgD d= T2
€S|z|=2e

ce’.

A

So we have: E(u,)=E(u)+4x — 436> +ce’. For & small enough, E(u,)<
E(u) + 4. Since u:(0)+#0 in a neighbourhood of 0, we can repeat the same
construction on / small discs to obtain the strict inequality (2.3).

Remarks 2.3. (i) Lemma 2.2 is a generalisation of results in [1] and [3]. The
proof has been suggested to us by C. Taubes and K. Uhlenbeck.

(ii) If the alternative (2.2) holds instead of (2.1), consider u, = €2az~" + bz for
|z] < € and show that

(iii) The following inequality always holds (see [1, p. 212]):
=S +4an|l—k| fork,leZ. (2.5)

Proof of Theorem 1.1. %, = Inf {E(u); u € €} is achieved by some map u, and
by Lemma 2.2 and (2.5), #, < $, +4x(l — p) for p =0<!. Suppose that $,_, is
achieved and that

$H<$,+4n(l-p) forp=k-—-1<l (2.6)

Take 4" a minimising sequence in €,. For a subsequence (still denoted by u"), u”
tends weakly to some map u in H'(D? R®). Let v" =u" — u. We then have (see
(1, p- 208)):

4t |Q(u") — Q(u)| = E(v") + o(1). 2.7)
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Moreover E(u") = E(u) + E(v") + o(1), and therefore:
4 |Q(u™) — Q(u)| + E(u) = % +o(1). (2.8)

We now have two possibilities:

First case: u € g with | < k. But from (2.8) we should have 4x(k — 1) + = 44,
a contradiction with (2.6).

Second case: u € g with | Zk. We have, using (2.8) and (2.5), 4xn({ — k) +
E(u)= 9% = % +4x(l — k), and therefore, E(u) =.#,, which shows that u is a
new minimising harmonic map in g. Moreover, using (2.3) and (2.5), we verify
that

$,<$+dnx(q-1)=9,+4x(q—p) forp=Il<gq.
This construction can go on and we find infinitely many harmonic maps in &.

Remarks 2.4. (i) We did not prove that each %, is achieved, and this is an
interesting open question. P. L. Lions has already shown [4] that if # <
S +4nx |k —1| for 0=1=2k, then #, is achieved. We can now say when
minimising sequences escape from &;: if u is the limit of a minimising sequence in
€, and if u is in g, [ <k=>u is meromorphic on D? and [>k>u(z) is
meromorphic on D? (otherwise we would have the strict inequality (2.3) or (2.4)
which is impossible from (2.8)).

(ii) When (2.1) holds we have %y +4x(l — k)= E(u)+4x(l — k)= %, + 4nk.
This shows that [ <2k. So, %, is achieved, %, or #;, %, or $5 or F, are achieved,
etc. When (2.2) holds, #_,, $_, or $_;, etc., are achieved.

3. The case where y is a rational function

We first recall a lemma from [1].

Lemma 3.1. Let ® in L*(C; S?), with V& in L*(C; R>). We always have the
following inequality:

1
2
and if equality holds, the stereographic projection of ® is a rational function in z
orZ.

=

I D(P,AD,) dx dy
C

f |V®|? dx dy, 3.1)
C

Proof. The inequality is obvious since |®|=1. Suppose that equality holds.
From (1], we know that @ is C”. If ¥ and x denote the stereographic projections
from the north pole and the south pole, using (1.2) and (1.5) we find:

(&), =0 almost everywhere and (zx®); = 0 almost everywhere (3.2)
or

(& ®) =0 almost everywhere and (z®), =0 almost everywhere. (3.3)

Assume for example that (3.2) holds. The poles of 7P correspond to the zeros of
zr® which are isolated. As a consequence, ;¥® is a holomorphic function from S?
into S2 and therefore a rational function.



15

The Dirichlet problem for harmonic maps 233

3.1. A simple example

We consider an instructive example similar to the one treated in [1]. Take
y(e‘®) = ae”® with a>>2n — 1. Let u(z) =az~" and &(z) = az".

THEOREM 3.2. u is the only absolute minimiser in €, u is in &, 4 is in &, and for
0=k =n, % is achieved. Otherwise %, is not achieved.

Proof. Using (1.2) and (1.5) we obtain
E(u) =4an(1 +a%~!,
E(a)=4an(1 - (1 +a>™),
Q(u) — Q(a) = 4an.
Claim: u is the unique minimiser in &.
Suppose that one can find a map v in &€ such that |Q(v) — Q(u)|=1 and
E(w)=E(u). Then 4x =47 |Q(v) — Q(u)|= E(v) + E(u) and so E(v)=4n(1 —

n(l+a%)~")>E(u) (because a’>2n—1). If now Q(v)=Q(u), w=a*v
satisfies 4tn = 4 |Q(v) — Q(a)| = E(v) + E(a) =4nn.

By Lemma 3.1, w is a rational function which agrees with e”*? at S', so v =u.

Claim: If k ¢ [0, n] %, is not achieved: if v is a minimiser in £_,, (kK >0), we
have

an(k +n) =47 Q) + Q(a)| = E(v) + E(@) = E(u) + E(a) + 4nk = 4n(n + k)

(we use (2.5)). From Lemma 3.1, w = & * v is a rational function and hence v =y,
a contradiction. When k& > n, the proof is similar (consider w = u * v).

Claim: If k € [0, n], $, is achieved. Remark first that if u in g is a minimiser,
1 €]0, n]>u(z) is not meromorphic, and / € [0, n[ > u(z) is not meromorphic.
Indeed, u * u (or & * u) would be a rational function and { =0 ( = n). Now take a
minimising sequence in &, and if u is the weak limit, u cannot escape from &, (see
Remark 2.4(i)). The proof is complete. O

3.2. The general case

y(e'®) = p(e‘®)/Q(e*®), where P and Q contain no common irreducible factor.
Define
o1 /of1) aa e o P@
wor=r()/(2) wm s0-22

A direct computation shows that & and u have finite energy, and belong to €.
Moreover, since (P/Q); =0, E(a) + E(u) = 4x |Q(a) + OQ(w)|.

THeEOREM 3.3. Let n =|Q(i) — Q(u)|, and u be in €,. Then, if k is in [0, n], $,
is achieved. Otherwise, %, is not acnieved.

Proof. If v is a minimiser in £€_, (kK >0), w = a * v is analytic, since
da(n+k)=4x|Q@)—QW)|I=E(@)+ E(v)=E(a)+ E(u) +4nk =4x(n + k);

So, v = u: a contradiction. If v is in &,,,, the same argument applies.
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Now let u be the weak limit of a minimising sequence in & (k € [0, n]), such
that u is in g. By the same proof as in Theorem 3.2 we have, if k#!:
Ih<F+4n|k—1l|l. Then 4nlk—-Il|+ EW)=SF <F +4x|k—1|. But since
E(u) = #, we deduce that ! = k which concludes the proof. O
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Abstract. We consider the heat flow for harmonic maps from R™ to a
compact manifold N. When the L™ norm of the gradient of the initial data is
small, we prove the existence of a global solution. We prove a similar result
for the boundary value problem, when the boundary of the manifold M maps
into a point.

1. Introduction.
Let (M, g) and (N, k) be two Riemannian manifolds of respective dimen-
sion m and n. Without restriction, we may assume that N is isometrically

imbedded into R¥ for some N. The energy of a map u : M — N is given by :

1 iy O Ou
—_— - $J - ———
E(u) 2 / g (z) 327 327 dM

where dM is the volume element of (M, g). The critical points of E are called
harmonic maps.

An important question is to know whether or not each homotopy class
from M to N contains a harmonic map. The first general answer was given

by Eells and Sampson [5]. They proved that if the sectional curvature of XN is



20

nonpositive, any smooth map uo can be deformed continuously to a harmonic

map. They considered the heat flow associated to the energy E :

‘;_': — Apu = A(u)(du, du) (1)
u(z,0) = uo(z)

where A(u)(du,du) is the orthogonal part of the Beltrami operator of u in
R™, which is quadratic in the derivatives of u :

A(w) (du, du) = g% A(u) (% , %)
and A is the second fundamental form of N. When N is any compact man-
ifold, we cannot hope for such a general result. Indeed, when M = R™ and
N = S™, Coron and Ghidaglia [3] exhibit a class of smooth initial data for
which the solution of (1) blows up in finite time. Therefore, it is necessary
either to impose restrictions on the initial data or to weaken the concept of a
solution of (1).

For any compact manifolds M and N, Struwe and Chen [11] have recently
proved the existence of a global distribution solution of (1) with §% € L?(M x
R*) and E(u(t)) < E(uo). Their solution could be singular only on a set
of locally finite m—dimensional Haussdorf (parabolic) measure. However,
because of the singularities that may occur, their solution u(t) may not be
homotopic to up, and moreover as follows from Coron (1], it may not be
unique.

In [10], using a monotonicity formula, Struwe proves that for initial data
uo € H} _(R™, N) with | Vuo ||o< C, one can find ¢(C) > 0 such that
E(uo) < € leads to a global smooth solution. Jost [6] gives a geometrical
condition on uo : the image of ug lies in a geodesic ball on N of radius
depending on a bound of a sectional curvature of N.. By way of contrast,
Chen and Ding [2] prove a blow up of the solution in finite time, provided ug

beiongs to some nontrivial homotopy class and has sufficiently small energy.
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The goal of this paper is to prove the existence of a global smooth solution
for initial data whose gradient have small L™ norm. It is worthwile to note
that this condition is natural in the sense that it is invariant under scaling.
Our method is different from the previous ones and relies on LP — LY estimates
for the heat operator. Two cases are considered : either M = R™ or M is a
compact manifold with boundary and solutions map dM into a single point
in N.

2. Notations and statement of the results.
We assume throughout this paper that the Christoffel symbols of N and
the g*/ are bounded, so that

| A(v)(du,du) [< C | Vu |? (2)

First, the case where M = R™.

Let S(t) denotes the semi-group associated to the linear heat equation

from R™ to RV :
ly I?
41
(S(£)uo)® = /g-. Cpraliez =¥y 1<as<N (3)

The operator S(t) maps [LY9(R™)]¥ into [LP(R™)]N for 1 < ¢ < p < +oo,
and according to the Young inequality, we have the estimates

|| u "q

“ S(t)u "P < (47rt)m/2(l/q—l/p) ? (4)
Ci |l ullq
“ VS(t)u ”P (41rt)1/2+"‘/2(1/‘7_1/p) ‘ (5)

Given ug € L®(R™, RN) with Vug € LP(R™,RN™), p > m, let
Fp={v : R™ = R¥, || v |lo< +00, || Vv [lp< +o0},

M = 2(]| uo |leo + || Vuo |lp),
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and

& ={vec(0,T} %) ;
Sup  {[| u(t) — S()uo lleo + || Vu(t) = VS(t)uo |5} < M}
0<tLT

which is a complete metric space for the distance

d(u,v) = Sup  {[| u(t) = v(t) lloo + || Vu(t) = Vo(?) ||}
0LtLT

First a local estimate :
Theorem 1. Let uo € ¥, p > m. There exists T(ug) > 0 and u € £,,T(“°)
smooth on |0, T (uo)[x R™ which solves (1). If T(uo) is finite, then || u(t) ||oo
+ || Vu(t) l|p— +o0 as t — T(uo).

Concerning global solutions, we have the following

Theorem 2. There ezists a constant ¢ depending only on m and N such
that if ug € 7, p > m with || Vug ||;m< ¢, then T(ug) = +o0o. Moreover, the

solution converges to a constant map as t — +oo with the following decay :

oo

M
| Vu(t) [Ip< t_l/'ETer’

where M7° depends only on m, N and p.

Let us turn now to the boundary value problem. Up to a translation, we

may assume that ug maps the boundary of M into O € R¥. The heat flow
we consider is then :

= — Apmu = A(u)(du,du)
v/OM =0 (7)
u(z,0) = uo(z)

Our result reads :
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Theorem 3. There ezists € > 0 depending only on M and N such that if
| Vuo ||[m< €, (7) possesses a global smooth solution which converges to O as
t — +00, and the following decay holds :

2t
T a M

x(t)2 2p

where A > 0 and M;° depends only on M, N and p, and x(t) = Min (1,t).
3. Proof of Theorem 1.
We consider the integral equation associated to (1) : Let

| Vu(e) llp<

t

Fu(t) = S(t)uo + /o S(t - 7)[A(u) (du, du) (r))dr.

We first check that ¥ maps £] into itself for T small. Using (2) and (4), we
infer that

t
| Fult) — S(#)eo floo < [o | 5t — ) Alu)(du, du) [loo dr
t
Sfo (T:%m—n I Vu(r) 131 () lloo dr

< COM? T dr
- 0 rm/p’

Similarly, using (5),

T dr

| 97u(t) - Vs@uo o< om® [

Secondly, for T small, ¥ is a strict contraction in fg' : for u and v in f;' .
using (4) and (5),

I 7ue) = 70(0) lloo < [ 7T V5(0) lpll = v o +

I Vu(r) = Vo(r) [l (I Vu(r) ll, + [ Vo(7) [|5))dr

T
dr
S QCA{‘/(; T—m/—pd(u, U).
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Consequently, by the contraction mapping principle, ¥ has a unique fixed
point in ¢T. As A(u)(du,du)(r) € C([0, T[; LP/?), we may differentiate u and
check that it satisfies (1) in the sense of distributions. The blow-up alternative
follows by classical means.
4. Proof of Theorem 2.

To prove that the local solution given by Theorem 1 is a global one, it
suffices to obtain an a priori bound on || Vu(t) ||, + || ©(t) || - Using (2),
(4) and (5) :

|l Vo |lm ¢ I Vu(n) I3
" vu(t) "PS (41rt)(m/2)(1/m—l/p) +C o (t — f)l/2+(m/2?) dr.
We set
My(T)=  Sup {(4mt)(m/2A/m=1/p) || Tu(t) ||,}.
0<t<T

We then have :
(4me) (/DA m=1/p) || Tu(2) ||,

‘ (m/2)(1/m=1/p)
< 2 (4t)
<l Vo lim +CM;(T) /o (€ = 7)1 /2% nTan) (dmr) =17 &

dy
1-(m/p)(1 — y)1/2+(m/2p)

1
<l Vao llm +CMHT) [ -
(o}

Let .
A~ dy
C= C/; y1—(m/p)(1 — y)1/2+(m/2p) "

The following inequality holds :

CM;(T) — Mp(T)+ || Vo |m>0 (8)

for all T € [0, T(uo)|.

The equation (8) possesses two positive roots for || Vug ||m< é =e If
we denote by M7° the smallest one, since T — Mp(T) is a continuous map,
and M, (0) = 0, M,(T) < My for all t, and therefore

Mo

[ I P
" V‘U(t) !U)S (47rt)1/2-(m/2p).
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Then,

¢ dr
o (t—r7)(m/P)r1/2—(m/2p)"

| w(2) lloo=Il o oo +CM M

Therefore u(t) cannot blow up in finite time in %,, and we get a global solution
of (1).
Remark : The method used previously to derive the a priori bound is inspired
from Weissler [13] in the context of semiliner heat equations.
5. Proof of Theorem 3.

If we still denote by S(t) the semi-group generated by A,y in [H3(M)]V,
it extends to a linear operator from [L?(M)]¥ into [LP(M)]" and,for 1 < ¢ <

p < 400, we have the following estimates (see [8])

Cre™ | u ||
| 5@l < Srtmrmureim ©

Cae™* |l ulq
I VS@)ull, < X(2) 72+ [m72) (1 /a—177)]

(10)

where A > 0 and x(t) = Min(1,t). The proof is then similar to the proof of
Theorem 2.
Remarks : (i) Our condition on the L™ norm of the gradient is in a sense
optimal : the conditions || Vug ||co< C and || Vu ||2< € of Struwe [10] imply
that || Vu ||, is small. Moreover, the quantity || Vug ||m is invariant under
scaling £ — Az and is therefore a geometric quantity representing uo.

(ii) Our method does not reconduct when M is a compact manifold
without boundary since the estimates (4) and (5) are not valid anymore. One
may ask whether Theorem 2 still holds in this case.
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Abstract.

In this paper we construct weak solutions for the heat flow associated with relaxed
energies for harmonic maps between B3 and S2. Nonuniqueness results for such solutions
are also given.

O. Introduction

Recently very much attention has been drawn to the study of the heat flow for har-
monic maps between Riemannian manifolds (see e.g. M. Struwe [19] and the references
therein). The starting point was a result of Eells and Sampson [10] which was obtained
by considering strong solutions for the heat flow of harmonic maps. Without restrictive
hypotheses on the target manifold, these solutions may not exist (J.M. Coron and J.M.
Ghidaglia (8], W.Y. Ding (9] and Y. Chen and D.W. Ding [5]). This has led to consider
weak solutions as done first by M. Struwe [17], [18] and by Y. Chen and M. Struwe in [6].
However these solutions may not be unique as shown by J.M. Coron in [7].

Recall that the energy of a map u from B3 = {z € R%;| z |< 1} into $2 = 3B3 is

— 2__ ]
Eo(u) = / | Vu |*= /;33 uiuidz. (0.1)
Harmonic maps are critical points of Eq(u); they satisfy the Euler equation

~Au=1u|Vu|? in B (0.2)

1
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Conversely a map v € H!(B3; $2) satisfying (0.2) in the distributional sense is termed
weakly harmonic. Among the weakly harmonic maps in H!(B3; $2) there are the so-

called Eq-stationary maps which correspond to variations on the domain. More precisely,

u is Eq—stationary if u is weakly harmonic and for every smooth and compactly supported
vector field X : B3 — R3,

£ Bo(u(- + eX() _ =0 (03)

One sees easily that (0.3) is equivalent to
2(u¢uj)g = (u,‘u‘-)j for any j in {1,2,3}. (0.4)

In [1], F. Bethuel, H. Brezis and J.M. Coron have introduced modified energies :

Ex(u) = Eo(u) + 87AL(u) (0.5)
where A € [0,1], and
L(u) = Sup / D(u)- V¢ (0.6)
§€CP (B2, R);|VE| L= <1

with D(u) = (u-(u2 X u3),u-(uz Xu;),u-(u; X uz)). The scalar L(u) has been defined by H.
Brezis, J.M. Coron and E.H. Lieb in 3] where a more operational formula for computing
this quantity is also given. As a consequence of this last formula L(u) depends only on the
singularities of the map u. It follows in particular that a critical point of E) satisfies (0.2)
(see [1]). Hence the heat flow associated with E) is independent of A and reads

Ju 2
—_— _ = . 0.7
5 ~Au=vu | Vu | (0.7)

Equation (0.7) is complemented with boundary and initial conditions, namely

u(z,t) =~(z), t >0, z€ B3, (0.8)
u(z,0) =u°(z), z € B3, (0.9)
where u® and v € H'(B3; $2) and v = u° on 8B3.
Definition 0.1. Let u° and ~ be given as above. A weak solution for the heat flow of E, is

a map
u € H'(B® x (0,T); $?), VT < 00 (0.10)

satisfying (0.7) is the weak sense and (0.8)-(0.9) in the trace sense together with the

inequalities
t
Ex(u(t)) + / /
0

2
< Ex(u%), Vvt > 0. (0.11)

6_1_4_
ot
2
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In this paper we prove the following results.
Theorem 1. Let u®, v € H!(B3;$?) with u® = 4 on 3B? and let ) € |0, 1]. There exists
a weak solution to (0.7)-(0.9).

Theorem 2 (A = 0). Let u® and «° as in Theorem 1. Assume that u° is weakly harmonic
but not Ey-stationnary then (0.7)-(0.9) has infinitely many weak solutions.
Finally Theorem 3 is the analogue of Theorem 2 in the cases A # 0, see Section 3.

Remarks 0.1. a. Theorem 1 for A = 0 was proved by Y. Chen in [4], by J. Keller, J.
Rubinstein and P. Sternberg in [14] and by Y. Chen and M. Struwe in [6]. b. Theorem 2
was proved in [7] but the proof given here is more elementary.

1. Proof of Theorem 1. In order to construct a weak solution to (0.7) satisfying (0.8),
(0.9) and (0.11) we proceed as K. Horihata and N. Kikuchi in [13]. For k € (0,1), we define
the sequence (u")nen as follows. We assume that u®~!, n > 1, is known and denote by
&, the functional :

v—unr~1)?
£ (v) =E,\(v)+/ %

Then

u™ minimizes &, (v) under the constraint v € H} =

1.1
={w:B*— §* we HY(B?, $?%, w=von dB*}. (1)

Problem (1.1) possesses at least one solution (see [1]) which satisfies

n_ ,n-1
at hu — Au™ = A"u" (1.2)
where . -
1—u*ty” |u® —um™' |
n _ n2 - - " n |2 .
A" =| Ve |* + 3 | Vu™ |* + oh

Let us now construct two mappings @* : B3 x [0,00) — $2 and u* : B3 x [0,00) — B3 by
setting for (n — 1)h <t < nh:

at(z,t) = u*(2),

wh(z,g) = L2 DR gy PAZE n gy
h h
With these notations, (1.2) reads
3uh h h 12 h auh 2 h
—— - At = (| Vah 2 45 |- )at 1.3
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Now since u” solves (1.1), £a(u™) < En(u™1) :

n | u™ —u
E,\(u)+/ h

adding these inequalities we obtain (as in [13])

n—1 |2

< Ex(u™1); (1.4)

Ex(uM) + Z/ |u? —u < Ej(u9). (1.5)

In terms of @* and u?, (1.5) reads

Nh

2
Ex\(a*(Nh)) + A —| < E\(v9) (1.6)

which implies that

+o00

< Ex(uo),

(1.7)
())<E,\( %), vt > 0.

Since L(v) > O for every v, it follows from (1.7) that the family (u*)x50 (resp. (2*)n>o0) is

bounded in H!(B2 x (0,T))3 (resp. L?(B3 x (0,T))3 Vi € {1,2,3}), VT < co. Therefore,

up to the extraction of subfamilies, we can assume that for every T < oo,

u® — uin H'(B® x (0,T))3, (18)
uh — win L?(B2 x (0,T))® and a.e., .
and
al — p;in L*(B® x (0,T))3, Vi € {1,2,3}, (1.9)

where — stands for weak convergence, while — stands for strong convergence.
Now our goal is to pass to the limit when h — 0 in (1.3). Proceeding as in [4], [14]
and [15], we take the cross product of (1.3) with @*; this leads to

duh

a5 X ah — (a* x a*); = o0. (1.10)
On the other hand, according to the definition of u* and ‘ﬁ.", we have |uP —ah | < h Qa“t—h ,
so that (see (1.7)):
/OT/ | uh — a* |2< R2E\(u°). (1.11)
Hence using (1.8) we find that for every T < oo,
@" — u in L}(B®x]0, T|)3, (1.12)

4
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and therefore
Pi = U;. (1.13)

It follows then from (1.8), (1.9), (1.10) and (1.13) that

du
FTl Xu— (u,‘ X u); =0, (1.14)

and
|u|=1a.e. (1.15)

Now from (1.14) and (1.15) (see [4], [14], [15]) we deduce that

Ju 2
E—Au—|Vu| u,

Ex(u(t)) + /;/

This completes the proof of Theorem 1.

and finally using (1.6)

du?
—| < 0y,
5t| = B\v)

2. Proof of Theorem 2.
We assume here that A = 0. Let u® : B3 — S? be weakly harmonic (—Au® =
| Vu® |2 u©) which is not Eo-stationnary. That means

dj0 € {1,2,3}, 2(u?u?o); # (u;u;),-o. (2.1)

In order to prove Theorem 2, it is sufficient to show that the weak solution to (0.7)-(0.9)
constructed in the previous section is not constant with respect to time (see [7]).

Let X be a smooth compactly supported vector field on B* and let u” be defined by
u?(z) = u™(z +€X(z)). Since u™ minimizes £, we have & &, (ul)jc=0 = 0. Hence for every
t € {1,2,3} we have

u® —u!
2u} A + (uuf)i — 2(u}ul); = 0.
These relations read also
2u?%‘7? + (alal); — 2(akal); =o. (2.2)
Let us assume by contradiction
u(z,t) = u°(z), Vz € B3, vt > 0. (2.3)

5
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We claim that
Va* — Vu in L?*(B3 x (0,7))°,

duht Oou 2/ 13 3
- = — i 0 .
3t ——»0( at) in L*(B® x (0,T))
We postpone the proof of (2.4) and we complete the proof of Theorem 2. Passing to the

(2.4)

limit in (2.2) we obtain
(uju?)i = 2(ujud);,

which contradicts (2.1) and proves that (2.3) cannot hold true.
It remains to show (2.4). According to (1.6) we have, for t = nh,

B o)+ [ |

Since the left-hand side of this inequality is lower semicontinuous, we deduce, for every t,

Bt + [ |

But according to (2.3), (2.5) is an equality and this proves (2.4).

2

duk 0
—_ < .
ot | < Folv)

2

%t‘- < Eo(u?). (2.5)

Remark 1.1. Let w: §2 ~ CU {oo} — §2 ~ C U {00} be a rational fraction of z € C. The
function u® : u°(z) = w(z/ | z |) is weakly harmonic and (2.1) is equivalent to

msa/ | Vw |? §do(3) # O.
$3

3. The case A €]0,1].
In order to define E)-stationary mappings, we define, for u in H!(B3;S2), the set
C(u) (see [11], [12]),
C(u) = {one dimensional rectifiable current ¢ = 7(C, 0, ¢)

such that the mass M(c) of ¢ is equal to
L(u) and — 47dc = div D(u) in D’'(B%)}.

Theorem 1 in [12] asserts that C(u) # 0. We now may define E)-stationary mappings.
Definition 3.1. We say that u is E)-stationary if there exists ¢ € C(u) such that for every
X € C(B%, R?)
1 . .
/(5 | Vu |* X} — wiu; X} )dz+

| (3.1)
+ 47r/\/ ¢'¢? X30dX" = 0.

6
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The following result is a generalization of Theorem 2.

Theorem 3. Let u® € H'(B3, $2?) be weakly harmonic. If u® is not E)-stationary
(A €]0,1[) then there exist infinitely many weak solutions for the flow associated to E).
Proof of Theorem 3. As for Theorem 2, it is sufficient to show that (2.3) does not hold
true. With the notations of the previous sections, there exists a sequence of currents (c")
with ¢® = 7(C™,8",¢") € C(u™) such that for any X € C°(B3; R?) :

u® — un—l . . .
2/ ——h—u?X‘ +/ | Vu™ |? X} —2/u§‘u;-‘X;-dz

(3.2)

+8m / i XN = 0.
The proof proceeds again by contradiction : we assume that u(t) = u® i.e. we assume
(2.3). We claim that (2.4) holds true again for A € (0,1). The proof follows the outlines of

the corresponding proof in Section 2. We need the following

Lemma 3.1. Let ) be fixed in [0,1). If v, weakly converges to v in H' and E)(v,)
converge to E)(v) then v, converges strongly in H!.

Proof of Lemma 3.1. It is sufficient to show that Eo(v,) converges to Eo(v). This follows
from the fact that E, is weakly lower continuous on H! (see [1]) and the identity :
Ej(va) = (1 = A)Ep(vp) + AE;(vn)-

We now complete the proof of Theorem 3. Let us pass to the limit in (3.2). Let t; be in
(0,00) and h be a sequence converging to zero such that

Vah(ty) — Vu°in L2(B3)®, (3.3)
a*(to)) — u® a.e. in B3, (3.4)

ou” i 12(R3)3

—at—(to) —0in L (B ) . (3.5)

For sake of simplicity, we write u® instead of #"(¢o) and c* instead of c™ (where (n—1)h <
to < nh). We also denote by D,(B3) the set of 1-dimensional currents on B® equipped
with the weak topology. Let us prove that, for a subsequence of the c”, there exists a
1-dimensional rectifiable current ¢ on B3 such that

c® — ¢ in D(B3). (3.6)
We recall that for v and w in H!(B3; $2) the scalar L(v,w) is defined as follows (see [1])
L(v,w) = Sup /(D(v) — D(w)) - V&.
¢ € C&(B%, R)
| V€ |L=<1

7
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According to [1], there exists a constant A such that

Lv,w) A Vo - Vu g2 (| Vo llza + || Vo lz2),

3.7
Yv,w € H'(B3, §?). (57)

Let C(v,w) be the set of 1-dimensional rectifiable currents ¢ such that
47dc = div(D(v) — D(w)) and M(c) = L(v, w).

It is shown in [12] that C(v,w) # @ (in [12] it is assumed that either v or w has a finite
number of singular points, however this assumption can be removed using theorem 4bis in
[2]). Let & be given in C(@”,u°) and let ¢o € C(u). We set &* = ¢ +&* — co and compute

—479e* = divD(a*) — divD(a")
+ divD(u®) — divD(u®) =0,
M(e*) < L(a*) + L(@",v°) + L(x°)
< 2L(u°) + 2L(a",u%).

(3.8)

(3.9)

Using (3.3), (3.7) and (3.9) we infer that the sequence M(¢"*) is bounded which, combined
with (3.8) and a classical compactness theorem due to Federer and Fleming (see [16,
Theorem 27.3]), implies that (for a subsequence) there exists a 1-dimensional integral
current ¢ such that

¢* — ¢in D,(B3). (3.10)
On the othcr hand, using (3.3) and (3.7), we have
M(e*) = L(a*,u%) — 0. (3.11)

We set ¢ = ¢ + ¢¢. Clearly, ¢ is a 1-dimensional rectifiable current which, thanks to (3.10)
and (3.11), satisfies (3.6). By weak lower semicontinuity of M, (3.3), (3.6) and (3.7)

M(c) < lim inf M(c*) = L(u°) + lim inf (L(@*) — L(x°%))

< L(u°) + lim inf L(u°, &) = L(u°). (8.12)
Since @® — u° in H'(B3, §2) we have
divD(a*) — divD(u°) in D'(B3). (3.13)
From (3.13) and (3.6), we deduce
—47dc = div D(u°). (3.14)

8
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Next, using (3.14) and (3.12) we see that
¢ € C(u%). (3.15)

We write ¢ = 7(C,0,¢). In order to complete the proof of Theorem 3, it suffices to check
that u® is E)-stationary, which follows from (3.2), (3.3), (3.4), (3.5) and

chehoRdNY — ¢ic;0dX" in D'(B3). (3.16)
We now prove (3.16). Since M(c*) is bounded we have (see (3.6))
¢hordy — ¢;0dX* in M(B3) (3.17)

where M(B3) denotes the set of Radon measures on B3 endowed with its weak topology.
Using the fact that M(c?) is bounded, we may assume that

9rdN' — 6*dX* in M(B3). (3.18)
From (3.17) and (3.18) we obtain
0dX < 6°dX’. (3.19)
On the other hand (3.12) and (3.15) imply
M(0*dX') < lim inf M(8*dX*) = M(0dX")
which, combined with (3.19) éives
0dX! = 6*dX*. (3.20)
Since | g“?' |< 1, there exists a borelian function p; such that
(¢h)20hd)! — p;0dX* in M(B?). (3.21)
From (3.21) and (3.17) we obtain easily
¢20dX! < p;0dX!. (3.22)
Since ¢!¢hghdX ! = 9*d}*, we have using (3.21) and (3.22) (for ¢ = 1,2,3)
(cP)20"dN* — p8dX* = c26dXN" in M(BP). (3.23)

9
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Proceeding as in the proof of (3.23), we have for 1 = 1,2, 3,
(Rijs)20RdN! — (Rij;)20d¥* in M(B®)
for any R = (R;;) in SO(3).
Finally (3.16) readily follows from (3.24).

(3.24)

Acknowledgements. We thank M. Struwe for having drawn our attention to [13].
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Le probléeme de Cauchy pour
I'équation d'Ishimori

Alain Soyeur

Résumé: Les équations d'Ishimori modélisent I'évolution d'une distribution continue
de spins dans un milieu ferromagnétique a deux dimensions. Nous montrons que le
probléme de Cauchy associé est bien posé dans les espaces de Sobolev lorsque les
spins sont initialement quasi-paralléles.

The Cauchy problem for the Ishimori equation
Abstract: The Ishimori equations describe the evolution of a continuous distribution

of spins in a two-dimensional ferromagnet. We prove that the associated Cauchy
problem is well-posed in Sobolev spaces when initial spins are quasi-parallel.

Abridged English Version Y.Ishimori [1] proposed the two equations (1)
(e = £1) in the context of ferromagnetism. When b = 1, these equations are
integrable by inverse scattering (see B.G.Konopelchenko and
B.T.Matkarimov([2]). We are interested in the Cauchy problem associated to
equation (1), e=+1, when the initial datum Sg is closed to the north pole
(0,0,1). It is then convenient to write equation (1) in stereographic
variables

u=(S! +iS2) 7 (1 + S3). We find equation (2) which is a nonlinear
Schrédinger equation with a non-local term G(u). It is necessary to solve a
Laplace_ ecluation to find ¢, but when u is in H’(RZ), the function
f-4iM21 is only in L1(R2), a bad space to invert the Laplace

(1+1u/%)
operator. We notice that f is a Jacobian, and we use an idea of H.Wente[3]
(see also H.Brezis and J.M.Coron[4] ) in lemma 1 to derive ad-hoc
estimates on ¢ in terms of u. Another difficulty comes from the presence of
derivatives of u in the right-hand side of equation (2). Even in the simpler
case b = 0, we cannot apply the results of S.Klainerman, G.Ponce[7] or
J.Shatah([8], since the map i is not real-valued. We overcome this
a(diu)

difficulty by proving (proposition 3) an a-priori estimate on a non-quadratic
expression of u:

1 Note présentée par:
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2 a 2
[u]m,f_wL_q- Py __Q_L

1+)u2 1<alsm (,+/u/2)2

Thanks to this estimate, we obtain the following:

Theorem 1: For m 2 3, there exists two positive constants Cg and a such that for
all initial data ug satisfying /Uo/Hn < a, there exists a unique solution u(t) of
equation (2) with:
uel™=(0,T;HM (R2)), ue L=(0,T;HM2(R2)),
¢eL=(0, T;WM-1.2)  Doecl=(0,T;HM (RZ)),
and  T=Cy/ o?.

Using LP-L9 estimates for the *“hyperbolic® Schrédinger equation, this local
existence result can be turned into a global one, following [7], [8], and C.Bardos,
C.Sulem and P.L.Sulem[9]:

Theorem 2: For m 2> 6, there exists a positive constant 8, such that for all initial
data up satisfying:
luol, m + luolym-1,6/5 < 5.
there exists a unique solution u(t) of equation (2) with:
ueL=(R*;HM"(R2) nwm-3.6(R2)).
Moreover it has the following asymptotic behaviour as t — +oo :

1l ym = O(1), Ut ym-3,6 = O(1+)°%/3),
and O] g = o(1+°173),

where y(t) is a solution of the linear “hyperbolic® Schrddinger equation:
(3) iU+ Uxx -Uyy = 0.
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Introduction. Y.lshimori [1] a proposé les deux équations suivantes qui

modélisent I'évolution d'un systéme de spins (classique) dans un
milieu ferromagnétique:

] Si=SA (Sxx-€Syy) +b(¢ xSy+0 ySx)
| 0xxtedyy=26S.(5:AS,)

ot e=+1, S: R25R3, ol S est un vecteur unitaire, b est une constante
de couplage, et ¢ un potentiel reli€é a la densité de charge
topologique. B.G.Konopelchenko et B.T.Matkarimov [2] ont montré que
dans le cas ou b=1, ces équations sont intégrables par la méthode
de diffusion inverse. Nous nous intéressons au probleme de Cauchy
associé a l'équation (1) lorsque e=+1, et pour des données initiales
S voisines du pdle nord (0,0,1). Dans ce cas, il est commode

d'introduire la projection stéréographique , u, de S, par rapport au

pole sud , sur le plan équatorial: u=(S1+i82)/(1+S3). Dans ces
nouvelles variables, I'équation (1) s'écrit:

iut+uxx-uyy=F(u)+G(u)

(@)
U(X,y,0)=Uo(X,Y)

ol F(u)=—2§—(u§-u§) . G(u) = dxuy + Oyuy , et
14up
Uny'Uny

(14u2)2

Ad=4i
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Nous rencontrons principalement deux difficultés pour montrer
I'existence d'une solution de l'équation (2). La premiére provient du
terme non-local G(u) qui nécessite la résolution d’'une équation de
Uny "Uny est

(14up)?
dans L1(R2) qui n'est pas un bon espace pour inverser le laplacien.
Nous surmontons ce probléme en utilisant une idée de H.Wente [3]
reprise par H.Brézis et J.M.Coron [4] (voir aussi R.Coifman,
P.L.Lions, Y.Meyer, S.Semmes[5] et S.Muller[6]), qui nous permet
d’'estimer f en fonction de u, puisque f est un jacobien (lemme 1).
Nous montrons alors que le terme G(u) se comporte comme F(u) dans
les estimées (lemme 2). La deuxiéme difficulté provient de la
présence de dérivées dans le terme non-linéaire F(u). Méme dans le
cas simplifié ou b=0, I'équation (2) ne rentre pas dans le cadre
étudié par S.Klainerman, G.Ponce [7] ou J.Shatah [8]. En effet,

Laplace. Lorsque u est dans H1(R2), la fonction f =

puisque n'est pas a valeurs réelles, nous perdons une dérivée

d(diu)
dans les estimations a priori classiques. Nous surmontons ce
probleme en prouvant une estimation (proposition 3) sur une
quantité non-quadratique en u:

up [D%uf
1Huf? 14alsm (1 ~l-|U|2)2

qui est équivalente a la norme HM lorsque u est "petit". Cela nous
conduit au résultat d'existence locale suivant:

(U]lm=

Theoréme 1: Pour m23, il existe deux constantes positives Cp et «
telles que pour toute donnée initiale ug dans HM (R2) vérifiant:
lulym < « ,il existe une unique solution u(t) de I'équation (2) avec

ue L=°(0, T;HM(R2)), ue L°(0,T;HM-2(R2)),

pe L=(0, T;WM-1,2)  Dyec L>°(0, T;HM(R2)),

et T=Co/a2.

Nous utilisons ensuite les estimées LP-LA pour I'équation de
Schrédinger "hyperbolique” (lemme 5 ) et les techniques
développées par S.Klainerman, G.Ponce [7], J.Shatah [8], et C.Bardos,

C.Sulem, P.L.Sulem [9], pour montrer I'existence globale de cette
solution:
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Théoreme2: Pour m26, il existe une constante 8§ positive telle que
pour toute donnée initiale up dans HM(RZ) ~n wmM-1,6/5(R2)  telle
que:

luolym + luolyym-1,6/5 < 8.
il existe une unique solution u(t) de l'équation (2) vérifiant:

u e L=(R*; HM(R2) A wM-3,6(R2)).
De plus cette solution vérifie:

UMl m = O(1), [uMlyym-3,6 = O(1+1)2/3),

ot ULl m-1 = O((1+)1/3),

ou y() est une solution de I'équation de Schrédinger
"hyperbolique":

(3) Lu_t + L,Lxx 'LLyy = 0.

2. Eléments pour la preuve du théoreme 1.
Lemme 1: Soient f et g deux fonctions de CO°°(R2,C). Nous

définissons :

1/2
E(f.g) = 1/2xLlogr * ( fxgy-fyax ) (r = (x2+y2) ).

L'application E s'étend en un opérateur bilinéaire continu
E: Hk+1 (R2) x HK+1 (R2) N Wk,oo(RZ)

avec  |DE(f,)l k + IE(tQ)lyyk,e S CIDfl kIDgl k-
De plus nous avons au sens des distributions:
AE(f,g) = fxgy - fygx-

Preuve: nous suivons [3] et [4], écrivons le produit de convolution
définissant E(f,g) en coordonnées polaires puis intégrons par
parties. Le résultat s'obtient alors grace a l'inégalité de Poincaré.
Nous utilisons ce lemme pour définir ¢ en posant:
¢ =E(4iu, Y ).

1Huf]?
La fonction ¢ ainsi définie vérifie les estimées suivantes:

Lemme 2: Lorsque u est dans HM*+1(R2),

2
l0lyk,e S Clul” kst , IDKOl2 < CIDUl Jul ks1 , IDOlykp S
Clulyy1,00 lul\yk+1,p, pour Osksm et 1<p<ee.
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Preuve: La premiére inégalité est une conséquence immédiate du
lemme 1. La deuxiéme inégalité s'obtient grace a la formule de

Leibnitz, puisque |[DK+2¢|o = |DKA¢|o. Pour démontrer la troisiéme
inégalité remarquons que:
oo = (e (ol

1Huf? y 1Huf )
En utilisant les inégalités de Riesz (cf. par exemple E.Stein[10]),
nous avons:

Uu UUY
IDKoxlp + DKoy lp < cp(lo“( X )lp + | Dk(

14up 14U )lp ). L'inégalité

cherchée s'obtient alors a l'aide de la formule de Leibnitz et des
inégalités de Gagliardo-Nirenberg.

Considérons maintenant I'équation approchée (régularisation
parabolique):

f i(ut - €AU ) + uxy - Uyy = F(u) + G(u)

4) \ 0O<e=<1.

u(x,y,0) = uo(x,Y)

Pour toute donnée initiale ug dans Hm(RQ), il existe une unique

solution u®(t) dans L>=(0,Tg; Hm(Rz)) (cf. par exemple D.Henry[11]).
Sur cette solution nous établissons ['estimation suivante:

Proposition3: Lorsque ug est dans H™M (R2), la solution de l'équation
(4) vérifie:

t
(U)m =< [uglm + Cq [ <|u('c)|f,a+|u('c)|ﬁ,s) lu() |ﬁm dt,
0

ou la constante C1 dépend de m mais pas de € € (0,1].
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Preuve: Nous choisissons un facteur multiplicatif de la forme
E)(Iul2 )ﬁ, prenons le produit scalaire L2 avec I'équation (4), gardons
la partie imaginaire et déterminons 6 afin d'éliminer les dérivées

de u. Nous trouvons 6=——1—_ . La méme technique s'applique pour
(14upRf

les estimations d’ordre supérieur. Soit a un multi-indice de

longueur |a| < m. Nous différentions I'équation (4) a l'ordre «,

prenons le produit scalaire L2 avec D“U/(1+|u|2)2, et gardons la

partie imaginaire. Les termes comportant des dérivées d'ordre
supérieur a m s'éliminent, et nous estimons les termes restants en
utilisant les inégalités de Gagliardo-Nirenberg. Quant aux termes
en ¢, ils sont traités en utilisant le lemme 2.

3. Indications de preuve du théorémeil: Soit Co la constante d'injection
de Sobolev Hm(Rz) - L°°(R2). Posons o = Min (1,1/C»o). Notons
T'. = Sup{ T>0, ()], m<2a pour O<t<T }. Si T g = oo, T*e 2>

Co/a2. Sinon, par continuité, | u(T'e) |Hm = 2a, et la proposition 3

donne alors:

402 < (1+4Co2a2) a2 Exp(C3a2T ).

On en déduit une borne inférieure pour le temps d'existence des
solutions ut (indépendante de ¢):

T'e 2 Cgla? (=T).

Puisque uf est dans un borné de L*(0,T; Hm(Rz)), on peut extraire
une sous-suite qui converge vers u(t) faible étoile, et u(t) vérifie
I'équation (2). Remarquons que pour démontrer l'unicité de la
solution (ainsi que la dépendance continue par rapport a la donnée
initiale), nous rencontrons le méme probléme que lors de la

démonstration de l'existence. Si (u,¢) et (v,y) sont deux solutions,

et que nous posons w = u-v, & =¢ -y, la fonction w verifie

I'équation suivante:
IWy + Wxx - Wyy =

v )( (Ux+Vx) Wx - (Uy+Vy) Wy)

[
1Hulk  14vpe
V_)(ug - ug +V2 - v3)

u -
©) +(1+4u|2 14vP

+ib (¢ny + Vygx + ¢ny + Vxéy) .
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Sur cette équation, en multipliant par w, intégrant et prenant la
partie imaginaire, la présence de dérivées de w ne permet pas de
conclure classiquement par le lemme de Gronwall. Nous utilisons

une fois encore un facteur multiplicatif n=—1—2 afin
ofusf)
(14424

d'éliminer ces dérivées.
4. Preuve du théoréme 2.

Lemme4: On dispose des estimées suivantes:
IF(U)lym+2,6/5 + IGWIyme2,6/5 S Clul®\ymi2+2,6 1Ulym+3.
IFW)Im-1 + Gl m-1 < Clul?, 2,6 lulm.

Preuve: Comme dans [9], nous utilisons la formule de Leibnitz
et les inégalités de Holder pour démontrer les inégalités sur F(u).
Les inégalités sur G(u) sont similaires en utilisant le lemme 2.

Lemme 5: Soit X(t) le semi-groupe associé a l'équation de
Schrédinger "hyperbolique” (4). Il vérifie:
IZ(lwka s —C—Jul,k+Np,p

2
(1 +t )1 q
ou 1/p+1/q =1, q22, et Np 2> 2(2-p)/p.

Preuve: cf. par exemple J.M.Ghidaglia, J.C.Saut[12].

Ecrivons maintenant I'équation (2) sous forme intégrale:
t
(8) u(t) = Z(t) up + f =(t-1) (A u(t))+ G( u(t))) drt.
0
En introduisant M(T) = Sup{ (1+t7°] ult) lym-3.6 , 0<tsT }, on peut
montrer en utilisant (comme dans [9]) le lemme 5 que M(T) reste

borné. On en déduit que la norme H™M de u(t) est contrdlée et on peut
réappliquer le théoréme 1. Le comportement asymptotique de u(t)
s'obtient par les mémes arguments.

Les résultats présentés dans cette note sont détaillés dans une
publication a venir [13].

Remerciements: Je remercie J.C.Saut d’avoir attiré mon attention
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THE CAUCHY PROBLEM FOR THE ISHIMORI EQUATIONS
Alain SOYEUR

Laboratoire d’Analyse Numérique, Batiment 425
Université Paris-Sud, 91405 Orsay, France

Abstract : In 1984, Y. Ishimori derived a nonlinear wave equation which is a two-
dimensional analogue of the classical isotropic spin-chain in ferromagnetism. In this paper
we show that the Cauchy problem associated to this equation is well-posed in Sobolev
spaces when initial spins are almost parallel.

0. Introduction.

Y. Ishimori was looking for two-dimensional generalizations of the Heisenberg equation
in ferromagnetism. He proposed the following equations ([5]) :

(St =S A(Szz — Syy) +b(¢:Sy + ¢,S:)
1 Bzz + dyy =25 - (Sz A Sy)
\ S(z! 0) = So(z)

—~
(@]
[

~—

(St = S A(Szz + Syy) + b(¢zSy + ¢,S:)
$ Pz — ¢yy =-2§- (Sz A Sy) (0.2)
[ §(2,0) = So(z)

where S(-,t) : RZE - R% | S |?=1,S — (0,0,1) and A denotes the wedge
| 2| +oo

product in IR3. The coupling potential ¢ is a scalar unknown related to the topological

charge density ¢(S) = 25 - (S: A Sy). The total topological charge is defined by :

Q) =5z [ 5-(s.n5,),

which is the degree of the mapping S : S2(= IR? U {c0}) — S2. The real b is a coupling
constant. When b = 0, equation (0.2) reduces to the two-dimensional Heisenberg equation,
which was studied by C. Bardos, C. Sulem and P.L. Sulem ([1]). When 4 = 1, the main
interest of equations (0.1) and (0.2) is that they are completely integrable by inverse
scattering (see [6]). It is interesting to note that in this case, taking formally the L% —scalar
product of equation (0.1) with AS, integrating by parts and using the fact that | S |2=1
leads to the conservation of energy : 3"? f | VS |*= 0. By way of contrast, equation
(0.2) leads to the conservation of the quantity [ | S; |2 — | Sy | . Therefore, equation
(0.2) looks more problematic than equation (0.1), the more so as we have to solve a wave
equation for ¢, and we loose some regularity. It is worthwhile to note that the same kind

1
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of difficulties arise in Davey-Stewartson systems studied by J.M. Ghidaglia and J.C. Saut
({3]), another example of two-dimensional equations integrable by inverse scattering.

In the following we consider only equation (0.1), and in order to get rid of the con-
straint | S |?= 1, we rewrite it in stereographic variables v : R? — C (see the Appendix),
where

_ S'+1is?
S o1+83
Equation (0.1) becomes
. 24 .
e + Upr — Uyy = m(u: - uf,) + 1b(Pzuy + dyu;) (0-3-)
Uy — U U
b b = ST -

u(2,0) = uo(2) (2= (z,v))

and the condition at infinity is : u(Z) I—l———-——»o. Equation (0.3)-(0.4) is a nonlinear
Z|— +oo
Schrodinger equation of the form

fue + Uz — uyy = F(u,d;u).

Apart from the fact that the linear equation is "hyperbolic”, it does not enter in the
framework of J. Shatah ([9]) or S. Klainerman and G. Ponce ([7]). The reason is that
3(%%7 is not a real-valued function, and classical a priori estimates are not available, even
to prove the local existence of a solution. There are two difficulties in equation (0.3)-
(0.4). The first one comes from the presence of the term (uZ — u2) in the right-hand
side : at first sight we loose derivatives in a priori estimates. The second difficulty is the
coupling potential ¢ that introduces a nonlocal term. We roughly show that this nonlocal
term behaves like the nonlinear term l—fl%r;(ui - “3) Our methods do not rely on inverse
scattering techniques, but on classical analysis, and thus work for any coupling constant
b. The results of this paper were announced in (10].

1. The coupling potential.

We need to give a sense to the coupling potential ¢ in equation (0.3). Indeed, when u

belongs to H'(R?), f = %t_l:ll_u—tg;‘; only belongs to L!'(IR?), a "bad” space for inverting

the Laplace operator (see [11]). We take profit of the special form of f which is Jacobian,
to express ¢ in terms of u and to replace system (0.3) by a single equation with a nonlocal
term. This term has roughly the same regularity as (Du)2. In the following lemma, we
use an idea of H. Wente [12] (cf. also H. Brezis, J.M. Coron [2]).

LEMMA 1.1. Let f and g in C°(IR?; C). We define

E(frg) = '2%"" * (f:gy - fygz) (r = (52 + y2)1/2) (1'1)

2
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Then (in the distribution sense) :

AE(f,g) = fz9y — fy9z-

The map E extends to a continuous bilinear operator
E : H**'(R?) x H**'(R?) — Wk (R?)
with the following bound :

| DE(f,9) |ux + | E(f,9) lwr.e S C | Df | x| Dg | g - (1.2)

Proof. We follow closely (2], write the explicit integral which defines E(f,g), and use polar
coordinates to estimate E(f,g)(0) :

+00 r2x -
E(f,g)(0)=2i7r /0 /o lnerdrdﬂ

+o0 p2x
=§11—r ; /; Inr((fg6)r — (fgr)e]drde.

The second term in the integral vanishes, and we perform an integration by parts on the
first term. The boundary terms vanish since f is compactly supported, and éne fgy(ecosb, esind)

= elne (g{-coso + g—%s'mﬂ) .Hence,

+o0o r2x
o0 =-5- [ [ e

Introducing the circular-mean value of f :

B 1 2x
fn =57 ) 168,

E(f,9) /+°°/2‘(f f)gaddo

Thanks to Cauchy-Schwartz and Poincaré’s inequality we bound :

|E(/g)(0)|<c/ (/2'” o * g )1/2‘(/2[:""49)”2@ )
+oo 2"’ +oo0 p2x 2 1
<c(/ ) (/O /o |g:|,dd0)

SC|Df|2|Dglz—
Since E(f,g)(§) = E(f o 7¢,g o 7¢), where 7¢(Z) = £ — Z, we obtain the same bound for
| E(f,9) |oo - If we now differentiate equality (1.1) up to the order a, (a a multiindex of
length < k), we find .

we write

DB(fa) = - (§) geinr + (1)), - (D)D)

BA+v=a

3
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Each term in the above sum has the structure of a Jacobian, and we can apply the same
technique to obtain the desired bound.

Let now f,g be in H "+1(IR.2). ‘We approximate f and g by smooth functions m,g"
in CP(R3?) : . ,
f*—f, g" =g in H**Y(R?).
We check that
| E(f*,g")—E(f™,¢™) lws.w< C (| Df™ |s| D(g™ = g) | + | Dg™ |grs| D(S™ = ) |ars)
Therefore the Cauchy sequence E(f",g") converges to a map E(f,g) in W"'°°(1R.2). Since

;‘;lnr is the fundamental solution of the Laplace operator in IR?, and f",g" are compactly
supported, there holds :

AE(f",g") = f2g} — firgz in D'(R?).

Multiplying this equation by E(f™,g") and integrating by parts leads to the H* bound,
and equality (1.2) is checked by the passage to the limit when n — +oo.

We notice that when u is in H™(IR?) (m > 1), the following equality holds in D’(IR?) :
,u,ay—a,u,,zu. i @ _{4,\.( @
e - - (1+ [u l?)y A ST ATy
And thus, if we let
. 73
¢ =F (42!1, m) N (1.3)

¢ satisfies the Laplace equation (0.4). Before listing the estimates we need on ¢, we state

two calculus inequalities from J. Moser [8], whose proofs are consequence of Gagliardo-
Nirenberg inequalities.

LEMMA 1.2. Let n be a C* function whose all derivatives are uniformly bounded, and u
in H*(IR?). There holds, for 1 < p < +oco :

| n() lwas < Cp | 4 lwns (1.4)

LEMMA 1.3. Let uy,...,ux in W™P(IR") and ay, ..., @k integers satisfying ay + ...+ ax = m.
For any 1 < p < 400 there holds :

| D' uy...D®* ug [p,< C | D™uy |7~ ... | DMuk |77 | ¥ oo~ -- | Uk |oom (1.5)
In particular if u,v are in W™?(IR") there holds :

| D™(uv) |[p< C (| D™u o] v oo + | |oo| D™v [5) - (1.6)

Proof. By Holder’s inequality, we have
| D*'uy...D** uy |,<| D*'u, IT';'i' vee | D™*uy lff .

4
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But from Gagliardo-Nirenberg inequality we bound from above
| D%ui |22 < C | D™ue I we oo™
Inequality (1.6) is a direct consequence of (1.5) and Young’s inequality.
The next lemma shows that ¢ behaves like u? in W*? norms, for p €]1, oo|.

LEMMA 1.4 For u in H™*+!(IR?), and ¢ defined as above, we have the following bounds :

| ¢ lwre < Clu|fues (1.7)
| D¥*24 |2 < C | Dt |oo| u |gra+r (1.8)
I D¢ lwh.p _<_ C | u lwl.ml u Iwk+l.p (1.9)

for0<k<mandl<p< +oo.

Proof. The first bound is an immediate consequence of (1.2) and (1.4). In order to get
inequality (1.8), remark that, by integration par parts,

| D*A¢ |2=| D**24 |, .

414 411
D*u (—-—) + |D*u (—————)
N1+ w2/, Y\1+|u 2/ ,|,

And by (1.5) and lemma 1.2, one finds the desired bound.

Using equation (0.4),

| Dk4-2¢ 2

Concerning (1.9), we notice that the following equality makes sense when u belongs
to H™(R?) (m>2) :

s Gu, _ du, . 1m?2
Ap =41 [(—1+ P |2),, (-——1+ Tu |2)z] in $'(R*).

Taking the Fourier transform gives :
—— | «ae du, 3 ( au ) ]
k = _S182 k| " -1 k| Y __
G T (D (1+|u|=)> T+ 8 (D T Tu

= [ & (’Eu, ) 616 (’Euy ) 1
kg (€) =4i |2 [ De( 222 )| - 352 (pr( 2oy
=g\ o)) “gvg P \wnr) )|
The multiplying factors E;f?’ are homogeneous functions of degree zero, and thanks to
Riesz’s nequalities (see e.g. [11]) we obtain the following LP bounds (1 < p < +00) :

D* Guz ) D"( du, ) .
(l-i-lu.l2 p+ 1+ |ul?/],

5

k
| D*¢: |, 1P ¢y |,< Cp [
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Inequality (1.9) follows readily from lemmas (1.2) and (1.3).
-

We are now able to replace equation (0.3) by a single equation in u. For v in H™+1(IR?),
we define the following local and non-local mappings as follows :

24 2 _ 2

E (uz —uy), G(u) = ib(Puy + Syu:)

Fl) =

where ¢ is given by formula (1.3). Equation (0.3) now reads :

Uy + Uzz —uyy = F(u) + G(u). (1.10)
We achieve this section with technical estimates on F and G that will be used in the next
section.

LEMMA 1.5. F and G are Lipschitz maps on the bounded sets of H™+2(IR?) with values
into H "‘(lR.z), and moreover they satisfy the following inequality :

‘ F(u) lwuu-a.e/s + | G(u) |w-+:.-/sS C l u Izv(,,./,],,.gl u le+3 (1.11)

I F(u) |Hm—l + I G(u) Igu—xs C l u |fv:.e| u IH"‘ (1.12)

Proof. Let u,v in H™+2(IR?) and ¢, ¢ the corresponding potentials given by formula (1.3).
We estimate the difference :

|G(4) = G(v)|u~ < C(ID$D(u - v)|u~ + |D(¢ — ¥) Dv|x=)
< C(IDglwm. [ = v]grmes + | D0|gmss |D($ — ) lwm.e)
S Clu];p-.ﬁ |u. - vlgumn.

which indeed shows the first assertion. In order to prove inequality (1.11), for F we proceed
as in [1] :

|F(u)lwmersrs <C Y

i+j+k<m+2

i u J+1,, nk+1
D(;HTF)D uD" "y

6/s

For j + kK < m — 1, with Holder inequality,

2

t+7+k<m+2
Jj+k<m-1
; u
< 2 lD <1+|u|2)
t+)+k<m+2
J+k<m-1
< C |t fYymel tlsmes  (by 1.4)

D' ——— ) Di+'uD*+y
1+ | u|? '

6/5

I Dj-f-lu |6‘ Dk+lu IG
2

6
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While for j + k > m — 1, 1 < 3 and similarly :

Z D* — Ditlypk+ly
c 1+ | u |2
t+)+k<m+2

1<3

. u

< pif —%
< ¥ ()

t+3+k<m+2

1<3
i< [m/2]+1

S Clu|dmiairise] & |gmes

6/s

I Dj-i-lu |6| Dk+lu |2
[+

We proceed in a similar way for G :

| G(u) lwmsaes< C ) | D¥*1¢Di*1u |g/s
i+j<m+42

l Dt+1u |6| Dj+1u |2
(]

|Dj+lu le
3

.

I Dt-Hu |2| Dj+lu |6
6

> ID*g 5| Dt
t+)3<m+2
i <[m/2)+1
k u
. > (7ep)
J+k+€<m+2
i<[m/2]+1
<Clu ‘fvlmlzln.el u |gmes
Z le’+l¢ I3| DIty |6
t+3<m+2
i< [m/2]+1
J+k+€<m+2
1< [m/2]+1
u
<cC k{ ___ —
s 2 >*(557e7)
k,j <[m/2]+1
u .
e 3 |0 (grap)|, 12t e o e
j+k+¢<m+2 6
< Clulfimmrrre] 8 [gmes

For0<:< [-'.f] + 1 we estimate the terms in the sum as follows :
< >
and for 0 < 5 < [m/2] +1,
u
< k +1
= 2 P (1+ E l’) D
J+k+€<m+2
¢63<[m/2]+1
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Putting together the above inequalities, we arrive at (1.11). The proof of inequality (1.12)
readily results from (1.6).

2. The main estimate and a local existence result.

In this section, we overcome the difficulty due to the presence of derivatives of u in F
and G by proving a "high energies” estimate reminiscent to the one in [7] and [9]. If we
classicaly differentiate equation (0.3), take formally the L? scalar product with D@ and
look for the imaginary part, no energy estimate is available since we cannot get rid of
the higher derivatives coming from DF(u) and DG(u). On the other hand, the technique
used in [1] which consists in working on the initial equation on S, differentiating it with
respect to time does not work here even for the case b = 0. Indeed, we could only hope for
estimates on [ | Sz |2 — | Sy |? which does not imply bounds in Sobolev spaces.

Our idea comes from the Heisenberg equation S; = S A AS. Formally, the energy
| VS |? is conserved, and in the stereographic variables, the corresponding quantity is

Il a';';*a-yg Therefore the ad hoc expressions to look for seem to be non-quadratic in u.
Consider the following approximate equation (parabolic regularization) for0 < e <1 :

t(ue — €Au) + uzz —uyy = F(u) + G(u)
oo 21

The following lemma is classical.

LEMMA 2.1. For any uo in H™(IR?) (m > 1), equation (2.1), possesses a unique solu-
tion u¢ € C([0,T[; H™). If the maximal existence time T, is finite, we have the blow-up
condition :

lim sup | u*(t) |gm= +oo.
T

L4

Proof. For € positive, the operator A = —eA — ¢ ( aa: ai;f) is sectorial on the Banach

space X = H™(R?) with domain D(A) = H™*2%(IR?). By lemma (1.5), F and G are
Lipschitz maps from X* = H™*2 into X = H™ (a € [0, 1[). The conclusion follows for
example from [4, Theorem 3.3].

We introduce the following notation :

DEFINITION 2.2. For u in H™(IR?), let

_ [ _leP? | D%u |?
[u]m—/m+ E /m (2.2)
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Of course, when u is small [u], is equivalent to | u |%.:

1+ | w12) 7% | u [ < [u]m <[ u [ (2.3)
We prove the following estimate on [u¢(t)|m :

PROPOSITION 2.3. Let uo in H™(R?) (m > 3). The solution u(t) of equation (2 1),
satisfies, for0 <t < T, :

(5Ol < (ol + Gt [ (1u(r) Bys + [ u(s) ) | w(r) [m o (24)
(5O < [0l + Ct [ (1) By + 1 0(r) Byos) [ u(r) Firm dr (23)
where C, and C; are constants that depend on m, but not on ug and € €0, 1].
Proof. We choose a multiplying factor of the form 6(| u |?)@, take the L? scalar product

with equation (2.1), keep the imaginary part and determine 8 in order to cancel higher
derivatives. After some computations we find

1
2y _
o(lul)—(l_*_lulz)z‘
Indeed :
uug Aut 173

Re‘/ (14 1y 2)2 - ‘R‘[ (1l u |2)2 +Im/(“== "w)n + | a|?)?

u? [ &
Im/ 0+ Tu ‘2)3(14 ug) +b Rej PYPIBE (uzdy + uydz)

(2.6)
Let us develop the first term in the right-hand side of (2.6) :

Im/ 2(du.)? — 2(auy)?

(1+]uf?)?
Re(tiuz)Im(iu;) — Re(duy)Im(tduy)
(1+]u|?)?

_ |wl? - lulf _
—2/ mlm(uu,) —2/ m[m(uuy)
=/ Im|(@uz)z — (Guy)y)

(1+ | u ?)?

173
=T —_— -
™ | e o)
We recover the last term in the left-hand side of (2.6).. We estimate the remaining terms
as follows :
4
Re | Ay
R [ 2oy

|z |+ | uy |? u 2 2
=7 e TR et el el

2
<C|Du|°°/ |u]

1+|u.|2
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U
Re /m(u;¢y +uy¢,)

o[ b2
Y1+ | u |2
,
<| D? _i_"'_l__
Putting together the preceeding inequalities in (2.6) we find :

1d | ul?

i1a 2 2 | u[?
33 | eE SCUDu il + 1 D% 1) [ L5

1+|u.|2

We follow the same line to derive higher order estimates. Let a be a multiindex of length
| @ |< m. Differentiate equation (2.1), up to the order a, take the L? scalar product with

D*u

m and keep the imaginary part :

1 | D=u |2 AD*uD%a / . . D*a
2] aerupE RS arepE TIm ) P - Do) e

"”‘/D° (o) -9 s

D%a
+b Rc/ D*(urdy + uyd.) “—'*‘I—‘:T)i

First isolate the first term in the right-hand side and apply Leibnitz’s formula :

""/D°[(1+|u|2)_(“ 3)](1717??)_2 3
- > (5)m [ (FEs) D(ul - ) o

Bty=a

(2.7)

(2.8)

We handle the term where appear derivatives of order higher than a in the expression

(2.8), to recover the last term in the left-hand side of (2.7).

u
Im/ W(‘iu,D“'u, - 4uyD°‘uy)D°‘t7.

=2 (l—-'_l—;ﬁ—z):,'lm(D"u,D“ﬁ) —2/ (1—|.—|2W3-Im(D°uyD°u)
+2 / %Im(ﬁu,) P / (—J:%zm(uuy)

= Im/(D"u,, - D°uw)ﬁa—-w + (—ll_;p%[m(ﬁu,)
-2 (J—:)T?%Im(ﬁuy)

10

(2.9)
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We estimate the two last terms in (2.9) with an integration by parts :

| D%u l | D%u |} _
| / 0+ [u Im(uu,) mlm(uuy)
| Deu |

2
sClubes [ aaupy

The remaining terms in (2.8) are bounded from above by :

Z | Dﬁ(%)p‘v(pu)pv(pu)__zf‘z_{
ﬂ+7+usn,/ T+ Tu] @+ T P)
»Hwm-1
-1 2u v
T o (o) e,
B+y+v<m
»Hywm-1

'UIHM.

But from (1.5),

24
< m
-CP Qﬂu@

<|u |}~ Dul’, .

m—1-8+1

I} m—1

A=k 2@
Dm P m
, | Wi ‘ (1+ [u P)

With an integration by parts, we get rid of the higher derivatives in the ¢ terms.

|Dujo=" |Dujort

oo

Deg
a —————————————————————
eRc/AD u(1+|u|2)2
__. [ VD] / a a- |UI2 / oy D%g el
= —¢ T+ e P + 2¢Re D%u.D%u T Tu |2)3 D%uy,Du it e |2)3
SClulfm|uffyre -
We now deal with terms involving ¢ :
D%u ’
Re [ D7(buns + )
D<u D%u
< . x
-“/“D“uﬂ oz TP I (2.10)
D*u
+ Z /(Dﬂd’qu"y +DP¢yDMuz) s 1+ | u 2)2
B+v=m
7<Sm-1

11
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We treat the first terms using an integration by parts :

6. ID*u2 4, |D°uf2
2 T+ TuP)? ' 2 (14 Tu )2

o= ]2 (tery) (i) )

< €| D4 |oo| Dt |oo + | D¢ |oo) | t [m -

By (1.7) and Sobolev inequality, we can bound the above terms by
C(lulfs +ulfs) ulkn
or in turn, we can also use (1.9) to infer
| D |lwi.o <| D¢ |wae<| v [wre| v lwae<| u |fys.e
and therefore the above terms are also bounded from above by
C(lulwss +uliyse) |ulfm.

We use inequality (1.6) to estimate the other terms in (2.10) :

. — | fong. e . Deg |
= DP <D%u, 3 ~ .
f= 2, |] 06D+ D7y DTuy) |
B+y=m

1<

7<m-1

<Cc Y |D’"Y(D?$)D7(Du) |2| u |u~

B+a=m
1<p
y<m-1

=1 m=p m—1—
< C|D™+1g| 7=t |Dmu|FET | 29| 27 | Dyl T
But from (1.7) we deduce

A=1 B8=1 -
|D™ 1|7 < C|Dul2FF [u|gat
|D2¢|0° < C | u I},; or C l u |Wl.en| u |w3.o .

Therefore we have
I<Clullslulym

and
ISCI“I&/:.G!UI%... .
Eventually we notice that
ADwf _f |Dw D%
1+ TupP)? (1+ [u |?)? (1+[uf?)2’ "

12
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and by equation (2.1):

24
|u|?2=2Im (m(ui —ul) - @(uzz + “w)> + 2Re(i(eAu + b(uzdy + uyd:)).
Therefore,
d Deu |2 | D%u |3
i arTerr < | T+ (D il D, 4 1D1lolD81) L e

Putting together the above inequalities for all multiindex | a |< m, we obtain the following
differential inequalities :

d

Stk < Cu (1 s + 10 [3s) |4 [l

4 .

a‘t‘[u]m <C; (I u Igvs.c + I 73 |3V:.o) l u |2Hm .

They immediately lead to inequalities (2.4) and (2.5).
=

We use these estimates to prove the following local existence result for small initiai
data:

THEOREM 2.4. For m > 3, there exists two positive constants Co, ag such that for all ug
in H™(IR?) satisfying | uo |y~ < o, there exists a solution u of equation (0.3) with :

u € L*=(0,T; H™(R?)), ue € L®(0,T; H™%(IR?))
é € L=(0,T;W™~1°(R?)), D¢ € L=(0,T; H™(R?))

C . . . .
where T = a—g. Moreover this solution satisfies inequalties (2.4) and (2.5).
0

Proof. Denote by C, the Sobolev imbedding constant H™(RR?) — L%°(R?), and let
ag = Min (%) For 0 < € <1 and | ug |gm < ap denote by
2
T; =Sup {T>0; |u*(t) |[ym<2ao for 0 <t < T}.

By continuity, | u(T,') |#~= 2ao.

On the other hand, using inequalities (2.3), (2.4) and the definition of C2, for 0 <t <
T. we obtain : -

t
2
| ué(t) |3m < (1+ 4C§ag) [] o |3m '*‘Cx/ (43 + 8ad) | us(7) |%4m dr]
0

13
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and by Gronwall’s lemma,
. 2 .
4ad =[ v (T7) |4n< (1 +4C3ad)” af exp (C3adT)).

This inequality gives the following lower bound for the existence time of solutions of equa-
tion (2.1),:
Co

T > (: =T).

&

Since
u® is in a bounded set of L°(0,T; H™(R?))

uf is in a bounded set of L°°(0,T; H™~%(R?)),

up to a subsequence we can pass to the limit in equation (2.1), to find a solution u of

equation (0.3) on [0,T]. Inequalities (2.4) and (2.5) are satisfied by the passage to the
limit.
=

3. Global existence.

Theorem 2.4 can be turned into a global existence result, using L? — L7 estimates on
the linear "hyperbolic” Schrodinger equation.

LEMMA 3.1. Let £(t) be the semi-group associated to the linear equation

WUy + Ugz — Uyy (3.1)
u(O) = U9 )

The following inequality holds :

Cq

| 2()u lwee< A o-a | u lweenpg (3.2)

1.1 2—p
wherep-i-q 1,g>2and N, > 2 >E.

Proof. It can be found in (3]. The idea is that the fundamental solution of equation (3.1)
splits into the product of two one-dimensional integrals and from the fact that the one-
dimensional semi-group satisfies | £(t)u |o0< € | u |} - Since it is also unitary in L?(IR),
the conclusion follows by interpolation and Sobolev inequalities.

Our proof then follows the classical lines of (1], [7] and [9].

THEOREM 3.1. Let m > 6. There exists a constant § > 0 such that for all uo € H™(RR?*) N
Wm—18/5 satisfying :

| Uo IH"‘ + | uo lwm—x.c/s< 5,

14
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the solution u(t) of Theorem 2.4 is global with the following asymptotic behaviour :
Cc

| wl)lwm-s.e < TR | u(t) |um< C,
C
| u(t) — u(t) |[gm-r < (1_+t)—1/3_’

where u(t) is a solution of the linear "hyperbolic” Schrédinger equation (3.1).

Proof. The solution u(t) given by Theorem 2.4 satisfies the integral equation :

¢
u(t) = Z(t)uo + /0 Z(t — 7)(F(u(r)) + G(u(r))dr.

We estimate

C
|U(t) Iwm-a,o < (—1—_*7)2—/-5 I Uo lwm—x.c/s +

E F(u(r)) lwem-sers + | G(u(r)) lomos.ors
0 (1+t—17)3/3

(3.3)

But from (1.11) we have :

| F(u) + G(w) lwm-vars < C | |2 imesyr ol |

SC | lfym-selt]um

Let M(t) = Sup ((1+¢)%3|u|wm-s.). The estimate (2.5) gives :
<T

t
2
| u(t) '%{m S (1 + Cg |u |g°) (l Uo Ii{m +Cl/(; (I u Izya.a + | u li,:,s) Iu I%{m dr)

< (1+cM*()’ (I uo [fm +Ci /o‘( e+ e ) [ - dr)

(L+7)4/3  (1+7)2

and by Gronwall’s lemma, for0 <t < T
|u(t) m < (1+CaM™(T)) | uo lum exp Ca(M?(T) + M*(T)) (3.4)
(the above integrals are bounded). Therefore we obtain the bound

| F(u) + G(u) |wm-r.ers
< Cs(1 + CaM?*(T)) | uo |u= exp (Co(M*(T) + M3(T)) | u |2 m-s.s -

And replacing in (3.3) gives :
M(t) < Cés | 78 Iw--n.c/s +

t 2/3M2 T
2 . Ca(M*(T)+M*(T)) / (1+¢) (T)
+C5(1+C3M (T))|UQ | e . (1+t—1’)2/3(1+1’)4/3 T

15
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The above integral is bounded, and if we define the function

flz) =46 (Cs +Cr(1+ ngz)ec«(=’+=°)¢C«(=’+z°)) _z,

(C7 = Cs Sup f; ng;;)—;%wydr), for § sufficiently small,
0

t>

f(z) >0if z € [0, K]
f(z) <0if z€[0,K +¢.

Since M(0) = 0 and f(M(T)) > 0, we deduce that M(T) < K, and this bound implies
that the solution u(t) is global : from (3.4), if we choose § sufficiently small, we can apply
again the local existence theorem 2.4..

To study the asymptotic behaviour of the solution u(t), define

+o00
w(t) = E(Quo+ [ E(t-r)(Flu(r)) + Glulr))dr
o
' +o00
= Z(t) (uo + J[ Z(—7)(F(u(r)) + G(u(r)))d‘r)
0

u(t) satisfies the linear equation (3.1) and we have

+o00
|4(t) = (0 lgn-s < [T Bl = ) (Fu(r)) + Gu() lim-s dr
400
< [T 1P + G(ulr)) lames dr
But from (1.12),

| F(u(r)) + G(u(r)) [am-1+ S C | ulfym-se| u|nym
<__C
= (1 +¢)4/3°

4. Uniqueness of solutions.

THEOREM 4.1. Let u and v two solutions of equation (0.3) satisfying
u,v € L®(0,T; H3}(R?)) n L*(0, T; W2 (R?)).

If u(0) = v(0), then u(t) = v(t) for0 <t < T.

16
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v
™

roo

Let w = u — v, ¢, ¢ the corresponding potentials given by formula (1.3), and
— . The map w satisfies the following equation :

™
©-

. 4 v
Wt + Wez — Wyy = 1+ ' ° Ig + 1+ | v Iz ((uz + vz)wz - ("v + vy)wy)

.~

73 7] . 4.1
* (1+|u|= v |=) (52 -l + 02— 02) + ib(dowy +v,6 V)

+ ¢zwy + vyfz + ¢ywz + UzEy)

We have the same difficulty as for the proof of existence. If we multiply equation (4.1)
by w, integrate over IR? and take the imaginary part, the presence of derivatives in the

right-hand side of equation (4.1) does not allow us to conclude by Gronwall’s lemma as
usual.

We therefore use the same idea as in the proof of proposition (2.3). We take the L?

scalar product of equation (4.1) with a well-chosen multiplying factor of the form 6(u, v)®
to cancel these derivatives.

1 ] 2
Let 0 = 7> then 8, = -3 —w—l—? Integrating by parts the last term
u+tv|® 14 (2EY
1+ 2 2
in the left-hand member, we find :
=-Im / w(wz0: — wyby)
1 2 utvl?
== / ) 1,-,;(,‘-,w:)L"*'_"l=_E - Im(u‘;wy)——i——lii
2 14| +v 14| +v
2 2
On the other hand,
7] v 0w
Im T s + T v ((uz + vz)wz — (uy + vy)wy)0w

T
(1+ ru EYIF ;-)v |2) (us +"=f)) Im (ww,)
e (1+ AT rv |2) (uy + ”v)I"‘(""wy)] -

2 @ .
_/0|'2”| (Im(1+|u|2+1+|v|2)(“=+vz)>z

+/l)lwl2 Im i _ 7 (uy + vy)
2 H+ w2 " |e 2/ )

17
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Concerning the terms with potentials we have :

Rc/(cﬁ,w,, +vy €z + dyws + v §,) w0

=2 [ 6oy 1w 20— [(8:8,+0.8) 1w * +Re [ 80(06 +v.8,).

And putting together the above inequalities, we deduce that

% 0|w|2<C(/|w|2+|D€|2|w|2>

But we cannot bound from above | D |; by | w |2 . Thus we differentiate equation (4.1)

and multiply it by § Dw. Once more the terms with derivatives of higher order cancel, and
eventually we find

d
Z[owr+1puP <c([Qwp+1Du P+ D% Dol + | De el wla)
But £ satisfies the following Laplace equation :

£ = (fawy — fywz) + (vy(f — 9)z — v2(f — g)y)

where f = 4:’%,7 and g = 4£W?7P" Therefore | D%¢ |2=| A¢ |2< C | Dw |; and from
Lemma 1.4 we also have | D¢ |,< C | Dw |2 . We conclude by the usual Gronwall’s lemma.
' -

COROLLARY 4.2. The Cauchy problem (0.3) is well-posed in H™(IR?) for m > 4.

The proof of continuous dependence is similar to the proof of uniqueness.

Acknowledgments. I would like to thank J.C. Saut who who drawed my attention to this
problem, and J.M. Ghidaglia, J.M. Coron for fruitfull discussions.

Appendix.

We derive here equations (0.1) and (0.2) in stereographic variables. We use stereo-
graphic projection from the south pole to the equator plane :

u+ i
S! +152 1 (v — )
TN e—— = ee—————— -3 P
1+ 83 1+ |u |2
1- | u|?
Compute :
( 1
Stl = .(T-{-—Iu_lzji[(l b ﬁz)ug + (1 - uz)ﬁgl
-t
ﬁ Stz = m[(l + ﬁz)ug - (1 + uz)fh]
Sa ar | lz)z[uug + uily

18
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(51 = el ~ P)oee + (1 - 2)8es — 20,0, (u + )

(uitz + Bus) (1 - 8%)uz + (1 — u?)a,]

T+ | w]?)
< S:, m[(l +1u )u,, - (1 +u )ﬂgz + 2u,ﬁ,(a - u)
+zi%-%[(1 + 8)u; — (1 + u?)i,]
s %2 u u u _* uz +u
| o = o Tu e + 0o+ B0l (s (e + uee)”

S-(S:AS,) = 2"?1‘:"‘;':;);“” (1 - 8*)u + (1 — u?)@)(u + @)+

+(8(1 - v?) —u(1 —@®))(u — &) + (1- | w [*)(1- | u [*)]
_ 2i(u @, — #,u,)
T (14 [u?)?

The equation satisfied by the components of S is :

S¢ = S%(SZ; - 5;,) — S%(S%; — 5,) + b(¢y S} + ¢:5,)
S =S3(Sk, - S),) — S'(S2, — S3,) + b($,S2 + ¢.57)
S¢ = 8s'(s2, - s2) - s%(sk, - s;,) +b(¢yS2 + ¢:53)

If we express for example the second component using u, we find :

__Iz)—z[(l +@%)ue — (1 +u?)i] = —l:lu—ll:y[(l-i- | u[? (1 - @%)uze —uyy)

(1+] 1+ | u
+(1 = 6?) (822 — Byy)] — 2(2(u + ) (u282 — uydy) + (1 — &%) (u? - u})
+u1 = w?)(@2 - )]+ 257 a1 [ ) = )+

+u(l+ | u | (822 — yy) +2(1— | u *)(Juz |* — | uy ) — 28%(u2 - v)]
{ (1 + @®)uy — (1 + u?)g, }
(1+ |« ?)?
— (1 +2%)u; — (1 +u?)a,
o { e

—2u?*(a — 6})] — ibg.

Writing the corresponding equation for the first component, and eliminating @,, we find

U + Uzy — Uy, = T—i-_lel—’(u -u ) + :b(u,¢, + uyd.)
uzt d.u
bor b b = S

19
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and for equation (0.2) :

. 28 )
U+ Uge — Uyy = i:l_ul-i(u: + u,’,) + tb(uzdy + uyd:)

_ g (usty —dzuy)
Pt = R Tu T

_ 53 +iS}
T O1+83
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